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Abstract: Frame Modelling of Dynamic Ecosystems

This thesis develops the theoretical basis of the qualitative frame based m~delling technique,
a paradigm recently proposed by Starfield for the modelling of ecosystems with a multiplicity
of stable states. This technique is a refinement of the State-and-Transition conceptual model
of Westoby et al which involves the division of the ecosystem dynamics into a catelog of
stable 'states’ and a suite of transitions between these states. Th: frame models of Starfield
assoliate with ench stable configuration of the ecosystem a qualitative rule based m« del for

the Loy pracesses in that stable configuration,

The ain}f of this thesis are the following.

&
y

"o 4,"A ugorous definition of frame modelling of dynamic ecosystems is proposed, and this

theoretical foundation is used to demor strate that qualitative frame models may be used ‘o

model dynamic ecosystems 1o an arbitrary accuracy.

2. The development of impleraentation software. A qualitative rule based frame modeiling
environment is presented, and a specification for an improved environment is proposed based

on the theoretical work.
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Preface

When stariing out on this project, the aim was to investigate a new modelling technique,
Frame-based Modelling, by building software to implement several frame models and to
inwstiﬁate these freme models in an empirical manner. It soon became clear, however, that
there was much more to frame modelling, and slowly but surely more effort was put into the
investigation of the theoretical aspects. The result is that this thesis is concemed almost
entirely with the formal frame theory, and the frame modelling software which was to form
the basis of the work has really just become a bonus, useful for demonstrating frame models.
I am thankful to my supervisor, Tony Starfield, for allowing me to shift the emphasis in this

way.

I am particularly grateful to Tony Starfield for suggesting such a fascinating project. Thanks
are algo due to Dave Cumming who has beesi building frame models (and has suffered greatly
from early buggy versions of the software}, and John Field and Ricky Taylor for their useful
suggestions. The Brachystegia frame model presented in Chapter 3 was written by Tony
Starfield, Dave Cumming snd Russell Taylot, and is currently being modified and extended.

Theorems from the standard texts which have been referred to hava not been proved in this
thesis: A reference for the proof has been given instead. The theorems which have been

proved are those stated and proved for the first time in this thesis.

This work was supported by the South African N+ture Foundation {SANF), the Multispecies
Animal li.;oduction Systems project of the World Wide Fund for Nature {WWF) in Harare and
Senate Research at the Tniversity of the Witwatersrand.
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Errata

1. Page 11, third line from the bottom: Replace an with a.

2. Page 40, fifth last line: Delete system.

3. Page 50, third last paragraph: Replace popular with been popular.
4. Page 54, second line in the definition: Replace nonnegative with a
nonnegative,

5. Page 97, last paragraph: Replace english with English.

6. Page 98, in definition: Insert ve V.

7. Page 100, second line: Replace system values with system variables.
8. Page 103, top line: Replace proof with prove.

9, Pago 104, third last line: Delete for.

10. Page 106, last paragraph: Dalete presented,

11. Page 107, second paragrapi.. Replace possibly with possible.
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Chapter 1

1.1 Introduction

Ecological systems are notoriously difficult to model; there are few examples of systems
where a satisfactory model has been built which may be used to predict future behaviour or
explore different hypotheses with an acceptable degree of accuracy. (An ‘accepiable degree
of accuracy' m ecology is much less demanding than in more precise sciences such as
physics). Their great complexity obviously presents problems but is by no means the only
reason for this, The very existence of highly accurate models for complicated systems in
physics, chemistry and. engineering suggests that this is not the case. Perhaps the most
imporiant reason for this is the fact that the observables of the systems being studied are so
difficult to mueasure accurately, because of the difficulty in carrying out the actual
measurement as well as the variable and secmingly random fluctuations in the observables.
These problems confound medellers in many real life systems other than ecology (although
perhaps to a lesser extent), notable examples being in economics or climate simulation, and
the pap in the development of useful models bstwesn these areas and those of fields such as
physics is quite considerable.

Many of the modelling approaches which have been aitempted appear to have been inspired
by successful paradigms in the muthematical and physical sciences. In addition to the large
scale borrowing of these modelling technigues, much of the modelling in the 60s and 70s was
characterized by the dictum "Use all available data in the model'. Generally, this modelling
philosophy has not been successful in the gense that it has not provided ecologists with useful
tools which may be used confidently and indeed has led to a certain suspicion on the part of
many ecologists towards the efforts of modellers. Perhaps the greatest flaw in this philosophy
is the way it excludes the majority of ecologists (the experts themselves) by turning the study
of ecological systems into a mathematical curiosity and testbed for numerous modelling
techniques from unrelated fields. This research concems a modelling technique which has

been bom from the ideas and suggestions of ecologists themselves. This research represents




an attempt to develop an appropriate way of modelling ecosystems and not the appropﬁate
way of using existing techniques from other unrelated fields. The formslization and

mathematical tools have been moulded to fit the problem, and not the reverse.

In particular, this ‘thesis outlines a technique proposed by Starfield' for the modelling of
ecosystem dynamics where the quality of available data is poor. This technique is based on
the frame and on the concept of qualitative modelling. A qualitative medel 15 a model
whose varigbles take only a finite number of values each of which may be identified with a
qualitative label*’. The concept of a frame has been borrowed from Artificial Intelligence and
was first used in connection with computer vision*. Frames are useful for simulating natural
commonsense phenomena, an area notoriously difficult to master on computers. In the frame-
based modslling of ecosystéms, each stable state of the ecosystem is assoclated with a frame,
In the case of an African savanna, two such frames could be a woodiand frame where trees
dominate and a grassiahd frame where the trees have been effectively removed and grasses
dominate. The model dynaraivs are then present at two different levels: Since each frame is
associated with & anique sut%ite of the system, each frame has its own model simulating the
most important processes present for that particular state of the ecosystem. Typicaily these
models are predominately qualitative. The second level of dynamics concerns the switching
between frames and refers o the processes which perturb the ecosystem sufficiently to move
it from one neighbourhood of atiraction to another. A complete frame model is presented in
Chapter 3.

This type of modelling is very tempting to pursue because of the ease with which ecologists
can set up simple models of those systems which have eluded the development of satisfactory
‘conventional' models. Frame based models are also easy to expand because of their nature,
On the surface, frame models may appear to be too simple fo lead ultimately to useful
predietive models, but frame modeliing is only deceptively simple: it embodies a deep
appreciation of the system being studied. Consequently, there are two main themes in this
thesis as summarized by Figure 1.1:
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Theoretical Modelling General Dynamics

T acting over general
Al Frames probability space

Qualitative rule based modelks
. . Qverlapping domains
Self-Tuning Algorithms of attraction

Commmymicatiod

Figure 1.1: The two aspecis of frame modelling.

The Theoretical Modelling component concerns the v v qualitative frame models are built,
and the deveioprﬁent of tools to assist ecologists in thix task. This component will be studisd
in detail in Chapter & By contrast, the General Dynamics component examines a
hypothetical dynamical function T acting over a general probability space formed from the
phase space of the ecosystem variables. This dynamical view will be presented in Chapter 4.
The function T represents the true dynamics of the ecosystem, but the ultimate aim is not to
determine T. The link between the two will be demonsirated by considering the information
fow from the general dynamical space to the observer. One of the aims of this thesis,

therefore, is to show that even by assuming so little about the system and allowing it to be

distingunished by non-determinism in its purest form, the frame-bosed modelling technique

permits a model 10 be constructed which is as close to the hypothetical true dynamical
fupction T as the available informetion will allow. Such a demonstration constitutes the

ultimate justification for the use of frame-based modelling. It should be noted that the
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General Dynamics component is censidered only for theoretical purposes and does not form
part of the 'final product”: the modelling methodology and software tools being developed for
ccological modelling. Its sole use is to demonstrate the feasibility of using frame-modelling
and for considering issues of theoretical interest such as the effect of reversible processes on

the dynamical descripiion.

¢

First Modelling Second Modelling
Approach Approach

Resal Werld

Figure 1.2: Modelling approaches.

Anather way to look at this is as follows: Consider a scientist observing a complex dynamical
system through & window which 15 not perfectly clear. It is not necessary to ¢laborate on
reasons why the window is not perfectly clear. it may be because of something as simple as
an incomplete dats set or a more fundamental obstacle such as measuring difficulty or even
an innate property of the system under observation. (An example of the latter in quantum
systems is the Heisenberg Uncertainty Principle which puts an upper limit on the accuracy
of the simultaneous measurement of position and momentumy). In trying to build models which
can emulaie the system being studied, the traditional approach Las been to try to find i formal
description of the dynamics as perceived by the observer. This approach has been dapicted
in the middle m Figure 1,2, Often this formal description is imposed on the system, it is
assumed that if the window were perfectly clear this description would be very close or
identical to the true dynamics. In frame modelling, an entirely different approach is taken as
is depicted on the right hand side of Figure 1.2. No attempt is made whatsoever to find a
formal description of the dynamical system (to find T in the preceding remarks), rather we



concentrate on extracting th maximum amount of information sbout the system (symbolized
by a computer printout) shrough the appreciation of the deficiencies of the window as a

communication channel.

Before looking at frame modelling in detail, the properties perculiar to ecosystems and

modeliing approaches generally used are examined in the next chapter in more detail
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Chapter 2: Perspectives on Ecosystem Modelling -

2.1 Conceptual mo(im_ls in ecology

An aspect of considerable impartance in ecology is that of the management of ecosystems.
and much effort has been put .imo the development of conceptual models which seek to
identify the most important processes and provide a {ramework for rapresenting the knowledge
about the system. A successful conceptual model of a particular ecosystem will focus research
50 that a balanced store of knowledge (information cn how and why the system functions as
well as information from the field which is sufficisntly accurace) may be assembled.
Conceptual models are therefore primarily organisationa! tools and do not necessarily lead
directly to predictive system models able to simulate the systemn being stucied with an
asceptable level of accuracy. Since a successful ecological model muss be able to do just that,

ene may be tempted 10 dismiss conceptual models as not useful to the modelling process. But

_ conceptusl models are very important in that they represent an operational description of the

system as perceived by those who have the greatest understanding of it and consequently are
vitally important for any subsequent attempt o build predictive models. The modelling

. process may be greatly speeded up by first building conceptual models and their related

simple predictive modeis. Conceptust models of particular importance to frame-based
modelling will be discussed in detuil in Chapter 4.

2.2 Stable configuraiions within ecosystems

Suppose an ecosystem is in a certain configuration which is labelled by P. If the ecosystem
is then slightly perturbed (for example by fire or disease} away from P and eventually seturns
back to P, then P is said to be a stable configuratioa or stable state of the ecosystem The
property of ecosysterns being able to 'recover’ from a small perturbation from the stable state
is known as their resilience, 8 measure of the resilience being indicated by the size of the area

of attraction around P.
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Historically the management of ecosystems has been channelled intc maintaining 2 particular
stable configuration wl ch is perceived as desirable, usuatiy the state the system was in when
first observed. This view amounted to an implicit assumption that ecosystems have onlv one
stable configuration or that any other possible stable configurations are undesirabie and to ba
avoided at all costs. This is best illustrated by means of example, an interesting one beihg
given by the Serengeti-Mara ecosystem in East Africa’. Woodlands in this ecosystem have
declined from their 1930-1950 levels with the greatest decline during the 1960s to the extent
that by the 1980s, the area had become grassiand. It is recognized that elephants and fire were
primarily responsibie for the decline. However. g #zgement of the elephants and buming has
failed tc return the Serengeti to its state of the first half of the century. In {act, the period
;'-: riov 1o the 1960 decline may have been highly unusual in the history of the Serengeti-Mara:
During - the L. century, a great rinderpest epidemic swept through Africs which in
crmhinatonn with heavy ivory hunting presumably reduced the human and browser
E m such a level as to allow masssive woodland regeneration in the early grassiands.
' then, that the Serengeti-Mara has at least twy stable states: the first
doti:sx . - lands and the second by woodlands. The large elephast population and fire
of k.- 1970y 2usi -1 b2 system out of the area of attraction associated with the woodland
state and iﬁib the p- accland state ares of attraction,
In terms of the ideas to be w rodiced in this thesis, we would represent each stable state by
a frame. The intuitive notion of a frame is that of a unit of knowledge associated with each
stable configuration of the ecosystem under observation. Frames originate in the field of
Artificial Intelligence where they were first used in connection with computer vision, but find
wider application now. Perhaps because of their wide range of use, there is no absolute
definition of a frame. They were proposed by Minsky' as a means for the large scale
organisation of knowledge, and in all implementations a frame consists of a number of slots,
gach of which may contain further knowledge in the form of data, frames or procedures
{active knowledpe). Generally, the frame structure does not prescribe any temporal or causal
relavions between the slots (such a property being reserved for seripts which may be
considered to be time-ordered sequences of frames). By associating a frame {o every stable

configuration, we are also making the implicit assumption that available knowledge is most



effectively categorized into compartments e¢numerated by the stable configurations of the

“syatem (the definition of a formal frame to be given in Chapter 4 will be proved to do just

that;. In Chapter 4, this abstract computer science theoretic structure will be adapted io relate
the avaitable knowledge possessed about the system with the dynamics of the system, but it
is important to appreciate the intuitive concept of a frame as a descripior of a stable
configuration.

2.3 Gross structure of ecosystems

While the purpose of this thesis is not to explore the detailed structure of ecosystems, an
appreciation of the gross structure and unique properties of ecosystems is essential for the
design of successful modelling techniques. From a modelling viewpoint, the following are

proposed as beil. & most important characteristics of ecosystems.

&. Trophic levels

b. Niches

¢. Complexity

d. Large measurement error (*)

e, Multiple stable configurations (*)

{The last two are especially important for frame-based modelling).

2.3.1 Trophic levels in ecosystems

Trophic levels are one of the most fundamental concepts in the study of ecosystems and
indeed are often vsed to define an ecosystem. Every self-contained closed ecosystem contains
a stack of trophic tevels, a hierarchy of subsystems in which each level extracts energy from

those below and contributes to those above. Each of these subsystems is vital to the



functioning of the whole, but they are not tightly coupled in the sense that each trophic level

must give up most of its energy to higher levels. An energy transfer efficiency of around ten

percent has been observed in takes, indicating that in these systems approximately one tenth

of the energy is taken up by the next level®. Such a generalization has not been possible for
terrestrial systerns where estimaies give a lower efficiency. Various reasons have been
forwarded for this®. The appreciation of this hierarchical structure to ecosystems has led to
various modelling methodologies such as the hierarchical models proposed by O'Neill er al®,
it is also truc that in many modelling scenarios. the dynamics within one trophic level {and
perhaps inciuding the interactions with a lower and higher level) are of prime importance. The
resolution of a model’ is consequently often related to this hierarchical structure of

ecosystems.

2.3.2 Niches and competition within ecosystems

Along with the presence of trophic levels within ecosystems, the existence of niches is &
localization property of ecosystems where the localization applies both spatiaily and
functionally. The term niche was first applied by Grinell®” to denote the ultimate distributional
unit and later defined by Elton' as the functional role and position of the species in its
community. These two interpretations stress respectively the spatiat and etholoéical aspects
of niches. and indicate the wide variety of ways in which niches have been viswed by
ecologists Following various empirical studies'’, the view of niches ¢ame to be Jinked with
competition to the point where it became ecological dogma that one and only species is
related to svery niche. Put another way, an important premise of ecology is the Compatitive
Exclusion Principle prohibiting equivalent species from a stable coexistence’” (two or more
species being equivalent if their functional roles are indistinguishable). Looking at ecosystems
from an abstract point of view, it may be argued that the development of niches within
ecosystems is essential to the optimal utilization of resources and the promogion of global
stability. For an ecosystem to extract as much energy as possible from its environment,
diversity is encouraged to benefit from the many different forms of energy svailable, As wiil
be discussed later, increased complexity in general systems may lead to decreased stability.




But the existance of niches aliows complexity to be reduced without decreasing diversity.
From this abstract point of view, developing such localization properties as niches and trophic

layers is beneficial to the global stability of acosystems.

2.3.3 Complexity of ecosystems

Complexity of ecosystems refers to both diversity as well as the rumber and type of
interactions between the species. It is a fact that all ecosystems are complex in both these
ways. To get some kind of idea of what happens when complexity is increased, consider a
general system S, with a finite number of state variables and s finite number of relationships
between these variables. Suppose also that P is an attractor of the system. If another system
S. is formed by adding to S, an additional relationship, then it is clear that the domain of
attraction around P in S, is a subset of the domain of attraction around P in S, since poinis
within this ragion mwust satisfy en additional relationship. We may therefore argue that by
increasing the complexity within ecosystems, the regions of stability are shrunk (at most they
would be the same as befors) which means that the global stability and resilisnce of
ecosvstems would be decreased. But as is ouilined by May'?, it may be argued that many
ecosystems of great complexity (such as tropical rainforests) exhibit greater stability than
meny acosystems of lesser complexity (such ag arctic systems). This apparent paradox can be
resolved by considering the following: Firstly, the informal proof given above does not claim
that more complex ecosystems are always less stable than less complex ecosystems, it only
states that adding complexity to an existing ecosystem cannot result in increased stability. The_
stability may in fact be reduced. Secondly, the structural properties of scosystems are such
that interactions are localized by niches and trophic levels so that the web complexity is

reduced somewhat even in cases of a great number of vatiables.

io




2.3.4 Measurement errors

It is ironic that subatomic phenomena can be observed and measured so accurately while
measurements in biological systems in general are notoriously imaccurale. The basic
constituents ol ecological systems appear to be so observable, but i many cases a
measurement etror of up to 50% is considered good. This does not reflect on g deficiency on
the part of ecologists in taking measarements, since physical systems cannot be compared to
ecological systems. The constraints acting on the basic components of ecosystems are very
weak compared to those acting on particles in many physical systems (consider for example
the constraints on the dynamics of a charged particle in an electric field as opposed to the
relative freedom enioyed by a berbivore in an ecosystem). These weak constraints translate
into & systern which has a complex behaviouvr very difficult to predict, and which has large
random fluctuations. Modelling techniques used for ecosystems will be discussed in
Section 2.5, but it should be noted that most of these do not adequately take into

consideration this vital attribute of ecosystems.

