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Abstract

The study of turbulence is important in a wide variety of applications. Some
examples are: the flow of fluid once a sluice gate is opened; the flow of air over
the wing of an aircraft; the flow of air from a ventilation system. A very important
concept to consider when dealing with turbulence is the boundary layer that develops
around an object as air or fluid moves past the object. The boundary layer is a thin
layer in which the velocity gradients increase rapidly from zero at the contact surface,
to match the mainstream velocity further away from the surface. The velocity is zero
at the contact surface due to the viscous nature of the fluid or air molecules moving
past the surface. Within the boundary layer either laminar or turbulent flow, or
both types of flow, occur. Laminar boundary layers have been analysed rigorously
in the past. In this dissertation we analyse turbulent boundary layers and turbulent
wall jets. The turbulence is represented by introducing the concept of eddy viscosity.
The Reynolds averaged boundary layer equations are used in this dissertation. The
group invariant solution of the two—dimensional turbulent boundary layer equations
are derived by finding the Lie point symmetries of the equation. The mainstream
velocity is allowed to be an arbitrary function. The Lie point symmetries of the
equation modelling the wall jet are used to solve for a group invariant solution. The

conserved quantity for the wall jet is found which enables us to solve the problem.
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Chapter 1

Introduction

1.1 Introduction

The study of turbulent flow is very important in order to predict flow rates, drag,
flow separation and heat transfer. Furthermore most flows which occur in practical
applications are turbulent [30]. An effective way in which turbulent flow can be rep-
resented is by eddy viscosity. The problems which are considered in this dissertation
use the concept of eddy viscosity.

A boundary layer is the layer around an object which is formed due to the viscous
property of fluids. As the mainstream moves past an object or along a surface the
fluid tends to stick to the contact surface. In our analysis we use the cartesian
co-ordinate system with the xr—axis parallel to the contact surface and the y—axis
perpendicular to the contact surface.

Some assumption is usually made about the eddy viscosity. The simplest as-
sumption is the hypothesis made by Prandtl(1942) that the eddy viscosity is con-
stant across the boundary layer and is proportional to the product of the maximum
mean velocity and the width of the boundary layer [11].

In this dissertation we will not impose Prandtl’s Hypothesis. We investigate
group invariant solutions of the two—dimensional boundary layer equations with
eddy viscosity where the eddy viscosity is allowed to vary across the boundary layer
as well as in the direction of flow. Hence we allow for a variation in y as well.
Furthermore we allow the mainstream velocity to be an arbitrary function of x
which will be less restrictive than the usual assumption of a power law in x. The
group invariant solutions for the boundary layer equations are derived using the Lie
point symmetries of the equations.

The equations for the two—dimensional turbulent free jet have already been anal-
ysed where eddy viscosity is present [13]. The wall jet is intermediate between a
boundary layer and a free jet. Examples of wall jets are shown in Figures (1.1) and
(1.2). For the next part of the dissertation we consider a two—dimensional turbulent

wall jet with eddy viscosity. We once again consider the Lie point symmetries of the
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resulting equations. In order to derive the solution a conserved quantity is required.

We derive this conserved quantity by an ad hoc method.

1.2 Background to eddy viscosity and the Reynolds

stresses

The concept of eddy viscosity was first introduced by Joseph Boussinesq in 1877
[32]. Eddy viscosity can be described as a quantity that characterizes the transport
and dissipation of energy in the motion of a fluid. In turbulent flow it is common
practice to ignore the eddies or vortices in the small scale motion and to rather

calculate the eddy viscosity in the large scale motion of the fluid [33]. The eddy
4



viscosity is a property of the flow and not a property of the fluid.

The Reynolds stress can be thought of as an effective force which represents the
net transport of momentum by fluctuating velocities [33]. Thus in effect turbulence
transports momentum. The turbulence term contributes more to the transportation
of momentum than the viscous term when we consider simple shear flow. The
Reynolds stress can be expressed as a stress tensor. The Reynolds stress can be

thought of as the apparent or virtual stress of turbulent flow.

1.3 Turbulent boundary layers described by eddy
viscosity

Turbulent motion can be described as motion in which irregular fluctuations occur.
Irregular fluctuations can be thought of as mixing or eddying motion. These fluctu-
ations are so complex and varied that they seem almost impossible to model exactly
in a mathematical sense. However the effect that this mixing motion has on the
course of the flow is very important and hence cannot be neglected. Furthermore we
need some form of representation of this mixing motion in order to attain equilib-
rium of forces. The effects would be the same if we increased the viscosity by factors
of one hundred, ten thousand, or even more [30].

When we deal with turbulent motion we deal with large Reynolds numbers.
In [30] it is shown in detail that there is a large movement of energy from the
mainstream flow to the large eddies but the energy is dissipated mainly through the
small eddies. It is also shown that this process occurs in a narrow strip inside the
boundary layer close to the wall.

The most striking feature of turbulent flow is that the velocity and pressure at
a fixed point will always fluctuate in very irregular ways. The volume elements of
fluid which perform these fluctuations are small but not single molecules and hence
can be visualised. Their size will continuously change and determines the scale of
turbulence.

We need to be able to formulate a substantial theory for turbulent boundary
layers in order to predict flow rates, drag, flow separation and heat transfer. Practical
prediction of turbulent flow starts with Reynolds’ averaging [30]. In this averaging we
divide each flow variable into a mean added to a fluctuation. The resulting turbulent
boundary layer equations have an extra term which represents the Reynolds shear
stress [30]. These shear and normal stresses are not known beforehand and hence
need to be modelled.

There are various models which are used. There is the K- model which is
based on the coupled transport equations for the turbulent energy density K and
the turbulent dissipation rate ¢ [33]. Statistical concepts were also developed in

order to deal with the unknown stress [30].
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In this dissertation we use the idea that the presence of the fluctuations manifests
itself in an increase in apparent viscosity of the mainstream flow. In analogy to the
coefficient of viscosity in Stokes’ law for laminar flow, Boussinesq introduced a mixing
coefficient for the Reynolds stress [30]. This turbulent mixing coefficient corresponds
to the viscosity, u, in laminar flow and is thus aptly called eddy viscosity. The main
consequence of using this idea is that eddy viscosity is a property of the flow and

not a property of the fluid.

1.4 Structure of the boundary layer

The concept of the boundary layer was introduced by Ludwig Prandtl(1874-1953)
in 1904. This was a significant accomplishment as prior to this, solutions to the
general fluid equations did not explain the observed flow effects. Prandtl realized
that there was a significant difference between the relative magnitude of the inertial
and viscous forces close to the surface when compared to a distance away from the
surface.

If we consider a viscous fluid moving past an obstacle or along a surface then
the molecules closest to the surface or obstacle will stick to it and hence become
stationary. This is due to the viscous nature of most real fluids and the roughness of
the surface on a molecular scale. The next layer of molecules will collide into these
stationary molecules and hence slow down. A similar process will continue with the
collisions becoming less frequent as we move further away from the contact surface.
Thus we have a tangential flow alongside the object which increases rapidly from
being zero at the surface to matching the mainstream at some distance away from
the surface. The region in which this rapid increase is occurring is referred to as
the boundary layer around an object. An example of a boundary layer is shown in
Figure (1.3).

The mainstream flow will react to the boundary layer in the same way as it
would to the physical surface of the object. Hence the boundary layer determines
the effective shape of the object which is usually different from its physical shape. To
further complicate matters the boundary layer may separate from the object itself
and hence the effective shape of the object will be greatly altered in comparison
to the physical shape. This separation occurs when the flow in the boundary layer
has very low energy compared to that of the outer mainstream. This separation is
not favourable when we consider flow along the wing of an aircraft as it effectively
increases the pressure drag. In this case the flow is deliberately altered to become
turbulent so as to decrease the overall drag [10].

The thickness of the boundary layer is dependant on the Reynolds number if the
flow is laminar and as we move along the object or some distance past the obstacle,

the thickness will usually increase. The Reynolds number (Re), is dependent on
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the characteristic velocity of the mainstream (U); the characteristic length from the

beginning of the disturbance in the flow (L); and the kinematic viscosity of the fluid

(v) :
_ UL

14

Re (1.1)

The Reynolds number can also be thought of as the ratio of inertial force to viscous
force.

A boundary layer may be turbulent or laminar. In laminar flow the fluid moves
in smooth layers which slide past each other and hence the shear stresses are low.
The thickness of the laminar boundary layer increases with distance from the start
of the boundary layer and increases as the Reynolds number decreases. Furthermore

a laminar boundary layer will only develop when the Reynolds number is of order
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103 to 10°.
Turbulent boundary layers have swirling or disordered flow and they occur for

high Reynolds numbers. The Reynolds number for turbulent flow is defined as :

UL

Re = ,
v+ €

(1.2)

where U, L and v are defined as before and ¢; is the mean value for the kinematic
eddy viscosity. Turbulent boundary layers develop for Reynolds numbers of order
greater than about 10°.

It is in turbulent flow that we experience eddies at many scales which dissipate
as we move further away from the obstacle. Turbulent flow can occur because of
rough surfaces and pockets of fluid can be seen to move across layers and hence we
see mixing of layers and hence large shear stresses are observed. In the calculation
of turbulent flow we rely on eddy viscosity.

Under certain conditions where the shear stresses increase as the fluid moves
further downstream, a point may be reached where the boundary layer becomes
unsteady and hence turbulent. In this case there may exist a transition layer in
which the flow is neither laminar nor turbulent. This is a typical phenomena which
occurs along the surface of an airfoil [10].

When we consider boundary conditions for turbulent flow then we still need to
consider the no slip condition. The reason for this is because inside the turbulent
boundary layer we have three different layers as shown in Figure (1.4). Very close
to the contact surface, an extremely thin laminar layer in which viscous forces are
greater then inertial forces is found. This layer satisfies the no slip boundary condi-
tion at the contact surface. Above this we have a transition layer in which there are
large velocity fluctuations and hence the turbulent shearing stresses become com-
parable to the viscous stresses. Lastly, the turbulent layer is found above this in
which the turbulent stresses outweigh the viscous stresses some distance away from
the wall [30].

1.5 Previous work in this field

There have been tremendous advances in the study of laminar boundary layer theory
in which the eddy viscosity does not play a role [27]. The group invariant solution
has been derived using the Lie point symmetries of the boundary layer equations
[6].

The group invariant solution of the two-dimensional free laminar jet [20] and
the two—dimensional laminar wall jet [28] have been derived using the Lie point
symmetries of the boundary layer equations.

Previous work in turbulent boundary layers has considered the scaling symme-

tries of the boundary layer equations where the eddy viscosity was allowed to be a
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power law in x [11]. The mainstream velocity was also assumed to be a power law
in . Avramenko et al [3] considered symmetry of turbulent boundary layer flows
with three different models of the eddy viscosity. In this dissertation the approach
is different. We do not assume models for the eddy viscosity. The form of the
eddy viscosity is not prescribed a priori. It is obtained from the condition that the
Lie point symmetries of the Navier-Stokes equation with eddy viscosity exist and
therefore that the group invariant solution exists.

The group invariant solution for a two—dimensional free turbulent jet described
by eddy viscosity has been derived using Lie point symmetries [13].

Previous work on wall jets with eddy viscosity considered the eddy viscosity to
be a power law in x only [11].

Several papers have been published on the application of symmetry methods to
turbulent flow. Bruzon et al [4] and Gandarias et al [9] have investigated symmetry
reductions of a model for turbulence. Cantwell [5] derived a set of similarity rules
that define the scaling properties of a wide range of geometrically simple turbulent
flows. Oberlack [24] and Oberlack and Khujadze [25] applied symmetry methods
to turbulent shear flow and turbulent boundary layers while Unal [31] considered
the application of equivalence transformations to turbulence. Holmes, Lumley and
Berkooz [14] used coherent structures and dynamical systems in order to model
turbulence including turbulence in boundary layers.

Grebenev, Oberlack and Grishkov [12] used approximate Lie symmetries of the
Navier-Stokes equations for applications to scaling phenomenon arising in turbu-
lence. We will not consider approximate symmatries in this dissertation.

New scaling laws for turbulent boundary layers which were derived using Lie
group symmetry methods, have been tested against experimental data for zero-
pressure-gradient turbulent boundary layers by Lindgren, Osterlund and Johansson
[19]. The results were found to fit very well with the experimental data over most

of the boundary layer except the outermost part of the boundary layer.

1.6 Derivation of equations

In this section the Navier-Stokes equation in cartesian coordinates is considered and
it is shown how turbulence can easily be modelled into this classical equation. The
Reynolds averaged equations are then derived. Finally the concept of eddy viscosity

is introduced in order to close the system of equations.

1.6.1 Background to the derivation of turbulent boundary

layer equations

We have already seen that turbulent motion can be thought of as mixing or eddying

motion in which irregular fluctuations occur. This turbulence is responsible for large
9



resistance in pipes, drag on ships and aeroplanes and can have the disastrous effects
of losing turbines and turbocompressors. However turbulence also increases the
pressure along the wings of an aeroplane and hence stops the flow along the wing
from separating. To understand turbulence is of vital importance from both view
points.

If we consider a fixed point in space, then we notice that when the motion is
turbulent, the velocity and pressure at this point will not remain constant with
time. Both the velocity and pressure will perform very irregular fluctuations of
high frequency. The lumps of fluid which perform these fluctuations are not single
molecules but rather macroscopic fluid balls of varying size. Even if the velocity
fluctuation is not very large it will still have a decisive effect on the whole course
of the motion. The size of the fluid lumps continually agglomerate and disintegrate
and they determine the scale of the turbulence [30]. The size of these fluid lumps
is determined by external conditions associated with the flow. For example, by the
mesh or honeycomb through which the stream had passed [30].

By taking this into consideration we can see that fluid lumps have their own
motion which is superimposed on the mean flow. Hence we can conveniently describe
turbulent flow mathematically by splitting it into its mean motion added to its
fluctuation.

Let v,(z,y, 2,t) denote the velocity in the z—direction, v,(z,y, z,t) the veloc-
ity in the y—direction and v,(x,y, z,t) denote the velocity in the z—direction. Let
p(x,y, z,t) denote the pressure. Let v,(z,y,2), vy(x,y,2) and v,(x,y, z) denote
the time averages of the velocities in the z, y and z directions, respectively. Let
p(z,y, z) denote the time average of the pressure. Let the fluctuations be repre-
sented by v, (z,y, 2,1), v, (7,y, 2, 1), v.(2,y, 2,t) and p'(7,y, 2,t). We can thus write

the following relations for the velocity components and the pressure :

Vo =Tp + Uy Uy =0y v, v=0.+0; p=p+p. (1.3)

As we will only be dealing with incompressible fluids, the density is constant.
If the fluid were compressible then we would also need to split the density variable
into its mean added to its fluctuation. We define the time average at a fixed point

in space. For example

to+t1
1

ﬁz(x,y,z):a / vz, Yy, 2, 1) dt. (1.4)

to
We note that ¢; is taken to be sufficiently large for the mean values to be completely
independent of time. Thus, as the fluctuations occur in a very short period of time
we see that the time-averages of all the quantities describing the fluctuations are

equal to zero :

10



v, =0; v

3 =0; v.=0; p=0. (1.5)

A very important concept that we must now understand is that the fluctuations

/ / /

v,, v, influence the mean motion v,, ¥y, v, such that the mean flow shows

Ux7 Yy z

an apparent increase in resistance to deformation. This means that the fluctuations
cause an apparent increase in the viscosity of the mean flow. The increased apparent
viscosity of the mean flow is the central concept of all theories of turbulent motion.
We will see later that this apparent increase is accounted for by introducing an

additional viscosity termed the eddy viscosity.

1.6.2 Derivation of the Reynolds’ averaged equations

We consider an incompressible fluid in cartesian coordinates in three dimensions.
The body force per unit mass F, is neglected. The continuity equation for the fluid

1S

ov,  Ov,  Ov,
- 1.
Ox * oy * 0z 0 (16)

and the components of the Navier-Stokes equation are

p [8;; vmagg + vy({;}yx + vza;; = _?)i + uV3uy, (1.7)

P [a;ty xaaij vy%% vzaazy_ = —a—p + uV3v,, (1.8)

[8;; + vx%j; + ya;z Z%U; = _gp + uV3u,, (1.9)

e V2= §;+§;+§;, (1.10)

and g is the viscosity of the fluid and p is the density of the fluid.

We now substitute equations (1.3) into the continuity equation (1.6):

00, +vi) | O(F, 1) | 0. + )

o 5 5 =0 (1.11)

Now we take time averages and use (1.5). Thus equation (1.11) reduces to

ov, 0v, 0v,
a—x+a—y+ a5, =0 (1.12)

In the derivation of (1.12) we used the rule that if f is a dependent variable then,

F=7. (1.13)

11



We now substitute equation (1.12) into equation (1.11) and we see that the
fluctuations also satisfy the continuity equation :
ov,  Ov, Qv

52 o T (1.14)

Using the continuity equation (1.6) we can rewrite equations (1.7), (1.8) and
(1.9) as follows :

ov,  O(v2)  O(vyv,)  O(vyv.)|  Ip )

p l A rab iy eyl I AL (1.15)
vy | O(vy v,) o(vy)  O(v,v,)] _Op 9

p [ TR ranh vabi el Rl VR (1.16)
v, (v, vy)  O(v.vy) O] dp 9

p l BT + o + Dy + 0. |~ o + pVou,. (1.17)

We now substitute (1.3) into equations (1.15), (1.16) and (1.17). We will consider
the calculations for the z—component in detail. The calculations for the y and z

components are exactly the same. The xr—component thus becomes :

[av;:_i_a( + 27 /+ / ,)+g(77 +7 /_i_* /+ / /)
Plar Tt gy (Pala T 2050, + Vay o Uy Uy + Uy, + Dy, + VU,

oD+
oz

0
+37<17x772 + U UL + D0l + v;v;)} = — + uV3 (v, +v)). (1.18)
z

We now take the time average defined by (1.4). The time average of the product of

fluctuations and the square of fluctuations do not vanish. Equation (1.18) becomes

P O(V20s) + O(v20y) 4 0(v,0:) _ —@+/Lv2ﬁx+a<_pM)—i—a(_p@)—i-a(_p@).
ox dy 0z

ox Ox dy 0z
(1.19)

We now use equation (1.12) to rewrite the left hand side of equation (1.19) and we

expand the right hand side of equation (1.19) using again the continuity equation
(1.12) :

0, 20 5, 0y 5 00| _ O o (P O oy
Pl%00 "oy "0z "o | P o T e Pt

TN DY e 7R N A Rl P (i e B (1.20)
oy K oy  Ox PUaty| T oz 1oz T ax PUal) - A%

Equation (1.20) can be written as

Pl%0x "oy "0z | T o oy T 0 |

12



where

Tik = —DOik + p (88;}; + g;t) — pUjY, (1.22)
and
i = { (1) Z’¢ ]/:
Equation (1.21) can also be expressed as
pl;;’” = Thoks (1.23)

where the repeated index k is summed over z, y and z and

ll))t = ;+Ux(i+vy(%+vzi. (1.24)
Equation (1.23) has the same form as the z—component of Cauchy’s first law of
motion,

pl;vti = Trik + pFi, (1.25)
where F; is the body force per unit mass which is neglected in (1.23). We can
therefore interpret (1.22) as a generalisation to turbulent flow of the Navier-Poisson
law relating the stress tensor to the rate-of-strain tensor in an incompressible viscous
fluid in laminar flow.

In (1.22) the term p (g—f; + g%’z) is the shear stress tensor or viscous stress tensor
that arises in laminar flow. However, the last term, —pvjv;, is a new term which is
not seen in laminar flow. This last term which has a total of six components satisfies
the properties of a second order cartesian tensor. The tensor —pv/vj, is called the
Reynolds stress tensor. The Reynolds stresses arise due to turbulent fluctuations.
The Reynolds stresses outweigh the viscous stresses in turbulent flow.

The main challenge in studying turbulent motion is how to model the Reynolds’
stresses. In order to close the system of equations we need to model the Reynolds
stresses in an appropriate way. Many models have been suggested with various de-
grees of success. We will use a model which was introduced by Boussinesq in (1877).
Boussinesq chose to model the Reynolds stresses as an apparent increase in the vis-
cosity of the fluid. He suggested that a function of proportionality which relates the
Reynolds stresses to the spatial gradient of the mean velocity be introduced, in the
same way that the viscosity relates the shear stresses to the spatial gradient of the
fluid velocity in laminar flow. This function of proportionality is termed the eddy

viscosity :

(1.26)

— 0v;  0v
T,sz—pv;vzzA( - ’“)

13



where A is the eddy viscosity. Define

A (1.27)

Then ¢ is the kinematic eddy viscosity. We will refer to the kinematic eddy viscosity
simply as the eddy viscosity. The eddy viscosity is a property of the flow and it is
not a property of the fluid. Hence it can depend on position and velocity. Later in
our analysis of the wall jet, we will consider the eddy viscosity a function of position
and velocity. In our analysis of the turbulent boundary layer we will consider the

eddy viscosity to depend only on position and not on velocity :
e =¢€(x,y, 2). (1.28)

Substituting equation (1.26) into equation (1.20) we obtain :

5, 200 4 5 5 O 10D O (v+e) 0l | 00
* Ox Y oy 0z poxr  Ox or  Ox

Gl g e8] on

where v is the kinematic viscosity of the fluid. Equation (1.29) is the z—component

of the Reynolds equations for turbulent flow of an incompressible fluid. The y— and

z—components are derived in the same way and are :

O on, 0n,_ 10p, 0 0., on,
arr +Uyay+ 0z p3y+8x (v+e) 8y+3x

Gl g () o

o0v, _ 0v, _ 00, 10p 0 81)95 8vz
o (v+e€)

0 Yy dy 0z p0z Ox
0 0v,  0vy, 0 8112 8112
il _ 1 1
+ay[(u+e)<ay+az>]—l—az [(V—FE)( )] 3
The sum
E(.%,Q,Z) =Vv+ 6<x7y727@x76y?62)7 (132)

is referred to as the effective viscosity [26]. Equation (1.22) for the stress tensor

becomes

0v; 0y,
= —pou + pE . 1.
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1.6.3 Derivation of two-dimensional turbulent boundary layer

equations

Prandtl’s equations for laminar boundary layer theory are derived by non- dimen-
sionalising the Navier Stokes equations and then letting the Reynolds number tend
to infinity. We will use the same approach to derive the turbulent boundary layer
equations by starting with the Reynolds equations for turbulent flow which we have
derived in Section 1.6.2. In this dissertation we deal with the two-dimensional turbu-
lent boundary layer and hence the z—component vanishes identically. The Reynolds

equations for turbulent flow in two dimensions are :

@x%+7 9, ——1@—%2 [(V‘FG) <(917x+(917$>]+8 [(V—F&) (861 —l—aﬁyﬂ,

or Y oy  pdxr Ox or Oz dy dy  Ox
(1.34)
o on,_ 10p 0 on, | 0n\], 0 or, , on,
U$8x+vy8y_ p8y+89€ [<V+€)<8x+0y +6y (v+e 6y+8y
(1.35)
and the continuity equation is
0v,  0v,
Oz Oy _ 1.
I + 3y 0 (1.36)

The x—coordinate is along the boundary layer and the y—coordinate is perpen-
dicular to the boundary layer. The following dimensionless variables are used to
non-dimensionalise (1.34) and (1.35) :

* —

. Y — _*- p—
; Uy =Uvy; vy =

V+e
L D= pUD B =

L u _,
v ; )
\/Rey VRe Y v+ €
The Reynolds number Re is defined by (1.2) and the star denotes a non-dimensional

variable. Using (1.37) and (1.2) for Re in equations (1.34) and (1.35) we arrive at

the following two equations :

7k ok sk ok ok 7% ov* )
,*avx_l_@*(%x _ Op N 1 0 [E* <8vx+8vx>] 0 lE* <8vx+ 1 vy>

r=Lx*; y= (1.37)

Ve 5 Yoy Oz  Redz* ox*  Ox* oy* oy Redz* )|’
(1:38)
i@; ov; +i@*(%z _ _op n 0 o 1 9y N 1 9v; 20 o ov, .
Re “0xz*  Re YOy* dy*  Ox* Re? 0x*  Re 0y* Re Oy* Ox* |
(1.39)
We now let Re — oo and hence 4= — 0. Equations (1.38) and (1.39) reduce to :
vt vt op* 0 v
—% x —% x - _ E* xT 140
e 5 Ty Oy* ox* T oy* [ 8y*] ’ (1.40)
op*
0=— . 1.41
i (141)

Equations (1.40) and (1.41) are in non-dimensional form. We re-express (1.40) and
15



(1.41) in dimensional form using (1.37). This gives the Reynolds equations for a

turbulent boundary layer in dimensional variables :

v,  _ 0, 109p 0 00,
5 =X, - 1.42
Ve ox +y oy p Ox + oy l(y 2 8y] ( )
10p
0=———. 1.43
YT (1.43)

Equations (1.42), (1.43) and the continuity equation (1.36) are three equations for
the three unknowns v,(z,y), v,(x,y) and p(x,y). They are the equations we study

in our analysis of turbulent boundary layers using eddy viscosity.

