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Abstract

In this thesis, we consider one-parameter point transformations that leave a
differential equation invariant. In particular, we show that Noether symmetry
classifications of any diagonal metric may be simplified by geometric crite-
ria. We describe the Klein-Gordon equation for some general spaces and deal
with the corresponding Killing algebra. Moreover, our investigation consists
of several metrics, their Lie algebras, the point generators of the Klein-Gordon
equation and their associated potential functions. Finally, we study a class of
ecological diffusive equations and determine higher-order symmetries of non-

linear diffusion equations.
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Chapter 1

Introduction

During an academic career, the majority of students first come across Differential
Equations (DEs) in the form of exact, separable and homogeneous equations. It was
in the nineteenth century, when a well known mathematician, Sophus Lie discovered
that, the special solving techniques used was in fact all special cases of a general inte-
gration method depended on the invariance of the DEs under a continuous group of
symmetries. This discovery expanded on the availability of integration methods and
was the beginning of the development and application of the continuous groups, also
known as Lie groups. The application of Lie groups has an impact in mathematics,

engineering, physics and other related mathematical sciences areas.

There was a significant explosion of research activity in the field of Lie groups over
the last few decades. The research ranged from application to concrete physical
systems to extensions of the scope and depth of the theory. Today, there is still ex-
tensive research in the field of Lie groups. A group which transforms solutions of a

system of DEs to other solutions is a symmetry group of a system of DEs. There are



common examples of symmetry groups, which are rotations, translations and groups
of scaling symmetries. The continuous symmetry groups can be determined using
explicit computational methods. The method is composed of mechanical computa-
tions - several symbolic manipulation computer programs have also been developed

for this task.

After the symmetry group of system of DEs has been determined, a variety of appli-
cations become available. The defining property of a symmetry group can be used
to construct new solutions to the system of DEs from the known symmetry groups.
A symmetry may be used to reduce the order of a given equation by one. Addition-
ally, generalized symmetries have been found to be of paramount importance in the

recent study of nonlinear DEs after many years of being neglected.

Noether’s theorems relating to symmetry groups of a variational integral to prop-
erties of its associated Euler-Lagrange equations were discovered by E. Noether in
1918. The first theorem revealed that each one - parameter variational symmetry
group produces a conservation law of the Euler-Lagrange equations. According to
[1], the general result necessitates the introduction of ¢ generalized symmetries ”
which are groups whose infinitesimal generators depend not only on the indepen-
dent and dependent variables of the system, but also the derivatives of the dependent
variables. In the second Noether’s theorem, there is a nontrivial relation among the

ensuing Fuler-Lagrange equations, and, consequently, symmetries giving rise to con-

servation laws.



1.1 Outline of Chapters

Chapter 2 provides the notation and theory that we utilize to determine Noether
point symmetries and potential functions. In Chapter 3, the general form of Noether
symmetries admitted by Lagrangians corresponding to a diagonal metric are deter-
mined. We apply this general result in order to classify different metric functions
for the determination of Noether generators for the equations of motion. For the
two broad cases considered, we identify symmetry algebras up to dimension thir-
teen. The contents of Chapter 3 have been published in [2]. In Chapter 4, we
consider a general set of Einstein-Maxwell fields in 241-dimensional space. Two
broad categories of solutions are discussed, namely solutions of vanishing covariant
derivatives (uniform electromagnetic fields) and stationary cyclic symmetric spaces.
Subsequently, several major subclasses of solutions arise that may be classified ac-
cording to the conformal algebra they possess. A key feature of these algebras is
the presence of the SO(2) x R Killing group. It is shown that this group and other
elements of the conformal algebra of each solution satisfies a special contingency re-
lation with the potential function of the Klein-Gordon equation. Chapter 4 has been
accepted for publication [3]. In Chapter 5, we investigate the potential functions
V(') that appear in the Lagrangian L (2!, ®,®;) = 1,/9¢7®;®; — 1,/gV (z*) ®?,
where g is the metric of an arbitrary space. Our approach is based on a connection
between the conformal Killing group associated with g and the Noether symmetries
of L (z',®,®;). To this effect, we select certain spaces that are characterized by a

nonzero Weyl tensor. Chapter 5 has been published [4].

In Chapter 6, spacetimes which are 242 decomposable are investigated according
to the Klein-Gordon equations of the space. Nine classes of solutions are presented,
including their conformal algebras. Some of the spaces represent perfect fluids or

vacuum spaces. For each isometry, explicit expressions are obtained to define the



potential function embedded into the Klein-Gordon equation. Chapter 6 has been
accepted for publication [5]. In Chapter 7, we consider different routes to gener-
alized symmetries for some ecological equations that arise in spatial theory. Two
primary methods for the derivation of generalized symmetries are the standard Lie
invariance condition with vector fields dependent on derivatives and secondly, a re-
cursive operator. The former is less efficient especially if it includes derivatives that
become increasingly higher in order, and this necessarily complicates the nature of
the computations. The latter involves a nontrivial analysis to define a recursion
operator, if one exists, but is successful in providing higher-order analogs of the
equation or equivalently, higher-order symmetries. A linear Kierstead-Slobodkin
and Skellam model is shown to possess a recursion operator that renders the equa-
tion completely integrable, by verifying the presence of infinitely many higher-order
symmetries. Moreover, we apply the scheme of the multiplier approach to establish
nontrivial conserved vectors from multipliers A(t, z, u, u,, u;), that are analogous to

integrating factors. Chapter 7 has been published in [6].
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Chapter 2

Notation and Theory

2.1 Differential Functions

For the Lie algebraic treatment of differential equations, consider the universal space
A[1]. Alocally analytic function h(x, u, ug), ..., ur)) of a finite number of variables
is called a differential function of order k. The space A is the vector space of all
differential functions of all finite orders and forms an algebra. A total derivative
converts any differential function of order £ to a differential function of order k +
1. Hence, the space A is closed under total derivations D;. There are also other

operators on A which we recall below, see the books [7] , [8], [1] and [9].

