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Abstract

Threshold Functions of Colorings of Random Graphs

By Elizabeth Jonck, Kim Lucas, and Ronald Maartens.

Let F), , be the set of all graphs with n vertices, m edges and with probability
p = p(n) of an edge occurring independently. Each graph G € F,, has
probability P[G] = p™(1 — p) (5)=m of occurring. This is called the Binomial

Random Graph Model, denoted G(n, p).

Let G now be a connected graph. A rainbow colored graph is when every
two vertices of V(G) are connected by a path where each edge has a unique

color.

If @ is an increasing property, then a function ¢ = ¢(n) is called the threshold
function for @ if (i) p << ¢ so that lim,,_,.(P[G has property @]) = 0, and

(i7) p >> t so that lim,,_,.(P[G has property Q]) = 1.

A function f(n) is called the sharp threshold function for the property @
if there exists constants C' and c such that G satisfies () almost surely for

p > Cf(n), and G almost surely does not satisfy @ for p < cf(n).

In this dissertation, we investigate threshold functions and sharp threshold

functions of random graphs to be rainbow colored.
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Chapter 1

Introduction

The objective of studying random graphs is to determine if a particular graph
property occurs or not in a graph. Threshold functions and sharp threshold
functions are used to determine when the graph property in question occurs

or not.

In Chapter 1, introductory definitions and concepts that are needed to un-
derstand random graphs are provided. Then, in Chapter 2 and Chapter 3,
we investigate random graphs and the rainbow coloring of random graphs,
respectively. Chapter 4 and Chapter 5 are an investigation of threshold
functions and sharp threshold functions, respectively, providing techniques
to determine these functions. Six proofs are given as examples, three of which
are our own. Chapter 6 concludes this investigation and suggests possible

future work.

Note that this dissertation is in colour.
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1.1 Graph Theory

Our investigation begins with a few definitions and terminologies from Graph
Theory. We refer the reader to [13] for any undefined terminologies or con-

cepts used here regarding Graph Theory.

A graph, denoted G, graphically is a diagram consisting of points with line
segments or curves between these points as illustrated in Figure 1.1. These
points are called vertices (single vertex), for example point a, and the line
segments or curves are called edges, for example, the edge between vertices

a and b denoted by ab.

Adjacent vertices are two vertices that have an edge in common. For ex-
ample, vertices d and e are adjacent in Figure 1.1. These vertices are then
neighbors of each other. The set of all vertices that are adjacent to a particu-
lar vertex is called a neighborhood. For example, the neighborhood of vertex
dis {a,c,e, f} and is denoted N(d). For a graph G, the finite non-empty set
of all vertices in G is called the verter set of G, denoted V(G), and the set
of all edges (possibly an empty set) in G is called the edge set of G, denoted
E(G).

The size and order of a graph is the cardinality of the edge set and vertex
set, respectively, denoted |E(G)| and |V(G)|. In Figure 1.1, |E(G)| = 8 and
V(G)] =8.

An isolated vertex is a vertex that has no edges connecting it to any other

vertex as seen in Figure 1.1 by vertex h. We define an empty graph as a
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graph with vertices but no edges. This is sometimes referred to as the trivial

graph.

An a — g path is a sequence of vertices and edges, starting at vertex a and
ending at vertex g, without repeating a vertex. Visualize a piece of chain
where each link is an edge and the point where each link connects to another
link is a vertex. If the chain is closed, then a cycle is formed, that is, a
cycle is a path that begins and ends with the same vertex with no vertices
repeated along the way. A path is denoted by P, where n is the order of the
path. The number of vertices constituting the cycle is called the order of a
cycle, or otherwise known as the length of a cycle. We shall denote a cycle
of order n by C,, where n > 3 by the definition of a cycle. In Figure 1.1, the

cycle a, b, c,d, a is of order four.

—)
—0© ©

(O—)—

Ficure 1.1: Simple graph G.

If every two vertices are connected by a path in a graph, then the graph is said
to be connected. Otherwise, the graph is said to be disconnected. Figure 1.2
depicts a connected graph while Figure 1.1 depicts a disconnected graph. A

connected graph where the removal of k£ — 1 vertices, and all edges connected
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to these vertices, results in a graph that remains connected is called a k-
connected graph. That is, at least k vertices need to be removed for the
graph to become disconnected. In Figure 1.2, the graph is 1-connected as
the removal of one of the vertices in the set {c,d, e, f} cause the graph to be

disconnected.

Let G and H be two graphs. If V(H) C V(G) and E(H) C E(G), then H
is a subgraph of G, denoted H C G. If H C G and there does not exist a
connected graph F' such that H C F' C G, then H is said to be a component
of G. As an example, the graph in Figure 1.2 is a component of the graph
in Figure 1.1, only if the edge df is added.

A tree is a connected graph with no cycles, as in Figure 1.2. If all the
components of a graph are trees, then the graph is referred to as a forest. If

a connected graph has only one cycle, then the graph is called unicyclic.

O—0O—®

FIGURE 1.2: Subgraph of G.

Let A C V(G). If every two vertices in A have no edge between them, then A
is said to be an independent set. For example, in Figure 1.3, the set {a,d, e}
form an independent set. The independent number of G, denoted a(G), is

the largest cardinality of all the independent sets of G.
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A bipartite graph is a graph whose vertices are divided into two disjoint and
independent sets such that every edge connects a vertex from one set to a
vertex in the other. These individual sets are called partite sets. In Figure
1.3, the sets {a,d,e} and {b,c} are partite sets, respectively. A complete
bipartite graph is one where every vertex in the one set is connected to every
vertex in the other, denoted K, ,,, where ny and ny are the number of vertices

in each set.

FIGURE 1.3: Bipartite graph K3 o

A graph where every vertex has an edge from itself to every other vertex in
the graph is called a complete graph, denoted K,,, where n is the order of the

graph. Figure 1.4 illustrates the graph Kj.

If the vertex set of a graph is partitioned into k& > 0 partite sets such that
every vertex is adjacent to all other vertices in the graph except for the
vertices in the same partite set, then that graph is called the complete k-
partite graph. This graph is denoted by K, , .. n, Where n; is the order of

the ¢t partite set fori =1,2,--- . k.

If a graph G has two paths that have no vertices in common except for the

first vertex and the last vertex, then the two paths are said to be internally
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FiGURE 1.4: Complete graph Kjy.

disjoint paths. In Figure 1.5, we have that the two paths a,b,d, f and a,c, e, f

are two internally disjoint paths.

A bridge is an edge in a connected graph such that if the edge is removed,
then the graph becomes disconnected. A bridge-less graph is a graph that

contains no bridges. In Figure 1.5 the edge fg is a bridge, while 4j is not.

FiGURE 1.5: Internally disjoint paths.

A geodesic is the shortest path between two vertices, while the distance be-
tween two vertices is the length of the geodesic. The diameter of a graph G,
denoted diam(G), is the length of the largest geodesic in G. The graph in

Figure 1.6 has diameter three which is given by the path d,a,b, c.

The degree of a vertex v, denoted deg(v), is the number of edges incident to
it. In Figure 1.6 we have deg(a) = 4 and deg(f) = 1. The minimum degree
of a graph G, denoted 0(G), is the smallest degree of all the vertices in the

graph. The eccentricity of a vertex is the length of the longest path between
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the vertex and all other vertices. The radius of a graph G, denoted r(G), is
the smallest eccentricity in the graph. In Figure 1.6 we have r(G) = 2 given

by the path d, a, f.

The graph G is a regular graph if all vertices of G have the same number of
neighbors. If all the vertices of G have degree k, then we say that G is a

k-reqular graph.

(@)
O—(—~

@

FIGURE 1.6: A graph.

Graph coloring is a way of coloring the vertices, edges, or faces (area bounded
by edges) of a graph according to a list of requirements; called vertex coloring,

edge coloring, and face coloring, respectively.

The chromatic number of a graph G, denoted x(G), is the minimum number
of colors required for the vertices of GG to be colored in such a way that no

two adjacent vertices have the same color.

The compliment of a graph G, denoted G, has the same vertex set as G,
however, the edges between the vertices in G are only drawn if they do
not exist between the vertices in G. That is, |[V(G)| = |V(G)| = n and
E(G)UE(G) = E(K,) where E(G) N E(G) = 0.
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Let G and H be two graphs. For G C H, a graph property @ is called
monotonically increasing if G has property @), then H also has property Q).
Likewise, for H C G, a graph property @ is called monotonically decreasing
if G has property (), then H also has property ). A graph has a monotone
property () if it is either monotonically increasing or monotonically decreas-

ing. A graph has a non-monotone property @ if it is non-monotone.

Unless explicitly stated otherwise, all graphs
e have finite order,
e contain no loops (an edge that connects a vertex to itself),
e have no directed edges,
e have at most one edge between every two vertices (not a multigraph),
and
e the vertices are labelled from the set {a,b,c,---,z}. When the con-
text is clear, we omit GG in the notation. For example, we use V' instead

of V(G).

1.2 Probability Theory

For any undefined terms and concepts in Probability Theory the reader is

referred to [42].

A discrete random variable X is a measure of quantity, related to a random
counting problem, and is a countable number. The expected value of X,
denoted E[X], is the average of the independent outcomes of X = x14x9+. ..

. The wvariance of X, denoted Var[X], is the average of the deviation from
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the mean squared. The variance is expressed mathematically by Var[X] =

BX?) - (E[X))2

A probability space consists of three components which is denoted by (2, F, P).
The sample space, denoted €2, contains all possible outcomes (sometimes
called events). The event space, denoted F', is the set of all events that
occur where F' C Q. The probability function, denoted P, is the function
P : F —[0,1] where [0,1] is the closed interval from zero to one. Note that

P[Q] = 1.

The probability of an event occurring is denoted by P[E]. The probability
of a graph G having a property @ is denoted by P[G € Q]. Note that this
is equivalent to counting the number of graphs with property () out of all

possible graphs in the sample space. The expected value of X is given by
E[X]=) aP[X =a]

where P[X = z| depends on the graph model in use. We discuss this further

in Chapter 4.

Bernoulli trials is a repeated experiment where the outcome of each experi-
ment is only "True" or "False". Let p be the probability of a True outcome
and ¢ be the probability of a False outcome. Then, p + ¢ = 1, so that
p=1—¢q,and ¢ =1 — p. The Boolean variable is defined as a variable with

two possible values, for example, "True" and "False".

We make use of the following well-known inequalities later on.
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Theorem 1.1. Markov’s Inequality [/2]

Let X be a non-negative random variable. If a > 0, then

P[X > d

IN

Theorem 1.2. Chebyshev’s Inequality [}2]
Let X be a non-negative random variable. If ¢ > 0, then

Var|z] '

c2

PIX = E[X]| > ] <

Theorem 1.3. Bernoulli’s Inequality [/2]

Let 0 <z <1, and r be a positive integer. Then,

(1—2)">1—uar

1.3 Asymptotics and Combinatorics

For any undefined terms and concepts in Asymptotic Theory, the reader is

referred to [41].

If an event happens with probability tending to one, then that event happens
almost surely, abbreviated a.s. Also, if the event happens with probability

tending to zero, then that event happens almost surely not. The concept of
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almost surely is also sometimes called asymptotically almost surely (a.a.s),

or with high probability (whp).

Let f(n) and g(n) be two functions which are not equal to each other. Define
the small o notation such that f(n) = o(g(n)) if lim,_,~ f(n)/g(n) = 0. Fur-
ther, define the big O notation such that f(n) = O(g(n)) iflim,, . f(n)/g(n) <
oo (otherwise known as an upper bound). Lastly, the omega notation is given
by f(n) = Q(g(n)), if lim, . f(n)/g(n) > 0 (otherwise known as a lower
bound).

The functions f(n) and g(n) are called asymptotically equivalent, abbreviated
a.e, if lim,, ,, f(n)/g(n) — 1, denoted f(n) ~ g(n). If there exists constants

x> 0 and y > 0 such that zg(n) < f(n) < yg(n), then we write f(n) =~ g(n).
Theorem 1.4. [/1]

The Gamma function, denoted I'(n), is defined in the positive complex plane
by

I'(n) :/ t" e tdt,
0

where

I'(n—1)=nl

Many asymptotic approximations of the Gamma function exist, such as that
of the famous mathematician Ramanujan. In this dissertation, the Sterling’s
approximation for the Gamma function is used as it is one of the sharpest

approximations.
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Theorem 1.5. Sterling’s approximation [/1]

The factorial function is asymptotically equivalent to

nl ~ %(ﬁ)n

e

1.4 Calculus

For any undefined terms and concepts in Calculus, the reader is referred to
[41]. In this dissertation, all functions containing "In" are with base e, known

as the natural logarithm, unless explicitly stated otherwise.

For the next theorem, indeterminate refers to an unknown form, for example,

0/0.
Theorem 1.6. L’Hopital’s Rule [23]

Let f(x) and g(x) be two differentiable functions except possibly at a point c.
If the limit of f(x)/g(x) is indeterminate and g'(x) # 0, then
fl@) o f'(z)

lim -2 = .
e g(n) e g/(2)
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Theorem 1.7. [}1]

Let f(x) be infinitely differentiable and let a be a real or complex number.

Then, the Taylor Series of f(z) at the point a is given by

= f™(a)(z — a)"
oy = 3 Lo

n=0

In the case where a = 0, the Taylor Series is then called a Maclaurin Series.