2.4 Modelling of ecosystems

Perhaps more so than in any other discipline, ecologists are faced with an enormously wide
range of problems which require n equally extensive range of approaches to their solution
or attemptad solution. These techniques range from those which have been successful in other
fields and are adapted for use in modelling ecosystems, to those which are tailor-made for the
structures peculiar to ecological systems. Because of this, many different classifications or
means of categorizing modelling techniques have been proposed, each very much dependent
on the class of problems being considered. Of course there is no single ‘correct' classification,
smce there are infinitely many ways of partitioning modelling approaches, but for any
particular class of problem being studied there is possibly an useful classification which
assists in the critical analysis of the various approaches. One such a classification proposed

Y314

by Holling may be info the tactical and strategic groups. A tactical model is an attempt

11




to provide as detailed 2 description of the system as possible, while a strategic one attempts
rather to capture the most general features of the system. The purpose of a strategic model
therefors is only o test broad hypotheses and to encourage discussion on the wesker issues.
Another classification proposed by Holling'* is summarized by the diagram in Figure 2.1,
with the models being classified according to the quality of the data and of the understanding
of the basic processes.

Dets

Figure 2.1: Holling Classification

Levinslﬁ.i 7

suggested a classification based on the concepis of Reslism, Precision and
Generality. Referring more to the mathematical details of a model, other classifications can
be Time Dependent/Tivae Independent or Deterministic/Non-deterministic or a
combination of any two or more of the above’. The list appesrs to be endiess which may
prompt one to doubt the usefulness of considering model classifications at all. But much can
be learned about precisely what is charactenistic of the problem under consideration by
looking at the type of model required, since the form of the model may be dictated to by the
managerial raquirements of the mode! and other non-ecological constraints posed by the
hardware, expertise or time factors of implementation. In what follows, a classification is

proposed which is useful for analysing the essential features of frame-based modefling.
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2.4.1 Mechanistic vs Non-mechanistic models

One of the coarsest and most general classification of modelling approaches is into the
categories of Mechanistic and Non-mechanistic, roughly the good understanding and poor
understanding halves of the Holling diagram respectively. Generally if an 2cologist knows
enough about the system being investigated to be able to suggest a basic form (& formal
description) either determumistic or non-deterministic, then he or she is following & mechanistic
approach. If on the other hand, the ecological modeller has a poor understanding of why the
system behaves as it does, a statistical or non-mechanistic approach may be necessary to
derive this information through the observation of trends and other statistical analyses. Usually
if there is simultaneously poor understanding (in the sense of being able to quantify the
important processes) and poor data available for the system being studied, ecologists have had
more faith (perhaps unjustified) in pursuing a statistical approach. In this fuzry border region
there have been attempts to develop mechanistic models (Starfield has done much pioneering
work in this fisld™"’), but there is a prevailing viewpoint that the statistical approach is more
reliable. It may be argued, however, that since the information about any particular system
is more than just the measurable data, a statistical approach cannot use all the available
information and consequently does not represent the best approach to solving the problem.
Others may argue that a mechanistic approach is nevertheless futile because the lack of
precise knowledge about the dynamics of the system will not allow the building of realistic

and useful models.

The purpase of this thesis is 1o investigate a mechanistic approach to the modelling and

solution of problems in this border region which does allow a useful description of the system

under observation.
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2.4.2 Exact versus phenomenoiogical mechanistic models

Corresponding to the two approaches to modelling ccosystems dep’icted in Figure 1.2,
consider a further subdivision of the mechanistic models into the classes Exact and

Phenomenological:

2.4.3 Exact class of models

If a modelling approach is an attempt to find the exact form of the dynamical behaviour of
the system, then that approach belongs in the Exact class. Consequently, each modelling
approach within the Exact class represents & claim that the form of the model is believed 1o
be either exact or very close to the exact ..form. In this class the modeller is effectively

following one of two possible routes:

1In the first route, the modeller knows enough about the system to be abie to give an exact

description of the dynamical behaviour, which is usually the case in the fields of engineering
and physics. This exact descriptton need not be entirely deterministic: The postulates of
quantum physics are believed to be an exact description of the universe and yet do not lead

to a system which is entirely deterministic,

The second route is prescribed for those systems whose dynamics are not as easily derived
as above but for which the modeller is confident that the experience gained in examining
type 1 problems may be applied. That is, the modeller assumes that the underlying dynamics
of the system are very similar to the dynamics of another system whose behaviour may be
described exactly.

Both these routes have been highly successful in many of the applied sciences, but their

application within ecology has not been as successful as hoped.
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2.4.4 Differential equation form of exact models

It may be argued that the first successfui mathemetical description and modelling of a real
physical system was the mecharics developed by Newton. One of the reasons why it was so
successful is that Newtonian mechanics may be built up from a precise set of simple relations
such as the differential equation given by his second law
AP _
=E 2. I_)

In fact, the necessity of these relations in the description of Newtoriian mechanics resulted in
the Calculus being invented (independently by Leibnitz), Another reason for the success of
this approach is that using mathematical analysis, these problems could be solved analytically
which was an essential requirement in the days before the existence of computers. Because
of the huge store of study and literature on the analytical approach to modslling it is natnral
that a similar approach would be tried for more complex systems. This is the most obvious
example of the second route within the exact modellit;g class. The idea behind the differential
equation form of exact modelling is simple, but it is instructive to identify the assulhptions
being made'™:

Assumption 1: The system being studied may be described by a finite set of
differentiable functions N, where i=1,..,m. In the case of a multispecies population
model. the populations numbers would be given by N,

Assumption 2: The dynamics of tl'2 system are given by the set of m differential

equations

-d—:—ixF,(N“...,N,) 2.2)

where each F, is an arbitrary function,
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Assumption 3: There exists a set of constants N°, so thst for all i
F(N{ N3 1) =0 (2.3)

N, are called the equilibrium populations.

An example of such a system is given by the widely used Lotka-Volterra-Gause equations:

dN, »
*E:J =N{e, -y a‘,h(,] (2-4)
=

where i=1,.,n and & and o, are constants (see Section 2.4.6 for dese: “tion of o) For a

discussion of other typical models used in ecology, see Starfield’.

The set of values (N,(1),...N,(t)) may be viewed ss a surface in an m+1 dimerional space,

a visualization which is particularly meaningful in the two dimensional case.

.-

3

O WA
it
‘*:c‘,*:t\'t'a‘o'

} $“$ £

Figure 2.2: 3D representation of population dynamics in two variable mode).
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In Figure 2.2 w~ have a possible piot of F tor a system with two population variables, N\(t)
being the parametrized variable along the x-axis an¥ N.(t) being the parametrized varizble
along the y-axis. Since N, and N. are continuous, the surface will always be characterized by
dips and bumps (extrema), ridges and valleys (saddle points) The equilibrium points ther
correspond o those parts of the surface which are flat (where the derivative vanishes). By
the definitior »f an equilibrium poini, an infinitesimal displacement frou. “» equilibrium
point in any direction must result in movement either towards the equilibrium point. or away
from it. The first is an example of a stable equilibrium point (the dips in the 3D
representation), while the second one of an unstable equilibrium point (the bumps in the 3D
representsation). Trﬁditz'onally stability was a yes-no question, either a point was stable or
unstable. But when it comes to identifying stability in real systems, it is not as straightforward
as presenied above, If the response surface in the neighbourhood of & point is fairly flat, then
during the ume that the system is observed any perturbation from this point may not appear
to result in the system deviating significantly fromn the point. It is clear, therefore, that there
must be more to stability than simply a yes-no affair. A possibility is to express the degress
of stability in terms of the slope of the response surface'”. Another possibility is suggested
by studying systeme which have no poinis of equilibrium as defined in Assamption 3, or
have no stable points of equilibrium but which nevertheless do exhibit steble behaviour A
classic example is given by the cne-prey-one-pradator model:

\,

dx
—= ‘-9‘.1 (x:."l’]
dt 2.5

% =yfalx.¥)

for which Kolmogorov'™ showed that there is either a stable point of cquilibrium or a stable

limit ¢ycle, as is illustrated in figure 2.3
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Figure 2.3; Possible behaviour in a one-predator-one-prey model

By considering attractors {as in chaotic systems) instead of simplistic points of equilibrium,
stable phenomena such as the above are far more easily treated. Another mose complex

example is given by figure 2.4

Figure 2.4: Example of a stable limit cycle around an unstable equilibriom poiut

The system represented by the figure has only one point of equilibrium P at the centre of the
surface. But although P is clearly not a stable point, it is also not quite true to characterize
it as unstable. The situation becomes sven more complicated when reul ecosystem problems
such as measurement errors are factored in. In the diagram, the system behaves in a stable
manner only if it is in the stable limit cycle. While in this cycle, it is a fixed distance away
from P. What if this distance is less than the smallest measurable error? In this case, the
system would appear to be stabie at P and any attempt 10 formuiate an exact model based on
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that assumption wouid lead to an incorrect form of the system dynamics. in Chapter 4, a
more general notion of stability in ecosystems will be proposed which takes the variable

nature of measurements in ecosystems into account.

2.4,5 Non-deterministic exact models

The above approach may be altered to provide & non-deterministic modelling technigque'”. The
most intuitively simple way to do this is to retain all the assumptions, but interpret the space
over which they apply differently. Instead of (x,,...x,) representing a point in phase space, it
instead represents the probability that N,=x,,..., N, =x,.. Referring to the two dimensional case
ir Figure 2.2, the surface no longer refors to the exact values of the varisbles but rasher 1o
the probability of them achieving a particular value. It is emphasized that aithough convenient,
these assumptions are not sufficient for general non-deterministic systems since the

probability space they operate over is far too specialized.

2.4.6 Linearizing the differential equation form of exact models

In any mathematical model if the dynamic¢s can be tinearized through approximation or under
special circumstances, the advantages are enormous because of the great ease in dealing with
lmear systems. In the differential equation form of exact models, a further approximation is
ofter made to aid the analysis of the system being modelled. This is done by assuming that
the system being studied is close to an equilibrium point. If this equilibrium point is
{N,".....N_") and & small perturbation is given by (%,,....x,) then {2.2) becomes

dx{?)

5 <FNy 72 (0)0rensiV ¥2,.) (2.6)

whick when Tavior expanded around (N,"...N,") in terms of x, and retaining only those

terms linear in X, gives
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dx,{f)

Sz, @7
where
(X gt y) (2.8)
and where we have used the fact that
F{N1 1-0sNy) =0 2.9

The usefulness of (2.7) is made appaient by rewriting it as & matrix equatioic

&®_,. ' 2.10
& AR (2.10)

where A is an mxm matrix often referred to as the community matrix'>. A conventional linear
stability analysis may then be performed. While convenient, it is very difficult to justify these
approximations. The constraint that the ecosystem be near an equilibrium point is also far too
restrictive in the study of dynamics ecosystems, and is questionsble in the vicinity of more
general attractors. In Chapter 4, the conditions undey which a general dynamical system may
be linearizable will be studied in detail.

¢ § Phenomenological class of models

The second class of models which we consider corresponds to the modelling approach on the
right hand side of Figure 1.2 and contains all those approaches which do not represent
attempts to find the exact form of the model, or even a close approximation. The
phenomenoclogical approaches are traditionally used in those fields where the understanding
of the basic processes is poor but the data good, or where both the uaderstanding and the data
are of a poor quality’. It mey be argued that even for systems for which there is enough data
and sufficient understanding to build an exact class model, a more realistic model could

conceivably be obtained by a phenomenological approach. The central concept in the
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phenomenological class of models is the utilization of as much of the information about the
system being investigated, and the most efficient way to use the available data. The modelling
technique to be investigated in this thesis is in this class, but the recognition that we are

attempting 1o extract as much inforination about the system is explicit in the technique
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Chapter 3: Overview of Frame Modelling

3.1 Introduction

In Chapter I, an informal description of frame modelling was given through the reference to the
existence of muitiple stable configurations in ecosystems. In the frame modeiling technique
proposed by Starfield', a frame is used to represent each possible stable configuration of the
ecosystem together with a model for the key processes associated with that configuration. These
models are qualitative and rale-based, so that the dynamics are described in terms of rules in
much the same way as conventional dynamical models are described in terms of equations.

Figure 3.1 presents the basic structure of a frame model diagrammatically:

Frame 1 oCL ™ TRUK Frame 2
Biable Siater Model fo Btzbie Btxiv Moid jor
Dwicerlplicas Jeay Erotonsim Denaription Sy Procieses
[ [u....m_..,. [ o o Thist..,
S e T L o Thb
... The) e 'IUS p - E.....'l:hm....
Y,
aaowl| —é
é '%. "%@ Frome 3 ,
® Buakle Siate 4
% % e
é [ R..m...]
E If....That....
N L T T
TC = Transition Condition
4]
Figure 3.1: Basic structure of a frame model
f/ As is discussed in depth by Starfield™, the use of qualitative and rule based models is very useful
o in the building of models for systems which are not well underrtood, or which are weil
understood but difficult 10 measure: Qualitative and rule based models are ingenious tools
aliowing the building of models using the type of qualitative information known about the system
which conventional modelling tschniques have such difficulty in desling with. A model
o demonstrating all the essential features of frame modelling is given below: This model was
B developed by Sturfield, Cumming and Taylor and is taken directly from a draft paper by them.

22




3.2 A frame model of 2 Brackystegia boehmii woodland

A frame-based model is constructed in six steps:

£, First we clarify the objectives of the model.

2. Next we identify the driving (or input) variables.

3 Then we choose the frames and determine the pathways between frames.
4 Next, we identify the key variables and processes in each of the frames.
5 Then we construct the rules for switching from one frame to another.

6. Finally we build modsls for the key processes within each ‘rame.

3.2.1 Objectives

To test our understanding of the system dynamics and explore alternative management options

over a time-scale of up to 100 years,

3.2.2 Driving variables

Annual rainfall (low or high): inception of a fire, or "match” {on or off); time of burning (early

or late in the dry season); elephant density (0, 1, 2 or 3 where 0 means no or very few elephants,

I corresponds to densities of about 0.25 per sq km, 2 to densities of about 0.50 per sq km and

- 3 to densities of (.75 per sq km or higher), These driving variables can sither be input directly

to the model or can be calculated via a random number generator from specified probabilities.

9 For example, the probability of & "match” might be specified as 0.5, implying that there i3 8 50%
chance in any one year that an attemipt will be made to 1gnite a fire.
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3.2.3 Frames

{1) A miombo Woodland frame dominated by Brachystegia boehmi: woodland which is
stable in the absence of elephanis,

(2) A tall Grassland frame with a masaic of Brachystegia shrubs;

{3) A Bushland frame of Combretum and other woody species.

The system can switch from Woodland to Grassland and back to Woodiand or from
Grassland to Bushiand and back to Grassland. There is a possibility that the Bushland
could retum directly to 8 Woodland, without going through the Grassland frame, as
Brachystegia shrubs re-invade and eventually dominate the canopy, but this could teke 50
years or more; we therefore use the objectives of our model to avoid this pathway.
Instead, we assume that the system will be irreversibly "trapped' in the Bushland frame
afier 7 years.

3.2.4 Key variables

A “match” implies that an attempt is made to ignite a fire, but it does not necessarily follow that
there is sufficient fuel to sustain it. In all three frames, thersfore, we ititroduce the variable "fuel-
load" on a scale of 0 to 6 {or very low to very high). The type of fire that occurs is also
important and wili depend on the fuel-load. In all three frames we introduce the variable “fire"

(cool or hot) which can occur in the early or late dry season. These are the only global variables
{1.e. variables which apvly to ail frames).

In the Woodland frame: We track the state of the mature Brachystegia trees using a "canopy"

variable on a logarithmic scale as in Table 3.1.
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Canopy category Representing (% canopy)

Do 4
2 4 to 12
3 12 to 28
4 28 to 60
5 > 60

Table 3.1: Canopy categories in the Woodland frame.

In the Grassland frame: We represent the Brachystegia shrubs by the variable "height" on a scale
of 010 3.

In the Bushland frame: We introduce the variable "bushtime" to ¢count the number of years since

switching into this frame.

3.2.5 Rules for switching from one frame to another

The switch from Woodland to Grassland occurs when mature trees have been removed from the
canopy. The rule is: switch to Grassland definitely in a yesr in which the canopy category is |
and with probability 0.3 if the category is 2.

There are three conditions that will trigger a switch from Grassland to Woodiand: (i) if the shruh
height has been continuously in category 3 (the highest category) for 5§ years; (ii) if the annual
rainfall for the current year is high and the shrub height has been continuously in category 3 for
at least 3 years; (iii ) irrespective of the rainfall, with probability 0.5 if the height has been in
vategory 3 for 3 years and probabitity 0.75 in the fourth year.

The switch from Grassland to Bushland is associated with a depletion of Brachystegia boehmii
seedlings and shrubs and the encroachment of other shrubs and emergent tree species. The rule

is: switch 1f the height vartable has been continuously less than 1 for at least 5 years and thete
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have been no hot fires for the past two years,

The switch frem Bushland is somewhat tentative. The encroaching shrubs are more fire resistant
and could eventuaily out-compete the Brachystegia, but they will remain fire-susceptible until
they have escaped from the grass layer. The system could, therefore, switch back into a
Grassland, but only if a hot fire occurs soon after the switch to Bushland. The rule for switching
back to Grassland is: switch definitely if there is a hot fire and bushtime < 3, with probability
0.75 if bushtime is 3 or 4, and with probability 0.5 if bushtime is 5 or 6.

