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Annexure 1 : The case of Mpho

In this Annexure | present an analysis of one of the leArvigiso 0 who represents the learner
who had the highest learning gains from the lower attainment ranges froreidmtee post
test. This Annexure opens with an analysis of evithndes learning shifted which is drawn from
the pre and postest and interview data. This is organised in terms of the learning goals:

1. Solve, explain and report on solutiongdoge of additive relation word problems (LG 1:
Problem solving)

2. lllustrate solutions to additive relation task, flexibly moving between representations (LG 2:
Representations)

3. Narrate stories to explain and pose additive relation word problems (LG 3: Stories)

Inferences are made between the evidence of shiftaimgléeomparing before the intervention to
after i1t), and Mphods experiences during the
answer the following questions:

Whatevidence o hi f t s leamingyfpahyo dres seeas a result of theaehing
interventio:

o0 What evidence of learning to solve and pose additive relation word problems (LG 1)
is seen during and following the intervention?
o How does Mpho make his thinking visible by using narrative (LG 3) and diagrams
(LG 2) in this interverdn?
As such the second and third learning goals are enabling goals to support the learners in solving and

explaining their solutions to word problems.

Mphods context within the c¢cl ass

Mpho had Sesotho as his home language. He had repeated Grade 1 saiodosoantomatically

promoted to Grade 3 (as he was already on year older than his age cohort). He was allocated to the
support group in the class as his attainment in thespresing the simple marking framework was

0%.
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Quantitative evidence of lemning gains

Figure 1. Pre-test, postest and delayed postst correct solutions (Mpho)

Q1
Change Q4
result Q2 Compare Q5: Q6: Bare Q7: Bare
unkno Compare Q3 (disjoint Partition calculation calculation
wn (matching) Collection set) problem 21-6 = 2318 =
Marks 1 1 1 1 1 1 1 7.0

Mphopre test

Mphopost test 3
Mpho delayed
posttest 1 5

Qualitative evidence of learning gains

In this section | present the evidence of leagnine aned f r om Mp h otésgpostr i t t en
test and delayed post test scripts). In analysing his responses to each question in the test | present the
guantitative gains as measured by makh were awarded using a marking scheme similar to
those adopted in standardised assessments. The quantitative marks (presented above) primarily
measure the extent to which Mpho was able to correctly solve and record his solution to a word
problem, or a calculation (LG 1: Solving problems). By examsimgttein scripts in detail it is

possible to reflect on what he did in each question, and what his working reveals about his thinking.
In addition, | reflect on how his thinking is made visible using representations in these written
assessments. In so rpil make use of the coding framework developed for andlysimgr ner s 0
representations and comment on what these representations revedig am@lsulation strategies

(LG 2: Representations).

Mpho was in a postst assessment group where theresegegal distractions. Children requested

to go to the toilet, and perhaps as several of them were not able to answer the questions posed in the
test, a few children were out of their seats. | had to intervene to ensure that the children remained
focused o the test. | felt that this atmosphere may have disturbed children in this group, and therefore
offered them a further opportunity to solve problems that they had answered incorrectly, during the
individual interview session. Mpho was not shown his ysigvimcorrect response to this
guestiorhe was simply asked to try some problem again in the one to one interview situation. The
guestion was read to him (as was the case in the small group assessment) and then he worked on hi:
own.

The extent to whicpho made use of narratives to explain and pose word problem situations, is not
evident from written test®wever he made use of stories during the intervention (evident from his
interactions in the videos of the lessons, as well as from his worloakhisle was also expected

to interpret and use narrative in the pre and post interviews. | therefore present evidence of how
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Mpho made his thinking visible using representations (LG 2: Representations) and narrative (LG 3:
Stories) during the interviewghe next section.

Learning goal 1: Solving additive relations word problems

Six additive relation word problem types were included in the inter@dmge problem; Compare
(Reach a target) problem; Collection problem; Compare (Matching) problesmne (Ioisjpint sets)
problem; and Partition probleRar each word problem type, evidence from Mpho of his being able
to solve these problems was collected.

Overview of solving word problems

With teacher support, Mpho expanded his example space frormgaldeito solve any word
problems, to correctly solving change and compare (matching) problems. He made some progress
with regard to working on the partition problem although his solution to this was not complete. He
was not yet able to solve collectioth @mpare (disjoint sets) problems byptsttest However 7

months after the intervention, in the delayedtpestMpho has able to solve these word problem

types.

Change word problems
Figure 2: Mp hods c¢ hantgseandpostestl e ms pr e

There are 14 people in a bus. 8 people g« There are 14 people in a taxi. 8 people ge
of the bus. How many people are left in of the taxi. How many people are left in
bus? 7 taxi?

/ .
" Xy

£

There are /7 people left in the bus. There are 4 people left in the faxi.

Number sentence;.. Number sentence:
1) =52
[ 5

Number line: Number line:

(Yo
o AN
%

‘ 04
1 o0

In the pretest Mpho did not show his working, and just wrote that there were 7 people left in the bus
(incorrect solution to 14 subtract 8). He did not attempt to write a number sentence. He sketched a
number line marking 14, and showing 8 hops backixamusl4. He started to label his hops
backwards counting back, marking 13, 12 and 11 (but 11 was incorrectly positioned as 4 hops back
from 14). This indicated that Mpho seemed to be aware of the need for a counting back (in ones)
strategy from 14. Howewv&ossing the 10 in a backwards count, did not yet seem secure for him. It

is likely that he arrived at the solution of 7 people by either incorrectly counting back 8 in ones when
bridging the ten, or by losing track of his backwards counts (so onlygcoacii 7 counts instead

of 8).
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Inthepost est Mpho correctly answered that there w
an appropriate 0o8umberd.s edet emacdee: udsle4d of t wo di @
support this. He dreawwholepartpart diagram, where he correctly partitioned 14 into two parts and
labelled the bigger part as 8. For his number line representation he drew 14 and showed a jump to 6.
He did not label the size of his jump, nor did he indicate whether phiwaqgniback from 14, or

forwards from 6 to reach 14.

Contrasting Mph o 0 destto¢hs posiests appeark that e maythave heendess
reliant on a counting by ones calculations strategy, pysttest In the posttestneither of s
representations depicted ones and he was accurately able to solve the problem. He may have used :
count by ones strategy on his fingers, however this was not made visible in his written work.

By the delayed pestst assessment Mpho seemed to be seansglering the change word problem:

Figure 3: Mphods change -®stobl em del ayed post

There are 14 people in a bus. 8 people ge
of the bus. How many people are left in
bus?

Thereare .. & people leffin the bus

(Syntax model, type 9a) depicted the situation on a number line usiigayg stledegy depicting

hops in ones backwards from 14 (line model, Type 5ap dieolepart part diagram partitioning

14 (Type 7a) and completed the answer sentenc
the jumps or the landing numbers for his number line, although his drawing suggested that he
continued to use a courdck in ones strategy to solve this problem.

Change (reach a target) word problems
This problem type was not assessed in the written tests.

Collection word problems
The following collection problems were posed in the written tests:
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Figure 4: Mphods col | desttandpastespr obl em pr e

Sue has 13 stickers. Some are gold and The teacher has 13 pens. Some are blac
are red. 4 of the stickers are gold. How r some are red. 4 of the pens are red: iHany
stickers are red? - pens are black?

| There are black pens.

There are red stickers.

Number sentence:

Number line:

Inthepret est Mpho did not use the space provided
red stickers (incorrect answer). He did not write down a number sentence. He sketched an empty
number line showing 7 with 4 hops in ones to reach 4.

In the posttest Mpho was not able to correctly answer the question. He made use of 13, and seemed
to incorrectly record the 4 as 14. He chose to add the 13 and 14, which he incorrectly calculated to be
20. It seemed that he did not understand the problerextoand/or chose the incorrect
mathematical model for this problem. His representations in this problem are interesting, as the
representations all correctly depicted his incorrect number sentence of 13 + 14 = 20. He used an
empty number line to show egkajump from 20 to 14 (which may be assumed to be 13, although he
does not label this). He does not show the direction of his jump, although the position of the number
one the far right of his page, suggested he may have been working from the rayhta M ole

partpart diagram, where he partitioned 20 into two parts, labelling the larger part 13. The
representations were coherently applied to his incorrect mathematical model, and none of them
appeared to create a conflict for him. Mpho remaineceundbterpret and solve a collection type

word problem, although he demonstrated flexible movement between three symbolic syntactical
representations: number sentence, empty number line angavkdet diagram.

With this repeat opportunity, Mpho dersivated that he understood the problem context and was
able to solve it:
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Figure5: Mphodés collection problem post interview and del a

The teacher has 13 pens. Some are blac Sue has 13 stickers. Some are gold and
some are red. 4 of the pens are red iHany are red. 4 of the stickers are gold. How n
pens are black? stickers are red?

fite @ num

bersentence e o

There are _ b black pens.

Number senfence:

Number line

§ 00 4l 10 —
- 7 hera e .16 red stickers

In the repeat of the pefst task (in a 1:1 situation), Mpho spontaneously modelled the problem
situation making us¥ a wholepartpart diagram (Type 7a). He correctly positioned the 13 as the
whole, and partitioned 13 into 9 and 4. He incorrectly placed 4 in the larger partition, than the 9
partition. He completed the an 9Wwack pesaswerenc e,
sentence. He correctly wrote a number sentence for thisrsituaiid 3= 96 ( Type 8a)
correctly sketched this problem situation on an empty number line (Type 5a). He first drew the 13,
and themositioned the 9 to left of the 13. He drew in four hops, starting at 13 and hopping back to
reach 9. 1t was not clear during this observa
forwards (keepi ng tr aci#thionientdalhyh Ehis mteraction ia the foll@vl , 2,
up intervievseemed to confirm that Mpho had been distracted during thegt@sisessment session

in the small group. In the quiet and calm space of a 1:1 interview, he was fluently able to correctly
resmpnded to this question and record his response following the written (and teacher read) prompts.
While this repeat question was not taken to be indicative of a mark adjustment (the previous attempt
was used in all the collated class data), this interacgaled the possible disjuncture between what
learnerss able to do in a group assessment situation, and what they can do when sitting alone next to
an encouraging adult.

In the delayed pogtst assessment of this task, Mpho correctly modellecobtenpusing an

indexical representation (Type 3a). He drew 14 circles to denote the stickers, coloured in 5 of these
stickers, and satbrrected by attempting to erase the fifth coloured circle. He wrote an appropriate
symbolic syntactical number sent¢ndey p e d8la )=: 9@1 3 and compl eted th
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writing there are 090 red stickers.

Compare (matching) word problems
The following compare (matching) problems were posed in the written tests:

Figure 6: Mp tomp@are (matching) problem ptest and postest

There are 11 bottles but only 9 lids. There are 11 locks but only 9 keys.
How many lids are missing? How many keys are missing?

Ahere are __lids missing. JThere are keys missing

Number sentence: ombetsent b o |

Number line:

]

In the pretest Mpho started draw an iconic representation (Type 2) of the problem context, sketching
three bottles. He drew an indexical representation (Type 3a)using tally marks next to this, and then
attempted his solution again (he tried to eraspritisvork, although the markings remain clear
enough to see on his script). He had two other indexical representations of his work. He sketched a
group of 11 lines, where he used a group by five structure (Type 3b as he groups 11 into 5+ 5 + 1).
He skethed another group of 9 lines, each which had a dot drawn above it (Type 3a). It is assumed
that the lines represented bottles, and the dots represented lids. He drew two lines below the nine lines
with their dots. These two bottles did not have dots @ahene From this drawing, it seems as if

Mpho understood the problem context, and was able to solve it diagrammatically using indexical
representations (Type 3). However when writing this down symbolically, he completed the answer
sent ence bherewa®lidd missigglhi@ May indicate that Mpho did not understand the
meaning of the word O6missingd, 9hisds @, wwhil dh bn
considered sensible if this question was considered to be a reading compyahkstisiorMpho

did not write a number sentence, and wrote only the plus sigg + 0 . For his number
11 on an empty number line, and showed 3 hops backwards to 9. He was not awarded any marks for
this word problem as he did not write the ansymbol, or the number sentence and while he had

one correct representation (the iconic sketch of lines and dots), this was contradicted by an incorrect
representation (the number line showing 3 hops from 11 to 9).

In the posttest Mpho was able to cantlg solve this problem. Although he did not write the symbolic

answer to complete the answer sentence, he depicted his solution using three symbolic
representations: An empty number line where he drew a jump from 9 to 11 (or vice versa) (Type 5b);
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a wholepartpart diagram where he correctly partitioned 11 into 9 and 2 and labelled the larger part 9
(Type 7b), and a symbol 8 =sya2d acCTymgeal 8a)umber

The learning gain for Mpho evident in this pral postest comparison did neeem to be his
improved problem solving (from the fest he seemed able to solve the problem from his indexical
representation); but rather his improved ability to record his solutions symbolically. Betite post
he was able to make use of the emptyiber line with showing hops in ones, write a number
sentence, and represent this as a whdlpart diagram. In this compare (matching) question Mpho
could model the problem situation appropriately (in contrast to the previous collections problem
wherehis model was incorrect, although his recording of this incorrect model was coherent).

In the delayedosttestMpho made an error when working on this problem, although he modelled it
appropriately:

Figure 7: Mp ho 6 s c bingppeoblea (delayad pestst)

There are 11 bottles but only 9 lids.
How many lids are missing?

Q numoer senience

Mpho used an indexical representation (Type 3a or 3b) for this problem. He may have been attempting
to use a Muise grouped arrangement (with thertop being 10, and the bottom row being 1 to

depict 11). However he drew 11 circles in the top row and 1 in the bottom row (giving a total of 12).
He then crossed out 11 of these circles. He repeated this process using more iconicaegresentati
drawing 1 bottles. He draw curved lines through 8 of the bottles. He offered a number sentence of
019 = 16 (and t heroe tvnes ra pfihads adér tiiaddphodati étdtecd n  t
60+0 and r epwWwhlherdwi itt iveaengerce. ilé gas awarded & partial mark for his
takeaway strategy and his pa&abPt Falklby Heowmescthonu ma
marks as he did not offer the correct answer, and his strategy was inaccurate.

Compare (disjoint set) word pro  blems
The following compare problems were posed in the written tests:
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Figure 8: Mphods compare ( diéssandopostest set ) probl ems pre

R } S g ~——

In the prﬁeteswfiivlpho drew 12 lines using an indexical representation (Types3aprkihg space.

He answered incorrectly that Martha has 061258

t hat Mpho did not yet understanding the meani |
to answer 0612036, mahyswebtedoes laered ttaviaeinis theaype od question

posed for reading comprehension tasks. This response was typical of incorrect responses in the class.
Mpho did not write a number sentence, baw dr symbol which appeared to be a minus\épim

sketchd an empty number linghere we depicted 13 to the right of 9. He incorrectly showed 4 hops
between 12 and 9.

In the post test Mpho correctly modelled the problem situation using avhodet diagram .
Considering the markings he erdseh this diagram he first labelled the whole part as 9, and
partitioned this into a 6 part, and an unknown part. He erased this version, and correctly labelled the
whole as 12, with a partition of 9ndwkethse e med
into the wholeartpart diagram, however he erased this. He did not respond to the prompts to
complete the answer sentence, write a number sentence or draw a number line. Comparing the pre
test toposttestresponses on this question for Mpihappeared as if there were no learning gains in
relation to solving the problem. Although he was able to model the situation using {b&rtwhole
diagram, he did not complete this and was unable to find a solution to the problem.

