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Abstract

This research focuses on a critical challenge within Free Space Optical (FSO) commu-
nication systems, specifically those utilizing Mode Division Multiplexing (MDM)
with Orbital Angular Momentum (OAM) modes of a limited transmission range.
Despite these systems’ potential to significantly enhance spectral efficiency and
transmission capacity, their effectiveness is hindered by the limited range caused
by atmospheric turbulence-induced aberrations. Atmospheric turbulence and mis-
alignments distort the optical wavefront, causing degradation in orthogonal spatial
modes and resulting in power spreading into adjacent modes, known as crosstalk in
MDM systems.

This research presents a simple neural network model for estimating OAM
crosstalk in FSO systems, specifically focusing on atmospheric turbulence-induced
aberrations. Firstly, we generated datasets through simulation and experimentation
for validation purposes. We then develop and evaluate the neural network model,
assessing its accuracy under various turbulence aberrations. The simple neural
network, trained solely on tip/tilt and displacement inputs and without retraining,
accurately estimated OAM spectra using approximated inputs in turbulent condi-
tions, closely matching experimentally measured spectra. Despite the presence of
turbulent aberrations, the model showed a minimal decrease in the coefficient of
determination, indicating its ability to generalize well to unseen measurements.

Our findings indicate that a simple neural network trained solely on tilt and
displacement inputs can accurately estimate OAM crosstalk amidst many turbulence
aberrations for ‘ 2 [-5, 5] as a proof of concept. This implies that simple detectors
such as cameras can be used to implement or optimize digital signal processing
for error detection and correction utilizing the knowledge of crosstalk, offering
promising avenues for improving system efficiency and quality of service for MDM
systems.

In summary, this research leveraged neural networks to model OAM crosstalk
induced by misalignments and turbulence. The model’s ability to estimate OAM
crosstalk due to misalignments and atmospheric turbulence shows potential for use
in real-time predictive systems. With further refinement, neural network models
could indicate the evolution of OAM crosstalk in FSO communications that em-
ploy OAM multiplexing schemes in atmospheric turbulence. The demonstrated
efficacy of the neural network model positions it as a valuable tool for enhancing
the robustness of FSO communications employing higher-order OAM modes.
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Introduction

FREE-SPACE Optical communication links are essential in many data transfer applica-
tions, and they can use either optical or Radio Frequency (RF) waves [1–3]. However,
with the increasing demand for data, there is a keen interest in enhancing the data

capacity of such communication systems. Multiplexing techniques have been utilised in
optical communication systems to achieve this. Multiple independent data channels can
be multiplexed and transmitted at the same time. This can be achieved by using various
Electromagnetic (EM) wave properties, such as time, wavelength, and polarization [4].
Multiple data streams can be ef�ciently multiplexed and demultiplexed using appropriate
device technologies. It could be necessary to use new forms of data channel multiplexing to
meet future bandwidth needs [5–7].

A technique used in optical communication called Space Division Multiplexing ( SDM),
which allows multiple data streams to be transmitted simultaneously through the use of the
spatial property of an EM wave, has gained interest recently [6]. Mode-division multiplexing
is an example of SDM that uses orthogonal spatially overlapping and co-propagating
spatial modes [5]. Multiple independent channels are transmitted simultaneously via
multiple beams in an orthogonal spatial mode at the transmitter. This enables the receiver
to separate and identify each channel. With an Mode Division Multiplexing ( MDM ) system,
N orthogonal beams can be transmitted simultaneously, each carrying an M-bit/s data
channel. This results in an aggregate transmitted data rate of N × M bit/s [8]. Therefore,
the system's spectral ef�ciency (bits per second per hertz) and transmission capacity can be
increased by a factor equal to the number of transmitted spatial modes [9, 10].

In 1992, Allen et al. [11] �rst reported that an optical vortex beam could carry Orbital
Angular Momentum ( OAM ). Their work paved the way for utilising OAM, which is a
subset of Laguerre-Gaussian (LG) modes, as an orthogonal spatial modal basis set for SDM
[11, 12]. Beams carrying OAM (i) have a transverse phase of the form and are proportional
to ei` f that "twists" in a helical form as it propagates, where f is the azimuthal angle and ` is
the OAM charge, (ii) can be characterised by the OAM charge � ` which is an unbounded
integer that represents the number of 2p phase changes in the azimuthal direction [13].
The wavefront of an OAM beam twists along the propagation direction, and the twisting
rate depends on the beam's OAM charge, ` [14]. This results in a ring-shaped intensity
pro�le with a central null—a line of unde�ned phase and zero intensity along the optical
path. Beams carrying with different charges, ` are mutually orthogonal [14], which means
they act as independent channel carriers for ef�ciently multiplexing and demultiplexing
multiple information-bearing signals [13]. OAM multiplexing can be used with other
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Chapter 1 — Introduction

existing multiplexing techniques, such as Wavelength Division Multiplexing ( WDM ) and
Polarization Division Multiplexing ( PDM). This is becauseOAM is an EM wave property
independent of other properties such as wavelength and polarization. Beams with the same
wavelength and polarization can be reused by applying different OAM charges to each of
the many beams. This enables a potentially signi�cant increase in the system transmission
capacity [15, 16].

However, FSO links are susceptible to various random time-varying channel conditions
that can distort the transmitted beam, causing signi�cant power loss, system performance
degradation and even link outages [17, 18]. These various channel conditions, such as
weather or atmospheric turbulence, exhibit signi�cant dynamic variations in amplitude
as they change over time. Some approaches have been used to minimise most of the
effects of the channel conditions, such as using speci�c wavelengths that are robust in
different weather conditions [19, 20]. Atmospheric turbulence is a major limiting factor that
leads to random variations in the refractive index along the transmission path, ultimately
distorting the helical phase front of beams carrying OAM [19]. The effects of atmospheric
turbulence on the helical phase front of OAM beams become more challenging because the
proper demultiplexing of the received OAM beams depends on their helical phase-front
structures [21, 22]. This may lead to �uctuations in the power of received OAM channels
and inter-modal crosstalk between channels with different values, which are of signi�cant
importance in FSO, with crosstalk being of particular concern due to its ease of occurrence
[23]. Understanding this crosstalk is the emphasis of this work.

1.1 Demonstrations of MDM FSO Links

There have been numerous demonstrations of MDM, some of which are impressive but
held back by crosstalk. MDM systems have been successfully demonstrated across both
laboratory and outdoor settings [7, 15, 16, 24–26]. These systems have also been helpful in
underwater water communication [27] and communications between moving platforms,
such as ground-to-unmanned aerial vehicles [28]. In MDM Free Space Optical (FSO) systems,
using the orthogonality between modes often involves adjusting one-dimensional modal
indices. Also, the expansion to two-dimensional mode indices, e.g. using LG, opens up
a larger two-dimensional modal space, facilitating the multiplexing of additional data
channels for MDM systems [29, 30]. We will focus only on the demonstration of MDM
with varying one-dimensional mode indices, i.e. MDM that uses OAM modes with varied `
OAM charge.

