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Traveling waves for a general diffusive virus infection model with both virus-to-cell and
cell-to-cell transmissions and adaptive immunity
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Abstract. The main purpose of this work is to investigate the existence and nonexistence of traveling waves for a virus
infection model with adaptive immunity, virus-to-cell infection and cell-to-cell transmission. The virus-to-cell and cell-to-
cell incidence rates are modeled by general nonlinear functions. The basic reproduction numbers are calculated for virus
infection, antibody immune response, cytotoxic T lymphocytes (CTL) immune response, CTL immune competition, and
antibody immune competition. By introducing an auxiliary nonlinear differential system and applying the Schauder’s fixed
point theorem, combined with the method of upper-lower solutions, we prove the existence of traveling waves dependent not
only on the five reproduction numbers but also on the critical wave speed. Moreover, we show that these traveling waves
connect the infection-free equilibrium to each of the other four equilibria, namely the immune-free infection equilibrium,
the infection equilibrium with only antibody immune defense, the infection equilibrium with only CTL immune response
and the CTL-antibody-present infection equilibrium. Finally, an application is provided and some numerical simulations
are performed to illustrate the theoretical results obtained.
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1. Introduction

According to several reports from various health organizations, such as the National Notifiable Diseases
Surveillance System and the Center for Disease Control and Prevention, the leading causes for the death
of children, adolescents and adults are infectious diseases. In recent decades, the study of population
dynamics of infectious diseases has attracted considerable attention. In this regard, there has been a
tremendous effort in the mathematical formulation of within-host virus dynamics models. These models
have been exploited to describe the dynamics inside the host of various infectious diseases, particularly
the in vivo infection process with adaptive immune response such as hepatitis B virus (HBV), human
immunodeficiency virus (HIV), hepatitis C virus (HCV), and human T-cell leukemia virus type 1 (HTLV-
1) (see, for instance [10-12,27,43]). Note that the role of the immune response in controlling these diseases
in the host is momentous, as it protects the host against pathogens.

The adaptive immunity consists of CTLs and antibody B cells. These two components play a crucial
role in preventing and modulating infections. The antibody B cells response is carried out by functional
immunocompetent B lymphocytes [6]. They migrate from the bone marrow to other lymphatic organs,
where they begin to generate antibodies to attack, neutralize and remove viruses, and prevent reinfection.
CTLs attack and kill infected cells to reduce viral load [6,12,31]. Several works have proposed some
mathematical models to explain how these two immune responses are important in curing the viral
infection [12,43,49].
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The aforementioned models only focus on virus-to-cell spread in the bloodstream despite the fact that
some works reveal that cell-to-cell transmission is vital to spread of virus in vivo [1,9,39]. In fact, the
direct cell-to-cell transmission mode has been pointed out in many infections such as HBV, HTLV, HCV,
HIV, murine leukemia virus (MLV), and many others [25,33,46]. In [24,38], the authors reported that
cell-to-cell transmission seems to be a more potent and efficient means of virus propagation than the
virus-to-cell transmission. Different models of viral infection with two modes of transmission have been
proposed. In [26], the authors investigated the global dynamics of HIV infection which included a direct
cell-to-cell transmission. Lai and Zou discussed the effect of cell-to-cell transfer of HIV-1 on the virus
dynamics [25].

The spatial mobility of cells and viruses has been ignored in most of the above models. To investigate
the influence of spatial structures on virus dynamics, the authors in [41] developed a diffusive HBV model
and assumed that the mobility of free virus follows the Fickian diffusion. However, biological motion of
cells and viruses have a crucial role in biological systems [3]. Moreover, from a biological viewpoint, cells
are distributed in space and typically interact with the physical environment and other organisms in their
spatial neighborhood [5,31]. Specifically, in the case of HIV-1, the spatial variation is not negligible, since
uninfected cells are densely packed in lymphoid tissues, and the spread and replication of the virus may
be different in distinct positions. Target cells tend to stay away from infected cells; meanwhile, infected
cells would get closer to target cells.

The mathematical analysis of the above models is needful to obtain an integrated view for the virus
dynamics in vivo. One analytical approach that is becoming increasingly fascinating in the study of
infectious diseases is the traveling waves method, because various infectious diseases can be well described
by a mathematical model with spatial effects that can give rise to a moving zone of transition from an
infective state to a disease-free steady state in general [51]. It is therefore essential to analyze the epidemic
wave, which is described by traveling waves solutions propagating at a certain speed. Traveling waves
are waves that move in a specific direction with a constant propagation speed while retaining a fixed
shape [8]. The study of traveling waves solutions to nonlinear PDE plays a crucial role in the modeling of
nonlinear phenomena. The existence of such traveling waves is generally a consequence of the coupling of
various effects such as convection or diffusion or chemotaxis. In [41], the authors extended the basic HBV
infection model designed in [36], and included the spatial mobility of free viruses. They assumed that the
viruses move in an infinite one-dimensional spatial domain (—o0, c0), and they studied the existence of
traveling waves solutions by using the geometric singular perturbation method. In the meantime, progress
has been made in the study of traveling waves solutions to nonlinear reaction-diffusion equations. Ge and
collaborators [15,16] employed the iteration technique designed in [44] to study the existence of traveling
waves solutions for a diffusive two-species predator—prey system with stage structure. In [21], the authors
used the Schauder’s fixed point theorem to discuss the existence of traveling waves solutions of a two
delayed reaction-diffusion system. Gan an coworkers [14] investigated the existence of traveling waves for
a HBV infection model with spatial diffusion and discrete time delay. By applying the cross-iteration
method and the Schauder’s fixed point theorem, they reduced the existence of traveling waves to the
existence of a pair of upper-lower solutions. Very recently, Wu and collaborators [45] studied the existence
and nonexistence of traveling waves solutions for a general diffusive virus infection model with humoral
immunity and cell-to-cell transmission. They established the upper-lower solutions with the aid of an
auxiliary system. Then, by applying the Schauder’s fixed point theorem and Lyapunov methods, they
obtained sufficient conditions for the existence of traveling waves solutions.

We found that the models above, studying infectious diseases such as HIV, HCV, HTLV-1 and many
others, ignore the role played by virus DNA-containing capsid. Note that the viral capsid is a structural
protein that encloses and protects the genetic material of the virus during the viral replication process [22].
On the other hand, it plays an important role in virus formation and replication during the maturation
phase of the virus [4,12]. Miao and collaborators [31] developed and studied a virus dynamics model
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with only humoral impairment, and ignored the cell-to-cell transmission mode and virus DNA-containing
capsid.

Motivated by the above works, particularly [31,43,45], we propose the following virus infection model
with spatial diffusion, both virus-to-cell and cell-to-cell transmissions, capsid, adaptive immunity and
general nonlinear incidence functions:

%—If =d1AH(z,t) + s — dH (z,t) — B f(H(x,t),V(x,t)) — Bog(H(z,t), I(x,t)),

% = d2AI(x,t) + p1f(H(2,t), V(1)) + fag(H (2, 1), [(2,t)) — 01 (2, t) — pl(x,t)Z(x,1),
%—? =d3AD(z,t) + kI(x,t) — (a4 0)D(x,t),

%—‘t/ = dyAV (2, t) + aD(z,t) — pV(z,t) — rV(x, t)W(x,t),

%—Vtv =ds AW (x,t) + bV (z, )W (z,t) — oW (x,t),

%—f =dgAZ(x,t) + al(x,t)Z(x,t) — qZ(x,t),

where t € [0,00), z € 2 with £ a suitable subset of R™, n a given positive integer. In this work, we
deal with the one-dimensional case (n=1) and take 2 = (—o0,00) [41] so that the Laplacian applied to

a function, Au, can be written % or ugy;. The biological terms H(x,t), I(x,t), D(z,t) V(x,t), W(z,t)
and Z(z,t) denote the density of uninfected target cells, infected cells, virus DNA-containing capsids,
virus, magnitudes of B cells and CTL cells at time ¢ and location z, respectively.

The uninfected cells are fabricated from precursors in the bone marrow and thymus in the body at
a constant rate so [31] and die at rate d. Uninfected cell become actively infected at rates (3 and [s,
resulting from virus-to-cell and cell-to-cell transmission, respectively. The nonlinear incidence functions
f(H(z,t),V(z,t)) and g(H(x,t),V(x,t)) stand for the influence of infection transmission through the
virus-to-cell and cell-to-cell modes, respectively. Thus, the term 51 f (H (z,t), V (z,t))+B28(H (x,t), I(x,t))
represents the total infection rate of uninfected cells. Infected cells perish at the per capita rate §. Virus
DNA-containing capsids are fabricate from infected cells at rate k& and removed at rate §. They are
transmitted to blood in order to convert into virus at rate «. The biological justification for adopting the
same death rate for infected cells and virus DNA-containing capsids is given in [12,34,35]. The biological
parameter u represents the clearance rate of free virions in the plasma. The model considers that infected
cells are eliminated at rate p by CTL cells, whereas free virions are neutralized by antibodies at rate r.
Antivirus CTL cells and B cells reduce proviral and viral loads, respectively. However, these reductions
would imply less stimulation of CTL cells and B cells proliferation [37]. As a result, it is reasonable to
consider that CTL cells and B cells stimulation have the densities-dependent form al(z,t)Z(x,t) and
bV (z,t)W (x,t), respectively. This indicates that B cells expand in response to the viruses at rate b
and decay at rate ¢, and CTL cells are activated by infected cells at rate a (also denotes the cytotoxic
responsiveness) and are destroyed in the absence of antigenic stimulation at rate g.

The spatial mobility is described by the diffusion terms d1 AH, doAl, dsAD, dyAV, ds AW and dgAZ,
where A denotes the one-dimensional Laplace operator (the second derivative with respect to the one-
dimensional space variable), and d;, i = 1,--- ,6 are the diffusion coefficients. Here, we assume that d;,
i=1,---,6, are positive real constants as in [47].

Finally, although we are dealing with a spatial model, all biological parameters of system (1.1), de-
scribed in Table 1, are assumed to be positive and independent of the position in the one-dimensional
space.

Miao and Jiao [30] studied model (1.1) with one branch of adaptive immunity, in the presence of two
discrete delays, when d; = ds = 0. Specifically, they discussed the positivity and boundedness of the
solution, and established the global dynamical behavior. In fact, model (1.1) gives an insight into the
intra-host models of infectious diseases.

As a particular type of solutions to the reaction-diffusion equation, traveling waves solutions, as
presented above, can well describe the process of matter transfer from one equilibrium state to another. For
model (1.1), traveling waves solutions may reflect the development of virus from infection-free equilibrium
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to immune-free equilibrium, or from infection-free equilibrium to only antibody immune equilibrium, or
from infection-free equilibrium to only CTL immune equilibrium, or from infection-free equilibrium to
both CTL-antibody immune equilibrium, at a certain wave speed. To the best of our knowledge, there
does not exist any work in the literature which investigates the traveling waves solutions for model (1.1),
which satisfy different appropriate boundary conditions.

We aim in this paper to study sufficient conditions for the existence of traveling waves solutions of
system (1.1) connecting infection-free equilibrium Ey and immune-free infection equilibrium FEj, con-
necting infection-free equilibrium Ejy and infection equilibrium with only antibody immune defense Fs,
connecting infection-free equilibrium FEjy and infection equilibrium with only CTL immune response Fj
and connecting infection-free equilibrium Fy and CTL-antibody-present infection equilibrium FEy, and
draw the critical wave speed from the characteristic equation. For system (1.1), we introduce an auxiliary
system by which a bounded cone is constructed, and we apply the Schauder’s fixed point theorem.

This paper is organized as follows. In Sect. 2, we study the existence of feasible equilibria, and the
minimal wave speed c¢* is studied by the linearization method when the antibody immune response
reproduction number R is less than one. In Sect. 3, a pair of upper and lower solutions is constructed.
In Sect. 4, a closed convex set is built and the Schauder’s fixed point theorem is applied to derive the
existence of traveling waves solutions of model (1.1). In Sect. 5, we show how these traveling waves connect
the infection-free equilibrium to each of the other four equilibria. In Sect. 6, an application is given and
numerical simulations are performed to confirm the theoretical results obtained. Finally, the conclusion
is drawn in Sect. 7.

2. Preliminaries

For any integer m > 0, we denote R* = {z = (z1,22, - ,&m) € R™ 1 x; >0, i = 1,2,--- ,m}. For
convenience and for a continuously differentiable function f, we denote f,,(x) = agif . In model (1.1),
the incidence functions f(H,V) and g(7,I) are assumed to satisfy the following assumption:

(Q1) Functions f, g : RZ — R, are continuously differentiable; f(H,0) = f(0,V) = g(H,0) =
g(0,I) = 0; fu(H,V) > 0, for all H,V,I; f(H,V) and g(H,I) are nondecreasing for all H,V,I > 0;
fv(H,V) is nonincreasing for all V' > 0; g;(H, I) is nonincreasing for all I > 0.

Furthermore, one can check that the class of general incidence functions f(H, V) and g(H, I) satisfying
hypothesis (Q1) includes incidence functions such as f(H,V) = HV [41], f(H,V) = % (17], f(H,V) =
lfrv[4ﬂ,f(H}V)::i;$%%ZVrp,ﬂ,f(H}V)::TI;ﬁiggiazﬁv[2ﬂ,w&wre7, w > 0.