1.6.4 Lie point symmetries

In our investigation of turbulent boundary layers we make use of the Lie point
symmetry approach. A brief outline of how we do this will be given in this section.
We will later introduce a stream function, v, into (1.42) which will leave us with a
third order partial differential equation. Hence we consider one dependent variable
¥ and two independent variables x and y.

Consider the third order partial differential equation
F=0, (1.44)

where F'is a function of x, y, 1 and the partial derivatives of ¢ up to third order.

The Lie point symmetry generators,

0 0 0
X = fl(x,y,w)% + 52($7y7¢)07y + 77(1'7:%770)77

5 (1.45)

of the partial differential equation (1.44) are obtained by solving the determining
equation [15],

XBIF| o =0, (1.46)
where
0 0 0 0
Bl — 2
X —X+C1 30 +C2awy +C118wm +C126%y +C22a%y
+<H16J) -+ana£? —+sza;) ‘+Cmga£) (1.47)
TTX Y Yy yyy
and
G = Di(n) — s Di(&7), (1.48)
Cz'j - Dj((z) - 7~pis Dj<§s)7 (149)
Gijke = Di(Gij) — vijs Di(E7), (1.50)
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with summation over repeated indices [15]. The operators D; and Dy of total dif-

ferentiation with respect to x and y respectively are defined by :

0 0 0 0
0 0 0 0
D2—@+¢y%+¢xya¢x+¢yyawy+"'. (1.52)

One of the partial derivatives of 1) is replaced in the determining equation (1.46)
using (1.44). We then solve for £, €2 and 7 by equating the coefficients of the partial
derivatives of 1 in the determining equation (1.46). This gives a system of linear

partial differential equations from which we obtain &', €2 and 7.

1.6.5 Group invariant solution

Once we have found &', €2 and 7, we substitute these results into the generator
(1.45). We then assume that ¢ = ®(z,y) is a solution to the partial differential
equation (1.44). Hence 1 — ®(z,y) must be invariant when operated on by the

generator X :
X<7v/} - q)(x’ y))”t/)=fb(:r,y) =0. (153)

Equation (1.53) is a first order quasi-linear partial differential equation for ®(z,y).
It is solved using the method of characteristics, to reduce it to a system of ordinary
differential equations. This will lead to a group invariant solution for ®(x,y) and
hence for ¢(x,y) in terms of a similarity variable.

Substituting this group invariant solution into the partial differential equation
(1.44) reduces the partial differential equation to an ordinary differential equation.
At this point we impose the boundary conditions and solve the equation either
analytically or numerically. We may find the Lie point symmetries of the ordinary
differential equation in order to reduce the order of the ordinary differential equation.

Once we have solved the ordinary differential equation we will substitute the

result into the group invariant solution for ¢ (x,y).

1.7 Boundary conditions

There are two main boundary conditions that we impose when analysing the two-
dimensional turbulent boundary layer. The x—axis is taken to be parallel to the
contact surface and the y—axis is taken to be perpendicular to the contact surface.
We choose the origin to be at the leading edge as shown in Figure (1.3).

The first condition we impose is that there is no slip at the contact surface. Even
though the flow is turbulent, there is a thin laminar sublayer within a turbulent

boundary layer and hence we still need to impose the no-slip condition. This is
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illustrated in Figure (1.4). This thin laminar sublayer will always occur. Even if the
fluid is not very viscous, on a molecular scale there will be no slipping at the surface
and hence this condition will still hold. Thus :

7 (2,0) = 0. (1.54)

The second condition that we impose is that as we move away from the outer
layer of the turbulent boundary layer we need the mean fluid velocity to match that

of the mainstream. This is commonly known as mainstream matching. Hence
Vp(x,00) = Ul(x), (1.55)

where U(z) is the velocity of the mainstream.

1.8 Structure of dissertation

In Chapter 1 we gained a better understanding of turbulent boundary layers. We
looked at the concepts of eddy viscosity and Reynolds stresses. The structure of the
turbulent boundary layer was described and the boundary conditions were outlined.
The derivation of the turbulent boundary layer equations described by eddy viscosity
was presented. The theory for finding the Lie point symmetries and group invariant
solutions was outlined.

In Chapter 2 we look at the two-dimensional turbulent boundary layer equations.
We first consider the scaling tranformation on these equations where the mainstream
velocity is taken to be a power law solution. Various special cases are also considered.
We next find the Lie point symmetries of the turbulent boundary layer equations
and using these point symmetries we find the group invariant solution to the partial
differential equation which describes turbulent flow. In order to simplify calculations
the Lie point symmetry generator and group invariant solution were scaled. We then
consider various forms of the eddy viscosity and derive the corresponding ordinary
differential equations. We first consider the eddy viscosity to be a power law in x.
Next we consider the eddy viscosity to be of the form m(x)yg.

In Chapter 3 we consider the two-dimensional turbulent wall jet. We derive the
conserved quantity for different forms of the eddy viscosity. We consider four forms
of the eddy viscosity. Firstly we consider when the eddy viscosity is a function of x
only. Secondly we consider the eddy viscosity of the form M (x)v}(z,y) for n > 0.
Thirdly we consider eddy viscosity to be a general function of the mainstream mean
velocity in the z-direction, that is M (z)F(v,(x,y)). Lastly we consider the eddy
viscosity to be a general function of x and y. We then consider the group invariant
solution for F(x) = FEpa™ and go on to find the analytical solution. Using the

analytical solution we plot a range of different graphs and investigate the effect the

18



different constants have on the shape of the wall jet. In the next section we find
the Lie point symmetries of the turbulent wall jet equation when the eddy viscosity
is of the form M (x)F(v,(z,y)). Using the Lie point symmetries we find the group
invariant solution and we also find the solution of the ordinary differential equation
in parametric form. We plot our parametric solution and compare the graphs which
arise from varying the constants.

In Chapter 4 we briefly summarise our results and provide some conclusions.

In Appendix A we outline the derivation of the Lie point symmetry of the tur-
bulent boundary layer equations which were used in Chapter 2. In Appendix B the
derivation of the Lie point symmetry of the turbulent wall jet equations which were

used in Chapter 3 is given.
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Chapter 2

Two-dimensional turbulent

boundary layer

2.1 Introduction

In this chapter we will investigate the two-dimensional turbulent boundary layer
described by eddy viscosity. We first perform a scaling symmetry analysis. This
applies only when the free stream velocity and the effective viscosity £ = v + €
satisfy power laws in z where the r—axis is along the boundary layer. We then
perform a Lie point symmetry analysis of the turbulent boundary layer equations.
The Lie point symmetries are used to reduce the partial differential equation for the
stream function to an ordinary differential equation.

We will derive the laminar boundary layer solutions by taking the eddy viscosity
to be zero. The turbulent boundary layer solutions are derived next by considering

various forms for the eddy viscosity.

2.2 Turbulent boundary layer equations

We will reformulate the two-dimensional turbulent boundary layer equations as one
equation expressed in terms of the stream function.
The two-dimensional turbulent boundary layer equations are (1.42), (1.43) and

the continuity equation (1.36) :

_9dv, _Ov,  10p O 0V,
vxa—vavy o~ pos + 3y [(V—i—e) Gy] : (2.1)
10p
0=—-22 2.2
> (2.2)
ou, 0y,
9 | Oy _ 2.
e + o 0 (2.3)

From equation (2.2) we can deduce that p is a function of = only, that is p = p(z).
20



We also note that we can write,

Lo _au o0

= 2.4
p Ox 8t+ ox’ (24)

where U(x) is the mean value of the mainstream velocity which is in the z—direction.
Equation (2.4) is the z—component of the time averaged Euler equation for inviscid

flow in the x—direction just outside the boundary layer. Since we are dealing with

steady state flows, %—ij = (0 and hence
_10p _ U(:U)dU(x) (2.5)
pOxr dx '
We now substitute (2.5) into (2.1) :
_ov, _0v, . dU(z) 0O 00,
s - z . 2.
oy Uy(')y U(z) o +8y [(V—i—e)ay] (2.6)
Since (2.3) is satisfied we can introduce a stream function ¢ (z,y) defined by
_ _ 9y
L= S 2.
Y=y W o (2.7)
Equation (2.3) is identically satisfied by (2.7). Equation (2.6) becomes
oy 0% Opory . dU(x) 0 0%
A it Sk S = =), 2.8
Oy 0xdy  Ox Oy? (z) dx + dy (v+e Oy? (28)
We write (2.8) in terms of the effective viscosity
E(z,y) = v+ e(z,y). (2.9)
The equation that we will be investigating is
oo WY U(:c)dU(x) + 9 (B )32—1/’ (2.10)
Oy O0x0y  Ox Oy? dx oy Y oy? )’ '

2.3 Scaling transformation

In this section we apply a scaling transformation to equation (2.10) as described by
Dresner [8]. This will not be possible for arbitrary forms of U(z) and E(z,y). It is

possible if U(x) and E(x,y) are power laws in x :
U(z) = Upx™; E(x) = v +e(x) = Eya”. (2.11)

where Uy and E, are constants. In the power law for E(x), v is neglected when
compared with e(x). This is a good approximation because the kinematic eddy
21



viscosity €(x) is 10? or 10% times larger than the kinematic viscosity v.

2.3.1 Power law for mainstream mean velocity with n # 0
and Uy # 0

We first consider the case n # 0 and Uy # 0. We will see that the case n = 0 and/or
Uy = 0 has to be treated separately and this will be done in the next subsection.

Using (2.11), equation (2.10) becomes

o 0% WO _ 0%y

— — ——— =nU3a"™ ! + Egx’ —. 2.12
Oy 0xdy Oz 0y? il + Lo oy3 ( )

Consider the scaling transformation :
=Nz, g=Ny, =)\ (2.13)

Equation (2.12) becomes

a@; 82& G@E 82'@ 772\ —2na—2b+2c =2n—1 —(1+B8)a+b+c =8 83&

Now (2.12) is invariant under the scaling transformation (2.13) if

op Py 0P

R
bl _ 7 — i
0y 00y 0z 0

nUZZ*" 1 + By o

(2.15)

We are assuming that n # 0 and Uy # 0. Thus (2.12) is invariant under the scaling

transformation (2.13) provided
—2na — 2b+2c =0, (2.16)

~(1+Ba+b+c=0. (2.17)

Solving (2.16) and (2.17) for b and ¢ in terms of a, gives
b= ;(1+ﬁ—n)a, c= ;(1+ﬂ+n)a. (2.18)
Thus (2.12) is invariant under the transformation
7= \g, g=\AFmay g \s(1tBm)ay, (2.19)

where a is arbitrary.
Suppose that the solution of (2.12) is

U= flz,y). (2.20)
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Then the solution of (2.15) is

where there is no overhead bar on f in (2.21) because (2.12) and (2.15) have the
same form. Substitute (2.19) into (2.21) and use (2.20) for 1. This gives

NZAHFma (g y) = f(ATw, A2y, (2:22)

To obtain the functional form for f differentiate (2.22) with respect to A and then
set A = 1. The following first order linear partial differential equation for f(x,y) is
obtained :

af 1 aof 1

x%—l—g(l—i—ﬁ—n)ya—y: 5(1+ﬁ+n)f. (2.23)

Equation (2.23) is independent of the constant a. The differential equations of the

characteristic curves of (2.23) are

dx dy df
— =3 = 7 : (2.24)
v s(1+pB-n)y A+B+n)f
The first and second terms in (2.24) give
Yy _
where ¢ is a constant. The first and last terms in (2.24) give
fo_
W = Co, (226)
where ¢, is a constant. The general solution of (2.23) is
co = F(c1) (2.27)
or using (2.25) and (2.26),
— 3(148+n) Y
flz,y) = a2 F <$;(1+ﬁ—n)) (2.28)

where F' is an arbitrary function. But ¢ = f(x,y) and so the functional form for v
is
_ 3(14+B+n) — Y
Y=z F(&), = T (2.29)
We now substitute ¢ given by (2.29) into the partial differential equation (2.12).
The following ordinary differential equation for F'(§) is obtained :

, (dF\’
Yo ‘@s)

3 2

BF d2F
2Ey——+ (n+ B+ 1)F— +2n

7 & = 0. (2.30)
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Consider now the mainstream matching boundary condition which is

Y — 00 Up(2,y) = U(z) = Upa™. (2.31)
But o0 IF
v =—=2" 2.32
and £ — oo as y — oo. Thus (2.31) becomes
dF -
£ — o0 " —(o0) = Upz" (2.33)
dg
and therefore IF
d—g(oo) = Up. (2.34)

In order to simplify the ordinary differential equation (2.30) and the boundary

condition (2.34), consider the transformation
E=An and F(&) = BG($). (2.35)

where A and B are constants still to be determined. Suppose also that n # —(1+ ().
We find that equation (2.30) and the boundary condition (2.34) transform to

3 2 2772 2
25, PG PG, AUs (G| _ (2.36)
AB(n+ (g +1) dn? dn>  (n+p8+1) | B? dn
B dG _
We choose o B
o B B _ 4
ABmi G+l 1 and 1 0 (2.38)

Solving (2.38) for A and B we find

2F, 2F,U,
A= |— 220 B =, | 2200 2.39
\/Uo(n+ﬁ+1) n+p6+1 (2.39)

Substituting (2.39) into the differential equation (2.36) and the boundary condition
(2.37), we obtain

BaG &2G om dG\?
G 1— (=) | =0 2.40
d773jL dn2+(n+ﬂ+l) (dn) ’ ( )
e
o) = 1. 2.41
i (00) (2.41)

When 8 = 0, (2.40) reduces to the Falkner-Skan equation.

24



Finally, using (2.35) and (2.39), the stream function (2.29) becomes

2F,Uy

3
_2T0me (B 9.42
) s, 242

oo = (

where

(4 B+ DTy

oh " (2.43)

We will not make the Prandtl hypothesis but it can be used to compare the
results. Prandtl’s hypothesis applied to a two-dimensional boundary layer states
that the eddy viscosity is constant across the boundary layer and is proportional to
the product of the maximum mean velocity and the width of the boundary layer [11].
Since €(z) > v we will neglect ¥ compared with €(z) and apply Prandtl’s hypothesis
to the effective viscosity £. The maximum mean velocity is the mainstream velocity
Upz™ and from (2.43), the width of the boundary layer is proportional to g3 (1+B—n),
Thus, from Prandtl’s hypothesis,

Eoa® o Ugzaz(1H0-m) (2.44)

and therefore when Prandtl’s hypothesis applies, n = 3 — 1.

2.3.2 Mainstream mean velocity constant or zero

We now consider the mainstream velocity U(z) to be constant or zero. The effective

viscosity E(z,y) is still a power law in z.
U(z) =Uy or U(zx) =0, E(x) = Fya, (2.45)

where Uy is a constant. The results of Subsection 2.3.1 do not apply when n = 0 or
Uy = 0. The case in which Uy is a non-zero constant corresponds to flow past a flat
plate with constant mean velocity. The case Uy = 0 corresponds to the boundary
layer induced by a stretching sheet [7], [29] or to a free jet emerging through an
orifice [13].

Equation (2.10) becomes

o Y WPy 50%

— - : 2.46
dy 0xdy  Ox Oy? 0 oy? (2.46)

We consider again the following scaling transformation :
T=Nz, g=Ny, =\ (2.47)
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Equation (2.46) becomes

872; 821/_} 81; 8277Z) E )\ (1+8)a+b+e —ﬁ 8377Z)

- — . 2.48
0y 00y 0z O0y? oy? (2.48)
The transformation (2.47) will leave equation (2.46) invariant if
oy 0% O 9 50°
WO 0O _ pgedd (2.49)
0y 0xdy 0T 0y? o
Thus (2.46) is invariant under the scaling transformation (2.47) provided
c= (14 pB)a—b. (2.50)
Hence (2.46) is invariant under the scaling transformation
T=Xz, g=Ny, = Pty (2.51)
In order to obtain a functional form for ¢ we suppose that
U= flz,y). (2.52)
This means that the solution of (2.49) is
b = f(Z,7). (2.53)

We substitute the transformation (2.51) in (2.53) and use (2.52) for 1. We obtain
AIFDa=b g — f(xaz Aby). (2.54)

Differentiating (2.54) with respect to A and then setting A = 1, we obtain the
following first order linear partial differential equation for f :
of af

ar—— +bya

o — (14 B)a— b, (2.55)

This partial differential equation can readily be solved by considering the differential

equations of the characteristic curves,

dr dy df
- ) 2.56
ar by (1+B)a—0>)f (2.56)
From the first and second terms in (2.56),
b
Y- 1, a=— (2.57)
e a
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and from the first and third terms

f

71,1-‘,-/8—04 pry 02’ (258)

where ¢; and ¢y are constants. The general solution is
c = F(c1), (2.59)

that is,
f(z,y) = 2R (), (2.60)

xa
where F'is an arbitrary function. But ¢ = f(x,y) and so the functional form for v
is

b = PR (E), =2 (2.61)

xia.
The solution depends on the ratio a of b to a and not on b and a separately.
We now substitute ¢ into the partial differential equation (2.46). It is found that
F (&) satisfies the ordinary differential equation

EOCF—F+(1+6—04)FCZ2—F—(1+B—2@) (dF)

2
& & &) =0 (2.62)

The parameter « is not yet determined. It is found from the boundary conditions

and from conserved quantities.
i) Ug #0

Consider first flow past a flat plate for which U(x) = Uy where Uy # 0. Then

from mainstream matching

Yy — 00 : Uz (x,y) = Up. (2.63)
But o IF
_:g — 7 _ 14+8—-2c 264
i) = 5 - (2.64)
and
fzx%—uxa as Yy — oo. (2.65)
Thus (2.63) becomes
dF -
£ —00: :z:Hﬁ*?ad—é(oo) = U, (2.66)

Since the right hand side of (2.66) is independent of z, the exponent of x on the left
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hand side must vanish. Hence

a:;ﬂ+@

The stream function (2.61) becomes

_ 10+8) __ Y

where from (2.62), F'(§) satisfies the ordinary differential equation

BF 1 PF
Eo e 2(1+6)Fd—€2—0

subject to the boundary condition (2.66),

Cfl?«»o) — 7,

(2.67)

(2.68)

(2.69)

(2.70)

To remove Ey and 3 from the differential equation (2.69) and Uy from the bound-

ary condition (2.70) we again make the transformation
§=Ap and F(€) = BG(E).

Equations (2.69) and (2.70) become

P3G 1 AB d2G
L 1+
s GTE —0,
BdG _
Choose . AB B
5(1 5)E =1, 7 = Uo

and therefore

B_ 2E,Uy
U01+ﬁ S\ 1+8°

Equations (2.72) and (2.73) become

PG | G

The stream function (2.68) is

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)



where
1+8)Us y

Equation (2.76) is the Blasius equation. Equations (2.76) to (2.79) agree with
(2.40) to (2.43) with n = 0.

ii) Up =0

Mainstream matching gives (2.66) with Uy = 0 :

x1+ﬁ2acfl§(oo) =0 (2.80)
Unlike (2.66), a cannot be determined from (2.80). Other conditions have to be
used to determine a.

For a boundary layer induced by a stretching sheet, in laminar flow « is deter-
mined from the boundary condition at y = 0 [7],[29].

For a free jet « is determined from conservation of mean momentum flux in the
z—direction [13]. We will not consider the free jet in this dissertation. For a wall
jet a is determined from a conserved quantity. This will be discussed in Chapter 3.

We have seen that the scaling transformation reduces the partial differential

equation to an ordinary differential equation when

U(x) = Upa", E(z) = Ey2”. (2.81)

We now perform a Lie group analysis for general transformations to investigate if
more general results can be derived.
The ordinary differential equations derived in this section will be studied after

the Lie group analysis has been performed.

2.4 Lie point symmetries

We now find the Lie point symmetries of the turbulent boundary layer equation with

stream function 1. We rearrange equation (2.10) as

op Oy oy - dU(x) D Py
Ay 0xdy  Ox By Ule)—— — 3y <E(x,y>ay2> = 0. (2.82)

In order to simplify our calculations we let,

dU (z)

W(z) =Ul(x) o

(2.83)



We can later easily solve for U(z) if W (z) is known. Thus equation (2.82) becomes,

Ay dxdy  Ox Oy® W) - oy <E<x’y)8y2> = 0. (2.84)

From the notation of Section 1.6.4

F(@Dxa ¢yv @Z’:cya @Z)yy’ @Z’yyy) = @Dywﬂcy - w$¢yy - Ey@byy - E¢yyy o W@) = O, (2-85)

where variable subscripts denote partial differentiation with respect to the variable
that is in the subscript.
In order to find the Lie point symmetries we need to solve the determining
equation (1.46),
XBIF|p_ =0, (2.86)

where we will not need all the terms of generator (1.47) defined in Section 1.6.4. We
will only need
0 0 0 0

0
xB — x i
+C187/1x —i—Cza% +Cl?5¢xy +C228%y +C222awyyy7

(2.87)

as the other partial derivatives of ¢ do not occur in equation (2.85). We need to
find (1, (o, 12, (o2 and (o990 using the formulae (1.48), (1.49) and (1.50) provided in
Section 1.6.4. Details of these calculations are presented in Appendix A.1

Using (2.87) and (2.85), the determining equation (2.86) to find the Lie point

symmetries of (2.84) becomes

_Exywyygl - Ewd’yyygl - fol - Eyyq/)yyg2 - E?ﬂzjyyyg2
—yyC1 + Yy Co + VyCrz — Valoz — Eyon — E(y9|p—0 = 0. (2.88)

Now ), is replaced using the partial differential equation (2.85) :

1 1 1 %4
Vyyy = EWﬂ%y - wawyy - EEy¢yy 5 (2.89)

Substituting the prolongation formulae (A.10), (A.11), (A.12), (A.13) and (A.14)
which were calculated in Appendix A.1 and the expression for 1, from equation
(2.89) into (2.88), gives us the determining equation in expanded form. From this
expanded equation which is shown in full in Appendix A.2, the coefficients of the
partial derivatives of 1) can be equated and hence expressions for &, €2 and 7 can
be obtained. Details of these calculations are given in Appendix A.2.

The following expressions for &%, €2 and n were found in Appendix A.2

&= a(z), (2.90)



2 = Cyy + e(x), (2.91)
n=(Cy+ Co)y + Cs, (2.92)

where a(x) and e(x) are arbitrary functions of  and C;, Cy and Cj are arbitrary
constants.
The following first order linear partial differential equation for E(x,y) must be

satisfied,

a(:v)aaf +[Coy + e(x)]?f; — 20, + O, — d(2)]E, (2.93)

and the following ordinary differential equation for W (x) must also be satisfied,

aw

T (@)~ 20)W () =0, (2.04)

a(x)

in order for the Lie point symmetries to exist.

2.5 Group invariant solution : general case, a(x) #
0, C1 +Cy #0

In this dissertation we will consider only the general case in which a(z) # 0 and
C1 4+ Cy # 0. The special cases may be treated in the same way.
In this section the group invariant solution of the partial differential equation

(2.84) is found using the Lie point symmetry generator (1.45) :
9
o
Using (2.90), (2.91) and (2.92) for & (z, y, v), £2(x,y,v) and n(x,y,v) the generator
(2.95) becomes

0 0
X :fl(%yﬂﬂ)%+52($»y>¢)afy+77($>y,¢) (295)

0 0 0
X = a(x)% + (Coy + e(x))a—y + ((C1 + Co)Y + 03)@. (2.96)
We assume ¢ = ®(x,y) is a group invariant solution of the partial differential
equation (2.84) as outlined in Section 1.6.5 . This means that,
X(v = ®(,y))lv=s@y =0, (2.97)
where X is defined by (2.96). Thus,
0 0 0
a(z) 5+ (Cay + 6(90))@ + (G + Co)p + 03)% (¢ = @(x,9) lp=e(y = 0.