Using OAM modes for FSO systems was initially introduced and demonstrated by
Gibson et al. in 2004 [6]. OAM modes were transmitted over a distance of 142km in free
space conditions with good mode quality. However, no information about the data rate
was provided, and a neural network was used at the receiver to detect the mode with an
accuracy of 82% [31]. Their work showcased the excellent results ofOAM modes critical
shifting, where the information is encoded in the value ` of the OAM beam. Subsequent
research revealed that each beam could serve as a transmission medium, and a set of
orthogonal OAM beams could be utilised to spatially multiplex numerous data streams [16,
29, 32]. The �rst MDM demonstrations were conducted in the lab, which involved sending
two multiplexed beams, each carrying an on-off keying signal [32, 33]. The following
experiments demonstrate the ability to multiplex and transmit an expanded set of OAM
modes. In 2011, Wang et al. [34] �rst reported a terabit per second free-space link using
four OAM modes for OAM multiplexing combined with polarization multiplexing over
lab environments. Notable demonstrations of OAM multiplexing are usually done with a
combination of other forms of multiplexing achieving transmission rates above 100Tbps in
lab environments [7, 15, 16, 35] and in addition to these lab-scale high-rate data experiments,
above 400 Gigabits per second (Gbps) transmission rates were achieved for distances under
1 km in free space [24–26, 36, 37] Both use less than 50OAM modes maximum. The highest-
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Chapter 1 — Introduction

speed MDM demonstration achieved a transmission rate of 1.036 Petabits per second (Pbps)
in a lab environment, employing 26 OAM modes in conjunction with wavelength and
polarization [16, 37]. In turbulent conditions, the farthest MDM FSOcommunication test
achieved 80 Gbps over about 260 meters [37, 38]. These differences in transmission rates
and distances of FSO links between the lab and the outdoor demonstrations show the
signi�cant challenge posed by turbulence in OAM beams within MDM systems. Given
that published outdoor demonstrations of single-Gaussian beam FSOlinks can span tens
of kilometres [39]. In contrast, demonstrations of MDM FSOlinks are typically limited to
relatively shorter distances (e.g., less than several hundred meters) [25, 26, 36]. These effects
are mostly (i) the beam divergence observed in higher-order beams and (ii) the occurrence
of OAM crosstalk, which arises from different link impairments like turbulence and link
misalignment. Atmospheric turbulence induces aberrations in the optical wavefront, leading
to the degradation of orthogonal spatial modes in MDM systems, which results in the
spreading of power into neighbouring modes - crosstalk.

1.2 Problem Statement

From the previous section, it is clear that MDM has been demonstrated to transfer informa-
tion over a few hundred meters with insigni�cant errors showing increasing bandwidth in
FSO. However, a few meters is not long enough, especially to solve the last-mile problem.
The challenge comes now when an attempt is made to extend the range of FSO-MDM over
kilometres due to atmospheric turbulence because, in the kilometre range, the strength of
turbulence becomes severe and causes excessive crosstalk, which inherently degrades the
system's performance. The receiver size and the rapid beam expansion with increasing
mode order and communication distance severely limit the practically addressable number
of spatial sub-channels. Reliable and high-speed long-distance MDM systems are highly
challenging because of crosstalk issues. Therefore, there is a need for more research on in-
creasing the distance of free-space optical communication links, particularly MDM systems
where OAM beams are affected by atmospheric turbulence causing crosstalk, and there is
increased turbulence strength. A few works have been done to improve their range, which
is critical to their versatility. This work is focused on understanding the fundamentals of
OAM crosstalk due to turbulence without mitigation OAM crosstalk. This research aims to
develop a neural network model for OAM crosstalk caused by the effects of atmospheric
turbulence. To do that, the broad research question is:

How can neural networks be used to model OAM crosstalk in FSO systems using OAM
modes, particularly in the presence of atmospheric turbulence-induced aberrations such
as lateral displacement, tip/tilt, and other aberrations?

To limit the scope, the broad research question is divided into three sub-research questions:

1. There is a correlation between lateral displacement and tip/tilt on an incoming
wavefront, and OAM crosstalk has been modelled analytically for Gaussian mode only
[40]. When an OAM beam experiences lateral displacement or tip/tilt individually,
the resulting OAM spectrum remains symmetric around the input mode, preserving
the total OAM despite the misalignments. The OAM power spectrum for a displaced
or tilted mode shows increased broadening with an increase in the magnitude of
displacement or tilt [41]. Similarly, the OAM spectrum of a de�ected Gaussian
beam possesses a symmetric nature:In light of these characteristics, how does a simple
neural network perform in estimatingOAM crosstalk under displacement-only and tilt-only
misalignments?

2. In practical scenarios, a light beam may experience tip/tilt and displacement. The
transformation of an OAM mode under simultaneous displacement and tilt results
in an OAM spectrum that is no longer symmetric except for speci�c combinations.
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The total OAM projection becomes a superposition of intrinsic and extrinsic OAM ,
where the extrinsic OAM depends on both the displacement and tilt angles. This
combination of displacement and tilt complicates the OAM spectrum, leading to
variations in the OAM spectrum that are also dependent on the beam's orientation
[41]. In the scenario of combined displacement and tilt misalignments, is the impact noticeable
on the neural network's ability to estimate OAM crosstalk?

3. Among the various effects caused by turbulence, two fundamental ones are lateral
displacement and �uctuations in the angle of arrival, also known as tip/tilt [42, 43].
These effects result in random movement of the beam at the receiver, leading to errors
in OAM crosstalk. Tip/tilt terms play a substantial role in atmospheric turbulence, of-
ten accounting for 86% of the mean-square phase value compared to other aberrations
[18, 42]. The simple neural network model from the previous questions was based on
� 86% of the effects of turbulence, speci�cally lateral displacement and tilt. However,
turbulence encompasses a broader range of effects beyond displacement and tilt. The
remaining � 14% of the other aberrations, such as astigmatism, are unknown to the
model. Can the neural network generalise its estimations on approximated measurements in
the presence of additional aberrations without retraining it?

1.3 Problem Objective and Scope

This research aims to develop a neural network model to estimate OAM crosstalk in FSO
systems using OAM modes, particularly in the presence of atmospheric turbulence-induced
aberrations such as lateral displacement, tip/tilt, and other turbulence effects. The scope
of this research encompasses developing and validating a neural network model for OAM
crosstalk estimation under the in�uence of atmospheric turbulence. It includes the gen-
eration of a dataset to train and test the neural network, as well as experimental setups,
simulation validations, and measurement veri�cations. However, the research does not
mitigate OAM crosstalk. The essential contribution is developing a simple neural network
model to estimate OAM crosstalk in FSO systems under atmospheric turbulence. The
speci�c objectives of this research are:

1. Generation and validation of a comprehensive dataset that consists of lateral displace-
ment, tip/tilt, and OAM crosstalk measurements for use in the training and validation
of the neural network. This is discussed in Chapter 3.

2. Develop and evaluate a simple neural network model with optimised architecture
and parameters for accurate OAM crosstalk estimation. The discussion on the devel-
opment of the model is provided in Chapter 4

3. Generating a comprehensive testing dataset in the presence of turbulence with ap-
proximated lateral displacement and tip/tilt and their corresponding OAM crosstalk
measurements, as elaborated in Chapter 5.

