
Differentiating this with respect to t gives

where a(t) and A(<) are some scalar constants. Since they only indicate the speed 
at which we move along the path, their magnitude is unimportant. The sign o f 

A(/) is important however, and an orientation argument shows that the sign is tfiat 
o f det(£?/(x)). Thus, beginning at almost any point on the boundary o f D"  and 
folio" Wig this differential equation, leads to an equilibrium.

Now suppose that / : / } ' - +  P j  is only continuous but still satisfies (SB Deline a 

new continuous map /u : D ‘2 R ' (where D ‘t is the disk in R ' o f radius 2) by

/o(x)
=  f / ( ' )  for ||x 

{  - x  for ||x

lake a sequence o f t, -+ 0. For each i construct a approximation f, o f /0, such 
that ||/,(x) -  /n(x)|| <  «, for all x € Dlv

What we have shown then implies that the exists an x, € D\ with / ,(x ,) =  0. Clearly 
x, € D l and also x, —► {x  € D l\f(x)  =  0 } as i —► oc. I his proves the theorem in the 
case o f the strong boundr-y condiii- .i (SB).

Finally, suppose / : I ) 1 -* R ; is continuous and satisfies the weaker boundary con­

dition (B o ).  Define a continuous map / : Ol2 -► R 1 such that f ( x )  =  - j  for all 
t € dD\ as

) for ||a || <  1,

' f  ( i r )  +  'liJ U ~ 1)(~ -r ) ,of IkII >  f

We have shown that there is an x '  6 D l2 with f i x ’ ) =  0. But ||x*|| <  1 for otherwise 
the boundary condition wo Id be violated. Thus f ( x ' )  =  () and we are done. □

For the main result on tin* existence o f equilibria we modify the theorem (i.l from 
disks tosimplicjes Define

■*i =  {/ '€  / | ]T/> ’ =  l }

r>A =  {)> € A|| some />’ =  0 }

A „ =  { - €  R 'l =  1}

Pr =  (\/t....... I//)C A ,

)), 1'einn the centre o f A|.

Theorem  fi.2. let o  : A| —> A,> be a continuous map satisfying the boundary 
condition

B ‘ <?(p) is not o f the form /i{/> -  /j , // > 0 for p 6 <7A|.

' I f  Df[r) is n ...-singular, the Euler's method o f discrete ..npruxima'.on yields

r „  =  r n_, ±  P f i t n - i  ) - 1 / ( * „ _ ,  )•

which witli t’ x.'.l sign, is Newton's method of solving / , r )  »  0 Phus the (Jloltal Newton is indeed 

a g lf l ia l versimi o f N ew ton ’s mctliud in some ieA.tonaliie sens.
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Proof. A "ray” preserving homeomorphism into the situation of theorem 6.1 is con­

structed.

Define /i : A ,  -> A „  by h{p) = p - p c• Let fi : A o\0 - f  R + be the map

Then let D  -  D l O A 0: V’ : D -> / (A j )  defined by ti' (p) =  p(p/l|p||)p- 's a ra.v

Toshovv that n satisfies the boundary condition (B/->) o f theorem 6.1 consider q € dD  
and let r =  i ' (q)  +  pc =  h~l o(q). The boundary condition insures that there is no 
H > 0 with o (p ) =  p{p -  pc) or with p(p -  pc) =  n(p).  Equivalently there is no p >  0 
with a(q)  =  pV'(q). and since v> is ra.v preserving that means that a(q)  ^  pq.p >  0.

We now conclude from theorem 6.1 that there is a q" 6 [ )  with n(q ) =  0: or if 

p- =  v' (q' )  +  pc then o (p ' )  -  0.