(2.98)

31



Equation (2.98) can be written as

0 0
~a(o) Gy — (Cay+ ea) G, + (€1 O+ Calumagay =0 (2:9)

Imposing ¥ = ®(x,y) in (2.99) we arrive at the following first order linear partial

differential equation

o L
a(z) 5+ (Coy + e(x))afy = (C) + C2)® + Cs. (2.100)

The differential equations of the characteristic curves of (2.100) are

dx dy dd
= = ) 2.101
a(z) Cyy+e(x) (Cr+Co)P+ Cs ( )
From the first and second terms in (2.101)
Ry = e_c2f$dxy — /x elw) e=C2 ] atyd dz, (2.102)
a(x)
where R, is a constant. We define
1 T
B(z) = / de  and D(z)= / elz) e~ 2B@ g, (2.103)
a() a(x)
Thus (2.102) becomes
Ry = e 2B@y _ D(x). (2.104)

Consider the case Cy + Cy # 0. Using the first and third terms of (2.101) we obtain

Cs _
Ry = <<I> ) (CL+C2)B(z) 2.105
2 * Ch 4+ Cy ‘ ( )

where R, is a constant. The general solution is

that is
Cs

O+ Oy

where F is an arbitrary function. But ¢» = ®(x,y) and so the functional form for 1

D(z,y) = O HOIBE) p(e=C2B@)y _ D(y)) (2.107)

is
C
— oC1+C)B@) ) _ 3 = e C2B@)y _ D(1). 2.108

We now solve for the functional form of the eddy viscosity F(z,y) from the linear
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partial differential equation (2.93) :

oFE 0E
a(x)% + [Coy + e(x)]a—y = [2Cy, + C, — d'(2)]E, (2.109)
which must be satisfied in order for the Lie point symmetries of (2.84) to exist. The
differential equations of the characteristic curves of (2.109) are
dx dy dE

a(x) - Coy + e(x) - [2C, + C — a’(a:)]E' (2.110)

The first and second terms of (2.110) are the same as in (2.101) and therefore we

have again
Ry = ye~@B@ _ D(x). (2.111)

From the first and third terms of (2.110)

Rs = Ea(z)e” 3C2+1)B(@) (2.112)
where Rj3 is a constant. The general solution is
Rs; = G(Ry), (2.113)
that is
Ea(z)e”BCHCB@) — G(e=C2B@)y _ D(g)), (2.114)

where G is an arbitrary function. Hence the general functional form for E(z,y) is

E(x,y) = e(2C2+C1) B(@) G(n), n=e C2B@y _ D(x). (2.115)

a(z)

In order for the Lie point symmetries to exist, W (x) must satisfy the first order

ordinary differential equation (2.94) :

aw N (d'(x) —2CY)

o e W(z) =0, (2.116)

which is a linear ordinary differential equation which can readily be solved. The
solution to (2.116) is

W(z) = Ci;)e?ClB@), (2.117)

where C7 is a constant. From (2.83) we have that

dU (x)

Wia) = Ula)=

jx((ﬁ(x)). (2.118)

N | —
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Thus from (2.117)

Ld ma0y 2 C7 poiBw
S (0%(x)) = ek . (2.119)

Integrating both sides of (2.119) with respect to = gives

_ z 1
U*(x) = 207/ @) N B@) gy 4 Cy, (2.120)

where Cy is a constant and therefore

U(l’) = :I:\/207/wa(1x) e2C1B(@) dy + Cs, (2.121)

which using (2.103) simplifies to

U(l’) = :t\/g:? e2C1B(z) 4 Cs, Ci#0 (2122)

1

U(z) = £/2C:B(x) + Cs, €, =0 (2.123)

In summary, we have the following expressions for the stream function ¥ (z,y),
the effective viscosity E(z,y), W (z) and the mainstream mean velocity U(x) pro-
vided Cy + Cy # 0 and a(x) #0 :

C
— (C1+C)B@) iy T3 2.124
¢($’ y) € (/’7) C]_ _'_ 027 ( )
1
E — (202+Cl) B(z) 212
Cr 2C1 B(z)
= 15 2.12
Wir) = e, (2.126)
_ C;
U(ZL') ==+ 6 6201B(x) + Cg, Cl 7£ 0 (2127)
1
U(z) = £/2C:B(x) + Cs, €, =0 (2.128)
where
n=e 2By _ D(x), (2.129)

and where B(z) and D(z) are defined by (2.103). Considering (2.129) we note that
in order for n = 0 when y = 0, we require D(z) = 0. This can be achieved by setting
e(x) = 0 since e(z) can be arbitrarily chosen. For comparison a(x) for a laminar jet

can be obtained from (2.109) by setting E a constant :
a(x) = (Cy + 2Cs)x + k, (2.130)

where k is a constant.
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There are three special cases that are apparent at this stage. The first is a(z) = 0.
The second arises when C' + Cy = 0 and the third is if C; = 0.

We now substitute (2.124), (2.125) and (2.126) into the partial differential equa-
tion (2.84)

oy 0% O 0% 0
oY W(z) — —
Oy 0xdy  Ox Oy? Oy

<E(x,y)22;f> — 0. (2.131)

Details of the calculation are presented in Appendix A.3 assuming C; + Cs # 0 and
a(x) # 0. The following third order ordinary differential equation in F'(n) is found,
d*F

) + (01+02)Fd72 e (

dF

d d2F
(G an

2
— a== = 0. 2.132
i \ G > +Cr=0 (2.132)

2.6 Scaling of the Lie point symmetry generator

and group invariant solutions : general case
CL(ZL‘) #0, 01+027£0

In this section the Lie point symmetry generator is scaled in order to simplify calcu-
lations that arise in the derivation of the turbulent boundary layer solutions. This
leads to the scaling of ¥(z,y), E(x,y), W(z) and n which were defined in Section
2.5.

We consider the Lie point symmetry generator (2.96):

0 0 0
X = a(x)% + (Coy + e(x))a—y + ((C1 + Co)y + Cg)@. (2.133)
Assume that Cy # 0. Scaling the generator by dividing through by C5 gives
X  a(x) 0 e(x)\ 0 ((C’l ) O3> 0
S A “1i =) 2 2.134
Cs czax+<y+ e oy T\\e, TV ) ag (2.134)
Define
c_ X a(r) er) A G(n)
X - = = — =
oooal) =" dw = am =,
C C - C -
o] = 6;, oy = ?2, C; = ?Z, Cs = Cs (2.135)
which implies that
1 . 1 o 1 . Bx)
B(x) = / olaiate / =0 (2.136)
e (@ (@)
_ [P B g [T B@) g f
D(x) / a(2) e dx / ) e dr = D(x). (2.137)



Substitute (2.135), (2.136) and (2.137) into ¢ (z,y), E(z,y), W(x) and n which are
given by (2.124) to (2.126) and (2.129). Then for a; # —1 and a(z) # 0,

(%)

_ S tDB@) gy _
Hloy) = IRy - 2 (2.139)
1 = _
_ (2+a1) B(a)
E(z,y) 2 € G(n), (2.139)
C1_ 2aiB)
= ——e P 2.14
() = B, (2.140)
_ C _ _
U(I‘) = 4,| — e2mB(@) Cs, ar #0 (2141)
&3]
U(z) = +/2C:B(x) + Cs, a1 =0 (2.142)
n=e @y _ D(x). (2.143)

We note that in (2.143) D(z) can be set equal to 0 so that n = 0 when y = 0.
Substituting the transformations (2.135) into the ordinary differential equation
(2.132) leads us to :

d ( -d°F F dF\*
Z (g2t [ ) PV Rl C.=0. 2.144
i ( d772> + (o + 1) e o <d77> + C7 ( )

Transforming the partial differential equation for E(x,y) yields
OFE OE
d(m)% + (y + é(x))a—y =2+ o —ad(x))E. (2.145)

The Lie point symmetry which generates the solution is

X = a(w)aax + (y +é(x)) 0 + ((a + 1)y + ag);zb. (2.146)

dy

2.7 Turbulent boundary layer solutions for given
E(z,y) : general case a(x) # 0, oy # —1

In this section we will investigate various forms for the effective viscosity, F(z,y)
and we will derive the functional form for the mainstream velocity, U(x), using
the matching boundary condition with the mainstream flow. The corresponding
ordinary differential equation for F'(n) will be derived. We will also see that the

limiting cases lead to the laminar boundary layer solutions.
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2.7.1 Power law in z for effective viscosity

In this section we assume that the effective viscosity is a power law in x, that is
E(z) = Eya". (2.147)

We know that the effective viscosity must satisfy the first order linear partial differ-

ential equation (2.145) :

d(x)gf + (y + é(x))%f =2+a —d(x))FE. (2.148)

Substituting (2.147) into (2.148) yields the following ordinary differential equation :

da(x)
dx

+—a(zr) =2+ ay. (2.149)

813

Equation (2.149) is linear and has integrating factor ™. Thus (2.149) can be written
as,
d
e (a(x)z™) = (24 aq)z". (2.150)
T

We now integrate both sides with respect to x. This leads us to two different cases.
Case (i) n # —1

Integrating equation (2.150) gives us a functional form for a(x) :

T
a(x) = (2+a1)n+ . +azz™", (2.151)

where «3 1s a constant. Thus

Ba) = [ a(lx)dx (2.152)
_ (n+1)z"
B / (2+ ap)amtt 4+ (n+ 1)a3d$ (2.153)
= (2+1al) I ((2+ a))a™" + (n+ 1)as) + constant, oy # —2.(2.154)

When we take the exponential this additive constant becomes a multiplicative con-
stant which can be incorporated in F'(n). We therefore take the constant to be zero.
We substitute a(x) and B(x) into (2.139) :

E(xz,y) = (n+ 1)2"G(n). (2.155)
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Equating the right hand side of (2.147) and (2.155) gives

_ Ey

Gln) = —2. (2.156)

Substituting (2.151) and (2.154) into (2.140) for W (z) we obtain

a)—2

_ a;—2 _.I_ 1 a1+2
W(z) = Cr(n+1)(2 + ay) =2 2" [xm + é’:oq))a?,] : (2.157)
Define )
~ a=2 o1 —
= D2+a)ee, p="t 21
Wo = Crln+ D2 +an) 5, p= 210 (2158)
Then »
+1
W(x) = Wya" [x"ﬂ + ((2n+ a1)> 04 : (2.159)
From equation (2.118) we know that
_dU
W(z) = U(x) Zl(x). (2.160)
x

Substituting (2.159) into (2.160) and integrating both sides of the equation with

respect to x we obatin

Wy
n+1

0%(z) = 2 /k:pdk + 205, (2.161)

where Cj is an arbitrary constant and

+1)

k(z) = 2™ + (n as. 2.162
( ) (041 + 2) 3 ( )
There are two cases depending on whether p = —1 or p # —1.

Subcase(ia)n# —1, p=—1:

This case corresponds to a3 = 0 and hence C} = 0. Equation (2.161) gives

— 1
Ux) = :I:\l 2 W01 In <xn+1 + (71_;)@3> +Cs, Cs=2Cq (2.163)

n +

where Cg is an arbitrary constant. We now impose the mainstream matching con-

dition

_ 1
y=o00: Uy(z,y)=U(z)= :l:\l 2 iji—ol In (:E”“ - (71‘2")%) +Cs  (2.164)
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But using (2.138) and (2.143) for ¢ and n with a; = 0 we obtain

0 dF
U (x,y) = (‘;yb = o (2.165)

Also n — 0o as y — oo. Thus (2.164) becomes

dF 1
n=o00: d—n(oo) = :I:\J 2 Wo In (m"“ + <n—2|_>063> +Cs.  (2.166)

n+1
In equation (2.166) the left hand side is constant and the right hand side is a function

of z. In order to match the left hand side and right hand side of (2.166) it is necessary

that Wy = 0. Thus
dF

%(oo) = +0,, (2.167)

where Uy = 1/Cy is an arbitrary constant. This also implies that U(x) is constant,

U(z) = U. (2.168)
Thus by (2.160)
W(z) = 0. (2.169)
and therefore from (2.157)
Cr = 0. (2.170)

The results (2.138), (2.139), (2.143) and (2.144) still hold. Substituting a; = 0,
(2.156) and (2.170) into (2.144) we arrive at the following ordinary differential equa-
tion : B B PF
0
F =0. 2.171
(n+1) dn? i dn? ( )

In order to simplify the ordinary differential equation (2.171) and boundary condition

(2.167) we make the transformation
§ = An, F(n) = BH(E). (2.172)

where A and B are constants still to be specified. Equations (2.167) and (2.171)
become
ABM (o) — 410, (2.173)
dg
$H  (n+1)B_d°H
des TR A de?

We will take Uy > 0 and consider only the + sign in (2.173). The case of the negative

=0. (2.174)

sign can be treated similarly. Choose

("gol)i ~ 1. (2.175)
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Hence

0o\ Byl \ 2
A= 1)— B = 2.176
(0 0g)” (2 2170
and (2.173) and (2.174) reduce to
dH
=1 2.1
Tz (00) =1, (2.177)
d*H d*H
— + H— =0. 2.1
T + T 0 (2.178)

Equation (2.178) is the Blasius equation. The similarity variable £ is defined by

e~ ()

and the stream function by

N

Y _

N

Eolo > ’ H(E) — as. (2.180)

U(z,y) = <n+ 1

[29[;”+1 + (n + 1)043}

The solution to the ordinary differential equation will be investigated later in this

Section. We now consider equation (2.161) with p # —1.
Subcase(ib)n# —1, p# —1:

This case corresponds to ag # 0 and hence C; # 0. Integrating (2.161) gives

U(z) = iJ w +21§¥; .y (x”“ + ((Zﬁag) + Gy, (2.181)

where Cy is an arbitrary constant. We now impose the mainstream matching con-

dition

ptl
Yy =00: @I(x,oo):U(x)::I:\JW)(x"“—ir(rb—'—l)a) + Cy

(n+1(p+1) a+2°
(2.182)
But using (2.138), (2.143) and (2.154) it follows that
0 et JF
Uz (x,y) = 815 = ((2 +ap)z" 4+ (n+ 1)a3) : o (2.183)
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and n — oo as y — oo. Thus as 1 — 00, (2.182) becomes

dn (n+1)(p+ R
(2.184)

In order for the left hand side and right hand side to match we deduce that Cs = 0

and

p+1 p+l
(@ +a0)a™ + (n+ Dag) 2L (o0) = iJ T 1) (WH Lol 3) + Cs.

_ 1
R
Now from (2.181) o
O () = +0p |2 + ;11112% . (2.186)
where TV
=G o
Thus ]
Wo = 5p+1)(n+ 1)U, (2.188)
and hence pid
(Z;;(oo) 47, (1;;9) 2 (2.189)

Using equations (2.158) and (2.188) we can solve for C; in terms of Uy to obtain

L )1 —ppT;

Cr = o (2.190)

Using (2.156), (2.158) and (2.190) the differential equation (2.144) becomes

A (B &*F\ (34p\ d (pdF\ (5+3p) (dF 2+(p+1)(1—p)PU§_
dn \n+1 dn? 1—p)/ dn dn 1—p dn 22p+l N
(2.191)

We use the following transformations to simplify the ordinary differential equation
(2.191) and boundary condition (2.189).

§ = An, F(n) = BH(S), (2.192)

where A and B are constants not yet specified. Substituting transformations (2.192)

into the mainstream matching boundary condition (2.189) we obtain

dH T 1—0p En
AB e (00) = 0 (4) . (2.193)
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We take Uy > 0 and consider only the + sign. The — sign can be treated similarly.
Choosing

p+1

_ 1 — 2
AB =T, (41’) , (2.194)
leads to the transformed boundary condition

dH

d—g(oo) =1. (2.195)

Transform the equation (2.191) using (2.192). This gives

¢*H (p+3)(n+1)B d2H_2(p+1)(n+1)B<dH>2

des (1-p)E, A de? (1-p)E, A\de
(n+Dp+1)(A—pPUs 1
+ S, g~ " (2.196)

and choose the coefficient of Hfg in (2.196) to be 1, that is

(pg ?g;}”i ~1. (2.197)

Solving for A and B using (2.194) and (2.197) we obtain

_ (n+1)(p+3)Us p=1 B UoEo(l—p)g#
A= J g, LmP), B= RN (2.198)
where

p#-3, a#F-1, Ci+C#0. (2.199)

Substituting A and B into (2.196) leads us to the following third order ordinary

differential equation

BH _dH  2p+1) dH\’
+H 1—|(— = 0. 2.200
& e e | (2200
The similarity variable ¢ is given by
1 ] p—1 —
= |t DRED e v — - D) (20
20+ B, 4 il ES
{gx + (n+ 1)043}
and the stream function ¢ (x,y) is
T OBl - p)*
— |t 1 o Tl H(¢) - 2 (2.202
o) = | D J D) - . 202)
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We note that when we used the scaling transformation we obtained the ordinary
differential equation (2.40)

&G PG 2n G\
G 11— — =0 2.203
ap T T s ) (dn>] ’ (2.203)
where
E(x,y) = Ey”, U(z) = Upa" (2.204)

In the solution using the Lie point symmetries we obtained (2.200)

BH dPH 2p+1) dH\’
+H 1—|(— =0, 2.205
e T |\ (2209
where
E(z,y) = Eoa”",  U(x) = Uga2 e+, (2.206)
if g = 0. Consider the coefficient mﬁ% in (2.203) and replace n by 3(n+1)(p+1)
and 3 by n. Then
2n 2(p+1)
= 2.207
(n+p+1) (p+3) ( )
Equations (2.203) and (2.205) are therefore consistent.
Case (ii) n= -1
We now go back to equation (2.150) and integrate with respect to x when n = —1.
Thus
a(z) = (a1 + 2)zlnx + asz, (2.208)
where a; is an arbitrary constant and from definition (2.136) for B(z),
_ 1
B(z) = P In (a5 + (o +2)Inz). (2.209)
We substitute (2.208) and (2.209) into (2.139) to obtain
G
E(z,y) = S (2.210)
x
Equating the right hand side of (2.147) and (2.210) gives
G(n) = Ey, n=—1. (2.211)

Substituting (2.208) and (2.209) into (2.140) for W (z) we obtain

_ ay—2
07 ay—2 a5 ay+2
= —(2 a1t2 ] — . 2.212
W(l’) T ( +a1) [n$+ (2+(X1)1 ( )




Define

a2 4 L.
WO = (2 + Oll)aﬁ-? <1_p) 07. (2213)

where p is defined in (2.158). Then (2.212) becomes

WO (073 P
W(z)=— |Inz+ ——| . 2.214
(@) x [naz (2+a1)] ( )
From equation (2.118) we know that
—dU
W(z) = U(z) d;x). (2.215)

Substituting (2.214) into (2.215) and integrating both sides of the equation with

respect to x we see that there are two cases which arise once again.
0%(x) = 2W, / kPdk + Cs, (2.216)

where (Y is an arbitrary constant and

(67

k(z) =Inz + 1o

(2.217)

There are two cases which are apparent at this stage. These cases depend on whether

p=—1lorp#—1.
Subcase(iia)n=—-1, p=—1:

This case corresponds to a; = 0 and hence C; = 0. Equation (2.216) gives

U(r) = i\/2WO In (lnx + O;E)) + C, (2.218)

We now impose the mainstream matching condition

y=o00: Vy(r,00)=U(r)= :l:\/QWO In <lnx + O;’) + Cs. (2.219)
But o dF
o = 2.22
me) = = (2220)

since a; = 0 and 7 — oo as y — oo. Thus (2.219) becomes

dF

N =00": din

(c0) = i\/ZWO In (lnx + O;E)) + 2C,. (2.221)
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In equation (2.221) the left hand side is constant and the right hand side is a function
of z. In order to match the left hand side and right hand side of (2.221), it is

necessary that Wy = 0. Thus
dF

o (o0) = 400, (222

where Uy = 1/Cj is an arbitrary constant. This implies that U(z) is constant :
U(z) = +U. (2.223)
and by (2.215)
W(x) = 0. (2.224)

In order for (2.224) to hold, we see from (2.212) that
C; = 0. (2.225)

The results (2.138), (2.139), (2.143) and (2.144) still hold. Substituting a; = 0,
(2.211) and (2.225) into (2.144) we arrive at the following ordinary differential equa-
tion :
BF d’F
Ey—F+F— =
dp N dn?

In order to simplify (2.222) and (2.226) we make the transformation

0. (2.226)

§ = An, F(n) = BH(E) (2.227)

where A and B are constants still to be determined. Equations (2.222) and (2.226)

become

dH

#H 1, PH
) 2.22
e 5 e T (2.229)

We will take Uy > 0 and consider only the + sign in (2.228). Choose

— 1 B
AB = —— =1 2.2
and therefore
0o\ 2 L
A= <°> . B= (B> (2.231)
Eq
Equations (2.228) and (2.229) become
dH
d*H d*H
— +H—-=0. 2.2
e + i 0 (2.233)



Equation (2.233) is the Blasius equation. The similarity variable is

— (22)2 l(aﬁgmx)? - D(x)] : (2.234)

and the stream function is

N

U(z,y) = (Eolo(as + 2Inx))* H(E) — aa. (2.235)

Subcase(iib)n= -1, p # —1:

This case corresponds to the case when a; # 0 and hence C; # 0. Integrating

both sides of (2.216) with respect to z and solving for U(x) gives

- 2W0 (074 i
Ux) = i\l TR <1nx + (2"‘041)> + C, (2.236)

We now impose the mainstream matching condition

o Tu(my) = U(@) = 2| 20 (ng 4 20 " (2.237)
=00 Uz, y) =Ulz) = ——— | Inx .
! ’ (h+1) 2+ a) ’
But using (2.138), (2.143) and (2.209)
0 @ty dF
U (x,y) = (;5 =(24+a))Inz+a;) 2 o (2.238)

and n — oo as y — 0o. Thus as n — 00, (2.237) becomes

@+1) dF 2Wy (67 i
2 1 2 — =4 1 —_— Cs. (2.239
(2+ 1) Inz + as) dn(oo) \l(p+1) <nx+(2+al>> +Cs. ( )

In order for the left hand side and right hand side to match we deduce that Cs = 0
and that

Cff;((’o) _ J ZV(]VQOErl 1‘) ﬁ))fjl7 (2.240)
Now from (2.236) .
U(x) = U, (lnx + 0‘5(14_p)> N : (2.241)
where
Uy = (;Ifol). (2.242)



and therefore

dU ~p+1 as(1 —p) =
— == 1 —_— . 2.24
dx bo 2z ( ne 4 (2.243)
Using (2.214) and (2.215) we find that
1 72
and hence .
dF _ /1—p En
— =+ — . 2.24
7 (09 =200 (~7) (2:245)

Using equations (2.213) and (2.244) we can solve for C7 in terms of Uj. This gives

o P+ 1)1 —p)Us
T 92p+1 :

(2.246)
Using (2.211), (2.213) and (2.246) the differential equation (2.144) becomes
d (&F d [ dF dF\? 1)(1 — p)U2
g, L (EEY (3rp) d (pdE (543p) (dF L+ HA=pPUy
dn \ dn? 1—p)/ dn dn 1—p dn 22p+1
(2.247)

Using the following transformations we simplify the boundary condition (2.245) and

the ordinary differential equation (2.247) :
§ = A, F(n) = BH(). (2.248)

Substituting transformations (2.248) into the mainstream matching boundary con-
dition (2.245) gives

p+1

dH — /1 —p\ 2
AB g (00) = £01y (4) , (2.249)

We take Uy > 0 and consider only the + sign. The — sign can be treated similarly.
Choosing

p+1

_ 1 — 2
AB =T, (479) : (2.250)
leads to the transformed boundary condition

dH

d—g(oo) =1. (2.251)

Transform the equation using (2.248). We obtain

PH  (p+3) BydH  2p+1) B (dH\" (p+D0-p0§ 1 _
3 (1—p)Ey A" de2 (1—p)Ey A\ d¢ 22+ A3B
(2.252)
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and choose the coefficient of H% in (2.252) to be 1, that is

(1(1)—;)31)95 1 (2.253)

Solving for A and B using (2.250) and (2.253) gives

- Uo(p+ 3) p=1 . UsEy p+3
A—J o0t (1-p)=, B= (p—|—3)2p+1(1 p) (2.254)

Substituting A and B into (2.252) leads to the following third order ordinary differ-

ential equation
dH\*
1—(— =0. 2.2
<d§>] ’ (2255)

We note that this is the same differential equation that we obtained for the case

d*H 2
N Hd H 2(p+1)
dg? dg> — (p+3)

n # —1 and p # —1. The only difference is the form of the mainstream velocity,

U(x). Using (2.138), (2.143) and (2.209) the similarity variable is

Us(p + 3) b
§= l;m(l—p) 2 ]

gt D(w)] (2.256)

and using (2.138) and (2.209) the stream function is

U()E() pt3 % 4 i (0]
— |00 g _ H(E) —
V(z,y) [(p_i_g)gpﬂ( p) ] [0454‘ 1—p) nx] () o+ 1
(2.257)
Since U(z) is given by (2.241), define
1
m=(p+1). (2.258)
Then (2.241) becomes (taking the + sign)
_ _ 1 — m
U(z) = Uy [lnx + %(4]9)] (2.259)

and (2.255) reduces to the Falkner-Skan equation

1— (Cigﬂ = 0. (2.260)

The mainstream velocity U (z) is not a power law and therefore cannot be compared

d*H —|—Hd2H n 2m
e " ag T (T m)

to the scaling transformation solution.