4. Evaluation of the neural network's ability to generalise to unseen turbulence condi-
tions and estimate OAM crosstalk without retraining. This evaluation is discussed in
Chapter 5.
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2
Background

THIS chapter serves to provide a general background needed to understand the work
done for this research. OAM modes are the kind of spatial mode of light used by this
research in Sec. 2.1. Atmospheric turbulence and its effects on the FSO channel will be

discussed �rst in Sec. 2.2. The models of OAM crosstalk due to tip/tilt and displacement, as
well as turbulence that guided the foundations of this research, will be in Sec. 2.3. Following
this, different aspects of deep neural networks are detailed in Sec. 2.4.

2.1 Spatial Modes of Light

Maxwell's equations describe entirely the behaviour of the electromagnetic �eld, whose
electric and magnetic parts components are, respectively, denoted asE and B. These equa-
tions (not only) permit solutions for E and B, which correspond (physically) to travelling
waves. Electromagnetic �elds in free space, such as laser beams, can be described by the
so-called Helmholtz equation, given by

(r 2 + nk2)E = 0 (2.1)

where k = 2p
l is the wave number related to the frequency of the wave, and n is the refractive

index of the medium, where n = 1 in a vacuum. E is the vector electric �eld.
The wavelength is given by l , and for visible and infrared wavelengths (for example,
between 400 and 1600 nm) is on the order of hundreds of terahertz. There are cases when
the electric and magnetic components of the �eld have similar directions at all points
in space (i.e. a uniform polarisation), the electric �eld can be treated as a scalar �eld in
cylindrical coordinates (and it can be expressed in Cartesian coordinates), U (r, z), describing
its spatially dependent behaviour. Separating the temporal and spatial behaviour simpli�es
Maxwell's equations to the Helmholtz equation

(r 2 + nk2)U (r, f ) = 0 (2.2)

The solutions to the Helmholtz equation above, often called modes, are determined by the
chosen coordinate system and boundary conditions. Under the paraxial approximation (the
limit of slight beam divergence in the traverse plane), it can be assumed that the waves
propagate primarily in the z-direction, with a spatial extent in the transverse (x-y plane)
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much smaller than the propagation distance, thus simplifying the original second-order
Helmholtz equation into a �rst-order partial differential equation

U (r, f , z) = U (r, z) exp` f (2.3)

where f and r are the azimuthal and radial coordinates, ` is an azimuthal charge, and U (r, z)
is the radial pro�le of the beam (mode). The Gaussian mode is the fundamental mode of
most laser sources. However, the Gaussian pro�le is not always ideal for some applications,
such as MDM. In such cases, it becomes necessary to have multiple channels in different
spatial modes that might carry information. In this section, we discuss LG modes, OAM
modes in particular, and the methods used to generate and detect them. Most equations
used in this section about spatial modes of light and modal decompositions are originally
derived in Ref [44].

2.1.1 Gaussian Mode

The paraxial wave equation yields a Gaussian beam as one of its solutions. A Gaussian
intensity pro�le characterises this beam and exhibits a uniform phase across the transverse
(xy) plane when z = 0. The �eld describing a Gaussian beam is given by

U (r, z) =
1

z + jzR
exp

�
� r2

w2(z)

�
exp

�
� jp r2

l R(z)

�
(2.4)

where z is the distance to the beam's focus andr, is the radial position. There is no azimuthal
dependence as a Gaussian beam is radially symmetric. The radius of the beam isw, which
is the point at which the �eld amplitude drops to 1/e (or intensity 1/ e2 � 13.5%) of the axial
value, and as a function of z is

w(z) = w0

s

1 +
z2

z2
R

(2.5)

The Rayleigh range,z2
R, de�ned as the distance where the beam area doubles and is a measure

of the tightness of the focus, is given by z2
R = pw 2

0
l . The radius of curvature of the wavefront

as a function of zis

R(z) = z
�

1 +
� zR

z

� 2
�

(2.6)

If z� zR, the beam is collimated, implying a �at wavefront, and the beam radius is approxi-
mately constant. If z� zR, the beam diverges, implying a spherical wavefront with a radius
of curvature R(z) � z.

2.1.2 Laguerre-Gaussian Modes

Several other solutions exist for the paraxial wave equation describing laser �elds, such as
Gaussian beams and higher-order Hermite–Gaussian (HG) modes. Of particular interest
to this work are the Laguerre–Gaussian solutions, which are best expressed in cylindrical
polar coordinates (r , f , z) and take the form

U (r, f , z) = C` p(
p

2
r

w(z)
)` L`

p(
2r2

w(z)2 )
w0

w(z)
exp[� iy p` (z)] � exp[i

k
2q(z)

r2]ei` f (2.7)

where L`
p(�) is the associated Laguerre polynomial, C` p is a normalisation constant, w(z) is

the beam radius, w0 is the beam radius at the beam waist, z0 = pw 2
0

l is the Rayleigh range,
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Figure 2.1: Intensity patterns with inset phase of Laguerre-Gaussian (only OAM modes
indicated where p = 0).

q(z) = z� iz0, is the complex beam parameter and y p` (z) = ( 2p + j` j + 1) tan� 1
�

z
z0

�
is the

Gouy phase shift. The normalisation constant, C` p is given by

C` p =

s
2p!

p (p + j` j)!
(2.8)

The most signi�cant part of this lengthy expression is the azimuthal phase dependence in
the term ei` f . This small-looking term tells us there is a twist in the phase, indicating the
existence of a phase vortex atp = 0; if we travel along a circular closed path around this axis,
then we accumulate a phase twist of 2p ` . This azimuthal phase dependence suggests that
a Laguerre–Gaussian laser beam, as described in Equation(2.8), possesses OAM of`h per
photon. OAM is a property in both intense laser beams within the classical domain and
individual photons. The remaining p element is associated with the beam's broadening due
to diffraction. This azimuthal phase dependence indicates that a Laguerre–Gaussian laser
beam of the form Equation (2.8)carries OAM. Hence, the OAM modes are a subset of LG
modes with p = 0.

OAM beams are de�ned by the azimuthal index, ` , with any number of integer twists
[11]. The recent developments in OAM have mainly been due to its use in optical communi-
cations and information transfer. This is because OAM modes, being a subset of LG beams,
are orthogonal to each other, making them useful for multiplexing [45]. OAM modes are
generated on a Spatial Light Modulator ( SLM) using a suitable grating, such as a blazed
grating encoded with LG modes at z = 0. Figure 2.1 displays examples of Laguerre-Gaussian
modes with various azimuthal ( `) and p = 0, indicating the OAM modes. We consider only
LG modes with radial index p = 0 throughout the work. The orthogonality of the modes
has been seen to increase the channel capacity of optical communication channels. These
modes can be generated by digital holograms encoded on SLMs and Digital Micromirror
Device (DMD)s.