Proof of the-trem E. Define from the excess demand function o f the theorem, / : 

P \ {0 } -> R '. a new m a p o : A , -> A 0 by <5(p =  /(p) -  ( £  / ‘ (p ))p- Since £  <s‘ (p) =  
H / '(p )  ~  H / ' ( p )H p '  =  0, clearly <A is well defined. O is also continuous. If 
p € t fA ) .p'  =  0 for some i and so o ‘ (p) =  f ' (p )  >  0. Thus (B ) o f theorem 6.2 is 

satisfied and there is an p* € A ] with o (p ’ ) =  0 or f ( p ' )  — H /  (p ')p ’ - Taking the 
dot product o f each side with f ( p ' )  and applying Walras' law shows that ||/(P')H2 =  0

preserving homeomorphism.

Considei the composition o : D  —> Aq.

D  A  /i (A ,)

or f (p " )  =  0. □

The methods presented here have been successfully generalised by Hirsch and Smale 

[13], in particular to finding zeros of polynomial systems. Smale [32] has also con­

sidered the speed o f convergence of some o f t hese methods.



7. L o c a l l y  S t a b l e  P r i c e  M e c h a n i s m s

7.1. In trodu ction . An effecti"c price mechanism ;s one. like the G N M  whose solu­

tion curves always tend to an equilibrium o f an economy. In §5 we showed tha'

(7.1) P =  / (* )

was not effective, while in §6 we showed that effective price mechanisms do exist. The 
difference between the two mechanisms is their informational requirement. For 7.1 

the market needs to know the price o f each commodity; if one were to use the Global 
Newton method or other “quasi-New ton" methods, the information necessary for 
the dynamic increases to include the .Jacobian matrix for the economy, that is. how 

a change in the j-th commodity effects the rate o f change o f demand for the k-th 
commodity for all j  and k. For all practical purposes, this amount o f information 
is to vast to be known. Consequently, the natural question is whether there exist 
effective price mechanisms with more modest demands on information content. T his 

section begins to answer such questions.

The results presented here show that the informational requirements of effective price 

mechanisms cannot be significantly less than that o f the Global Newton Method. We 

follow the paper of ,’ ordan [14].

7.2. D efin itions and prelim inary ' resu lts. Certain definitions from previous sec­
tions will be tailored so as to deal more effectively with the local perspective o f this 
section. We will deal with an / good economy. Notationally it will often be conve­
nient to let n =  I — 1 and to denote the tangent space to S at a point p simply by 

R ".

D e fin ition  7.1. Let Q  be an open subset o f .S’ . The space of market excess demand 
functions, denoted M ,  is the space c f C l sectionfrom Q to TQ  with the topology 
of C 1 uniform convergence on compact subsets o f Q, that is, the f ’1 weak topology 

C ' l (Q ,T Q ) .  For each p € Q let M P =  {/  € M \ f (p )  =  0 and del (D f ( p ) )  £  ()}.

The open set Q should be interpreted as small. In particular, if K  is a compact 

cube in P  and Q is a neighbourhood o f K n.S. then for any / € A4p,/ ran easily be 
extended to a function / : S —► R '1 sat >iying

1. / is bounded from below;
2. for anv sequence {?>*.}£!, € S with no cluster points jr .S' ||/(p*)|| - *  oc; and

3. !\l  = / k -

This section covers only local stability and since the first two conditions are global 
in nature they are ignored in the definition of ,Vf. Initially we shall not distinguish 

between the functions / a d / even though working with / has the potentially 
negative side effect o f introducing additional equilibria. This problem shall however 

be dealt with in §7.4.

D efin ition  7.2. A price mechanism is a function M  : Q x M  —► TQ  which maps 

each (p, f )  6 Q x M  to a vector in TpQ(?x R n) such that



I  1
I

J  1

’ «  -

2. There is an open set 14 C Q x M  with {p }  X M v C U  such that
(a) M  is continuous on U: and
(b) is C 1 on the open set {p\(p, f )  € U) .

Given / £ M  and p' € P.  a price mechanism determines the ordinary differential 
equation1'

(7.2) p = M ( p , f ) ,  p (0 ) - p ' .