11



2.2 Symmetry Methods

In this section, we outline the general procedure for determining point symmetries
for an arbitrary system of equations. Consider a nonlinear system with ¢ unknown
functions «® which depends on p independent variables z'. We denote u and z as

u=(u',...,u?) and x = (z',...,2P), respectively. Let

G (x,u(k)):(), a=1,...,q, (1)

be a system of m nonlinear differential equations, where u®) represents the k™
derivative of w with respect to x. A one-parameter Lie group of transformations (e

is the group parameter) that is invariant under (1) is given by
T =2(x,uje) u=P(x,u;e). (2)

Invariance of (1) under the transformation (2) implies that any solution u = ©(z) of
(1) maps to another solution v = W(z;¢€) of (1). Expanding (2) around the identity
e = 0, we can generate the following infinitesimal transformations:
=2+ e(x,u) + O(?), i=1,...,p, )
u® = u® + en®(z,u) + O(?).
The action of the Lie group can be recovered from that of its infinitesimal generators

acting on the space of independent and dependent variables. Hence, we consider the

following infinitesimal vector field
X = €0, 4+ 0Oy (4)
The action of X is extended to all derivatives appearing in the equation in question
through the appropriate prolongation. The infinitesimal criterion for invariance is
given by
X [LHS Eq.(1)] |g¢.y= 0. (5)
Eq. (5) yields an overdetermined system of linear homogeneous equations which can

be solved algorithmically, more details can be found in [1] among other texts.

12



2.3 Fundamental Operators

Definition 1. The Euler operator, for each «, is defined by

5 0
s 3ua+z Di, 5o a=1....m. (6)

s>1 i1l

Definition 2. The Lie-Backlund or generalised operator can be expressed by the

following infinite formal sum

0
X = a _+Z i1.. zsaa ) (7)

01...05

where the additional coefficients are determined uniquely by the prolongation for-

mulae
Cza = D(Wa)+§] z]v

(8)

a  — D,

21...1g (2 B

D; (W) + éju?ilmis, s> 1.
The total differentiation operator D; with respect to a’ is given by

0 o 0 0

ozt ta ”80‘

+..., i=1,...,n. 9)
In (8), W is the Lie characteristic function given by

We =n* —&us . (10)

Definition 3. Lie-Béicklund or generalised operators X and X are said to be
equivalent if

X-X=XND;, MNeA.

In particular, a generalized operator of the form X = n*d/ou® + - is called a

canonical or evolutionary representation of X.

13



Definition 4. The Noether operator associated with a Lie-Backlund operator X
is given by

, 5
NP =g W o +ZDH-- D, (W) s i=1...n,  (11)

s>1 i1
where the Euler-Lagrange operators with respect to derivatives of u® are obtained

from (6) by replacing u® by the corresponding derivatives, e.g.,

0
(S'LL +Z . — Z.Zl’“.’n’ 04:17---7m' (12)

The Euler, Lie-Backlund or generalised, and Noether operators are connected by
the operator identity

X+ Dy(g) =w* %JrDNZ (13)
Definition 7. A Lie-Backlund operator X is called a Noether symmetry corre-
sponding to a Lagrangian L € A, if there exists a vector B® = (B',..., B"), B! € A,
such that

X(L)+ LD;(¢") = Di(B"). (14)

If B=0(i=1,...,n), then X is called a strict Noether symmetry corresponding
to a Lagrangian L € A.

2.4 Noether’s Theorem

Noether [10] discovered the interesting link between symmetries and conservation
laws, showing that for every infinitesimal transformation admitted by the action
integral of a system, there exists a conservation law. That is, for any Noether

symmetry X corresponding to a given Lagrangian L € A, there exists a current

¢l = (@' ..., "), P e A, defined by
o' = B' — N'(L), i=1,...,n, (15)

14



A current T = (T%,...,T™) is conserved if it satisfies
D;T" =0 (16)

along the solutions of (1),

2.5 Multipliers

The multipliers A* of (1) satisfy the relation
D;T" = A“G, (17)

for the function u® [1, 11]. The overdetermined equations for A* are

i[AQGQ] = 0. (18)

ou®

Eq.(17) is satisfied for the functions u® and not only for the solutions of (1). Con-
served quantities may be derived using (17) as the determining equation, or by
elementary manipulation once the multiplier has been obtained. Alternatively, the

conserved quantities are determined by a homotopy operator, see [12] for details.

2.6 Recursion Operators

Polynomial systems arising from evolution equations are given by

where G is simply expressed as G(u) even though G depends on w and it's z-

derivatives up to order n. Assuming that all parameters in the system are non-zero.

15



A higher-order symmetry, H(u), leaves the partial differential equation invariant
under the substitution u — u + eH within order € [13]. A linear integro-differential

operator which is a recursion operator, R, links higher-order symmetries [13]
HPt) = RH®P) p=1,213, ... (20)

where ¢ = 1 in most cases and H® is the p — th higher-order symmetry.

2.7 Collineation Criterion

Suppose we have the coordinates {z'} for an arbitrary space K™ of dimension n,

and a one parameter point transformation
P =a"+ e’ (aF), (21)

where the (* are vector field components called the infinitesimal generator of Eq.
(21). If T is a geometric object in K™, under the action of (21), T transforms to
© (17, 2%, 2") and the transformation law is T = ©7" (Y%, 2%, 2""). The Lie derivative
L of T is then [14]

LY = g%%(@ <Tm :v) - T). (22)
For functions W (z'), the transformation law is ¥’ (#) = W (2'), so that under the

action of Eq. (21), one has
B (#) = U (2 + e (8)) = W (2) 4 UaC 4 O (€2).
Thus, by Eq. (22) we have
Lo =T (23)

If the RHS of Eq. (23) vanishes, then ¥ (') is invariant under the point transfor-
mation (21), and ¢ is known as a symmetry of W (z). If LY = A, where A is a

16



tensor having the identical number and symmetries of the indices with T, the vector

field ( is called a collineation of T whose type depends on A.