2.1.3 Mode Characterization by Modal Decomposition

In a free-space optical system, detecting Gaussian beams using a photodiode is simple.
OAM modes have a ring-shaped pro�le even when focused, often placing the photodiode in
the dark central region of the ring. This becomes particularly important in an MDM system
using multiple modes, where the task is to separate and direct these modes to individual
photodiodes. A modal decomposition is a powerful tool to characterise or unravel optical
�elds according to their constituent modes. This technique can reveal the information of
crosstalk present in a particular LG �eld in an optical system. Modal decomposition involves
determining the weighted sum of modes of an individual basis mode set constituting a
given �eld by measuring the amplitude weightings and relative phases of these modes [44].
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Any unknown �eld, U (s), can be written as a sum of modes which are an orthonormal basis
set,Yn(s), expressed as

U (s) =
¥

å
n= 1

cnYn(s) =
¥

å
n= 1

jcn jei f n Yn(s), (2.9)

with complex weights cn = jcn jei f n where jcn j2 is the power in mode Yn(s) and f n is the
inter-modal phase, satisfying å ¥

n= 1 jcn j2 = 1. This research did not consider the inter-modal
phase, simplifying the modal decomposition requirements. Equation (2.9)can ideally be
considered the sum of several multiplexed modes, each of which is a separate communica-
tion channel. Measurement of these weightings is the core of modal decomposition and is
achieved by �nding the inner product of the unknown �eld and each basis element given by

c2
n = j hYn jU i j 2 (2.10)

In a practical sense, a hologram used for the inner product calculation is known as a match
or correlation �lter. It measures the correlation signal between the unknown incoming mode,
U (s), and the function encoded within the hologram, Yn.

The inner product can �nd the unknown modal coef�cients, cn, which carry the modu-
lated information, which the inner product can see. The unknown modal coef�cients can be
obtained by

cn = hYn jU i =
Z

Y �
n(s)U (s)ds, (2.11)

where we have exploited the ortho-normality of the basis, namely

hYn jYmi =
Z

Y �
n(s)Ym(s)ds = dnm. (2.12)

Note that Dirac notation, borrowed from quantum optics, has been used for the inner
products. The calculation of Equation (2.12)may be achieved experimentally using a lens to
execute an optical Fourier transform, F . Accordingly we apply the convolution theorem
(using k as an auxiliary variable)

Ff f (s)g(s)g = F(k ) � G(k ) =
Z

F(k )G(s � k )dk (2.13)

To the product of the incoming �eld modulated with a transmission function (for example,
a hologram), Tn(s), that is the conjugate of the basis function, namely,

W0(s) = Tn(s)U (s) = Y �
n(s)U (s), (2.14)

to �nd the new �eld at the focal plane of the lens as

W f (s) = A0 Ff W0(s)g = A0

Z
Y �

n(k )U (s � k )dk (2.15)

Here A0 = exp( i4p f / l )/ ( i l f ) where f is the focal length of the lens and l is the wave-
length of the light. If we set s = 0, which experimentally is the on-axis intensity in the
Fourier plane, then Equation (2.15) becomes

W f (0) = A0

Z
Y �

n(k )U (k )dk (2.16)

which is the desired inner product of Equation (2.11). Therefore, we can �nd our modal
weightings from an intensity measurement of the on-axis light

jW f (0)j2 = jA0j2j hYn jU i j 2 = jcn j2. (2.17)

In practice, transmission functions are encoded onto SLM, essentially digital holograms.
Systems often have multiple modes of interest. Multiple holograms can be cycled on the
SLM in a time division multiplexed manner to detect all modes. Alternatively, they can
be combined with distinct grating functions, allowing spatial separation of the "spots"
representing each mode. The on-axis intensity must be measured precisely, excluding any
surrounding light or misalignments; otherwise, crosstalk will be introduced.
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2.2 Atmospheric Turbulence

Laser systems travelling through free space inevitably experience degradation due to at-
mospheric turbulence and other weather-related factors. While weather effects could be
mitigated under ideal conditions, turbulence effects are unavoidable. Weather impacts are
mainly dependent on the wavelength. Turbulence arises primarily from �uctuations in
temperature and pressure, leading to spatial and temporal changes in the refractive index
structure. When a Gaussian beam encounters turbulence, three main effects occur: beam
spreading, causing the beam to expand; beam wander, altering the beam's centroid position
at the receiver; and scintillation, which changes the beam's shape due to intensity �uctua-
tions. Additionally, beams that contain OAM will disperse their energy to neighbouring
modes, resulting in OAM crosstalk when propagating through turbulence.

2.2.1 Kolmogorov Model

When a laser beam propagates through the atmosphere, it encounters spatially varying
diffractive indices caused by air pockets with different temperatures. The refractive index of
the atmosphere is not uniform. It consists of a multitude of eddies of various sizes, each with
varying indices of refraction. As a laser beam propagates through the atmosphere, these
variations will distort its wavefront. The variations are caused by temperature �uctuations
that arise from the turbulent mixing of various thermal layers. The average size of the
turbulent eddies can be speci�ed by an inner scale, l0, which is typically on the order of
millimetres, and an outer scale, L0, which is on the order of meters [18]. The Kolmogorov
model for turbulent �ow is the basis for many contemporary turbulence theories and
can relate these temperature �uctuations to refractive index �uctuations. Kolmogorov
turbulence assumes that solar heating and wind shear provide energy on large scales (the
outer scale, L0), and it is dissipated as heat by viscous action of the air to the smaller eddies
(inner scale, l0) [46]. The power spectral density of the refractive index �uctuations given by
the Kolmogorov model is described by [46]

F K
n (k) = 0.033C2

nk� 11/3 for 1/ L0 � k � 1/ l0 (2.18)

Values of C2
n vary from 10� 17 m � 2/3 in weak turbulence and up to about 10� 13 m � 2/3 in

strong turbulence [18]. Kolmogorov's turbulence theory assumes a homogeneous, isotropic
atmosphere independent from large-scale turbulence. Various turbulence power spectrum
models exist, including the Hill power spectrum ((which has no analytical solution), the
Tatarskii power spectrum, and the von Kármán power spectrum. The Tatarskii power
spectrum considers both the inner scales [18]. The von Kármán spectrum adds the effect
of both the inner and outer scale eddies to the Kolmogorov model [18]. The Modi�ed
Atmospheric Spectrum combines aspects of the von Kármán and Hill spectra [18] and
temperature's in�uence. These models introduce modi�cations of the Kolmogorov spectrum
that suppress low spatial frequencies [47]. We use the Kolmogorov model in this work
because it accounts for the low-order aberrations of interest, such as tip and tilt.

2.2.2 Beam Wander

Beam wander refers to the movement of the point of maximum intensity over the receiver
plane. This phenomenon is caused by large-scale eddies that are inhomogeneous due to
their different refractive effects and turbulent eddies that are much larger than the diameter
of the beam [18, 48]. As a result, the beam randomly wanders about the centre of the detector
over a long period, resulting in a beam with a large area, also known as the long-term beam
size. This long-term beam size is Gaussian-like on average due to smaller short-term beam
wandering [49]. The long-term beam size, denoted as wLT, is determined by [18]
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w2
LT = w2

LT + r2
c (2.19)

This phenomenon shifts the central point, potentially causing a signi�cant signal loss in
applications such as free-space optical communication. In extreme situations, this shift may
lead to the beam missing the receiver aperture or the detector's focal spot due to beam
wander.

