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Abstract. Let A = {Ai,...,A,} and B = {Bi,..., Bx} be two finite
sequences of strictly positive operators on a Hilbert space H and f,
h : I — R continuous functions with h > 0.. We consider the general-
ized Csiszar f-divergence operator mapping defined by

Ijan(A,B) = Z Pran(Ai, By),

where
Pran(A, B) = h(A)"? f(h(A) "2 BR(A)~"/*)h(A)"/?

is introduced for every strictly positive operator A and every self-adjoint
operator B, where the spectrum of the operators

A, ATY2BATY? and h(A)"V2Bh(A)"V/?

are contained in the closed interval I. In this paper we obtain some lower
and upper bounds for Iyar(A,B) with applications to the geometric op-
erator mean and the relative operator entropy. We verify the information
monotonicity for the Csisz ar f-divergence operator mapping and the
generalized Csiszar f-divergence operator mapping.
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1. Introduction

The classical perspective function associated to a continuous function f :
[0,00) — R is a function of two variables defined by Py(s,t) := sf(%), cf. [19].
For two discrete probability distributions p = (p1,...,pn) and ¢ = (q1, .-, qn)
the f-divergence functional

It(p,q) = > Pr(pis ;)
i=1

was introduced by Csiszar [6] as a distance function on the set of discrete
probability distributions.

Let f and h be two real valued continuous functions defined on the closed
interval I and h > 0. The value f(A) is defined via the functional calculus as
usual for a self-adjoint operator A whose spectrum is contained in I. A fully
noncommutative perspective of two variables (associated to f), by choosing
an appropriate ordering, was introduced in [12] by setting

Pi(A,B) := AY2f(A™Y2BAY2) A2

and the operator version of a fully noncommutative generalized perspective of
two variables (associated to f and h) was also introduced by setting

Pian(A, B) == h(A)Y2f(h(A)~Y2Bh(A)~/2)h(A)1/?

for every strictly positive operator A and every self-adjoint operator B on a
Hilbert space H, where the spectrum of the operators

A, A7Y2BAY2 and h(A)"Y/2Bh(A)~Y/?

are contained in the closed interval I. Note that in this situation Prap (A, B) =
P;(h(A), B). Then, several striking matrix analogues of a classical result for
operator convex functions were proved. More precisely, the necessary and suf-
ficient conditions for the joint convexity of a fully noncommutative perspective
and generalized perspective function were proved where restricting to the pos-
itive commuting matrices ensures Effros’ approach announced in [13].

Throughout this section we assume that f and h are continuous real
valued functions defined on [0,00) and h > 0 unless we note otherwise.

Let A = {A4,,...,A,} and B = {Bjy, ..., B,} be two finite sequences of
strictly positive operators and f : I — R a continuous function. We consider
the Csiszar f-divergence operator mapping by setting

n
I;(A,B) =) Ps(A;,B))
i=1
and the generalized Csiszdr f-divergence operator mapping via

Tran(A,B) =Y Pran(A;, Bi).

i=1
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The joint convexity of the perspective and generalized perspective was
proved in [12,25,29].

Theorem 1. The following statements hold:

(1) If f is operator convez, then Py is jointly conver.
(ii) If f is operator conver with f(0) < 0 and h is operator concave, then
Prap is jointly convex.
(iii) If f and h are operator concave with f(0) > 0, then Prap is jointly
concave.

These results can be generalized to the Csiszar f-divergence operator
mappings [22]. The following corollary is a simple application of the joint
convexity of the perspective.

Corollary 1. The following statements hold:

(i) If f is operator convex, then Iy is jointly conves.
(ii) If f is operator convex with f(0) < 0 and h is operator concave, then
I¢an is jointly convex.
(iii) If f and h are operator concave with f(0) > 0, then Iy is jointly
concave.

For a continuous function g : (0,00) — R the transpose function g of g is
defined by

3(@) = 29(z™), = > 0.
Corollary 2. Let g : (0,00) — R be a continuous function. Then,
I;(A,B)=1,(B,A)

for two finite sequences of strictly positive operators A and B.

2. Upper and Lower Bounds

Suppose that I is an interval of real numbers with interior I and f:I—=R
is a convex function on I. Then f is continuous on I and has finite left and
right derivatives at each point of I. Moreover, if x,y € I and z < y, then
fl(x) < fi(z) < fL(y) < fi (y) which shows that both f’ and f/| are
nondecreasing function on I. Tt is also known that a convex function must be
differentiable except for at most countably many points.

For a convex function f : I — R, the subdifferential of f denoted by 0 f

is the set of all functions ¢ : I — [—00, 00] such that ¢ <I) C R and
f(xz)>f(a)+(x—a)yp(a) for any z,a € I. (2.1)

It is also well known that if f is convex on I, then df is nonempty, f’,
fioeof and if ¢ € Of, then

L) <p(x) < fi(x) for any z € 1.
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In particular, ¢ is a nondecreasing function.

