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Structured light has gained prominence of late, offering a modern toolkit for controlling
all of light’s degrees of freedom and facilitating many applications. A highly topical
application is the long distance free-space delivery of structured light, essential in clas-
sical and quantum communication, remote sensing, and energy transport. Unfortunately
atmospheric turbulence tends to distort the structure of light, negating many of the ben-
efits. For this reason, laboratory studies of structured light in simulated atmospheric
turbulence are highly desirable in order to study and mitigate these deleterious effects.
Here, we outline how to get started with simulating atmospheric turbulence in the lab-
oratory, from single-phase-screen approximations of weak turbulence to experimentally
simulating long path strong turbulent conditions. Core to our approach is the use of
modern digital tools in the form of digital micro-mirror devices and liquid crystal spa-
tial light modulators, allowing fast, efficient, and realistic conditions to be realized in
the laboratory. We show how to create and pass structured light through the simulated
medium and outline the toolkit available for fast probing of the medium. We highlight
all the potential pitfalls and common errors in this topical field, providing the code to
circumvent them for immediate implementation. Finally, we show how the tutorial can be
extended to the quantum regime, as well as general studies of complex light in complex
media. This tutorial will be beneficial to both a beginner audience wishing to get started,
as well as experienced researchers who wish to unravel the nuances of this approach. ©
2025 Optica Publishing Group. All rights, including for text and data mining (TDM),
Artificial Intelligence (AI) training, and similar technologies, are reserved.
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Structured light in atmospheric
turbulence—a guide to its digital
implementation: tutorial
Cade Peters, Vasilios Cocotos, AND Andrew Forbes

1. INTRODUCTION

Structured light [1] refers to the ability to control light in all its various degrees of
freedom, and to harness that control for improved performance in applications by
tailoring light for a purpose [2]. Notable examples include seeing smaller and with
better resolution in imaging, focusing tighter, larger bandwidths in optical communi-
cation, greater security and information capacity in quantum information processing
and communication, and metrology beyond simple fringes (see the many excellent
reviews [3–8] for more details). Its explosive trajectory has seen the emergence of a
large and active community that is pushing the boundaries with structured light.

A highly topical area of interest is free-space optical communication (FSOC), remote
sensing, energy transport, and long-distance space-to-ground links, all benefiting from
the use of structured light [9]. A particularly well-studied mode is structured light
carrying orbital angular momentum (OAM) [10], extending to quantum light [11,12].
The vast majority of studies aim to unravel the impact of atmospheric turbulence
on structured light, with modern questions including which modes are stable in the
atmosphere and which are not? Is OAM conserved in the atmosphere? What is the
effect of atmospheric turbulence on the fidelity of the modal spectrum? How can
one correct spatial mode distortions? Can machine learning be used to recognize
distorted modes? Consequently, the intersection of structured light and atmospheric
turbulence for free-space spatial mode transport is of paramount interest to a very
large community, returning in excess of 15,000 published works in just the last few
years.

Because real-world atmospheric studies are costly, time consuming, and lack controlled
conditions (you cannot turn the atmosphere on and off), few studies with structured
light have tackled the problem [13–17], and instead it is instructive to do the bulk of the
investigation in the laboratory with experimentally simulated turbulence. Examples
of this include structured light passed over physical systems, such as heater plates
[18,19] and hot air chambers [20] and even natural convection in water [21]. More
recently, the improved performance of digital micro-mirror devices (DMDs) [22,23]
and liquid crystal spatial light modulators (SLMs) [24] has opened up the possibility
of simulating real-world conditions with very high accuracy, and even at speeds to
realistically mimic fast-changing atmospheric conditions. Despite this, the correct
implementation of the theory of structured light and that of atmospheric turbulence
can be daunting. The pitfalls include missing frequency components of the phase
screens, incorrect aberration scaling, incorrect calibration and hologram execution,
incorrect Fresnel scaling for long path turbulence, inappropriate turbulence strength
for single phase screens, and lack of control of the size of the structured light modes
under study.

In this tutorial we unpack how to get started with a modern digital toolkit for experi-
mentally simulating the interaction of structured light in atmospheric turbulence in the
laboratory. We begin with the basic theory, outlined in a salient fashion to be at once



116 Vol. 17, No. 1 / March 2025 / Advances in Optics and Photonics Tutorial

both complete and instructive. We go on to show how to immediately use it for the
construction of computer-generated holograms that simulate atmospheric conditions,
and we show how to test whether the implementation is correct. We cover points
seldom outlined in technical works, including how to execute time-varying turbulence
and how to include long-path and strong turbulence correctly. Throughout the tutorial
we highlight the approach with the use of structured light, and provide the code for
all examples shown in the text. This is the review that we wish had existed prior to
unpacking this ourselves, and as such we believe it will be useful to both newcomers
to the field and experts alike.

2. STATISTICAL MODEL OF TURBULENCE

Understanding the motion of particles in a gas would typically be a calculation in
fluid mechanics. In such cases, one would aim to study the Navier–Stokes equations
which govern most interactions in fluid flow. The movement of gases in the atmo-
sphere create a highly turbulent medium with parameters that makes these equations
famously difficult to solve. To overcome this, Andrey Kolmogorov (in the 1940s) pro-
posed a statistical model for the velocity fluctuations of turbulent flow [25,26] which
was later extended to temperature fluctuations by Oboukhov [27] and Corrsin [28].
Kolmogorov’s theory makes use of dimensional arguments, along with assumptions of
isotropy and homogeneity, to model the cascade of energy in a turbulent medium and
determine the analytical form of several statistical quantities related to the turbulent
flow [29]. A derivation of these laws is provided in Appendix A. In short, it assumes
that the velocity of a particle in a turbulent medium may be treated as a Gaussian
random variable, and the various statistical properties of the velocity (and, hence, the
Gaussian distribution from which it is sampled) can be derived using these scaling
laws and dimensional arguments. One of the most important statistical properties for
our purposes is called the structure function Dv„r” and for Kolmogorov’s model is
given by [30],

Dv„r” =

(
C2
vr2�3, for L0>r>l0,

C2
v l
�4�3
0 r2, for l0>r,

(2.1)

where C2
v is known as the velocity structure constant, L0 is the outer scale and l0 is

the inner scale. The domain of the structure function is simply the spatial coordinate
r 2 f0,1g as the assumption of isotropy removes any directional dependence. We
see a natural extension of this theory to the temperature fluctuations in the medium
[27,28],

DT„r” =

(
C2
Tr

2�3, for L0>r>l0,
C2
T l
�4�3
0 r2, for l0>r,

(2.2)

where C2
T is known as the temperature structure constant. We know that any tempera-

ture change in a medium will alter the optical path length traveled by light through
that medium. Consequently, the turbulent temperature fluctuations create perturba-
tions in the refractive index. Pressure fluctuations are in part also responsible for these
perturbations, but for optical and near-infrared wavelength these are negligible when
compared with the effects of temperature and so can be largely ignored. We cannot
apply the Kolmogorov model to the refractive index directly, as Kolmogorov’s model
assumes the variable of interest is homogeneous, isotropic and has zero mean. We
therefore must break up the refractive index into two terms,

n„r” = n0 + �n„r”. (2.3)

For air, we may take the mean value of the refractive index to be n0 = 1. It is reasonable
to assume that the refractive index fluctuations �n„r” satisfy all the necessary conditions
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to be used in Kolmogorov’s model and can be related to the temperature and pressure
fluctuations via [31,32],

�n„r” = 77.6 � 10�6„1 + 7.52 � 10�3��2”
P„r”
T„r”

, (2.4)

which, for optical and near-infrared wavelengths frequently used in optical communi-
cation, simplifies to [32]

�n„r” � 79 � 10�6P„r”
T„r”

. (2.5)

Since we take the pressure fluctuations to be negligible, we immediately see that the
refractive index structure function will have the same form as the temperature structure
function [32],

Dn„r” =

(
C2
nr2�3, for L0>r>l0,

C2
nl
�4�3
0 r2, for l0>r.

(2.6)

The proportionality constant C2
n is called the refractive index structure constant and is

typically the quoted value when quantifying the strength of atmospheric turbulence.
The larger this value, the greater the fluctuations in the refractive index, and the stronger
we consider atmospheric turbulence to be. However, C2

n is not the most ideal way of
characterizing a turbulent channel as there are additional factors that are not taken
into account. More holistic ways of quantifying the effects of atmospheric turbulence
will be discussed in Section 3. The value for C2

n is challenging to measure directly.
Its value, and thus the strength of the turbulence, is experimentally measured using a
variety of indirect methods [33–35]. From many of these measurements we obtain the
temperature structure constant, which may be related to the refractive index structure
constant as

C2
n =

�
79 � 10�6 P

T2

�2

C2
T , (2.7)

where CT is the same temperature structure constant from Eq. (2.2). In addition to the
structure function, there are several other useful statistical quantities for the study of
turbulence. Their definitions and relations are given in Appendix B. One that we make
use of frequently in this work is known as the power spectral density of the refractive
index and for the Kolmogorov model is given by [36]

�n„k” = 0.033C2
n�
�5�3,

1
l0
>�>

1
L0

, (2.8)

where � is the one-dimensional wavenumber/spatial frequency. If we look at the power
spectral density in three dimensions, � will be raised to the power of �11�3. In most of
our calculations from this point onward, we assume to be working in a regime that lies
comfortably inside the inner scale l0 and outer scale L0. In other words, we let l0 ! 0
and L0 !1. Experimental observation show that this is not always the case, but these
assumptions are required to obtain closed-form expressions of later quantities using
the Kolmogorov spectrum. If one needs to include effects from the inner and outer
scales, alternative models need be used including the Tartarskii, the von Kárman, and
modified atmospheric spectrum. [32].

3. QUANTIFYING ATMOSPHERIC TURBULENCE

As mentioned previously, the refractive index structure constant C2
n is not the ideal

measure for characterizing a turbulent channel. First, it has dimensions of m�2�3 and,
therefore, lacks an intuitive physical interpretation. This prompts the introduction of the
Fried parameter, r0. The Fried parameter has dimensions of length and corresponds to
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the average distance between two points at which the refractive indices are correlated.
For this reason, it is also sometimes called the atmospheric coherence length. For a
channel with uniform C2

n throughout the path length, the Fried parameter is given by
[37]

r0 =
�
0.423k2

„ L

0
C2
n„z” dz

��3�5

=
�
0.423C2

nk
2L

��3�5 , (3.1)

where L is the length of the channel, k = 2��� is the wavenumber, and � is the
wavelength of the light. The assumption that the refractive index structure constant
remains unchanged over the propagation path, i.e., C2

n„z” = C2
n, is valid as long as the

speed at which light propagates is much faster than the time taken for distortions along
the path to change. Typical turbulent channels have a coherence time of between 10
and 100 ms [38] which is more than sufficient even for paths that are several kilometers
long given that the speed of light is approximately 3 � 108 m s�1. A larger value for r0
corresponds to longer correlation lengths and, thus, less-severe turbulence and weaker
distortions. Smaller values of r0 correspond to points only being correlated over short
distances and, thus, more-severe turbulence and stronger induced distortions. While
this quantity is more intuitive, it is important to consider it relative to the optical system
we wish to characterize. Let us assume our system has an aperture of radius D, on the
scale of the size of the optical beam we wish to send through the channel. If the Fried
parameter is larger than the aperture of our system, r0>D, we would not expect there to
be considerable induced distortions from the refractive index fluctuations as they will
be minimal at this scale. If we have D>r0, we would see that the fluctuations are no
longer correlated within our aperture and, thus, we will observe significant distortions
in our spatial profile. Consequently, not only is the correlation length of importance
when characterizing the optical system, but so is the size of the optical field or beam
we wish to send through the system. To deal with these scale considerations and to
allow for greater ease of comparison between systems, it is typical to not only quote
the Fried parameter, but also the dimensionless quantity D�r0, which takes these scale
issues into consideration. We illustrate this visually in Fig. 1(a), where we see that
a channel with larger regions of phase correlation has a larger Fried parameter and,
thus, a smaller value for D�r0 while a channel with smaller correlated regions has a
smaller Fried parameter and, thus, a much larger value for D�r0.

Now that we have a more intuitive way to characterize the refractive index fluctuations
in our channel, we should now consider the effects of propagation on our distorted
optical field. Let us consider an optical channel with a fixed value for r0 and D.
Since the distortions are induced by the accumulation of a random phase, we see
that as the beam propagates further through the channel, the spatial profile becomes
increasingly aberrated. Thus, the performance and efficiency of the optical channel
depends not only on the severity of the refractive index fluctuations, but also on the
distance through which the beam must propagate. The use of parameters such as C2

n,
r0, or D�r0 are therefore not always sufficient to quantify the turbulence strength of a
particular channel. This prompts the introduction of new metric: the Rytov variance
�2
R, which is given by [32]

�2
R = 2.25k7�6

„ L

0
C2
n„z”„L � z”

5�6 dz = 1.23C2
nk

7�6L11�6. (3.2)

It is physically defined as the variance of the log-normal distribution followed by the
irradiance fluctuations of a plane wave that have propagated through Kolmogorov
turbulence. From Eq. (3.2), we see that both the refractive index structure constant and
the propagation path are included in the integrand. Consequently, both the refractive
index fluctuations and the accumulated phase distortions from propagation are all
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Figure 1

Metrics for turbulence. (a) The Fried parameter r0 quantifies the strength of the
refractive index fluctuations and corresponds to the average correlation length of the
phase fluctuations. The smaller the Fried parameter, the stronger the distortion. The
strength of the phase aberration is sometimes quoted as a dimensionless quantity
relative to the aperture diameter of the channel D�r0. (b) The effect of turbulence on
the beam depends on the phase aberration and the distance propagated by the beam.
This is quantified well by the Rytov variance which takes both of these aspects into
account. If one measures/calculates the Rytov variance of a beam at different points
along a channel, one will see that it increases the further the beam has propagated.
(c) The Strehl ratio measures the on-axis intensity of a beam after it has propagated
through a channel, typically using a plane wave or Gaussian beam. The scintillation
index measures variance of the irradiance fluctuations after propagating through the
channel, typically using a Gaussian beam for practical applications.

taken into account when characterizing the channel. A Rytov variance of �2
R<1 is

generally considered weak turbulence whereas �2
R>1 would be considered to be in

the strong regime. Values of �2
R � 1 would be considered to be of a medium strength.

Figure 1(b) illustrates the concept behind the Rytov variance of the channel. If we
use the same channel with a constant Fried parameter r0 and fixed aperture radius
D and observe the beam as it propagates, it becomes increasingly distorted. Thus,
the distances propagated is just as important when quantifying the distortion of the
channel. The effective Rytov variance also increases as one moves through the channel
and, thus, acts as the ideal metric to take into account the distortion from the phase
aberrations as well as the propagation.
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It is important to note that the Rytov variance does not take the aperture/beam size into
account while the measureD�r0 does. No single parameter can capture all the dynamics
and relevant statistics of a turbulent channel and one should carefully consider the
parameter of choice when simulating or reporting the results of tests or investigations
of a turbulent channel. This ensures that an accurate representation of the results is
presented and allows for a fair comparison with other systems and methods.

These metrics are all very valuable and allow for fair and robust characterization of a
simulated channel. However, these parameters are not easy to obtain experimentally.
Additional metrics have been developed which allow for rapid, real-world quantifica-
tion of the turbulence strength. The first of these we look at is the Strehl ratio, SR.
This is defined as the ratio of the average on-axis intensity of the beam through a
turbulent channel to the on-axis intensity in the absence of turbulence. If we assume
the intensity of our beam is some spatially and temporally varying function I„x, y, z, t”
with turbulence and I0„x, y, z” in the absence of turbulence, we may then express the
Strehl ratio as [39],

SR =
hI„0, 0,L, t”i
I0„0, 0,L”

, (3.3)

where L is the length of the channel and h�i represents the time average. In the case of
a plane wave propagated to the far-field, we may relate the value of the Strehl ratio to
the Fried parameter through the following approximation [32]:

SR �
1

�
1 + „D�r0”5�3

�6�5 . (3.4)

Such a parameter is significantly easier to obtain as it can be calculated directly from
intensity measurements taken through the channel. In cases where the intensity in the
absence of turbulence I0 is unknown, such as when measuring the turbulence through
a real-world free space link or, in general, nonlaboratory environments, we can make
use of a parameter known as the scintillation index �2

I . This parameter has a different
analytical form for different beam types, but is measured the same way for all of them
according to [39]

�2
I =
hI2„0, 0,L, t”i � hI„0, 0,L, t”i2

hI„0, 0,L, t”i2
=
hI2„0, 0,L, t”i
hI„0, 0,L, t”i2

� 1. (3.5)

It is normally quoted for a regular Gaussian beam for ease of comparison between
different free space links where parameters such as the Rytov variance, Fried param-
eter, or refractive index structure constant are unknown or difficult to calculate. In
the regime of weak turbulence, the scintillation index of a plane wave can be taken
to be approximately the same as the Rytov variance, i.e., for a plane wave where
�2
R � 1, �2

R � �
2
I . Details and discussion on the scintillation index for weak and

strong fluctuations for plane waves and spherical waves can be found in Ref. [40].
Figure 1(c) illustrates the properties of the beam that the Strehl ratio and scintillation
index test for. Table 1 provides a summary of the parameters discussed in this section.
New studies looking specifically at structured light in turbulence have started to use
new parameters, adjusted or adapted to fit the more unique properties of structured
light. An example is that of a spatially varying scintillation index, which computes
the scintillation index at each pixel in the detector [41]. There is no doubt that as the
research into structured light continues, increasingly suitable and unique metrics will
be developed to aid in quantifying the effects of different media.

