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Abstract

In this dissertation, we study the Rogers-Ramanujan identities and partition con-
gruences. The original Rogers-Ramanujan identities are proved analytically via
Bailey’s construction. To the related Rogers-Ramanujan identities, our approach to
the proof is via partition analysis and Bailey’s construction. The summation part
of these Rogers-Ramanujan identities is established using partition analysis.

Our work on congruences starts with a revisit of the popular Ramanujan’s congru-
ences for the unrestricted partition function. The Atkin-Swinnerton-Dyer congru-
ences for moduli 5 and 7 are obtained and the Ramanujan’s most beautiful identity
is proved. The proof techniques for Ramanujan’s most beautiful identity are ex-
tended to another version in modulo 7.

As part of the contribution to knowledge, a recurrence formula for the parity of the
number of 2-color partitions of 2n in which one of the colors appears only in parts

that are even is derived.
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Chapter 1

Introduction

1.1 ¢-Series and Ramanujan theta functions

Throughout this dissertation, the following standard notation for g-series shall be

followed and also assume ¢ < 1.

(a)n = (@5 Q)n :

10_0[ 1_aqi _ (a;Q)OO (11)

P i L—agtm o (ag;q)”

I
~—~
—_
|
N
'Qs
~—
I

where (a;q)o = 1.

In a case where the base ¢ of the series is understood, we shall use the notation
(a), and in a case where more than one base occurs, then the full notation (a;q),
shall be used in order to distinguish base g expressions from others. We shall also

use frequently the following most useful identities in this section:

(—a7'¢" " q)n = a"q (B (—a),, (1.2)

(@5 Qntr = (a5 ¢)n(aq™; @, (1.3)

a: —qga~ Yk (];)_nk
(a5 @)n—r = ( 7q>(na(1?;1"?q(§k ’ (1.4)




(¢ Q)2 = (% @)nlq; %),

(@00 = (6 Q)n(—¢ Q).

Z_O(&Q?;): = (¢; ¢*) o)
2m. <t7q)
U™ Do = 23) i)
(e,
TN

(1.5)

(1.6)

(1.8)

(1.9)

(1.10)

Next, we prove the g-binomial theorem which provides one of the most significant

formulae in the theory of ¢-series. It was discovered independently by Cauchy, Hein,

Gauss as well as a number of other mathematicians. We will also find a special case

of the g-binomial theorem which was given by Euler and Rothe.

Theorem 1 (¢-Binomial theorem). For |q| < 1, |t| < 1, we have

(I1-a)(1—a 1—& > (a)n 0o
1+Z q) - ( q (at)

1—q (1—¢?)-- @n (B

n—=

The series in (1.11) is an example of a basic hypergeometric series.

Proof. We first define the following function

Z(“_

J=0 9);

(1.11)

(1.12)



and find that

1 — a) fog (1) (1.13)

If we start rearranging (1.13), we have the following

Ja(t) = falqt) = (1 — a) faq(t). (1.14)

Therefore, we show that

falt) = faa) =) (a—]:tj — @tj

=2 —.(aq%*l St [—a(l - ¢’)]



Thus,

fa(t> - faq(t) = _atfaq<t)

which gives

fa(t) = faq(t) - atfaq(t)
= (1= at) fug(t).

From (1.15), we have

 fa(®)
fol®) = T 55
which, when substituted in (1.14), yields
B fa(?)
fa(t) - fa(qt) - t(l - a) (1 — at)’
Ja®)(1 =) = falqt)(1 — at)
so that
_ Jalgt)(1 — at)
fa(t) = BTED
Finally, iterating (1.16) n times gives
_ (at)n n
fa(t) - (t)n fa(q t)
and if we let n — oo, we obtain
~ (at) s
fa(t) - (t)oo fa(o)
_ (at)oo'
(1)o

Since f,(0) =1 from (1.12), this concludes the proof.

(1.15)

(1.16)

O

The following corollary, known as the Euler’s identity, is a special case of (1.11).
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Corollary 1. For |t| <1 and |q| < 1 we have,

00 p w oo
Z“éT = [ +1") = (). (1.17)

Proof. To obtain (1.17) we replace a by ¢ and ¢ by bz in (1.11); hence by [bz| < 1,

i JA—4q)--- (1= 5¢" ) (b2)" _ ﬁ 1 — $b2q"

ot 1—q )X =¢*)---(1—q) o L—bzq"
ie.
[e's] a —a n—1 n e’} n
Z bT b q) (b+)(bz) :H 1 —azq
—~ (1-qg1—-¢) - (1-q") o 1 —bzq
so that
S0 —a) (O —ar) .yl
—~ (1-¢)(1—=¢*)---(1—¢q") 41— bz
and if we substitute b = 0 and a = —1, we get
0 2 n—1 O
qq .. -q
2" = 1+ 2q"),
igu-o =g L
ie.
00 an“(n;l) 0o
(1+2¢")
; (@)n EO

]

E. Heine [8], is said to be the first person to generalize Gauss’s hypergeometric
series to g-hypergeometric series. Heine’s fundamental transformation theorem is
another application of the g-binomial theorem and can be directly proven from the

g-binomial theorem as follows.



Theorem 2 (Heine’s transformation). For |q| < 1, |[t| < 1 and |b| < 1 we have

— (a);(0);t7  (D)os(at)oo o= (F)m(t)mb™
ZO (0;(@);  ()eoB)oo : (1.18)

i m=0

Proof.
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The following example demonstrates an application of ¢-series and Heine’s transfor-

mation.

Example 1.

i (@)n(bs¢*)nt" _ (at; q oo (0t; ¢*) oo Z (a; q b qz) (tg)" (1.19)

(q)n(atd; q2)n (t; ¢?) abt :q2)




(b; )00~ (@) (atbg®™; ¢%)oc 0
 (abt;¢%)ee ,; (@) (bg®";6°)
- e F e b
(b qz)OO - (at;q2)j e ((I)n n_2jn
 (abt; ¢?) ; (qz;qz)jbj,; @ !
(0000 = (at; ¢%);,; (atq™)o
 (abt; ¢?) ; (q2;q2)jb] (tg*) oo (by (111)
(b; 1*)oo ~ (at;q%); (at) s (t; ¢*);(tg; )
R D v I e e e L)
(0;¢*)oe (at)oo o tq (ta; %),
(abt q (t>oo Z atq q )]
(0;¢*) o0 (at)o (tq, bt q — (3;¢%) ] )i v
~ (abt; ®)oo (Do (atq q%) Z( )i bt q*); (tgy" (by (1.18))
( t)oo (tq (12)00 1
(by (1.9) <atq q% (0 ) and =5 = = )
(at; q oo (05 0%) oo o (a; q b ¢)m(tq)™
(t q?) abt q?) Z Ym (0t; @) m
O

The following proposition will be relevant when proving some Rogers-Ramanujan’s

identities.

Proposition 1.

nt™" )oc b
Z 2 2q tb Z (1.20)




(by (1.11))

= (D) Y o = 2ml. Oo(by(l.ll))

(oo £ (D
_ (b)oo t oo(—tb)oo s (b)m .

e O 2 -t O (1)
_ (=tb)oo - (D) mt™

(=)o mz:o (@)m(—tb)m

We now derive a g-analogue of the Chu-Vandermonde theorem and record a special

case that will be useful when proving Rogers-Ramanujan’s identities using Bailey

chains.

Theorem 3 (g-analogue of Chu-Vandermonde Theorem). For each nonnegative

integer n,

and

Proof. To prove (1.21)
)

(a7 0); (™Y Doe(Poo = G ()5,
2 (0o (F) = oo Y o 019

(1.21)

(1.22)



To prove (1.22), we simply reverse the order of summation on the left-hand side

of (1.21).
O

Theta functions are an integral part of partition theory. In the following definition,

we define the Ramanujan’s theta function.

Definition 1. The Ramanujan’s theta function is given by

n(n—1)

[M]¢

fla,b) = 1+ ) (ab) 2 (a"+0")
n=1
= Z a" T where lab| < 1. (1.23)

Some useful properties of the theta function are given in the following proposition.

Proposition 2. We have

f(a,b) = f(b,a), (1.24)
f(1,a) = 2f(a,a*), (1.25)
f(=1,a) =0. (1.26)

Proof. For (1.24),

f(a7 b) — Z CLMH?H) bn(nzil)

n=—oo

11



- (n—1) (n=1)
n(n—1 o2n . n(n—1
= E a" 2z T2h =

n=—0oo

n(n—1)
= Z (ab)" 2 a"
n(n+1)
= Z (ab)" 2 a™"
_ Z a/n(nz—l)bn(n;,-l)

n=—oo

= f(b,a).

For (1.25),
fLa) = > 1 g
. i n(n—1)
= a~ 2
> (n—1) 0 (n—1)
DY W
n=1 n=-—00
_ Z a/n(n271) + Z an(n;»l)
n=1 n=0
(in the first summation, let n =n + 1)
_ 2 Z an('n;—l)
n=0
(let n = 2n)
- 9 Z a2n2+n
n=0
= 2f(a,a?).
For (1.26),
flela) = 30 ()T
_ Z (_1)n<n271)+27nan(n271)

12



_ 2(—1)"(_a)’“’;”+ 2_1: (1) (—a)

— 2(—1)”(—Q)W+i(_l)_n(_a)w

= i(—l)"(—a)nm oy i (1)) ()=t
_ io(—l)"(_a)"("z” +i<_1)(nl)(_a>n<gl)

= i(—l)"(—a)w £y (—1)~=D) ()

= 0.

]

We then move to establish one of the most important powerful identities, the Jacobi’s
triple product which is arguably the most useful and celebrated identity as it can
be used to prove theta function formulae and identities of Rogers-Ramanujan type.
It was introduced by Carl Gustav Jacob Jacobi, who proved it in 1829 in his work
[18].