The statistical model for beam wander at the receiver plane follows a Gaussian distri-
bution, characterised by a long-term average radial variance denoted as r2

c, and the size of
the received beam without any averaging, known as the short-term beam [18]. Numerous
analytical solutions have been developed to determine the beam wander radial variance. In
the case of in�nite outer scale Kolmogorov turbulence, the beam wanders radial variance
for a collimated beam with beam waist radius, w0, is expressed as

r2
c = 2.42C2

nL3w � 1/3
0 (2.20)

On the other hand, angle-of-arrival �uctuations are associated with image jitter in the
focal plane of an imaging system cause. This effect is caused by the wavefront tilt (i.e.
phase structure) at the receiver produced by atmospheric turbulence [18, 50]. The angle-of-
arrival variance is directly related to the beam centroid variance (wander) about the mean
point of arrival. Variations in the angle-of-arrival and beam wander can in�uence system
performance through such effects as pointing error and signal strength variations [51]. Beam
wander at the receiver plane can be modelled as if it arises from a random tilt angle at the
transmitter plane, similar to angle-of-arrival �uctuations of a reciprocal propagating wave
with the receiver diameter replaced by the transmitter beam diameter [52].

2.2.3 Beam Spreading

Beam spreading results from small-scale �uctuations, which causes the beam power to
distribute over a large surface area. This spread reduces the intensity and energy that is
received by optical systems. In the absence of turbulence, the spread of the laser beam
will depend on the diameter of the transmitting aperture D. For a diffraction-limited
transmitter, the angular spread q of the beam in the far �eld is given by 2l / p D, where
l is the wavelength of the beam. Through turbulence, the spread becomes much more
signi�cant than q at the receiver plane due to scattering by the moving turbulent eddies.
The total spread of the beams comprises two effects: beam wander, which results from
larger turbulent eddies, and beam broadening, which results from eddies smaller than the
transmitting aperture D [18]. The latter, also termed short-term beam spread, depends on
a parameter referred to as the lateral coherence length or the Fried parameter r0. It is a
helpful alternative to C2

n for a plane wave (approximately a collimated Gaussian beam) in
Kolmogorov turbulence, given by [18]

r0 = 1.68(C2
nLk2) � 3/5 (2.21)

where k is the wave number and L is the propagation path length. If the beam diameter D is
much smaller than r0, the effect of turbulence on the beam is negligible, and the diameter of
the spread will solely depend on q. However, if the transmitting diameter is much larger
than the coherence length, the diameter of the spread will depend on r0 in the form of q =
2l / p D, where l denotes the wavelength.

2.2.4 Scintilation

Atmospheric turbulence causes �uctuations in intensity in addition to �uctuations in beam
size and position. This effect is referred to as scintillation. When a laser beam propagates
through the atmosphere and encounters refractive-index inhomogeneities produced by
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small eddies far smaller than the beam diameter in the atmosphere, the result is scintillation.
Random spatially and temporally random intensity distributions are received at the receiver
plane, manifesting as random beam wavefront phase aberrations and intensity deformations,
leading to mode crosstalk — a signi�cant challenge for MDM. The scintillation index is used
to characterise the strength of scintillation and is given by

s2 =



I2(0)

�
� hI (0)i 2

hI (0)i 2 , (2.22)

where hI (0)i and


I2(0)

�
are the �rst and second moments, respectively, of an ensemble of

intensities detected by the point detector after propagating a distance L. The scintillation
index may be used to characterise turbulence strength roughly. Weak turbulence is when
s2 < 0.3, medium is when s2 � 1, and strong is when s2 � 1. Strehl Ratio (SR) is another
common parameter similar to the scintillation. The SR value can be used to characterise
turbulence strength. It is the ratio of the average on-axis beam intensity with hI (0)i , and
without Kolmogorov turbulence, I0(0), given by

SR=
hI (0)i
I0(0)

�
1

�
1 + ( D/ r0)5/3

� 6/5
(2.23)

where D is the beam's diameter, and r0 is the coherence. SR uses values from 0 to 1, covering
strong to weak turbulence. Scintillation can be reduced by averaging aperture, where the
beam's receiving aperture is increased to statistically average the independent portions of
the scintillated beam [18].

2.3 OAM Modal Crosstalk Models

The modelling of turbulence-induced crosstalk is complicated and not extensively re-
searched. Crosstalk stands as an essential metric for MDM channels, and thus, it has
been studied in some detail, both empirically and analytically, particularly concerning OAM
modes [22, 23, 53, 54]. Within an MDM system, turbulence causes crosstalk between modes
due to the wavefront aberrations, an aspect explored within misalignments and turbulence.
Various models in the literature shed light on these phenomena.

The spatial degree of freedom experiences aberrations, leading to mode coupling with
neighbouring modes and compromising their orthogonality. The degree of crosstalk depends
on the strength of the channel's turbulence. A signi�cant source of crosstalk error in MDM
systems arises from lateral displacement and tip/tilt at the receiver [40, 41, 55]. Lateral
displacement can stem from the movement of both transmitter and receiver platforms and
atmospheric turbulence. It is important to note that lateral displacement can co-occur with
tip/tilt (angular error), also known as pointing error [56].

2.3.1 Tip/Tilt and Displacement

Typically, a laser beam can experience two forms of misalignment concerning a reference
axis: lateral displacement and tip/tilt. Misalignment occurs when a reference axis other
than the beam's propagation direction is used. Figure 2.2 illustrates lateral displacement and
tip/tilt on a beam with respect to a measurement axis. Because OAM is extrinsically de�ned,
even slight misalignments can signi�cantly affect the OAM spectrum [41]. Simulations and
experiments have been done to demonstrate the effect of tip/tilt and lateral displacement
on LG beams in terms of OAM spectra using modal decomposition. There is a general
analytical expression on a Gaussian for the weight of the OAM mode given by [40]

11



Chapter 2 — Background

Figure 2.2: Illustration of lateral displacement and tip/tilt angle. The beam axis is the axis
on which the beam propagates. The measurement axis is the axis at which the intensity
of the beam is measured at the detector spot. Lateral displacement, Dy, is the offset of
the beam axis vertically (or horizontally) parallel to the measurement axis. Tip/Tilt, a, is
when the beam axis is at an angle upon beam arrival at the detector spot. Therefore, lateral
displacement and tip/tilt cause the beam axis to be misaligned with the measurement axis.
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where c` is the weight of the ` -th mode, u0 = 2Dy
w0

and v0 = 2pw 0sina
l . Dy and a are the lateral

displacement and tilt angle measured, respectively. I` (x) is the nth-order modi�ed Bessel
function of the �rst kind.

2.3.2 Turbulence Induced

Previous studies have reported a more general analytic expression to calculate normalised
average received power on different OAM orders, P( `) [57]. This approximation further
allows obtaining a closed-form expression for P( `)

P(` ) �
b` �2 F2

�
1
2 + ` , 1+ ` ; 2+ ` , 1+ 2` ; � 2b

�

2` G(2 + `)
(2.25)

where G(�) is the gamma function and 2F2 is the generalised hypergeometric function and
b = 1.8025(D/ r0)5/3 . The equation is an approximated formula that only considers the
low-order turbulence aberrations from Zernike terms (e.g., tip and tilt). This approximation
is based on the contribution to the OAM modal coupling of higher-order aberrations, which
diminishes rapidly and can be orders of magnitude smaller [57]. It has been shown that
Equation (2.25)generally underestimates P(`), but it is in relatively close agreement with
the exact values for ` = 0,1.