Model (1.1) always has an infection-free equilibrium Ey = (Hy,0,0,0,0,0), where Hy = so/d. The
immune-free infection equilibrium, the infection equilibrium with only antibody immune defense, the
infection equilibrium with only CTL immune response and the CTL-antibody-present infection equilib-
rium are determined by the parameters of model (1.1). To obtain the immune-free infection equilibrium,
we first compute the basic reproduction number for virus infection Rg. Using the method developed in

[40,42], we have

_ kapifv(Ho,0) + Bag; (Ho, 0) (e + 6)

R,
0 Spu(o+0)

When Ry > 1, model (1.1) has a unique immune-free equilibrium E; = (Hi, I1, D1,V1,0,0), where
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soka — op(a + 0)V; pula+9) i soka ) )

H, = I, = ——=V;, Dy = =V; and V; 0, ——— | is th

1 Ak , 11 v 1, Y1 o 1 an 1 € s 5/1(0l m 5) 18 e unique
solution of equation
f (sokaéu(aJrcS)Vl v) <50ka5u(a+§)vl u(a+§)v>
dka ’ dka " ka op(a+ 0
g + B2 _ o ) o
v v ko

To obtain the existence of the infection equilibrium with only antibody immune defense
Ey = (HaI3,D9,V5,W5,0) and the infection equilibrium with only CTL immune response

Es = (Hs, I3, D3,V3,0,Z3), we define the antibody immune response reproduction number R; and the
CTL immune defense reproduction number Ro, as follows:

kba [61f<H1, Vi) + fag (Hl, ”(“‘”vl)]

Ry = % = ko and
o Suo
)
o, {ﬂlf(HuVﬂ + b28 <H1, u(ka)vlﬂ
Ry = — = . 2.1
2 q qd(a+0) (2.1)
When Rg > 1 and Ry > 1, model (1.1) has a unique infection equilibrium with only antibody im-
mune defense E (Hg, I3, Dy, Vo, W5, 0), where V- 7 I S0 — dHy D K(so = dify) 1%
= W. = — = —— = - =
2 2,142,472, V2, 2y ) 2 bv 2 5 ) 2 (5(0{+5) 9 2
bk —
a(so —dHz) p and
dor(a+0) r
0 0
Hy e |0, G M is the unique solution of equation
d dbka
o so —dH
so—dH = puf (H,7) = g (H 05) =0,
When Rg > 1 and R2 > 1, model (1.1) has a unique infection equilibrium with only CTL immune
q kq kag a(sp — dHs)
response B3 = (Hs, I3, D3, V3,0, Z3), where 3 ==, D3 = ———— V3= ————  J3 = ————— 2 —
P 3 = (Hs, I3, D3, V3 3), W 3= 8 a(a+5)3 pa(a +9) 3 0q
) 1)
—and Hs € (0, U is the unique solution of equation
P d ad

kag q
so — dH — H, 24 ) (H,f)zo.
0 ﬂlf( ua(a+5)> B8 o

To obtain the existence of the CTL-antibody-present infection equilibrium, Ey = (Hy, Iy, Dy, Vo, Wy, Zy4),
we define the competitive CTL immune response reproduction number R3 and the competitive antibody
immune response reproduction number Ry, as follows:

aly  a(sg — dHs) bV3 kbag
R _ 2 = E——— d R = = 2.2
s q q0 o 4 o] pala+96)o (22)
When Rg > 1, Ry > 1, Re > 1, Rg > 1 and R4 > 1, model (1.1) has a unique CTL-antibody-
k
present infection equilibrium, Ey = (Hy, Iy, Ds, Vi, Wy, Z4), where Iy = g, D, = 7(17 Vi = g,
a ala+9) b
— dH. ) 1)
Wy = H(R4 —-1), Zy = M ——and Hy € (0, %O — qu> is the unique solution of equation
r pq a

so—dH—ﬁlf(H,%)—BQg(H,g):O.

Based on the above discussion, we have the following result.
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(a) When Ry < 1, model (1.1) has only one equilibrium point Ey.

(b) When Ro > 1 and Ry < 1, model (1.1) has two equilibria Ey and .
(¢c) When Rg > 1, Ry > 1, Ro > 1, Rg < 1 and R4 < 1, model (1.1) has four equilibria Ey, Ey, Es

and Es.

(d) When Rp > 1, R1 > 1, Re > 1, R3 > 1 and R4 > 1, model (1.1) has five equilibria Ey, E1, Es, Es5

and Ey.

Now, the traveling waves solution of model (1.1) is defined as
(H(x,t),I(x,t), D(z,t),V(x,t), W(x,t), Z(z,1))
=(H(x+ct),I(x+ct),D(x+ct),V(z+ct), Wz +ct), Z(x + ct)),

where ¢ > 0 is the waves speed. Let s = z+ct, then from system (1.1), we get the following corresponding

waves system:

dSW‘zs -
dGZss -

diHgs —cHg + s —dH — 31 f(H, V) — Bag(H, I) = 0,
dolss — cls + Brf(H, V) + Bog(H, I) — 61 —plZ =0,
d3Dyy — cDy + kI — (a +6)D =0,

dqVss — cVs+aD — pV —rVW =0,
cWs+bVW — oW =0,
cls+alZ —qZ = 0.

(2.3)

In this work, we will investigate the traveling waves solution (H(s), I(s), D(s), V(s), W(s), Z(s)) of system
(2.3) with the following nine cases of boundary conditions:

Case 1: When Ry > 1 and Ry < 1,

lim (H(s),I(s),D(s),V(s),W(s), Z(s)) = Ep,
Case 2: When Ry > 1, Ry > 1and R3 <1,

lim (H(s),I(s),D(s),V(s),W(s),Z(s)) = E,
Case 3: When Rg > 1, Ro > 1 and R4 <1,

hIEl (H(S)a I(S)v D(S)7 V(8)7 W(S)r Z(S)) = E07
Case 4: When Ry > 1, Ry > 1 and R3 <1,

lim (H(s),I(s),D(s),V(s),W(s), Z(s)) = Ex,
Case 5: When Rg > 1, Ro > 1 and Ry <1,
lim (H(s),I(s), D(s),V(s), W(s), Z(s)) = En,

lim (H(s), I(s), D(s), V(s), W(s), Z(s)) = Ei;

T (2.4)
SILH;O(H(S),I(S), D(s),V(s),W(s), Z(s)) = Ea;
(2.5)
lim (H(s),1(s), D(s), V(5), W(s), Z(s)) = E;
(2.6)
lim (H(s), I(s), D(s), V(s), W(s), Z(s)) = En;
(2.7)
sli_{go(H(s),I(s),D(s)7V(s),W(s),Z(S)) = Es;
(2.8)

Case 6: When Rg > 1, Ry >1, Ry > 1, Rg >1and R4 > 1,

SEIPOO(H(s), I(s),D(s),V(s),W(s), Z(s)) = Eq,

Tim (H(s), 1(s), D(s), V(s), W(s), Z(s)) = Ex;
(2.9)
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Case 7: When Rg > 1, R1 > 1, Ry > 1, R3 > 1 and Ry > 1,
lim (H(s),I(s),D(s),V(s),W(s),Z(s)) = Er, lim (H(s),I(s),D(s),V(s),W(s),Z(s)) = Eu;
S0 §—00
(2.10)

S

Case 8: When Rg > 1, Ry >1, Ry > 1, Rg >1and R4 > 1,
lim_(H().1(), D(s). V(s), W(s), Z(s)) = Ba,  lim (H(s), I(s), D(s), V(s), W(s), Z(s)) = Ex
(2.11)
Case 9: When Rg > 1, R; > 1, Ra > 1, R3 > 1 and Ry > 1,
lim_(H(),1(), D(s), V(s), W(s), Z(s)) = Es,  lim (H(s). 1(s), D(s), V(). W(s), Z(s)) = E.
(2.12)
Linearizing system (2.3) at the infection-free equilibrium FEy = (Hp,0,0,0,0,0), from the last five
equations of this system, we get
dolss — cls + B1fyv (Hp, 0)V + Bag;(Hp,0)I — 61 =0,
dsDgss — cDgs + kI — (aw+9)D =0,
d4Vss — Vs +aD — pV =0, (2.13)
dsWss — cWy — oW =0,
deZss — cZs — qZ = Q.
Substituting (I(s), D(s),V(s),W(s), Z(s)) = e"*(ka, k3, k4, k5, k¢) into system (2.13) gives

cvka = (day? + Bag;(Ho, 0) — 6)ka + B1 fv (Ho, 0)ks,

evks = kky + (dsy® — (o + 6))ks,

cvky = aks + (dyy? — p)ka, (2.14)
evks = (dsy* — o)ks,

evks = (dev* — q)ke.

System (2.14) can be rewritten in the following matrix form

0’7(]{27 k37 k47 k57 kG)T = A(’Y)(kZ, k37 k47 k57 kG)Tv (215)
where
doy? + B2g;(Ho,0) — 0 0 B1fv (Hg,0) 0 0
k d3’)/2 - (Oé + (5) 0 0 0
Aly) = 0 e dsy? — 0 0
0 0 0 dsy? — o 0
0 0 0 0 dey? —q

In the sequel, we will need the following matrix
doy? + P2g;(Ho,0) — 6 0 B fv(Ho,0)
B(y) = k dsv? — (a+9) 0 :
0 a day® — p

The characteristic polynomial of the matrix A(y) is
P,(A) = det(A(y) — AT)
= (d57* = 0 = A)(de7* — ¢ = N) [(h1(7) = N)(h2(7) = N)(h3(7) = A) + kafy fv (Ho, 0)]
= (d57* =0 = A)(de7* —q = A)
[=A% + (B + ha + h3)A® = (hiha + hihg + hahs)A + hihahs + kaSy fy (Ho,0)] .
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where hi(y) = doy? + B2g;(Ho,0) — 6, ha(y) = d3v? — (o + 6), h3(y) = d4y? — p and 7 is the square
identity matrix. Let

Q(N) = X* — (hy + hg + h3)A\? + (hihg + hihs + hohs)\ — hihehs — kapy fy (Ho,0). (2.16)

Let A1(7), A2(7), A3(7), Aa(7) and As(7) be the roots of equation P, () = 0, where A\4(7y) = d57? — o,
As(7) = dey? — q and A\1(7), A2(7) and A3(v) are the roots of equation Q. (\) = 0.
We have
Qo(\) =\ + (2+a+5+u+W+(1RO)5) 2?2
(Oé + 1) + ,u)kaﬂlfv(Ho, 0)
(e +6)

Since Ro > 1, by Descartes rule of signs, equation Qo(A\) = 0 has at least one positive root. That is,
at least one of the A\;(0), i = 1,2, 3, is a positive real number whenever Ry > 1. Let A;(0) denote this
number. Setting es(y) = —(h1+ha+hs), e1(y) = hiho + h1hs + hahs, eg(y) = —hi1hohs — kafy fv (Ho, 0)
and A(y) =y — 52(7) , equation (2.16) becomes

+<u(a+5)+ +5(a+6+u)(1—R0))/\+5u(a+5)(1—7z0).

y* + Bi(7)y + Bo(v) = 0, (2.17)
where )
2
Bl(’y) = €1 — % = hlhg + h1h3 + hghg — g(hl + hg + h3)2

= [dads + dady + dsdy — §(dy + ds + da)?] v*+ [d3(Bag; (Ho, 0) — 6 — 1) + 5 (da — da — d3)(Ba28;(Ho, 0)
—a =26 — ) —da(a+ 3+ )] 7 + p? — (a + 8 + p)(B28;(Ho, 0) — & — 1) — 5(B2g;(Ho,0) —
a— 20 — p)?,

Bo(v) = %77 — G e
=3(h+ h2 + hs
= %[(dg +d3 + dy

+ [d3(B2g;(Ho, 0
— (a+ 6+ p)(P2g;

[h1h2 + hihs + hohs — 2 (hy + ha + hs)?] — hihahs — koS fy (Ho, 0)

V% + Bag;(Ho,0) — a — 26 — p] { [dods + dody + dsdy — 3(d2 + ds + dg)?] +*
— 0 — )+ 5(5ds — dy — d3)(B2g;(Ho, 0) — @ — 20 — ) — da(a + 6 + p)] v*
Hy,0)—6 — ) — 2(B2g;(Ho,0) — a — 26 — p)? } —dadsdsy®—[dsds(Bag; (Ho,0)—

Av\_/\/

5)
—dy (dap+ dy (- 8)) 1y — [dasu(a+-6) — (Bagy (Ho, 0) —8)da(dspi—+ ds (a-+8)) 1y +pa(a-+6)(1—Ro).
Since v € R, all coefficients e2(7), e1(7y) and eg(7y) in the equation @ (y) = 0 are real numbers. Thus,
equation @Qy(7) = 0 has at least one real root. The discriminant of equation (2.17) is A = —4B3(y) —
27B2(7). Recall that, since A # 0, if A > 0, equation Q(y) = 0 has three distinct real roots; and if
A < 0, equation @ () = 0 has one real root and two non-real complex conjugate roots. In what follows,
we assume that A < 0. Then, using the Cardan formula, the real part of the roots of equation (2.16) are
given by

—_

M) = 2 [(d2 + d3 + da)y* + Bag;(Ho, 0) — oo — 26 —

) BV [ B (B BV
{ 04+27}}+{_02_{04+27}}’

Re{A2(7)} = Re{As(7)} = %[(dQ + d3 + da)y* + Bag; (Ho, 0) — a — 26 — pi]

L B (B BV 1 Bt (B | Bt
_2{_02 +{ T 27}}_2{_02 _{04 * 127}}

OJ
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F1G. 1. Plot of function A () with parameter values for Case I in Table 1

where Re{\;(7)} denotes the real part of A;(7). Define
M) = max{Ai(7), Aa(7), As (1)}

Hence, we have the following result.