Price mechanisms will be characterised by their response to perturbations of the 
excess demand functions. For fixed p' consider the two functions from M \ M r' to 
K \ {0} defined by

f ^ M ( p ' . f )

f  7r(zero(/) -  p')

where zero(/ ) is an equilibrium point o f / near p' and rr is the projection of the 
vector into the space TV'Q. The first map describes th initial movement under the 

price mechanism while the second map describes the dir>. tion o f actual equilibrium. 
The first major step (theorem F) will be to show that the "price paths” generated 

bv a “stable mechanism” (race out a homotopy between these two maps. This will 
then be used to establish a convenient characterisation o f stable price mechanisms.

D efin ition  7.3. Given a price mechanism M.  let D  =  {(p ./ )| (7 '2 ) has a unique 
solution on the entire real domain [0 ,oo )}. Define th» function q : L) x [0. oc) —► P  
by setting q ( p , f : t ) equal to the solution o f (7.2) at time /. A price mechanism is 
locally stable if for each p' € Q  and each neighbourhood I o f //. there is an open 
neighbourhood U  o f {//} x ,Vfr. such that for each (p. /) € U.

I. q(p,f\t )  € I for all t\ and 
II. limi^oo q(p, f\t )  exists and is in {p’ \f € M P- }.

We shall suppose, with out loss o f generality, that U is small enough such that the 
second condition o f definition 7.2 is satisfied.

Condition II is known traditionally as asymptotic stability . Condition I is a variation 
of Lyapunov stability. If / was fixed, the first condition would be the traditional defi­
nition o f Lyapunov stability. Classically, Lyapunov and asymptotic stability together 
are known as local stability.

The motivation for our departure from the traditional definitions is that deviation 
from economic equilibria is more likely to come from a change iri the demand function 
than from an exogenous change in the price system. Thus the first condition of 
definition 7.3 is also one o f Lyapunov stability for small perturbations in /.

The two stability conditions together imply that q converges continuously to equilib­
rium. This fact will be used in order to construct a homeomorphism in theorem F.

' For (he “ordinary" Newton method mentioned previously M(p. f )  =  —{ [ ) f f [p )  which is 
well defined if Df(p)  is non-singular The Newton method can be extended to Q x .K by specifying 

A Up, f )  =  f ( p ) if D f (p ) is singular This satisfies the two conditions of the definition and indicates 

why the regularity conditions (part J of the definition! are not imposed on all of Q  x M  We shall 
show in proposition 7.19 that this awkwardness cannot be avoided
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D efin ition  7.4. Let [0. oc] be the one point compactification of [O.oc) with sets of 

the form (a, oo) U {o c }  forming a neighbourhood base at oc.

Note that the function g : [0, 1] —> [0, oc] defined bv

is a homeomorphism.

L em m a 7.5. Suppose that M  is locally suable. Let p' 6 Q, f  € M r> and let ( be 
a neighbourhood o f p' in Q. Let U  be an open neighbourhood of {p '}  x M as in 

definition 7.3 and for each (p ./ ) € H- define r/(p,/;oo) =  lim t- ôo q(P- f'- ^  ■ I l|el1 9 

is continuous on H x [0, oc].

Proof. The continuity o f q on U  x  [0. oo) follows from the second condition o f def­
inition 7.2 and standard results regarding the continuity o f solutions to ordinary 
differential equations. To prove continuity at t — oc, let {pn, f n\tn} ^ i  C i / x  [0. oc) 
converging to (p. f\ oc) for some (p. f )  6 U  and let p =  q(p. /: oo) which is well defined 
by the asymptotic stability condition in definition 7.3. Let t >  0 and using I. let U ’ 
be a neighbourhood o f {p. f )  such that for each (p*. /*) 6 U " . p(q(p"< f ’ - t ) - p )  < ( for 
all t. Here (and throughout this section) p is the metric on the / - 1 sphere. Again, by 
the asymptotic stability condition there is some t’ >  0 such that (q(p. f :  /*). /) € U " . 
Since (p„. /„) -+ (p. /). we have (9(p„, f ) ,  /„) € U'  for sufficiently large « .  Hence 

for large n.