In the context of general relativity, our geometric objects T are defined in terms of

a metric. That is, let T = g4, and A = 21 ¢g,,, then we have

L¢Gab = 2¢Gap, (24)

and ( is a conformal Killing vector (CKV) [15]. Here, ¢ = ¢ (2%) is a conformal
factor. If 1., # 0, the CKV is said to be proper. We have

Y =0 <= Xis aspecial CKV (sCKV),
Y, =0 <= Xisa homothetic vector (HV), (25)
=0 <= Xis a Killing vector (KV).

These vector fields form a Lie algebra and the dimension of the conformal algebra

is less than or equal to 3 (n+ 1) (n + 2).

17



Chapter 3

Noether Symmetry Classifications

of Generalized Diagonal Spaces

Diagonal metrics are frequently used in literature and have featured in numerous
Noether symmetry classifications, for example, [16, 17, 18, 19] and many others. A
Noether symmetry of a geodesic Lagrangian is also a Lie symmetry of the equations
of motion; however, the inverse of this result is not always true. In particular,
Noether symmetries form a Lie algebra called a Noether algebra. It is also well

known that the following holds
KV C HV C Noether symmetry,
where KV and HV denote a Killing and homothety vector, respectively.
The existence of a Noether symmetry supplies us with a Noether integral by Noether’s
theorem [10]. Such Noether integrals are invariant functions of the Noether symme-

try, and thus, the number of Noether symmetries are important for a dynamical sys-

tem. Dynamical systems of n degrees of freedom that admit a minimum of n linear

18



independent first integrals I, (k = 1,...n), with the Poisson bracket {I, I,,} = 0,
can be solved by quadrature. These important consequences have driven most in-
vestigations involving Noether symmetries, see for example [20, 21, 22, 23, 24], and
inter alia; the investigations into minisuperspace quantum cosmology [25], hybrid
gravity [26], f(T) cosmology [27], f(R,G) [28] and Horndeski theories [29], Noether

symmetries are used as model selection criteria.

In this investigation, we explicitly state the general symmetry determining equa-
tions and symmetry vector forms of geodesic Lagrangians that arise from diagonal
metrics. As an application, we then consider a general nonstatic space whereby
the unknown metric functions provide various Noether symmetries of the associated

geodesic Lagrangian.

3.1 Noether Symmetries and Diagonal Metrics

We now turn our attention to a Riemannian space with metric g;(«*). Then the

classical Lagrangian describing the motion of the particle is

(s is the arclength parameter) with the action

Sz/ds (L (a*,3%)).
The vector
X = f(sa ‘rk)as + 77i(3> mk)axl (27)

is a Noether symmetry of the Lagrangian (26) if the Noether condition

dg dh
x5 = 22 28
+ ds ds (28)

19



where h(s,z") is a gauge term, is satisfied and, X [ is the first prolongation of X.

Condition (28) is equivalently expressed as [30]:

Yy _ @@+n%ﬁ+(ﬁ—i%>@0(%mﬁw>
1

§gz‘z‘,k77k (xz)2 + i (771;c — f,s) Pk + gimfsdci — Giil k (xz)2 jk,

: -k 1 AN 1 2\ 2 1 N2 .k

L = (ot u) (30 ()7 ) = S ()7 + Jeau ()
h=h,+ hi*.

Hence, we find the following system of determining equations:

f,k = 07 h,s = 07 (29)
Ufsgn' =h; (30)
Gii (7712 - % ,s) + %nigii,k =0. (31)

Eq. (29) implies that £ (s) and h (z%), while Eq. (30) solves to give " = ¢% (h;s + J; (z')).

Thus the general Noether symmetry vector is of the form
X =&(5)0s 4 g" (hys + J; (2)) Oy (32)
Moreover, Eq. (31) becomes

o] 1
(gu‘gff + §guk) (his+ Ji) — §§,sgii + his + i (33)

Note that, if one wanted symmetries independent of s, we need £ = 0 and h =

constant. In the next section, we show the usefulness of the application of the

formulae (32) and (33).

20



3.2 Conservation laws

A study about variational symmetries is incomplete without the corresponding con-
servation laws guaranteed by Noether’s theorem. Relative to each Noether symmetry
(27) of the Lagrangian (26), is an integral of motion given by

OL aL
T=e(#S —n) -2 1p
§<w8:i:l ) Tom T

which is a first integral or Noether integral of the equations of motion, i.e. % =0. Of
course conservation laws can be derived without Noether’s theorem. Nevertheless,
Noether’s work provides a simplistic and elegant route to quantities left dynamically

invariant.

3.3 A Genaralized Nonstatic space

Consider a nonstatic line element given by
ds* = —dt* + " dr? + 20 de? + M dg?, (34)

in the coordinate system (¢,7,0, ¢), which admits the geodesic Lagrangian

L= % (‘P + P42 4 Qg2 4 eK(t’T)<f52> ' (35)

The Euler-Lagrange equations are

= —1 PePi? —1/2Q,e26% — 1/2 Kye 42,
7= _QeLP (2 PePii + PePi? — Q,eQ0 — KV6K¢2> '
5=~ (10 + ).

21



We assume that the Noether symmetry for the above Lagrangian takes the form of
(27), that is
X =80, +1'0 + 020 + 1’0 + 1 0y,

with gauge function h, where &, 7, h are functions of (s,t,r,60,¢). Using (29) - (31)

the determining equations are explicitly

=0, §&=0, =0, &=0, h=0, &—2n,=0,

e (=& + Pt + Pop® +2n7) =0,

e (2n) — &+ Ka' + Kon?) =0,

e?(=& + Qun'e®Q,n + 213) = 0,

2n5eC +2n3e? =0, —2n} 4+ 2n2"” =0,

=215 4+ 2nje" =0, —2n5+2n2e? =0,

2mpe” +2n2e? =0, 2nie” +2nte” =0,

2mpe? —hg =0, 2nteX —hy,=0, 2n}ef —h, =0, —2n} —h,=0.

