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Abstract

The renewed interest in studying the relationship between the atmosphere and
structured light can be, in part, attributed to the promise of free space optical
(FSO) communication networks. These channels have been suggested as a mech-
anism for bringing high speed internet connections to difficult-to-reach areas,
overcoming the cost and hassle of traditional fibre optic connections. However,
propagating structured light fields through complex media like the Earth’s at-
mosphere introduces a new suite of problems. Understanding the interaction
between optical fields and a turbulent atmosphere has therefore become a highly
topical research field, and forms the focus of this dissertation.

A cursory introduction to structured light is presented in Chapter 1. The
different families of beams studied in this dissertation are obtained from the
Helmholtz equation and we describe the propagation of these beams using scalar
diffraction theory. Next, the angular spectrum method of propagation is pre-
sented as it is used for numerical simulations throughout this dissertation. Fi-
nally, we explain how structured light fields can carry orbital angular momentum
(OAM). This property of light is studied extensively in Chapter 4.

Chapter 2 discusses the experimental techniques and equipment used to shape
light, simulate turbulence and take measurements. We illustrate how light is con-
trolled in the laboratory through the implementation of holograms displayed on
liquid crystal spatial light modulators and digital micromirror devices and pro-
vide the procedure for generating these holograms. We then show how carefully
chosen holograms are used to evaluate an inner product of two optical states to
obtain a modal decomposition of a desired field.

Chapter 3 explains characteristics and statistics of atmospheric turbulence.
Using these statistics and physical insight, we introduce the thin phase screen
approximation to modelling weak turbulence and discuss the different methods
used to generate these screens. We then extend this model to strong turbulence
using the split-step method and the chapter concludes by discussing how the
strength of these phase screens is calibrated in a laboratory setting.

Chapters 4 and 5 present novel research. The atmosphere is famous for caus-
ing distortions in the OAM spectrum of structured light beams. Chapter 4 recasts
this effect as a transfer of OAM between the beam and the atmosphere by view-
ing the atmosphere as a store of OAM. Such a perspective allows us to resolve the
debate on the effects of turbulence on structured light. We show that the spread
in OAM of structured light beams caused by turbulent effects is symmetric about
and independent of the beam’s initial OAM. Further, the spectrum finds a maxi-
mum value at the initial OAM. We show that the beam’s size determines a field’s
behaviour in turbulence and not its OAM by considering Laguerre-Gaussian and
perfect vortex modes.



Chapter 5 writes the turbulent channel as a linear operator and finds its corre-
sponding eigenvectors, termed ‘eigenmodes’. These beams are invariant as they
propagate through a turbulence atmosphere. The chapter explains important nu-
merical details such as sampling constraints and we verify the robustness of the
eigenmodes experimentally. When considering many realisations of turbulence,
we show that it is better to use the ‘usual’ vacuum modes in communication stud-
ies as turbulence has a zero average effect on structured light fields.
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Introduction

Space division multiplexing (SDM) and its subsidiary mode division multiplex-
ing (MDM) are mooted as solutions to the impending data crunch, and seek to
exploit the spatial degrees of freedom of light for additional information capac-
ity.!™ This includes using light’s spatial modes, tailored in amplitude, phase
and polarisation for what is now commonly referred to as structured light.> One
popular example is light tailored to have an azimuthally varying phase of the
form exp (i/¢) with integer topological charge (TC) ¢ for ¢ of orbital angular mo-
mentum (OAM) per photon.>® This property of light and its interaction with a
turbulent atmosphere is studied extensively in this dissertation. Although it is
understood that other orthogonal mode sets are equally valid, including using
the full radial and azimuthal indices of the Laguerre-Gaussian (LG) modes’!!
as well as Bessel, 1221 Hermite-Gaussian?22* and vectorial modes, 228 OAM has
become the mode of choice in the majority of communication studies.?”-3" These
OAM modes (theoretically) provide an unlimited alphabet which can be used to
transmit information to a receiver situated many kilometers away:.

Unfortunately, structured light becomes distorted in the presence of atmo-
spheric turbulence in free-space atmospheric links.3!* The orthogonality of the
modes is impaired which leads to the deleterious effects of decay in entangle-
ment in quantum states,?>*#? and modal crosstalk for classical communication
channels.**>Y For this reason, a crucial step towards deploying free space clas-
sical®!">2 and quantum communication channels is the exact characterisation of
the turbulence induced perturbations on structured light.

However, characterising this interaction has produced conflicting claims as to
the role that a beam’s OAM plays in determining its behaviour in turbulence. In
attempting to investigate the degradation of OAM modes in turbulence, Pater-
son® famously derived a theoretical expression for the likelihood of scattering
between OAM states, showing that the probabilities were independent of the ini-
tial OAM that a beam carried. This analysis assumed that the amplitude profile
was independent of the topological charge. Further theoretical investigations™
using optical vortex beams supported these findings with sufficient numerical
and experimental confirmation.”>> In contrast, numerical studies of entangled
OAM states in turbulence found that higher order single photon LG states were
less robust than lower order ones.”” These results seemed to indicate that a
beam’s behaviour is strongly governed by its OAM. Other studies have shown
that there is also a basis dependence: for example, different results are obtained
when using vortex Gaussian beams in comparison to LG, optical vortex®®>® and
Ince-Gaussian beams.?® Indeed, while these advancements have elucidated the
detrimental effects of turbulence on OAM-carrying light fields, the nuances in-
volved in the modal dependence argument are not settled since there is disagree-
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ment with early findings. The uncertainty can in part be attributed to the fact that
the focus is on the beam itself, and thus its construction plays a large role in the
outcome.

Being able to eliminate or at least mitigate the effects of turbulence is highly
desirable in any free space channel. Several methods have been investigated. The
polarization structure of vector modes could provide a robust degree of freedom
for optically encoding information.*®®" These states of light differ from scalar
beams in that their polarization is spatially dependent and is thus inhomoge-
neous across the transverse plane.5 In the world of scalar beams, some mode sets
are more robust than others: HG beams could prove to be more resilient than LG
beams due to the Cartesian symmetry of their phase profiles.®!

Modal diversity has been proposed as an effective error-reduction scheme in
communication channels.®? There is, however, a reduction in the multiplexing
gain.%®® Adaptive optics for pre- and post-correction,®4~ iterative routines®” and
deep learning models® have also found success in removing these unwanted
distortions that arise from atmosopheric turbulence.

Here, we present a comprehensive treatment of the interaction between tur-
bulence and optical fields. This is achieved by reviewing concepts in structured
light, presenting a detailed discussion on the Earth’s atmosphere and techniques
to model turbulent effects, providing novel results on the effects of OAM on a
beam’s behaviour in turbulence and obtaining sets of modes which are invariant
under the action of turbulence, without the need for adaptive optics or machine
learning routines.
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Chapter 1

Structured light

In this chapter we provide the theoretical tools needed to understand orbital an-
gular momentum and the propagation of optical fields through space. We start
from Maxwell’s equations which govern the spatial evolution of electromagnetic
waves in any medium. We show how to solve the inhomogeneous form of the
Helmholtz equation which is used extensively in Chapter 5. The derivation of the
Laguerre-Gaussian family of beams is then presented along with perfect vortex
beams since these mode sets are beams studied in this dissertation. The principles
of scalar diffraction theory are explained by introducing the Huygens-Fresnel
diffraction integral which plays a central role in Chapter 5, and the angular spec-
trum method of propagation, which was used for numerical simulations. We
conclude by showing how coherent fields can carry orbital angular momentum.
This property of light is studied extensively in Chapter 4.

1.1 Paraxial Helmholtz equation

Maxwell’s equations completely describe the behaviour of the electromagnetic
tield, whose electric and magnetic components are, respectively, denoted as E
and B. These equations (not only) permit solutions for E and B which corre-
spond (physically) to travelling waves. We will present an abridged discussion
on obtaining these solutions since the procedure is well-known.®’

In the absence of any charges and currents, Maxwell’s equations are given by

eV-E=0, (1.1)
V-B=0, (1.2)
0
V xXE= _EB’ (1.3)
0
V x B = e, E, (1.4)

where € and i are the dielectric permittivity and magnetic permeability of the
medium, respectively.69 This derivation assumes that the medium has the same
magnetic permeability as the vacuum. To eliminate B in Eq. 1.3, we apply the
curl operator (V x) to both sides of Eq. 1.3 and use Eq. 1.4 to obtain
92
E = —eup——E. 1.
V x V x €Ho5 (1.5)
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1.1. PARAXIAL HELMHOLTZ EQUATION

The vector identity V x V x A = V(V - A) — V?A for a vector A simplifies
Eq.1.5to

2
2 _
V(V-E)—-VE = —eyoﬁE. (1.6)
In the absence of any sources, V - E = 0 (see Eq. 1.1) and so
2 32
2O
VE = 5 -5E (1.7)

where n = \/€/¢€p is the refractive index of the medium and €y the permittivity
of the vacuum. The quantity ¢ = 1/, /€gfip is the speed of light in a vacuum.®® A
similar derivation can be performed for the magnetic field B. Eq. 1.7 presents a
scalar wave equation for each spatial component of E, thus yielding three equa-
tions which must be solved to describe the travelling wave E. We will solve
Eq. 1.7 for a single scalar component. We assume that the (scalar) waves can be
written as the product U(R) exp (—iwt), where w is the angular frequency of the
wave and U(R) describes its spatially dependent behaviour with R = (x,y, z).
Using this ansatz and the method of separation of variables, we can isolate the
temporal and spatial components of Maxwell’s equations to obtain the Helmholtz
equation

(v2 + kznz) U(R) =0, (1.8)

where k = 271/ A is the wavenumber for wavelength A and 7 is the refractive in-
dex of the medium. For simplicity, consider the case n = 1. A plane wave U(R) =
Aexp (ik - R) is a trivial solution to Eq. 1.8 for a constant A and k = (ky, ky, k:),
obtained by performing a separation of variables in Cartesian coordinates. A
more interesting solution is the spherical wave

exp (ikR)

UR) = A=

(1.9)
whose wavefronts (surfaces of constant phase) form concentric spheres, centered
atR = 0, and R = ||R||. We note that

. exp(sz) - (3) .

lim P — 50)(R) = 6(x)5(1)3 (), (1.10)
which corresponds to a point source located at R = 0. That is, a spherical wave
corresponds to solving the Helmholtz equation for a point source and is thus the
Green’s function for Eq. 1.8. This is used to solve Eq. 1.8 with a driving term QO

(V2 + k2n2> U(R) = Q(R) (1.11)

where _ ,
p(ik||R" — R[]

47|R" —R||
Plane waves, however, do not represent physical solutions since they have

infinite energy. Physically realisable solutions are obtained if we assume that
the waves are propagating in the z-direction and that their transverse (x-y plane)

UR) = /d3R’ e O(R)). (1.12)
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spatial extent is much smaller than the propagation distance. This assumption is
called the paraxial approximation and results in the paraxial Helmholtz equation

(V3 +2ikd. ) V(R) = 0 (1.13)

for a vacuum refractive index of n = 1 and V(R) = U(R) exp(—ikz). The op-
erator V7 = 9% + 9 is the transverse Laplacian. Solving this paraxial equation
with the ansatz of a Gaussian envelope returns the famous Gaussian beam, with
functional form”°

V(R)=A D exp (- r ex —ikr® +ip(z) (1.14)
- Tw(z) P w2 (z) P 2P(z) 4 ' '
The Gaussian beam is an important physical solution to the paraxial wave equa-

tion and R = (r,z). The parameter w(z) = wo1/1+ (z/zg)* defines the beam’s
width with w(0) = wy, known as the beam’s waist radius. zg = 7wj/A is
the beam’s Rayleigh range and is the distance over which the beam’s area dou-
bles. P(z) = z (14 (zr/z)?) is the radius of curvature of the wavefront and
P(z) = arctan(z/zg) is the Gouy phase.

1.1.1 Laguerre-Gaussian modes

Solving Eq. 1.13 directly using the method of separation of variables introduces
inherent symmetry into the solutions. In a cylindrical coordinate system (R =
(r,¢,2)) we suppose that V(R) can be written as the product X(7,z)¥(¢). Such
solutions have the functional form”°

¢ _ o wo [ V2r " s ex .
LGP(F"P'Z)_CPZU(Z) (w(z)> b (WZ(Z)) p( w2(z)>x (1.15)

—ikr?

x exp (ilg) exp (m + iNT,U(Z)) ,

and are known as the Laguerre-Gaussian modes. L|p£ | (+) is the associated Laguerre

polynomial (hence the name of the modes), N> = 1+ 2p + |¢| is the mode number
and Cf; is a normalisation constant. Eq 1.15 reduces to Eq. 1.14 for p = ¢ = 0. The
second moment radius, defined as

_ J a2 2LG)(r, ¢,z =0)
r2=,12 =woy/1+2p+ ||, 1.16
J [ d?r LGf;(r,(p,z =0) 0 P+l (1.16)

grows with mode number and so higher order modes are also larger. These
modes form a complete and orthonormal set with

<p/’ El

Intensity and phase (as insets) plots for LG beams are shown in Fig. 1.1 for p €
[0,2] and ¢ € [0,3]. The fundamental Gaussian mode is shown in the top left
cornetr.

p, €> = /dzr <LG§/(I',Z))*LG£(I',Z) = §P',P55/,4' (117)
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Figure 1.1: Laguerre-Gaussian intensity plots with the phase displayed as an inset
for p € [0,2], ¢ € [0,3] and z = 0. The fundamental Gaussian mode occupies the
top left corner with the p index incrementing downwards and the ¢ index to the
right.

1.1.2 Perfect vortex modes

The ‘perfect vortex” (PV) modes form another family of beams which are used in
this dissertation. These modes have intensity patterns which resemble rings and
have the following functional form in the waist plane:”!

PVidedl(y, p) = 5(r — 1) exp (ile), (1.18)

where r, is the radial position of the ring. It is physically impossible to realise
such a mode since the delta-function demands an infinitely thin ring. However,
nature is very forgiving and one can approximate these pure vortex modes with”!

)2
PV(r,¢) = exp (—%) exp (il¢), (1.19)

0
provided that the beam waist wy is much smaller than the radius r,. Unlike the
LG modes, these modes do not retain their shape as they propagate. In fact, their

far field patterns approximate the Bessel-Gaussian mode family in the near field,
which have the functional form”?

2

BGy, (7, ¢,0) = Ju(k,r) exp (—%) exp (il¢), (1.20)

0
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where J;(-) is the ¢th order Bessel function of the first kind and k; is the radial
wavevector such that k> = k? + k2. Bessel-Gaussian beams are shown in Fig. 1.2
for ¢ = 5 at three different planes: at z = 0,z = 2.5 m and z — co (far field). The
upper and lower rows correspond to k, = 5 x 10> m~! and k, = 10* m~!, respec-
tively. The far field intensity pattern is a thin ring whose radius is controlled by
k;. These rings are the perfect vortex beams presented in Eq. 1.19.

This perfect vortex — Bessel-Gaussian duality is shown in Fig. 1.3 for azimuthal
indices ¢ = 0, 5, 15 at three planes: the waist plane z = 0, z = 5zg and z — co.
The distance zy is the Rayleigh length for a Gaussian beam with the same waist
parameter wy. We see that after propagating to the far field, the intensity pattern
resembles a Bessel-Gaussian beam. The perfect vortex beams were generated
according to Eq. 1.19 with r, ~ 16wy. We also note that the near field intensity
pattern is independent of the initial charge /.

Figure 1.2: Bessel-Gaussian beams with k, = 5 x 10°m ! and k, = 10* m~! are
shown: at the waist plane (z = 0), after propagating for 2.5 metres and in the far
field. The far field pattern is a ring whose radius is controlled by k;.