The parameters used to quantify atmospheric turbulence in real-world channels can
be determined either from direct measurement of the atmospheric conditions or from
optical parameters obtained from probe beams. However, these are not always easy
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Table 1. Summary of Turbulence Parametersa

Parameter Symbol Units Phase Propagation Beam Scale Easily Measurable

Structure constant C2
n m2�3 X 7 7 7

Fried parameter r0 m X 7 7 7
Turbulence strength D�r0 — X 7 X 7

Rytov variance �2
R — X X 7 7

Strehl ratio SR — X X 7 X
Scintillation index �2

I — X X 7 X
aA summary of the parameters used in quantifying atmospheric turbulence showing the parameters units, whether or
not it takes into account the phase aberration strength, whether or not it takes into account propagation of the beam
through the channel, if it considers the scale of the beam or aperture, and if it is easily measured in experiment.

to obtain. The refractive index structure constant C2
n is the easiest to obtain from

atmospheric measurements using devices such as sonic anemometers [42,43]. Exact
values are highly location specific and can vary greatly depending on factors such as
altitude and temperature. Most numerical investigations choose to simulate channels
with values between C2

n = 1 � 10�10 m2�3 to C2
n = 1 � 10�18 m2�3 [44,45]. The Fried

parameter r0 and turbulence strength D�r0 have been taken to have values ranging
from D�r0 = 0.02 to D�r0 = 20 in a range of numerical investigations, although more
typical values range from D�r0 = 0.25 to D�r0 = 10 [46–50]. Tests and simulations
that make use of the Rytov variance �2

R have it range from �2
R = 0.1 to �2

R = 7 [51,52].
Although most typical short real-world free-space turbulence links (several hundred
meters) have a Rytov variance below 1 [15,53].

It is worth noting that to date there has been very little work examining the agreement
between numerically simulated turbulence and real-world atmospheric turbulence.
This is again due to the difficulty in obtaining all the parameters that might be needed to
accurately replicate the exact realization of a free space link. The vast majority of work
that has sought to validate the various turbulence models has focused on predicting and
measuring the refractive index structure constant C2

n based on various environmental
parameters with some success [54–56]. Some preliminary studies have examined
small artificial turbulence chambers which have showed good agreement between the
theoretical and experimental irradiance fluctuations of the beam [57]. There is some
work looking at real-world free-space links [58], but this aspect remains relatively
unexplored. Examining these comparisons is therefore an open area of research with
many unanswered questions that would be valuable for our understanding of light
propagation through turbulence.

4. MODELING ATMOSPHERIC TURBULENCE

4.1. Phase and Refractive Index Statistics
With a good understanding of how to quantify turbulence, we can now start to look
at some of the statistical principles underlying atmospheric turbulence. We primarily
consider optical fields that propagate in the z-axis of our coordinate system. We assume
that in this direction, the refractive index fluctuations �n„r” are delta correlated. This
means that we assume the refractive index fluctuations are correlated only in the
transverse plane for any fixed value of z. In other words, the fluctuations in the plane
„x, y, z1” are correlated to each other but they are not correlated with any of the points
in the plane „x, y, z2”. While this assumption might seem arbitrary at first, we show
later that to accurately model the effects of turbulence, we only need to apply the phase
aberrations at discrete distances or planes which are all separated by distances much
larger that r0. Consequently, in our practical implementation, the phase perturbation
will indeed not be correlated.
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We may express this delta-correlated property mathematically using the covariance
function Bn„r” as

Bn„r1 � r2” = h�n„r1”�n„r2”i = �„z1 � z2”An„�1 � �2”. (4.1)

Here �„�” is the Dirac delta function, An is the two-dimensional covariance function
for refractive index and � = „x, y” is the spatial coordinate in the transverse plane. This
has the physical interpretation of the power spectral density being independent of the
spatial frequency in the z-direction, kz, and so we may set kz = 0. We may then use
Eq. (B9) to write

Bn„r1 � r2” =
„

�n„q, 0”eik�„r1�r2”d3k

=
„

eikz„z1�z2”dkz
„

�n„q, 0”eiq�„�1��2”d2q

= 2��„z1 � z2”
„

�n„q, 0”eiq�„�1��2”d2q.

(4.2)

Comparing this result with Eq. (4.1) allows us to write

An„r1 � r2” = 2�
„

�n„q”eiq�„�1��2”d2q

= 2�
„ 1

0
dq

„ 2�

0
�n„q”eiq� cos„�”q d�,

(4.3)

where q = „kx, ky” is the spatial frequency coordinate in the transverse plane, q = j jqj j
and � = j j�1 � �2 j j. If we compute the angular integral we obtain

An„�” = 4�2
„ 1

0
q�n„�”J0„q�” dq, (4.4)

where J0„�” is a zeroth-order Bessel function of the first kind.

We now have sufficient information on the statistical properties of the refractive index
fluctuations to move onto the statistical properties of the phase perturbations in our
complex light field. We need the phase’s behavior as the phase is what directly appears
in our description of the complex light field. We may relate the phase change of an
electromagnetic wave propagating through a medium according to [59]

d� = k„n dz + z dn”. (4.5)

We may therefore describe the total phase gained by the beam �„�” to the refractive
index fluctuations along the propagation path �n„�, z” as

�„�” = k
„ z2

z1
�n„�, z” dz. (4.6)

This equation allows us to relate the phase perturbations to the refractive index fluc-
tuations of the channel. We can then use it to relate the statistical properties of the
refractive index fluctuations to the statistical properties of the phase perturbations
which relate directly to our complex light field. The covariance function is given by

B�„�” = h�„�0”�„�00”i = k2
”
h�n„�0, z0”�n„�00, z00”i dz0 dz00

= k2
”

�„z0 � z00”An„�” dz0 dz00

= zk2An„�”

= 2�zk2
„

�n„q”eiq�� d2q,

(4.7)



Tutorial Vol. 17, No. 1 / March 2025 / Advances in Optics and Photonics 123

where we have used Eq. (4.1) in the second line and Eq. (4.4) in the last line and
z = z00 � z0. The power spectral density of the phase is then

B�„�” =
„

��„q”eiq�� d2q

) ��„k” = 2�zk2�n„k” � 0.49
k� 11

3

r
5
3
0

.
(4.8)

From this we can also immediately obtain the structure function for the phase as

D�„r” = h»�„r0” � �„r”…2i (4.9)

= 2
„

��„q” »1 � cos„iq � r”… dq � 6.88
�
r
r0

� 5
3

. (4.10)

The analytical form of the structure function is extremely useful as it is one of the
central statistical quantities governing our theory. With it and the power spectral
density, we can now accurately model the statistics of atmospheric turbulence.

4.2. Simulating Propagation Through a Turbulence Medium
We now have analytical expressions for the power spectral density and structure
function for Kolmogorov turbulence. It now remains for us to find a way to model the
propagation of an arbitrary light field through the perturbed media described by the
statistics described previously.

We know that the electric field E„r, t” behaves as a wave and so must satisfy the wave
equation,

r2E„r, t” �
n2

c2
@2

@t2
E„r, t” = 0, (4.11)

where c = 1�p�0�0 is the speed of light in a vacuum. If one makes the separation
of variables ansatz E „r, t” = U „r”T „t”, where we assume the spatial behavior of the
electric field can be described separately from its temporal behavior, we then obtain
the Helmholtz equation,

r2U„�, z” + k2n2„�, z”U„�, z” = 0. (4.12)

We may then make the paraxial approximation, assuming a nonmagnetic, dielectrically
inhomogeneous medium, to obtain

2ik
@
@z

U„�, z” = r2
?U„�, t” + 2k2�n„�, z”U„�, z” (4.13)

where the refractive index fluctuations are assumed to be small, i.e., �n = „n � 1” � 1.
We see that this equation has the form of a two-dimensional time-dependant
Schrödinger equation,

i~
@
@t

	„�, t” =
�~
2m
r2
?	„�, t” + V„�, t”	„�, t”. (4.14)

In Eq. (4.14), we have a two-dimensional wave function evolving in time t which
experiences a potential given by V„�, t”. In Eq. (4.13) we have a two-dimensional
complex light field evolving in propagation z which experiences an “optical potential”
given by 2k2�n„�, z”. Because of this analogous mathematical structure, it is convenient
to borrow the idea of a time evolution operator e�iHt�~ from quantum mechanics and
apply it to our function U„�, z” that is evolving in propagation. By direct comparison
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with the two-dimensional time-dependant Schrödinger equation (4.14), we see that
the Hamiltonian for the complex light field propagating through the channel is H =
r2
? + 2k2�n„r”. The other factors correspond as follows: ~! 2k and t! �z. The

propagation evolution operator through a complex medium is then

T̂„�z” = e�i
�
�zr2

?+2k2 fl z2
z1
�n dz

�
�2k = e�i

�z
2k r

2
?�i�„�” (4.15)

where U„�, z2” = T̂„�z”U„�, z1”, (4.16)

where we have used the phase-refractive index relation from Eq. (4.6). We see from
Eq. (4.16) that propagation through a medium with a varying refractive index is a
combination of two processes: accumulated, spatially varying phase changes caused
by the medium’s perturbations and expressed by the operator 2k�„�”, and free-space
propagation expressed by the operator r2

?. In general, it cannot be assumed that these
operators commute. However, it has been shown that as long as the refractive index
fluctuations �n is an analytic function (i.e., it can be expressed as a Taylor series in z)
then we may treat them as commutable with only a small loss in numerical accuracy
[60]. This allows us to approximate Eq. (4.16) using a symmetrized split operator [61],

T̂„�z” = e�i
�z
2k r

2
?�i�„�” � e�i

�z
4k r

2
?e�i�„�”e�i

�z
4k r

2
?

= P̂
�
1
2

�z
�
R̂„z1, z2”P̂

�
1
2

�z
�

.
(4.17)

We interpret this as approximating the full operator as a combination of three succes-
sive operators. The first operator P̂ „�z” represents vacuum propagation by a distance
�z. The second operator R̂„z1, z2” represents the accumulated phase perturbations
obtained during propagation from the plane z1 to plane z2. The third is the vacuum
propagation operator again. Such an approximation is accurate up to second order and
is demonstrated visually in Fig. 2 for a channel of length �z. In order to replicate a
turbulent channel either numerically or experimentally, we therefore begin with some
initial complex two-dimensional light field and propagate it a distance �z�2. We then
add on the accumulated perturbation phase from the entire channel as a single-phase
term. This is followed up by propagating the field with this perturbation phase an
additional length �z�2 to the end of the channel.

In numerical simulation, the propagation steps can be applied through a number of
well-known numerical propagation techniques. It is recommended that whatever the
technique used, it can be applied to an arbitrary transverse field as we need to propagate
the perturbed field in the third step. The most common method is known as angular
spectrum propagation and detailed discussion and example MATLAB code can be
found in Ref. [62]. To apply the refraction operator in numerical simulation, we simply
multiply the field by the perturbation phase in the form of a turbulence phase screen;
once it has been propagated halfway through the channel. The generation of turbulence
phase screens is discussed in Section 5.

In experimental simulations of turbulence, nature takes care of the propagation steps if
we simply allow for sufficient space between the light field generation and the detector.
The perturbation phase would require an optical element capable of applying a spatially
varying phase onto the incoming field. There are several static elements that can do
this including turbulence phase plates and specially designed metasurfaces. However,
the most flexible approach is a digital one that involves the use of liquid crystal SLMs
or DMDs. Such devices are preferable as the programmed phase aberration can be
changed on demand by loading a new digital hologram onto the screen. This is in
contrast to the static phase of the phase plates and metasurfaces which require manual
movement or replacing. The generation of SLM and DMD holograms is discussed
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Figure 2

Symmetrized split-step operator. We may numerically (and experimentally) simulate
the effects of atmospheric turbulence to a high degree of accuracy by making use
of the symmetrized split operator approach. Here we propagate our initial optical
field half the distance of the full channel 1

2�z. This is followed by applying a single
phase “screen” to the beam representing the accumulated phase perturbations of the
of the entire channel. We then propagate the beam, with this perturbation phase, the
remaining length of the channel 1

2�z.

in Section 7 but also requires information of the perturbation phase in terms of a
turbulence phase screen.

4.3. Modeling a Thick Atmospheric Medium
For many turbulent conditions the operator provided in Eq. (4.17) is more than suf-
ficient to model atmospheric turbulence in wave optics simulations or in experiment.
However, the operator is derived from the stochastic paraxial Helmholtz equation
which assumes that �n � 1. This approximation holds only in weak turbulence (�2

R<1)
where the phase perturbations are small. In the case of moderate or strong turbulence,
the phase fluctuations are much more severe and, thus, the approximation of �n � 1
is no longer true. We thus cannot use the operator in Eq. (4.17) for moderate or strong
turbulent channels.

We may still overcome this limitation by making use of the split-step method. In
this approach we break up our strong turbulent channel of length L into smaller
segments/unit cells of length �z. The value for �z is chosen such that for that unit cell
of the channel we are in the weak turbulence regime and we may use our operator in
Eq. (4.17). We are thus taking the channel operator T̂strong„L” and breaking it up into
a sequence of N operators each representing the action of weak turbulence. We may
write this as

T̂strong„L” = T̂N„�z”T̂N�1„�z” � � � T̂2„�z”T̂1„�z” where T̂j„�z” = e�i
�z
4k r

2
?e�i�j„�”e�i

�z
4k r

2
? .

(4.18)
We see that the only difference between each of the operators T̂j„�z” is the spatially
varying perturbation phase �j„�”. We visually show the implementation of these
operators in Fig. 3.

As illustrated in Fig. 3, we use our operator as described in Eq. (4.18). We begin with
an arbitrary complex light field and propagate it half the distance of a single unit cell. A
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Figure 3

Simulating thick media. Some highly aberrated, thick or extended media cannot be
accurately simulated with a single symmetrized split operator. In these cases we divide
the channel into smaller segments or unit cells. The length of each unit cell is chosen
so that, within that segment, the symmetrized split operator is accurate. The input
optical field is then exposed to repeated applications of the turbulent phase for that
segment and vacuum propagation equal to the length of each unit cell. This is repeated
a number of times equal to the number of segments/unit cells.

Algorithm 1. Simulating the propagation of a complex light field through a thick complex
channel

turbulence phase screen representing the action of the operator R̂„zj, zj+1” is then added.
In numerical simulation this would be done through the element-wise multiplication
of a phase screen while experimentally this would be done by impinging the field
onto the screen of an SLM or DMD with the phase screen hologram programmed
onto it. We then propagate the beam the remaining half of the first unit cell plus the
first half of the second unit cell (a distance 2 � 1

2�z = �z) using the angular spectrum
propagation technique in numerical simulation or allowing for free-space propagation
in the experiment. This process is then repeated N number of times for propagation
through the entire channel. For the last unit cell, we only propagate a distance 1

2�z
after the phase screen. The recipe has been described in Algorithm 1.