Lemma 2.2. Assume that for v > 0, we have B{(y) < 0 and 3B1(v)Bo(y) — 2B, (7)B1(y) > 0. Then, the
following statements hold.

(i) é\('y) is an even and strictly convex function for all v > 0.
(i) A(7) is an increasing function for all v > 0.

Proof. Tt is obvious that the functions \4(7) = d57? — o and A5(7) = dgy? — ¢ are even, strictly convex
and increasing for all v € [0, 00).

Consider the function A;(7y). Then, it is clear from the expression of A;(y) that Ai(v) is an even
function.

The function A\ () can be rewritten as

1/3
M) = 3[(ds +ds + da)y? + ot (Ho,0) —— 26— ) = D0 [0 — )72 4+ (1 €))7

where

E(y) = (/14 2??;%. Since we have assumed that A < 0, then 1 + 247J§8(2) > 0 for all v > 0.
Thus &(7) exist and is a positive real function. Hence, since (1 — &(7))/? 4+ (1 4+ £(7))Y/? > 0 and
(1 —&(9)72/% — (1 +&(7))72/3 > 0, differentiation of \;(y) with respect to v yields

— 3X7121/SB()(’7)BO*2/3(7) [(1 . 5(7))1/3 (1 _’_5(7))1/3}

By **(4)B3(7) (3B1(7) Bo(7) — 2By(1) Bu(m) [(1 = €(7) ™% = (1 + £(3)) /%

M) = ;(dz +ds +dy)y
1
EEPE)
> 0, for v >0,
which indicates that A () is increasing on v € (0, 00), provided that B{(vy) < 0 and 3B} (v)Bo(y) —
2By (v)B1(7) > 0.

Note that the strict convexity of A(y) is hard to prove analytically. Using the parameter values of
Table 1, a case is presented graphically in Fig. 1, where these hypotheses of Lemma 2.2 hold.
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Clearly, Fig. 1 shows that function A;(7), for the chosen parameter values for Case I in Table 1, is
indeed convex and increasing for all v > 0. Note that for the parameter values of Case II in Table 1, we
obtain a graph close to that of Fig. 1. O

For v > 0, we define the function

2

hy) = 200, (2.13)
Y

and state the following result.

Lemma 2.3. Let Ry > 1 and By(y) < 0. Then, under the conditions of Lemma 2.2, one has:
(1) Function h(7) is positive for all v > 0.
(2) Function h(y) admits a minimum value c¢*. Furthermore, there exists a unique v* > 0 such that
¢ =h(y").
(3) For every ¢ > c*, equation h(y) = ¢ has ezxactly two roots y1(c) and y2(c) satisfying 0 < v1(c) <
7" <72(0)
(4) For every ¢ > c*, there exist . > 0 and a positive eigenvector w = (ka, ks, ks)T satisfying

h(ve) =c¢ and B(v.)W = c¢y.w

Proof. Assume that R > 1 and By(vy) < 0.
(i)  Then, if Sog;(Hp,0) —a—25 — pp > 0, item (1) is valid. Now, we consider the case 82g;(Hy,0) —
a—20— < 0. Then Ai(y) > 0 for all v > ~_, where

V- = /= (Bogr(Ho,0) — o — 26 — 1) /(d + d3 + dy).

For v < v_, set z(y) = (d2y? + Bag;(Hop,0) — 6)(d3y? — (o + 8))(day* — p1). Then, one has

Z/(’y) = 27[3d2d3d4’}/4 — 2(d2d3ﬂ+d2d4(0&+5) — d3d4(ﬁ2gI(H0, 0) — 5))’72 —|—d2u(oz—|—5) — (/BQgI(HO, O) —
8)(dspr + dy(a+6))] and 2(0) = p(a + 8)(Bag; (Ho, 0) — 8) > —kaBy fy (Hy,0), since Rg > 1. Let y = 42
and Z(y) = 3d2d3d4y2 — 2(d2d3/1« + d2d4(0l + (S) — d3d4(ﬂggl(Ho, O) — (5)):(/ + dQ,U,(CM + 5) — (,ngI(H(), 0) —
8)(dsp + dg(a + 6)). By Descartes rule of signs, we have:

if d2d3/1,+d2d4(04+(5)—d3d4(ﬁ2gI(H0,0)—5) > (0 and dg,u(a—i-é)—(ﬁggl(Ho,O)—é)(d3u+d4(a+6)) >0
then £(y) has exactly two positive roots. Let y; and yo be these two positive roots, with y; < ys. Then
max.e(o,y_] 2(7) = max{z(\/y1),z(y-)}, since z(v) is increasing for v € (0,/y1], decreasing for v €
(\/y1,+/y2] and increasing for v € (,/yz2, 00]. Therefore, if z(y_) > 0 or z(\/y1) > 0, max,¢(o_12(7) >0
and if 2(y/y1) < z(y-) <0, or z(7-) < 2(\/y1) <0, max,c(o_) 2(7) > 2(0) > —kap fv(Ho,0);

if d2d3/.l+d2d4(01+(5) — d3d4(ﬁ2gI(Ho, 0) — (5) > O7 d2/};(0{+6) — (ﬁQgI(Ho, 0) —5)(d3ﬂ+d4(0&+5)) <0
d2d3,u + d2d4(0é + (5) — d3d4(52g1(H0, O) — 6) < 0 and dQIJ(O( + 5) — (ﬂggI(Ho, 0) — 5)(d3u + d4(0é + 5)) <0
then £(y) has one positive root. Let y3 be this positive root. Then, max,¢(g_j 2(7) = max{z(0), z(v-)} >
—kafy fv(Ho,0), since z(7) is decreasing for v € (0, \/y3] and increasing for v € (,/y3, o).

if d2d3/,(,+d2d4(04—|—(5)—d3d4(ﬁ2gI(H0, O)—(S) < 0and dgu(a—F(S)—(ngl(Ho, 0)—6) (d3/ﬁ+d4(0[+5)) >0
then 2'(y) > 0. Thus max,e(o,,_12(7) = 2(y-) > 2(0) > —kap fv(Ho,0), since z(7) is increasing for

€ (0,00). As a result, we have z(y) > —kaf1 fv (Ho,0), for all v € (0,~v_].
It follows from the above discussion that Ai(y) > 0 for all v > 0. Combining the definition of

( ) max{A1(y ):i4(7)’)‘5(7)} item (1) is proved.

(i) From R > 1, it is known that A;(0) > 0, which implies lim,_,q+ AlTﬁ) = 00. On the other hand
AL (’Y)

[(d2 + d3 + da)y? + Bag;(Ho,0) — v — 26 — p]. Hence lim,,_, o+ ’\17(7) = 00. Accordingly, there

existb a minimum value ¢* thanks to the continuity of the function AlT('Y) So, using the definition of h(y)
with A\4(7) = ds7? — o and \5(7y) = dg7? — q, it follows that item (2) is valid.

(iii) From (2) and the intermediate value theorem, it follows that there exists at least one v* > 0
such that ¢* = h(v*), and the equation ¢ = h(v) has at least two solutions, 71 (c) and ~v2(c), satisfying
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0 < y1(c) < v* < y2(c) for every ¢ > ¢*. We now prove the uniqueness of 1 (¢) and v2(c). By contradiction,
assume that there is v1(c), 71 (c) and y2(c) such that

= h(n(¢)) = h(1(c)) = h(12()), 0 <mle) <H(e) <7*(¢) <nale).

This indicates that the straight line y = ¢y and the curve y = h(vy) in the positive quadrant has
three intersections (cy1(c), h(y1(c))), (¢¥1(e), h(F1(c))), and (cy2(c), h(y2(c))). This contradicts the strict
convexity of function h(7y) for all v € (0,00). Thus item (3) holds.

(iv) Tt is obvious that A1(7y), A4(y) and As(7y) are also the eigenvalues of B(y), and Ai(7) is the
principle eigenvalue of B(v). Hence, the eigenvector corresponding to Aq () is positive. By the definition
of h(y), item (4) follows. This completes the proof. O

3. Upper and lower solutions

This section is devoted to the construction of suitable upper and lower solutions. To do this, we introduce
the following auxiliary system

diHss — cHy + 50 — dH — B f(H,V) — Bog(H, 1) =0,
dolss — cls+ Bof(H, V) + Pog(H, I) — 01 — pIZ =0,
dsDgs — cDg + kI — (a+9)D =

dyVss —cVs+aD — uV —rVW =0,

dsWes — Wy + VW — oW —cW?2 =0,

deZss —cZs+alZ —qZ —eZ? =0,

where € > 0 is a real constant. We define the following continuous and positive functions.

_ o bk _ ak
H:=Hy, (I.D,V) := e (ko ks, k)T, W= E‘*ew and 7 := “E—Qew,

where s € R. The parameters ko, k3, kg and 71 := 71(c) are defined in Lemma 2.3.

We now demonstrate in the following result that the function (H,I,D,V,W,Z) is an upper solution
of system (3.1).

Lemma 3.1. The functions (H,I,D,V,W,Z) satisfy

diHys —cHy+ s —dH — By f(H,V) — B29(H,T) <0, (3.2)
dolss —cls+ B f(H, V) + Bag(H,I) — 61 — pI Z <0, (3.3)
d3Dss —cDy+ kI — (a+6)D <0, (3.4)
dyVss —cVg+aD — qurVW<O (3.5)
dsW oy — Wy + OV — oW — W~ <0, (3.6)
deZss —cZs+alZ —qZ — 7 <0. (3.7)

Proof. Using the fact that 3, f(H,V) + Bag(H,I) > 0 for all V' > 0 and I > 0, it follows that inequality
(3.2) is valid.
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From hypothesis (Q1), we have f(Ho,V) < fy(Ho,0)V and g(Ho,I) < g;(Hp,0)I. Thus it follows
that

dolss — Iy + B1f(H, V) + Bog(H,T) — 61 — pl Z
d3Dgs —cDs + kI — (a+6)D
dsVes —cVe+aD —uV —rVIW
doyikoe"® — cyrkoe™® + By f(Ho, ka€*) + Bog(Ho, ko€ %) — Skoe?* — phoe™sZ
= d3yikses — cyrkge® + kkoe® — (o + 6)kge™®
d471 kae® — cy1kge® 4+ akse™® — pkge® — rke"SW

doiks — cyika + B1f(Ho, kae%)e™ 715 + Bog(Hy, koe%)e™ 115 — ko

<em? d3yiks — eyiks + kka — (a+ 6)ks
diniks — cyrks + aks — pka
o} — ev1 + Bagr(Ho,0) — 4 0 Brfv(Ho,0) ko
<emns k dsvi — ey — (a+6) ks
0 e dsvi — e — p ky
=0.
This indicates that inequalities (3.3), (3.4) and (3.5) hold.
bk
Using the definition of 71 in Lemma 2.3, since V = kye”® and W = —46715 we obtain
5

AW s — W+ VW — oW — eW-

bk‘4 bk4 bk4

bky
= dsyi—e"* — ¢y - —eM —g—eMd 4 (bV — EW) 6 —Aems

= (ds7i — e — o) %e“s <0,

which implies that inequality (3.6) holds.

aks

Also, from the definition of v; in Lemma 2.3, since I = koe?'® and Z = e’ we have

d6iss - CZ + aﬁ — q? — 672

aks k k aks
= dgv? o2 s 67126718 _ q26%8 (aI _ 52) 22 s
3 £ 3 £

k
= (do7} — en1 —q) e <0,
which implies that inequality (3.7) holds. O

Now, define the following functions:

H :=max{Hy — Mye"* 0}, I
=max{I — Me7*,0}, D :=max{D — M3ze™*,0}, V :=max{V — Mye’* 0},

W = max{e®® 2 =81 and  Z := max{e®?*, 27 —5)

where s € R. The parameters g, 7 satisfy 0 < vp < min{d—cl,vl} and 0 < ¥ < mm{dz, i d4,’)’1}
There are positive constants M;,i=1,--- .4, a1, as, s* and s** such that a lower solutlon is guaranteed

We have the following result
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positive parameters M;, 1 = 1,--- ,4, a1, ag, s* and s**.
_ — 1 H
diH,, —cH,+ sy —dH — B1f(H,V) — Bag(H,T) >0, fors € (—oo,s]) U (s],00), s7 = 7—lnﬁ0.
0 1
(3.8)
A + + + 1 ks
doly, —cl + B f(H,V)+ Bo2g(H,I) — 01 — pIZ >0, fors € (—o0,s5 ) U (s3,00), 55 = E— In L
- 2
(3.9)
+ + + 1 ks
dsD,, —cD,+ kI — (a+38)D >0, fors € (—o0,s3 ) U (s3,00), s3 1= = In —. (3.10)
Y—m Ms
_ 1 k
AV, —cV +aD—uV —rVW >0, fors € (—oo,s5) U (sf,00), sf = = In —-. (3.11)
Y= M
dsW .. — W +bVIW — oW — eW? >0, forse (—00, ") U (s%,00), s* := SI (3.12
deZy, —cZ,+alZ —qZ —eZ*> >0, fors € (—oo,s™) U (s**,00), s := s5. (3.13)

Proof. If s > s, then H = 0, and thus inequality (3.8) holds. Assume now that s < sj, then H =
Hy — Mje"°*. For this case, employing the fact that 0 < 79 < min {d%,%} , and letting My > Hj such
that sf < 0, we get

d1H,, —cH,+so—dH — 1 f(H,V) — Bog(H,T)

= —d1 Vg M1 + ey M™% + dMye™® — By f(H, V) — Bog(H, T)

> {M1(d +70(c = div0)) — (B fv(Ho, 0)ks + Bag;(Ho, 0)ks) 6(71_70)8} e’

> [Myd — (B1fv(Ho, 0)ka + Bag;(Ho, 0)ka)] €7%.

and returning to the calculation above, it follows

Then, taking M; > max {Ho, 61fv(HO’O)k4;rB2gI(HO’O)k2 }

that (3.8) holds.
If s > s5, then I = 0, and hence _Inequality (3.9) ‘holds. Assume that s < s, and also consider the
case s <min{s3,s5,sf}, then I =1 — Mye?*, V. =V — Mye¥® and 0 < 7 < 4+ Thus,

dol o — L+ B f(H, V) + Bog(H,I) — 61 — plZ

> dy (Iss — Ma7?eT®) — ¢ (I, — MaFe?®) — 6 (I — Mae™) — pZ (I — Mae™),

= dgjss — CTS -5 + ﬂlfv(H(), O)V + ﬁggl(Ho, O)T + Mo [5 + ’7(0 — dgﬁ)]e%
—pZ (T — Mxe™) — By fyr (Ho,0)V — Bog (Ho, 0)I

k3 5 ko M. . -
> | Mpd — 2 eCm o EEEER 0 6y fy (o, 0)kaet™ D" — Bogy (Ho, 0)kae =7
Vs = @1(5)6:/5.