Theorem 4. For z # 0 and |q| < 1,

o0 o0

n n2 n n n
St = [ =)0+ 2 (1 + 2 )
n=oo n=0
= (0" 0")oo(—2¢; ) oo (—2 7' 4 ¢*) o (1.27)

Proof. In (1.17), if we substitute ¢* for ¢ and zq for ¢, we get

2

k 2(k(k 1)

) o0
= [0+ (zo)a™),

1.e.
K2k

2°qq . H(l 2k+1
- + Z(] )a
2. 42
= (B

13



which finally gives

o0 quk2
>

=[]+ =g*H). (1.28)
k=0 k=0

If we expand the right-hand side of (1.28), we get

(14 2¢)(1 + 2¢*) (1 + 2¢°) (1 + 2¢") - Z (1.29)

k:O
Suppose that ¢ # 0 in (1.29) and replace z by z¢~2" with n > 0, we then get
Sk qk2—2nk
= (@
(1.30)

(T4 27" (1 + 27" ) L+ 2¢7 ") (14 2¢7 ) (1 + 2q) (1 + 2¢°) - =

Next, we multiply (1.30) by ¢" and using the fact that 1+3+5+---+ (2n—1) = n?,

we have

o1 o3 5 quk2 2nk+n?
(" + )"+ 2) (g +2) I+ 2¢)(1+ 2¢°) -+ - = Ea
= (@)
which can be written as
3 n—1 3 Fglkmn)®
(z+a)(z+d") (244 )(1+ZQ)(1+ZQ)”':Z(—) (1.31)
k>0 q 7q k
Suppose that z # 0. Dividing (1.31) by 2", we obtain
1 1.3 1 2n—1 3 Zhnglhn)®
L+ +27"") (L + 2 )+ 2q)(1+2¢%) - =
= (@%@
on k’2
k—zn n+k
(1.32)

14



which can be written as

k k2

(=274 ¢%)n(~2¢: ") = i 1 (1.33)

We earlier assumed that ¢ # 0 in (1.29) until we got to (1.33), incidentally, we also

note that this is true for ¢ = 0, reason being;

o0 k k> —1 k k2 0,02 00 k k2
2 2 2 z
Z 2q2 :Z 2q2 + 2q2 - 2q2
_ ) k _ ) k ) 0 — ) k
(@) = @)k (@567 = (6P
n kaq(fk)2 > qu2
= +1+)
3. 2 2. 2,
— (0% 4%) - — (% ¢*)n
. . . (—l)kq(g . .
and using the identity (a;q)_j = R for a non-negative integer k, we get
A R A ) 2
Z 2. 42), n Tl 2. 42
PPk = (—1)kge) — (% ¢*)
oo k k‘2
2*q
—0+1+
; (4% *)n

This equals 1 when ¢ = 0. The left-hand side of (1.33) also equals 1 when ¢ = 0.

If we let n — oo in (1.33), then for fixed k, we obtain,

(@5 @)tk = (@507 oos

and so
[e/e] qu(k:)2
(=274 ¢ oo(—24; ) oo = —_
k:Z_OO (€% ¢%)oo
which can be written as
— 2
(=274 0P)oo(— 2 oo (0% oo = Y, ¥
k=—00

Hence, (1.27) is proven.

15



In Ramanujan’s notation, the three most important special cases of (1.23) and (1.17)
are f(q,q), f(q,q%) and f(—g; —¢*). Observe that

e n(n+1l) n(n—1)
flag) = Y a2 ¢ =

n=—oo

»
[

n(n—1)

flad®) = S (@ (9**

and

o0

f(_q7 —q2) = Z <_Q) "(n2+1) (_q2)n(n2—1)

n=—oo

o0
n(n+1) | n(n—1) n(n+1) | 2n(n—1)
= g <_1) 3t 3 q : +—

n=—oo

oo
2 2

_ Z (_1)1'1, ;n qn2+n+22n272n

n=—0oo

o

= X T

n=—0oo

16



— Z (_1)an‘ (134)

n=—oo

Using (1.27), the three special functions above can be expressed as infinite products.

More explicitly,

f(q,q)

(=45 49) 5o (— 45 49) 0 (94; 49) o0
(—=4; %) oo (=6 ¢*) o (0% ) o
(~; 0o (6% %) oo,

F(@:6%) = (—4;90*)oo(— 0% 90°) 0 (40°; 40%) o
(= "o (0% ") oo (0" ¢*) o

(0% ¢%) oo

(45 %)

and

1 q) oo- (1.35)

The pentagonal number theorem, originally due to Euler, relates the product and a
power series in which the powers are pentagonal numbers. It links (1.34) and (1.35)

and below we formally state the theorem with its proof.

Theorem 5 (Euler’s Pentagonal Number Theorem). For |q| < 1, we have

(@ @)e = S (—1)fg" 7. (1.36)

Proof. If we replace ¢ by g: in (1.27), we find that

> @)™ = ((02)% (7))o= 2(02); (47)D)oo(—2 1 (g2); (42))oc



which simplifies to

3
I
8

If we now set z = —qz, we get
- 1, 3\n2 1., 3 1.4, 3
D (=42)"(g2)" = (%1 ¢%)oo(—(—=02)(47); @*)oo(—(—42) 7' (q2); ¢*) oo
i.e.
> L, n@ntl)
S (=0" 7 =(0%0")00(0”6))oo (06"

= (¢:9)
0

Another consequence of Jacobi triple product is the following identity, also due to

Jacobi, which gives the expansion of the cube of FEuler’s product.

Theorem 6. For |q| < 1, we have

e}

=3 (-DFEk+ 1) (1.37)

k=0

Proof. From (1.27), we have

(—a7'q;¢%)oo(—04; ¢*) o Za’“ K

If we replace ¢ by q% and replace a by —aqi, we obtain

(a7 @)oo(0g; e (@: D)o = S (~1)¥aq" 7" (1.38)

—00

which can be written as

18



k24K
2

(1= a0 D)oo(0q: )o(q: @)oo = Y _(—1)F(a" —aF)q

e
I
o

Next, we multiply by a to obtain the identity, invariant under a — —a ™!,

1

(a% —a”2) (a7 4 @)oo (0 Q) (%1 D)oo = D _(—1)F(a"2 —a7""2)q

> k+1 k-1 )
N a"2—a " 2\ K4tk
(0763 0)oo (a5 @)oo (@3 @)os = 1 + Z(_m( S )q :
k=1 az —a 2
= 2
=1+ (_1)k(ak + ak—l + ak_g +. _k)qk 2+k
k=1

If we let a — 1, we obtain (1.37).

19
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1.2 Weak form of Bailey’s lemma

The concept of Bailey chains was first introduced by George Andrews to describe the
iterative nature of Bailey’s lemma. This iteration mechanism allows one to derive

many g-series identities by reducing them to more elementary ones.

We now proceed to study a small variation on Bailey chains which concerns pairs of
sequeces {a;}22, and {3;}52, of rational functions of the variables a and ¢. They

are said to form a Bailey pair, provided that for all n > 0,

J
ay
=Sk (1.42)
! ; (9)j-k(aq)j+x
A limiting (weak form) of Bailey’s lemma asserts that if (1.42) holds, then the

following theorem follows:

Theorem 7 (Weak form of Bailey’s lemma). Let (aj, ;) be a Bailey pair. Then

(subject to convergence conditions),

., . 1 X, .
¢ B =——) ¢ day. (1.43)
]ZO T (ag; @)e ; ’

Proof. See [11] for a proof.
[

The next lemma shows how {a;}52, can be calculated directly in terms of {/3;}52.

Lemma 1. If (ay,, B,) is a Bailey pair, then

_l—ag ¢ (a3 @)y (—1)" g2 >ﬁj_ (1.44)

Proof. Recall (1.42) and note that the right-hand side of (1.44) is

n—j

1 —ag® < (a;q)n+j(—1)n7jq( 2 )51'

20



Q)” =J J T aq)]-ﬁ-?‘

1 — n
= 1 _a'(i Z a q +] ZO
_ l-ag™ Z o Z <a>n+j<—1>"—fq<za>

(@)n-3(@)j-r(aq)j+r

r=0 j=r
(set j=j+7r)
_j_,’,q(nfgfr)

. 1 - CLq n+]+’r
l—-a Z Z n j— T‘(Q)j(aq>j+27'

We note that (q)n—r = (¢)n-r—;(¢"~"7*); using (a; @)nsr = (a;¢)n(aq™; q)x)

0 that (g)u—j—r = 225y and (@)ujer = (O (ag™7);.

Similarly (aq);+2, = (aq)2-(ag®*1);. Alsonote that (") = (") +(])+j—(n—

which is equal to (",") + (“1') — (n —r)j.

Then, we have

l-a 4= (4 9)n—j
_ l-ag ¢ o — (@)n+r(aqn+r)j(—1)”_’"(—1)jq("_§_r)(qn—r—j+1)j
- l-a Z; ; (@);(@)n—r(aq)2r(ag®*1);
I el (@) (—1)m7g("2")
l-a 0 (aq)2r(@)n—r
L S2 (ag), (1) (g g
=0 (q);(ag* 1)

(Q)nf'rfj<1 _ qn—r—j-i-l)(l _ qn—r+j+2> o (1 _ qn—r> B
(@)n—r—j
_ (Q>H—T—j(qnirij+1)j _1\J (%)f(nfr)k
(Q>n—r—j ( 1) !

21
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— (qn—r—j+1)j (— 1)jq(§)*(nfr)k

so that
41

(q" 91, (1) qUz )=k = (g ey g, (1.46)

Denote the inner sum of (1.45) by A(r,q). Thus

n—r ag™T ; —1 J(n—r—73+1 j (szrl)*(”*T)j
A(r,q) = Z( L )(q()z(aq%“))jq

=0
T

n— —(n—r) (ag™tT). .
‘ (Q)j(czégrfl)j b o (140

J
<q—n+r+1>

Note that A(r,q) = 1 if r = n and A(r,n) = 0 if r < n. Thus, the right-hand side
of (1.44) is

1— aq2n n (a)n_i_r(_l)nfrq(ngr) (qfn+r+1)n_r B 1— aq2n (a)Qn

(o7 = n
l—-a r=0 (aq)Qr(Q)n—r (q2r+1)n—r l—a (GQ)Qn

= n-
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1.3 Partitions of Integers

Partition theory is an essential branch of number theory and combinatorics relat-
ing to enumerative properties of integer partitions. Partition theory’s mathematical
origin goes back to the 17th century. It has evolved through contributions made by
influential mathematicians like S. Ramanujan, L. Euler, G. H. Hardy, A. M. Legen-
gre, F. Dyson and A. Selberg. It continues to be an active area of study till today.

Partitions were first studied by Euler. For many years, one of the most interesting
and tough questions about integer partitions was determining the exact formula of
p(n), where p(n) denotes the number of partitions of n. Hardy, Ramanujan and
Rademacher finally answered this question quite completely [15, 19]. An example
that remains unsolved in the integer partition theory, despite a good deal of effort
having been expanded on it, is finding an easier criterion to determine whether p(n)
is odd or even. There is no pattern discovered to date even though values of p(n)
have been computed for n into billions [21]. There are many other intriguing prob-

lems in partition theory that remains unsolved today.

As a research area, Theory of Partitions has some trouble fitting in with other
fields, maybe because of its multidisciplinary nature. It originated as part of Anal-
ysis, and then became part of Number Theory when numerous applications had
emerged. It was then later considered as part of Combinatorial Analysis, which is
a subject that evolved into modern day Combinatorial and Discrete Mathematics.
For some further studies in partition theory, see [1, 2, 3, 4, 5]. In the next section

we discuss some elementary aspects of partition theory.