The Noether symmetries of this space may be classified according to the functional
forms of the metric functions P, Q) and K- a task facilitated by Eq. (32) - (33). In
fact, according to Olver [1], in situations containing generic functions, say f, one
must search for symmetries with arbitrary f, and thereafter determine particular
forms of f that will expand the symmetry group. To this end, one may consider the
functions P, ) and K as defined above, or specify that they are functions of single
variables, i.e. t or r. Hence, we split our classification into these two considerations
in which a,b,c,d, e, f # 0 are arbitrary constants. Nonzero gauge terms are listed

where applicable.

22



3.4 Two-variable Cases

This case can be further divided into many cases if P, () and K are explicitly defined.

Here we will discuss five general cases:

K(t,r) = P(t,r) =Q(t,r) :

In this case, metric functions are equivalent and we find four Noether symmetries:
X1 = 85, X2 = 98¢ — ¢69, X3 = 8¢, X4 = 69.

Similarly other combinations of K(t,r) = P(t,r) = Q(t,r) together with their

admitted Noether symmetries are listed below.

K(t,r)= P(t,r) # Q(t,r) :

X17 X37 X4-
K(t,r) = Q(t,r) # P(t,r)
X17 X27 X37 X4-
P(t,r)=Q(t,r)# K(tr):
X17 X37 X4-

23



P(t,r) # Q(t,r) # K(t,r) :

In general, for arbitrary P(t,r), Q(t,r), K(t,r) we have the Noether generators
Xl7 X?n X47

but in the special case of P(r) = 1, Q(t,r) = ar® + br + crt + dt? 4+ et + f and

K(t) = ae’ we have the additional symmetries

—1
Se2r

X5 ==

1 —1 _
0, with gauge hs = re + EEZ (1, 2—), and X4 = e Oy,
r

where Ei refers to the exponential integral.

3.5 One-variable Cases

In this section, we examine single variable metric functions in both ¢ and r. Some
specific choices of the metric functions admit additional generators. For example, we
choose to consider quadratic, linear, logarithmic, exponential, reciprocal functions

etc.

K(r)=P(r)=Q(r)=ar’*+br +c:

Xl, Xg, X4, X7 = _78@ with gauge h7 = t, Xg = 875.

K{t)=Pt)=Q(t)=at’> + bt +c:

Xl, XQ, X3, Xg = 87“7 X10 = 7"89 - 08“ X11 = 7"8¢ - gb@r

24



K(r)=P(r)=Q(r)=aln(r) +b:

0 0 r t
Xl, XQ, Xg, X4, X7, Xg, X12 = m&;s + 5(99 + a+ 2& + 5815 + Sas.
K(t) = P(t) = Q(t) = aln(t) + b :
-2 -2
X1, Xa, X3, Xg, X109, X11, X13 = %at - ¢(a4 )8¢ + gao + 505 — 7“((14 )8r«

Xla X27 X3> X47 X77 XS-

X17 X27 X37 X47 X97 X107 Xll'

K(r)=P(r)=Q(r)=ar+b:

This is the case with the most additional Noether symmetries.

7

1 t
X1, Xo, X3, Xy, X7, Xg, X1y = 589 + aﬁr + 5@& + 50,

—ar —ar ]-
X5 = % cos (%)e2b8¢+% sin (%) e 2 0, with gauge hy5 = sin <§a¢)e5”

25



Xig = — cos 1

—ar —ar 1
ZS (?) eT’b&n—E sin <a7¢> e 2 "0,y with gauge hig = cos (§a¢) e%ar,

t —ar ar t —ar
X7 = % sin (%)e > %9, + sin (%) e2 0, + % cos <a7¢>e 2 _b8¢,

—ar ar t —ar
Xig = aa cos <a7¢>e 2 79, + cos (?)e?@t — %sin (?)e 2 *b&b,

Xio=e2 sin (%)({L +e2 cos (%) 0p,

Xoo = €2 cos (%)@ — e sin (%) 0.

K(t)=P(t)=Q(t) =at +b:

Xl; X27 X37 X47 X97 X107 X117

29 20 2
X0 = a 5 gzSeb&b — afebo, + ar 5 reb&n + (e““ - OLZ(T2 + ¢2)eb) g,

2012 2\ A.—at—b
al¢T—r) —de Oy — a;¢a¢ + 7o},

Xoo =
22 1a
2072 _ 42) _ de—at—b
X23_a(r %) e 3¢—ar¢3T+¢3t,
4a 2
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ar a
X24 - 8t - ?& - %b&i)

Xla X27 X37 X47 X97 X107 Xll'

K(ry=P(r)=Q(r)=ar®* +br’* +cr+d :

Xla X27 X?n X4a X77 X8-

Kit)=Pt)=Q() =at®? +bt> +ct+d :

Xl; X27 X37 X4; X97 X107 Xll'

K(ry=P(r)=ar*+br+c, Q(r)=aln(r)+b:

Xlu X37 X47 X7; XS'
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K(t) = P(t) = at®* + bt + ¢, Q(t) = aln(t) + b.

X17 X37 X47 X97 Xll‘

K(r)=P(r)=aln(r) +b, Q(r) = ar* +br +c:

X17 X37 X47 X77 X87 X12-

K(t) = P(t) = aln(t) + b, Q(u) = at* + bt + ¢ :

X17 X37 X47 X97 X117 X13'

K(r)=P(r)=ae", Q(r)=ar +b:

X17 X37 X47 X77 X8-

K(r)=P(r) =ar+b, Q(r) = ae.

X17 X37 X4a X77 X87 X147 X157 X167 X177 X187 X197 XQO-
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K(t) = P(t) = at + b, Q(t) = ae®.