When a compare digjp set question was posed to Mpho again in the post interview session, there
was still no evidence of him correctly solving this compare (disjoint set) problem type:

Figure 9: Mphods compar e ( dintesvjewancdelaysdgodst pr obl em post

Jani has 9 stickers. Mpho has 12 stickers. Jarred has 9 sweets. Martha has 11 s
many more stickers does Mpho have than How many more sweets does Martha |
than Jarred?
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| Mpho has 1 more stickers than Jani.

Number sentence:

| Number line

Mpho did not show any working for his qgmre (disjoint set) problem which was reposed in the
postinterview. This may have suggested that he did not yet have a visual way of representing this
problem, or that he did not yet understand th
problem and the numbere nt e n c e .His Bumber sentence Wvés delevant to his suggested
answer, but did not use either of the numbers offered in the problem situation (9 or 11). This work
was taken to confirm that Mpho did not yet understand theacefdisjoint set) word problem. His
reasoning was not probed orally during thenpeeview, as this had been reposed to establish
whether he had been distracted by the others in the group. Discussing this problem with him would
have shifted this taskt® something other than a repeat attempt at the written test item in a 1:1
situation. His reasoning about compare (disjoint set) problems was probed through other questions
and task items during the interview (which are discussed in the sectionibdbi®ibme).

Mpho made some progress with regard to compare (disjoint set) problem in the detaged post
however. In his response he was able to show a 1:1 matching indexical imageeaftshend sie

11 sweetse used lines to show the relatignehmatching action from one set to the other, making

the 626 unmatched sweets (his answer) clearly
this  wr i t i ng.Hé @as awartled the mazk$ for this problem as he showed his working
(correctly) and answered (correctly), which is how mark allocations are made in standardised
assessments (where there is no expectation that the learner would write a number sentence to solve &
probl em). Mphoos S pobkttedt prablem revealethat ée ndve had yare d
understanding of the compare (disjoint set) problem, and could use a 1:1 matching action on an
indexical representation to solve it, He could not yet represent this using a symbudial synta
number sentence

Partition word problems
The following partition problems were posed in the written tests:
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Figure 10: Mphods part itestiardmpostpst obl ems pr e

Sihle has 5 pencils. He keeps them in hi: Sue has 5 balls. She keeps them in two t
pockets. Show all the ways that the pe Show all the ways that the balls can be ke

~

canbe keptiBi hl eds pock Sueds boxes.

p Box 1 Box2
“Pocket1  Pocket2 Pocket1  Pocket2

There aie it ways for Sihle to keep the 5 pencils in his 2
pockets.

In the pretest drew 5 lines (depicting 5 pencils) in pocket 2, and 1 line pocket 2. He used an indexical
representation fan incorrect partition {b). In the postest, Mpho made use of number symbols
and created two correct partitiond: dnd 23. He did not write down any number sentences.

Figure 11 Mphods partition pragedpostess post interview and de

Sihle has 5 pencils. He keeps them in hi: Sue has 5 balls. She keeps them in two
pockets. Show all the ways that the pe Show all the ways that the balls can be ke
can be kept in SihSueds boxes.

Box 1 Box2 Packetif B

ways for Sihle fo keep the § pencils in his

In the post interview Mpho was able to identify 5 correct partitions. He made use of indexical
representations, which made use of a group pattern (using dice patterns). He incorrectly answered the
guestion of how many ways there were, by counting heempartitions. He did not write any

number sentences (syntax model) to support his working. In the delayest pesidentified 3

correct partitions and supported these with number sentences. This time he correctly answered how
many ways he had found {@ading 3).
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Learning goal 2: Use of representations

To reflect on learning gains relating to the use of representations | draw on the writtgqogre and
tests

Overview of representations

Mpho made use of 2kpresentations in tigretest, and decreas#ds to 16 in the posest.
However by the posest he made more use of grawipe actions, and greater use of syntax model
representation$n the pretest Mpho used 4 group model representations and in one of these he
depicted a group wise arrangenrefitves. He did not use any group model representations in the
posttest. Mpho made use of number lines in both written tests. In tHespriee once used a
structured number line with referenc®doand by the post test he was no longer usingenade
number, working on an empty number line. He shifted his actions on number lines from counting in
ones in the preest, to groupvise actions in the post test. He commonly made use -aiMake
strategy, although in both tests he provided exampliffer@nce strategies on the number line.

Mpho did not make use of any syntax model representations intdst. [ the pogest 7 of his
representations were syntax models. At times he usegavhodet diagrams where the parts were
accurate and ames he used whepartpart diagrams where the parts were roughly equal.

Use of representations for bare calculations
Figurel2Mphob6s use of representiéprétestandpbstest bare cal cul ati on

[ y 21-6=_10

Number line: =

In the pretestMphoincorrectly remrded the answer 81 6 66asd 3 He made use of an empty

number line, starting at 21 and depicting 7 hops back, showing that he landed on 13. So it appears
that he made two errors: Firstly he counted back 7 in§t@adnd he then his counting back was

not correct. In the posest he correctly answered R&66wasd 5 but did not show any working

for how he obtained this solution.
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Figurel3Mp ho 6s wuse of r e pruasoasli & postiotendgew inal delayed postst c a | ¢

21-4=_\I ' .

Number line: ‘Number\ine? -

This question was repeated in the post interview and Mpho correctly answered it. He made use of a
takeaway strategy showing 6 hops back from 21 to reach 15. In thepedttgstiMpho again

correctly answered this question. He made use of a group model drawing indexical arrangements of
groups of 5 (in a dice pattern) and crossing out 6 of these ones-a¥istaetions depicted crossing

out actions for each one (and not crgssirt a group of 5).

In the written test a calculation where a difference strategy was more efficient was also posed.

Figurel4Mphob6s use of representid8pretestandpostast bar e cal cul ati on

Number line:

In the pretestMpho correctly depicted his takgay calculation strategy, starting at 23 and counting
back 18. However he did not write down where he landed. This may indicate that he was insecure
with counting back 18 counts from 23 (a more efficrategy would have been counting up from

18 to reach 23). In the passt Mpho correctly calculated t4td 66wasd 55and wote this down

using symbolic number symbols. He did not show how he worked this out.

Figure15Mp h aigeof representations for bare calculationsi 238 postinterview and delayed postst

oa e T 23 18-y

In the postinterview Mpho c}orrectly calculat®d 18=55making use of an empty number line,

starting at 23 and counting back 5 hops to reach 18. In the gektyest Mpho made use of a
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group model (drawing two horizontal rows of 10 circles each, followed by a row of 4), but he
incorrectly recorded 24 instead of 23. He used-aaglkienage, crossing out 18 circles. He concluded
that the solution was 6 (whiehs correct for his depiction of@8). He was not awarded the mark

for this.

Vignette: Mphoo6s activity on syntax model fluenci
Mphodés activity on the syntax model -infetviewency t
Mpho was not secairwith the subtraction sign, and could not correctly answer basic subtraction
calculations with the start unknown. He was able to complete all of the other number sentences. He
paired number sentences as going together, paying attention to the ordeurabéhe in the

number sentences.

In the prei Nt er vi ew Mpho fluently answered 3 + |
representations or gestures. Whenhega® 5= {1, he asked if he coul c
6a crossdo? Whary Il ikai d hiat khadl reaslt t he numbe
Mpho held up 5 fingers on his left hand (in a single action). He raised three fingers on his right hand
(in a single action). He seemed to know that minus meant he had to bend hisdibgatseadth
finger on his |l eft hand saying 61,2386 as he b
|l eft hand and concluded that the answer was 0
five to start wi sdndislefthend. tHéem 3 fingers srehd lefs harid isayigge r
601, 2, 306 as he bent them down one at a ti me.
replace it with 2. He n s w e ¥ 59@, with O (not showing any representations or gesturesF o r 4

0 3 = 5, he toolout 3bottletop counters, moved each one couniing, 3dand concluded that the
answerwasble seems t o f300c ucso nopno nye notn otfh et hbe number
action of removing &, cobooopewvwenthefi gher ed mblee ¢
the other number sentences fluently and correctly without any gestures or representations. Mpho took
1 minute 56 seconds to complete this task. He answered the two start unknown subtraction problems
incorretly.

He paired 3 2=5 with2+ 3 = 5.
He paired ® 3 =2with 562= 3.
He paired =56 3 with06 3 = 5.
He paired 5=3 2with5=2+3
When asked why those went together, he said t|

to numbers in the boxes, and pairing them if they had the same result. He worked systematically from
the top of the list, looking for the next number sentence in the list that shared the same answers.

In the postinterview, Mpho expected that all of the arswethe number sentence would be the

same. He quickly completed all of them, writing and saying 2 in every box. He no longer struggled to
interpret the minus sign, and he did not ask to change it to a plus sign. He worked accurately and
quickly on all ta number sentences.

333



When Mpho was drawing the whpéatpart diagram for each of his pairs of number sentences, he
(like Gavril, but unlike Retabile) was attending the position of each part in thzampalte
diagrams.

Figure16 Mp h o 6 s-pant-paot dimgram for 3+2=5and2+3 =5
l’ 3+ =5 14|

+3=\5

Despite the change in the order of the numbers, he considered the saipartpanteliagram to

be relevant for both number sentences. This was different to Gavril, who wanted the 2+3 =5 number
sentence to be represented with the 2 part on the lefieahg@art on the right. Neverthelggsho

foundthe position of the parts to be important as he reversed the order of the parts for his next pair
of number sentences:

Figure17Mp h o 6 s-pant-paot dimgram for 5 3=2and2=5-3

&

1,

W >

B
I
W
|
L

He redrew the same whegbartpart diagram ¢2-3) for his number sentenc2® 3 = 5 and
50 2= 3. The reasons for his decisions of how to position each part were needieas Mpho
imagined subtract 3 as a takey action from 5 (whiclouwld put the 3 on the right), and he did not
consider a comparison 1:1 matching action (which would put the 3 on the left).

Figure18 Mp h o 6 s-pant-pant diggram for5=3 +2and5=2+3

5 =3+4

5 = B A3IRKK
\.

Perhaps with addition, Mpho veagare of the commutative property, and so the order of the parts
was not significant for these two number sentences.
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Mphods work on two of the number sentences W
misconceptions about subtraction. Mpho seemegéatethat a bigger number subtracted from a

smaller number would result in 0. This became evident when | probed Mpho about his reasoning for
203=5.

T: I just want to check this one. 2 mimndsl 3 gives n
[bends 1 finger], 2, [bends the other finger] 3 [nothing is done]
Mpho: Oh [erases answer]

T: So | dve got 2 minus 3 it should give me 0 or | es
is not right, you need to check that 2.

Mpha | tds 5

T: Okay, |l etds see. 5 minus 3 is

Mpho: 2

T: 2. so somethingdés going wrong hereélf | dve got 2
Mpho: Less than nought

T: Ja, even | ess than nought. Soivdimer52 | et 6s see wha
Mp ho: Il s zero. Because 2 is not 1|like 5. Because if
bends the other finger].

T: Then itds gone.

Mpho: Mmmm

T: So if | had 2 take away #ould get to zero. But | want to kngkattake away 3 gives me 5?

Mp h o : |l sé7é[ Mpho raises 7 fingers, bends 3 fingers,

T: Oo, 7 is quite close it gives you 4.
(Mpho post interview)

Mpho continued to try and sotbe 83 = 5using trial and error. He first triedhen 9 and then 8.

Each time he used his fingers and awakestrategy bending each raised finger one at a time. He
concluded that the answer was 8. He wrote 8 into the open number sentence. When prompted to
draw a wholpartpart diagram for this numbsgntence, he first positioned the 5 as the whole, and

8and3asthepa s. When he was asked -@drectedamckdretvthd i gge
following:

Figure19Mp h o 6 s-pant-paot dimgram for87 3 =5
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Learning goal 3: Story telling

Overview of word problem stories

Mphods adMbiwni traswi 6h L e &revealingofthis peesonal example spgcee x a
for additive relation word problems. He worked with the number ###efd correctly specialised

a wholepart part diagram and related family of number sentences for this.
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Mp h o & s-pampdan diagrameveals that he was not yet aware of the significance of size the two
parts in the diagram, as he labelled the larger part 2, and the smaller part 4. His work on the family of
equivalent number sentences was however accurate. He told the followingeas dtisies for

additive relation:

336



| have 2 cars. My mom bring more. | have 6 cats now. How many cats did my mom bring?
| have 2 car. My dad bring more. | have 6 cars now. How many car did my mom bring?
| have 6 eggs. My friend breaks 2. How manyfi@re le

As directed, Mpho kept the numbers invariant across his three stories. He varied the characters (cats,

car s, and eggs) and varied the verb from the °
third story ( wher eHe fokowed the idstructioreto incleide lan edamplethak 6 )
used the term dmorebod. However hehechosketommake us e

use of change contexts for all three of his stories. His use of more related to an action @f increasin
(bringing more). It seemed that for Mpho the change story type was dominant. However he was able
to vary the stories by posing two change increasing stories, and one change decrease story.

In the interview, as Mpho had not successfully solved the ctyppgoeoblem in the written test,

nor had he solved it correctly in the potrview session. As such the questions probing for
narrations involving compare (disjoint set) problems were omitted. The support group had not
experienced the compare (disjoins et ) probl ems during the small
of this comparison concept was not yet secure. There were no notable shifts in his example space for
additive relations when comparing theimgerview to the positerview. In both setigs Mpho

made use of change type contexts.

Explaining missing subtrahend problems
In the preinterview, it was clear that Mpho conceptualised subtraction using a change context, with

a takeaway model. When asked to tell a story f6r710 = € : , toffirst catcilateshe answer
to this by drawing 10 |lines, crossing out 7 o

Figure 20: Mphods dr awiinfg =t oéirftgraider ul at e 10

Question 4

When prompted againtotellastorpr t hi s number sentence he of
t hreed. His 6storyd was simply a reading of t
that Mpho had never had to pose word problems before, and so offered him an example of a story,
where he was able to choose one of two story contexts, before asking his to tell his own story:

T: Let me give you an example of a story and then maybe you can also telhpndatdaayou like? Do

you like balls, or cars?

Mphao: Balls

T: Balls,OK, then there were 10 balls. And something happened to them. 7 of the balls went away. Okay, so

337



shall we kick them over the fence? 7 of the balls were kicked over the fence. How many were left?

Mpha: [Inaudiblg

T: So we had 10 balrles ,weweed vle0 vboarlklesd 7t odutt.heTmhewer e
Mpha 3

T: 3 are left.

Here is it apparent that for Mpho when faced with an open number sentence, his inclination was to
solve the problem. While | was trying to bring to his attention the giotyrstrthat there was a

starting value (10), then some change (something happened) resulting in a new state; his attention
seems to be on the remaining balls. However when asked to tell his own story he was able to keep the
numbers invariant (working with and 7), and choose a new context:

T: Okay now can you tell me a story? | told you a story about balls.
Mpha Mmmm. There was 10 cars. 7 was broken. How much is left?