If the system does not switch back to Grassland within 7 years, then it remains trapped in
Bushiand for the rest of the simulation.

3.2.6 Modeling the dynamies within frames

It is easiest to describe the within-frame modeis working backwards from the simplest frame
(Bushland) to the most complex (Woodland).

3.2.6.1 The Bushland frame

All that matters in the Bushland frame is whether or not there is a hot fire during the first six
years. The variable bushtime keeps track of the time and when it reaches 7 years the simuiation
ends with 1he message "trapped in Bushland”". If bushtime is less vhan 7, the following rules

apply.

The variable fuel-load is reset to zero after any fire, is increased by one if rainfall is low, and by
two if the rainfall is high. A fire can only occur if there is a "match” (ignition). 1t will always
be cool if the ignition is early or if the fuel-load is 1. If ignition is late, the fire will be hot if
the fuel-load is 3 or greater, and can be either hot or cool (with equal probability) if the fuel-load
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is 2.

3.2.6.2 The Grassland frame

The Grassland frame has identical rules for fuel-load and fire. In addition, it has a set of ruies
for increasing or decteasing the height of Brachystegia shrubs. This variable is set equal to 1.0
whenever the system switches into the Grassland frame. Thereafter, low rainfall adds 0.2 to the
height, while high rainfail adds 0.25. Table 3.2 is used to determine how much to subtract from
the height variable, depending on the category of elephants and on the height itself. (The height
category is just the fruncated integer value of the height variable.) 1t is assumed that elephants
do not find bushes in height catsgory 0 because they are hidden in the grass layer.

Brachystegia height category

1 2 3
1 0.075 0.05 0.03
Elephant 2 0.15 0.10 0.06
density 3 0.25 0.20 0.10
4 0.35 0.35 0.35

Table 3.2:  Reduciion in height due to herbivory, as a function of elephant and
height categories. '

Shrub height can also be reduced by hot fires. If the height category is 0, 1 or 2 then we subtract
1.0 if the fuel-load is lecs than 3; for higher fuel-loads we subtract 2.0. Taller shrubs (height
category 3) will only some times ba affected by hot fires; the probability of this happening is
function of fuel-load as shown in Table 3.3 and we subtract 2.0 when it does happen.

Fuel-load
2 3 4 5 6
Probability 0.00 0.05 0.10 020 040

Table 3.3:  Probability that a tall shrub will be affected by & hot fire.
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3.2.6.3 The Woodland frame

The fuel-load model is slightly more complex here than in the other two frames since fuel-load
builds up more slowly as the 24nopy increases. Table 3.4 shows i increment in fuel-load as
a function of annual rainfalt = J tree canopy.

Canopy category

| 2 3 4 5
Rainfall
tow 1.0 1.00 087 0.75 0.50
high 200 200 174  1.50 1.00

Table 34:  The increase in fucl-load in the Woodland frame. y

Fuel-load is reset to zero whenever a fira occurs and the rest of the fire model is the same as in

the other two frames. i
The canopy variable is randomly initialized to & value between 3.5 and 4.5 whenever there is a
switch 1o the Grassland frame We add 0.11 1o the canopy veriable in a dry year and 0.22 in a

wet year. The amount to be subiracted each year because of elephants is shown in Table 3.5.
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Canopy category

1 2 3 4 5
Elephrant | 016 .14 0.12 0.10 0078
density 2 0.35 0.30 0.25 ¢.20 0158

0,70 0.60 0.50 .50 0 50

ol

Table 35:  Reduction in canapy due to elephants.

Finali.. we also subtract an amount from the canopy variable if there is a hot fire. Tabie 3.6

shows how this amount depends on the fuel-load
Fuel-load
2 k] 4 5 b

ra

Loss of canopy 000 0.i0 020 035 0.45

Table 3.6:  Loss of canopy in a hot fire.

3.3 Frame modelling environment

Because the purpose of qualitative and rule-based models is *0 assist potential modeliers in
capturing qualitative knowledge of the system in the form of a frame model, a modelling
environment was developed with the objsctive of aiding users in setting up frame models.
Because of this, 2 great deal of effort was pui into designing a Graphical User Interface (GUI)
which is both easy to use and also assumes an active role in the model building process. Since
the model 15 built up out of rules which have a predictable structure, the user of this environment
is not required 1o know the exact syntax used in the writing of the rules. Precisely what is meani
by this will be demonstrated through example in this section. To illustrate the use of this
environment. the Brachystegia woodiand model given sbove has been entered into the

envirorment, and is given below:
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3.3.1 Global variables and ruleset

The global variables are those variables which are common to each frame, and the global ruleset

applies no matter which frame the system 1s in The global variables are sumimarized in Table

3.7

Name Type Format Levels

Ranfall Driving Qualitative fow, high

Elephant Driving Qualitative none, low, medium,
hgh

Burn Time Driving Qualitative early, late 7

Masich State Qualitative off, on

Fire Type State Qualitative nene, cool, hot

Fuel load State Qualitative 0..6

The global rules are:

IF random 0.5 THEN match: on ELSE match: off
IF match off THEN fire tvpe: none

Tasle 3.7: moFal vanablcs

tF march an AND tburmn time carly OR fuel load 1) THEN fire npe: cool
IF maich on AND burn time  kite AND fuel load -
IF match on AND burn time late AND fuel load 2 AND random 0.5
THEN fire type. - hot
ELSE IF mutch on AND hurn time late AND juel load - 2 THEN fire 1ype: cool

IF fire ivpe  none THEN fuel Inad: 0

IF firc typo none THEN fuel load.

3 TREN fire npe: cool
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3.3.2 ‘Woodland Frame

N a

The onlv variable distinct to the woodland frame is eanopy which is defined in Table 3.8:

Nam:

W

Format

Levels

canopy

guatitative

0% 10 4%
4% to 12%
12% to 28%
28% to 60%
over 60%

Table 3.5: Delimition of canopy 14 woodiand Irame.

The rules distinct to the woodiand frame are;

AF tcanopy - :x) AND (rainfall - 1y} THEN fuel load:  fuel load+ %2 [lising Table 3.4]
{F rainfall -high THEN canopy: canapy+0.22 ELSE canopy: ~canopy +0.11

IF {canopy ~#x) AND (elephant - 4y) THEN canopy: -canopy-#z [Using Table 3.5]
IF fire type -hot AND fuel load 3 THEN canopy: canopy-0.1

IF fire type -hot AND fuel load -4 THEN canaopy: -

IF fire type - hot AND fuel lvad - 5 THEN canopy:

IF fire type --hat AND fuel load - 6 THEN canopy:
IF fire type hot AND fuel load 6 THEN canopy:

canapy-0.2

-canopy-0.35

vanapy-0.45
canopy-0.43
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3.3.3 Grassland Frime

The variable unique to the grassland frame is height which refers to the height of the
Brachystegia shrubs, and is defined in Table 3.9

[ W
Name Type Format Levels
height state qualitative zero, low, medium,
high

Table 3.9: Detinition ol kelght in grmrand ranme,

The rules for the grassland frame are:

IF rainfall  low THEN height: height - 0.2 ELSE height.  height 1 0.25

IF theight - sx) AND (elephamt iy) THEN height: - height-sx {Using Table 3.2/
IF height-  medium AND fuel load 3 AND fire type-hot THEN height. -height- 1
IF height medium AND fuel ivad - 3 AND fire type hot THEN height: -height-2
IF height - high AND fire type - hot AND fuel load- 3 AND randim--0.05

THEN fuel load: -fuel load-2

IF height high AND fire type hot AND fuel load - 3 AND random- 0.1

THEN juel load: - fuel load-2

dF height high AND fire type hot AND fuel load - 3 AND random 0.2

THEN fuel load: fuel load-2

IF height high AND fire type hot AND fuel load 3 AND random 0.4

THEN fuel load:  fuel load-2

IF height high AND fire ype hot AND fuel load 3 AND random 0.4

THEN fuel load: - fuel load-2
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3.3.4 Bushland Frame

The only vanable unique to the bushland frame is bushtime, which counts the number of years
that the system is in the bushland frame. It is defined in Table 3.10:

Name Type Format Levels

a bushtime state quantitative N/A
able 3.10: nition of buskiine i bushiand Jrame.

IF rainfall -low THEN fuel load: - fuei load ' I bushtime: -bushtime + 1
ELSE fuel load: ~fuel load+2: bushtime: ~bushtime < 1

3.3.5 Transition rules

The transitions indiceted below will occur if the particular transition rule is true:

From woodland o0 grassland.
canapy 0% 1o 4% OR f(canopy 0% tv 4% AND randon:  0.3).

From grassland ic woodland:

theight high FOR 5 time wnits) OR (rainfall high AND height high FOR 3 time units)
OR theight high FOR 3 time units AND random- 0.5) |

OR theight high FOR 4 time units AND random- 0.75) |

From weoodlang to bushiand:

Nor possible.
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From bushland to woodland:

Not passible.

From grassiand to bushland.
height zerv FOR 5 time units ANDﬁré type - hot FOR 2 time units.

From bushiand to grassland:
fire npe hot AND (bushtime - 3 OR (bushtime -3 OR bushtime 1) AND random 0.75
OR thushtime -5 OR bushtime 6) AND random- 0.5).

3.3.6 Sample screens from modelling environment

Figures 3.2 to 3.8 are screen dumps teken from the first prototype of the modelling environment
during the process of implementing the Brachystegia model. This prototype environment was
developed for MS-DOS machines with VGA graphics and mouse; for clarity the screen dumps

have been converied to outline monochrome images.

Model Builder
Fr ames Global variables
I:I Duenrinkion Hame 1
Al 113 e
[:] EditsCruata ) :ﬁ - iE: i
-
Y
. . L]
G [:] Paimte
[—] D Edit
%
]:] Hodel
1 o Figure 3.2: Defining the global variables
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Figure 3.2 demonsirates the process of defining the frames of the model, and the gloff:ai""
variables. For each variable, the user need only fill in the fields of a standard declaration

template, as is illustrated in Figure 3.3:

Model Builder

lNiuev -i_"". [
TlJPE tate

L3 Sormat [UeLitative i
Dualitative Levels

vartiables

[ perern
& s
Spatial Owscription E':“""" il |

g Hccept

1 owietw
D D Mit
* I:[ Hadul

Figure 3.3: Declaring a global varisble

There are several types of variabies: A driving variable is an input variable whose value must
be read in at each time step. A state varisble is a general purpose variable which depends on all
the other variables and whose behaviour must be modelled A random variable has a non-
uniform probability distrivution that the user can specify. A predefined variable RANDOM is
provided which returss a normally distributed random number between 0 and 1 as in most
programming languages. A time variable has a predefined oscillistory behaviour.

The format of a veriable may be either qualitative (with a finite number of values) or
quantitative. In the case of qualitative variables, a qualitative label may be provided for each
state. A fractional increment may nevertheless be added to a qualitative variable, see Chapter 5

for further discussion v this.

A limited two dimensional spatial capability is present in the first prototype: Any variable may
have a grid file associated with it, and regions may be defined in terms of this grid file. The
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modelling environment allows each variable to have a different grid file if so desired; if two
variables with different grid files are used together in the same context, a weighted mean is
calculated for each based on their grid files. In the Brachystegia model, no spatial description is
required, hence the specification of the grid file is CONSTANT.GRD (This grid file defines a

one-by-one grid with & single spatial region, namely the entire universe).

Figure 3.4 demonstrates the definition of a frame, in this case the woodland frame:

frame nams Ploﬂland ’ Dm
D Proviems [
Frame description D Bl

Y ST e | [ beinte
D Hasnl

i

UVarisble Newe Uariable Type
ate =

Figure 3.4; Defining the woodland frame

Figure 3.5 and 3.6 demonstrate how & matrix rule is entered into the modelling environment. The

matrix is retrieved by clicking the mouse in the edit window of the rule in question.

Each rule may also have an informal description associated with it, where the user may make a
note as to what assumptions have been made for that particular rule. Each rule is presented
individually in the edit window, and at each stage the syntex of the rule may be checked using
the Check Syntax button. 1n this way, common errors may be eliminated immediately instead

of a list of error messuges appearing at compile time.
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3.3.7 Active Rule Building

Since rules hare a predictable format, it is not difficult to build into & modeiling environment the
ability to take the ative role in the building of rules. An active role refers to the process by
which the user 1s asked a number of questions, and based on these questions the modelling
environment generates a rule. In the first prototype of a modelling environment, the user may
either enter a rule manually (by clicking the mouse in the edit window), or initiate a question-
asking sequence by clicking the mouse on the relevani variables in the varable list (see
Figure 3.5). Figure 3.7 demonstrates the first question asked after the user has clicked the mouse
on the burn time variable in the variable list:

M L2717 o—

Maka uvariabls srouess

L

] {  Bb uoll want to inchike burn Fine i (ha current rals by
[Jrts nacs
[:]I‘.h- of its leuvslin? pls
Du ot e ludet Ej"‘“
H
m—
e e mwumi“

Hule description E]nr (R 7% 131

THEH duseription Edir rule
E]n-utu Rute

ELSE descr 1ption
Dch-nk muntane

Figure 3.7: Active rule building

The e¢xact sequence of questions depends on the answers at each stage, but a typical sequence

of questions is’

Is the next rule nested in the current rule? No
Dua you want to inchude the variable in the current ruie by its name or one of its levels? Name
Do you want the current value of the variable? No

Refer to the value of the variable how many time units qage? 1
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Do you want the qualitative or quamita’:#c vaiue of the variable? Quantitative

Are you referving o the variable in the current spatial region” Yes

Figure 3.8 demonstrates how the transition rules are entered: In this case the condition for a

switch from the Woodland frame to the Grassland frame has been given.

From Meedima | to P~ ]

Variables
+
E“é‘ !m il
ont jues
e DA
i ¥
v % &% © * {rransition Tools] Aule tools
[ jomianation [« D: [wer
D:nau.nuum DmDﬂm
Dm:mum
I:jnrlthmltau
Edit rule
[j [:] Chatk aumteg
||I---|-|md*Q

Figure 3.8: Entering & transition rule.
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3.4 Informal versus Formal frame modelling

The great attraction of the informal frame modelling technique presented above is the ezge -vith

which models mayv be built, especially through the use of a specialized frame moc. - 1g

environment. But that is not sufficient justification for pursuing this approach: it mry be argusd

that rule based models with finite variables simply describe what is obvious and that the only

benefit obtained from thefr use is during the modelling stage when the modeller is forced to
i formalize the qualitative knowledge he or she possesses about the system. Is there a limit to the
S possibie resolution of models built using finite varizbles? Does the use of rules allow the building
of models which can simulate ecosystems dynamics to an ‘acceptable’ degree of accuracy? If so,
then under what conditions? These questions may appear to have little practical use since we
simply do not have énough data to be able to model these ecosysiems using conventional
techniques. We are ‘forced' into building qualitative rule-Lased models, whether they can be used
for building highly accurate models ot not. But by investigating them through a formal
description of frame modelling,"“\»;e can critically evaluate and determine the possible himitations
of the technigue. The formal structure may also suggest improvements in the algorithms used in
these models.

The rest of this thesis is devoted to building a theoretical framework for the frame modelling

technique and the use of this structure int looking at the questions posed above in detail.

3.5 Synopsis of Formal Frame Modelling

Before defining frames, we need to establish exactly what we mean by an ecosystem. A large
o portion of Chapter 4 is devoted to the definition of 2 dynamical ecosystem system in as general
a setting as possible Referring to Figure 3.9, we construct a sample space () for the ecosystem

where every paint x in {2 refers to a possible change of the system ir phase space. We assign

I a probability to certain subsets of {1 where each subset is interpreted as an experiment and the
PO probability of that subset is the probability tha the system is somewhere in that subset. This




- collection of subsets is denoted by #. In this way, the dynamical behaviour of the system is

completely non-deterministic. Mathematigally, the set 2 together with the probability function

on it is a probability or measure space with 9 the collection of measurable subsets.

L Phase Soace
Figure 3.9: Definition of the sample space Q

The dynamical behaviour of the system is determined by a function T which maps points of Q
into £ This function preserves the probability structure: If E is an experiment, then the
probability of the time evolution of that experiment is equal to the probabilié,r of E. The
transformation T is defined so that T provides the forward moving time mechanism of the
system: Looking backwards in time, we know whers the system came from, hence T is &
function. But since the system is non-deterministic, we may only assemble & set of possible
future movements which are mapped by T to the current movement of the system. In other

words, the most we can do is obtain the preimage T'® of the current system change .

Stability of the system is defined in as general a setting as possible: Referring to Figure 3,10,
if E represents the set of possible configurations of the system then we assume that after a finite
period of time, the system will be in one of the attractors . The attractors of the system are
siniply defined to be those regions from which the system cannot escape without an external
perturbation,
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Figure 3.10: AH possible system configurations in E will cveniually move inio the
attractors

The domain of attraztion ©, associated with the atiracter £ is then defined to be the set of
all points from which the system has a non-zero probability of moving into the attractor. This

definition allows the overlapping of the domains of attraction, as is illustrated in Figure 3.11;

P S

Figure 3.11: Overlapping domains of attraction

In the figure, the svstem mav move trom the same mitial pomt towiads two different domains
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of attraction. The probability of the movement i1s depicted graphically by the thickness of the

&Irow',

This definition of stabslity allows for all cases from the domain of attraction consisting almost
entirely of the fuzzy region fo the case where the domain of attraction is completely filled by the
atfractor. Figure 3.11 shows the aftractors and domamns of attraction as being connected: In
general, both may be disconnected A frame is then defined in terms of these domains of

artractton and the dynamical function T acting on the domain, as in the informal case.