A partition of an integer n, where n > 0, is a non-increasing sequence of posi-
tive intergers, called parts, who’s sum equals n. This generally means the number
of ways in which a given number can be expressed as a sum of unordered positive
integers. As stated in the previous section, the function p(n) shall represent the
number of unrestricted partitions of n. For example p(5) = 7, the following are all

partiions of 5.

23



441
3+2
3+1+1
2+2+1
2+1+1+1
1+14+1+1+1

When explicitly listing the partitions of n, the simplest form is the so-called natural
representation which simply gives the sequence of numbers in the representation
(e.g. (3,1, 1)) for the number 5 = 3+ 1+ 1. The multiplicity representation gives

the number of times a number occurs e.g. 5 =3+ 1+ 1 can be written as (3, 1?).

Many results on partitions can be obtained by the use of Ferrers’” diagram. The
Ferrers’ diagram of partition is obtained by putting down a row of dots equal in
number to the largest part, the immediately below it a row of dots equal in number

to the next largest part, and so on. Such diagrams for partitions of 5 are shown

below:
5 4+1 342  3+1+1 24241 2+41+1+1 1+1+1+1+1
: (1)
o o [ 1 J 000 000 0000 00000
[ ) [ ] (1) [ o0 [ )
( J [ ] (] [ )

By rotating the Ferrers’ diagram of a partition x1+x5+- - - +x about its diagonal,we
obtain the conjugate partition z1* + x2* + x3* + - - - x,* , in which x;* is the number
of parts in the original partition of size ¢ or more. For geometric clarity, Ferrers’
diagram is obtained by exchanging rows and columns.

For example,

4+3+3+2+1+1 6-+4+3+1

o000
000 000000

)\ 000 ) - 0000
o0 000
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From the example above, it is easy to see that the conjugate X of A is the partition
whose Ferrers’ diagram is the transpose of A. It is also important to note that the
conjugate of a Ferrers diagram has the same number of dots as the original diagram.
Therefore, they both represent partitions of the same number. In the above exam-

ple, the number is 14.

Some Ferrers’ diagrams have the property of being identical to their conjugate.

In this case, they are called self-conjugate. For example:

O+5+4+34+2

The diagram above has a mirror symmetry with respect to the line. Ferrers’ dia-
grams are useful as they can be used to prove many non-trivial relations between
partition functions. There are also other ways to prove partition identities and one

of them is to use generating functions.

A generating function for a sequence of numbers by, by, by, b3, ... is defined as:

B(x) = Z bz’
=0

Euler discovered that one could define a generating function for p(n) and that the

generating function is given as

P(q) = > p(n)g"
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Definition 2. The number of partitions of n into parts not more than m parts is to

be denoted by p,,(n) in the sequel.

me(n)g(n) = Z qﬂ1+n2+--.+nm

n>0 n1>n2 >Ny >0

— § E qn1+n2+-~~+nm

n1>n2 N2>+ Ny >0
(set ky = ny — ng so that ny = ki + ng)

— § § qk1 +notnot-+nm

k1>20n22>-nm=>0

= Z qkl Z q2n2+~~~+nm

k120 n22--nm=>0

— Z qkl Z Z q2n2+n3~--+nm

k120  n2>ngnz>na>-nm>0
(set ]{32 = Ny — N3 SO that N9 = k?g + ng)

= Z i Z Z 2 ka+na)bna ot

k12>0 ko>0n3>ng>-nm>0

— Z qkl Z q2k2 Z Z q3n3+n4"-+nm

k1>0 k22>0 ng>ng ng>ns >, >0

(set ks = ng — ny so that ng = ks +ny )

= Z qkl Z q2k2 Z Z q3(k3+n4)+n4---+nm

k1>0 k22>0 k3>0ng>ns>-nm >0
— k1 2ko 3ks 4dng+ng--+n
DI AD I D DL D DR "
k120 k22>0 k3>0 ng>ns>-nm >0

_ Z qk1 Z q2k2 Z q3k3 . Z q(m—l)km_l Z qum

k120 k220 k3>0 km—120 km>0
1 1 1 1 1
1_q11_q21_q3 1_qm—11_qm

-1
-1

k=1
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We discuss a uniform approach for finding generating functions for certain partition
functions. This approach is called partition analysis (or omega operator). It was
introduced by P.A. MacMahon.

1.4 Partition Analysis

MacMahon introduced Partition Analysis in his famous book ‘Combinatory Anal-

ysis 7 as a computational method that is used for solving problems in connection

with linear homogenous diaphantine inequalities and equations.

Definition 3. Given an absolutely convergent multiple Laurent series

o0 oo o0
n n Ny
S 3 Y G WA A,

n1=—00 N2=—00 Nyp=—00

where C,,, ., s some rational function in several complex variables and each \; is

in some region 1 —t < |[\;| < 1+t fort > 0, we define the omega operator Q> on

the series as:
oo 00 00
ni n9 Ny __
QZ E : E : e E , Cnl,nz,---,nr)‘l A" AT = E E E Cnlynz,"wnr-
n1=—00 Ng=—00 np=— n1>0mn2>0 nr->0

Remark 1. If an exponent of X\; is negative, then any term with X\; is removed. If

an exponent of A\; s nonnegative, then \; is set to 1.
An example demonstrating the above definition is shown below:

Example 2. For |q| < 1,

QZ i i qnl-l-nz)\lm)\?nz

ng=—00 N1=—00

o

1 0
= Q. Z ( Z FIRRALEY VD WL Z qn1+n2)\1n1)\2n2)

no=—00 ni=—00 n1=0
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-1 -1 00
_ Q>{ Z ( Z IREED VD VWL Z qn1+n2)\1n1)\2n2)

no=—00 >ni=—00 n1=0
o) —1 0o
+ E ( E qn1+n2)\1n1)\2n2 + § qn1+n2)\1n1)\2n2>}
no=0 ni=—00 n1=0
—1 -1 —1 e}
— QZ { E E qn1+n2 )\1m )\2n2 + § E qn1+n2/\1n1 )\2n2
Nnog=—00 N1=—00 no=—0o n1=0
o) —1 00 00
+ E E qm—i—nz)\lm)\zm + § § qn1+n2)\1n1)\2n2}
ne=0n;=—o00 n2=0n1=0
[e's] 0o
— ni+ng
=22 0
n2=0mn1;=0
[e's] 00
— n2 ni
=2 d" > a
no=0 n1=0

Some of the properties of the omega operator are summarized in the following propo-
sition.
Proposition 3. For integers 0 > o > s and b > 0 we have

1 1

ST U VT RS el g g g g (147)

1 14 oyl
0 - v 1.48
T )1 =0) ~ A= o)1 —ap) (1.48)

A A
Q =0 .
T XA(I- ) TN 5P)

(1.49)

We will not prove all the identities in the proposition but showcase the proof of
(1.47). Observe that

1 (]
Q = Ax) (=)™
T —g 2 2 M
_ QZ Z )\nfsmxnym
n,m>0
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(set n — sm = k so that n =k + sm)

_ Z Z xk+smym

k>0 m>0

— E l’k E xsmym
k>0 m>0

1
(1 —2)(1 —=zy)

We demonstrate partition analysis in the following example.

Example 3. The number of partitions of n of the form bs + by + by wherein

equals the number of partitions of n into odd parts each <5.

Proof. We have b; > 0, by > 2b; and 2b3 > 3bs.
Let [(n) be the number of partitions of n of the form bs + by + b; wherein

by S b2 b
372 71

Thus, the generating function for [(n), denoted by L(g), can be written as

> 0.

L(q) = O Z qb1+b2+b3)\32b3—3b2 >\2b2—2b1 )\1171

[e’e) [e%e] )\2 by o0 )\3 bs
= Q M) — T3
> ) (g ;(qug) b 0<qA22)

(by (1.49), where « =0, A= \y, s =2, b=1, A = q, B = q\y, we have:)
1 1 1
= O 2
(1—gM®) (1 - q2§—§) (1 - q;7z>
(by (1.48), where A = A\, s =2, 7 = ¢, y = ¢° )\, we have:)
]_ +q3>\2

(1= )1 = ala*h)?) (1~ a2%)

= O
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N 1+ ¢ A
T(1- g — ) (1-g2%)
(by (1.49), where a = 1, A = Xy, s =2, b=0, A = ¢°, B = ¢)\3, we have:)

Q0 1+ ¢ Ay

T1- )1 — A% (1 ¢oh)
1+

(1-q¢)(1=¢°)(1—q%

1
(I-q)(1—¢*)(1—¢°)
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Chapter 2

The Rogers-Ramanujan identities

In this chapter, we provide proofs of the original Rogers-Ramanujan identities.
These identities were first discovered by L. J. Rogers in 1894, but were almost
not noticed around that time. S. Ramanujan rediscovered them but had no proof.
Fortunately, in 1917, Ramanujan accidentally found Rogers paper. They finally
worked together and published a new proof in a joint paper in 1919.

The two famous Rogers-Ramanujan identities are given as

- 1
~Ua—mna— 2y

and -
TL n 1

00 q B
=2 G U (=20 =) 22

n

-0
The identities (2.1) and (2.2) are perhaps the most mysterious and ceebrated results

in partition theory.

We now show how Rogers-Ramanujan identities in (2.1) and (2.2) can be proved

using Baliey chains.

From (1.44), we see that
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(by (1.3) and (1.4))

l—-a <Q)n e
1
(now let 3; = @ q)j)
1 ad® (@)a(~1)"¢3) N (ag™) (a0
T T (@)n ;0 (¢;9);
Lot <a>n<—1>(;§i’z’><aqn>" (by (L.22)
_ 1—ag (@), (=1)"g T
l-a (n
- e e -
Therefore, using (1.2) and (2.3), we have
SN R = nzan1 — ag® (a)n(—1)"¢" T " a"
%q T @0, (@) nzgq 1—a (@)n
L & (L= ag)(@)a(—1) g
- (0g0)w HZ:O (1—a)(g)n
L1 & (- ag?) (@)~
 (ag; Qe nzg (1—a)(g)n
_ 1 =\ (1= ag®)(1 — a)(aq)u1(—1) g™
- (aq; @)oo 142 (1—a)(q)n
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—_ 1 - (1 — aq2n><aq)n71(_1)na2nq5n22,n
 (ag; ) {1 + nzl @ } (2.4)

To obtain (2.1), we let @ =1 in (2.4). That is,

g (qci)n - (q;;)m :1 n g (1- qQ”)(Q)qu—)l(—l)"qu_”l
" (¢ }1)00 1+ g d+ qn)(ng§;1)"q5"z‘"}
- <q;2>oo bt gﬂ +q")(~1)"q }
Sl i(_l)nqwzn ' nf:l(q")(—l)”q“i"}
- (61;11)0o 1+ g(—l)"qsné" n g( 1)nqsn2+n}
[ T ]
- (q;;)oo i(—l)”q%_” +nz_1:w( 1y _n}
- (q;;)oo ni@(—l)“q“i‘“
= f(=a% ")
= (0%0")(0% 0") (0" 0")
) H (1- q5”—1)1(1 )
Finally, to obtain (2.2), we let a = ¢ in (2.4). That is,
i én;z ) (q2;1Q)oo i - Q2n+1()1(€2nc1()_(611)): A

n=0
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(% 0)x l1—gq
1 > n 5n“+4+3n
- (7,9 Z(l — ") (=1)"q
110 =0
1 > n 5n +3n n 5n +7n+2
T (@0 Lz%(_ - Z }
(set n = —m — 1 in the second summation)
1 [ n  Bn2t3n mml=ee -1 5(—m—1)247(—m—1)+2
= ( . ) Z(_l) q 2 - Z <_1) q 2
T L35 —m—1=0
1 [ <& n  5n2t3n m=_1 m 5(—m—1)247(—m—1)+2
=@ D=1+ ) (D)™ 2
1700 L =0 m=—00
1 [ TL 5n.2 +3n 5m +3m
e X e
1 > n 57L2+37L
" (@ ) Z (=1

= f(—¢";—q)
= (q;q ) (¢*; ) (¢°;4") s

o0
_H (1 —¢n2) 1_q5n 3)’
The original Rogers-Ramanujan identities have given rise to several other identities.
These identities are still called Rogers-Ramanujan identities. We discuss a few of

them in the sequel.