Since 0 < 4 < 71, thanks to the classical limit of the exponential function at —oo, we have lim;_, o, ®1(s) =
M6 > 0. This means that there exists s3 < 0 such that ®;(s) > 0 for all s < s}. Taking s3 = s3, we
get My = koe( =752 Tt is not difficult to check that 0 < My < ko and the inequality (3.9) holds by
returning to the calculation above.
If sf <s<s5,then I =1— Mye¥® V =0 and inequality (3.9) can be established similarly as above.
If s < s < s§, then D = 0, and hence inequality (3.10) holds. Next, we consider s < s3. Let

0< M < min{kg, %Mg}. It follows that s§ < sy < 0. Then, D = D — Mse™ and I = T — Mye™.
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Hence, from the third equation of system (2.14), and the facts that s <0 and < 0 <5 < d%7 we get

d3D,, —cD, + kI — (a+6)D > ds (Dss — M35%€7*) — ¢ (Ds — M37€™®) — (a+6) (D — Mze™®)
= (d3Dys — cDy + kI — (a+6)D) — kI + M3 (a4 6) + A(c — dz7)) €7°
> [Mg(a +6) - kkge(“_:’)s} e (3.14)

Since 0 < 4 < 71, thanks to the classical limit of the exponential function at —oo, we have
lim, oo [M3z(a + 6) — kkoe 7] = Mjz(a + §) > 0, which implies that there exists s§ < 0 such that
[Ms (o + 8) — khkae™=75] > 0 for all s < sj. Thus taking 0 < My < min{kg, %Mg}, the inequality
(3.10) holds by repeating the above calculation.

If sj{ <s< sgf < sgr, then I = I — Mye¥, D = D — M3e7®, V = 0 and inequality (3.10) can be
obtained similarly.

Now, we focus on the inequality (3.11) about V. For this, we first let 0 < My < min{k47 %Mg}

Then, it follows that s < s§ < 0. Recall that when s > s, V = 0, which means that inequality (3.11)
holds.

Now, we consider s < s;. Then, from the above discussion, we get s < sf < si < 0. Thus V =
V — Mye¥® and D = D — M3e?®. Then, from the third equation of system (2.14) and the facts that s < 0
and <0 <7 < 7, we obtain
gV =V A+ kL —pV —rVW 2 dy (Vs — Myi?e?®) — ¢ (Vs = MaFe™™) — p (V — Mye™) —rVW
= (d4vss —cVy+aD — ,uV) —aD —rVW 4+ My (pn + (e — ds7)) €7°
—9)s + Me’hs
€ €

2
b'l"ki4 6(2,‘{1

> |:M4u — akgen =15 _ €7 1= Dy(s)eT".

Then, since 0 < ¥ < 71, thanks to the classical limit of the exponential function at —oo, we have
limg_,_ o P2(s) = Map > 0, which implies that there exists a s} such that ®o(s) > 0 for all s < s}. So,

taking 34 =s; and 0 < My < min {k4, %Mg, k:ge(’“’:*)S;} , it is not difficult to check that the inequality
(3.11) holds by returning to the calculation above.
Next, we focus on the inequality (3.12) about W. When s < sj[, we have V = kye?® — Mye¥ and
W =e*% Let a3 > 0,7 >0 and sj{ < 0. Then, after some computation, we get
dsW,o — W, +0VW — oW — eW? = (d5ozf — cop — O’) e +b (k:4673 — M4e%) 18 — ge?as
> [(d5a% — cop — O’) — bMye?s — 56“15} et?
> [(d{,()é% — cop — 0) —bM, — s] e“1s,

c++/c2+4ds(c+bMy+e)

s , it follows that the inequality dsW ,—cW +bVW —cW — eW? >0

By taking oy >

holds for all s < s}
Now, if s > s, then V. =0 and W = e®1(257=5)  Again, let o, > 0 and s < 0. Then, one has

dsWee —cW , +0VW — oW — EWQ = 20‘153 [(d5a1 + caq — 0) — 5620‘15; e*‘”‘ls] e “1®

+
> 62a153

+
d5O[1 +CO[1 . 2als3 e 04153:| eals

-+
> 6204153

( ) -
— e2aasi [(dg)al + cay — J) — 56"‘153} @18
[(d + caq — U)

] Ctlb

ct+v/c?+4ds(oc+bMy+e)

Since a7 > 5T , it is clear that (dsaf + cay — o) —e > 0. Thus the inequality (3.12)

holds.
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Finally, we focus on the inequality (3.13) about Z. When s < sj, we have I = koe?® — Mye¥® and
Z =e*% Let ag > 0,7 >0 and 82+ < 0, then after calculation, we obtain

de L, —cZ,+ alZ —qZ — eZ? = (dgoz% — cog — q) e“?® 4 q (kge'ys — Mge;*s) Y28 — ge2228
[(daag —cay —q) — aMye)s — £e2%] 2

>
> [(daag —cop — q) — aMy — €] e**®.

ot 02+4d22(6q+aM2+6), it follows that the inequality d¢Z,, — cZ,+alZ —qZ —cZ* >0

By taking oo >
holds for all s < s3.
Now, if s > 53', then I = 0 and Z = e®2(2s" =), Again, let ap > 0 and 5; < 0. Then, one has

dﬁzss - CZS +alZ — qZ - 5Z2 = 62‘123;— |: d60‘§ +caz —q

2a252 e a25:| e~ @28

) -
)

+ st

> 22282 [(deag +cag —q) — ce20253 ¢ 0‘252} e?®
+ .

= 22252 [(dgag + cap — q) — se‘”s?} a2
-+

> 2% [(dgas + can — q) — €] €*2°.

2 b
Since ag > crve +4i(;(_q+aMz+€), it is easy to see that (dgag + cag — q) — ¢ > 0. Thus the inequality

(3.13) holds. This compﬁletes the proof. O

4. Offshoot of the fixed point problem

To prove the existence of the traveling waves solutions, we need some preparation. For this, let ¢ > ¢* and
I > max{|s{|,|s5 ], [s4|,|s5|}. This section is devoted to the study of the following truncated boundary
value problem:

dyHyy — cHy + so — dH — Buf(H,V) — Bag(H, 1) = 0, s € (—1,1),
dQIss_CIs+/81f(H7V)+52g(H7I)_(SI pIZ—O? 86( l,l),

d3Dgs —cDs + kI — (a4 6)D =0, s e (=1,1),

dyVes — Vi +aD — puV —rVW =0, s e (=1,1),

A5 Wy — W, + VW — oW — eW? = 0, se(=1,0), (4.1)
d6Zss — cZs+alZ — qZ — 72 =0, se(=1,0),

H(s) = H(s), I(s) = I(5), D(s) = D(s),

Vi(s)=V(s),W(s) =W(s), Z(s) = Z(s), s e {=1,1}.

Let Il = [—l,l], M = C(Il> X C(Il) X C(Il) X C(Il) X C(Il) X C(Il) and

Ql :{((é)@awavae?u}) eMﬂ

¥
<Y <DV <v<V,W<0 Z in I}. (4.2)
Hence, €); is a closed and convex set in M, with the norm

(& 0,0,0,0,w) I = [19llcm) + llelled) + 1l + Ilew) + 10llea) + lwllew)-
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Now, for any given (¢, @0, %0, Vo, 0, wo) € §;, we consider the problem below

cps = di1dss + s0 — dp — B1f(¢o,v0) — B28(¢0, o),
cps = dapss + B1f(¢o,v0) + B28(Po, wo) — 0p — pwoep,
chs = dathss + koo — (a + )1,

Vs = dyvgs + athg — pv — rhgu,

cls = ds0ss + bugl — o0 — 6,0,

cws = dgwss + aPow — quw — EWw,

with the boundary conditions

¢(s) = H(s),p(s) = L(s),¢(s) = D(s),v(s) = V(s),0(s) = W(s),w(s) = Z(s), s € {~1,1}.
We have the following result.

Theorem 4.1. For any (o, o, %o, Vo, bo,wo) € Qu, the linear boundary value problem (4.3) admits a
unique solution which belongs to €.

Proof. The existence and uniqueness of a solution to the linear boundary value problem (4.3) follows
from the general theory of second order systems of ordinary differential equations (see [20, Theorem 3.1
of Chapter 12]). It only remains to show that this solution is in €. Let (¢, ¢, %, v,0,w) be the solution
of the linear boundary value problem (4.3) with (¢o, @0, %0, Vo, 0, wo) € ;. By the second equation of
(4.3), it is known that dapss — cps — dp — pwop = =01 f(Po, Vo) — B2&(Po, wo) < 0, for all s € (—1,1), and
(1) =1(l) = 0 and ¢(—1) = I(=1) > 0, because [ > s5. Then by the maximum principle, it follows that
©(s) > 0 for all s € (=1,1). In a similar way, one can demonstrate that ¢(s) > 0, ¥(s) > 0, v(s) > 0,
6(s) >0, w(s) > 0 for all s € (—I,1).

Next, we demonstrate that ¢(s) < I(1) for all s € (—1,1). Owing to (do, ¢o, %0, Vo, 0o, wo) € £, from
the second equation of (4.3), we get

d29055 —cps + ﬁlf(HO» ) + BQg(HO; ) - 590 pZ(P > 0 (44)
dapss — cps + P1f(H, V) + Bag(H, I) — 6 — pZyp < 0, (4.5)
for all s € (—1,1). Set @(s) = I(s) — ¢(s). Then by equations (3.3) and (4.4), we have
dowss — cwws — 0w — pZww = dol g5 — dapss — cls + cps — 61(8) + 6p — pZI(s) + pZyp
< —dapss + cps + 0+ pZp — P1f(Ho, V) — Bag(Ho, I) < 0.
Combining the fact w(+l) = (1) — ¢(£l) = I(l) — I(£l) > 0 with the maximum principle, it follows
that w(s) > 0 for all s € (—1,,1). Therefore, p(s) < I for all s € (—1,1).
Now, we prove that ¢(s) > I for all s € (—1,1). To do this, we set @(s) = ¢(s) — I(s). Then by (3.9)
and (4.5), for s € (1,55 ), we get
doTss — cs — 0@ — pZ w0 = dopss — doly, — cps +cl, — 6 + 81(s) — pZp + pZI(s)
< —dol, + el +0L+pZL— 1 f(Ho, V) — Bog(Ho, 1) 0. (4.6)
Moreover, combining @ (—1) = p(=1) — I(=1) = 0, @(s5) = ¢(s5) — L(s3) > 0 with the maximum
principle, it follows that (s) > 0, which implies ¢(s) > I(s) for all s € (—I,s5 ). In fact, we always have
©(s) > I(s) for all s € (—1,1) because I(s) = 0 for s € [s5,1). Accordingly, I < ¢(s) < I for all s € (—1,1).

Reasoning in the same way as above and combining Lemma 3.1 and Lemma 3.2, we show that ¢ €
[H, Ho)], v € [D,D], ve[V,V], 0 e [W,W|,we [Z, Z]. This completes the proof. O

It follows from Theorem 4.1, that one can define a map L : Q; — €; by
L(¢0,(Q0,1/10,U0,90,W0) = (d),go,q/J,v,@,w), (47)
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where (¢, ¢, 1, v,0,w) is the unique solution of problem (4.3). For proving that the nonlinear boundary
value problem (4.2) has a unique solution, we need to show by relying on Schauder fixed point theorem
that L is continuous and compact.