The Maclaurin Series expansion of the natural logarithm is given by

1-m =3
In(l —x) = —1)"
— n-+1

The next Theorem is also known as the Sandwich Theorem.
Theorem 1.8. The Squeeze Theorem [/1]

Let f(z), g(x), and h(z) be functions. If g(x) < f(x) < h(z) and lim,_, g(z) =
L =lim, ,,, h(z), then
lim f(z) = L.

T—00

In the next chapter, we introduce random graphs.
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Chapter 2

Random Graphs

The story of random graphs begins as mentioned below with Erdés and Rényi
in 1959 with their seminal paper titled On Random Graphs I [39]. The main
purpose of Random Graph Theory is to transform problems in Graph Theory
to problems in Statistics, determine results, and then convert the results back
to results in Graph Theory. Our aim is to determine the probability that a
random graph has a specific graph property, for example, having diameter
of length two. We investigate asymptotic distributions when the number
of vertices in a graph tends to infinity. In this chapter we define a random
graph for various random graph models, as well as investigate the asymptotic

equivalence of random graphs.

2.1 What is a Random Graph?

Informally, random graph models are defined as a graph obtained through a

random process.
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Let F,, ar be the set of all graphs that contain n labelled vertices and M edges

with 0 < M < (Z) Each graph G' € F;, » has the equal probability

1
()

of occurring, where P is a probability distribution function on £}, ;. We refer

PG] =

to this model as the Uniform model or the Erdds-Rényi model which was first
defined in [39]. A graph G which is from the Erdos-Rényi model is denoted
by G € G(n, M).

Around the same time, another random graph model was established by
Gilbert in [19]. Let F,, be the set of all graphs with n labelled vertices, m
edges, and a probability p = p(n) of an edge occurring independently where

0 <p < 1. Each graph G € F;,, has probability
PG] = pm(1 — p)(&)—m

of occurring where m is the number of edges occurring in GG. This model is
known as the Binomial Model or sometimes the Bernoulli Model. A graph

G which is part of the Binomial graph model is denoted by G € G(n,p).

As M is an integer and 0 < p < 1, there is no ambiguity in using the notation
G(n, M) and G(n,p) except for G(n, 1). In this case we either have a graph
with n vertices and only one edge, or the complete graph of order n. Should

the need arise to use G(n, 1), we clearly indicate the meaning there of.

In the Binomial model, each edge has probability p = p(n) of occurring in the
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graph independently of each other, while in the Uniform model, each edge
occurs uniformly from the set of all possible edges. Note that the Binomial
model has two parameters, being the number of vertices and the probability
of an edge occurring. This implies that the graphs in the set F),, have
different number of edges and as such the calculations in the Binomial model

tend to be simpler as it is independent of the number of edges.

Random graphs are thought of as random processes. The process begins
with an empty graph G with n vertices. Iteratively, an edge with probability
p is placed between two randomly chosen vertices of G, ending after (g)

iterations. The aim is to investigate and study the properties present in

these graphs.

The Uniform Model and the Binomial Model have been studied extensively
over the years. For an in depth understanding of random graphs, the reader
is referred to the series of papers published by Erdos and Rényi between 1959
and 1968; see [35], [39], [36], [37], [38], and [40].

2.2 Other Random Graph Models

The Uniform model and Binomial model are not the only random graph
models being studied. Another more popular random graph model is the
random tree graph model. There are two types of trees involved here which
are called labelled trees and recursive trees, respectively. An in depth analysis

of these two random tree models is available in [1].

Let F! be the set of all labelled trees with n vertices. There are n™~2 such
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trees. A random labelled tree is a tree chosen at random from F] where each

tree G € F! has Uniform probability of being selected.

Let G € F! be an empty graph with n vertices labelled from the set {1,2,...,n}.
The process of adding edges to I} begins with vertex 1, called the root of
G. Each vertex 2,3, ...,n in order, randomly places edges between itself and

any labelled vertices that came before it. This is called a recursive tree.

A random recursive tree is a tree chosen at random from the set of all (n—1)!

recursive trees with n vertices and Uniform distribution.

These two are not the only random tree models. Nowadays, random forests
has become a popular area of study due to its applications in machine learning

classification problems.

We now define the k-out random graph model. More information of the k-
out random graph model as well as the underlying digraphs that the model

is built on is found in [44].

Let D,, be a graph with n labelled vertices from the set {1,2,...,n} and
let £ € {1,2,...,n — 1}. Each vertex z € V(D,,) randomly connects with

k vertices creating k number of arcs between vertex x and vertices y €

V(D,) — {x}. The set of arcs xy € E(D,) has a Uniform probability of

n—1

f ) arcs. This is known as the

appearing and there are a maximum of (

k-out random graph model.

In the special case where k = 1, the k—out random graph model is called a

random mapping.
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Other random graph models include the random dot product graph model
where the probability of an edge occurring between two vertices is a dot
product of the two input variables being vectors [2]. The latent position
model has probabilities assigned to both the edges and vertices of a graph
[26]. There are many other random graph models and more are still to be

discovered in the future.

2.3 Asymptotic Equivalence of Models

In this dissertation, we consider only the Binomial model. Occasionally the
Uniform model is mentioned as the two models, while different, are closely re-
lated. Two conditions for when the two models are asymptotically equivalent

are as follows.
Theorem 2.1. [1]

The probability of choosing a random graph G € G(n,p) with m edges is the

same probability of choosing a random graph G' € G(n, M).

Proof

Let G be a random graph under the Binomial model with m edges. Note
that the graphs in the Binomial model have different sizes as the model has
no restriction on the number of edges. Therefore, graphs with m edges are

part of the set of all possible graphs under the Uniform random graph model
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as well. The probability of choosing a graph G' with m edges is

P|G has m edges]
P[Expected number of graphs with m edges|

pr(1—p)E)m

(@ - p O
_ ((3))?

By the Uniform model definition, the result follows. ]

The following theorem is a trivial condition that we state without proof.
Theorem 2.2. [1/

Let Gy € G(n,p) and Gy € G(n, M) for n large. Then the expected number

of edges in Gy is equivalent to the number of edges in Gy when m ~ (g)p

In [3], Bollobas proved the relation between the Uniform random graph model
and the Binomial random graph model in detail. Essentially, the Uniform
model converts to the Binomial model, however, the converse is not always
true. An exact condition for the Binomial model to be equivalent to the
Uniform model is found in [1]. Knowing how these two models are related
helps perform calculations in one model and, where applicable, convert results
to results in the other model. This is specifically useful in cases where the
Uniform model is more complicated to compute as the Binomial model is
usually easier to work with as there is no dependency on the number of

edges in the graph.
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2.4 Conclusion

In Chapter 2, we define random graphs for various random graph models. In
this dissertation we only consider the Binomial model, denoted G € G(n, p),

which is defined as follows.

Let F),, be the set of all graphs with n labelled vertices and a probability
p = p(n) of an edge occurring independently where 0 < p < 1. Each graph

G € F,, has probability

of occurring where m is the number of edges occurring in G.

The Uniform model and the Binomial model are asymptotically equivalent

if the conditions of Theorem 2.1 and Theorem 2.2 are met, respectively.

In the next chapter we deviate from random graphs to investigate a graph

property called rainbow coloring.
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Chapter 3

Rainbow Coloring

In this chapter, we study the rainbow coloring of graphs. The concept of
rainbow coloring of graphs was introduced in 2008 with paper [14] written
by Chartrand, Johns, Mckoen, and Zhang. Since then, many new results
have been published. In Chapter 3, some important aspects of the rainbow
connection number of graphs are looked at before delving into finding sharp
thresholds for rainbow connected graphs in Chapter 5. As rainbow coloring
is a fairly new topic in Graph Theory, we dedicate a chapter to its definition

and state a few main results.

3.1 What is the Rainbow Coloring of Graphs?

Let G be a connected graph and x,y € V(G) with x # y. Define a rainbow
path as a path in G where no two edges on the path between x and y are
colored the same, as illustrated in Figure 3.1. A connected graph G is rainbow

connected if any two distinct vertices in G' are connected by a rainbow path.
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O

O

FiGure 3.1: Rainbow path.

From these two definitions it is deduced quite easily that if G is rainbow
connected, then G is connected. The converse is true. If each edge of a con-
nected graph G is colored with a unique color, then G is rainbow connected.
However, we are interested in the minimum number of colors required for
G to be rainbow connected, which is called the rainbow connection number,

denoted rc(G).

Chartrand et al [14] expanded on the definition of rainbow connectedness. If
the shortest path between any two vertices in G is also a rainbow path (called
a rainbow geodesic), then we say that G is strongly rainbow connected. The
minimum number of colors required for G to be strongly rainbow connected

is called the strong rainbow connection number, denoted src(G).

From the definitions above, we trivially have that

diam(G) < re(G) < sre(G) < |E(G)|.

Furthermore, Theorem 3.1 below relates the strong rainbow connection num-

ber and the rainbow connection number to specific graph properties.
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Theorem 3.1. [1/]

Let G be a connected non-trivial graph with m edges. Then,
a) sre(G) =1 if and only if G is complete,

b) re(G) =2 if and only if src(G) =2, and

c) rc(G) = m if and only if G is a tree.

In paper [15], published a year after [14], the authors defined the rainbow col-
oring problem for k-connected graphs by integrating the well known Menger’s
Theorem. In 1927, Menger [31] proved what is known today as Menger’s

Theorem stated below.
Theorem 3.2. Menger’s Theorem [31]

Let 1 < k < z, and G a z-connected graph. Further, let x,y € V(G), with

x # vy, then there are k internally disjoint paths between x and y.

We now apply Menger’s Theorem to the concept of the rainbow connection
number of a graph. Let G be a connected graph. As mentioned before,
the definition of a graph being rainbow connected requires only one rainbow
path between every two vertices in the graph. Hence, if there are at least k
internally disjoint rainbow paths between every two vertices in GG, then G is
rainbow k-connected. Further, the minimum number of colors needed for G

to be rainbow k-connected is then called the rainbow k-connection number,
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denoted reg(G). Trivially,
rei(G) = re(G).

In this dissertation we study rainbow colorings in a random graph setting
instead of simple graphs. There are many more concepts that the interested
reader is referred to such as the total rainbow k-connection number. The
total rainbow k-connection number is the minimum number of colors needed
for every two vertices in a connected graph G to be connected by k internally
disjoint paths where both the edges and vertices are colored by distinct colors.
This concept was introduced by Liu, Mestre, and Sousa in 2014 [33], which
was an extension of the work done by Uchizawa, Aoki, Ito, Suzuki, and Zhou

in 2012. They studied the not k-connected version [45].

The rainbow vertex-connection number, denoted rvc(G), is defined anal-
ogously to the rainbow connection number. This was first introduced by
Krivelevich and Yuster in 2009 [34]. Similar to the edge colored version,
strong rainbow connection and k-connectedness are defined for vertex col-

ored graphs.

3.2 A Few Rainbow Coloring Results

The following results for rainbow connected graphs speak to the origin of the

concept rainbow connection and how it evolved into what it is today.

Rainbow connection graphs were studied for the first time in 2008 when Caro,

Lev, Roditty, Tuza, and Yuster |9] established two fundamental results.
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Theorem 3.3. [9/
For a connected graph G with n vertices and 6(G) > 3, we have

5n
re(G) < e

Theorem 3.4. [9]

If G is a connected graph with n vertices and § = 6(G), then

re(G) < mz’n{%ﬂé(l + 05(1)), 4”;”5}.

These bounds are not optimal but have been proven to be very difficult to
improve and we consider it for future work. In the same paper, the authors

gave the following conjecture.
Conjecture 3.1. [9/
If G is a connected graph with n vertices and 0(G) > 3, then,

3n
re(G) < e

A year later, this conjecture by Cairo et al was proved by Schiermeyer [28|.
In addition to the proof of the conjecture, the author demonstrated that the
bound in Theorem 3.4 is sharper than the bound in Theorem 3.3. Another

year later, Krivelevich and Yuster in [34] proved the following theorem.
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Theorem 3.5. [3//

For a connected graph G, with n vertices and minimum degree 0,

re(G) < 20n/4.

With Schiermeyer proving the conjecture, and taking into account the new
result above from Krivelevich and Yuster, Schiermeyer conjectured the fol-

lowing from his observations.
Conjecture 3.2. [3//

Let G be a connected graph with n vertices. If rc(G) < c¢xn for all graphs
G with §(G) > k, and ¢ is a minimum constant with 0 < ¢, < 1, then

e =3/(k+1) for all k > 2.

This conjecture was not proved as is, but Chandron et al in 2011 [11] found
a tighter bound than r¢(G) < 20n/6 (see Theorem 3.5). Chandron et al used

Conjecture 3.2 as inspiration for the following two results.
Theorem 3.6. [11]
Let G be a connected graph with n vertices and let 6 = §(G). Then,

3n

5+1+3.

re(G) <
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Theorem 3.7. [11]

Let G be a connected graph with n vertices and let 6 = 6(G) > 2. There are

infinitely many graphs G that satisfy

The next natural question here is to ask about graphs with higher connec-

tivity. In this regard, we mention the following two results.
Theorem 3.8. [32]
For all k > 1, if G is a k-connected graph with n vertices, then

3n

TR

re(G) <

Theorem 3.9. [20]

If G is a 2-connected graph with n > 4 vertices, then

re(@) < [51.

Another interesting approach is to relate the rainbow connection number to
other graph properties. So far the diameter of a graph has been a funda-
mental motive in the study of rainbow connected graphs. There is not much
published on the relation between the rainbow connection number and other

graph properties. In this regard, we state the next three theorems.
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Theorem 3.10. [7/

Let G be a connected bridge-less graph and let r be the radius of G. Then,

re(G) < r(r+2).