Now that we have a rigorous framework with which to simulate atmospheric turbulence
both numerically and experimentally, we must now determine how to choose correct
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values for the number of segments in our channel (i.e., the value for N) and the severity
of the phase aberration at each segment (i.e., the value of r0 for each turbulence phase
screen). To do this, we return to our definitions for the Fried parameter, r0, and Rytov
variance, �2

R, in Eqs. (3.1) and (3.2), respectively. Since our method takes a continuous
volume of aberrations and breaks it up into a discrete number of phase screens, we
must change our integral in Eq. (3.1) into a discrete sum,

r0 =

 

0.423k2C2
n

NÕ

j=1

�zj

!� 3
5

, (4.19)

where we have divided our channel into N segments and assume that our refractive
index structure constant is uniform throughout the channel. This is valid as long as we
assume our path is horizontal in nature; if not, the structure constant C2

n„z” must be
appropriately adjusted at each step. We assume each segment is of equal length and
so �zj = �z = L�N, where L is the total path length. From this, we are able to find the
Fried parameters for each of the segments r0,s (which are needed for generating the
individual phase screens),

r0,s =
�
0.423k2C2

n�z
�� 3

5 , (4.20)

and the Fried parameters for the entire channel r0 (which is needed to quantify the
turbulence strength of the entire channel). These are related, via Eq. (4.19), as follows:
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(4.21)

One of the implications of Eq. (4.21) is that the Fried parameter of the entire channel
is larger than the Fried parameters of each individual segment and screen. To obtain
a discretized form of the Rytov variance, we perform a similar procedure and change
the integral in Eq. (3.2) into a discrete sum,

�2
R = 2.25k

7
6C2

n

NÕ

j=1

„L � z”
5
6 �z. (4.22)

If we position the screens in the center of each of the segments and ensure that each
segment is of equal length, we obtain on expression for zj,

zj =
L

2N
+
L„j � 1”

N
, (4.23)

and, thus, we get the following expression for the discrete Rytov variance:
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R = 2.25k
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6C2

nL
5
6
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1
N

�
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1
2

�� 5
6

�z. (4.24)

Since we define the power spectral density of our phase screens in terms of the
Fried parameter, it is useful to also express our Rytov variance in terms of the Fried
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parameter of each segment so that we can more easily see the link between the two.
This relationship is obtained by combining Eqs. (4.20) and (4.24) to obtain

�2
R = 5.32k�

5
6L

5
6 r�

5
3

0

NÕ
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�
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1
N

�
j �

1
2

�� 5
6

=
NÕ

j=1

�2
R,j. (4.25)

4.4. Determining the Number of Phase Screens
A very important question to ask is how many phase screens are sufficient to accurately
model the channel one is trying to simulate. Over the years, many criteria have been
suggested, all of which relate to the assumption of being in the weak turbulence
regime. As discussed previously, a single phase screen can only accurately model
weakly aberrating channels and cannot accurately replicate the distortion induced by
moderate or strong turbulence. We therefore need to choose the number of phase
screens in the simulation or experiment such that each unit cell imparts the equivalent
of a weak aberration while the cumulative affect of all the unit cells together imparts
the desired aberration of the full channel. To enforce this weak distortion condition,
initial models set a criterion requiring that the scintillation induced by a single unit cell
cannot be greater than 10% of the total scintillation of the channel, i.e., �2

R,j<0.1�2
R,j

[63–66] while others have placed restrictions on a quantity called the log-amplitude
variance (usually denoted by �2

�) for which the log-amplitude variance �2
�,j for a unit

cell cannot be more than 20% of the total log-amplitude variance �2
� for the channel

[67]. While these approaches work well as they ensure that no single screen is primarily
responsible for the aberration induced by the channel, they do not directly ensure that
each screen induces only a weak perturbation. This is because if the total scintillation
is very high, even 10% of that scintillation might still fall outside of the weak regime.
A more rigorous way of ensure only weak scintillation within each unit cell is to
place restrictions on one of the quantities that describe the turbulence strength of
the unit cell, independent of the total channel strength. This has been done by placing
restrictions on the scintillation index of the unit cell �2

I,j [68] and on the Rytov variance
of the unit cell �2

R,j [52,69,70]. These two quantities are similar in a lot of cases and so
the criteria are equivalent. From a theoretical viewpoint however, more complex beam
shapes (including even the fundamental Gaussian beam) mean that the scintillation
index �2

I alone is not sufficient to indicate weak scintillation and additional parameters
and criteria are required. We therefore use the Rytov variance �2

R to set our criteria,
as it is always defined for a plane wave and has the most straightforward analytical
expression.

In order to set our maximum threshold for the Rytov variance, we make use of
some concepts from the Rytov approximation theory of atmospheric turbulence. A
very thorough explanation of this theory can be found in Ref. [36]. To summarize,
the Rytov approximation assumes only weak perturbations to the field such that the
refractive index profile of the volume is given by n2„r” � 1 + 2�n„r” so that Eq. (4.12)
becomes

r2U„r” + k2U„r” = 2�n„r”k2U„r”. (4.26)

We then assume that the solution to this equation takes the form

U„r” = U0„�, z”e „�,z”, (4.27)

where U0„�, z” is the unperturbed field,  „�, z” is the three-dimensional complex
perturbation to the unperturbed field due to the refractive index variations in the
medium, � = „x, y” is the transverse position vector, and z is the longitudinal position.
Using this theory, which assumes weak, phase only fluctuations to the field, one finds
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that irradiance fluctuations induced by the medium on a plane wave have a log-normal
distribution [71]. The variance of this distribution depends on the strengths of the
scintillation of the channel and is called the Rytov variance, �2

R. This theory is also
what allows us to approximate the Rytov variance�2

R to the scintillation index�2
I in the

weak fluctuation regime. We can test this approximation numerically or experimentally
by using our single-phase-screen approach as seen in Fig. 4(a) by propagating a plane
wave (or a suitable approximation thereof) through our simulated channel. The value of
the Rytov variance �2

R at which this approximation breaks down will be our threshold
for the weak scintillation regime with a single screen. Simulated results for this test
are shown in Fig. 4(b) for encoded Rytov variances ranging from �2

R = 0 to �2
R = 2.

We see that the approximation holds until just after �2
R = 1. Thus, for any channel with

Rytov variance that satisfies �2
R<1, we can consider it to be in the weak scintillation

regime and model it using only one phase screen.

Enforcing the threshold is straightforward due to the structure of Eq. (4.25). The Rytov
variance decreases as we move through one segment to the next. This implies that the
closer the phase screen is to the source of the light field, the greater its contribution
to the distortion of the beam at the receiver. This makes intuitive sense as the phase
aberrations in earlier screens along the path will have significantly more propagation
distance to manifest themselves as phase and amplitude perturbations when compared
with aberrations introduced later in the propagation path. Thus, to ensure each unit
cell remains in the weak turbulence regime and meets our imposed threshold of �2

R<1,
we simply need to enforce the condition that the Rytov variance of the first segment
j = 1 meets this criteria, i.e.,

�2
R,1 = 5.32k�

5
6L

5
6 r�
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�
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1
N

�
1
2

�� 5
6

<1. (4.28)

We may now model a channel of any strength �2
R (weak, medium, or strong) and

any distance L by simply selecting an appropriate number of segments N and the
appropriate Fried parameter for the phase screen in each segment, r0,s such that the
inequality in Eq. (4.28) is satisfied. It is important to note that �2

R = 1 is the maximum
we wish to set for each unit cell, but the threshold can be lowered to any value below
that and the approach will still be valid. This is useful if one wishes to use the same
experimental setup to simulate different turbulence strengths.

It is instructive to look at a typical example of deciding what parameters to use in an
experiment. Since the Fried parameter r0 is normally the easiest and least restrictive
parameter to set due to the use of digital holograms, it can be our free parameter, to
be solved for given the desired Rytov variance of the channel and other laboratory
parameters. Let us suppose one wishes to simulate three different turbulence strengths
�2
R = 0.5, 1.0, and 1.5 using a He–Ne laser (wavelength � = 633 � 10�9 nm) and a

total path length of 3 m. One then performs an iterative procedure to find the number
of screens needed and the Fried parameter for the screens r0,s. We begin by setting the
Rytov variance threshold for each unit cell �2

R,thresh and calculating the Fried parameter
for each screen r0,s (given by Eq. (4.20)), the Rytov variance of the first screen �2

R,1,
(given by Eq. (4.28)), and the Rytov variance of the channel �2

R (given by Eq. (4.25)).
If these parameters do meet our desired values, we then go with N = 1 screen and use
the calculated Fried parameter. If not, then we increase the number of screens to N = 2
and repeat the calculation and check if the new values meet our criteria. This process
is repeated, each time increasing the number of screens, until the desired criteria are
met. MATLAB code for performing this procedure can be found on the Github page
mentioned in Section 12. As a result, we find that with the criteria �2

R,thresh = 0.3, 0.6,
and 0.9 for the three different turbulence strengths �2

R = 0.5, 1.0, and 1.5, we may use
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Figure 4

Weak scintillation regime. (a) To simulate the propagation of a plane wave through
a weakly turbulent channel, we begin with a square array of uniform phase and
amplitude. This is propagated half the length of the channel, where it is perturbed by a
phase screen representing the cumulative phase perturbation of the channel. It is then
propagated to the end of the channel, where the on-axis intensity is measured. The
on-axis intensity is recorded several times through various iterations of phase screens
with different profiles but the same Fried parameters r0 to calculate the scintillation
index �2

I . (b) Plot showing the encoded Rytov variance �2
R of the single-phase-screen

channel and the measured scintillation index �2
I of the plane wave at the output of the

channel. We see that they are approximately equal up until �2
R = 1. Each data point

was calculated using 1000 iterations at the same Fried parameter r0.

three screens in each case and have a unit cell Fried parameter of r0,s = 0.081, 0.11,
and 0.16 mm, respectively.

5. GENERATING TURBULENCE PHASE SCREENS

We now know that we can model the effects of weak atmospheric turbulence (�2
R<1)

through the applications of a spatially varying phase perturbation followed by vacuum
propagation. Numerically and experimentally, this phase perturbation takes the form
of a turbulence phase screen which is an array or grid with the various spatially
varying phase retardance values as the elements in the array. We must now find a
way to generate these phase arrays/screens so that they correctly produce the statistical
effects discussed in Section 2. There are many methods used in the literature to do this.
The first method, which we refer to as the Fourier phase screen method, leverages our
knowledge of the perturbation’s spatial frequency decomposition (the power spectral
density) and the discrete Fourier transform to allow for fast and accurate generation of
phase screens. The second method, which we call the Noll phase screen method, makes
use of the Zernike polynomials. These polynomials form a complete and orthogonal
basis over the unit circle, making them ideal to describe many kinds of phase or
wavefront aberration.

5.1. Fourier Phase Screens
The Fourier phase screen method requires us to construct our phase screen in
the frequency domain, not in the spatial domain [63,72,73]. We discretize the
two-dimensional frequency domain into a finite number of evenly spaced spatial fre-
quencies. We then assign each of these frequencies a complex weighting coefficient,
cnm, based on the properties of the turbulent channel we wish to simulated. We can
then perform an inverse discrete Fourier transform to easily generate our desired phase
screen. To correctly perform this procedure, we need to first determine the appropriate
spacing between the discrete spatial frequencies we wish to use and how to correctly
sample or choose the various complex weighting coefficient cnm.
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We begin by noting that any discrete two-dimensional function such as the simulated
phase screen, �„xp, yq”, can be written as a Fourier series expansion

�„xp, yq” =
Õ

n

Õ

m

cnme2�i» npN +mq
M …. (5.1)

Here we have the discrete spatial coordinates „xp, yq”where p and q index each discrete
pixel and have values p = 1, : : : ,N and q = 1, : : : ,M. We also define the sample/pixel
spacing in the spatial domain to be �x in the horizontal direction and �y in the
vertical direction. We therefore have xp = p�x and yq = q�y with the side lengths
of our phase screen being Lx = N�x and Ly = M�y in the horizontal and vertical
directions, respectively. From Eq. (5.1), we can easily find the Fourier coefficients to
be

cnm =
1

NM

Õ

p

Õ

q

�„xp, yq”e�2�i» npN +mq
M …. (5.2)

However, based on our previous discussions on the Kolmogorov model, we have no
knowledge about individual realizations of turbulence and can only make statements
about the statistical properties of the phase screens. In other words, we can currently
only make statements about the phase perturbations on average, over many different
realizations of atmospheric turbulence. To move from knowledge about the ensemble
to knowledge about individual realizations, it is useful to examine how the weighting
coefficients vary over all the realizations. One way to do this is to look at the variance
of these coefficients, which can be computed as follows:
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(5.3)

Here fx,n and fy,m are the discrete spatial frequencies in the horizontal and vertical
directions, respectively. We see from the previous description that the variance of
the Fourier weighting coefficients hjcnm j2i is directly related to the power spectral
density of our phase screen. Equation (4.8) gives us an analytical expression for the
Kolmogorov power spectral density. This tells us that to determine the weighting
coefficients for a given realization of turbulence, we sample each value of cnm from a
normal distribution with mean 0 and variance �2 = �„fx,n, kf ,m”�„LxLy”.

The process for generating Fourier phase screens is shown visually in Fig. 5. We
begin by defining a grid/array which will represent the discrete coordinates in the
Fourier/frequency domain, as shown in Fig. 5(a). The pixel size and side lengths for
this grid will be �fx = 1�Lx and N�fx and �fy = 1�Ly and M�fy in the horizontal and
vertical directions, respectively. Here, N �M is the resolution of the phase screen in
the spatial domain we wish to generate. Each pixel in this array represents the complex
weighting coefficient cnm for each spatial frequency. The real and imaginary values
for each cnm and, thus, for each element in our array/grid can then be sampled from
a normal distribution with mean 0 and variance �2 = �„fx,n, kf ,m”�„LxLy” as shown
in Fig. 5(b) Such sampling can be done using the randn() function in MATLAB
or the numpy.random.randn function in Python. We may finally perform an
inverse Fourier transform (or inverse discrete Fourier transform since we are working
with arrays) to obtain our turbulence phase screen in the spatial domain. This is
shown in Fig. 5(c). This inverse Fourier transform effectively sums each of the spatial
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Figure 5

Generating Fourier phase screens. (a) We begin by defining a grid/array with pixel
sizes �fx and �fx and side lengths N�fx and M�fy. (b) Each element of this array
is a complex number whose real and imaginary parts are sampled from a normal
distribution with a variance proportional to the power spectral density �„fx,n, kf ,m” and
inversely proportional to the side lengths of the desired phase screen in real space
LxLy. (c) An inverse discrete Fourier transform is performed on this grid to obtain the
turbulence phase screen in the spatial domain. The inverse Fourier transform effectively
sums all the weighted contributions of each spatial frequency in our Fourier domain
to form the turbulence phase screen.

frequencies in our Fourier domain, weighted by their respective coefficient cnm, to
form our turbulence phase screen.

We may determine the accuracy of these phase screens in two ways: by directly
calculating the structure function of the screens according to Eq. (4.9) and comparing
it with Eq. (4.10) or by calculating the Strehl ratio in wave optics simulations with the
screens according to Eq. (3.3) and comparing it with Eq. (3.4). The results of both these
tests are shown in Figs. 6(a) and 6(b), respectively, for the 0 subharmonic case. We
clearly see that for both tests, the results differ greatly from the theoretically predicted
values. This can be explained by looking specifically at Fig. 6(a) and observing that the
simulated value increasingly differs for longer range correlations. This means that our
method of sampling spatial frequencies does not sample frequencies with sufficiently
long wavelengths. To overcome this, we implement the method of subharmonics which
is explained in the next section.

5.1a. Subharmonic Sampling
We have now discussed a well-known method of naïvely producing a turbulence
phase screen using Fourier transforms. However, these screens fall short in accurately
reproducing our known analytical results for atmospheric turbulence. To understand
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Figure 6

Fourier phase screens. (a) The numerically calculated structure function D�„r” of
Fourier phase screens calculated for 0, 2, 5, 7, and 10 subharmonics (dashed lines)
compared with the analytical expression (solid line). (b) The numerically calculated
Strehl ratio SR of plane waves aberrated with Fourier phase screen calculated for
0, 2, 5, 7, and 10 subharmonics in the far-field (dashed lines) compared with the ana-
lytical expression (solid line). (c) A collage of Fourier phase screens with each row
showing screens with increasing turbulence strength D�r0 = 2, 2.5, 3.3, 5, and 10.
Each screen has the same aperture size of D = 1 mm and decreasing values of r0.
The columns indicating an increasing number of subharmonics with the specific
subharmonics of 0, 2, 5, 7, and 10.
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Figure 7

Subharmonic sampling. (a) We isolate a square of twice the unit side length around the
origin of our phase profile in the Fourier domain. (b) We divide this small square into a
3 � 3 grid and use these new, small grid squares to sample smaller frequencies. (c) We
can repeat this process up to an arbitrary number of subharmonics where the sizes of
the grids are determined through the shown dimensions, where b is the subharmonic
we are sampling.

why, we consider the form of our energy spectrum/power spectral density given by
Eq. (2.8). Here, the wavenumber is raised to the power of �11�3. Thus, very low
frequencies will have a significant contribution to the overall field. The smallest
frequencies sample by our method are given by the reciprocal of our field’s size in
real space: �fx,n = 1�Lx and �fy,m = 1�Ly. To ensure frequencies smaller than these are
included in the spectrum, we employ a technique known as subharmonic sampling
[72,74,75].

We begin by focusing on the region of twice the unit side length around the origin in
the Fourier domain (as it contains information on the lowest frequencies) and divide it
into a three-by-three grid. The sides of the central grid square are therefore located a
distance of 1�3 of the units from the origin. Figures 7(a) and 7(b) illustrate this visually.
This new, smaller grid gives us access to what is called the first subharmonic and
allows us to sample smaller frequencies and consequently more accurately construct
the phase screen using the method described in the previous section. We can repeat
this process, each time using the central square from the previous subharmonic to
sample decreasingly lower frequencies and obtain an ever more accurate phase screen
reconstruction. It is important to note that since these subharmonic grids consist of
pixels that are smaller than the pixels used to sample the higher frequencies (by a factor
of 1�3 for each subharmonic), we must adjust the amplitudes of the subharmonic terms
(i.e., the cnm terms) by a factor of „1�3”b, where b is the number of the subharmonic.
We can express this subharmonic sampling as
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n

Õ
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Here, the term with n = m = 0 is not summed over. The coefficients for the subhar-
monic grid are sample from a Gaussian distribution with mean zero and variance
of

�2 =
�
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. (5.5)

Once these subharmonic terms have been calculated, they can be added to the naïvely
computed phase screen with only the high frequencies from our naïve approach in the
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previous section. Thus, our total phase screen is given by
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Fourier phase screens with various turbulence strengths and various numbers of sub-
harmonics are shown in Fig. 6(c). We note that the addition of more subharmonics
creates more prominent, long-range periodic features as seen by the appearance of
phase discontinuity lines spanning the length of the phase screens with larger numbers
of subharmonics. We also see that stronger turbulence (characterized by a smaller Fried
parameter r0) results in phase screens with more rapidly changing phase features, cor-
responding to the more rapid refractive index fluctuation described in Kolmogorov’s
theory.