Lemma 4.2. The mapping L is continuous.
Proof. Let (¢, @0, %0, vo, B0, wo), (¢0, o, %0, Do, b, @) € € such that

L(¢O; ©0, ¢0, Vo, 007000) = ((j)v 2 ¢» v, ng) and L((;{)O, 9507 1;07 {}07 éOv ‘DO) = (Q;a va 127 63 éa (D)
By the first equation of (4.3), we have

di¢ss — chs + 50 — do — 1. f(do,v0) — B2g(¢o, p0) =0 (4.8)

and
d1dss — cs + 50 — dd — Buf (o, Do) — B28(do, Bo) = 0. (4.9)
Let ¥ = ¢ — ¢. Then, W(+l) = ¢(£l) — (1) = 0 and from (4.8) and (4.9), we get

W — di\lls + 77(3)\1] = U(S), s € (_l’ l)7
1
where 7n(s) = —dil and u(s) = chl [ﬂlf(d)o,vo) — B1f(do, Do) + B2g(do, o) — Bog(do, Po)| - Since

(¢a ®, ZZ’, v, 03 CU), (q;a Qba 12)7 {}a éa CIJ), (¢0, ©0, 1/’07 o, 907 wO)a ((7507 9507 12;0’ {}07 éOa (DO) € Qb there exist two pOSi_
tive constants K7 and K5 such that

—K; <n(s) <0 and |u(s)| < Kz [[|0o — vollen) + [P0 — ollom] » for s € (—1,1).

In fact, one can choose K1 = dil and

K2 = i [ﬂlfH\/(Ho,O)lﬁle’ﬂ + /BQgHI(H07O)k2€’Yl + 61fv(H0,0) + /BQgI(HO, 0)] . Therefore, by [13,
Lemma 3.2], there exists a positive constant K3, depending only on K7, ¢, d; and [, such that
19 () o) = llé(s) = 6(s)llow) < KaKs [[150 = vollom) + 180 — woll o] -

Reasoning similarly for the other equations, we show that, there exist some positive constants Ky, K,
K, K7 and Ky depending on parameters c,d;, 55, k, ki, «,0,b,a,0,¢, (i = 1,--- ,4;5 = 1,2;i7 = 2,4)
and [ such that

lo(s) — &(

[4(s) = ()l < Kslldo — dollowm)

lv(s) = o)l < Ko 1o = olloa + ko = Yol |
10(s) = 0(3)llc < K7 160 = volloq + 180 = bollea] -
lw(s) = @(s)llem) < Ks [l —wollew) + 180 — wolloay] -

Accordingly, |L(¢o,®0,%0, vo,80,wo) — L(¢o, Po, Yo, To, 00, @0) |y < K*||(do, p0, Yo, vo, B0, wo) —
8

(0307@071;0,50750’@0)”0(11)7 where K* = KyK3 + ZK’" Thus, for any given € > 0, one can choose
i=4

sewm) < Ka [ll(lgo = ¢ollew) + 190 — vollo) + 180 — wollewm) + @0 — WOHC(Iz)} ;

0 < 09 < ¢/K* such that
||L(¢0790071/)0,U0,90af-00) - L(q;07@0712}076075(%&0)”0(11) <€

for any (¢o. 0, %0, vo, 0o, wo), (¢0: Po, Vo, Do, 00,@0) €  Q verifying  [|(¢o, @0, Yo, Vo, 0o, wo)
— (90, Po, %0, Do, 0o, @0)|lc(1,) < 00. Whence, the mapping L is continuous. O
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Lemma 4.3. L is a compact mapping.

Proof. Let  (¢n, Pns¥nsUn, Onswn) = L(bon, 00.ns Yo,ns Vo, Bon,won), for a given sequence
(qbo 15 90,15 P0,m5 Vo.m, 00,y Wo.n) € . Then, by Theorem 4.1, it follows that (¢, apn,wn,vnﬁn,wn) € Q.

{¢0,n} {ﬁpo,n} {¢0,n} {Uo,n} {90,77,} {wo,n} are unlformly bounded in Il Thus, thanks to classical
a priori estimates for second order linear ordinary differential equations (see Lemma 3.3 in [13]), the
sequences of first order derivatives (¢, )s, (©n)s, (Un)s, (Un)s, (On)s, (Wn)s are also uniformly bounded in
I;. Then, thanks to Arzela-Ascoli Theorem, there exists a subsequence {(¢n;, ©nj, Ynj, Unjs Onj,wnj)} of
{(an» Pns ¢n7 Un, 077,7 wn)} Verifying

(d)nj, Pnj, q/}njy Unj, enj ’ an) - (¢a ®, 1/)7 v, 95 w)a
uniformly in I; as j — oo, for some (¢, @, 1, v,0,w) € ;. Consequently, the mapping L is compact. [

Combining Theorem 4.1, Lemmas 4.2 and 4.3, it follows from the Schauder’s fixed point theorem that
the mapping L has a unique fixed point, which is a nonnegative solution of the nonlinear boundary value
problem (4.1). Therefore, we state the following existence and uniqueness result.

Theorem 4.4. Let ! > 0. Then the mappping L : Q; — Q; admits a unique fized point (¢} (s), ¢} (s), V5 (s),
v} (s), 0/ (s),w;(s)) € Q, which is the solution of the nonlinear boundary value problem (4.1) deﬁned on
[—1,1].

5. Existence of traveling waves

In this section, the nontrivial and nonnegative traveling waves solutions satisfying the boundary conditions
are investigated. We have the following theorem.

Theorem 5.1. Suppose that Rg > 1 and ¢ > c¢*. Then system (3.1) has a solution (H*(s),I*(s),D*(s),
V*(s),W*(s), Z*(s)) defined for all s € R and verifying

ESH* SHOa lgl* §T7 QSD* Sﬁa KSV* SV7 ESW* §W7 ZSZ* SZa
(H*(=00),I"(—00), D*(—00), V*(—00), W*(—00), Z*(—00)) = (Hy,0,0,0,0,0).
Moreover,

0< H*(s) < Hy, I*(s)>0, D*(s) >0, V*(s)>0, W*(s)>0 and Z*(s)>0, foralls €R.

Proof. Consider an increasing sequence {l,, }°2; such that I, > max {|s{[,[s3], s3], |s{ |} and lim,, .o L, =
oo. Now, let (H*(s),I(s), Dx(s),V*(s), Wx(s), ZX(s)) be the fixed point of the operator L on ; , ob-
tained in Theorem 4.4 with [ = [,,. Clearly, the sequences {(H(s), I (s), D (s), Vi (s), Wi (s), Z5(5)) }n>j
are uniformly bounded in the interval [—I;,[;] for any positive integer j. Again, thanks to classical
a priori estimates for second order linear ordinary differential equations (see Lemma 3.3 in [13]), the
sequences {(H} (s), 1}, (s), D} (s), Vi (s), Wii(s), Z%(s)) }n>; are uniformly bounded in the interval

[—1;,1;]. Hence, by the Mean Value Theorem, the sequences {(H:(s), I;(s), D} (s), V*( )s Wi(s), Z5(5)) bn>;

are equicontinuous. Employing (3.1), one can express H*  (s), I*..(s), D (s ) Viiss ) Wr.o(s) and

NE
Zss(s) n terms of Hy(s), I (s), Dy (s), Vii(s), Wi(s), Zi(s), (Hs(s), Ig(s), Drg(s), Vig(s), Wi(s)

nss

and Z:L ( ) ThuS the sequences {( nss( ) I ( )7 D:Lss(s)v Vnss( ) W;:s's( ) Z;ss( ))}TLZ] are uni-

nss
formly bounded in [—I;,[;]. Therefore, by the Mean Value Theorem, the sequences {(H; (s), I} (s),
Dz (s), V.5 (s), W}k (s), ns( ))}n>; are also equicontinuous. Now, differentiating (3.1), one can use the
resulting equations to express H.. (s), I;;SSS( )y Dfos(8), Vn*sss( ), Wieo(s) and Z*_ _ (s) in terms
of H:(s), I2(s), Di(s), Vi(s), Wa(s), Z(5) Han(s): Loa(s), Din(s)s Vis(s), Win(s), Zan(s) Hiu(s),
I;zkas( )’ Dnss( ) V:Sé( )7 Wnss( )and Z;;ss( ) Accordlngly, the sequences {( nsas(s)’I':sss(s)’D;kLsss(S)7
Viios(8), Wiheos(8), Z2 o o(8)) In>; are uniformly bounded in [—[;,;]. Hence, by the Mean Value Theorem,

nsss
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the sequences {(H,.(s), Iss(s), Digo(s), Viiso(s), Wi (s) , Z% () }n>; are equicontinuous as well.
Now, applying the diagonal extraction procedure and the Arzela-Ascoli Theorem, there exists a subse-
quence (2 (5), T (5), Do (8), Vi (5), Wi (5), Zn (5))) of

{(H(s), I (5), D (s), Vi (s), Wi (s), Z%(s))} such that
(H} (8) L (8)s Dy (8), Vi (8), Wi (8), Z i (8)) — (H™(8), I (s), D*(s), V*(s), W*(s), Z*(s)),
(Hps (8)s Lns (8), Dins (), Vs (8): Wi (8)s Zps (8)) — (H (), 15(s), D(s), V' (s), Wi(s), Z5(s)),

(H;:mSS(S)7 I’;:’I’I’LSS(S)’ D:LmSS(S)7 V’rjmss (8)7 W:;mss (s)’ Z:,mss(s))
— (Ho(s), I56(), Dis(s), Vis(8), Wi (5), Z45(s)),

’ SS

as m — oo, uniformly in any compact interval of R, for (H*(s), I*(s), D*(s), V*(s), W*(s), Z*(s)) €
C?(R). It is obvious that (H*(s),I*(s), D*(s),V*(s), W*(s), Z*(s)), being defined for all s € R, is a
solution of system (3.1) and verifies H < H* < Hy, I < I* < I, D < D* < D,V <V* <V,
W < W* < W, Z < Z* < Z. Furthermore, from the definition of upper and lower solutions, we have
(H*(—00), I*(—00), D*(—00), V*(—00), W*(—00), Z*(—o0)) = (H)p,0,0,0,0,0).

Now, we demonstrate the last assertion of Theorem 5.1, i.e., 0 < H*(s) < Hy, I*(s) > 0, D*(s) > 0,
V*(s) > 0, W*(s) > 0 and Z*(s) > 0 for all s € R. Assume to obtain a contradiction that there exists
z1 € R such that H*(z1) = 0 and H}(z1) = 0. Then, H,(21) > 0 because H*(s) > 0 for all s € R.
But, from the first equation of (3.1), one has diH?,(z1) = —so < 0, which is a contradiction. Therefore,
H*(s) >0 for all s € R.

In a similar way, we suppose that there exists zo € R such that D*(z2) = 0 and D}(z2) = 0. Then,
Dz (z2) because D*(s) > 0 for all s € R. But, from the third equation of (3.1), one gets dsDZ (z2) =
—kI*(z2) < 0, which means that I*(z2) = 0 and hence I (z2) = 0. Let 2y = H, 20 = Hy, 23 = I, x4 = I,
x5 = D, xg = Dy, a7 =V, 25 = Vs, g = W, x19g = Wy, 11 = Z and 12 = Z,. Then system (3.1)
becomes

) = xa,

dixh = cxg — so + dxy + P1f(x1,27) + Pog(xy, x3),

xh = x4,

doly = cxy — Brf (w1, 27) — Bag(x1, ¥3) + dx3 + prawiy,

xk = we,

d?m’ﬁ = cxg — ks + (. + 0)xs, (5.1)
x7 - 1'8,

dyxly = cxg — axs + pry + reqxo,
!

Tg = 210,

dsxhy = cr10 — brrxg + Ox9 + ET3,

/
Ty = T12,

/o 2
demu = CcIi12 — axr3ri1 + qri1 + ETT-

Clearly, the region T'y = {(z1,22,0,0,0,0, z7, x5, g, 10, T11, L12) : X1, T2, T7, Ts, L9, T10, T11, T12 € R}
is an invariant set for system (5.1) and (x1(22),22(22),x3(22), 24(22), x5(22), v6(22), x7(22),
x8(22), 9(22), x10(22), 11 (22), £12(22)) € T'y. This implies that I*(s) = D*(s) = V*(s) = W*(s) =
Z*(s) = 0 for all s € R. This is a contradiction since from the definition of I, D and V, we have
I*(s),D*(s),V*(s) > 0 for all s < min{s3,s5,s{}. Thus I*(s) > 0, D*(s) > 0 and V*(s) > 0 for all
s € R. Also, from the definition of W and Z, we also conclude that W*(s) > 0 and Z*(s) > 0 for all
s eR.

Finally, we prove that H*(s) < Hp. Suppose to obtain a contradiction that there exists z3 > 0
such that H*(z3) = Hy and H}(z3) = 0. Then, HY(z1) < 0. By the first equation of (3.1), one has
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d HY(z1) = 81 f(H*(23), V*(23)) + 028(H*(23),I*(23)) > 0. This is a contradiction with I*(s), V*(s) > 0
whenever s < min {32 ,33 .8 } Hence, H*(s) < Hy for all s € R. This completes the proof. d

Based on the previous discussions, we now consider the original system (2.3), and have the following
result.

Theorem 5.2. Suppose that Ro > 1 and ¢ > c¢*. Then system (2.3) has a solution (H*(s),I*(s),D*(s),
V*(s),W*(s), Z*(s)) defined for all s € R and verifying

H<H"<Hy, I<I*<I, D<D"<D, VSV*<V, W<W*<W, Z<Z*<Z,
(H*(_OO)7I*(_OO)’D*(_OO)?V*(_OO)aW*(_OO)7Z*(_OO)) = (H070707070a0)'

Furthermore,
0< H*(s) < Hyg, I*(s)>0, D*(s) >0, V*(s) >0, W*(s)>0 and Z*(s)>0, foralls € R.