He seleted the alternative context (cars not balls) which | had offered to hiouglyevand
introduced an action or change in state of be
similar phrasing to what I had used, but <cha
common grammatical error for second langsegkers of English (in the appropriate use of the

verb to be (is/was/were) and the distinction between much/many). This revealed that he could change
the problem context, although he mixed two problem types in his phrases. His story was a mixture of
the ollection type problem where two states are in focus: broken and not broken, however his
guestion referred to a change type problem context where there had a change which meant some
things remained or where left. Notwithstanding these errors, Mpho wasls iortérms of creating

his own story appropriate for the number sentendg 10 = é

In the subsequent line of questioning for Mpho to tell harder stories, it became apparent that the
numbers in the story were they key dimension of possible variatispésbnal example space:

T: Can you tell me another sto¥@ybe a bit harder one.
Mpho: There was 20 cars 10 brogd, there was 10 left.
T:-We l | done, there were 20 cars, 10 were broken, um,
(Mpho einterview)
In his retelling of the story, Mpho kept the context invariant (sticking with broken cars) but changed the

numbers, to bigger whole numbers (which he seemed to consider to harder). He chose numbers which he
probably knew as a known fact (10 plus 10 @ 20 minus 10 is 10), as he did not need to calculate the
solution using either fingers or drawings (which he had required previously for 10 minus 7). The solution to his
problem (10 cars) seemed to come to mind spontaneously for him. He neglectéuetoyesen, leaving

this implicit, and rather answered it. Again the difficulties Mpho has as a second language speaker of English
was evident with the past tense of an irregular verb, wiemeilemywerb was missing, and the verb was
treatedasift was a regedariwetbafldbfolkwere brokend). Wi
for Mpho, he was able to tell a new story f@&@20 = ¢é , and again made use of a
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T: Any other stories this time using 10 minus 77?

Mpha Thee was 10 hearts, 7é10 hearts, 10 heart, 4 choc

(Mphoginterview)
Mphodés story was not compl etely coherent, bu
communicate was evident. He seemed to imagine 10 chocdisteHera 7 were eaten. This was
confirmed when | restated his story and modelled the process of posing a question, and he nodded in

agreement:

T: Thatds a nice one. So wedve eaten the hearts, th
Mpha.[nods]
T: So wedvatgohed®OtskBdaOokhocol ate hearts. 7 were ea
T: [smiles and nods]
(Mphoginterview)

Again Mpho neglected to pose the question, bt

could vary the change problem context fromdsrakrs to eaten chocolates. He did not offer another
problem type. All his variations were change (with a small hint of including collection problem types).
This suggested that his personal example space may have been limited to change and collection
probem types.

In the postinterview Mpho was more fluent in being able to offer stories for a symbolic number
sentence, and he no longer required an example and teacher prompting to supportrhis narratio

T: Now | want to see if you can tell me a story fonihQs 7.

Mphao Mpho have 10 sweets. My friend take aways 7 sweets. How many Mpho have?

T: Lovel y! So Mpho has 10 sweet s, my friend take aw
one.

(Mpho postinterview)

Mpho spontaneously used a changelgmocontext involving a friend who took sweets away from

him. By theposttesth e was stil |l showing difficulties wit
not Ot akes away?ad, Ohaved not Ohaso, Ohyaved n
coherent and he posed a question rather than providing the solution. When asked to tell another one
that a bit harder using 10 minus 7, he again chose to vary the numbers used imthe proble

T Can you tell me anot mius7dpne thatds a bit harder
Mpha Mmm My friend have 70 sweets,
T. Oh dear, wedre go to use 10 and 7. Okay, not

ing
Mpha My friend have 14é13 sweets, he take away 7 S w

counting back in ones from]1& 1, 2, 3, 4, 5, 6. My friend have 17 sweets, he take agiag BLctured

number line, counting back in ofresn 17] 1, 2, 3, 4,5, 6, 7

T: And you get to?

Mpho: 10

T: well done.

(Mpho postinterview)
Mpho continued t o gesgnmbers. Hetmaintdinedthe doatexbof sweets takeb i g
away by a friend, and increased the number range considerably (again making use of change problen

context).
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As a result | directed him to constrain the numbers to 10 and 7. With the directionttee make
problem harded7 Hheé@T htamgedmd&dbdengs mivh e=a nld0 6 .0 €
However this was not a known fact calculation for Mpho (and this was perhaps why he considered
this to be a Oharder 0 s tomtoytd this biiteal an@¢ezroneHdtrigdo b e
14, then 13 and needed a structured number line to guide his calculation. At first he just looked at the
structured number line, and later he touched it showing jumps backwards in ones, to confirm his
calculatio process. He tried 15, then 16 before settling on 17 as his starting number. His strategy of
using a number line, making use of a forwards count (1,2,3,4) while moving his finger backwards along
the structured number line lead to the correct solutibhd7? = 10. This interaction revealed that

what was in focus for Mpho was the structure of the number sentence. He varied the story (maintain
the reprompted constraint to only use 10 and 7) by changing the number sentence. In so doing he
did not reveal wdther his personal example space included problem types other than change type
problems (as the question intended). However he did reveal his calculations strategy, which seemed
to have shifted from a counting back in ones, where backwards counting seasiredor him

(evident in his priest), to using a counting forwards approach, where he kept track of the backwards
movement using a structured number line.

Telling compare (disjoint set) stories
In the interviews Mpho did not spontaneously tell ampare (matching) stories. Mpho did not
recount any compare (reach a target stories) during the interviews.

Generalized problem situations: contrasting change and compare situations

Il n the interviews | opposed t handgoudakeesanteofoop t o
appl es. How can we wor k o dnterviewohe was ansuye off howhta v e |
specialise this general context, and asked me how many apples | had.

Mpho: How many apples do you have?

T: How many do | have? | justye some. Do you want to say how many | have?
Mpho: 1, 2, 3,4,5,6,7,8

[Mpho draws 8 circles]

\ X
\
X[ )

1

Mpho: 1, 2, 3

[Mpho crosses out 3 circles]

T: okay,

Mpho: equal séb

T: Well done. So | have 8 apples in your story, you took away 3 and | was left with 5.
Great.

(Mpho, preinterview

11n the number sentencd @ = c, a is referred to as the minuend, b is the subtrahend, and d is the difference.
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He chose to count and draw the number of apples which he said | had (8 circles). His dominant take
away action was then used to crosthoe circles. He announced that this resulted in 5. However

he was reluctant to speak inpheinterviewand | told the story for him, using the numbers he had
introduced.

In the postinterview, Mpho responded to this question verbally, and did noardrdang. He
specialised making use of known fact number triplel® D

Mpho: You have 10éahé. 20 apples [picks up bead stri
T: Okay, | ve got 20 apples. Ja.

Mp ho: I take 10 away, 1iséisélo0. [ He moves a group o
T: 10 | efd ,ggocadne.t h&ada disf | have 20 and you take a

This activity with the bead string also revealed that Mpho acted on the bead string using a group wise
structure. He knew that there were 20 beads on the string, and made usgSbtktcture to
quickly located 10 and move these in one movement, acting on the group of 10.

Vignette: Mphoés activity on the generalised problem t
The interviews included two generalised additive relation tasks, designed to see how ehgaged with t

contrasting structures of change (decrease) and compare (disjoint sets) stories.

When Mpho was asked how he w&allhave soroe appies,and ge n e
you take some of my appl es. H denspeciaised wsiag 8varmdr ko
5, and drew a tal@vay imageounting forwards and acting in aieesitow that 3apples were left.

He also specialised in the gostrview choosing 20 and 10 aondcluding there were 10 |2

10=10 was a known fact fophb.

Mpho is a telling case as he was unable to model a process to work on the generalised compare (disjoint
set) problem at either the jnéerview or the poshterview stage. No learning gains were evident

for him at these two points. However with heasupport during the pesterview he was able to

solve similar problems immediately following the teacher modelling. By the time he wrote the delayed
posttest Mpho was invoking a 1:1 matching action, and successfully solved the compare (disjoint set)
problem.

In the preinterview when Mpho was asked a generic compare phaeblghse to draw and not
speak:

Figure21Mphoé6és drawing of | have 5 and you have 7
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[Mpho draws 5 iconic sweets arranged in a dice pattern]
T: Those areny sweets. Okay how many have | got?
Mpho: 5
T: 5, okay.
[Mpho draws 7 iconic sweets in a-pdse arrangement]
T: Okay, have you got some sweets? How many have you got?
Mpho: 6
T: Youdve got 6.
Mpho: And teacher has 5.
[Mpho writes + and = 12]
T: Mmmm
Mpho: 5 plus 6 equals 12.
T: 5 plus 6 is 12. Okay, so must we always add the
Is that what you usually do?
Mpho nods
T: Ok
(Mpho piaterview)

From this activity it seems that Mpho speciallfedompare problem to give me 5 sweets, and

hi mself 7 sweet s, i ndicating he understood tF
some sweets. You have more than mebo. He speci
me. He then incorrdgtannounced that he had six sweets (possibly as a result of 2 of his sweets being
drawn so close together that they touched). He seemed confident that what was expected of him was
to add the two amounts, which he depicted using a + sign. He then loffeiaddtton as 12 sweets.

This provided evidence that Mpho did not know to make use of a 1:1 matching action to compare the

t wo groups of sweets. He did not seem to under
that addition was required.

In the postinterview the idea of comparison was still not secure for Mpho. When posed the same
general compare problem, he correctly specialised the problem giving himself 10, and me 1 sweet:

T: Okay, youdve got 10. How many have | got ?

Mpho: 1

T: |l 6vd.omhy gotor me, |l 6ve only got 1. How many mor
|l ve got 1.

Mpho: 2 more

T: Okay, but youdve got how many?

Mpho: 1 less

T: Youdve gotéhow many sweet s?

Mpho: 10

T: 10 sweets. YoubBbve got 10. OQkay, wheredre your 10
Figur@2 Depiction of bead strings comparing 10 to 1

~9000000000——

- 00—

[Gavril shows a row if 10 beads on the string]
T: Look here are your 10 [one side of bead string] and here is my 1 [other side of bead string]. How many more
have yowot than me?
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Mpho: 1
(Mpho postinterview)

From ths it seemed as if Mpldad not understanthe question. He seemed to answer with how

many | had. This was a typical response from learners in the design experiment, who seemed to ignore
the comparative pect in the question. He simply reported how many beads he had, as if the question
had been: O6How many do you have?d and not O0HO

In the post interview | moved one of Mpho beads to touch my bead (a 1:1 matching adtem). He t
selfcorrected his answer:

T: |l 6ve got 1. Youdve got a | ot [[dgeskresto®beadssnet got 1,
touching mine]

Mpho: 9

T: Youdve got 9 more.

(Mpho postinterview)

As his initial response has bewmworrect, | varied the numbers to confirm that he was able to work
with a 1:1 matching action.

T: Okay. Letds try another one. I f I dve got é3él b6ve
[Mphotakes the bead string aswlintout 3, then conts out 10. Matches them and counts amaimes]
Mpho: 7

(Mpho postinterview)

When Mpho was prompted with a visual clue of two disjoint sets arranged in parallel to each other
(using bead strings), then he was able to respond to questions of coriidinisot this teacher

prompt, he did not seem to know to invoke a 1:1 matching context. It is interesting to note that by
the delayed pestst, Mpho was invoking a 1:1 matching action when presented with a compare type
problem, as his seiitiated dawing for the compare problem reveals:

Figure 23; Mphods drawing for positesgld compaedto®! em i n del ayed

Mphods enabling tasks

Mpho was a hard working member of the support group, completing 52 indepe hkoestds an
the 10 day intervention.
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Tablel: Mphobés enabling tasks

Enabling task Cards
completed
Enabling task 7: Vocabulary of more than and less than 14
Enabling task 8: Group model fluencies 7
Enabling task 9: Line model fluencies 1
Enabling task 10: Syntax model fluencies 10
Enabling task 11: Basic number facts and bridging the tens 12
Enabling task 12: Word problem fluencies 8

Total 52
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Annexure 2: The case of Retabile

In this Annexure | present an analysis of one of the leafRetabilebefore, during and after the
intervention. This Annexure opens with an analysis of evidence that her learning shifted which is
drawn from the preand postest and interview datehi¥ is organised in terms of the direct objects

of learning: additive relation word problems, which are distinguished from the indirect objects of
learning: additive relation calculation strategies. This is followed by a chronological account of the
evideme coll ected from Retabile during the inter

Finally inferences are made between the evidence of shifts in learning (comparing before the
intervention to after it), &tandgenti®eTheshinféreandes e x p
are intended to answer the following questions:

Whatevidence o6 hi f t s i learnifgg ang,bare Isexs® @ result of the teaching
intervention

o0 What evidence of learning to identify, pose and solve additive vedati problems
is seen during and following the intervention?

0o How does Retabile make her thinking visible by using narrative and diagrams in this
intervention?

Ret abil eds context within the ¢l ass

Retabile had isiXhosa as her home language. She legekatstcr Grade 1 or Grade 2 and was the
correct age for her cohort. She was allocated to the core group in the class as her attainment in the
pretest was 43%. She attained 100% for thetggistvhich was the highest shift in the class:

Quantitative evidence of learning gains

Figure 24: Pre-test, postest and delayed postst correct solutions (Retabile)

Q6:
Bare
Q1 Q4 calcul Q7: Bare
Change Q2 Q3 Compare Q5: ation calculati
result Compare Collect (disjoint Partiton 21-6 on 2318
unknown  (matching) ion set) problem = =
Marks 1 1 1 1 1 1 1 7
Retabilgretest 1 1 1 NN s
Retabilgposttest 1 1 1 1 1 1 1 7
Retabile delayed
posttest 1 1 1 1 1 1 1 7

This quantitative depiction shows how Retabil
marking framework). Retabile was already able to solve matching and collection word problems. She
showed attainment improvements for the change and compapratdems. She was able to work
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systematically and to show a complete solution for the partitions problem. Her bare calculations
improved. By the delayed ptesit, Retabile maintained her excellent results, again obtaining 100%
for the written testThis quantitative depiction does not consider the diagrammatic representations
and strategies that she used to engage with the problem.

| now analyse the evidence of her shifts in learning by considering the quantitative shifts in attainment
for each questin the preand postest and including a qualitative analysis of what she wrote down

in these tests; as well as a qualitative analysis of her responses to the interview questions. In so doing
| focus on each of the learning goals: solving additivenralatd problems, use of representations

and use of storytelling.

Qualitative evidence of learning gains

Learning goal 1. Additive relation word problems

| consider the evidence of shifts relating to the direct objects of learning for six additive relation word
problem typesChange problem; Change (reach a target) problem; Collection problem; Compare
(matching) problem; Compare (Disjoint sets) problerRaitlon problenkor each one | collate

and discuss evidence from Retabile of her being able to solve these problems

With teacher support, Retabile expanded her example space fanwayagentexts only, to take

away contexts as well as a compare @e¢aaet) problem, and two compare (disjoint set) problems:
one using the comparative | anguage of ©6more
6l ess thandé. Although she was able to solve a
comparative language was however not yet secure for Retabile and she required teacher prompting
initially get be able to-veice these compare stories.

Change word problems
Figure 25: Retabil ebs ddstanmdgastedpr obl em pr e

There are 14 people in a bus. 8 people g¢ There are 14 people in a taxi. 8 people ge
of the bus. How many people are left in of the taxi. How many people are left in
bus? taxi?

i
T‘hcnc Ofe people left in the bus. «There are G people left in the taxi.

Number sentence: Number sentence

Number line: | Number line
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In the pretest Retabile drew an illustration ofgtfablem situation context (a bus). She first showed
14 people in the bus. She erased 8 of these people, and then redrew them outside of the bus. She did
not write a number sentence, or draw a number line solution.

In the posttest Retabile first drew thense kind of illustration of the problem context (a taxi). She
supported this with a whegbartpart diagram where the 8 part was shown as bigger than the 6 part.
She was able to write a number sentence choogiggtd4lepict this. She showed her soiutio

a number line using a tedk@ay strategy counting back in ones. Her number lines started at 0, and
showed each whole number up to 14.