The next two theorems are applications of partition analysis and g-series to prove

Rogers-Ramanujan identities.

Theorem 8. The number of partitions of m of the form by + by + - -+ where by >
by > by -+ and each b; is odd or = £+ 4(mod 20) equals the number of even-length

partitions of m of the form ¢y + co 4+ --+ where ¢y > cy > c3>cy > 5> -+,
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1.€.
1

1+
Z Dan (45600 (0% %) 50 (q'%; ¢%°) oo

(2.5)

Proof. Let A(q) denote the generating function for the number of partitions of m of
the form by + by + - - - where by > by > b3 --- and each b; is odd or = £+ 4(mod 20).
Let B(q) denote the generating function for the number of partitions of m of the
form ¢y +co+ -+ where ¢; >cg >3 >c¢c4 > 05 > ---.

Let B(g,n) denote the generating function for the number of partitions of m of the

form ¢ +cg + -+ + ¢, Where ¢ > ¢y > ¢c3 > ¢4 > ¢5 > ---. Then we have

_ c14ca+c34--cap yC1—c2—1yca—c3 yc3—ca—1ycqa—c5 C2n
B(g,n) = Q> § q " Al APAS AL A

€1,€2,¢3,"* ,c2n >0

>0 T >0 Can>0
AT T T Ay T
A - ) — )13 (1 - ap)
(let z = q, y = gAy and A = \;)
gAs ™ AT AT A
T (1 - )1 - g1 - a3 - (1 — gz
(let x = ¢*, y = gAz and X = \p)
gAs AT AT Ao !
11— )1 —ghs)(1—g) - (1 — g2
(let x = ¢*, y = g\y and \ = \3)
— 0. q®Xs AT Ay
T(1-q)1 =) A=) (1 —ghy)--- (1 — g522)

2n—1

=0

=0

B T e
(-1 =) (1 =g (1—¢*)
_ "
 (@39)2n
Thus, we have ,
-
N ;B(q’m B ; (4:9)2
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Observe that

= 1
Al =11 ;
_ A2i41 _ 420i+16 _ 20i+4
o (=) (1 = @0 10) (1 — ¢* )
1

(4% 6%)00 (4% %) 0o (4% 4%°) oo
We now prove (2.5). Replace ¢ by ¢* in (1.20) and set b = = and let t — 0. The
left-hand side of (1.20) becomes

i —77q> t2”:i<1+%><1+%<l+‘%§><1+% (14 2y

n= n=0 (¢* q*)n
_ < (t + G'Q>(t + aqg)(t + aq5)(t + aq7) R (t + aq4n—1)
n=0 (q4; q4)n '
Let ¢t — 0. Then
2% (aq)(aq’ )(acéq)(C;Q)) - (ag 2% (2.6)

The right-hand side of (1.20) is

(b ¢*)o i (050 _ (94:¢7)s0 i (t + aq)(t + ag®)(t + ag®) - (t + ag* )"
? —t; ¢ t"(q% ¢*)n(ag; ¢*)n

and letting t — 0 results in

2 = a’q
aq; q ) 2.7
Nl nz:% (4% ¢*)nlag; ¢*)n 27
Thus, combing (2.6) and (2.7) gives
o anqn2 0 a?nq4n2
%) e = 2.8
)2 a2 (e 28)

and setting a = 1 gives
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— (¢ ") = (g% ¢*)n(@: %)’
ie.
LY ey 29
(6% = (¢4 q)n = (G@)2n’
n=0 n=0
and from (2.1)
1 o0 qn2
F(¢") = 2.10
(43 4%)oc @) ;)(q;qm (2.10)
But
F(q4) = H 20n—4 20n—16
L (=g ) (1 —¢ )
so that
[e.e] qn2 1
= : 2.11
;(q;q)zn (45 4%)oo(a*; 47%) o (4% 47%) (2.11)
0

Theorem 9. The number of partitions of n of the form by + by + --- where by >
by > b3 -+ and each b; is odd or = £ 8(mod 20) equals the number of partitions of
n of the form c1 4+ co + - -+ into an odd number of parts where ¢y > cg > c3 > ¢4 >

Cy > Cg 2> C7 >0,

1.€.

0 qn2+2n 1
L - - 2.12
; (@ D2nt1 (456300 (0%0%°) 0 (6'%5 4%°) (2.12)
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Proof. Let D(q) denote the generating function for the number of partitions of n of
the form by + by + - -+ where by > by > by - -+ and each b; is odd or = + 8(mod 20).
Let C(q) denote the generating function for the number of partitions of n of the
form ¢; + ¢ + - - - into an odd number of parts where ¢; > ¢y > ¢35 > ¢4 > ¢5 > cg >
Cr > e

Let C(q, k) denote the generating function for the number of partitions of n of the
form ¢ + co + - - - cog11 into an odd number of parts where ¢; > co > ¢35 > ¢4 > c5 >
Cg > Cp > -+-.

= c1+ca+e3+-Copq1 Y C1—C2 Y C2a—C3 yCc3—Cca—1yca—c5 ycs—ce—1 yco—cr |
Clg, k) = Q> Z q ATTTENZTENG AGHe5 NG ¥

€1,€2,¢3,* ,C2k+120

ZZ q)\1 Z %)Cz Z( :\\2) .. Z (q/\i];:l)@k“ )\3—1/\ —1>\7

c120 c2>0 1 c3>0 Cop41>0

As TIN5 TN T A

Q

- >
T = aA)(1—a32)(1—g2)(1—g3d) - (1 — g™
(let z =¢q, y = ghg and A = \)
—_Q AT AT A T A

(1= (1= )1 — 21— )~ (1 — g2)
(let z = ¢*, y = gAs and A = Xy)

0 A3 AT AT Ay

T =) (1= @)1= ghs) (1 —g32) -+ (1 — g™5222)
(let = ¢* y = gAs and A = Ay)

0 A gy
>
7<1 q)(l q2)<1 q3)(1 —q)\4)( q)\iz;rl)

_ PP - 2!
(1—q)(1—¢*)(1—¢*)(1—q*) - (1 — g?+1)
k(k+2)
_ 7
(4 @)2n+1
Thus, we have
© o0 k(k+2
= C’(
kz:; kz:; (¢ @orr1
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Observe that

= 1
D(Q):H 2it1 20i+12 200+38
Lo (=gt (1 = @+ 2) (1 — ¢* %)
1

(ql; 0?) oo (4'% ¢%°) o (g5 qzo)oo.

We shall also show that (2.12) is true similar to (2.5).

Similar to (2.10), we continue from (2.8) and set a = ¢* to get

00 q4n2q4n 5 o 0 qn2q2n
T = (70 )
,; (4% ¢*)n % (0% a4 ¢%)n

n=0
o0 n? 2n
q q
= (00 ) 7y
n—=0 (Q7 q>2n+1
We also observe from (2.2) that
4An(n+1) 0 1

Q
S
=

[
(]2
R
I

q4; q4) H (1 _ q20n—8)(1 _ q20n—12) ’

n n=1

Hence,

i qn2+2n B 1
(@ Dont1 (456%)00(0%56%) 0 ("% ¢%°) o
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Chapter 3

Ramanujan’s partition

congruences

Much of the current work involving the arithmetic properties of the partition func-
tion find their seed in some keen observations of Ramanujan. In particular, he
discovered what are referred to as the Ramanujan congruences of p(n). These are
appropriately named because Ramanujan was the first [7] to notice these interesting

properties of the partition function. He found that, for all n € Z,
p(bn+4) =0 (mod 5),

p(Tn+5)=0 (mod 7)

and
p(1In+6) =0 (mod 11).

In addition to noticing these peculiar relations, he conjectured that the relations
above were the only congruences of this form. In particular, these Ramanujan

congruences are the only congruences of the form

p(ln+ 6)=0 (mod )

for all n € Z, [ prime and some fixed § € Z.

These Ramanujan congruences are an example of congruence properties for par-

tition function.
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In this section, we shall only give proofs of Ramanujan’s congruences for p(n) mod-
ulo 5 and 7 as well as the most beautiful identities and Atkin-Swinnerton-Dyer

Congruences.

The following observations are true for a prime p. Let r be a non-negative inte-
ger. For 1 <j<p" —1,

(@) — 0 (mod p). (3.1)

The equation (3.1) implies that

(z+y)? =@ +y”) (mod p). (3.2)

Proposition 4. For a prime p and non-negative integer r, we have

r

(@ ¢"") = (9" (mod p). (3.3)

3.1 The identity p(bn+4) =0 (mod 5)
We want to show that
p(5n+4)=0 (mod 5).
By proposition (3.3), it is clear that
(0% = (¢"1¢")
and thus

|

(G D%  (@¢%)
By using Euler’s result, we recall that in (1.36)

o0
k 3k2—k
p)

A= (0,90 = Y (-Dq

k=—o00
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and note that

k? —k
5 5 =0,1or2 (mod?5).
So,
= 3k2—k
(G0 = > _(—1)'q >
= Ey+ E+ B, (3.4)

where FE; consists of thos terms of E in which the power of ¢ = ¢ (mod 5).
This is another example of an m-dissection, where we have expressed a series as
a sum of series, in each of which the powers fall in just one residue class modulo m.

Here, m = 5.