Few would argue that the dynamical system definsd above for the modelling of ecosystems is
not sufficiently generalized. But a5 was explained in Chapter 1. the intention of frame modelling
is not o determine T: We assume that such a T exists and represents the true dynamical
behaviour of the ecosystem. A result to be proved in Chapter 4 says that, in spite of the
generality of the e~osystem dynamics, it ix possible at each iime step to obtain an approximate
description {measured by the information or entropy) which is as close to the ‘true’ description
a> we like. Of great importance is the fact that this description may be given in terms of a finite

set of symbols (a finite alphabet). Figure 3,12 demonstrates how these symbols arise.

Covering of Q Ly am={o, 1 1=l,...,100} Covering of Q by a={a,: l"l....,lSIl
Figure 3.12: The choice of alphabet depending on the information content of <)
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On the left hand side, the sample space is covered with 100 open sets each of whick is a symbol
in the alphabet. The dot represeats the instantaneous state of the system, and fails within the set
d.. so that the symbol a.., may be used to describe the current state of the system. On the night .
hand side, we are far less demanding in knowing the state of the system so that a coarser
covering set is being used. In this case, the alphabet has 15 symbols and the system can be

described (although less accurately) by o,

In Chapter 5, the fact that a finite alphabet may te used to describe the ecosystem is used with
preat effect to demonsirate that qualitative rule based models may be used to model the
dynamical ecosystem defined above. This is done by splitting the system variables into two sets:
The input variables which are not modelled, and the output variables which must be modelied.
The behaviour of the output variables is determined by Probabilistic Finite Automata, which

are abstractions of non-deterministic finite state machines.

The structure given above achieves the task of demonsirating that frame based qualitative rule
based models cen be used to model ecosystems as accurately as we like, so that its theoretical
value is high. But we are also interested in useful self-tining algorithms for qualitative frame
modelling, and from this practical mosielling viewpoint, the structure built up from finite
automats has a drawback: When deveioping models, the user may want 1o make references to
past values held by variables (fo: example, the state of *he vegpetstion may be most easily
predicted in terms of the rainfall of the previous year). The structure detailed sbove does not

aliow this.

By adding memnry fo these automata (in the form of a stack), iv is possible to allow the user to
make refervaces 1o past values if desired. Figure 3.13 demonstrates the complete formil frame
strycteze defined in Chapters 4 and 5 using finite automatg with sta ks (Probabilistic Pushdown
Axtomata or PDAs) Since this structure is static, it immediately suggests algorithms for tuning
models using observed data. The variables are divided into the input group I and the output group
0. The observed values of the output variables are not used by the comnleted mbdel, but are used
to tune the model (represented through the use of dotied lines). Every possible combination of

the input and output var.ables including missing values, is enumersted by a combination alphabet
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Real World Modelting World

Figure 3.13: Graphical representation of the formal structures of Chapters 4 and 3§

A Each output variable is then modeiled vy a probabilistic pushdown automaton which depends
on the current state of the system (&s described by A), and the contents of the stack (history of
the system movement). Tuning of the model then correspords to the finite automats improving
their transition functions through learning from the observed output data. At least two additional
primmtive symbols must be added to A to form A, and these symbols cannot be obtained through
observation of the ecosystemn dynamics through the communications channel: These symbols arise
from a preliminary untuned model entered by the user in a2 Context Free Langusge (a PASCAL
type language). (The class of languages accepted by pushdown automata is precisely the class

of context free langnayes).

Figure 3.14 summarizes the important results to be proved in Chapters 4 and &, brsed on three
postulates. Thest results demonstrate that the informal frame modeiling technique described
earlier in this chapter may theoretically be re*ined to describe the ecosystem dynamics as
accurately as we like. We are constrained only by the meﬁsuring difficulty. The formal theory
goes further, however. and provides a theoretical basis or skeleton to be used for planning future

implementation software,
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Postulate Postulate Postulate

Finite number Meusurements have ]
Ecosystem = (Q.F,,T) of attractors significent errors
“Theorem

Dynamicsl space may be dividex into frames whose
information content is equal to that of the complete

space.
Theorem

An instantaneous description of the ecosystem may
be obtsined to any accuracy through the use of a finite
alphabet for each frame

\

v '
Theorem
Qualjtative rule based frame models
may be used to mode] ecosystem

' / ™ dynamics to any accuracy
Fizure 3.14: Summary of important results in formal frame theory
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Chapter 4: Formal Frame Modelling .

4.1 Introduction

In this chapter, the general dvnamics view of ecosystems is discussed. As 1s usually the case,
the less that is assumed about a system, the more sophisticated is the mathematics required
to descnibe the dynamics within the system. A general description of ecosystent dynamics is
no exception. Much of this chapter, therefore, is devoted to defining the components with
which the postulates of the formal dynamics will be built. The formal ecosystem dynamics
proposed in this chapter are preliminary in that they suggest a framework for investigating
ecosystem dynamics and demonstrate the link with computer science theoretic frame-based
mc “eiting. It is expected that valuable understanding of theoretical ecosystem dynamics may
be obtained by further exploring this route. Before looking at these postulates, the conceptual

models in ecology which inspired them are discussed.

4.2 Succession in ecosystems

Ecological succession was one of the earliest concepiual models forwarded for describing
ecosystem dynamics, and originated largely from observed changes in the spatial distribution
of vegetation in disturbed areas, for example the pattem of revegetation in abandoned
farmland"” Clements™"' applied the term to ecosystems as a whole, with succession within
ecosysterns being likened to the récovery of an organism from injury. The term was later

applied to the adaptation of individual species rather than referring to a movement of the

~ entire system ™, a view of succession which persists today  The classical ecological succession

model 15 based on two key assumptions

a. Species replacement occurs becanse of the less favourable conditions brought about
by the species themselves., and the new conditions are more favourable for the

replacement species.
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b. A self-parpetuating climax state exists representing a natural end to the succession

which occurs from the initial disturbance.

It 15 difficult to find examples of a svstem in a climax state, since major dist:rtances of
ecosystems (such as fires, droughts and floods) appear to be more the n.ri Mz the

exception

This classical view was cnticized v Egler™ as not baing applicable to al! situations. He
suggested that the succession depends very much on the initial conditions foliowing a major
disturbance (he referred to this as the initual floristic compaosition model in contist 1o the
classical relay floristic model), with the implication that if a species did not persis. through
a disturbance. then it could not be repre:z~ted in the succession 1o follow. Connell and
Stayter® later suggested that these moaels be combined by the recognition of three main
pathways: The first is the faciBtation pathway which is the classical relay floristic pathway
where the earlier species facilitate the entry ot the replacement species. The second is the
tolerance pathway in which certain species become established whether or not they have
been preceded v other species and « rant of the presence of the other speciev. The third
is the inhibitioi;n_. pathway in which . . species cannot become es’ablished in the presence
of earlier species. These early species may become dominant even if they are not regarded
as [ate or climax succession species by inhibiting the establishment of later species. Based on
these concepts and on the literature on succession, the jollowing generalizations have been

proposed by Noble and Slayter™

a. The species composition immediately following a major disturbance depends
directly on the propagules which cither persisted through the disturbance or entered
from e¢lsewhere. (A propagule is defined by Noble 7 «f to be a structure produced by
an organism which becomes detached from the parent and wives nise to another

individual).

b. Foliowing a disturbance therc is a perind of growth characterised by little or no

competition for space and resources
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¢. Subsequent to the initial pulse, the presence of established plants slows down the

recruitment.

d. Recruitment of additional species may be facilitated, restricted or unaffected by

prior occupancy.

e. in the absence of further disturbances, the long lived species and those able to

regenerate in the presence of their own adults become dominant,

Using these generalizations Noble and Slayter™ developed a scheme for predicting major
shifts in dominance within plart commiunities which has given satisfactory resulis when

applied to terrestrial communities dominatsd by higher plants.

One of the ways in which these conceptual models have been implemented is through the use
of Markov processes, especially the use of first order Markov processes. In a first order
Markov process type model, the system is classified into a finite number N of states, and a
transition probability assigned to each of the N’ possible transitions between states. These
probabilities are usually presented as 4 matrix, as 15 illustrated below fcr a Markovian
succession process in a forest'’” containing Gray Birch (x,), Blackgum (x.), Red Maple (x;)
and Beech (x,):

2 o AT 4.1




0.068 0.01 000 0.00

A 0.38 0.57 0.14 0.01 (4.3)
0.50 0.25 0.56 0.03
0.08 0.17 0.31 0.98,

If the process in (4.1) is performed until a stable distribution is obtained, the following is
obtained.

j‘m ={0,5,9,86) (4.4)

which compares favourably to the observed distribution in an old forest:

%,y ~(0,3,4,99) (4.5)

but certainly does not provide absolute verification.

The extension to higher order Markov processes is possible but this has not popular because
of the difficulty (both mathematically and computsationally) in dealing with the non-linear
systenis which result. While succession models may appear to provide reasonable simulation
models at the statistical level, the flaws detailed below in the succession approach would seem
to be tao great to justify exploring successional models as a paradigm for ecosystum
modelling,

a. Successional theories have been developed for vegetation dynamics and are
inadequate for the modelling of more general ecosystems. By attempting to model
ecosystems through a predominantly successional approach would be to make the

implicit assumption that vegetation dynamics drive the system.
b. An implicit assumption of the succession model is that there is only one :table

equilibrium state in the system, the climax state. This is perhaps the most serious flaw

in successional models.
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4.3 State-and-Transition models

Even in systems for which the succession model seems ideally suited, such as in dynamic
rangetands, the succession model has been shown to be deficient™. For these systems, an
alternative conceptual model has been proposed by Westoby, Walker and Noy-Meir™* which
on the surface appears to be very similar but has a number of fundamental differences. This
conceptual model has been called a state-and-fransition model and, like the successional
model, categorizes the system into a finite number of states. But very different to the
succession model ix how each of these states is chosen: In the state-and-transition model each
state is far broader than any state in the successional model and corresponds to a
configuration of the system where the dynamic movement of the system is slow. The
transitions refer to a shift between these states rather than species replacement of successional
modeis. This concepiual mode! was Idemorxstrated to be more effective in describing the
dynamics of rangelands, and various examples were presented clearly indicating the usefulness

of this approach.

This conceptual model has lead directly to the frame-based modelling technique and of
particular im;;i:grtance to frame modelling is how each of these states is defined. In their paper,
Westoby ¢1 al du:l not explicitly pin each state {o a possible stable configuration of the system
but givided the system dynamics into slowly moving states and relatively rapidiy moving
transitions. By doing this, they implicitly broadened the concept of stabiﬁty in ecosystem
dvnamics to include those configurations of the ecosystem in which the dynamic movement
of the system is slow. The formal frame theory to be presented develops this concept of

stability 1s a neorous manner.

4.4 General Dynamics in Fcosystems

Based on the experience gained trom studying the conceptual models outlined above, the

following requirements are proposed tor developin a medsl of ecosystem dynarmics:




a. The system must be built up from a non-deterministic base. It is far more difficult
to build a deterministic framework for the ecosystem dynamics and then trv to add

non-determinism than the other way round.

b. The probability structure of the dynamics is independent of time. Put another way;
if the ecosystem were observed for a fixed length of time, then reset to its instial
conditions a..d observed again for the same length of time, the probability structure
in both cases would be identical (a statistical analysis would indicate the
indistinguishability). This is an extremely important assumption, as will become
evident when the ecosystem dynamical space is studied in detail. What this means is
that the basic processes (which may be wholly non-deterministic) and components of
the ecosystem being studied are not changing with time. Over very long periods of
time ecosystems do change through evolutionary processes. but this change is certainly
insignificant over the time periods to be modelled. It is possible to relax this
requirement by considering a family of dynamical spaces each of which is stationary
{in the sense referred to above) and indexed by time, hut that would result in
dramaticatly increased wmat matical complexity and consequently will not be
considered in this thesis. On the other hand, it may be argued that evolutionary change
in ecosystems does not constitute a fundamental change, but instead represents in a
large part the relabelling of processes and components (i.e. the family of spaces
mentioned above would be isomorphic). In this sense, the dynamics would be

stationary or very close to stationary .

c. The general dynamics must be sufficiently general to include all other mmodelling

approaches as special cases.

There is a branch of mathematics called Ergedic theory (the theory of measure preserving
transformations) which is concerned with precisely the type of dynamical system characterized
by ithe requirements listed above. Requirements a and ¢ are satisfied by working with a
general probability space (simply .« measure space whare the ineasure of the universe set is

unity). Requirement b is satisfied by working with probability preserving transformations.




..;-i:'.;.‘-.

4.5 General dynamical spaces

The following postulates are proposed for the ecosystem dynamics. The motivation for each

and notrtion used will ve discussed in detail in this chapter.
Postulate 1: A dynamical ecosystem is completely specified by the dynamical
quadruple (£0.#P.T).
Postulate 2: In the dynamical ecosystem (£2,.#.P,T). there exist a finite nvmbe:
artractors QQ* with their associated domains of attraction £, where i=1,....n. Each pair

{T.0)] where T, is the restriction of T to , is defined to be a frame.

Postulate 3; For each € there is a discrete channel [E{A).P{o, ),L(B)] of limited

cupacity C through which 1l information sbout T, must pass. The alphabets A, and

B, may be chosen as desired, the only fixed parameter of the channel is C,.

The rest of this chapter is concerned with the definition of the terms used in these postulates,
and the results leading up to the Fundamental Theorem of Frame Modelling. The
requirement that the channel associated with each formal frame [TI,D,] be discrete may appear
to be too great a hindrance, but it will be shown in this chapter that such a channel can be

B used to transmit the information to an arbitrary degree of accuracy:

. Fundamental theorem of frame modelling: Given a dynamic ecosystem
i{ (.7 P.T) with N attractors, the following are true:
o
a. The system may be decomposed into formal frames [T,$2] where i=1,...,N snch that
the total information content of the formal frames is equal to the information content
of the entire space.
o
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b. An instantaneous description of the ecosystem may be obtained using N chanpels
(associated with each formal frame) of limited capacity, to an arbitrary accuracy and

using a finit¢ alphabet. The accuracy is bounded only by the measuring error.

As will be demonstrated in Chapter 5, the use of a finite alphabei fo transmit the information
is of immense value when it comes to developing algorithms for modelling ecosystem

dynamics,

4.5.1 Basic definitions

The underlying space to be used is a general probability space:

Definition: A general probability space is a triple (L #.1'; where {) is an arbitraty

set, & is a collection of subsets on ( and P is nonnegative rea’ vaiued function on Q

and tha following are true:

a. J is closed under countable unions, complements and contains  (ie. Fis a
a-algebra).

h. If {E,} is a pairwise digjoint collection of members of &, then

P(UE)-Y P(E,) (4.6)
(1.e. P is a measure).
!
o ¢. PQ)1
The set {3 may be interpreted a; the sample space, and the collection 5 as the set »f possible
experiments or outcomes, with & probability assipned to each m .aber of & Pertition: of Q2
C o form a very important tool in dealing with probability spaces, and in the case of dynamical
13

system are related to stochastic processes within the space (see page 58).
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Definition: A partition £ of a probability space ({,#.P) is a collection of subsets
of €2 which are disjoint and whose union is £2. The elemants of £ are often referred
to as the atoms . the partition. The factor space (£2,,$%,,P,) is the probability space
formed on the set {3, which contains all the atoms of £, #; which contains all the 5~

measurable atoms of § and P, which is the restriction of P to ).

It 1s possible to define a partial ordering on the set of ali partitions of £} If two partitions
£ and C are chosen so that every atom of € can be constructed from a union of atoms of £, then {
is said to be a refinemen: of § and this is denoted by £<{, (intuitively { does have more elements
than &). Given any set of partitions {£,:cc A}, itis pussible to form the supremum™ or common
refinement denoted by V,E, with £ _<V.%_ for all .= A, and similarly the infimum denoteda by A%,
may be defined.

Tt is not necessary for £} to have any particular structure (such as a topology) to obtain the
general results, but often in the literature probability spaces are assumed 1o be Lebesgue spaces
since these have a far richer mathematical structure, are well understood and most random phenomena
can be modelled as a facior space of them™. For reference, a Lebesgue space is defined*®;

Definition: A probability space (£L#.P) is a Lebesgue space if it is isomorphic to
a probability space which is the disjoint union of a countable set x, ie N each of
poritive measure p(x,) and the probability space {[0,s],#,M) where

5-1 fj pix) @.n

=1

15 the collection of Lebesgue measurable sets an j0.5] (M is the Lebesgue measure).