Theorem 3.11. [29]

Let G be a connected graph with §(G) > 2. Then,

re(G) <2a(G) -1

where a(Q) is the independence number of G.
Theorem 3.12. [27]

Let G be a connected graph. Then,

re(G) < 2x(G) -1

where x(G) is the chromatic number of G and G is the complement of G.

For more results in the space of rainbow coloring with and without the con-
sideration of random graphs, the reader is referred to the survey by Li and

Sun [46] where many more results are given.
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3.3 Conclusion

Let G be a connected graph and z,y € V(G) with x # y. Define a rainbow
path as a path in G where no two edges on the path between x and y are
colored the same. Further, a connected graph G is rainbow connected if any

two distinct vertices x,y € V(@) are connected by a rainbow path.

If there are at least k£ internally disjoint rainbow paths between any two
vertices in GG, then G is rainbow k-connected. Further, the minimum number
of colors needed for GG to be rainbow k-connected is then called the rainbow

k-connection number, denoted rci(G).

We observe that the diameter and the minimum degree of a graph is funda-

mental in studying rainbow graphs and the rainbow connection number.

We trivially have that

diam(G) < re(G) < sre(G) < |E(G)|.

A few results on rainbow coloring are given in this chapter that the interested
reader can pursue. In the next chapter, we return to random graphs and

analyse threshold functions.
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Chapter 4

Threshold Functions

4.1 Introduction

Informally, a threshold function is a point where an event almost surely

begins to occur, or begins to not occur.

Let G be a graph with an infinite number of isolated vertices. Adding one
edge at a time, connecting any two vertices at random to form a random
graph. During this process, various graph properties occur, for example,
G has tree components. Threshold functions show us when these graph
properties occur or not occur for a given probability of an edge occurring in

the Binomial model (or any other random graph model).

In [5], Bollobas showed that every monotone graph property has a threshold
function. The same is not necessarily true for non-monotone graph proper-
ties. This is something that is yet to be established and we consider this for

future work.
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In 1960, Erdos and Rényi [40] defined threshold functions, sharp threshold
functions, and regular threshold functions. Threshold functions are consid-
ered here in Chapter 4, and Sharp threshold functions are considered in

Chapter 5. Regular threshold functions are considered for future work.

4.1.1 Threshold Functions for the Binomial Model

Threshold functions for the Binomial model is defined as follows.

1. First, let G € G(n,p) with |V (G)| = n. Second, let Q) be a graph
property that is increasing. Last, let p = p(n) be the probability of an
edge occurring in G with p € [0,1]. A function ¢t = t(n) is called the

threshold function for )
e if p << t, then lim,,_,» P|G has property Q)] =0, and
e if p >> t, then lim,_,., P|[G has property Q] = 1.

Here, the symbol << is defined to be conceptually much less than, and
>> is conceptually much greater than. In other words, if p << ¢, then

p/t — 0, and if p >> ¢, then p/t — 0.

2. Using the same conditions as in (1), let @ now be a decreasing graph

property. Then, ¢t = t(n) is the threshold function for @
e if p << t, then lim,,_,,, P[G has property Q)] = 1, and

e if p >>t then, lim,,_,., P|[G has property Q] = 0.
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For P|G has property Q] = 1, G is said to asymptotically almost surely have
Q). Further, for P[G has property Q] = 0, G is said to asymptotically almost

surely not have Q).

In the definition above, the threshold function is defined in terms of increasing
and decreasing graph properties; implying the definition is only valid for
graphs with monotone graph properties. In this dissertation we only consider

graphs with monotone graph properties.

4.1.2 Threshold Functions for the Uniform Model

The following definition of the threshold function considers a graph under

the Uniform model.

1. First, let G € G(n, M) with |V (G)| = n and M as the number of edges
in GG. Second, let () be a graph property that is increasing. Last, let
r = r(n) be a function denoting the number of edges in G. Then, a

function ¢ = ¢(n) with r € [0, ()] is the threshold function for @

e if r << t, then lim, ., P[G has propertry Q] = 0, and
e if r >> ¢t then lim, .., P[G has propertry Q] = 1.

2. Using the same conditions as in (1), to define the threshold function
t for () a decreasing graph property, we interchange 0 and 1 with the

limits in (1).
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4.2 Method to Determine Threshold Functions

In literature, there are two methods used to find the threshold function of a
monotone graph, other than using analysis. These two methods are known

as the Grading method, and the First and Second Moments method.

The grading method was established by Bollobas in [6]. The Grading method
is applied in [6] to a specific threshold function on small subgraphs and is
more complicated to use than the First and Second Moments method. The
First and Second Moments method is used for any monotone graph property

and, as such, is the method we are using in this dissertation.

4.2.1 The First and Second Moments Method

The First and Second Moments method was first mentioned by Chebyshev
in 1887. The general understanding behind the First and Second Moments
method is to find upper bounds and lower bounds of the probability of where

a random variable might exist.
Theorem 4.1. First Moment [/]3]

Let X be a non-negative integer-valued random variable. If

lim E[X]=0

n—oo

then,

1.

lim P[X = 0]

n—o0
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Proof

Let X be a non-negative integer-valued random variable and a = 1. Then,

from Markov’s inequality (Theorem 1.1),
P[X > 1] < E[X].

If
lim E[X] =0,

n—oo

then

lim P[X > 1] < lim E[X] =0.

n—o0 n—o0

Fori=1,2,..., we have P = p; € [0, 1] and the total probability is given by

Hence,

PX>1+P[X=0=1

and so, if P[X > 1] — 0, then P[X = 0] — 1. O

Theorem 4.2. Second Moment [/3]

Let X be a non-negative integer-valued random variable. For E[X] # 0, if

lim E[X?] = (E[X])?,

n—o0
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then
lim P[X > 1] =1.

n—oo

Proof

Let X be a non-negative integer-valued random variable. From Chebyshev’s

inequality (Theorem 1.2), with ¢ = E[X] = p, it follows that

Var[X]
(E[X])*

PIX — | = E[X]] <

Considering the left-hand side of the inequality, we have

PIX —p| =2 E[X] =p] = P[X —p < —pfor PIX — =y
= P[X < 0] or P[X > 2u]

> P[X > 0]

Hence, from Chebyshev’s inequality,

PIX = 0] < P[|X — p| = E[X]]
Var[X]

<
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From the theorem’s assumptions,

lim E[X?] = (E[X])?

n—oo

and so, F[X?] — (F[X])? and P[X = 0] = 0. Consequently, if P[X = 0] — 0,
then P[X > 1] — L O

4.2.2 Steps to Determine the Threshold Function

For a more detailed guide to the First and Second Moments method, the
interested reader is referred to [43] by Maartens. The following step-by-step
approach for the First and Second Moment method is given in [43] and is used
to determine the threshold function for any random graph with a monotone

graph property.
Step 1: Define a random variable X.

Let X be a non-negative integer-valued random variable. Define X = X(G)

in one of two ways.

1. Let X count the number of times the occurrence of property ¢) occurs

in a random graph G.

2. Let X be a Boolean variable where it takes on the value 1 or 0 depending

on whether property Q) occurs in G or not.
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Step 2: Determine E[X].

Using the model under consideration, determine the expected value of X,

that is, E[X]. In particular, the Binomial model has
E[X]=> X(G)P[G).
G

Step 3: Guess a potential threshold function.

Guess a potential threshold function ¢ = #(n) which satisfies both of the

following two requirements:
1. if t — 0, then lim,,_,., F[X] — 0, and
2. if t — oo, then lim,,_,, E[X] — 0.
Step 4: Apply the First Moment.

Apply the First Moment (Theorem 4.1) by substituting the potential thresh-
old function from Step 3 into the expected function in Step 2. If the potential
threshold function works, then, for the given graph property @, we have that

P[X = 0] — 1, implying that @ almost surely does not exist in G.
Step 5: Apply the Second Moment.

Apply the Second Moment (Theorem 4.2) by substituting the potential thresh-
old function from Step 3 into the expected function in Step 2. If the potential
threshold function works, then for the given graph property (), we have that

P[X > 1] — 1, implying that @ almost surely exists in G.
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Step 4 and Step 5 verifies that the potential threshold function found in Step
3 is in fact the threshold function for the graph property @ in G. If Step 4

or Step 5 does not work, then the potential threshold function is not one.

Note that the process given above does not produce a unique threshold func-
tion. In the following section we address the question of whether threshold

functions are unique.

4.3 Uniqueness of the Threshold Function

Note that threshold functions for both the Binomial model and Uniform
model are not unique, that is, ¢ = ¢(n) has many possibilities that satisfy
the definition of a threshold function. However, in some cases, threshold
functions are unique in the sense that they differ by the product of a constant.
It is customary in the field of Random Graph Theory to talk about "the"

threshold function instead of "a" threshold function.
Theorem 4.3. [/3]

If t = t(n) is the threshold function for a graph property in some random
graph model with t = s = s(n), then s is also the threshold function for the

same graph property.

Proof

Let G € G(n,p) with p = p(n) and p € [0,1]. Further, let @ be a monotone
graph property of G and let ¢(n) be the threshold function for ). Assume

that t(n) ~ s(n) with t(n) # s(n), for some function s(n). Then, there exists
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two positive constants, say ¢ and C, such that

cs(n) <t(n) < Cs(n).

Since t(n) is the threshold function, it follows that p >> t(n) or p << t(n)

by definition.
Case 1: p >> t(n).
If p >> t(n), then

lim s — 00.

From cs(n) < t(n) it follows that

p . p

A ) S A gy
and so, p >> s(n).
Case 2: p << t(n).
Similarly, if p << t(n), then
lim gy = O

From t(n) < Cs(n) it follows that

and so, p << s(n).
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Combining the two cases, it follows that s(n) = t(n). Hence, s(n) is also the

threshold function for ), implying that the threshold function is not unique.

A similar proof follows for the threshold function under the Uniform model.

[

4.4 TIllustration of the First and Second Mo-

ments Method

The following theorem was proved by Bollobas [4]|, however, we provide our
own proof here. While the method given in Section 4.2.2 seems easy to follow,
note that some proofs quickly become computational intense. Finding the
relevant expected function is also quite challenging in some instances and is

usually a hurdle for many of the more complex graph properties.
Before proceeding to the main result, we prove the following lemma.
Lemma 4.4.

For positive constant c,
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Proof

From basic limit properties we have that
lim <1 —c M) = (1 —cq/ lim ln(n))
n—o00 n n—o00 n

By applying L’Hopital’s rule (Theorem 1.6), we have that

1
im0 o L
n—00 n n—oo 1,

The result then follows. O

Theorem 4.5. [/

The threshold function for a graph G € G(n,p) with diameter two is

(4.1)

Proof
Let G € G(n,p) with graph property @ as diam(G) = 2.
Step 1: Define a random variable X.

Define a bad pair of vertices in G as a pair (i, 7) with distinct 7,7 € V(G)
such that there is no other vertex in V(G) that is adjacent to both ¢ and j.

This implies that d(7,j) > 2. Thus, i and j are not adjacent.
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Let X count the number of bad pairs of vertices in V(G) where

Therefore, let

1 if (¢,7) a bad pair,
Xij -

0 otherwise.

Hence, if X = 1, then there is a bad pair in G and the diameter is larger

than two. However, if X = 0, then the diameter is two.
Step 2: Determine E[X].

The expected value of X is given by
E[X] =) _X(G)P[G).
a

Let p be the probability that a vertex in G is adjacent to another vertex in
G. The probability that ¢ and j are not adjacent is then (1 — p). Further,

as |V(G)| = n, there are (3

2) ways to choose the two distinct vertices ¢ and

j. The probability that another vertex, say k, of GG is adjacent to both ¢ and
4 is then p?. Hence, the probability that vertex k is not adjacent to both ¢
and j is (1 —p?). Lastly, if X = 0, then we know the diameter is two. As we
have (n —2) vertices left in G after choosing vertices ¢ and j, to ensure there
are no bad pairs, we count (n — 2) instances of (1 — p?). Thus, in total we

have (1 — p?)"—2.
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As the remaining part of GG is unknown, and we need to consider all possible
events that occur, we have that the probability of the remainder of GG is one.

Substituting into the equation for E[X], we have

E[X] = <Z) (1 —p)(1 — p*)" 2 - P[remainder of G|

- (3)a-na-pr

Step 3: Find a potential threshold function.

Let t = ¢y/In(n)/n be a potential threshold function. Then,

w-()0)0r)”
:w<1—p) (1—p2)n(1—p2) . (4.2)

Consider
(n—1)(1-p*)*(1-p)

where a, = (n — 1)(1 — p*)%(1 — p), b, = n and p = ¢y/In(n)/n. We show

that a, /b, — 1 as n — oo, and then a, ~ b,. Note that

m—mu—ﬁr%vmxzo_g)@_&mmwQO_Czmm>

_ (1_%> <n—ciln(n)>2<1_c lnin))‘




Chapter 4. Threshold Functions 44

Therefore,
i () () (o)
= (1) lim (”_CZ”W) " (4.3)

1 1
= lim ( c2> ( 62) by applying L’Hopital’s rule

where in Line (4.3), Lemma 4.4 is applied.

Consider now Equation 4.2. If p = ¢y/In(n)/n and we substitute n in place

of (n —1)(1 — p*)~2(1 — p), then
b =2 (1) (1) (1)

n? Aln(n)\"
~ S (1 - : (4.4)

Let a = c?In(n)/n. Note that

(1 —a)" =exp(In(l —a)") = exp(nin(l — a)),
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and applying the Maclaurin Series expansion of the natural logarithmic func-

tion, we obtain

cap(nin(1 — a)) = exp(n(~a - 5 = & —..))
:exp(—n(a+%2+%3+.. )
:exp(—na—n(%2+%3+...))
- emp(—na)exp(—naZ(% + % 4.