Also, from Jacobi’s result, observe that,

K2+ k
2

=0,10or3 (mod5). (3.5)

Most importantly that @ = 3 (mod 5) if and only if £k =2 (mod 5) and then the
coefficient 2k +1 =0 (mod 5). We find that by (4.2), for modulus 5,

2
(:0)% = (D (2k+1)g ="
k>0
But for £ =2, we have 2k +1 =0 (mod 5). Thus
(¢;9)% = Co+ C1 (3.6)

where C; consists of terms in which the power of ¢ is congruent to ¢ modulo 5. So,

.1
%;p(mq (60w
_ (w9
(¢ 9)%
_ (@ 9D=(69%
(4:9)3%
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(applying (3.2) and substituting (3.4) and (3.6), we obtain:)

1 —
(65 0o (Eo + By + E3)(Co + C1)  (mod 5)

1 ~ ~ - _
= P [EoCo + (EoCi + E1Co) + (E1Cy + ExCo) + EoCh).

There are no terms on the right-hand side in which the exponents on ¢ is congruent
to 4 (mod 5) and so

Zp(5n +4)¢""™ =0 (mod 5),

n>0
le.
p(bn+4) =0 (mod 5).

3.2 The identity p("n +5) =0 (mod 7)

It is clear that
(:0)5% =(q"¢") (mod 7).

Recall that

k24k
E:=(gq)% =Y (-D)f2k+1)q =,
E>0
it is not difficult to see that
>+ k
;_ =0,1,30r6 (mod 7).
So,
(4:9)% = Eo+ Er + Es + Eg (3.7)

where the E; consists of those terms of E in which the power of ¢ =4 (mod 7).
But for £ = 3, we have 2k +1 =0 (mod 7), thus

(:9)%, = Co+ C1 + Cs (3.8)

where @ consists of terms in which the power of ¢ is congruent to ¢ modulo 7.
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(493
L)
applying (3.2) and substituting (3.8), we obtain)

(Co+Ci+C3)* (mod 7)

—~ Q

(474"
1 ~—— —— o o
= W(COCO +2C,Cy + C1Cy + 2C,Cs + 2C1C5 + C3C5)

it can easily be noted that there are no terms on the right-hand side in which the

exponent on ¢ is congruent to 5 modulo 7, hence
p(Tn+5)=0 (mod 7).

3.3 Atkin-Swinnerton-Dyer congruences for mod-

ulus 5

Recall from (1.27), that

2 _
> d'" = (—a'q,—aq,¢% ")

k=—o00

and that (2.1) and (2.2) can be written as

oo

5k2—k
(06" 0" 0o = Y (—1)Fq >
k=—00
and -
5k2—3k
(0.4 0" ") = Y (1)Fq =,
k=—00
respectively.
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We've already seen in (3.6) that, for modulus 5, we have

()% = D (-1 2k+1)q 7

k>0
= Co+C
= Y(¢®) + ¢X(¢°)

where C; = ¢X(¢°) and Cy = Y (¢°).

The aim is to express X(¢°) and Y (¢°) as a triple product. We proceed as fol-

lows:

X(@) = ¢'C

oo

= ' Y (DRt

k=1,3 (mod 5,k>0)

o . 5i4+1)2+(5i s . i i
_ Z(—1)51+1(2(5Z’ 4 1) i 1)q( +1) 2+(5 0 4 I Z(—1)5Z+3<2(5Z I 3) 4 1) (5i+3)° +<5 +3) 4

=0 =0

s . . (5i+1)2+(5i+1) > . ) (5i+3)2+(5i+3) _
= N (00 +3)g 2 Y (1)R0i+ 1)

i=0 =0

> ) i+1) 24 (5i+1)— > ) i+3)24(5i+3)—
_ Z(—1)5Z(—1Oi B S)q(s +1) +2<5 +1)—2 i Z(—1)5z+3(10i n 7)q(5 +3) +2(5 +3)—2

i=0 i=0

> i (5i+1)2+(5i+1)—2 > i (5i43)2+(5i+3)—2
= > (D3¢ = =) (-3¢ = (mod5)

i=0 i=0

> . (5i+1) 24 (5it1)— s . (5i43)2+(5i43)—
= o L S ) o s
=0 =0
= 3" =) = (¢ =)+ (¢® — ") — -]
= —3X()
where
~ s i (57,+1) +(51+1 ’L (51+3) +51+3) 2
X = > (-1)q - Z R
1=0
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Similarly,

Y(q)

Z(—1)5"(2(5i) +1)g
> (—1)'(10i 4 1)

i i2445i
3 (—1)(10i + 1)¢ ™ 7 +Z )i(10i + 9)g =

o0

[ee]
. 25i2410i+1+15+i—2 . 25i2430i+9+5i+3—2
1 1
> (—1)'q 2 —E (—1)'q 2

=0

Z( ’L 251 +151 Z ’L 251 +351+10
Z( i 2542 +152 Z Z. 25(z+1)2—15(1+1)

i=0
(replace ¢ by ¢ — 1 in the second summation)

o0

Z(_ i 251 +151 . Z ’L 1 251 —151

=0
00 oo 5

S Yy

=0 1=1

. 25i2-15i . 2az2 156
N ’L
d " (~1)iq > +§
) =1

2

Z (_1)Zq251 2—152’

1=—00

(@°,0*, 4%, )

oo

S DRk 1)

(mod 5),k>0

(56)2+(59) (5i+4)2+(5i+4)
2 2

+ i(—1)5i+4(2(5i +4)+1)q

=0

25i2+40i+16+5i+4
2

+Z )'(10i + 9)q

i 2502454 i 25i24+45i+20
—1)'q > +Z(—1) (-L)g = (mod 5)

7; 257. +5z Z 7: 257. +457.+20

P q45 i q55 _ g0 _
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Thus,

o0

Z(_ 7: 252 +51_Z

=0

. er1)2 5(i+1)

(replace i by i — 1 in the second summation)

a 2
Z(— i 251 +5z . Z Z 1 251 —51
=0
0
2
Z i 251 —54

Z( i 25i2 751

1=—00

(0", 4", 6% ¢*)

(:0)3 =

(q107 q157 q25; q25)00

—3(¢°,¢*,¢*;¢* )0

By making use of (3.2) and (3.9), we have, for modulus 5,

and finally, using (3.9) and (3.10), we find the following congruences.

°) = 3¢X(¢”))°

((¢:9)3.)?

_Y() =99V (¢°)° X () + 27¢°Y (¢°) X (¢°)° — 274° X (°)°

(3.9)

Y@+ qY ()’ X(¢°) + 2¢°Y () X (6°)° + 38X ()’

(¢°:¢°)

2
]

(¢°;¢°)%

known as the Atkin-Swinnerton-Dyer congruences.

47

(mod 5)

(mod 5)
(3.10)

They are



i.e.

i.e.

1.e.

(q gt 7q5;q25)§o
(¢°¢°)%

Y

S p(n)g" E(q . q)%,

(¢ 0)%

Y (®)’X(¢)

(@® 4°)%

(0", 4", ¢®:¢®)2 (%, 0, ¢°° ¢*°) o

(4% 4°)2,

(¢*, 4% ¢ 0°)2 (0, 4" 3 °) oo
(¢:9)2%

Y

(@°,¢®, 4% ¢*)%(d"°, 4", ¢*; ¢*°) o

=2 (@®:¢°)%
(0,4 ¢ °)%(0%, ¢, 05 °) oo
Zp (5n+2)q¢" =2 0 q)oo
- 5n X(q5>3
2_p(on+ 3" = 3(95;(15)20

n=0

48
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(q5 q20 q25.q25)3
(4% ¢°)2%

Il
w

i.e.

e 4 5. .5\3
Zp(5n+3)qn53(Q7Q7Qa2q )oo.
s (4:9)%

and
Zp(5n +4)¢" =0 (mod 5)
n=0

In the next section, we will show that similar congruences with respect to modulus
7 will hold.

3.4 Atkin-Swinnerton-Dyer congruences for mod-

ulus 7

We recall from (3.8) that

(:9)%, = Co+Cr+Cs
= L(¢") +qM(q") + ¢’ N(q")

where Cy = L(q"), C, = qM(q") and Cs = N (q").

We want to write L(¢”), M(¢°) and N(g°) as a triple products. Observe that

Co = L(q")

o S e

k=0,6 (mod 7),k>0

e ) 24 i [e8) . e
=0 P

49



o0 [¢’e)

i 2470 ; 2484 i
Z(—l)n(léli i 1)(]49 AT n Z(_l)ﬁ%(l% 4 13)(]%
i=0 i=0
- ; 2470 > . 24014
Z(—l)n(llli + 1)q49 2 4 Z<_1)7Z+6(14i + 13)q749 S p—
i=0 =0
> . 217 s . i2491i
Z(—l)z(l)qw 2+7 +Z(—1)z(—1)q49 +5291 +42 (mod 7)
=0
i(—l)l 4942 +7Z B Z Z’ 4942 +917,+42
=0
L - =+ q105 _ 0
> . 2470 > . i+1)2—70i
Z(—l)l(l)qm 2+7 B Z(_lqu( 4—1)2 7(i+1)
=0 1=0
replace 17 wi 1 — 1In the second summation

| , with ¢ — 1 in th d ti

> i 49i2 +71 1 497. —77,
Do (-1 - Z
=0

0 . 4922 7i . 4922 7i
SRS wEy

> . i2-7i

S

(@®',4®, 4" ¢")

Cl - qM(q7)7
1.e.
M(q") = ¢ 'B

g > (—1)*(2k + 1)g 2

k=15 (mod 7),k>0

2

49i2 4 7004254 7i4+5-2
2

> . i4+1)2 4+ (Ti+1)— i .

ST RT ) g+ S (- D)T(2(Ti+5) + 1)g
=0 i=0

> ; i2414i irl— > .

