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Abstract
This work primarily characterises the values of d in Pell equation X? — dY? = +1 that have at least

some specified number of the sequence of X or Y solutions belonging to some interesting

sequence of positive integers.
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Organization of the Work

Chapter 1 serves an introductory purpose, introducing some concepts that the body of the

thesis uses.

Chapter 2 discusses the problem of finding the values of d in the Pell equation that have at

least two X coordinates being base-b repdigits for some integer base b = 2.

Chapter 3 discusses the problem of finding the values of d in the Pell equation that have at

least three Y coordinates being Fibonacci numbers.

In Chapter 4, a summary of the main results is provided.



Chapter 1
Introduction and Motivation

The material in this section appears widely in the literature. Example, see [25].

Subject of Investigation

For S a special set of numbers such as; squares, Fibonacci numbers, Tribonacci numbers,
rep-digits etc, we consider, for non-square d > 1, the X and Y-coordinates of the Pell equations
X? - dY? = +1 and impose the condition that Y; € S or X; € S, where (Xg, Y}) is the kth solution
of the Pell equation. We then enquire about how many values of k the membership Yj € S or

Xk € S holds is satisfied by only finitely many d? As an example, if we take the set S as the
Tribonacci numbers, for how many values of k do we require the membership Yj € S to hold so
that there are only finitely many d? The following discussions show that the case of requiring the
membership for only two values of k is not interesting as there are infinitely many d for which
this happens in the case of the Y —coordinates. So do we need to impose 3, 4 or 100 such k to get

finitely many d?

1.1 Methodology

We applied results from the theory of Diophantine Approximations specifically due to Matveev
and Baker to create absolute bounds on variables. The bounds were then reduced by some
reduction algorithms like the Baker-Davenport reduction method. All computations were carried

out with Mathematica.

1.2 Introduction

The Pell equation is an equation of the form X? — dY? = 1; to which we desire positive integer
solutions (X, Y). Any pair (X, Y) solving the Pell equation for which XY =0 is called a trivial

solution. For any integer d, (+1,0) is easily seen as a trivial solution to the Pell equation. The
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restriction of the pair (X, Y) to only positive integers leads us to consider only the case where d is

anon-square positive integer as affirmed by the following;

Proposition 1.2.1 The condition that d is a positive integer which is not a square is necessary for

the Pell equation to have a nontrivial solution.

It is worth noting that if (X, Y) is a solution for any positive integer d, then (-X,-Y), (—X, Y), and

(X,-Y) are also solutions.

Example 1.2.2 (The case d =2) When d = 2, we consider X 2 _2Y?2 =1 which we rewrite as;

X2-1
Y? = )
2

We attempt to find positive integer solutions (X, Y). This suggests X* — 1 is even, and so X must be
necessarily odd. We discard the choice X = 1 since it leads to the trivial solution (1,0).
With the choice X = 3, we obtain;

y2=2o4-22,

2

The pair (3,2) is thus seen to be the smallest positive integer solution for the case d = 2. Continuing
in this manner, the next smallest value of X to produce a square is X = 17 with the corresponding
Y? = 144 = 122, But will a further search for results be fruitful? Yes! and as will be shown later, we
shall encounter solutions infinitely many times in a further search. We will look at a closed form

formula for all the solutions.
Lagrange answered the question of the existence of nontrivial solutions in;

Theorem 1.2.3 (Lagrange) For every positive integer d that is not a perfect square, X*> —dY? = 1

has a non-trivial (integral) solution.

1.2.1 Generating more Solutions from one Solution

Now that the question of the existence of a non-trivial solution is out of the way, we ask how
many non-trivial solutions there are for a particular non-square positive d. Let’s first get back to
some basics in our quest to answer this question. As will be shown later, we can conveniently

choose d in the Pell equations as a positive square free integer greater than 1.

Definition 1.2.4 (Quadratic Number Field) This is a degree 2 field extension of the field K of

rational numbers. K thus has dimension 2 as a vector space over Q.

The quadratic number fields are formed by adjoining v/d to @ for a squarefree d # 0, 1. We denote
thisby@(\/ﬁ) = {a+b\/3: a,be @}. For any a = a+b\/3€@(\/3), a':=a-bvdeQ[Vd] since
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Q (\/3) is a field. We term a’, the conjugate of @. We equip Q (\/ﬁ) with a norm map
N:Q (\/ﬁ) — Q which associates aa’ to every a € Q (\/ﬁ) . Consider the ring;

ZIVd] = {a+b\/3: abe z} cQ(Wa).

It is easily seen that the norm map applied to elements of Z[v/d] outputs integers. For any
a=a+bVdezlVd),
N(a) = (a+ b\/g) (a— b\/a) =a®—db*.

We then see very interestingly that every positive integer solution (a, b) to the Pell equation
corresponds to an element a + bv/d € Z[vd] of norm 1.

Whenever a € Z[v/d] has norm 1, we have aa’ = 1. We view a' as the multiplicative inverse of a.
Every norm 1 element of Z[v/d] is thus a unit. We can form a multiplicative group of units of the
ring Z[v/d]. We can therefore construct a norm 1 unit from any two norm 1 units of the group of
units of Z[v/d] since it obeys closure under multiplication and the norm map is multiplicative.
For consider (X1, Y1), (X, Y2) solutions to X? — dY? = 1 corresponding to the units X; + Y; vd and
XK+Y, Vd of Z[Vd), we apply the norm map to their product;

N(X1+Y1\/Z)(X2+Y2\/E) - N(X1+Y1\/E)N(X2+Y2\/3)
= (Xlz_dylz)(Xzz_dYZZ)
= 1-1
=1

The product is thus a norm 1 unit and hence a solution. The generation of more norm 1 units

means ultimately more integer solutions to the the Pell equation.

1.2.2 The case of d = 2 revisited.

The solution (X3, Y;) = (3,2) to X2 -2Y2%=1 corresponds to the unit 3 + 2v/2 € Z[V2]. The

computation;

(3+2\/§)2 - (3+2\/§) (3+2\/§) —17+12V2

leads us to identify 17 + 12v/2 € Z[/2] as a unit and the corresponding (17, 12) generated as a
solution to X? — 2Y? = 1. We readily agree that we can produce more solutions beyond these two
by performing the computation (3 +2v/2) " for integer values of n = 3. We thus see that the
identification of a single nontrivial norm 1 element 3 +2v/2 of Z[v/2] leads us to produce infinitely
many more norm 1 elements of Z[+/2] with the corresponding infinitely many more integer
solutions to X2 —2Y?2 = 1. It is easy to see that this is the case in general for any positive squarefree

integer d > 1.

Theorem 1.2.5 If(a, b) and (s, t) satisfy the Pell equation, then (u, v) which satisfy
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u+vvd=(a+bVd)(s+tVd) also satisfies the Pell equation.

Proof We have u = as+ btd and v = at + sb from the equation u+ vvd = (a+ bVd)(s+ tVd).
This gives;

w—dv? = (as+btd)?—d(at+ sb)?
= (as)’>—d(at)® + (btd)* - d(sb)*
= a*(s*—dt*) - db*(s* —dr?)
= a*-db*
=1

This means, all (a, b) that satisfy a + bvVd = (x + yv'd)" for positive integer values of n for any
non-trivial (x, y) that satisfies the Pell equation also satisfies Pell equation. So the Pell equation
has infinitely many solutions if it has a non-trivial solution.

Granted that the computations (3 + 2\/§)n for integer values of n = 1 yield infinitely many positive
integer solutions (a, b) to X2 —2Y? =1, a legitimate question is of all the positive integer solutions
are of the form (3 +2v/2) " This is answered relievingly affirmatively as the following argument
shows;

Suppose (a, b) is a positive integer solution to X2 —2Y? = 1 but not of the form (3 +2v/2)" .
Consider the corresponding norm 1 unit a + bv/2. We have necessarily that a + bv/2 > 3 +2v/2.
There exists a largest n such that a+ bv2 > (3 + 2\/§)n For this n, the inequality
a+bv2>(3+2v2)""" does not hold. Now consider the following product of norm 1 units
a=(a+bv2)(3+2v2) " = (a+bv2)(3-2v2)". The product is necessarily of the form
a=X'+Y'Vdand (X',Y’) is necessarily a positive integer solution to X? —2Y? = 1. We must have
a < 3+2v/2 since otherwise, we would have a = (a+ bv2) (3-2v2)" =3 +2v/2. And so
a+bv2=(3+2v2)""" . Since a+ bv/2 cannot be a power of 3 + 2/, we have that

a+bv2> (3 + 2\/5)"+1 : a contradiction. But a < 3 +2+/2 is a contradiction since (3,2) is the
smallest positive integer solution and thus any other positive integer solution(a, b) must satisfy
a+ bv/2>3+2v/2. So all the positive integer solutions are indeed of the given form.

Explicit formulas for the solutions to X* —2Y? =1

Let (X, Y,) be a positive integer solution to X?> —2Y? = 1. Then X,, + ¥,,v2 = (3+2+/2)". Since
conjugation in Q (v/2) is a homomorphism, we have that X, + ¥;,v2 and (3 +2v/2)" have the same
image under conjugation so X,, — Y;,v/2 = (3 —2v/2)". Writing V =3 +2v2 and V' =3 - 2v/2, we

1 1 1 1 1
have that X,, = = (V"+ (V") and Y,, = — (V" = (V)"). Note that = (V")"*, — (V)" < —. So we

n
J . As areward for this, we see that % is a very close
n

v 14
could write X, = [—-‘ and Y, = {
2 2v2

n

rational approximation to v/2.
We have so far taken for granted the existence if a nontrivial solution to the Pell equation. We now
take steps to establish this. Our starting step is the following result due to Dirichlet.



Theorem 1.2.6 (Box Principle) Ifthere are n objects to be placed in m < n boxes, then at least [

objects must be in the same box.
We denote by [a] and {a} the integer and fractional parts respectively, of a real number a.
Lemma 1.2.7 For a an irrational number and any positive integer s, the inequality

‘ a

1
a—E‘<E (1.1

has an integer solution (a,b) with1 < b < s.
Proof. Consider the following partition of the unit interval [0, 1) of the real number line into s

0,-1, ==, | —>1]. (1.2)
s)lss S

We list the numbers {at} for t =1,2,...,s+1; alist of s + 1 numbers. The box principle suggests
that any fitting of the s+ 1 numbers on the list into the intervals of (1.2) will have at least 2 of them

. 1.
intervals of equal length <;

in one interval. Remember that the fractional part of any real number a lies in the interval [0, 1).
Suppose that {a #;} and {a,} lie in the same interval, then it must be true since the intervals are
open at one end that;

|{C¥l‘1}—{al‘2}|<%- (1.3)

Since any real sum is the sum of the fractional and integer parts, we have that;
1
I(atl—[atﬂ)—(atz—[atz])l<E. (1.4)

We choose b=1t; — t; and a = [a ] — [a L] and write |ba — al < % and so |a— %| < s—lb and
b<ss+1-1=s.

Additionally, we see that by increasing the values of s, we produce newer solutions (a, b).

As a bonus, realising that 1 < b < s, we see that s—lb < # and so any solution of is also a
solution to;

<—. (1.5)

So we have that

Corollary 1.2.8 For any irrational number «, the inequality;

<— (1.6)
has infinitely many integer solutions (a, b).

We also have the following result;

Lemma 1.2.9 Let d be a positive nonsquare integer. There exists some integer K satisfying
|K| < 2v/d +1 such that the equation X*> — dY? = K has infinitely many integer solutions.
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Note that K # 0 since Vv/d is irrational.
Proof. Choose «a in lb as vd and let (a, b) be a solution to ) Then, % <vd+1and

|a2—db2|:b2)\/_—%H\/E+ | <p2— ! )\/_+ |<2va+1.

This means all the infinitely many solutions of (a, b) of are such that a? — db? takes on one of
the finitely many integer values in the interval (— (2\/3 + 1) ,2Vd + 1) . Then we see very easily by
the box principle that for one value K such that |K| < 2v/d + 1, there must be infinitely many
(X,Y) such that X*—dY?=K

There is just one more result before we arrive at our target.

Lemma 1.2.10 There exists a nonzero integer K such that X*> — dY? = K has at least two distinct
positive integer solutions (X1, Y1), (X, Y2) satisfying X; = X, (mod |K]|) and Y1 = Y> (mod |K]).

Proof. Choose K such that X? — dY? = K has infinitely many solutions. The existence of such a K
is guaranteed by Lemmal[l.2.9] For any 2 positive integers X and Y satisfying X?> - dY? = K, we
reduce X and Y modulo |K|. Note that X (mod |K]|) and Y (mod |K]) has a finite number of
possibilities for the infinitely many (X, Y) that satisfy X?> — dY? = K. So it must be the case by the
box principle that there are at least 2 distinct positive integer solutions (Xi, Y1) and (Xy, Y2) such
that X; =X, (mod |K|)and Y; = Y>, (mod |K]).

After the hardwork, we are finally there!

Proof of Theorem|[1.2.3| (Lagrange’s theorem). Let (X1, Y; and (X», Y2) be two distinct solutions to
X? - dY? = K that the previous lemma guaranteed. Then we must have that for U; = X; + Y;Vd
and U, = X, + Y2Vd, N(Uy) = N(U>) = K. The product U, Uz_1 isanorm 1 unitin Z (\/ﬁ) and thus
a solution to X? —dY? = 1. Let's write M = U1 U, ! = a+ bV/d. But hey! are a and b indeed

integers? If they are, is the solution nontrivial? We now check that;

M:UIUZ_I:(X1+Y1\/E)w.

> _XNX—dnY, | XiY%-XY

K ’ K '
Recall by the the previous Lemma, we have X; = X, (mod |K]|) and Y; =Y, (mod |K]). So we
have that

aK =X X, —dY Y, = X>—dY?=0 (mod |K])

giving us that a is an integer. Similarly,
bK = X1Y2—X2Y1 X1Y1 X1Y1 =0 (mod |K|)

So we have that b is also an integer. Assume for a contradiction that b = 0, then
M =U,U; ! =1+0v/d = 1. This gives U; = U,. So we have that a nontrivial solution to

— dY? =1 always exists for any positive non-square integer d.
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Since x? — (x> — 1) = 1, we have by setting d = x> — 1 that (x, 1) is a solution to Pell equation. Note
that this choice of d requires the least value of x to be 2. That d is positive is then obvious. That d
is non-square is also seen by observing that (x — 1), and x?, are consecutive squares and

(x—1)2 < x> —1< x%. So, d = x> — 1 cannot be square, since there is no square between two
consecutive squares. This means for every x = 2, we can find a positive non-square d such that
(x,1) is a solution to Pell equation; and so for any sequence {U},},>1 := S chosen from the set of
positive integers greater than 1, there is always a d for every member x of S such that (x,1)
satisfies the Pell equation. The solution (x, 1) is very easily seen as the smallest positive solution
for the chosen d for x from the given set. But once the d is chosen, how many more of the
infinitely-many x-coordinates that satisfy X?> — dY? =1 are also from the set S?

Consider the case where the sequence S is the sequence of rep-digits in base b for b = 2 and we
ask; what is the cardinality of the set W containing values of d which are such that, for each d,
there is more than one base b rep-digit x-coordinate satisfying the Pell equation?

Remember that every non-square positive integer is either square-free or non-square-free. We
see by identifying the biggest m such that m? | d for any non-square-free non-square positive
integer d that, d = am? for some square-free integer a > 1. We can then transform the Pell
equation into X? — aK? = 1, where K = mY. We can then now just require d in the Pell equation to

be a positive square-free integer.

1.3 Literature Review

In their paper, "On X-coordinates of Pell equations which are rep-digits"[16], B. Faye and E Luca
considered this question and proved that there can be only finitely many d such that the Pell
equation has 2 solutions with x-coordinates being base-b rep-digits. This means for infinitely

many d, there is at most one base-b rep-digit x-coordinate of the solutions (x, y).

Their result is based on the following theorem;

Theorem 1.3.1 Let b =2 be fixed. Let d = 2 be square-free and let (X, Yy) := (X, (d), Y, (d)) be the
nth positive integer solution of the Pell equation X* — dY? = 1. If the Diophantine equation;

withae€{l,2,...,b— 1} has two positive integer solutions (n,a, m), then

d < exp((100)'*)

This result actually served as a generalization of a similar result by Dossavi-Yovo, Luca and Togbe
in the paper "On the X-coordinates of Pell equations which are rep-digits"[13] in which they
considered the specific case of base-10 rep-digits and demonstrated that except the cases d = 2

and d = 3, in which there are two x-coordinates of the solutions of the Pell equations being



rep-digits base-10, solutions that correspond to all other values of d have at most one
x-coordinate being a rep-digit base-10. They in fact actually identified the pair of pairs

(X1 =3,X3=99),(X; =2,X, =7)) as the rep-digit x-coordinates corresponding to the cases d =2
and d = 3 respectively.

E Luca again teamed up with Togbé to study the case where the x-coordinates of the solutions to
the equation X? — dY? = +1 is a Fibonacci number for a square-free d in the paper "On the
x-coordinates of Pell equations which are Fibonacci numbers"[23]. Here again, the question of
interest is how many square-free d's there are such that two of their infinitely many solutions

have Fibonacci number x-coordinates.

They showed that when we require values of d for which there are two Fibonacci number values
of x = 1 satisfying X?> — dY? = +1, only d = 2 stands; producing the x-coordinates, X =1 = F) = F;
and X =3 = F; where {F;,},,,>1 is the sequence of Fibonacci numbers.