If f is differentiable and convex on .f, then Of = {f'}.

For a finite sequence of strictly positive operators A = {A,...,4,,} on a
Hilbert space H and a continuous function f, we set

Sa = ZIAZ and Sf(A) = Zlf(Az)a

where f(A) :={f(A1),..., f(An)} is a finite sequence of operators on H.
We have:

Theorem 2. Let A = {Ay,..., A}, B = {Bi,..., By} be two finite sequences
of strictly positive operators. If f : [a,b] C R — R is a convex function and
h:[a,b] — (0,00) is a continuous function such that

for some m, M € [a,b] with 0 < m < M, then
IfAh(.A7 B) > f (t) Sh(A) + (t) (SB — tSh(A)) (23)

for allt € (a,b) and p € Of.
In particular,

m+ M m+ M m+ M
IfAh(AaB)Zf< 5 >5h(A)+<P< )(SB_ 5 Sh(A))-

Proof. From (2.1) we have

@)= f )+ (x—1)e(t) (2.4)

for any « € [m, M] and t € (a,b).
Using the continuous functional calculus for a selfadjoint operator X with
Sp (X) C [m, M] C (a,b) we have from (2.4) in the operator order that

FX) =01+ t) (X —tln) (2.5)

for any t € (a,b).
If the condition (2.2) is valid, then by multiplying both sides by h(4;)~'/?
we get

mlH S h(Ai)_1/2B¢Ah(AZ‘)_1/2 S MlH.

Now, if we take X = h(Ai)_l/QBiAh(Ai)_l/Q, i=1,...,n,in ( 2.5), then we
get

f (h(Ai)*l/QBZ-Ah(A,-)*l/Z) > F) 1y + ¢ (1) (h(Ai)*l/zBiAh(Ai)*l/2 - t1H>
(2.6)

for any ¢ € (a,b) and i =1, ..., n.



Lower and Upper Bounds Page 5 of 26 241

By multiplying both sides of (2.6) with h(A4;)'/? we get
B(A)Y2F (A2 B AR(A) ) (A2

> () R(A) + 9 (1) h(A)? (R(A) V2B AR(A) T2 = 11y ) B(A)
= [ () h(Ai) + ¢ (t) (B; — th(A:))
for any for any ¢ € (a,b) and i = 1,...,n, namely
Pran(Ai, Bi) = f (8) h(As) + ¢ () (Bi — th(A;))

forallt € (a,b) and i =1,...,n
If we sum over i from 1 to n, we derive the desired result (2.3 ). O

¢ (
¢ (

Corollary 3. With the assumptions of Theorem 2, we have for any x € H\ {0}
that

Iran(A,B) > f <<<SBQW>>> Sh(a)

Sh(A)l‘,CE
<SBCE71’> <SB$,$>
+ —_ Sp— ——F—+-8 . 2.7
’ <<sh<A>x,x> B Suapra) =7
In particular,
(Iran(A,B)z, x) > (Spx, x) . 2.8)
(Sn(ayz, =) (Sneayz, =)

Proof. For x € H\ {0} we have
1/2 —1/2 —1/2\ ql1/2
(Spx,z) <Sh(A) (Sh(A) SBSh(A)) Sh(A)‘T 117>

(Shayw,z) (Shia Sila)

(345 A} ) Shta® Sular)
(Shiay: Sila®)
<(S§<1A>2 SBS,(4)) Sita)®: Sl >

1/2
HSMA)””H

taB =

If we put

12
h(A)T

1/2
HSMA

T ™"

then [Ju|| =1 and

taB = <(5;(11(2535;(11(2) u,u> e [m, M] C (a,b),
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since, by summing in (2.2), we get
mSpa)y < SB < MSp(a),
which gives
ml < 8, {3588, < MI.
By taking ¢t = ta g in (2.3) we obtain (2.7).
The inequality (2.7) is equivalent to

(Iran(A,B)y,y)

> f <<<5Bx7x>>> (Shayy:y)

Sh(A)(E,{,C
(Sgx,x) (Spz, z)
' <<Sh(A)$v‘T>> <<SBya y) — m <Sh(A)y,y>> (2.9)

for any y € H. This is an inequality of interest in itself.