D efin ition  7.S. If A is a topological space and ,4 C A', let

X\A  =  {x  € A'|x i  .4}

with the topology it inherits a.s a subspace o f A". If / and g are continuous functions 
from X\A  to Y\B. f  and g are homotopic, written / ~  g. if there is a continuous 
function // : (A  \.4) x [0. 1] —► ) \B with H (•. 0) =  / and //(•, 1) =  g.

Let p' & Q . I "  be a neighbourhood o f p' it Q and let U  be an open neighbourhood of 

{p '}  x Mp< a*s before, to remain fixed from now on. Let M '  =  {/  € M\(p ' , f )  € U}-  
Then M '  is an open neighbourhood o f W v‘ . Define q' : W  —> R ’“ by q ' {f )  — 
t (o (p ',  /, oc) -  p') where, as usual, n is the projection into the tangent plane at p'. 
Then q' : M p> - *  { ( ) }  and q' : M ' \ M P‘ - »  R ,l\ {0 }. Also, A/(p',-) : M p> -> {0 }  
and M(p' .  ■) : M ' \ M P> -> R n\ {0 }. The function / ►-> M ( p ' , f )  describes the initial 
direction of movement dictated by the adjustment mechanism and / ► q ' ( f ) gives 
the direction o f actual equilibrium from the initial point p'. To characterise stable 
mechanisms the former shall be related to the latter. I his is done by establishing 

a homotopy equivalence between the adjustment mechanism and the equilibrium 
function. This equivalence is established in the following theorem which is the basis 

for all the remaining results in this section.

T h eo rem  F. The functions </' : —> R ’‘\ {0 } and A/(p', ■) : M ' \ M P< —►

K T‘\ {0 } are homotopic18.

p (q (p n jn \ in )\ p )  =  P ( q { q ( P n J n - <’ ) ■ f n - t n ~  ( ' )■ ]>)  <  f -

□



Proof. Define the function H : ( M ' \ M P') x [O.oo] —> R ’l\ {0 } by

x ( q ( p ' < f ; * ) - p ' )  if A >  1

H ( f . \ ) = >  7r (q(p\ f\ A) -  p') /A) if 0 <  A <  1 

M ( P ' J )  if A =  0.

Then H(-,  0) =  M(p' ,  •) and H( , no) =  q'. The continuity o f H follows from part 2 
of definition 7.2 and the definition o f q'. Since [0. oo] is homeomorphic to [0, lj, the 
proof is complete. O

7.3. P r ic e  M echan ism s at a F ixed  In itia l C on d ition . As mentioned in the 
introduction to this section and proved in previous sections, the price mechanism 
P — f ( p )  is not 'effective’ , while that of the Global Newton method is “effective" 
(here effective means that the solution curve of equation 7.2 tends to a zero of / as 
I —► oo). Also, as noted in the introduction to this section, the difference between 
these two mechanisms is their informational requirements : one depending on f (p )  
and the other on both f ( p )  and Df (p ) .  We now decompose a general price mechanism 
into components from which we seek to analyse the contribution o f the various types 
o f information in an effective general price mechanism. (For example, in the case 
o f the Global Newton method, we wish to examine exactly how many terms in the 

Jacobian, D f ( p ), are necessary if the price mechanism is to remain stable).

To this end, fix an initial price ?/, and decompose the function M(- .p ' )  by additivelv 
decomposing the demand function / into the vector o f excess demands f (p ' )  and the 
function / — f (p ' )  :

Suppose that A : R n X M r> is a continuous function that satisfies for each / € M '

M ( p ' - f )  =  4 (/ (;/ ), / -  / (;/ )).

Note that for each / 6 M p>, A ( - , f )  : R "\ {0 } -> R u\ {0 ).