This result was based on the following theorem;
Theorem 1.3.2 Let d = 2 be square-free. The Diophantine equation
Xn € {Fm}m=1
has at most one solution (n, m) in positive integers except for d = 2. In this case,we have;

(n,m) €{(1,1),(1,2),(2,4)}

In another paper "On the x-coordinates of Pell equations which are Tribonacci numbers"[22], E
Luca et al. considered the sequence U := T of tribonacci numbers given by Tp = T; =0, T; =1 and

Tm+3 = Tms2 + Tips1 + Ty, for all m = 0 and proved the following;

Theorem 1.3.3 Let d =2 a square-free integer. The Diophantine equation
Xn=Tn

has at most one solution (n, m) in positive integers with the following exceptions:

o (n1,my) =(1,3) and (ny, my) = (2,5) in the case ofX2 —dy?=1.

e (n1,my) =(1,1), (ny, my) = (1,2) and (n3, m3) = (3,5) in the case osz —dY?=-1.

1.3.1 The Case of the Y-coordinate

How do the above arguments play out in the case where we shift interest to the Y-coordinate of

the Pell equation?

Here, if we suppose our sequence {U,},>1 := S is the set of base-2 rep-digits, that is

S= {2” - 1} :n>1, and choose d = 22! — 1 for some positive integer [, it is readily verified that

9



(X1, Y1) = (2L, 21 =1 =1) and (X3, Y3) = (23*2 — 3.2}, 221%2 _ 1) satisfy the Pell equation. The
cardinality of the set of values of d for which there are two base-2 rep-digit Y-coordinates of the
Pell equation is thus the same as that of the set of positive integers. We can thus construct
infinitely many d such that there are two Y-coordinates of the Pell equation that are base-2
rep-digits.

But are there any values of d for which there are 3 Y-coordinates of the Pell equation that are
base-2 rep-digits? B. Faye and E Luca in the paper "On Y-coordinates of Pell equations which are

base-2 rep-digits" [?] answered in the negative. This was based on the following result;

Theorem 1.3.4 Letd > 1 be an integer which is not a square and let (X, Yi) be the sequence of
positive integer solutions to X*> — dY? = 1. Then the equation Y;. = 2" — 1 has at most two positive

integer solutions (k, n).

The property of having two Y-coordinates, satisfying the Pell equation for each of infinitely many
d , from some special set of interest is not exclusive to values of d constructed in the above
manner only. For, suppose our sequence {U,},>; := S contains 1 and infinitely many even
numbers, then by choosing d = u? — 1 where u is chosen such that 2u € S, we see that

(X1,Y1) = (1, 1) and (X», Y2) = Qu? — 1,2u) both satisfy X2 - dY? = 1. Therefore there are infinitely
many values of d for which the Pell equation is satisfied by two Y-coordinates from the set S

constructed in this manner.

1.4 Some Preliminaries

1.4.1 Binary Recurrent sequences

A sequence (Uy) ;>0 is called a binary recurrent sequence if it satisfies the recurrence
Upt2 = A1 Upy1 + a2lUy

for some fixed constants a;, a, € C. We also fix up, u; as initial values of the sequence. For the
particular case where ay, ay, ug, u; € Z, we see that (U,) >0 is a sequence of integers. Associated
with the binary recurrent sequence (Uy,) >0 is the polynomial f(x) = x*> — a; x — a, called the
characteristic polynomial.

Suppose f(x) = X% —ay1x—a» = (x— a1)(x — ay) where a; and a» are distinct roots of f(x), then we
have that

Proposition 1.4.1 (see [28] ) There exists some constants cy, ¢2 € Q(a, az) such that the formula
up=cal +cal
holds for alln = 0.
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We can set a1 = % (a1 +4/ af +4a2) and a», = % (al - \/af +4a2) . Then by fixing 1y and u; as initial

values of the sequence, we can calculate ¢, and ¢, from the equations uy = ¢; + ¢, and

U] = c1a] + cxap to obtain

Uy —a1lp
Cp=—"—""7—
az —a;
and
Uy —aup
co=——m—.
a1 — A2

In the case where a; = a, = 1, we have a; = 3 (1+v/5) and a, = 3 (1 - v/5). If in addition, we set
1 1 .. _af-a}
7 7 This yields u, = 7 —

u, := Fy, so obtained is called the Fibonacci sequence. The Fibonacci sequence is thus a binary

up =0and u; =1, then we obtain c; = ——= and ¢; =

. The sequence

recurrence sequence.
If we now take ug =2 and u; = 1, we obtain u, := L, = af + a}. The sequence Ly, is called the

Lucas sequence.

X and Y coordinates of Pell Equations as binary recurrences.

Theorem|[1.2.5/and the discussion following it shows that if (x;, ;) is the minimal solution of

X? - dY? =1, then all positive integer solutions (x, y) are of the form (x, y) = (x,, y,) for some
positive integer n where x,, + Vdy, = (xl +Vd yl) " . It is widely known in the theory of Pell
equations that the result is also true in the case of the more general Pell equation X? —dY? = +1.

Consider the equation X? — dY? = +1 with minimal solution (x1, y;) and set
a:x1+\/ay1 and ﬁ:xl—\/ﬁyl.
All the solutions (x,, y,) satisfy

xn+\/3yn:(x1+\/3y1)n:a” (1.7)

for some positive integer n. From equation (1.7), we also obtain
n
xn—\/ﬁyn:(xl—\/ayl) =p". (1.8)
We solve equations (1.7) and (1.8) to obtain

a + 'Bn a — ﬁn

X, = and y,, = forall n=1. (1.9
" = a

We define (xp, yo) = (1,0) so that formula holds with n = 0. We then see that the sequences

(xn) n=0 and (¥,) n=o satisfy the binary recurrences with characteristic polynomial whose roots are

a and f. The characteristic polynomial is thus
f=(x-a)(x-B)=x*—(a+p)x+af=x"-2x)x £1.

11



This yields the binary recurrences

Xn42 =2X1Xps+1 £ Xn,  Yne2 =2X1Yn+1 £Yn With (X9, y0) = (1,0).

1.4.2 Results from transcendental number theory and diophantine

approximations

We list a couple of results which we use to obtain lower bounds for linear forms in logarithms.

Height of an algebraic number

For an algebraic number A of minimal polynomial over Z with positive leading coefficient
FX) =ap X+ a1 X'+ +ag=ayX-AD) - (X -AD) e 7[X]

(here, AV = 1), we put

1 .
h(A):=—|logag+ )_ log|A®]
d 1<i=d

AD]>1

for the logarithmic height of A.
The LLL-algorithm.

At one occasion, we need to find a lower bound for linear forms with bounded integer coefficients
in three variables for which methods based on continued fractions are not applicable. Instead, we

will use the LLL-algorithm which we now briefly describe.

Let1y,...,7; € R and the linear form
X1T1+ XTa+---+ X7, with |x;] < X;. (1.10)
We set X := max{X;}, C > (tX)! and consider the integer lattice Q generated by
bj:=ej+|Crjle, for 1sjs<t—1 and b;:=|C7/le,

where C is a sufficiently large positive constant.

Lemma 1.4.2 Let Xy,..., X; be positive integers such that X := max{X;} and C > (tX)! is a fixed
constant. With the above notation on Q, we consider a reduced basis {b;} to Q) and its associated
Gram-Schmidt {b;} basis. We set

max”blH me = [yl
At L] 0=
1sist||b;‘||’

C .=

-1 t
, Q::ZXZ-2 and T := (1+ZX,-)/2.
i=1 i=1

12



If the integers x; satisfy that|x;| < X;, fori=1,...,t andmq? = T? + Q, then we have

\/m5-Q-T

C

=

t
inTi
i=1

For more details, see Proposition 2.3.20 in [11} Section 2.3.5].

The following result is referred to in the literature as Baker’s lower bound for a non-zero linear

form in logarithms (see [5], [24]).

Theorem 1.4.3 (Matveev’s theorem). Assume that Ay, ..., A; are positive real algebraic numbers in

a number fieldF of degree D, by, ..., b; are rational integers, and
A=A b
is not zero. Then
|A| > exp (—1.4-30""3. t4°. D2(1 +logD)(1 +1logB)A; -+ A;)
where
B = max{|by|,...,|b¢l},
and
A; =2max{Dh(A;),|logA;|,0.16}, foralli=1,...,t.

When ¢ =2 and 1;, A, are positive and multiplicatively independent, we can do better. Namely,

let in this case let B}, B, be real numbers larger than 1 such that

logA;| 1
logBiZmaX{h(Ai),M,—} for i=1,2,
D D
and b b
. |b1 N 123 .
DlogB, DlogB
Put

A=Db lOgﬂl + by 10g/12.

Note that A # 0 since A, and A, are multiplicatively independent. The following inequality is
Corollary 2 in [21].

Theorem 1.4.4 With the above notations and conventions, assuming that A1, A, are positive

algebraic numbers which are multiplicatively independent, then
4 ) 21 1))?
log|A| > -24.34D" [max4logb" +0.14, '3 log B; log Bs.

13



When ¢ = 3 a better bound than the general one given by Theorem in some special case is
due to Mignotte [26}, Proposition 5.2]; see also [27].

Theorem 1.4.5 Let A := bylogys — bylogy) — bslogys # 0 with by, b», bs positive integers with
gcd(by, by, b3) =1 andy1,Y2,Y3 positive real algebraic numbers > 1 which are multiplicatively
independent in a field K of degree D. Let

d] = ng(bl, bg) = bl/bll = l’)z/b,, dg = ng(bg, l’)g) = bg/b” = bg/bg
Let aq, a», as be real numbers such that
a; = max{4,4.296logy; +2Dh(y;)}, i=1,2,3, Q:=ajazas=100.

Put

MCRATL ,
b = (—+—) (—+— , log% =max{0.882+loghb’,10/D}.

a; dap)\az ds

Then one of the following holds:

(i)
log|A| > —=790.95QD%(log B);

(ii) there exist nonzero integers ry, So with roby = soby satisfying the inequalities

|ro|<5.61(Dlog@)1/3a2 and |30|<5.61(Dlog<%)1/3a1;

(iii) thereexistintegersr) #0,s1 #0, 11, tp satisfying
ged(ry, 1) = ged(sy, 1) =1, (t1b1 + 11b3)s1 =1 b2 1y,
and also

Iris1] < 5.616(D10g%’)1/3a3,
[sitl < 5.615(D10g98)1/3d1,
it < 5.615(D10g@)1/3(l2,

where § := gcd(ry, s1). If t; =0, we can take ry =1 and if t, = 0 we can take s, = 1.

1.4.3 Reduction method

During the course of our calculations, we get some upper bounds on our variables which are too
large, thus we need to reduce them. We carry out the reductions by means of the following

reduction algorithms.

14



The following result is Lemma 5 (a) in [14], which is a slight variation of a result of Baker and

Davenport (see [3]).

Lemma 1.4.6 Let M be a positive integer, let p/ q be a convergent of the continued fraction of the
irrational T such that q > 6M, and let A, B, 1 be some real numbers with A>0 and B > 1. Let

€:=llugll—Mllrqll,

where || -|| denotes the distance from the nearest integer. If € > 0, then there is no solution of the
inequality
Imt—n+pu| < AB7¥

in positive integers m, n and k with

log(A
m<M and kzM.
logB

The following result is criterion of Legendre (see Theorem 8.2.4 in [29]).

Lemma 1.4.7 (Legendre) Lett be an irrational real number and x, y be integers.

(i) If
<
2y2’

X
T——

y

then x!1y = px! qx is a convergent of T. Furthermore,

> ;,
(Ag+1 +2) 2

X
‘L'__
y

where |ay, ..., a,...] is the continued fraction expansion of T.

(i1) Ify < qi+1, then

1 ‘ X
— _—<|t-—|,
(A+2)y? y

where A:=max{a;: j < k+1}.

1.4.4 An elementaryinequality
The following appears as Lemma 7 in [20].

Lemmal.4.8 Ifs>1, T > (45%)* and T > x/(logx)°, then

x<2°T(logT)*.

The statement of the above lemma is formulated in [20] only for an integer parameter s but a

close look at its proof there shows that it works for any real parameter s > 1.

15



Chapter 2

X-coordinates of Pell Equation which are

repdigits

Chapter Note: The result of this chapter is published in [19].

In this chapter, an algorithm is given which finds, for an integer base b = 2, all squarefree integers
d = 2 such that sequence of X-components {X,} =1 of the Pell equation X? — dY? = +1 has two
members which are base b-repdigits. We implement this algorithm and find all the solutions to
this problem for all bases b € [2,100].

2.1 Introduction

For a positive integer base b = 2 a repdigit is a positive integer N whose base b-representation has
a unique repeating digit. Letting a € {1,..., b — 1} be the value of the repeating digit and m be the

number of digits of N we have

N=a(F= ).

b-1

When b = 10, we omit the base and simply call N a repdigit. Recently there has been a flurry of
activity regarding finding all members of some classical sequence (Fibonacci numbers [23] and
its generalisations [8], perfect powers [9], etc.) which are repdigits for some particular base b. Two
classical sequences are the sequences of X- or Y-coordinates of the Pell equation X> —dY? = +1
associated to a squarefree integer d = 2. The first paper where the presence of X-coordinates of
Pell equations was studied that we are aware of is [13]. There it is shown that if {X},},,>; is the
sequence of X—coordinates of the Pell equation X?> —dY? = 1, then X, is a repdigit for at most one
value of n except for d = 2,3, each of which has two solutions n for which X, is a repdigit. In his
Math Sci Net review [30] of [13], the reviewer writes: “The techniques (used in [13]) appear to be
very specific to the base-10 case so that generalising to other bases would require a separate work of

equal magnitude." The problem was revisited in [16] where the general base b was treated. There
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it was shown that if X, is a base b-repdigit for two values of n then
d < exp((100)'7). 2.1)

While the result has the theoretical merit of showing that the problem has a finite answer (even in
effective form), the bound (2.1) is useless for practical computations. A close look at the proof
from [16] shows that the bound (2.1) appeared when studying the equation

1
1) for aef{l,...,b-1}

with n even. Since X, = 2Xr21 1» — 1, the above equation with n even implies

a(b™-1)
2X2/2 - 1 = ?

Writing m = 3mg + r for some r € {0, 1,2}, and putting (x, y) := (Xp/2, b"™), the above equation

becomes
3 a(b’y3 -1)

b-1
When a # b— 1, the above equation represents an elliptic curve and the integer points (x, y) on it
can be effectively bounded using results of Baker [2]. These bounds lead to the inequality (2.1). In

2x° -1 (2.2)

practice, for a fixed a and b one can use Magma to find all the particular integer solutions (x, y) of
. However, if one were to loop over all b € [2,100] and all a € {1,..., b — 1}, then this would

become unfeasible as there are too many curves and some have rather large coefficients.

In this note, we revisit this problem. While all previous papers addressed only the positive
solutions (X, Y) to X2 —dY? = 1, we allow also for the right-hand side to be —1. That is, we let
{Xn}n=1 be the sequence of X—coordinates of the Pell equation X? — dY? = +1. Our results are the

following.

Theorem 2.1.1 Let b =2 be an integer. Let d = 2 be an integer which is not a square and (X, Y,,) be
the nth positive integer solution to the Pell equation X> —dY? = +1. Assume that 1 < n, < n, are
such that

bm™ —1
b-1

bm2 1
b-1

Xn =a ( ) and Xp, = ag( ) with ay,ax€{l,...,b—1}. (2.3)
Then B := max{n;, my, ny, my} satisfies

B <6x10% (log(2h))°.

We present the following numerical corollary of Theorem2.1.1

Corollary 2.1.2 Let b € [2,100]. All integer positive solutions of equation havel<ny<ny<5
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and d in the set:

{2,3,5,8,10,15,17,24, 26, 35,37,48,50,63,65,80,101,120,122,143,170, 195, 226, 255,257,325, 399,
401,485,528,677,728,842,1023,1224,1226,1370,1601, 1682,1935,2117,3248,3250,3968,4095}.

We do not list the actual solutions to for b € [2,100]. They can be reconstructed from the
table at the end. Or, one can just take any d appearing in the above list and find the minimal
positive integer solution (X; (d), Y1 (d)) to the equation X? — dY? = +1. Then one can generate
(X;(d),Y;(d)) fori=1,...,5, write these five numbers in base b for all b € [2,100] and select those

instances for which 2 of the above X—coordinates are base b-repdigits.

Before proceeding to the proofs we mention a related result of Bennett and Pintér [6]. Their result

is more general but for our situation it implies the following result.

Theorem 2.1.3 Let U :={U,},>0 be a sequence such that U, = cb™ + d holds for all m = 1, where
b =2 is a fixed integer and c € Q*,d € Q are fixed rational numbers. Then there exist only finitely
many positive integers d which are not squares such that if (X,, Yy) is the nth solution of the Pell
equation X?> —dY? = +1, then X, = Uy, has two solutions (n, m). Furthermore, all such d, as well

as the solutions (n, m) are effectively computable.

The above Theorem[2.1.3]is related to the problem but it has the defect that in Theorem[2.1.3} the
coefficient ¢ of b™ is fixed, whereas for our problem a can be any of member of the set of nonzero
digits {1,..., b — 1}, and then the repdigit is indeed of the form cb™ + d with
(¢,d):=(al(b-1),—al(b-1)).

2.2 Bounding the Variables

2.2.1 Bounding n, m in the equation X,, = a(b" -1)/(b—-1)

We let (X7, Y7) be the minimal solution of the equation X? — dY? = +1. We define:
0:=X;+ \/EYl and 7n:=X; - \/EYl =e6"!, where €:= X12 - lez € {+1}.