Proof. Let {e,} C [0,1) be a decreasing sequence such that ¢, — 0 as n — co. From Theorem 5.1, it
follows that for any given n € N*, where N* denotes the set positive integers, system (3.1) has a solution
sequence {(Hx(s), I:(s), Dx(s), V.*(s), W}(s), Z%(s))} which verifies

diH} o —cH) +so—dH — B f(H,;, V) — Beg(Hy, 1) =0,
dolyss — el + Bof(Hy, Vi) + Bag(Hy, 13) — 615 — pIn Z7 = 0,
d3Dypss — DY+ kI — (a+ 6) D} =0,

dyViyss — cVis+aD} — Vi —rV W =0,

dsWss — Wi+ VW — oW — e, W32 =0,

d6Znss — 2%+ alX 2 —qZF — e 272 =0,

and
H < H;(s) < Hy, I<I;(s)<I, D<Dj(s)
<D, VSVi(s) <V, W<Wy(s)<W, Z<Zi(s)<Z,
(Hy(—00), I;(=00), Dy (=00), Vi (—00), Wy (=00), Z; (—00)) = (Ho,0,0,0,0,0).
Furthermore,

0< H}(s) < Hoy, I(s)>0, Dy(s)>0, V(s)>0, Wr(s)>0 and Z)(s) >0, forall s € R.

Let Ve, = k2+k3+/€4+bk4+ak2 1

. Clearly v., — oo as n — oo. Thus, for s € [—j,j], j € N*, it fol-

k2+k3+k4+bk4+ak2 s < Ve,

for n > nj and s € [—7,4]. Thus, using similar arguments as in the proof of
Theorem 5.1, it follows that the sequences of solutions {(H(s), I} (s), Dk (s),V.*(s), W} (s), Z%(s))} are
uniformly bounded and equicontinuous on [—j, j]. Therefore, by Arzela-Ascoli Theorem, there exists a uni-
formly convergent subsequence {(H7,,(s ),I;‘m( )s D5 (8), Vi (8), Wi (8), Z5,,(5)) } of
{(H(5), I (s), D7 (5), Vi (5), Wi (s), Z3,(s)) } as m — 0.

Whence, applying the diagonal extraction procedure we can choose a subsequence {(H},,..(s), I%,,.(s),
Dl (5). Vi (8), Wy (), Zonn(5))} of {(H m (8): L (8); D (), Vi (8), Wi (), Z5,, (s ))} which con-
verges uniformly on every interval [—j,j], j € N*, and limy,,—oo(H}, (8)s I (), Dl (8), Vi (8),
Wi (8): Ziyn(5)) = (H* (3), I* (), D* (). V*(s), W*(s), Z*(s)).
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For any m € N, it is known that

diH —cH}\ o +so—dH, — Bif(H:,., Vi) — Beg(H L) =0,

mmss mms m mm? mm

dQImmSS - CI;?kzms + ﬂlf(H:;zmv Vn*lm) + ﬂ?g(H:;zmvlszm) - 6‘[;1m - pI;kan:;Lm = 07
dsDyyss — €D+ kI — (a +8)D%,, =0

mms

d4mess —cVr s+ OéD:nm — MV;Lm —rV: W* = O7

mms mm mm

dsWinmss — CW;;ms + VW — O'W;;Lm — EmmW»:IQm =0,
d6 Zmmss — €2 +alf, 2% —qZ%  — epmZi2 =0,

where (€, ) is a subsequence of the sequence e,,y,. Letting m — oo in (5.3) we readily deduce that (H*(s),
I*(s), D*(s), V*(s), W*(s), Z*(s)) satisfies system (2.3). Repeating a similar proof as in Theorem 5.1, we
get 0 < H*(s) < Hy, I*(s) >0, D*(s) >0, V*(s) >0, W*(s) >0 and Z*(s) >0, forall s € R.
This completes the proof. O

Now, we investigate the asymptotic behavior of the solution (H*(s), I*(s), D*(s), V*(s), W*(s), Z*(s))
when s — oco. To do this, we need the following additional assumption.

(Q2) There exists a continuous, increasing and differentiable function ¢(H) defined for all H > 0,
satisfying £(0) = 0,

(1 B f(Hi,Vi)ﬁ(H)> (f(H, VY(H) vV

fa v ) \ vz)ﬁ(H)‘Vi)SO’ P=hag

and

g(Hi, [YO(H) [ g(H,DE(H;) T N
<1 B ng)ﬁ(Hi)) (g(Hi;Ii)f(H) - 1i> <0, i=1234

Theorem 5.3. Suppose that Rg > 1, ¢ > ¢* and assumption (Q1) hold. Then system (2.3) has a solution
(H*(s),I*(s), D*(s),V*(s), W*(s), Z*(s)) defined for all s € R and verifying
0< H*(s) < Hy, I"(s) >0, D*(s) >0, V*(s) >0, W*(s) >0 and Z"(s) >0, foralls €R.
(H*(—00),I"(—00), D*(—00), V*(—0), W*(—00), Z*(—0)) = (H,,0,0,0,0,0).
Moreover,
(i) If (Q2) holds, Ry < 1 and Ry < 1, then (H*(00), I*(60), D*(00), V*(00), W* (00), Z*(00)) =
(HlelaDlvvlvoaO)'
(i) If (Q2) holds, R1 > 1 and Rg < 1, then (H*(c0),I*(c0), D*(00), V*(00), W*(00), Z*(0)) =
(H2a125D27‘/2aW250)'
(ii) If (Q2) holds, Re > 1 and Ry < 1, then (H*(00),I*(c0), D*(0), V*(00), W*(c0), Z*(c0)) =
(H3513;D37‘/3a0a Z3)
() If (Q2) holds, Ry > 1, Ra > 1, Rs > 1 and Ry > 1, then (H*(c0),I*(c0),D*(c0),
V*(OO), W*(OO), Z*(OO)) = (H47I4,D4,V4,W4, Z4)

Proof. By Theorems 5.1 and 5.2, it clearly follows that the solution (H™*(s),I*(s), D*(s),V*(s),
W*(s), Z*(s)) of system (2.3) is defined for all s € R and satisfies

(H*(_OO),I*(_OO),D*(—OO),V*(—OO),W*(—OO), Z*(_OO)) = (H070703070,0)
and
0< H*(s) < Hy, I"(s)>0, D*(s) >0, V*(s) >0, W*(s) >0 and Z*(s)>0, foralls € R.

Now, we discuss the asymptotic behavior of (H*(s), I*(s), D*(s), V*(s), W*(s), Z*(s)) when s — occ.
For item (i), define the following Lyapunov function
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My =c (a:l - /wl Zigi)dt) + (i((fll)) - 1) dizs + c <x5 -I /: %dt) + <i—; - 1) daxy

Hy

Hy, V; "5 1 D Hy, V; 71
+M [c (965 _ Dl/ 7dt> n (J _ 1> d3556] n Bif(H1, V1) {c <x7 _ Vl/ 7dt>
kIy Dy t Ts5 aDq v, t
% Hi,V;
+ <71 71>d +M(C$9 *dsﬂclo)Jrg(CﬂUu —dgx12) .
7 baDy a
dM;

The derivative of M; along the trajectories of system (5.1), denoted by 47+, gives

o (-12)1-3)
H1 _azDy Vams  f(a,ar)h f(Hl,Vl)ﬁ(xl)m

oL ) |5 - x5,  Dixr f(Hl,Vl) flxr, x7)l(H1)Vy
Hl,Vl ( )) <f($1,$7 1 ‘T7>

fxr, z7)l(Hy) f(Hy, Vi)l(xq) 1

_UHy)  glwn,as)l (H1,I1 (1) xs}

i, ) [3 G~ e B

o(Hy 1)0) \ (sleras)l(Hy) e

Thag(H1, 1) (1 " el z;)aHll)) ( (1)) If)

+?"O’ﬂ1f(H17V1)
bOéDl

Thus, the conditions of the theorem ensure that dMl < 0 and dMl = 0 if and only if z; = Hy, x3 = I,
5 = Dy, 27 = Vi, 29 = W7 = 0 and z1; = 21 = 0. Thus by [19, Theorem 5.3.1], it follows that

(H*(00), I*(00), D*(00), V*(0), W*(0), Z*(c0)) = (H1, I, D1V7,0,0). Hence, item (i) is proved.
For item (ii), define the following Lyapunov function

o [ 80) (50 ) ) (5

B1f(Hz, Va) 751 Dy B1f(Hz, Va) 1
4+ {C <$5 — Dg/ ;dt) + (g — 1) d3$6:| + 7&D2 |:C <337 —Va /\/2 ;dt)

+61f(Hy, V1) (1

(R 1)%9 + (RQ — 1)1’11

ko Dy
+ <E - 1) dax } + W {c (:L‘g - W2/ ’ ldt) + (% - 1) dS-TIO} +2 (cx11 — dex12) -
7 a2 Wy t g a
The derivative of My along the trajectories of system (5.1), denoted by dfi\;b, yields

dMs ((H>) L1
o <t (1- 32 >)(Hz>
By f(Ha, Vi) [5 Hy) x3Dy  Vaxs  f(x1,27)]s f(Hz,Vz)é(CCl)I?}

w5y Doxy  f(Ha,Va)rs  f(z1,27)0(H2)Va
Hz’Vz {(z )) (f(xl’JU?)f(Hﬁ B ﬂ??)
f Va

+01f(Ha, Va) (1

[z, 27)0(H>) (Hz, Va)l(z1)
_ U(Hs) (9317903)[2  g(Ha, L)l (x1)x3
sl ) |3~ )~ B
g(Ha, Io)l(z1) \ (g1, 23)0(H) w3
e -

+P28(Hz, I2) (1 B gz, 23)¢(H2) (Hz, Io)l(z1) I

dM2 < () and % = 0 if and only if x1 = Hs, x3 =

Hence, under the conditions of the theorem, 7
Iy, x5 = Do, x7 = Vo, x9g = Wy and z17 = 25 0. Thus by [19, Theorem 5.3.1], it follows that
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(H*(00),I*(00), D*(00), V*(00), W*(00), Z*(0)) = (Ha, Iz, D3V, Wo,0). This completes the proof of
item (ii).

For item (iii), define the following Lyapunov function

Ms =c (11 — /:31 Z;Z§)dt) + (ZZ((I;;) — 1) dizo + ¢ <mg — I3 /123 %dt) + <% — 1) dozy
B1f(Hs, Vs) 51 D3 B1f(Hs, Vs) 71
# P o (en a7 Jat) + (D2 1)z + LRI e (ar - va [T )

\% Hs, V- Tl ] Z:
+ <73 — l) d4$8:| —+ M (ng — d5x10) + § |:C <x11 — Z3/ Zdt) + (73 — l) d6x12:| .

T7 baDs Z3 T11

The derivative of M3 along the trajectories of system (5.1), denoted by dM3 yields

(43

)
+ﬁlf Hg, Vg |: $3D3 V3$(,‘5 f(l'l, (L‘7)I3 f(H3a V3)€($1)$7

xsls  Dsxr f(H37V3 J(w1, 27)0(Hs3)V3

. f(Hs, V3)l(z1) f(wy, 27 T7
! f(xlaﬂ??)f(H?»)) (f(H3,V3 v1) )

+51f(Hs, V3)

gy, x3)13 g(H3,[3 U(x1)z3
(Hs, I) Hs) -
+0a8(Hs, Iy { Uxy)  g(Hs, I3)xs g(ﬂ%ws E(H
g(Hs, I3)l(x1) g(x1,23)0(Hsy) rofif(Hs, Vs)
H I 1-— Ry —1
+62g 373 ( (El,.’bg Z(Hg) g(Hg,Ig xl AR bOé.Dg ( 4 )xg

Therefore, the conditions of the theorem ensure that % < 0 and dg/sl:‘ = 0 if and only if 1 = Hs,

Ir3 = 13, Ty = Dg, Ty = Vg, Tg = W3 = 0 and 11 = Zl. Thus by [197 Theorem 531], it follows that
(H*(00),I*(00), D*(00), V*(00), W*(0), Z*(c0)) = (Hs,Is,D3V3,0,Z3). Whence item (iii) is demon-
strated.

For item (iv), define the following Lyapunov function

o [ 500) (48 ) 10) (5 )

ﬁlf H4’ Va) [ (az5 — D4 | 1alt) <D4 — 1) d:ﬁ‘s}
p, t 5

ﬂlf H4’ V4 (z7 — V4 1dt> <V4 — 1> d4338]

€7

+M c xg—W4/ 1dt %—1 dsz10
baD, w, ¢ To

1 Z
+£ |: (.%‘11 — Z4/ dt) + (4 — 1) d(;l'm] .
a z, t 11
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The derivative of My along the trajectories of system (5.1), denoted b

enl BILE

1)
+ﬂ1f H4 ‘/4 |: £E3D4 V4‘T5 f(l’l,ZZT7)I4 f(H47V4)€(I1)£L'7

5 — — _
xsly  Dax7z  f(Hy,Va)zs  f(xy,27)0(H)Va

H4’V4 Uz )) <f(331’937)4(H4) B 3‘3/7>
4

+01f(Hy, Vy) (1

f(z1,27)0(Hy) ) \ f(Ha, Va)l(z1)
st [3- G - SRR~
g(Hy, I4)l(x

V) (gler,z3)l(Hy) 3
g(ﬂflal‘s)f(HO) (g(H4714)f(331) 14)'

Hence, under the conditions of the theorem, d{;g <0 and % =0 if and only if 21 = Hy, x5 = Iy, 5 =
Dy, x7 = Vy, xg = Wy and x11 = Z4. Thus by [19, Theorem 5.3.1], it follows that (H*(o0), I*(c0), D*(00),
V*(00), W*(00), Z*(00)) = (Ha, 14, D4Va, Wy, Z4). This completes the proof of item (iv). O

+B2g(Hy, 14) (1 -

Remark 5.1. We see that, in Theorem 5.3, (Q2) is an additional condition introduced to establish the
existence of traveling waves solutions of system (2.3) defined for s € R connecting equilibria Ey and Ej,
equilibria Fy and Fs, equilibria Ey and E3, and equilibria Fy and FEy, respectively.