One question then remains: what is a suitable number of subharmonics to accurately
recreate the effects of atmospheric turbulence? Each additional subharmonic can
mean a noticeable increase in computation time when generating phase screens, but
also means increased accuracy. It is therefore important to determine the appropriate
number of subharmonics to sufficiently replicate the effects of turbulence while also
allowing for computational efficiency. To investigate this, we can perform the same
two computational tests as before: directly calculating the structure function and Strehl
ratios according to Eqs. (3.3) and (4.9), respectively, and comparing the numerical
results to the analytical expressions in Eqs. (3.4) and (4.10), respectively. The results
are shown in Figs. 6(a) and 6(b) for subharmonics 0, 2, 5, 7, and 10. We see that with the
addition of more subharmonics, the closer the numerical results for both the structure
function and the Strehl ratio are to the theoretical values, validating our decision to
use the subharmonic sampling method for increased accuracy. The structure function
shows very little improvement after seven subharmonics whereas the Strehl ratio shows
only small improvements after five subharmonics. In this work, we are interested in
simulating the effects of atmospheric turbulence on light fields. Since the Strehl ratio
uses results from the intensity of the aberrated light fields and is something that can
be measured directly in both numerical simulations and in the laboratory, we use its
findings as a guide and, unless otherwise stated, generate Fourier phase screens with
five subharmonics for the remainder of this work.

5.2. Noll Phase Screens
Another method commonly used to generate turbulence phase screens makes use of
Zernike polynomials. Zernike polynomials form a complete and orthogonal basis on
the unit circle meaning they can be used to reconstruct virtually any phase perturbation.
Each Zernike polynomial is associated with a specific type of aberration. As an
example, there exists a Zernike polynomial Z2

0 which corresponds to the defocus
aberration, whereas the polynomial Z1

1 is related to the tilt experienced by a beam.
By using these polynomials to describe atmospheric turbulence, we are effectively
decomposing atmospheric turbulence into a superposition of much simpler, well-
known aberrations [76,77].

Zernike polynomials Zm
n are traditionally indexed by two integers, with n primarily

indexing the radial component and m indexing the azimuthal coordinate. However,
such an indexing scheme makes it challenging to implement the algorithms relevant
to Zernike polynomials and, for our purposes, make it challenging to construct a tur-
bulence phase screen. Many alternative methods of indexing and ordering the Zernike
polynomials have been developed to get around this. One can use any ordering scheme,
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so long as one is consistent and appropriately adapts the procedure for generating tur-
bulent phase screens to their chosen ordering scheme. For the remainder of this work,
we will make use of the Noll ordering convention, established by Noll in 1976. The
Noll index j of an arbitrary Zernike polynomial Zm

n can be determined from its indices
n and m via [76]

j :=
n„n + 1”

2
+ jmj +

8>>>>><
>>>>>:

0, m>0 ^ „n mod 4” 2 f0, 1g,
0, m<0 ^ „n mod 4” 2 f2, 3g,
1, m � 0 ^ „n mod 4” 2 f2, 3g,
1, m � 0 ^ „n mod 4” 2 f0, 1g.

(5.7)

The analytical form for the Zernike polynomials is therefore given as follows [78]:
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(5.8)

where r is the radial coordinate and � is the azimuthal coordinate. The radial component
is given by

Rm
n „r” =

„n�m”�2Õ

s=0

„�1”s„n � s”!
s!»„n + m”�2 � s…!»„n � m”�2 � s…!

. (5.9)

The first 15 Zernike polynomials are shown in Fig. 8 for reference. Their unique
properties of completeness and orthogonality over the unit circle allow us to expand
any real, arbitrary function, such as our turbulent phase �„r, �”, over this domain as a
linear superposition of Zernike polynomials,

�„r, �” =
1Õ

j=0

ajZj, (5.10)

where j is the Noll index given by Eq. (5.7), Zj is the Zernike polynomial with Noll
index j, and aj is its associated, real-valued, weighting coefficient. In practice, as we
may only use a finite number of Zernike modes in our construction, we must restrict
the sum up to some maximum number of modes, Nmax.

From our previous discussions, one may further expect that the Zernike scaling coef-
ficients aj can be described as Gaussian random variables with zero mean, and a
particular variance related to the turbulence strength and perhaps the particular mode.
However, it was shown by Noll that the appearance of Zernike modes in the expansion
in Eq. (5.10) and by extension the coefficients aj are not statistically independent. It
was shown that the weighting coefficients have the following covariance [76,77]:

hajaj0 j =i
Kmm0�mm0�»„n + n0 � 5�3”�2…„D�r0”5�3

�»„n � n0 + 17�3”�2…�»„n0 � n + 17�3”�2…�»„n + n0 + 23�3”�2…
, (5.11)

where �mm0 is the Kronecker delta and Kmm0 is given by

Knn0 =
�„14�3”»„24�5”�„6�5”…5�6»�„11�6”…2

2�
„�1”„n+n0�2m”�2

p
„n + 1”„n0 + 1”. (5.12)

We see that this covariance is always 0 for Zernike Modes Zm
n and Zm0

n0 if we have
m , m0. We therefore must find a way of relating our set of weighting coefficients aj
to some other set of variables that are statistically independent. To achieve this we
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Figure 8

Zernike polynomials. An array of the 15 lowest-order Zernike polynomials and the
common optical aberration that they quantify. We see that higher-order Zernike
polynomials have more complex and rapidly varying features.
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first express the covariance of the weighting coefficients aj in the form of a covariance
matrix as follows:

C = hAATi =

2666664

ha2a�2i � � � ha2a�Ni
... . . . ...

haNa�2i � � � haNa
�
Ni

3777775

, where AT = »a2 a3 � � � aN… . (5.13)

We have neglected the Zernike polynomial Z1 = Z0
0 as we are interested in representing

the phase variations and the piston aberrations is simply the addition of a flat global
phase. Figure 9(a) shows a plot of the Noll covariance matrix. We can see from its form
that while it is a symmetric matrix, there are several off diagonal elements visually
indicating that the Zernike weighting coefficients aj are not independent from each
other. We may perform a singular value decomposition (SVD) on C to obtain the
following:

C = USUy, (5.14)

where U is some unitary matrix and S is a matrix that is guaranteed to be diagonal.
The Noll covariance matrix C is expressed in the Zernike modal basis. Because S is
diagonal, we can interpret the matrices U and Uy as mapping our Noll covariance
matrix C to and from a basis whose basis elements are linearly and statistically
independent. In other words, if we apply the matrix Uy onto our weighting coefficients
vector A, it will map from the Zernike modal basis to another basis with different
elements weighted by coefficients bj, where each bj is statistically independent from
the others. We therefore have

B = UyA , A = UB, where BT = »b2, b3, � � � bN… , (5.15)

and so the covariance matrix of these bj is

hBByi = hUyAAyUi = UyhAAyiU = UyCU = S. (5.16)

Since S must be diagonal, the covariance matrix of the coefficients bj is diagonal
and so each bj is statistically independent. The coefficients bj are known as the
Karhunen–Loèv coefficients and their variance is the same as the Zernike weight-
ing coefficient aj [77]. This can be seen in the relation in both Eqs. (5.15) and (5.16).
Because they are statistically independent, we may then sample each bj from a normal
distribution of mean 0 and a variance given by the appropriate element of the Noll
covariance matrix haja�j i.

Figure 9 shows the process for generating the Noll phase screens. We begin by generat-
ing the Noll covariance matrix according to Eq. (5.11) with the appropriate dimensions
for the number of Zernike polynomials we wish to include in our decomposition as
shown in Fig. 9(a). We then use the diagonal elements of this matrix to define the
variance of the Karhunen–Loèv coefficients bj, which we use to build our vector B
as shown in Fig. 9(b). We then perform an SVD on the Noll covariance matrix C
and multiply the unitary matrix U with the vector B to obtain the vector A according
to Eq. (5.15). We subsequently use the elements of the vector A as the weighting
coefficients for each of our Zernike polynomials. The sum of all of these Zernike
polynomials multiplied by their respective weighting coefficient then gives us our
turbulence phase screens as shown in Fig. 9(b).

We may determine the accuracy of our Noll phase screens in the same two ways
as before: by directly calculating the structure function of the screens according
to Eq. (4.9) and comparing it with Eq. (4.10) or by calculating the Strehl ratio in
wave optics simulations with the screens according to Eq. (3.3) and comparing it
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Figure 9

Sampling Noll coefficients. (a) The Noll covariance matrix C = haja�j i for the first
21 modes according to the Noll ordering convention. (b) The Noll coefficients aj
are determined by first sampling the Karhunen–Loèv coefficients bj from a normal
distribution with mean 0 and variance haja�j i. This vector is multiplied by the unitary
matrix U obtained from the SVD of the Noll covariance matrix to obtain the Noll
weighting coefficients. (c) The turbulence phase screen is obtained by summing all
the Zernike polynomials weighted by their respective Noll coefficient.

with Eq. (3.4). The results of both these tests are shown in Figs. 10(a) and 10(b),
respectively, for N = 21, 50, and 128 Zernike modes. We see excellent agreement with
the theory in both cases. For the Strehl ratio, there is barely any improvement in the
measured Strehl ratio. We see slight improvement in the structure function for higher
numbers of Zernike modes, especially in the regime of longer-range correlations.
Several Zernike phase screens for various turbulence strengths and maximum number
of Zernike modes N are shown in Fig. 10(c). We see that for increased turbulence
strengths (characterize by a smaller Fried parameter r0) there are more and more
rapid spatial variations in the phase profile. This corresponds with the fact that larger
turbulence strengths should have more rapidly varying spatial phase variations. We
also see that an increased number of maximum Zernike modes leads to more rapid,
smaller, and smoother variations in the phase profile.

6. STRUCTURING LIGHT WITH COMPUTER-GENERATED HOLOGRAMS

Terrestrial and satellite FSOC has become extremely prominent in recent years driven
by a need for higher data-transfer rates and the potential to bridge the digital divide in
many areas around the world in a manner that is cheap and license free. Here, structured
light has begun to shine as methods of mode-division and space-division multiplexing
have shown their ability to increase the efficiency and reliability of FSOC systems. As
such, it is vital to investigate the effects of atmospheric turbulence on these structured
modes to determine their viability and performance for real-world applications. In
this section, we give a brief overview of two common forms of spatially structured
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Figure 10

Noll phase screens. (a) The numerically calculated structure function D�„r” of Noll
phase screens calculated for a maximum number of Zernike modesN = 21, 50, and 128
(dashed lines) compared with the analytical expression (solid line). (b) The numerically
calculated Strehl ratio SR of plane waves aberrated with Noll phase screens calculated
for a maximum number of Zernike modes N = 21, 50, and 128 in the far-field (dashed
lines) compared with the analytical expression (solid line). (c) A collage of Noll phase
screens with each row showing screens with increasing turbulence strength D�r0 = 2,
3.3, and 10. Each screen has the same aperture size of D = 1 mm and decreasing
values of r0. The columns indicating an increasing number of the maximum number
of Zernike modes N = 21, 50, and 128.
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light: Laguerre–Gaussian (LG) and Hermite–Gaussian (HG) beams. We describe
their structure and properties and describe how their scaling should be treated when
propagating them over large distances. We then move on to describe how we can
generate these beams in a laboratory setting. This is done through the use of either
refractive or diffracting holograms which can be used to impart a spatially varying
phase and amplitude profile onto an incident beam from a laser source.

6.1. Paraxial Spatial Modes of Light
HG and LG beams are known to be eigenmodes of free space. This means that they
are able to propagate through free space (vacuum) without changing their spatial
profile. They are solutions to the paraxial Helmholtz equation (4.13) when there are
no refractive index fluctuations, i.e., �n„r” = 0.

In order to solve the paraxial Helmholtz equation, we have to make some assumptions to
simplify our fieldU „x, y, z”. If one assumes the fieldU „x, y, z” has Cartesian symmetry,
it is most convenient to make the following separation of variables ansatz U „x, y, z” =
X„x, z”Y„y, z”, and so rewrite the paraxial Helmholtz equation as

�
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@y2 + 2ik
@
@z

�
U = 0. (6.1)

The solutions to Eq. (6.1) are known as HG modes and are given by
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Factor A is a normalization factor such that hHGm0
n0 jHGnmi = 1 for n = n0 and m = m0

and is zero otherwise. The beam waist/spot size given by

w„z” = w0
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�
z
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�2

, (6.3)

representing the beam waist as a function of propagation distance and w0 = w„0”. The
Rayleigh range zR = 1

2kw
2
0 is the distance at which the beam area has exactly doubled.

The variables n and m represent the horizontal and vertical indices, respectively,
and uniquely specify each HG mode. They can be any nonnegative integer and can
be interpreted visually as the number of intensity fringes in the x and y directions,
respectively. The total mode order is given as M = m + n + 1. Factor B represents
the spatial profile in the x and y directions define by Hermite polynomials Hj of
order j and factor C describes the Gaussian envelope. Factor D describes how the

radius of curvature of the wavefront R„z” = z
�
1 +

�
zR
z

�2
�

changes in propagation.

Factor E describes the effect of the Gouy phase shift factor „m + n + 1” „z” = „m +
n + 1” arctan „z�zR” which additionally depends on the mode order M. Figure 11(a)
shows the intensity and phase profiles of various HG beams.

If one assumes the solution to the paraxial Helmholtz equations to instead have
cylindrical symmetry, one may also the use a different separation of variables ansatz,
U „r, �, z” = R„r, z”�„�, z”. In this case, we may rewrite the equation as
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Figure 11

HG and LG beams. The intensity (main images) and phase (insets) profiles of various
(a) HG and (b) LG beams. All have a beam waist of w0 = 0.5 mm. The rows show
increasing horizontal index n = 0, 1, 2 for the HG modes and increasing radial index
p = 0, 1, 2 for the LG modes. The columns show an increase in the vertical index
m = 0, 1, 2 for the HG modes and an increase in the topological charge l = 0, 1, 2 for
the LG modes.

Solutions to Eq. (6.4) are known as LG modes and are given by
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(6.5)
Factor A represents the mode normalization such that hLGl0

p0 jLGpLi = 1 with all the
variables representing the same as before. The variables p and l uniquely index each
LG mode. The radial order is controlled by the p index which can have any nonnegative
integer value. For values of l = 0, the number of rings in the LG mode is equal to p.
For nonzero values of l, the number of rings in the mode is equal to p + 1. Factors
B and C control the radial behavior of the mode along with the Gaussian envelope
in Factor D. Here L jl jp is the associated Laguerre polynomial, with its argument being
2r2�w2„z”. Factor E represents how the radius of curvature of the wavefront changes
in propagation. Factor F indicates the spiral phase of LG beams. The topological
charge is controlled by l which can take any integer value, positive or negative. This
topological charge results from the spiral phase front which wraps around the central
axis l times per wavelength. It controls the mode’s OAM such that each photon has an
OAM of l~. Factor G describes the effect of the Gouy phase „2p + jlj + 1” = „2p +
jlj + 1” arctan „z�zR”which additionally depends on the mode order M = „2p + jlj + 1”.
Figure 11(b) shows the intensity and phase profiles of various LG beams.

6.2. Divergence and Scaling of Paraxial Beams
It is important to note that the scale parameter w„z” is not the beam radius of the HG
or LG mode, rather, it is the size of the embedded Gaussian mode. To illustrate the
point we will consider without any loss of generality the beam radius at z = 0 (i.e.,
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w„0” = w0), and use the LG modes that carry OAM as an example. The second moment
radius of the OAM mode is given by Wl = w0

p
1 + jlj, whereas the radius of the ring

of light is given by rl = w0
p
jlj�2. Clearly the size of the beam increases with mode

order. The divergence, in turn, is given by �l = �0
p

1 + jlj, where �0 is the divergence
of the Gaussian beam. We see that if the LG modes are all given the same scale
parameter w0, then they will all differ in size and divergence. In contrast, they will all
have the same Rayleigh length: zR = �W2

l �„M
2�” = �w2

0��. But since the sizes differ,
they will experience differing degrees of turbulence by virtue of the factor D�r0. If
the sizes are to be kept constant, then each mode should have an adjusted initial beam
size of ~w0 = w0�

p
1 + jlj; now all beams will have the same size and experience the

same turbulence, but at the cost of orthogonality: LG modes of differing sizes are not
orthogonal. They also all have differing Rayleigh lengths, so will diffract differently.
The message is that care should be exercised to determine what the study aims to
achieve and to ensure that the light is correctly structured for the task.