Figure26: Ret abil ebs chan-teg problem del ayed post

There are 14 people in a bus. 8 peggileut
of the bus. How many people are left in
bus?

Write @ number senfence

i'ne'—? are th _ people leftin the bus,

In the delayed poggst Retabile ag_ain solved the problem. However she reverted to an iconic
representation showing 14 people, with a crossing out action on each person. She correctly wrote a
number sentence and completed the answer sentence.

Collection word problems
The following collection problems were posed in the written tests:

Figure 27: Retabil ebds c adstlamdpdstes n probl em pr e

Sue has 13 stickers. 8oane gold and son The teacher has 13 pens. Some are blac
are red. 4 of the stickers are gold. How n some are red. 4 of the pens are red. How |
stickers are red? pens are black?
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In the pretest Retabile again drew an illustration afdection problem situation (showing 13 stars
and colouring in 4 of these red). She was able to write a number sentence choosing 4 + 9 = 13. She
did not attempt a number line representation.

In the posttest Retabile only drew one pen to depict thetemti@groblem situation. She then moved

into the more symbolic representations of a wiaostgpart diagram. This diagram showed the 9 part

as bigger than the 4 part. She chose 9 + 4 = 13 as her number sentence. She attempted the number
line representatidoy drawing a line and labelling the points from 1 to 13. She did not show any action

on the number (for either a compare or avalestrategy).

Figure 28 Retabil eds coll etesti on problem del ayed post

Sue has 13 stickeome g gold anc
some are red. 4 of the stickers are ¢
How many stickers are red?

te o number sentence

There are

In the delayed postst Retabile correctly solved the collection problem. She wrote a number of
sentences and completed the answer sentence. She made useegresmntations, where she
coloured in 4 of the stickersod gold, to revea

Compare (matching) word problems
The following compare (matching) problems were posed in the written tests:
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Figure29: Ret a b i | (mdichingy proi@mapréest and postest

There are 11 bottles but only 9 lids. There are 11 locks but only 9 keys.
How many lids are missing? How many keys are missing?

by M A4 a A
\ A ";}Q‘ B 4 &R

There are

In the pretest Retabile drew an illustration of the problem context showhgtlé4, of which 9
had lids. She was able to write a number sentence choosing 9 + 2 = 11. She attempted a number line
solution where she indicated 7 hops to the right of 2. She erased this from her work.

In the posttest Retabile again drew an illustmadiothe problem context showing 11 locks and 9
keys. This time there was no clear matching or relationship between the locks and the keys. She chose
the same number sentence to depict this: 9 + 2 = 11. She did not attempt a number line representation.

Figure30: Ret abil ebs compartest ( matching) delayed post

There are 11 bottles but only 9 lids.
How many lids are missing?

In the delayed pogtst Retabile correctly solved the word problem completing a number sentence
and the answer sentence. She made use of an iconic representation (with no grouping) where the lids

were arranged touching each bottle.

Compare (reaching ata rget) word problems
This problem type was not assessed in the written tests. However Retabile solved these problems

during the lesson intervention.
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Compare word (disjoint set) problems
The following compare problems were posed in the written tests:

Figure3l: Ret abil ebs ¢ omeshandkpostesti sj oi nt set) pre

Jarred has 9 sweelgartha has 12 swee Janie has 9 stickers. Mpho has 12 stickers
How many more sweets does Martha | many more stickers dddpho have than Jan
than Jarred?

Mphohes 0\ 7). morestickesthandani. | [

Number line Number sentence: ]

Number line:

(!// A
In the pretest Retabile drew circles to denote the sweets in the compare problem situation. She drew
a line of 12 sweets (for Martha) and 9 sweets (for Jarred). She did not seem to know what do with
these drawings, as she ditvmite an answer, or write a numbers sentence or draw a number line.

In the posttest Retabile used circles to denote the stickers in the compare problem situation. She
sketched stick figures for Mpho and Jani. She gave no visual clue of her prote@sg wittvohis

illustration, but she was able to answer correctly and provide a number sentences: 9 + 3 = 12. She
sketched a number line with the numbers marked from 1 to 12, and used a compare strategy to show
the 3 hops between 9 and 12.

Figure32 Ret abilebs comparaedest(di sjoint set) delayed post

Jarred has 9 sweets. Martha has 11 s
How many more sweets does Martha |
tban Jarred?

Write a numier sentence
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Partition word problems
The following partition problems were posed in the wrésts

Figure33 Ret abi |l ebs pdestlandpdstesh pr obl em: pre

Partition problem: pre-test Partition problem: post test

Sihle has 5 pencils. He keeps them in hi: Sue has 5 balls. She keeps them in two
pockets. Show all the ways that the pe Show all the ways that the balls can be ke
can be kept in SihSuel0s boxes.

“Pocket 1 Pocket 2 Pocket 1 Pocket 2 Box 1 Box 2

There are ways for Sinle to keep the 5 pencils in his 2

pockets
There are
Doxes

In the pretest Retabile draw illustrations of pencils to depict the partition problem situation. She
seemed to provide tvpomssible options: 3 pencils in pocket 1 and 2 pencils in pocket 2; and 5 pencils
in pocket 1 and 0 in pocket 2. She did not answer how many ways there were in total. The layout of
the question seemed to confuse her, and she did not establish a cdutjgete so

# a Sue to keep the 5 balls in

In the posttest Retabile worked with number symbols to depict the partition problem situation. She
provided a full set of options, working systematically from 5 to 0. She also wrote accompanying
number sentences (which was encouraged by thg atigbted layout of the question). She correctly
answered that there were 6 possible ways to arrange the balls.

Figure34Ret abi | eds partition probl em: Del ayed post test

Sihle has 5 pencils. He keeps them in hi
pockets. Showall the ways that the pencils
be in Sihleds pocke

Pocket 1 Pocket 2
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Retabile was able to answer the partition problem in the delayesdtpasirking systematically and
offering a complete solution. She made use of number sentences.

Learning goal 2. Use ofepresentations
To reflect on learning gains relating to the use of representations | draw on the written pre and post
tests.

Overview of representations for additive relations

Retabile increased the number of representations which she used to etkphkimdpan the written

tests from 9 in the pttest to 16 in the posest. The range of representation types which she used

also shifted. Retabile made use of iconic and indexical representations in betbstrengdréne

posttest. In all of these peesentations she made use of a counting in ones structure, she did not
depict grougwise arrangements or actions. In thegseRetabile made use of a structured number

line using 0 as a reference point. She depicted an efficiantaplstrategy anthde use of counting

in ones actions. By the ptss$t Retabile continued to use number lines which showed the numbers
starting at O or 1. She was not yet able to make use of empty number lines starting with the numbers
involved in the calculations. Howeske also made use of an efficient difference strategy for the
compare problem. In the piest Retabile made use of a humber sentence (without depicting the
unknown). In the podest she repeated this and also made use ofpahigart diagrams (2 wige

the parts were accurate, and 2 where the parts were no accurate). She increased her use of synta
models by the posext.

The evidence that she increased the type of diagrammatic representations available to her is starkly
evident in her response te tthange word problem:

Change problem: pretest Change problem: posttest

people left in the toxi

In both tests she provided the correct answer using a number symbol, and an iconic depiction of the
problem situation using ones (Type 2a). In thetgsisthe also wrote an appropriate number
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sentence (Type 9). She made use of a number line repreg@ytaid) on which she required 0 as
reference point (Type 4a), depicted hops back in ones (Type 5a) and made use of a take away
calculation strategy (Type 6a).

Use of representations for bare calculations
Two bare calculation questions were posed iwritien test, to see how children made use of

representations in their calculations.

Pre-test calculate: 26 = é Posttest calculate: 26 = é
c6=_\h 2]“6:7"#

772

Number line;
Number line:

In the pretest Retabile incorrectly recorded the answerd® 2& 14. However as her number line
representation shows, she drew a number line starting at 1 marked in ones to 21, depicting 6 hops
back from 21 to land on 15. This was aaskay strategy for this calculation.

In the posttest Retabile again incorrectly answered ttdeb 2das 14. Howev she showed in two

ways how she arrived at a solution with a vgaotpart image of 21, 9 and 15. She originally
partitioned 21 into 6 and 14 (where part 6 was shown as smaller than part 14), but then erased this
and corrected it to 6 and 15. In thaseher part 6 was smaller than her part 15. In her number line
depiction she made use of a4mkay strategy. She numbered her line from 0 to 21, labelling each
one, and almost ran out of space to reach 21. She hopped back 6 from 21 to land on 15. As she
showed that her intended answer was 15 (in both of her depictions of the problem) she was awarded
the mark for this calculation.

Delayed posttest
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In the delayed pogtst, Retabile correctly solveeb2inaking use of an indexical representation of
a takeaway strategy. She did not make use of any grouping, anddweayaketion of crossing out
was on each one.

Pretest Calculate 233 18= € Posttest calculate 2361 8 = €

23-16= = =

; ) ) - Numberline: = = —
Number line: e

In the pretest Retabile incorrect calculated 28 to be 7She depicted a correct talveay strategy
for this using a number line drawn from 1 to 23, with counting back in hops from 23 and landing on
5. She did not use the more efficient compare strategy for these numbers.

In the post test Retabile correctly dated 235 18 to be 5. She showed both a wpalgpart
diagram (where the 5 part was bigger than the 18) and a take away strategy on a number lines. Agair
her number line started at 0 and extended to 23 (where she nearly ran out of space for the 23).

Delayed posttest

2318 B

Show your m“angT
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In the delayed postst Retabile correctly answered the question, making use of an indexical
representation, with no grouping. She used-awalkestrategy acting on each one.

Learning goal 3. Story telling

Overview of word problem  example space

Retabil edMaaat it aistky 6wi tLte asrrevealing @ heg pensanal example g e X
space for additive relation word problems. She worked with the number-#plariDcorrectly
specialised a whegart part diagrammd related family of number sentences for this

Figure 35 Retabil specialising a wholpart diagram and related family of equivalent number sentences

D318

Show yourwor‘ﬁngA i

S

All three of her stories invoked a takey action for this number triple:
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| have 10 apples. | ate 3 apples. How many apples left?
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| have 10 dogs. 3 ran away. How many dogs left?
| have 10 cars. 7 go away. How many cars left?

As directed she kept the numbers invariant. She varied the characters in her story and thegverbs relati
to removal (apples being eaten, dogs running away, and cars going away). Her question was kept
invariant with the structure 6How many O6chara
use of the words more and than, in one of her stdrgeerhs that for Retabil the takeay model

was dominant for her in stories. She did vary the numbers slightly from the second story to the third,
which seems to make use of the known facto relationship that3f=1@, then 1@ 7 = 3. From

her activly on these tasks it seemed as if compare problems did not come to mind easily for Retabile.

However considering the stories that Retabile narrated during the interviews, she increased her
example space of word problems from telling two stories whidbotieceange problem situations,

to telling six stories which included three change situations, one compare (reach a target) and two
compare (disjoint set) situations.

Figure 36: Frequency of narratives in interviews (Retabile)

0 1 2 3 4

Change storic g ,,YEF”F IS

Collection stories

Compare (matching) stories

Compare (reach a target) stor_
Compare (disjoint set) stori_

m Pre-test m Post-test

When asked for a story to explaid¥0 = € : , -interview Retbilegoffezed the following:

R: Ten people are in the bus. And seven people come out. And then three people is left.
(Retabile pnéerview)
This seemed to be modelled on tlednproblem posed in the piest as it involved the same

problem situation of a bus and people leaving it. She adapted this story appropriately for the new
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numbers. She then attempted to recall another word problem from-thst, meferring to the
matding problem involving bottles and missing tops:

R: There are (pause) there are ten (pause) There ar
(Retabile pngerview)
However she could not recall the problem situation for this word problem. Withmp$iny of

what happened to the bottles (which perhaps lead her towards a change story) she turned this story
into a change problem:

R: There were ten bottles somebody took theméSevené
(Retabile pneerview)
Therewere several stories which Retabile told in hef ppst er vi e w, which were

problems, but where the problem situation was varied:

R: I have 10 cars. 7 go away. How many cars are left?

R: I got 10 marbles. 7omhebl @&s mavbmasbl eé6élolv gnang n
R: | have 10 apples. | eat 7 apples. How many apples | have left?

(Retabile pgerview)

It is significant that Retabile did not spontaneously offer stories that were not in a change context. She
was awaref these stories, but they did not come to mind for her without teacher proAwpting.

Retabile did not volunteer additive relation
to see if she could recount a O6sticker storyd

T: Canyou tell me a sticker problem with 10 and 77?
R: Ten and 7. | have 7 stickers. How many more stickers do | need to get 10 stickers?
(Retabile pwgerview)

When prompted, she was able to fluentlyedell
appropriately.

Explaining missing subtrahend problems

Retabileds understanding of additive relation

a number sentence was also explored in the interviews. She was asked to help a fristathdo under
this missing subtrahend number sentenc&: 7= 4 .

In the preinterview she solved this calculation, and explained it using a counting back strategy:

R:Seve® Seven minus
[She wites 3 in the bdx
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Figure37. Ret a bpleling @6 & o finténpews

7. [l = 4

T: So shdyour friendkayg how do you know it is 3?
R:l counted. 6,5,4. And then it was 3

In the post interview she also had to first establish that the unknown was 3:

Seven minus three is equal to four.
(Retabifmsintervigw

She did this mentally, just voicing what she was thinking about, and writing the 3 in the box for the
unknown. | then prompted her to try and explain this to a friend.

T: Have you got a picture that you could draw or a story you coulditagiram that would help someone to
understand that?

(Retabimsintervigw

In response to this prompt Retabile drew a wiartgart diagram, correctly depicting the 4 as bigger
than the 3:

Figure38 Ret abi |l eff@7-wppt di agr am

-3
|
=
|
I

| them promptedRetabildo tell a story to help to explain this

T: Is there a story that you could tell, for that, to help your friend
R: Yes

T: Ok. What story?
R: | saw 7 butterflies. Three fly away.
T: Good | saw 3 butterflies 3 fly away.

R: How manyé how many butterflieséhow many butterf]

Retabileised a O6change storyd for this calculation
situation. However she was not able to refer to the known as being the charsgeteahthe three
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(which was meant to be the unknown) into her story. She recounted a change stb8y for10 é ,
and not a change story for-¥® = 3.

| suspected that she did not have the vocabulary to label and refer to the unknown in her story. |
atempted to model this for her and see if she coulnige it:

T: | have seven. Something happesstaef them and | have got four left. How can you tell a story about
that? It can still be butterflies if you want.

R: Seveneé. Sev e n ndtirecsweste | gave my frie
Despite my prompting, Retabile was not able t
the calculationasd’id = ¢é , and did not seem t-6 bedawhrert
once more to direct her attentiortiie position of the unknown, and wrotedovd37 = é, and
-6 = 4 to try and make her aware of this disti
T: Ok remember 3 isndt meant to be in your story. V
R: I have 7 sweetsél give é | give awayé[long pause

T: Do you want to giveom® your friend? Can | help you a bit?. How about | have 7 sweetsohtiveny

friend. | have four left.

R: Yes

T: How many sweets did | give to my friend?[long pause] Does that work? | have seven. | give some sweets to
myfriend and | have four left. How many sweets did | give my friend?

R: Three

T: Mmm. Can you tell that story?

R: I have seven sweets. I give some to my friend. I
T: And then what question are you going to ask?