=0 =0

e . 24140 it1— > )

1=0 i=0
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4902 4 70i4+25+7i+5—2
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where

o0

S (-1 (140 4 3)g

=0

o

+ ) (=17 (14i + 11)q

=0

49z +211

i 49i2 4215 > i 49i2 4771428
=3) (1)’ 7 =Y (-1)(-3)g >

1=0
o)

i 4974210 - i 49i477i428
=3) (g = +3) (-iq >

o0
i 494210 ; 49i%477it08
=303 (-1)ig 2 = (-l )

=0 1=0
—3M(q"),
- > . 4922+211 . 49(i+1)2—21(i+1)
M(@) = > (-1 —Z .
=0

q*Cy

q73

o0

D (=1)T(2(Ti+ 2) + 1)g

=0
00

D (1) (14i + 5)q

=0
00

> (—1)(14i + 5)g

=0

k=24

(replace ¢ with i — 1 in the second summation)

oo
_ Z(_ i 491 +217, . Z Z 1 497. —211
1=0
0
_ Z (_ 7; 491 —211 Z Z 1 491 —211

i=—00 i=1
)

. 49i2 214
= > (-q >

1=—00

= (¢",4¢",¢"; 4"

[e.9]

S DRk 1)

(mod 7)

(7i42)%+(7i42)—6
2

49i2 4 77i428
2

+ i(—1)7”4(2(7i +4) + 1)q

(7i4+4)2+(7i+4)—6
2

=0
49i2+28i+24+7i+276 + Z(_l)h’(l% + 9)(]
=0
4942 +35L I Z(—l)i(14i i 9)q4gi2+33i+14
i=0

o1

49i2456i+16+7i+4—6
2



[e.o]

oo
. 49z +351 . 4Qz +63z+14
= 5> (-1)q -5 § )q
=0

> 4 > 4
. 9i +351 . 9i +63i+14
= 5> (-Diq = =) (-1¢ =
i=0 i=0
= B5N(q"),
where
m i( i 49i2 +351 Z i 49(z+1)2—35(z+1)
q = - -
=0
(for the second summatlon let i =i—1)
o
. 491 +352 491 —351
Y e
i=0
> . 491 +351 > . 49i%2-35i
- S S
=0 =0
0 . 492354 > . 492354
= > (Vg 7T ) (g 7
i=—00 =0
> . 4942351
= > (g =
1=—00
= (¢4 4" ¢").
Thus,

(93 = Co+Ci+Cs
= L(¢") +qM(q") + ¢’ N(q")
— (q21’q28’q49;q49)00 _ 3q(q14’q357q49; q49)oo + 5q3(q7’q42,q49; q49)oo
(3.11)

Using (3.2) and (3.11), it follows that
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((:9)%.)?
(¢:9)%
(L(q") — qM(q") + 5¢°N(q"))?
(¢ 9)%
L(q")* = 6qL(q")M(q") + 9¢°M (q")* + 10¢° L(¢" )N (¢")
UL
—30¢"'M(q")N(q") + 25¢°N(q")?
(@4
L(q")* + qL(q")M(q") + 2¢*M (q")* + 3¢*L(¢") N (¢")
(475470
5¢*M(q")N(q") + 11¢°N(q")?
(474"

(3.12)

From (3.12), modulo 7, we have

1.e.

1.e.

S p(Tn)g = O

(4747 oo
(¢*, 4%, ¢*% ¢*))%
(474

o 3 4 7..7\2
Zp(m)qn _ (. q ?q 1 q )oo‘

S L(q")M(q")
E p(Tn+1)¢™m = =22
ot ( ) (475470
(@, 0%, 4" ¢") (6", 6%, 4" ¢7)

(474" ’

ip(m +1)¢" = (@ q" 440 ¢ 4714 )
=0 (¢; 4)ox
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- M(q7)2
p(Tn+2)g" =2
=2 ? ) ) 50
(474"

1.e.
0 2 .5 7. ,.7\2
Zp(7n+2)qn = 2((] , 4,49 54 )oo.
— (¢; @)
°° L(¢")N(q")
p(Tn +3)¢" =52~
,; (474 )00
_ 3(q21, 7,4 ¢") (4", 47, ¢ ¢")
(074" ’
1.e.
ip(m L3y = MU SN RN
— (¢ )
C M(q")N(q")
p(Tn+4)q" =5—2 212
; (4747
_ 5(6114,q35,q49;q49)oo(q7,q42,q49;q49)oo
(4754 oo ’
1.e.

ip(m +4)¢" = (007 050 )oo(0:0%, 0754 oo
= (45 @)oo

We also have
> p(Tn+5)¢" =0
n=0

o4



and

- N(q")?
g p(Tn+6)¢™ =4
— (q"4")os
_ (a7 a a5 )%

1.e.

i 6 ,7.,7\2
— (¢; @)

3.5 Ramanujan’s most beautiful identity

In this section, our goal is to prove the identity:

Zp(Em +4)¢" = 5E(q5)5

> TR (3.13)

We know from (3.4) that

= S (-1t

— 00

= E0+E1+E2.

We can write, with ¢ # 1 a fifth root of unity,

1 ECECEC)EG )
(4 @)oo E(q)E(Cq)E(¢*q)E(¢3q)E(¢*q)
I (S ) (S S B (S S (S S (3.14)
(4 @)oo (€45 €900 (C?0; (2 @) 00 (C3; (39) 00 (€15 (A )0 '

Let E(q) be the denominator of (3.14). Then

E(q) = (600 ¢0)(Cq; C0)o(CPe;: ) (Ca; M) o

95



= JJa - —¢"gn - g1 — g (1 - ¢*g™)
n>1
= 11 (1—¢")(1=¢"g")(1 =g (1= ¢g") (1= ¢"g")
n=0 (mod5)n>1
x I1 (1—=¢")(1=¢"g")(1 = ¢"g") (1 = ¢*g") (1 = ("g")
nZ0 (mod 5)n>1
= ai(g) X az(q)

where
a(q) = II (1—¢")(1—=¢"g") (L= ¢*g") (1 = ¢7"g") (1 = ¢™q")
n=0 (mod5)n>1
_ H(l . an)(l _ C5nq5n)<1 _ Clanfm)(l - Cl5nq5n)(1 _ CQanEm)
n>1
= JJa -0 -0 - - ™)1 - ¢
n>1
= J[a—=¢my
n>1
and
ax(q) = 11 (1—¢") (1= ¢"g") (1 =g (1 = ¢"g") (1 = ¢"g")
nZ0 (mod 5),n>1
_ H _CSqn+C7q2n_C2qn+C6q2n+<—5q2n_C9q3n_qng+q2nc5+2q2n<4
nZ0 (mod 5)

_q3n<-8 . 2q3nc6 + q4n<-10 + q2n<-2 o 2q3n<-5 + q4n<-9 4 q2n< . 3q3ng4 _'_q4nc-8 . q3nc3
+q4ng7 +q4n<-6 _ quClO _ an4 +2q2n<-3 _ 2q3n<7 _ qn +1
_ H _CSqn_l_CQan_CQqn+C1q2n+q2n_C4q3n_an+q2n+2q2n<4
nZ0 (mod 5)
_qan3 _ 2q3n<- 4 q4n +q2n<—2 _ 2q3n + q4n<—4 4 q2n<- _ 3q3n<4 4 q4n<-3 _ q3nC3
+q4n<-2 +q4nC - q5n - an4 +2q2nC3 o 2q3n<-2 - qn +1
= ]I -
nZ0 (mod 5)
+P(C+HCHIFT+2¢C + P+ +2¢%)

+*" (= =P -2 -2 = - 207
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A+ CHCH Q)
+¢°"(—1) + 1.

Note that

G- -1 = 1+ OO+
1—¢°
=

= 0,since ¢° =1,

CHC+1+1+20+C+¢+2¢ = 20+(+C+ 3+ Y
1-¢°
1-¢

= 0, since ¢° =1,

= 2

(= -2a -2 =02 = 204+
1-¢°
1—¢

= 0,since ¢° = 1.

= -2

Thus
w@= [ a-¢.

nZ0 (mod 5)

So we have

E(q) = ai1(q) - a2(q)
o)

- 5n\5 5n 1—
:E(l—Q)- I ao-@x ] El—gm)

n#Z0 (mod 5) n=0 (mod 5)
_ Hn21<1 - q5n)5 : Hn21<1 - q5n)

HnEO (mod 5)(]‘ - an)

o7




_B@r (3.15)

We note that the numerator in (3.14) is

N(q)

E(Cq)E(C*9)E(C9)E(¢q)

(Eo + CE1 + CPEy)(Eo + CPEy 4 ('Ey) (Eo + By + (°Eo) (Eg + C*Ey + (PEs)

(Ey* + CCEoEy + ("EgEy + CEoEy + (PE* + (PEVEy + (CEgEy + (*E1 By + (°Ey?)

X (Eo® + (*EgEy + CCEyEy + (PEoEy + ("B + (M EV By + (CEg By + (1 ELEy + (M EY?)
(Bo' + ("B’ By + (B Bz + CEC By + (B By + (M EY By By + (PE°E;

HOE2E By + (M E2E,’

+CECEL + CCECE’ + (Ey’EVEy + (CEy’Er 4+ (CEg By’ + (P E BV E, + CCE EL By
+(PE BV Ey + (" EyEy Ey®

+C B’ By + (CCECE By + (P EgEy* + (TEg’ E\Ey + (U Eg Ey' By + (P Eg By Ey?
HCOE2E? 4 (R E 2B,y + (S EyEy Ey?

+CE’EyL 4 CCECE + (BB By + ('Eg’Ey? + (CEo By + (P E BV Ey + ("B EV By
+(MEyEEy + (P E By Ey?

+CPE? B’ + (B By 4+ (M E B Ey + CE B + (OB 4+ (M EVCEy + (CEg By By
LCBEPE, + (TE2E

+CPEGE\Ey + (CEyEV By + (P EyEV By + (PEgE*Ey + (2B Ey + (B EY?
+HCUE B By’ + (P EC By + (B By

+(CPEg’ By + (CEC BV By + (VB Ey? + (CE By By + (P Eg By By + (P Ey By Ey?
+CECEY? + (PE BV B + (Ey Ey°

+C By’ BBy + (CE BV Ey + (P EgEV By + (TEyEV Ey 4+ (U EV By + (P ECEY?
OB B By 4 CHE2ES? + (OB, By

+COECES? + (VB BV E® + (M E By + (PEo LBy + (P EEY 4+ (VB By + (P E B’
+(E By 4+ (P Ey By’

o8



= Eo* +('E’’Ey + (PEo’Es + CPEYEy 4+ (PEo°Ey’ + CEY’Er1 By 4+ (Ey’Es + Ey’E By
+C4E02E22
+CPEy*Ey 4 CE2E\* + Ey’E\Ey + By’ BV + C*Eg By + CEVEVEy + (CEYE B,y
+(PEy By Ey + (Ey By By
+('Eg’Ey + (PEy’E1 By 4+ (PEo* By’ + (PEy*E 1 Ey + (EgEy ' By + EgEy Ey?
+E* By’ + (PEyE\V2Ey + (EyE) E)?
+(Ey’Ey + Eo’ B + ("E*E By + ("EY’EL + CCEGEY® + CEVEV By + (PEy° By By
+(EyEi*Ey + EyEL Ey°
+C By E? + CPEyE® 4+ CEyE\*Ey + CE E® + By + (M EVBE, + (YEyE*E,
+<3E13E2 4 C2E12E22
+EE By + ("EyE’ By + (CEyE1 Ey* + (CEyE By + (PE° By + (B By
+(EyE\Ey? + BV’ Ey” + (B By
+CPEYEy + (B’ EV By + B> Ey* + E’E\Ey + (*EgEV By + CYEyEy Ey? + (P EyEy?
+(*EyE1 Ey* + (B EY°
+( BBV Ey + (CEVEPEy + (PEyE\E)? + (PEyEV2Ey + (EPEy + B 2By’
+E BBy + (BB + (B By
+(EEy’ + EoE\Ey” + ('Eo By® + (*Eg By By + (CEVEy? + (PELEy® + (PEyEY°
+CE1E23 + Eo By’