6.3. Beam Shaping with an LCoS-SLM
The first type of beam-shaping device we consider is a liquid crystal on silicon (LCoS-
) SLM or simply SLM. Several methods for SLM hologram generation are given in
Ref. [79] and the primary method used in this work is outlined in this section. We
wish to shape paraxial light beams in the transverse plane and so our hologram is
treated as a single-phase element with a uniform (and very thin) thickness and a phase
profile that varies only in the transverse plane. We also make two assumptions about
the incident field. The first is that it is composed of monochromatic light. The fields
being shaped in this work are generated by a laser of wavelength 633 nm and a spectral
width of between 1 and 2 nm, making this a reasonable assumption. The second is
that the incident field is uniformly polarized and aligned with the birefringent axes of
the liquid crystals. Thus, the birefringence of the crystals is used only as a means to
vary the phase spatially in the transverse plane and the effects on other polarizations
can be ignored. In order to shape light into a desired field U„x, y”, one must apply a
transmission function T„x, y” onto some incident field V„x, y”

U„x, y” = T„x, y”V„x, y”. (6.6)

For simplicity, we assume the incident field to be a plane wave V = ei„k�r�!t”. This is
reasonably achievable in the lab using common expansion and collimation techniques.
This allows us to focus solely on the profile of the output field U„x, y”. We want our
complex amplitude modulation scheme to return a field with a chosen amplitude and
phase profile:

U„x, y” = A„x, y”ei�„x,y”. (6.7)

However, this is not trivial as the SLM is a refractive optical element and may only
impart a phase factor onto the incident field. This phase must then be a function of
the desired amplitude and phase profile of our output field and so the transmission
function must be of the form

T„x, y” = eiH„A,�”, (6.8)

where H is our hologram phase. Using the third type of hologram generation in Ref.
[79], we obtain the following equation for the hologram phase:

H„A, �” = J�1
1 „A„x, y”” sin»�„x, y” + 2�„Gxx + Gyy”…. (6.9)

Here, J�1
1 is the reciprocal of the first-order Bessel function of the first kind and Gx and

Gy are horizontal and vertical spatial frequencies used to create a phase grating. The
grating is necessary as SLMs are not perfectly efficient with this technique and, thus,
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a means of separating out the modulated light from the unmodulated light is required.
Experimentally captured images of HG and LG beam and the SLM holograms used
to generate them are shown in Figs. 12(a) and 12(c), respectively.

6.4. Beam Shaping with a DMD
A DMD consists of small screen made up of thousands of micrometer-scale mirrors.
Each mirror can be independently controlled to direct light either toward or away from
a desired direction. DMDs can then be used as diffractive optical elements in contrast
to SLMs, have an amplitude only transmission function. To find this transmission
function, we again assume that our incident field is that of a plane wave and aim to
create an output field with the chosen amplitude and phase profile,

U„x, y” = A„x, y”ei�„x,y”. (6.10)

For simplicity, we express the transmission function of the DMD in one dimension as
follows:

T„x” =
1Õ

n=�1

rect
�
x � „n + p”x0

wx0

�
. (6.11)

Here, the mirrors’ position, width and period are set by the parameters p, w, and x0,
respectively, and rect„x” is that rectangle function defined as

rect„x” =

(
1, forjxj � 1

2 ,
0, otherwise.

(6.12)

One can expand this as a Fourier series and will eventually find the final expression
for the DMD hologram to be [23]

T„x, y” =
1
2

+
1
2

sign„cos„2�„Gxx + Gyy”�p„x, y”” � cos„�w„x, y””. (6.13)

It is important to note that DMDs have two diffraction processes occurring simultane-
ously due to the presence of two sets of gratings. One is due to the programmed grating
in the hologram and the other is due to the space between the micro-mirrors them-
selves, as they do not perfectly fill the space that they occupy. More details on beam
shaping with DMDs can be found in Refs. [22,23]. Experimentally captured images
of HG and LG beam and the DMD holograms used to generate them are shown in
Figs. 12(b) and 12(d), respectively. The DMD holograms are slightly elongated in the
horizontal direction. This has to be done as the diffraction angle of the DMD is around
12�. This angle is quite large and leads to an artificial shortening of the hologram
along the horizontal direction. Thus, the encoded hologram has to be elongated to
compensate for this.

7. EXPERIMENTAL IMPLEMENTATION

We now know how to numerically simulate atmospheric turbulence, how to define
structured light modes and how to generate these modes experimentally using either an
SLM or DMD. Now we combine these concepts to experimentally simulate a turbulent
channel on an optical bench. We begin by reviewing the Fresnel scaling procedure.
This will allow us to accurately relate the results we obtain with our optical bench setup
to a real-world turbulent channel and vice versa. We then move onto how to construct a
basic near-field mode generation setup, which will allow us to experimentally simulate
the effects of turbulence for a weakly turbulent channel using a single phase screen
and measuring the beam in the near-field/image plane. Instructions on how to easily
modify this setup to measure the far-field of this same beam are also given. We
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Figure 12

Creating structured light with digital holograms. (a) Experimental images of selected
HG beams generated with the use of an SLM and the respective digital SLM phase
hologram used to generate them. (b) Experimental images of selected HG beams
generated with the use of a DMD and the respective binary amplitude DMD hologram
used to generate them. (c) Experimental images of selected LG beams generated with
the use of an SLM and the respective digital SLM phase hologram used to generate
them. (d) Experimental images of selected LG beams generated with the use of a
DMD and the respective binary amplitude DMD hologram used to generate them.
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show how to construct a bench setup with multiple phase screens. This allows us to
experimentally simulate a variety of turbulent channels with strengths ranging from
the weak to the strong regime. We then end this section with a brief discussion on how
to experimentally verify the strength of the constructed unit cell.

7.1. Fresnel Scaling
In general, most turbulent channels of interest are very long, from the order of several
hundred meters to several kilometers. Distances in a laboratory setting are highly
restricted, creating a challenge to accurately replicate real-world channels on an opti-
cal bench. However, there exists a scaling procedure [80,81] which allows one to
create equivalent channels by scaling the propagation length and turbulence strength
appropriately.

To see how this scaling procedure works, we begin with the Fresnel integral for the
full (real-world) channel of length L,

V„y,L” =
exp „ikL”

i�L

„
U„x” exp

�
i�
�L
kx � yk2

�
d2x, (7.1)

where x are the input plane coordinates, y is the output plane coordinates, � is the
wavelength, k = 2��� is the wavenumber, and k � k is the Euclidean vector norm. We
then apply the following scaling parameters: ylab = �yy, xlab = �xx and Llab = �zL,
where ylab and xlab are the coordinates used in the experiment. The diffraction integral
becomes

V
�
ylab��y

�
=

exp „ikLlab��z”
i�2

x�Llab

„
U

�
xlab

�x

�
exp

�
i��z
�Llab

k
ylab

�y
�

xlab

�x
k2

�
d2xlab. (7.2)

To keep the diffraction equivalent with these scaled coordinates we require the Fresnel
number

F =
�DiDf

4�L
(7.3)

to be the same in both the full and scaled-down cases, where Di and Df are the aperture
diameters in the initial and final planes, respectively. This sets

�x�y = �z, (7.4)

and the diffraction integral becomes

exp
�
ikL0

�
1 � 1

�z

��

�r
V

�
ylab

�y

�
= exp

 

�
i�y2

lab

�fy

!
exp „ikL0”

i�L0
�

„
U

�
xlab

�x

�
exp

�
�
�„xlab”2

�fx

�
exp

�
i�
�L0
kxlab � ylabk

�
d2xlab,

(7.5)

where
fy =

L0

1 � �x��y
, (7.6)

fx =
L0

1 � �y��x
. (7.7)

Setting �y = �x means that the final and initial planes have the same size in the
laboratory setting and fx,y !1 and the final Fresnel integral, ignoring constant phase



Tutorial Vol. 17, No. 1 / March 2025 / Advances in Optics and Photonics 147

factors which arise due to scaling, becomes

V
�
ylab��y

�
=
�y exp„ikL0”

i�L0

„
U

�
xlab

�x

�
exp

�
i�
�L0
kxlab � ylabk

�
d2xlab, (7.8)

which is simply a scaled form of Eq. (7.1). From this we see that we can mimic the
vacuum propagation dynamics of much larger channels by appropriately scaling the
coordinates in which we define our fields according to Eq. (7.4).

We also need to ensure that the turbulence phase distortions in the scaled down
laboratory channel are equivalent to those in the real-world channel. To do this we
begin by looking the definition of the Fried parameter in Eq. (3.1) and the Rytov
variance in Eq. (3.2). If we rearrange Eq. (3.1) to isolate C2

n and then substitute this
into Eq. (3.2), we obtain the following:

�2
R =

C
k5�6

 p
L
r0

!5�3

, (7.9)

where we have written all the numerical constants as C, k is the wavenumber, L is the
length of the channel, and r0 is the Fried parameter. With our Fresnel scaling procedure
from before, we scale the propagation distance by some factor �z. However, this change
in length will, in turn, affect the Rytov variance �2

R according to Eq. (7.9). To maintain
the same perturbation strength and Rytov variance, we must scale the Fried parameter
of the real-world channel r0 down to some new value for the laboratory phase screens
r0,lab. We see from Eq. (7.9) that if we keep everything else constant, we have a square
proportionality relationship between the Fried parameter and propagation path length,
r2

0 / L. Therefore, if we scale the propagation distance by some factor �z, then we
must scale the Fried parameter by p�z as follows:

Llab = �zL , r0,lab =
p
�z r0. (7.10)

Using this, we are able replicate both the propagation dynamics and perturbation
strengths of real-world turbulent channels at a much smaller scale which more easily
lends itself to a laboratory/benchtop implementation. For example, let us examine the
scaling of a channel of length L = 100 m with the Rytov variances �2

R = 0.5, 1.0, and
1.5 and Fried parameters of r0 = 0.9, 1.2, and 1.8 mm, respectively. Each unit cell will
have a length of 33.3 m if we use three screens. To scale down this channel so that
each unit cell is 1 m in the lab, our longitudinal scaling factor will be �z = 0.03. If
we assume �x = �y, then we have �x =

p
0.03 � 0.173. The lab Fried parameters will

then be r0,lab = 0.081, 0.11, and 0.16 mm, respectively.

7.2. Experimental Setup
Our experimental setup for replicating atmospheric turbulence is shown in Fig. 13(a)
and is conceptually divided into two stages: the generation stage and the detection
stage. We begin in the generation stage with a He–Ne laser beam with wavelength
� = 633 nm. This beam has a typical Gaussian profile and beam waist on the order
of less than 0.5 mm. The beam-shaping techniques discussed in Sections 6.3 and 6.4
both assume an incident plane wave onto the beam shaping device. Thus, our first
task is to expand and collimate the laser beam so that it approximates a plane wave
across the face of the SLM or DMD. This was done using a 10� objective lens L1
to expand the beam, and then a second lens L2 with a focal length f2 = 300 mm to
collimate it. The strengths of expanding and collimating lenses were chosen such that
the collimated beam overfilled the screen of the SLM and ensured even illumination
across the screen of the SLM. Different lenses might be needed depending on the size
of the incident beam and SLM or DMD screen being used.
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Figure 13

Single-phase-screen experiment. (a) To simulate atmospheric turbulence with a single
phase screen in the lab, one must first expand and collimate a laser beam. We may
impinge this beam onto an SLM or DMD in order to perform some beam shaping
or to simply apply the turbulent phase. The modulated light can then be filtered out
using a 4f imaging system. One may then view the aberrated beam in the near-field
by placing the camera after the imaging system or view it in the far-field by placing a
Fourier transforming lens after the imaging system. Plots showing the experimentally
measured Strehl ratio for (b) Fourier and (c) Noll phase screens done using the single-
phase-screen setup. The results are shown for an average of 100 phase screens for
each turbulence strength. We see the trends match well with the numerically simulated
plots. The right-hand side panels show examples of Fourier and Noll phase screens
with increasing Fried parameters r0 and the corresponding experimentally measured
intensity profiles of an aberrated plane wave viewed in the far-field.
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The now collimated beam was then incident on the screen of a PLUTO-VIS HoloEye
SLM. The SLM screen is then encoded with a desired hologram generated using a
complex amplitude modulation scheme discussed in Section 6.3. If a DMD is to be
used, the encoding scheme discussed in Section 6.4 should be used instead. Such
schemes were chosen as they allow for the shaping of both the phase and amplitude
of our field in a single step, making it possible for us to investigate the effects of
the turbulence phase perturbations on a variety of beam types including plane waves,
Gaussian beams, and higher-order LG and HG modes to name a few. The nature
of complex amplitude modulation results in multiple diffraction orders. Our chosen
encoding schemes both place the desired field in the 1st diffraction order of the SLM
or DMD. The remaining orders were then removed by making use of a 4f spatial
filtering and imaging system consisting of a pinhole aperture or iris placed between
two lenses L3 and L4, both with a focal length of f3 = f4 = 250 mm. Lens L3 is placed
a distance f3 from the screen of the SLM and lens L4 is placed a distance d = f3 + f4
from lens L3. The iris should always be placed one focal length (a distance f3) after the
first lens L3. The focal lengths of these lenses can be changed depending on several
considerations including the desired magnification of the beam and available space on
the optical bench.

The detection stage of the experiment may have different configurations depending on
the desired set of measurements. If one wants to simply examine the near-field effects
of atmospheric turbulence, one may simply place the camera in the focal plane of lens
L4 (i.e., the camera is a distance f4 from lens L4). However, since single-phase-screen
turbulence is a phase-only effect, one will only be able to retrieve little information
from these near-field measurements without the use of an interferometer or other phase
retrieval technique. One may examine the propagation dynamics of weakly turbulent
channels by making use of the Fresnel scaling procedure mentioned previously in
Section 7.1. It is important to remember that if one wishes to simulate a channel with
laboratory length Llab, the camera must be placed a distance f4 + Llab after lens L4. This
will allow one to simulate a variety of turbulent channels with varying perturbation
strengths within the weak regime. Finally, if one wishes to examine the far-field effects
of weak turbulence, one simply needs to add in a final lens L5 a distance f4 + f5 from
lens L4. If the camera is then placed one focal length after L5, intensity measurements
in the far-field can be obtained.

The far-field configuration was constructed in order to experimentally verify the
Fourier and Noll phase screens that were discussed in previous sections. Since the
theoretical form of the Strehl ratio in Eq. (3.4) is given for the effects atmospheric
turbulence of a plane wave in the far-field, it provides the perfect metric for the experi-
mental validation of our phase screens. Since our incident beam on the SLM is already
an approximate plane wave due to the expansion and collimation of the first two lenses,
we may simply encode the various phase screens onto the SLM and measure the cor-
responding intensities on the camera. This test was carried out for both types of phase
screens and the results are shown in Fig. 13(b) for the Fourier phase screens and in
Fig. 13(c) for the Noll phase screens. The Strehl ratio test results show good agreement
with the numerical results from Figs. 6 and 10. We see that for the Fourier screens we
have very good agreement with the theoretical plot for subharmonics above 5 and for
the Noll screens we have a good match to the theoretical plot for all of the number of
Zernike polynomials applied. Thus, we may be confident in the ability of our Fourier
and Noll phase screens to accurately replicate the effects of atmospheric turbulence
on the optical bench setup.

Next to each graph in Figs. 13(b) and 13(c) we show far-field intensity measurements
for a plane wave under the influence various turbulent phase screens used in performing
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the Strehl ratio test. We see that under the influence of no turbulence, the far-field
intensity is simply a round spot. This is to be expected as the Fourier transform of
a pure plane wave (which consists of a single frequency) should be a single point
in Fourier space. As we increased the strength of the turbulence, we see that the
round spot becomes increasingly aberrated. This is due to the addition of higher and
higher spatial frequencies from the Fourier and Noll phase screens. Therefore, with a
higher turbulence strength we see what we expect: larger perturbations to the far-field
intensity.

Figure 14 shows the numerical and experimental far-field effects of turbulence on
various structured light beams using Fourier phase screens. The setup used to obtain
the experimental intensity measurements is the same as shown in Fig. 13(a). We show
the effects explicitly for the beams LG3

0, LG1
2, and HG1

1. The effects are shown for
turbulence strengths D�r0 = 0.5, 1, 4, and 10. We see that for each beam, the extent of
the intensity perturbations in the far-field increases as the strength of the turbulence
increases. The same results are shown in Fig. 15 for Noll phase screens using the same
structured light beams for comparison. We see again that an increase in the turbulence
strength results in a more aberrated intensity profile in the far-field. We also see that
for both the Fourier phase screens and the Noll phase screens, the experimentally
measured, aberrated intensity profiles agree very well with the numerically simulated,
aberrated intensity profiles. This shows that the use of both numerical wave-optic
simulations and the use of an experimental optical bench setup both provide adequate
and complementary ways of investigating the effects of atmospheric turbulence on
structured light beams.