R: Three

T.Thr ee. Thatdés the answer not the question

R: I have seven é | give threeé | have four | eft

This provided me with evidence that Retabile was ablgdicedhe story, but only immediately

after | had narrated it. She was not yet able to securely lale&atdthe unknown in a missing
subtrahend calculation. She seemed to think about this calculation in terms of the triple: 7, 3 and 4
(which she depicted using a wApale-part diagram). For her the dominant way of thinking about
thisseemedtobea®4 = ¢é She was thinking of 3 as the |
being asked about. She was not yet able to workaith 7= 4, and t el | stori es

asked for the value of the unknown.

It was of interest that all the problem situs Retabile invoked (butterflies and sweets) made use of

a 6change problem situationd, which seemed to
position of the unknown in this way, and labelling and referring to an unknown in a storyadontext h

not been a focus in the teaching intervention. This engagement with Retabile however pointed to the
need for this to be an explicit focus in future interventions.
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Telling compare (disjoint set) stories

Later in the interview | probed to see whethewslseable to tell a compare (disjoint set) story where

she made use of the words O&émore thano. She w
teacher support to invoke a context of two disjoint sets:

T: I want to see iéastoywpu can use O6more thanoé [ in
R: More than
T: What if you have 10 and | have seven?
R: I have 10 cars. Teach?2r Nicky have 7 cars. [¢é 1lo
T: Now you have got to ask the question. I't is quit
again (pointngt t he wpp diagram). You have 10 cars Teache
: Yesé
: What question can we ask?

You have ten and | have seven [Hides her face in

R
T
R
T Howeé

R How manyé

T: Good. How manyé

R: Cars.

T: Mmm

R: How many more dchave than Teacher Nicky?

T: Beautiful.

R: How many more cars do | have than Teacher Nicky?
(Retabile pgerview)

This reveals that recounting a 6compare story
prompting to imagine that the compan was between two disjoint sets (her and teacher Nicky). But

she then spontaneously introduced a problem context of cars being compared in the two sets. It was
difficult for her to pose the question, and needed a teacher prompt to start her offh&dhce |
suggested d6how é06 she then was slowly able to
re-voiced for her by the teacher, which seemed to reassure her to continue. Finally she was able to
restate the question and introduce the probleatisitwof cars, which she had introduced (and then
neglected) as she tried to formulate the question. Difficulties with posing compare questions was
consistently evident within the intervention experience, where this language seemed new to learners.
Many larners needed prompts (at times spoken, and at times written) to articulate the compare
guestions.

Retabile gained confidence through thisiptestview process, and when prompted to tell another
story | i ke Oher car storyd, was able to do so

T: Can we tell another one like that, that is not about cars?
R: | have seven dogs. Teacher Nicky have ten dogs. How many more does Teacher Nicky have than me?
(Retabile pirgerview)

2Inotet he grammatically incorrect use of o6haved for 6haso.
to the mathematics | have not attended to this kind of error (which is common amongst second language speakers of
English).
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This gave me some evidence that Retabile was now able to tellstongsrand | wondered if this
extended to comparative situations where the

T: Thatdés a good one. And if | was going to say ©6ho
many | ess?d [ deofpaperfoeherGoseeshe @orddn a pi e
R: I have seven cats. Teacher Nicky have ten cats.

(Retabile pimgerview)
She did this fluently, and spontaneously changed the problem context from do§bkeaccatsctly

reversed the word order in the sentence for h
to make sense. This provided evidence that although Retabile was unsure at first, she was then able
to demonstrate her ability to tell cargostories in the pesterview situation.

Generalized problem situations: contrasting change and compare situations

In both interviews Retabile spontaneously specialised the generalized problems and introduced whole
numbers which she could work witheplace the unknowns. There were no shifts in learning evident

for the generalised change problem. In both cases she specialized and modelled a process of solving
the change problem.

There was some evidence of learning gains for the generalised cisjpps#rest)l problem situation
however. This is Rethdleirlvea ®@sw neaskormndge 0tlo htalvee 5
sweets. You have more sweets than me. How can

R: | have got 3. You have got 7.

T: Ok so you have got 3 and | have got 7.

[Long pauseé]

So how many more have | got?

[Long pauseé]

Will it help if we have a look? [T reaches for counters] You said you have got?
R: Three [T gives her 3 counters]

T: And | have got?

R: Seven
T: SevenT| takes out 7 counters]. How many more have | got?
[Long pauseé] Do you know how to work out ©6how many

R: No. [She shakes her head]

This shows that Retabile knew that was happening in the problem situation (that she had 3, and I had
7),butsheli d not know how to compare these amount :
more do | have?90

By the posinterview the process of comparison seems no longer to be a problem for her. She had
been able to solve a compare word problem in théegtsie correctly reoiced the generalised
guestion, specialising it to involve 10 and 6 sweets, posed an appropriate question, and quickly
provided an answer:
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: I have 10 sweets. You have 6 sweets.

R
T:
R: How émanyé more.. do | haveé?
T: Good. How many merdo you have?
R: Two
T: Two more?...Can you show me a diagram?

R: Yes [Draws wpp with 10 as whole, and 6 as part and 2 as part]
[Long pause, appears concerned]

T: Whatdéds gone wrong there?

[Long silence then she corrects 2, and replaces with 4].

Retabilewas abl e to provide an answer to the que
conceptualised this diagrammatically as a-pdrppart diagram. However she was incorrect in her
calculation that 10 compared to 6, was 2. She corrected this only ladteinteagention for her to

find the error. However | think this provides evidence that Retabile shifted in her knowledge of how

to compare disjoint sets (she correctly positioned and labelled the one set as a whole, and the other as
part as the unknownalthough she calculated the unknown incorrectly and had to revisit this

calculation.

Retabil eds enabling tasks
Retabile completed 25 independent work cards, with most of these being word problem fluency cards.

Table2: Ret adéblingtaséiss e n

Enabling task Cards completed

Enabling task 7: Vocabulary of more than and less than
Enabling task 8: Group model fluencies

Enabling task 9: Line model fluencies

Enabling task 10: Syntax model fluencies

Enabling task 11: Basiember facts and bridging the tens
Enabling task 12: Word problem fluencies

Total

N
U.IHU"I(J'II\)I—‘I—‘
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Annexure 3: The case of Gauvril

In this Annexure | present an analysis of one of the le&r@Gergil before, during and after the
intervention. This Annexumpens with an analysis of evidence that her learning shifted which is
drawn from the preand postest and interview data. This is organised in terms of the direct objects

of learning: additive relation word problems, which are distinguished fromreice abgcts of

learning: additive relation calculation strategies. Finally inferences are made between the evidence of
shifts in | earning (comparing before the inte
lesson intervention. These iefeges are intended to answer the following questions:

Whatevidence o6 hi f t s learningifaany; ard seams a result of the teaching
intervention

o0 What evidence of learning to identify, pose and solve additive relation word problems
is seen ding and following the intervention?

o How does Gavril make her thinking visible by using narrative and diagrams in this
intervention?

Gavril s context within the ¢l ass

Gavril had a local language from Ruanda as his home language. He had not repeateG@dale 1

2 and was the correct age for his cohort. He was allocated to the extension group in the class as his
attainment in the pitest was 86%. He attained 100% for the-tpest So Gavril represents an
example (from the 12 selected learners fovimtey) of the smallest shift in attainment from the pre

test to the podtest, in the upper attainment levels.

Quantitative evidence of learning gains

The foll owing presents a visual depi ctéesitmn of
the posttest and then to delayed piesit.

Figure 39: Pre-test, postest and delayed pegtst correct solutions (Gauvril)

Ql Q4

Change Q2 Compare Q5: Q6. Bare Q7: Bare

result Compare Q3 (disjoint Partition calculation calculation

unknown  (matching) Collection set) problem 216 = 2318 = Marks
Marks 1 1 1 1 1 1 1 7
Gavrilpretest 1 1 1 1 1 _ 1 6
Gavrilposttest 1 1 1 1 1 1 1 7

Gavril delayed
posttest 1 1 1 1 1 5

Gavril was already able to solve all of the word problems. In thespbstrepeated this attainment,
and showed further improvement by correctly solving the bare calculation to obtain 100%. By the
delayed pogest, Gavril made calculation errors witthe matching word problem and in one of
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the bare calculation questions. As such his marks declined from all 7 questions being correct, to 5
correct solutions in the delayed ftest.

The evidence of his shifts in learning by considering the quantitative shifts in attainment for each
guestion in the prand postest include a qualitative analysis of what he wrote down in these tests.
In addition a qualitative analysis of his resptm#as interview questions is now analysed.

| analyse the evidence of his shifts in learning by considering the quantitative shifts in attainment for
each question in the gest, postest and delayed pdest and includea qualitative analysis of what

he wrote down in these tests, as well as a qualitative analysis of his responses to the interview questions
In so doing | focus on each of the learning goals: solving additive relation word problems, use of
representations and use of storytellingworgh noting that Gavril reported that he was very tired

in the posinterview session (he yawned repeatedly and indicated that he had only gone to sleep at
midnight the previous night). For the delayedtpssGavril rushed to finish his script, waditsie

to submit, but could not be motivated to check his work (despite teacher encouragement).

Qualitative evidence of learning gains

Learning goal 1. Additive relation word problems

| consider the evidence of shifts relating to the direct objectsinfgdar six additive relation word
problem typesChange problem; Change (reach a target) problem; Collection problem; Compare
(matching) problem; Compare (Disjoint sets) problem and Partition pFabieach one | collate

and discuss evidence from @afrhis being able to solve these problems

Gavril came into the intervention able to solve all of the word problems posed in the written tests.
His errors related to calculation errors, and not to how to interpret and solve the problems

Change word prob lems
Figure4dd: Gavri | 6 s c htesnhagdeposgestob |l em pr e

There are 14 people in a bus. 8 people g¢ There are 14 people in a taxi. 8 people ge
of the bus. How many people are left in of the taxi. How many pple are left in th
bus? taxi?

364



In the pretest Gavril wrote a number sentence (syntax model) in the space for working. He correctly
answered that there were 6 people left, and drew an empty number line which revealed that this line
model representatiovas not yet secure for him. He positioned the larger number (14) to the left of
the smaller number (6). He also depicted 6 (not 8) hops back from 14 to land on 6. It seemed that he
was not yet distinguishing the number of hops from the landing position.

In the posttest Gavril made use of a whpdetpart diagram (syntax model) where the rectangle for

8 was longer than the rectangle for 6. He also revealed awareness of the unknown in the problem, by
sketching a box around the unknown (6). He repeasedothinotation for the unknown in his

number sentence. This time he made use of a structure number line where he included 0 as a reference
point. His numbers were arranged with the smallest on the left and biggest on the right. He correctly
showed 8 hopsdek from 14 landing on 6. He smifrected his original error where he had hopped

back 10, by erasing the extra two hops. This denotes three learning gains in relation to two qualitative
aspects which were not rewarded in the quantitative mark alléaatigrhe made more secure use

of the number line arranging numbers from left to right in ascending order and distinguishing the
number of hops from the landing point; secondly he showed awareness of the unknown making use
of box notation for this; andiitdly he represented the additive relationship using apatqart

diagram. By the petst Gavril was moving flexibly between syntax and line model representations.

Figure4l: Gavril &8s changsdestprobl em del ayed post

Thereare 14 people in a bus. 8 people ge
of the bus. How many people are left in
bus?
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In the delayed poestst Gavril answered correctly, choosing only to make use of a number sentence
(syntax model). He did not indicate the unknown in thisergabtence.

Collection word problems
The following collection problems were posed in the written tests:

Figure42 Gavr il 6s col-teseandpostest probl em pr e

Sue has 13 stickers. Some are gold and The teacher has 13 pens. Some are blac
are red. 4 of theiskers are gold. How ma some are red. 4 of the pens are red. How |

stickers are red? pens are black?

In the pretest Gavril used a syntax model writing the number sentedcés B3for his working.

He completed the answer sentences. He sketched 13 iconic stars although he did not physically act on
these, and it is not clear whether he used these turhedolve the problem. Gavril also made use

of a line model. His line model reversed the numbers (with 13 placed to the left of the 9). He correctly

depicted 4 hops back from 13 to reach 9.
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In the posttest Gavril drew a whepartpart diagram with theectangle for 9, longer than the
rectangle for 4. He completed the answer sentence correctly and provided a number sentence. His line
model was revealing of some insecurity on these use of this representation. He correctly arranged the
smaller numbers otine left, and bigger number son the right. However he did not show the
relationship between 9 and 13 as being a jump of 4. He marked the jump from 4 to 9 and from 9 to
13, but did not label these. He seemed unable to relate the numbed-frjotendhenumber line,

showing all three members of the triple as points on the line.

Figure43 Gavril 6s col |l ecttdston problem del ayed post

Sue has 13 stickeB&ome are gold ar
some are red. 4 of the stickers are
How many stickemsre red?

In the delayed poestst Gavril correctly solved the collection problem. He wrote a number sentence
(syntax model) and setirrected his initial error in the answer sentence. His representations did not
reveal his calculation stratéagythis calculation.

Compare (matching) word problems
The following compare (matching) problems were posed in the written tests:

Figure 44: Gavril s compar etegtandpostesti ng) probl em pre

There are 11 bottles but o8ljids. There are 11 locks but only 9 keys.
How many lids are missing? How many keys are missing?
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In the pretest Gavril again made use of a number sentence (syntax model) and correctly answered the
guestion. He drew an empty number line andragairsed the numbers (with the larger number (11)
placed on the left, and the smaller number (2) on the right. This time he correctly depiaiedya take
strategy showing 9 hops back from 11 to reach 2. However given the numbers in this problem, this
straegy was not efficient.

In the posttest Gavril took care to draw a whodetpart diagram (syntax model) using a ruler, and
depicting the rectangle for the 9 as bigger than the rectangle for the 2. Once again he revealed his
awareness of the unknownvdrag a box around the 2. He completed the answer sentence correctly
and provided a number sentence. When working on a line model representation, he made use of an
empty number line, with an efficient strategy of two hops back from 11 to reach 9. éidikbelle

hop back act-Rén using a | abel 6

For this question although there were no learning gains evident in the quantitative marking of the
guestions, there were learning gains evident in the qualitative analysis: Gavril indicated his awarenes:
of the urknown, he made use of a whmdetpart diagram, and he shifted from an inefficiert take

away strategy on the line model, to an efficient difference strategy.

Figured5. Gavril 6s comparetegtmatching) del ayed post

There are 11 lites but only 9 lids.
How many lids are missing?
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In the delayed postst Gavril used an indexical model (which was ungrouped) and incorrectly
sketched 12 lines (not 11). He used aatakg action by crossing out 3 lines to be left with 9. His
related number sentence (syntax model) depicted this calculation error where hg witarid

the error was carried through into his answer. For this question there was a regression in learning from
the pretest and the poseést. This was reflectad the quantitative marking, and evident in the
gualitative analysis.

Compare (reaching a target) word problems
This problem type was not assessed in the written tests. However Gavril solved these problems during
the lesson intervention.

Compare word (di  sjoint set) problems
The following compare problems were posed in the written tests:

Figured6. Gavr il 6s compestandfostestsj oi nt set) pre

Jarred has 9 sweeltdartha has 12 swee Janie has 9 stickers. Mpho has 12 stickers
How many more sweets does Martha | many more stickers does Mpho have than
than Jarred?
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In the pretest Gavril chose to use a syntax model for his working, writing er reemience. He
correctly completed the answer sentence. He sketched an empty number line showing 9 hops back
from 12 to reach 3, although he reversed the numbers (by positioning 12 on the left of 3).