Then

ot+n" _o"-6"" oO"

= > > —
2 2 3

where the last inequality holds since § = 1 + v/2 > v/3. We thus have

Xn

’

n

<X,<6" forall n=1. (2.4)
b+1
We also have that
bm‘1<a(bm_1)<bm (2.5)
< b1 . .
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We now assume as in the statement of Theorem that (n;, a1, m;) and (ny, a,, my) are such
that

b™ —1 b —1
) . (2.6)

b-1 b-1
We also assume that ny < np and a;, ay € {1,...,b—1}. Setting (n,a, m) := (n;,a;, m;) for i € {1,2}
and using inequalities (2.4) and (2.5), we get

Xm:al( ) and anzag(

o" b™ — _ b™m -1
m<X,l:a( - )<b’” and b™ 1<a( - ):Xn<5”. 2.7)
Next, we set i
1 -1
X, =— n n = . 2.
" 2(6+77) a(b—l) (2.8)
So, we get
2 2
6”—(b—_al)bm:—n”—b—_al for (n,a,m)=(n;,a;,m;) and i=1,2.
Hence,
5”( 2a )_119—’"—1‘ . 1+2a/(b-D
b-1 (2al(b-1))b™m
1+ (b-1/Ra)
= o
b+1 .
< —— for i=1,2.
2bm
Thus,
2a \7! b+1 3
o —— bM< ——<-. 2.9
(b—l) S2pm -4 (29)
Set )
A= nlog6—log(—a) — mlogbh.
b-1
Since |e™ — 1| < 3, it follows that
2(b+1) 4
IAl<e™|et 1| <4l -1]< o < T
Recalling that (n, a, m) := (n;, a;, m;), we get
|nilog6—milogb—log(Zai/(b—1))|< for i=1,2. (2.10)

bmi—l

We apply Matveev’s Theorem[1.4.3]on the left-hand side of (2.9). We need to justify that
I:=e®—1#0.Well, if I = 0, we then get that 5" € Q*, which is impossible for any positive integer
n. We take

2
r=3, Al::b—“l, Api=b, A3:=8, byi=—1, by:=—m, bg:=n.
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We put B := max{m, n}. We have
h(Ay) <log(2b), h(Ay)=logh, and h(A3)= %log(?.

Further, the field containing A, 42,13 is K := @(\/3) has degree D := 2. Hence, we can take
Ay :=2log(2b), Ay :=2logh and As:=logd.

Now Matveev’s theorem tells us that

logIT| > —1.4x30°%x3%°x2%(1+log2)(1+logB)(2log(2h))(2logb)(logd)
> —3.9x10'?(logd)(logh)(log(2h))(1 +logB).

Comparing the above inequality with we get
(m—1)logh—1log4 < 3.9 x 10'%(log &) (log b) (log(2h)) (1 +log B).

Thus,

log4
1°g - +3.9 10" (log5) (0g(2b)) (1 + log B) < 4 x 10"*(log ) (0g(2b) (1 + log B).

m+2<3+—
0g

Also, since b2 > b™(b+1) > 6" (see (1.3)), we have

nlogs < (m+2)logh < 4 x 10'%(log6) (log b) (log(2b)) (1 + log B),

SO
n<4-102(logb)(log(2h))(1 +logB).

Let us record what we have proved so far.

Lemma 2.2.1 Ifthe equation

m

X —a(b
T b-1

) holds with a€{1,2,...,b—1},
then putting § := X1 + vV dY; and B := max{m, n}, we have

n<4x10%(logb)(log(2b))(1 +logB), and m<4x10'%(logd)(log(2h))(1+logB).  (2.11)
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2.2.2 Bounding all variables n,, m,, n,, m, in terms of b

Next, we return to the two inequalities given by (2.10). Multiply the one for i = 1 by n, and the one
for i =2 by n,, subtract the results and apply the triangle inequality to get

2aq 2ay
- logh log| —— | — nylog| —— =
(nomy —nimy)logb+ ny Og(b—l) nm og(b_1
2 2
"1(”21056_”1210819—108(19—6121))—nz(n110g5—mllogb—log(ball) <
2 2
no n110g6—mllogb—log(b—all) + nglogé—mglogb—log(b—az1 <
4ny 4m
bml—l + bmg—l <
8712
bml—l'
That is , , .
a az na
(nomy —nymy)logh + nglog(m) - nllog(b_ 1)‘ < 1 (2.12)

We shall consider separate arguments for the case when the left-hand side of (2.12) is non-zero

and the case when it is zero.

The case when the left-hand side of (2.12) is non-zero

We use again Matveev’s Theorem in order to get a lower bound on the left-hand side of
(2.12). To this end, let us denote the left-hand side of (2.12) by

2 2
Iy :=(nymy—noymy)logh+ nllog(b—azl) - nzlog( il ) #0.

By the absolute value inequality, we have

8n,  m llog((2az)/ (b - 1)) N |log((2a1)/ (b - 1))
b™-llogh logb logb
8712

——+n;+ny<l14n,. (2.13)
log2

[nimy —npmy| <

So we can take B := 14n, and then this choice of B satisfies B = max{|n; my — nom|, ny, no}. We

also take

2612 2[11
, Azi= ,
-1 T bh-1

t:=3, Ai:=b, Ay:= by :=nomy—nymy, by:=ny, bs:=-—n;.
Further, A, A,, A3 are all rational, so D := 1. Thus, we can take

A :=logh, Ay:=log2b), As:=log2b).
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We assume that
b1 > 16n,. (2.14)

In this case, the right-hand side of estimate (2.12) is smaller than 1/2. Thus, |T';| < 1/2, and so, by
(2.12), we get

l6n
AP AzAL - 1| = leh 11 <2l < 2 (2.15)

bhmi -1
Since I'; # 0, the left-hand side above is nonzero and by Theorem|1.4.3} its logarithm is at least as

large as

logle' —1| > -1.4x30°x3%°(1 +log(14n,))(logb)(log(2b))(log(2h))
> —1.44 x 10" (1 +log(14n,)) (log b) (log(2h))>.

Comparing this with (2.15), we get;

(my —1)logb—log(16my) < 1.44 x 10* (1 + log(14n,)) (log b) (log(2h))?.

Thus,
m+2<3+ logi"(l# +1.44 x 101 (1 +log(14n,)) (log(2h))? < 1.5 x 1011 (1 +log(14n,)) (log(2h))>.
o (2.16)
We thus have,
my +2 < 1.5x 101 (1 +log(14n,)) (log(2b))?. (2.17)

This was under the assumption that (2.14) holds. But in case (2.14) fails, then

log(16n,)
m+2=3+(m;—-1)<3+ W < 3(1+log(14ny)),

so estimate (2.17) holds as well. Hence, estimate (2.17) holds regardless of whether estimate
(2.14) holds or not. Also, since b™*2 > §™ (see (1.3)), we have;

nilogd < 1.5 x 101 (1 + log(14n,)) log(2h)))>. (2.18)
Since n; =1 and § > 1 + /2, this yields
ni1 <2-10M(1 +log(14n,))(log2h))® and logd <1.5x 101 (1 +log(14ny))(log(2h))°.  (2.19)

We need to extract absolute bounds for n;, m; for i = 1,2. For this we distinguish two cases

according to B, := max{ny, my}.
Case 1. B, = ny.
In this case, the first equation tells us that
141, < 14 x 4 x 10'*(log(2h))* (1 +log n) < 5.6 x 10'* (log(2b))* log(14ny).
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Taking x := 141, and applying Lemmall.4.8with s:= 1 and T := 5.6 x 10'3(log(2h))® > 4, we get

l4n, < 2TlogT =11.2x 10" (log(2b))®(log(5.6 x 10'%) + 2log(log(2h)))
log(5.6 x 10'3)

13 2
< 11.2x107(0g2b) Rlog2b) |1+ =1~

< 3x10%(log2h))>.
In the above, we used that log(2b) < 2b and the right-most factor 1 +1log(5 x 10'3)/(2log(2b)) is
smaller than 12.42 (and maximal at b := 2).
Case 2. B, = my.

In this case, the second equation (2.11) together with the second equation (2.19) tells us that

14m, < 14x4x 1012(log5) (log(2b))(1 +logmy)
< (14x4x10") x (1.5 x 10" (log(2b)))* (1 + log(14my)) (1 + log my)
< 9x10*(log(2h))*(log(14my))?.

We take x := 14m, and apply again Lemmawith s:=2and T :=9 x 10**(log(2h))* > (4 x 2)?,
to get that

14m, < 4T(logT)*=4x9x10**(log(2h))*(log(9 x 10°*) + 4log(log(2h)))?
log(9 x 1024\
4log(2b)

4x9x10**(log(2b))* (4log(2b)? |1 +

8 x 10?8 (log(2b))®.

A

Let us record what we have proved.
Lemma 2.2.2 Let b= 2. Assume that the equations

bmi—1
b—1

Xni:ai( ) hold for i=1,2

withl<ny <ny, ai,az €{1,...,b—1} and the left-hand side of (2.12) is non-zero. Then putting
B :=max{my, ny}, we have
14B < 8 x 10°8(log(2h))®.

In addition,
m; < 15x10M(1+log(14B))(log(2b))%;

n < 2x10"(1+log(14B))(log(2b))3;
n, < 4x10(1+logB)(logb)(og(2h)).

Note that Lemma already implies Theorem As for the numerical Corollary|2.1.2, we

have
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Lemma 2.2.3 Keep the notations and assumptions from Lemmal|2.2.2 If in addition b < 100, then
B <2 x10% and furthermore

m < 4><1014;
n < 3x10%;

n, < 8x10%.

The case when the left-hand side of (2.12) is zero

Consider the Q—span of the numbers
(1:=logAy =logh, (,:=logl,=log(2a;/(b—-1)), (3:=logls=1log2ax/(b-1)).

Since niny #0, but I'; =0, it follows that the dimension r of the Q—vector space Q(; + Q{2 + Q{3
cannot be 3. So, it can only be 1 or 2. In what follows, we study these possibilities.

Casel.r=1.

Write b = by with the maximal integer exponent x and a positive integer b;, which is no longer a
perfect power. Since r = 1, it follows that 2a,/(b—1) = bf '. Since b — 1 is coprime to b, it follows
that y; = 0. Thus, b—1|2a,. This only gives the possibilities a; = (b—1)/2 (and b is odd) or

a; = b—1 and in this case b; =2 (so, b is a power of 2). The same holds for 2a, /(b —1). Thus, we
must have ay =a, =(b—-1)/2ora; =a; =b—1and by =2. Incase a; = ay = (b—1)/2, we get

my ny = nymy. We may assume that n; and n, are coprime, for if not, by denoting

no := gcd(ng, np), we can write n; = n’1 ng, Ny = n'2 np and replace d by dY,fO and the pair (n;, np) by
the pair (n, n,). Thus, we may assume that ng = 1, with which we have m, = nyt and m, = nyt for

some positive integer ¢. Hence, we get

_a(B™-1)  bMi-1

_ap(b™-1)  bm-1
T b-1 2 N '

X5 , and X, = b1 5

Thus,
6" +n"i =2X, =b" -1, holds for i=1,2.
Thus,
[1+n"|
oni—1 ... 4 ptni—1)°
On the other hand, |6 — b’||n — b'| is a nonzero integer, so it is at least 1. Thus, |6 — b’| > 1/(1 + b").
We evaluate (2.20) in i = 2 and get

|6 —b"'| =|1+n"|, whichgives |56—-b'|=

(2.20)

11+n™]
- <|6-b'| = — -~
1+b bte=D 4 ... 4 5
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Assuming 7, = 3, since || = 6! < 1/2, we get that

1 _1+1/8_ 9
1+bt ~ b2 8pt’

so b?! < (9/8)(b" + 1), which does not have an integer solution b’ = 2. So, we must have
ny =1, ny = 2. We then get
S+n=b'-1, 82+n?=0p*"-1.

Since
P -1=82+n*=(0+n)?-20n=(b"-1)*-2e =b*" —2b" +1-2¢,

we get b!=1-¢.Hence, e =—1, bt =2,s0 b=2, t =1 and this is not the case since b must be odd.

Thus, there are no solutions in case a; = a; = (b—1)/2 and b is odd.

Assume next that a; = a» = b—1 and b = 2*. In this case,
I'1 = (npmy — nymy)1og2”* + (ny — ny)log2 = (npmy — nymy) x + (np — ny))log2,
so since I'y = 0, we have (n,m; — n1m,)x + n, — np = 0. This can be rewritten as
no(mpx+1)=ny(mox+1).

Again, we assume that n; and ny are coprime. Thus, myx+1=n;t, mox+1 = nyt for some

integer ¢t. Thus, m; = (n;t—1)/x for i = 1,2. We have
Xy, =b™ —1= YD _p=pmt=l_1 for  j=1,2.
Thus,
6" +n"i=2X, =2""-2 for i=1,2.
As in the previous case, this gives

|2 +n"|

ni _on;ty _ ni -2 =
6™ = 2" =12+ 1", therefore |6—2"|= 2D 1 ... g gni

for i=1,2.

Again |6 —2||n — 2| = 1 since it is a non-zero integer. Thus, |6 — 27| > 1/(2! + 1). Assuming n > 3,

we get
<lo-pl=—2Xn® ___ _2+1/8
2t+1 2t(n2=1) ... 4 §n2-1 = p(np-1)¢’

so 2021t < (17/8)(2! +1). This implies ¢ = 1 and n, = 3. Further,

12+ 13 2+1/8
<

0-2|= <
| | 22 426 + 62 22

0.6,

s0 & < 2.6. The only such value is 6§ = 1 + v'2, for which we have X,,, = X3 =7=23 -1 #2"1"1 1,

Thus, there is no solution in the case n, = 3. Hence, we must have n; =1, n, = 2, and therefore
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Xp, =X1 =2"1-1and X,,, = X, =2%'"! - 1. Since X, = 2X? — ¢, we get

2(2t_1_1)2_£:22t_1_1, SO 22t_1_1:22t_1_2t+1+2_8,

2t+1

which gives =3-¢.Hence,e=—1, t=1,s0 X; =21 -1 =0, a contradiction.

Let us record what we have proved.
Lemma 2.2.4 There is no solution to the system of equations

b"™ —1
b-1

bmz—l)

X"l:al( b1

) and anzdg(
withl <ny <mnp and ay,a, €{1,...,b—1} for whichT'y =0andr = 1.

Case2.r =2.

The treatment here is inspired of the treatment for r = 1, but first we need to eliminate some easy

cases. If a; = a,, then

2a
Iy = (npom; —nymy)loghb + (ny — np) log (ﬁ)’
where a = a; and since r = 2, it follows that logb and log(2a/(b — 1)) are linearly independent over

Q. Since I'; =0, we get n; = ny, a contradiction. Similarly, if 2a; = b—1, then

2
I'y = (npomy —nymy)loghb — nylog (b_azl) ,
and since r = 2, we get thatlogb and log(2a, /(b — 1)) are linearly independent over Q. Since
I'y =0, we get n; =0, a contradiction. A similar contradiction is obtained if 2a, = b—1. So, we
assume that a; # (b—1)/2, a, # (b—1)/2 and a, # a,. Write b := by, where b, is not a perfect

power of some other integer. Next we write

2a;
b-1

=b)'c; for i=1.2 (2.21)

It remains to explain how to find y; for i = 1,2. Let p | by and put a, := v, (b;), where the notation
vp(k) is the exponent of the prime p in the factorisation of k. We then put
Yi:=vp((2a;)/(b—1))/ap for i =1,2. Since p does not divide b — 1, it follows that y; =0 fori =1, 2.
With this definition, we see that the exponent of p in 2a;/(b—1) and in bi’ " is the same. Hence, c;
does not contain p in its factorisation. Let us see that logc; and logc, are linearly dependent over
Q. Indeed, since logc; =log(2a,/(b—1)) — (y1/x)logb and log ¢, =log(2a,/(b—1)) — (y»/x)logb,

and r =2, it follows that logc;,log ¢, and logb are linearly dependent. Write
Alogc; + Blogce, + Clogh =0

for some coefficients A, B, C rational and not all zero. Since p does not appear in the
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factorisations of ¢; and ¢, but it appears in the factorisation of b, it follows that C = 0. Thus,
Alogc; = —Blogc,. Thus, logc; and logc; are linearly dependent. Further, none of ¢; or ¢ is 1.

Indeed, say if ¢c; = 1, then ¢, # 1 (since r = 2), and then
I'1 = ((nomy — nymy) + (nay1 — n1y2)/ x)logb — nylogco,

and since r = 2, we get that log b and log ¢, are linearly independent over Q. Since I'y = 0, we get
n; =0, a contradiction. Thus, none of ¢;, ¢, is 1. Let us show that there is a prime g dividing b—1
which appears in the factorisation of c;. Assume this is not so. Since ¢; and ¢, are multiplicatively
dependent, it follows that no prime g dividing b — 1 appears in the factorisation of ¢, either. It
then follows that b—1|2a; and b—1|2a,. Since 2a; < 2(b — 1), it follows that either 2a; = b— 1 for
some i = 1,2, a situation which we saw is not allowed, or a; = b—1 forboth i = 1,2, so a; = ay,
which is again not allowed. Hence, indeed there is some prime ¢ dividing b — 1 which divides c;.
It then follows thatlogc;/logc, = v4(2a/(b—1))/v42az/ (b—1)) := u/v, where u/v is a reduced

fraction. Thus, c¢; = c%, ¢, = ¢” for some number c. It then follows that
Iy =((ngmy — nymy) + (noy1 — myy2)/x)logb + (nou— nyv)logec.