Let ( ! l (n )  denote the space o f linear functions from R ” \ {0 } to R ” \ (0 ) with the 
topology o f uniform convergence on compact subsets o f R "\ {0 }.  Each .V € <7/(w) is 

represented by a non-singular ti x n matrix. The topology o f uniform convergence 
on compact subsets agrees with the topology on C'l(n) viewed as a suhspace o f R " 2. 
Define a function i : M p> -> 67(h) by i ( f )  =  - ( D f ( p ' ) ) ~ l . Clearly i is continuous.

rtcinark  7.7. The function M(p' . •) is continuous on the set M ' .  The definition 
of .4 extends the domain o f continuity to the set R n x M pi. That is. M(p,  •) is 
required to be continuous at all excess demand vectors f (p ' )  such that l ) f ( p ' )  is 
non-singular. This definition does not place a substantive restriction on the class of 
price mechanisms and none o f the subsequent results would be affected if we adopted 
the laborious process of keeping track o f the proper domains o f continuity.

This uomutopy equivalence'is necessary by not sufficient for local stability For example if ti =  1 
let M ' denote the Newton method and for each -1  <  A <  1, let H(X) denote the rotation matrix

A - ( I  -  Aa ) ' /a 
(1 -  \2}l/2 A

Then for each A, the price mechanism defined by A/*(p ,/ ) =  /?(A)A/ 1 (p ,/ ) is homotopic to the 

Newton method but A/ -1 =  —A/ 1 is explosive and \1 is cyclic
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T h eo rem  7.8. Suppose that M  is locally stable. Then for each / 6 .4(-. /) and 
i ( f )  are hoinotopic as maps from R ''\ (0 } to R ’-\ {0 }. In particular, if /, / € M r' with 
sign (det ( D f ( p ’) ) )  ±  sign (del ( D f ( v ' ) ) )  then A ( - , f )  and A ( - J )  do not coincide on 

any neighbourhood o f 0 in R ".

Proof. Let / € M v<, and let C be a closed ball about 0 in R ’; such that {/  I- 
£ ( ' }  c  M ' , where M '  is specified a.s before and f  +  :  denotes the function 

x f ( x ) +  By theorem F. there is a homotopy // : ( f r\ {0 } ) x [0. 1] -> R n\ {0 } 

with H(  . 0) =  .4 (•. /) and H{ : .  1) =  q' (J +  ; )  Tor each r € f '\ {0 } and q' defined 
as before. (This can be seen by identifying the function }\ € M \ M r> from the 
homotopy in theorem F with the function f  — f\ — ~ where r =  J\{p') /  0 in this 
theorem). Define the function H 1 : ( f r\ (0 })  x [0. i] —► R "  by

Then G  is a homotopy between A(-, f )  and i ( f )  as maps on f r\ {0 }.  Lpt < denote the 
radius o f V  and define A‘ ,q '  : R '*\ {0 } —> R "\ {0 } bv

• ( - )  =  r ( D / ( p ' ) ) " 1-' i f  = e t / \ { 0 } .

9 \ —(/',/(f»/} )~ 1(*||-|!-1 - )  otherwise.

Modifying G  in the same way gives a homotopy between .4" and q~. The function 

H" : R n\ (0 } x [0. 1] -> R "\<0 } given by

M * ( * )  if c 6 f^\(0 },
H A) =  ^

| ,4 (A<||c||_ l c +  (1 -  A ) ; ./ )  otherwise,

shows that A ( - . f )  ~  .4’ . Similarly, q’ -z i { f )  which proves the first assertion.

If sign (det L) f(p' ) )  f- sign (det £>/(;/)), then i ( f )  and »(/ ), which are linear maps, 
also have determinants o f differing sign by the definition o f i. Therefore, for every 
neighbourhood V  o f I). i ( f )  and «(/ ) are not homotopic a.s maps from V '\ {0 ) to

The implication that 4(-, /) is sensitive to the sign o f det ( D f ( p ' ) )  is rather a coarse 

implication o f theorem F. By using some more homotopy theory sharper implications 

can and shall be obtained later in this section. For now however, by strengthening the 
stability requirements in a conventional way, much stronger results will be obtained 

directly.