7.3. Experimentally Simulating a Thick Atmospheric Medium
Now that we are confident with experimentally simulating weak atmospheric turbu-
lence using a single phase screen, we move onto strongly turbulent and extended
turbulent channels. In order to achieve this, we make use of the multiple-phase-screen
approach we discussed in Section 4.3. In numerical simulation, it is possible to use as
many turbulence phase screens as the memory and processing power of the computer
can handle. In the experimental context, the number of phase screens is restricted by
the number of optics available to the user. Therefore, before one embarks on an exper-
imental investigation, one must consider if the equipment available will be sufficient
to simulate the desired channel and turbulence strengths. As we show in this section,
it is possible to make efficient use of devices such as SLMs and DMDs by dividing
the screen in half or into thirds and bouncing off of each division thus increasing
the number of phase screens while using the same number of optical elements. The
increased number of bounces also increases the difficulty of the alignment process
and, thus, time and accuracy considerations are also important when deciding what
channels one wishes to simulate. The geometry of the optical setup will also be tied
to the Fresnel scaling and Rytov scaling procedures discussed previously.

We are able to accurately replicate weak, medium, and strong turbulence in a 100 m
channel (with Rytov variances of �2

R = 0.5, 1.0, and 2, respectively) using only three
phase screens. The experimental setup for this is shown in Fig. 16(a) and can be broken
up into three stages: the mode generation stage, the turbulence replicator stage, and
the detection stage. The mode generation stage is the same as shown in Fig. 13(a). The
turbulence replicator stage follows directly from the generation stage with the beam
propagating a distance f4 + �zlab after lens L4 before impinging onto one half of the
screen of a second SLM (where Llab = N�zlab). The beam then propagates a distance
�zlab before impinging on the other half the second SLM’s screen with the help of a
mirror. The beam then propagates a final distance 1

2�zlab before it reaches the camera to
take intensity measurements. A turbulence phase screen can be encoded onto the first
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Figure 14

Beams through Fourier phase screens. Here we show the behavior of various structured
light beams in the far-field after being aberrated by Fourier turbulence phase screens.
We show this both in numerical simulation and in experiment for (a) LG0

3, (b) LG2
1,

and (c) HG1
1 with turbulence strengths D�r0 = 0.5, 1, 4, and 10 where D is the aperture

size and r0 is the Fried parameter. The experimental results were obtained using the
setup described in Fig. 13.

SLM along with the desired complex light field (numerically propagated by a distance
�zlab) to simulate the first half-segment in our split-step approach. Turbulence phase
screens can then also be programmed onto each half of the second SLM screen to
simulate the second and third segment of the channel. Each unit cell was 1 m in length
for a total of 3 m channel in the lab. The Fresnel number of the channel was 1.7.
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Figure 15

Beams through Noll phase screens. Here we show the behavior of various structured
light beams in the far-field after being aberrated by Noll turbulence phase screens. We
show this both in numerical simulation and in experiment for (a) LG3

0, (b) LG2
1, and

(c) HG1
1 with turbulence strengths D�r0 = 0.5, 1, 4, and 10 where D is the aperture

size and r0 is the Fried parameter. The experimental results were obtained using the
setup described in Fig. 13.

In Figs. 16(b) and 16(c) we show numerical and experimental results of structured
light beams propagating through weak, medium, and strong turbulence using the split-
step method. Results are shown for an LG0

1 and LG0
3 beams, respectively. One can

see that the greater the turbulence strength (quantified by the Rytov variance), the
more significant the perturbation to the structured light mode in both the numerical
and experimental cases. It is difficult to determine how these results compare with
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Figure 16

Experimental thick medium. (a) We simulate a thick atmospheric medium by using
the same mode generation setup as in Fig. 13. After the 4f spatial filter, we allow for
a distance of propagation equal to the length of one scaled down unit cell �z before
impinging the beam on one half of a second SLM, upon which a second phase screen
can be encoded. We then allow the beam to propagate a distance �z before it impinges
on the second half of the second SLM. upon which the third and final phase screen is
encoded. The beam then propagates a final distance 1

2�z before hitting the detector.
We show the simulated and experimental intensity profiles of (b) a LG1

0 beam and (c)
a LG3

0 beam after passing through channels with Rytov variances equal to �2
R = 0.5,

1, and 1.5.
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Figure 17

Experimental Rytov variance verification. (a) To experimentally verify the Rytov
variance of a unit cell, we first expand and collimate a laser beam using a telescope
system. This creates an approximate plane wave. The beam then impinges onto an
SLM that is encoded with a turbulence phase screen calculated with the necessary
Fried parameter r0 for the desired Rytov variance �2

R and unit cell length Llab. The
beam is then sent through a 4f spatial filter system to isolate the 1st diffraction order
of the SLM. The camera is then placed a distance Llab�2 after the 4f spatial filter to
propagate through the second half of the unit cell. (b) Plot showing the encoded Rytov
variance of the channel/unit cell �2

R versus the experimentally measured scintillation
index �2

I . (c) Experimentally captured intensity images of the plane wave after passing
through the experimentally simulated channel for various turbulence strengths �2

R = 0,
0.5, and 1.0.

those from real-world atmospheric turbulence. There are very few investigations in
the literature making qualitative and quantitative comparisons between simulated and
real-world channels. This leaves room for future work on making these comparisons
and validating our current models and spectra for simulating turbulence.

We are able to verify that the unit cell we construct in the laboratory is inducing an
accurate perturbation strength �2

R by experimentally performing the same procedure
as described in Fig. 4. Figure 17(a) shows the details of the experimental setup. The
setup is the same as in Fig. 16(a); however, we place the camera at the end of the
first unit cell, a distance f4 + Llab�2 after L4. This is so we can measure the beam after
propagating through only one unit cell. Because the beam impinging onto the SLM is a
significantly expanded and collimated Gaussian beam, it can be treated as a plane wave.
Thus, we only encode the turbulence phase screen onto the SLM so that the plane wave
will pick up the turbulent phase and then reflect off the SLM. It then passes through
the 4f spatial filter, before propagating a distance Llab�2 through the second half of the
unit cell to the camera to be measured. By using a plane wave, we are able to measure
its scintillation index �2

I given by Eq. (3.5) and easily relate it to the unit cell’s Rytov
variance �2

R. Figure 17(b) shows the theoretical relationship between �2
I and �2

R (gray
line) and the encoded �2

R versus the experimentally measured �2
I (red dots). The range

of Rytov variances encoded encapsulates the limits of the weak scintillation regime
and the range of strengths in which the single-phase-screen approximation holds. We
see that there is excellent agreement between theory and experiment, thus indicating
that we are in the weak scintillation regime and that the encoded turbulence strengths
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are accurately realized experimentally. Figure 17(c) shows three experimental images
of the intensity of the plane wave after propagating through three unit cells of varying
turbulence strengths �2

R = 0.0, 0.5, and 1.0. As expected, we see that the stronger the
turbulence strength, the more variation there is in the final intensity of the beam.

8. TIME-VARYING TURBULENCE

So far, we have generated static phase screens, each representing a turbulent channel
frozen in time. However, it is sometimes of interest to examine the behavior of light
through a turbulent channel as it evolves over a period of time. The approach to
modeling this behavior depends on the regime one wishes to investigate. If one is
interested in time steps greater than the coherence time of the turbulent channel �0
(also called the Greenwood frequency in some contexts and is typically in the range
of 10–100 ms), one may simply use a new phase screen for each time step. This is
because by definition the time between each step is greater than the correlation time
and so the phase perturbations at time t1 are not correlated to the perturbations at
time t2 and, thus, should be modeled using completely uncorrelated phase screens.
There are very interesting dynamics that one might wish to investigate on time scales
or time steps smaller than the coherence time �0. In these cases we need to devise a
method for generating a sequence of turbulent phase screens that change according to
the behavior of the medium. It turns out that these changes are simply shifts in position
proportional to the wind velocity during that time step.

Let us assume that we wish to simulate time-varying turbulence in a channel with
a resolution of N � N and a pixel spacing �x = �y in the transverse plane. We first
generate a single, large, static, turbulence phase screen with the same pixel spacing
but at a much larger resolution. This large screen will be shifted around according to
our velocity calculations to generate each iteration of our smaller, time-varying phase
screens. We take the central N � N pixels of our large screen and save this as our first
screen in the sequence of time-varying phase screens. We then shift the larger screen
so we can crop out the next smaller screen in the sequence. One’s first instinct might
be to simply take the wind speed, multiply by the size of the time step �t, and shift
the screen the corresponding distance �x = v�t in the appropriate direction. However,
this is not always possible due to the discrete nature in which we define the phase
screen in the spatial domain. Sometimes we find that �x , n�x (for some integer n) or
that �x<�x. In these cases it would not be possible to accurately shift the screen. To
circumvent this issue and to ensure we always shift our screen the correct distance, we
can make use of the Fourier shift theorem, which states that

F »f „x � �x”… = e2�ifx�xF »f „x”…. (8.1)

The procedure for implementing this is shown in Fig. 18. In Fig. 18(a) we crop out
the central region of our large turbulent screen. We then take the Fourier transform
of our screen and multiply it by the phase shift factor e2�ifx�x as shown in Figs. 18(b)
and 18(c). Finally, we take the inverse Fourier transform of this new field, as shown in
Fig. 18(d) to retrieve our shifted large turbulence phase screen in the spatial domain.
We crop out the central N � N region to define the new phase screen in our sequence
of time-varying phase screens. This process is then repeated in a loop for as many time
steps as needed, with each new iteration using the shifted large phase screen from the
previous iteration.

While one may choose to use to the same value for the wind speed through the entire
simulation of the time-varying phase screens, we see from Kolmogorov’s original
statement of his theory that the velocity in a turbulent medium is not constant and
undergoes various fluctuations. If the velocity was constant, we would not have a



156 Vol. 17, No. 1 / March 2025 / Advances in Optics and Photonics Tutorial

Figure 18

Time-varying phase screens. (a) In order to generate time-varying turbulence we begin
with a phase screen that is much larger than the sending and receiving apertures of the
system. We cut out a small region the size of the system aperture in the center of this
larger phase screen and use this as the first time-varying phase screen. (b) To obtain the
next time-varying phase screen, we Fourier transform our large phase screen into the
spatial frequency domain which, in general, will have real and imaginary components.
(c) We make use of the Fourier shift theorem and multiply our Fourier transformed
large phase screen by a “shifting phase” proportional to the wind velocity and time
step duration. (d) We then inverse Fourier transform the large phase screen with the
additional shifted phase to recover a new large phase screen, which is a position-
translated version of the initial large phase screen. We then cut out a small region in
the center of this new large phase screen the same size as the system aperture and use
this as our second time-varying phase screen. This process is then repeated as many
times as necessary to obtain the desired number of time-varying turbulence phase
screens.

turbulent medium to begin with. Thus it would be more appropriate to specify a mean
velocity vmean and variance in the velocity �2

v and then sample the velocity at each
time step from a normal distribution with mean vmean and variance �2

v .

Simulated results of a LG beam with beam waist w0 = 1.5 mm, azimuthal index l = 1,
and p = 0 propagating through time-varying turbulence are shown in Fig. 19 at times
t = 0, 0.5, 1, and 1.5 ms. The Fried parameter for the channel was r0 = 1.58 mm
and the propagation distance was z = 10zR � 112 m, where zR is the Rayleigh range
of the beam. These time-varying phase screens can be implemented using the same
experimental setups as discussed in the previous section in order to experimentally
investigate the properties of time varying channel in a controlled setting.

9. EIGENMODES OF ATMOSPHERIC TURBULENCE

We have now developed the tools to accurately model the effects of atmospheric
turbulence both numerically and in the laboratory. We have seen that with these
techniques we are able to accurately reproduce the distortion and aberrations induced
when light propagates through a turbulent channel. We have seen the effects this
has on structured light beams in particular, severely aberrating the amplitude and
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Figure 19

Beams through time-varying turbulence. Here we show the far-field evolution of a LG1
0

beam under the effect of simulated time-varying turbulence. The length of each time
step is 0.5 ms, the turbulence strength is D�r0 = 8.1, and the beam waist is w0 = 1.5
mm.

phase profiles of the beams. These effects are detrimental for the implementation of
structured light in various settings and applications including for sensing, detection
and ranging, defence, and communication, both classical and quantum.

The problem is that we have found the solutions to the wave equation without any
perturbation (vacuum) and then propagated these modes in a perturbing system: atmo-
spheric turbulence. Now, in this section, we aim to calculate the modes of the perturbing
medium itself, i.e., the paraxial modes of structured light that will remain unaffected
by the refractive index fluctuations of the medium. These are known as eigenmodes
of the medium and are specially constructed such that, to them, the medium appears
to be transparent. These modes can be calculated for channels of arbitrary length
and perturbation strength and their robustness have been both numerically tested and
experimentally validated [52]. This approach works remarkably well for atmospheric
turbulence and can even be generalized and extended to other kinds of aberrated
channels.

9.1. Mathematically Defining Eigenmodes of Turbulence
We illustrate the idea behind the eigenmode notion in Fig. 20. We begin with some
structured light field that passes through an extended medium of arbitrary length
and perturbation strengths. We interchangeably refer to this medium as the channel.
Typical forms of structured light such as LG and HG will pass through a perfectly
uniform medium unchanged but beams will pass through the turbulent channel and exit
severely distorted. Conversely, when eigenmodes of the channel propagate through the
channel they exit unchanged, but will become distorted when they propagate through
vacuum or some other uniform medium.

To obtain the eigenmodes, we treat our distorted channel as a linear operator Û that
acts on a given input complex light field and returns a complex output field,

Ûuin = uout. (9.1)

We show this operator and the input and output field in the right-hand side panels of
Figure 20. We make some assumptions about our channel and the operator. Namely,
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Figure 20

Propagation through turbulence. Most common forms of structured light (such as LG
modes) become distorted when propagating through free space due to the effects of
atmospheric turbulence, whereas an eigenmode of atmospheric turbulence will remain
unchanged when propagating through the same channel, as shown in the left panels.
In contrast, the eigenmodes of turbulence will not be the eigenmodes of pristine free
space, as shown on the right panels.

that the channel and, thus, the operator is unitary and that the aperture of our transmitter
and receiver are large enough to collect and send the number of eigenmodes we wish
to use. The number of modes a system can accommodate may be calculated by
approximating the free-space limit of the system Nmax � AtAr�„�2L2” where At and Ar
are the transmitter and receiver aperture areas separated by a distance L for light of
wavelength �. Equation (9.1) can be recast as an eigenvector problem by insisting that
uin = uout = j
i so that

Û =
Õ

i

si j
iih
i j. (9.2)

In order to obtain the eigenvectors j
ii, we need to recast the operator as a transmission
matrix whose elements Uij map the input basis states to the output basis states, i.e.,
ui =

˝
j Uijuj. In this approach we use the pixel basis both at the input and the output

plane to express the eigenmodes. We make this choice because of the known form
of the free-space Green’s function, which is defined in position basis. However, one
is not limited to only this choice and can use any orthogonal basis to define and/or
reconstruct the channel. For example, we may shift our channel matrix in the position
basis U and express it some other orthogonal basis via A = PUQy, where P and Q the
unitary matrices that perform the change of basis.
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9.2. Numerical Simulations
In order to obtain the operator for our turbulent channel, we divide it up according to
our split-step approach for a thick medium as described in Fig. 3 and Eq. (4.18). This
technique is excellent because without access to a real-world channel, one may still
construct a realistic operator for a turbulent channel and test this numerically and in
the lab. We do have a mathematical expressions for the operator of each segment/unit
cell, given by Eq. (4.17). However, the propagation operator is in a differential form
and, thus, not easily used in modeling propagation. We instead use the fact that
we are in the weak regime where turbulence is simply a phase perturbation (i.e.,
for some unperturbed spatially varying complex field V , Vturb = Vei�) and make use
of the Huygens–Fresnel diffraction integral which provides a closed-form analytical
expression for the free-space propagation of a field,

V„x0, z” = TV �
„

d2x g„x, x0; �z” exp„i�”V„x, 0”, (9.3)

where
g„x, x0; �z” =

1
i��z

exp
�
i�
��z
kx � x0k2

�
(9.4)

is the paraxial free-space Green’s function, T is the turbulence operator, x represents
the input plane coordinates, and x0 represents the output plane coordinates. Because
we will be simulating turbulence numerically using either the Fourier phase screens
or Noll phase screens discussed earlier, we must also discretize our input and output
planes. We discretize them into grids each with N � N points and label the coordinates
as x � „x�, y�” and x0 � „x�, y�”, so that T is given by

T���� =
1

i��z
exp

�
i�
��z

�
x� � x�

�2
�

exp
�
i�
��z

�
y� � y�

�2
�

exp
�
i�„x�, y�”

�
. (9.5)

Note that T is a four-dimensional tensor as we are mapping from a two-dimensional
input space to a two-dimensional output space. A state E with elements E�� � E„x�, y�”
is an eigenmode of this operator if it is a solution to the tensor eigenvalue equation

T����En
�� = 
nEn

��, (9.6)

where the eigenvalue of the nth eigenvector is given by 
n and we implicitly sum over
repeated indices. Tensor equations are not easy to work with directly and we wish
to rewrite this in a more familiar form such as a matrix equation. To achieve this,
we define a mapping � which takes in the discrete indices of the input grid „�, �”
and output grid „�, �” and “counts” them one column at a time. More explicitly, the
mapping gives �„1, 1” = 1, : : : , �„N, 1” = N, �„1, 2” = N + 1 up to �„N,N” = N2. We
may then rewrite Eq. (9.6) as


nEn
i = TijEn

j , (9.7)

where we have used �„�, �” = j and �„�, �” = i. Since this is a normal eigenvalue
matrix equation, it can be easily solved using a menagerie of numerical routines to
ultimately find the eigenmodes of the channel.