1.2 Huygens-Fresnel diffraction

Eq. 1.8 describes the spatial evolution of a wave in the form of a differential equa-
tion. Solving Eq. 1.8 results in an integral equation which determines the prop-
agation of an optical field and forms the topic of this subsection. The field at a
plane z, given that it was described by V(r/,z’) at the 2’ plane is

exp (ik|R — R||)
IR —R'|

1
V(R) = a/dzr’ V(R) cos (0), (1.21)
where cos(0) = z/||R — R’|| is cosine of the angle between the vector connecting
the points R and R’ and the z axis. Eq. 1.21 is known as the Huygens-Fresnel
integral.”> We now make a series of approximations to make Eq. 1.21 easier to
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Figure 1.3: Intensity patterns of perfect vortex modes are shown for (from top to
bottom) ¢ = 0, 5, 15 and (from left to right) at z = 0, z = 5zg and z — co. Insets
show the phase of the beam. Here, zy is the Rayleigh length of a Gaussian beam
with the same waist parameter wy. The far field is a Bessel-Gaussian beam. In
this case, r, &~ 16wy.

solve. First we set the initial plane to be at z’ = 0. In the paraxial limit, z ~
IR —R|| (cos(e) ~ 1) and

1
V(R) = /dzr' V(R') exp (ik|R = R'||) . (1.22)
We cannot approximate z =~ ||[R — R|| in the phase factor in Eq. 1.22 since k is
very large for optical fields. However, we employ the Fresnel approximation
2

)
IR —R'[| = \/llr—r’||2+zzmz+%, (1.23)

which treats the curvature in the wavefronts as parabolic rather than spherical.

Thus
0 52) [ g ywyenp (15 ¢
V(R) = e d°r V(R')exp ( s (1.24)
In the limit that r’ < z (i.e. the field has propagated a comparatively “large” dis-
tance), we can neglect the term ||¢/||* in |[r — ¢/||* = ||/||* + ||x||* — 2r - ¥ (dubbed
the “Fraunhofer approximation”) to obtain the far field expression

. o
V(R) = %(;kz)exp (lkr ) /dzr’ V(R') exp ( Zer d ) _ (1.25)

CHAPTER 1. STRUCTURED LIGHT 25



1.3. ANGULAR SPECTRUM METHOD OF PROPAGATION

Eq. 1.25 can be rewritten as the Fourier transform equation

' 72
V(R) = %exp (”;_Z> F{V(R")}, (1.26)

where the spatial frequency coordinate v is related to the actual spatial coordi-
nates according to

_ kr
=

v (1.27)

That is, the far field is equivalent to the Fourier transform of the initial (near)
field, ignoring phase factors.

1.3 Angular spectrum method of propagation

The propagation of a plane wave

lv) = % exp (iv - r) (1.28)

along the z direction does not require solving the Huygen’s-Fresnel integral (Eq. 1.24).
Consider a plane wave U(r,0) = exp (ikxx + ikyy) /27 at z = 0. The same wave
a distance z later is just

U(r,z) = U(r,0) exp(ik.z), (1.29)

where the propagation is accomplished by multiplying the initial field by the
phase factor exp(ik.z) and k; = |/k? — k3 — k3.
Waves with different v vectors are Dirac-delta orthogonal as

(V'|v) = (271T)2 /dzv' exp(—iv' - r) exp(iv - 1) = 6P (v —v), (1.30)

and can be used to perform a modal decomposition of a given function V in
the transverse plane. However, unlike discrete sets of basis functions, the plane
waves are described by a continuous parameter v and are not labelled discretely.
As such, V is written in terms of an integral

V(r,z) = %/dzv V(v,z)exp(iv -r) (1.31)
rather than a discrete sum. The function V is retrieved according to
1
V(v,z) = E/dzr V(r,z) exp(—iv - r). (1.32)

These integrals are, of course, the Fourier transform operators. Performing the
Fourier transform on a field V is equivalent to finding its expansion in the plane
wave basis. V is referred to as the angular spectrum of V as v is a spatial an-
gular frequency coordinate. We use this to propagate V a distance z. First,
Fourier transform V to obtain its angular (plane wave) spectrum V. Multiplying
V by exp(ik,z) will propagate the plane waves, after which we apply the inverse
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Fourier transform to return to the spatial domain. This is procedure is captured
in the equation

V(r,z) = F H{F {V(r,0)} exp(ik.z)} . (1.33)
This algorithm is computationally easier to implement than solving the Huygens-
Fresnel integral and therefore used for numeric simulations.

1.4 Orbital angular momentum

An electromagnetic field carries a linear momentum density L and linear momen-
tum P

L—eEXB, P— /d3R L, (1.34)

and an angular momentum density M and angular momentum J
M =¢R x (E X B), ]:/d3R M. (1.35)

In a seminal paper,® Allen et al. showed that an azimuthal phase factor exp (i/¢)
(like that in Eq. 1.15) corresponds to a beam carrying ¢i of orbital angular mo-
mentum (OAM) per photon. The ensuing discussion follows their paper closely.
Spin angular momentum is associated with the state of polarisation of an elec-
tromagnetic field. Beth’* measured the spin angular momentum of light by ob-
serving the torque exerted on birefringent plates by circularly polarised light. It
was found that the ratio of the angular to linear momenta was A /27, and that
each photon carried # of angular momentum. Consider a field whose complex
amplitude is described by V(R) exp(ikz). In the Lorenz gauge, this field has a

vector potential
A = 2 V(R) exp(ikz), (1.36)

where £ is the unit vector in the x-direction. The electric E and magnetic B fields
are related according to the equations

B =V XA, (1.37)
ic?

E=—V xB. (1.38)
w

The time-averaged, real-valued linear momentum density is
L:%(E*xBJrExB*). (1.39)

In this gauge L is then given by
iwey
2

for a field V that satisfies the paraxial approximation. We will consider the case
V(R) = LGS (R) which has a “donut” intensity profile (see the first row in Fig. 1.1)
and complex field amplitude

w A\ r? ikr?
V(r,z) = CSWZ) <%> exp (_wz—(z)> exp (iﬁg‘b - %(z) + iNl[J(Z)) :
(1.41)

(VVV* = V*VV) + weok|V|*2 (1.40)
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Substituting Eq. 1.41 into Eq. 1.40 gives (per unit power)

2
LV ( r22?+£q§+2), (1.42)

c

z> . (1.43)

Finding the total angular momentum requires integrating Eq. 1.43 over all space.
Performing the integration leaves only the z term due to the symmetry of the
radial and azimuthal components. Comparing the linear and angular momentum
densities in the z direction gives

M, c YA
L —Ew Rl (1.44)
Unlike spin angular momentum, orbital angular momentum is instead related
to the helicity of the wavefront and / is referred to as the topological charge. As
the beam advances one wavelength its phase undergoes /¢ rotations. The null
intensity at the centre of the beam (see Fig. 1.1) is characteristic of light carrying
OAM. We see that a larger topological charge corresponds to a greater optical
vortex (region of no intensity) as the phase is spiraling ‘quicker” and is undefined
at the centre.
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Chapter 2

Experimental methods

The effects and characteristics of turbulence were experimentally verified in a
laboratory setting during the course of this dissertation. Liquid crystal spatial
light modulators and digital micromirror devices were used to both simulate
turbulence and perform the necessary measurements. These devices are used
to display greyscale images, termed “holograms”, which implement the desired
modulation of a laser beam. Here, we outline the operation of these devices,
their calibration procedures and how their respective holograms are generated
to achieve arbitrary modulations. Many of the measurements taken for this dis-
sertation took the form of expanding a given field into an orthogonal basis. This
procedure is known as a modal decomposition. We show how this decomposi-
tion can be implemented optically using a correctly chosen hologram, lens and
camera.

2.1 Spatial light modulators

2.1.1 Principles of operation

The dynamic phase of an electromagnetic field advances according to the elemen-
tary relationship

d¢ = Tn(z) dz (2.1)
for some refractive index n. There are thus two ways to directly modulate the
phase: either change the refractive index n while keeping the propagation dis-
tance dz fixed, or keep n fixed and vary dz. Spatial light modulators are a tool
which allow us to precisely control n to modulate a field’s phase to produce some
desired effect.

In this research, liquid crystal on silicon displays were used to tailor light us-
ing the principle of birefringence. The refractive index inside birefringent materi-
als changes depending on the polarisation and the direction of propagation of the
light passing through it. Two axes are present inside birefringent materials — the
so-called ‘ordinary” (with refractive index np) and ‘extraordinary’ (with refractive
index n,) axes. The birefringence is quantified by the difference

An = n, — ny. (2.2)
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These liquid crystal displays contain many (hundreds of thousands) birefrin-
gent crystals whose orientations can be independently controlled by changing
the voltages supplied to the electrodes on which the crystals sit. The applied
voltage results in rotating a crystal through an angle 6 which in turn affects the
refractive index of the extraordinary axis according to”?

1 cos 6 2 sin 6\ 2
200 (ne<e=o>) +(n_o> | (23)

By varying the voltages, the phase of a field can be modulated according to Eq. 2.1
with n = An = n,(0) — np. These voltages are controlled by digital holograms
which are greyscale images whose pixel values are related to some applied volt-
age, which is in turn realised as a rotation of the liquid crystals.

2.1.2 Calibration

The voltages of the SLM must be calibrated so that the desired phase change
is indeed implemented. Each pixel value in the greyscale holograms can range
between 0 and 1 with 256 possible linear increments in-between. A value of 0
corresponds to a greyscale colour of black and a phase modulation of 0, whereas
a value of 1 corresponds to ‘white” and a phase modulation of 277. Calibrating the
SLM involves finding the correct mapping between the voltages and these pixel
values.

Figure 2.1: A Gaussian beam is expanded and collimated by lenses L; and L, onto
a double pinhole to produce two circular beams. These beams are then incident
on an SLM on which greyscale holograms are displayed, corresponding to a 0, 7
or 27t phase shift between the two beams. Lens L3 focuses the two beams such
that they interfere in the Fourier plane, producing intensity fringes. These fringes
are recorded by a CCD.

The calibration procedure is captured in Fig. 2.1. A Gaussian beam is ex-
panded and collimated by lenses L; and L, onto the SLM display. A double pin-
hole aperture then “cuts” out two circles of light which land on separate halves of
the screen. A lens L3 focuses these two circles onto the same point in the Fourier
plane where they interfere and produces intensity fringes due to the difference
in path length they have travelled. These fringes are then recorded on a charge-
coupled device (CCD). First, a “black” (all pixel values are 0) hologram is dis-
played on each half of the SLM screen. Changing the hologram on one half of the
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screen to “white” (all pixel values are 1) should result in no discernable change
in the intensity fringes if the device is calibrated correctly. Further, displaying a
“grey” hologram (pixel values are equal to 0.5) should shift the fringes according
to a 77 phase shift. The potentiometer (voltage) values are adjusted until this be-
haviour is achieved. The voltages are mapped to pixel values through “gamma”-
files which are provided by the manufacturer.

Figure 2.2: Intensity cross-sections for interference fringes during the calibration
procedure. (a) corresponds to a correctly calibrated SLM, whereas (b) illustrates
an incorrect phase modulation for the encoded 7t and 27t phase shifts.

Fig. 2.2 shows cross-sections laterally through the intensity fringes obtained
during a calibration procedure. Both Fig. 2.2(a) and Fig. 2.2(b) show lines for
phase modulations of 0, 7r and 27t. However, Fig. 2.2(a) corresponds to the correct
voltages and one can see that the 0 and 27 lines are superimposed, whereas the
7t line is out of phase. Fig. 2.2(b) shows the effects of the incorrect voltages. There
is little variation between the different encoded phase shifts.

There is another, sometimes easier, method that can be used to calibrate an
SLM. This method uses the very high efficiency of a blazed grating

Sblazed (X, y) = 271 (Gax + Gyy)  mod 27 (2.4)

with respect to the first diffraction order. Specifically, a pure vortex beam exp (il¢)
is created on the SLM with a blazed grating and the far field intensity pattern is
observed on a CCD such that both the zero and first diffraction orders can be
seen simultaneously. The potentiometer values are then adjusted such that most
of the light is directed into the first order vortex mode. The next section will
discuss how these modes are created on an SLM.

2.1.3 Hologram generation

SLMs can only modulate the phase of a given field and so the transmission func-
tion for the SLM is
t =exp (iH), (2.5)

where H is the hologram. For certain simple cases, one can work out the required
hologram quite easily. Say that a field V is incident on the SLM and we require
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the field to be described by
Vexp(ile) (2.6)

after modulation. The required hologram would be H = /¢ mod 27r. The SLM
is not completely efficient and so there is always some light which is left un-
modulated. We must separate out our modulated field from this unmodulated
component, otherwise the field after the SLM would be the superposition

Vexp(il$) + unmodulated light. (2.7)
To mitigate this, a diffraction grating
g(x,y) =27 (Gxx + Gyy) (2.8)

with grating frequencies G, and G, must be added to the hologram in order to
separate the modulated light from the original axis. Thus the actual hologram
would be

H = (¢ +2m (Gex+ Gyy) mod 27t (2.9)

However, a different encoding scheme is required to achieve amplitude mod-
ulation as well. In this dissertation, the Arrizén type 3 encoding scheme was
used for all beam shaping. The discussion below summarises the results pre-
sented in Ref.”> The desired field is V = A(x,y)exp(i¥(x,y)) where A is the
amplitude and ¥ the phase. We are looking for a hologram H such that t(A, ¥) =
exp(iH(A,¥)) = A(x,y) exp(i¥(x,y)). A useful “trick” is to represent the trans-
mission function t in a Fourier expansion

HAY) =) tu(A) exp(int), (2.10)
with N
th(A) = % / d¥ exp (iH[A,¥]) exp(—in'¥). (2.11)

Requiring the modulated field be found in the first order sets n = 1 and
tw(A) =CA (2.12)
for a positive constant C. Expanding the integrand in Eq. 2.11 gives
th(A) = % /d‘F cos (H[A, Y] —n¥) + ﬁ /d‘I’ sin(H[A,¥] —n¥). (2.13)
Since Eq. 2.12 only has real values, we see that
1
CA =5 / d¥ cos (H[A,¥] — ¥), (2.14)
1 :
0= / d¥ sin (H[A,¥] — ¥). (2.15)
Arrizén proposed that we look for a solution of the form

H(A,¥) = f(A)sin(¥). (2.16)

32 CHAPTER 2. EXPERIMENTAL METHODS



2.1. SPATIAL LIGHT MODULATORS

This ansatz has the Fourier expansion

exp (if (A)sin(¥)) = ) Ju(f(A)) exp(im¥), (2.17)

m

where [, (-) is the mth Bessel function of the first kind. Such an expansion is
known as Jacobi-Anger identity.”® Again, requiring the modulated field to ap-
pear in the first order sets m = 1 and t;(A) = CA = J1(f(A)). This means that
flA)=J; L(CA). If the amplitude A of the field is normalised such that A € [0,1]
then we can set C = 1. Thus, the required hologram is given by

tA,Y) =exp [if(A)sin (¥)], (2.18)
f(A) =J7H(A), (2.19)
Y =%+27(Gx+Gyy) mod 27 (2.20)

Fig. 2.3 shows an exemplar case of using this encoding technique to gener-
ate greyscale holograms. Top row: the left panel shows the intensity pattern for
a Laguerre-Gaussian beam with a radial index of 1 and azimuthal index of 2.
The middle panel shows a hologram generated with no phase grating whereas
a grating is present in the hologram on the far right. The characteristic “fork”
dislocation of OAM beams can be seen in this hologram. Bottom row: equivalent
figures are presented for a superposition of LG beams with p = 3 and |¢| = 5.

Figure 2.3: Holograms generated using the above encording technique for an LG
mode with p = 1 and ¢ = 2 (top row) and a superposition of modes with p = 3
and ¢/ = +£5 (bottom row). The mode’s intensity pattern is shown in the leftmost
panel. Holograms are shown without (middle) and with (right) phase gratings.
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2.2 Digital micromirror devices

2.21 Principles of operation

The other device used in this thesis to modulate laser beams was a digital mi-
cromirror device (DMD). These devices consist of an array of thousands of mir-
rors which can turn in two different directions, allowing amplitude-only control
of light. DMDs are used in digital projectors and can be adapted for structured
light purposes.

DMD mirrors have access to three different positions. When the DMD is not
connected to a power source, the mirrors are said to be in the “parked’ position
and are flat. When powered on, the mirrors are either in the ‘off’ (angled «/2
to the right from the screen’s perspective) or ‘on” (angled «/2 to the left) states.
Thus, an angle of a exists between the two states.