A ( z . f )  \ { : e V \ \ Q ) .

.4(t||;||- 1c. /) otherwise,

and

R"\<0}. Hence .4(-./)|v- #  .4(-, f)\y. □



Given a price mechanism M  and a demand function / € M P< we define a function

M '  : Q  x R "  -> R ’1 by A/'(p. z) =  M { p , f  +  - -  f ( p ) ) -  Then (>) A/'(p '-~) =  -4 (-- /) 
for all ; ,  (ii) M' (p.  f ( p ) )  =  M(p,  f t  for all p and (iii) M'(p.Q)  =  0 for all p.

If we assume that M  is sufficiently smooth so that A/' is C 1 at (p ',0 ) we obtain

D uM(p\ f )  =  DpM ' ( p 0) +  D.M' (p\ O)Df(p ' )  by (ii)

^  D sM ' (p ' , 0 )D f ( p ' )  by (iii)

=  D : A ( 0 , f ) D f ( p :) b y ( i ) .

Hence the sufficient condition for local stability at p' (i.e. that D pM ( p ' . f ) has 
eigenvalues with negative real parts) becomes the requirement that all eigenvalues of 
D~A(0. f ) D f ( p ' )  have negative real part. This motivates the following definition.

D efin ition  7.9. A price mechanism is hypcrbolically locally stablt (MLS) i'

1. for each / € -W,,« > t*le function r ►-* .4( z , f )  is C l ,
2. the function / D : A(0, /) is continuous on .VfP<. and
3. for each f € all the eigenvalues of the matrix D : A ( 0 , f ) D f ( p ' )  have 

negative real parts.

Note that the property o f hyperbolic local stability is a property of 1. that is M (p  , ■). 
The behaviour o f M  at prices other that p' is not formally involved.

A mathematically convenient HLS price mechanism called the orthogonal Newton is 

now defined. This mechanism will be shown to contain the ••minimum information" 
required for a price mechanism to be HLS. It is defined as a modification ot the 

(obviously HLS) Newton method.

If F)f(p)  is non-singular. Let D ' f ( p )  derute the orthonormal matrix obtained by- 
applying the Gram-Schmidt process to the columns o f Df{p ) .  This process is denned 

inductively as follows : The first column of D ' f ( p )  is the first column of D}(p )  
normalised to Euclidean norm 1. The (/■ +  l).sf column ol I )  f (p )  is the normalised 
projection of the ( k+ l )s t  column o f F)f(p)  projected onto the orthogonal complement 

o f the hyperspace spanned by the first k columns o f D ’ f (p ) .

Define M ' ( p . f )  -  ( - D ’ f ( p ' ) ) 7f (p )  where the superscript denotes the transpose. 

A t p' we have .4” : R ’‘ x M v' -> R" defined by A ' ( z . f )  =  { - D ' f ( p ' ) r ~)- Also, 
P .  A"(z, f ) D f ( p ' )  -  ( - D " f ( p ' ) ) r Df (p ' )  and the right hand side is an upper iri- 
angular matrix whose j-th  diagonal element is - I M I  where c3 is tlu- j - tli column 
o f D ' f ( p ' )  before normalisation. This implies that M~ is HLS. M "  is called the 

Orthogonal Newton Mcchanism.

T h eo rem  7.10. If .4 is HLS then D ; A{0, •) and i are homotopic as maps from M r' 

to Gl(n) .

Proof. Given / 6 .V t , consider the autonomous linear differential equation on the 

space of ti x n matrices,

B =  D : A ( 0 J ) D f ( p ' ) B  +  D-.4(0, /), B(  0) =  0 (the zero matrix).

Let B { t . f )  denote the solution at time /. Since all the eigenvalues o f/ ;,.4(0, f ) l ) f ( p ' )  
have negative real parts, B { t . f )  converges to ( —I>f (p' ) )  1 =  (./) and the conver­
gence is continuous in / 1:1 . So. the function B • [O.oc] x M,. '  —> R  obtained In
