The OAM modal crosstalk was calculated by considering Kolmogorov statistical models
of atmospheric turbulence. hP4 i is the ensemble average of the fraction of the received
power that is found to be in OAM mode speci�ed by ` j = ` i + 4 when mode ` i is transmitted
is given by [22]

hP4 i =

8
><

>:

1 � 1.01
�

D
r0

� 5/3
for 4 = 0,

0.142
G(4� 5

6
G(4 + 11

6 )

�
D
r0

� 5
3

otherwise.
(2.26)

The above equation was previously con�rmed to be accurate, but recent �ndings have
revealed its inaccuracy over longer distances (1.7 km), likely attributed to beam wander
[58].
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Chapter 2 — Background

Figure 2.3: Architecture of a feedforward neural network structure showing the inputs,
hidden and output layers. The neural network learning process is shown, illustrating the
forward propagation of inputs through hidden layers to output, backward propagation of
error, weight optimisation, and loss calculation with model estimations and true values.

2.4 Deep Neural Networks

2.4.1 Architecture

Deep Neural Network ( DNN )s have different architectures used to solve various prob-
lems. Examples of DNN architectures include Feedforward Neural Network ( FFNN),
Convolutional Neural Network ( CNN ), and Recurrent Neural Network ( RNN ). In this
research work, a feedforward neural network was used. The typical structure of a FFNN is
shown in Figure 2.3. A FFNN is shown in the �gure and has the following major parts:

Input Layer

A layer that comprises input data features or representation.

Input Weights

Weights of the connections between the input layer and the �rst hidden layer of the network.

Hidden Layers

The layers of neurons between the input and output layers. They are used to learn the
relationship between the input and output signals.

Hidden Neurons Weights

Weights of the connections between the hidden layers.

Output Weights

Weights between the last hidden layer and the output layer.

13



Chapter 2 — Background

Output Layer

The last layer of a network. It gives the output of the network from network inputs.

2.4.2 Activation Functions

Real-world data is usually nonlinear. The purpose of activation functions is to introduce
non-linearities into the network [59]. Non-linearities allow the neural networks to approxi-
mate patterns in arbitrarily complex functions. This is important because linear activation
functions produce linear output regardless of network size. Some examples of activation
functions and equations obtained from Ref [60] that were considered for use in this work
are:

Sigmoid function

The sigmoid activation function is nonlinear, meaning the outcome is nonlinear. This
function is bene�cial because it is easy to compute its derivative. It has a range of values
between 0 and 1. Their range makes them useful in tasks where the output needs to be a
probability distribution.

s(x) =
1

1 + e� x (2.27)

Recti�ed Linear Unit (ReLU) Activation

The ReLU activation function is a nonlinear function de�ned as the maximum between
0 and the input max(x). It is widely used in neural networks for its simplicity and good
performance obtained using different architectures and datasets.

ReLU(x) = max(0,x) (2.28)

Hyperbolic Tangent (Tanh)

The hyperbolic tangent function squashes the input values between -1 and 1. It looks like a
sigmoid function; the difference is the symmetry around the origin. The range of output
values makes it helpful in normalising inputs and when the outputs can be negative or
positive.

tanh(x) =
ex � e� x

ex + e� x (2.29)

Softmax

The softmax function squashes the input values into the range [0, 1] and ensures that the
resulting values sum up to 1, making it suitable for generating probabilities for multiple
classes. It is often used as the �nal activation function in the output layer of multi-output
neural networks.

Softmax(xi ) =
exi

å N
j= 1 exj

(2.30)

2.4.3 Training Process

Deep neural networks are powerful tools in modern machine learning, and how they learn is
crucial. The training aims to �nd the neural network that minimises the error (loss) between
the model's estimated outputs and the actual (target) values averaged across the entire
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dataset. This implies �nding the weights that, on average, give the smallest loss possible.
Below, we will discuss three key parts of their learning process: forward propagation, loss
functions, and backpropagation.

Forward propagation

In a neural network such as FFNN architecture, computation is a sequence of operations
on the output of a previous layer. The �nal operations generate the output. For a given
input, the output stays the same; it does not depend on the last input network. The
neural network's estimated output is compared with the expected output, and the loss is
determined.

Loss Functions and Performance Metrics

The loss of a network measures the cost incurred by the model from incorrect estimations;
therefore, they are used to train the neural network. The loss function is a function of the
weights of the network. The gradient of the loss function concerning the output is then
determined. The problem determines the choice of the loss function to use, whether it
is a regression or a classi�cation task. In this work, we model OAM crosstalk as output
continuous real numbers. In regression problems, the commonly used loss functions are
Mean Square Error (MSE), Root Mean Square Error (RMSE), and Mean Absolute Error
(MAE ) [61]. Assuming the model output be ŷ = f ŷ1, ŷ2, . . . , ŷng and actual (target) values
be y = f y1, y2, . . . ,yng. These loss functions considered are

1. Mean Squared Error (MSE) :

MSE =
1
N

N

å
i= 1

(yi � ŷi )
2 (2.31)

2. Average Root Mean Squared Error (RMSE):

RMSE =

vu
u
t 1

N

N

å
i= 1

(yi � ŷi )2 (2.32)

3. Mean Absolute Error (MAE):

MAE =
1
N

N

å
i= 1

jyi � ŷi j (2.33)

Backpropagation

A loss function of a neural network is composed of weights from successive layers between
input and output layers [62]. Backpropagation uses the chain rule to obtain the gradient of
the loss function in terms of the summation of local gradient products over different node
connections between input and output layers [63, 64]. The gradient is computed from the
output layer backwards. Backpropagation determines how much a small weight change
will affect the loss function. Backpropagation algorithms typically use gradient-based
optimisation algorithms to update the neural network parameters on each layer.

Optimisers

Training a network is complicated even though the backpropagation is simple because a
network has several weights. Therefore, optimisers are used to optimise the loss function.
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The optimiser de�nes the magnitude and speed of each parameter update by setting the
learning rate [59, 65]. The learning rate guides how the gradient of the loss function adjusts
the network's weights during backpropagation. They optimise the process of minimising the
error by adjusting the weights based on the gradients of the loss function. Optimisation is
done to de�ne a function that makes the solution through DNN networks easier by �nding
the values of the parameters that minimise a loss function. The optimisers considered during
the model development stage are Adam, SGD, AdaDelta, Adagrad, and RMSprop [66].
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3
OAM Crosstalk Measurements Validation:
Experiment vs. Simulation

BEAM wander and angle-of-arrival �uctuations are well-modelled phenomena in at-
mospheric turbulence that have a direct in�uence on modal crosstalk. Understanding
the turbulence-induced beam wander is crucial for understanding crosstalk dynam-

ics in free-space communication. Previous research has investigated the effects of lateral
displacement and tip/tilt on laser beams, particularly Gaussian mode and LG beams. Two
methods have emerged to characterise these effects. The �rst method offers an analytical
expression for crosstalk in Gaussian mode, with implications extendable to higher modes,
as suggested by the authors. One such study models the detected OAM spectrum resulting
from misalignment, encompassing tip/tilt (a and b) and lateral displacement (x and y), of a
Gaussian mode (speci�cally, the ` = 0 mode) incident on a detection hologram. The OAM
spectrum was derived in Ref [40], as represented by Equation (2.24).