In the posttest Gauvril correctly answered the questim chose not to show any working. He wrote

a number sentence and completed the answer sentence. His confusion with regard to the number line
model was again revealed when he correctly depicted 3, 9 and 12 as points on the line and arrangec
these from sailest to biggest, from left to right. He was aware that he needed to ékaot®m,

and created 3 jumps: from 0 to 3, from 3 to 9 and from 9 to 12 labelling {Bekenas clear that

he was not yet sure of whether to depict the 3 in the nuiipberas 3 jumps, or place the 3 as a
number on the line. These conceptual difficulties with the line model were only evident in the
gualitative analysis, and were not evident in the quantitative mark allocation.

Figure47. Gavrilb s compare (di sjtesti nt set) del ayed post

Jarred has 9 sweets. Martha has 11 s
How many more sweets does Martha |
than Jarred?

7

Gavril correctly answered the compare (disjoint set) problem in the delatgstl ptesichose not
to show any working, and used a number sentence (syntax model) in response to the prompt.

Partition word problems
The following partition problems weregub# the written tests:

Figure48 Gavr i |l 6s padtestiandpostest pr obl em pr e

Sihle has 5 pencils. He keeps them in hi: Sue has 5 balls. Skeeps them in two boxe
pockets. Show all the ways that the pe Show all the ways that the balls can be ke
can be kept in SihSueds boxes.
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Pocket1  Pocket2 Pocket1  Pocket2 e

In the pretest Gavril correctly worked out the partitions problems. He worked using number symbols
and worked in a systematics way by reversing each partition (pértivies fallowed by partition
b-a). He correctly concluded that there were 6 wagsihge the pencils.

In the posttest Gavril again solved this problem without any errors. His solution was systematic and
complete. His answer sentences were written in the form whole= part + part.

Figure4d9Gavr i | 6 s olgeanrDelayed poshtesp r

Sihle has 5 pencils. He keeps them in his
pockets. Show all the ways that the pencil
be in Sihleds pocke

Pocket 1 Pocket 2

Gavril was able to answer the partition problem in the delay¢elsposbrking systematically and
offering a complete solution. He made use of number sentences in the form part + part = whole.

Learning goal 2: Use of representations

To reflect on learning gains relating to the use of representations | draw on the written pre and post
tests.
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Overview of representations for additive relations

Gavril increased the number of representations which he used to explain his thinking in the written
tests from 11 in the ptest to 13 in the postst. The range of representation types which he used
also shiftedGavril made use of one indexical representation depicting a counting in ones structure in
the pretest. He did use these representations in théegggdtowever his line model representations
marked a shift to growpise actions on the lines. In the-tgst Gavril commonly made use of
counting in ones action on an empty number line andhe only usealatakategy. He frequently

drew a number line with the numbers arranged with the bigger number on the left and the smaller
number on the right. In theosttest, Gavril used a group wise action and frequently included a
reference number of 0 or 1 in his number lines. By théepbke consistently sketched the smaller
numbers on the left and bigger numbers on the right. But he was no sure of pmivacdeber

triple on a number linfcommonly positing all three numbers on the line (and not placing one the
members of the triple as the size of the jump). He did however include batlataliad difference

number line strategies. In the-f@st Garil was able to write number sentences. By théegbst

Gavril was aware of the unknown in a number sentence and depicted the unknown value with a box
around the number. He also made use of accuratepattqdart diagrams where he indicated the
unknownvalue with a box.

Use of representations for bare calculations
Two bare calculation questions were posed in the written test, to see how children made use of
representations in their calculations.

Figure 50: Gavr i | 6 sionRHE 6 pretestahdpaostest t

Pre-test calculate: 26 = é Posttest calculate: 26 = &

In the pretest Gavril incorrectly calculateddZ. as 17. He depicted this on an empty number line
showing 6 hops back from 21, landing on 1#ekkrsed the numbers putting the bigger number

(21) on the left of the smaller number (17). It is not clear how his error arose, it may have been a result
of incorrect backward counting when bridging the twenty.
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In the posttest Gavril correctly calculagb 6 to be 15. He depicted an empty number line marking

the points 6, 15 and 21 onto the line. He showed group wise jumps from 6 to 15 and then from 15 to
21. He seemed to confuse the position of the 6 in the additive relation to be a point oarttie line,

not a size of the jump from 15 to 21. He did not label the size of his jumps.

Figure51: Gavr i | 6s b d 6 postnerviewwahdaelayeo pass? 1

Number line:

In the postinterview Gavril was shown his classwork book and particularly the section where he
worked on a quick way to calculate (using a difference strategy) on the number line. His responses in
the postinterview were recorded on video, and as sudalbidation strategy was evident. Once

again Gavril calculated@# to be 17.

Gavril said twentgne and held up his hands showing 10 fingers. He held his hands still and then

moved them forward and back i nt candtbéneonesodhise pos
fingers on his right hand. He then bent down the other 4 fingers on his right hand one at a time saying
6one, two, three, fouro. He moved onto his ri

6five, si x 0. rdibedamdd fingdrsadlown.He lbaked gt ¢hess fingers and wrote down
17 as the answer.

Step 1: 21 depicted as two hands of 10 fingers and 1 finger bent down (incorrectly working with 19)
Step 2: Subtract 6 by bending down 6 fingers (from the 19 togregir8ng).
Step 3: Interpreting the result of 7 fingers down, and 3 raised fingers to concluding that the answer was 17.

It seems Gavril did not consistently apply meaning to the action of raising or bending his fingers. First
he bent a finger to indieat more (than 20), then he bent a further 6 fingers (in effect adding on 6 to
get 27). Looking at the 7 bent fingers he concluded that the answer was 17 (and not 27).

Having written 17 Gavril spontaneously started drawing a number line. He drewrttigHare a
|l abell ed 6 below the | ine. He sketched 21 hop!
got to 13 he had run out of space and needed to extend his number line. He checked that there were
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21 hops saying 1, 2, 8afahop. Hedhas made arveiror ias e das labellkd p i «
the starting point 6, but has counted out 21 from 0. His line depicts 21 hops from 6 landing on 27.
GavrilthenselE or rect ed his error, and begins countir
When he said 21 he was 15 hops away from 6. There are 6 more hops to reach the end of his line
(which extended to 27, as he counted on 21 from 6).

Figure52 Gavr il 6s sketch of 21 hops on from 6
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He counted the remaining 6 hopsing his finger to mark the 21 position. He seems concerned. He
then recounted from his finger, counting 5 ho
lrevoi ced: 6The answer is 506, he péintedatd OWE
have 2 answers, hey?d and he nodded. | suggest
the 020 structured number line and positioned his pencil just to the right of the 20. He moved his
pencil back 6 jumps and landed®nl and announced: 6O0Oh 15! 06 He e
replaced it with 15. He was then able to depict this on an empty number line.

Figure 53; Gavrildéds sketch of 6 hops back from 21

He drew a line and starting on tight marked 6 hops. He then labelled each landing spot counting
back in ones from 21. After 18 he wrote 16. | asked him to be careful and check if he had missed one.
He selfcorrected and wrote in 17 then 16 then 15.

In the delayed pegtst, Gavritepeated the calculation error he made in tHegiréAs he did not
show his working with any representations, it is not known how this error arose. This may suggest a

consistent error with backward counting when bridging twenty.

Figure54 Gavr i | 6s b d A8pretest &nd postestt i on 2 3
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23-18= & 23-18=__ 8

Number line: Number line:

In the pretest Gauvril correctly calculated2® to be 5. He depicted a correct-takay strategy for
this using an empty number line showing 18 hops back from 23 to reackveréed the numbers

on the line.

In the posttest Gavril again calculatedd2I8 correctly. He depicted this on an empty number line,
positioning the numbers in the correct order and again positioning each number in the number triple
onto the line. Hehows grouwise jumps from 5 to 18 and from 18 to 23 and did not label the size

of his jumps.

Figure55. Gavr i | 6 s b d d8postintetviewsandadelayedmpoat3

23-18=

Number line:

In the postinterview Gavril was asked to workthe bare calculation again. He chose to work on
the structured number line first. He positioned his pencil to the right of the 20 and gestured three

hops back to reach 20. He repeated this count
5 asthe solution. He had used an inefficient-égakeay cal cul ati on strategy.
|l ong way. You started at 23 and jumped back 1

some time. | then asked if he could draw a vplaotpat diagram for that calculation. Gauvril drew
the following:
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Figure56Ga v r i | éart-partdiadraen for 2318-5

| gestured at the right of the 18 rectangle and asked: Can you start at the 18, and see how many more
togetto23?86 (Gesturing to the right of t 206 23 r «
number line. He started at 18, and gestured 2 hops to reach twenty, and continued with 3 more hops
as he counted to 23. Gavril repeated this to show me the ptadasg.as 18 and gesturing with 5

hops (as hecounteebl) . He t hen drew an empty number | i n¢
Figure57Gavr il 6s emptyiBaember | ine for 23
Fa'A'A Ry

With teacher support Gavril was able to déjpéciquicker counting up strategy. However it was
notable that he required the use of the structured number line and when he sketched this he labelled
each landing point. The distinction between the number of hops, and positioning the number triple
on the mmber line seemed clearer (but only in the 1:1 context with an encouraging adult).

In the delayed postst Gavril correctly answered the question, choosing not to show any working
for this calculation.

Syntax model fluency task in the interviews
Theintev i ews i ncluded a task to assess | earners?o
for the same additive relation. Learners were asked to engage in this task.

Look at these number sentences. Which ones go together? Wéhareasiteons out?Why?

1. 3+1 =5
2. 1 +3=5
3. 583=1
4. 1 =553
5. 1 s3=5
6. 56l =3

7 5=3+1
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8. 5=1 +3

In the preinterview Retabile took 3 minutes and 1 second to complete all of the number sentences.
Retabile required some support with start unknown problems inthemge and she wor Kk
5 = 3 using a trial and error methivdthe postinterviewRetabile took 49 seconds to complete all

of the number sentence$=38HBMDd =8 Bhecaidrtmmtcall df the ¢ o mp
number sentences were the same, and that they all related to the sgpagpdroldiagram (which
shedrewas®2 ) . When s he wa sb593rshesgforreaded tismg tcahandaeikor. 1

She then drew a new whpkatpart diagram for this number sentene® 3B and identified this
numbersentenceasthel d one out . Ret abxnmodeldlsencytaskweoesisiars t o
to Gavril ds, however she did n-partpadadiagramtdieer t he
a significant factor. Retabile engaged with the syntax model tasks (Enabling task 11) during whole
class sessions onypato Day 9. She also completed 5 individual work cards on the fluency models.

Both Gavril and Mphooés activity with this sy
demonstrated learning gains in that by theiqtesview they had become fluaith completing

families of equivalent number sentences, and that they could draywavepake diagrams to

represent the number sentences. However the application of the commutative property to addition
and subtraction was not yet secure for theseteaGavril still considered the order of numbers

when adding to be a significant feature of the wholpart diagram; and Mpho had conceptual
difficulties when (incorrectly) trying to apply the commutative property to subtraction. This suggested
thatadditional tasks which focused explicitly on commutativity for both addition and subtraction (and
the implications on whepartpart diagrams) would be a useful addition to the intervention design

in future design cycles.

| use Gavr i Istaskassabdsticase (thig wawsintildr to thdéway in which Retabile engaged
with the task).

Vignette: Gavrildés activity on syntax model fluencies
Intheprei nt ervi ew Gavril 6s engagement with the eq
wasnotecur e with the concept of equals as 0t he s
read the equal sign as O6equal s6, O6makesd and

conceptual difficulty for Gavril in the pnéerview. | biefly describe how evidence of this conflict
emerged for him and how | clarified the meaning of the equal sign and introduced vocabulary for
unknowns to him.

In the preinterview Gavril worked quickly to correctly complete the first three number sentences
However at the fourth number sentence it became clear that he was not familiar with

1 =553,
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He stopped and gestured to write a 2 into the box, but stopped again as he raised five fingers in a
single action on his left hand. He then raised 2 fingkis right hand, and then raised another finger
on his right hand. He touched the fifth number sentence:

'{—5:3
He touched the fourth number sentence, rai sed

He raised 5 fingers (in a single action) on his left hand, and raised 3 fingers in a single action on his
right hand. He mouthed the word 6eightd. He b
word oO0fived. He seemadkwannsure of where to wri

Table3: Gauvril struggling with start unknown number sentences

Teacher and learner talk Gesture/ writing
T | think you were working on this one Pointing to
1-5=3
Gavril This one and this one is the same, feéhs n 6t i t ) Pointingto
+ =335
1-5=3
T Are they the same?. .. Al o]
think they are the same.
Gauvril Oh ©O6cause here is a plus Gavril pointed ab sign in
+ =535
Gauvril pointed at equals sign in
and here is a equals. 1-5=3

Gauvril pointed at

So must | take away? Take away? 1+ =035
Is this taking away 3?
T Mmm. Equals means the same as. Teacher pointed at
Something equals 5 tedwgay 3. 1+ =035
What is the same as 5 take away 3?
Gavril Gavril raised 5 fingers and bent th

fingers. He wrote down 2 in the b
for:
+ =035

Something take away 3 gives 5 Gauvril pointed at
1-5=3
Gauvril wrote 8 in the box.

In the preinterview Gavril took 3 minutes 26 seconds to complete hisowdhHese number
sentences. He then identified th@5 mb e r s e5rt3)ean thesodd(one out.

In the postinterview Gauvril quickly wrote down the answers for the first two number seRtances.
the third number sentence he held up all his fifgerseach hand), looked at them and then wrote
down2for®3 = 1+, and foll owed t hi 83. $Startomkrbwnentindoéry b e

sentences were no longer a problem for Gauvril.
378



When wor kb=s3 Gavrilraigedll 10 fingers. Heent 3 fingers on his right hand (so 7

fingers were raised). He then raised 8 fingers, and wrote 8. He seemed to use a trial and error method,
first trying 7 as his solution and then adjusting this to 8. He completed the other number sentences
quickly talng 1 minutes 10 seconds for all of the number sentences (this was much faster than his 3
minutes 26 seconds in the-prierview). The shorter time was taken as evidence of greater fluency
with equivalent number sentences as Gavril now expected thatlibe sentences would be related.

When asked which number sentences went together, Gavril paired the number sentences as follows.

He considered that 3 + 4+ = 5 went with + + 3 = 5.
Hepaired 3 = + w83 h + = 5
He indicated thatd+ = 3, &né& 38 =+ 4 + 3 all belonged together

He i de @8+ 5ab thedodd on out.
When prompted, Gavril drew a whp&tpart diagram for 3+ 2 = 5. He said that 2 + 3 =5 had a

different wholegpartpart diagram to this, and drew the distinction:

Figure 58; Ga v r i -pait-part didgamn éor Figure 59 Gavr i |-pag-part wdtiagdare for
3+2=5. 2+3=5.

For Gavril the sequence of numbers in the number sentence was significant and influenced how he
imagined the wholeartpart diagram. The first number in the number sentence had to appear as the
left part of the diagram. This perception is probably & oéslé learner activity dvlain task 2:

Partition probletmere the partitions of five monkeys in two trees were distinct-82yan8 =2-3.

In future design cycles the commutative property of addition and the choice to consider number
triples and dtinct or similar (depending on the context) should be discussed.