There are many diffraction orders produced by the DMD screen due to the
pixelated nature of the screen. There will be one order much brighter than the
others, known as the zeroth order. This order will be used to align the DMD in
the following procedure. All mirrors are initially put into the off-state by display-
ing a hologram where all pixel values are set to 0. The DMD is then physically
rotated in its mount so that the zero diffraction order is co-linear with the initial
beam. This means that the mirrors are perpendicular to the incident light. After
this coarse alignment one displays a hologram on the DMD to generate an LG
mode with / = 1 and p = 0 and the required grating. This results in the LG
mode appearing in the first diffraction order of the zeroth diffraction order. One
should note that there are two different diffraction processes occurring: one is
due to the pixelated screen of the DMD and the other from the hologram itself.
The fine alignment controls of the amount are then adjusted so that the modu-
lated first order (in which our desired beam appears) is correctly aligned with the
experimental set-up.

DMDs are quite inefficient. They achieve a maximum efficiency of 62% before
the application of a hologram. Once a hologram with a diffraction grating is
displayed this efficiency drops to 6.2%. This efficiency can drop even further
when other functions are included in the hologram which decrease the number
of mirrors in the on-state.””

2.2.2 Hologram generation

The hologram generation procedure presented for liquid crystal SLMs can not
apply to the amplitude only DMDs. For this reason, a different encoding scheme
is required. The following discussion follows Ref.”® closely. The transmission
function for the DMD screen is mathematically represented (in one dimension)

as
x —(n+p)xo
t = t({ ————— |, 2.21
(x) ; e ( wxo ) ( )
where rect(-) is the rectangle function

rect(x) = L for|x] <3, (2.22)
0, otherwise. )
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The parameters p, w and x( set the position, width and period of the rectangles
(mirrors), respectively. The rectangle function takes the argument x/w, for n =
p = 0 which shows that w controls the width of the rectangle.

In a similar step to the SLM hologram derivation, we expand this periodic
transmission function in a Fourier sum

tx) =) tuexp (iZnni) , (2.23)
n X0
where the expansion coefficients t, are given by
. X — pXo . i
tw(p,w) = /dx rect( wxg > exp ( zano) : (2.24)
The integration bounds are determined by finding the n = 0 rectangle extent.
This rectangle is 0 at x_ = px¢p — wxo/2 and at x4 = pxo + wxp/2 so
Xy 0 :
th(p,w) = /dx exp (—i27m1> _ expli27np) sm(nnw). (2.25)
X0 n
X—

Selecting the first diffraction order (n = 1) to form the desired field V = A exp(i¥)

sets
t(p,w) = @ exp(i2rtp) = Aexp(iY), (2.26)

for A € [0,1]. Equating amplitude and phase terms yields the following expres-
sions:

w = %arcsin(A), (2.27)
1
p=5-¥. (2.28)

Substituting these expressions into Eq. 2.21 will produce the required hologram.
If we extend the analysis to the y direction as well, we arrive at the expression for
a hologram

t(x,y) = % + %sign (cos [2mtp(x,y) +21tg(x,y)] — cos [tw(x,y)]), (2.29)

where sign(-) is the sign (signum) function and g(x, y) is a diffraction grating.

To see that this equation indeed produces the correct hologram, we note that
binary holograms are equivalent to interferograms between the desired field V
and a plane wave exp(—i27tx/xg) in the one dimensional case.”” The interference
between the two fields produces the intensity pattern

2

=1+ |A]*+2A cos <‘I’ + 2nxi) . (2.30)
0

Aexp(i¥) + exp (—i2n£>
X0

where the final term is responsible for the characteristic fringe pattern seen in
interferograms. We cannot turn the above expression into a binary hologram
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using the signum function as Eq. 2.30 is always positive. However, the peaks of
the fringes occur when

cos (T n 2nx1> 1 — Y+ 2nx1 =27 % integer. (2.31)
0 0

These peaks will correspond to mirrors in the ‘on” state. We must pick an appli-

cable bias function b(x) = cos(rtw(x)) to modulate the difference

cos (‘I’ + ZHi) —b(x), (2.32)
X0

so that amplitude information can also be included in the hologram, as Eq. 2.31
depends only on the phase and grating. Looking at the Fourier expansion in
Eq. 2.23, we picked the n = 1 term so we set w(x) = arcsin(A(x)) /7. This will
correctly include the desired amplitude information of the mode A exp(i'¥).

Figure 2.4: Binary holograms for LG modes (see left column) are generated ac-
cording to Eq. 2.29. The right and middle panels are holograms with and without
amplitude information, respectively.

Fig. 2.4 shows binary holograms for a DMD for the same LG modes in Fig. 2.3.
The amplitude term cos (tw(x,y)) in Eq. 2.29 is neglected in the “phase only”
hologram displayed in the middle of Fig. 2.4, and is included in the right column.
2.3 Optically performing the overlap integral

The final experimental topic discussed in this chapter is the procedure of modal
decomposition, which hinges on the evaluation of an overlap integral or inner
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product. Given a complete, orthonormal set of basis functions {®; } with an inner
product defined by

(@] ®;) = / & F(r)®;(r) = &y, 1= (1Y), (2.33)

we can describe an arbitrary function f(x) as the linear superposition

fx) =Y ¢j®(r), (2.34)

J

provided f is sufficiently well-behaved. The expansion coefficients are deter-
mined by

¢j = (Pj|f)- (2.35)

We note that the inner product in Eq. 2.33 is proportional to evaluating the Fourier
transform of the product <I>]’f f at the frequency v = 0, or mathematically

612 = [(@i] ) o« | F { @11} (2.36)
We can therefore extract the norm of the coefficients by measuring the on-axis
(v = 0) intensity of the far field of the product CD;‘ f (recall that v = kr/z). How-
ever, this was only true in the far field, and the quadratic phase term

exp (ik(r')?/2z) is still present in Eq. 1.24 where 1’ is the transverse coordinate in
the near (initial) field. This factor can be removed without needing to propagate
a distance z > ||| by introducing a lens. The physical effect of a lens can be
expressed as a phase-only transmission function

l/:()‘ '

Hens (1) = exp (—%) , (2.37)

for a lens of focal length f.”> Consider a field V(ro,z = 0) at the plane z = 0,

placed a distance f behind a lens with spatial coordinates ry. The field at the
plane z = f is equal to the convolution (see Eq. 1.24)

V(ro,0) ® h(xg, f) = /dZYO V(xo, 0)h(rs — xo, f) (2.38)

for the impulse response of free space

exp(ikz) exp (ikr?/2z)

h(r,z) = Y

(2.39)

After passing through the lens at z = f, the field is the product of Eq. 2.38 and
Eq. 2.37, which removes a quadratic phase factor, equivalent to the application of
the Frauenhofer approximation. Propagating a further focal length to the plane
z = 2f gives us

exp(ikf) exp <ikr%f/2f>
iAf
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where we used Eq. 1.26. This reduces to the product

exp(ikf) exp (ikr%f/2f>
iAf
using the convolution property of the Fourier transforms. Finally, evaluating

the Fourier transform of the impulse response removes the quadratic factors and
leaves

F{V(ro,0)} F {h(re, f)} (2.41)

%ﬂcfzﬂf {V(r0,0)} . (2.42)
The Fourier transform of the field V appears one focal length after the lens, pro-
vided that V is located one focal length behind it. We use this technique to obtain
the expansion coefficients ]cj|2 by measuring the on-axis intensity (proportional
to the square of the field) of the product ®;V after it has passed through a lens.
We extract the phase of the (generally) complex coefficients by measuring
certain superpositions according to the following procedure.®? Pick a reference
mode ) where we set ¢y = |cp|. Suppose we would like to measure the phase
of the expansion coefficient ¢; = |c;| exp(if). Two measurements (in addition to

measuring |c; |? according to the above method) are required. These are

Leos = | (@ + Dj|V) > = |col® + |cj|2 + 2|colcj| cos(6) (2.43)
and
Isin = | <q)0 + 1®]}V> |2 = |C()|2 + |C]'|2 + 2|C()||C]'| sin(9). (2.44)
These additional two measurements permit the calculation of 6 from
Lsin — |Cj|2 — leof?
f = arctan . 2.45
(Icos ~TG = TP (249

Fig. 2.5 illustrates the experimental procedure for performing a modal decom-
position. A field U passes through an SLM (or DMD, see Chapter 2), on which a
hologram of the basis state @7 is displayed. Immediately after the SLM the field

is the product CIDJ*V. This field passes through a lens and the on-axis intensity is
measured on a camera.

2.3.1 Correction factors

When performing a modal decomposition experimentally, it is important to apply
‘correction factors’. The amplitude of the projection state qD}k is rescaled to be
between 0 and 1 for hologram generation. The result is that instead of evaluating
the inner product

¢j = (@j|V), (2.46)
we actually evaluate
G= - (oV)= I (2.47)
] ./\/l]' J /\/l]'

where M; = max{ }CIDJ- ‘} is the maximum value the amplitude attains. We must
multiply our measured coefficients ¢; by this M; to obtain the true c;.
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Figure 2.5: The overlap of a field U and basis state ® is determined by displaying
a hologram of ®* on an SLM/DMD on which the field U is incident. In this case,
the state ® = exp(il¢p) “unwraps” the helical phase of the initial field which
results in a strong on-axis intensity in the far field. Insets in the top right corner
show the phase of the field and the greyscale image is the hologram.

There is another type correction factor when working with the so-called "'OAM’
basis. These are phase-only functions exp(if¢) which do not form a complete ba-
sis. However, they can still be used to extract the OAM content of a field V. A
field V can be expanded in the as

V(1,0) = Y cRy(r) exp(il). (2.48)
L
In the laboratory, we would measure

Cy /dzr exp(—ilp)V(r, ) o ce/dr rRy(r) (2.49)

due to the orthogonality of the OAM basis functions. The correction factor which
must be applied in this case is

1

[dr rRy(r) (230

We obtain these correction factors by sending pure OAM vortex modes exp(i{¢)
through the channel/system and measuring their overlaps. This produces the
upper crosstalk matrix in Fig. 2.6. As evidenced by the figure, the zero OAM
mode has the largest on-axis intensity. This occurs because the modes have the
same size but larger OAM modes have larger vortices and thus regions of null
intensity, and so they carry less power. Taking the inverse of the diagonal of this
matrix gives us our correction factors. The corresponding calibration matrix and
correction factors are also presented for LG modes with p = 0. Here, we witness
the opposite behaviour: the Gaussian beam has the lowest on-axis intensity. This
is because the beam size increases with mode order and larger modes will have
larger powers since the SLM/DMD removes the normalisation of the modes. The
data presented in Fig. 2.6 was taken by propagating the pure OAM modes a dis-
tance of 2 metres and then taking the modal overlap in the same basis.
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OAM Correction factors

Correction factors

-10 -5 0 5! 10 —10 0 10
Eout €

Figure 2.6: The OAM crosstalk matrix and corresponding correction coefficients
are presented in the top row and show that lower order modes carry more power.
This is not due to the hologram generation procedure but occurs because these
modes do not form a complete basis in the transverse plane. The equivalent LG
matrix and corrections are presented in the bottom row.
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Chapter 3

Turbulence theory

The Earth’s atmosphere interacts with propagating structured light fields. Usu-
ally, this interaction introduces non-trivial and non-negligible aberrations into
the beam. A calm, still sky (as it appears to us) can still cause significant distor-
tions and unwanted effects. This phenomenon is the result of refractive index
fluctuations, with scattering and absorption of the light often being negligible
for optical wavelengths. In this chapter, the statistics of atmospheric turbulence
are presented according to Kolmogorov’s theory and used to model the interac-
tion with structured light fields. We explain the thin phase screen approximation
which models weak turbulence effects and discuss different methods used for
generating these turbulent screens. We then extend this to the strong turbulence
regime and show how turbulence of any strength can be simulated using these
phase screens. These screens are used to simulate turbulence in the laboratory
and so the chapter concludes by explaining the procedure used to calibrate these
screens, ensuring that the strength we encode is indeed the same strength that
the optical fields experience.

3.1 Atmospheric statistics

The atmosphere, like any fluid, can exhibit turbulent behaviour. Normally, tur-
bulence in a fluid is characterised by the Reynold’s number

Re = %, (3.1)

Ul

where v is the speed of the fluid, L is some characteristic length scale and 7 is the
kinematic viscosity. High Reynold’s numbers are associated with strong turbu-
lence, whereas low numbers are associated with laminar flow characterised by
smooth, constant motion. Describing atmospheric turbulence from first princi-
ples would require the use of the Navier-Stokes equations which are notoriously
difficult and intricate to solve. For these reasons, Kolmogorov® developed a the-
ory of atmospheric turbulence founded on physical insight and dimensional anal-
ysis. This theory was then further developed by Obukhov®? and Corrsin® who
extended Kolmogorov’s theory into various wavenumber ranges where convec-
tive effects are not negligible (unlike in Kolmogorov’s model). Ref.83 developed
spectral functions for these cases and showed how locally non-isotropic random
fields can be treated as isotropic in the intermediate wavenumber range.
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Kolmogorov reasoned that there is a flow of energy or energy ‘cascade’ be-
tween different length scales, starting for an outer scale Ly and ending at an inner
scale lp. This range is called the inertial sub-range. At the large scale, fluctuations
in wind flow cause the formation of turbulent eddies which break up into smaller
eddies, transferring energy to smaller length scales. From dimensional analysis,
Kolmogorov found that the velocity of the eddy was related to its length scale R
according to

v o RV/3, (3.2)

The structure function, which depends on the square of the field (see Appendix
A.1), picks up a factor of R so that

Dywind(R) = CZR*3, Iy < R < Ly, (3.3)

where the velocity structure constant C? is related to the energy dissipation rate
€ according to

C2, = 2e2/3, (3.4)

Kolmogorov’s fluid theory can then be extended to temperature (T) fluctu-
ations, even though there is no cascade of energy in this model.* Extending
the theory directly yields a structure function for temperature fluctuations of the
form 3

27— 2
Czly™"Re 0 <Ry,

3.5
C2ZR?/3 lp < R < L. (3:5)

Dr(R) = {

These temperature fluctuations give rise to refractive index n fluctuations in
the atmosphere, pictured in Fig. 3.1. These variations in the refractive index are
known as optical turbulence and it is precisely this type of turbulence which we
refer to as ‘atmospheric turbulence’. A laser beam will accumulate a random
phase as it propagates through this random refractive index field, which mani-
fests as optical distortions and aberrations. It is thus important to quantify and
characterise these refractive index variations. The refractive index n does not
form a statistically homogeneous and isotropic field. However, if we split the
refractive index between its mean value of 1 and a randomly varying component

n(R) =1+ on(R), (3.6)

where (dn) = 0, then we can make use of all the statistical functions defined in
Appendix A.1. The statistics of n will form the focus of this discussion.

We note that 67 is related to the temperature T and pressure P of the atmo-

sphere according to®
R)

5n(R) ~ 79 x 100 R). 7

n(R) =79 x 10 T(R) (3.7)

Fluctuations in pressure are negligible compared to those in temperature and so

T forms the dominant contribution to dn. Thus, the statistics of 6n will closely fol-

low those of T. In light of this strong dependence on temperature fluctuations, we

posit that the refractive index structure function has the following form (Eq. A.3)

C21,4°R2 0 < R < I,

3.8
C2R?/3 lp < R < L. 5.8)

Dn(R) = {
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Figure 3.1: The refractive index of the atmospheres varies randomly, both along
the propagation path of length L and within the transverse plane. This variance
in the refractive index is known as optical turbulence.

The quantity C2 is known as the refractive index structure constant and has units

of length_z/ 3. Itis an indication of the strength of the fluctuations i.e. the larger
the value, the greater the turbulence strength. We determine it from

P 2
C2 = <79 X 10%) C3 (3.9)

where C% is the temperature structure constant.

Working only within the inertial subrange (Ip < R < L) and using Eq. 3.8,
we derive the power spectral density of refractive index fluctuations within the
Kolmogorov model (see Appendix A.2)

@, (k) = 0.033C2k11/3, Li <k« ll (3.10)
0 0

To ensure the applicability of this model over all wavenumbers, it is common to
set [y — 0 and Ly — oco. This expression contains infinities when integrating over
its range of allowed frequencies, and this has prompted the development of more
“manageable” power spectral density functions. These are presented below for
the sake of completeness but are not used throughout this dissertation. They are
the Tatarskii®

2
@, (k) = 0.033C2k 13 exp K , 1« k, ky = @, (3.11)
k%n LO lo
and von Karman
o0 0.033C2 (kK2 +k3)"°, 0<k<f, 61
T 0033CE (R4 K3) T Cexp (—f), 0 <K, '

R

models, where kg = 271/ L. The second case (with the Gaussian factor) in Eq. 3.12
is known as the modified von Karmén spectrum.