If na* — 0, then exp(—na®(3 + % +...)) — 1. To demonstrate this, consider

lim na® = lim n02ln(n) Cln(n)
n—oo n—oo n n
i)
n—00 n
=2¢* lim M

n—00 n

1
=2¢* lim —
n—oo N,

(4.5)

=0
where L’Hoptial’s Rule is applied to Equation 4.5. Then,
exp(nin(l —a)) = exp(—na)exp(—naQ(% + % +...)) = exp(—na),
and hence,
(1 —a)" = exp(—na). (4.6)

We now have a way of simplifying functions of the form (1—a)™ to exp(—na)
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where a = c%In(n)/n. Substituting Equation 4.6 into Equation 4.4 with

p = cy/In(n)/n yields

&
R
>

|
Q

N}

Hence, E[X] ~ (n2/2)(n""). For ¢ > v/2, note that E[X] — 0 as n — ooc.

If ¢ < v/2, then E[X] — oo as n — co. That is,

0 ife>v2,
ElX] =

oo ife< V2.
Step 4: First Moment.

If ¢ > /2, then E[X] — 0 as n — oo, and so P[X = 0] — 1. By the First
Moment (Theorem 4.1), G asymptotically almost surely has no bad pair,

implying that the diameter is two.
Step 5: Second Moment.

We already have that ¢ < /2 implies E[X] — 0o as n — oo. Note that

showing that G has at least one bad pair implies that the diameter is larger
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than two. Now, the expected function of X? is given by

n

E[X? = E[Zixixj]. (4.7)

i=1 j=1

This is essentially a sum over all possible values for X2. Here, the aim is
to have two distinct pairs of vertices (7, ) and (k,) distance two from each
other. In Step 3 above, only one pair of vertices is considered. To find all
possible combinations where two pairs of vertices are distance two apart,

consider the three cases below.
Case 1: a,b € N(i) N N(j).

Consider the pairs (7,7) and (j,i). Let a,b € V(G) — {7,5}. In this case,
vertices ¢ and j share common neighbours a and 0. Since each pair of vertices
has all the same common neighbours, the graph diameter is two. This is

represented in Figure 4.1.

FIGURE 4.1: Case One.

There are (g) ways of choosing ¢ and j in V' (G). The probability that vertex
a is adjacent to ¢ or j is p. The probability that a is adjacent to both ¢ and j
is p?. Similarly, the probability that vertex b is adjacent to both 7 an j is p*.
The probability that either a or b is adjacent to both i and j is p? +p? = 2p>.
Then, the probability that both a and b are not adjacent to both ¢ and j is

(1—2p?). There are (n—3) such instances of (1—2p?), producing (1—2p*)" 3.
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All together, the expected function yields

E [Z Xixj] = (g) (1—p)(1—2p*)">. (4.8)

1<j

Since p = ¢y/In(n)/n, Equation 4.8 becomes,

(Z) (1—p)(1—2p*)"° = w (1 —c @) (1 — wy%.

As before,

-3
(n—l)(l—cJM) (1_M>

n

(D)) )

(4.9)

so that

o (-2 "1/

— (1) lim (M) o (1 —¢y/ lim M) (4.10)

n—00 n n—oo N
— 2¢2 -

= lim <—” ‘ ”(”)) (1)

n—oo n

2¢2\

= lim (1 - i) (4.11)

n—00 n
—1

by applying L’Hopital’s rule (Theorem 1.6) to Equation 4.11, and Lemma

4.4 to Equation 4.10. Hence, the numerator of Equation 4.9 is replaced by n
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in F[X] and applying Equation 4.6 yields,

E[inxj] _ @(1 . lnin)) (1 ) m)n_g

1<J
2 221 "
~ % (1 _ e ”(”)) (4.12)

n

2
TL_ e—2c2ln(n).

2

~Y

In conclusion,

E lzxixj} = <Z) (1-p)(1—2p")" " ~ %2@—2C2l”<”>. (4.13)

i<j
Case 2: ce N(i)NN(j) and d € N(k) N N(l).

Consider the distinct pairs (¢, 7) and (k, 1), where i and j and also k and [ are
distance two from each other. Let ¢, d € V(G) —{i, j, k, }. This is illustrated

in Figure 4.2.

FIGURE 4.2: Case Two.

For Case 2 to occur, choose two vertices of the n vertices in V(G) for the

first pair (¢, 7), and then, of the remaining n — 2 vertices, choose two again
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for the other pair (k,). Thus, we have

()("2%) - ()

2 2 4

possible ways of choosing the two distinct pairs. The probability that ¢ and
7 are adjacent is p, and so, the probability that ¢ and j are not adjacent is
(1 — p). Likewise for vertices k and [. The probability that ij ¢ E(G) and
kl ¢ E(G) is (1 — p)?>. The probability of a vertex adjacent to both i and
j is p?, and so, the probability of a vertex not adjacent to both i and j is
(1 — p?). Likewise for vertices k and [. Since four of the n vertices are being

used, and we have two of these good pairs, there are in total 2(n — 4) such

instances of (1 — p?). Thus,

| 3w = (5) ("5 7)a- -

i<jk<l

Now, evaluate Equation 4.14 with

(5) ("5 7)a-pra—ppe

_ n(n2— 1) (n — 2)2(n —3) (1 . ln(n))2 (1 B C2zn(n))2”8. (4.15)




Chapter 4. Threshold Functions 51

As
(n—1)<n—2)<n—3>(1 n;\/@Y(lCQ@)S (4.16)
_ - %)(1 _ %)(1 - %) (1 —¢ lnygn)>2(1 - c2@>_8,
we have,
Tim (1 - %)(1 - %)(1 - %)(1 ¢ @)2(1 - Czwyg
= (1)(1)(1)(1) lim (1 — 02@) h (4.17)

1—¢? lim
n—00 n

(1o
(1 ~ lim l)_ (4.18)
1

In(n) ) ®

n—oo 1

where Lemma 4.4 is applied to obtain Equation 4.17, and L’Hopital’s Rule
(Theorem 1.6), is applied to obtain Equation 4.18. Hence, the numerator of

Equation 4.16 is replaced by n? in Equation 4.15, yielding

E[ > Xz-ij,} = ”(”2— D (n— 2)2(n —3) (1 . lnfln))Q <1 B CQM)%—S

= n
1<j,k<l
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Hence,
n\(n—2 n? 2
E XzX — 1 — 2 1 — 2\2(n—4) " —2c ln(n)
5 - Q) e
1<j,k<l
Case 3: i,k € N(e) and i,j € N(f).
Lastly, consider the case where the pairs (i,7) and (i, k) both are distance

two apart. However, vertex ¢ has multiple vertices distance two around it.

Let e, f € V(G) — {4, j, k}. This is represented in Figure 4.3.

O—O—O—(—D

FIGURE 4.3: Case Three.

In this case, select the two pairs of vertices (7, j) and (¢, k) with distance two
apart, where 7 is common in both pairs. This requires three vertices and so
choose three vertices from the available (g) combinations. The probability
that ¢ and j are adjacent is p, and so, the probability that 7 and j are not
adjacent is (1 — p). Likewise for vertices ¢ and k. The probability that
ij ¢ FE(G) and the probability that ik ¢ E(G) is (1 — p)?. The probability
of a vertex adjacent to both 7 and j is p?, and so, the probability of a vertex
not adjacent to both 7 and j is (1 — p?). Likewise for vertices k and . Since

three of the n vertices are being used and two of these are good pairs, there
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are in total 2(n — 3) such instances where ij,ik ¢ F(G). Thus,

E[ y Xinik} - <§)(1 — p)2(1 — p?)2nd), (4.19)

1<j,i<k

Now, evaluate Equation 4.19 with

(Z) (1—p)*(1—p*)*?
_n=1Dr -2 (1 —c M)Z (1 - CQM)%_G. (4.20)

6 n n

Since

(n—1)(n— 2)(1 _ c\/@) (1 _ c\/@) <1 _ czw)_6

(4.21)

20
we have

-2 o) o)

= MO)M)() lim (1 —CQMT(Z")) (4.22)

(=i
_ (1 _ 2 lim l)_ (4.23)
1

where Equation 4.22 is obtained by applying Lemma 4.4, and Equation 4.23
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by applying L’Hopital’s Rule (Theorem 1.6). The numerator of Equation

4.21 is replaced by n? in Equation 4.20, yielding

E{ 3 Xinik] :n(n—lg@—?) (1_C lnr(ln))Q(l_Cz@)Qn—ﬁ

i<ji<k

N n_3(1 B c2ln n))n(l B c2ln n))n
6 n n
3

_n —c?in(n) ,—c?In(n)

= —e e
6

— n_3 —2c2In(n)
6

Therefore,

3
n _ n- 2In(n
E|: E Xij‘(ik:| = (3> (1 —p)2(1 —p2)2(n 9~ E@ 2¢%in( ).

1<J,i<k

Note that F[X?], as defined in Equation 4.7, is a sum of Equation 4.8, Equa-

tion 4.14, and Equation 4.19:

2 3 4
E[X2] — (%6202171(71)) + <%6202ln(n)> + (%6202171(71)).

To conclude this proof, we compute E[X?]/(E[X])?. Thus,
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=
>
e
VR
w|3
OI\J
=
v

and so,
. E[X?
lim =
e (E[X])2

Hence, F[X?]/(E[X])? — 1 as n — oc.

By the Second Moment Method (Theorem 4.2), asymptomatically almost

surely at least one bad pair exists. Therefore, the threshold function for

diam(G) = 2is t = v/2+/In(n) /n. O

In Theorem 4.6 below, we generalize the result in Theorem 4.5 to any di-
ameter d. The following theorem was originally proved by Bollobas in [4],

however, we provide our own proof here.

Note that if d = 0, then G is an empty graph, and if d = 1, then G is the

complete graph.
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Theorem 4.6. [}/

The threshold function for a graph G € G(n,p) with diam(G) =d > 2 is

- . (4.24)

Proof

We proceed by strong mathematical induction on diameter d. Let G €

G(n,p) with diamg(G) = d > 2. For d = 2 in Equation 4.24,

50 that
- lnf_j)z W) _ g )
Note that
im <M) /(lnén))é:nggo (1) =102) /(1))
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s (1 - ) = (-

o~
3
—~
o
~
N———
N[

This is the case we proved in Theorem 4.5 above. Thus, Equation 4.24 holds
for d = 2. Now, assume that Equation 4.24 holds for any d where 2 < d < k
and k is a positive integer. Consider, d = k 4 1. Trivially we have t*¥ = ¢tF~!

and t**! = tt*. Therefore,

tk
tkfl

(529
()22
() (2 /()

el +k

and so, the case for d = k + 1 is true.
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The result holds, implying that the threshold for G € G(n, p) with diam(G) =
d is

2

In(™%)

d _
t <

nd

4.5 Conclusion
The threshold functions for the Binomial model are defined as follows.

1. Let @ be a graph property that is increasing. Let G € G(n,p) with
|V(G)| = n. Further, let p = p(n) be the probability of an edge occur-
ring in G with p € [0,1]. A function ¢ = ¢(n) is called the threshold

function for @
e if p << t, then lim,,_,,, P[G has property Q)] =0, and
e if p >>t, then lim,_,., P|[G has property Q] = 1.

Here, the symbol << is defined to be conceptually much less than, and
the symbol >> is conceptually much greater than. In other words, if

p << t, then p/t — 0, and if p >> ¢, then p/t — oc.

2. Using the same conditions as in (1), let @ now be a decreasing graph

property. Then, t = ¢(n) is the threshold function for @
e if p << t, then lim,,_,., P|[G has property Q)] =1, and

e if p >> t then, lim,,_,,, P|[G has property Q] = 0.
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For P|G has property Q] = 1, G is said to asymptotically almost surely have
Q). Further, for P[G has property Q] = 0, G is said to asymptotically almost

surely not have Q).

A fundamental result of threshold functions is that every monotone graph
property has a threshold function as proved by Bollobas. The same is not

necessarily true for non-monotone graph properties.

A method for determining the threshold function is investigated and proven
using the First Moment Method (Theorem 4.1), and the Second Moment

method (Theorem 4.2). The method is as follows.

Step 1: Define a non-negative integer-valued random variable X for the graph
property in question.

Step 2: Determine F[X] using the chosen random graph model.

Step 3: Guess a potential threshold function and apply it to E[X].

Step 4: Apply the First Moment.

Step 5: Apply the Second Moment.

In addition, the uniqueness up to a constant product of the threshold function

is proved in Theorem 4.3.

The First and Second Moments method is illustrated with the following two

theorems.
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Theorem 4.7.

The threshold function for a graph G € G(n,p) with diam(G) = 2 is

(4.25)

Theorem 4.8.

The threshold function for a graph G € G(n,p) with diam(G) =d > 2 is

(4.26)

In the next chapter we study a sharper version of the threshold function.
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Chapter 5

Sharp Threshold Functions

5.1 Introduction

In this chapter we investigate sharp threshold functions which are a nat-
ural continuation of the threshold functions from Chapter 4. First, a few

definitions are given.

Let @ be a graph property. Recall that a graph G € G(n,p) satisfies Q)
almost surely if P[G € Q] — 1 as n — oo. Likewise, G almost surely does

not satisty @ if P[G ¢ Q] — 0 as n — oc.