When imagining a whepartpart diagram fos 8 3 = 2, Gavril thought that the whepartpart

diagram would again be different. But as he drew the sampavtydet diagram as for 32=5

he realised independently that this was not different, but the same as the one he had previous drawn.
He said that the whepartpart diagram fo2 = 5 8 3 would also be the same. But when reflecting
on863 = 5 he said. édréwthe liwingdvhepagmartdieigramt any 6 h

Figure60: Ga v r i-paét-part didgrarh fer
81 3=5.
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At first he labelled this as3® and then corrected this te88. For each of the other number
sentences he identifigzat they all had the same whadet structure as his drawings for eith2r 3
5 or 23-5.

This vignette reveals several learning gains for Gavril in relation to the syntax model. Firstly he no
longer struggled to complete start unknown number sentenegsafiditive relation. Secondly he
expected similar number sentences (where the two of the numbers in the additive relation were kept
invariant, but the position of the unknown was varied) to be related. Thirdly he was able to complete
these number sentad more quickly which possibly indicated his use of one humber sentence as

a known fact which could then be applied to the other number sentences. Finally he was able to
visualise the additive relations using a vplaot@art diagram where he noticled size of the whole

in relation to the two parts, and considered the order of the parts in the number sentence to be
reflected in the diaam. This is attributed to learner activity on the syntax model which was facilitated
throughenabling task 9: Symtadel fluenaieiEh was in focus in the whole class sessions each day
from Day 4 tdDay 9, and where opportunities to practice these fluencies were provided through the
individual work cards. For Gavril most of this learning is attributed to his eargagehe whole

class activities, as he only completed two syntax model fluency cards independently during the
intervention.

Learning goal 3: Story telling

Overview of word problem example space

Gavril 6s Macthi Yiask Wi kanges reveaingofther geesanal exarhple spgce e
for additive relation word problems. He worked with the number tridl@8l&nd correctly
specialised a whegart part diagram. He made some errors when writing the related family of number
sentences fdhis.

Figure 61 Gavril specialising a wholgart diagram and related family of equivalent number sentences
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Gavril showed a tendency to rush his work both during class and in assessment tasks. He wrote

owhole = paerpedatpadrt®i andvas Owhol e =0pata=rt + p
partd). When this was pointed out to him, he

All three of his stories invoked a takey action for this number triple:

Figure62Gavr il 6s | earner gH¥8erated examples for 18
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| have 18 cats. 10 ran away. How many do | have left?
| have 18 tops. 8 are missing. How many do | have left?
I have 10 lions. 8 ran away. How many do | have left?

As directed he kept the numbers imvdriHe varied the characters in his stories and the verbs relating

to removal (cats and lions running away, and tops being missing). His questions were kept invariant
with the structure 6How many do | h@esedthd ef t 76
words more and than in one of his stories. It seems that for Gavril #wadagkaodel was dominant

for him in stories. He did vary the numbers slightly in the second story, which seems to make use of
the known fact relationship that ifd8 = 10, then 18 10 = 8. From his activity on these tasks it
seemed as if compare problems did not come to mind easily for Gauvril.

Considering the stories that Gavril narrated during the interviews, his example space for word problem
remained dominated blgange actions. He was only able to bring change type stories to mind, and
despite being offered direct prompts to shift away from these situations, his concept of subtraction
remai ned f i-xway diddht iaord.t ake
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Figure 63 Frequency of narratives in interviews (Gauvril)

0 1 2 3 4 5 6 7
Change increase—

Change decreas|

Change (reach a target)
Collection stories
Compare (matching)

Compare (disjoint set)
m Pre-interview mPost-interview

When asked for a story to explai®dX0 = ¢é : Hinterviewh@avripoffezed the following:

Gavril: There are 10 toy cars and 7 toy <cars. 10

T: What happeikto the cars?
Gavril: The cars went lost. So 10 took away the 7 cars
(Gavril preinterview)

In the postinterview Gauvril fluently recounted a change decrease problem

Gavril: I have 10 cars. 7 ran away. How many do | have left?
(Gauvril postintervievy

t a

When asked for a harder problem using 10 minus 7, Gavril struggled to constrain his response to the

number sentence that was given. He first offered a combine/join situation which we referred to

altogether. When directed to use the number sentence alsegreéerred to talevay without any

characters in the story. When directed to ask a question, he associated subtraction with the question

6 How many are |l eft?o
Gavril: | got 7 cars. Tim have 10 c ardshendhbgethmi x i
makes 17.

T: Okay, altogether makes 17. But if | want to ask for this number sentence [Gestéreste1®] wh a't
guestion would | ask?
Gavril: 17 take away 10 gives a 7.

T: Okay, so thatds 17 take away 10 is 7. I want 10
Gavril: 10 take away 7.

T: Can we have a story about 10 take away 7 if youd
Gauvril: Oh, equals 3.

T: Hmmm is does equal three. So can we ask a question where someone needs to answer three?

Gavril: I wouwadu ladks kaésnkméemnHow many do they have | eft?

(Gauvril post interview
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Explaining missing subtrahend problems

Gavril 6s understanding of additive relations
number sentence was also explored in the @wsr\ie was asked to help a friend to understand this
missing subtrahend number sentencé: 7 = 4 .

In the preinterview, Gavrilesponded as follos

T: Gavril, can you pledselp me, what does this mean.

[T gesturesto7é = 4]

T:Canyouexplainwht 6 s happening here?

Gavril: | need 7 to take away something to make 4.

T: Ok. So 7 take away something must make 4?

[Gavril raises 7 fingers, bends working out answer on fingers. Writes down answer of 3]
(Gavril preinterview)

I n the post interview Gavril refers to the wun
error method, but oé6putting a numberd and tryi
of the two number sentencesé/ = 4 0dnd @&.

T-Your friend says to you, Gavril I don6t wunderstand

to himéto them?

Gavril: Uhé7 take away mmm equals 4.

T: Okay. And how do you find out what mmm is?

Gavril: By putting a numlhienbeaogrééor é. by puttingéumé a

[Gavril looks at his left hand, then raises two fingers on his right hand. He bends the two fingers on his right,
and one on his left hand].

Gavril: Number 3.

T: Number 3. How did you find number 3?

Gauvril: Cause | had 7 {shows 7 raised findeoglk away 3 [lowers 3 fingers, showing 4 remaining].

T: Ok, and then you were left with?

Gavril: 4

(Gavril post interview)

Telling compare (disjoint set) stories
Despite prompts and attempts to shift Gavril away from change word problemtoovaeds$susing
comparative language, he remained stuck with change contexts

| then prompted Gauvril to tell a sticker story, hoping that this would provoke him to use the
comparative |l anguage of Oomorebd. H e refegtmcars,e d t h
which he then changed back to stickers. He imposed a change decrease action onto this story:

T: Can you tell me a sticker story?
Gavril: | have 7émmméjaél have 10 carséhmmélO0 stick
(Gavril postinterview)

It is notable that all the stories Gavril used to explain the subtraction number sentence made use of
change actions.

Later in the posnterview | again tried to get Gavril to bring comparison stories to mind:
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T: So Gavril | want to see, canmyell me a story where the question is how many more do you have than me?

Can you tell me a story about that? How many more d
just tell me.

Gavril: Oh! éyou have 30 st i3@skckersdtake RO. Hoa mmang Oh, yoé | aé
doé. hoe!....how many you got?

(Gavril postinterview)
Although Gauvril could solve compare (matching) and compare (disjoint set) problems, he was not yet

able to bring these to mind and retell these stories.

Generalized probl em situations: contrasting change and compare situations
This i1 s Gavr i |l-idterview éaskpfageneraligedchande robem:e

T: 1 have some apples, you take some of my apples. So you can imagine, | have some apples and you take them
awayHow can you work out how many apples | have left?

Gavri:l can maybe i magineél can maybe imagine 5.

T: Okay

Gavril: Cause you take, you buy mos [about/like] 10, | take 5, you take 5.

(Gavril preinterview)

This shows that Gavril was able to speciahsechose a known fact additive relatiofb&)0and
he invoked a change decrease action of removawiake

In the postinterview Gavril did not immediately specialise, and only did this with a teacher prompt:

T: So | have some apples and take sémg apples. How can you work out how many | have left?

Gavril: You can6t work out because they didndtéther
T: Ok, do you want to put some numbers?

Gavril: You got 10, I take 7. Um how nldefty do | have
T: Youdve got three | eft Okay, great job.

(Gauvril postnterview)
In the preinterview it was clear that Gavril was not sure of how to solve a compare (disjoint set)

problem. He was able to specialise, making use of 20 and 10, and thewhetheké@ needed to
0takayd or Opl usd.

T: |l 6ve got some sweets youdve got some but youdve
than me you have?

Gavril: I have 20, and youdve got 10, then, whooo,
T"Mmm, itds quite tricky hey? Think about it. | dve g
more than me right? How many more have you got than me?

Gavril:Yo!

T: Il's that idea of omoredé a bit tricky? Shall we tr

(Gavril preinterview)

| introduced concrete counters, giving Gavril 6 bottles tops and keeping 4 bottle tops in front of
me. He said that he had six, and that | had four. | arranged the bottle tops to make a 1:1 matching
arrangement, and gestured to tiwe tmore. With this intervention Gavril was then able to return

to his calculation involving 20 and 10:

Gavril: 1 got 20, you got 10, you need 10 more.
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T: Well done, so | need 10 more to be the same as you. Okay, good job. And with the 4 and they6, how man
more was it?

Gavril: Two

T: Two. Well done.

(Gauvril preinterview)

In the postinterview Gavril was able to respond to this question fluently. He once again specialised
using a known fact relationship of12a10:

Thi

T: | have some sweets and you have sveets. You have more sweets than me. How do we work out how

many sweets you have? How many more sweets you have?

Gavril: Okeél have 10 andémmmeél have 20 and you have
T: So how many more have you got than me?

Gavril: Ooooo 10.

T: Yo ul®d¥Ch, hgwdid you work that out?

Gavril: Because 10 plus 10 is 20. And take away another 10 is still 10.

(Gavril postinterview)

S i nteraction demonstrated his awareness 0

part=partdgeHecwasenoedoas to whet herlOpglus was
10 is 20. And take away another 10 is €iill 10

Gavril s enabling tasks

Gavril completed 18 independent work cards:

Table4:

Gavrildés enabling tasks

Enabling task Cards complete

Enabling task 7: Vocabulary of more than and less than
Enabling task 8: Group model fluencies

Enabling task 9: Line model fluencies

Enabling task 10: Syntax model fluencies

Enabling task 11: Basic number fantsbridging the tens
Enabling task 12: Word problem fluencies

Total

'_\
mU‘I(}OI\)I\)U‘IH
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Annexure 4. The implementation of the third cycle
Intervention

Chapter 9 focuses attention on the implementation of the third cycle intervention. It
t he g uHewsdidithe third cy@le intervention play out in thid lochl cantex¢?a c

tasks vignettes from the lesson transcripts, together with evidence from learner
presented. The activity relating to enabling tasks is briefly deseratlgdhose theoretic
features that do not figure in the description of tasks are exemplified with vignettes
lesson transcripts. Together these provide a descriptive account of the th
intervention with reference to each of the thiealdeatures which informed its design

| open this section with a short description of the chronology of events over the ten day intervention
and then describe how each of the main tasks unfolded. These related to the problem solving activities,
whereboth storytelling and representations were used as a means of supporting learnings.

Chronology of cycle 3 tasks
In this section | provide a summary account of the third cycle intervention with reference to the main

and enabling tasks. This broad ovendewpported by a detailed chronological account of the third
cycle intervention, which includes critical self and peer reflection, in Annexure 4.

Main tasks

The lessons were structured using both whole class and small group in(Eesttioa® Teahing

the whole class as well as in smalllgeoiglis)ving table maps the main tasks to each day of the
intervention, with reference to the teaching format (whole class, or group work).
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Table5: Mapping of main tasks to dayn the third cycle intervention

Day | Day | Day | Day | Day | Day | Day | Day | Day | Day
MAIN TASKS 1 2 3 4 5 6 7 8 9 10

Main task 1: Learning to
work productively

Main task 2: Partition
problems

Main task 3: Change
(decrease) problems

Main task 4: Change (reach
a target)

Main task 5: Compare
(matching)

Main task 6: Compare
(disjoint set)

Main task 7: Learner
generated examples

Key

Hypothesised trajectory
Whole class

Support group

Core group

Extension group
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In terms of the selection and sequencing of tasks, the actual learning trajectory (from the planned
teaching perspective) closely matched the hypothesised learning trajectory for the extension and core
groups. There were also a few differences (aspetbeekin any design experiment) which are worth
highlighting. However the support group did not follow the hypothesised learning trajectory closely
for the main tasks. There were several changes in the actual learning trajectory for the support group,
implemented as contingency responses to the observed learner activity with the support group.

Main tasks for core and extension groups

For the core and extension groups there was a slight change in the sequencing of the main tasks as
intended in the hypothesd learning trajectory. Workinghain task: Partition problepsnned

three days (Days42 A slower introduction to the symbolic whodetpart diagram (in comparison

to Cycle 2), meant that an indexical wpatepart diagram was used firdteTprocess of creating

the indexical wholgartpart diagrams by tearing five strips, as well as shifting from working randomly
to working systematically on this task took longer than expectéistBsk twas considered to be a
foundational task whicletsup the structural approach to additive rela#ansuch this additional

time was through to be justified. In response to the need for additional time on Martasksk

3: Change word probbsranitted. Components of this Main task 3 wesertd on Day 8 for core

and extension learners and on Day 10 with the whole class.

Main tasks for support group

The assumed starting point for some of the support group learners was below what was expected.
The differences may be a result (at leasttingbahe fact that the Cycle 2 intervention had been
undertaken near the end of the academic year (November) while the Cycle 3 took place near the
beginning of the academic year (April). The learners in Cycle 3 were therefore less mature than those
in Cyle 2. In addition, the support group for Cycle 3 included four learners with substantial
developmental delays and one learner who had very limited English (he was a recent immigrant with
French as a home language).

On the third day, through discussiotihhWwianessa, the support group of eight learners were split into

two groups of four and additional group work time was arranged for these two groups. Despite this
organisational change, the support group children were not provided with the same opportunitie
engage with thielain task 2 Partition prolidhe same way as the core and support groups were.
They were not provided with a second group work session to repeat the partition problem solving
process. They were not given time to work randomlye liefimg supported to work systematically,

nor were they encouraged to act out the story, or to retell the story with numbers other than 5 monkeys.
They did not work on variations of the partition problem using other number of monkeys. These
learners wemgresent in the class when the partition problem was revisited during whole class sessions,
but without focused small group work on this (coupled with the lack of focus evident from most
support groups learners) it was unlikely that their engagemehissaitiiiole class sessions resulted

in learning. This support group did not worklfask 6 Compare (disjoiirt sesynall group setting.
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They were present in the class wiessk 6 Compare (disjoimtesethe focus a whole class sessions,
and they obseed other class members engaging with this problem.

There were several assumed startimgspelating to LG 2: Representations to interpret calculation
strategiesd which wer eConcerhingglet ulsatciuore 9tfr athes
calcul ation str at e g iaedstake anwaydalpulations stategy werd notget i n
secure for many of the support group learners. In terms of the line modelneprasctiorooh 0
hops forwardsnaking morer backwardmaking le€s n drienéation of smaller oeft and bigger

on righbwere not yet secure for these learners

Enabling tasks
The following tables maps the enabling tasks to each day of the intervention, with reference to the
teaching format (whole class, group workdependent seat work).