In the limit of small k, the Tatarskii spectrum approximates the Kolmogorov
spectrum since exp(x) ~ 1 + x for x < 1. Both of these models diverge for k — 0
and this divergence is rectified in the modified von Karman spectrum.
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Figure 3.2: Comparison of the Kolmogorov, Tatarskii and modified von Karman
power spectral density functions on a log-log plot. Dotted vertical lines indicate
the inertial sub-range.

Given a refractive index structure constant alone, it can be difficult (or incon-
clusive) to ascertain whether the turbulence is strong or weak. This is because
the wavelength of the field and the distance over which the field is propagat-
ing will naturally influence the effects of turbulence on some optical field. One
can imagine that the effects of propagating over a very short distance through an
atmosphere with strong fluctuations will be comparable to propagating over a
further distance with weaker fluctuations. To take these effects into account, we
have the Rytov variance ¢3 and Fried parameter ro,% defined respectively as

z
0% = 2.25C2k7/® / dz’ C2(2')(z —2')%/® = 1.23C2k7/6711/6, (3.13)
0

and

2 (% s o) 2,20\ 73/
ro = <0.423k /0 dz Cn(z)) = (0423¢3%2) ™, (3.14)

which form measures of turbulence strength. Specifically, Rytov variances below
((7122 < 1) and above ((TI% > 1) one describe weak and strong turbulence regimes
respectively. The Fried parameter ry is the average distance over which points in
the transverse plane are correlated.®®> In both Eq. 3.13 and Eq. 3.14 it was assumed
that the refractive index structure constant does not vary along the propagation
path since the speed of light is much greater than the rate of change of turbulence
conditions.®’
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When modelling the effects of this random refractive index contribution dn
on structured light, we assume that the random field Jn is delta-correlated in the
z-direction (direction of propagation). This means that the refractive index vari-
ations are correlated only when looking within a plane at some z value but not
between planes. This will simplify the theory by eliminating a spatial coordi-
nate and reducing the analysis to the transverse plane. Mathematically, this is
captured in the statement

Bn(R) = <57’l(R1)51’l(R2)> = 5(21 — Zz)An(rl — 1‘2) (315)

where A, is a two-dimensional covariance function. Physically, this means that
the power spectral density q)(kx,ky,kz) does not depend on k, and so we can
set k; = 0. To find an expression for A, we can include this delta-correlated
behaviour into Eq. A.11 which yields

B,(Ry,Ry) = /dkZ exp(ikz(z1 — z2)) /dzv ®(v,0) exp (iv - [r; — 12])

(3.16)
= 276(z1 — z2) /dzv P(v,0)exp (iv - [r1 — 1)),
from which we read off
00 27
Ap(rp — 1) = 27r/dv/dg0 v®(v) exp (ivr cos(¢)), (3.17)
0 0
where v = (ky, ky) = (vy,vy), v = ||v|| and r = ||r; — r2||. Solving the angular
integral yields
An(r) = 472 / dv v () Jo(vr), (3.18)
0

where Jy(+) is the zeroth Bessel function of the first kind.

3.2 Optical fields in turbulence

Solving the Helmholtz equation (Eq. 1.8) will exactly determine the effects of én
on an optical field. This is usually quite difficult to do since the form of én is not
known. However, we can use perturbative methods to get approximate solutions
to Eq. 1.8. We note that the fluctuations 61 are small (see Eq. 3.7) and so n?(R) ~
14 26n(R) where we ignore higher orders of én. This means that Eq. 1.8 becomes

(V2+K) U(R) = ~20n(R)KPU(R). (3.19)
Such an equation is readily solved by (see Eq. 1.12)

exp (ik|[R" — R||)

R =R (3.20)

UR) = / &R’ 26n(R")K2U(R)

This integral equation can prove unhelpful since one needs U in order to deter-
mine U. The Born approximation®® gets around this issue by expanding U addi-
tively

U=Uy+AU; +A%Up + ..., (3.21)
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where A is a small perturbative parameter and not the wavelength of the light.
Similarly, we write n = nyg + Anj +... = 1 + Adn for the refractive index. Substi-
tuting these expansions into Eq. 1.8 yields (up to second order in the perturbation)

V?Up + AV2U; + AUy + K2Ug + AKPUy + A%K*U, = —2A6nk*Ug — 2A%6nk*Us.
(3.22)
Collecting terms of the same order in the perturbative parameter A yields three
equations

<V2 n k2> Ug = 0, (3.23)
(vz + k2> U, = —26nk?Uy, (3.24)
(vz + k2) Us = —26nk2U;. (3.25)

U is the solution to the unperturbed Helmholtz equation (én = 0), which corre-
sponds to vacuum modes, like the Laguerre-Gaussian basis. Using this solution,
we can get the first order correction by solving

exp (ik||R" — R||)

— 3R/ Ay /
Ui(R) = /d R’ 20 (R)KUp(R) e (3.26)
and then the second order correction by using our solution of U
_ 3/ N2 1 €Xp (ikHR/_RH)
Uy(R) = /d R’ 26n(R)¥UL (R) S e o (3.27)

Taking the ensemble average of U; over many instances of turbulence reveals

exp (ik||R"=R])) _
KR 0, (3.28)

(U (R)) = / &R’ 2 (5n(R')) KUy (R)

since (dn) = 0. On average, there is no first order correction to the unperturbed
field Uy and we must explore the second order correction to Ug. This is difficult
since one needs the covariance of the refractive index fluctuations and the first
order correction U;. This leads us to another perturbative solution method, called
the Rytov approximation.® The final, perturbed field U is instead written as

U(R) = Up(R) exp ((R)) (3.29)

where Uj is again the unperturbed solution to the Helmholtz equation. 1 is a
complex valued quantity which describes the effects of turbulence on the field
Up.

In the weak turbulence regime (03 < 1), turbulence is treated as a phase-only
effect.” The Rytov perturbation ¢ in this case is the imaginary transverse field

$(R) = iO(x). (3.30)

The transverse phase ® captures the cumulative effect of the refractive index vari-
ations over a propagation distance z by ignoring propagation effects. Mathemat-
ically

Z'=z
o) =k / dz’ én(r,7'). (3.31)
z/=0
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This means that ® inherits all of én’s statistics. Immediately, we can assume that
O is statistically homogeneous and isotropic, and so we only have to consider r
and not ¢, since the direction in the transverse plane does not matter — only the
path length between points is significant. The covariance function Bg is

Bo(r) = (0(r")0(r")) = kz/dz'/dz” (on(r',z")on(x",2"))

= k? / dz’ / dz" 6(z' —2") Au(r) (3.32)

= 47rzk2/d1/ v®(v)Jo(vr).

We also recognise that the function A, is the power spectral density for the refrac-
tive index in the Kolmogorov model (since it is delta-correlated in the z direction)
SO we can write

Be(r) = 27rzk2/d21/ D, (v)exp (iv-r) = /dzv Po(v)exp(iv-r), (3.33)
from which we read off

Do (k) = 21zk>D,, (k) = 049 1173 (3.34)

Normally, the frequency « = k/27 is used instead of the angular frequency in
simulations, which means

0.023 _
D (k) = " 173, (3.35)

"o
The phase structure function Dg can be obtained from its definition:

r 5/3
Do —2/d2u Do (1) [1 — cos (v - )] _688( > . (3.36)
ro

Eq.3.34 and Eq. 3.36 contain equivalent information (one can be obtained from
the other) and are the most important equations used to describe the random
phase ©.

3.3 Random phase screens

This section addresses a question which hangs unanswered from the previous
section: how is the random phase ® simulated? There are two approaches; one
method employs the Zernike polynomials to write an algebraic sum whereas the
other samples the power spectral density of Kolmogorov turbulence.

3.3.1 Zernike polynomials

The Zernike polynomials form a set of functions which are complete over the unit
disk. They are numbered by indices (n,m) — j and are defined as

V2(n+1)R}(p) cos(m¢), even j,
Zy(p) =< V2(n+1)RI(p) sin(m¢), oddj, (3.37)
v+ RB( ), m =0,
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where
(n-m)/2 (—=1)(n —s)!

m _ n—2s
Ry (p) = ;0 ) (5 ) (3.38)

and p is a vector coordinate over the unit disk. The indices n, m are whole num-
bers such that their difference n — m is even and m < n. For example, if n = 5 then
we can have m = —5,-3,—-1,1,3,5 butnot m = —4, -2,0,2,4. The polynomials
are numbered according to Noll,% where (0,0) — 1, (1,1) + 2, (1,—1) ~ 3,
(2,0) — 4 etc. These polynomials are orthogonal with respect to the inner prod-
uct

1
;/dzp Zi(p)Zj(p) = 9y, (3.39)

and are shown in Fig. 3.3 for n € [0,4] and m € [—n,n] and are also associated
with well-known wavefront aberrations, as outlined in Table 3.1.

Figure 3.3: Zernike polynomials modulo 27t are plotted according to n (rows,
starting from the top) and m (columns, starting from the left).

In the Fourier domain, they have the following representation
21 1) = V2(=1)="72 cos mg
Z{'m‘(k) = V2(=1)"""/25in mg (3.40)
29(k) = (~1)">.

These polynomials form an excellent basis into which we can decompose the
turbulent phase. The Zernike polynomials are defined only over the unit disk,
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(n,m) Aberration

(0,0) Piston
(1,-1),(1,1) Tip and tilt
(2,-2),(2,2) Astigmatism

(2,0) Defocus
(3,-3), (3,3) Trefoil
(3,—1),(3,1) Coma

(4,0) Spherical aberration

Table 3.1: The Zernike polynomials can be mapped to well-known wavefront
aberrations, shown here for selected terms.

whereas the phase © is defined over an aperture of radius R. The expansion then

becomes
O(Rp, ¢) = Z a;Zi(p,$), (3.41)
j
with

_ 2 / dp / d¢ Zi(p,9)O(Rp, ). (3.42)

We can treat the ajas Gaussian random variables with zero mean®® and find their
covariance by using the integral representation in Eq. 3.41

(o)) = 5 [ & [ 0" 7i(0',9') (O(Rp.9)O(R ) Zy(Rp,9). (343)

This integral is daunting in the spatial domain but simpler in the Fourier domain
due to the simple forms presented in Eq. 3.40 and using the fact that the Fourier
transform of the covariance of the phase is precisely its power spectral density.
Putting this all together mathematically achieves

(ajaf) = /dzk/dzk’ () <0.023 (E)S/Sk 1/35(k — k’)) /(K). (3.44)

]

Noll% solved this integral and found it to be

D

(ajaj ) = 015337 &y o D 1) -1y (_

5/3
) L, (345)
o

where
T($)T([n+n' =53] /2)

() () ()

is the Noll covariance matrix.
One may suppose that the phase screens © are generated from a sum of the
Zernike polynomials whose coefficients are sampled from a Gaussian distribu-

(3.46)

tion with zero mean and variance equal to <aja;.>. However, I, will have off-
diagonal terms for polynomials with the same m index but different n indices.
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This means we cannot build a screen by randomly sampling the a; from normal

distributions with variance <\aj]2>. To sample the a; correctly, we define C to be
the normalised covariance matrix with elements

Cij = —<aia?>

D (3.47)

Since C is Hermitian, there exists a diagonal matrix S and unitary matrix U such
that®”
C = UsU™ (3.48)

Say we are considering an expansion of ® with N — 1 polynomials (we do not
use the polynomial Z) which is a constant). Let A be the vector of the expansion

coefficients normalized by (D /rg)>/®
az
A=1|: 1, (3.49)
an
so that ,
(laz|?) -+ (aza})
<AA+> - ~-C (3.50)
(anaz) - (lanl?)
If we define B = Ut A, then
<BB+> - <U+AA*U> —ut <AA*> U=utcu=s. (3.51)

This means that the elements of B are statistically independent since S is diagonal.
Thus, the entries in B can be sampled from a normal distribution with zero mean
and covariance equal to the corresponding diagonal element of S. Finally, the
actual coefficients used in the expansion of ® are obtained by multiplying A =
UB by (D/rg)%/°.

Worked example

We will generate an exemplar screen using N = 15 Zernike polynomials, sampled
over a grid of 1024 x 1024 pixels with pixel spacing 6 = 8 ym. Taking the aperture
tobe D = 1024 x 8 ym = 8.192 mm and Fried parameter rp = 1.638 mm means
the turbulence strength is D /1y = 5.

The sub-block (with only 7 x 7 entries) of the complete normalised covariance
matrix C (containing 15 x 15 entries) is

0.4509 0 0 0 0 0 —0.0142
0 0.4509 0 0 0 0 0
0 0 0.0233 0 0 0 0
0 0 0 0.0233 0 0 0 , (3.52)
0 0 0 0 0.0233 0 0
0 0 0 0 0 0.0062 0
—0.0142 0 0 0 0 0 0.0062

50 CHAPTER 3. TURBULENCE THEORY



3.3. RANDOM PHASE SCREENS

Figure 3.4: Phase screens (modulo 277) produced using the Zernike method with
6 (left) and 100 (right) terms for a strength of D /ry = 1.

and the corresponding entries for the diagonalised matrix S are

0.4514 0 0 0 0
0 0.4514 0 0 0
0 0 0.0240 0 0
0 0 0 0.0240 0
0 0 0 0 0.0240
0 0 0 0 0
0 0 0 0 0

0
0
0
0
0
0

0.0067
0

O O O OO

0
0.0067

(3.53)

First, we must compute the vector B which is sampled from a Gaussian dis-
tribution with zero mean and variance equal to the diagonal elements of S. Our

values for B are

—0.2491
—0.2175
—0.0057
0.0477
0.0048
—0.0017
0.0375
—0.0230
—0.0061
0.0186
—0.0060
0.0114
0.0111
—0.0022

0.0163

(3.54)

Then, using these values, we obtain the vector A by transforming B according to
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A =UBso

0.9514

0.8286

—0.1864
0.0330

—0.0075
0.0082

—0.0526
A=\ -01107 |. (3.55)
—0.1375
0.0666

—0.0038
0.0314

0.0181

0.0216

0.0364

To obtain the true expansion coefficients used in Eq. 3.41, we must multiply A by
(D/19)%/® for D/ry = 5, which gives

3.6378
3.1681
—0.7127
0.1262
—0.0288
0.0315
~0.2013
—0.4231 |. (3.56)
—0.5258
0.2546
—0.0147
0.1199
0.0693
0.0826
0.1390

This combination of expansion coefficients produces the phase screen shown in
Fig. 3.5. The screen exhibits strongly periodic behaviour (modulo 27), indicating
that the low order terms like tip and tilt are dominating the sum. This is con-
firmed when looking at the first two entries in Eq. 3.56, which correspond to Z]

and Z; 1, respectively.

3.3.2 Fourier transform method

The previous method generated an instance of ® in the spatial domain. In this
method, the mirror opposite approach is taken by generating an instance of ®
in the frequency domain and extracting ® using the inverse transform. Let ®
be a function of the discretely sampled coordinate r = (x,,y,), where (p,q) are
sample indices. (p,q) are sampled over N and M points, respectively. The sample
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Figure 3.5: A phase screen produced from the first 15 Zernike polynomials (not
including the piston term) whose expansion coefficients are given in Eq. 3.56.

spacings are x and Jy, i.e. x, = pdx and y; = qdy, resulting in a grid of side
lengths L, = Néx and L, = Mdy. We can write © has a Fourier series®

O(xp,Yq) ZZ Cm €XP (127'[ [Z\Ilj + r;j]) (3.57)

Such a sum is chosen since the same form is used by programming languages like
MATLAB to evaluate the Fourier transform using algorithms like the Fast Fourier
Transform 3% (FFT).