For a random graph G, a function f(n) is called the sharp threshold function
for the graph property @ if there exists constants C' and ¢, both positive,
such that G satisfies @) almost surely for p > Cf(n), and G almost surely

does not satisfy @ for p < cf(n).

In other words, the definition of a sharp threshold function for an increasing

graph property is,
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For a decreasing graph property, the definition for an increasing graph prop-

erty holds but with zero and one interchanged.

Let G be a random graph with V(G) = Ny U Ny such that Ny N Ny = (),
|Ni| = ny and |Ny| = ng. If each vertex in Nj is joined with the vertices in
N, with probability p at random, then G is called a random bipartite graph,

denoted G(ny,nag,p).

We now investigate the sharp threshold function of the rainbow connection
number which was introduced earlier in Chapter 3 above. The results below
are stated without proof. One of the fundamental results proved by Caro et

al in [9] is stated first as an introduction.
Theorem 5.1. [9/

Let G € G(n, p) where n is the number of vertices. Then,

is the sharp threshold function for the graph property rc(G) < 2.

Theorem 5.1 is an important sharp threshold function as the form "y/In(n)/n"
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appears in many other sharp threshold functions when dealing with the rain-
bow connection number. Hence, when trying to find a sharp threshold func-

tion for a different graph property linked to the rainbow connection number,

it is advised to consider variations of the form "y/In(n)/n" first.

Two years later, He and Liang [25] generalized Theorem 5.1 by considering

rcg(G) < d, which is the rainbow k-connected version of Theorem 5.1.
Theorem 5.2. [25]

Let G € G(n,p) have diam(G) = d > 2, and let k = k(n) < O(In(n)) be a

positive integer. Then,

is the sharp threshold function for the graph property rcg(G) < d.

Fujita, Liu, and Magnant considered other random graph models in [22] and

expanded on the result of Theorem 5.2.
Theorem 5.3. [22]

Let k > 1 and let G € G(ny,n9,p). Then,

is the sharp threshold function for the graph property rc,(G) < 3.

Analogously we have the next Theorem for the Uniform Model.
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Theorem 5.4. [22]

Let G € G(n, M) and k > 1 be a positive integer. Then,

f(n) = +/n3ln(n)

is the sharp threshold function for the graph property rcp(G) < 2.
In [22], the authors further proposed the following open problem.
Open Problem 5.1. [22]

For k>1 and d > 2, can the sharp threshold function be found for the graph
property reg(G) < d where G is a random graph in a model other than the

Binomial model?

In 2020, this open problem was partialy solved by Chen, Li, and Lian in [16]

where the authors solved the problem for random bipartite graphs.
Theorem 5.5. [106]
Let G € G(ny,n2,p), d >2 and k = k(n) < O(In(n)). If d is odd, then

In(mn))a
fln) = )7

1
m 2d) . 24

is the threshold function for the graph property rcg(G) < d + 1, where pn >

pm > (In(n))*. If d is even, then
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is the sharp threshold function for the graph property rc,(G) < d + 1 where

there exists 0 < € < 1 such that pni~© > pny © > (In(n))*.
Other random graph models are still to be considered for Open Problem 5.1.

The NP-hardness of r¢(G) where G is a random graph is shown in [10]. In
[30], it is shown how Graph Theory problems become simpler when making
use of random graphs instead of simple graphs. Thus, a motivation for using
random graphs as opposed to simple graphs is to decrease the complexity

and computational time of these problems.

Recall that all monotone graph properties have a threshold function [5] which
was proved in 1987. Later, in 1996, it was proved by the authors in [17] that
every monotone graph property has a sharp threshold function. It is still an

open problem if this result holds for non-monotone properties.

The rainbow connection number is a monotone graph property. To see this,
note that if edges are added to a graph, then the rainbow connection number
does not change. This implies that there are numerous tools at our dis-
posal when dealing with the rainbow connection number as it is monotone.
Consequently, the sharp threshold function exists for monotone graph prop-
erties, such as the rainbow connection number. However, the strong rainbow
connection number, which is so much more difficult to work with, is a non-
monotone property. The strong rainbow connection number is left for future

studies.

To find the sharp threshold function, it is natural to first find the threshold

function as the sharp threshold function is a sharper bound of the threshold
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function. By first finding the threshold function, it is simpler to estimate
what the sharp threshold function looks like. However, it is possible to find

the sharp threshold function directly.

Earlier, in Theorem 4.5, the First and Second Moments method is used. This
proof is long and grows in complexity with more challenging graph proper-
ties, such as rainbow coloring properties. When modifying the method of
finding the sharp threshold function from the method of finding the thresh-
old function, in Section 4.2.2, we note that this method becomes tedious.

Therefore, we make use of the Chernoff Bounds to simplify the process.

5.2 The Chernoff Bounds

The Chernoff Bounds are first used in [24], however, the underlying mathe-
matics is inspired by the works of Sergei Bernstein and apparently Herman
Rubin. Today, many variations of the Chernoff Bounds exist depending on
the application. In this dissertation, the multiplicative form of the Chernoff
Bounds is used. Note that this is a generalization of the Binomial distribu-

tion.
Theorem 5.6. Chernoff Bounds - Lower Tail [2/]

Let X = {zy,29...2,} be an independent random wvariable. Further, let

€ (0,1], p=FE[X]=>"" P, and Plx; = 1] = P,. Then,

— 2

PIX < (1-d)u < e
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Proof

Counsider

P[X < (1 =0)u] = Ple™™ > 71100,

Let t > 0. From Markov’s inequality in Theorem 1.1, we have

Ele™tX]
P e—tX > e—t(l—é),u, <
| e
_ Blexp(—try —twy — -+ — twy,)
exp(—t(1 = 0d)p)
E[eftml . eftIQ e e e eftxn]

exp(—1(1— 0)p)
_ B[ (exp(—tr,)
exp(—1(1— o))

Since the x}s are independent, the product is moved outside the expected

function to produce

BT, (eap(~t,))]
exp(—t(1 - d)p)
_ T, El(eap(—tx,))

exp(~t(1 - O)p)

P[X < (1=8y] <

Here every z; has a different probability, are independent, and is called a
Poisson trial by definition, as opposed to a Bernoulli trial where every x;
has the same probability. Hence, a proof using Poisson trials also holds for
the Bernoulli trials. Note that the sum of Bernoulli trials has a Binomial
distribution, and the Binomial distribution becomes the Poisson distribution

when n — oo and E[X] remains constant.
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For Poisson trials P[X; = 1] = P; and P[X; = 0] = (1 — P;), we have,

[T, Elleap(—tz.)]
PR < (=0l < = T — o
_ [[l(Pe "+ (1—-P))
cop(—t(1 — o))
_ [T, (1—-PF(l—e")
cop(—H1—O))

Now, let »r > 1 and 0 < x < 1 where

r=1+14---+1 (r times) (5.1)

>1+(1—a)+ 1 -2+ +(1—a) !, (5.2)

which is a geometric series. Hence,

1—(1—a)
e g

xr>1—(1—2),

and so, (1 — x)” > 1 — xr which is an alternative form of the Bernoulli

inequality in Theorem 1.3. By definition,

e’ = lim <1+£> ,
n—0o00 n

and so,
e * = lim (1—E) >1—ux.

n—oo n
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Thus,

Elexp(—tX;)]=1—-P(1—¢e™)
< exp(—P(1—e™))

= exp(Py(e”" — 1))

which is used to obtain

[T,(1— Pl — ™)
exp(—H(1 — o)1)

_ I exp(Pet — 1))

= eup(—t(1— o))

o)

exp(—t(1 —d)p)
_ exp((e”* —1) 371, )
exp(—t(1 —d)u)
_exp((et = 1))
~exp(—t(1 —O)p) >
= egjp(,u,(e_t — 1) — ,u(—t(l - 5)))

=exp(ple™ — 1+t —t4)). (5.4)

PIX < (1-8)u <

Hence,

PIX < (1—0)u] <exp(ule™ =1+t —15)).

Note that, in Equation 5.3, 4 = Y"1 | P, = E[X]. The proof still holds for
p < E[X].
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We now determine ¢ which gives the tightest bound. Consider the expression

(e7t — 1+t — td) with

d

a(e_t —1+t—t5)=—-e"+1-4. (5.5)

Setting Equation 5.5 equal to zero, and solving for ¢, we have

—e'+1-6=0

—t =1In(1—-9)
t=—In(1—9)
- m(l—ié). (5.6)

Substitute Equation 5.6 back into Equation 5.4 to obtain

el () (L)

= caplp((1 = 0) +in( 5 ) 1= 8) - 1)

= exp(pu(—5 + ln(l i 5)(1=9))
1
)

0 w
— (e_6> <el”(115)(1_§))

= exp(—dp + uln(

1y
—Meuln(ﬂ)(l 5)
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(Y = i

() o0

Here, Equation 5.7 is the sharpest form of the Chernoff Bounds. However,
the bound in this form is usually difficult to compute. Therefore, an alterna-
tive but weaker form, of Equation 5.7 is determined below. We proceed by
simplifying the term (1 —6)1=9. Taking the natural logarithm of this term,

we have

(1 - 8)in(1 —9).

The Taylor Series expansion of in(z) (Theorem 1.7) is represented by

() 1)
$ e

n=1
Hence,
- 1—0—1)"
1— 1—0)=(1- —J“*L—————
(1=0)In(1—4)=( &Z;() -
_52 _53
—(1-0)-6—- — - — —
=00 5 — -]
52 —53 54 ) 53 54 57
—(—(5— 5 — 3 — 1 —)+<5 +5+§+Z+...

-2 9 -5 5 -5t 5
:—(5+(T+5)+(T+§>+(T+§>+...

2
=0+ 5t (positive terms)

2

> —0 4 —.
Jr2

)
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Raising both sides of this last inequality by e yields

sy 54 0
(1=209)"7° > exp( 5+2).

Proceeding from Equation 5.7 yields

PIX <(1=d)u] < (ﬁ)u

o0 n
(o)
exp(—d + 3)

52
= [exp(—=d+ 0 — E)]M
2
= e 2 |,
Hence, the proof is concluded and
— s>

PX<(l=0)ul<ez.

Lastly, we state the upper tail of the Chernoff Bound. The proof of the lower
tail of the Chernoff Bounds is similar to the proof of the upper tail, and thus,

the proof is omitted here.
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Theorem 5.7. Chernoff Bounds - Upper Tail [2/]
Let X = {x1,29,...,2,} be an independent random wvariable and let § €

(0,1, p=E[X] =", P;, and Plx; = 1] = P,. Then,

PIX > (14 6)u] <27

5.3 Method to Determine the Sharp Threshold
Function

Below is a four step process to find the sharp threshold function for random
graphs with a monotone graph property. This methodology is as a result of
studying numerous journal article proofs and combining those learnings into
one streamlined approach to find sharp threshold functions. As an applica-
tion, four sharp threshold functions are found in this chapter to illustrate

this methodology.

Let f(n) be a proposed sharp threshold function for a monotone graph prop-

erty (). Further, let C' and ¢ be two real constants.
The method to determine the sharp threshold function is illustrated below.
Step 1: Define X.

Define X to be a non-negative integer-valued random variable. The random
variable X is defined in one of two ways. Let X count the number of times

property () occurs in a random graph G. Alternatively, let X be a Boolean
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variable where X takes the value one or zero depending on whether property

@ occurs in G or not.
Step 2: Determine E[X].

Here we determine F[X], making use of the model under consideration. Note
that E[X] needs to be defined in such a way that taking the probability of
E[X] occurring or not occurring results in the graph property @ being true

or not.
Step 3: Show P[G € Q] — 0.

In this step apply the potential sharp threshold function to E[X] and show

that P|G € Q] — 0 as n — oo for a sufficiently small (large) constant C.
Step 4: Show P[G € Q] — 1

Apply the potential sharp threshold function again to show P[G € Q] — 1

as n — oo for sufficiently large (small) c.

All four steps combined will determine if the potential sharp threshold func-

tion is true or not.

Note that the random variable X in Step 4 needs to not be the same random
variable as in Step 1. In which case we define a new random variable as Z,

for example.

Further, note that in Step 3 and Step 4 there are two constants C' and ¢ that

are either sufficiently large or sufficiently small. If C is sufficiently large in
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Step 3 then c is sufficiently small in Step 4 and vice versa. Further, Step 3

and Step 4 are applied in any order.

In this dissertation we make use of the Chernoff Bounds, Theorem 5.6 and
Theorem 5.7, in Step 3 and Step 4. The Chernoff Bounds are significantly
sharper than the Markov’s Inequality (Theorem 1.1) and Chebychev’s In-
equality (Theorem 1.2) that are used in the method for determining a thresh-
old function. As seen in the proofs to follow, the Chernoff Bounds signifi-
cantly decreases computational time as we bypass the need to calculate the

challenging F[X?], as seen in the proof of Theorem 4.1.

In Chapter 4, the method of determining the threshold function can be mod-
ified to find the sharp threshold function. However, as seen from Theorem
4.5, the proof is long and tedious. In addition, the proofs are quite complex
for random graphs with rainbow coloring. In particular, calculating E[X]
and E[X?] is quite difficult when rainbow coloring of graphs are considered.
Thus, the new methodology in Chapter 5 provides a shorter proof with a

sharper result and without the need to calculate F[X?].