In particular, if we take in (2.9) y = x, then we get the desired result
(2.8). O

We also have:

Corollary 4. With the assumptions of Theorem 2, we have

1 M
Iran(A,B) >2 (Mm /m f) dt) Sh(a)

1
M —

m [f (M) (MSh(ay — SB) + f (m) (S8 — mSha))] -
(2.10)

Proof. If we take the integral mean in the inequality (2.3), then we get
IfAh(A7 B)

1 M
> (M—m/m f(t)dt> Sh(a)

1 M 1 M
+ mA gﬁ(t)dt SB— M—m/m ttp(t)dt Sh(A)'
Observe that, since ¢ € Jf, hence

M
i | ewar= 80T

&
|
3*&
2
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and

and by (2.11) we get

M
I;an(A,B) ( — / f(t)dt| Shea AJQ : j;(m) S
Mf(M)=mf(@m) 1 M
( S U —m /m [ dt) Sh(a)

1 M
=2 <M —m Jm, f(t) dt) Sh(A)

[f (M) (MA - Sg)+ f(m) (S — mSpa))]

M-m
that proves the desired result (2.10). O

Remark 1. If we take h(t) = t, and assume also that f is differentiable on
(a,b) while

then
I;(A,B)> f(t)Sa+ f'(t)(Ss —tSa) (2.13)

for all ¢t € (a,b).
In particular,

1,(A,B) >f(m+2M) Sa+ f' (m;M> (sB— m+MsA). (2.14)
Moreover, for any x € H\ {0} we have that

bam = (G s (5em) (- e s)

(2.15)

In particular,

(Iy(A,B)z,z) (S, )
a2t (e ) (210)
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Also, we have

If(AaB)22<M1_m/Mf(t)dt> Sa

[ (M) (MSa — S5) + () (S5~ mSa)] . (2.17)

We observe that for n = 1, we recapture the results obtained in [10].

The following reverse of inequality (2.3) is as follows:

Theorem 3. Let A = {Ay,..., A}, B = {By,..., By} be two finite sequences
of strictly positive operators. If f : [a,b] C R — R is a differentiable convex
function and h : [a,b] — (0,00) is a continuous function such that the condition
(2.2) is valid, then for any t € (a,b) we have

IfAh(Aa B)
(t) Sneay + Ipropan(A,B) —tIpan(A, B)

< f(t) Sheay + [ (t) (SB — tSheay) + [f2 (M) = fi (m)] I .0an(A, B)
(

< f(t) Sueay + 1 () (SB — tSh(a)) + (M —m) [fL (M) — f} (m)] Sho(a) |
2.18

where £ is the identity function, i.e. £ (t) =t and
Ti1.nan(A, B) Zh D2 [R(A) T2 (B: = th(A) R(A) 2| h(A) 2,

In particular, we have

I;an(A.B) < f (m+M> Sncar + Ipoan(AB) = My (AB)
(””M) e (M) (50 o)
+ [/ (M)] T mp20) ap (A, B)
("”M) s+ (57 (30 =5 s
45 (M = m) [£2 (M) = 4 ()] Sua. (219)

Proof. By the gradlent inequality we have
fr@)(@—t)+f(t) > f(2) (2.20)
for any « € [m, M] and t € (a,b).
Using the continuous functional calculus for a selfadjoint operator X with
Sp (X) C [m, M] C I we have from (2.13) in the operator order that

frX) (X —tly) + f(t)1u = f(X) (2.21)
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for any ¢ € (a,b).
Now, if we take X = h(A;)~2B;Ah(A;)"Y?,i=1,...,n,in ( 2.21), then
we get

7 (h(A) 2B, Ah(A 1/2) ( )"Y2 B, Ah(A,)"1/? —t1H) Y (D)1

> f (h(Ai)‘l/QBiAh(Ai)‘l/Q) (2.22)

for any for any t € (a,b) and i =1,...,n
If we multiply both sides of (2.22) by h(A4;)'/?, then we obtain

B(A)Y2f (A2 BAR(A) ) ((A) T2 BiAR(A) T2 ~ 1)
h(Ai)'? + f (£) h(A:)
> h(A4)2f (R(A) 2B AR(A) V) (A2

for any ¢t € (a,b) and i =1,...,n
If we sum over ¢ from 1 to n, then we get

n

> h(A)Y2 (h(A) V2B AR(A) )

x (h(Ai)‘l/QBiAh(Ai)‘l/z - tlH) (A2 + £ (8) S (A

i=1

Zih(Ai)l/zf(h( A) "2 B AR(A;) 1/2) h(A;)V2. (2.23)

©
I
=

S ha P (4B A4 )

x (h(Ai)‘l/QBiAh(Ai)‘l/Q - t1H> h(ADY? + £ (1) zn: h(A;)

=ILpnan(A,B) —tLpan(A,B) + f(t) Sha)

and

Zn: h(A;)V2f (h(Ai)‘l/QBiAh(Ai)*ﬂ) h(A)V? = T;an(A,B),

i=1

then by (2.23) we get the first inequality in (2.18).
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Now, observe also that

Zh V21 (WA 2B AR(A) 1)

x (h(Az-)‘lmBiAh(Ai)‘l” - t1H> h(A)Y2 + £ (1) f: h(A;)