The expansion coefficients can be obtained by inverting the sum

Cnm = NM ZZ O(xp,y,) exp (—1271 [15 + n]z/;]]) (3.58)

These expansion coefficients are normally distributed random variables. Their
variance is given by

(ewnl®) = (31 ) = (@00 tyy)) »

/ (3.59)
xexp( zZn{ p —p) + m(qM_q)}> .
Since B(r) = (O(r' + r)O(r')), we can simplify the above to
(Jem?) = ﬁ ;; Bl(xp, yg)exp (—izr |26+ 2 ) e
= 00k
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where (ky, ;) is a sampled frequency vector. This means we can sample the ¢,
from a normal distribution with mean 0 and variance ®(k,, I,,)0kél, since the fre-
quency sampling spacing in the x or y direction is equal to the reciprocal of the
spatial length L,/,, respectively. The final phase screen is then obtained from
Eq. 3.57. There is a drawback to this “naive” approach. The smallest sampled
frequencies are k = 1/Ly and I = 1/L,,. Frequencies with periods greater than L,
and L, are thus not included. This means that the Kolmogorov frequency spec-
trum is undersampled, since the contribution from smaller frequencies is much

greater as a result of the |/ k|| ~11/3 behaviour. These frequencies are termed “sub-
harmonics” and must be added in to the spectrum.”! We divide the area around
the origin in frequency space into a 3 x 3 grid whose corners and midpoints
corresponding to indices (1/3,0), (1/3,1/3), (0,1/3), (=1/3,1/3), (—1/3,0),
(-1/3,-1/3), (0,—1/3) and (1/3,—1/3). However, each of these frequencies
must be weighted by a factor of 1/9 as they occupy a ninth of the area in fre-
quency space compared to integer indexed frequencies. This region can be fur-
ther subdivided into a 3 x 3 grid whose indices correspond to (1/9,0) etc whose
contributions must be multiplied by a factor of 1/27. These terms are added in
the following way. Let Oy, be the phase obtained from the “naive” expansion in

Eq.3.57 and F = {—1/3%,0,1/3"}. The subharmonic terms are added according
to

) np mgq

O(xp, Yq) = Onign(xp, Yg) + ; n;”g? Crnm EXP <_127T [317_1\] + W]) ; (3.61)

where the n = m = 0 term is not summed and the c;;, are sampled from a
distribution with variance )

— | Z\tmetmy .62

() 2t Ge

The first set of subharmonic terms correspond to b = 1, the second set to b = 2
and so on. In practice, b is taken up to 5. Phase screens produced with 3 (left) and
5 (right) subharmonic orders are shown in Figure 3.6. The addition of subhamor-
nic frequencies removes the periodicity of the screens.

Figure 3.6: Phase screens (modulo 277) produced using the Fourier approach with
3 (left) and 5 (middle) subharmonic orders for a strength of D/ry = 1. The peri-
odicity seen in the left frame is removed by the further addition of subharmonic
components.
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3.3.3 Comparison of simulation approaches

0 0.2 0.4 0.6 08 1
r/ro

Figure 3.7: The phase structure function is computed for the (a) Zernike and (b)
Fourier transform screen generation approaches. In both (a) and (b) the solid
black line refers to the theoretical structure function. In (a), phase screens were
computed were computed for 10 (red) and 100 (blue) Zernike polynomials. Solid
and dashed lines denote the statistically independent and “naive” methods, re-
spectively. (b) Screens with different orders of subharmonic terms (0, 3, 5 and
7) are compared against each other. The addition of subharmonics significantly
increases the accuracy of the screens.

We will study four distinct phase screen generation methods: the “incorrect”
Zernike method, where the coefficients are sampled directly from a distribution
with variance <]a]-|2> ; the “corrected” Zernike method, using the procedure out-
lined above; the “naive” Fourier transform method lacking the subharmonic con-
tribution and the subharmonic method. The phase structure function D(r) is
evaluated for a series of screens generated using both approaches and compared
to theory. The results are shown in Fig. 3.7(a) and Fig. 3.7(b) for the Zernike and
Fourier approaches, respectively.
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The structure function is plotted against the radius, normalized by the Fried
parameter rg. In Fig. 3.7(a), results from screens generated from the “incorrect”
and correct methods are represented by dotted and solid lines, respectively. The
number of Zernike terms used in the expansion are colour-coded: red for 10 terms
and blue for 100 terms. We see excellent agreement with the theory (black solid
line) and Zernike approach after only 10 terms. It is also evident that the direct,
“incorrect” method under-evaluates the turbulence variations over the aperture,
but this is corrected by following the steps outlined above.

In Fig. 3.7(b), results from phase screens generated using different numbers of
subharmonic orders are shown. The Fourier approach without the subharmonic
inclusions (b = 0) is notably inaccurate at replicating truly turbulent behaviour.
However, even after 7 subharmonic orders have been included, the phase struc-
ture function (green solid line in Fig. 3.7(b)) is still recognisably different from the
theoretical prediction.

3.4 Split-step method

Figure 3.8: The propagation path of length L is divided into N segments, each
of length Az. The screens are placed at z;, in the middle of each segment. This
arrangement allows the thin phase screen approximation to hold in each segment
while simultaneously modelling the effects of an extended medium.

Single, random phase screens model turbulence excellently in the weak regime
(02 < 1) but fail to do so for the strong scintillation regime (¢ > 1) and cannot be
used to simulate turbulence. This problem is over come by dividing the path into
segments such that the Rytov variance is smaller than 1 for each segment. This
means that the effects of turbulence in each segment can be modelled using phase
screens. This placement of screens is illustrated in Fig. 3.8, and its derivation is
presented below for a channel of length L.

The Fried parameter can be discretized by converting the integral in Eq. 3.14
to the sum

N -3/5
ro = <0.423c%k2 Y Az]-> , (3.63)
j=1

for N segments. If each segment has an equal length Az = Az; = L/N and the
phase screens are positioned at z; in the middle of each “slab” we get

L L(j—1)
Z]:m—i_ N s

(3.64)
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and 35
ro = (Z rojf/3> = N"35ry4 (3.65)
j

where rgs = N3/5r is the effective Fried parameter for each segment, implying
that the total Fried parameter is larger than that used in each propagation step. A
similar discretisation is used to turn Eq. 3.13 into a discrete sum

z. 5/6
0% = 2.25C2k"/615/6 Z (1 — Z]> Az (3.66)
)
which becomes
1 i—1/2\°/°
0% = 2.25c,%k7/6L11/62 N (1 _] N/ ) . (3.67)

]

We rephrase Eq. 3.67 in terms of the Fried parameter r( s to obtain

2 _532k—5/6L5/6 —5/3 1 1 ]_1/2 5/6_ 2 3.68
The Fried parameter is used in numerical simulations to characterise the turbu-
lence strength (over the structure constant) and so the formulation in Eq. 3.68
proves extremely useful. The greatest contribution to the amplitude fluctuations
comes from the first propagation step and decays as we get closer to the observa-
tion plane. We can use this fact to ensure that we are in the weak regime in each
segment by requiring

2 —5/675/6.-5/3 1 1/2\°/¢
0y =532 VOLVOTIAL (1 H5) <1, (3.69)

3.5 Experimentally calibrating the phase screens

The phase screens must be calibrated to ensure that their turbulence strength is
consistent with the programmed value of D /r(. The Strehl ratio (SR) provides a
convenient link between measured intensities and turbulence strength D /r(. It
is defined as the ratio of the average on axis intensity with, (1(0)), and without,
Io(0), turbulence. It has the integral form®

1 5/3
SR = {0)) _ %/du u <arccosu —uy/1— u2> exp (—3.44uD> . (3.70)
0

To

For a plane wave passing through a Gaussian lens in the Kolmogorov model, the
following approximation can be used with excellent accuracy:®

SR ~ L (3.71)

(1+ (D/r0)5/3)6/5,
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where D = /8wy is the hard aperture of the Gaussian lens and wg is its waist
parameter.

The experimental procedure used to calibrate the phase screens is explained
as follows. A range of turbulence strengths must be examined — usually D/rg €
0, 4] is sufficient. Then, for each turbulence strength D /rp, M (=30 or more) tur-
bulent screens are generated and displayed on a spatial light modulator. We illu-
minate the SLM with a Gaussian beam with radius wy and relate this parameter
to the aperture D by D = ywy. As a starting point, take x = /8 ~ 2.83. It is
likely that this parameter will need to change depending on the specific setup
and the number of subharmonics used to generate the screens as these factors
affect the turbulence strength that the beams in the experiment experience. A
factor of x = 2 produced excellent agreement between measured and theoreti-
cal values for numerical simulations and experimental measurements for screens
generated with five orders of subharmonic terms. We then pass this field through
a lens which takes us to the far field and the intensity is measured on a CCD
(camera). The on-axis intensity is measured for M screens, corresponding to one
value of D/rg, and this is repeated for the range of turbulence strengths. The
measurements are normalised by switching off the phase screens and measuring
the zero-turbulence on-axis intensity of the same Gaussian beam. The error in
the measurements is calculated by dividing the standard deviation for M screens
per D/rg value by v/M. This procedure gives us a single set of measurements,
which we must compare against the theoretical Strehl ratio (Eq. 3.71). Unless
one is lucky, these measured values will not coincide with the theoretical ones.
The factor x the aperture D to the Gaussian beam waist and gives a new turbu-
lence strength xwq/rg. This procedure is repeated for a range of x until a suf-
ficiently good agreement is found between the measured and theoretical values
of the Strehl ratio. This can be made more rigorous by calculating the sum of
the squares of the differences between the theoretical and measured values and
finding the value of x by trial-and-eror which minimises this sum. The plot in
Fig. 3.9 shows results for a calibrated set of phase screens whose measured Strehl
ratios (blue markers with error bars) match the programmed (theoretical) values
(dotted line).
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Figure 3.9: The Strehl ratio for a set of calibrated phase screens. Theoretical (pro-
grammed) values are plotted as a solid line and experimentally measured points
are represented as blue markers. The parameter x in D = ywy was chosen so as
to minimise the difference between the measured and programmed values and
one can see the excellent agreement between theory and experiment. This indi-
cates the beams experience the same strength of turbulence as that encoded on

the holograms.
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Chapter 4

The orbital angular momentum of a
turbulent atmosphere

The most popular beams used in communication studies are those carrying OAM,
as opposed to using the full radial and azimuthal indices of LG beams. Unfortu-
nately, turbulence causes scattering (crosstalk) between OAM modes which im-
pairs the fidelity of a signal. Understanding this scattering is necessary for im-
proving free space communication links.

Much research has been devoted to characterising the behaviour of OAM
beams in turbulence, producing disagreement over the dependence (or lack thereof)
on a beam’s initial OAM in determining its behaviour as it propagates through
the atmosphere. This debate is complicated further by the theoretical and exper-
imental confirmation that both sides have received. A common theme between
these studies is their focus on specific beam types, rendering their results specific
to their study.

In the traditional approach to modelling structured light in the atmosphere,
the optical field experiences phase distortions which then results in modal scat-
tering. In the context of OAM, the beam has some initial OAM (which may be
zero or some superposition) with modal scattering amounting to a spread in the
OAM values about the initial value(s). Here, we interpret the spread in OAM as
the atmosphere having imparted or removed OAM from the beam. This allows us
to invert our perspective, and ignore the optical field altogether, instead bringing
our attention to bear on the atmosphere itself. The question then reduces to: how
much OAM is there in a turbulent atmosphere? Since turbulence is stochastic in
nature, we expect the answer to be in probabilities.

4.1 Atmospheric OAM statistics

Since we are interested in the atmosphere’s ability to transfer OAM with struc-
tured light fields, we will quantify the OAM using the discrete spectrum of OAM
eigenmodes. We visualize a cylinder of the turbulent atmosphere, as seen in
Fig. 4.1(a). The refractive index variations over the length of the cylinder can be
approximated as a thin screen defined over a radius R since we are in the weak
scintillation regime. We will show how we can find the probability of measuring
charge ¢ in the atmosphere for a fixed turbulence strength, as seen in Fig. 4.1(b),
from ©.
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@) (b) OAM spectrum of atmosphere

0.25

2n

& 012

Figure 4.1: (a) A turbulent ‘cylinder” of the atmosphere is visualized with spirals,
reminiscent of OAM wavefronts, and can modelled as a random phase screen
whose frequency spectrum exhibits the -11/3 Kolmogorov power law. (b) The
probability of measuring different values of £ in the atmosphere is illustrated for
medium turbulence.

We expand O into the Zernike basis as shown in Eq. 3.41, repeated here for
convenience
O(Ro,9) =) a4Zi(0, ).
J
Decomposing the tranmission function exp (i®) of the atmosphere into the OAM
basis results in the following expression for the probability of measuring OAM

associated with topological charge / in the atmosphere, on average (see Appendix
A.3):

P(l) = %/dzp cos (L) exp (—%D (p)) , (4.1)

and so the atmosphere possesses a spread of OAM, as seen in Fig. 4.1(b).
The phase structure function function D is given, in this model, by

Dlp) = LY (afay ) AZ(p)AZ; (p), (4.2)
7

in terms of Zernike polynomials, where

AZi(p) = Zi(o,¢) — Zi(p,0). (4.3)

We can ask: how do the different terms in Eq. 4.2 contribute to the OAM spec-
trum of the atmosphere? The contribution to the shape of the OAM spectrum,
shown in Fig. 4.2(a)—(d), is a function of AZ jAZ]’- alone. The modal spectrum from

the tilt terms is centered around ¢ = 0, whereas that of coma introduces larger
{. The <ajaj/> are much larger for lower order terms, as seen in Fig. 4.2(e). As

a result, higher order terms (like coma and trefoil) will contribute to measuring
larger |¢| values and lower order terms will dominate overall as a result of the
relative size of the coefficients.

We can use this approach to make general statements about the OAM of the
atmosphere without the need to reference specific beam types.

The terms in Eq. 4.2 can be truncated to some finite sum, the limit of which
is determined by the required accuracy of the model. The OAM contribution of
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(a) (b) (©) (d)
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Figure 4.2: Contribution to OAM. (a) — (d) Modified OAM spectra of the atmo-
sphere showing the contribution from the various Zernike aberrations normal-
ized to the peak. The aberrations shown, from (a) to (d), are tilt, defocus, coma
and trefoil. (e) Logarithmic plot of the variances of the coefficients 4;, with insets
of the Zernike functions modulo 27.

higher order terms diminishes rapidly so that for a fixed turbulence strength, the
low order terms such as tip and tilt (j = 2 and j = 3) are an order of magnitude
greater in coefficient value than the others (Fig. 4.2). With this in mind, we use
this model to find an approximate expression for the structure function by choos-
ing to truncate the sum to these two terms alone. Noting that AZ3(p) = Zs(p)
because of the odd sine function and that the covariance between the tip and tilt
terms vanishes simplifies the sum to

D(p) ~4 <|a2|2> 0% (cosp —1)* + 4 <|a3|2> 02 sin? . (4.4)
This is further simplified since (|a;|?) = (|as|?) so
D(p) ~ 8 <\a2|2> p? (1 —cos¢p) =16 <\a2]2> p? sin’ (g) . (4.5)

Evaluating (|az|?) yields a compact, analytic expression for the phase structure

function, given by
5/3 2
D(p) ~7.21 (2) (p sin <£)> , (4.6)
1o 2

where D = 2R. Using this simplified version of our model, we have been able to
recover to a high level of accuracy a well-known expression for this function in
Kolmogorov turbulence>

o= (2)" (psn (2))" w
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Figure 4.3: Exact and approximate probabilities. The probability of measuring
¢ = 0 to 5 in the atmosphere is calculated from both the exact (Eq. 4.1) and ap-
proximate (Eq. 4.8) expressions for weak to strong turbulence. Solid lines and
crosses refer to the exact and approximate cases, respectively.

We take this result for the structure function and substitute it into Eq. 4.1,
which allows us to obtain a closed-form expression for P(/), given by

B2 (340614 6240,1+20,—28)

PO~ 20T (2+¢) ’ (48)

where 8 = 1.8025(D/r9)°/3, T'(-) is the gamma function and , F; is the generalized
hypergeometric function. Take the case ¢ = 0 as an example: Eq. 4.8 reduces to

P(0) ~ (Io(B) + 1(B)) exp (—P)., (4.9)

where I, (+) is the modified Bessel function of the first kind. Fig. 4.3 illustrates the
comparison between the exact (plotted as solid lines) and approximate (plotted as
crosses) probabilities calculated using Eq. 4.1 and Eq. 4.8 respectively from weak
to strong turbulence. The approximate probabilities are in excellent agreement
for the ¢ = 0, 1 cases. However, Eq. 4.8 underestimates P(¢) for weak turbulence
in general.