Since r = 2, it follows that log b and log ¢ are linearly independent over Q, so n;/ny = u/v. Thus,
since I'y = 0 and gcd(ny, n2) = 1, we get that n; = |ul, ny = |v|. In particular, ¥ and v must have the
same sign. Thus, (n;, ny) is determined uniquely in terms of (b, a;, a»). Next, we look at the

coefficient of logb = xlogb; in I'; and impose that it is zero to get
(nomy—nimp)x+nay;—ni1y» =0. (2.22)

Thus,

mx+yr mpx+y»
n - n,
Recall that y;, y» are not necessarily integers, but ay; and a y, are integers where again a = a,.

Multiplying both sides above by a, we get

mxa+(a) _ mpxa+ (o)

n np

The above equality represents an equality between a fraction with denominator dividing n; and a
fraction with denominator dividing 7, and since n; and n, are coprime, we get that the common
value of the above fraction is an integer let’s call it ¢. Since y;a € Z, we get

¢ = (2a;/(b-1)*b,”"" € Q. Since ¢; = ¢" for i = 1,2, it follows that (c¢*)™ and (c¢*)"2 are both

rational numbers and since n; and n, are coprime, we get that c® € Q.

Now let us go back to our equations and write

2a; 2a; . ) 2a; 2a;
5n,~+ ni:2X = 1 )bmi—( i ):bmlx+yl ,_( l ): bl’/a: n,-_( i )
¥ i (b—l b-1 1 “\p-1 (b0 b-1
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fori =1,2. Thus,

8% — (b'%c)" = —n"i —2a;/(b-1). (2.23)
Note that ) log(b—1)
a og(b—
lsm<ny= Vq(b—l)‘s log2 <2logb.

It remains to bound m;, m,. If § < b3, then

bmi—1
b-1

pmi—l < (li( ) =Xy, < ol < bgni,

so m; < 3n; for i = 1,2. Thus, we assume that § > b3. Let M := max{J, bf/“c}. Then

2a1/(b-1)+n™ 2a1/(b-1)-1/6 2/b-1/6 1
|5—bf/“c|: [2a;/( ) +n"| J 24 ( ) S S ’ 2.24)
M-l 4 (bl/Fc)ym-1 nyMm-1 mM™m-1 "~ bpyMm-1
since § > b® > b. On the other hand, since 1, =2 and Inl=1/6<1/2,
2a>/(b—1)+n™" 2.5
16— bilac|= 2elb-DnT (2.25)

< .
5n2—1+___+(b{/ac)n2—l an—l

Comparing (2.24) and (2.25), we get

1 2.5
b M1 e

which gives M2 < 2.5bn;. In particular,
§<M<M""™ <25bn; <5blogh< b’

a contradiction. Let us summarise what we proved.

Lemma 2.2.5 Assume that

b"™ -1
b-1

b —1
=

Xp, = a( ) and Xn, = ag(
hold for1 < ny < ny, thatl'y =0 and thatr = 2. Then

1<n;<ny<2logh and m;<3n; for i=1,2.

2.3 Reducing the bounds

We need to reduce the bounds. For this, we will need to reduce the value of m, from inequality

(2.12), which for us it is
8n2
Nl <o
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We start with the case when I'; is a linear form in logarithms, where the Q—span of the numbers
(1 =logAy, {2 =logA, and {3 =log A3 hasrank r < 3.

Casel.r=1.

We know that in this case I'; # 0. Furthermore, the only possibilities are a; = a, = (b—1)/2 when b
isodd, and a; = a, = b—1 when b is a power of 2. In particular, |T';| = 1log2. We thus get that

8ny
pm-1 < oog < 161m, <16 x8x 10 <2 x 107, (2.26)
0g2

Case2.r=2andl'; =0

We know that in this case we cannot have a; = a», or 2a; = b— 1 or 2a; = b— 1. Further, we also
cannot have that a; = b—1 and b is a power of 2. Indeed, for in this case, by =2, b =27,
2a1/(b—1)=2=b; so y; =1and c; = 1. Writing then 2a, /(b — 1) = 2¥2¢,, we have

I't = (nimz — nomy)x + np — n1y2)log2 — nylogco

and log2 and logc, are linearly independent because r = 2. Since I'y = 0, we get that n; = 0, which
is not allowed. Similarly, we cannot have that b is a power of 2 and a, = b— 1. We now wrote a
computer program in Mathematica which went though all triples (b, a;, a») with b € [2,100],
ay,ap €{l,...,b—1} and picked the ones such that the vector space Q¢ + Q(» + Q{3 has

Q-dimension r = 2. Of those triples, it eliminated the following ones:

(i) ai = ay;
(ii) 2a1=b—-1or2a, =b-1;

(iii) bis apower of 2 and one of a; or ay is b — 1.

There were 788 triples left. Let us denote by S the set of these left—over triples. For the triples in S,
we asked Mathematica to generate x, by, y1, ¥2, €1, C2. Some interesting examples of quintuples

(b, a1, ay, c1, c2) produced are

1 1 1 1
) (50,28,32, , ),(82,32,36, , ),
109375 11962890625 384758443521 620289

(46 30,40, ———, ———
1587’ 2518569

with ¢y, ¢; rational numbers of rather large heights, as well as

1 1 ) ( 3 9 ) ( 2 4 )
—— —|, |76,45,54, —— 99,42,36, ——
189v7 3V7 519 475 7v11 539

where not both ¢y, ¢, were rational. Of course not all of them gave viable examples because for

(28, 4,9

some c; = ¢, or logc; and log ¢, have opposite signs, etc. It turns out that the valid ones, namely
the ones for which logc; /logc; is a positive rational number in (0, 1) of the form n,/n, with

coprime nj,ny all have 1 < n; < ny <5. So, by the results from Lemma|2.2.5, we must have
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m; <12 and m; < my < 15. Thus, we computed, for all the 788 triples (b, a;, a,), and for all

1<n;<ny<5and m; <12, my < my < 15, the resultant the polynomials
R:= Res(P,i1 (X)) —a;(b™ -1)/(b- 1),P,’;2 (X)) —ax (™ -1)/(b-1),X;), €€{£l},

where

PE(X) = % (xX+VXZ=g)"+ (X - \/XZ—e)") for ee{xl},

which is the Chebyshev polynomial that gives the nth coordinate X, of the Pell equation
X?-dY? = +1 provided that X? — dY? = € and selected those situations for which R = 0 (so the
above two polynomials have a root X; in common, which might be a positive integer or not). This

computation lasted a few minutes and gave the following 16 examples (b, a1, ay, ny, na, my, my, €):

6,41,1,2,1,3,1), (5,4,1,2,4,1,3,1), (5,41,2,4,1,3,-1), (82,1,1,2,1,2,—-1),
9L31,21,1,-1), 19131,21,1,-1), 271,31,2,1,1,-1), (32,4,1,1,2,1,2,-1),
49,1,7,1,3,1,1,-1), (50,2,7,1,2,1,1,1), (50,2,7,2,4,1,1,1), (50,2,7,2,4,1,1,-1),
(55,1,3,1,2,1,1,-1), (81,1,3,1,2,1,1,-1), (82291,2,1,1,-1), (991,71,3,1,1,-1).

For example, for the first one

4(51-1) 53-1 )
Xj=————=4, Xp= =31, Xp=2X;-1.
5-1 5-1

This corresponds to d = 15. In fact, here is the full list of (d, n,, no, b) for n; < ny which are

coprime. We have (n;, np) = (1, 2) for
(d,b) €1{(2,19), (2,27), (2,55), (2,81), (3,50), (5,8), (5,32), (5,82), (15,5)},

and (n1,n) = (1,3) for (d, b) € {(2,49), (2,99)}. However, we calculated I'; for all the above choices

and we did not get any example with I'; = 0. We conclude that there is no instance with I'; = 0.
Case3.r=2andI; #0.
We distinguish the following possibilities:

(i) 2a; = b—1. This only appears for b odd. In this case,

'] =

2a 8n
(n2m1 - man)logb_ nm log(b_zl)‘ < bn’llil :

Here, log b and log(2a, /(b — 1)) are linearly independent. The above can be written as

(nomy — nimy) 8ny with o log(2ay/(b— 1)).

) : 2.27
ny (logb)b™ ~1 ! logb (2.27)

n

Similar considerations apply when 2a, = b—1, and logb and log(2a, /(b — 1)) are linearly

independent.
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(ii) a1 = ay. In this case,

81’!2

|F1|: < bml_l’

2a
(nomy —nymy)logh+ (ny — nl)log(b_ 1)‘

where a = a;. Here, logb and log(2a/(b — 1)) are linearly independent. As in case (i) above,

this implies

- 8 log(2ay/(b—-1
L L 2 L owith o= 2BERIBTD) g, o
no — 1Ny (n, — ny)(logb)b™ 1 logb
(iii) b=2"isapower of 2 and a; = b— 1. In this case,
Iy = log2 - m log[ 2% || < 272
IT1] = |((n2my = nymz)x + nz)log2 — ny log o1 <1
and 2ay/(b—1) is not a power of 2. This can be written as
- 8 log2a,/(b—1
;e —mmp) X+ np 1 with 7.z 08@a/(b—1) (2.29)
n ny (log2) b -1 log2

The same considerations apply to the symmetric situation when a, = b—1and 2a,/(b—1)

is not a power of 2.

(iv) The set S of 788 triples (b, a1, ay) for which r = 2 and which are not in any of the cases (i),
(ii), (iii) above. For each of these triples, we already generated the corresponding c;, c¢».
Sometimes they are not rational but their squares are always rational (this was confirmed
computationally). Thus, ¢? = (¢*)* and ¢ = (¢*)”, where u, v are integers and ¢? is rational.
Since 2a;/(b—1) = bf" ci, we get that bfyi =(2a;l(b- 1))20;2 € Q, and since b, is not a power

of a rational number, it follows that 2y; € Z for i = 1,2. Thus,

61’12
bml—l ’

12T1| = [(2(namy — nymo) x + np(2yy) — n1(2y2)) log by — (nou— nyv)log(c?)| <

and b; and c? are rational numbers which are multiplicatively independent and the
coefficients

(N, M) := (2(namy — nymg) x + na(2y1) — n2(2ys), npu— nyv)

oflog b, and log c?, respectively, are integers. By simultaneously changing the signs of (u, v)
(so, replacing (u, v) by (—u, —v)), we may assume that ¢ > 1. The above inequality can be

written as

M 161, . log b,
T——|< , with T:= . (2.30)
N| N(ogc?)bm™m-1 log(c?)
Now each of the estimates (2.27), (2.28), (2.29), (2.30) is of the form
‘r P'< 1672 2.31)
Q| QUogx)bm-1’ '

for a certain irrational 7 which is a ratio of two logarithms of rational numbers, and where P, Q > 0
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are integers with Q € {n, ny, np — ny, 12(nomy — nyM2)x + n2(2y1) — n2(2y») |} and x € {2, by, b, ¢?}.
The minimal value of ¢> computed is 64/49 (and the maximal is 384758443521). A uniform upper
bound on Q is

Q=2x6x14n,+(2x7ne+(2x7)np, <200n;,

where we used the fact that x <6, y; <7 and |npym; — nomy| < 14n, (see (2.13)). We would like that
in all instances, the right-hand side of (2.31) is smaller than 1/(2Q?). This would be so if

bml_l > 32n2Q’
logx

which from the above remarks holds if

32x200x (8x10°)2 32m, x (200712) S 32n,Q

p™~1>2x10% > > .
log(64/49) logx logx

Thus, assuming b™ ! > 2 x 10%, it follows, by Lemmal[1.4.7} that P/Q = p;/ gy is a convergent of
7. Now Q < 2007, < 1.6 x 10'® < Fyy, where Fq is the 90th Fibonacci number, so we deduce that
k < 89. We computed, for all potential 7, the first 100 terms of its continued fraction expansion
lag, ay,...,ag,...]. In the first three cases (i)-(iii), we got that a; < 682970 for all i =0,...,99. For
the last case, we got that a; < 13107 for i =0,...,99. By Lemma(1.4.7} it follows that

P 1

T——|>—x.
Ql 7x10°Q?

Comparing the above inequality with (2.31), we get

-l 16 x7x10°1,Q - 16 x 7 x 10° x 200 x 15
logx logx

<6x 104,

Thus, we conclude that having assumed that the inequality b ! > 2 x 103 holds, we concluded

that b ! < 6 x 10*! must hold. We record what we just proved.

Lemma 2.3.1 Ifr =1, thenT'; #0 and
b1 <2x 10",

Ifr =2, thenT #0 and
p™ <6 x10M,

Note that the above lemma shows thatif r = 1,2, then m; <90 forall b= 3. If b =2, then

a) = ap =1 so we are in the case r = 1, for which we get m; < 58, which is even better.
Case4. r =3.

As in the Case 2, we found all triples (b, a;, a) with b€ [2,100], a;, a2 € {1,...,b—1} and a; < ay,
such that the vector space Q(; + Q{2 + Q(3 has Q—dimension r = 3, so I'; # 0. We keep these triples

in a set denoted by S. A similar calculation in Mathematica as in Case 2, reveals that |S| = 158791.
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For each triple (b, a1, a2) in S, we calculate a lower bound for |T';| through Lemma By
inequality (2.13) and Lemma[2.2.3} we set X; := 1.2 x 107 and X, := 8 x 10'°, as upper bounds for

|n,m; — nymy| and n; < ny, respectively.

We take C := (3X7)? and consider the lattice Q spanned by
v1:=(1,0,|Clogh|), v2:=(0,1,|Clog2a;/(b-1))|), v3:=(0,0,[Clog2ay/(b-1)]).

Using Mathematica, we estimate a reduced basis {b;} (LLL-algorithm) for Q and its associated
Gram-Schmidt {b;.k} basis. So, we calculated the parameters
[|b1]] _lbqll

= X2+ X2, T=0+X;+2X5)/2, €] = max and m
Q=X +X; (L+X 2) ' asiss bl R

By the conclusion of Lemma together with inequality (2.12), we obtain that
3.1x107*2 < || <8np x b~ ™MD,

which leads to
b1 <2.1x10%.

Note that the above inequality includes the inequalities of Lemma
So, by inequality (1.3) with i = 1, we have a bound for n;:

ny < (m;logb+log(b+1))/1logd =: 1.

At this point, we consider the polynomial equations:

1 ny m bml_l
Pfll(Xl):z((X1+\/X12—g) +(X1—\/X12—£) ):al , for ecixl, (2.32)

with b€ [2,100], a; € [1,b—1], m; € [1,1+log(2.1 x 10°8)/1logb]. In order to have some control

over n; and X;, we assume that § > 103, so n; < I}, < 20, reducing in this way both the complexity
and the running time of the calculations. Furthermore, given that § = X; +/X? —¢ < 2X; +1 also
we have that X; = 500.

A quick computer search on the above equations (2.32) showed that all solutions in this range
have n,; € {1,2}. Note that for n; = 1, we obtain the polynomials identity P;—;l (X7) =X; and
therefore there is no equation to solve. In this case, we keep the set AZ‘") as the set of all the X;’s
taken as b-repdigits on the right-hand side of with be [2,100], a; € [1,b—1],

mj € [1,1+log(2.1 x 10°8)/1log b]. For n; = 2, we obtain

) (€)
bS IBb |
e=1 | 2,8,18,32,50,72,98 | 88,30,22,18,16,14,14
e=-1 55 1
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where here we put Bg) for the set of solutions X; of l) for each b and ¢ fixed. On the other
hand, if § < 103, then

1.86x X1 < X1 (1+4/1-€X;2) =6. (2.33)

So, X; < 540. We keep the set C®) to be the set of values of X;, where X; € [x,,540] with x, = 1 if

e=-lorx.=2ife=1.

We now, consider the set of pairs related of integers to Ag:) , Bl(f) and C© as follows:

100 100

D=| U thxAY [u U =< BE |ul U < C@|.
b=2 b=2,8,18,32,50,55,72,98 b=2
e=+1 e=+1 e=+1

For each pair (b, X;) in D, we have a pair (b,6), where 6 :=6x, = Xj +/ X12 —&; we denote by D*
the set of all such pairs (b, 6).

We return to inequality (2.10), which we rewrite for i = 2 as

logé log(2ay/(b—-1)) 4

_—— — < . 2.34
"logh " logh (logb)b™z—1 (234)

We need to distinguish two cases according to the parameter yj :=log(2a»/(b—1))/logb:

(i) b=2(oax=1),orbisoddand a, = (b—1)/2.
In this case, yj € {0,1} and

my 4 : . logé
-—= , th ,mp+1 d =——. (235
Ths o < ngﬂogb)bnh‘l wi m, € {mp, my } and 715 logh ( )

We assume b1 > 10'7, s0 4 x (np(logb)b™ 1)~ < (2n3)~!. By Lemmal(l.4.7, m}/np isa

convergent of 7, 5. For each pair (b,0) € D*, where b satisfies (i), we calculated the
continued fraction expansion [a(()b"s), aib'é), ...] and the convergents pgcb ) q,(cb ) of the
corresponding 7 s, then found the first kj 5 € Z* such that q,(f;'g) >8x10'° = n, and we

calculated, according inequality (2.35) and to the conclusion of Lemma|1.4.7,

(b,0) 15
oo log(4(akb’6 +2) 8x10 )/logb) »
2 loghb

This allowed us to dramatically reduce the bound on m,. A few hours of computational
work revealed that max{ mg’"s)} < 72. The maximum was obtained for (b, ¢, n;) = (73,1,1)
and 6 > 10°.

(ii) b=4iseven,or bisodd and a, # (b—1)/2.
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In this case, yj # 0. We apply Lemma with (m, n, k) := (n2, mp, my — 1),

logé log(2ay/(b-1))
logh’ logh

4b
, (Ap, Bp) := (—,b).