=1
= anh(An”? 7 (A(A5) 72 B AR(A) %) = f (8) 14

1
» (h(Ai)_l/QBiAh(Ai)_l/z _ tlH) h(Ai)l/Q
f

+ /(1) (Z B; _tzh(Ai)> + f(t)Zh(AZ-)
i=1 i=1 '

for any ¢ € (a,b).
Since f’ is nondecreasing on (a,b) we have for any = € [m, M] and ¢ €
(a,b) that

(f' (@) = f () (& =t) = [(f (x) = £ (1) (= — 1)
[ (@) = £ O e —t] < [f2 (M) = £} (m)] | —t]
(M —m) [f2 (M) = fi (m)],
which, as above, implies in the operator order that

R(A)Y2 (1 (M(A) T2 BiAR(A) T2) = £ () 1]

x (h(A )12 B, Ah(A;) V2 - t1H> h(A;)Y/?

IN I I/\

< [ (M) = f, (m)] h(A4;)"/? ‘h )V2B, AR(A;) 2 —tlH‘ D2
= [f" (M) = £}, (m)] h( 11/2‘h “U2(B, — th(A) h(Ai)~ 1/2‘h(A1-)1/2
< (M —m) [f (M) — fi (m)] h(A;).

If we sum over ¢ from 1 to n, then we get

Zh DV (hA) T2 BiAR(A) T 2) ~ £ (1) 14

» (h(AZ-) 1/QBiAh(Ai)_1/2 _ tlH) h(Ai)l/Q

< [f1 (M) = £ (m)] 3 h(A)Y2 [n(An) T2 (B, — th(4)))

i=1
h(Ai)fl/Z‘ h(A7)1/2
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< (M —m) [fL (M) = fL (m)] Y h(As)
i=1

This proves the second inequality in (2.18).

We need to prove only the last part of (2.19).

Since x € [m, M], then |z — %M| < 1 (M —m) that implies in the
operator order

M
m+ 1

h(A;) Y2 B Ah(A;) 712 — 5

1
‘ = (M m) 1H7

2
which by multiplication on both sides with i(4;)*/? and summing over i gives
that

(M - m) Sh(A)'

1
L 2p0)an(A B < 5

O

Corollary 5. With the assumptions of Theorem 3, we have for any x € H\ {0}
that

IfAh(A,B)
(S, z) (S, )
< f (BB Vg T an(AB) — B 1 (ALB
_f<<Sh(A):c,x> na) + o an( ) ) Fran( )

<SB$7x>
<f <<Sh(A).’E,fE>> Sh(A)

(Spx, ) B (Spx,x)
o <<Sh<A)~T ff>> <SB <5h<A>x,$>Sh(A)>
+ [/ (M )f+(m)]1<|~ 7

+ (M —m) [fL (M) = [ (m)] Sh(A)- (2.24)
In particular,

Iran(A,B)z,z) < f <m> (Snayzz) + Xproyan(A, Bz, z)
B (Spx, x)

Iian(A,B)x,x
<Sh(A)x,x> < f h( ) >
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oy <<S>>> (S )

<Sh(A)x7‘r
+ [fL (M) = fi (m)] <1<|. e )Ah(A,B)x,x>

I’ (Sneay=m)
(Spx,x) -
=/ <<Sh(A)x’x>> (Sayr.)
+ (M —m) [f'_ (M) — f_',_ (m)] <Sh(A):17,x> (2.25)

for any x € H\ {0} .
We also have:

Corollary 6. With the assumptions of Theorem 3, we have

1 M

m+ M
+ I poan(A,B) — 5

1 M
<2<M—m/m f(t)dt> Sha)

If/Ah(Aa B)

1
- M —m [‘I) (M) (MS}L(A) — SB) + P (m) (SB - mSh(A))]
f (M) — f (m) M
+ ( M)Hn*( ) / I(..0an(A, B)dt. (2.26)
Proof. If we take the integral mean in (2.12), then we get
Iran(A,B)
1 M m+ M
=\ f@)dt | Spay +Xpoan(A,B) — I an(A,B)
—mJ,,
1 M 1 Mo
“\wr=m . f(t)dt ) Sy + M) f'(t) (SB — tSh(a)) dt
JL (M) = m) M
+ ( M)_ m+( ) /m L(|..0an(A, B)dt. (2.27)

Since, as in the proof of Corollary 4, we have

M
! / J'(t) (SBB — tSp(a)) dt

M—m

M
_ (Mim/ f(t)dt> Sha)
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i i - [f (M) (MSyay — SB) + f (m) (S8 —mSpa))]

then by (2.27) we get the last part of (2.26). O

Remark 2. Tf we take h(t) = t, and assume also that f is differentiable on
(a,b) while mA; < B; < MA;,i=1,...,n, then