= B+ EPE(CHCHEHO)+HECE(C+HE+C+0)
FESEA(C A CH1+ 1+ + (Y
+ESCE E(C+1+1+C+C+ P+ C+1+(+14+ "+ )
+ECE(CHH+ C A1+ 1+ G+ ) + BB+ G+ G+ Q)
+EEPE(C+CHCHCHCHCHCHC+HE+HC+E+ O
+EE B+ CH1+C+(+C+C+1+14+ ¢ +14()
+EEA(CHC+ T+ O+ B+ ECE(T+C+ P+ Q)
FECE(C A CH 1+ 1+ O) + BB (C G+ C Q) + By

Since

CHECHCH(=CHCHCHC+H1I-1

29



we have

N(q) = Eo'+ E’Ei(=1)+ Eo’Ey(—1) + E*Ey’
+Ey B Ey(2) + E*Ey*(1)
+EyE*(—1) + EgEy*Ey(—3)
+E B Ey*(2) + EyEy*(—1)
+E 4+ EPEy(—1) + BB (1) + By By (—1) + By
= (Ey*+2E\E\Ey* — E\*Fy) + (—E*Ey — EoEy® + E\*E»?)
+(—E03E2 + Ey’Ey* — E1E23) + (2E02E1E2 — EyEy® + E24)
+(E*Ey? — 3ELE2E, + ErY). (3.16)

It now follows from (3.15) and (3.16) that

- 5n E(q25) 4 2 3
> p(en)g = E(q5)6(30 + 2EE\Ey? — E\*E,),
n=0
o E 25
> p(Bn+ 1) Eggs)i (—Eo*Ey — BBy + B’ Ey?),
n=0
o E 25
ZP(E)” +2)¢""? = EEZL%)Z’ (—Ey’Eay + Ey°Ey* — E1Ep°),
n=0
e E 25
Zp(5n + 3)q5n+3 = E§Z5)2 <2E02E1E2 — E0E13 + E24)
n=0
and
- 5ntd E(QQS) 27 2 2 4
> p(en+4)gH = E(q5>6(E0 E,? — 3E\E\*Ey + By Y. (3.17)
n=0

To simplify (3.17), we first need to prove that

EyEy = —E)* (3.18)
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and
E, = —qE(¢®). (3.19)

We recall from (3.4) and (4.2) that

o

(Eo+ B+ E)* =Y (—1)"(2n+ 1)g" 7

n=0

n

(3.20)

The left-hand side of (3.20) is

(Eo+ E1+ Ey)® = (Eg+ Ey+ Ey)(E* + EoEy + EgEy + BBy + Ei? + E E,y

+EyEy + Ex By + Eo?)

= (Ey+ E\ + Ey)(Ey? +2EyE, + 2EyEy +2E,Fy + E\* + E5°)

= Ey®+2E)*E, +2Ey>Ey + 2EyE\Ey + 2By F\? + 2Ey Fy?
+Ey’E, +2EyE\* + 2EyE\Ey + 2E,*FEy + E\* + E| E)*
+Ey?Ey + 2EyE1Ey + 2EyEy? + 2E, Fy? + E12Ey + Ey®

= E+ B+ B +3E)°E, + 3EyE,* + 3Ey°Ey + 3EyE,* + 3E,°E,
+3E,Ey* + 6E B, B,

= (Ey* +3E\Ey?) + (3E*Ey + Ey*) + 3Ey(EoEy + Ey?)
+(6EyEy By + Ey?) + 3Ey(EoEy + Ey).

Thus

(Eo® + 3E\ Ex?) + (3Eo*E, + Ey®) + 3Ey(EyEy + E\?) + (6E BV Ey + E\®) + 3By (EyEy + E1?)

o0

Z "(2n +1)g >

2

(3.21)

We've already seen in (3.5), that

k> +k
2

=0,10or3 (mod5)
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and so if we only only extract the terms in which the exponent on ¢ is 2 or 4 modulo

5, we obtain

3Eo(EoEy + E\%) 4 3E(EoEy + Fy?) =0,

1.e.

(EoEy + E1?)(3Ey + 3E,) =0

which implies
EyEy = —F;?

and this proves (3.18).
We have also observed in (3.4) that

= > (—fg = (3.22)

and that

if and only if

Thus

3(5k+1)2 —(5k+1)
Sk+1 =St/ vt
E, = g (—1) q 2

k=—o00
oo

_ Z(_1)5k+1q75k2+225k+2

— 00

75k2+25k
S
= —qE(¢®)

and this proves (3.19).

We have also seen from (3.17) that
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E(q™)
E(q)"

> p(on+ )¢ = (Ey?Ey? — 3EyF\2Ey + EyY)

n=0

and through the application of (3.18) and (3.19), we have

Finally, if we divide both sides by ¢* and replace ¢° by ¢, we obtain

ip(&’z aygr = 52 (3.23)

which is (3.13), the Ramanujan’s most beautiful identity.

3.6 A mod 7 version of Ramanujan’s most beau-
tiful identity

In this section, our goal iis to prove that,

> (q7;q7)? (¢"54")"
p(Tn +5)q" = T————=- 4 49g———--2=. 3.24
HZ:; ( ) (;0)" (4:9)% (3:24)

Note that 3"’22_k =2 (mod 7) if and only if £ =1 (mod 7).

and so

E=Fy+ E,+ Ey+ Ej (3.25)
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where E; consists of those terms in which the exponent on ¢ is congrurnt to ¢ modulo

7.

Thus

o0

2
B Thal  BTEHDZH(The1)
By = E (—=1)""q 2

k=—o00

Z 7/€+1 147k +49k+4
k 147k2+49k
= _q E

— _q2<q497 (1987 q147; q147>

= —¢*(¢"¢")

e}

oo

By (3.26), and (3.25), we can write

E:E0+E1—|—E2+E5
= Eo+ By — *E(¢®) + E;
=B (a+8—-1+7)

where
Ey
o= ——
By’
p=—mt
2
and
]
Hence,

CEG a+8-1+7)° =3 (-1 2k + 1)g" 2"

k>0
The last product on the left-hand side of (3.28) becomes
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(@+B8—-1+7)7° = [(@+8)+(y- 1P

= (@+ B8’ +3(a+B)’(v =1 +3(y—=1)*(a+ )+ (y - 1)°

= o +3a’8+3ap” + B + 3v(a® + 2a8 + ) — 3(a® + 203 + B?)
+3a(Y? =2y + 1) +38( =29+ 1) +9* =372 + 3y -1

= o+ 3a%B + 3a8% + B + 3o’y + 2By + 38%*y — 30® — 6a — 35*
+3ay% — 60y + 3a+ 3872 — 68738+ =392+ 3y —1

= (o’ —6ay +387) + (3?8 — 667 +7°) + 3(—a® + af? + 7) + (—6a
+3a7® + 8%) + 3(a — B2+ B7?) + 3(aPy + B — 7).

Then substituting (3.29) in (3.28), we get

P E@)?[(a® — 6ay 4+ 387) + (3?8 — 687y +7°) + 3(—a® + aB® +7) + (—6aB + 3ay* + B%)

13(a — B2+ B7%) + 3(a>y + B —7%) + (6aBy — 1] = 3 (~1)"(2n + 1)g" "

n>0

Since ’iﬂ =6 (mod 7) if and only if n = 3 (mod 7) and if we consider and extract

terms in which exponent on ¢ is 6 modulo 7, we have

(Tk+3)2+(7k+3)
CE(@)3 608y —1) =) (-)*P2Tk+3)+1]g =
k>0

49Kk2 44
= S (-D)™P1dk 4 7)g T

k>0

= (=1*(7)(¢®) > (=)™ 2k + 1]
= —7¢°E(¢%)3. . (3.29)

49k2 449k
2

It then follows that
q6E(q49)3(6ozﬁv o 1) — —7q6E(q49)3

and

afy = —1. (3.30)
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We have also noted that @ is not congruent to 2, 4 and 5 modulo 7, hence,

—a?+af?+~y=0, (3.31)
2 2 _

a— 3"+ pBy" =0, (3.32)

oy +B—-+v*=0. (3.33)

If we multiply the three equations (3.31), (3.32) and (3.33), we obtain

0 = (= +af?+7)(a—F+67y")(a*y+ -7
= (—?+aB+7) 0’y +af —ay’ — o’y — B+ B + ?BY + 5297 — B
— Py — PB4+ 0P 4 By + a8 — 20282 — By + a2 By
FalB2y + 0?8 — 028292 — aBB% — af + 20882 + a3 — P!
+a’y? + afy — oy’ — &* B2 — 8% + 26777 + o* Byt — B0 (3.34)

From (3.30), afy = —1, (3.34) becomes

0 = —a’y—a’B+ P+ (-1’ +a?F° —2(=1)(-1) — (-1)e’y* + (1)’

+(=1a’8+ a8 = (=1)(=1) = (=1)a?8 — af® + 2(=1) By + (=1)(=1)(=1) — (=1)8%y°
+a¥y? + (=1) — o’ — (=1)(=1) =78 + 2677 + (=1)ay’ — 7

_ —045’)/—043/6—{—04372 BB+ a2 —2+a372 —
—a*B+a?B —1+a?8 —aB® —28%y — 1+ %3
+a’y? =1 —ay’ =1 =93 +20°7° —ar’ = 37

= —a5'y —3a36 + 3(1372 + 30233 — 3a’y3 —6+35%y3 —38%y —ap® — 575

= 3(a’8 + 5™ +7%%) = 3(a’B + By + 1) — (af” + By +7a”) — 6. (3.35)

We now set
o =a’B+ By + . (3.36)
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Then by (3.31), (3.32) and (3.33), we see that the first term of (3.35) can be written
as

o’ + 297 + 7%’ = af(a® — ) + By(? — @) + ya(y? — B)
= (a®B+ By +7a) — 3aBy
=0+ 3. (3.37)

Then (3.35) becomes

3(0+3) =30 — (af’ + f7° +7a°) =6 =0,

1.e.

af® + By’ 4+ va® = 3. (3.38)

Observe that

Q"+ 57+ = (B +9) + (877 + @) + 77 (va® + B) (by (3.31), (3.32) and (3.33))
= ofp? +@672 1 542 + +a276+575
= (a8 + 3% +1°0%) + (af® + 7° + 7a”).