X17 X37 X47 X97 X117 X227 X237 X24‘

K(r)=Q(r)=ae", P(r)=ar+b:

X17 X27 X37 X47 X77 XS'

K(t)=Q(t) =ae", P(t)=at +b:

X17 X27 X37 X47 X9'

P(r)=Q(r) =aln(r) +b, K(r) =1 :

X17 X37 X47 X77 X8-

P(t)=Q(t) =aln(t) + b, K(t) =7 :

X17 X37 X47 X97 XlU'

Piry=ar+b, Q(r)=ar*+br+c, K(r) =aln(r) +b:
Xl; X37 X47 X7; XB'
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P(t) = at® + bt* + ct + d, Q(t) = 1, K(t) = ae’ :

X17 X37 X47 X9'

P(r)=ar* +br* +cr+d, Q(r) =+, K(t) = ae” :

X17 X37 X47

se_d —r(ar?+brtc)

. 2 7'r'(a'r'2+b'r+c)
5 € 2 0, with gauge hos = /er(‘" Hor+o)e 2 dr,

ar4+br3+cr2—1 —'r(a'r2+br+c)
X26 = (/e r e 2 dT)@g,

_ —r(ar2+br+c) _ —r(ar2+br+c)
X27 = —0e de 2 8,., ng =e€ 2 87«.

Xos =

Pr)y=ar3+br* +cr+d, Q(t) = %, K(t) = ae” :
X17 X37 X47 X257 X28'

P(t)=at+b, Q(t) =at* +bt+ ¢, K(r) =aln(r) +b:

2
X1, Xs, Xa, Xoo =0, — 00, + “T%.

P(t)=1, Q(r)=ar+b, K(r) =aln(r)+b:
Xl7 X37 X4-
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3.6 Corresponding First Integrals

We display the corresponding Noether integrals in Tables 3.1 and 3.2.

Table 3.1: The First Integrals Iy — I14.

Noether First Integral

Symmetry I

X, I, = %( — 12 4 P2 4 Qg2 4 eK(t,r)gb'Q)’

X, I, = —eRKtn g0 1 R,

X3 Iy = —eKtng,

X, I, = —eQr)g,

X Iy = —1/2sre!/27

Xe Ig = —ret/? ",

X I; = —1/2ts,

Xy Iy =1,

X, Iy = _eat2+bt+c7;7

X1 Lo = —e@O0r + eP(t) 70,

X1 Iy = —eKW gy 4 ePWrg,

X1 I, =% (—t2+e (tr)p2 4 Qg2 4 oK( )¢2>

X3 Ii3=2 (—t2+e (tr)p2 4 gQUEr) g2 4 K (i) b2
i tZt eP T)Sla 2)ri eQ(t;)gé _ eK<tVT)Ela—2)¢q.5’

X Iy = §< — 2 4 P2 4 Q) g2 4 eK(t,r)éQ)
N Gy
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Table 3.2: The First Integrals I15 — Iog.

Noether First Integral
Symmetry I
X5 Iis=—1/4as (r sin (1/2 a¢) + ¢ cos (1/2 a¢)> e~ 1/2a(=2r7),
X1 s = 1/4as <¢5 sin (1/2 ag) — 7 cos (1/2 a¢)) e1/2a(=2r4n)
X7 Ly = —1/2a¢t cos (1/2 ag) e /242741 4 {gin (1/2 ag) e/2r
— 1/27atsin (1/2 ag) e~ 1/2al=2r+7),
Xis Lig = 1/2adtsin (1/2 ag) e /292747 4 {cos (1/2 ag) e/
—1/27at cos (1/2 a¢p) e~ 1/2a(=2r+7),
X1 Lo = — (cos (1/2a¢) ¢ + sin (1/2 a¢) 7‘“) o~ 1/2artarth
X0 Inp = (sin (1/2 a¢) é — cos (1/2 ag) r) o 1/2artartb,
X, I = _1/2 eat+2b¢a29¢ _ efaquateré + 1/4 eat+2b9a2r2
+ 1/4e%+20002¢2 — 1/2 e Hb7a20r — fafe?,
Xon Iy =1/4 eat+ba2r2f+2eaf+b¢a2r¢—e:f+ba2¢2f+4e*af+af¢+4t’m’
Xos Iy = 1/4 —ettba2r2¢49 eat+bm2r¢+zat+ba2¢2¢'>+4e*af+af<z'>+4t'¢a7
Xoy Iy=1/2 e had + 1/2 e+ ar 4,
Xos Iy = —1/2 eat+b—d—1/2r(ar2+br+c)rls7
. ~2art =209 2er b (ar? rbre) 2
Xog Ly = —e®Tt0 [e=1/2 v dr,
X Iy — pat+b—d—1/2r(ar?+br+c) 70,
Xos Ly = _eat+b+1/2r(ar2+br+c)7;’
Xog Ly = —1/4e2ha2p + 1/2 e +orar + i.
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3.7 Conclusion

In this study, we derived general Noether symmetry determining equations for La-
grangians that originate from a diagonal metric. As an example, we performed
Noether symmetry classifications of a nonstatic space containing unknown metric
functions. Two main cases were identified where more interesting and additional
Noether symmetries were obtained for simpler single variable functions. As a final
remark we highlight the notable applications of Noether symmetries to cosmology
and relativistic astrophysics, as seen above and in the references below for applica-

tions involving the selection of viable models.
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Chapter 4

Contingent Relations for

Klein-Gordon Equations

The last three decades have seen the importance of 24+1-dimensional gravity. This,
in part is due to its relevance in black hole studies, quantization of fields coupled
to gravity and their solutions, and many other contexts. In fact the discovery of
the 2+1 -dimensional Banados-Teitelboim-Zanelli (BTZ) black hole [31] that ad-
mits features associated with 3+1-dimensional black hole physics, fuelled many 241

gravity research endeavours.