If(A,B) <f (t) Sa + If/g(A,B) — tIf/(A,B)
< f(t) Sa+ f'(t) (SB —tSa) + [fL (M) — f1 (m)] I 14y(A, B)
< f()Sa+ [ (t) (Se —tSa) + (M —m) [fL (M) — f (m)] Sa

(2.28)
for all ¢ € (a,b), where ¢ is the identity function, i.e. £(t) =¢ and
I0(A, B) = zn:Ail/? 457172 (B; — tay) 47172 4,172,
i=1
In particular, we have
If(A,B)Sf(m M) SA—FIf/[(A,B)—m_gMIf/(A,B)
<f (m;M) Sa+f (m;M> (SB— mZMSA)
+ [fL (M) = £ ()] Ty mpnr ) (A, B)
<f<m;M)S +f,(m—kM (SB_ m+MSA)
3 (M = m) [ (M) ~ 1 (m)] S (229)
We also have
(SB7,7) (Sp, x)
If(AaB)§f<<SAm)S +1I0(A,B) - (Saz > (A, B)
(SBx, ) (Spx,x) (Spx, )
Sf((SAx,x>) Satf (SAx x) ( (Sax,x) A)
+ [fL (M) = i (m ( >><A,
SAl 1>
(Sz,x) (S, ) (Sgx,x)
<1 () sn (o) (5o Gsmayss)
+ (M —m) [fL (M) = f (m)] Sa (2.30)

<SB:£; :C>
<SA.T,SL‘>

<If/ (A, B)I, QZ>
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M Sama)

i) (Saw,z) + [ (M) - 1. (m)] <I< <SBm,w>)<A,B>x,x>
)
)

for x € H\ {0}.
Also, we have

1;(A,B) < (M — f(t)dt> Sa

—-—m J,,

m+ M

-‘rIf/g(A,B) — If/(A,B)

M
<25 [ s sa

1
_Mfm
L (M) — [, (m)
e |

We observe that for n = 1, we recapture the results obtained in [10].

[(I) (M) (MSA - SB) +<I>(m) (SB —mSA)]

M
I(Hat) (A, B)dt. (2.32)

m

3. Information Monotonicity

We now prove the information monotonicity of the generalized Csiszar f -
divergence operator as follows. In our main results we find the complementary
inequalities and some other applications. Note that for a positive linear map &
and a finite sequence of strictly positive operators A = {A1,..., A, } by ®(A)
we mean the finite sequence of strictly positive operators {®(Ay), ..., P(A,)}.

Theorem 4. If ® : B(H) — B(K) is a positive linear map, f an operator
convex function on an interval [a,b] and h : [a,b] — (0,00) a continuous
function such that the condition (2.2) is valid for some m, M € [a,b] with
0<m< M, then

Lran(®(A), ©(B)) < @(Iyan(A,B))
for any strictly positive operators A;, any self-adjoint operator B; with
Sp(h(A:i) ™12 B;h(A:)71/%), Sp(h(D(A:) 2@ (Bi)h(®(A;:))~1/?) C [m, M]
and any Hilbert spaces H, K.

Proof. Following an idea of Ando [2] to a fixed strictly positive operator A; €
B(H) we set

U(X) = h(P(4:)) 2@ (h(A) X h(A:)*)h(@(4;)) 2
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and notice that ¥ : B(H) — B(K) is a unital linear map. By operator convexity
of f and Choi-Davis-Jensen inequality, we realize that

FU(X)) < U(f(X))

for all positive invertible operator X. Therefore,
f(h@(Ai))I/Q‘P(h(Ai)l/zXh(Ai)I/Q)h(‘@(Ai))1/2>
< h(®(A:) P B(h(A) 2 F(X)R(A)P)h(D(A)) 2

For X = h(Ai)_l/QBiA;1/2 this entails
Pran(®(A:), ®(B;)) < @(Pran(Ai, Bi).

If we sum over ¢ from 1 to n, then we get

n

ZPfAh(‘I’(Ai)’ ®(By)) <Y (Pran(As By)

=& (Z PfAh(Ai;Bi)> ,

which entails the result. O

We now prove a complementary inequality for the information mono-
tonicity of the operator perspective.

Corollary 7. Let f be a differentiable function on [a,b] and h : [a,b] — (0, 00)
a continuous function such that the condition (2.2) is valid for some m, M €
[a,b] with 0 < m < M, any strictly positive operators A; and any self-adjoint
operator B;.