Now, we focus on the traveling wave solution (H(s),I(s), D(s),V(s),W(s),Z(s)) of system (2.3) in
Cases 4, 5 and 7, given in (2.7), (2.8) and (2.10), respectively.

By the previous Lyapunov functions and LaSalle’s invariance principle [19, Theorem 5.3.1], and the
linearization methods, it is found that for system (2.3),

— when Rp > 1, Ry > 1 and R3 < 1, the unique positive equilibrium Ey = (Ha, I, Do, Vo, W5, 0) is
globally asymptotically stable and equilibrium Ey = (Hy, I, D1, V7,0,0) is unstable.

— when Rp > 1, Ry > 1 and R4 < 1, the unique positive equilibrium Fs = (Hs, I3, D3, V3,0, Z3) is
globally asymptotically stable and equilibrium Ey = (Hy, I, D1, V1,0,0) is unstable.

—when Rp > 1, R1 > 1, Re > 1, Rg > 1 and R4 > 1, the unique positive equilibrium F,; =
(Hy, Iy, Dy, Vi, Wy, Z4) is globally asymptotically stable and equilibrium Ey = (Hy, I, D1,V4,0,0)
is unstable.

Therefore, one can easily guess that:

— There exists a traveling waves solution (H*(s),I
defined for s € R connecting F7 and Fs when Ry >

— There exists a traveling waves solution (H*(s),I*(s), D*(s), V*(s), W*(s), Z*(s)) of system (2.3)
defined for s € R connecting F7 and F3 when Rg > 1, Ro > 1, R4y <1 and ¢ > ¢.

— There exists a traveling waves solution (H*(s),]*(s), D*(s),V*(s),W*(s),Z*(s)) of system (2.3)
defined for s € R connecting Fy and Ey, when Rg > 1, R;1 > 1, Ro > 1, R3>1, R4 >1and ¢ > ¢,
for some minimum waves speed ¢ defined in (5.6) after a computational process.

“(s), D*(s),V*(s),W*(s), Z*(s)) of system (2.3)
1, Ri1>1, Rg<landc>c¢c.
R

Linearizing system (2.3) at equilibrium E; = (Hy, I1, D1,V1,0,0), we have

diHss — cHy —dH — By fy(Hy,V1)H — fogy (Hy, Vi)H — By fv (Hy, V1)V = Bogr(Hy, Vi) =

dolys — cls + f1 fu(H1, Vi) H + Bogy (H1, Vi)H + By fy (Hy, V1)V + Pagr(Hy, Vi) — 61 — plh Z = 0,
d3Dgs — cDs + kI — (a4 6)D =
dyVss — Vs +aD — pV —rViW =0,
dsWss — cWs +bViIW — W =0,
dGZss — CZS + CL11Z — qZ =0.

(5.4)
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Substituting (H(s), I(s), D(s), V(s), W(s), Z(s)) = (ki1, ko, ks, ka, ks, k¢)e7® into (5.4) gives

A(&)(E‘h ];2’ ];137 %47 ];5a ]%6)T = 07(1217 ié?a 12;37 ]%47 ];5a E6)Ta (55)
where

hi(%) —fagr 0 —fifvy O 0

Bifua + Bogy ho(¥) 0 Bify 0 —phy
- 0 ko hs(3) 0 0 0

A) = 0 0 a @) —vi 0 |

0 0 0 0 hs(3) O

0 0 0 0 0 he(q)

with hi(3) = di7* — b1 fu — Bagr — d, ha(3) = do7® + Bagr — 6, ha(3) = d37® — a — 8, ha(F) = da¥® — 1,
hs(7) = ds7? 4+ bV1 — 0, he(7) = d¢7? + al; — q. The characteristic polynomial of A(7) is
P5(X) = det(A(7) — AT)
= (hs(%) = N(h6(3) = 1) [N = (b1 + ha + ha + ha)A* + (hiho + hihg + haha + haha + hoha + haha
18281 (B1fu + Bog))A2 — (hihahs + hihoha + hihshy + haohgha — (h + ha)B2g; (B1fu + Bogw)
—kaBi fv)A + hihahsha + hahaB2g; (81 fu + Bogpy) + kaBifv (hi + Bifu + 52%}1)} :

 Let )\1 ), 5\2(~) A3(3%), M(3), As(7) and As(3) denote the roots of equation P5(\) = 0, where
A7) = hs(7) and A2(7) = he(7). We define

Amax(3) = max {0 (5), Ao (3), Re { X ()}, Re { M)}, Re {As(3) b Be {6(9) } }.
It is clear that h5(0) = bV4 — o > 0 if and only if R1 > 1 and he(0) = ali — ¢ > 0 if and only if
Ro > 1. Thus, Amax(¥) is positive for 4 € [0, 00). The minimum waves speed ¢ is defined as

¢ = jnf 2mx®) (5.6)
>0 4

Note that the minimum wave speeds ¢* and ¢ are computed from the infection-free equilibrium FEj
and immune-free infection equilibrium E4, respectively. Therefore, by analogy with the role of the wave
speed ¢* in proving the existence of a traveling waves solution (H*(s), I*(s), D*(s), V*(s), W*(s), Z*(s)),
defined for s € R, connecting equilibrium Ej and the infection equilibria F;, i = 1,2,3,4, we make the
conjectures below, especially that numerical simulations (Figs. 8, 9, 10) suggest so.

Conjecture 5.1. Assume that (Q2) holds, Ro > 1, Ry > 1, Rs < 1 and ¢ > ¢ Then system (2.3)

has a traveling waves solution (H*(s),I*(s), D*(s),V*(s), W*(s), Z*(s)), defined for s € R, connecting
equilibria F1 and FEs.

Conjecture 5.2. Assume that (Q2) holds, Rop > 1, Re > 1, R4 < 1 and ¢ > ¢ Then system (2.3)

has a traveling waves solution (H*(s),I1*(s), D*(s),V*(s), W*(s), Z*(s)), defined for s € R, connecting
equilibria F1 and Es.

Conjecture 5.3. Assume that (Q2) holds, Ro > 1, Ry > 1, Ro > 1, R3 > 1, Ry > 1 and ¢ > ¢. Then
system (2.3) has a traveling waves solution (H*(s),I*(s), D*(s), V*(s), W*(s), Z*(s)), defined for s € R,
connecting equilibria Fq and Ej.

Next, we consider the traveling wave solution (H(s),I(s), D(s),V(s), W(s),Z(s)) of system (2.3) in
Case 8, given in (2.11).
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F1G. 2. Profiles of the traveling waves solution of (1.1) connecting Eo and E; at the final time 7' = 10.

Again, by the previous Lyapunov methods, LaSalle’s invariance principle [19, Theorem 5.3.1] and the
linearization methods, it is found that for system (2.3), when Ry > 1, Ry > 1, Ro > 1, R3 > 1 and
R4 > 1, the unique positive equilibrium Ey = (Hy, Iy, D4, Vi, Wy, Z4) is globally asymptotically stable
and equilibrium FEo = (Ha, I3, Do, Vo, Ws, 0) is unstable. Therefore, we can also guess that there exists
a traveling waves solution (H*(s),I*(s), D*(s),V*(s),W*(s),Z*(s)) of system (2.3), defined for s € R,
and connecting Fy and Fy when Rg > 1, R;1 > 1, Ra > 1, Rg > 1, R4 > 1 and ¢ > ¢, for some minimum
wave speed ¢ defined in (5.7).

Linearizing system (2.3) at equilibrium Fy = (Ha, I3, Do, Vo, Wa, 0) and after computation we obtain

the following characteristic polynomial

Py(A) = (he(7) = N) [=A° + (k1 + ha + hg + hy + hs)X* — (hiho + hihs + hihy + hohs + hohg + hahy

+hihs + hohs + hyhs + hahs + Bagy (B1 fir + Bagyy) — r0VeW2)A® + (hahohy + hihahy + hihshy

+hahghg + hihohs + hihshs + hihahs + haohshs + hohahs + hahahs — (hs + ha — hs)B2g; (81 fa + B28x)

—kapfv + roVaWa(hy + ha + hg))j\z — (hihohshg + hihohshs + hihohghs + hihshghs + hohshahs

—(hshy — hahs — hahs + 10VoW2)Bag (1 fu + Bagy) + kaBifv(h1 — hs + Bifu + Bagy)

—1bVaWy(hihy + hihs + hohs))X 4 hihohshahs + hihohsrbVoWs

+(hshahs + harbVaWs) Bog (81 fu + B2gpr)

+hskaB fv(ha + B fu + B281)]

where hl(:)/) _ d172 _ ﬁlfH _ ﬂng — d7 ]’L2(:}/) = d2’72 + 62g1 — 57 hg(’y) = dgfyz - — 5, h4(7) =
dyy? — = raWa, hs(3) = d57* + bVa — 0, he(7) = de¥? + aly — q.
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F1G. 3. Numerical simulation illustrating the existence of a traveling waves solution to system (1.1) connecting Eg and Ej
with minimal speed c*.

~ Let Ai(9), A2(3), A3(7), Aa(7), As(7) and A5() denote the roots of equation Py(X) = 0, where
A7) = he(7).
Amax(7) = max {/_\1(’7), Re {)_\2(’7)} ,Re {5\3(”7)} ,Re {5\4(’7)} ,Re {5\5('7)} ,Re {/_\6('7)}} .

It is clear that hg(0) = al; — ¢ > 0 if and only if Rz > 1. Thus, Ayax() is strictly positive for
7 € [0,00). The minimum waves speed ¢ is defined in this case as
S\max Y
¢ = inf J (5.7)
>0 F

Hence, we further have the following conjecture.

Conjecture 5.4. Assume that (Q2) holds, Ro > 1, Ry > 1, Ro > 1, R3 > 1, Ry > 1 and ¢ > ¢. Then
system (2.3) has a traveling wave solution (H*(s),I*(s), D*(s),V*(s), W*(s),Z*(s)) defined for s € R
connecting equilibria Fo and Ej.

Finally, we consider the traveling waves solution (H(s),I(s),D(s),V(s), W(s), Z(s)) of system (2.3)
in Case 9, given in (2.12).

Again, by the previous Lyapunov methods and LaSalle’s invariance principle [19, Theorem 5.3.1],
together with the linearization methods, it is found that for system (2.3), when Rg > 1, R1 > 1,
Ro > 1, Ry > 1 and Ry > 1, the unique positive equilibrium Ey = (Hy, Iy, D4, Vi, Wy, Z4) is globally
asymptotically stable and the equilibrium point E3 = (Hs, I3, D3, V3,0, Z3) is unstable. Therefore, we
can also guess that there exists a traveling waves solution (H*(s),I*(s), D*(s),V*(s), W*(s), Z*(s)) of
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F1G. 4. Profiles of the traveling waves solution of (1.1) connecting Eo and E3 at the final time 7' = 10.

system (2.3), defined for s € R, and connecting E3 and Ey when Rg > 1, Ry > 1, Ry > 1, Ry > 1,
R4 > 1 and ¢ > ¢, for some minimum wave speed ¢ defined in (5.8).

Linearizing system (2.3) at equilibrium E3 = (Hs, I3, D3, V3,0, Z2) and after some computation, we
obtain the following characteristic polynomial

P5(N) = (hs(3) — A) [*jﬁ + (h1 + ha + hs + ha + he)A? — (h1ha + hihg + hiha + hohs + hoha + haha

+hihe + hahe + hahe + hahe + Bog; (B1fu + B2gy) + ap13Z3)j\3 + (h1h2hs + hihoha + hi1hshy

+hahsha + h1hohe + hihshe + hihahe + hahshe + hahahe + hahahe — (hs + ha)B2g (b1 fu + B28x)
—kapi fy — aplsZs(hy + hs + ha))A? — (hihahsha + hihahshe + hihohahe + hihshahe + hahshahe
—(h3he + hahe)B2gr (B1fu + Bogp) + kabifv (hi — he + B1fu + Bagy) + aplz Z3(h1hs + hihs + haha))X
+hihohshahe — hihshaaplsZs + hshaheB2gr(B1fu + B2gp) + hskaBy fv (h1 + B1fu + B2gm)],

where hi(3) = di7” — Bifu — Bogy — d, ha(3) = do¥* + PBagr — 6 — pZs, ha(Y) = d37® — a — 4,
ha(¥) = day? — p, hs(3) = d57° + bV — 0, he(7) = d67” + alz —q.

Let A1(5), A2(3), A3(3), As(3), As(5) and Ag() denote the roots of equation ]33(5\) = 0, where
M1 (5) = hs(5). We define

Amax(7) = max { X (9), Re {3 (9) } . Be {a(3) } Re XD} Be (M)} Re {Xe( } }
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F1G. 5. Profiles of the traveling waves solution of (1.1) connecting Eg and E3 at the final time 7' = 10.