We now make a final transformation of the parameters to write the results in a
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more convenient form. For simplicity we take D(z) = 0 and ay = 0 because they
play no part in the solution. Choosing D(z) = 0 means that ¢ = 0 when y = 0.
In summary when the effective viscosity, E(x), is a power law in x we have the

following results :

n=-1
E(z) = lzf (2.261)
p=-1(a;=0):
U(x) = Uy, (2.262)
dH
d—g(oo) =1, (2.263)
BH 2H
@ T = 0. (2.264)
Us >% )
= T, (2.265)
a5 (n35)’
vla,y) = B0t [ | H(e). (2.266)
where
Inzo = —%. (2.267)
p#—1(a1 #0):
U(z) = U, {m <§0)]m , (2.268)
dH
d—é_(oo) =1, (2.269)
BH  dH  2m dH\*
g3 +Hd§2 +m_|_1 L= <d§> ] =0. (2.270)
. Uo(m+ 1) : Y
§= l 2, ] ] T (2.271)
. 2[_]0E0 % X %(erl)
W) = [m ! 1] (] e (227)
where 1 . 1 i
nxy = —1(1 —p)as, m=——. (2.273)
n# -1
E(z) = Eyz", (2.274)
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_ 1
_ 2E0Uy ? n+1 n+1 3
U(x,y) = <n+1> [35 + T ] H(¢)
where .
ot = —§(n + 1)as.
p# -1 (041 o 0) :
Uz) = U, [Jc"“ + IBLJFI} s
dH
- 1
3 2 2
d°H n Hd H 2m | de{ _o
dg? dg? m+n-+1 d¢
(m+n+ 1)U : Yy
&= 2F, 5
0 [mn-{-l - x’g-‘r } (n+1)
200 Ey : +1 11150
— Y n _ n H .
where .
n P+ m
Bt == D —pag, =

2.7.2 Numerical solution for n # —1 and p # —1

(2.275)

(2.276)

(2.277)

(2.278)

(2.279)

(2.280)

(2.281)

(2.282)

(2.283)

(2.284)

(2.285)

(2.286)

We will now consider the numerical solution for flow past a flat plate for the case
n # —1 where p = —1. Choose D(x) = 0 so that £ = 0 when y = 0. Choose az = 0

so that £ = 0 is the leading edge and take ap, = 0. Thus

E(.CIZ’) = Eoilfn,

U(ZE) = U@,
50
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ch(OO) =1, (2.289)
BH  dPH
e Hd—52 =0, (2.290)
— l o, ] e (2.291)
_[2B00)7 s
Y(z,y) anr 1] 22"V H () (2.292)
Now -, ) 671/; - df}]
+(7,y) = 9 = U i (2.293)
and
v, (z,y) = —gﬁ = (EOUO(QM>2 231 l—H({) + {ig] ) (2.294)

The flat plate is at y = 0, > 0. Consider the boundary conditions. First we impose
the no slip boundary condition at y = 0:

¥,(z,0) = 0. (2.295)

When y = 0, then £ = 0 and (2.293) gives

an
dg

We also impose the no suction or blowing condition at the boundary :

(0) =0. (2.296)

v, (2,0) = 0. (2.297)

Using (2.294) we see that when y = 0, that is £ = 0, then
H(0) =0, (2.298)
asn # —1, By # 0 and Uy # 0. The mainstream matching condition, 7, (z, 00) = Uy,

has already been imposed. It yields the boundary condition (2.289) :

dH

d—g(oo) =1. (2.299)

Thus we must solve the Blasius equation, (2.290) using the three boundary condi-
tions (2.296), (2.298) and (2.299). The analytical solution for the Blasius equation
is not known. We will solve the equation numerically by converting the boundary

value problem into two initial value problems ([17], [18], [22], [23]).
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Consider the Blasius equation (2.290),

d*H d*H
— +H—=0. 2.
e + i 0 (2.300)
Using the scaling transformation
£ = X%, H=\H (2.301)
equation (2.300) becomes
d*H ~d*H
—— N H— =0, 2.302

But (2.300) is invariant under the scaling transformation (2.301) if

dP*H _d*H
et gttt
s Tha

—0. (2.303)
Thus (2.300) is invariant under the scaling transformation (2.301) if

b=—a, (2.304)
Thus (2.300) is invariant under the transformation

£ = Mg, H=)\"H, (2.305)

and therefore

H(€) = ANH (M), (2.306)

We can either write A* =porleta=1. Leta=1:

H(E) = NH(E). (2.307)
Thus dH . dA EH .2
27 T 3

=N =V (2.308)

Consider now the boundary conditions (2.296), (2.298) and (2.299). Using (2.307)
and (2.308) we have

A(0) =0, (2.309)
dH
75(()) =0, (2.310)
dH 1
=3 (2.311)
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Choose

d*H
Then PH
dT?(O) = \?, (2.313)

The boundary value problem is replaced by the following two initial value problems.

Initial value problem 1

dc*H  _d*H
H(0) =0, (2.315)
dH
75(()) =0, (2.316)
d?H
752(0) =1 (2.317)

The solution for H(£) is then used to calculate

1
A= —y. (2.318)
(% ()"
Initial value problem 2
d*H d*H
—_— — =0. 2.319
i T ae (2:319)
H(0)=0, (2.320)
dH
—(0) = 2.321
T =0, (2321)
d*H 3
—(0) = 2.322

where A is calculated from (2.318) in Problem 1. Problem 1 gives only A. Problem
2 gives the solution H (&) of the Blasius equation. Mathematica was used to solve
Problem 1 and obtain A. It was found that A = 0.747839. Problem 2 was then solved
using Mathematica with A given by Problem 1. The velocity profile was obtained

by plotting % against &.

dH
g
stream matching boundary condition (2.299).

We see in Figure 2.1 that as £ — oo (00) — 1 in agreement with the main-

We now estimate the turbulent boundary layer thickness. From Figure 2.1, the

graph of the numerical solution of = against ¢ shows that 7= ~ 1 when § = O(1),
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that is using (2.291), when
2E01‘n+1 %
=0||=——+ . 2.323
’ <<U0<n+1)> ) (2326)

d(z) = thickness of boundary layer at x. (2.324)

5(z) = O ((%) ) | (2.325)

A choice sometimes made is

Let

Then

5(z) = ((%) (2.326)

1
The width of the boundary layer is proportional to Ej. The increase in the effective
viscosity causes an increase in diffusion effects in the mean flow which leads to an
increase in the boundary layer thickness. The thickness of the boundary layer is

(n+1)

proportional to 3 where x is the distance from the leading edge. For laminar

flow, n = 0, and the boundary layer thickness is parabolic since §%(z) o .

Figure 2.1: Two-dimensional turbulent boundary layer on a flat plate
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2.7.3 Eddy viscosity of the form E(z,y) = m(z)y?

In this section we assume that the eddy viscosity has the following form :

~o

E(z,y) =m(z)y7. (2.327)
where m(x) has still to be specified. We will assume that m(z) # 0 since the fluid
is viscous and turbulent.

The motivation for this form for E(z,y) is as follows [11]. Blasius (1913) proposed

the empirical formula, based on an investigation of turbulent pipe flow,

1
7,e(2,0) = 0.0225p02 (UZ;) " (2.328)

where U is the maximum mean velocity and a is the radius of the pipe. Since
Tyz(x,0) is governed by conditions near the wall it has been argued that U and a

may be replaced by 0, (z,y) and y. Thus near the boundary

Tye(,y) = 0.0225p72(z, ) <v(::y)y> . (2.329)

Since the left hand side of (2.329) tends to a finite non-zero limit as y — 0 it follows
that near the boundary for fixed x,

Uz, y) o y%. (2.330)
Now from (1.22) and (1.26)
Jv, ~ Ov
Taoy(2,y) = pE(2,y) (@y + 8;) (2.331)

To investigate which term in (2.331) can be neglected in the boundary layer, make
(2.331) dimensionless using (1.37). Equation (2.331) becomes

E* (0v* 1 0v,
r = L4 — 2.332
Tay VRe <8y* + Re 83:*) (2.332)

In the boundary layer, Re >> 1 and therefore (2.332) approximates to

E* v
T = z 2.333
T 0 (2.333)

Hence in the boundary layer, approximation (2.331) reduces to

eyl ) = pEa, y)a(%‘(x, y) (2.334)
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Using again the observation that 7,,(z,y) tends to a finite non-zero value as y — 0
for fixed x and also equation (2.330) it follows from (2.334) that

~jo

E(z,y) oy (2.335)

Thus we choose

~lo

E(z,y) = m(z)y (2.336)

where m(x) is still to be specified. We will assume that (2.336) holds throughout
the whole width of the boundary layer even although E(z,y) — oo as y — oo.
We know that the effective viscosity must satisfy the first order quasi-linear

partial differential equation (2.145) :

a(x)aaf +(y+ é(:c))f;f = (2+a —a(2)E. (2.337)

Substituting (2.327) into (2.337) and equating coefficients of y° and 3! yields the

following results :

yo:
é(z) = 0, (2.338)
v da '(x) 8
& ) a(x) = oy + = (2.339)

Solving (2.339) with general m(x) gives

a(z) = W(M(x) +0), (2.340)
where C'is a constant and
M(z) = /x m(z)dz, Cg\;[ =m(x). (2.341)
From (2.136),
Blz) = /z ac(li) -= 1+ i (M(z) + C) + constant, (2.342)

provided ay +% # 0. Again we take the constant to be zero because, if it is non-zero,
the resulting multiplicative constant can be incorporated into F'(n). Consider first
G(n). Substituting a(z) and B(z) into (2.139),

~io

[M (x) + C]*+% G(n). (2.343)
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Equating the right hand sides of (2.327) and (2.343) we obtain

_ 8\ ¢ _
G(n) = (041 + 7) y*[M(z) + C] s, (2.344)
But using (2.143) for n we have
_ Yy -
0= — D(x) (2.345)

and therefore

G(n) = <a1 + i) n7,  D(z)=0. (2.346)

Consider next U(z). Substituting (2.340) and (2.342) into (2.140) for W (z) we

obtain

8

Cr Ty — 8>
Wi(z) = 1-— M Cl>t7. 2.347
(@)= @ (1 g ) M)+ (2:347)
Define - . -
] — =
_ = —(1— 2.34
P= T8 Wo 16( p)Cr (2.348)

The definition of p in this section is different from p in Section 2.7.1. Then

W(z) = Wom(x)[M(z) + C*. (2.349)
But from (2.118),
W(x) = di (;U2> (2.350)

and substituting (2.349) into (2.350) we obtain
0%(x) = 2W, / kPdk + Cs, (2.351)

where

k(z) = M(z) + C. (2.352)

There are two cases which depend on whether p = —1 or p # —1. The case p =1 is

not possible.
Case (i) p= -1

This case corresponds to a; = 0 and hence C} = 0. Equation (2.351) gives

U(x) = £1/2Wo In(M(z) + C) + Cs, (2.353)
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We now impose the mainstream matching condition

y=o00: 0,(r,00) = U(x) = £/2Wo In(M(z) + C) + Cs. (2.354)

But from (2.138) and (2.143) and since ay = 0,

_ oY dF

and n — oo as y — 0o0. Thus (2.354) becomes

o
dn >

n=00: = £\/2Wy In(M(z) + C) + Cq. (2.356)
The left hand side of (2.356) is constant and if W, # 0 the right hand side is a
function of z. In order to match the left hand side and right hand side of (2.356),
we set Wy = 0. Thus

%(oo) = +0,, (2.357)

where Uy = 1/Cj is an arbitrary constant. This implies that U(z) is constant :

Uz) = +U. (2.358)
Since W, = 0 we have that
W(z) =0. (2.359)
and
C7; = 0. (2.360)

Substituting a; = 0, (2.346) and (2.360) into (2.144) we arrive at the following
ordinary differential equation for F'(n) :

d [ ¢d*F 7 _d*F
— —F—=0. 2.361
dn(n dn>+8 i 0 (2.361)
Using the transformations
¢ = An, F(n) = BH(¢) (2.362)

we simplify the boundary condition (2.357) and the ordinary differential equation
(2.361). Using (2.362), (2.357) and (2.361) become

ABC;I;( ) = 400, (2.363)
JEH\ T @H
i (g e ) Hg =0 (2.364)
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We will take Uy > 0 and consider only the + sign in (2.363). The negative sign can

be treated similarly. Choose

AB = U, ;BA-% = 1. (2.365)
Thus
7 7
7 \3 8\8 _1
A= <8U0> .,  B= <7> Up (2.366)

and (2.363) and (2.364) become

dH
o =1 2.
d s d’H d*H
dfg ( 7d£2> ‘f‘Hng—O. (2368)
The similarity variable & is
70, g
= — , 2.369
¢ <8<M<x>+0>> / (2369)
and the stream function is
8_1 3
Ulw.y) = (500 (M@) + ) H(E) - (2370)

Case (ii) p # —1

This case corresponds to a; # 0 and hence C) # 0. Integrating both sides of
(2.351) and solving for U(x) gives

U(z) = j:\/ <;V+V°1 S(M(x) + Ot + G (2.371)

We now impose the mainstream matching condition

y=o00: Ty(z,00)=0U(zx)= i\/ (;Ifol) (M(x) + C)P*1 + Cq. (2.372)
But from (2.138) and (2.143),
s(y) = 20 = oy dF
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and 7 — oo as y — oo. Thus (2.372) becomes

(M (z) + C]“’é”‘g;(oo) = i\/ (j‘fol) (M(z) + C)P1 + Cs. (2.374)

In order for the left hand side and right hand side to match we deduce that Cg = 0

and

dF 2Wy
—(00) == . 2.375
i (p+1) (2375)
Now from (2.371),
Ulz) = £U[M(z) + C] "= . (2.376)
where
_ W,
Uy = . 2.377
o=V D (2.377)
Thus, from (2.375)
d—F( ) = +U, (2.378)
d’r] x0) = 0- .
and solving (2.377) for W, gives
1 772
Wo = 5(1+p)0; (2.379)
Using (2.348) and (2.379) we can solve for Cy in terms of U :
_ 8U¢(p+1)
Cr = —p——. 2.380
(i (2.380)

Using (2.346), (2.348) and (2.380) the differential equation (2.144) becomes

d ( «d®F\ (15+p)d [ dF\ (23+9) (dF\*> 1 _
— (7 — (P - () 421 2—0. (2.381
dn (777 dn2>+ 16 dn dn 16 dn +2< +p)Up = 0. (2.381)

Using the following transformations we simplify the boundary condition (2.378) and

the ordinary differential equation (2.381) :
§ = An, F(n) = BH(&). (2.382)

Substituting transformations (2.382) into the mainstream matching boundary con-

dition (2.378) gives

H _
AB‘ii(oo) = 0. (2.383)

We will take Uy > 0 and consider only the + sign in (2.383). Choosing

AB = U, (2.384)
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leads to the transformed boundary condition

dH

d—g(oo) =1 (2.385)

The transformation of the differential equation (2.381) is

~|o

d [ «d?H\ 1 B _d®H 1 B (dH\® 1 1
d§<§ d£2>+16(p+15) H—(p+1)<d§) +-(p+1)Uj—=— =0,

AF T dE2 2 A7 2 A7 B
(2.386)
and choose the coefficient of H % in (2.386) to be unity, that is

1 B
—(p+ 15)

— = 1. 2.387
16 A7 ( )

Solving for A and B using (2.384) and (2.387) gives

7%
_ 16
U ) 2.388
0 (p + 15) } ( )

Substituting A and B into (2.386) leads us to the following third order ordinary
differential equation for H (&) :

Ao on(p+15)] B-
16

d<£$d2H> g PH 8+ 1)

ae \"ae ) T o) [ Ve

= (dH )2] —0. (2.389)

The similarity variable is

[(54p) - r y
§= l G Uo M) 1 CJF0 (2.390)
and the stream function is
_ |77 16 ! é %( D) 7(1 - p)
P(x,y) = [U{) (p - 15) ] (M(z) + C)16 P [ (€) — 15+ p) Qs (2.391)

We now make a final transformation of the parameters to write the results in a
more convenient form. For simplicity we take as = 0 because it plays no part in the
solution.

In summary the results of this section are as follows :

~o

E(z,y) =m(z)y7. (2.392)
s#Z0(p# -1, a1 #0):

U(x) = Uo[M(z) + CT*, (2.303)



d—g(oo) =1, (2.394)
d ( «d*H *H  8s dH )\’
e <57 e ) FH [P <d£> ] =0, (2.395)
IRICER N Y
- [ 8 0] [M(x) + )30~ (2390
vwg) = [ =08 M) + O H ), (2.397)
where
s 7”2”. (2.308)
s=0(p=-1, ag =0)
U(z) = Up. (2.399)
dH
75(00) =1, (2.400)
d [ sd*H *H
i <§7 e > +H g =0 (2.401)
(@5 v
£= [ S 0] () 1 OF (2.402)
vlwy) = [207] @) + ) me), (2.403)

Equations (2.399) to (2.403) are obtained by setting s = 0 in (2.393) to (2.397).

2.8 Concluding remarks

The mainstream matching boundary condition was used to determine some of the
parameters in the fluid flow. Boundary conditions also need to be imposed at y = 0
to complete the mathematical formulation. Unlike the mainstream matching con-
dition the boundary conditions at ¥ = 0 do not in general further determine the
parameters in the flow. The no slip and no suction or blowing boundary conditions
could be used as in the solution of the Blasius equation in Section 2.7.1. More
general boundary conditions could be considered such as slip or suction or blowing
at the boundary. The group invariant solution would then determine the form of
the slip velocity or the suction or blowing velocity. For example, if the mainstream
velocity is a power law then for a group invariant solution the slip and suction or
blowing velocities may also have to be power laws with the powers determined by

the group invariant solution.
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For power law effective viscosity the general form of the differential equation was

di\?
1— <d€> ] —0, (2.404)

which reduces to the Blasius equation when m = 0 and the Falkner-Skan equation

d*H —}-Hd2H n 2m
ag3 &2 m+n+1

when n = 0. Existence and uniqueness of solutions have been investigated for the
Falkner-Skan equation with no slip and no suction or blowing boundary conditions
[1]. If m > 0 the solution is unique and there is no reversed flow. If —0.0904 < m < 0
then there are two solutions. One solution has no reversed flow and the other has
a region of reversed flow near the boundary. If m < —0.0904 there are no solutions
without reversed flow. It would be of interest to investigate the effect of eddy
viscosity, n # 0, on these results.
We considered only the general case C'14+C5 # 0. For laminar flow when C}4+Cy =
0 the mainstream velocity is -
U(x) = Z_“ (2.405)
which describes flow in a converging or diverging channel [1], [27]. The special case

C1 + Cy = 0 would therefore describe the effect of eddy viscosity on this flow.
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Chapter 3

Two-dimensional turbulent wall

jet

3.1 Introduction

In this chapter we will investigate the two-dimensional turbulent wall jet. We will
first derive the equations and conserved quantities. We will then consider a special
case where the effective viscosity is of the form E(z,v,(x,y)). We will derive the
Lie point symmetries for this special case and the group invariant solution will be
found. We will see that the results are consistent with those found in Chapter 2.
We will then find the conserved quantity for this special case.

The analysis of the turbulent wall jet differs in two ways from that of the turbu-
lent boundary layer :
i) The mainstream mean velocity, U(x), in the turbulent wall jet is zero.
i1) We derive a conserved quantity which must be satisfied in order for the solution

to exist.

3.2 Derivation of equations for the two-dimensional

turbulent wall jet

We consider the two-dimensional boundary layer equation

_ov, _0v, . dU(z) O o,
- = — |E 1
0+ 05 = 0@ S 2 e G| (1)
and the continuity equation
0v, 0V,
A i 2

which were derived in Chapter 2.
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When considering a turbulent wall jet the mainstream velocity vanishes, that is
U(z) =0. (3.3)
Hence equation (3.1) becomes

“or "oy T oy

00, 0v, 0 [E( | )a@x]‘ (3.4)

Equations (3.4) and (3.2) are used to describe the two-dimesional turbulent wall jet.

3.3 Derivation of conserved quantities

In this section we will consider the derivation of the conserved quantity for different
forms of the effective viscosity. We will consider the different conditions which will
need to be satisfied for each form of the effective viscosity.

The four forms of the effective viscosity we consider are:

i) E=Ex)
it) E=M(z) o} (z,y), n >0
i) B =M(z) f(v.(z,y))

The initial steps in the derivation of the conserved quantity are the same. We

integrate equation (3.4) with respect to y from y to oo:

OO— * 8%(@’,3/*) * OO— * 877x<l',y*) *
/y Uz (, Y )Tdy +/y vy(@,y )Ty*d‘y

= /yoo 53* [E(%y*)mé{;gﬁ)] dy". (3.5)

Integrate the second term in (3.5) by parts:

00 00 (x,y*) , . B
/y @y(x,y*)Mdy = U (z, 00) 0y (7, 00)

oy*
00 ov,(x,y*
_@x(f,y)@y(%‘,y) _/ @x($ay*)M

dy*. 3.6
; o Y (3.6)

We use the mainstream matching boundary condition which since U(z) = 0, is
Uz (x,00) =0, (3.7)
to deduce that the first term on the right hand side of equation (3.6) vanishes. We

note that v, (z, 00) is finite and hence this is possible. Using the continuity equation
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(3.2), (3.6) can be written as

o *827&1’7* * — — OO— *(%Ix,*
/y Uy(x,y )Mdy = —U,(x,y)Vy(x, y) +/ Ve (7, y )M

o ; o dy*. (3.8)

Now the term on the right hand side of (3.5) can be integrated to give

0V, (x, y* . 0V (x, 00

v, (2, )
e (39)

oy*
We make the assumption that

00, (x,00)

E(x,00) o

= 0. (3.10)
We will check that for the results derived, condition (3.10) is satisfied. Thus (3.9)

becomes 8 o ) 9. )
o0 * ,U.Z’ x? y* * . T}$ x’ y

Subsituting (3. 8) and (3.11) into (3.5) gives

2/;° 7.(z, y*)Wdy* Bz, )7, (2, y) = —E(a:,y)(%xé()z’y) (3.12)
We can rewrite the first term in (3.12) as
oo 00, (z,y") 0 [
2 [ o) T g = 2 [ ;
@) o Y oz ), a7y (3.13)
Substituting (3.13) into (3.12) gives
883: /yoo 02z, y*)dy* — vu(,y)0, (7, y) = —E(x, y)(%ra(jy) (3.14)
Multiply (3.14) by v,(z,y) and integrate with respect to y from 0 to oo :
0o a 0o L, . » 00 L, B
/ Ua(,y) 5 [/ vy, y")dy } dy —/ vy (2, y)vy (2, y)dy
0 X Y 0
o B 0V, (x,
= [7 By 2y (3.15)
0 Y

Now the first term of (3.15) can be written as

/Ooovz(x,y)(fi UOO HEXT dy] d/ [ </yoov§(x,y*)dy*>}dy

—/ 81)5,; 90, y) (/y (m,y*)dy*) dy. (3.16)
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Using the continuity equation we can write the last term in equation (3.16) as

> 00,(, ) (/"O - ) 2 0vy(w,y) (> _
- ’ Yy = [T 20y d
/0 e @ ydy ) dy = | o U@ y)dy” ) dy
(3.17)
Integrating the right hand side of (3.17) by parts gives

o (9’173;(3:, y) o —2 * * _ — o —2 * * o —2
= [T ([T ey ) dy = <o, 0) [T oy iy [ o (e o)y

(3.18)

because
y(w,00) [ o, y")dy" =0, (3.19)

o

Substituting (3.18) into (3.16) we have

[ eten S [ o= & [ st ([ o)

—0y(z,0) /OOO 2(z,y*)dy* —i—/ v, (z, y)v2(z, y)dy. (3.20)

Substituting (3.20) into (3.15) and simplifying we obtain

e ([0 <my>dy)dy}=vn<x>/0°°v§<x,y>dy

5 | By (@) (3.21)
where
Up(2) = Uy(x,0). (3.22)
Define . .
Iw) = [T oate) (7 o)y ) dy (323)
Then (3.21) becomes
Zi = () /OOO (2, y)dy — ;/OOO E(fﬂ,y)gy (22(x,v)) dy. (3.24)

3.3.1 Effective viscosity F = E(x)

When F = E(x),

> 9 (. _ 0 _ )
| Bz () dy=B@) [ 5 (i) dy = ~B@)pit) - (3.29)
where the velocity of slip vs(z) is

Us(x) = 0z(x,0). (3.26)

67



Equation (3.24) becomes

g = (o) [ e )y + ;E(x)z‘f(x). (3.27)
Thus if
0u(e) [ o gy + ;E(x)vf(m) 0, (3.28)
then iJ
=0 (3.29)

and therefore
J = / Uz (x,y) (/ v2(, y*)dy*) dy = constant independent of x.  (3.30)
0 y

If there is no suction or blowing at the boundary and no slip then v,(z) = 0 and
Us(x) = 0 and (3.28) is satisfied.