(T, Mp) := logh

For pgcb"s)/ql(cb’&), the kth convergent of 7,5, we take €55 := || grll — MIITp5qkll,
M := 8 x 10'° being an upper bound to 7 according to Lemma After several days of
computational work, we obtained that for all (b,0) € D*, where b satisfies (ii), q,(cb 9 > 6M, it
holds that

q" /eps <107, forbothe e {+1}.

Thus,

log(Aql(cb,é)/gb,g) log (4bql(cb,6)/(eb,5 logb)) log(8 x 107/ 10g2)
my < < < < 240.
logB logb log2

Hence, in all cases we have that m; < my < 240.

Now that our upper bound on m; (and so also on n,) has been substantially reduced, we can do a
new cycle of reduction. Performing two more reduction cycles, we obtain that m; < my < 85 and
using the left-hand side of inequality (1.3), we also get that n; < nz < (mzlogb +log(b+1))/logé.

Gathering all the information obtained, our problem is reduced to searching for solutions to (2.3

in the range: b€ [2,100],a;,az € [1,b—1] and
1<n <np <(mylogb+log(b+1))/logd, 1<my<my<85.

This is equivalent to determining for which b and d fixed, the equation

m

Xn:a( b

) with aefl,...,b—1}. (2.36)

has at least two solutions (n, m, a).

An extensive computational search allows us to verify that for § > 10* (here n <5 and X; > 5000),
there is no pair of polynomial equations as (2.32) with a common solution Xj, for all b € [2,100].
Hence, we conclude that (2.36) has at most one solution (n, m, a), for each b € [2,100] and & > 10%.

It remains to deal with the existence of multiple solutions to (2.36) when & < 104, X; € [x¢,5380]
according to (2.33). Since we know the values of € € {+1}, we can set Xj, := 1, and generate the first
few terms of the sequence {X},},>; via the recurrence

X,=2X1X;_1—€X;,_» forall n=2. (2.37)
Therefore our last step is as following:

(i) We take Ry, to be the set of all base b-repdigits with at most 85 digits (given that m, < 85),
where b € [2,100].
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(ii) Foreach X € [x,,5380] and € = +1, we use (2.37) to generate the set

X®XU .= (X, :1<n< (mylogh+log(b+1))/logs}.

(iii) We search computationally for solutions to |1 XEXD Ry =2, be[2,100], X; € [xz,5380] and

e==1.

Before listing the actual solutions, we make some comments. We denote a(b™ —1)/(b— 1) by
R(b, a, m). The solutions of such that max{X©*1Y 1 R,} = b, for some b, will be called

nontrivial solutions for the base b.

The same solutions found nontrivial for b might appear again for a base b’ > b if the elements of
X©XV A Ry remain b'-repdigits. If b’ > max{X©XV n R,} such solutions become trivial. If
b’ < max{X©XV 0 Ry} such solutions are still non-trivial but we no longer list them since they

yield neither a new value for d, nor a larger value for n,.

An exhaustive search in Mathematica reveals the following lists.

€ b X1 d 1) X, =R(b,a,m)
1 3 2 3 2+V3 X1=2=R(3,2,1) X3=26=R(3,2,3)

5 4 15 4+/15 X1 =4=R(5,41) Xp=31=R(5,1,3)

6 2 3 2+V3 Xo=7=R(6,1,2)

10 3 8 3+2v2 X1 =3=R(10,3,1) X3=99=R(10,9,2)

15 11 120 11+v120 X; =11=R(15,11,1) X =241 =R(15,1,3)

16 3 8 3+2V2 Xp =17 =R(16,1,2)

2 9 80 9+45 X1 =9=R(22,9,1) X»=161=R(22,7,2)
14 195  14+v195 X1 =14=R(22,14,1) X, =391 =R(22,17,2)

32 23 528  23++528 X1 =23=R(32,23,1) X»=1057=R(32,1,3)

40 12 143 12+4/143 X7 =12=R(40,12,1) X, =287 = R(40,7,2)

45 8 63 8+3V7 X7 =8=R(45,8,1) X3 =2024=R(45,44,2)

46 6 35 6+v/35 X7 =6=R(46,6,1) X3 =2846=R(46,18,2)
20 399  20++/399 X1 =20=R(46,20,1) X, =799 = R(46,17,2)
27 728  27+2y/182 X] =27=R(46,27,1) X, =1457 = R(46,31,2)

48 5 24 5+2v6 X1 =5=R(56,5,1) X»=49=R(48,1,2)

58 3 8 8+2v2 X5 = 3363 = R(58,57,2)

60 4 15 4+/15 X3 =244 = R(60,4,2)

70 6 35 6+v/35 X, =71=R(70,1,2)

72 16 255  16+/255 X; =16=R(72,16,1) X, =511=R(72,7,2)

78 35 1224 35+6v/34 X =35=R(78,35,1) Xp =2449 = R(78,31,2)

44 1935 44+3v215 X1 =44=R(78,44,1) Xp=3871=R(78,49,2)
88 32 1023 32++v1023 X1 =32=R(88,32,1) Xp=2047=R(88,23,2)
57 3248 57+4v203 X1 =57=R(88,57,1) Xp=6497=R(88,73,2)

90 64 4095 64+3\/455 X] =64=R(90,64,1) X =8191=R(90,1,3)
96 5 24 5+2v6 X3 =485 = R(96,5,2)
7 48 7+4v3 X =97 =R(96,1,2)

100 63 3968 63+8v62 X3 =63=R(100,63,1) X3 =999999 = R(100,99,3)
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€ b X1 d o X =R(b,a,m)
-1 2 1 2 1+v2 X1=1=R2,1,1) X,=3=R(2,1,2) X3=7=R(2,1,3)
4 2 5 2+5 X1 =2=R(4,2,1) X5=682=R(4,2,5)
6 1 2 1+v2 X3=7=R(6,1,2)
8 2 5 2+v5 X, =9=R(8,1,2)
6 37 6+v37 X, =6=R(8,6,1) Xp=73=R(8,1,3)
10 1 2 1+v2 X3 =99 = R(10,9,2)
4 17 4+V17 X1 =4=R(10,4,1) X»=33=R(10,2,2)
12 3 10 34410 X3=117=R(12,9,2)
16 1 2 1+v2 X4 =17=R(16,1,2)
5 26 5+1/26 X1 =5=R(16,5,1) X, =51=R(16,3,2)
18 2 5 2+5 X3 =38=R(18,2,2)
3 10 3+10 Xo =19=R(18,1,2)
2 2 5 2+v5 X4 =161=R(22,7,2)
26 11 122 11+v122 X1 =11=R(26,11,1) X5 =243 = R(26,9,2)
16 257  16+v/257 X1 =16=R(26,16,1) X, =513 =R(26,19,2)
35 13 170  13+V170 X1 =13=R(35,13,1) X3 =8827=R(35,7,3)
0 1 2 1+v2 X5 =41=R(40,1,2)
15 226  15+226 X7 =15=R(40,15,1) X =451 = R(40,11,2)
26 677  26+v677 X, = 1353 = R(40,33,2)
41 6 37 6+v/37 X3 =882=R(41,21,2)
42 8 65 8+165 X; =8=R(42,8,1) X»=129=R(42,3,2)
49 35 1226 35++/1226 X1 =35=R(49,35,1) X, =2451=R(49,1,3)
50 22 485  22++/485 X] =22=R(50,22,1) Xp =969 =R(50,19,2)
29 842  29+/842 X] =29=R(50,29,1) X, =1683 = R(50,33,2)
55 8 65 8+1/65 X3 =2072 = R(55,37,2)
58 18 325  18++/325 X =18=R(58,18,1) Xy =649 = R(58,11,2)
41 1682 41++/1682 X» = 3363 = R(58,57,2)
64 10 101 10 ++/101 X1 =10=R(64,10,1) X3 =4030 = R(64,62,1)
66 4 17 4+V17 X, =268 =R(66,4,2)
76 6 37 6+v/37 X5 = 128766 = R(76,22,3)
82 37 1370 37++/1370 X1 =37=R(82,37,1) Xp=2739=R(82,33,2)
46 2117 46+ V2117 X1 =46 =R(82,46,1) X, =4233=R(82,51,2)
88 20 401  20++/401 X7 =20=R(88,20,1) X, =801=R(88,9,2)
96 40 1601  40++/1601 X1 =40=R(96,40,1) X, =3201 = R(96,33,2)
57 3250 57++/3250 X1 =57=R(96,57,1) X =6499 = R(96,67,2)

For example, for the triple (g, b, X;) = (-1, 38, 3), we obtained X3 A Rag ={3,19,117}. However,
note that b = 38 isn't included in the above list. The reason is that this solution was already found
nontrivial for b =2, 18. However, 117 = R(38, 3,2). The values of d appearing in the above table
appear in the statement of Corollary[2.1.2] The largest n, appearing in the above table is n, = 5.

This completes the proof of our computational result.
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Chapter 3

Y-Coordinates of Pell Equation which are

Fibonacci Numbers

Chapter Note: The results of this chapter have been submitted to an accredited journal for

publication.

Let d = 2 be an integer which is not a square. In this chapter, the sequence (F;) >0 of Fibonacci
numbers is considered with the pair (X, Y;;,) m=1 set to be the mth solution of the Pell equation
X? - dY? = +1. It is then demonstrated that except for d = 2 when the equation Y, = F,, has the

three solutions (m, n) = (1,2), (2,3), (3,5), there are at most two positive integer solutions (m, n) for
all d.

3.1 Introduction

For a non-square positive integer d = 2, we consider the Pell equation
X*—dy?®=+1. (3.1)

If m is some positive integer, then all the positive integer solutions (X, Y) to|3.1|are of the form
(X,Y) = (X, Vi) with the pair (X, Yy,,) satisfying

X+ YpVd = (X + iVd)™

where (X, Y1) is designated as the minimal solution. We recall that the sequences (X};;,) =1 and
(Y;m) m=1 are binary recurrent with characteristic polynomial x%— (2X7)x + A, where
A=X2—dYEe{xl}.

Several recent papers have investigated the following problem. Assume that U := (U},) ;>0 is some

interesting sequence of positive integers. What can one say about the number of solutions of the
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containment X, € U for a generic d? What about the number of solutions of the containment
Y, € U? For the sequence of X-coordinates, the answer is that for most binary recurrent
sequences (Fibonacci numbers [23], repdigits [19,[16] in some given integer base b = 2, etc.), the
equation X, € U has at most one positive integer solution m for any given d except for a few

(finitely many) values of d, which have been explicitly calculated for the above examples U.

For the sequence of Y-coordinates of the Pell equation corresponding to some d, it was shown in
(18] that if U := (U,) ,>0 is a fixed binary recurrent sequence of integers whose characteristic
equation has real roots, then provided d exceeds some effectively computable bound depending
on U, we have that the containment Y;,, € U has at most two solutions m. It has exactly two
solutions for infinitely many d’s in the case where the fixed binary recurrent sequence U has 1
together with infinitely many even integers. The cases of the specific binary recurrent sequences
with general terms U, = 2" — 1 and U}, = L, the nth Lucas number, respectively, were treated in
an elementary way in [17], and following the non-elementary procedure described in [18] in [15],
respectively. We set U := (F,) ;>0 with Fy =0, F; = 1. with recurrence F;;» = F;41 + F,foralln=0

and study the equation Y,, = F, in integers (m, n) with m = 1, n = 1. Our result is the following.

Theorem 3.1.1 Letd =2 be an integer which is not a square, (X;n, Ym) m=1 be the mth positive
integer solution to the Pell equation (3.1). The Diophantine equation

has at most two positive solutions (m, n) with m =1, n =1 except for d = 2 when it has three
solutions (m, n) €{(1,2),(2,3), (3,5)}.

We follow the genera approach from [18] with some details borrowed from [15] in proving the

result.

3.2 Pell equation and Fibonacci sequence

We set (X7, Y1) to be the minimal solution of (3.1). We first note the following facts about
Fibonacci numbers and Pell equations.

Y= X1+\/EY1 and 0:= Xl—\/gyl.

Then

m m

m m —
2 2vd

Note that 5 = Ay~!, where A € {+1}. We put L := Q(y).

Xm holdforall m=1.

The Fibonacci sequence {Fy},>q is given by F;,;» = F;;1 + F,, for all n = 0 with the initial values
Fp=0and F; = 1. By setting («, ) := ((1 + v5)/2,(1 —/5)/2), the Binet formula for the Fibonacci
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sequence is
a — ﬁn a — ﬁn

- V5

We note that f = —a 1.
Lemma 3.2.1 The inequalities
Y"IVIV2 < Y < V2™ iy
hold for all m = 1. Further, the inequalities
a"*<F,<a"! (3.2)
hold foralln = 1.

In the above, the inequalities involving Y,,, are from Section 2.1 in [15] and the inequalities

involving F,, are well-known.

3.3 The proof of Theorem 3.1.1

As in [17] and [15], we put M := KL, where K is the number field Q(a) and L is Q(y). There are
infinitely many d such that Y;,, = F;, has two positive integer solutions (m, n) since F; = F» = 1 and
F,, is even whenever 3 | n (thus there are infinitely many even Fibonacci numbers). Assume

Ym = F,, has 3 positive integer solutions (m;, n;) for i = 1,2, 3. Suppose further that m; < m, < ms.
Then we have that n; < ny < n3. We also assume n = 2 since the instance n = 1 produces the same

Fibonacci number as the instance n = 2.

3.3.1 a and y are multiplicatively dependent

In this case, K =L and the fundamental unit in the ring of algebraic integers,0p , of L is a. Thus,
y=((1+V5)/2)" for some positive integer m. We thus have that d = 5- d? for some positive

integer d; = 1. We rewrite equation (3.1) as

2Xm,)? —52d1 Yi,)* = +4.

As is widely known, this equation is solved in positive integers only by the pair (X, Y) of the form
(X,Y) = (L, Fr) where t = 1 is some integer. The sign in the right-hand side is determined as the

sign of (—1)*. Thus, there are positive integers ¢; for i = 1,2,3 such that the relations
(ZXmi,Zdl Ym,) = (Lti)F[i);
hold.
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It is therefore the case that 2d, Fy,; = F;, for i = 1,2,3 and 1 < f; < £3. The above equation gives in
particular that n3 | £3 with the instance ns = 3 being clearly impossible. So, only the instance

ns < t3 is possible. If we assume that d; = 2, then the index of appearance, z(2d;), of 2d; in the
Fibonacci sequence (that is, the smallest positive integer k such that 2d, | Fy) is at least 5 and it is
a multiple of 3, so it is at least 6. Since 2d; | F,, itis also the case that z(2d;) | ¢;. In particular,

t3 = k3z(2d,) for some positive integer k3 = 3. We thus see that f3 = 18. From 2d, F;,; = F;;, we have
that Fy, Fy,, = Fy, F,. The factor F;, appearing in the left hand side of the last equation has, by
Carmichael’s Primitive Divisor Theorem (see [7] and [10]), a primitive divisor, that is a prime
factor p | Fy, such that p{ Fy for any k < f3. In particular, the factor p does not appear in the
right-hand side of the above equation since both inequalities 7, < #3 and n3 < t3 hold. The case
d; = 1yields the equation 2F,,, = Fy,, so again F,, does not have a primitive prime factor. Since

3 = 4 (because 3 > n3), the only possibilities are #3 = 6,12, which do not lead to solutions since

none of Fz/2 =4 or Fy,/2 =72 is a Fibonacci number. Thus, no solution exists in this case.

3.3.2 Auseful inequality

We proceed with the proof of Theorem 3.1.1]by supposing now that y and a are multiplicatively

independent. From the equation Y;,, = F;;, we have that

7/m_é‘m an_ﬁn

= . (3.3)
2vd V5
This yields
y"2vVd) 'Vsa " 1= "5 _pn__AV5 (D" (3.4)
2Vdan  a” 2v/darym @t .
Equation gives that
y™" )f +1 P a”—ﬁ">
Vi ava "B
So,
\/37/'" >da"2. (3.5)
Taking the absolute value in (3.4), we have that
vha?)| 1 25
-1 -
((2\/3) V5y™a ”—1)<(1+ o |z <
We thus record o5
)(2\/3)‘1\/3yma‘”—1‘ <= 3.6)

a’n :

ma—Zn

We note that since 4d/5 is not a unit but y? is a unit, the equality 4d/5 = y*"a~2" does not

hold. This ensures that the left-hand side of (3.6) is not zero. We next suppose that y > 10® and
conclude that d = 94 (see Section 3.2 in [I5]). From the first inequality of (3.5), we have that

\/_)/ (d)a >35.9a".
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We apply absolute values in (3.4), to obtain

V5] 1 104
-1 -
‘(2\/d) VBy™a ”—1)<(1+71_8 — <

The rightmost quantity in the above inequality is less than 1/2. We use the fact that if
le* — 1] < y < 1/2 for real x, then | x| < 2y to obtain

2.08

Imlogy — nloga —log(2Vd) +log V5| < a. — for n=2.

2

Next, we rewrite as
Y —2VdW5) e - M-y H" =0.

We multiply through by y” to obtain

This yields

¥ =VAWE) @ - B £/ d(G) L ar - 2+ A,

We rule out

Y7 =VaAVE) @ - B \/d(6) (@ - 2+ Am,

since it is less than 1. We thus have

Y7 = VAWE) M@ - B+ dG) @ - frZ 4 A
VdWs) e - VA5 B+ Vd(E) a1+ 1),

vi=—2(E)"

a

,6 2n Am
a +5‘1da2”'

a
Taking into account the fact that d = 94, we can bound x as

1 1 5 1 1 5 2.08
|X|§a2n 2+a2”+3 Sﬁ 2+F+9—4 < o2 <0.31.

(3.7)

In the case x < 0, we denote f(x) = v'1+ x and note by the Mean Value Theorem for derivatives

that

Vitx=1+f'Ox, f©= (€ (x,0).