(i) If f' is decreasing, then
f(m)Spay + f'(0)(SB — mSp(a)) < Iran(A,B)
< f(m)Sua) + f'(a)(SB — mSp(a))-

(ii) If f' is increasing, then the reverse inequalities in part (i) hold.
Proof. (i) Regarding the assumption f’ is decreasing and so f/(b) < f/(t) <
f'(a) for any t € [a,b]. Define g(t) := f(¢t) — f/(b)t and k(t) := f'(a)t — f(t)
for any t € [a,b]. Since g is increasing, g(m) < g(t) for any ¢t € [m, M] and so

fm) = f'(o)m < f(t) — f'(b)t,
which entails
f(m) + f1(0)(t —m) < f(2) (3.1)

for any ¢ € [m, M]. Since k is increasing, k(m) < k(t) for any ¢ € [m, M] and
hence

f'(a)ym — f(m) < f'(a)t — f(t).
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This inequality signifies

f@) < f(m) + f'(a)(t —m) (3.2)
for any ¢ € [m, M]. Combining the inequalities (3.1) and (3.2), one can yield
fm) + f'(b)(t —m) < f(t) < f(m) + f'(a)(t = m) (3.3)

for any t € [m, M].
Using the continuous functional calculus for a selfadjoint operator X with
Sp (X) C [m, M] C (a,b) we have from (3.3) in the operator order that

fm)lg + f'(0)(X —mlg) < f(X) < f(m)lg + f'(a)(X —mlg) (3.4)
for any t € [m, M]. If we take X = h(A;)"Y/2B;Ah(A;)"Y%, i =1,...,n, in
(3.4) and multiplying both sides by h(A;)~'/? we get

Fm)R(A) + f/(b)(Bi — mh(A;)) < h(A;) f(h(A;)""/2B; Ah(A;)~/?)h(A))
< f(m)h(A;) + f'(a)(Bi — mh(A;))

If we sum over ¢ from 1 to n, then we get the result.

(ii) Applying a similar way as in the proof of part (i) we reach the result.
O

Corollary 8. If ® : B(H) — B(K) is a positive linear map, f an operator
convex function on [a,b] and h : [a,b] — (0,00) a continuous function such
that the condition (2.2) is valid for some m, M € [a,b] with 0 < m < M, any
strictly positive operators A; and any self-adjoint operator B;, then

®(Iran(A,B)) <Ipan(®(A), 2(B)) + f(m)(Sana)) — Snaa)))
+ (f'(b) — f'(a))Sam)
+m(f'(a)Sh(ay — f'(0)Senay)-
In particular, if ® oh = ho ®, then
(Iran(A,B)) < Tran(®(A), ®(B))
+ (f'(6) = f'(a))(Sam) — mSan(ay))-
Moreover, if h(t) = t, then
o(Ir(A,B)) <Ip(2(A),2(B))
+ (f'(b) = f'(a))(SaB) — MmSa(a))-

Proof. Since f is operator convex, so that f is differentiable and f’ is increas-
ing. Using Corollary 7 (ii) we find that

JF(m)Spay + f(b)(SB — mSi(a)) > Iran(A,B)

> f(m)Sh(a) + f'(a)(SB — mSh(a))-
(3.5)

Substituting ®(A), ®(B) by A, B in the second inequality one can deduce
Lian(®(A), 2(B)) > f(m)Sh(a(a)) + f'(a)(Sam) — mSh@ay)). (3.6)
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It follows from (3.6) that

Iian(®(A), ®(B)) — f(m)Shaay) — f'(a)(Sem) — mShaay) > 0. (3.7)

By linearity and positiveness of ®, the second inequality in (3.5) leads to the
following inequality

Fm)®(Shea)) + f'(0)(2(S) — mP(Spa))) = (Tran(A,B)).  (3.8)
Since ®(Sp(a)) = So(n(a)) and ®(SB) = Sp(B), from (3.8) we have
Fm)Sameay + 1/ (0)(Ses) —mSenay) = ¢(Lran(A,B)).  (3.9)

Summing the inequalities (3.7) and (3.9), we reach the desired result.
Note that if @oh = ho®, then Sgn(a)) = Sh(a(a)) and the result follows.
O

4. Applications for Operator Geometric Mean

Assume that A, B are positive invertible operators on a complex Hilbert space
(H,(-,-)). We use the following notations for operators

AV, B :=(1-v)A+vB,
the weighted operator arithmetic mean and

A, B = AV (A7V2pAT12) 412,

the weighted operator geometric mean, where v € [0,1]. When v = % we write
AV B and AfB for brevity, respectively.
The definition Af, B can be extended accordingly for any real number v.
The following inequality is well as the operator Young inequality or
operator v-weighted arithmetic—geometric mean inequality: [16]

Af,B < AV, B for all v € [0,1]. (4.1)

We consider the continuous function f, : [0,00) — [0,00), f, () = z¥
for v € [0,1]. Consider the convex function f = —f,. We consider the Csisz
ar f-divergence operator mapping by setting

I;,(A,B) ZA £, B;
and the generalized Csiszar f-divergence operator mapping via
I;,an(A,B) Zh

Assume that A = {44,..., A}, B={DBy,..., B, } satisfy the condition
mAzSBzSMAza i:l,...,n
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then by (2.13) we derive