Examples of the intensity and phase of the eigenmodes are shown in Fig. 21 for
various examples of turbulence. Here the first five eigenmode solutions are shown
in the left column, increasing from left to right, with the rows corresponding to
the turbulence strength, increasing from top to bottom. Although these are complex
forms of structured light, as eigenmodes of turbulence they should be invariant after
propagation through a turbulent atmosphere. To test this, we propagate OAM carrying
LG modes and the eigenmodes through various scenarios of turbulence over a 100-m
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Figure 21

Eigenmodes of turbulence. The numerically calculated eigenmodes of turbulence,
showing the first five modes (columns) as a function of turbulence strength (rows). The
insets show the phase profile. All eigenmodes were calculated for a total propagation
path of 100 m through weak, medium, and strong turbulence as defined by the Rytov
variance (�2

R) and Fried parameter (r0). The first row shows eigenmodes of weak
turbulence with �2

R = 0.5 and r0 = 1.8 mm. The middle row shows eigenmodes of
medium turbulence with �2

R = 1 and r0 = 1.2 mm. The last row shows eigenmodes of
strong turbulence with �2

R = 1.5 and r0 = 0.91 mm.

path length, with the results shown in Fig. 22. OAM modes were selected as they are
very popular forms of structured light used in free-space studies. Their popularity,
however, is not commensurate with their robustness in turbulence, as their phase
profiles are sensitive to atmospheric distortions. We see that while the OAM modes
are distorted (as expected), the eigenmodes are robust. This can be quantified by
performing a modal analysis [82] at the end of the turbulent channel, as would be the
case in optical communication at the receiver. In Fig. 23 we see that while the cross
talk is substantial for OAM modes when propagated through turbulence, evident from
the many off diagonal terms, the eigenmode cross-talk matrix remains diagonal after
the same channel, for minimal cross talk.

We perform the experiment using the same procedure as outlined in the earlier sections.
The results of OAM and the eigenmodes for weak, medium, and strong turbulence
are shown in Fig. 24. The collage shows the final measured eigenmodes after the
channel, with the insets showing the initial mode as prepared prior to the channel. The
robustness of the eigenmodes is clearly evident, in contrast to the highly distorted OAM
modes. While there are slight intensity changes for the eigenmodes of turbulence, these
are extremely small in comparison with the intensity fluctuations experienced by the
OAM modes. The level of distortion in the eigenmodes does seem more profound for
the weak turbulence case. However, each turbulence strength constitutes a different
realization of turbulence and so this cannot be taken as a general trend until a large
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Figure 22

Invariance of eigenmodes under numerical propagation through turbulence. The eigen-
modes (left) and LG modes (right) after numerical propagation through weak, medium
and strong turbulence through a channel equivalent to propagating over a distance of
100 m. The insets shows the modes before experiencing turbulence. The numerical
simulations used the split-step method with three unit cells each consisting of a tur-
bulence screen with a given r0 followed by 33.33 m of propagation. Three unit cells
were chosen to most closely match the experimental conditions implemented earlier.
Weak turbulence was characterized by �2

R = 0.5 and r0 = 1.8 mm, medium turbulence
by �2

R = 1 and r0 = 1.2 mm and strong turbulence by �2
R = 1.5 and r0 = 0.91 mm.

number of eigenmodes for various realizations of turbulence have been generated and
analyzed.

We have outlined how to find the eigenmodes of a turbulent path, and demonstrated
it with a laboratory-based split-step example both numerically and experimentally.
These modes are eigenmodes in their truest sense, i.e., they are fixed under the action
of the channel. Importantly, our approach works even when the medium is long and
the aberration strong, a regime where traditional adaptive optics often fails (beyond a
Rytov variance of order 1) [83,84]. By their nature and construction, the eigenmodes
are robust only to a specific channel. For applications in real-world contexts in which
turbulence is dynamic and rapidly changing, the modes should propagate through the
medium faster than the channel’s coherence time. For typical channels, this is of the
order of 10–100 ms, which is significantly slower than the nanoseconds taken for light
to propagate several kilometers. The beams will thus see the medium as frozen and
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Figure 23

Cross-talk-free transmission. Simulated cross-talk matrices for OAM modes ‘ 2 »0, 4…
(right) and eigenmodes (left) with insets showing the intensity of the beams. The
eigenmodes are unchanged and remain orthogonal, whereas the OAM modes scatter
into each other. Turbulence results shown are for D�r0 = 2 with a total path length of
100 m and a beam waist parameter for the OAM beams of w0 = 6.67 mm.

remain robust for a sufficient period of time to transmit information. Investigations on
similar modes have shown that they perform better than adaptive optics solutions [51].
The more challenging limitation is the amount of time needed to probe the channel,
construct the channel matrix, and then use it to calculate the eigenmodes. This presents
a significant but not insurmountable engineering challenge. Channel tomographies
can be performed rapidly using the technique of modal decomposition [82]. Devices
such as digital holograms on DMDs, diffractive optical elements, or metasurfaces
could also allow for rapid or single-shot projective measurements, especially if used
in combination with fast photodiodes to quickly probe the channel. This is already
helped by the existence of techniques that rapidly measure the atmosphere and its
effects on optical beams [83]. This problem also lends itself to a machine learning
approach, where training predictive networks on previous measurements may allow
for a system to anticipate the evolution of the eigenmodes as the channel itself is
dynamically changing. Rapid probing and measurement of complex channels is not
unique to the application of eigenmodes and it will assuredly benefit from knowledge
generated in and spur progress in these related fields.

10. EXTENSION TO OTHER MEDIA AND REGIMES

Thus far, we have concentrated on the application of digital tools to the propagation of
classical light through atmospheric turbulence, but they may be transformed beyond
turbulence to other complex media, beyond classical to quantum, and beyond funda-
mental studies to applications. We show how the tutorial can be extrapolated using
topical complex light in complex media examples as shown in Fig. 25 [85–90].

10.1. General Complex Light in Random Media
Turbulence can be considered a particular example of a random medium, with its
stochastic nature described by some statistics and the strength of the perturbation
given by a correlation length, r0, as detailed in the previous sections. The impact on
the propagating structured light is given by the dimensionless parameter D�r0, with
larger values corresponding to higher expected level of optical distortion. We can
generalize this to arbitrary random media by replacing r0 by an equivalent correlation
length, l0, defined as the (transverse) distance traveled for the phase changes to become
uncorrelated. Just such an example is shown in Fig. 26. Here a normal distribution
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Figure 24

Experimental eigenmodes. In the left column we see the measured intensities of
the eigenmodes of turbulence after propagating through the experimental setup. The
results show eigenmodes of weak, medium, and strong turbulence. In the right column
we see the measured intensities of OAM modes after propagating through the same
experimental setup with the same turbulence phase screens for comparison. The insets
show the initial input mode. Weak turbulence was characterized by �2

R = 0.5 and
r0 = 1.8 mm, medium turbulence by �2

R = 1 and r0 = 1.2 mm and strong turbulence
by �2

R = 1.5 and r0 = 0.91 mm.

is used for the statistics, a common model for general random processes, from which
random phases are drawn, illustrated as colors, e.g., red, purple, and blue for phases
�1, �2, and �3. The three random phase panels show increasing perturbation strength,
with examples for D�l0 = 2, 3, and 10.

The notion of a correlation length can also be extended to the light, to account for
arbitrary complex light forms beyond the eigenmode examples already given. One such
definition might be the average distance between the points in the beam cross section



164 Vol. 17, No. 1 / March 2025 / Advances in Optics and Photonics Tutorial

Figure 25

Extension to complex media. The tutorial’s content can be extended beyond just free-
space optics to other forms of complex media, including turbid (scattering media),
underwater paths and optical fibre. The tutorial lends itself not only to the digital
implementation of the medium but also arbitrary complex light, shown here as vectorial
light passing through a complex medium and emerging distorted.

that has a phase difference of ��2, motivated by the fact that this is half way between
completely in phase and completely out of phase [91]. Let us call this distance �. It has
recently been shown that the ratio of the two correlation lengths, ��l0, defines the modal
scattering behavior of complex light in random complex media [92]. The implication
is that the digital approaches outlined in this tutorial can immediately be translated to
other random media and arbitrary structured light. When the medium and the beam
are digitally prepared, complete control over ��l0 is achieved and, hence, the outcomes
can be understood in a more generalized sense. For instance, consider the example of
a scattering medium. Although real scattering media are readily available and, thus,
experiments are easy to realize [93–95], a digital approach would aid reproducibility
and make the strength of the scattering more controllable.

10.2. Underwater Wireless Optical Communication
The study of light’s propagation through underwater channels is closely related to the
phenomenon of atmospheric turbulence. It has seen a surge of interest in recent years,
driven by the need for greater communication speeds and data transfer rates, especially
with the imminent development and implementation of 6G wireless networks [96,97].
Currently, underwater communications are dominated by the use of acoustic waves,
which are able to propagate hundreds of kilometers with relatively low attenuation
[98]. However, acoustic waves have a limited data transfer rates (of the order of
kilobits per second) and high latency, limiting the surrounding infrastructure and
technologies which have far greater speeds [99]. It is here where optical wavelengths
have shown promise, with the ability to reach gigabit per second speeds in free
space and in some atmospheric demonstrations [100]. However, optical wavelengths
are not ideal for underwater propagation as they experience high attenuation even
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Figure 26

Correlation lengths in random media. The tutorial’s methodology of generating digital
turbulence can be extended to other forms of complex media. Such digitization only
requires knowledge of the medium’s statistics and the notion of a correlation length.
Here it is illustrated with Gaussian statistics to create random phase masks that have a
phase range of � 2 f�N�,N�g and a phase correlation length of l0 over an aperture of
diameter D. The strength of the perturbation is given as D�l0, in direct analogy with
D�r0 for turbulence.

over several meters and are severely affected by refractive index distortions in the
medium [101]. It is clear already that acoustic wave communications systems will be
an integral part of underwater wireless communication channels for the foreseeable
future, but they can be supplemented over short distances with optical systems to great
effect. Such applications include communications with and between manned and
unmanned underwater vehicles, seafloor sensors, and submarines and could possibly
be implemented to facilitate communications between submerged vehicles/sensors
and aerial targets such as drones or aircraft [102].

There are several factors that hinder the implementation of optical wavelengths in
underwater channels. The most prominent is absorption by the medium itself and
by suspended particles. The molecular vibrations of water absorb strongly in the
near-infrared and infrared regions of the electromagnetic spectrum while electron
transitions absorb highly in the ultraviolet region. This leaves a limited optical
wavelength range of about 400–540 nm with minimal absorption [103]. As with atmo-
spheric turbulence, underwater channels also experience distortions in the form of
temperature-induced refractive index fluctuations. Temperature fluctuations in under-
water channels follow different statistical properties to that of atmospheric turbulence,
mainly due to waters higher viscosity and density when compared with air. In addi-
tion, refractive index fluctuations are also induced by variations in the concentration
of dissolved salts, which locally change the density of the medium [104,105]. Both
temperature and salinity need to be considered when modeling underwater optical
turbulence. The final major factor is scattering. In addition to suspended particulates,
most underwater channels coincide with active ecosystems, inhabited by lifeforms of
various sizes and properties ranging from the macroscopic (e.g., fish, crustaceans,
and seaweed) to the microscopic (e.g., bacteria and plankton). While macroscopic
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organisms will not necessarily be a constant hindrance on the time scales of interest in
communication, microscopic organism, in addition to suspend inorganic particulates,
will be constant cause of scattering, and due to the presence of chlorophyll in organ-
isms such as phytoplankton, will also cause significant absorption in the blue and red
regions of the visible spectrum [106].

Studies have looked at successfully implementing many of the traditional encoding
schemes developed for FSOCs. These include the use of wavelength division multi-
plexing [107] and multiple-input multiple-output (MIMO) systems for space division
multiplexing, with multiple transmitters and receivers [108]. The literature for spatial
modes in underwater applications is sparse when compared with that for atmospheric
turbulence. The successful multiplexing of OAM modes for underwater wireless opti-
cal communication has reached data transfer rates of 40 Gbit/s over 1.2 m [109] and
multiple degrees of freedom have been combined, including wavelength, OAM, and
polarization to achieve a 10 Gbit/s data transfer speed over 2.96 m [110].

Few strides have been made in manipulating the spatial degree of freedom to com-
pensate for the losses in the underwater channel. Numerical routines have been
implemented at the beam generation stage to compensate for the channel’s distor-
tion [111], while specially tailored Bessel–Gaussian beams have been utilized for
more robust transport through underwater channels when compared to regular Gaus-
sian beams [112]. Recent work has shown that the properties of metasurfaces can also
be leveraged to efficiently shape light to improve focusing for more robust transport at
multiple wavelengths achieving data transfer speed of up to 20 Gbit/s [113].

There remains significant room for advancement not only in our understanding of
underwater turbulence and attenuation, but also in our ability to overcome its dele-
terious effects. The tools provided in this tutorial provide an excellent starting point
to simulate and investigate this phenomenon. Statistical quantities, namely the power
spectral density, for the refractive index fluctuations in water have different analytical
expressions when compared with that of the atmosphere, however, it can be used with
the same phase screen generation techniques detailed in this tutorial, allowing for a
numerical or controlled, benchtop experimental simulation of an underwater channel.
There are several spectra that can be used, depending on the particular type of appli-
cation or conditions one wishes to simulate. Currently, the most common makes use
of the Nikishov model which take into account the effects of both temperature and
salinity [114]. Alternative spectra include the Li spectrum, which make provisions for
unstable stratification in ocean layers [115] and the oceanic turbulence optical power
spectrum which includes the average temperature, average salinity, and wavelength of
the light used [116]. To make use of these spectra for phase screens, one need only
swap out the Kolmogorov spectrum for atmospheric turbulence in the expressions
here. In addition, if the attenuation factors for the particular environment and wave-
lengths are known, they can also be implemented numerically after measurements
have been done or incorporated into the SLM encoding with the complex amplitude
modulation scheme. Digital approaches will also allow for investigations into channels
of considerable length (due to the Fresnel scaling procedure detailed here), which has
significant benefit over current studies which have used water tanks with propagation
lengths of only a 1–3 m [109,110,113].

Underwater wireless optical communication remains a vital area of research with
important applications in the near future. The use of structured light in this field
is still in its infancy, with many aspects still to investigate and uncover. We believe
this tutorial provides all the necessary experimental tools to begin more in-depth and
robust research into the benefits and pitfalls of structured light in this burgeoning
field.
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10.3. Machine Learning
Atmospheric turbulence is a severe optical aberration with a highly complex spa-
tial structure that evolves rapidly over time. Compensating for and overcoming this
distortion presents a significant practical challenge requiring one to probe or mea-
sure the distortion and compute corrections within a very short window of time and
still allow for the transfer of information. Despite this, several computational tech-
niques have shown the ability to mitigate some of the deleterious effects caused by
a turbulent atmosphere. In the context of structured light in free space, these include
the use of the Shack–Hartman algorithm paired with adaptive optics to measure and
post-correct for the distortion [117–119] and the use of iterative numerical routines
such as the Gerchberg–Saxton algorithm to perform phase retrieval and correction
[120]. These approaches are, however, limited to correcting for the phase aberrations
and cannot compensate fully for the amplitude perturbations present in transmitted
modes. This then leaves the door open for more powerful computational tools which
can successfully identify distorted modes or compensate for real-world atmospheric
turbulence.

The ability of machine learning to efficiently and reliably recognize and classify images
has highlighted it as a promising tool to overcome current limitations in FSOC with
structured modes. Machine learning tools were used in some of the first demonstrations
of the efficacy of OAM for FSOC. This includes communication over 3 km in Vienna
with an average error of � 1.7% [13] and communications over 143 km in the Canary
Islands with an average error rate of � 8.33% [121]. These demonstrations made
use of an unsupervised learning approach known as self-organized maps. Here the
network starts out with a finite number of connected but randomly distributed neurons
in a high-dimensional space. Specified regions in this space are assigned to possible
properties of the input data. The neurons are trained on sample input data and neurons
are moved closer toward or further away from the specified regions such that neurons
closer to the specified regions will activate when the input data have properties that
are closely related to the properties that have been assigned to the region. After many
iterations, one observes clumps of neurons in each of these specified regions leading
to a map of self-organized neurons. One may then feed this network real data and
classify them rapidly depending on which neurons in the network activate. These
networks were initially used as they are easy to train and implement but require
significant computational time and resources if one needs to resolve finer details and
features.