1
2/1+C

Similarly, the case of x > 0 yields

1
1+x=1+ /()’ ,():—) E(O) )
V1i+x [fQx, f(«€ Wivwe (e0,x
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So, in either case, we record

1
\/m:]."‘ ,( )x) ,( ): » E(_lxl)lxl)'
f« (s Wivy: ¢

The fact that | x| < 0.31 yields |1+ {| > 0.69, so f'({) < 0.61. Thus,
V1+x=140pe1(x]) =1+ Or4(a™®",

where the notation O¢(|x]|) is the Landau symbol and the constant implied by it can be taken to

be C. The last equality follows from the fact that

2.08
|x| < 2n
Thus,

Y™ = VA5 a1 - (Bla)t +1+014@™?)
= 2vVd5) a1 - 1/2)(B/a)" + O (a2
= 2VdW5) a1+ 0 2(a”?™).

Hence,

Y =@V TVEa " (1+012(a72") T = @VA) T VEa 1+ Oy sl@ ).

The last estimate is justified by putting y such that |y| < 1.2/@?" and note that

1+ leloy+pioz1- 2 3.8
(I+y) y+y T4y (3.8)
and
1 ‘ 1 1 1
< < < X
1+y| 1-1yl  1-1.2/a?" " 1-1.2/a*
Since |y| < 1.2a™2" and
1.2a72"
L :ly < <1.5'a_2n,
1+y 1+y| 1-1.2/a*

the desired estimate is obtained. We now use this in equation (3.4) to get

-1 n+1 A"\ /5
(_1)n+1 +( Am\/g
2Vdan
(_1)n+1 5/1m

= 2 + 1da?n (1 + 01.5 (a‘zn))

5A™

4d

) evVd) 'W5a " x (14055 ("))

a2n

1 -
((—1)”+1 + ) oot Or511a(@ m.
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We put
z:=mlogy - nloga — 10g(2\/3+ log(v/5)).

By , we have that |z| < 2.08/a?" < 1. We see that
le? —1-z| < (e—2)z* < 0.719z°.
This shows that
e?—1=2z+00719(z%) = 2+ Oy 719022 (@ ") = z+ O3 5(a™*™).

Hence, we get
—4n n+l1 5A™
2+ 0350 ) =D+ —

2d ) a 2"+ O75/4q(a™ ™,

which implies that

3.6

5A™
mlogy — nloga —log(2Vd) +log(V/5) - ((—1)"+1 + —) a " < - (3.9

4d

The left-hand side of the above inequality is non-zero since if it were zero, then the exponential of
the non-zero algebraic number ((-1)"*! + 51 /4d) a™*" is an algebraic number. This contradicts
Baker’s reformulation of the Lindermann-Weierstrass theorem. We summarise the main results of
this section in the following result which is the analog of Lemma 5 in [15]. Recall that
A=X?—dYfe{xl}.

Lemma 3.3.1 Assume that Yy, = F, for m =1 and n = 2. The following holds.

(1)

2.5
0<|@Va)Voy"a -1 < . (3.10)
(ii) Ify> 105, then
1 1 log(2Vd) +log /5] < 228§ >2 11
0 <|mlogy—nloga —log( ) +log 5|_W or n=2. (3.11)
(iii) Ify > 105, then
n+1 SAm -2n 3.6
0<|mlogy— nloga—log(Z\/ﬁ) +log(V5) — | (=)™ + ad a <—0- (3.12)
a
3.3.3 Boundson n and m in terms of y
From Lemma3.2.1} we have
(m—1)logy —logV2 <logF, < (n—1)loga. (3.13)
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We apply Theorem|[1.4.3|on the left-hand side of with the following choice of parameters;
t:=3and
Y1:=2Vdl5, 7y2:=a, Y3:=7.

We take by := —1, by := —n and b3 := m. We assume 7 = 3. Here, M := @(\/ﬁ, a) contains y1,Y2,Y3
and has D := [M: Q] = 4. We have

h(yy) = h(4d/5)/2 <log(4d)/2 < 1.5logy.

The last inequality holds as y = X; + VdY; = Vd — 1 + Vd and (vVd — 1+ Vd)® > 4d holds for all
d = 2. Thus, h(y;) < 1.5logy. Next, we have h(y») = (loga)/2 and h(ys) = (logy)/2. Therefore, we
can take
Ay :=6logy, As:=2loga, As:=2logy.
We note that
Ym —_5m 7,m —_5m .
Y= = > -1=
" ovay  y-e LT

So, we have that y"~2 < ¥,,, < a’*". This implies m < n since y > a. We thus choose B := n. We set

A:=@2Vd) 'WEyma T -1,

With the above observations, the calculations preceding Lemma 6 in [15] apply to our situation

and yield the following bounds.

Lemma 3.3.2 [fthe pair (m,n) with m =1 and n = 2 is an integer solution to Y,, = F,, then

(i) (m—-1logy < (n+1)loga +logv?2;
(ii) n<8-10°max{1, (logy)3};

(iii) m<8-10"°max{1, (logy)?}.

3.3.4 Thecasey < 10°

In this case, the relation y = Xj + 4 /X12 — A gives that X; < 50. We also use Lemma|3.3.2[to obtain
the bounds m < 3.5-10'% and n < 1.61 - 10%°. We refer to the right-hand side of (i) in Lemmam
and note that 4.7/a®" < 1/2 if n = 3. Thus, we apply (i) in Lemma in the case of n = n3 and

m = mg and pass to logarithmic form to obtain the inequality

mslogy — n3loga —log prre

V3

We apply Lemma to sharpen the bound on n3. To that end, we rewrite the above inequality
as

A
|mgr—n3+p|<ﬁ, (3.14)
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with the following data:

| log(2vd/5 5
piogy . l08@VAIS G040 5 piog2 3.15)
loga loga oga

We also set M := 10?° > mg. For each value of 7 resulting from the pair (X1, 1) (discarding the
values for which 7 is rational), we see that the denominator of the 149th convergent of 7, q149, in
all cases satisfy 49 = Fi49 > 6-10%C. We look for a uniform lower bound on € := [|uq|| — M||Tq]| for

all pairs (X7, ). The inequality
1

|qu49 - P149| <—

q149

holds viewing p149/ 149 as a convergent of 7. Therefore,

20
<0.5-1071°,

Mltg| < — <
I7ql = < 5 75w
Across all pairs (X, 1), we found that ||gu| > 1.66 - 1079, We thus used € > 1.61-107? and obtained
the bound n3 < 115.

By means of the relation y”*~1/v/2 < F,,, which follows from Lemma we obtained a good
bound on m. To search for solutions to Y, = F;,, we went back for all pairs (X;, 1) and generated
all values of the candidates d such that Xl2 -A=d le for some integer Y. For each such (d, Y1),
we set Y = 2X, Y] and generated the sequence {Y},},,>1 where Y10 =2X, Y41 — 1Y, with m
satisfying y""~1/v/2 < F;15. We sought to find those values of d for which the set

1 2yF
{FnzlsnSIIS}O{Ym;lsmSM}

logy

has cardinality 3. We found only the value d = 2 for which Y; = F», Y, = F3, Y3 = Fs.

3.3.5 The case 10° <y <10°

The bound on y yields X; < 5-10°. We also apply Lemma to obtain m < 3.2-10%°. We set M of
Lemma|1.4.6]to be 3.3-10?°. Since q149 = Fi49 > 6- 100 > 6 M, we again work with the 149th
convergent of 7 for each choice of the pair (X;, A). For all choices, we found again that

lgull >1.66- 1072, The inequality

also holds. The value of € was thus uniformly chosen as £ > 1.61 - 10~ which yields n3 < 115.
A search was conducted for solutions in this range over all pairs (X, 1) to no fruition. From now

on, we assume y > 108,

46



3.3.6 Inequalities among solutions

Suppose (m, n) and m’, n’ are solutions to Y,, = F,,. We can thus write

Y _ Fa

Y, Fy '

This gives us

, Am /lm’ -1 ,
,ym—m 1-— 1— - = an—n( where (€ [a—l, al.
Y2m Y2m

The right-hand side follows from the fact that a” 2 < F,, < a’*"!. We note that

1] . ].

therefore holds. We record this as follows. This is an analogue of Lemma 7 in [15].

Lemma 3.3.3 If10° <y and (m, n), (m', n') satisfy the equations Y,, = F,, and Y,y = F,y, then

|(m—m')logy - (n—n')logal < 1.

3.3.7 Bounding n,

This section is concerned with the proof of the following lemma.

Lemma 3.3.4 Assumey > 108 and (n, m) € {(n1, 1), (N2, my), (n3, m3)} are all solutions of the

equation Y, = L, with1 < my < my < ms. Then the inequality
n) <41.7+2.08loglogy

holds.

proof We follow the proof of Lemma 8 in [15]. Consider the matrix

n m11
A=lny, my 1].

ns m31

Assume first that detA # 0. Writing Lemma|3.3.1{(ii) for (m, n) := (my, ny), for £ = 1,2,3, subtracting
the one for ¢ = 1 from the ones for ¢ € {2,3} and using the absolute value inequality, we get

4.16
|(my —my)logy — (ny— ny)logal <W for ¢€{2,3}. (3.16)
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Next, we consider an application of the absolute value inequality to a suitable combination of the

above inequality to obtain;

8.32(m3 — my)

|(m3 —my) o — (my—my) 13| < 2n

In the above inequality, I, for £ = 2,3 represents the expression in the absolute value sign of (3.16)
for ¢ = 2 and 3 respectively. This yields

8.32(1’713 - ml)

Aloga < TS

where

A:=|(m3—my)(ny—ny) — (mp —my)(n3—ny)| =|detA| = 1.

So, by Lemma|3.3.2(iii), we get

8.32
a?™ < (—) (m3—my) <1.39-10'7 (logy)?.
loga

We thus get

(1og(1.39-1017)) ( 1
n < +

logl 41.02 +2.08logl ,
2loga loga) 08l08Y < " 0810BY

which proves the inequality in the case det A # 0. Now suppose that det A = 0. Then A has rank
less than 3. Let [, I5, I3 be the rows of the above matrix. Note that A has rank 2 since otherwise [;
and [; should be multiples of each other, which is not the case since their third component is
equal to 1 but their first components are different. Let u, v be rational numbers such that

Iy = uly + vls. The numbers u, v solve the system
u + v
un, + vng
whose solution is (u, v) = ((ns — ny)/(n3 — ny), (n; — ny)/ (n3 — ny)). Since u, v also solve the system
u + v
ump + Uvms
we also have (u, v) = (m3 — my)/ (mz — my), (M1 — my)/ (m3 — my)). We further have that uv # 0.
We next go to Lemma3.3.1{{ii) which is

L,

ni,

1;

my,

m

51
mlogy —nloga —log(Z\/E) +log(\/§) - ((—1)"+1 + H) a " <

3.6

We multiply the above estimate for i = 2 with u, for i = 3 with v, and subtract the one for i = 1, we
get

(_1)1’13+1 _

+v

(-2

4d

5&’"3) 1

) (o )

4d

aan a2n3 aznl
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3.6(1+|ul+|v|) - 3.6(1+ mg+ my) < 8ms

a4n1 - a4n1 a4l’l1 :
Multiplying across by a>™, we get
512 1 51" 1 5A™
_ I’l2+1_ _ I’l3+1_ _ _ n1+1
u (( b 1d ) 2t TV (( 2 1d ) 20D (( D )
8113
2 (3.18)

In the left-hand side of (3.18) we have 3 terms. Assume first that the first is = 1/6 in absolute
value. We then have that

5
a?2=m) < gy (1 + —) <7u.
4d

Hence, by Lemma 3.3.3} we get
y2ma=m) < 7%y,

If u < 2, then the right-hand side is less than 104 < vy, a contradiction. Hence, u = 2. Thus,
ms —my = 2(ms — my), SO my — m; = ms — my. In particular, my — m; = (ms —m;)/2. Then the

above inequality becomes
YT < 4 2(M2=m) < 702y < 52 (mg — my) < y(ms —my),

SO yk‘l < k with k := m3 — m; =2, a contradiction. If the second term in the left-hand side of

(3.18) is = 1/6 in absolute value, we then get by a similar argument that

5
a?=m) < g|p| (1 + E) <7(m3—my) since |v|< mz—my,

S0
yMamm oy 2ms=m) o g2 020071 < 702 (13 — ) <y (ms — my),

and we get again the same contradiction as in the previous case. If both the first and second are
less than 1/6 in absolute value, then the left-hand side of (3.18) exceeds

5 1 1 1
4d 6 6 4’

so we get that
a’™ < 32n. (3.19)

Instance (3.19) together with Lemma(3.3.2|(i{) gives

, (log(SZ -8-10%)
! 2loga

1
) + (loga ) loglogy < 41.7 +2.08loglogy,

which is what we wanted.

49



3.3.8 Thecase m; >1
In this case, by Lemma3.3.2{(i), we have

logy—logv2 < (m;-1)logy—logv2s<(n;+1)loga

IA

(42.7 +2.08loglogy)loga,
which gives logy < 31, so y < 2.91-10'3. This gives n; < 62. Hence,
1080m~0 <M=l < \OF, <V2F5 <3.6x10'%,

so m; =2 or 3. In the case m; =2, we have Y, = 2X; Y7 = Fj,, which shows that F,, is even so

3| n. Now Y, =2X,Y; = F,,. Hence, X; | F,. For each n; <61 which is a multiple of 3 we took X;
to be a divisor of F;,; /2 with 5- 10° < X; < 1.5-10'3. For each one of these choices we generated
Yi=X1+4/ X12 — A for A € {#1} and applied the method from Section|3.3.4, We obtained
€>1.10-107% and n < 252. To search for solutions to Y, = F,,, we again went back for all pairs

(X3, ) satisfying the above condition and generated all values of candidate d such that

Xl2 -A=d le for some integer Y;. For each such (d, Y1), we set Y> = 2X; Y] and generated the
sequence {Y,,} ,=1 where Y12 = 2X] Yy,+1 — AY;, with m satisfying y"*"1/v/2 < F»55. We sought to
find those values of d for which the set

{Fn:lsn5252}m{Ym:15m51°g(\/§ﬂ}
logy

has cardinality 3. This took a few minutes and produced no solution. There is therefore no
solution in this case. In the case m; = 3, we write Y3 = (4X12 —-A)Y; = Fy,. Thatis,

(2X1)? = Fpn, /Y1 + A. For each n; € [1,61] and choice of A € {+1}, we asked Mathematica to list all
divisors Y; of F,, for which F,,, /Y, + A is a square greater than 10'2. No such value of ¥; found. So

again, there is no solution in this case. From now on, we assume that m; = 1.

3.3.9 Thecasey<10"

Then X; <5 x 10%. We write inequalities ti for (m, n) = (m;, n;) and i = 2,3, and combine them
to get

|(m3 - my)logy — (n3 —ny) loga| < T

We divide across by (m3 — m3y)loga to get

logy ns—ny - 4.16 8.7

< :
loga ms—my| (m3—my)(loga)a?™  (ms—my)a?m

There are 6 values of y in the range y < 10'° for which logy/loga is rational (in fact, an integer)

and they appear in Section 3.8 in [15]. We ignore such values since for us we know that y and «a
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are multiplicatively independent. Since y < 10'°, Lemma shows that
m3 —my < m3 < 8.7-8-10°(logy)* <3.7-10' < Fyq.

For all X; € [5-10°,5-10%], we generated the first 100 partial quotients [aqg, a1, ..., dgg] of each

020

(logy)/loga. The maximum A of the ay all k € [0,99] satisfies A < 10“". This follows from a

calculation explained in Section 3.8 in [15].

Hence, by Lemmal|l.4.7|(ii), the left-hand side above exceeds

1
(A+2)Q%’

where Q = gy is the maximum denominator of some convergent to logy/loga which is smaller
than ms3—my <8- 1015(log)/)2 <4.3-1018 (see Lemma (iii)) since y < 1010, Thus, we get that

_ 8.7(A+2)Q?
B ms — msy

aZ}’lz

<8.7(10*° +2)(4.3-10'%) <4 x 10%°. (3.20)

This gives, n, < 50. Further, from Lemma|3.3.2(i), we see that

- 51loga +logv?2

my—1< <1.9.
2 log108

Thus, my = 2. In the case my = 2, we have Y, = 2X; Y7 = F},,, which shows that F,, is even so 3 | ny.
Now Y, =2X;Y; = F,,,. Hence, X; | Fy,. For each ny < 50 which is a multiple of 3 we took X; to be a
divisor of F,, /2 with 5- 10° < X;. For each one of these choices we generated Y= X1+ /X12 — A for
A € {+1} and applied the method from Section We obtained n < 230. To search for solutions
to Y, = F,,, we again went back for all pairs (X3, A) satisfying the above condition and generated
all values of candidate d such that X12 -A=d le for some integer Y;. For each such (d, Y1), we set
Y> = 2X,Y; and generated the sequence {Y,;},,>1 where Y42 =2X; Y;,,41 — 1Y, with m satisfying
¥™~1/y/2 < F,39. We sought to find those values of d for which the set

logv/2yF.
{Fn:ISHSZSO}m{szlngM}

logy

has cardinality 3. This took a few minutes and produced no solution. There is therefore no

solution in this case.

3.3.10 Better bounds on 13

We refer to the left-hand side of (3.11) which we rewrite as

2vVd _2.08
\/g - 0,’2”
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0 <|mlogy—nloga —log



for the purpose of seeking a better bound on m3. We note that 4d > 5. We apply Mignotte’s
Theorem[1.4.5]to bound the absolute value above. We have

2/

,a,m,1,n|.
V5 )

(YZ)YI)Y?)) b2; bl; bS) = (Y;

Here, we consider the equation Y;,, = F,, with m > 1. Since y is large, we have m < n. We have

D =[Q(v/5,Vd): Q] =4.