> Ay B; <tV (1—v)Sa+vt" "' Sp (4.2)
i=1
for all ¢ € (a,b) which contains the interval [m, M] C (0,00).
In particular,

éAitini <(-v) (m+M>VSA+u(m+M>UlsB. (4.3)

2 2

Moreover, for any « € Hc{0} we have that

izj;AiuVBi <(1-v) (gﬁii;)y SA +v (gzi:i;)y_l Sp.  (4.4)

In particular,

<i Aiﬁ,,BZ-x7x> < (Spx,z)” (Saz,z)' 7Y, (4.5)
i—1

which holds for any A; B; > 0. Moreover, if we take the supremum over
|z|| = 1, we deduce the norm inequality

n
Z At B;
i—1

1—
< 1Sal™ " 198l

for v €10,1].
We observe that, if we write the inequality (4.1) for A;, B; an sum, then
we get

n

ZAiﬂuBi <(1—-v)Sa+vSB,

i=1
which is equivalent to

n

Z (A, Biz,z) < (1 —v) (Sax,x) + v (Spx,x) (4.6)
i=1
for any x € H\ {0}.
Since by the scalar A-G-inequality we have
(Spa,z)” (Saz,z)' ™" < (1 —v) (Saz,z) + v (Spa,z),

for any x € H\ {0}, then we can conclude that the inequality (4.5) is better
than (4.6).

For x # y and p € R\{—1,0}, we define the p- logarithmic mean (gener-
alized logarithmic mean) L,(x,y) by

gl gt }1/17
(p+ 1)y —=)

L) = |
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From (2.17) we derive

ZAzjjl,B < 2L"(m, M)Sa — ﬁ (MY (MSa — Sg) +m” (Sg — mSa)].
i=1
(4.7)

From the inequality (2.28) we derive
ZAiﬁuBi > tSp +uvt'H (Sg —tSa) — v (M —m) (mu—l _ My_l) Sa
i=1

for all ¢ € (a,b) which contains the interval [m, M] C (0,00) .
From (2.29) we get

n M v M v—1 M
ZAiﬂuBiZ<m; >SA+V(mJ; > (SB—mJ; SA)

i=1

From (2.31) we derive

<z": Aiﬁl,Bia:,x> > (Spx, )" (SAa:,x>1_” —v(M —m)
i=1

(m”*l — M”*l) (Sax,x) (4.9)
for any x € H\ {0}.

5. Applications for Relative Operator Entropy

Kamei and Fujii [14], defined the relative operator entropy S (A|B) , for positive
invertible operators A and B, by

S(A|B) := A2 (1n (A*WBA*/Q)) A2, (5.1)

which is a relative version of the operator entropy [3,15,21,32].
Consider the logarithmic function In. Then the relative operator entropy
can be interpreted as the perspective of — In, namely

P (A, B) = —S (A[B).

Consider the convex function f = —In. We consider the Csiszar f -
divergence operator mapping by setting

I_ln(A,B):fi S (Ai| B;) ZA1/2( (‘1/2 A_1/2>)A,L
1=1



241 Page 20 of 26 S. S. Dragomir and I. Nikoufar Results Math

and the generalized Csiszdr f-divergence operator mapping via

I man(A,B) ZS

:—Zh 1/2( (h(A) V2 B (A~ 1/2))h(Ai)1/2.

From Remark 1 we get
ZS (Ai|B;) < (Int) Sa + 1t (Sg — tSa) (5.2)

for all ¢ > 0.
In particular, if A = {Ay, ..., A}, B ={By,..., B, } satisfy the condition
(2.12), then

- M M\ M
ZS(AABZ-)gln(m—; )SA+(”“; > <SBm; SA>.

i=1
Moreover, for any z € H\ {0} we have that

=1

In particular,

- . (Spx,x)
<;S(A1|Bz)x,x> < (Saz,x)In (<5Ax’x>> . (5.3)

The following inequality for the relative operator entropy is well known
S(A|IB)<B-A
for any A, B positive invertible operators. This inequality is equivalent to
(S (A|B)z,x) < (Bx,x) — (Az, x) (5.4)

for any = € H.
By summing over ¢ in (5.4) we get

<Zn:S(Ai|Bi) x,x> < (Spw,x) — (Sax,x). (5.5)

We know the following elementary inequality that holds for the logarithm
Int <t —1 for anyt > 0.
If we take in this inequality ¢ = {28220 5 0. 2 € H, z # 0 and multiply with

(Saz,x)
(Sax,x) > 0, then we get
(Saz,z)In (m) < (Spx,x) — (Sax,x) (5.6)
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for any x € H, x # 0.
Therefore, by (5.3) and (5.6) we have