Intuitively, we would expect that most random phenomens could be constructed from the unit
interval [0.1] with the most common real measure, the Lebesgue measure. There is no real
loss in gemerality by assuming ail probability spaces to be Lebesgue spaces, and in what
follows no distinction will be made beoween the two: We assume all probasbility spaces to be

1.ebesgue spaces.
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Another common way of looking at probability spaces 1s in tertns of the Hilbert space L'(€1P)
which is the Hilbert space of all functions over £ square integrable in terms of the measure
P, that is the Lebesgue integral

[#ear 4.8)

exists and is bounded. This viewpoint is especially useful when looking at invertible
dynamical systems (see Section 4.5.2) as it allows a linear space to effectively replace a non-
linear space In frame modelling, cne of the fundamental results is the demonstration that the
satropy of the dynamical system may be decomposed into a direct sum, which may in turn
be interpreted as mdicaﬁng that the subspaces over which the entropy is decomposed are
independent is some sense. For this reason, we must consider conditional entropies which in
turn requires knowledge of how conditional probabilities are deait with in general probability
spnces. In elementary probability theory, the conditional probability of an event E, given event
E. is defined to be

P(E, |5 f—‘-‘}%@ “.9)

This concept of conditional probability may be cast in a more useful form by looking at the
decomposition of an experiment using a measurabls partition of the space. The basic idea is
simple: Given s countable measursble partition £, each member E€f defines a spuce
(E.E).P{ E)) where P{ E) is a measure acting on JIE}. For any Gel

P(G)-3" PP\ EIE) .10)

In terms of the factor space, this may he written
P(G)- [dPPIGIE) “.11)
Q
since each atom of § is identified as a point in £ It can be shown that this decomposition

can be done for anv measurable partition.
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Theoren ' Suppose £ is a measurable partition of the space ({1,#,P) and N, the
projection associated with & For almost all cef), (in terms of P,) there exists a
probability measure P4 ¢) on # such that

P(G)= [ PX(Flc)dP - [ PH{FIN{w))dP 4.12)
aq, o

The projection N, maps a point o in £2 10 the atom in £ containing w. The function P4 ' N.(®))

is also denoted by P%(w. ), so that a similar form to (4.9} may be obtained:

P(E{)Eg)~ [ PY{w.E)dP (4.13)
5

We may now define what is meant by a dynamical system:

Definition: A dynamical system is a quadruple (Q.FPT) where (L P) is a
probability space, and T:£2-+Q is a messurable transformation such that for any
member Ec &, T'Ee & and P(T'E)=PfE). (T is probability preserving).

This is the most general mathematical model of a dynamical system, and includes as special
cases all other models of dynamical systeins. T is an exampie of a metric endomorphism
and specifies the time development of the dynamics. If T' exists and is also a metrie
endomorphism, then the dynamical system is said to be invertible and T is referred fo as a
metric sutomorphism. The conditions under which T is inveinhhle may be relaxed in the
usual way through the use of the notion of equivalence almost everywhere (ae) {where non-

equivalence over subsets of measure zero is ignored):

Definition: A dynamical system (Q.#.P.T) is invertible if the range of T is almost
all of £ Q1.e. the set difference between the two has measure zero) and the restriction
of T to a subset of {2 of measure 1 is inveriible and this inverse map is a metric

endomorphism.
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As an example of how other dynamic models can be generated using this approach, we
consider Markov processes which are of particular importance as discussed in Section 4.2
because of their uss in ecological modelling. Before doing so, it is necessary to define exactly

what is meant by a stochastic process:

Definition: A stochastic sequence in a measure space is a collection of random

variables defined on a probability space and indexed by a subset of the integers. {A
random variable is a measurable function on the sample space). If the stochastic

sequence is measure preserving, then it is a stationary stochastic sequence.
As an examepie, if x is a random variable on a dynamical system (£,.%,P,T), and if we define

xf ) =p(T"(c0)) 4.14)

then {x,} is a stationary stochastic process. In & probability space, members of F correspond
to different possible experiments and so intuitively it would be expected that a stochastic
sequence relates 10 a countable subset of this collection (a measurable partition). This is a

very useful way of looking at stochastic processes:

Theorei"; Stationary stochastic sequenccs are equivalent to measurabie partitions

of a dynamical system.

A Markov process in particular may be constructed using a Markov partition £ which satisfies

the condition that the conditional probability of & given V, |, T'¢ is equal to the conditional :

probability of £ given T'E. At first glance, this definition may appear to be very far from the
conventional view of Markov processes. But by looking at T'E as the experiment & being
conducted one time step later, the condition above is consistent wit4 the usual view of a first
order Markov process only depending on the curreni *ate of the system, and not on the
history of how the system got there. The.interpretation ot ', as being the experiment & one
time step later may be confusing when first seen. since the operator T would at first appear,
in a sense, to be the 'wrong way around'. There 1s a mathematical justification for doing
this™"**, but on further reflection the reason why it must be so should become apparent: In

-
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a non-deiérministic system, we cannot exactly predict where the system will be going but we

can see"ﬂhy it came from where it did. In other words, T is only definitely a fﬁncti'on when
lookirg backwards in time. When looking forward in time, the most we can expect is to be
aple ;0 assemble the possible outcomes, that is determine the preimage of the current state of

the system. Consequently, by only demanding that T be a function when looking into the past,

we are ensuring that the dynamical svstem is p2 general as possible and that T accurately |

represents development of the dvnamic sys.em with time. Of course, in the case of an

invertible dynamical system, both T and 1" exist and are functions.

A further assumption is often made about "' when dealing with dynamicel systems, and that

is to assume that T is ergodic. For T to Be ergodic, for anv member F. of & with TE=E

either P(E)=0 or P(E)=1. In other words, the only processes not affected by T are trivial. The
reason why assuming ergodicity is so useful becomes evident waen looking at the time and

space means of an arbitraty integ:able function f

The time mean of f at E is given by

umJ.E ATHEY (4.15)

newli )

since each f(T'(F)) represents a time step at thai region. The space mean of f is given by

e ) (4.16)

8

A very imperstant theorem may be proved for ergodic systems which states that these means

are equal if and only if T is ergodic.
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Birkoff Ergodic Theorem™": If T is a measvre preserving operator on & measure

space and f is an integrable function over the space {i.e. feL.'(m)), then

n-i
.1.): AT (4.17}
L)

converges almost everywhere to a function f eL'(m), {oT=f almost everywhere and

if the measure of the entire space is finite, then

[ dm-[fim (4.18)

4,5.2 Linearizing the ecosystem dynamics

In Chapter 2, the linearization of a system of differential equations was discussed. The prime
purpose in lineanzing the system dynamics is to obtain an eigenvalue equation such as in
{2.10):

df
= AT 4.19
( )

By calculating ihe eigenvalues of A, much may be deduced about the stability of the system.
But as was poinied out, the approximation used to obtain (4.19) depanded on the assumpiion
that the system is close to equilibrium, a condition which is totally unacceptable in the
modelling of dynarnic ecosystenis. In the general dynamics we have been developing, there
is way of interpreting the dynamics as a linear space in 8 manner which does not require
unjustified approximations. in fact the correspondence is exact. The way this is done is very
simple: For each transformation T acting on a probability space (...P) we define the

operator U, acting on the Hilbert space L-({LP) by
UrffT (4.20)
This operator is lincar, which means that every measurs preserving fransformation on {3 may

be mapped to a linear operator. Just as in the finite dimensional vector case, an eigenvalue
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analysis may be performed: In the case of Hilbert spaces, the set of complex numbers A such
that U,-A1 does not have a bounded inverse defines the spectrum of Uy. In Hilbert space
theory, an eigenvalue analysis is greatly aided if the operator in question is unitary {for
example, in the case of a unitary transformation each element of the spectrum is on the unit
circle centred at the origin). If the ‘cosysiem dynamical system is invertible (ie. T is an
automorphisim). then U, is a unitary operator™. In other words, if the ecosystem is invertible
(reversibie it the probabilistic scnse) it may be modelled by a linear systera about which
much is known, and the mapping is true globally, not just in the neighbouthood of an
equilibrium point.

4.5.3 Entropy and Information in a dynamical system

When dealing with random phenomena, a quantitative measurement of uncertainty is often
required. In thermodynamics and statistical mechanics in general, #* -} quantity is given by the
entropy. 50 it is natural to try to define the entropy of a general dynamical system. In
thermodynamics, entropy is not explicitly defined in a 1igorous way, but is rather assumed to
exist along with & number of relations involving it and the other thermodynamics variables.
For a gensral dynamical system, there have been two main attempts at defming an entropy
and those are the topological entropy and the measure theoretic entropy. The connection
between these two entropies was eventually demonstrated™ so that it is really just & matier
of convenience when choosing which 1o wotk with. Before looking in detail at the definition
of information and entropy, it is illuminating to look at the commonsense meaning of

information.

4.5.4 Form of an information function

The form of the entropy and information functions may be determined (up to a constant) by

a simple intuitive example. Suppnse & cnmputer is required 1o process and store datg from the
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outside world. This information would ultimately be made up of numbers, and the most
obvious quantitative measure of the information in that data is provided by the question 'How
many Kilobytes does this information occupy?. In other werds. the most! obvious measure of
the information is the number of bits requived to store the information in binary format. The
number of bits required to store: a number N is simply the integer value of the number
I+log.N By changing the base of the logarithm and combining ali constants into a single
constant k, we would therefore expect that a reasonablé measure of the information would

be given by:
I=k log N (4.21)
This 1s exactly the form obtained for ¢stimates of the entropy in statistical mechanics. From

an abstract point of view, It is possible to determine this form of the information (or

uncertainty) by defining the information to have a number of properties we would expect:
Definition: The uncertainty is & real valued function satisfying the following:

a. An event whose probability of occurring equats 1 has zero uncertainty.
b. If for two events E, and E,, P(E,)<P(E.) then E, has a greater uncertginty than E,.
¢. The uncertainty of two simultaneous but indapehdcnt events is equal to the sum of

their uncertainties,

Suppose @ is a function on the interval [0,1] which satisfies the three conditions given above.
Then it is clear that @ must be a monotonic decreasing function on [0,1] and must satisfy the

condition

D (xy)=®(x)+@() #.22)

A well-known result from analysis is that the only measurable function obeying (4.22) is the

log function {up to a constant):

@()=-b logt (4.23)

for 1€[0.1] and where we define ®{D)=x. Consequently, a function satisfying the conditions
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above is given by:

HE) =0 (P(E) " (4.24)

~ Based on the forms suggested above, we may provide a definition of uncertainty which is

consistent to the traditional view.

Definition: Suppose & is a countable measurable partition of the space (2,#,P). The

uncertainty function of this partition is given by

1(5)(w)="b§ 14(w) log P4) (4.25)

where o e{}. If { is another measurable paniﬁon then the conditional uncertainty of
€ given { is given by

' I(m)(w)wg 1,(w)logP%(w,4) (4.26)

The function 1,(c) is simply 1 if @cA and 0 otherwise. In other words, the uncertainty of a
partition at & particular point in the sample space is just the unceriainiy of the atom A of the
partition contgining ®.

The entropy of & partition may now be defined as the expected value of the uncertainty of
the partition.
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4.5.5 Entropy of a random process

\-.
(s

Definition: The entropy H{(E) of 2 measurable partition £ of the space (Q.FP) is

given by
H(Z)= [KE)dP (4.27)
0
which may be expanded to
H(E)**bg E{A) log P{A) (4.28)
€

The conditional entropy H(E/L) of the partition £ given the pariition ( is the expacted
value of the conditional uncertainty and is given by™:

H(EI)= [ B(E() BydP, (4.29)
a,

This view that the entropy of a partition is the average amount of uncertainty in the process
represented by the partition is consistent with the usual view of entropy. It may be shown
that by measuring the entropy in bits, a lower bound is obtained to the expected number of
yes-no questions required fo determine the outcome of the process. This fact is not so much
useful as illuminating since it gives a clear physical interpretation to eéntrapy. The
demonstration of this result 1s also very similar tc the proof of the Coding Theorem which
1s s0 important in demonstrating the link between the formal dynamics and computer science
theoretic frame-based modelling. For this reason, this interpretation of entropy is demonstrated
in detail below:

Suppose the process whose outcome is being sought has n posyible outcomes {x,.x,,..x,} each
of which has probability p,. For each of these outcomes, we let N, be the number of questions

required to determine whether x, is the outcome. We mus: firstly decide on a questioning
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. yes xll
InE? °
/ o\
yes / ' X3

Ing,?

Figure 4.1: A sequence of questions to determine the ovtcome

scheme, and for this example we choose the most obvious ene. To determine which outcome
will be chosen using as few questions as possible, each question should remove as much
uncertainty as pussible in the remaining outcome space at each step. To do this, we divide
the outcomes into two sets E, and E. such that their probabilities are as close to 1/2 as
possible {since we do not know before asking the question in which set the outcome to be
chosen lies). We may now ask the first question Ts the outcome in E,” Depending on the
result of this question, we repeat the process with either the set E, or E,. Eventually the sets
heing considered will each contain one outcome so that the question asking process terminates
and the outcome hes been found. Figure 4.1 demonstrates a possible sequence of questions

for an experiment with five cutcomes. The partitions used in this scheme are:

£y =By =y gt Ep =Utgupotylt

82 =y gy = Uik Epp = lrght {4.30)
§a=lEqs By =UtshEgry=Utqh Bgyl

e

The expected number of yes-no questions required 10 determine the outcome is given by

Y

it
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B3 o @.31)

By defining
"
By 2" @.32)
i=1
and
N,
qﬁ%i (4.33)

it can be demonsirated that (lemma 2.8 in Martin™)

A . ]
H=-)"p;10Gy £ -219; log, 4, (4.34)
i1 =
By a straightforward computation, it may be shown that this inequality is equivaient to.

HsE+log,B (4.35)

Since B<l we must have H<E. This demonstrates that the entropy is an indication of the

minimum number of yes-no questions required to determine the outcome of a process.

The entropy given above can be shown to have all the usual properties of entropy as used in
thermodynamics. A result of particular importance to us is the entropy of compound

experiments:

Theorem®: If Zand £ are measurable partitions of a probability space (€2,.#,P) then
HEVO=H(E)+H(L) (4.36)

H(L&)=H(L) if and only if £ and & are indvzpehdent. In other words, the entropy of
a compound evperiment is equal to the sum of the entropies of the individual

experiments if and only if these experiments are independent.
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Associated with the conditional entropy is the concept of the mutual uncertainty between two
- partitions & and { which is & mcasmg{.‘e of the average gain in uncertainty about § given the
result of {. i

Definition: The mutual uncertainty between two measurable partitions § and £ is
defined to be

KE;L)=H(E) H(EI) 4.37)

4.5.6 Entropy of a dynamical systen

The entropy of a dynamical system {2, .P,T) is given by the entropy of time mechanism
T of the system which is in turn defined to be the greatest rate of generating information
using T and using all possible finite processes in the dynamical universe ({1, #,P,T). This is
the enti‘:;py (also referred to as the Kolmogorofi-Sinai Invariant) of greatest vaiue since it
is an isomorphism invariant: if two dynamical systents are isomorphic then they have the

same enfropy.

Definition: The rate of uncerfainty generated in the measurable partition & by T is
defined to be

n-1
W) =Ilm—1-ﬂ{lv wr».]' 4.38)
el

' ,?\ and is aiso referred to as the eniropy of T given &,

This is the form we would expect h(T.£) to have since the above is simply the average
uncertainty in § for any trial using T. All trials of finite length are included in calculating this

average, with T providing the time mechanism oy usual. The entropy of T is then given by:

= ot i
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Definition: The entropy h(T) of the dynamical space (1.7.P.T) is given by

h(T) =sup k(T .E):E is a finite measurable partition | (4.39)

4.6 Communication theory

The definition of entropy given above actually came after the concept of eniropy as a
quantitative measure of uncertainty was used with great effect in the theory of commurucation.
The formal theory of communication we will be referring to was introduced by
C.E. Shannon™ in his classic paper "A mathematical theory of communication” in 1948, The

elements of a comsmunication system are given in figure 4.2.

Source H Eacoder H Channel H Dacder —-Lbestinaﬁg

Noise

Figure 4.2: Elements of a communication system

The source 15 a stochastic sequence in a finife set S, which may be expressed™ as the
quadruple (Z{8). 5 .11.T.) where Z(S) is the set of ail double infinite sequences in S (i.e. the
set of all functions from the integers to S), J, is the product o-field, | the probability measure
associated with the process (U determines the source) and T, the so-called shift transformation.
In general, T, need not be y preserving. Using a sousce alphabet S, the only quantity which
changes depending on the sourve chosen is the probability measure B which explains the
following notation:
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Definition: A discrete source in a finite set 8 is given by [£(S).u] where £{S) is the
set of all doubly infinite sequences of elements of § and 1 is a probability measure

obtained from the joint aistributions of the process.

Stnce the underlying space is stationary (probability preserving), we mav assume that T, is
probability preserving as wail so that all the sources dealt with are stationary. If T, is aiso
ergodic then the source is described as an ergodic source, and similarly for other properties

{such as the Bernoulli property™"").

If V is the alphabet with which we wish to encode the source [X(8).4i]. then the encoding
process refers to the process of mapping messages in [E(8),1] into the new space (L(V).¥)
with the code specifying how this is done.

Definition. A code for encuding the source [E{S),1] using a finite alphabet V is a

measurable function from Z(8) to E(V).

Usually the codes considered are rertricted to those which are time indspendent. Another
property often assumed for a code 4 15 that ¢ is inverfible with respect to [& (i.e. ¢ is invertible

on & subset of Z(S) which has measure ).

The channel provides a means for a message from the input device to be produced on the
output device which may be of another type.

Definition: A channel using input alphabet A and output alphabet B is denoted by

Z(A)P(w, 1.5(B)] where we Z(A) is an input message and the function
P( C)L{4)-R (4.40)
is measurable. The channel is stationary if

KT, TyC)=P(0.€) YWeL(A),CeF, (4.41)
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and memoryless if at any point in fime, the chosce of the output symbol depends only

on the current input symbol.