If there is blowing at the boundary then v, (z) > 0 and (3.28) cannot be satisfied
even if there is no slip.

If there is suction at the boundary then o,(x) < 0 and (3.28) can be satisfied
provided there is slip at the boundary.

3.3.2 Effective viscosity F = M (x)0"(x,y), n >0

Consider an effective viscosity of the form
E=M(z)vi(z,y), n>0 (3.31)

where M (z) is an arbitrary function of x. Since v,(z,00) =0, E — 0 as y — o0

provided n > 0. We therefore assume that n > 0. Using (3.31),

2 2

[ B g, () do = SgMw [T g () dy =~ M)
(3.32)
Thus (3.24) becomes
fli = Un(7) /0 W22, y)dy + (TLiQ)M(x)U?“(x). (3.33)
Thus if
Un(2) /OOO vy, y)dy + (n—ll—Z)M (x)0p () = 0, (3.34)

then (3.29) is satisfied and J is a conserved quantity.

If there is no suction or blowing at the boundary then o, (x) = 0 and if there is
no slip then v4(z) = 0. Condition (3.34) is then satisfied.

In general, v5(x) > 0 and M(x) > 0 for £ > 0. Thus (3.34) has a solution only
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if U,(x) < 0 which describes suction at the boundary.
Equation (3.31) gives an effective viscosity which depends on y and is bounded
as y — 00.

We saw in Section 2.7.3, based on the empirical formula of Blasius, that as y — 0,

Ta(2,y) o y7 (3.35)
and
E(z,y) = m(m)yg. (3.36)
Thus as y — 0,
E(x,y) = M(z)v,(x, y). (3.37)

Glauert [11] considered the special case n = 6 and assumed that (3.37) is valid
throughout the whole width of the jet although it only really applies in a limited
region near the wall. We will consider general n > 0 but compare our results with

the special case n = 6 since it is based on experiment.

3.3.3 Effective viscosity F = M(x)f(v.(z,y))

Consider an effective viscosity of the form
E = M(x) f(v:(z,y)) (3.38)

where M(x) is an arbitrary function of x and f(v,) is bounded as y — oo. Now

/OOo E(:r,y);y (02, ) dy = 2M () /OOO vz(x,y)f(vz(x,y))wdy (3.39)

Define G(v,(z,y)) by

dG
@x(%y)f(@x(x,y)) = o (3.40)
Vg
Then (3.39) becomes
- a _2 B S dG aq_)z
J, By, (i) dy=2M(o) [ 555y
© G
— oM ——d
(z) 0 Oy Yy

— 2M (@)[G (0, (2,00)) — G(v,(x,0))).  (3.41)

Since v,(z,00) = 0 and v,(z,0) = v5(x), (3.41) becomes

[ By, (o) dy =260 - Go@). a2
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Substituition of (3.42) into (3.24) gives

aJ % _ _
= tle) [ B y)dy + M@)[G(() - GO)) (3.43)
Thus if
0a(@) [ 02w, y)dy + M(@)[G(us(x)) = G(0)] = 0 (3.44)
then (3.29) is valid and J is again a conserved quantity.
If there is no slip then v5(x) = 0 and (3.44) reduces to the condition
() = 0. (3.45)

Hence if there is no suction or blowing and no slip then (3.44) is satisfied and .J is

a constant independent of x.

3.3.4 Effective viscosity F = E(z,y)

From (3.24), if

o0 1 0
_ _9 —2 _
then (3.29) is satisfied and J is a conserved quantity. Equation (3.46) is the most
general condition on E(x,y) for J to be a conserved quantity.

The results of the section are summarised in Table 3.1.

Effective Condition Conserved
viscosity quantity
E = E(z) U Jo~ Vs, y)dy + 3 E(2)02 = 0 J
E = M(x)v} Tn Jo© U2, y)dy + gy M ()72 =0 J
n>0
E=M)f(v:) | nfo”vi(2,y)dy + M(2)[G(vs) — G(0)] =0 J
0, F (0,) = 4=
E=EB,y) | o5z y)dy — 35 J5° E(z,y) g, (03) dy =0 J

Table 3.1: Effective viscosity and condition for J, given by (3.23), to be a conserved

quantity.

3.4 Effective viscosity of the form E = F(z)

In this section we will first look at the group invariant solution when the effective

viscosity is a general function of z, that is £ = E(x). We will then consider the
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special case when the effective viscosity is in the form of a power law, that is F(z) =
Eyx™. We will show that the group invariant solution and the scaling transformation
leads to the same results for the stream function and ordinary differential equations.
We then use the conserved quantity derived in Section 3.3.1 to solve for the unknown
constant. Finally we solve the ordinary differential equation analytically and plot

the solution.

3.4.1 Group invariant solution for F = E(x)

We use the results from Chapter 2 and we set the mainstream mean velocity, U(x)
to be zero. Consider the equations for the two-dimensional turbulent wall jet (3.2)
and (3.4) :

Ju, 0y,
Tz 2 A4
9 + dy 0, (3.47)
dv, ov, 0 0v,
o, 2% 5, %% = D B, ) 4
R A (3.49
We introduce the stream function defined by (2.7),
Y o
Vye = 87y, Uy == % (349)
Equation (3.47) is identically satisfied by (3.49).Equation (3.48) becomes
o &y WY 0 0%
ayouoy ~ or oy~ oy \" V) (320

We observe that equation (2.82) is identical to (3.50) if we set U(x) = 0 in (2.82).
But we have already derived the group invariant solution for (2.82) and hence we
can use these results for the wall jet by setting the mainstream mean velocity to be
zero, that is U(z) = 0.

For this section we only require the group invariant solution when E = E(z).
The group invariant solution for the wall jet when E = E(x) can be derived from
equations (2.138), (2.139) and (2.143). Thus we have

U(x,y) = e TVEEE(p), (3.51)

Go 5 1 dB
Bz — @+o) B@) - _ D 3.52
(z) a(z) ' ae)  dx (3.52)
p = e-B@y, (3.53)

where G is a constant. In (2.139) we have chosen G(n) = Gy because E = E(x).
We set ap = 0 in (2.138) because it plays no part in the solution and D(z) = 0 so
that n = 0 when y = 0.
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The ordinary differential equation (2.144) becomes :

BF &2F dF\’

since C; = 0 because U(z) = 0.

3.4.2 Group invariant solution for E(x) = Fyz"

In this section we consider a special case of the effective viscosity, that is
E(z) = Eyz", (3.55)

From Section 2.7.1 we know that when the effective viscosity is of this form then
we can solve for a(z) and if we consider the case when n # —1 then we have from
(2.151) that

T
a(r) = (2 - 3.56
a(z) = ( +a1)n+1—|—oz3x : (3.56)
where a3 is a constant. We also have (2.154) which gives us B(z)

B(x) = In ((2 + ozl)xnJrl + (n+ 1)a3) + constant, oy # —2. (3.57)

(2 + al)
As with the boundary layer we take the additive constant in (3.57) to be zero.
We now show that the equations can be transformed to the form (2.61) and (2.62)
obtained by the scaling transformation. Substituting (3.56) and (3.57) into (3.51)
to (3.53) and setting a3 = 0 we have

1 (a3 +1)(n+1)

Y(a,y) = (a +2) 7@z i F(n), (3.58)
E(z) = Eyz", (3.59)
- 1 7(n+1)
n= (o +2) Tz ity (3.60)
where
Ey = Go(n+1). (3.61)

The ordinary differential equation (3.54) becomes

&*F &*F dF\’

In order to simplify the expression for ¢(x,y) and 1 we make the following transfor-
mation

§ = B, K(&) = CF(n), (3.63)
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where
B=(a+2)@™, (C=(a+2) @, (3.64)

Equations (3.58) and (3.60) become

(a1 +1)(n+1)

b(r,y) =z 0 K(E), (3.65)

n+1

§=a =12y, (3.66)

The ordinary differential equation (3.62) transforms to

PK | (a+1)(n+1) K a(n+1) (dE\*
B K e () T 6
Let i1
n
Using (3.68) we see that (3.65), (3.66) and (3.67) become
U(w,y) = 2K (E), (3.69)
A
= o (3.70)
PK PK dK\?
EOTg+(1+n_a)KT§2_(1+n_2a) A =0, (3.71)

We note that these results correspond to (2.61) and (2.62) which we found using the

scaling transformation in Section 2.3.2 with n replaced by 3.

3.4.3 Analytical solution for E(z) = Fyz"
Consider (3.69) and (3.70) where K () satisfies the ordinary differential equation
(3.71). The conserved quantity (3.30),

J = / Uz (x,y) (/ v2(, y*)dy*) dy = constant independent of x,  (3.72)
0 y

is used to determine «. In order for (3.72) to hold we require that the condition

(3.28), 1
B() /0 02w, y)dy + 5 B(@)(x) = 0, (3.73)

is satisfied.
We will now consider boundary conditions which we will use in order to solve for

K (&). We will assume that there is no slipping at the boundary, that is

Uz(2,0) = vg(z) = 0. (3.74)
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We will also assume that there is no suction or blowing at the boundary and hence
Uy(z,0) = v,(x) = 0. (3.75)

Since we are dealing with a wall jet that emerges into a fluid that is at rest, we will
have that the mainstream mean velocity in the x—direction will be at rest at a large

distance from the wall, that is

Up(r,00) =0 (3.76)
and o1, )
Uy (2,00)
T — 0- (3.77)

Thus we see using (3.74) and (3.75) that condition (3.73) is identically satisfied and
hence we can use the conserved quantity (3.72) to determine a.

We first express J in (3.72) in terms of the stream function, (3.49) :

We now transform from y to £ at a fixed point z. From (3.70)

1
dy =z d§, dy* = x® d¢*, ggﬁ = (3.79)
and from (3.69) ” .
’Dz<$,y) = 873/ = x1+n72ad7§. (380)
' j’
E v =0
Ty v =0

L ]
L]

Figure 3.1: Backflow in a two-dimensional wall jet
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Thus using (3.79) and (3.80) in (3.78) we have

2
J = p3+n)—da i ng (/E [Z§i‘| d{*) de. (3.81)

Now J could vanish if % < 0 for part of the range 0 < ¢ < co. From (3.80) a

dK
7d§

We assume that

negative value < 0, would describe backflow as shown in Figure 3.1.

J #0. (3.82)

The special case of J = 0, is of interest and must be treated separately. The constant

« is not determined from the method that follows when J = 0. Since

< dK [ o [dK]® .
0 df(/s ldi*] dg)dg#o’ )

from (3.81) it follows that J is independent of = provided

w

a=—(1+n), (3.84)

W

which implies from (3.68) that a; = —2. The result oy = —2 is independent of n

and therefore also applies for laminar flow. Substituting (3.84) into (3.69), (3.70)
and (3.71) we have

W(w,y) =2 VK (), (3.85)
§= wi(zf+n), (3.86)
ff”n Cfg + ng + (ifg)Q =0, (3.87)
Using (3.49), (3.85) and (3.86), v, and v, in terms of K (&) are
Vg(z,y) = x;(hn)cgg (3.88)
() = g2 F (1 4 n) l—K(g) T 3565{;] (3.89)

We see from (3.88) that for n > 1, v,(z,0) — oo as x — 0. The orifice in the wall in
Figure 1.2 is at © = 0. The long narrow orifice is assumed to be infinitely thin. In
order to have a finite volume of flow and a finite momentum it is necessary to have
an infinite fluid velocity at the orifice.

The boundary conditions (3.74) to (3.77) can be written in terms of K (&) as,

since n # —1,

Uy(2,0)=0: €O _ (3.90)

1)



,(,0)=0: K(0)=0, (3.91)

Ua(z,00) = 0: ) =, (3.92)
a@z(l’, OO) d2K 00
= 0 d§(2 ) — . (3.93)

In summary we have two cases for the two-dimensional turbulent wall jet :

J£0:
lay) = i IK (), (3.94)
§= xigm’ (3.95)
ff“n ng + Cif +2 (?;)2 =0, (3.96)
K(0) =0, ‘Hééo) —0, d[;(goo) —0, dQ{jg(fo) = 0. (3.97)

J=0

o not determined, (3.98)
% ([ [ )
d(x,y) = a"TUR(E), (3.100)
¢ = ;ia (3.101)
Eo‘ggﬂun—a)ﬂgg — (141 —20a) (ig)Q 0. (3.102)

We will consider only the case J # 0.

In order to remove E; from equation (3.96) we make the transformation
U=A4:&, K =BG, (3.103)

where A; and B are constants. Equation (3.96) transforms to

E, A dG &G da\?
al =\ =o. 104
AxmBiar  Care ) =0 (3.104)
Choose I
0 1
e 1
(1+n)B; (3.105)
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Since only the ratio %1 is determined, choose

A =1 (3.106)
and therefore \E
0
= i 3.107
' (I+n) (3.107)
Thus we can rewrite the summary for J # 0 in terms of the transformation as
follows :
J#0
4E0 l(1+ )
— _pg\tTn 1
V) = et EE), (3.108)
o Y
3G d*G dG
2| — A1
e +Gd§2 (d§> 0, (3.110)
B dG(0) dG(oo) d*G(o0)
G(0) =0, i =0, TS =0, e =0, (3.111)
4F)y 1 dG
_:c ) = 1 EPE) 3112
%al:9) = [y 3 dg (3.112)
_ 1

We will now outline the solution given by Glauert [11] of the ordinary differential
equation (3.110) subject to the boundary conditions (3.111). [11] Multiply (3.110)

by G.
BG G G
G+ e dads = 2G<d£> = 0. (3.114)
But ,
,d*G G d [ ,dG
GG o6 (19) L (46 a5
and )
#BG  d [ BG\ 1d ([(dG
i e (05) 1 () ) o
Using (3.115) and (3.116), (3.114) becomes
d (. G\ 1d ((dG\*\ d [ ,dG
() 1 (<ds> ) (%)= e
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Integrate (3.117) with respect to & :

226G 1[dG\°  _,dG
- 2= = _D
Gd£2 2<d§> +G 1s

= (3.118)

where D, is a constant. Consider the boundary conditions (3.111) at £ = 0. Now
d2G(0)

e is finite because the stress at the wall, £ = 0, is finite. In the boundary layer
approximation

I, 07, 0 ApE2
Tyit(xv()) - pon”L — ,OEOI" v ($7 ) pPL

2
e TG0 g
Ay dy (1+mn) v dg? ( )
Since 7, (, 0) is finite it follows that deC{ng) is finite. Substituting (3.111) into (3.118)
gives
Dy = 0. (3.120)
Thus (3.118) becomes
&G 1 (dG\*  _,dG
G— — = | — G*— =0 3.121
= 2<d5>+ " (3.121)
There are two ways of integrating (3.121).
Method 1 :
Multiply (3.121) by G” where the constant 7 is chosen later :
261 [(dG\? dG
G'M— — 2G| — G — =0. 3.122
agz 2 ( d& ) * d€ ( )
Now )
d*G d dG dG
G—=— G — | - (1+)G [ — 3.123
= df( df) ) <d€> 129
and

dG 1 d
G — = —— — (G*"). 3.124
A€~ 3+ yde (¢™) (3.124)
Using (3.123) and (3.124), (3.122) becomes

d [ 1,.,dG\ 1 (dGN® 1 d oy
C%<G+d€>—2(3+27)c: <d§> +((G+)_o.

T (3.125)
Choosing 5
1= (3.126)
(3.125) becomes
jg <G§‘j§> + ;CZ (G%) — 0. (3.127)



Integrating (3.127) with respect to £ gives

1 dG 2

— L 263 = Dy, 3.128
Gt 3 ’ (3.128)
where D, is an arbitrary constant.
Method 2 :
Let i
— = H. 3.129
e (3.129)
Fhen PG dH  dHAG _dH
dg? d¢  dG d¢ dG (3.130)
Using (3.129) and (3.130), (3.121) becomes
dH 1
= H=_¢G. 131
dG  2G ¢ (3.131)

Equation (3.131) is a first order ordinary differential equation for H with G as

independent variable. The integrating factor is G% Thus (3.131) can be written as
2
d (H 1
— =) = —G~2. 3.132
dG (Gé) (3.132)
Integrating (3.132) with respect to G gives

1 dG 2 3
G2 =D 3.133
Gz d§ 3 > ( )

where D, is an arbitrary constant. Equation (3.133) agrees with (3.128) obtained
by Method 1.

We cannot impose the boundary condition at £ = 0 on (3.133) because

1_dG(0) (3.134)

is not determined. We therefore impose the boundary condition at £ = co. We do
not know G(o0). Let
G(o0) = G- (3.135)

The constant G, will be determined later. From (3.133),

2 3
D, = G. (3.136)
Thus (3.133) becomes
dG 2 1 3 3
— = -G2(G% — G2). 3.137
o~ GG -G (3.137)
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Equation (3.137) is a variable separable first order ordinary differential equation,
that is

1 ac — = gdg. (3.138)
Gz(G&% — G2)
Let o
— =g 3.139
G =Y (3.139)
Thus equation (3.138) becomes
dg _ Googe (3.140)

(1-9)(1+g+¢> 3

Splitting the left hand side using partial fractions and integrating both sides of
(3.140) leads to

dg (9 +2)dg
+/ — G+, 3.141
l1—g g +g+1 ¢ ( )
where k is a constant. Now
dg
—— = —In(1 — 142
L~ (- (3142)
and 2 (2 1)d
/ g+2 / g+ 1)dg /7 (3.143)
(92+g+1 "2 (@P+g+1) 3 g*+g+1
But 2
g+1 2 1
=In(g"+g+1)2 3.144
5 / = +g+1 (8 +g+1) (3.144)
and p p
3 g 3/ g 2¢+1
- == ———— =+3arctan | —— | . 3.145
2/g2+g+1 2/ (9+3)+3 ' n( V3 ) (3.145)
Thus (3.141) becomes
(g2 +g+1): 2g + 1
In|>—2""""| 4+ /3 arctan = Gooé + k. 3.146
et ) ot (3.146)
Using (3.139) and (3.111) we see that
G(0)\?
4(0) = <G()> —0. (3.147)

Imposing the boundary condition at £ = 0 on (3.146) gives

1
k = /3 arctan ( (3.148)

)
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and (3.146) becomes

(2 +g+1) 2g+ 1 1
In | ———" t — | = t — || = G€. 14
n T + /3 |arctan 7 arctan 7 Goo€ (3.149)
But [2]
arctanf — arctan¢g = arctan 6-¢ (3.150)
r r =ar 1500 :
and therefore
2g + 1 1 V3g
arctan [ —~=— | — arctan | —= | = arctan | ——— | . 3.151
“5) (73) (b7e) e
Thus (3.149) becomes
2 1 1
In B+t + /3 arctan @ = G &. (3.152)
1l—g 2+¢g

In order to calculate G, we use the conserved quantity J given by (3.81),

< dK [ e [dK]® .
J:/O dg(/£ ng*] dg)dg. (3.153)

Now from (3.103) and (3.107) we have that

4F,
K() = G(§&). 3.154
O = 735Gl6) (3.151)
Substituting (3.154) into (3.153) we have
64E3 o dG [ >~ [dG]”
= — * . 1
=i h (/s ldﬁ*] df)dg (3159
which may be rewritten as
64E5 o [ >~ (dG\"
J= ot 5 ) a6 da. 3.156
ik (1 (%) «) 10
Substituting (3.137) into (3.156), we have
128E3 oo/ 3 .1 2) }
= — 3G"2 — G* ) dG" | dG. 1
7 3(1+n)3/0 /G (G G — a2 e da (3.157)

Integrating (3.157) and using G(o0) = G and G(0) = 0 gives

| REGY

=54y (3.158)
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and therefore

3267
Thus, in summary, we have from (3.137), (3.139), (3.152) and (3.159)

Gw:[au1+nfr

G = Goog2,

4F,

(1+mn)
4E, 1 dG

(14 n) gz0+n) d¢’

Y(w,y) =

Uy (2,y) =

5,(e.9) = By [35 - G]
= &é

(3.159)

(3.160)

(3.161)

(3.162)

(3.163)

(3.164)

(3.165)

(3.166)

(3.167)

Equations (3.160) and (3.162) are parametric equations for G in terms of £. The

parameter is g where 0 < g < 1.

3.4.4 Discussion of the solution for F(z) = Eyz"

Consider now properties of the solution.
(i) Shear stress at the wall

In the boundary layer approximation the shear stress at the wall is

B 4pE§ —1(54n) dQG(O)
Tyz(2,0) = (1+n)x 4 e

(3.168)

In order to evaluate (3.168), differentiate (3.137) with respect to £. This gives

d2G 1 5. dG
el R
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and substituting (3.137) for % into (3.169) we obtain

PG 2 ¢ FINg 3
Thus since G(0) = 0,
d*G 2 4

and using (3.164) for G, (3.168) becomes

p l125J3(1 )P

T
Tial:0) = g 8Eq 19;1(5%)' (3:172)

The stress 7,,(z,0) is positive as required. The result due to Glauert for a laminar
two-dimensional jet is obtained from (3.172) by setting n = 0 [11]. In Blasius flow
past a flat plate G”(0) is calculated numerically. It cannot be derived analytically,
as for the wall jet. Since Ej for a turbulent wall jet is 100 or even 1000 times greater
than FEj for a laminar jet, the shear stress at the wall in a turbulent jet is less than
that for a laminar jet. The drag is decreased in the turbulent flow because diffusion
is increased and therefore the velocity gradients normal to the wall are decreased.
Since 10007 is only 5.62 the decrease in the drag is not as great as may have been

expected from the large increase in Ej.
(ii) Maximum value of v, (x,y)

To find the maximum value of the velocity o,(z,y) as y varies at a given point

z, differentiate (3.166) with respect to y keeping x constant :

00, 4F, 1 d*G

= ) 3.173
Oy (1+n) i+ 42 ( )
From (3.170),
d? 1\#
dg — 0 when G = Gu or G = <4> " G = 0.396G . (3.174)
Now G = G when y = co. When G(§) = 0.396G , from (3.161),
dG
— = 0.315G2,. 1
& = 315G, (3.175)
Thus from (3.166) and using (3.164) for G,
) B 5J(1+n)]* 1
Uy max(aj) - 0315 [2 EO 1 x%(l‘f'n) . (3176)
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At position z, the maximum velocity of the wall jet is decreased by the turbulence

since Fjy for a turbulent jet is much larger than Fy for a laminar jet.
(iii) Width of the wall jet

From (3.162) and (3.163) for &, the width, W of the wall jet is proportional to

1
G

W o a(tn) (3.177)

1
32E3 1
pil+n) _ [ 0 ] T

5J(1+n)?