This proposed methodology from Chapter 5 is applied below to illustrate

how this method is applied.
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5.4 Sharp Threshold Function for the Graph
Property rc(G) < 3

We consider the proof by Yilun Shang in [47] for Theorem 5.9 in order to
illustrate the method of finding the sharp threshold function. First, a lemma
is stated. The purpose of the lemma is to illustrate that previously proved
results are used in conjunction with the methodology in Chapter 5 to simplify
other proofs. Note that results applying to the rainbow connection number

are applied to random graphs to simplify the proofs.
Lemma 5.8. [9]

Let G € G(ny,ng,p) be a non-complete bipartite graph. Let N and M be two
distinct partite sets of G where n and m are the number of vertices in each
partite set, respectively. Further, let any two vertices in N have greater than

or equal to 2adn(n 4+ m) common neighbors in M, where o = . Then,

1
In(9/7)
re(G) = 3.

Theorem 5.9. [/7]

Let In(n) << m < n. For a random bipartite graph G € G(ny,ng,p),p =

Vin(n)/m is the sharp threshold function for the property rc(G) < 3.

Proof

If diam(G) = 1, then G = K,, ,, and so, r¢(G) = 1.
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First, we show that G meets the requirements of Lemma 5.8 so that r¢(G) =

3. In this regard, let p = cy/In(n)/m and ¢ be an arbitrary constant.

Let N and M be two separate partite sets of V(G) and |E(G)| = |N||M]|.
Then, p is the probability that an edge between N and M occurs. So, the

probability that G is a complete graph is p™™. Thus,

PG = K] = p™
(C zn<n>)"m
_ <02ln(n)> *’”

Applying the natural logarithm on both sides of the equation yields

Ain(n) i
m

In(p™™) = ln(

nm, . ,ln(n)

In(c

2 m )
In(p) = %[ln(cQ) In(in(n)) — In(m)].

nmin(p) =

Thus,
lim =[n(c?) +in(in(n)) — in(m)] = =[In(c*) + lim In(in(n)) — lim In(m)]
n,m—00 n,m—oo n,m—0o0
1 1
= lim — lim —

n,m—00 2nln(n) n,m—c0 21m

=0.

Therefore, the probability that G is a complete bipartite graph is zero, im-

plying that G almost surely is a non-complete bipartite graph.
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Now apply the methodology in Chapter 5.
Step 1: Define X.

Let X be a random variable which counts the number of common neighbours

of a pair of vertices in G.
Step 2: Determine E[X].

For x,y € N and z € M with x # y, we have

P[z a common neighbor of x and y] = p* = C? ln(n)
m

Since m < n by the assumptions of the theorem, the expectation of X is give
by
E[X] = mp* = m(C%In(n)/m) = C?In(n).

Step 3: Show P[G € Q] — 0.
With m < n and for a constant C' sufficiently large,

2
(n+m)'® < n'T
2

C
eln(n+m)16 < 6ln(n) P

2
16in(n+m) < 7ln(n)

2

16in(n +m) < C?In(n) — %ln(n)
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With 2an(9/7) < 16,

2
2aln(n +m) < C%n(n) — %ln(n)

From the Chernoff’s Bound (Theorem 5.6) and the fact that E[X] = C%In(n),

it follows that

P|G € Q] = P[X < 2aln(n+m)]

C?l
< PIX < E[X] ~ Z(”’)]
S 67(%)2.0213(“)
_ C2in(n)
= € 8

Show that f(n) = o(g(n)) if lim,, . f(n)/g(n) = 0.

Consider,
C2ln(n)
. e 8 . 2 —C2ln(n)
lim ———— = lim ne™ 3
n—oo - n—oo
n
C2
= lim n2en™m ")
n—oo
. _c?
= lim n’n= s
n—oo
2
= lim, - =0
n 8
for ¢ > 4. We have that
7C2ln(n)
. (& 8
lim & o, (5.8)
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meaning that

Hence,
P[X < 2aln(n +m)] < e/ — o572
and
PG € Q] = P[X < 2ain(n+m)] <0,
as n — 0o.

The probability that a pair of vertices x,y € N has X < 2aln(n+m) common
neighbours with a vertex in M is zero. Hence, X > 2aln(n +m). Note that

x,y are arbitrary chosen and the conditions for Lemma 5.8 are met.

Since G is a bipartite graph and Lemma 5.8 does not specify the size of
the two partite sets in G, it is required to repeat Step 2 and Step 3 in this
proof above with partite sets M and N swapped around, as M and N have

different orders.
Step 2: Determine E[X].

Let a,b € M,a # b. Then,

P[w a common neighbor of a and b] = p* = C? ln(n)
m

We get E[X] = np? = n(C?In(n)/m).
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Step 3: Show P[G € Q] — 0.

Make the initial assumption that m < n and let C' be sufficiently large.

Assuming the same logic as Step 2 above with (n +m)' < n"¢*/2m) then

PG € Q] = P[X < 2aln(n +m)]

C?l
< plx < "CInln),
2m
C?l
= P[X < E[X] - ”—”m)]'
2m
Using the Chernoff Bounds we have
C?l
PIX < 2aln(n +m)] < P[X < E[X] - n_n(n)]
2m
7(%)27LCQZTL(7L)
<e w2
7nC2ln(n)
= e 8m
Consider,
7nC‘2ln(n)
e 8m . 9 777,02177,(71)
lim T = lim n°e~ sm
n—oo F n—oo
Cne?
= lim nZe™ "
n—oo
a2
= lim n’n S
n—oo
2
) n
= Him ncZ 0,

for C' > 44/m/n, which is possible as m and n are finite.
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We have that

7zc2ln(n)
. e 8m
lim ——— =0,
n—00 =
n2
meaning that
_nCan(n) _
[& 8m = O(n 2)‘

Hence,

PG € Q] = P[X < 2ain(n+m)] <0,

as n — oo. In general, any two vertices of the same vertex partite set have
at least 2aln(n + m) common neighbors. All the conditions for Lemma 5.8

have been met, and so r¢(G) = 3.
Step 4: Show P[G € Q] — 1.

Now consider the other direction with sufficiently small c. Let A be the event
that there exist vertices z,y € N, x # y, where the pair of vertices x and y

have no common neighbor in M.

For not event A, let p? be the probability that x and y have a neighbor
z € M. Then,
2 m
PG e Q] =PlA] = (1 _ e Z”(m)

m

and so the probability that n/2 pairs of vertices z and y have a common

neighbor z € M is

r (1 (1 C)
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Solve,
2l m %
1 - P[A] = (1— <1—C "(”)) )
m
7mc2ln(n) %
~ (1—6 m ) by (4.6)
— (1 _ 71702)%
~ e DO By (4.6)
= € 2;:2 )
Consider,
n > 2n°
en > 602271
n>c*2n
1 >
- > c.
2
For ¢ < /1/2,
1 — P[A] — 0,

as n — oo and,

PG e Q)= P[A] — 1,

as n — oo. Hence, diam (G) # 4 and so r¢(G) < 3. Hence, p = /In(n)/m
is the sharp threshold function for the graph property rc(G) < 3 where

In(n) <<m<n. O
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5.5 Sharp Threshold Function for the Graph
Property rc(G) < 2

For G € G(n,p), the following proof is related to Theorem 4.5 where the
sharp threshold function for diam(G) < 2 is addressed. Now, a proof for the
threshold function r¢(G) < 2 is given below. Interestingly enough, the sharp

threshold functions are the same for the two results.

Lemma 5.10. [9/

For G € G(n,p), any disconnected graph with §(G) > 5+In(n) has rc(G) = 2
Theorem 5.11. [9/

For G € G(n,p), the graph property rc(G) < 2 has p = +/In(n)/n as the

sharp threshold function.

Proof

For sufficiently large ¢ with p = \/In(n)/n, we show that the graph G €
G(n,p) almost surely has rc¢(G) = 2. Thereafter, for sufficiently small C' we

show that G does not have a diameter of length two almost surely when

Step 1: Define X.

Let X count the number of common neighbours between v and v where

u,v € V(Q).
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Step 2: Determine E[X].

It is sufficient to show that if all pairs of vertices in G have at least 2In(n)
common neighbours, then the requirements for Lemma 5.10 mentioned above

are met and rc¢(G) = 2.

Let u and v be two non-adjacent vertices of G. Assume that both u and v
have at least n/2 + In(n) vertices connected to them independently. If there
are no vertices adjacent to both u and v, then there are at least (n/2+In(n))+
(n/2+In(n)) = n + 2In(n) vertices in total in G. This is a contradiction as
the maximum number of vertices in GG is n. Therefore, u and v have at least

2In(n) common neighbours and we meet the requirements for Lemma 5.10.

Let u and v now be a fixed pair of vertices in G and let p be the probability
that w or v is adjacent to w € V(G). The probability that w is adjacent
to both u and v is then p?. Since u and v are fixed, we sum p? over the
(n — 2) remaining vertices to count for all possible combinations of common

neighbours. The expected number of common neighbours is then,

BIX] = (n—2)p? =" 2 () > € l’;@

Step 3: Show P[G € Q] — 0.

For sufficiently large c,

P|G € Q] = P[X < 2In(n)] < P[X < icQZn(n)].
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Consider (n —2)/(2n) = 1/2 — 1/n. For large n, 1/2 — 1/n — 1/2, and so

From the Chernoff Bounds,

- % (n72)c2ln(n)

PIX <2In(n)] <e o

Consider,

nc2zn(n)471 202ln(n))

In(n) + C 2_n2> (5.10)

((n+ 2nin(n)) + = — —)) (5.11)

where L’Hopital’s rule (Theorem 1.6) is used in Equation 5.9 and Equation

5.11. Equation 5.10 is obtained by substituting ¢ = n. It follows that



Chapter 5. Sharp Threshold Functions 87

e~ — 0 asn— oo, and

— % (n72)02ln(n)

PlGeQ|=Plz<2n(n)<e 2 | —0.

As the number of common neighbours almost surely is larger than 2In(n),

we have that r¢(G) = 2 by Lemma 5.10 for ¢ = n.
Step 4: Show P[G € Q] — 1.

For the next part, let R be a set containing n'/® vertices with the assumption
that n'/® is an even positive integer. Let Y = V(G) — R and we have
ly| = n —n'/°. Further, let A be the event that R and Y are the two partite
sets of a bipartite graph. Let B be the event that there exists vertices in R
with no common neighbors in Y. We now determine the probability of two

independent events, A and B.

If p is the probability that € R is adjacent to w € R, then 1 — p is the
probability that x and w are not adjacent. The number of combinations x

"1/5). So, the probability that all pairs are

and w that are chosen from R is ( 5

nl/5

not adjacent is (1 —p)( 2 ). As

it follows that
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For p = C'y/In(n)/n, we have

it follows that

1,1
lim ns(n 1)0 In(n) 0
n—oo n
implying that
1
P[A] = 1

%(% ) 0 [ In(n) ~
no(nos—1 n(n
el'p 2 c n

Let p? be the probability that a pair z,w € R has a common neighbour

y € Y. Assuming there are n'/?/2 pairs of vertices in R, it follows that 1 — p?

is the probability that there is no common neighbour y € Y. Thus,

1/5

(1=p)"™"

is the probability that the pair (z,w) has no common neighbours. Then,

(1 _ (1 o p2>n7n1/5)n1/5/2
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is the probability that all pairs x,w € R have common neighbours in Y.

Counsider

(1-(1-

1/5

Asn — oo, note that for C = n'/?, (C%In(n))/n — 0 and (1—(C2In(n))/n)" ™" —

1. Consequently,

implying that at least one pair (z, w) has almost surely no common neighbors

in Y, and P[B] — 1.

We have that P[A] — 1 and P[B] — 1 independently. Hence, R and Y are
two parties of a bipartite graph and there are no vertices between z,q € R

and y € Y. Hence, diam(G) > 3 and P[G € Q] — 1.

Whence, for p = y/In(n)/n and sufficiently small C, G almost surely has
rc(G) > 2, and for sufficiently large ¢, G almost surely has rc(G) < 2. Thus,
the sharp threshold function p = /In(n)/n holds. O

5.6 Sharp Threshold Function for the Graph
Property diam(G) < 2

We prove Theorem 4.5 again in the following result to illustrate the simplic-
ity of the new methodology in comparison to its proof in Chapter 4. The

following proof is our own.
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Theorem 5.12. [//

Let G € G(n,p). Then,

is the sharp threshold function for the graph property diam(G) < 2.

Proof

Step 1: Define X.
Let X count the number of common neighbors.
Step 2: Determine E[X].

Let G € G(n,p) and z,y € V(G), © # y. Further, let p be the probability
that =z is adjacent to a vertex of V(G) — {z}. Then p? is the probability
that a vertex is adjacent to both x and y. The maximum possible number

of common neighbors for p = ¢y/In(n)/n is then given by

2In(n)
E[X] = np? = 2
[(X] =mnp "

Step 3: Show P[G € Q] — 0.

The probability that X is less than the maximum number of common neigh-

bors is
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P[G € Q] = P[X < *In(n)]

Ain(n)

< P|X < BX] - —

By applying the Chernoff Bound (Theorem 5.6), it follows that
2ln(n)

P[X < *ln(n)] < e 5w

Equation 5.8 showed

lim T =0

For ¢ > 4, it follows that
—c2ln(n) _9
e s  =o(n’)

and

P[G € Q] = P[X < ln(n)] — 0.

Reading the implication in words, we have that the probability of the num-
ber of common neighbors X is less than the maximum possible number of
common neighbors, tends to zero as n tends to infinity. That is, X is equal

to the maximum number of common neighbors and diam(G) < 2.
Step 4: Show P[G € Q] — 1.

For the other direction, let A be the event that there are no common neigh-

bors between x and y. Then,
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P[A] = (1-p*)".