For our purposes, we need only work with stationary memoryless channels. In the case of a
memoryless channel, an expression: for P may be easily obtained by simply considering the
mapping using the source aiphabet A which is isomorphic to {1.2...,n} and the output
alphabet B which 1s isomorphic to {1,2..,m} We may form a matrix C,,, where C, is the
conditional probability of the channel producing i as an output given that the input symbol
was |. Then for each message 0~{.. J.+J iJjodids--) the probability measure P(w, ) may be
written explicitly as™

i L) - q
PlofweB(B):w, i, psksq)=I] C,, (4.42)
kp

A very important characteristic of a channel is ifs capacity in fransmitting information, whare

the rate of transmission in & channel is defined to be

Definition: The rate of information gbout the source [Z(A)u] processsd by the
channel [E{A),P(w, ),Z(B)] is defined to be

Rl P L ieielh (4.43)
ey
where for gach n
n-1 n-1
SRTEN: BV .49
i Fit

The capacity of the channel is defined to be the supremum of all these rates:

C(F) “sup R(p,F) (4.45)

The Tundamental theorem in communicatiow: theory is the following;
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Noisy Channel Coding Theorem®: Let [Z(A)P(w. ).5(B)] be a discrete
memoryless channel wath capacity C and let [Z(S),1] be an ergodic source with
entropy h. If h<C then for >0 there exists a code ¢ L(S)-Z(A) such that the rate of
transmission of the source over the channel R(ud'.P) is greater than h-. If h>C then

there exists no code $ for which the rate of transmission reaches h.

4.7 Formal frame modelling

4,7.1 Stable bekaviour in ecosystem dynamics

In Chapter 2, the shortcomings of assigning the property of stability solely to the points of
equilibrium of a system were discussed. As was mentioned there, the next level of
gere-alization is provided by considering attractors as studied in chaotic dynamics. There is
a strony tink between chaotic dynamics and formal frame-based modelling as will be
Jernonstrated. What exacily do we mean by chaotic dynamics? In a classical chaotic system,
if twe identical systems are started with initial conditions which are not equal but very
siitilar, the subsoguent behaviour diverges sharply (in ‘perfectly’ chactic systems this
¢avergence is exponential with time). These systems are usually given by differential
squations and so are usually deterministic. This may prompt one to ask why deterministic
systems need be labelled chaotic at all since theoretically the deterministic equations can be
solved to any desired degree of accuracy. But, as with frame modelling, the designation of
these systems as chaitic makes sense when real problems such as measurement accuracy are
taken into agcount. If the system is such that the smallest measurement error 5 is 1arge
enough so that two identical systems whose initial conditions differ by & diverge very rapidly,
then knowing the initial conditions in the system is not sufficient for determining the
subsequent behaviour. The system would then appear to behave chaotically (in the literal
sense) in spite of the fact tirat the underlying dynamics are theoretically deducible. Chaotic
svstems are also characterized by very complex patterns similar to the stable limit eycle
referred to in Chapter 2, these patterns are obviously examples of stable phenomena. The
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following is a partial list of the types of stable behaviour™.

Point attractors: These are the equilibrium points considered in Chapter 2 and are
the most stable in the sense that if the system is not perturbed, it will remain exactly

at these point attractors forever.

Limit Cycles: These attractors were also considered in Chapter 2 and are

characterized by simple closed curves.

Toroidal Flow. These are anractors which are characterized by an orbit on the
surface of a torus. The orbit may be periodic so that after an integral number of
con?f;:tlete . -volutions, the orbit repeats itself If the arbit never repests itself, it is

dpsgribed as being quasi-periodic.

JYACtOrs: Strange atiractors are among the most intensively studied

e, 'QE;antic dynamics and are cheracterized by orbits which are neither

puniadic :'s}r:es} ‘wevi-periodic. Their Hausdorff dimension is low and non-integral
{Havsdorf diniusion to be defined later).

Turbulence: Here the beheviour of the system i« highly erratic. The system may

spend an musuélly long time in a turbulent region 5o that the turbulent region appears
to exhibit some degtee of stability.

If there were a quantitative measure of stability, then in terms of this measure we would
expect that the attractors listed above be ranked ii- decreasing order of stability. Such a
quantity may be provided locally by the fractal dimension or by the entropy, interestingly
these are related.
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4.7.2 The connection between entropy and fractal dimension

In trying 1o develop the idea of dimension and extend its usefulness from well behaved sets
{such as vector spaces), to more irregular sets, Hausdorff introduced the notion of the fractal
dimension of a metric space. The fractal dimension of a metric space M is defined in terms
of the outer measures:

Definition: Let o be a positive real number and M a metric space, and let & p-
covering of M be a countable covering of M by closed spheres 5, each of diameter

less than p. We define the o-dimensional outer measure of M to be

O (M,p)= Inf diam $)* 4.46
¢( p) 0 $( !) ( )
The limit &s | ) I:?ds to zero exists and is denoted by
0,(M) =lig O,(M,p) (4.47)
P

The {ast limit exists because of the way O,(M,p) 15 defined: By decreasing p, the infimum is
over a smatier collection of coverings so that it cannot possibly decrease (and may increase). Since
the infimum is bounded below, the iimit must exist. The Hausdorff dimension is defined by

considering the behaviour of O, (M) as a function of &. The following theorem may be proved:
Theorem®™: The quantity
din M=guple:O, (M) =oit =infle:20, (M) =0} {4.48)
exists, is unique and is defined to be the Hausdorff dimension of M.

This definition of dimension is consistent with the conventional one when applied to

conventional 'well-behaved' spaces. As an example, it can be shown™ that the Hansdorff
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dimension of a smooth (not necessarily flat} surface in a 3-D space is two, exactly what we
would expect. But when calculated for irregular sets (the most obvious example being the
Mandelbrot set), the HauaderiT dimension does not necessarily give integer vatues, which
immediately indicates why i is so often referred to as the fracial dimenszion. There is a very
interesting connection between topological ensropy and the fractal dimension: it can be
shown that these two quantities are just two di.fferent interpretations of the same concept™.
The topological entropy is refated in turn to the measure theoretic entropy, this connection is
exploited in Section 4.7.4.

Definition: Let X be a compact topological space. For any cover « of X, let N(a)

denote the smallest finite subcover of o (i.e. the subcover of o with the fewest

members). The topological entropy of o is defined to be
() =log N(x) (4.49)

This definition of the topological entropy makes sense since it has the log fc »m we expect and
aiso depends on the smallest finite subcover (as a function of any cover} which intuitively
gives an indication of the information or uncertainty in he space. Instead of dealing with
measure preserving transformations, in the topological context we consider continuous
mappings (which are similar in that the inverse image of a open or closed set is open or
closed respectively). In almost exactly the same way as the measure theorstic case, e

entropy of the continuous map T is defined as:

Definition: If o is an open cover of the topological space X and T is a continuous

map on X, then the entropy of T relative to ¢ is defined to be.
1 x-1 -
KT,a) =Ilm-—-H(V T“a] 4.50)
xalt \p9

and the topological entropy of T is defined to be
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6y “sup A(T,x) 4.51)

where the supremum is over all open covers of X.

{The conrnon rziinement of & family of covers is defined in the sane wuy as for partitions

and provides a partial ordering < on a sequence of refining sets).

The connection between measure theoretic entropy and topological entropy Is demonstrated

by the following theorem:

Theorem?®”: Let T.X-»X be a continuous map on a comnact metric space X, and

M(X,T) denote the space of sll probability measures on X which are preserved by T
then

HT)=8p th, () MK, T) (4.52)

where h(T) is the topological entropy and h(T) the measure theoretic entropy with

respect 10 the measure |

The quantity, therefore, which may be seen providing a quentitative measure of stability in the hist
of attractors given earlier is the information, uncertainty, eniropy or the fractal dimension of
the atiractors. { Another widely used quantity is provided by the Lyapunov exponents™). Strangs

attractors are characterized by low fracta! dimensions™ ™

{many strange atiractors in 3D
systems have orbits which arc 'almost’ on a two dimensional surface so that their fractal
dimenston 1s ¢lose to 2), and turbulence by even lower fracial dimensions. Vartous methods
have been proposed for estimating the fractal dimensions and entropiss of strange attractors™,
they are all based on the definition of entropy: The phase space in the neighbourhood of the
attractor is partitioned into cubes of size &, and used to estimate the entropy and fractal

dimension.

75




o .

4.7.3 Formal basis Gii' frame based modelling

In the formal frame modelling of ecosystems, the sample space  may be constructed as
follows: We assume that the ecosvstem may be described by a finite collection of state
variables represented by the sets X, which are subsets of R These state variables are
observabies of a physical ecosystem, and not 'badly behaved' artificial variables (such as delta

functions).

We define

"

]
Q =H Xlxn Xi (4‘53)
i1 =1

(It is entirely possible to form such an £ from the product of arbitrary spaces, but that level
of abstraction is certainly not necessary since we are concerned with the modelling of physical

ecosystems). For a point te{), we interpret

RS JP SO ) T- o (4.54)

as being a movement from (x,,..,%,) to {y,,...y.), with the probability of any such movement
being preserved through the time evolution of the system. To obtain a dynamical system for
the ecosystem, we need to construct a collection 3 of subsets of {J and a probability measure
P acting on F such that the time mechanism T preserves the probability measure of each
member of F. We interpret each element E of 3 g5 an experiment being performed in order

to determine the current state of the system.

Postulaie 1. A dynamical ecosysiem is completely specified by the dynamical
quadraple (QLF.P.T).

The sample space £ also has a topology associated with it which is inherited from the
variables used to define 2 For this reason, we may assume with no loss in generaliiy that the

o-algebra J contains all open sets of this topology (if it does not, we simply expand 7 so that
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it does). We may construct such a g-algebra using the following theorem:

Theorem™ . 1f M is any collection of subsets of X. there exists a smallest a-algebra
M" in X such that McM"™.

The t-algebra generated in this manner from the open sets of a topologicel space X is called
the collection of Bore! sets of X: We are assuming that & contains the Borel sets of {2

In the preceding section, we saw that the entropy of an attractor does give some quantitative
measure of the stability of an attractor. In order to investigate the entropy of this dynamical
system, we need the following:

Deflinition; For sach i=1,..n, we define T,* to bs the restriction of T to Q* and T,
to be the restriction of T to £,

A definition for stability within ecosystems will now be given which has an interesting
relationship with the entropy:

Definition: An ecosystem (€2, #,P,T) is said to have stable domains of attraction

if 1t has the following properties:

a. We assume that () may be partitioned into the mutually disjoin. sets (L* {where
i=1,..,n) and £, with the property:
vxeld], VjeN, T, (4.35)

Each set {}* is referred to as an attractor of the system. By definition

a-=lja/ua, (4.56)
=1
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b. If Ec & is any experiment with EC(2, | we assume that there exists a pe N such that

TPENQ, o (4.57)

and define £100* 10 be
Q,=xeQ:3q with T %<} (4.58)

Each  is referred to as a domisin of attraction of the system.

The condition in (4.55) says that once the system is in attracfor £}*, it cannot escape (unless,
of course, there is an external perturbation which disturbs the system). Condition (4.37) says
that if the system is not in one of the atiractors, it will eventually move into an attractor
region. Condition (4.58) then defines the domains of attraction according to the possible
attractors the system can move into from any particular point. This definition of stability is
highly generalized, since the domains £), may overiap and we do not specifv how the system
must behave within the attractor or even the spatial description of the attractor. Each set O *
may be anything from & point (a point attractor), to being the whole set £}. Note that by
condition (4.57), the union of £, is equal to the whole of {2

How are the entropies of T and T, related? From the definition of entropy, we know that

MDY KT) (4.59)
=t
We also know that
I3 )BT W) (4.60)

by the disjointness of £2* and £, The definition of stability given above allows us to go

further and to prove the following:
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Theorem: The entropy of T is equal to the sum of the entropies of T,

Proofl: To show this, let o be a cover of { (and consequently of £*). Letp be a

number such that
T a)eQ; Vaca 14.61)

(p exists by definition since Ua,:_qa(-:.-' F). Then

a1 n-1
j\_/o 1}”’(05)55;; [T 0N T e, )V V 570 4-62)

i ag
In the last term, T=T* over £)*. The first term Las been spiit into two disjoint sets
resulting in those sets which are neither proper subsets of Q.* nor of -0),* being split
into subsets of {}* and Q-(* respectively. The right hand side is consequently a
refinement of the left hand side, hence the inequality. The right hand term is then
equal to or refined by

{/ 7 (a) U{/ T,/ a)YQ,-Q;) [V n\} T, "(«) (4.63)
0 0

Jupii

again using the fact that T =T * over (2*, and the behaviour of T* within Q*. This

shows that
n-1 4 a-1 . P 4 : ]
V 5@V 17 (@ U V 17 (@, -a) “.64)
i i i=0
) using disjointness. By the definition of the topological entropy of T, with respect 1o
{ \ the cover o, we obtain the following:
[+ l 1 P 4 n-1 i
| Mrm)<im B 0@ -0) Y 1| @69
. Hoe JE w0 =0

| where we have used the fact that H(AUB)=H(A)+H(B) if A and B are disjoint. The
o first termn vanishes in the limit, so that we have:
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h(2a)sh(T; ) | (4.66)

which implies that the entropy of T, never exceeds the entropy of T* We then have
the following'

h(T)sfn‘_‘ k(T,)sg HT)<h(D) (4.67)

1

which proves the theorem.

This is g very inferesting result since it shows the close connection between the entropy and
the domains of attr#ction of the system as we have defined them. It was shown in
Section 4.5.5 that the measure theoretic entropy of the union of two partitions is equal to the
sum of the entropies of each partition if and only if those pariitions are independent. The
above theorem shows that the frame domains are independent in this sense even theugh they

may overlap.

In informal frame modelling, each frame refers to an area of attraction of the system with the

associated dynamicel processes, which is exactly the definition we give for the formal case:

Definition: Each pair [T,.£}] is defined to be a formal frame of the ecosystem, The

subsets () are called the frame domains of the ecosystem,
One of the premises of frame based modelling is that these generslized frame domains do

indeed exist {a premise which is motivates by the observation of multiple stable

configurations in ecosystems, see Chapter 2):

Postulate 2; In the dynamical ecosystem (L .#,P,T), there exist a finite number of

attrastors Q* with their associated frame domaing €} where i=1,...,n,

Each £, is a domain of attraciion of the ecosystem, but it should be noted that these sets are
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not necessarily mutually disjoint, ur even connected: These domains are highly generalized.

Postulate 3. For each {2 there is a channel {£(A)P(w, ) Z(B)] of limited capacity
C, through which ali information about T, must pass. The alphabets A, and B, may be

chosen as desired, the only fixed parameter of the channel is .

In this postulate, we explizitly recognize the limitations imposed by the measuring difficulty
by demanding that the tnformation pass through noisy channels of limited ca; acity Thesze
channels also provide the connection between the general ecosystem dynamics, and the
gualitative frame models.

The challenge in frame modelling is to find a way to transmit the in. ~rmation content of each
formal frame [T,Q] (the entropy of each T, acting on £}) as accurately as possibie. The
following is proposed as a method for doing just that.

4.7.4 The fundamental theorem of frame modeiling

We have assumed the prusence of a discrete communications channel (with good resson as
will become apparent later), which requires a8 method of transmitting the information as
accurately as possibl2 while only using a finite alphabet. It will be shown, that this is possible
to an arbitrary degree of accuracy:

Theorem: For each T, there exists a discrete source whose entropy is arbitrarily

close to the entropy of T, if this entropy is less than the capacity (, of the channel
rssociated with [T.L2].

Proof. Because of the topological structure already present in €, it is easier to work

with the topological entropy (which we have seen is eguivalent to the measure
theoretic entropy). To do this, we must first extract a compact metric subspace ¥ of
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L) But this is easily done éince 0 has been constructed fiom the phase space of the
- ecosystem variables (each of which is real valued) and consequently inherits a metric
from the individuai variable spaces X,. fo obtain a compact subspace of 2 we need
only boung the variables on both sides. This can be justified since we are then
bounding the system variables (which are the observables of a real physical cosystem
and consequently would be bounded) and these bounds may ™ - as large in absolute
value as desired. Given £>0, we need to show that there exists a measure | on ¥ so

that
1Ay (1) - KD <€ (4.68)
and a finite cover o of W so that

|2 (T)-K(T, ) [<2¢ (4.69)

Both (4.68) and (4.69) foilow by definition since

k(1) =8th9 KT.p) {4.70)

implies that there is a finite cover o of ¥ with
B(T) -e<h(T,x) <h(T) @.71)
Also since

h(T) =Sl_lp h(T) 4.72)

there is probability measure p with
KT) e%“(nsk(n (4.73)

Using these inequalities, we obtain (4.68) and (4.69),

We have thus obtained an entropy h (T)) which is arbitrarily close to h(T,). Also, we

have obtained a discrete soucse {E(a )] since o 1s finite and can make use of the
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Noisy Coding Theorem where the channe! is given by [E{o )P /(w, ).I{o)]. This
demonstrates that the only restriction to the flow of information from the general
dynamical space i1s the capacily of the channels (the constraint imposed by the
difficulty in perfdrming measurements on the ecosystem), and that this information

may be transmitted using a finite alphabet to an arbitrary degree of precision.

The fandamental theorem of frame modelling may now be proved:

Fundamental theorem of frame modelling: Given a dynamic

ecosystem ({L.#.P.T) with N attractors, the following are true:

a. The system may be decomposed into formal frames [T,}] where i=:,...,N such that
the sum of the eniropies of the formal frames is equal to the eniropy of the entire

space.
b. An instantaneous description of the ecosystem may be obtained using N channels

(assovigted with eack formal frame) of limited capacity, to an arbitrary acruracy and

using a finite alphabet. The accuracy is bounded only by the measuring error.