It is clear that hs(0) = bV3 — o > 0 if and only if Ry > 1. Thus, Amax(7) is strictly positive for
7 € [0,00). The minimum waves speed ¢ is defined in this case by
s Amax(Y)

¢ = inf =

5.8
>0 ¥ (58)

Hence, we further have the following conjecture.

Conjecture 5.5. Assume that (Q2) holds, Rg > 1, Ry > 1, Ry > 1, R3 > 1, Ry > 1 and ¢ > ¢é. Then
system (2.3) has a traveling waves solution (H*(s),I*(s), D*(s),V*(s), W*(s), Z*(s)), defined for s € R,
connecting equilibria E3 and Ej.

Now, regarding the nonexistence of the traveling waves solutions of system (2.3), as it is easy to prove
that when Rg < 1, system (2.3) only has an infection-free equilibrium Ey which is globally asymptotically
stable, it follows that there are no traveling waves solution of system (2.3), defined for s € R, and
connecting equilibria Ey and FE7, equilibria Ey and FE5, equilibria Ey and E3 and equilibria Fy and Fy,
respectively. However, this is evident and the question is: what happens when ¢ < ¢*?

Remark 5.2. In [48,50], the authors established the existence of traveling wave solution for the critical
wave speed ¢ = ¢*. Here, in the same vein and for model (2.3), we propose the following conjectures:

Conjecture 5.6. Assume that (Q2) holds, Ry > 1, R1 < 1, Ry < 1 and ¢ = ¢*. Then system (2.3)
has a traveling waves solution (H*(s),I*(s), D*(s),V*(s), W*(s), Z*(s)) defined for s € R, connecting
equilibria Fy and E.
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F1G. 6. Profiles of the traveling waves solution of (1.1) connecting Eo and E4 at the final time T = 10.

Conjecture 5.7. Assume that (Q2) holds, Ry > 1, R1 > 1, Rs < 1 and ¢ = ¢*. Then system (2.3)
has a traveling waves solution (H*(s),I*(s), D*(s),V*(s), W*(s), Z*(s)), defined for s € R, connecting
equilibria Fy and Es.

Conjecture 5.8. Assume that (Q2) holds, Ry > 1, Ra > 1, Ry < 1 and ¢ = ¢*. Then system (2.3)
has a traveling wave solution (H*(s),I*(s), D*(s),V*(s),W*(s), Z*(s)), defined for s € R, connecting
equilibria Ey and E3.

Conjecture 5.9. Assume that (Q2) holds, Ro > 1, Ry > 1, R3 <1, R3 > 1, Ry > 1 and ¢ = ¢*. Then
system (2.3) has a traveling wave solution (H*(s),I*(s), D*(s),V*(s), W*(s),Z*(s)) defined for s € R
connecting equilibria Fy and Ej.

6. Application and numerical simulations

In the preceding sections, we have proved the existence of traveling waves solutions for system (1.1)
satisfying appropriate conditions (2.4)—(2.12). In this section, we provide some numerical simulations to
illustrate these theoretical results obtained.

Case 1: connecting infection-free equilibrium FEjy and immune-free infection equilibrium FEj.

Case 2: connecting infection-free equilibrium Ej and infection equilibrium with only antibody immune
defense E.

Case 3: connecting infection-free equilibrium Ejy and infection equilibrium with only CTL immune
response Fs.
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F1G. 7. Numerical simulation illustrating the existence of a traveling waves solution to system (1.1) connecting Eg and E4
with minimal speed c*

Case 4: connecting infection-free equilibrium Fy and CTL-antibody-present infection equilibrium FEj.

Case 5: connecting immune-free infection equilibrium F; and infection equilibrium with only antibody
immune defense E5.

Case 6: connecting immune-free infection equilibrium FE; and infection equilibrium with only CTL
immune response Fs.

Case 7: connecting immune-free infection equilibrium E; and CTL-antibody-present infection equilib-
rium Fy.

Case 8: connecting infection equilibrium with only antibody immune defense Fy and CTL-antibody-
present infection equilibrium FEj.

Case 9: connecting and infection equilibrium with only CTL immune response F3 and CTL-antibody-
present infection equilibrium FEj.

We consider the following particular masse action functions responses f(H,V) = HV and g(H,I) =
HI. Clearly, it can be seen that for the specific form of functional response chosen, assumption (Q2) is
satisfied, with ¢(H) = H. We choose the diffusion coefficients dy = do = 0.01 and d; = 0.75, i =3,--- , 6,
for the nine cases. For simulations, we further intercept [—200,200] from spatial domain and [0, 10]
from time domain. Furthermore, we take the homogeneous Neumann boundary condition and the below
piecewise functions as initial conditions for system (1.1):

G;, —200<z<0, , . .
m%w_{GHh 0<a<200, =0 =003

where G represents H, I, D, V, W and Z, respectively.
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F1G. 8. Profiles of the traveling waves solution of (1.1) connecting 1 and E3 at the final time T = 10.

Case 1: Here, we take a set of parameters for system (1.1) as Case I in Table 1. As a result, we
obtain the reproductive number for virus infection Rg = 1.3016 > 1, the antibody immune response
reproduction number R; = 0.0589 < 1, the CTL immune defense reproduction number R, = 0.1854 < 1,
the infection-free equilibrium Ey = (10,0,0,0,0,0) and the immune-free infection equilibrium FE; =
(7.6828,0.4634,0.1353,0.0392, 0,0). By Theorem 5.3, it follows that there exists a traveling waves solution
for system (1.1) with speed ¢* connecting the infection-free equilibrium Ej and the immune-free infection
equilibrium Fj. It can be observed in Fig. 2 and Fig. 3 that this is in fact the case. These figures clearly
indicate that there exists a unique trajectory (or heteroclinic orbit) leaving E; and entering the lower
domain containing Fy. This means biologically that in the absence of adaptive immune response, we can
expect a considerable decrease in the population size of infected cells, virus DN A-containing capsids and
viruses.

Case 2: Here, we take the parameters as in Case III in Table 1. The calculations show that Ry =
6.3458 > 1, Ry = 5.1372 > 1, R3 = 0.7571 < 1; the infection-free equilibrium is Ey = (10,0,0,0,0,0),
the immune-free infection equilibrium is Ey = (1.5758,4.2121, 3.9365, 3.4248, 0, 0) and the infection equi-
librium with only antibody immune defense is Ey = (2.4293,3.7853,3.5377,0.6667,3.6167,0). Thus, by
Theorem 5.3, it follows theoretically that there exists a traveling waves solution for system (1.1) with
speed ¢* connecting the infection-free equilibrium FEjy and the infection equilibrium with only antibody
immune defense F5. This is illustrated in Fig. 4.

Case 3: Here, we take again the parameter values as Case III in Table 1 except p = 3 and a = 0.03. Then
by calculation, we have Ry = 4.4486 > 1, Ro = 2.3256 > 1, R4 = 0.6776 < 1; the infection-free equilib-
rium is  Ey = (10,0,0,0,0,0), the  immune-free  infection  equilibrium  is
Ey = (2.2479,3.8761, 3.6225, 1.0505, 0, 0) and the infection equilibrium with only CTL immune response is



142 Page 34 of 43 S. Foko et al. ZAMP
B3] o 4
+ 9 £
= +
B 8
s 4r ~3r
= ]
9 =
2 8
=] L
23 3 2
E &
5 : : . . : j : Zt : . . :
P 200 50 100 50 0 50 100 150 200 200  -150  -100  -50 0 50 100 150 200
T T
— ! :3 g
< -
0 o8
3 @
=) 206
% E
o »
% 0 04
O $
200 150  -100  -50 0 50 100 150 200 200 -150  -100  -50 0 50 100 150 200
r U
15F — 02
.
£ gl 5015
= N
= £ 041
- 9
Fosf °
: = 0.05
M =
Q
0 . : 0 . : . L
-200 -150 -100 -50 0 50 100 150 200 -200 -150 -100 -50 0 50 100 150 200

T T
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E3 = (2.5215,1.6667,1.5576,0.4517,0,0.2618). Therefore, by Theorem 5.3, there exists a traveling waves
solution for system (1.1), with speed ¢*, connecting the infection-free equilibrium Fy and the infection
equilibrium with only CTL immune response Fs. This is observed in Fig. 5.

Case 4: Here again, we take the parameter values as in Case III in Table 1 except 51 = 0.1, B2 = 0.1
and a = 0.02. Then by calculation, one has Ry = 9.0654 > 1, Ry = 18.0848 > 1, Ry = 1.7794 > 1,
Rs =1.6188 > 1, R4y = 10.1636 > 1; The infection-free equilibrium is Fy = (10,0, 0,0, 0,0), the immune-
free infection equilibrium is £y = (1.1031,4.4485,4.1574,3.6170,0,0), the infection equilibrium with only
antibody immune defense is E; = (1.9058,4.0471,3.7823,0.2,15.4531,0), the infection equilibrium with
only CTL immune response is F3 = (1.4125, 2.5, 2.3364, 2.0327,0,0.1511) and the CTL-antibody-present
infection equilibrium is £,4(2.7027,2.5,2.3364,0.2,9.1636,0.0967). Hence, by Theorem 5.3, there exists a
traveling waves solution for system (1.1), with speed ¢*, connecting the infection-free equilibrium Ey and
the CTL-antibody-present infection equilibrium Ej4. The graphical illustration is displayed in Fig. 6 and
Fig. 7.

Case 5: Here, we take the parameter values as in Case 2. Then the numerical results reveal that there
exists a traveling wave solution for system (1.1) with speed ¢ connecting the immune-free equilibrium E;
and the infection equilibrium with only antibody immune response Fs. This is illustrated in Fig. 8.

Case 6: Here, one takes the parameter values as in Case 3. Then the numerical results confirm that
there exists a traveling wave solution for system (1.1) with speed ¢ connecting the immune-free equilibrium
E; and the infection equilibrium with only CTL immune response Fs, as shown on Fig. 9.

Now, we consider the parameters as in Case 4. Then the numerical simulations confirm the existence
of a traveling waves solution for system (1.1), with speed ¢, connecting F; and Fj4, as illustrated on Fig.
10. Figures 11 and 12 illustrate the existence of a traveling waves solution for system (1.1), with speed
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F1G. 10. Profiles of the traveling waves solution of (1.1) connecting E1 and E4 at the final time 7" = 10.

¢, connecting Fs and E4. The existence of a traveling waves solution for system (1.1), with speed 8,
connecting F3 and FEjy, is illustrated in Fig. 13 and Fig. 14.

Lemma 2.3 shows that the minimal wave speed ¢* is the minimum value of the function ¢ = h(y)
given by (2.18) and achieved at the unique number +*. To illustrate this, on Fig. 15 (a), we plot the
function ¢ = h(y) where it is shown that the minimal wave speed ¢* = 0.2118 is achieved at v* = 0.99.
Also, Fig. 15 (b) is the graph of the function Amax(7)/7 in (5.6) together with the minimal wave speed of
¢ = 0.4459 achieved at 4 = 0.3. Figure 15 (c) depicts the function Apax(7)/7 in (5.7) together with the
minimal wave speed of ¢ = 0.4629 achieved at ¥ = 0.31. Figure 15 (d) depicts the function Apax(7)/7 in

(5.8) together with the minimal wave speed of ¢ = 5.2432 achieved at 5 = 3.52.

The profiles on Figs. 4, 5, 6, 8, 10 and 13 show that the traveling waves solutions of system (1.1) at
the finite time T=10, connecting Fy and F>, Ey and E3, Ey and F4, Fy and Es, E; and E4, F3 and Fy,
are not monotone.

7. Conclusion

Investigation on virus infections remains a hot topical issue [31,43,45]. In the present paper, based on
[31,43], we developed a virus infection model with spatial diffusion, adaptive immunity, both virus-to-cell
infection and cell-to-cell transmission. The virus-to-cell and cell-to-cell incidence rates are modeled by
general nonlinear functions. The model obtained gives an insight into the intra-host models of infectious
diseases such as HBV, HIV, HCV, HTLV-1, MLV, and so on.
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F1G. 11. Profiles of the traveling waves solution of (1.1) connecting F2 and F4 at the final time T = 10.

Our findings are as follows. We started the analysis of the model by the calculation of the basic
reproduction numbers for virus infection R, antibody immune response R, CTL immune response Ro,
CTL immune competition Rg3, antibody immune competition R4, and the critical wave speed ¢*. These
thresholds made it possible to directly determine the existence of traveling waves solutions connecting the
infection-free equilibrium Ey and the immune-free infection equilibrium £, the infection equilibrium with
only antibody immune defense Fs, the infection equilibrium with only CTL immune response E3, and
the CTL-antibody-present infection equilibrium FE,. This means that there exists a unique heteroclinic
orbit leaving F4, Fs, E3 or F4, and entering the lower domain containing Ey. We continued the analysis
by establishing the upper and lower solutions with the aid of an auxiliary system. Moreover, by building
the mapping L, given by (4.7), on an appropriate closed and convex set, and applying the Schauder’s
fixed point theorem combined with Lyapunov methods, we obtained sufficient conditions that guarantee
the existence of nontrival and nonnegative traveling waves connecting the infection-free equilibrium to
each of the other four equilibria (see Theorem 5.3 and Remark 5.1). Numerical simulations have been
carried out to shed more light and illustrate these very relevant theoretical results.

Our planned future work includes:

e The study of the existence of traveling waves connecting the infected equilibria such as E7 and Fs,
F, and F3, E7 and E4. We made conjectures about these challenging connections that are proved
numerically.

e Extension of the study to the tough n-dimensional space variables setting.
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