The discrepancy between the refractive index variance and the truncated Zernike
sum increases with increasing turbulence strength, so more 4; are needed. As
the <\a]~]2> are an indication of "how much” OAM is found in ®, a more turbu-
lent atmosphere is associated with a greater spread in OAM. Stronger turbulence
should therefore result in the presence of higher OAM orders as more Z; are re-
quired for an accurate decomposition.

Further, the spread of OAM in the atmosphere is symmetric about ¢ = 0, since
the substitution ¢ — —¢ in Eq. 4.1 leads to

P(—¢) = %/dzp cos (—{¢) exp (—%D (p)) = P(¢) (4.10)
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courtesy of the even cosine function. Thus we do not expect a preference for
clockwise or anticlockwise helicity in the atmosphere’s OAM. We expect a single
peak in the OAM spectrum of the atmosphere around ¢ = 0, as |[cos({¢)| < 1,
which means that

cos ({¢) exp (—%D (p)) ‘ < |exp (—%D (p)) ) (4.11)

over the unit disk, while P(0) will have the greatest value. The existence of a
second peak is not supported by this theory. There can be no P(¢) different from
P(—/) as they are equal. A second peak would indicate that the spectrum was
not symmetric.

4.2 OAM exchange with the atmosphere

Here, we consider the interaction of the atmosphere with structured light.

4.2.1 Initial mode independence

We predict that the OAM of the atmosphere is independent of the structured light
beam. To see this, consider an optical vortex (V) mode W(r/R) exp (im¢), where
W(-) is an aperture function, equal to 1 when the argument is less than 1 and 0
otherwise. The likelihood of measuring /i of momentum in the final field is, on
average (see Appendix A.3),

PY(4) = %/dzp cos (A¢p) exp (—%D (p)) = P(A), (4.12)

where A = ¢ — m and P({) is the probability of measuring A% of OAM in the
atmosphere (Eq. 4.1). That is, the OAM spectrum of the final field is identical
to that of the atmosphere, except that it is symmetric about ¢ = m or A = 0.
This means that higher order OAM modes should not behave any differently
than lower modes while propagating through turbulence of fixed strength. The
atmosphere will produce the same change in OAM for any beam. It is thus better
to think of A and not /.

4.2.2 Beam types and size

The previous analysis has not mentioned the size of the field, but turbulence is
invariably related to the scale at which we look. This is encoded by the Fried pa-
rameter g, which is the average distance over which points in the turbulent phase
will be correlated.®®> This means that the turbulence strength is characterised by
the ratio D /rg, where D = 2R is the diameter of the section of atmosphere we are
studying (see Fig. 4.1). There are thus two ways to adjust the turbulence strength -
rescale the ‘window” through which you are looking or change ry. If we consider
D to be twice the beam waist, then larger beams propagate over a greater D,
which is effectively stronger turbulence. As a result, the definition of beam size is
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Figure 4.4: Experimental set-up. Lenses L; and L, expand a Gaussian beam
onto a spatial light modulator (SLM), on which a hologram of a desired initial
field is displayed. The field is subsequently imaged by lenses L3 and L4 onto a
digital micromirror device (DMD), where binary holograms encoding the detec-
tion mode functions, ®, = exp(il¢p), together with the turbulence transmission
function, exp(i®), are displayed (see insets). The final beam is then mapped to
the far field by lens Ls where a charge-coupled device (CCD) records an axis in-
tensity corresponding to the modal overlap.

very important. Take Laguerre-Gaussian modes as an illustrative example. These
modes, ignoring constants, have the form (repeated here for convenience)

r g r?
LGy (r) = (£> exp (—$> exp (im¢),

wo 0

where the radial index is set to 0 and wy is the waist of the embedded Gaussian.
The second moment radius is 72 = wg+/1 + |m|, which gets larger for higher
order modes. One may, mistakenly, say that higher order modes (with fixed
wp) are less robust. But, from the perspective of the atmosphere, higher order
modes are larger and “see more’ of the atmosphere, which is equivalent to pass-
ing through stronger turbulence. However, if the waist of the Gaussian factor
is set to wy — wo/+/1+ |¢|, then all modes have the same second moment ra-
dius and should behave similarly. The only important factor is the turbulence
strength, which is the size of the beam, all else kept equal.

4.3 Experimental confirmation

In this section, we provide experimental confirmation of our theoretical predic-
tions. Our experiment is shown in Fig. 4.4 and comprises two parts: a section in
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Figure 4.5: The accuracy of the experimental setup is verified using a crosstalk
matrix for 11 modes where ¢ € [—5,5]. We see that the matrix is almost perfectly
diagonal, indicating that any spread in a beam’s OAM spectrum is attributable to
turbulence alone.
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Figure 4.6: Measured OAM of the atmosphere. Experimental OAM spectrum of
the atmosphere for turbulence strengths D /ryp = 0.8 and 1.6. The shaded regions
show the variance of P(¢) around the respective mean values (dashdot and dotted
lines). The shaded bands correspond to the measurement uncertainties.
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which the modes were generated using a Holoeye Pluto phase-only spatial light
modulator (SLM), and a second section, where turbulence was added to the mode
and the OAM content of the final field was detected using a digital micromirror
device (DMD), lens and CCD camera. Lenses L; and L, expanded the laser beam
onto the SLM, on which a hologram was displayed. This generated the initial
tield. Lenses L3 and L4 imaged the field onto the DMD, on which a hologram
of the appropriate match filter and turbulent phase screen was displayed. Ls
acted as a Fourier lens, ensuring that the far field intensity was observed on the
CCD camera where the P(/) is proportional to the on axis intensity.® The holo-
grams that were encoded on the SLM and DMD were computed following meth-
ods from Refs.”” and,”® respectively. Although the turbulence could be created
directly from the Zernike aberrations, %% we elected to simulate turbulence
by generating phase screens using the sub-harmonic random matrix transform
method,”! which has no direct link to OAM nor the Zernike aberrations. This
method guarantees that the screens exhibit the correct —11/3 power law char-
acteristic of Kolmogorov power spectrum,® while ensuring that our predictions
are not self-satisfying.

In order to validate the random phase screens we used the Strehl ratio (SR)
(explained in Chapter 2),3 as it provides a direct relationship between measured
intensities and turbulence strength. It is the ratio of the average on axis intensity
of the beam with, (I1(0)), and without, I(0), turbulence. A crosstalk matrix, seen
in Fig. 4.5, for 11 modes (¢ = —5 to 5) was obtained for zero turbulence. Such a
matrix ensures that any instance of P(A # 0) # 0 is attributable to turbulence
alone and not experimental error.

A Gaussian beam whose width was large compared to the DMD screen was
used to experimentally measure the OAM of the atmosphere, as this beam ap-
proximates the constant intensity used in the derivation of Eq. 4.1. Fig. 4.6 shows
the experimentally measured OAM spectrum of the atmosphere for D/ry = 0.8
and D/rg = 1.6. The spectra are peaked at / = 0 as expected (see Eq. 4.11) and
are symmetric, implying a lack of preference for left or right helicitiy (/) in the
atmosphere. The statistical variance in the P(¢) is visualized as shaded bands
around the data.

To quantify the interaction between the atmosphere and structured light fields,
two families of beams were investigated: vortex LG beams defined in Eq. 4.2.2
and pure vortex (PV) modes defined, ignoring constants, as

2
PV,,(r) = exp (—M) exp (im¢),
wo
where ry is the radial position of the ring. The experiment confirmed the sym-
metry of the OAM spectra of the beams, the presence of a single peak in those
spectra and the independence of initial TC. Fig. 4.7 shows the the dependence of
an LG vortex mode’s behaviour in turbulence on its size. The crosstalk matrices
in Fig. 4.7(a) and Fig. 4.7(b) for D/ry = 1.6 and different beam sizes show how
the seemingly unresilient behaviour of higher order modes in turbulence is in
fact a result of their increased size. This effect is magnified in Fig. 4.7(c), where
the probability P(¢) of measuring the same charge as the generated beam (nor-
malized by the Gaussian case P(0)) is measured for weak and strong turbulence
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cases. Beams whose second moment radii are equal perform similarly, indepen-
dent of the initial OAM charge. In contrast, beams whose size increase with ¢
exhibit the well-known mode-dependent degradation as a result of turbulence.
The aperture D was taken as twice the second moment radius. PV beams, shown
in Fig. 4.8, were investigated as all modes are the same size. Measurements for
modes with initial charges (m = 1, 8, 15) in weak turbulence are in excellent
agreement with the theory: confirming the independence on initial charge and
showing the symmetry of the spectrum and the peak at ¢/ = 0, as predicted.
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Figure 4.7: Effects of beam resizing on LG modes. (a) and (b) are crosstalk ma-
trices for LG modes in medium turbulence whose second moment radii are equal
to wp and wy+/1 + |¢| respectively, where wy is the waist of the Gaussian (¢ = 0)
case. (c) The quantity P(?) is the likelihood of measuring the same charge as the
initial beam. The probabilities are normalised to the Gaussian case P(0) for com-
parison. The upper and lower limits for r> = wy and r? = wy+/1 + |¢| correspond
toD/ry = 0.8 and D/rg = 2.4, respectively.

4.4 One or two peaks?
Sorelli et al.%* investigated the extended medium (multiple phase screens) and
observed the mysterious appearance of a ‘double peak” in the OAM spectrum
of an LG mode after turbulence. Initial thoughts suggested that this was a fea-
ture which appears only in the strong regime and will not be observed when
turbulence is weak and modelled with a single phase screen, like the results pre-
sented above. This would suggest that modes with equal but opposite OAM
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Figure 4.8: Modal independence and symmetry. The probability of measuring
¢ = A + m for PV modes with initial charges m = 1, 8 and 15 in weak turbulence
(D/rg = 0.8). The solid line corresponds to theoretical values and the inset shows
a simulated PV intensity profile

values couple more strongly into each other than neighbouring modes. From
the perspective of the atmosphere, this does not make sense. If the affect of the
atmosphere on a beam’s OAM spectrum is symmetric on average, why should
the inclusion of more phase screens introduce an asymmetry in the momentum
exchange? These seemingly contradictory results were resolved and synthesised
by noting the basis in which the measurements were made: this research used
the exp(i/¢) OAM basis states to measure the total OAM spectrum of the field,
whereas Ref.”* used the LG basis but did not examine the p indices. When using
the OAM basis, the double peak ‘disappears’” and one is left with a symmetric
OAM spectrum, as expected. However, the LG p = 0 basis leaves out infor-
mation contained in the p-modes. The peak at the opposite OAM charge —m is
explained by examining the amplitude structure of the LG modes — modes with
the £/ have identical radial functions. Strong turbulence significantly disturbs
the phase of a mode which allows the radial contribution to the inner product to
become more pronounced. This effect is illustrated in Fig. 4.9 by decomposing a
set of LG modes into three different basis: the pure OAM exp(il¢) basis, the LG
basis and a pseudo-basis consisting of the amplitudes of the LG modes with all
phase information discarded. The bar plots correspond to a mode with m = 5
initially and this is indicated on the crosstalk matrices by a red line. The two lines
in the bar plots correspond to f-m.

4.5 Discussion and Conclusion

We can clarify the current disagreement in the community regarding the robust-
ness or lack thereof of higher order modes. Studies that supported modal inde-
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Figure 4.9: The basis used for measuring the spectrum of LG modes after turbu-
lence determines the appearance of the ‘double peak’. The OAM basis modes are
exp(il¢) and measure the entire OAM spectrum of the mode. In such a picture,
the spectrum is symmetric and it is equally likely that the atmosphere will give or
take momentum from the beam. However, the LG p = 0 basis does not contain
the OAM found in the other p indices. The second peak is explained by the radial
overlap between the £¢ modes. This effect is amplified when we decompose the

final field into a basis consisting of ’LG;;:O

, where we only take the amplitude

of the LG functions. Experimental crosstalk matrices show ¢ € [—10,10] for 60
iterations of turbulence where 03 = 1.383. The slice corresponds to m = 5.

pendence®* % investigated optical vortex beams and imaged them between the

transmitting and receiving planes. These beams lack a mode-dependent size pa-
rameter and posses the same second moment radius. In contrast, those studies
that reported modal dependence did not resize higher order modes, resulting in
larger second moment radii. Propagated vortex Gaussian modes®® will have in-
tensity profiles which depend on the initial charge in a similar way to the more
obvious cases of LG* and IG3 modes. According to our model, this is all re-
solved by understanding that turbulence is dependent on a beam’s size and not

its OAM. When there is a link between the two, e.g. 1> = wg+/1 + |{|, one can
mistakenly conclude that higher order modes are less robust. However, the asym-
metry of the OAM spectra®® seems to be an anomalous result.

The OAM content of the atmosphere is non-zero, even though it possesses a
symmetric spectrum which results in a 0 mean charge (refer to Fig. 4.6). A ques-
tion may be posed: if the aberrations possess symmetric OAM profiles, which
imply a total OAM of 0, how can there be non-zero OAM spreading (modal
crosstalk)? This is reconciled by realising that the symmetry of TCs in the aber-
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rations result in a symmetric OAM spectrum. On average, the OAM of the beam
is zero. However, there is an equal, non-trivial likelihood that a photon carrying
(£m + A)h = (h is present in the final field. Since the beam has gained these
photons, the likelihood of measuring photons carrying the initial TC must have
decreased. Note that in deriving Eq. 4.12, a rotationally symmetric beam profile
is assumed. Although this seems to exclude other families such as the Hermite-
Gaussian modes, the same analysis can be applied to these modes by expanding
them into a rotationally symmetric basis.

Interestingly, there is a distinction between a Zernike term’s contribution to
turbulence and its contribution to OAM. This behaviour is reflected in D(p) (see
Eq. 4.2). The (|a;|*) are considerably smaller for higher order terms. Thus, turbu-
lence and the OAM spectrum are mostly described by lower order terms. How-
ever, Fig. 4.2 shows the conspicuous zero contribution of the defocus term to
OAM, in spite of the relative size of its coefficient. To understand this, consider
a beam in a superposition of ¢ = £1. The phase of such a beam is precisely the
inset of the tilt term. Defocus, however, contributes an azimuthally symmetric
phase which affects the curvature of the wavefront, but not its vorticity. This is
mathematically captured in the result AZ; = 0, and so defocus results in a null
contribution to the phase structure function.

One may wonder where the OAM of the atmosphere might come from? The
notion of the atmosphere possessing angular momentum can be linked to fluid
dynamics. Turbulence is characterised by kinetic energy transfer along different
length scales. This cascade of energy is facilitated by eddies - regions of non-zero
vorticity.”® These regions of circular vortex rings are ultimately responsible for
the Kolmogorov -11/3 power law.?® These fluid vortices could manifest them-
selves as phase vortices through the fluctuations in the refractive index of the
atmosphere and will be detected as OAM in structured light fields. We hope that
this inspires future research linking these seemingly disparate fields.
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Chapter 5

Eigenmodes of turbulence

Here, we present a class of modes whose amplitude and phase remain invariant
as they propagate through a turbulent channel. These are the so-called eigen-
modes of the channel. Unlike other spatial modes, no corrective procedures are
necessary and unwanted effects like modal crosstalk are removed. We demon-
strate this invariance through a thick medium modelled using multiple turbulent
phase screens along the propagation path. A full theoretical model is presented
with extensive simuations, and confirmation is provided by a laboratory based
experiment. This technique can be easily extended to arbitrary noisy channels
whose characteristics are known.