The purpose of this contribution is to provide a classification of electromagnetic and
static cyclic gravitational solutions to the Einstein-Maxwell fields in 2+1 gravity,
together with their symmetry properties and potential functions of the underlying
Klein-Gordon equation. Specifically, we present some uniform electromagnetic solu-
tions, i.e. solutions that possess vanishing covariant derivatives, as well as stationary

cyclic symmetric solutions. Additionally, the dynamics of black holes are inherent to
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some subclasses. The role of symmetries in physics is ever growing. Recent advances

can be seen in [23, 32, 28], for example.

In 241 gravity with a cosmological constant, solutions are considered that possess
stationary and cyclic symmetries. We begin with a stationary cyclic symmetric
space-time with signature (—, 4+, +). Among the classes of solutions with a cosmo-
logical constant, we investigate a general metric for static cyclic symmetric grav-
itational fields coupled to Maxwell electromagnetic fields. A number of solutions
exist in this context. Naturally, one encounters well known solutions such as the
Peldan [33] and Clement [34] fields. In this regard, we refer the reader to [35] for
an insightful look into electromagnetic solutions and black hole physics, as well as
some extra solutions. Where possible we relate our study to the solutions in the

literature, and essentially complement the existing results.

4.1 The Potential Functions

A related study is the investigation of Klein-Gordon equations for general spaces.
Specifically, CKVs of a space coincide with the Lie point symmetries X = &(2*)9; +
n (mk, <I>) Jg of the Klein-Gordon equation constructed on the space. That is, for the

metric g, the equation is
1 o) ij 0P i o
Ve (VI=dlo788) + V(e =0, (39)

and is derived from the Lagrangian

. 1 . 1 )
L (i[}l, q), cbl) = 5\/§gl]®1®j — 5\/§V($z) @2, (40)

where the potential V(z') is [36, 37, 18]

2;”A¢:o. (41)

MV + 20V —
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Also, the linearity of the Klein-Gordon equation implies that it will always admit the
Lie point symmetry Py = ®Js and the infinite dimensional abelian subalgebra of

solutions Py = F'(x')ds, where F(z') is a solution of the Klein-Gordon equation.

4.2 Gravitational Field Heuristics

Consider the general 2+1- dimensional gravity line element
ds® = gudt® + 2gidtde + gepdd® + gredr?, (42)

for stationary cyclic symmetric. Coordinates may be chosen to express (42) as
F(r) dr? 5
ds* = ———=dt* + —— + H(r) (d W (r)dt 43
S H(’f') + F(?‘) + (T) ( ¢ _I_ (T) ) Y ( )

without loss of generality. In the presence of an electromagnetic field, the field

contravariant tensor is given by

5
0 5 F(r)
F*)=| -8 0 «
F,(yr) - 0

where the constants «, 3,y characterise the field. The energy-momentum tensor is

(62H2W27F,827a2H2772H) ay a(5H2W27F67aH2W)
8TtFH 4 4pFH
~HW B—yHa —B2F+H?(W282—2W Bata?)+y2 H V(BH2W2—FB—aH?W)
462 8TFH 16F2H
HWpB2—BHa By (B2H?W?—FB2—a?H?++*H )
16F i 8rFH
(44)
The corresponding Einstein-Maxwell equations with cosmological constant A = —l%
are
R 1

R,, — ng, — 1—29#1, —8n1,, =0,
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where g,,,, R, and T},, represent the metric, Ricci and energy-momentum tensors,

respectively; and R is called the Ricci scalar.

Explicitly, they are

1 FH 1 FH?> H,.F
Z | g? rr I HWE o, T
2( ww, + )+4< we - H)
B(F-=W?H?)  +*
+ FH T F
2
H
+mHWWAA+aF,
—2ay,
1 F — H*W? o*HW
—(E.,. W — FW,, — H*W*W,,) — 2 —
5 ( ) (aﬁ FH F )
FW,H, WE,H,
— — HHW*W, — 7 — H*WW,
FWET+FWHE
H H?
H(WgB—a)
N
1 (FH?> H.F. ., ,\ H(@BW-a)
Z(H2_£{+Hm>_ F
2 2
Fy
A+ oL
A+ - 5
2yaHW  2yB(F — H*W?)
F? F2H ’
1 4 —a)H
- QHWTHT + HQWT'/‘ - /8 <Wﬁ a) )
2 F
_25%
1/ 3H.,F, 3FH? FH,,
(= L4 9F, —2
4( 7w T H)
3 1
—H?W? — —H*WW,,
4 9

2 2 2 2 2
2 o2H B2(F — H*W?)
HWH,W, + — + —— + A o .

(45)
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The geometrical significance of the solutions of Einstein’s equations lies in their

prediction of singularities, such as black holes.

Solutions may be found by integrating the field equations and by characterising the

constants «, 3, 7. In the text below, we focus on two primary categories of solutions.

4.3 Static Cyclic Symmetric Solutions

In the static solution of the Einstein-Maxwell system, W (r) = 0 and this results in
three classes based on the constants «, §,7: an electric field (a« =~ = 0,8 # 0), a
magnetic field (8 =~ = 0,a # 0) and a hybrid field (a« = 5 =0,v # 0).

In Table 4.1, we present some spaces that showcase these three classes. Cases I and 11
are electrostatic solutions, where II is equivalent to a Peldan electrostatic solution
[33] with A = —7% under some coordinate and parameter changes. Furthermore,
the solution for case I endowed with mass, electric charge and radial parameters,
allows for a charged black hole interpretation [35]. The case III, IV and V fall
under magnetostatic solutions. Case III allows for a hydrodynamics interpretation
in terms of a perfect fluid energy-momentum tensor for a stiff fluid and Case IV
is equivalent to a Peldan magnetostatic solution with A = —l%. Case V is that of
the magnetostatic solutions for vanishing cosmological constant, comparable to the
solutions of Melvin [38] and Barrow et al. [39]. The Case VI is a static hybrid
solution. The last case, case VII corresponds to a vanishing A and is equivalent to
the findings of Gott et al. [40]. The parameters Cy_1, kg, m, o2, X are constants.