Proof: a. This part has already been proved above.

b. The quantitative measure of the information content is given by the entropy: By
part &, we know that the entropy of the entire space may be decomposed into a sum

of the entropies of the formal frames. It has been shown above that a discrete source

¢ w using a finite alphabet may be found for euch frame which approximates the 1eal
B entropy 1o an atbitraty accuracy. This proves the theorem.
@
What if the channel associated with the formal frame has & capacity which is less than the
entropy of the frame? In this case, the Noisy Coding Theorem says that there is no code
capable of transmitting the information. But through the vse of source coding™™, the source
| 64

may be mapped into an approximaton of 1seif whose entropy does not exceed the capacity
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of the channel. In this case, the minimum error

approximated entropy and the channel capacity.

is given by the difference between this

2

&

At

84




Ui
]

Q

2

T L e M s - L e

fﬁ
-

e R A P e s O T

Chapter 5: Computational Aspects of Frame Modelling

5.1 Introduction

In this chapier. we are concerned with the computational aspect of frame modelling, as
depicied on the left hand side of Figure 1.1. The primary aims of this chapter, therefore, are
to show the connection with the formal frame dynamics discussed in Chapter 4, to develop
algorithms and to design a modelling environment for the building of frame models. The first
two are of a theoretical nature and follow naturally from the last chapter. and so will be dealt
with first in Section 5.2. Based on the theoretical requirements, a specification for the frame

modelling environment is proposed ir etail in Section 5.3.
The following important theorem will .. proved in this chapter:

Theorem: Stochastic Qualitative Rule Based Frame Models may be used
10 model a dynamical ecosystem (as defined in Chapter 4) arbitrarily closely. The
accuracy is bounded only by the measuring difficulty.

5.2 Theoretical structures

£.2.1 Building the input and output streamts

In Chapter 4, it was shown that for each formal frame [T )], an approximate source can be
found whose information content is as close to that of the dynamics in that frame as desired.
The source is discrete and uses a finite alphabet o, which is a finite cover of the space, so
that the discrete channel {0, ).P{w, ),Z()] may be used to transmit the information. The
symbols (elements of the cover o) transmitted to the destinations of each channel then give

an instantaneous description of the ecosystem at any particular yoint in time. By building a
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discrete description of the ecosystem, we have also implicitly used a discrete time variable.
The basic unit of this time variable depends on the rate of information flow n the channels,
and over a fixed period of time may be defined to be the minimum time between two symbols
appearing at the destination. In what follows, we da not refer to the time duration between

symbols since we need only view the symbols as being indexed by time.

In frame modelling, the primary objective is to build a model which simulates the behaviour
of the output of each channel as closely as possible. What exactly is meant by speaking of
the simulation of the channel outputs? By simulation, we mean that the variables of the
ecosystem may be divided into two groups, the input group of variables whose values are
known (such as the rainfal! in the Brachystegia model in Chapter 3), and the oufput group
of variables wiose values are to be modelled and which all depend in scme way on the input

group of variables, and each other.

Definition: The set of variables {X,i=1,..n} used to form {2 may be divided into
two disjoint groups 1 and @ The input group of variables I={1:i=1,..p} and the
output group of vanables 0={0,i=1,.,4}. The iuput group is the collection of those
varigbies whose values are known, and which need not be modeiled. The output
group is formed with the remaining variables. Let P, acting on {2 be the ith projection:

Pt isanstpeento) =t i={tgreentp,JEQ ¢.1

and let N(1) be the index of the first appearance of =X, in the cartesian product of
€. Let N(O) be defined similarly for the output variables.

Then for each i=1,...p, the state 3ed of I, is defined to be the finite set

and similarly for each i=1,..q, the state set of O, is defined to be the finite set
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Each element of 1), and D, is also referred to as a qualitative level or qualitative state

of 1, and O, respectively

Note that we have effectively taken the starting point of each system change in £ This could
be modified to the end point or to the average if necessary. From the definition of
}X.1=1...n}, each member of I and O is a compact subse* of R, as is each qualitative level.
1t sriould be noted that by this definition of a qualitative level, the qualitative levels of a
particular varizhie need not be ordered since they are not necessarily connected (this indicates
why they are referred to as being qualitative). For consistency, we will consider the state seis

to be ordered even if only by the indices of their elements.

Referring to Figure 5.1, the definition given above corresponds to the output of each channel
being vsed to generate 4 stream of symbols (the qualitative levels 1), and 8,) for each variable
in I and O. This decomposition is essentinl for the development of algorithms for the

iroplementation of the practical frame modelling technique.

’ 1,
:]z
f H
'.-.]‘,_1
T "L
:01
0 0
FO‘H
. 0‘

Figure 5.1: Definition of the qualitative levels of the Input and Output variables.

5.2.2 The use of finite automata

Both from a theoretical as well as a computatior [ point of view, it is very useful to reduce
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the controlling components of a model into an assembly of units each as small as possibls.
Each unit may be viewed as a black box controlling some process. For this reason, we need

the following basic concepts from the theories of Automata and Formal Languages.

5.2,2.1 Basic Definitions and Results

The most elementary object in the theory of formal languages is the symbol, which may be
organized into strings of symbols of finite length The length of & string 8 is denoted by Isl,
and the empty string by &. By definition, the empty string has zero length, |¢|'~'—*0.

Definition: An alphabet is a finite set of symbols, and a formal language the set

of strings of symbols selected from an alphabet. Given an alphabet Z, the tanguage &
15 the set of all strings of finite length formed using L.

The basic unit in computer science for describing finite systems is the finite sutomaton
which is a mathematical construction with discrete inputs and outputs and which can be in
any one of & discrete set of possible configurations or states. Through the use of discrete
channels, we are interpreting the dynamical ecosystem as a finite system so that we mav use
t~» powerful mathematical machinery of theoretical computer science in the investigation of

the frame based modelling technique. To demonstrate what is meant by a finite state system,

it is useful to consider an example. A well known problem ofien used to demonstraie the use
of deductive Al computer languages such as Prolog is the probiem of getting a man, a wolf,
a goat and a cabbage from one side of the tiver to the other using a boat. The constraints to
the solution arise from the fact that, if teft alone, the wolf will eat the goat and likewise the
goat will eat the cabbage if left unattended. By assigning the symbols MW, G and C to the
man, wolf, goat and cabbage respectively, the state of this system at any given time may be
summarized by iwo strings: The first string indicates who is on the left side of the river and
the sece ad string indicates who is ont the right side. Figure 5.2 is a directed graph giving the

two shortest possible solutions to the problem. This is an example of g finite automaton, and

Figure 5.2 an example of a transition diagram for a finite automaton. As pictured in
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Figure 5.3, another way of viewing a finite automaton is as 2 device monitoring the symbols
in a channel. The symbols in the channel move from left to right, and the device changes state
depending on the symbol being read. This view i5 closer t. the mathematical definitton of a

finite automaton than a directed graph representing a finite automaton.

M- Mm
Tuisslde | w-Wolt
Other side | (7 - Cost
C -~ Cobbage \
W MWG |
- | MGC c
MG G MWC weC MWGC
MWG | W

Figure 5.2: Transition diagram soluiion for the Man, Wolf, Cabbage and Goat
problem. _

a §) J—

Qe |

Figure 5.3: "Black box’ view of finite automaton.
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Definition: A Deterministic Finite Automaton (DFA) is a quintuple (Q,£.5,9.,F)
where Q is a finite set of states, L & finite alphabet, & a function 5:Q x%—Q, q,6Q the

initial state and FCQ the set of final states.

The function § is the transition function which specifies which state the DFA will change to
depending on its current siate and the current symbol being read. If the current state is g, and
the current symbol a then the new state is §(q.a). The transition function 8 is exiended to

accept strings as a parameter as follows:

Definition: The transition function & is exiended 1o

§:0x2*-Q 6.4
by defining
8a.9)=q (5.5
and by the recursive relation
8lg,wa)=3(8(g:%),9) (5.6)

where w is any string.

The extension io & is also denoted by S since they are equal when the string is a single
symbol and can be distinguished by their parameters wher the string is longer. The definition
given is for 2 deterministic finite ;utomaton because there is one and only one possihic
transition per pair (q.8) where q&Q and acZ. The non-deterministic automaton is defincd

in much the same away:

Definition: A Non-deterministic Finite Automaton (NFA) is a quintuple
(Q.58.q.F) where Q is a finite sat of states, £ a finiie alphabet, 5 a function
5:0x5->8(Q), q,€Q the initial state and FCQ the sei of final states. A Non-
Deterministic Finite Autematon with ¢-tnoves is defined as above, but the transition
function is given by 3:Qx(Eud})->HQ)
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As for the deterministic case, fhe transition function may be extended:

Definition: The transition function & is extended to

8:0xx*+0(Q) 3.7
by defining
8(g.0)=igt (5.8)
and by the recursive relation
8{q,wa) ~ip|drcd (g, w) with ped(r.a) (5.9)

where w is any siring.

The only difference between a DFA and a NFA is the transition function 8, which in the case
of a NFA is mapped into §{Q) (the power set of Q). The power sct of Q is the set of all
subsets of Q, and has 2 elements because Q is finite. An NFA with $-moves is simply an
NFA where & transition is possible when there is no input symbol. The iransition function
appears confusing at first, since for any particular transition, the & function may specify that
~ the sutomaton assume a multiple number of states. From a theoretical point of view, we do
not know which siate the NFA will move to and do not need to. One way of interpreting the
behaviour of an NFA is to view the set of possible destination states as being multiple copies
of the device reading the contents of the channel. In contrast to Figure 5.3, a non-
deterministic antomaton may contain several devices (instead of just one) reading the current
symbol in the channel. With each symbol read, new devices may be created and others
destroyed. In framne modelling. we extend the transition function in order fo abtain a
probability distribution:

Definition: An Probabilistic Non-Determiristic Automaton is defined to be an
NFA with distribution function 3, QxZxQ->R. For each s<d(q,c) where qeQ and
oel,8,(q.0.5) is the probability that the Probabilistic Non-Deterministic Automaton
will move from state ¢ to state s on reading input symbol o.
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We assume that all NFAs to be probabilistic NFAs in what follows, since the inclusion of the
distribution function does not affect the theory of NFAs from the computer science theorefic
viewpoint. We are interested in the type of language accepted by the finite automata, where

we define:

Definition: A string w is accepted by a finite automaton (Q,X,8,q,,F) if 8(d,w)=f
where TGF is one of the firal states. The language accepted by the finite antomaten
M is the set

L{M)=tw|d(gow) et (5.10)

A language is described as being regular if it is accepted by some finite automaton.

The reason why the language accepted by a finite automavon is called regular becomes
apparent when the relationship between finite avtomata and the set of regular expressions
is demonstrated:

Definition: Given two subsets X and Y of ¥° where I is s finite alphabet, the

concatenation of X and Y is defined to be the set

XY=lyy|xeX, yent (3.11)

The regular expressions over a finite alphabet X are defined using the following

recursive relations:

8. The empty set &' is a regular expression.

b. The set {¢} denoted by & is a regular expression.

¢. For each ac¥, {a} denoted by a is a regular expression.

d. If x and y are regular expressions denoting languages X and VY, then so are
{x+y). (xy) and (x") which denote the sets XY, XY and X"

By definition, * has a higher precedence than + or concatenation, and concatenation

has a higher priortty than +.
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The following theorem may be proved relating all the concepts given above. Thus theorem'is

summarized by figure 5.4,

Theorem™: Thfa;.equivalence of DFAs and NF s

{ H
R L

g IfLis acceptt;él by an NFA. then there exists a DFA which accepis L.

b. If L is accepted by an NMFA with ¢-moves, then there exists an NFA without ¢-
moves which accepts L.

¢. If 1 is a regular expression, then there exists an NFA with ¢-moves which accepis
L(r).

d. If L is accepted by a DFA, then L s & regular expression.

Non-determiniatic

D inisti
finite automala NiAx with ¢

e

Figure 5.4: Equivalence of finite automata and regular expressions.

b

This theorem indicates that finite automata are equivalent to regular exprassions and that they
may be viewed (from a computer science viewpoint) as deterministic or non-deterministic as
required, since they are equivalent 1n that they accapt the same class of languages. Part & of

the proof is proved by simply constructing a DFA whose states enumerate the subsets which
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the NFA moves to after reading each symbol. From the frame modelling point of view, of

course, we require the probability distribution function we have associated with each NFA.

5.2.2.2 Modelling using NFAs

Ve seek 2 method for reproducing the behaviour of the variables in the output proup O, and

the foi'~wing 1s proposed as being such a method:

The finite alphabet L to be used is simply an enumeration of all the possible combinations
of the values of the variables in the input and output groups [ and Q. We add the symbo! ¢
10 each state set to :epresent the absence of thut variable in the combination: 1, =n.{$} for
i=1,.p and 0,"=BLtd} for j=1,...q.

Definition. The combination alphabet of the frame is defined in terms of the
assaciated state sets v,” and 8. by

Aty g™ By O Bpone 0y | €11y Where LT (3.12)
and o, c8; where j=1,...q}

and has order

» 2
ol{A) -g oln; )}} o(8;) (5.13)

By definition, the stream of sywnbols thus generated by the dynamical system make up a
regular set which means that thete is an NFA which accepts this stream. For each output O,
in the output group O, we then have an NFA (0" A.5,4.F ) which depends on the current

values of the input and output variables, and whose state corresponds to the new value of O,

Figure 5.5 gives a graphical representation of these strustures.



-

q . ] ! .0-‘ .

] . »

L, o

Figure 5.5: Morelling the behaviour of the output variables usicg NFAs.

The idea 1s very simple: For cach combination of the input variables, there 15 & corresponding

response in the outpur variable O,

A subtle but very important property of this system arses from the way the channels were
defined for each frame in Chapter 4. These channels are memoryless, which means that the
information flow corresponds to an instantaneous description of the sysicin. The result is that
in the model presented above, the NFAs depend only on the current state of the system, and
the transition functions are not affected by the history of how the system got there at gll. In
other words, the instantaneous description of the ecosystem is sufficiently detailed so that the
history = how the system got there is not iequired. From the theoretical dynamics viewpoint,
if the ecogystem moves to the same point in phase space using two different rouies, the next
movement is independent of the route used to get there. From a modeiling viewpoint, this is
too restrictive since whip we know about a system may be naturally expressed by making
1eferences to the past values held by the variables (ap example 15 given by the Brachystegia
model in Chapter 3). It is possible to aliow the rsference to past variables by making a

modisication of the finite automata:
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5.2.3 The use of Pushdown Automata

5.2.3.1 Basic Definitions and Resuits

A ushdown automaton is a finite automaton with a stack, which is simply 1 memory
stricture operating on the principle Last«In-First-Out (LIFO}. A stack may be viewed as a
stazk of cards in a box exposing only the top card. The only way a card can be added or
reitoved is through the top of the- stack so that the last card added is always the first card
rerioved 'The importance of this tundamental structure is evident from the fact that almost
all {'PU's have mtachine level instructions tor mampulating a stack both directly and
indirectly. We must add at least two more symbols to the alphabet X, the first must piace the
current syinbol enio the stack (referred to as pushing the symbol on the stack) and the second
must remove the symbol at the top of the stack (referred to as popping the symbol from the

.ack). In general, the transition function depends on the symbol at the top of the stack as well
as the current symbol.

Definition: A pushdown automaton (PDA) is denoted by the 7-tuple
(Q.2.1',8,4.,2,.F) where

a. Q15 a finite set of states.

b. % is the input alphabet.

¢. I is the stack alphabet.

d gq.€Q is the initial state.

e Z,cT s the initial stack symbol.

f. FCQ is the set of final states

¢ 0 is a function

:10x(BUel) T - S(QxI™) (5.14)

mapped into finite subsets of QxT".
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If q is the current state of the PDA, a the current input symbol and Z the symbol at the top
of tha stack, then 5(q,8,Z) gives a set of possibiiities Ha,Z )} where each pair gives a new
state for the PDA and a new string of stack symbols. The leftmost symbol of the string Z,
becomes the stack top. and the other symbols placed sequentially below it. Note thet this is
a non-deterministic automaton since the transition function maps the current configuration to
a set of possible new states In exactly the same way as for NFAs, we require a probability

distribution for the transition set in frame modelling:

Definition: An Probabilistic Pushdown Automaton is defined 1o be 2 PDA with
distribution function 8 Qx({Zisfe PxI'»Q >R where &, is interpreted as for NFAs.

We assume all PDAs to be probabilistic PDAs in what follows. It is possible io define a
deterministic PDA, but the language accepted by such an automaton is not equivalent to that
accepted by the non-deterministic PDA. The language accepted by pushdown automats is a
very important one:

5.2.3.2 Context Free Languages

Context Free Grammars {CFGs) originate from an attempt to describe the structure of
natursl languages, for example the foliowing rules can be used to build a certain class of

english santences:

<Sentence:~ —p <Noun Phrase> <Verb Phrase>
~Noun Phrase » <Adjective - Noun Phrase:
~Noun Phrase> -»  <Noun>

~Verb Phrase> —> <Verb Phrase><Noun Phrase>
«Verb Phrase~ » <~Verb><Adverb:»

'the rules given above are called productions and define the language recursively in terms

of primitive symbols called terminals. To generate a set of sentences, we need only provide
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rules for the termsinals, such as

1 <Noun> > book
<Adjective> >  heavy

<Verb> wd look

and so on. Although we could provide a complex set of productions for & natural language
which generates most sentences, this formal structure is not sufficient for providing a full
specification of natural languages. In particular, a CFG does not refer to the semantic value
of & construction. The result is that meaningless sentences are possible. But CFGs can be used
to describe the structure of many programming languages quite satisfactorily, since every
construction is also valid in the semantic sense. An example of the success of CFGs in

R A

describing structures in programming langﬁages is given by the productions

<gxpressiont —» {~expression>)
<gxpression> -» <expression>+<expression™
<expression> -» <expression>*<expression>

<gxpression> —» tdentifier

which may be used to genefam all arithmetic expressions. Programming languages such as

Pascal and C are easily described wsing CFGs.