The second method offers an expression for the modal decomposition of both Gaussian
and higher modes, facilitating the calculation of crosstalk. This approach entails decom-
posing the misaligned beam into a series of LG modes with varied topological charges and
relative intensities. The OAM spectrum is then derived by computing the inner product
between the misaligned beam and each LG mode. This spectrum provides a quantitative
assessment of the distribution and relative intensities of OAM modes, offering insights into
the impact of misalignment. Such analysis can be conducted through either experimental
approaches or simulation.

Several studies have used the second method to explore the effects of lateral displace-
ment only [67, 68], tip/tilt only [69], and both simultaneously on the crosstalk of LG beams
[41, 70]. While simulations have provided insights into the spectrum of misaligned LG
beams, corresponding experimental results are lacking [41]. However, ambiguities arise
with the expressions provided. Firstly, each of the three misalignment cases (displacement
only, tip/tilt only, and both) requires a distinct expression, resulting in complexity in their ap-
plication. Secondly, inconsistencies are evident in the notation used, particularly regarding
the sign of ` , within these expressions.

The existing literature shows that analytical expressions are available to determine the
OAM crosstalk due to tip/tilt and displacement for a Gaussian mode. These closed-form
expressions for OAM crosstalk present a challenge when conditions change, such as when
considering the effects of turbulence, making it challenging to incorporate these changes
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into the expressions. In real-world free-space systems, misalignments and turbulence
effects contribute to OAM crosstalk, causing closed-form solutions to be less suitable for
systems with turbulent conditions. However, using machine learning techniques may offer
a potential opportunity for incorporating these changes effectively.

This chapter focuses on validating the generated dataset for neural networks. We will
utilise analytical expressions from existing literature to develop the OAM beams and control
the tip/tilt and displacement amounts. Subsequently, we will measure the corresponding
OAM crosstalk using modal decomposition to create the training dataset. Acknowledging
the fundamental importance of training data for the success or failure of neural networks,
this chapter undertakes a comprehensive discussion on data generation and validation.
Neural Network (NN) training or development is not covered in this chapter.

3.1 Experimental Setup and Methodology

The experimental setup depicted in Figure 3.1 employs a He-Ne laser emitting light at a
wavelength of 632.8 nm. The laser beam undergoes collimation and expansion before being
directed onto one half of a phase-only SLM (Holoeye, PLUTO-2.1) to generate LG modes
with a beam waist of w0 = 0.34mm. Subsequently, the LG modes are imaged by a 4f
imaging system comprising lenses f3 and f4, followed by passage through the system of two
beam splitters, (BS). The 4f imaging system and a spatial �lter selected the �rst diffraction
order after the SLM. 50% of the beam from the BS1 propagates a distance of 975 mm to the
other half-side of the SLM for modal decomposition using the Fourier lens and the camera
(for detailed guidance, refer to [44]), while the remaining 50% of the beam from the BS1
proceeds to the BS2. The remaining 50% of the beam from BS1 proceeds to the BS2 for offset
measurement due to displacement and tip/tilt.

In the experimental setup, the OAM modes were encoded on holograms displayed on
the SLM with displacement and tip/tilt being introduced during mode generation using
[41]

U (x, y) = U LG(x + Dx, y + Dy) exp
�

i
2p
l

(x sin a + y sin b)
�

(3.1)

Lateral displacement misalignment is achieved by adding random lateral displacements
Dx and Dy along the x and y directions, respectively, in Equation (3.1). For tip/tilt, x and
y tip/tilt components (i.e., a and b) are added to the phase term of the beam in Equation
(3.1)along the x and y directions, respectively. The ranges of displacement and tip/tilt, both
in the x and y directions, are set at [-2w0, 2w0] and [-0.025� , 0.025� ], respectively. Various
techniques have been employed to impose tip/tilt and displacement on OAM beams [40,
41].

Cameras 1 and 2 measure the offset when there is displacement and tip/tilt, respectively,
on the beams from the second beam splitter. Tip/tilt and displacement combinations are
generated through random sampling from a uniform distribution within the speci�ed ranges
to minimise biases in the training dataset. Input modes considered range from ` input = -5 to
5. During the measurement of OAM spectra using modal decomposition, the mode bases
for detection range from ` = -10 to 10 for all input modes to prevent leakage of normalised
power(i.e. mode coef�cient weights) during the modal decomposition process.

3.2 Displacement and Tip/Tilt Dataset

A simulation was conducted based on the setup depicted in Figure 3.1, employing Equa-
tion (3.1) for OAM beam generation and tip/tilt and displacement control. This simulation
served to validate the experimental measurements. The simulation used uniformly dis-
tributed variations of tip/tilt and lateral displacement to generate a training dataset for
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Figure 3.1: The experimental setup used in this work is equivalent to the simulation setup
used to perform a modal decomposition. The beam splitters, BS1 and BS2, direct the beam
to the SLM for modal decomposition and to the two cameras to measure the tip/tilt and
displacement values. Cameras 1 and 2 are used for displacement and tip/tilt measurements.

the neural network to produce corresponding OAM spectra. Subsequently, the simulation
results were compared with experimental OAM spectra measurements obtained under
identical tip/tilt and displacement values. The simulation signi�cantly accelerated the
generation of OAM spectra for a single misalignment combination, completing the task in
only 20 seconds, compared to the 3-minute duration for experimental measurements. A
training dataset requiring thousands of measurements required several days of continuous
experimentation using experimental modal decomposition. During the experimental phase,
one key challenge was the dif�culty in controlling misalignments introduced within the
setup, mainly as environmental factors such as room temperature �uctuations or laboratory
movements could induce variations over days. Consequently, leveraging the simulation
proved instrumental in generating a robust training/validation dataset for the neural net-
work. The size of the dataset was increased during model training and optimization for
better results. The �nal dataset had 21153 (1923 misalignment combinations) rows for the
combination of misalignments and input modes, ` input , and their corresponding OAM
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spectra.

Figure 3.2: Experiment schematic of how the SLM is used to impose both lateral displace-
ment and tip/tilt angle on the �rst SLM hologram. During mode creation, the SLM-imposed
lateral displacements and tip/tilt are achieved by specifying values of Dx, Dy, b a. Displace-
ment was measured using the camera at the 4f point, position 1. The camera at the 2f point
measured the offset caused by tip/tilt that is used to calculate tip/tilt.

We experimentally veri�ed the tip/tilt and displacement values by encoding them
on the hologram displayed to the SLM using Equation (3.1)and measuring the imposed
misalignment values, respectively, at camera positions 1 and 2. Figure 3.2 illustrates how and
where the measurements of tip/tilt and lateral displacement were made in the setup. Both
lateral displacement and tip/tilt angle are determined with respect to the measurement axis.
The measurement axis is determined before any SLM-imposed misalignments are performed
and acts as a reference point for the measurements. This was done to check if the experiment
was optically performing tip/tilt and lateral displacement at the receiver as encoded at the
SLM during beam creation. This veri�cation was important as it assessed if the camera
could correctly measure what was encoded on the SLM as tip/tilt or lateral displacement at
their respective positions. Verifying the encoded tip/tilt and lateral displacement involved
two steps. The camera had a pixel size of 3 mm, and each lens was used before the
camera focused on the local wavefront on the image sensor plane. To verify the encoded
displacement, the �rst step was to encode a Gaussian mode on the �rst half side of the SLM
and observe the �rst-order Gaussian beam's movement with a camera at the image plane
after the 4f, position 1 in Figure 3.2. The offset measured by the camera as the number of
pixels is directly translated as displacement by converting the offset to mm. Secondly, to
verify tip/tilt, we observe the Gaussian beam at the focal point with a camera, position 2 in
Figure 3.2.