3
Equation (3.177) shows that the width increases like Ej as the effective viscosity,
Ey, increases due to the increase in diffusion and decreases like J ~1 as the strength
of the jet, J, is increased. The dependence on n is more complicated and depends

on whether 0 <z <1 orz > 1.
(iv) Prandtl’s hypothesis

In order to obtain an estimate for the exponent n in the power law E(z) = Eyz"
consider again Prandtl’s hypothesis which states that the eddy viscosity is constant
across a boundary layer and is proportional to the product of the maximum mean
velocity and the width of the boundary layer [11]. The eddy viscosity E(x) = Egz"
is constant across the wall jet because it is independent of y. Now the maximum
mean velocity, from (3.176), is proportional to z~2(*" and from (3.177) the width
of the wall jet is proportional to 2141 Thus by Prandtl’s hypothesis,

Eox™ oc g2+ i (14m) (3.178)

and therefore n = %
A wall jet is between a free jet and a boundary layer. We will not adopt the

Prandtl hypothesis but the calculation gives a value of n for comparison.
(v) Velocity profile

The z—component of the fluid velocity is given by (3.166) and using (3.161) it

becomes

1
10J(1+n)|2 1
07, ] x%(Hn)g(l—gS). (3.179)

Uy (2,y) = l

In the following pages we plot v, (x,y) against y given in parametric form by (3.179)
and (3.162) for 0 < g < 1 at a fixed value of z in order to investigate the dependence
of U,(z,y) on J, n and Ejy.
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o.g 0.4 0.6 LU} 1 1.2

Figure 3.2: Velocity profile of two-dimensional wall jet varying J with n =6, Ey =
100, z =1

In Figure 3.2, v,(x,y) is plotted against y with n and FEy kept fixed at n = 6 and
Ey = 100 while J takes the values J =1, J = 20 and J = 100. As the strength of
the jet, J, increases the maximum velocity, which by (3.176) is proportional to .J 7,
increases. The width of the jet, which by (3.177) is proportional to J ’i, decreases
as J increases. Thus as the strength of the wall jet increases it becomes longer and

narrower.
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0.0s 0.1 0.15 0.z

Figure 3.3: Velocity profile of two-dimensional wall jet varying n with J =1, Ey =
100, x = 0.5
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Figure 3.4: Velocity profile of two-dimensional wall jet varying n with J =1, Ey =
100, x = 1.5

In Figures 3.3 and 3.4, v,(x,y) is plotted against y with J and E, kept fixed
at J = 1 and Ey = 100 while n takes the values n = —%, n = %, which is the
value of n if Prandtl’s hypothesis is satisfied, n = 1 and n = 2. In Figure 3.3,
x = 0.5 and in Figure 3.4, z = 1.5. As n increases the wall jet becomes longer and
narrower. Increasing x shortens and broadens the wall jet because there is more

time for diffusion to occur across the jet.
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Figure 3.5: Velocity profile of two-dimensional wall jet varying £y withn =6, J =1,
r=1

In Figure 3.5, v,(z,y) is plotted against y with J and n kept fixed at J = 1 and
n = 6 while Ej takes the values Ey = 100, Ey = 200 and E, = 500. As Ej increases,
the maximum velocity, which by (3.176) is proportional to E, %, decreases. However
the width, which from (3.177) is proportional to EO%, increases as Fj increases. Thus

as the effective viscosity increases, the wall jet becomes shorter and broader.

3.5 Effective viscosity of the form E(x,v,) = M(x)F(v,)

In this section we will consider the Lie point symmetries of the two-dimensional
turbulent boundary layer equation where the effective viscosity is a function of x

and of v, the mean velocity in the z-direction :
E(z,v,) = M(z) f(v,), (3.180)

where M (z) is an arbitrary function of x. We saw in Section 3.3.3 that if there is no
suction or blowing and no slip at the boundary then J given by (3.22) is a conserved
quantity when the effective viscosity is given by (3.180). This conserved quantity is
required in the solution.

The two-dimensional turbulent boundary layer equation in terms of the stream
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function is given by (2.84). For a wall jet, W(z) = 0 and (2.84) reduces to

o 0% o o*p 0 0%

— E — | = (181
Oy 0xdy  Ox Oy Oy (z, %) 0 (3.181)
where E(z,,) is given by (3.180). Substituting (3.180) into (3.181), we have

83¢

M(2)f(Wy) 55

op Y 0yt _ M@ (a%) (3.182)

Jy 0xdy  Ox Oy? di,

3.5.1 Derivation of Lie point symmetries

From the notation of Section 1.6.4

df

F(.I', ¢$7 ¢ya wacya ¢yy7 wyyy) = ¢y¢xy - ¢I¢yy - ( >d?/)

¢ M(x )f(¢y)¢yyy =0
(3.183)
where variable subscripts denote partial differentiation with respect to the variable
that is in the subscript.
In order to find the Lie point symmetries we need to solve the determining
equation (1.46),

XBlIR|p_y =0, (3.184)
where we will not need all the terms of generator (1.47). We will only need

0 0 0 0 0

(3] —
X X+glaww_’_CQawy+C12877/}xy+<-2281/)yy+C2226wyyy

(3.185)

as the other partial derivatives of 1) do not occur in equation (3.183). We need to
derive (i, (o, (12, Coo and (o990 using the formulae (1.48), (1.49) and (1.50). Details
of these calculations are presented in Appendix A.1

Using (3.185) and (3.183), the determining equation (3.184) to find the Lie point

symmetries of (3.182) becomes

dM d
_dxch;}fwyyg - 7f(¢y)¢yyy§ — Py QA Yy Co

ef df
2 i,

—2M (x )d{/]j VyyCaz — M(x )f(%)(msz:o = 0. (3.186)

M () =—502,C — M(2) =~y Co + 1y Cra — Yulan

Now M () f(1y)1yy, is replaced using the partial differential equation (3.183) :

df
dwy ZI?J

Substituting the prolongation formulae (A.10), (A.11), (A.12), (A.13) and (A.14)

which were calculated in Appendix A.1 and the expression for M (z) f(1), )1y, from
89

M () f(y)yyy = Yythay — atdyy — M(2)—— (3.187)



equation (3.187) into (3.186), gives us the determining equation in expanded form.
From this expanded equation which is presented in full in Appendix B, the coeffi-
cients of the partial derivatives of ¢ can be equated and hence expressions for £, €2
and 7 can be obtained. Details of these calculations are given in Appendix B.

In order to simplify the calculations we specified f(1,) as

fWy) = fovy,  n>0, (3.188)

where fj is a constant. The condition n > 0 is to keep f(¢,) finite as ¢, — 0 which
occurs as y — oo and y — 0. We incorporate fy into M(x) in (3.180) which is
equivalent to taking fo = 1.

The following expressions for &%, €2 and 1 were found in Appendix B :

&= Az), (3.189)
& = cay + K(x), (3.190)
n=c+cs, (3.191)

where A(z) and K (z) are arbitrary functions of z and ¢;, ¢y and ¢z are arbitrary
constants provided
3
n# -1, andn%—i. (3.192)

The conditions (3.192) are satisfied since we are assuming that n > 0.
The following ordinary differential equation for M (z) must be satisfied
dM 1 dA 1
— + === — 1)y — 1)eg) ——| M =0 3.193
in order for the Lie point symmetry to exist. At this point we note that the Lie point

symmetry generator is the same as (2.96) derived in Chapter 2 for the boundary layer

0

0 (3.194)

0 0
XPE = a(z)=— + (Coy + e(z)) o= + ((Cy + Co)b + Cs)
ox y
where the superscript #% describes the boundary layer. The Lie point symmetry
generator given by (3.189) to (3.191) is
X" = A(x)2 + (c3y + K’(Jzz))2 + (a1 + cz)i (3.195)
Ox dy N’
where the superscript W7 describes the wall jet. Since C;, Cy, Cs, c1, ¢o and c3 are
all arbitrary constants the results are in effect the same. The transformation from
(3.194) to (3.195) is

Co=c3, Cr+Cy=c1, Cy3=cq, alx)=A(x), e(x)=K(z). (3.196)



3.5.2 Derivation of group invariant solution

In this section we derive the group invariant solution using (3.195). We drop the
superscript of "7/ for simplicity. The derivation of a group invariant solution was
outlined in Section 1.6.5.

Let v = ®(z,y) be a group invariant solution of the partial differential equation

(3.182). Then
X — ®(x,9) lp=o@y =0, (3.197)

where X is defined by (3.195). Thus,

(A0 + G+ K@) 5+ (et + ) 3 ) (0 = 0l ooty = 0. (3199

Equation (3.198) can be written as

0P 0o
A5~ (e K@) G+ (e elmaioy =0, (3199)

and imposing ) = ®(x,y) in (3.199) we obtain the first order quasi-linear partial

differential equation

o L
Alw) 5+ (03y+K(x))8fy =@+ e (3.200)

The differential equations of the characteristic curves of (3.200) are

dx dy dd
= = . 3.201
Alx)  cy+K(x) a®+c ( )
From the first and second terms in (3.201)
e [ ol g T K(X) _eo [ 1o
e f tad y—/ A((x)) e ) 7% 4y = R, (3.202)
where R, is a constant. We define
e 1 e K(z) _
L@)= [ G=de and  H(@) = | L) iy, 3.203
(x) A r an (x) e e x ( )
Thus (3.202) becomes
e @y _ H(x) = Ry. (3.204)

Consider the case ¢; # 0. Using the first and third terms of (3.201) we obtain

(@ + 2yemal@ = R, (3.205)
C1
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where Ry is a constant. The general solution is
Ry = F(Ry), (3.206)

that is,

CI)(I, y) _ ec1L(a:)F(€—c3L(a:)y _ H(:)Z)) _ 0727 (3‘207)
(&1

where F is an arbitrary function. But ¢» = ®(x,y) and so the functional form for 1
Is
Y = e L@ p(n) — 6—2, n=e =L@y _ H(x). (3.208)
(&1
We now obtain the general solution for M (x) which satisfies the first order linear

ordinary differential equation (3.193) :

Cg\j + A(lx)cg;l +((n—1ec; — (n+1)c3) A(lx) M =0. (3.209)
The solution to (3.209) is
M(z) = Aj\éo)exp[((n + 1)es — (n— 1)) L(x)], (3.210)

where M, is an arbitrary constant.
In summary, we have the following expressions for the stream function ¥ (z,y),

the effective viscosity E(x,y) and M (z) :

Ue,y) = MR - 2, (3.211)
E(x,y) = M(x)f(¥y), (3.212)
M(z) = A]\(/[xo)exp[((n +1)es — (n— 1)ey) L(z)], (3.213)
where
= Oy S H@), [ =) nA-lndtos (3210

and L(z) and H(z) are defined by (3.203).
We now substitute (3.211), (3.212), (3.213) and (3.214) into the partial differen-
tial equation (3.182)

&3
a5 =" (3.215)

oY p OO+ df (0%’
?y@x@y - %Tyg - (x)dT/)y <8y2> - M(l’)f(%)

Details of the calculation are presented in Appendix B.3 assuming ¢; # 0 and

A(x) # 0. The following third order ordinary differential equation for F'(n) is found
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(PN BF] e d (LAY Qo) (dFYT
dn [\dn) dp?]  Mydy\" dn My \dn)

(3.216)

The differential equation (3.216) does not depend on the ratio 2 or on H(x).

The mean velocity components 7, and v, are defined in terms of the derivatives of

¢(z,y) and therefore do not depend on 2. Thus ¢; and H(z) can be chosen suitably.

We choose

0220

(3.217)

and in order that n = 0 when y = 0 we choose H(z) = 0. To give H(z) = 0 we

choose, from (3.203),
K(z) =0.

Thus (3.211) to (3.214) become provided ¢; # 0,

Y(z,y) = e F(n),

E(z,y) = M(z)¥!, n>0

Yy

V=

exp[((n +1)es — (n — 1)er) L(z)],

—c3L(z)

n=e Y,

where from (3.203),

and from (3.189) to (3.191),

0 0 0
X = A(x)a—x + c;;ya—y + 011/1%.

3.5.3 Conserved quantity

We saw in Section 3.3.2 that when the effective viscosity is of the form
E(z,y,v2) = M(2)02(z,y)"
then
J = /OOO Uz, y) (/yoo v2(, y*)dy*) dy = constant independent of x,

provided (3.34) holds, that is provided

M (x)v"?(z) = 0.

s

O A
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(3.218)

(3.219)

(3.220)
(3.221)

(3.222)

(3.223)

(3.224)

(3.225)

(3.226)

(3.227)



Glauert [11] considered the case n = 6 based on the empirical law of Blasius at the
boundary. We will consider general n > 0.

We assume that (3.227) is satisfied so that J is a conserved quantity. Substitute
the group invariant solution (3.219) where 7 is given by (3.222) into (3.226). Change

the variable of integration from y to n at any given fixed point x. Then

dy = e @ ap (3.228)
and oY dF
o — 27 — o(C1=0s)L@) 2

Uz (2, y) 9y e i (3.229)

Using (3.228) and (3.229), equation (3.226) becomes

oo dF [ oo (dF\?
J = (Be—c)L() / o / dn* | dn. 3.230
e o dn \Jy iy n n ( )

Thus J is a constant independent of x provided

C3 = 301. (3231)

Substitute (3.231) and (3.229) into (3.216), (3.219), (3.220), (3.230), (3.222) and

(3.224):

d [(dF\" @®F] ¢ d (. dF ¢, (dF\?
S ) el A (P () =0 3.232
dann) d7721+Mod77< d77>+M0<d77> ( )
P(x,y) = eI (), (3.233)

M, dF\"

E(z,y) = Txo)exp(élcll)(x)) <dn) , n>0, (3.234)
n=e ey, (3.235)

o dF [ (o (dF\’
J:/ f/ dn* | dn, 3.236
; dn(n <dn*> ?7)77 (3.236)

(3.237)



where

To simplify the notation
H(z) = exp(er L(x).

Then
co  H'(v)

A(z)  H(z)
and equations (3.233) to (3.235) and (3.237) become

H@ O 00
= w@or Vo Yoy

Finally, in order to remove 1\6710 from the ordinary differential equation let

n= Pn

where P is a constant still to be determined. Then (3.232) becomes

My o d [(dF\" 2F) d [ _dF dF\®
opt ) S+ (P )+ (=) =o.
o \ag) aw| T \"ay) ) T

Choose
and define

Equations (3.246), (3.236) and (3.241) to (3.244) become

d [(dF\"&F]  d (LdF) (dF\*_
dip |\diq) dp2|  dip\ dn dp )

U(x,y) = H(z)F(n),

e s [(AEY”
E(z,y) = Ey"" H'(x)H"(z) el n>0
Ui
_ Y
n=——
Ey™ H(x)3
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(3.238)

(3.239)

(3.240)

(3.241)

(3.242)

(3.243)

(3.244)

(3.245)

(3.246)

(3.247)

(3.248)

(3.249)

(3.250)

(3.251)

(3.252)



y— gy [ (/ﬂ (

) )dﬁ, (3.253)
H(z) 0

- H’(Jj) % + - + w% (3.254)

A boundary condition on H(z) is required. The long narrow orifice from which the

jet emerges is assumed to be infinitely thin. Since the volume of the mean flow and
the mean momentum are finite we must assume that the mean fluid velocity at the

orifice is infinite. Now

oy 11 dF

(2,0 - 3.255

0= Gy = o e a7 O (3.255)
and for v;(z,0) — oo as © — 0 it is necessary that

H(0) = 0. (3.256)

Consider now the boundary conditions. We will assume that there is no suction
or blowing at the boundary, y = 0, and that there is no slip at the boundary. Then
U, = 0 and 05 = 0 and condition (3.227) is satisfied. The solution for a laminar jet
with @, # 0 and U5 # 0 has been considered by Merkin and Needham(1986)[21]. We

also assume that v,(x,y) — 0 as y — oco. Now

11 dF

%wwz—xzﬂwmw$¥Fm) (3258)
and therefore iF
T(2,0) = 0 : =0 (3.259)
5,(2,0) =0 F(0) = 0, (3.260)
provided H'(z) # 0 and
_ _ dF -
Uz(x,00) =0 d—ﬁ(oo) = 0. (3.261)

The problem is summarised as follows. The overhead bar on 7 is suppressed to

simplify the notation.

d [(dF\" &*F d ([ _dF dF\>
2 (ot @) o 3.262
dn Kdn> dn2]+dn< dn>+<dn> ’ (3.262)
dF dF
F(O)=0 —(0)=0, —(0c0)=0 3.263
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J = E, 1+n/ (/77 ( ) )dn. (3.264)

U(z,y) = H(z)F(n), (3.265)

E(z,y) = B H'(2) H (x) <C$>n, n >0, (3.266)
n= Eing (3.267)

H([(;) — éx) (3.268)

_ 585 9 +¢a¢ (3.269)

where Ey and J are given and H(z) is either given or determined from a given
condition on the effective viscosity.

Consider first the limit of a laminar jet. Then n = 0 and (3.266) becomes
E = EyH'(z)H(z). (3.270)
Since F is constant for a laminar jet,

H(x)?’% =a (3.271)

where « is a constant. Integrating (3.271) gives

N

H(z) = (4ax + ) (3.272)

where 3 is a constant. But H(0) = 0 and therefore 5 = 0. Substituting (3.272) into
(3.270) gives
E = Eya. (3.273)

We interpret Ej as the kinematic viscosity of the jet. Thus a = 1 and

H(z) = (4z)7. (3.274)
Equations (3.262) to (3.269) become
CF)—F+i P E2—0 (3.275)
d?  dn \" dn dn) 7 '

dF dF
F(0)=0, —(0)=0, —(c0)=0 3.276
(0) =0, dn( ) =0, a7 (00) =0, (3.276)

1 (o dF (o (dF\’
J:—/ o / dn* | dn, 3.277
Ey Jo dn (n (dn*> 77) ! ( )



Y(z,y) = V21 F (), (3.278)

E = E,, (3.279)
Iy
 — 3.280
=g (433)1 (3.280)
0
X =dg— —. 281
T —|—3y +¢81/1 (3.281)

The solution of this problem was obtained in parametric form by Glauert in [11] and

is given in Section 3.4.3 with n = 0.

3.5.4 Solution for n >0

Consider now the solution of the differential equation (3.262) for n > 0 subject to
the boundary conditions (3.263). Multiply (3.262) by F'.

el () Gl e e (@) e oo
Now
n L) w2
R R GO I
and
cm(i;F—i—QF(flg) ;lw‘flﬂ. (3.284)

Using (3.283) and (3.284), equation (3.282) becomes

d dF\" &F 1 d |[/aFr\"" d dF
Rl ) A il _ R el St —o. 2
dn [ (dn) an] (n+2)dn <dn> * [ ] 0 (3.285)

dn | dn
Integrating with respect to n, we obtain

dF\" &2F 1 dF\"t? dF
Fl|— — — F2— =(C 3.286
(dn) dn? (n+2) (dn) + dn ( )

where C'is a constant.
To obtain C' we consider the boundary condition (3.263) at n = 0. We need the
behaviour of F”(n) as n — 0. Since F’(0) = 0 it follows that

F'(n)=00*), F"(n)=0n""), Fn) =0n"m, (3.287)
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as 1 — 0 where o > 0. Thus

dF\" d*F
Fl—| == =0(p"t»e 2
(5F) G = ot (5.25%)
as 7 — 0. Thus imposing the boundary condition (3.263) at n = 0 gives C' = 0 and
therefore "
dF\" &*F 1 dr\" dF
F _ _ - F27 = . 2
(dn> dp>  (n+2) (dn> i (3:289)
Multiply (3.289) by F? where the constant 3 has still to be chosen :
dF\" d*F 1 dF\"" dF
IR — PP = PP = 0. 2
<dn> ar et \ay) TP 70 (3:290)
Now
n 19 n+1 n+2
s dE dl - 1 i s dj _ 1+ ﬁFﬁ dj (3.291)
dn) dn?> 1-+ndn dn 1+n dn
and

gl _ 1 d
dn 3+ pBdn
Using (3.291) and (3.292), equation (3.290) becomes

n+1 n+2
j [F“B (f) - (6 Lot 3) F? (dF> s 1i(F?’W) =0 (3.293)
U U

n+ 2 dn * 3+ Bdn
In order to remove the second term from (3.293), choose

f=- (?:;) : (3.294)

(F3%9). (3.292)

Equation (3.293) reduces to

n+1
A | poey) (AF
dn dn

Integrating with respect to n gives

wery (AFN"T (4 1) (n+2) s
G (28 Fitz =D 2
@) emrten om

where D is constant.
To investigate if the constant D can be obtained from the boundary conditions
(3.263) at nn = 0 consider the behaviour of the first term in (3.296) for small . From
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(3.287),

dF n+1 L
PG <d> = O(y(FR)(ni)-1) (3.297)
n
and therefore
winy (dF\™H
F-G) (d) —0 as n—0 (3.298)
n
provided
1
o> D) (3.299)

Condition (3.299) is not necessarily satisfied. We therefore impose the boundary

condition at large values of 7. Suppose that

I (3.300)
_— = a = .
dn ="
and let
Fy = F(np) (3.301)

For a laminar jet, n = 0, and 7y = oo consistent with the boundary condition
(3.276)(Glauert 1956). We will see that for a turbulent jet with n > 0, 7 is finite.
From (3.296) and (3.300),

(n+1)(n+2) n2

D= Fy (3.302)

and equation (3.296) becomes

d (FN]" (n+D(n+2) ., [ F\me F iz
()] - B (5) - (5) (3.303)
d?’} FO (n + 3) FO F()
Define -
P\
=|—= 3.304
I (Fo) (3:304
Equation (3.303) becomes
dg n+1\ [(n+1)(n+2) T iw nt37 7T
= = Fotm |1 —gntt 3.305
dn (n+2)< (n+3) 0 { g+} ( )
and therefore
1
d 1 1)(n+2)\ ™1 1o
[1_93151]7?1 n+ 2 (n+3)
where K is a constant. But since F'(0) =0,
n=0: g(0)=0 (3.307)



and therefore
0 dg
K = / _ (3.308)

Thus (3.306) becomes

U:<n+2> (( (n+3) ))"LFOZH 9 dg (3.309)

_1
n+1 n+1)(n+2 0 [1_9%}n+1

For the solution (3.309) to extend to nn = oo the integral in (3.309) must diverge

as ¢ — 1. To investigate the behaviour of the integral as g — 1, let

h(n) =1—g(n) (3.310)

and consider the behaviour of the integral as h(n) — 0. Now
/9

0

and expanding for small h,

/h dh (n+1>ni1/hll(1+0(h))dh, (3.312)

dg dh
n+3}ni1 B /h [1 _a- h)ni:%}ﬁ (3:311)

{1 — gt n+l

as h — 0. But
dh )
/h —— = ¢ Inh, n=0
he ) p s,

n
Thus for n = 0, the integral is divergent as h — 0 and the solution extends to
infinity. Hence 79 = co. For n > 0 the integral is convergent as h — 0, the solution
does not extend to infinity and 7 is finite.