Definition: A Context Free Grammar G is a quadruple (V,T,P,S) where Vis a
& fimte set of variables and T a finite set of terminals and VT is empty. P is a finite

set of productions of the form
1 9
v-o where ae{YUT)" (3.15)

and the variable SeV is the Start Symbol. if § and y are two strings such that y 15

# obtained from § wath zero or more productions, then
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The langusge generated by G is defined to be

L(G}=w]weT" and S~ w! (5.17)

The equivalence between Context Free Languages and Pushdewn Automata is given by

the following theorem:

Theorem™: The class of .anguages 2 v PDAs is precisely the class of

Context Free Languages.

5.2.3.3 Modelling using PDAs

The structure is very similar to that proposed using NFAs, with pushdown automata forming
the basic components. The combination alphabet A must be extended to include symbols
for manipulating the stack, and the simplest possible addition is to add a push symbol =’ for
pushing the current symbol onto the stack, and = pull symbol & for removing the symbol at
the top of the stack.

M=AUn*,mt (5.18)

For each O, in O we dJefine a PDA (8,A"A*5.q,,Z,.F). The transition function for a PDA
depends on the current symbol being read as well as the symboi at the top of the stack, so
it is possible to build a system referring to the history of the system dynamics. It is clear that
a stack may be used for ensuring that the PDAs depend on past values, to see this we need
only consider the worst case scenario where the stack must be filled with every single
combination since the beginning of the simulation, In general, the past combinations must be
pushed onto the stack in the reverse order they are referred to. The system is presented
diagrammatically in Figure 5.6.
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Figure 5.6: Diagrammatic representation of PDA based structure.

Unlike the situation using NFAs, the input stream to the PDA structure given above is not
built up from the values of the system values. Where and how do the symbols n' and o

required 1o mampuiate the stack arise? They arise from an approximate model the user must

R e 2 T R, e

provide, written in a Context Free Language and making references to the necessary past
valuss. In Chapter 6, a specification for an improved modelling environment wilt be provided

which is based on this structure.

o, SRRt

5.3 Specification of & frame modelling environment

5.3.1 Introduction

It was demonstrated - Chapter 4 that a finite alphabet may be used to give an instantaneous
_ description of the ecosystem to an arbitrary degree of precision. In Section 5,2.2 the use of
q . Non-deterministic Finite Automata for the modelling of the variables in the oufput group
| O was discussed. The second model presenied in Section 5.2.3 does not add any artificial

variables to ¥ and O, bui nevertheless aliows explicit references to past values through the use
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of Pushdown Automata as the controlling structure. From a practical viewpoint, the Iatter
"approach is more useful than the former since it allows the use of a Context Free Language
and includes the former approach as a special case. In what follows, we consider the

consequences of both models in the design of a frame modelling environment.

5.3.2 Rule based systems

The structure considered in Section 5.2.2 naturally leads to rule-based models, where a rule

ig given by:
Definition: A qualitative rule is a statement of the form
IF boolean expression THEN outcome

where boolean expression may be any combination of the boolean variabley using
the boolean operutors AND (A}, OR (v) and NOT (—). An ountcome is an assignment

to one of the variables,

A stochastic rule is a rule with a set of possible outcomes and a probability

distribution on that set.

A Qnalitaﬁve'mle based model is a set f qualitative rules.

A rule is cast into a more useful form using the following theorem:

Theorem: A finite set of rules involving finite variables may be expanded to an
equivalent set of rules which contains ANIV operators only, and whers the boolean
variables involve only expressions of the form x=x, where x, is one of the possible

values of x.




B Tty X L LS LT wha e iy ] Lo

Proof: To show this, we consider an arbitrary rule in the original set:

IF beolean ¢xprezsion THEN outcome

By repeated use of the equivalences

i “{aAb)=aV-b, ~{aVb)=—aA-b (5.19)

we rewrite the condition part so that the NOT operators operate only on the boolean
variables: Each boolean variable is of the form x<x, x<x, x=x, x>x, 2>x, where x is
a finite variable and x, one of its states. We do not allow the comparison of two
different variables, as the source o of their values is not necessarily ordered. Since the
variables are finite, any boolean variable involving <, >, £ or = may be expanded to
a boolean expression containing = only. For example, the boolean varisble x<x, can

be rewritten as

br<x) 'M e=x) (5.20)
§ The process is similar for removing the NOT operators:
=)=\ (x=x) (5.21)
, j*i
By using the equivalence
al\(BVe) =(a\b)V(ale) (3.22)
: the boolean expression may be rewritten as
F )
n
0 Ve (5.23)
i1
{' where n is the number of OR operators in the boolean expression, and each ¢, is a
! ‘ boolean expressions containing only boolean variables of the form x=x, and AND
i o operators. The rule may then be expanded into n rules "IF ¢, THEN outcome” where
’
i i goes from | to n. and each e, is in the form required by the theorem.
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We are now in the position to proof 2 very important theorem which justifies the use of

yualitative rule based frame models: .

Theorem: a Qualitative rule based models are equivalent to the NFA structure
defined in Section 5.2.2.

b. Stochastic Qualitative Rule based models may be used to model a dynamical : i

ecosystem (as defined in Chapter 4) arbitrarily closely.

Proof: a. Given a qualitative rule based model, the above theorem may be used to

expand the rule set into an equivelent rule based model whose rules are in the form

described above. !.ut the condition part of each rule is then precisely an slement of
the combination alphabet A, and any element of A may be expressed as the condition
part of a rule.

By further subdividing the expanded rule set into subsets of rules affecting the same
variable, it is clear that each of these subsets is a detailed description of the transition
function 8 of the NFA (8,"\A,8,q,F,) associated with the output variable 0,€0. The

s

converse is also true.

b. Follows by the Fundamental Theorem of Frame Modelling proved in Chapter 4,
and part a.

The first prototype of the {rame modelling environment is based on this theorem.

5.3.3 First prototype of a frame modelling environment L

A specialized frame modelling environment has already been implemented based on the
theory contained in Section 5.3.2: An example of a model implemented using this software
has been given in Chapter 3. The basic siructure of this prototype frame modelling
environment is discussed below: Refer to the software documentation for a more detailad

C
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description.

The basic unit of the frame modelling environment (referred to as the shell in what follows)
is the rule, but we extend the definition of a rule to aliow multiple THEN and ELSE
outcomes, and the nesting of rules within rules. Rules are used to determine the dynamics
within the frames, and the transitions between frames. By definition, each frame has its own
rule set associated with it which is only used to determir the system dynamics once the
sysiem is in the particular frame. A separate set of rules is used fo determine the switching
between frames, and operates at a higher lu- ] than the internal frame rules. In the shell, a
global rule set is also atlowed which is considered no matter which frame the system is in at
any given moment. This has been in done in recognition of the fact thai important processes
may be common to every frame, and to repeat these ;I:'focesses for each frame would clearly
be & neediess repetition of the same submodel.

The main purpose of Chapter 4 and the preceding contents of Chapter 8 was to demonstraie
that by using only finite variables, it is possible to model a dynamic ecosystem as defined in
Chapter 4 as accurately as we like through the use of the qualitative rule based frame
modeiling technique, When it comes to the practical implementation of a shell, it would be
pedantic and unnecessarily inflexible to insist that all variables be finite. In Chapter 4, it was

proved that a finite alphabet may be used to transmit the wformation conient of a frame

- {T,,€2] with an error which is only bounded below by the capacity of the measurement

channel. But that says nothing about the accuracy of the observed individual components of
the ecosystem. When we look at specific systems, there will be components which may be
measured to a high degree of accuracy, and ihis possibility is catered for in the shell by
allowing real valued {(quantitative) variables, The finite variables may have their levals
enumerated by qualitative labels (such as 'Very low', 'Low', 'Medium', 'High' and "Very high").
Other variable types have been mentioned in Chapter 3.

The channels used for in the formal theory each frame are defined to be one way, since we
sre interested in an instantaneous description of the ecosystem. But wher: building a model,

we simulate the behaviour of some of these variables (the ouiput group of variables G) and
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so are forced to consider the accuracy both in measuring & variable and the accuracy of the
modelled effect of a particular process on the dynamic behaviour of the variable. An ethple
would be a variable tree having only four meaningful levels seedling (height less than a
metre), small (height between ! and 3 metres), medium (height between 3 and 5 metres) a .

t2ll (height ever 5 metres). However, the process of growing may involve an increment of at
most 50 cm per time unif, so that several time units may be required for the variable to switch
from one level to the next. This is allowed for in the shell by permiiting a fractional

increment to be added to a variable even if that variable is qualitative.

As in the case with the rules, the shell further distinguishes between global and locat
variables, The global variables are those variables which are required by the frame models
in two or more of the frames (an example would be rainfall which we would want to refer
to in all the frames). The local variables of a particular frame exist in that frame only. The
shell further allows global quantitative variables to be intsrpreted locally as & qualitaiive
variable. For example, if- rainf:_i'l] is 2 quantitative varieble with a value between 0 and 1000
(in millimetres), then the shell v;rc;uld allow raimnfall 10 be interpreted as a qualitative variable
having three levels (low 0-250, medium 250-650, high £52-1000) in the first frame, and as
a five level qualifative variable in the second frame (very low 0-150, low 150-250, medium
250-650, high 650-850, very high 850-1000).

Thete is a limited spatial component to the current version of the shell: Two dimensional
models are possible using the shell, with the spatial distribution described in terms of a grid
or in terms of regions which are also defined on grids. The shell allows different variables
to have different spatial descriptions, a realistic condition in the measurement of important
vanables in real ecosystems. When two variables of different spatial descriptions are used
together in the same context, an approximation is calculated for each by using a weighted
average based on the region definitions and underlying grids of both variables.

Since quantitative vanables may be useu in the rule sets, the sheil allows the use of any

arithimetic expressions (including the exp, log, trig and sqrt functions) as is common in most

programming language.
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Past values of any vanable may be referred to easily in any rule without the user having o
¥ create arlificial variables to hold these values. An example is given by rainfall 2 time
: pexiods age which would retum the value of the rainfali two time periods previous to the
current one. The values held by a variable in different spatial regions are also refetred to in

the samea manner.

5.3.4 Systems involving a Context Free Language

The theory presented in Section 5.3.3 suggests another technique for building frame models.

i
%
%

The structure was built using Pushdown Automata as the controls which, equivalently,
allows the use of a Context Free Language in building the model. The use of a CFL is
superior since it does not require the use of additional artificial system variables for the
storage of past information, so that e modeller may make references to past values if
desired. The consequence of this approach is that 8 PASCAL type language may be used for
the model. Instead of the bagic unit being a rule as is the case for DFAs, the model would
then be built up using the more complex structures possible in CFLs.

Both the NFA and PDA structures given earlier presented have a bonus because of their static

nature: This property allows us to investigate algoritbmé for optimizing or fine-tuning the
model (to be elaborated on in Chapter 6). We have in effect reduced the problem of tuning
an ecvlogical model to the problem of finding the best astimate of the probability distribution
8, of a set of PDAs. For each combiniation symbol in A and value of the output variables
{which are the states of the FDA), we need only find _Ithé probability disiributions of the set
of pessible values the output variables will next assurﬁe. Thls\\may be done, for example, by
using real data for all the variables or perhaps even an estimate of the way we wonld expect
the cutput variables to change. The ability of a frame modelling environment to fine-tune
itsel? by learning from observed or desired data is an exciting concept which will be
investigated further, |
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Chapter 6: Conclusion

6.1 Review

Tn this thesis, we have investigated the qualitative frame based modelling technique which has
been proposed by Starfield. Software was developed so that qualitative 1ule based frame
mod:is could be investigated in detail. Through the practical building of models, it has
become clear that this techmque is easily applied and closely fellows the format of what 15
known about many ecosystems which cannot be modelled succesfully through the use of
conventional technigques. Perhaps more so than any other modetling techique, qualitatrve fiame
models are easily refined by subdividing frames, or increasing the number of qualitative levels

in the variables.

The aim of this thesis was 10 determine the validity of using qualitative rule based frame
models. and o investigate any possibly generalizations of the technique. In ecologicel
modeliing, a common way to validate a modeiling parddigm is to compare the theoretical
predictions of a model built using the technique wiik the observed hehaviour of an ecosystent.
Such a venification approach is not ideal with qualitative frame models: A preliminary fx:'ﬁne
model (an example being the Brachystegia model presented in Chapter 3), has coarse
qualitative variables with few qualifative states so that although it may predict the overall
behaviour of the system in a qualitative manner, we have no idea how much further the model
could be refined We know that the techmque works for the coarse preliminary models but
would like to know if these models could be refined theoretictly to make the error between

the model and the real system arbitrardly smatl.

The approach we have foitowed 1s to provide a sei of postubiates which detail what we are

assuming about the underlving ccosystem. For reference they we repeated here:

Postul > 1. A dynamical ecosystem is completly specified by the dyvpamical

quadruple {Q.5F P 1),
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Postulate 2: In the dynamical ecosystem (£2,5,P,T). there exist a finite number of
attyactors £0* with their associated domains of attraction £ where i=1,...,n. Each pair
|T.£}] where T, is the restriction of T to £2 is defined to be a frame.

Postutate 3: For each 3, there s a discrete channel [Z(A).P{w, ).E(8)] of limited
capacity C, through which ail information about T, must pass. The alphabets A, and

B, may be chosen as desired, the only fixed parameter of the channel ts C.

In the first postulate, we made the assumption that the ecosystem is 2 non-deterministic
dynamical system and assumed little about the sample space {2 other than that it is a compact
topological space rnd has a measure {with 4 o-algebra of measurable sets) associoted with it.

Such e system is sufficiently general to include all other modeis for dynamic ecosystems.

An attactor was defined to be a region within the sample space from which the system cannot
escene without being disturbed externally. The domain of attraction associated with an
attractor was defined to be the set of points from which the sysiemn may move into the
gttractor. In the second postulate, we assumed that there are a finite number of attractors. (The
theory would be equally valid for a countably infinite number of attractors, but any practical

software implementation could desl only with a finite number of attractors)

la the third postulate, we made the difficulty in measuring ecosystems explicit in the
technique, hy requiring that ary observations must be made through a noisy limited capacity

discrete communication ¢.gnnel.

Using these postulates, the Fundamental Theorem of Frame Modelling 7as proved-

Fundamental theorem of frame mocelling: Given a dynamic vcosystem

(LA P.T) with N attractors, the following are true:

&. The system may be decomposed into formal frames {1,021 vhere i=1,...,N such that

the sum of the entropies of the formal frames is equal to the uatropy of the entire space.
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b. An instantaneous description of the ecosystem may be obtained using N thaenels
{associated with each formal frame) of limited capacity, to an arbitrary accuracy i

using a finite alphabet.

This theorem proved that the ecosystem may be divided into a finite number of frames such
that the total sum of the information content of each frame is exactly equal to information
content of the entire system, even though the frames may overlap. It also proved that it iz
possible 10 describe cach frame as accurately as we like using a finite alphabet, with the error

being bounded below by the measuring esror or capacity of the communication channel.

In Chapter 3, this theorem was used to prove that qualitative rule based frame models can

be refined:

Theorem: Stochastic Qualitative Rule based frame models may be used to model

a dynamical ecosystem (as defined in Chapter 4) arbitrarily closely.

This justifies the use of qualitative rule based frame models for the modelling of ecosystems
which cannot be modelied using conventional technigues. The structures developed in
Chapter 5 go further and suggest improvements to the modelling technique:

6.2 Future Work

On the practical front, a second modelling environment is currently being developed based
on the theoretical structure built up from PDAs in Chapter 5 and is being written for the
Microsoft Windows and IBM OS/2 platforms. The proposed modelling environment would
be capable of accepting the models of the first prototype, but would also aliow the use of &
specialized PASCAL type language for specitying the core of the model From the user
perspective, this would be a far more flexible environment to model in. What exactly do we
mean by a core of 4 model? In Section 5.2.3, a siructure was detailed based o PDAs (which

we have extended by including a probability distribution function 8,) in a manner not
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requiring the additioni’ of artificial system variables. This swmtic structure allows the
development of learning algorithms (outlined informally in Sectirn 5.3.3). When developing
a model, the modeller would break up the problem into small units of approximately uniform
uncertainty. Each unit would be a rule, or 2 more complex structure built usins the specialized
frame language and would have a confidence associated with it (2 confidence of 100% would
indicate that the unit in question must not be changed us it is believed to be exact). Based on

actual or desired data, the model would then tune itself while taking these confidences into

account. The 'core’ model (with 100% confidence)} would not be altered, while the complete

model would be ‘tuned' automatically. In summary, the second modelling environment is to SRS

have the following characteristics:

£ Spatial heterogeneity would be specifically caiered for in the second environment,
and would allow vector based spatial regions (instead of the current pixel based spatial
Tegions).

b The self-tuning of models using observed duta would be an important component

of the second environment.

¢. A specialized PASCAL type language would be developed for the user to specify
the core model (which may be further optimized by self-tuning).

On the theoretical front, the following will be investigated in greater detail:

a. The Al concept of frames would be further explored, leading to improved flexibie

user interfaces, and enhancement of the leamning slgouthms for tuning models.

b. The aigorithms would be studied in greater detail, especially in reference to the
computational time required in modelling the ecosystem o a given accuracy, and the
time taken for the tuning algorithms to converge (ard the conditions under which they

do sonverge).




e AR TR

In conclusion, the frame based modelling technique has proved to be fascinatin; both on the
theoretical and practical fronts, and the formal theory has suggested a number of areas to
explore in the future.
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