The offset measured in the far �eld was extracted from the CCD pixel array as an on-axis
intensity measurement. Given an image I( xi , yi ) where (xi , yi ) are coordinates mapping each
pixel. The measured offset and the focal length of the lens, L1, were used to calculate the

tip/tilt angle [ a = arctan
�

offset
focal length

�
]. The offset measured by the camera was determined

by �nding the difference between the two centre pixel positions of the Gaussian mode.
One when there is no misalignment encoded on the SLM, ( xco, yco) and the other when
there is either tip/tilt or displacement encoded on the SLM, ( xc, yc). The centre of the mass
method was used to �nd the centre pixel position of the Gaussian beam on the image [71, 72].
This method involves using different intensities of each pixel on an image of the Gaussian
beam to �nd the centre of mass of the Gaussian detected by the camera. In this way, the
contribution of each pixel to the centre of the beam was weighted by its intensity value as
expressed by
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x =
å M � 1

i= 0 å N � 1
j= 0 xi � I (xi , yj )

å M � 1
i= 0 å N � 1

j= 0 I (xi , yj )
(3.2a)

y =
å M � 1

i= 0 å N � 1
j= 0 yi � I (xi , yj )

å M � 1
i= 0 å N � 1

j= 0 I (xi , yj )
(3.2b)

where the centroid position in the image is named ( xc, yc), M and N are the pixel number
in the x- and y-direction of the associated image, respectively. I (xi , yj ) is the intensity at the
given coordinate ( xi , yj ).

The algorithm used to measure the beam's centre pixel position following Equation (3.2)
is shown in Algo. 1. The initial centroid of the beam was determined using Algo. 1 when
there is no tip/tilt and lateral displacement imposed for both cameras 1 and 2 in Figure 3.1.
Then, the new beam centroid was determined using the same algorithm when either tip/tilt
or lateral displacement was imposed on the SLM. The difference between the initial and the
new beam centroid was used to calculate the tip/tilt on camera two and measure lateral
displacement on camera 1.

Algorithm 1 :Calculation of beam center pixel position from an image

Require: im . Input image
Ensure: centerO f mass . Center of mass coordinates

Check dimension of im
if : isMatrix( im) then

Error ('Input image is expected to be bidimensional.')
end if
im  double( im)
Itotal  å i ,j im( i , j)
a, b  size( im)
x  1 : b
x  x(ones(1,a), :)
aux  im � x
xc  å i ,j aux( i ,j)

Itotal
y  1 : a
y  y(ones(1,b), :)0

aux  im � y

yc  å i ,j aux( i ,j)
Itotal

centerO f mass [xc, yc]
Return centerO f mass

3.3 Validation of Dataset

3.3.1 Comparison of Measured and Simulated OAM Spectra

We �rst characterised OAM crosstalk using tip/tilt and displacement only. OAM spectra
were measured for 3 cases: tip/tilt only, displacement only, and a combination of both.
For the comparison of measured and simulated OAM spectra, we considered how they
compared with each other and the existing theory of OAM crosstalk due to tip/tilt and lateral
displacement. Figures 3.3 to 3.5 shows the OAM spectra of the Gaussian mode (̀ input = 0)
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Figure 3.3: Measurement of OAM crosstalk ( ` input = 0) with increasing displacement for the
displacement-only case.

Figure 3.4: Measurement of OAM crosstalk ( ` input = 0) with increasing tip/tilt for the tip/tilt
only case.

for increasing tip/tilt and/or lateral displacement in the 3 cases for the generated dataset.
Figure 3.3 and 3.4 show the measured OAM spectra when only one misalignment is imposed
into the setup. Figure 3.5 shows the measured OAM spectra for a combination of tip/tilt
and displacement that were introduced in the setup. The plot on the left shows the spectra
when considering increasing values of tip/tilt in the presence of displacement, and the other
on the left is when considering increasing the magnitude of the displacement in the tip/tilt.
The spectrum broadens with increased misalignment, either tip/tilt or displacement. For
the case of a combination of tip/tilt and displacement, the spectrum decreases or increases
with an increase in the combination of tip/tilt and displacement. When adjustments are
isolated to either tip/tilt or displacement, variations in their magnitude along the x or y axes
directly correlate with changes in the OAM spectrum - an increase or decrease in magnitude
corresponds accordingly. However, in the case involving simultaneous adjustments in both
tip/tilt and displacement, the resultant changes in the OAM spectrum are dependent not
only upon the magnitude but also on the directional orientation of these adjustments. This
behaviour agrees with the �ndings reported in Ref [41].

The measured experimentally and the simulated dataset were compared to observe how
well they correlate. The Pearson correlation coef�cient [73] evaluates the similarity between
the simulated and measured OAM spectra for the same misalignments. The high Pearson
correlation coef�cients of 0.96 for cases involving tip/tilt and displacement only and 0.93 for
the case of the combination of both indicate a strong correlation between the simulated and
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Figure 3.5: Measurement of OAM crosstalk ( ` input = 0) with increasing tip/tilt and/or
displacement for the case of a combination of both. OAM crosstalk measurement is shown
when tip/tilt and displacement values imposed are considered separately.

Figure 3.6: Correlation plots of simulated and (experimentally) measured normalised
power with (a) tilt only, (b) lateral displacement only, and (c) a combination of both. High
correlation coef�cients: (a) 0.96, (b) 0.96, (c) 0.93, showing strong agreement in all cases.

Figure 3.7: Residual plots showing three different cases with (a) tilt only, (b) lateral dis-
placement only, and (c) a combination of both. The histogram of the residuals exhibits a
random Gaussian characteristic shape. The RMSE value is slightly higher in the case of a
combination of both.

measured OAM spectra. This suggests that the simulated spectra effectively capture the un-
derlying dynamics of the system, producing results that closely resemble the experimentally
measured spectra under various misalignment conditions. The correlation plots presented
in Figure 3.6 visually demonstrate this strong correlation, with the normalised power values
from modal decomposition aligning closely between the simulated and measured datasets.
Figure 3.7 shows the mean RMSE errors of 0.038, 0.048, and 0.065, respectively, indicating
the average discrepancies for cases involving tip/tilt only, displacement only and the combi-
nation of both. Notably, the cases of tip/tilt only and displacement only show similar errors,
while the combined case exhibits a slightly higher error, nearly double. This discrepancy
can be attributed to the linear relationship between changing either tip/tilt or displacement
alone and the OAM spectra, which depend solely on magnitude. Conversely, the non-linear
relationship between changing both tip/tilt and displacement simultaneously and the OAM
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