As for KVs, cases I-VI admit the symmetries

Xl = a(f)a X2 = atv (46)
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and generate the group SO(2) x R. The Lie bracket is

[Xl, XQ] - O

Table 4.1: Static Cyclic Symmetric Solutions

Case Metric Structural Functions

& Field Vector

I ds? = —10d? + f5 4+ h(r)de*  F(r) = 27“{ — In = |
h(r) = 2r,
A=ZInLdt
IT ds? = —F(p) dt* + dp + p?de?, F(p):’l)—Q—m—2ﬁ21np,
A=blnp dt
111 ds? = —h(r)dt* + r)h( H(r)d¢?> H(r)= % |::‘<do + h(r) + o**In h(r)] :

F(r) = H(r)h(r),
h(?“) = 017’ + Cg,

A= &nhdg,
v ds? = —p?di* + 25 + F(p)d¢®  Flp) = o+ % +20%Inp
A=alnp do,
\% d52:—p2dt2+f(%+F( ) doy? F(p) = ko + 22 1Inp
A=alnp do,
VI ds? = : dt? + ’”) H(r)d¢*  F(r) = 5(r—mr)(r—ra),
HE) = (r = 1) S — )5
A=3(tdp—¢dt),
VII ds? = —F(p)dt* + £ + p*de®  F(p) = o — 282 Inp,

A=pFlnpdt.
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With the application of (41), the KVs X; and X, are potential functions of the
Klein-Gordon equation (39) contingent upon the potential function being of the

form

Vi(t,r), Va(o,r) (47)

respectively, for cases I, III and VI. The subalgebra Y = {X;, Xy} and the field
created by the linear combination Z = aX; + bXs are potential functions of the

Klein-Gordon equation (39) if and only if

VY (T) ) (48)

v, (b(b ; at 7“) , (49)

respectively. For cases II, IV, V and VII the potentials are equivalent except r is

replaced with p.

4.4 Uniform Electromagnetic Solutions

In this section, we turn our attention to uniform electromagnetic solutions that
occur for zero covariant derivatives F),,.,. To this end, families of solutions can be

found for « # 0 and/or 8 # 0, but not for the hybrid situation ~y # 0.

4.4.1 Uniform Stationary Solutions

The metric (43) has the equivalent formulation

dr?
F(r)’

F(r)

=

(dt — w(r)de)® + h(r)de? + (50)
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with structural function relations for (43) and (50) as

F(r)=F(r), H(r) = h(r) — (51)

h(r)
Suppose that o« = v = 0 and the covariant derivatives Fy,, = Fi., = 0. Then
h(r) = h; w(r) = w where h,w are required to be constants. Furthermore if F'(r) =
F =constant, we find the maximal dimensional symmetry algebra. In particular we

redefine the structural function

F(r):—e< ! ), x constant (52)

and
H(r) = g,

the isometries expand to:

X17 X27 X3 = 87"7 X4 = (bad)u
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and

4\/§ f
( A44e™ T l2+4)t

X7 - B212 87“7
TP l2+2)t2 2 ,
Xg = tod + ¢ro, + {2/3—4”3 +5 = 2( 375 l2+2)52} 0y, (53)
Xog = 1t0+ ¢ro,+
2 ( 4f 14+4e f 12+4> 52< 4\[ 444e™ T f l2+4)¢2
7 + 52l2 - ( 22 arv
2 1 l2+4)

22
2 (e J l2—0—2)t2 (e l2+2) 8
Xl() - 5+ 176 + t
2 254 282( e f 14+4+4e f l2+4)

212 212
rt(e 1 l2+2)t tole T 1242t
+T&" + T&b‘

In this case, the contingency relations for the above vector fields to be Lie symmetries
of Eq. (39), are
X3 & X7 0 Vs(t,9),
Xs Vit o,r) = #P(t,r) , (54)
X5 & Xg @ Vs(t,r),

42



Xs:vuu¢m:$Q<a@%<”“ﬁ%w+2wmﬁ

Fr2BRS — AR — 42T 22 — 4t2>

(24 5) ) (55)

X, =%@¢ﬂ=%SGwJ(2”WW&+2WfP

— TR 2202 — 42T 4252)).

The potential corresponding to X, is voluminous and therefore omitted. In addi-

tion, some subalgebras of the maximal algebra (53) admit potentials of the form:

{X37X4} . ¢2/3V() (56)
{Xg,X5} & {Xg,XG} . V(t)

Moreover, the following linear combinations of vector fields are Lie point symmetries

of Eq. (39) contingent upon V being of the form:

jX3+X4 . #V(fi T — janb)
X+ Xe ¢ V(t,282 1282 + 12 +4b2j¢>

X5+ Xs V|t (—jb‘*l% L2 4 2tr>

(24 ) ) (57)

KXy + X o V(to,r) = WT(,b2;2k<—tz41n(¢)e4“?’"

4tln(¢)>>.

On the other hand, from the Einstein-Maxwell field equations (45) we have that
2
-

T +e1r +co, h(r) = B%1*, co_; constant. (58)

2fm

+ b2k —4tIn(8) e

F(r) =
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The corresponding field vector is

r
pl?
This uniform stationary electromagnetic metric only admits the SO(2) x R algebra

as KVs

A = ——(dt —wdg) .

X1, Xo.

Moreover, [34] reported a uniform stationary solution equivalent to

2 2 l2
F(r) = l% + ar + ¢, h(r) = KZO , k,my constant. (59)

The field vector here is:

A = (dt — wdg) .

[\/h(r)

This case also admits the SO(2) x R algebra as KVs

X1, Xo.

The potential functions associated with the cases of (58) and (59) are identical to

those derived in (47)- (49).