Since

(043,6—{—53’)/—{—’}/30{)2 — a6ﬁ2+a3647+a4ﬁ’73+ﬁ672+a3ﬁ47+a63’)/4+042’76+C¥45’Y3+0463’}/4
— 04662—{—/6672+Oé2’76+2043/84’)/+20446’73+2(1//83 4,

then

a’B% + B59° + 0?0 = (&’B + B2y + +Pa)® — 2a° By — 20" By — 2a8°7*. (3.39)

So,

o' + 8T+ = (PB4 Py +77a)? — 207y — 20 y° — 208°7" + 3
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= o? —2aBy(a*B + B’ +7*a?) + 3
= o2 =2(-1)(c +3)+3

= 0 +20+6+3
= 0> +20+09. (3.40)
We know that
S pn)g" = —— (3.41)
= E(q)

where

Now, with n being a seventh root of unity other than 1, we have

1 EmaE@QEMOEMn ') Em’)E(n°q)
R E(q)E(mq)E(m*q)E(m*q) E(n*q)E(n°q) E(15q)

(1619 50T 1000 (PG P Qe (0 @1 Q)oo(n5q 1° @)oo (1°¢;1°¢) 00
)oo (1

(@5 0) oo (MG 1900 (M@ 1P V) 00 (130 130) 00 (1 G 120 00 (105 1P @) 00 (1005 150) o0
(3.42)

Similar to the manipulations that yielded Ramanujan’s most beautiful identity, the

denominator in (3.42) can be written as

7\8
D(q) = 5843) (3.43)
(@759 )0
(4% ¢*) (3.44)

D(q) = E(q)EmqEM")En’q)EMn'q)Em’q)En°q)

= CE(@")a+B-14+7)EG*)(a+n8 -0+ E(@) (o + 0’8 —n" +n"n)

7V PE(G) (e +10°8 = n° +0"y) + @ E(¢*)(a + '8 — n® + n*)
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TCE@*)(a+n"8—=n"¢CE(@ ) (a+n°8 -1+ 1)

7
“E(@) (a+B8-1+7)(a+n8—n+ny)(a+n*B—n"+0"9)(a+ 1’8 —n°+n'")

+a+n'8 =0+ "N+ ="+ 1*°7)(a+n°B — 0" +n*)
14E< 49)7[
“E(@) (6> +20+9)+ 73+ 14(c + 3) — 8]
“E(¢*) (o2 + 160 + 64)
g E(¢*) (0 + 8)2.

Hence, by (3.43) and (3.45), we have

which gives

It then follows that

(@ 4+ 87 +77) + (o’ + 877+~ ) + 14(a?B + f77* + 7*a®) — §]

C]14E(q49)7(0 +8)% = 53843)
2 _ E(q7)4 ?
(0 +8)° = (—q7E(q49)4) ) (3.46)
oc+8= —%. (3.47)

The numerator in (3.42) can be writen as

N(q)

E(Q)EMmq)E(m*q)E(m’q)E(n*q) E(n’q) E(n°q)

6
d*E(@) (a+n8—n+ny)(a+n*B—n"+0"")(a+n°8—n°+1n"y)

x(a+7'6 —=n® + ) (a+18 =0 + ) (a +1°8 —n'* +179)
¢2E(q 49)6( 6 _ P8+ (0 + atB?) + (—2048 — a3B%) + (a* + 30332 +

+(—a’y = 3a®8 — 40’8 — af°) + (—a® + 6a%5% + 5aB* + 5%

+(5aly — ?B + 4af’ + 5°)

+(20% + 605 + 8) + (4a’y = %) + ('y* + 3a = 37y + 28°) (6a%y —

+H(—40y® = 3%y + 8) — B2y + (6a’y + B'97) + (—a’y® + 35" + 37)
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28%y + 3)

(3.45)



H(=ay® +66%7°) + (3a7* +667°) + (=477 + 29%) + (=327’ = 45°7°) + (@
+(=2a9" + B79%) + 567" + 9" = ar” = By +97 +1°).

Using (3.43) and extracting terms in which the exponent is 5 modulo 7 from (3.48),

we obtain

- 5 _ 12 E(g")" (223 2.3 2 3\ 5 5 5
> p(Tn+5)q 0 Gy (HE + 5+ 7%a?) — (af + 57+ ya)

—3(0’8 + By + ') +8)

_ q12b]75 (((2479))87 (—4(c +3) — 3 — 30 + 8)
= q”%(—% —7)

- 5 (g + )

- W R 9 R

n=0

which leads to (3.24).
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Chapter 4
Application

In this chapter, we present our result on parity of some 2-color partition function.

Recall the following partition function pg(n) (see [14]), where px(n) is the num-
ber of 2-color partitions of n where one of the colors appears only in parts that are

multiples of k. The generating function is given by

- . 1
nz%pk(n)q (G9)(F1 )

Congruences modulo 3 have been given for k = 2 (for example, by Chern [14]). We
examine parity, instead. We will first find an expression for Y py(2n)¢" and then

n=0
do some computations to find the recurrence. We use the notation f; = (¢’;¢’)x

and by binomial theorem, recall that
fp =f (modp)

where p is prime. We also recall the following result from Hirschorn [16]:

L 1 (42,4, ¢*, ¢ 6% | (a",¢° 6%, ¢ ¢%)
- ( (qﬁquo;qm)w T4 (q2?q14;q16)oo . (4.1)

(@D (%65
From the previous work observe that

o

D (1)"@n 4 1)g YR = fp (4.2)

n=0
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Lemma 2. We have the following result

= f2
> p2n)q" = (0,47, 6% ¢*)oo(¢°, 4" 0" 0%
= ~ fihe

Proof.
z T
pz =
(7% @)oo (¢ @)oo
_ 1 1 ((qu,q16,q20,q32;q32)oo +q(q47q16,q28,q32;q32)oo> (by (4.1))
(2% ¢®) oo (025 ¢?)? (4%, ¢1% ¢'%) (42, ¢ ¢'%)
_ 1 ((qlz,qlﬁ,q207q32; *)os | q(q4,q16,q28,q32;q32)oo)
f23 (q67 q10; 916)00 (q2’ q14; q16)
so that

iwn)q?n _ 14”46, 6" 67w
B (654" 4")

Replacing ¢ with ¢/? yields

(g%,
1 (%, 4" 4", " ¢' ) (4%, 4% q", 4% ¢"%) s
(2% a* ', 4" ¢1%) oo (@3, 4% ¢%) o
_ L (0% 0%)ox
IP (0% 4% 0190 (62, 4% 01%) 0o (62, 4% 6®)
_ S 1
(0% 0% (0 0% 4'9) 0 (03, 4% ¢8) o
_h 1
(R0 09 ( 44 655 6P
%0, % %)
1 )0
*)oo

_ 1 (¢,9*

(@ a5 )

_ f0,0" %) (@°,4%a
fi (4% 4" %)

_ f(a.4",¢% 0% (%4, q
fi (4% q*; 16)

72



F2(0. 47, 0% 6%)oe (0", 0% ") 0o ("% ¢"%) oo
fi ("% 4"%) o0
f2(0:4", 6% %) oo (0, 4", "% ¢") o
ffflG

Theorem 10. For alln > 0, we have

| IR
p2(2n) = pa(n) + Z (Pz(n —4j% = j) + pa(n — 457 +j)) (mod 2).

j=1
where pa(0) =1 and pa(n) =0 for all n < 0.

Proof. From Lemma 2, we have

gpz@n) o= Pt d qg)}.%ﬁ, 7", 4% 4"
= f2(q7‘J??qg;q?sz(qu’qg?qg)io (mod 2)
1
= f2(q7‘13:q5aq7;q?4o;”f§3’q5’q8;q8)oof82 (mod 2)
1
= MEDRG DR o2
1

4", ¢% %) (mod 2)

f2fa i
fifi6f2

(*,¢°,¢% ¢®)oe  (mod 2)

3

(q

Z q4n2+n (HlOd 2)

n=—oo

1 o g
7 Z g™ ™ (mod 2).
i

n=—oo

f

=w

But
1 o
= = Zpg(n)q" (mod 2)
1 n=0

so that
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[e.9]

Zm(?n)q” = Zpg(n)q” Z " (mod 2)
n=0 n=0

=Yl ( a3 1) (mod 2
=Y pa()g" Y q" T+ pa(n)g” > "™ = pa(n)g" (mod 2)
=F(n)+G(n) = > pa(n)g" (mod 2)
where
F(n) = Zpg(n)q” Z ¢ (mod 2) (4.3)
and
G(n) = Zpg(n)q" Zq4”2_" (mod 2). (4.4)

Let f(j) = 452 + j. Then

Zq4n2+n = Ztnq" where t,, = { 0’ ifn=70)j=
n=0 n=0

, otherwise.

By Cauchy product, we have

F(n) = Z ( Z tipa(n — k) + Z tpa(n — k:))q”.

n=0 k=0 and k=452+j k=0 and k#4524

To find a more precise upper bound for j, note that

V64n +1—1

0<k<n = 0<4>+j<n = 0<j<| 2

|.
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Hence
)
L V64dn+1—1 J
8

Ztkm(”_k) = Z pa(n — j(4j +1)).
k=0 Jj=0
Similarly, we have
Gy =3 (Zm(n _ @sk)qn,
n=0 k=0

where

{ Liftk=f(j), =0
S =
g 0, otherwise.

An upper bound for j is computed as follows:

Voedn +1+1

0<k<n = 0<4j>—j<n = 0<j<|

]

8
Hence,
0o L@-FlJ
Zskpz(” — k)= Z p2(n —j(4j —1)).
k=0 §=0
Combining everything together, we have
o0 o, [P
Srer =3 X w42
n=0 n=0 7=0
Y .
+ ( > pg(n—4j2+j)>q”—2p2(n)q",
n=0 §=0 n=0
ie.
[ R
p(2n)= > p—47 =)+ D> pan—457+5) +pa(n) (mod2),
§=0 §=0

which impies that
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B
p) = poln) + > (p2<n—4ﬁ—j>+p2<n—4ﬁ+j>) (mod 2).

J=1
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Chapter 5
Conclusion

This dissertation comprises of four chapters. In the first chapter, we studied the
theory of ¢-series and the general Ramanujan’s theta function. We gave the proof
of the g-binomial theorem, Heine’s transformation formula as well as some applica-
tions. We also introduced Bailey’s lemma which was used later in the thesis to prove
Roger-Ramanujan’s two famous identities. We then touched on integer partitions
and concluded by providing a link to partition analysis. We also proved some further
Rogers-Ramanujan identities using partition analysis.

The second chapter looked at Ramanujan’s congruences specifically for moduli 5 and
7. This then extended to Atkin-Swinnerton-Dyer congruences as well as Ramanu-
jan’s most beatiful identities. Finally, in the last chapter, we gave a new result on
the parity of the number of 2-color partitions of n where one of the colors appears

only in parts that are multiples of 2.
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