We can take
a,:=8.296logy, a;:=17.297logy (=17.297logVd), asz:=4.

Further,

r 1 N m ) ( n +m)
" 18.296logy 17.297logy/ (8.926logy 4

Since

(n-2)loga <logF, = logY,, <log((2y™/2Vd))
mlogy —logV4d,

and vVd > a? (in fact d = 94), we get that n/logy < m/loga. Thus,

n m (1 1 )
———+—<m|-+——|<0.51m.
8.296logy 4 4  8.296loga

Next, assuming m > 1000, we have

1 N m <0.06m
8.296logy 17.297logy  logy

Thus,

0.06m) g 0.031m?

b < (0.51m) (
logy logy

Since ¢%882.0.031 < 0.075, we can take
log % = max{2.5,10g(0.075m*/logy)}.
In case (i) of Theorem|1.4.5} we get
log|A| > —790.95 - 4% - (a1 azas) (log BB)*.

Thus,
2nloga —1log(2.08) < 7.27-10°(logy)*(log %8)?,

50
(m—-1)logy < (n+1)loga +log V2 <3.64-10°(logy)*(log %)?,
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giving
m < 3.7-10%(logy) (log B)>. (3.21)

In case the maximum involved in log 28 is 2.5, we get 0.075m?/logy < e, so

25 \1/2
m< (0‘3075) Vlogy <13,/logy. (3.22)

In the other case log(0.075m?/logy) < 210g(0.28m/+/logy)) := log 28, we get that

m < 2.7.106(10gy)(210g(0.28m/ log)/))2

2
< 1.1-107(logy)(log(0.28m/ logy)).

We get with y:=0.28m/+/logy that

y<(0.28-1.1)-10"/logy (logy)2 <4-10% /logy (logy)z.
y 6. /
——<4-10°/1 .
(logy)? < o8y

Letting T be the right-hand side above, we have that T > (4 -22)? = 256, so we can apply Lemma

1.4.8/with s =2 to get

Hence,

y < 4-4-10% /logy (log4-10% +0.5loglogy)

log(4-10°%)
1.6-107/logy(0.5logl 2(— 1)
< 08Y(0-5loglogy) 0.5loglogy "

2

< 1.6-107-0.25-122,/logy(loglogy)?

< 4.9-10%/logy(loglogy)?.

Hence, 19
m< (@) -1081ogy(loglogy)? < 1.8-10°logy(loglogy)?. (3.23)

Between (3.21), (3.22) and (3.23), the inequality always holds.

We now study Case (ii) of Theorem[1.4.5| We may assume that ry and s are coprime if not we
simply cancel their greatest common divisor. Since b; = 1, we get that |rg| =1, |so| = b, = m.
Hence,

m=b, <5.61-17.2971ogy(4log B)'"® < 110(logy)(log ) *'3.

If 2 < e, then m < 110logy, so inequality holds, and if 28 > e, then
m < 110logy(log®)'"® < 110(logy) (log &),

so estimate (3.21) holds and in particular estimate (3.23) holds.
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We now study Case (iii) of Theorem In this case, we have a relation
(t1by +r1b3)sy = ribat,.

In particular, r; divides s; ¢, by. Since by = 1 and ged(ry, t1) = 1, we get rq | s1. Thus, 6 = |r1]|. Putting
§1 =: 1157, we get
(t15)) + (rsPn=tam, (3.24)

where

Irsil < 5.61-4-4Y3(log®)'"® < 36(log2)'3;
It1s}] < 5.61-17.297(logy) -4'3(log )3 < 155(logy) (log B)"'3;
It,] < 5.61-8.296(logy)-4'3(log®)!"® < 74(logy)log )3

If t, = 0, we take s; = 1. In particular, m < n < | ;] < 155(logy) (log 8) /3. Again estimate (3.21)
holds and in particular estimate (3.23) holds. Assume next that we are in the case 1, # 0. We
multiply both sides of inequality (3.11) by |r;s}| and get

2V

V5

<

2.08 x 36(log B)'/3

o (3.25)

(rls'l)mlogy—(rlsi)log( )—(rlsi)nloga

Replacing (rs))n by t,m — (11 5}), the left-hand side becomes

2vVd
(r1sp)mlogy — (rlsi)log(i) — (tom—tys)) loga

V5
, ova\"™
= mlog(y”sllatz)—log((_ la"1 ]|,
V5
This has become a linear form in two logarithms to which we can apply Theorem|1.4.4] Here,
, ova\"t
A=y a2, Ay = (— [a,
V5

They are multiplicatively independent (since y and « are so), and they satisfy

h(A1)

IA

h(y™1) + h(a®)

IA

1
> (Ir1s11logy + | 2| log @)

1
< 3 (36 +74loga) (logy)(log &)/
< 36(ogy) (log@)”g,
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and

h(@VA) ™) + h(a™) + h(V5)5)
1
Ir1s11log(2Vd) + Eltls'llloga + 715} 1log(v/5)

h(A»)

IA

IA

1
< 38(logy) (log@)l/g + E(loga) -155(logy) (log%)”g
< 76(logy)(log®)'3.

Thus, we can take
log B, :=36(logy)(log®)'"®, logB,:=76(logy)(logB)’?

and
/ m 1

b = + .
4-76(logy)(log)''3  4-36(logy)(logB)1/3

Since m > 1000, the above is bounded by

, 0.004m
< )
(logy)(log%)!/3

Thus,

e%14.0.004m ) - ( 0.005m
(0
(logy)(log%)/3 8

Assume first that the right-hand side above is smaller than 21/D = 21/4. Then

logh' +0.14 < log(

21/4

m < ( ) (logy)(log #)'"® < 40000(logy) (log %) "3,

0.005

(logy)(logB)'/3 )"

(3.26)

In particular, estimate (3.21) holds and in particular estimate (3.23) holds. So, we assume that the

right-hand side of exceeds 21/D. We then get by setting

1’13/1
/ 2\/ d /
A::mlogwam—log((f) ’)

that

log|A| > -24.34-4*.36-76(logy)*(log#)*">

(10( 0.005m ))2
& (logy)(log%)!/3

> —1.71-10" (logy)*(log %8)?"® (log(

(logy))(log B)1/3
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Comparing this with the upper bound in (3.25), we get

2nloga - log(2.08-36)—(1/3)loglog %

0.005m 2
< 1.71-10"(logy)?( %2’3(1 ( )) )
We recall that
o 0.006m )>2
& (logy)(log)!/3 4
and so 5
0.006m
D1 8.7-10%(ogy)?( ,932’3(1 ( ))
(n+Dloga < (ogy)*Qog )" |log| G2

Since the left-hand side exceeds (m — 1)logy —logv/2, we get
(m-1)logy—logv2 < 8.7 10%(logy)?(log8)*®

(lo( 0.005m ))2
& (logy)(log)13)) ’

SO

0.005m ))2

<8.71-105(1 log #)%3 (1 (
We can assume 210g(0.28m/+/logy)) := log %B; otherwise 1i holds.

Further,
0.28m 0.005m

> .
‘/logy lOg’}’(lOge%)ll3

Hence, we get
2+2/3

m<8.71-10° - 4(logy) (log(o.zsm/ logy)]

which gives again with y =0.28m//logy, that

y<(8.71-4-0.28)-10%/logy(logy)®® < 107 /logy(logy)®3.

J 7/
W <10 IOgY

Denoting by T right-hand side above, we have T > (4 (8/ 3)2)8/3 so we can apply Lemma
with s = 8/3 getting

Hence,

y < 2%9.107\/logy (log(10") + (1/2) loglogy)"”

log(10”
< 2%3.107y/logy(1/21oglogy)®3 010

1/21loglog(10%)
< 7-10%/logy(oglogy)®/3.

8/3

56



Hence,

0.28

This is a bit worse than (3.23) (by a factor of 25/1.8 = 14), but we have the additional linear
equation (3.24). Recording that

m< (L) -10%(logy) (loglogy)®"® =2.5-10' (logy) (loglogy)®'3. (3.27)

log# = max{2.5,210g(0.28m/ logy)}
< 210g(7-log@ﬂoglogy)g/g), (3.28)

we can record the following conclusion.

Lemma 3.3.5 Lety > 10'° and assume that (m, n) is a positive integer solution to Y,, = F,,. Then
one of the following holds:

(i)
m<1.8-10° (logy) (loglog)/)z;

or

(ii)
m < 2.5-10'°(logy) (loglogy)®’3,

but additionally
a+bn+cm=0,

for some integers a, b, c all nonzero (except in the case t; = 0 which has a = 0) with
la| < 11010gy(10g@)1/3, |b| < 36(log,%)”3, lc| < 74(10gy)(log%’)”3,

wherelog 2 is bounded above as shown in (3.28).

In the above, we used (a, b, ¢) := (5}, 115), — 1) .

3.3.11 Aboundon m,
We write inequalities (3.11) for (m, n) = (m;, n;) and i = 2,3, and combine them to get

aan '

|(m3 — my)logy — (n3 — ny)loga| < (3.29)

We apply Theorem|[1.4.4)with
(AlvAZr bl) bZ) = (Y) a,ms— mp, n3 — nZ)-
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We have D =4, logB; =0.5logy, logB, =0.5loga and

y_ M3—mp N3 — N

2loga  2logy

Now

IA

(ms —my)logy (ms—1)logy —logy

IA

((n3 +1)loga +log v2) —logy
= nsloga+log(vV2aly)

< nzloga.

Hence,

, ns +n3—n2<2n3—2:n3—1
2logy 2logy  2logy logy
mslogy +loga +logv2

(loga)logy

< 2.2ms.

where the third inequality above was obtained from the second inequality of Lemma (3.2.1).
Putting A, for the left-hand side of we get

log|Ay| > -24.34-4%.(0.5)°logylogamax{21/4,0.14 +log(2.2m3)}*
> —750logymax{21/4,0.14 +log(2.2m3)}°.

Comparing with (3.29), we get
(2n2)loga —log(4.16) < 750logy max{21/4,0.14 + log b'}°.
Hence,

(my—1logy—logv2 < 375.1logymax{21/4,log(2.2m3)}>.

Thus,
my < 376 max{21/4,log(2.42m3)}>.

If the maximum is 21/4, we then get log(2.42m3) < 21/4 = 5.25, s0 my < m3 < >?°/(2.42) < 80. If

the maximum is log(2.42mj3), we then get
my < 376(log(2.42m3)). (3.30)

Since m3 = 3 and 376(log(2.42 - 3))%2 > 80, inequality li always holds. Let us record it.
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Lemma 3.3.6 Lety > 10'° and assume that (m, n) is a positive integer solution to Yy, = F,,. Then

my < 376(log(2.42ms3))>.

3.3.12 Boundingy

We return to (3.11) which we rewrite as

2vd 2.08
‘mlog)f—nloga—log(fﬂh)+loan1 <=
Now
2Vd 2vd 2y Xi-4
log| —F = log|—Yi|=1o
24/ X -2
= logy+log
V5(xi+/X2-2)
= logy -logVv5+log(1+{),
where

(i=t———=—
Xi+y/Xx2-2 Y
Note that |log(1 +{)| < 1.01|{| for |¢| < 1075,

We also have that
a™+1

V5
and so a? > 2.2y, which gives 2.08/a?" < 0.42/y?. Thus,

> an = sz =Y, =2X7=22X; > 099')/

1.5
[(m—-1)logy —nloga +log\/§+loan1| < F

We write the above inequality for (m, n) = (m;, n;) with i = 2,3, multiply the one for i = 2 with

ms3 — 1 and the one for i = 3 with m; — 1 and apply the absolute value inequality to get

((m3 —1Dny — (mp —1)nz)loga + (mz — mz)log Fy,, + (my — mg)log\/i'_)
3(ms + my)
Y2
We rewrite the above as

3(m3 + my)

N (3.31)

((m3—1)ny — (my — 1)ns3)loga + (my — ms) log \/an1 <
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and treat it as a linear form in two logarithms.

The right-hand side in (3.31) is < 6m3/y?. Assume that

P20 < G
By Lemma|3.3.5, we get
y? 110 < 6.2.5.10'%(logy) (loglogy)®’3,

which implies y < 1.5-107, a case already treated (see Section ). Thus, we may assume that
y2~110 > 63, so the right-hand side of is smaller that 1/y'/1°, Since v/5F,, and « are
multiplicatively independent (this is true since no rational power of « is a positive integer larger
than 1), we can apply Theorem|I.4.4]to bound the left-hand side of (3.31). Here, we have

AMi=a, 1= \/anl. Thus, D =2,logB; =1/2. Since

h(A2) = h(V5Fy,) = h(a™ - B™) < nyh(a) + ny h(B) +log2 < (n; +2)loga.

We choose log B, = (n; +2)loga >log v/5F,,. Further,

|(m3—1)ny — (my —1)ns|
2(n; +2)loga

b' = (m3—myp) +
Note that

|((m3—1)np — (my—1)ng)logal < (m3—my)log \/an1 + m

< (mz—-my+1)log \/an1
< mslog \/anl,

where we used the fact that 1/y1/19 < 1/10 < log2 < log F,, together with the fact that m, > 2. We
recall (n; +2)loga >logv/5F,, to obtain

1 5F,
b'<(m3—m2)+ 3 Og\/_ il <(1+

2(ny +2)(log a)?

Thus, Theorem together with (3.31) give that

mg < 2.04ms.
Zloga) 3 3

0.1logy < 24.34-2*-(1/2) - (n; + 2) (log @) max{0.14 + log(2.04m3),10.5}°.
gy g

Hence,
logy < 1000(12; +2) (max{0.14 +log(2.04ms3),10.5})°.

If the maximum above is at 10.5, we then get

ms < €'%36/2.04 < 16000. (3.32)
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If the maximum above is at 0.14 + log b/, then

logy < 1000(n; +2)(0.14 +1og2.04m3)* < 1000(n; +2) (log(2.4m3)).

Using Lemmas|3.3.4/and 3.3.5} we get

logy < 1000(43.7 +2.08loglogy) (log(2.4-2.5- 10" (logy) (loglog y)'%))?,
which gives logy < 2.5-108. Hence, by Lemma again we get
m3<2.5-10'°.(2.5-10%) - (log(2.5-10%))83 < 2.10%. (3.33)

This bound is about 10'° times sharper than what Lemma (3.3.2) gives on mj3. Between estimates
(3.32) and (3.33), we conclude that estimate (3.33) always holds. Thus, by Lemma|3.3.6, we have

my < 376 (log(2.42-2-10%))” < 1.1-10°.
Further, by Lemma|3.3.4} we get
n1 <41.7+2.08loglogy < 41.7 +2.08log(2.5 - 10%) < 82,

so nj < 81. Let us record what we have proved so far.

Lemma 3.3.7 Assumingy > 10'° and m; = 1, we have
logy <2.5-10%, m3<2-10%2, my<1.1-10% ny<8l.

We need to reduce the above bounds. Returning to (3.31), we get

6(m3 + my)

(m3 — mp)y?

logV5Fy,  |(ma =1)n3 = (m3—1)my|
loga mg — ny

(3.34)

Assume first that ms < 2ms,. Then m3 < 2.2-10° and the right-hand side above is at most
6-(3my)/y? <2-107/y2. The quantity on the left-hand side in (3.34) exceeds 10~ in this range.

To compute it, we used the fact that if 7 is irrational and m < x, then

1

n
T
m (ak+1+2)q;

according to Lemma (i), where [ay, ..., ak,...] is the continued fraction expansion of 7,
pr! gx = lao, ..., arl is the kth convergent to 7 and k is maximal such that g < x. In a matter of
seconds, Mathematica generated for each n; € [2,100] (the bound on #n; is 81 in fact) the largest k
such that gy < 2.2-10° for T = log V/5F,, / log a. The smallest value of the left-hand side in is
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larger than 107%8, We thus get
1 2-107
1068 < YZ ’
which gives y < 6-10%7. Assume next that m3 = 2m,. In this case, we have that
(ms + my)/(ms — my) < 3, and the right-hand side in li is at most 18/ )/2. A similar calculation
as before (with x replaced by 2 - 10%3) gives that the left-hand side of lD exceeds 107190, Hence,

we get
1 18

10100 < F’
s0y <4.3-10°°. Lemma shows that

ms3 < 2.5-10'%10g(4.3-10%°) (log(log4.3-10%))%3 < 1.9 104,

Thus,
my < 376(log(2.42-1.9-10'))? < 428590.

Further,
ny <41.7+2.08loglogy < 41.7 + 2.08loglog(4.3-10°) < 52.

Hence, n; < 51. We perform another reduction cycle with the already improved bounds. If
ms < 2my, then m3 < 857180, the right-hand side in (3.34) is at most 1.1-107/y? and the left-hand

side exceeds 107%!. Thus, we get
1 1.1-107

1041 < YZ

)

s0y < 1.1-10%°. Next, assuming mj3 > 2m, the left-hand side in (3.34) is at most 18/y2. We
calculate again a lower bound on the left-hand sides of lb (now with x = 1.9-10'%), getting that

it exceeds 3-107°7. We thus get
3 18

1057 ~ 32’
s0 Y <5.5-10%8. Thus,

ms3 < 2.5-10'%10g(9.4-10%%) (loglog(9.4-10%%))%3 < 7.6-10'3,

and
my < 376(log(2.42-7.6-10'%))? < 405640.

Further, by Lemma|3.3.4} we have
n1 <41.7 +2.08loglogy < 41.7 + 2.081loglog(5.5-10?%) < 51,
so nj < 50. After another cycle of reduction, we only obtained the following bounds

y<6.05-10%7, m3<7.16-10", my<404168 and n; <50.
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Let us summarise what we have proved.