In summary we have

F\nis
g=(57)" . o0=g=u (3.313)
Fo
1
dg  /m+1\ ((n+1)(n+2)\™ 1= pa 2l
29 Flmil —gnr|™ 3.314
dn <n+2)< (n+3) 0 { g+} ’ ( )

d 1 1)(n+2)\ ™ 1=
0 P_g%}m n+2 (n+3)

These results reduce to the results of Glauert [11] for a laminar wall jet when n = 0

and for a turbulent wall jet when n = 6.
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It remains to calculate Fy which is obtained from the conserved quantity (3.264),

1 no dF
JEFT :/ o
0 0o dn

dF\?
[ (&) |
] dn*

where Fy = F'(n9) and we have seen that 7 is finite for n > 0. Now

dF dF\"
—dn = dF, () dn* = dF*
dn dry
and thus (3.316) becomes
1 R F *
JE™ = / 0 l / i <dF> dF*] dF.
0 F dn
Let P
Pt
Fy

Substituting (3.319) into (3.318) gives

JEli"—FS/1
0 ]

0

1 o
/ <dF> dF™
Fo\ dn

But from equation (3.303)

A 1
T 1-n e L
ar (n+1)(n+2) F01+HFL [1 _Fis]n T
dn (n+3)

and (3.320) becomes

1
1 24n 1 2) | n+1 1 1. A 31— o~ A
JET — g [(”+ J(n + )] /V F [1—Fni‘2]"“dF] dF.
0

(n+3) fa

Let

Ant3
Frnv2 =,

<n+3

>Fnizdﬁzdu.
n -+ 2

Thus (3.322) transforms to

e g (12) m+4xn+2>$1/1{1 e ai
EH — T 1 — u)ntt F.
JEq 0 n+3 (n+3) 0 /u( wridud

But
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(3.317)

(3.318)

(3.319)

(3.320)

(3.321)

(3.322)

(3.323)
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(3.325)



and (3.324) becomes

e it [ D+ 2]
JET™ = Fiitn ( ) I(n). 3.326
§r - (1) |t Dl m. (3a)
where . o
I(n):/ (1 - wi)™ dw. (3.327)
0

Solving (3.326) for Fj gives

(1+n)
1 2(2+n)

(n+2)JE;™

b= 11w

l(n +n1)+(§ +2) ] % - (3.328)

We can now eliminate Fy from the results for F(n), n and %’;. From (3.313) we

have
(14n)
23+n) 1

n+3 2 g2
[(n T+ 2) ] gntt (3.329)

_1
(n+2)JEF"
I(n)

F(n) =

and from (3.315)

B (Z j: i) [(n ﬁ)tr?)jt 2)1 5

Now

dF n+ 2 1 dg
o Fygin 9 3.331
dn (n+1) o9 (3.331)

and using (3.314) for Cd% and (3.328) for F, we obtain

_1
24n

dF (n + 2)JE01ﬁ 1 nt37 4y
S e e w1 [1— ghi 3.332
a7 Tn) g [1— gni] (3.332)
The following is a summary of the results for n > 0 :
1 ntay L2
I(n) = / (1 - wi)" du, (3.333)
0
1 u%n 2(7:17_-5-12)
B (n—l—Q) (n+3) 2 1 (n+2)JE, /9 dg (3.334)
n n+1/|(n+1)(n+2) I(n) 0 {1_9%-‘5}ﬁ’
(1+n)
(n+2)JEF" | n+3 T
F(n) = | 2770 1 gn, 3.335
=1 ) eIk (3:359)
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EER b
dF | (n+2)JE;™ 1 0t 7
dn I(n) g [1 -9 } ) (3.336)
1 BT
dg n+1\ ((n+1)(n+2)\2|(n+2)JE™ 0437 73T
49 _ | _ gt .
dn (n—i—?) < (n+3) I(n) [ grr } , (3.337)
where 0 < g <1,
1 F\"
E(z,y) = E;7" H'(2)H*(2) (Ccll77> : (3.338)
Y(z,y) = H(z)F(n), (3.339)
n=—r— (3.340)
Eg HP ()
By = ———, (3:341)
By H? () O
, dF
as) = 1) (3% - Fl0)). 5.30)
H(z) 8 o 9
= — 3y Y 34
T or Yoy TV (3.343)

where H(x) is determined from the effective viscosity E(x,y), subject to the condi-
tion

H(0)=0 (3.344)

and Fy and J, the strength of the wall jet, are given constants.

3.5.5 Discussion of the solution
(i) Expression for H(x)
The function H(z) is determined from the given form for the effective viscosity. Ex-

pressing the effective viscosity in terms of the mean velocity v,(x,y) using (3.338)
and (3.341) gives

E(z,y) = EoH'(2) H*" 3 (2) (0, (2, y))™. (3.345)
Consider -
H2”+3% =1, H(0) =0, (3.346)

so that (3.345) reduces to

104



The solution of the differential equation (3.346) is
H(z) = [2(n + 2)2] 7075, (3.348)

Equation (3.348) reduces to (3.274) for the laminar wall jet when n = 0. The effec-

tive viscosity (3.347) is the special case in which M (z) = Ey = constant.
(ii) Shear stress at the wall

In the boundary layer approximation, the shear stress at the wall is

0v,
Tyo(,0) = pES2(2,0). (3.349)
dy
Now from (3.340) and (3.341)
Uy 1 d*F
aav S — o (3.350)
y o gl H5(z) n
and using (3.338) for F, (3.349) becomes
p H(z) 1 d |[[dF\""
2(7,0) = — = —~o- 3.351
7y(,0) Eonﬁ H2(x)n+1dn |\ dn In=0 ( )

Now using (3.336) and (3.337),

dF n+1
()

1

(n+2)JE§H
I(n)

Ld
n+ 1dn

- [(n +<nz>+(nl)+ 3)] 2

n—+2\ n+s nt31 54T
1—-2 ntl | |1 — gntt 3.352
{ <n+1)g+M g+] ( )

and since ¢(0) = 0,

) = p ) [t D ]é = 2>Jr(“") o

@) |(n+ 2)(n+3) o (3:399)

If we take (3.348) for H(z) then

ﬁ;((z)) — [2(n + 2)a) () (3.354)

and (3.353) becomes
0) = P () () (ML (L %(%)E‘m 3.355
T2, 0) = (n+2)( 7) (n+3) (I(n)> o (3355)



The stress at the wall increases as the strength of the jet, J, increases. It de-
creases as the effective viscosity Ej increases. An increase in effective viscosity causes
an increase in diffusion which leads to a decrease in the velocity gradient normal

to the wall. The stress, like the mean velocity v,(z, 0), is infinite at the orifice x = 0.
(iii) Maximum value of the mean velocity

The turning point of v,(x,y) as y increases from the wall is obtained from (3.350).

Now, from (3.336) and (3.337),

3—n
1730w
d*F n+1 3 (n+2)JE, ™" L n+37 T7n n+2\ nis
= g nt |:1—gn+1:| |:1_2< >gn+1]
dn? (n+2)(n+3) I(n) n+1
(3.356)
and hence %—% = 0 when
g=1 if n>1, (3.357)
1 ’VLJré
n + nt
= Ymaz — R > 0. 3.358
9=9 l2(n n 2)] " (3.358)

But g = 1 corresponds to n = 1y which is not a turning point. The turning point is
given by (3.358). Since n > 0, 0 < gmae < 1. Thus using (3.358)

] 1 [+ i1 ] op43 |
N v M e e
But using (3.348) for H(x),
1 _1
H?(z) = [2(n +2)z] " (3.360)

and therefore

The maximum velocity increases as the strength, J, of the wall jet increases and

decreases as the effective viscosity increases. It tends to infinity at the orifice x = 0.
(iv) Velocity profile

Consider now the graphs of v,(x,y) against y at fixed values of z. From (3.336)
and (3.341),

1
- 1 n+2)J % 1 nt31 T
2:(9) = Ty l(EOJ(rz) ] g7 [1 =g (3.362)
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and using (3.348) for H(z), (3.362) becomes

— J s o nt3 l#l»n
- s = | — 1+n 1— n+1 .
%(,y) lQEOI(n)xl g7 [1=9™]

Also, from (3.334) and (3.340) and with H(z) given by (3.348),

n—1

s m42\[n+312[ J 17D 9 dg
= [2F,z] T / B —
y = [2Eo <n+1) {n+1} [[(n)] 0 nt31 7

1= a8
It also follows from (3.350) and (3.356) that
95, 1 l nt1 H(RH)J]%
9y 2(n+ 2)Eoa] s |[(n+2)(n+3) I(n)
_n nt37 170 n+2 s
g n+1 |:]_—gn+1:| |:1—2n+1gn+1:|
Thus
0v,
0<n<1 : L—>0asg—>l
dy
00, . .
n=1 : By —  finite negative value as g — 1
Y
0y

— —oc0asqg—1

Jdy

(3.363)

(3.364)

(3.365)

In the following pages we consider the graphs of v,(x,y) against y, given in
parametric form by (3.363) and (3.364) where g is the parameter, 0 < g < 1. The

dependence on the parameters J, n and Ej is investigated by keeping two constant

and varying the third parameter.
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Figure 3.6: Velocity profile of two-dimensional wall jet varying J with n = 6, Ey =
100, z =1

In Figure 3.6, v,(x,y) is plotted against y at = 1 with n and Ey kept fixed at
n = 6 and Ey = 100 while J takes the values J =1, J =5 and J = 20. We see that
as the strength of the jet, J, increases the maximum velocity increases which agrees
with the result that the maximum velocity is proportional to J 7. Also the value

of ng increases and the jet becomes wider.
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Figure 3.7: Velocity profile of two-dimensional wall jet varying n with J =1, Ey =
100, x = 0.5
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Figure 3.8: Velocity profile of two-dimensional wall jet varying n with J =1, Ey =
100, x = 1.5

In Figures 3.7 and 3.8, v,(x,y) is plotted against y with J and Ej kept fixed at
J =1 and Ey = 100 while n takes the integer values n = 1 to n = 6. In Figure 3.7,
x = 0.5 and in Figure 3.8, x = 1.5. As n increases the width of the jet decreases
and the length increases. For n > 1 the velocity profile meets the axis at n = 7, at
right angles. The width of the jet increases as x increases because the jet has had

more time to diffuse in the y-direction.
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Figure 3.9: Velocity profile of two-dimensional laminar wall jet where n =0, J =1,

Ey=100and x =1

In Figure 3.9 the graph of v, (z,y) against y is plotted for a laminar jet for which
n =0 and Ey = 100, J =1 and z = 1. For the laminar jet the wall jet extends to

Y = 0Q.
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Figure 3.10: Velocity profile of two-dimensional wall jet where n = 1, J = 1,
Fy=100and z =1

In Figure 3.10 the graph of u,(z,y) is plotted against y with J = 1, Ey = 100,
x =1and n =1. For n = 1, the velocity profile makes a finite non-zero angle with

the y-axis at n = 7.
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Figure 3.11: Velocity profile of two-dimensional wall jet varying E, with J = 1,
n=6,r=1

In Figure 3.11, v,(z,y) is plotted against y at * = 1 with J and n kept fixed
at J =1 and n = 6 and Ej ranges from E, = 100, Ey = 200 and Ey = 500. As
Ey increase the maximum velocity decrea§es which agrees with the result that the
maximum velocity is proportional to E, **". Also as FEj increases the width of the
wall jet increases due to an increase in diffusion and the length decreases.

As pointed out by Glauert [11] the solution is satisfactory up to the maximum of
the velocity. However the rapid decrease in the velocity after the velocity maximum
is not realistic. A better model would be to impose Prandtl’s hypothesis of constant
eddy viscosity across the jet in the outer region of the jet. This was investigated by
Glauert [11] by matching the solution for n = 6 with the solution for constant eddy

viscosity.

3.6 Concluding remarks

For a turbulent wall jet with effective viscosity, F(z) = Epz", in the form of a
power law, Prandtl’s hypothesis that the effective viscosity is constant across the
jet is satisfied. We saw that Glauert’s [11] analytical solution for a laminar wall jet
could be extended to a turbulent wall jet. This allowed us to determine analytically
the effect of the eddy viscosity, jet strength and exponent n on the wall jet. The
behaviour was in agreement with the computer generated graphs.

For the turbulent wall jet with effective viscosity £ = M (z)(0,(z,y))" the effec-
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tive viscosity is not constant across the jet and Prandtl’s hypothesis is not satisfied.
This form was chosen because the conserved quantity is still valid and the effective
viscosity does not diverge as y — oco. The value n = 6, considered by Glauert [11],
was based on Blasius’ empirical result for the stress at the wall in turbulent pipe
flow. We were able to extend Glauert’s analytical solutions for n = 0 and n = 6
to all values of n > 0. This allowed us to investigate the transition from a laminar
wall jet with n = 0 to a turbulent wall jet with increasing values of n. Only the
laminar wall jet extended to y = co. The decrease in the effective viscosity due to
the decrease in v,(z,y) as y — oo is too rapid and the solution for n > 0 needs to
be matched with an outer solution with constant eddy viscosity as Glauert did for
n = 6.

Both the analytical solutions for a turbulent wall jet derived in this chapter are
group invariant solutions. The results are quite general and further special solutions
could be investigated. The effective viscosity E(x,y) was not prescribed at the start
of the analysis. A condition on E(x,y) in the form of a first order partial differential
equation was obtained for the Lie point symmetries to exist and the solution of this

equation gave forms of the effective viscosity that could be investigated.
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Chapter 4
Conclusions

In this chapter we will review what has been achieved and present some conclusions
that we have found while studying turbulent boundary layers and wall jets.

In this dissertation we considered the mainstream matching boundary condition
and the conditions at the wall. In Chapter 1, Figure 1.4, we saw that the turbulent
boundary layer is made up of three different layers which are dependent on the rela-
tionship between the Reynold’s stresses to the viscous stresses. In this dissertation
we did not consider the laminar sublayer and the transition layer which were referred
to in Chapter 1. We instead focussed on the outer turbulent layer but in order to
obtain some results we considered the slip condition or suction/blowing condition
at the wall. If we had considered the laminar sublayer or the transition layer then
we would have had to match the velocities in the z-direction when moving from one
layer to the next. For example, we would need to match the velocity at the inner
edge of the turbulent layer with the velocity at the outer edge of the transition layer.

A difference between the method of solution for the turbulent boundary layer
and the wall jet is that for the boundary layer the parameters are determined from
mainstream matching while for the wall jet they are determined from the conserved
quantity. Mainstream matching does not lead to results for the wall jet because the
exterior velocity vanishes. The boundary layer is strongly influenced by the exterior
flow. In the wall jet the conserved quantity defined the strength of the jet. It also
places restrictions on the form of the effective viscosity, for example, E = E(z) and
E = M(x)(v,(x,y))", and determines parameters in the group invariant solution.

In Chapter 1 we introduced Prandtl’s hypothesis but we did not impose it in
general. We applied it to determine exponents in power laws for the effective viscosity
which can be used for comparison. The wall jet with effective viscosity E(x,y) =
M (2)(0(z,y))™ did not satisfy Prandtl’s hypothesis. We found that the decrease
in the velocity in the outer region was too rapid and the solution there was not
satisfactory. Glauert [11] for n = 6 matched it with a solution with constant effective
viscosity which satisfied Prandtl’s hypothesis.

The results showed several differences between turbulent and laminar flows. In
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the solutions derived the results for laminar flow could be obtained by letting the
parameters tend to special limits. In general we found that the turbulent boundary
layers and wall jets were broader than the laminar flows due to the increase in
diffusion because of the much larger effective viscosity. One exception was when
E = M(z)(Uy(z,y))". The width of the laminar wall jet, n = 0, extended to
infinity but the width of the turbulent jet, n > 0, was finite and decreased as n
increased. This was because of the very rapid decrease in the velocity v,(x,y) in the
outer regions. We also investigated the Blasius boundary layer for effective viscosity
E(z) = Eox™. We found that the growth of the boundary layer along the plate is
§(x) oc 220+ while for laminar flow the profile is parabolic, §(z) o 22.

The derivation of group invariant solutions using the Lie point symmetries of
the partial differential equations was a powerful method of deriving solutions for
the turbulent boundary layer and wall jet. The partial differential equations are
reduced to ordinary differential equations which can be solved numerically if an
analytical solution cannot be derived. The method is more powerful than the scaling
transformation approach of Dresner [8] and used by Glauert [11], which can be
applied only to power law effective viscosities. The approach was to keep the effective
viscosity as general as possible, consistent with conservation laws, and to determine
the condition on the effective viscosity for the Lie point symmetries to exist.

To put our results in context, we have obtained solutions to two particular prob-
lems, the two-dimensional turbulent boundary layer and the two-dimensional tur-
bulent wall jet described by eddy viscosity. Many of the results in the literature on
turbulence obtained by symmetry arguments are general results [5, 12, 14, 19]. Our
contribution has been to look at specific problems and derive particular results.

Further investigations could be undertaken. Special cases not considered in this
dissertation could be analysed, for example, boundary layer flow in a converging
channel and the numerical solution of some of the ordinary differential equations
derived in this dissertation. Glauert [11] considered both the two-dimensional and
radial wall jets. The turbulent radial wall jet could be investigated by the methods

of this dissertation.
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Appendix A

Calculation of the Lie point
symmetry for the two-dimensional

turbulent boundary layer

In Appendix A the details of the calculation of the Lie point symmetry

0 0 0
X :gl(x,y,w)a—er&z(fc,y,w)@ 0@y, )50

J (A.1)

of the partial differential equation

b 0% O O 0 RN
By ety e s~ V)~ gy (Plewgi) =0 A2

are presented. Details in the reduction of the partial differential equation (A.2) to

an ordinary differential equation using the group invariant solution are also given.

A.1 Calculation of prolongation formulae

The prolongation formulae which were defined in Section 1.6.4 are used :

G = Di(n) — s Di(&7), (A.3)
Gij = Dj(G) — s Dy(€7), (A.4)
Giji = Di(Gij) — Yijs Di(E7). (A.5)

Now (y, (9, (12, (o2 and (999 are required. The index 1 refers to all calculations
dealing with the variable z and the index 2 refers to all calculations dealing with
the variable y. The total derivative formulae which were defined in Section 1.6.4 are

used : 8 5 p 9
1= w ¢ ¢ ¢ wy 6¢y
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0 0 0

0

where Dy and D, refer to total differentiation with respect to x and y, respectively.

For example, since n = n(z,y,v)

D, (77) = D:c(ﬁ) =Nz + W%, (A8)

and
Dy(n) = Dy(n) = ny + nytby, (A.9)

The detailed calculations for ¢; and (» are given below. The remainder of the

prolongation formulae will be listed.

C1 = Di(n) — ¢ D1(€)
= Dy(n) — $aDy(§') — ¥y Dy (€%)
= N + Nyte — Ya(& + i) — Py (62 + E5100)
= e + Mptle — Exthe — E5(10)” — £y — ERutly, (A.10)

G = Da2(n) — ¢ D2(£)
= Dy(n) — 1/1ny(£1) - ¢yDy(f2>
=1y + Mty — V(& + Egiby) — Uy (&5 + €Ly
= 1y + Nty — Ee — Egathy — Enby — E5(1y)* (A.11)

Cro = Ty + Tty + Mywtbe + Tgaty + Nty — Etbry — Extbathny
LW — EL gty — Eby(10)? — EL(0)2y — ENuthay — EX0yy
€ty — E20y — E2, (1) — E2, 0y — €20 (1) — E30y Yy
e — E e — E20y — gty (A.12)

Co2 = Nyy + 277y1/1¢y + My (¢y)2 + W%y - 25;%;, - in@by@bxy - géy@b:c
_2€;¢¢x¢y - 5@%(%)2 - f}p%%y - 2€Z7vbyy - 2€iwywyy - gijy
_2551# (wy)2 - f?w (¢y)3 - 512/;wy¢yy' (A~13)

Cona = Tyyy + 3Myyy by + 30y (V) + 31yyyy + M () + B1yyibythyy
1y — 3EyVayy — 3y Wy — 3y Yay — 680y — 36,y ¥y
=30 () Wy — €y the — 3ty — 3E e (Wy)? — 3E,uthyy
—E Ve (Wy)® = BEuatbytlyy — Egatlyyy — 3E5Wyyy — 3ETUy Yy,

_3§§ywyy - 6€§w¢ywyy - 353@ (wy)2¢yy - 355 (wyy>2 - nyywy
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_3€§yw (%)2 - 3§§¢¢ (¢y)3 - 3€§¢¢ywyy - 3612#711 (wy)%/)yy - gzzmpqp (%)4
_§i¢ywyyy- (A14)

A.2 Determining equation

The determining equation (2.88) from Section 2.4 is as follows

_Exywyygl - Exd}yyygl - Wxgl - Eyy¢yy§2 - Eywyyyg2
_wyyCl + wzyCQ + wyCH - wa22 - EyC22 - EC222’F:O =0. (A.15)

Substituting (A.10), (A.11), (A.12), (A.13) and (A.14) and (2.89) for 1,,,,

w

ey (A.16)

1 1 1
wyyy = Ewywwy - Ewwwyy - EEywyy -

into (A.15), the determining equation in expanded form becomes

—E Erytbyy — & Er g yhuy + € Eughathyy + E ErBygibyy + £ By — €W,
—&Eyyyy — EEyghythay + E By 5 0styy + E(Ey)? 5y + E B — iy,
1y Pathyy + Eutlyy + €4 (Va)*Pyy + EDythyy + by tyy + Mty
TNy Wy — EgUatlny — EpatVytny — E3tby Py — E3(10y)thay — € (Uy)* Yy
Fayy + N (V)7 + Nygtatly + Mgt (Vy)? + Nytbythey — E10y by,
=&y Wy — §oyatly — Eopa(thy)? — §u () Wy — & (V)2 (1)

—E 5 abyay — Exbybyy — E Vathythyy — 3, (y)? — 24 (1y)? — 2,00 (1)
—E3 e (V) — €5 (y)* Uy — Ey e — E(Vy) *Vaw — E380y Uy + &5 Eda
~Nyy Ve — 2ypbatly — NyytPe(Vy)? — Nytathyy + 2§ 0atbey + 28510ty
&0y (V) + 265, (V) Py + &y (¥2) 2 (1) + €4 (V) gy + 26500ty + 2650000y,
FEoathy + 260,00 (Vy)? + E4pba ()’ + E4athythyy — My By — 20y Eyiby
My By () — M Bytbyy + 26, Eythay + 283 Eyhythay, + € Eythy + 28, Eyibyih,
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b Bya(¥y)? + ELEyathyy + 262E,0by, + 283 Eyibythyy + &2, Bytby + 262, B, (1h,)?
+62, By (1) + ELEytbytbyy — gy E = 300 Bty — 30y ()2 = 3y Bty
N E(1y)? — 301y Eythyy — pthytbay + pthatbyy + 1y Eythy, + nyW
+3EL By + BEL By ayy + 3L, Etbay + 661 Eythuy + 365 Eyytbay + 381, E (1) 2y
+%wmwﬁwmwuﬁmwm%wwWM%mwmyA
A7
HELPa Py Uy — €L (Va) Wy — EL B atbyy — ESW A, + 362010y — 3E201, o
—3E2 B0y, — 3E2W + 3E3(1y)*ay — BEUatly by, — BE2E, Uy, — 3E3W Y,
+382, Bty + 682, Ebythyy + 362, B (1) 2y + 3 E (V) + €2, By + 362, E(v,)?

+38up B(Vy)* + 365, EVytbyy + 365, B (vy) Py + Elup B (1y)* + &5 (1y) Way — El0atbytbyy

_SiEy¢y¢yy_fiW¢y = 0.

A system of partial differential equations is found by equating the coefficients of
the derivatives of ¢ since &' (x,y, ), & (x,y, ), n(x,y,¥), E(z,y) and W(z) do not

depend on the derivatives of .