5.1 Solving the eigenvalue problem

5.1.1 Representing the channel in the pixel basis

The goal of this section is to find some linear operator 7 which describes a turbu-
lent channel. Once this operator is found, the process of diagonalising it reduces
to any other eigenvalue problem. These basis states which diagonalise the tur-
bulent channel are precisely the eigenmodes of the channel. We could take the
stochastic Helmholtz equation (see Eq. 3.19) and write

Us=TU; (5.1)

where

2exp (KR’ — R|)
4R = R|

The eigenmodes must then satisfy the condition Uy = yU; where v is the eigen-
value. Without the explicit form of én we cannot find solutions to this eigenvalue
equation. This problem lends itself to a numerical treatment and so we work in
the strong scintillation regime ((712{ > 1). The channel of length L is modelled
using the split-step method described in Section 3.4 with random phase screens
placed at equal distances along the propagation path. If we concentrate on a sin-
gle segment of this path, we see that the beam picks up a turbulent phase ® and
then propagates a distance z. Mathematically this transformation is described by
the equation

T = / &R’ 26n(R') (5.2)

TU; = /dzr ¢(r,v;z) exp(iO(r))U;(r,0), (5.3)
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where
1 17T 2
(5, 32) = ——exp (A—ZHr— | ) (5.4

is the paraxial free space Green'’s function and r, ' are the two-dimensional co-
ordinates of the initial and final planes, respectively. The position (pixel) basis
is used for a matrix representation of the channel operator by discretising the
initial and final planes into grids of N x N points. The coordinates are labelled
r = (x4,¥p) and 1’ = (x;,yy) so that the integral is approximated by the sum

Uﬁv = ZIB nvaﬁUtxﬁ = ’EthﬁUic[j (5.5)
@,

where

AxA i 2 T 2 .
Tovap = sz exp (E (20 — xa)” + v (yv —yp)" + 1®(xa,yﬁ)) (5.6)

and repeated lower indices are implicitly summed over. An eigenmode U solves
the tensor equation

'YU]H/ = ,EtwcﬁUocﬁ- (5.7)

This four dimensional tensor equation can be systematically reduced to a regular
matrix-vector equation by introducing a bijective mapping ¢ that acts on the in-
dices (&, ) and (p,v) and “counts” them, first along the columns and then along
the rows according to

g(lf ]‘) - 1/

(5.8)

&(N,N) = N2

This can be visualised as “unfolding” the two dimensional matrix U, into a long
column vector where each row is stacked on top of the next until all N? elements
are mapped and leads to the usual eigenvalue problem

yU; = T;;U; (5.9)

where {(«, f) = jand ¢(u,v) = i.

5.1.2 Fresnel scaling

The channel parameters, like path length, are highly restricted in the labora-
tory setting. This presents an apparent difficulty to experimentally verifying the
eigenmodes. However, a scaling procedure exists called Fresnel scaling”” which
allows us to verify real-world channels in the laboratory setting. This procedure
is presented below.
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The Fresnel integral for the full (real-world) channel of length L is

exp (ikL) in 2
Us(r, L) = T/dzr’ U; () exp EHr—r'H . (5.10)

We then apply the following scaling parameters: 1, = a,r, 1, = apr and

L' = a;L, where 1y, and rj,, are the coordinates used in the experiment. The
diffraction integral becomes

Tab )| _ €Xp (ikL’/txZ)/ 27 11 I‘{Lb
Uf ( Ky ) N iDCr/)\L/ d flab Ul 0yt %
5.11
— 2 (5.11)
xexp | =7 :

To keep the diffraction equivalent with these scaled coordinates we require the
Fresnel number

/
Tab  Tap
er (Xr/

= PP (5.12)
L

to be the same in both the full and scaled-down cases, where D; and D ¢ are the
aperture diameters in the initial and final planes, respectively. This sets a,a,, = a;,
and the diffraction integral becomes

v (1 L . .
xp (”‘L (1 %))Uf (fl_b) ~exp (_Wﬁb> exp (ikL')

A AL
x 0y fr ! (5.13)
i M) o (7
<[ 0 () e (‘ gy ) o e =l
where

L/

fre (5.14)
L/

fr’—m' (5.15)

Setting &, = a,» means that the final and initial planes have the same size in the
laboratory setting and f, ,, — oo and the final Fresnel integral, ignoring constant
phase factors which arise due to scaling, becomes

Tab ar exp(ikL’) ' 1ab i
Uy () = R [ e (52 ) exp (e ) 619

5.2 Numerical solutions

5.2.1 Vacuum propagation

To illustrate the action of the operator 7, we consider the case of vacuum prop-
agation (zero turbulence), shown in Fig. 5.1. Propagation was simulated over 2
metres for an LG beam with radial index set to zero and an azimuthal index of

74 CHAPTER 5. EIGENMODES OF TURBULENCE



5.2. NUMERICAL SOLUTIONS

¢ =1 (Fig. 5.1(a)) . The beam was simulated on a grid of 60 x 60 pixels where each
pixel had a physical side length of 50 ym in Fig. 5.1(b) and Fig. 5.1(c), whereas the
pixel size is increased in the propagated plane in Fig. 5.1(e) and Fig. 5.1(f) to twice
that of the initial plane. This sizing causes the beam in the Rayleigh plane to ap-
pear unchanged. Propagation is achieved purely by matrix multiplication.

Figure 5.1: An LGf;%) beam ((a) and (d)) is propagated over 2 metres using the
propagation operator 7. (b) and (c) show the beam at 1 and 2 metres, respectively,
where the pixels in the initial and propagated planes have equal sizes. The pixels
in (e) and (f) are sized such that the beam appears to have the same size in the
initial and Rayleigh planes.

5.2.2 Sampling constraints and unitarity
The use of the Fresnel diffraction integral is valid so long as the condition®

AL

52:]\]—61

(5.17)
is satisfied. J; and J, are the pixel side lengths in the initial and final planes,
respectively, and N is the number of sampling points along one dimension. To
avoid numerical artefacts like aliasing, we must also satisfy the condition

N&?
— < L. 5.18
L < (5.18)
Interestingly, there is only a minimum propagation distance L over which the dis-
crete (sampled) Fresnel integral is valid. However, if we combine the two con-
ditions in Eq. 5.17 and Eq. 5.18, then the operator 7 can be used to simulate the
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propagation of a beam over an arbitrarily long distance. This is in contrast to the
angular spectrum method which sets a maximum distance for propagation.®® We
illustrate this in Fig. 5.2 by propagating a Bessel-Gaussian beam carrying OAM
with a waist parameter of wp = 1 mm and k, = 9 x 10° m~! over a distance
of 4.963 metres using only 60 x 60 pixels. The distance was chosen as it corre-
sponds to the Rayleigh length of a Gaussian beam with the same waist parameter
wp. The same beam was propagated using the angular spectrum method, but the
grid had to be resized to 256 x 256 pixels to avoid numerical artefacts. The beams
were then resized to 60 x 60 grids for comparison. Fig. 5.2 confirms that the dis-
crete Fresnel operator acts on beams correctly as the two rows are indiscernible
from each other.

z = 4.963 m

Fresnel

Angular spectrum

01 = 0.067 mm 0y = 0.785 mm

Figure 5.2: A Bessel-Gaussian beam with wp = 1 mm is propagated over 4.963 m
using the vacuum Fresnel propagation operator (top row) sampled over 60 x 60
pixels and obeying all sampling conditions. For comparison, the same beam is
propagated using the angular spectrum method (bottom row) on a grid of 256 x
256 pixels. The grid was then resized to 60 x 60 pixels for comparison. The two
methods are certainly in agreement with each other, given the strong similarity
between the top and bottom rows.

Further, using the correct scaling of pixels in the propagated plane preserves
the unitary of the Fresnel diffraction integral as it ensures that all the light emitted
in the initial plane is captured over the propagation. However, Fig. 5.3(a) clearly
shows that using the convention J; = J, breaks the unitarity of 7 as the propa-
gated grid is not large enough to capture all the emitted light. This is evident if
we consider the matrix product 77T, which should be the identity matrix if 7~
is unitary. This is in contrast to the preservation of unitarity in Fig. 5.3(b) when
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d» = AL/N¢y. Fig. 5.3(c) and Fig. 5.3(d) show eigenmodes obtained for differ-
ent scaling regimes. When the pixels are scaled such that 6; = J,, we obtain the
well-known LG beams (or superpositions of them) which are indeed solutions
for vacuum propagation, as seen in Fig. 5.3(c). However, Fig. 5.3(d) shows that
setting J = AL/NJ; may preserve the unitarity of the operator but results in
sparse, speckle-like and unphysical eigenmodes.

Figure 5.3: The unitarity of the operator 7 is destroyed when violating Eq. 5.17,
see (a), but is preserved otherwise — see (b). The matrices show the product TTH
which should be the identity matrix if 7 is unitary. The matrix product in (b) is
clearly diagonal which reflects the correct scaling, in contrast to the product in (a).
Eigenmodes for free space vacuum propagation are shown in (c) and (d). In (c),
the pixels are kept the same size and permit solutions resembling well-known
superpositions of LG beams. However, when the correct scaling of Eq. 5.17 is
employed, the eigenmodes become sparse speckle-like patterns.

5.2.3 Reintroducing turbulence

To demonstrate the process of diagonalising a turbulent operator, we consider the
following case. The initial and final planes were divided into 60 x 60 pixels, each
0.0667 x 0.0667 mm? in size. The length (propagation distance) of a segment was
two metres and the turbulence strength was D/ry = 1.5. For such parameters,
the minimum propagation distance over which the discrete Fresnel operator is
valid is

Zmin = 042 m < 2m, (5.19)
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Figure 5.4: We consider a channel of length L = 4 m consisting of two screens,
placed at z = 0 and z = 2. The planes are discretised into grids of 60 x 60 pixels
(the figure shows 6 x 6 pixels for illustration purposes) of area § x J, and the
segments can be conceptually divided into repeated sections of a turbulent phase
followed by vacuum propagation of Az = 2 m. The operator 7 represents the
tirst slab only — highlighted in blue. The overlaid circles illustrate the aperture D
used to characterise the strength D /ry.

using Eq. 5.18. The required pixel size in the final plane, according to Eq. 5.17,
should be
5> = 0.317 mm ~ 4.75 ;. (5.20)

We set J, = §; to avoid the speckle-effect in the turbulent eigenmodes. Using
these parameters, we compute the crosstalk matrices of Fig. 5.5, both before (left
column) and after (right column) the channel. The matrices presented in (a) and
(b) correspond to the channel’s eigenmodes and LG beams with ¢ € [0, 4], respec-
tively. The crosstalk for the LG beams is significant but effectively non-existent
between the eigenmodes.

5.3 Experimental verification

The experiment, shown in Fig.5.6, is conceptually divided into three parts. In the
generation stage, a laser beam was expanded and collimated by lenses L; and L,
onto an SLM which generated the desired initial field. This field then entered the
turbulent section of the setup where it passed through a random phase screen and
propagated one metre before being incident on another phase screen and propa-
gating a metre further. The phase screens were generated using the sub-harmonic
random matrix transform method (see Section 3.3.2) with Fried parameters deter-
mined by the split-step method (Section 3.4). This perturbed and aberrated field
was decomposed into a desired basis in the detection section. The beam was then
multiplied by the complex conjugate of a basis function which was displayed on
another SLM before passing through a Fourier lens L3. The on-axis intensity was
measured on a camera (CCD).

We studied a channel of L = 200 m, A = 633 nm and a Rytov variance of 03 =
1.383 > 1. The Fried parameter ry of the entire channel was 7 mm. According to
the split-step method, we required two screens each with Fried parameter ros =
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Figure 5.5: (a) and (b) are crosstalk matrices for five modes before (left column)
and after (right column) a turbulent channel. (a) corresponds to the eigenmodes
of the channel whereas (b) shows the crosstalk for LG beams with ¢ € [0,4].
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Figure 5.6: A Gaussian beam is expanded and collimated by lenses L; and L,
onto an SLM where it is shaped into a desired field. This field passes through two
turbulent phase screens before bouncing off another SLM on which a hologram
of a basis state is displayed. The field then passes through lens L3 so that the
intensity of its Fourier transform is captured by a CCD.

10.6 mm with a distance of 100 m between them. This channel was simulated on
the setup shown in Fig. 5.6 using the above-mentioned Fresnel scaling procedure.
The scaling factors were chosen to be: ay = ay = 0.1 and a, = 0.01. This
corresponded to a total path length of L’ = 2 m and segment Fried parameter
r9,s = 1.06 mm.

Using these parameters, a turbulence operator 7 was constructed for a unit
consisting of a phase screen followed by one metre of propagation. The eigen-
modes were found using numerical techniques (in MATLAB). The modes were
generated and turbulence was simultaneously introduced on one half of an SLM.
After propagating a metre, the beam was incident on the other half of the same
SLM on which the same phase screen was displayed. The beam propagated one
metre again before its intensity pattern was captured on a CCD. To confirm that
the effects of turbulence were indeed significant, LG beams with p = 0 and
¢ € ]0,3] were sent through the same channel. The effects of turbulence on the
intensity pattern of these modes are displayed in Fig. 5.6(a), and the resilience of
the intensity of the eigenmodes is shown in Fig. 5.6(b). In both (a) and (b), the top
row illustrates the beam before the channel, and the bottom row shows the same
beams after propagating through the channel.
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Figure 5.7: (a) LG beams with topological charge ¢ € [0, 3] are highly perturbed
by the turbulent channel. This can be seen by comparing the beams before prop-
agating through the channel (top row, labelled ‘ideal’) to the same beams after
propagating through the channel. (b) The eigenmodes are robust through the
channel and maintain their intensity patterns. The index n labels the mode order.

5.4 Averaging effects

Solving the eigenvalue problem in Eq. 5.9 must be done for a single instance of ©,
the turbulent phase. For each realisation of turbulence, these modes will remain
unchanged. However, different realisations of turbulence will, of course, produce
different eigenmodes. These different instances of eigenmodes are not necessarily
correlated with each other and averaging over many realisations of turbulence is
not trivial.

We explore the effects of averaging over many different sets of eigenmodes
where each set corresponds to a different realisation of turbulence. This can be
done analytically by examining Eq. 5.1 over many different realisations of turbu-
lence to get the ensemble average equation

2 35 &P (ik|R" = R|) / /
) = 2k /dR R R (CM(RUR)). (5.21)

Finding an expression for the term (dn(R’)U(R)) is not trivial. Such an expres-
sion does exist but its derivation involves functional derivatives and the Furutsu-
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Novikov formula.®® It is
ik
(n(RU(R')) = Z-4,(0) (U(R))), (5.22)

where A, is the two dimensional refractive index correlation function presented
in Eq. 3.18. Substituting Eq. 5.22 into Eq. 5.21 gives

3 sp &P (kR — R]) /
(UR)) = iK°A /d R R R (VR (5.23)
The are two ways to interpret Eq. 5.23. First, we recognize that Eq. 5.23 is identical
to the usual, zero-turbulence Fresnel integral, up to a constant. Therefore, the
averaged eigenmodes should be solutions to the free space (zero turbulence) case.
Secondly, if we substitute a free space mode in the initial plane (z = 0) instead
of (U(r)) as the driving term, we can conclude that there is no average local
effect/distortion of turbulence on free space modes.
Substituting a solution Uy to the vacuum Helmholtz equation as the driving
term means that the final, average beam, after experiencing the turbulent channel,
is

(UR)) = Up(R) exp | —27%K%2 / dk kD (k) | . (5.24)

The mean effect of turbulence on structured light beams is the acquisition of a
global exponential dampening in the beam’s amplitude.

We can view turbulence as a tunable perturbation which distorts the vacuum
modes into the now-called eigenmodes. To measure this perturbative effect for
a given mode order n, the inner product (overlap integral) of the ideal vacuum
states and eigenmodes was calculated for strengths in the range D/ry € [0,1.5].
To obtain the average overlap for a given strength and mode number, 60 random
phase screens were generated for each strength and the resulting operator was di-
agonalised. Even though the first six (n € [1, 6]) eigenmodes were found for each
operator, Fig. 5.8 shows only four modes. This is because modes corresponding
ton = 2, 3 can be mapped to superpositions of LGf;j}) and LGﬁio_l beams. How-
ever, the orientation of these modes is highly unstable and will change with even
the slightest perturbation. One may, mistakenly, calculate a low correlation (over-
lap), simply because the modes have rotated. Insets in Fig. 5.8 show (from left to
right in each row): the vacuum eigenmodes (left), the average field of the vacuum
modes after the channel (see Eq. 5.24) and the average field of the eigenmodes.
The turbulent insets correspond to D /7y = 1.5.

Is it evident from the insets in Fig. 5.8 that the average field of the vacuum
modes after the channel closely resembles the initial vacuum modes, and presents
a numerical confirmation to Eq. 5.24. Fig. 5.8 also shows that eigenmodes with
mode orders corresponding to rotationally symmetric vacuum states resemble
the unperturbed states more closely than other, less symmetric modes.