Table6: Mapping of enabling tasks to days in the third cycle intervention

Day | Day | Day | Day | Day | Day | Day | Day | Day
ENABLING TASKS 1 2 3
Enabling task 8: Vocabulary
of more than and less than

Enabling task 9: Line model
fluencies

Enabling task 10: Group
model fluencies

Enabling task 11: Syntax
model fluencies

Enabling task 12: Basic
number facts and bridging
tens calculations
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Day | Day | Day | Day | Day | Day | Day | Day | Day | Day
ENABLING TASKS 1 2 3 4 5 6 7 8 9 10

Enabling task 13: Word
problem fluencies

Key

Hypothesised trajectory
Whole class

Support group

Core group

Extension group
Independent seat work

Enabling tasks for the core and extension groups
For the core and extension groups, all of the enabling tasks featured in the whole class and small group
sessions of the Cycle 3 intervention as planned in the hypothesised learning trajectory.

Enabling tasks for the support group
Most learners in the quptgroupve r e not yet secure with Enabli

thand and 6l ess thand or with Enabling task
prioritised developing these fluencies. Basedgaigement with the support grougdditionaline
model enablingtagskas devel oped during Cycle 3. This ma

will be described in detail beldwe support group was encouraged to start to use line and group
model and syntax models but the emphasismwa shift from counting all or counting on use group
actions. Unlike the core and extension groups, the support group did not work on syntax model
fluencies where the difference strategy was compared to-theapkealculation strategy

Main tasks

In this section | describe how the main tasks unfolded in the third cycle intervention. This done by
drawing on extracts from chronological description of the lesson intervention presented in Annexure
4. For each task | report on the task with a partioglas bn the teaching as the means to support

the intended learning and draw on best case examples of learner activity on the main tasks, as an
indication of the potential learning afforded through the task. | use telling cases to illustrate some of
the varation in learning experiences. The variation in learning experiences is however described in
relation to the case study learners in Chapter 11.

For each main and enabling task | make connections with the relevant features of the theoretical
framework. Inso doing | draw on orientating theories, mathematical design features of the
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intervention (domain specific features of the intervention) and frameworks for action, as presented in
Chapter 3. | do not refer to constraints imposed on the interventiadoakso specific features of
the intervention) as these were maintained in the cycle intervention exactly as planned.

There are some features of the framework for action, which do not figure in the accounts of main and

enabling tasks. Where this is the,da&xemplify these features separately to provide evidence of how
these featured figured in the third cycle intervention.

Main task 1. Learning to work productively
Main task 1 was the focus during the first lesson of the intervention:

Figure 64 Main task 1: Learning to work productively

Reference |TASK 1 Learning to
word work productively
problems Make a coverfor
your maths book
where you tell
stories and draw

plcturesof 5= ..,
Stories Learner
generated
examples
Represent
ations Leamer
generated

examples, with
teacher
encouraging line,
syntax and group
models

This task was introduced during a whole class teaching session through teacher lead discussion where
children closed their eyes and imagined five in different ways. Learners were encouraged to use
numbers, drawings or tell a story about 5s. There wadiihehdiscussion on images of five, stories

about five as provided by the learners. Some of the learner suggestions were drawn onto the black
board. Learners then worked on their book covers for five equals during independent seat work time.
This taskdraw on Feature 3.1 Learning as educating awareness and harnessing natural powers and

Feature 3.6 Seeking to gain insight into | ear
generating examples. The following is a best case examplercddéaity on this task (Feature 3.4
Learning as engaging in 6tasksd where a | earn

tasks):
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Figure 65: Best case book cover for 5 equals (Main task 1)

This was cons@lled a best case example as it depicted several different elements which had been in
focus during the class discussion, and process of imagining five. It showed five things (cars), five beads
on a string, five in a number sentences (with both additiosubtrdction number sentences
included). The number sentenced H0= 5 was shown visually using an iconic representation of a
takeaway image. This child also drew a drum kit (where there seemed to be five parts), and depiction
of a person holding sometdifit was not clear what this represented). The child took care in the
process and used colour to add interest to their cover.
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Main task 2: Partition problems
Figure 66: Main task 2 Partition problems

Reference TASK 2 Partition:
word There are 5
problems monkeys that
sleepin 2 trees.
How many ways
are there for the
monkeysto
sleep?

Stories Tell ancther

monkey story

Represent 00000
ations o0 0|0 °
5

3| 2

5=3+12

Main task 2 marks the baging of the tasks all which focus on additive relations word problems.
These tasks all draw on Feature 7.1 Paradigmatic knowinggtgitdlc knowing and narrative
knowing / thinking were viewed as necessarily and simultaneously present rearaticsatvord
problem. In providing accounts of how these tasks unfolded for the cycle 3 intervention | include
accounts of stostelling (distinguishing teacher telling from learner telling), problem solving and use
of representations. These map to tamieg goals of the intervention and also show the entangled
nature of logicadcientific and narrative knowing. The partition problemasl#ssin more detail

to provide a rich description of how narrative was used in the intervention. The otuer défgks

more condensed descriptions (additional detail is available in Annexure 4)

The partition problem as introduced in small groups on Day 2 and 3 of the intervention. The problem
context of the partition problem was monkeys in trees, and asvaiscreferred to by the classroom
community as the O6monkeyd story. The partitio
the intervention the problem context was changed from monkeys to golden books. | describe the
partition problem tasks chronoleajly as learner activity with this task unfolded over several days.

For the core and extension groups the problem was first introduced in small groups and was then
revisited during whole class teaching session on several occasions. For the supmoprgbbem t

was first introduced in a whole class session and only one small group session focused on this task.

Teacher telling of the monkey story (small groups, Day 2&3)

Teacher telling of storiedates to Feature 7.2 Story telling was used as agieddiategy to

motivate learning and encourage sense making. The following account from the extension group
session describes how the partition story was told. After this account | briefly describe the main
differences with core and support groups.
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For the extension group, at the outset of the partitions problem | introduced a syntax model
representation to intr oduc@eature 4 Astuctard appreachy o f
to additive relations was foregrounded making use of apattqlartpart diagram and Feature 8.5:

A few key representations were carefully selected and included line, group and synt&xonodels )
previous intervention cycles | was aware tham@ao misconception was that the two parts where
drawn as equal giee, or that the relative size of the parts was not noticed as being dependent on the
numbers involved. | therefore showed learners two examples of generaligedtphdidiagrams:

Figure 67: Wholepart-part posters for waltlisplay

whole whole

part part part part

By varying the relative sidethe two parts | hoped to draw attention to the partition between the

two parts being dynamic (moving depending on the size of the two parts) (Feature 2.2 Discernment
as contrast and Feature 3.5 Varying tasksmlortised dimension of variation, while keeping the

critical features invariant and these should be experienced in rapid succession). | asked learners to
repeat the words O6whol e part partd® back to me
meamng of the words whole and part. Once | felt learredh s ome sense t he voca
and o6part o, |l then introduced the partitions

T: We are going to work on lots of stories while | am teaching you. And the story we aréogmidgytds a
story about some monkeys. Monkeys

L: Uh uh uh uh uh! [Learner makes a monkey noise and scratches under his arm]

T: Who can make a monkey noise? | heard one there.

[Some learners make monkey noises, and T encourages a quiet girl tg taymaoalkiey noise. She declines.
A boy bangs his chest and T points out he is making a gorilla noise]

(Day 2 Lesson transcript, extension group)

With the story context of monkeys grounded and enacted by some children, | drew a tall tree on the
white boardl draw a shorter tree next to it. From prior lesson intervention cycles | was aware that
being able to refer to each tree was useful (as when there were just two trees we struggled to discuss
which tree was in focusntado, daywiend etdhd hwortdse
continued the story as follows:

T: So | have two trees in my storyé.And there is a
the group. There are only five monkeys in the group. And these fivgsratedge in these two trees. So when

it is day time they are running around [monkey noises] running around doing all funny things. But at night time
they climb up into the two trees. Now you are a scientist. And you want to know: where are the monkeys

sle@ing? So each night you come out into the place where the two trees are to come and see. How many
monkeys are in this treeé?. . Andybuwantio firdeuihowmany k ey s a
different ways can the monkeys be in the two trees.
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(Day 2 Lesson transcript, extension group)

The teacher telling of the monkey story was much the same for both the core group on day 2, and the
support group on day 3.

Solving the monkey story problem | (small groups, Day 2&3)

| continue the description diie extension group session to provide evidence of how learners were
supported to solve the monkey story. Descriptions of the problem solving process draw on Feature
1.1: Learners make sense of problems for themselves while conforming to agreedticesidltpsac
includes the descriptis of how representations were used in this process. The similarities and
differences with the core and support group sessions are then provided.

| invited the extension group learners to draw their own trees on tteeloainds and put the five
monkeys into their tre€3nce all the leaners had positioned their 5 monkeys in the 2 trees and shown
their white boards | coached them through an example of how this could be represented using a
wholepartpart diagram that wasade of paper strips. | made use of the number tiigieas this

was the example | had drawn on my board. | then instructed learners to drawpartphadie

diagram for the arrangement of monkeys in theirTigsss a best case example ofa&klsild d r a wi n g
of the five monkeys in the trees:

Figure 68: Best case example of learner drawing of 5 monkeys in two trees

Noticethat children were first introduced to the general case of whole and two parts. They then had
to specibise this relationship to an arrangement of their own choosing (Feature 3.3 Facilitating shifts
in attention from the particular to the general (generalising) and from the general to the specific).

| wanted to encourage flexible movement between reptieseni{Feature 8.1) to ensure that
symbolic wholpartpart diagram was fully understood. | handed -sttipgs to each learner. |
modelled a process of tearing the whole 5 into two parts to mateh amadgement of monkeys

drawn into my trees, and Bw-1 symbolic wholpartpart diagram. Learners then repeated this for

their arrangement of monkeys. | encouraged the learners to find more ways and handed out more
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green Sstrips as required. Leas@orked on tearing the cards and finding new arramgeshe
monkeys.

Table7: Partitioning 5-strips to find how many ways

As they worked on finding new ways, | asked learners to check that they had not got repeats (the same
way again) and at times pointed out repeats where esaw th

| intervened with a learner whesalv he had torn his strip in two places making three partitions by
drawing his focus back to the problem situation (Feature 10.2 Providing specialised and explicit
feedback and paying attention to learner errors):

T: You have got a problem as you made three trees. Are there three trees?

Learner: No

T: No | think you better give me this one back [T picks up the three pieces]. That would be three trees we only
have two trees. [T gives him another strip to tear onmsate two parts].

(Day 2 Lesson transcript, extension group)

The children continued trying to find new ways and remove repeats. My intension was to encourage
them to start working systematically. However noticing that the lesson was nearly over | opted to
rather model a process of working systematically and recording the ways using number sentences. |
drew a situation where all five monkeys are in the tall tree (iconic represenfatinonieys), and

ask learners what happens if the monkeys jump tactbssmall tree one at a time. | changed my

iconic drawing to-4 monkeys in the trees. By the third arrangement of a monkey jumping across to
the tall tree, learners volunteered what numbers must be written into tipawpatédiagram and

said thecorresponding number sentence, which | then wrote down. We now had a systematic set of
six options which was drawn on the white board. | pointed out the pattern of what was happening to
the tall tree: 5, 4, 3, 2, 1, 0 and learners chorused the pattdranamorused the pattern for the

small tree: 0, 1, 2, 3, 4, 5. | ended the lesson with learners counting how many ways were recorded.
They conclude that there are six ways.

| then directed the learners to rearrange their two paper strip parts teystaatic pattern. Once
a |l earnersd work was arranged systematically
a worksheet to record their ways. This denoted a shift from using pagewdtripsr e each 06 mo |
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was visible thereby formiag indexical wholgartpart diagram, to making use of a symbolic whole
partpart diagram (Feature 8.4 Increasingly structured representations).

Figure 69: Telling case example of 5 monkeys worksheet and book work (Extensioh group

There are S monkeys. They sleep in Two frees.
How many ways are there for the monkeys to
sleep?

_ Smonkeys
S Shorttree | © = [ + [& . : ‘

¥ 7]
=3 O

- Stk There  are __ ° way& {or the monkcjj

a

5 to Jleef? .

The worksheet was designed to model a process of using-pantipaleg diagram and a number
sentence to record each option. It encouraged a systematic process, and then shifted the recording of
the fifth and sixth option to the learners who were expgedtdtbw a similar recording for the other

options but in their workbooks. As the telling case example reveals this transition from worksheet to
book work was difficult for most of the children. Most of the children in the extension group only
completedvhat was made available in the structured layout of the worksheet, and did not shift to the
workbooks. Notice too, the movements between iconic (drawings of monkeys and trees), indexical (5
strip partitions), symbolic and symbolic syntactical repressntatio

A similar process was followed with the core group. There were two main differences in comparison
to the extension group teaching sequence. Firstly | omitted the task for children to draw one case of
the monkeys in the trees. Secondly as a learteat starking systematically on her own, her work

(and not mine) was used to model a systematic process. With the support group the introduction to
the wholepartpart diagram and the story telling was approached in similar way to the extension and
core grop. However the support learners did not record their work using a worksheet. | modelled a
process for the learners to work systematically breaking ugtripec&rds from the outset. With

each card, | directed learners to stick the card into theartmbokite a number sentence. | modelled

this process for the first three cards, and learners copied this process. There was a substantial amount
of time spent trying to get this group to focus and stay on task, with many learners fidgeting and
disturbing ach other. They managed to follow my directions for the first three cards, and by the
fourth card they were partitioning the cards, and saying which number sentence to write. Once each
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learner had completed tearing, sticking in the paper strips, agdawritmber sentence, and | had
checked their work, | allowed them to return to their seats.

Through my daily reflection on learner activity (Feature 3.4 Learning as engaging in tasks where a
l earning trajectory i s ithese &asks),éwas dware thrat thehsegppodt | e a
group requireddditional intervention. | felt that the group work session with the support group on

Day 3 had been difficult as | found there were frequent interruptions and some conflict between
particular mendrs of this group. | thought my work on the partitions problem with this group was

very procedural and teacher directed, and discussed this with Vanessa. We agreed to split this suppor
group into two smaller sigpoups so that more focused work couldbewucted with these learners.

Vanessa arranged that | could work with these smaltgpspi in an available venue when she was

busy with reading group work. | also designed additional enabling tasks relating to fluencies which |
notices were absent tors group.

Re-telling the monkey story (whole class, Day 3)
The next day (Day 3) | wanted to see if children could recall the partition problem:

T: Can someone remind me what that problem was by showing me you want to talk?
[Core learner raises her hand]

Learner: What was the problem we worked on?

Learner: Monkeys sleeping in trees.

T: How many monkeys were there? Gauvril?

Gavril: 5

T: There were five monkeys. ..We had two trees. What was different about the two trees or were they exactly
the same?

Ls:No, one was short and one was tall.

T: Ok so we had a tall tree and we had a short tree.

[T draws a short and tall tree on the board, just below the bead string].

(Day 3 lesson transcript, whole class session)

So some of the children who had workecherptoblem recalled the problem context and some of

its contextual detail. My expectation that children would retell stories previous told by the teacher
drew on Feature 7.3 Story telling was viewed as a cognitive strategy which draws on the human powers
of imagining and expressing. | thetotd the monkey story (for the benefit of the blue group, and

to remind the whole class). This denoted a shift back to Feature 7.2 Storytelling as pedagogic strategy.

Teacher use of representations to solve the monkey problem (whole class, Day 3)

| then modelled a systematic process of having all the monkeys starting in the short tree, and moving
one monkey across the tall tree. At each stage | moved one bead from the bead string above the short
tree, to be positioneth@ve the tall tree. | wrote and said the number sentence for each one. As this
progressed | paused and asked learners who many monkeys were in each tree, and asked the lear