77Dyy : _Ea:yfl + E:rEyéfl + (Ey)2%£2 — Nz — Ey% + 2Ey§5
—3Enyy + Eyny — 3E,E} + 3EE), — E,62 =0 (A.18)
@byl/}xy : - x%gl _Ey%fz‘f'nw _§Z+77¢ _& _€§+2Ey§1b
—1y + 3¢, +6EE,, =0 (A.19)
Pathyy : Erg & + By —my + &L —ny + 282+ B &L + 1y
+3E¢), — By, — 362 =0 (A.20)
(Vo) *tyy Eh+E—6,=0 (A.21)
wy@byy : Sg - 53 + 2Ey€i + Eyf?p - 3E77¢1/) + 6E§§¢ - 3Ey§12p
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Yy % 7vbyy :

wzy :

¢x¢xy :

Vaythay :

(wy)2¢ry :

wmy¢yy :

%1

Yathy

wz(wy)Z :

(wx)2wy :

()" (1hy)* -

wx(¢y>3 :

1/’y¢ma: :

(%)Q%z :

+3E¢2, — B &3 =0
§h — &+ 260+ &) — 360 — §L+ 3B, =0
Ny +2E,6) + 3E¢l, =0
=&, +26,=0
—&) — & — &) +265+&,=0
—80 60— &)+ 3B, T34 + £ =0

3EE, =0

Nay — 2By Nyy + Eygzy — 3Eyyy — 3W€3; - Wfi
+E¢;,, =0

yyy
Mo — &y = Bylipy + 2E,65, — 3B,y + 36, =0
3E§;y¢ + My — &y — 21y + 5§y + 2Ey£§¢ =0
Mpw = &ap — Sy — Mow + 265y + Byl +3EE,,, =0
—&yp 26, =0
—Epy + €y =0
BEE .y — Enyyy — &y + ByEL, =0
—Ehu + &y By =0
—el=0

_gizo
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(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)

(A.33)

(A.34)

(A.35)

(A.36)

(A.37)

(A.38)



Uy —Nyy + Ly ;y + E{;yy — W@ =0 (A.39)

(%) : =0 (A.40)
Vioyy - 3EE =0 (A.41)
VyWayy - 3EE, =0 (A.42)
(thy) by - 3¢, +3EE), =0 (A.43)
(yy)? : 3EE =0 (A.44)
()" : E¢, =0 (A.45)
remainder : B — W + By — Eynyy — Enyyy + Wiy
—3WE =0 (A.46)

Equations (A.26) and (A.34) are identically satisfied. From (A.37) and (A.38) it
is found that

¢ =€) = alv), (A47)

where a(x) is an arbitrary function of z. Equations (A.21), (A.25), (A.28), (A.33),
(A.36), (A.40), (A.41) and (A.42) are identically satisfied when we substitute (A.47)
into them. Using (A.47) in (A.24) we find that

ny =0 (A.48)
and therefore

n=n(z, ). (A.49)

From (A.47) and (A.49) it follows that (A.39) is identically satisfied. Equation
(A.44) implies that

& =& (z,y). (A.50)

Using (A.47), (A.49) and (A.50) we see that (A.23), (A.27), (A.32), (A.43) and
(A.45) are all identically satisfied and (A.22) becomes

M (2, 9) = 0, (A.51)
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which implies that
n(z, ¥) = b(x)y + c(z), (A.52)

where b(x) and ¢(z) are arbitrary functions of x. Using (A.50) and (A.52) it follows
that (A.35) is identically satisfied. Using (A.47), (A.49) and (A.50) once again, we
see (A.31) reduces to

2
&y (2, y) =0, (A.53)

Y

and therefore
& (x,y) = d@)y + e(2), (A.54)

where d(x) and e(z) are arbitrary functions of z. Equation (A.29) is identically sat-
isfied when we substitute (A.49), (A.50) and (A.54). Thus far we have the following

expressions for €1, €2 and 7 :
§'(z) = alz), E(w,y)=d@)y+e(r), nl,y)="b)y+c(2). (A.55)
Equation (A.55) reduces (A.30) to
b (z) —d () =0, (A.56)

and hence
b(x) = d(z) + Ch, (A.57)

where (] is an arbitrary constant. The only equations we have not used so far are
(A.18), (A.19), (A.20) and (A.46) :

—Epy &' + E By 56" + (Ey)? 58 — 1 — EyE}

—3En,y + 3E§§y — B, =0, (A.58)

—E, 3 — Bz 4 ny — &+ &+ 2E,£)

B8+ Eyz8 —ny + & + 3EE), — & =0, (A.60)

Ex%fl - W& + Ey% 2 - Eynyy — Enyyy + Wiy
—3W§§ =0. (A.61)

Substituting (A.55) and (A.57) into (A.58) to (A.61) gives

—Eyya(r) + BBy ga(x) + (E,)*5 (d@)y + e()) — Byd(x)
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—(d' (@) + () = Eyy (d(2)y +e(z)) = 0
—E,ga(x) — By (d(@)y + e(r) + C1 — d(z) + 2d(z) = 0,
E,ta(z) + Eyg (d(z)y + e(z)) — Cy + d'(z) — 2d(z) = 0,

E % a(z) — Wea(z) + E,% (d(z)y + e(z)) + WC, — 2Wd(z) = 0.

E

(A.62)

(A.63)

(A.64)

(A.65)

Equation (A.63) is (A.64) multiplied through by —1. Differentiating (A.62) with

respect to 1) gives

and therefore
d(l’) = CQ,

where Cj is an arbitrary constant. Hence substituting (A.67) into (A.62),

and (A.65) gives

~Faya(s) + FoFygala) + (B (Coy + e(2)) — ByCy — By (Cay + ()

Differentiate (A.69) with respect to y and multiply through by E :

1

—E,a(x) —|—E$EyEa(x) + (Ey)Z;(C'gy—i-e(x)) —E,Cy—E,,(Coy+e(z)) = 0.

Now subtract (A.68) from (A.71). This gives

and hence
c(x) = Cs,

(A.66)

(A.67)

(A.63)

(A.68)

(A.69)

(A.70)

(A.T1)

(A.72)

(A.73)

where Cj is an arbitrary constant. Using (A.57), (A.67) and (A.73), equations (A.55)
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for €%, €2 and 1 become :
g a) = a(x), &(z,y) = Coy+e(x), nlz,d)=(Cr+Co)+Cs  (AT4)

Now (A.69) can be written as

1

+Eaa(x) + LB, (Coy+ e(@)) = 205 + O — d(a), (A.75)

E

and (A.70) can be written as

1 1
<EExa(:v) + B, (Coy + e(x))) W — a(2)W, + (Cy —2C5)W = 0. (A.76)
By substituting (A.75) into (A.76) we obtain the following ordinary differential equa-

tion for W (x) :
aw
G(l')w

which must be satisfied for the Lie point symmetry to exist. Rearranging (A.75), a

+(d(z) — 20))W (z) = 0, (A.77)

first order linear partial differential equation for E(z,y) is found :
a(z)Ey + [Coy + e(x)]|Ey = [2Cy + Cy — d'(x)|E, (A.78)

which must also be satisfied for the Lie point symmetry to exist.

The remaining equation (A.68) where c¢(x) is given by (A.73), is not a further
condition on E(x,y) because it can be expressed in terms of equation (A.78) and
the derivative of (A.78) with respect to y.

In summary the Lie point symmetry of the partial differential equation

yoroy orogr Wy, <E(:v,y)> =0, (A.79)

Oy?
: 1 0 9 0 0
where
&' = a(x), (A.81)
&2 = Coy + e(2), (A.82)
n=(Cy+ Co)y + Cs, (A.83)

where a(x) and e(x) are arbitrary functions of  and C}, Cy and Cj are arbitrary

constants, provided W (z) satisfies the ordinary differential equation

a(ac)cg/;/ (@) — 20)W(z) = 0 (A.84)
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and F(x,y) satisfies the first order linear partial differential equation

a(x)gf + [Coy + e(x)]aaf =[2Cy + Cy — d'(2)]E. (A.85)

A.3 Calculations for Section 2.5 : Reducing the
partial differential equation to an ordinary

differential equation

Consider the third order partial differential equation

o 0% O 0% 0 0%
v ey =2 EBE@ <L) =o. A.86
Oy 0xdy  Ox Oy? W(z) oy (z.9) Oy? 0 ( )
In Section 2.5 it was shown that
Y(,y) = elOrreB@ p() S (A.57)
) Cl + 027
1
— (2C2+C1) B(x) A
Cy 2C1 B(z)
_ 1B(z A.
W) = o etent, (A89)
where
n=e @y _ D(x). (A.90)

The functions B(z) and D(z) are defined by (2.103). An ordinary differential equa-
tion is derived for F'(n) by substituting (A.87), (A.88), (A.89) and (A.90) into (A.86).
Equation (A.90) can be rearranged so that

y=(n+ D(x))eCQB(I). (A.91)

Using (A.91) we eliminate y from the partial differential equation (A.86).
Differentiating (A.90) with respect to z and y gives

a / /

aTZ — —CyB'(x)(n + D(x)) — D'(x) (A.92)
and 5

91 _ ,~C2B(x) A

2y e : (A.93)

The derivatives of ¥ (x,y) are as follows :

- e (6 B )~ (G @)+ D) + Dl ) (A

o
ox

126



3777/} _ eCIB(x)E

= A.
0% dF yd°F
— B/ ClB(x)i o B/ D D/ C1B(aﬁ
S = CuB (@) P 5L~ [CaB )+ D)) + D ()e P 2,
A.96)
(921b yd°F
p(C1=Co)B(x) 4 T A.97
oy? dn?’ ( )
D3 d*F
IV (c1—200)B@) @ E A
57 e R (A.98)
Substituting (A.94) to (A.98) into (A.86) gives
Ci scvB) [AF C'2 20y B(@) AF & F
1 _ D D 1
e (CL) |+ D) + D) |
(C1+C5) 20,86 / 20, B(a) A °F
s - @@ =7 1 D 1
a(x) ‘ )+ D(x)| e dn dn?
C7 e B(z) 2C1B(z dG °F L o B(z d°F
— 1B(z 1 1 A
a(:zc)6 * a(:z)6 dn dn? ' a(x) Gdn (A.99)

Simplifying (A.99) leads to the following third order ordinary differential equation :

dF\? PF dG &?F BF
O[22 ) —(C+C)F-— =+ 22 Lo A.100
1<d?7> (O G = de T (4-100)

We rearrange (A.100) by adding and subtracting (Cy + Cy) (d—F)2 :

d d*F d dF dF
— — —(2 =0. A.101
dn (G d772> (C1 + Cz)d ( dn) (2C) + Cy) <d77> +C7=0.  (A.101)
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Appendix B

Calculation of the Lie point
symmetry for the two-dimensional

turbulent wall jet

In Appendix B the details of the calculation of the Lie point symmetry

0 0 0
X:fl(l’ay;w)%+f2($ay7¢)afy+ﬁ($7ya¢)% (Bl)

of the partial differential equation

oy 0%y Y o* df (9% Py
Oy dxdy Oz Oy® M(“:)dT/,y <W> - 1\4(96)f(¢y>a—y3 =0 (B.2)

are presented.

B.1 Calculation of prolongation formulae

We will require only (i, (2, (12, (22 and (s99. The detailed calculations of the pro-

longation formulae are found in Appendix A.1.
Cl =Nz + W% - é;wm - &1;,(%)2 - 5;31% - 53,%%, (B'?’)

C2 =1y + nwwy - f;¢x - fi%% - gjdjy - 55(%)27 (B4)
C12 = Nzy + wa@Dy + nyl/ﬂ/}x + Www¢x¢y + nwwxy - 5;’17@9@ - gzlﬂ,éb:cwxy
_5;y¢x - giw¢x¢y - ;¢(w1)2 - 5@(%)2% - fqlpwxw:cy - §§¢yy

—ﬁ,%%y - gazijy - iw(z/}y)Q - é}?w%% - fiwwx(wyf - 53,%%;/
—55%1 - &iﬂﬂywm - g;wwy - fi%y%, <B5)
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C22 = Tyy + 277y¢¢y + Ny (¢y)2 + W%y - 25;7/)901/ - 257,1[;77&3177%3/ - géy@ba:
—2§;¢%% - f}pw%(%)Z - f}p%%y - 255%;; - 253,%%34 - gijy
=28,y (V)" = E5u(y)” — E5tbytbyy, (B.6)

Cona = Tyyy + 31yyy by + 30y (V) + 311yyyy + M () + 31y tbythyy
0 yyy — 3EyVayy — 3y Wy — 3y Yay — 68Uy — 36ty
=3 (y) Wy — €yt — 3ty — 3E ytha(1y)? — 3E, il
Ve (Wy)® = BEuatbytlyy — Egatlyyy — 3E5yyy — 3ETUy Yy,
=&, Uy — 68551yt — 385, (1Vy) Uy — 365 (Yyy)* — &1y
=3&u(¥y)* — 3&5uu(¥y)° — 365,y tbyy — 3E5, (Vy) Yy — ()
_£i¢y¢yyy- <B~7)

B.2 Determining equation

The determining equation (3.186) from Section 3.5.1 is as follows :

dM d,
_d:pdljjl/} ¢ — 7f(¢y)wyyy§1 — YyyCr Yy G
> f daf

M () GG — M) o

2 v
dijy YyyCaz — M () f (1by)Ca22|P=0 = 0. (B.8)

Substituting (B.3), (B.4), (B.5), (B.6) and (B.7) and (3.187) for M (x)f(1y)Yyyy

which is

wyyy@ + %Cm - ¢z<22

—2M ()

df
dwy yy’

into (B.8), the determining equation in expanded form becomes

M (z) f(y)yyy = ythay — Yuthyy — W(x) — M (1)~ (B.9)

—%%Slwﬁy — Ml(w) DLV hy gy + Ml(x) LV hyihyy + 44 dfjf EMP2, — Natbyy
— N hayy + Eathatyy + & (Va)*Vyy + Eoytbyy + E31bathytbyy + Nytay
by toay — Eathay — E 0yt — €200,y — E2() 0y
M () S0, — M(2) Sy, + M (@) S b, 02, + M(2) Sl

+M( )de gzwngy + M( )de £w(wy) w;y Jlfdljg nywyw:ry + f dw Wywxwyy
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+M(x )%(%) Ny — i Vyey + Tl ethytyy + M(x )%(*) Motyty,
Ll oy — LA M2y — M) () 02, + L 2L €ty
L2y — M) () ity + L 2%, — LA,
M (@)L () 22, + LAy, — L2y,
~ M () (ZL) S0, + Mgty + Mol + Tystdstly + outhat + sy
— €ty — Ehtatythny — €L athy — ELPathl — €1, () 20y — €] (102) 42
— €y tay — Uty — bty — E202 — €2,(1)° — a2 — (1))
— 20y — Egyne — ESUPaa — E20yay — E3 20y — Tyythe — 20yutlatly
ot (V)2 — bty + 26305 0ny + 26500ty + EL V2 + 261030, + €L P2 (1,)?
LRy + 2620y + 28200ty yy + €200y + 262,00 (1) + €300 (1) + E0atty iy,
—2M () Gy thyy — AM (%) gy ythyy — 2M (2) gy () gy — 2M () Zhnudy,
HAM () J € ny Py + AM (2) Z €30 ay gy + 2M () F- tbethyy + AM () €0 00ty hyy
+F2M () G e (1) gy + 2M () G- 0atly, + AM () g €00, + AM (2) €300y,
F2M (1) €2 by + AM () €2, (6,2 yy + 2M () 7162, (8, + 2M (2) L3902,
=M (@) f(Yy)0yyy — 3M(2) f (W) 1yyuthy — SM () f ()1 (10y)* — 3M () f (3 )10y
—M () f ()0 (Py)* = SM () f () sy Py — Tty Uy + Mphatly
+M () oy, + 3M () f (1)) ayy + BM (@) f (1) ythayy + 3M () f (1)}, my
+H6M () f (1) &y thy ey + 3M () f (14§ yy Py + 3M () f (1) €y (1) * Py

M () f (1) &y Yo + 3M () f (1) €y bathy + 3M (@) f (1) gyt (1hy)?
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+3M () f ()€ atbyy + M () ()€ 0a(1hy)? + BM (2) f (1)E} by by
Gy ay — Eatbyy — M (@) €Ly, + 36y tny — 3E5athy, — 3M (2) -,
F3E Uy — Bty tbyy — 3M(2) G €505, + 3M () f(1y)E
FOM (2) (1) €0y Wy + 3M () f (1)€3.,5 (1) "y + 3M (@) f (4)€3 (4)*  (B.10)
+M () f ()5, 0y + 3M () f(¥y) &5y (10y)? + 3M () f (1) &5 (Vy)°
F3M () f ()5 () *yy + M (@) F (1) €] () + EL3my — E5uy 0y

—M(x) &y, =0

A system of partial differential equations is found by equating the coefficients of

the derivatives of ¥. Now
51251($7y7¢)7 52252(35,,%@0)7 M:M($)? f:f(wy) (Bll)

We therefore separate according to second derivatives of 1, third derivatives of
and 1, :

¢xyya ¢§y7 ¢xy¢yya ¢zxa ¢xy7 ¢yy7 ¢x¢yya ¢xa Remainder

First consider the coefficients of v,,,. Since M (x) # 0 and f(z),) # 0 we obtain
&, + ¥y, = 0. (B.12)

Separating (B.12) according to powers of v, gives
& =0, £ =0. (B.13)

Thus
H(x,y,v) = Al), (B.14)

where A(z) is an arbitrary function of z.
Using (B.13) we see that the coefficient of 1,,1,, in the determining equation

(B.10) is zero. The coefficients of ¢5y lead to the following equation :

[_ny — gty + Eotby + éiwﬂ - ch (

2f
2

A

2
) o= o+ 620, + €203
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1 df
e |ty + E by + 26507 + f(1,) [3€3] =0, (B.15)

Py dipy
where the common factor of M(x) has been cancelled and the terms have been
grouped according to their dependence on f(v,). There are no terms involving ),
which remain once we have substituted (B.13) into the determining equation (B.10).

The coefficients of ¥, yield

1 dM 1d
T € e e =6 = €+ [, — G, — €845 = 0(B10)
The coefficients of v, give
d
—Nx + QM(x)diy [_nyy = 20y thy — WW; + fzyd’y + 255%/{5 + fiwﬁ’ﬂ

+3M (2) f($y) [~nyw — nusthy + €2, + 3E2,0, + 283,02 =0, (B.17)

The coefficients of 1, divided by ), which is a common factor, leads to

L daM , 4 1 2, ¢2 1 df 2 2.2] _
_M(:C) Eg —5x+%ny+ﬂw+5y +5w¢y+?d7wy [_771/ — Ny + &y + fwwy} =0.
(B.18)
Separating by 1, we obtain
ZMDZ + (giy = Nyy) by — 1My = 0. (B.19)

Equation (B.19) does not depend on f(1,). We can therefore separate according to

powers of 1.

¢§ : 2 =0, (B.20)
w; D & — Ny =0, (B.21)
Py Myy = 0. (B.22)

The remaining terms in the determining equation (B.10) are

My Py + ”wwz - giywz - §§¢¢3 + M(x)f(wzﬂ [ — Nyyy — My Vy
_377y¢¢1/)§ - 77¢¢¢¢3 + gjyywy + 3533@%3 + 3§§ww¢2 + fiww@byﬂ : (B.23)

We now use equations (B.15), (B.16), (B.17), (B.18), (B.20), (B.21), (B.22) and
(B.23) to solve for £, €% and 7.
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Adding equations (B.16) and (B.18) leads to
ny =0, (B.24)

and hence

n(x,y,v) = C(x, ), (B.25)

where C(x,1) is an arbitrary function of x and . Substituting (B.25) into (B.20),
(B.21) and (B.22) leaves us with

2 =0, (B.26)
&, =0. (B.27)

From (B.27) we have that
¢ = yB(z,¥) + K(z,9), (B.28)

where B(z,%) and K(x,1) are both arbitrary functions of x and . Substituting
(B.28) into (B.26) it follows that

B = B(z), (B.29)

and therefore
& = yB(x) + K(x, ). (B.30)

Thus far we have from (B.14),(B.25) and (B.30) that
¢=Ax), &€=yB@)+K(v), n=Cz9) (B.31)

To proceed further with the form of f(¢,) unspecified would be difficult. We

now specify f(1),) to be in the form of a power law :

fQby) =4, n>0. (B.32)

Since 1, — 0 as y — oo we require n > 0 to keep f(v,) finite as y — oo.
Substituting (B.31) and (B.32) into (B.15) gives

0K (x,v)
and therefore 5
a[@zf =0, if n# -3 (B.34)
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Substituting (B.31) and (B.32) into (B.16) we obtain

A(x) dM  dA 0C (z, ) OK(z,v)
M(z) dr %—l—(n—l) 0 —(n—i—l)B(x)—(n+1)Twy—0.(B.35)
Separate (B.35) according to powers of 1, :
1. 8K(ZE, 77b> _
Y, - (n+ 1)731# =0, (B.36)
~ Ax) dM dA 9C (z,7) B
e Mo de tar TV (i @ =0 (B.37)
From (B.36) it follows that
if;g:o if n#-—1l (B.38)
Thus, combining (B.34) and (B.38), for all values of n,
0K
5= 0 (B.39)
and therefore
K = K(z). (B.40)
Substituting (B.40) into (B.31) and (B.35) we have
¢ =Ax), &=yB@)+K@), n=0C), (B.41)
A(z) dM  dA oC (x, 1) B
Now substitute (B.41) into (B.17) :
80(1’, 1/1) 2 df 820(37, ¢) 820(*1'7 W _
Substituting (B.32) into (B.43) we have
oC (z,v) wi12C(x, )

We are assuming that n > 0 and therefore n # —1. Separate (B.44) according to

powers of 1, :

9C(z, ¥)
ox

*C(z,1))
o2

x

=0 (B.45)

it (2n 4 3) = 0. (B.46)
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Thus from (B.45), if n # —1, C' = C(¢)) and from (B.46), if further, n # —3

C(Y) = a1 + co,

, then

(B.47)

where ¢; and ¢y are arbitrary constants. Substituting (B.47) into (B.41) gives

51214(]}), §2IyB($)+K(I), n=c1y + co,

provided n # —1 and n # —%.
Substituting (B.48) and (B.32) into (B.23) we obtain

B ,

%wy = 0.
Thus

B(z) =3

where c3 is an arbitrary constant.

Substituting (B.50) into (B.48) and (B.42) we obtain

62 = C3y + K('I)?

n = c1y + ¢y,

A(x) dM  dA B
M(x)%ﬁt%—k(n— ey — (n+ 1)ez =0,

provided that
n# —1, n # —2.

In summary the Lie point symmetry of the partial differential equation

O e~ e~ (o)t (5%) — MGy =0

Oy 0xdy 0w Oy dip, \ 9y? P
where 5
f(¢y): Z? n#_la n#_§7
; B B B
X — 1 - 2 7 _
5 (x7y7w)ax+€ (',I;'?y?w)ay—{_n(x?y)w)aw?
where

52 = C3y + K('T>7

n = 1Y + ca,
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(B.58)

(B.59)
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(B.61)



A(z) and K (x) are arbitrary functions of x and ¢y, ¢ and ¢3 are arbitrary constants,

provided M (x) satisfies the ordinary differential equation

dM 1 dA 1
T A e T De T (el

M =0. (B.62)

B.3 Reduction of the partial differential equation

to an ordinary differential equation

Consider the third order partial differential equation

R df (%) >y
Oy 00y~ 0x 0 (m)% (83/2) - M(fﬂ)f(%)aTJg =0. (B.63)
In Section 3.5.2 it was shown that
blay) = MO F@) - 2, (B.64)
1
E(x,y) = M(x)f(1y), (B.65)
M
M(z) = A(xo)exp[((n + 1)z — (n— 1)) L(x)], (B.66)
where
n=e SNy H(),  f) =4, n# Lo (B.67)

The functions L(x) and H(x) are defined by (3.203). An ordinary differential equa-

tion is derived for F'(n) by substituting (B.64), (B.65), (B.66) and (B.67) into (B.63).
From equation (B.67)

y = (n+ H(x))e ™), (B.68)

Using (B.68) we eliminate y from the partial differential equation (B.63). Differen-

tiating n with respect to x and y gives

877 o C3 !
and 5
9N _ —csl(=)
dy e . (B.70)

The derivatives of ¥ (x,y) are as follows :

0 _ @) [Clp - [ S _(n+ H(z) + H’(x)] (B.71)

dF]
ox A(x) A(x) ’

dn
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N pler—cs)L(z) dF

dy dn’
(B.72)
82¢ (Cl — C3) ( 3)L( )dF C3 d2F
_ c1—c¢ x) s H H' (c1—e3)L(z) ™ =
drdy A(x) c dn A(x) (n+Hz)) + Hi(x)| e dn?’
(B.73)
2 2
Y _ a—2ei@ @ F
0y? dn?’
(B.74)
3 3
PY _ er-sesynam L
ay3 dn?
(B.75)

Substituting (B.71) to (B.75) into (B.63) gives

2 2
(1= %) afer—co)rto (dF ) - [ 2 (n+ H(x)) +H’(x>] L el

Ax) dn Ax) dn dip?
2 2
O i@ pd ]G I 17 ()| 2e—eni@ E AF
A) ar A(x)(77+ () + H'(z)| e a7 i
n—1 2 2 n 33
My ae—eoiie) [(4F CEN Mo ey () EE 5 76
A(x) dn dn? A(x) dn ) dn?

Simplifying (B.76) leads to the following third order ordinary differential equation :

dF\" d3F dF\"" (2F\? d*F dF\®
() o () () o -emo (G) -0 @)

We rearrange (B.77) by adding and subtracting c¢; (‘%)2

d [(dF\" *F] ¢ d [ dF\ (2c—c¢3) (dF\’
— =] =S+ 2 () () <o B.
dn l(dn> dn21+Modn< dn) My dn ’ (B.78)
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