The event that there are only common neighbors between x and y is given

by

PlG € Q] =1- P[A|

=1-(1-p°)"
9 n
1 (1 _ M)
n
—1—(1—e ") by (4.6) (5.12)

—1— (1 - e—Cgln(n))'

For C = +/1/n,

lim (1 — P[A]) = lim (1 — (1 — e ")) 5 1.

n—oo n—o0

Hence, P[G € ] — 1 and there are only common neighbors between x and

y, where z and y are arbitrary. Therefore, diam(G) < 2. O

The proof above is substantially shorter than the proof in Theorem 4.5. In
addition, the proof in Theorem 4.5 found a threshold function, whereas the
proof above found a sharp threshold function which is a sharper result. The
method discovered in Chapter 5 is better to use than the method in Chapter

4 when dealing with colorings of random graphs.
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The remainder of this chapter is dedicated to more challenging theorems that

combine random graphs with rainbow coloring.

5.7 Sharp Threshold Function for the Graph
Property rcp(G) < d

We first state a few lemmas and assumptions before proceeding to the last
proof. These results appear in the last proof, but the author omitted the
proofs, thus, we provide our own proofs. For the remainder of Chapter 5,
the logarithm with base e is denoted by (n, and the logarithm with base 2
is denoted by log. This distinction is important as it is later shown that
the small difference between log and In aids in finding the sharp threshold
function. The difference between In and log is equivalent to using large C'
and small ¢ as part of Step 3 and Step 4 in our method to find a sharp
threshold function. Also, we define the following constants which are used
throughout the remainder of Chapter 5. Let ¢y > 1 be a constant at least one
and k = k(n) < cglog(n) for large n. Further, let ¢ = 2%¢q and ¢; = 21%¢,

where d is the diameter of G € G(n, p).

We define the binary entropy function as

H(z) = zzogG) (- Z)log(l ! Z)
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Lemma 5.13. /25/

For z = m/n in the binary entropy function,

m/) =

Proof

To begin, consider the formula
" /n
mil _ p\vm— |
mE:o (m>p (1—p)

which is the sum of individual probabilities using the Binomial model. Let

p = m/n and consider only the m' term which is at most one. Then,

=G -5

_ (n>elog(m/n)m i elog(lfm/n)"_m
m

_ (n>emlog(m/n) . e(nfm)log(lfm/n).
m

It is known that 2% < e” for all > 0. Therefore,

1> n 2mlog(m/n) . 2(n—m)log(1—m/n)
m

_ n 2mlog(m/n)+(n—m)log(1—m/n)
m

_ (" gn(log(m/n)+ 7 log(m2))
m
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Let variable z = m/n so that

1> n 2n(zlog(z)+(172)109(172))
Am

— [ ™) gn(zlog(1/2)+(1=2)log(1/(1-2)))
m

From the definition of the binary entropy function, we have

1 > n 2—TLH(Z) — n 2—nH(m/n)
m m
m/) =

Consequently,

Lemma 5.14. [25/

Forallx>0,1—2<e ™ <277

Proof

Consider the first inequality, 1 —x < e™*, and let f(z) = e * —(1—x). Then,
fl(x) = —e™® + 1, and f'(z) = 0 gives e = 1. This is true if and only if

z = 0.

Now, consider the second derivative of f(z) whichis f’(z) =e ™. Ase™ >0
for all z € R, f”(0) = ® = 1 > 0. Hence, there is a global minimum for f(z),

T

resultingine™® — (1 —x) >0and 1 —z < e ™.
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For the other inequality, e < 277 it is known that e* > 2% for all x > 0.

Therefore, e < 27% for all x > 0.

In conclusion for all z > 0,1 —z <e ™™ <277, O]

Lemma 5.15. [25]

Forn >0, 29" = p,
Proof
For x = 2/%9(") we have

= 9log(n)
log(x) = log(2'*™)
log(z) = log(n)log(2)

log(x) = log(n).
Hence x = n and z = 299" The result then follows. O]

Lemma 5.16. [25]

For sufficiently large n > 0, log(n) < \/n.
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Proof

Divide the two terms and take their limit as n tends to infinity to establish

which term is largest. Applying I.’Hopital’s rule,

d log(n)
%ZOQZ(WJ . %103(2)
- =
an VT v/
1
__ nlog(2)
1
2v/n
2yn i
~ nlog(2) n
B 2
Vnlog(2)
Consequently,
li 2 0
im =
n—oo y/nlog(2)
Hence, /n is larger than log(n) for sufficiently large n. ]

Lemma 5.17. [25]

Forallz >0, 1+x <e*<2%,

Proof

As e < 2?2 = 4, we have e” < 22 For ¢” > 1+, let f(z) = e” — (1 + ).

Then,
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o flz) =¢" = (1+2),

of (x) =e" —1,
of' () =0 <— x =0,
.f//(x) :ex’

of"(0)=¢e"=1>0.
Hence, there is a minimum for f(x), and e* — (14 2) > 0 for all z > 0. Thus,

e* > 1+ x, and the result is proved. O

Lemma 5.18. /25/

For all x >0, log(1 + x) < 2.

Proof

Applying log to 1 + x < 2% from Lemma 5.17 yields
log(1 + 1) < log(2**) = 2xlog(2) = 2.
Hence, log(1 + x) < 2. O

Lemma 5.19. [25]

For ¢y and ¢, as defined on Page 93, H(cy/c1) < 3+/co/c1.

Proof

By substituting z = ¢y/c; in to the binary entropy function, we have

(5 =5 () (=80 525
c1 1 Co C1 C1 — G
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Applying Lemma 5.16 and Lemma 5.18 yields

() <32l
C1 C1 Co C1

Co
1 — QG

(e (-2

Ff 1——)(

Co
C1 — (g

_ C1 CO + 9 Co
C()Cl C1 C1 —Co

=2 422,
C1 C1

Recall that ¢; = 2!%¢), resulting in

o +2(aw)

Since the second term is a proper fraction, we have

1 1
o10d = \/ 910d
and so,
Co 1 Co 1
a+2 Wﬁ a+2 5104

S L R
C1 C1

C

—3. /2

a1

)
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Before stating the main result, we state the following lemma without proof.
Recall, the omega notation is given by f(n) = Q(g(n)), if lim, . f(n)/g(n) >

0 (otherwise known as a lower bound).
Lemma 5.20. /25/

For G € G(n,C(log(n))Ye/n@=Y/4) " every pair of vertices (z,y) € V(G),
is connected by at least Cilog(n) internally vertez-disjoint paths of length d

with probability at least 1 — n~0),

The complexity increases as we proceed to the main result on the k-connectivity
of the rainbow coloring of a graph G € G(n, p). The proof thereof is an amal-

gamation of many concepts discussed throughout this dissertation.
Theorem 5.21. [25]

For G € G(n,p) the equation

is the sharp threshold function for the graph property rey(G) < d where d > 2

is the graph diameter and k = k(n) < O(log(n)).

Proof

From Lemma 5.20, G € G(n,p) has at least Clog(n) possible rainbow paths

being the number of internally disjoint paths of length d as k < Cilog(n).
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Step 1: Define X.
Let X count the number of non-rainbow paths.
Step 2: Determine E[X].

The number of ways the colors of one path between two fixed vertices, where
no color is to be repeated, is d!. With d paths of length d, the number of
colors chosen is d?. Therefore, the probability that a rainbow path occurs is
q = d!/d*. We have for large n, using the Sterling Approximation (Theorem
1.5),

v

W
|

Since there are at least C1log(n) rainbow paths, G' contains (k — 1) rainbow
paths as an upper bound. The probability then of no paths being rainbow

colored is given by
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Step 3: Show P[G € Q] — 1.

Consider,

Cllo.g(n)) (1 . q)qlog(n)—(k—l)

k—1
S cllog(n) (1 _ 4—d)c1log(n)—col09(n)+1 (513)
colog(n)
< cllog(n) (1 . 47d)log(n)(01*00) (514)
colog(n)
< 9eleaMH T () _ g=dyles(n)(er—o) (5.15)
< 9erlogMH () g —atog(n)(c1—co) (5.16)

_ 2cllog(n)H(z?§ZZEZ; Y—4~%og(n)(c1—co)

_ QCllog(n)H(z—(l))—4’dlog(n)(c1—co)
_ Qlog(n)(clH(co/cl)—4"1(01—co))

_ n—(4*’1(c1fco)*clH(CO/Cl))' (517)

Above, Equation 5.13 is produced by replacing k = colog(n) as stipulated by

the conditions for this proof. For Equation 5.14, note that

(1 . 4—d)cllog(n)—colog(n)+1

is between zero and one as d > 1 and ¢; > ¢ are positive constants. Equation
5.15 follows by applying Lemma 5.13, and Equation 5.16 by using Lemma

5.14. Lastly, Equation 5.17 follows from Lemma 5.15.
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From Lemma 5.19, the exponent of Equation 5.17 becomes

4id(C1 — Co) — ClH(Co/Cl) Z 4id<01 — Co) —C1 3\/ CO/Cl
= 4id(01 — Co) — 3\/:%\/ C()/Cl
= 4_d(01 - Co) - 3\/0001.

Recall that ¢; = 2'%¢,, implying that ¢o = ¢;/(2'°?) and

c1C1

— - €1
4 d(Cl—C())—S\/C()Cl:Zl d(cl_ﬁ>_3 21_0d

=479, (1 — 27100) — 3, /2-10d¢2
=272 (1 — 27104) — 3 /2-10d¢2

> 270 (1 — 275H2) — 3¢,V/275012, (5.18)

Note that (1 —2754+2) > 271 a5 1/(27%4+2) < 1/2.

Further, note that 1/1/(27%4+2) < 1 as d > 2. Hence,

127772 < 302772 < 3¢y V252,
Applying these two results back into Equation 5.18 yields

272d¢ (1 — 2754%2) _ 3¢ \/2-5d+2
2 272d27101 o 275d+261

— 272dflcl - 275d+201

— 272d71€1 o 272d71273d+3cl



Chapter 5. Sharp Threshold Functions 104

9-2-1g _ 9-2-lg-3di3. _ o o-2d-1(1 _ 9-3d+3) (5.19)
> 27241971 (5.20)
= i (5.21)
_ 00210d272d72 (5.22)

as ¢; = 2%, As ¢g > 1 and d > 2, it follows that
¢21012724=2 5 100,

The value 100 is chosen to be large enough for the inequality to hold. Re-

turning to Equation 5.17, we now have

(4‘d(leco)—clH(co/cl))< ~100

n n

Thus, the probability that there are no rainbow paths in G tends to zero as
n tends to infinity. Since there are (;) pairs of vertices in GG the probability

that every two vertices in G have k rainbow paths is given by

PlGeqQ=1- (g) n 100,

Counsider

n\, 100 _ n!
2 ~ 2l(n — 2)In10p%

n(n —1)
97,107,90
n—1
279790



Chapter 5. Sharp Threshold Functions 105

Note that (n — 1)/(2n°) > 1/n for all n > 0. Hence, the probability that

every two vertices in GG have k rainbow paths is given by
Y _100 —90
P[GEQ]zl—(2>n >1—n"",

confirming that Lemma 5.20 holds with at least %k internal disjoint rainbow
paths. Since every pair of vertices in G have at least k internal disjoint

rainbow paths of length d, G is rainbow k-connected and rcg(G) < d.
Step 4: Show P[G € Q] — 0.

In Step 4, the methodology from Chapter 5 is not applied. Instead, an
alternative method is provided to illustrate the relationship between many
of the results proved in this dissertation. However, what we are doing is

equivalent to showing P[G € Q] — 0.

In Theorem 4.5, we proved that diam(G) < 2 has threshold function p =
v21/log(n)/n. The result of Theorem 4.5 is then generalised in Theo-

rem 4.6 where we proved that diam(G) > 2 has threshold function p =

(ln(nQ/C))l/d/n(d_l)/d.

Further, it was proved in [4] that the threshold function in Theorem 4.5 is in
fact the sharp threshold function and the result in Theorem 4.6 is also the

sharp threshold function. Hence,

In(")a
b= d—1

n 4

is the sharp threshold function for the graph property diam(G) > d.
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Thus, the probability diam(G) < d is zero. Let p' = (In(n))"/?/n(d=1/2 then
p < pforall n > c. For diam(G') € G(n,p), we have that diam(G') < d =

0.

From the observation that the rainbow k—connectivity of a graph is greater

than or equal to its diameter, we have

rep(G) > d+ 1

with sharp threshold function

In Step 3, we showed that the sharp threshold function p = (log(n))"/?/nld-1/d
is true for rc,(G) < d. We have now shown that if p = (log(n))'/?/nld-1/d
increased slightly by switching from log to In, the graph property rcp(G) < d
no longer holds. Thus, p = (log(n))"/?/n(¢=V/4 is the sharp threshold func-

tion for re,(G) < d. O

5.8 Conclusion

Let @ be a graph property. Recall that a graph G € G(n,p) satisfies Q)
almost surely if P[G € Q] — 1 as n — oo. Likewise, G almost surely does

not satisty @ if P[G ¢ Q] — 0 as n — oc.

For any random graph G, a function f(n) is called the sharp threshold func-

tion for the graph property @ if there exists constants C' and ¢, both positive,
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such that G satisfies ) almost surely for p > Cf(n), and G almost surely
does not satisfy @ for p < c¢f(n). In other words, the definition of a sharp

threshold function for an increasing graph property is,

1 p>Cf(n),
lim P[G € Q] =

n—oo

0 p<cf(n).

For a decreasing graph property, the same definition holds but with zero and

one interchanged.