Lemma 3.3.8 Assumingy > 10, m; = 1, we have

¥ <6.05-10°", m3<7.16-10'%, m,<404168, n; <50, andn,<5.4-10".

The only inequality to still justify is the one about n; but it follows from
(ny —2)loga < (my — 1)logy +log V2 +log Fy, < (404168 —1)10g(6.05-10*") + R,

where R =logv/2 +log1.1-10'3. This implies that 1, < 5.4-10".

3.3.13 Thecase m, =2

Here, 2X; = Y2/ Yy = Fy,,/ Fy, > @™ ™ 1(see Lemma (3.2.1)). Since 2X; <y + 1 <6.06- 10*7, we get

that np — n; < 133. We get np < 195. Since Fj,, is even, we have that n; is a multiple of 3.

For each pair of integers n; < 50, np < 195 such that X; = F,,,/(2F,,) is an integer satisfying

5-10% < X; <3.1-10%7, we generated y := X; +/ X? — A for A € {+1} and applied the method from
Section We obtained and n3 < 240. To search for solutions to Y;,, = F,;, we again went back
for all pairs (X, A) satisfying the above condition and generated all values of possible candidate d
such that X12 -A= lez for some integer Y;. For each such (d, Y1), we set Y> =2X; Y7 and
generated the sequence {Y;,},,>1 where Y42 = 2X; Y;;,41 — 1Y}, with m satisfying ym_ll V2 < Fou.
We sought to find those values of d for which the set

1 2vF,
{Fnzlsn3240}m{ym;1gm5M}
logy

has cardinality 3. This took a few minutes and produced no solution. There is therefore no

solution in this case. From now on, m, > 2.

3.3.14 The final calculations

We return to (3.11) which we rewrite as

2
mlogy — nloga —log (%Fm) +log Fy,
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We rework log(2V'dFy,) in order to get additional terms.

2vd 2vd 2y Xi-A4
log| —F, log| —Y1|=log| ————
2¢/X5F-2
= logy+log
V5(xi+/X2-2)
A
= logy—logV5+log I_F)
A 1
= logy-logv5-—+0ps1 (—)
? vt

Since m, = 3, we have
a™+1

NG > Fpy = Yo, 2™ V2 2921V2,

SO
a =1.57y%.

Hence, (3.11) yields

A 1
‘mlog)f— nloga +logF,, —logy +log V5 + — + 0051 (77)
Y

2.08 1

< — <,
1.57%2y4 4

which gives

1.51
< —. (3.35)

¥4
We write the above estimates for (m, n) = (m;, n;) for i = 2,3 and take a linear combination of

A
‘(m— 1)logy — nloga +log V5F,, + 77

them to get, via the absolute value inequality

A(mz —my)
’((mg — g — (mz — Dnp)loga + (m3 — my) log V5 Ey, + %
1.51(mg+ my —2)
< " :
This yields,
Almz —my)
((m3— 1y — (np — )mg)loga + (m3 — my) log V5F,, = - 3}/2 2
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so the expression in the left-hand side above has sign —A. Furthermore,

) A(log\/anl . (mz—l)ns—(m3—1)n2)

loga ms — my
1 -2

= > (1+01.51 (—m3+m2 ))
yY?loga (m3 — myp)y?

We study the ratio (ms3 + my —2)/(m3 — my).

(i) If ms <2my, by Lemma|3.3.8} we get m3 <2-404168 < 808336. Thus,

ms+ my—2
3 f omy<1.7-10°
ms — my

in this case. Hence,

Mms+my —2 1.7-108 1
O51|———= | =0O1s 5>— | = Oo.001 | =
(m3 —my)y Y Y

in this case since 1.51-1.7-10° < 107 < y/1000.

(ii) If mg >2my, then
ms+my—2 < 1.5mg _

)

ms — my M3/2

I’Yl3+WL2—2) o (1) o (1)
—_— = — | = 0-91— 1.
(ms—mz)Yz 4.53 Y2 1.5-10 y

SO
O1.51

Hence, in the first case, we get

1 5F, -1 — -1 1 1
08VSEn _ (my—Dns—(m = | _ . (1 + 00001 (—)) (3.36)
loga ms —mp Y<loga Y
We use the fact that |(1 + x)!/F — 1| < 1.001|x|/ L valid for all x € (—1/108,1/10%) and extract square
roots getting
logV/5F,, (my—1)nz—(mz—1)ny 1 1
- = ——— 1+ 00001 (=
loga ms —my YV loga Y

1 ( 1
——— {1+ Oo.001 (—)) .
YV loga Y
Finally, we can take reciprocals getting

-1/2
1

Vloga

logv/5F, _ ((mz =1 ng - (mz—1)ny)
loga mgz —m;

r{rom 3]

Y+ Op.1(1).
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By the same argument, in the second case we get that the above estimate holds with Og ;(1)

replaced by O; 5.;0-s. Further, since y =2X; + O;(1/y), we get that

-1/2

1
=2X)+¢, (3.37)

Vvioga

where { = Op2(1) in the first case and { = O; 4.19-s(1) in the second case. In both cases,

) -1/2
X, = (3.38)
2¢/loga

and the expression under the absolute value has the sign —A. It remains to find an efficient

logV5Fn,  (my—1)nz—(mg—n,
loga ms — my

logV5F,,  (mz—1)ns—(ms3—1ny

loga ms —mp

process to detect all possible fractions of the form

(my—1Dnz—(mz—1ny

ms—mp

Well, we return to estimate (3.36) and note that its right-hand side is

We distinguish several cases.
Case 1. The case mz <2mo.

In this case, we have mj3 < 808336,y > 109, so y > 3(m3 — my). Thus, the right-hand side in (3.36)

is smaller than
2.1 1

(3(mgz — my))? < 2(mg — my)?’

By a well-known criterion of Lagrange (see Lemmal(l.4.7|()), the fraction

(mpy—1)nz—(mz—1)ny

ms — msy

is a convergent py/ gy of logv/5F,, /loga. Here, k is a nonnegative integer such that
qr < ms—my < mg < 808336. Thus, we generate all such possibilities, then we calculate X; using
formula (3.38). Having obtained Xj, we use the method from Section to find a small bound

on 71,. The maximum value of the number A there was at most A < 5.18-10%°. Thus, inequality

(3.20) gives

2
< MSQ.Z(A+2)Q
ms — my

< 9.2-(5.18-10%° +2)(404168) < 1.93-10%?,

aan

s0 1 < 78. This leads to m, = 2 because y > 10'9, but this case was already covered with no

solution found.
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From now on, we may assume that ms > 2m;.
Case 2. Considerations abouty and ms.
If y > 2.1mg3, then again the right-hand side of (3.36) is smaller than

1
2(ms — myp)?’

so Legendre’s result applies leading again to n, < 78 and my, = 2.

It remains to deal with the case when y < 2.1m3. Note that in this case both
m3 >10'9/2.1 > 4.7-10°% and m3 — my > m3/2 > 2.3-109 are large making direct computations with

them ineffective. We write
(my—Dng—(mg—Dny

a
ms — no b,

where a and b are coprime. Thus,
(me—1ns3—(ms—1)n,=Da and m3g—my = Db,

for some positive integer D. Write

21 1 (2.1b2)

] R (3.39)

Case 3. The case when m3 < 73y and m3 > 2m,.
Then the right-hand side in (3.39) above is at most

2.1(ms—my)?> 2.1-722 10900
Dzbzyz < D2b2 B D2b2'

Hence, returning to estimate (3.36), we have

logV/5F,, a

loga b

10900
< —D2 b2

If D = 150, then the right-hand side above is smaller than 1/(2b?), so Legendre’s criterion applies,
which was already covered in Case 1. Thus, we may assume that D < 150. In this case
msz—my 2.3-10°
= >

b= >1.5-10". 3.40
D 150 (3-40)

The above is a particular instance of an inequality of the form
<— (3.41)

where 7 :=log \/EF,Z1 lloga, alb= ((my—1)ng—(m3—1)ny)/(ms — my) and K = 10900. At this stage
we use the following theorem of Worley [31] for the irrational 7, which generalises Legendre’s

result.
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Theorem 3.3.9 Assume holds. There existr,s withr >0, s=0, rs<2K and k = 1 such that
a=rpi+nSpr-1 and b=rqgir+nsqi-1, nei{xl},
orl<rs<K, kissuch that aip.1 =1 and
A=TPr+1+SPk-1, and  b=rqis1+Sqk-1.

In case s =0, we can take r = 1 (since a and b are coprime) and then we have a/b = p/qy. This is
the only case possible when K < 1/2 since then 2K < 1 so rs < 1 giving s = 0. This is Legendre’s
result. Since we already did the calculation corresponding to this case, we assume that rs = 1.
Worley describes the number k. In case rs # 0, then let £ = —1 be the unique positive integer such
that if we write T = [ag, a1, ...,a¢,a¢41,...] and a/b = [ay, ay,...,ay,b1,...,by] then b; # as41. In
Worley’s notation, let § = [by, ..., b,] and y = [a@y4+1,...]. Then f=b; + p/d, where 0 < p < d and

b, # ay+1. Worley distinguishes between the cases >y and 8 < y. In case 8 >y, he shows that
k=¢+1,and (r,s,n) = (d,d (b, — ar+1) + p, +1) satisfies the required inequality rs < 2K except
when b; = ay41 +1and ag4» =1, in which case k= ¢+ 1 and (r, s,n) = (d, p, +1) and

b=rqe+2+ sqy. Thus, in this case k is an index such that py < b <2Kpy, except when ay,, =1,
in which case the upper bound is slightly worse namely b < 2Kpy.2 < 4Kpy+1. In the case

B € (0,7), Worley distinguishes cases according to the value of min{g, as1/2}. If B < as.1/2, then
he writes f = m + p/d and shows that k = ¢ and (r, s) = (dm + p, d) have the required property.
This also works when m = 0. If > ay./2, then he writes § = ay+1 — m— p/d, and shows that
k=¢+1and (r,s,n) = (dm+ p,d,—1) have the required properties. This is the only case of the
negative sign. In particular, in this case k = ¢ and k = ¢ + 1 according to whether the sign is +1 or
—1 and at any rate gy—1 + g,/ (2K) < b < q¢+,. In practice this helps to corner k when doing the
calculations. Thus, for n; € [2,50], we apply Worley’s Theorem with 7 :=log \/an1 /loga and
K :=10900. We calculate the continued fraction and the convergents pi/ gk, pr-1/qx—-1 of T such
that k < k;, where k; is maximal such that g, < m3 <7.16- 10'3. A simple calculation reveals that

k; <32, which is reached at n; = 4. Then we generated the fractions

a _ TPkt SNPk-1

, with 1<rs<2K, k<k;and ne{xl}.
b rqi+sngi-

If ai.+1 = 1 we must also consider the fractions of the form

a _ T'Pk+1+SPk-1

, with 1<rs<K and k<k;.
b rqratsqra

In order to reduce the amount of fractions a/b we consider also the condition (3.40). Then we
used equation to generate all possible candidates X; obtainable in this way. As we obtain
them we check for the extra condition namely that in estimate we have that the distance for
the formula we use to round up to X; (distance to the nearest integer X)) is smaller than
(1.6/2)-1078 < 1078, Furthermore, we are left only with those X;’s that make
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Y=X1+4/ X12 —1>10'° for A € {+1}. After a few hours of computation we obtained the following
list of Xj’s:

15048438972,34810465774,58298763342,25042219341229,727111625435,
3375923511388,8581755725011,7538130851888704

Only to these candidates we apply the method from Section[3.3.9] The exact quadruple
(n, ny, k, X;) resulting from the code is captured in the table below.

n n k Xi A max{a;:i <68}

-1 5 24 15048438972 1 116

-1 10 13 58298763342 1 91

-1 14 8 727111625435 1 55

-1 29 4 8581755725011 -1 294

+1 3 23 86632618310552 1 323

+1 10 16  25042219341229 1 69

+1 16 15 3375923511388 1 279
ars1=1 30 9 7538130851888704 -1 82

With the values of X; so obtained, we used the method from Section to obtain a small bound
on n,. From the first 68 partial quotients [ay, a,, ..., as7] of each (logy)/loga, we obtained the
maximum A of the ay, for all k € [0,67] satisfies A <323. So

- 9.2(A+2)Q?
T omz—-mp

a2ng

<9.2(A+2)Q<9.2-(323+2)(7.16-10'%) < 2.141 x 10"7. (3.42)
By Lemma(3.2.1} the above implies
Y2V <2y? =2F <2a ?a*™ <2-a7%-2.141-10" < 1.64-10",

which is impossible for m, > 2 and y > 10'°.

From now on, mz > 73y. If m3 < 1.8-10(logy)(log(logy))?, then we get
73y < 1.8-10°(logy) (loglogy)?,

which gives y < 5.4-10%, a contradiction.

Hence, we only have to treat:
Case 4. The case when mz > 73y and m3 > 1.8-10°(logy) (log(logy))?.

Then Lemma shows that,

73y < m3 < 2.5-10"(logy) (loglogy)8/3,
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soy <2.1-10''. We then get

log 28 < 21og(7-10%/log(2.1-10'1)(loglog(2.1-10'1))¥/3) < 55.

Thus, we get that
a+bns+cmz =0,

for some nonzero integers a, b, c with
lal <110(logy)(log )3, |bl <36(ogB)'"3, |c|<74(ogy)log®B)'3.

In particular, we have the system

c(ms—1)+bngs —a-c;

1.01
(m3—1)logy —n3loga = —log\/anl +Ol( )

?

The second equation follows from (3.35). Note that since y > 10'?, it follows that the error term in

the second equation above is < 10717, We solve it with Cramer’s rule for m3 — 1 getting

—a-c¢ b
—lOg \/an1 + Og.01 (1) —lOgOC
ms — 1=
c b
logy -loga

The numerator is in absolute value at most

(lal+|cl)loga + [|bllogV5F,, +0.01)
< ((110+74)(loga)logy + (36 +0.36/log V/5F,,,) log V/5F,,,) (log 8)*/3
< (88.6+(36.52)(logy))(log )"
< 126(logy)(log ).

In the above, we used the fact that 2 < v/5F,,, = v/5Y; <y which is true since d = 94 for y = 10%.

Hence,
c b ((logy)(log%)”?’)
= O127 .
logy -loga ms
We thus get
c (log2B)!3
—Eloga = (logy) (1 + 0127 (i—mg)) .

The amount above that involves Oy,7 is at most 127553 - m;1 <1079 since m3 > 73y > 7.3-10'1.
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Exponentiating we get

(logy) (1og93)”3))
|b|m3

(logy) (log%)m))
Y(l * 0128( [blms

y(logy)(log%)!/3 )
|blms3 '

a 't = YeXP(Om?(

Y+ O128 (
The second equality holds true because
e =1+x+0,(x*) =140 901(x) for 0<x<107Y,

and 1.001 < 128/127. Since m3 > 73y, we have

y(logy)(log%)1’3) _0 ((logy)(log%)m _ 17385

0]
128 |blms 731b| |b|

In the above, we used that y < 2.1-10'! and log28 < 55. Since
y=2X;+0,(1/10%)
and |b| < 36(log38)1/3 < 140, we get that
a P = 2X; + 0175(1/1b).

Thus,
1X; —0.5a""?| < 88/|b.

This shows that X; is determined by pairs of integers |b|, |c| with

|b| < 36(logB)''? < 140,

[—
IA

lc| =74(logy) (log%’)”3 <7337,

[—
IA

and then Xj is one of the integers of the form 10.5a//161] + ¢, where
|¢| € [-88/|b|,88/|b]INZ.

With these values of Xj, after checking that X; € [5-10% 1.1-10'!] (the upper bound follows since
X; < (y+1)/2and y <2.1-10'), we used the method of Section We got A<9-10%!. This
calculation took a few minutes. So,

- 9.2(A+2)Q?
- ms — my

a2n2

<9.2(A+2)Q<9.2-(9-10%! +2)(7.16-10'%) < 5.93 x 10%. (3.43)
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Thus, n, < 100. However, by Lemma|3.2.1
y?me=D) < 2.q72.5.93-10%¢ < 4.54-10%.

Since y > 1019, this gives m, = 2, which is a case already treated.

This finishes the proof of the theorem.
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Chapter 4
Conclusion

It was demonstrated through the work in the Chapter 2 that there are finitely many values of d of
the Pell equation X2 — dY? = +1 that have at least two members of their X—sequence of solutions
being base-b rep-digits for any fixed base b = 2.

We see for instance that the main result of Chapter 2 shows that d = 2 has two of its
X—coordinates being base-b repdigits for some b € [2,100]. The way to find the actual solution is
first to find the minimal solution corresponding to d = 2. The minimal solution is (1,1). We then
generate the rest of the X—solutions using the binary recurrence X;, = 2X; X,,_; + X;,—» until we
get to n = 5. We then obtain the base-b representation of each of the X—coordinates taking turns
to do it for each b € [2,100]. We obtain X; =1, X, =3, X3 =7, X5 = 41. One then confirms that
1=(1)2,3=(11)2, 7= (111),. This means that the value d = 2, has at least two(exactly three) of its

X sequence of solutions being base-2 repdigits.

In Chapter 3, it was demonstrated that, only the value d = 2 has at least three of its Y sequence of

solutions being Fibonacci numbers. The solutions to Y;, = F,, is this case are

(m,n) =(1,2),(2,3),3,5),

4.0.1 Possible Next Step

One direction that could be explored is the problem of determining the values of d that have at

least three of their Y sequence of solutions being base-b repdigits for any fixed integer base b = 2.
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