In optical communication studies, some set of orthogonal modes form a basis
which conveys information across the channel. For a given instance of turbu-
lence, the eigenmodes of that specific realisition will, of course, form a better
basis (in terms of mode fidelity), defined as

Fidelity = trace{Z}/N (5.25)
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Figure 5.8: The correlation or modal overlap between the vacuum modes and
the eigenmodes for a range of turbulence strengths. The first six eigenmodes
were obtained for sixty phase screens for each turbulence strength and the modal
overlap (inner product) between these eigenmodes and the corresponding (same
order) vacuum modes was computed before taking the average. Insets (from left
to right) show: the initial vacuum mode; the average vacuum mode after it has
been through the turbulent channel; the average eigenmode of order n. Modes
with orders 2 and 3 were suppressed since their field patterns are highly sensitive
to rotations.

than some set of vacuum modes. N is the number of basis modes and I is their
crosstalk matrix. However, one may wonder, how do the eigenmodes of one
turbulence instance fair compared to the vacuum modes in a different realisation
of turbulence? This question is numerically investigated in Fig. 5.9 by selecting
two different sets of eigenmodes at random, alongside the vacuum modes, and
observing their fidelity through different turbulent channels. Fig. 5.9(a) shows
the intensity patterns of three of the six basis states for each mode set. Set 2 of
the turbulent eigenmodes corresponds to a stronger turbulence strength than set
1. In Fig. 5.9(b), we see the expected decay in fidelity for increasing turbulence
strength, calculated for 800 iterations per ratio D/rg. We see that the turbulent
eigenmodes are less robust than their vacuum counterparts and one is better off
using the usual vacuum states (like LG beams) if one is not going to change the
mode set for each instance of turbulence.

CHAPTER 5. EIGENMODES OF TURBULENCE 83



5.5. DISCUSSION AND CONCLUSION

Figure 5.9: The fidelity of three sets of modes is simulated for weak to moder-
ate turbulence, where 800 instances of turbulence were examined for each Fried
parameter 9. The modes were: the ‘vacuum’” modes found by diagonalising the
zero-turbulence propagation operator and two randomly selected sets of eigen-
modes for random phase screens. Insets show the intensity patterns of the modes
where modes in the same column have the same mode number.

5.5 Discussion and conclusion

We have developed and implemented a procedure for finding modes which are
unchanged after propagating through a turbulent channel by discretising the
Fresnel integral into an operator which can be represented in a discrete matrix.
The eigenmodes are then found using numerical tools, like those found in MAT-
LAB. These modes are eigenmodes in their truest sense i.e. they are fixed under
the action of the channel.

Others have recommended using a singular value decomposition procedure
to obtain so-called singular modes. These modes have singular values of one,
which means that all the light present in the transmitting plane is collected and
detected in the detecting plane. Such an approach was used by Miller®® with
a discretised Green’s function, similar to the operator we presented in Eq. 5.6.
However, this treatment of the subject is very terse and does not easily open the
topic up to the reader without some effort.

Others™ have used the singular value decomposition technique with two dif-
terent basis sets: the input plane is described by LG modes and the output plane is
represented in the pixel basis. Such a treatment allows the description of a larger
grid size but does not return eigenmodes: even though these modes have unit
singular values and thus preserve the light, their field patterns change between
the transmitting and receiving planes.

Pai et al. developed ‘scattering invariant modes’ by studying a layer of zinc
oxide nanopowder which was deposited on a glass slide.!?” These modes are
solutions to the generalised linear eigenvalue problem TE = 7,;; 7,i:E where T
and 7ir are the scattering and free-space channels, respectively. The scattering in-
variant modes E are not eigenmodes, however, they simultaneously diagonalise
the scattering and vacuum operators, and so these modes appear the same after
propagating through the scattering medium or free space. This is a weaker con-
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dition since the modes are allowed to evolve over propagation, unlike the modes
presented here.

In all of these approaches, eigenmodes are channel specific and this may prove
to be impractical in real-time due to the fast changing nature of turbulence. In
order to physically implement these modes, it would be necessary to first charac-
terise the turbulent channel and then diagonalise it before it changes.

Even though turbulence played the role of our noisy channel, this method is
not restricted to turbulence and can be used on any channel whose properties are
known.
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Chapter 6

Conclusion

This dissertation examined and characterised the highly topical interaction of
structured light fields and atmospheric turbulence using the Kolmogorov model.

Chapter 1 began with a brief overview of structured light and the different
beam types used in this dissertation before explaining scalar diffraction theory
and the angular spectrum method of propagation. The chapter concluded with
the mathematical derivation of the orbital angular momentum carried by struc-
tured light fields.

Chapter 2 presented all the experimental techniques which were utilised dur-
ing the course of this project. The operation of liquid crystal spatial light modu-
lators and digital micromirror devices was explained along with their calibration
and set-up procedures. These devices were used to shape light, simulate turbu-
lence and take measurements through the implementation of holograms. The
chapter also showed how these holograms are generated for the two devices. We
showed how one can perform an inner product (modal overlap) optically in order
to obtain a modal decomposition of a desired field, and how to obtain and calcu-
late the required correction factors to ensure that the measured data is correct.

We turned to the theory of atmospheric turbulence in chapter 3 by first dis-
cussing its characteristics and statistics. We then showed how turbulence is mod-
elled and how it impacts on optical fields. This led to the thin phase screen ap-
proximation and to the different methods used to generate these screens. A full
treatment of these generation procedures was presented and the two approaches
were compared against each other. The modelling of a thick atmosphere (strong
turbulence) was explained via the split-step (many screen) method. Finally, the
experimental calibration of these turbulent screens was explained.

Chapter 4 and Chapter 5 introduced novel research. In Chapter 4, we viewed
the atmosphere as a store of orbital angular momentum which it can exchange
with propagating structured light fields. We showed that the spread in the OAM
spectrum of optical fields perturbed by turbulence was symmetric and peaked at
the initial topological charge. This model allowed us to decouple the atmosphere
from specific beam types and allowed us to reach general conclusions, such as
the fact that the behaviour of an OAM-carrying mode is independent of its initial
charge. The debate on the lack of robustness of higher order modes was resolved
by realising that the size of a mode determines its behaviour in turbulence and
not its OAM, all else held equal. This was demonstrated experimentally for both
Laguerre-Gaussian and perfect vortex modes. The disagreement over the sym-
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metry and single-peaked nature of a beam’s OAM spectrum in the strong regime
was resolved by comparing measurements in the OAM and LG bases.

Chapter 5 wrote the turbulent channel as a linear operator and successfully di-
agonalised it, yielding families of modes which are impervious to the deleterious
effects of turbulence. Numerical pitfalls were highlighted and the eigenmodes
were experimentally verified in a laboratory setting. It was also theoretically
and numerically shown that turbulence has a zero average influence on vacuum
modes and that these modes prove to be a better basis for optical communication
when many instances of turbulence are considered.

Future work

It was shown in Chapter 4 that turbulence results in a spread in the OAM carried
by optical fields, and that this spread is independent of a field’s initial topological
charge /. This leads us to the following hypothesis: a mode built from the sum
of the @, should be more resilient as adjacent modes will scatter into each other
equally, preserving the initial power in each mode. Such a basis does exist, and
are the so-called angular modes, defined as

P i27tln
¥ (1)) = — p (27

7,z e (] ) lite), 61)

where p = (d — 1) /2, d is the total number of ®;, and

@ (r)) = exp(ifd). 62)

These modes have intensity profiles that look like angular ‘wedges’. Fig. 6.1
shows intensity profiles for angular ((a) — (c)) and OAM ((d) — (f)) modes for
d = 11. One can see that changing the index n rotates the wedge profile az-
imuthally.

We can express the transformation from the {®,} to the {¥,} as a matrix U
with elements

so that
¥u) =U|Dy) Z Uiy | D)) - (6.4)

Further, we express the turbulent phase (workmg in the weak scintillation regime)
exp(i®) as a matrix T with elements T;; = (®;]¢’© |®;), which operates on the
states {®,} like

T|®n) =) Tjm |Dj). (6.5)
j
These matrix elements are related to the probability P(A) = P({|m) by

P(A) = (|Tel?). (6.6)
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Figure 6.1: (a) — (b) show intensity profiles for angular modes with indices equal
to -5, -3 and -1 respectively. (d) — (f) show intensity plots for OAM vortex modes
with charges -5, -3 and -1.

Let the scattering amplitude from the state |¥;) to [¥x) be Sy;. Using the defini-
tion of the angular modes in the OAM basis, we get

. 1 . /o
S = (el 9 [¥)) = g L1 20Ty, 67)
‘v

which is more easily visualised as a matrix equation:

1

1 .
Sk = y (1 .- ezZHk/d) T : ) (6.8)
o—i27j/d

Letting the indices k and j range from 0 to d — 1 gives us the equation
S =U'TU. (6.9)

The improved fidelity of these angular modes through turbulence is numer-
ically demonstrated in Fig. 6.2. T refers to the turbulence operator in the OAM
basis, whereas S is the equivalent operator in the transformed, angular basis.
Clearly, the angular modes are more resilient. However, we see that the matrix
UTTU does not match with the directly measured matrix S. This improved re-
silience is also shown in Fig. 6.3 for two turbulence strengths, D/rp = 1.8 and
D/ry = 4.0. Future work will attempt to obtain experimental results, confirm-
ing the improved robustness of angular modes through turbulence and explain
the discrepancy between the nearly-diagonal matrix S and its calculated counter-
part UTTU. Further, future work will focus on understanding the source of these
modes’ resilience and investigating whether other mode families exist which are
equally robust.
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Figure 6.2: Fidelity of modes after propagating through increasing turbulence
strengths in the weak scintillation regime. The fidelity is the average value of the
diagonal elements of the crosstalk matrix.

D/T(): 1.8

D/T() =40

Figure 6.3: Crosstalk matrices for angular (S) and OAM (T) modes through mod-
erate and strong turbulence in the weak scintillation regime. The matrix UTTU
is the calculated angular mode crosstalk matrix which is the quantum Fourier
transform of T.
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Appendix A

A.1 Statistical preliminaries

Let x(t) be a real, random, stationary variable which depends on . “Stationary”
means that only differences between t values are significant, but not absolute
values. The correlation function R, is defined as

Re(ty,ta) = (x(t)x(t2)) = Re(v), T=1t— . (A1)

Let the mean value of x be m = (x(t)). Then, the covariance function By is defined
as

By(7) = By(t1, f2) = ([x(t1) — m][x(t2) — m])

(A.2)
= (x(t1)x(tp)) — m* = Ry(T) — m?
since x is stationary. We use By to define the structure function Dy as
Da(7) = (Jx(t) = x(t2)2) = 2 (Bx(0) = Bx(7)). (A3)

The power spectral density @, (w) is calculated from By as the Fourier transform

Dy (w) = / dt By(t) exp (—i27ttw)
(A4)
= /dt By (t) cos (2mtw),

if we require both B and @ to be real. The structure function can be obtained from
inversely transforming the power spectral density by

Dy(7) =2 / dw ®(w) (1 — cos(27ttw)) (A.5)

using Eq. A.3. These definitions are then easily generalised to three spatial dimen-
sionsi.e. t — r = (x,y,z). The spatial analogue of “stationary” random variables
are statistically homogeneous and isotropic random fields. “Statistically homo-
geneous” means that only the difference between points in the random field is
significant, whereas “isotropic” means that we only need to look at the magni-
tude of the vector difference between two points as the direction does not matter.
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A.2. PHASE STRUCTURE FUNCTION

A.2 Phase structure function

Consider a one dimensional structure function D(x) and power spectral density
P (v) which are related according to

D(x) =2 / dv P(v) (1 —cos(xv)). (A.6)

We must remove term of 1 x P(v) in the integrand. This is achieved by differen-
tiating with respect to x so that

%D(x) =2 / dv vP(v) sin(xv). (A7)

For a real valued (random) process the structure function is even® (see Eq. A.6).
We can use the the Fourier sine transformations!®!

F(v) = /dx sin(xv) f(x)
0

N (A8)
Flx) = % [ dv sin(a)E(),
0
to write -
1 d
Pv) = %O/dx sin(xv)aD(x). (A9)

Now, consider the three dimensional case described by a power spectral den-
sity function ®(k). Again, the field is assumed to be statistically homogeneous
and isotropic. The power spectral density is again the transform of the covariance
B(R)

1 3 .
k) = /d R B(R)exp(—ik - R), (A.10)
and the covariance is the inverse transform of ®

B(R) = / &k (k) exp (ik -R). (A1)

We can partially solve Eq. A.11 by aligning the coordinate systems such that k -
R = kR cos(?) and solving the resulting angular integral

7T 27T

/dz?/dq) sin®exp (ikRcos ¥) = 47Tsmk(112<R). (A.12)
0 0
This means that Eq. A.11 reduces to the radial integral
am T :
B(R) = / dk k®(k) sin(kR), (A.13)
0
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and that the structure function is given by

D(R) = 87 / dk K2 (k) <1 - Sinlng)) . (A.14)
0

Integrating Eq. A.6 by parts, while assuming that the power spectral density goes
to zero at infinity, yields an expression comparable to Eq. A.14:

D(x) = [P(V) (VW)]:ALZM <V_w) %P (A.15)

where we changed the integration bounds in Eq. A.6 to zero and co and compen-
sated with a factor of 2. Equating the two expressions (Eq. A.14 and Eq. A.15) for
the structure functions gives us the relation

(k) = ———P(k). (A.16)

Consider a structure function D(x) = Cx”. The one dimensional power spec-
tral density is

P(v) = 8% 0/dx sin(xv)%l)(x) =C {F(p—:[—l) sin (@)1 vPL (A7)

and the three dimensional power spectral density ®(k) is given by

D(k) = Z;kc [r(’; D gin (%)} (p+1) kP2 (A.18)
_C {F(Z—;z) sin (%)} KP3, (A.19)

For Kolmogorov theory, C = C2 and p = 2/3 and so

(k) = 0.033C2k~11/3, (A.20)

A.3 Field OAM statistics

This section presents the theory from Ref.>>°® which derives an expression for the
probability of measuring ¢/ of OAM in an optical vortex beam exp(im¢) initially
carrying mh of OAM per photon. This analysis treats turbulence as a phase only
effect.

Consider an initial beam of the form V; = Aexp(im¢) defined over a radius
R. After propagating through weak turbulence, the field will have picked up
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a phase O so that the final field is Vf = Aexp(im¢) exp(i®). We perform the
following two expansions in the OAM basis:

exp(iO(r Z gn (1) exp(ing), (A.21)
where
1 T
gn(r) =5 / d¢ exp(i® — ing), (A.22)
and
2 cy (r) exp(ile), (A.23)
where

21 2r
co (1) = %/dcp Vi(r) exp(—ilp) = %/mp exp (iO) exp(—i({ — m)¢).
0 0

(A.24)
Substituting Eq. A.21 into Eq. A.24 and evaluating the integral gives

o (r) = Agrom (r) = [ci)® = |APIg0-m|”, (A.25)

where we have suppressed the explicit spatial dependence. Eq. A.25 shows that
the power remaining in the original mode with topological charge ¢ = m is pro-
portional to the zeroth order expansion coefficient of the phase, | go\z. To derive
an expression for the average probability of measuring /7 in the final field we
begin by finding an average form of |c;|?. This is achieved using Eq. A.22 and
Eq. A.25 which leaves the double integral over two angular coordinates

|Ce

r)]))exp (id(¢" - ¢)),

(A.26)
where A = ¢ — m is the difference between the final and inital topological charges.
The fact that the phase is statistically homogeneous and isotropic means we only
have to look at the relative difference between ¢’ and ¢ and can set ¢ or ¢’ to zero
to convert the exponential containing the turbulent phase into

(exp (i[0(x) - 0(0))) =exp | 3P0 (2fsin (§)[)] . a2

where Dg(-) is the structure function of the turbulent phase and we used the re-
sult (exp(ix)) = exp(— (|x|*) /2) for a Gaussian random variable x. Inserting
Eq. A.27 back in to Eq. A.26 with the explicit form of the structure function, inte-
grating over the radial coordinate and dividing by the total power> of the initial
tield gives an expression for the average probability of measuring ¢/ of OAM in
the final field

)= o [ costagrop (100 (o (£))). aam
0 0
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