As mentioned before, a motivation for using random graphs as opposed to
simple graphs is to decrease the complexity and computational time of these

problems.

We have that all monotone graph properties have a threshold function as
well as a sharp threshold function. It is still an open problem if these results

hold for non-monotone properties.
The Chernoff Bounds simplified our calculations.
Theorem 5.22. Chernoff Bounds - Lower Tail

Let X = {z1,29...2,} be an independent random wvariable. Further, let

§€(0,1], p= E[X] =", P,, and P[z; = 1] = P;. Then,

—;152

PIX < (1—8)y <e 5.
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Theorem 5.23. Chernoff Bounds - Upper Tail

Let X = {x1,29,...,2,} be an independent random wvariable and let § €

(0,1, p=E[X] =", P;, and Plx; = 1] = P,. Then,

PIX > (14 6)u] <27

Using the Chernoff Bounds, a method for determining a sharp threshold

function is stated as follows for any random graph G and monotone property

0.

Step 1: Define X.

Step 2: Determine F[X].
Step 3: Show P[G € Q] — 0.
Step 4: Show P[G € Q] — 1.

It is established that the method for determining a sharp threshold function
(Section 5.3) is more efficient than the method for determining a threshold
function (Section 4.2), as there is no need to calculate E[X?]. The latter
proved to be computationally challenging in Chapter 4. Further, four results

are proved using the method for determining a sharp threshold function.
Theorem 5.24.

Let In(n) << m < n. For a random bipartite graph G € G(ny,ng,p),p =
Vin(n)/m is the sharp threshold function for the property rc(G) < 3.
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Theorem 5.25.

For G € G(n,p), the graph property rc(G) < 2 has p = \/In(n)/n as the

sharp threshold function.
Theorem 5.26.

Let G € G(n,p). Then,

is the sharp threshold function for the graph property diam(G) < 2.
Theorem 5.27.

For G € G(n,p) the equation p = (log(n))"/?/nl@=V/ js the sharp threshold
function for the graph property rey(G) < d where d > 2 is the graph diameter
and k = k(n) < O(log(n)).

We conclude our investigation of the threshold functions of colorings of ran-

dom graphs in the next chapter.
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Chapter 6

Closing Chapter

6.1 Closing Remarks

The aim of this dissertation is to investigate random graphs and rainbow
coloring, and to use the results of this investigation to create a method for

determining sharp threshold functions.

First, in Chapter 1, fundamental building blocks of Graph Theory, Probabil-

ity Theory, Calculus, Combinatorics, and Asymptotic Theory is established.

Chapter 2 dives into the understanding of random graphs. A number of
random graph models are discussed, but particular attention is given to the

Binomial Model as we use this model in the rest of the dissertation.

Let F),, be the set of all graphs with n labelled vertices and a probability

p = p(n) of an edge occurring independently where 0 < p < 1. Each graph



Chapter 6. Closing Chapter 111

G € F,, has probability

of occurring where m is the number of edges occurring in GG. This model is
known as the Binomial model or sometimes the Bernoulli model. A graph G

which is part of the Binomial graph model is denoted by G € G(n, p).

An important concept around random graphs is established in Theorem 2.1
that tells us that the Binomial model and Uniform model are asymptotically

equivalent.

Rainbow coloring is investigated in Chapter 3, starting with the history of

rainbow coloring, and ending with some important results.

Let G be a connected graph and z,y € V(G) with x # y. Define a rainbow
path as a path in G where no two edges on the path between x and y are
colored the same. Further, a connected graph G is rainbow connected if any

two distinct vertices x,y € V(G) are connected by a rainbow path.

If there are at least k£ internally disjoint rainbow paths between any two
vertices in G, then G is rainbow k-connected. Further, the minimum number
of colors needed for G to be rainbow k-connected is then called the rainbow

k-connection number, denoted rc,(G).

We observe that the diameter and the minimum degree of a graph is funda-

mental in working with rainbow graphs and the rainbow connection number.
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We trivially have that

diam(G) < re(G) < sre(G) < |E(G)|.

We noticed throughout this investigation that a general motif appeared when
investigating rainbow coloring; that is, the graph diameter or the minimum
degree. The diameter of a graph plays a fundamental role in finding rainbow
connection numbers. Logically this makes sense as a rainbow path is bounded
below by the graph diameter. Most results for rainbow coloring feature the

graph diameter or minimum degree.

With an understanding of rainbow coloring and random graphs, the study
shifted to applying these concepts in determining threshold functions. This
leads to Chapter 4 where threshold functions are defined and investigated for

monotone graph properties.

1. Let @ be a graph property that is increasing. Let G € G(n,p) with
|V(G)| = n. Further, let p = p(n) be the probability of an edge occur-
ring in G with p € [0,1]. A function ¢ = #(n) is called the threshold

function for @
e if p << t, then lim,,_,, P[G has propertry Q)] =0, and
e if p >>t, then lim, . P|G has propertry Q] = 1.

Here, the symbol << is defined to be conceptually much less than, and
the symbol >> is conceptually much greater than. In other words, if

p << t, then p/t — 0, and if p >> ¢, then p/t — oc.
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2. Using the same conditions as in (1), let @ now be a decreasing graph

property. Then, t = ¢(n) is the threshold function for @
e if p << t, then lim,,_,, P|[G has propertry Q)] = 1, and
e if p >> t then, lim,,_,,, P|[G has propertry Q] = 0.

For P|G has property Q] = 1, G is said to asymptotically almost surely have
Q). Similarly, for P[G has property Q] = 0, G is said to asymptotically almost

surely not have Q).

A fundamental result of threshold functions is that every monotone graph
property has a threshold function. The same is not necessarily true for non-

monotone graph properties.

A method for determining the threshold function is investigated and proved
using the First Moment (Theorem 4.1) and the Second Moment (Theorem

4.2). The steps to finding the threshold functions are summarised as follows.

Step 1: Define X.

Step 2: Determine F[X].

Step 3: Find a potential threshold function.
Step 4: Apply the First Moment method.

Step 5: Apply the Second Moment method.

This method was used to create our own proof for the fundamental results

proved by Bollobas below.



Chapter 6. Closing Chapter 114

Theorem 6.1.

The threshold function for a graph G € G(n,p) with diam(G) = 2 is

Theorem 6.2.

The threshold function for a graph G € G(n,p) with diam(G) =d > 2 is

The proof of Theorem 6.1 is long and made use of many results from real

analysis.

Lastly, we proved in Theorem 4.3 that threshold functions are not unique and,
in fact, many threshold functions could exist for the same graph property up

to a constant product.

Chapter 5 expanded on Chapter 4 by investigating the sharp threshold func-

tions.

Let @ be a graph property. Recall that a graph G € G(n,p) satisfies @
almost surely if P[G € Q] — 1 as n — oo. Likewise, G almost surely does

not satisfy @ if P[G ¢ Q] — 0 as n — oc.

For a random graph G, a function f(n) is called the sharp threshold function

for the graph property @) if there exists constants C' and ¢, both positive,
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such that G satisfies ) almost surely for p > Cf(n), and G almost surely

does not satisfy @ for p < cf(n).

In other words, the definition of a sharp threshold function for an increasing

graph property is

For a decreasing graph property, the definitions hold but with zero and one

interchanged.

An important point here is that both threshold functions and sharp threshold
functions have been proved to exist for all monotone graph properties. This
is not necessarily true for non-monotone graph properties such as the strong

rainbow connection number.

In addition to this, an in-depth study into sharp threshold functions with
particular application to rainbow coloring is conducted. Through this in-
vestigation, we discovered that the sharp threshold function of the form
p= \/W, or a variant of it, is common amongst many sharp threshold
function results. This leads us to consider sharp threshold functions of this
form first when in search of new sharp threshold functions for other graph
properties relating to random graphs, especially when considering properties

including rainbow coloring.

Through reviewing numerous proofs on sharp threshold functions, we define
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our own method for finding sharp threshold functions, specifically for rain-
bow colored random graphs. This method requires the use of the Chernoff

Bounds.

A summary of the method to find the sharp threshold function is as follows.

Step 1: Define X.

Step 2: Determine E[X].
Step 3: Show P[G € Q] — 0.
Step 4: Show P[G € Q] — 1

All four steps combined will determine if the potential sharp threshold func-

tion is true or not.

We established that the method for determining a sharp threshold function
(Section 5.3) is more efficient than the method for determining a threshold
function (Section 4.2), as there is no need to calculate F[X?]. This proved to
be computationally challenging. Further, four results are proved using the

method for determining a sharp threshold function.
Theorem 6.3.

Let In(n) << m < n. For a random bipartite graph G € G(ny,na,p),p =
VIn(n)/m is the sharp threshold function for the property re(G) < 3.

Theorem 6.4.

For G € G(n,p), the graph property rc(G) < 2 has p = +/In(n)/n as the

sharp threshold function.
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Theorem 6.5.

Let G € G(n,p). Then,

is the sharp threshold function for the graph property diam(G) < 2.
Theorem 6.6.

For G € G(n,p), the equation p = (log(n))*¢/n\@=V/4 is the sharp threshold
function for the graph property rey(G) < d where d > 2 is the graph diameter
and k = k(n) < O(log(n)).

By investigating rainbow coloring, random graphs, threshold functions and

sharp threshold functions, we are able to state our own method above.

6.2 Further Work

In this section, open problems and future work to this dissertation are pre-

sented.

The focus of this dissertation is on rainbow coloring. First, vertex coloring
and total coloring is considered for future work as in this dissertation the
focus was on edge coloring. Second, there are many other graph colorings
which are all applied to random graphs. Omne such example is in Ramsey
Theory, established by Frank Ramsey in [21]. The purpose of Ramsey Theory
is to bring order to what could seemingly be chaos. An example of a Ramsey

Theory problem is: if there is a party where a group of three people either
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all know each other or all not know each other, how many people need to be

invited to the party to make this happen?

A monochromatic graph is a graph where all edges are the same color and a 2
coloring is when all edges of a graph are one of two possible colors. Ramsey
Theory tells us that if there is a sufficiently large complete graph G, then in

any edge coloring of G, a monochromatic complete subgraph is found.

The Ramsey number, denoted R(s,t), is the smallest possible integer such
that every two coloring of K, has either the subgraph K; or K colored
blue or red, respectively. The Ramsey number has been studied extensively
and the application of it to random graphs is quite interesting. For more
information on the application of the Ramsey number to random graphs, the
reader is referred to [18] where a method to find sharp threshold functions

for Ramsey properties is given.

In this dissertation the threshold function and the sharp threshold function
are discussed. However, a third variation exists which is called the reqular
threshold function. This threshold function is thought of as a boundary where
the probability of a graph property asymptotically almost surely occurs on
one side of the boundary, and asymptotically almost surely does not occur on
the other side of the boundary. The sharp threshold function improves on the
bound of the threshold function and more accurately shows where a graph
property occurs or not occurs. Finally, the regular threshold function tells

us the exact probability where a graph property occurs or does not occurs.
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Thus, the end goal is to find a regular threshold function. Being more chal-
lenging to work with, regular threshold functions offer a lot to be studied.

More information on regular threshold functions is found in [40].

It is established that the rainbow connection number is a monotone graph
property. Threshold functions and sharp threshold functions then exist for
all monotone graph properties. This is not necessarily the case for non-
monotone graph properties. The existence of the sharp threshold function
or the threshold functions for all non-monotone graph properties is still un-

known and is an open problem.

One such property is the strong rainbow connection number of a graph. More
work understanding the strong rainbow connection number of a graph and
its relation to random graphs needs to be done. In [14] a number of results
for the strong rainbow connection number are proved for some special graph
classes such as bipartite graphs or complete graphs. However, precise results
of the rainbow connection number for the general graph G offer opportunity

for future work, especially in relation to random graphs.

In this dissertation the focus has been on the rainbow connection number of
a graph with mention of the strong rainbow connection number of a graph.
However, other connection numbers for rainbow graphs exist. An example
of this is the (k,()-rainbow indezx, denoted rxy;, where k and [ are positive
integers with k£ > 3. Define a rainbow tree as a tree where each edge on the
tree contains a unique color. Then, rz;;(G) is the minimum number of colors
required to color graph G such that there exist [ internally disjoint rainbow

trees colored by a set of k£ colors. A good starting point for more information
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on this is found in [8] and [12]. These other rainbow connection numbers in

relation to random graphs are a consideration for future work.

The open problem presented by Fujita et al in [22] is also to be considered
for future work. The open problem looks at establishing sharp threshold
results for random graph models other than the Binomial model. Two other
random graph models already considered is the Uniform model (Theorem
5.4) and the Bipartite Random Graph model (Theorem 5.3). Other random
graph models are still considered for this open problem. In particular, the
consideration of a graph model for the random regular graph is open and
is an excellent starting point for future work in this topic as it is a natural

expansion of this dissertation. Note that regular graphs are not necessarily

related to regular threshold functions.

Let A be the probability space for all k-regular graphs. Let 3 < k < n and
let nk be an even integer. Then, the random regular graph G is a graph

selected from A.
A proposed problem to be tackled for future work is stated below.
Proposed Problem 6.1.

Letk>1,d> 2, and 3 < r < n. Further, let G be a r-regular random graph
under the Uniform model. Lastly, let nr be an even integer. Then, can one

find the sharp threshold function to satisfy the graph property reg(G) < d?
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As an alternative, we consider Theorem 3.4 that states if G is a connected

graph with n vertices and 0 = §(G), then

4
re(G) < min{%né(l + 05(1)), "é”é}

These bounds are not optimal but have proved very difficult to improve. This

creates room for improvement.
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