<ZS (A;|B;) ac7x> < (Saz,z)In (m> < (Spx,x) — (Sax,x)

for any z € H, = # 0.
This shows that the inequality (5.3) is better than (5.5).
Also, we have

> S(A]Bi) < 2In1(m, M) Sa
i=1
1
M —m

[In (M) (MSa — Sg) + In(m) (S — mSa)], (5.7)

where I (m, M) is the identric mean defined for z, y > 0 by

I(oyy) = - (yy)l/(y_w) (58)

e x®

and satisfies the equality

1 M
M—m/ Intdt =1InI (m,M).

m

From Remark 2 we obtain
> S (AilBi) = In(t) Sa+t ' (S —tSa) — (M —m) (m™" — M) Sa
i=1
for t € [m, M] C (0,00).
From (2.29) we get the operator inequality

" M M\ ! M
S S (4B > In (m; )SA+<’"+2 ) (SB—"”; SA>
=1

—%(M—m) (m™' = M™") Sa.

From (2.30) we obtain
yostaim = (05 sn e (GR05) " (sa- (Gnon)

— (M —m)(m™'—=M"")Sa
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while from (2.31)

<;S(A¢Bi) x,x> >In (m> (Sax,x)
— (M —m)(m™' — M) (Saz,z)
forx € H, x # 0.

6. Some Applications of the Information Monotonicity
Assume that A = {44,..., A}, B={DBy,..., B, } satisfy the condition

mA,- SB’L SMAZ', 12177’”
Let ® : B(H) — B(K) be a positive linear map and h : [a,b] — (0,00) a
continuous function such that the condition (2.2) is valid for some m, M € [a, b]
with 0 < m < M. Let f, : [0,00) — [0,00), f, () = z¥ for v € [0,1] be
a continuous function. Consider the convex function f = —f,. We consider
the information monotonicity for the Csisz ar f-divergence operator mapping
and the generalized Csiszar f-divergence operator mapping. By Theorem 4 we
derive

n

=3 (@A) D(B,) < @( - Zh(AnnyBi)
=1

i=1

and hence
> OB > 0 3 HA B ). (6.1)
i=1 i=1

Moreover, by Corollary 8, we get a complementary for this inequality as follows:

® (‘ Zh(Ai)ﬁuBi> < - Z h(®(Ai))8, P (B;)

i=1
—m”(Sana)) — Sh@A)))
+ (=" +va" 1) Sem)
+ m(—l/al’_ISh(q:.(A)) + VbV_leb(h(A)))

and so

n

cp(h(Ai)ﬁuBi) > Y h@(A)E2(B,)

i=1
+m"(Sa(n(a)) — Sh(a(a)))
+ (b —a" ") Sem)
+mw (@’ Spaa)) =0 Samay) (6:2)
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Combining (6.1) and (6.2) one can reach the information monotonicity and
its complementary for the generalized Csiszar f-divergence operator mapping.
In particular, when h(t) = ¢, we obtain the information monotonicity for the
Csiszar f-divergence operator mapping as follows

®(4:t,5 )

O(A),P(B;)

-

«
Il
—

Z(I)(Ai)ﬂv(b(Bi) >

>

-

Il
-

7

+ V(by71 - auil)(S@(B) - qu)(A)).

W know that the relative operator entropy can be interpreted as the
perspective of — In, namely

P, (A, B) = —S (A|B).

Consider the convex function f = —In. We consider the information
monotonicity for the Csisz ar f-divergence operator mapping and the general-
ized Csiszar f-divergence operator mapping.

By Theorem 4 we derive

ST ((@(40) [9(B)) = Ty (B(A), B(B))
o < B(I_man(A,B))
~o( - ismmn )

and hence

iwh(wi)) (B = i@(smmn ). (63)
On the other hand, by Corollary 8, we deduce
o( - Zs (413 ) = B(L (4, B)

STy an(B(A), B(B))

1 1
(—Inm)(Sanay) — Sn@ay)) + <b + a) Sa(B)

1 1
+m (-ash@(A)) + b5¢<h<A>>)

S Z S (h(2(4:))[®(B;))

i=1
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1 1
(=Inm)(Senay) — Shaay)) + (a - b) Sa(B)

1 1
+m (bsfb(h(A)) - aSh(@(A))> :

It follows that

Soa(sa)im)) = Y8 (@) [#(5)
(—=Inm)(Sana)) — Sh@ay) + <i - 2) Sa(B)

1 1
+m (bSq>(h(A)) — aSh(@(A))> . (6.4)

Combining (6.3) and (6.4) we reach the information monotonicity and its com-
plementary for the generalized Csiszar f-divergence operator mapping. In par-
ticular, when h(t) = ¢, we have

n

3 s (@(a/e() = Z@(s <Ai|BZ->)

> ZS(@(AiWI’(Bi))

1 1
+ <a - b) (SoB) — MSa(a))-
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