Since these initial demonstrations, more sophisticated forms of machine learning have
been developed. The most prominent of which for FSOC is deep learning (DL). Deep
neural networks (DNNs) are functions that map some input x to some output y. The
function itself consists of a finite number of linear mappingsWi followed by a nonlinear
function fi such that the final process follows the relation

y = fN„� � � f2„f1„xTW1”W2” � � �WN”. (10.1)

These generally take the form of the multilayer perceptron (MLP) architecture which
encodes each pair of mapping functions Wi and fi into a layer of nodes (also called
perceptrons) and then maps the output of each perceptron in the ith layer to the
inputs of the perceptrons in the i + 1th layer. These models have not been used in this
form for structured light detection and compensation but have been shown to improve
the quality of imaging in astronomical observations through turbulence [122,123],
correcting aberrations for the Hubble Space Telescope [124] and to improve the
implementation of a high-pass filter for FSOC [125]. MLPs may have large numbers
of perceptrons in each layer and can be upward of 10–20 layers deep leading to a large
number of connections. This makes them very difficult to train each as perceptron’s
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weight needs to be carefully tuned and, once trained, the perceptrons are only sensitive
to features in the input data if they occur consistently in the same place. This lack of
spatial equivalence means MLPs on their own struggle with image recognition and
computer vision tasks and makes them unsuitable as is for use with structured modes.

The issues with DNNs like MLPs have largely been overcome with the introduction
of convolutional neural networks (CNNs). These have a similar architecture to that of
MLPs, but precede the perceptron layers with what are known as convolutional layers.
The convolutional layers do not interface with the elements of the input data individ-
ually and instead convolve the input signal with a kernel. This allows the network to
identify features and properties of the input data regardless of their location and is thus
a more effective tool for image recognition and classification. CNNs may have multiple
convolutional layers to check for various features and can follow these with just one
or multiple perceptron layers. They have been used with great effect in nonstructured
light applications such as wavefront sensing [126,127], telescope correction [128],
adaptive optics [129], and channel monitoring [130]. CNNs have shown great suc-
cess in identifying and demultiplexing OAM modes that been distorted by turbulence
[131–133] enabling effective adaptive demodulation for various encoding schemes
using structured light [134,135] and allowing for the compensation and correction of
aberration in perturbed OAM modes [136–138]. Despite the immense interest, many
of these schemes are yet to be tested in real-world FSOC links.

This tutorial provides all necessary tools one needs to accurately simulate turbulence
and in so doing allows one to develop authentic training data to provide current and
burgeoning machine learning algorithms. In addition, it also allows one to construct
numerical and experimental simulators which one may use to test the effectiveness
of the developed machine learning models. The use of machine learning extends
even to other complex media such as underwater channels [139] and allows for the
compensation of other degrees of freedom in structured light such as the polarization
[140] which can also be extended and simulated using the approaches detailed in this
tutorial.

10.4. Quantum Implementation
The tutorial’s content are immediately applicable to the quantum realm, and indeed
almost all studies that exploit quantum structured light do so with a digital imple-
mentation [141,142]. A highly simplified version of such a quantum experiment is
shown in Fig. 27, highlighting the salient differences between quantum and classical.
In the classical scenarios outlined thus far in the tutorial, the structured light is created
by SLMs, passed through a digital version of the medium, and then detected. In the
quantum realm there are some differences. Let us assume that we are dealing with two
entangled photons, one sent to SLM A and the other to SLM B. The spatial structure
of each mode is usually determined by the measurement process, i.e., what modes
were “measured” on the two SLMs. For instance, if the SLMs were programmed for
OAM then the entanglement would be expressed in the OAM basis, if measure for HG
modes, then the entanglement is expressed in the HG basis. By selecting a mode to
measure, it is as if this mode was created at the source and is therefore the mode under
consideration in the tests. This is called post-selecting in the measurement process.
Each SLM can also be encoded with the perturbation, for instance, turbulence. But
now one has several options for implementation. If only one SLM is encoded with
the medium then it appears as if only one photon passed through the medium; this
is called a one-sided quantum channel. An example of a real-world case would be
quantum key distribution, where one photon is measured in the sender’s lab (Alice)
and the other is sent across the channel to the receiver, Bob. Here only one photon
experiences the noisy medium. The programming of the medium on the SLM follows
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Figure 27

Quantum implementation. So far in this tutorial, the spatial structure on the classical
mode was imprinted at the generation step, the light was passed through a medium
implemented digitally with SLMs, and then finally detected with cameras. In the
quantum realm with two entangled photons, as depicted here, it is common to post-
select a particular spatial structure in the detection step, as if the detection is the
generation. The digital implementation of the medium can be implemented in several
ways: both photons can experience the same medium, each can experience conditions
different to the other, or just one can experience the medium, all programmed on the
two SLMs, one for each photon. The photons are measured by single photon detectors
and counted in coincidence. The illustration shows the post-selection of OAM modes
(of topological order three) in a one-sided turbulence channel.

exactly the same rules as before. The spatial modes on each SLM determine what is
tested, perhaps OAM on both photons (as if they both were OAM photons) or maybe
OAM on one and HG on the other. It is also possible to have the medium digitally
implemented for both photons by programming both SLMs. The two could have the
same conditions (correlated media) or not (uncorrelated or partially correlated). This
is called a two-sided channel, and an example might be two-photon imaging through
turbid systems. The point is that all the content of the tutorial can be applied directly
to the quantum realm, arguably with even more flexibility than in the classical case.

Exactly such tools have already been applied successfully in prior studies. For example,
one-sided turbulence has been demonstrated experimentally in the laboratory with
polarization qubits [143], with OAM quantum states to show entanglement decay
[144,145], and later extended to high-dimensional quantum states with OAM [146].
Although digital approaches with SLMs are usually associated with spatial modes,
they can also be used to mimic polarization channels [147] and momentum channels
[148] for quantum states. The same digital approach can be used in the undoing of the
channel, for adaptive optics compensation. This has been done for turbulence [149]
and other complex media [88–90], where the correction on photon A can fix the error
of photon B by virtue of entanglement [150]. Finally, the digital tools presented here
can be used to blend classical and quantum studies of turbulence [145].
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11. DISCUSSION AND CONCLUDING REMARKS

Throughout this tutorial we have concentrated on the core toolkit of creating structured
light and accurately simulating atmospheric turbulence. We anticipate that the tutorial
will aid the fast extrapolation to other turbulence models, e.g., the von Karman and
Tartatrskii models which are relevant in situation when the inner and outer scales of
atmospheric turbulence must be considered [30,32] and the oceanic power spectrum
which is important for modeling similar effects in salt water [114,151,152]. Simi-
larly, the tools outlined here can be deployed to study various families of structured
light in turbulence, e.g., including Bessel–Gaussian [14,153–163], HG [164–166], LG
[167–171], and Ince–Gaussian [172] beams. Because the atmosphere is not birefrin-
gent, the simulation of the medium will also hold true for vectorial light, a topic of
immense interest to the community [173–179]. Where these tools might also play an
important role as a test bed for various forms of correction of the effects of turbulence,
including modal diversity [180], traditional adaptive optics [117–119], simulating
beam broadening and energy variations [66,181,182], vectorial adaptive tools [183],
iterative routines [120], and even DL models [136]. The search for completely invari-
ant forms of light to atmospheric turbulence [15,18,52] likewise hinges on such tools.
These topics and future studies should benefit from this tutorial. The tutorial will also
be useful to the studies that do not seek modal invariance but rather modal change, for
instance, selecting structured light that will be highly sensitive to the medium under
study and utilizing it as a probe, where modal scattering is used to infer information
on the medium, a topic that is receiving significant attention of late [184].

In conclusion, in this tutorial we have outlined how to get started with digitally
implementing structured light in atmospheric turbulence, both as numerical studies
(digitally on a computer) and experimental realization (on digital devices). Laboratory
test beds are crucial to unravel the complexities of the topic prior to real-world studies,
and to test real-world instrumentation under controlled conditions. We have unpacked
the basic theory, how to numerically simulated turbulence, how to create computer-
generated holograms that simulate atmospheric conditions, and shown how to test
whether the implementation is correct or not. We covered points seldom outlined in
technical works, including how to execute time-varying turbulence and how to include
long-path and strong turbulence correctly. Throughout the tutorial we have highlighted
the approach with the use of structured light, touching on popular families and their
digital creation. We hope it will be useful to both newcomers to the field and experts
alike.

APPENDIX A. DERIVATION OF THE KOLMOGOROV POWER LAWS

The atmosphere is a highly turbulent medium and, thus, very difficult to describe using
typical fluid mechanics approaches such as the Navier–Stokes equations. In 1941,
Andrey Kolmogorov proposed a statistical treatment of fluids with high Reynolds
numbers. The Reynolds number is used to quantify and characterize how turbulent a
particular medium is and is given by [183]

Re =
�vL
�

(A1)

where � is the density of the liquid, v is the speed of the fluid flow, L is the characteristic
linear dimension, and � is the viscosity. Media with low Reynolds numbers are
considered close to smooth/laminar flows and media with high Reynolds numbers
are considered turbulent flow.

In Kolmogorov’s theory of turbulence, proposed by Andrey Kolmogorov in the 1940s
[25], we study the flow of energy through the system. We begin at outer length scale
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L0, at which energy is being injected into the system, driving the turbulent flow. The
exact value of L0 corresponds to the length at which two points in the system are still
correlated. At any scale larger than L0, the system will appear to have laminar flow. The
injected energy cascades down to smaller length scales in the form of turbulent eddies.
Here, the particles that make up the medium lose energy due to inelastic collisions
with other particles, leading to the formation of smaller and smaller eddies and the
downward energy cascade. This energy loss will be captured by the energy dissipation
rate � . This process continues until the inner length scale l0 is reached. At this scale
the kinetic energy of the particles has become small enough that the viscosity � of the
medium becomes significant. The viscosity quantifies the effects of the friction created
by the attractive forces between molecules in the medium. Thus, in this regime, the
potential energy between the molecules becomes comparable to their kinetic energies.
Since we are dealing with a fluid medium, we use the kinematic viscosity � = ���,
which normalizes out the volume and mass considerations to capture only the effect
of the attractive and repulsive forces. The range of length scales between L0 and l0 is
known as the inertial subrange.

We can quantify the inner length scale l0, also known as the Kolmogorov micro-scale,
through the use of dimensional analysis. At this scale, the flow is dictated by two
parameters: the energy dissipation rate � , quantifying the behavior due to the kinetic
energy, and the kinematic viscosity �, quantifying the behavior due to the potential
energy. The units of both are »�… = m2 s�3 and »�… = m2 s�1. Combining both of these
allows us to find a characteristic length scale l0 and a characteristic time scale t0, given
by

l0 =
�
�3

�

� 1
4

, (A2)

t0 =
��
�

� 1
2 . (A3)

The Kolmogorov model is powerful as it allows us to quantify the fluctuation in the
medium within the inertial subrange. We know that the energy changes as we move
from larger eddies to smaller eddies. Thus, we can relate the velocity fluctuations �v
to the length scale of the eddies we are interested in l. From these two quantities, we
can determine a time scale at which these fluctuations occur,

� =
l
�v

. (A4)

The turbulent kinetic energy E, the kinetic energy per unit mass in the medium must
by definition be given by

E =
1
2
�v2. (A5)

As the same kinds of particles are colliding at all length scale, we may assume that the
loss in kinetic energy due the inelastic collisions is the same at all length scales and,
thus, the energy dissipation rate is constant within our inertial subrange. By combining
Eqs. (A4) and (A5), we then have

� =
E
�

=
1
2
�v2 �v

l

=
1
2
�v3

l
) �v = Cvl

1
3 , Cv = „2�”

1
3 ,

(A6)



172 Vol. 17, No. 1 / March 2025 / Advances in Optics and Photonics Tutorial

where Cv is known as the velocity structure constant. We may also examine the
behavior of the fluctuations outside the inertial subrange. For scales above the outer
scale L0, we see laminar flow and so �v = 0 for l � L0. For scales below the inner
scale/micro-scale l0, we consider an arbitrary length scale l1 such that l0>l1. The larger
l0 is compared with l1, the more time it takes for energy to cascade down from l0 to
l1. Consequently, there is lower energy and smaller velocity fluctuations. Thus, we see
an inverse relationship between l0 and �v in this regime. We may then adapt this into
Eq. (A6) as follows:

�v = Cvl
� 2

3
0 l, (A7)

where the extra factor of l 2
3 is brought in to keep everything dimensionally consistent.

We therefore have

�v =

(
Cvl

1
3 , for L0>l>l0,

Cvl
� 2

3
0 l, for l0>l.

. (A8)

We are also able to find relationships between the length scales and the energy. We
must first define a spatial frequency or wavenumber such that � = l�1. We then define
an energy spectrum g„�” such that the turbulent kinetic energy in the range from � to
� + d� is given by

E = g„�” d�. (A9)
Combining this with Eqs. (A5) and (A8) gives us the following:

g„�”d� = Cv��
2
3

) g„�” = Cv��
5
3 .

(A10)

From this, we are able to easily calculate the energy at any particular length scale.

APPENDIX B. STATISTICS FOR RANDOM PROCESSES

The theory of turbulence presented in this work is one based off of statistics. Using the
assumptions proposed by Kolomogorov and others, we are able to derive analytical
expressions for several statistical quantities that describe the behavior of atmospheric
turbulence. In this appendix, we give a brief overview of the various statistical quanti-
ties of interest which we use to construct our model of turbulence. For a more in-depth
discussion of these quantities, we refer the reader to Chapter 2 of Ref. [32].

We look at a random process described by x„t”. The variable x is measured n number of
times at times t1, : : : , tn. We assume that the process is wide-sense stationary meaning
that the mean and the moments of the variable remain constant for the duration
of our measurements. This is a reasonable assumption to make for refractive index
fluctuations in turbulence as the mean value of the refractive index does not change even
over long time scales and the moments such as the variance remain constant as long
as we look at time scales comparable with the Greenwood frequency. The assumption
of a wide-sense stationary process results in many of the statistical quantities being
invariant to time translation and thus we may write them as in terms of � = t2 � t1.

We may define the expectation value of a random process x„t” (also sometimes called
the ensemble average) as follows:

hx„t”i = m„t” =
„ 1

�1
xpx„x, t” dx, (B1)

where px„x, t” the probability distribution function of the process x„t”. The variance of
the process is given by

�2
x „t” = hx2„t”i � m2„t” =

„ 1

�1
„x„t” � m„t””2px„x, t” dx. (B2)
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These relations are true for any process, however, they remain constant for a wise-sense
stationary process.

The autocorrelation function (or just correlation function) for a stationary random
process x„t” is given by

Rx„t1, t2” = hx„t1”x„t2”i =
„ 1

�1

„ 1

�1
x1x2px„x1, x2; t1, t2” dx1 dx2,

) Rx„�” = hx„t”x„t + �”i.
(B3)

The autocovariance function (or simply covariance function) is given by

Bx„t1, t2” = h„x„t1” � hx„t1”i”„x„t2” � hx„t2”i”i
= hx„t1”x„t2”i � m„t1”m„t2”

Bx„�” = hx„t”x„t + �”i � m„0”m„�”
= hx„t”x„t + �”i � m2

= Rx„�” � m2.

(B4)

Turbulence is usually modeled as a small fluctuation from a mean value. We may
model such a random process as

x„t” = m„t” + �x„t”, (B5)

where x„t” is the variable of interest, m„t” is the mean of that variable. and �x„t” is how
far that variable deviates from the mean at a time t. We define a special function for
this process known as a structure function which is given by

Dx„t1, t2” = h»x„t1” � x„t2”…2i

= »m„t1” � m„t2”…2 � h»�x„t1” � �x„t2”…i.
(B6)

We assume that for our process, the mean does not significantly change over time and
so we have m„t1” � m„t2” for small enough time period and so the structure function
simplifies to

Dx„t1, t2” � h»�x„t1” � �x1„t2”…2i. (B7)

The moments of a stationary process are constant over time by definition and so we
can easily relate the structure function and the covariance function as follows:

Dx„�” = h»x„t + �” � x„t”…2i
= hx2„t + �”i � 2hx„t + �”x„t”i + hx2„t”i
= hx2„t”i � 2hx„t + �”x„t”i + hx2„t”i
= 2hx2„t”i � 2hx„t + �”x„t”i
= 2

�
hx2„t”i � m2 � hx„t + �”x„t”i + m2�

= 2 »B„0” � B„�”… .

(B8)

It is sometimes useful to examine a process in the frequency domain instead of the
time domain. To do this we define a quantity known as the power spectral density,
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which is the Fourier transform of the covariance function,

�x„!” =
„
Bx„t”e2�i!t dt,, Bx„t” =

„
�x„!”e�2�i!t d!.

If the random variable of interest is real valued, then both the covariance function
Bx„t” and the power spectral density �x„!” are real and we may write,

�x„!” =
„
Bx„t” cos„2�!t” dt. (B9)

This is the case with turbulence as the refractive index fluctuations are real-valued
quantities.

Using Eq. (B8), we may relate the structure function to the power spectral density as
follows:

Dx„t” = 2
„

�„!”„1 � cos„2�!t”” d!. (B10)
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