4.4.2 Uniform Electrostatic Solutions

Consider once again the metric (43). A case of a uniform electrostatic solutions
arises when a =0, f # 0 and W(r) =0, H(r) = Hy = constant. As such the field

equations mandate that Hy = 3212, together with the other structural function

2 2
F(r) = ZLQ + 4cir + ¢y, co—1 constant. (60)
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The metric and field vector are:

F(r) dr?
2 2 212 742
pu— _— 1
ds o U iy O A6 (61)
r
A = —6l2dt.

This solution is equivalent to the one presented in [41] in terms of hyperbolic struc-
tural functions and is comparable to the Bertotti [42] and Robinson [43] uniform

electromagnetic solution (for a constant slice of a spatial coordinate).

The conformal vectors of this space are:
X17 X27
and the vector fields

B2

A/ 74l262+26 t
(1%c1+7) cos<10>
Xll = at

\/(4rc1 +cp)l2+4-2r2

/423 2cqt
\/(4rcl +c0)l2+4-2r2 \/f4l2c%+200 sin <c1c0>
0

12
+ 612

(62)
(1Per+r) Sin< Vv _4l26%+260t)

e
4rcy4co)l2+2r2
V(

—412c2 4 2¢gt
(4rc1tco) 24212 (41%rer +Peo+2r2) cos <\/F>
0

r.

t

\/(47’01 +co)l242r2 312
As before, the above symmetries are Lie point symmetries of Eq. (39) subject to

the potential functions for this case being (47)- (49), and:

Vi <¢, vy o (i B2 1n (4 12 4 col? + 2 rﬂ)
— [cot <—v—4?f"+20t> At (63)

EIS

\/ —40%12 + 2C0>>0’0,
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where

. 2 2\/—4c%l2+2co\/—4c§lz+2c0t—co
gg = €Xp (f 3 \/—4C%l2+200tﬁl2
(64)
Bl2

cot <\/74c%l2+2c0t> dt),

—~

and for ¢y = 0, Xy is a Lie symmetry of (39) contingent upon the potential being
Vig = L T

1 1 . —c212
373 ~ 16 2 <3 sin <2 V Wl )
<7‘ <—201l2+7“)>

Bl2oicir — 2 sin (2 v g;%ﬂ B/ A2 r<2 cl? + r)
oy
—16tcos | 2 Bl;lQ) \/c%l‘*clr)

1
(COS (2 212)) ,qb),
201 + 3112 + 224/, /r<2 c1l? —I—r)
alzln(—Q )

N

(65)

|
Q
S

=
)

where

2¢102 —r

4.4.3 Uniform Stationary Magnetic Solutions

In the case of positive cosmological constant A = l% there exists a uniform stationary
magnetic solution with W(r) = W, = constant. This solution is equivalent to

Clement’s solution [34] with A = 7. The metric functions are

2 2
F(r) = —ZLZ +4eir + g, ¢y constant, (66)
F(r)
H(r)= 2 (67)

The metric and field vector are:

o F(r) dr?
ds® = H(r) dt +F(r)

+ H(r) (do + Wydt)?, (68)
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1 (dg+ W)

A= —F"——-
al?
The conformal symmetries in this case are
0 (—att + W)
X1, Xo, Xig=|(—-t——=—)0 —— ) 0. 69
1, X2, Xi13 ( iz | o+ W ¢ (69)

As before, X; and X, are Lie point symmetries if and only if the potentials are (47)-

(49). For X3 to be a Lie point symmetry, the necessary form of the potential is
474 o 1
‘/13 (Oé { t—(btWO—tWO —§¢ ,7°> .

On the other hand, the contingency relation of the field aX; + bX, + Xi3 to be a

Lie point symmetry is

1
1% <a4l4t — BoWy — ¢ptWy — atWy — tW§ — §¢2, 7“) .

4.5 Conclusion

Point symmetries are powerful instruments in physics - Lie and Noether vectors are
often applied in several different scenarios across the literature. The recurring theme
in this text is the usage of geometric tools to derive physical potential functions.
We have exploited a distinctive geometric connection between generators of the
Klein-Gordon equation and the collineations of the spacetime metric. Hence we
have documented the potential functions, for some appropriate choice of the KVs
describing the underlying geometry. Interestingly, linear combinations and real sub-
algebras of the conformal algebra, led to an expansion in the number of results.
Finally, we point out that the results contained here may be used to construct
conservation laws for the equation of motions of a particle in the classical or semi-

classical approach.
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Chapter 5

Noether Generators and the
Klein-Gordon Potential on Spaces

with Nonzero Weyl Tensor

Spacetimes with nonzero Weyl tensor (i.e. non conformally flat spaces), can admit
a maximum of seven conformal Killing vectors - an example of such a space is the
homogeneous type N plane wave spacetimes [44]. In this work we put forward a
classification of the potential functions inherent to Klein-Gordon equations based
on some conformal-reducible spaces with nonzero Weyl tensor. Such conformal-
reducible spacetimes may include all non conformally flat spherical symmetric, plane
symmetric and hyperbolic symmetric spacetimes [45]. Recall that the general space-

time admitting a group G5 on spacelike orbits V3 is [46]
ds* = —e™dt' + e*da” + pi* (dy® + o(y, k) d=?)
where v, w, i are functions of ¢ and x, and
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e o(y, k) =siny if k =1,
e o(y, k) =y if k=0, and

e o(y, k) =sinhy if k = —1.

In particular, kK = 1 corresponds to spherical symmetry for which the spatial coor-
dinates (x,y, z) are usually recast as (1,6, ¢); k = 0 corresponds to plane symmetry
for which it is conventional to use Cartesian coordinates in the orbits so that o = 1;

and k = —1 corresponds to hyperbolic symmetry.

At this junction, let us turn to the partial differential equation under study. Based
on the previous chapter, a clear connection can be seen between the Klein-Gordon
equation and the geometry described by the space g. With this in mind, the pri-
mary purpose in this paper is to construct various functional forms of the potential
corresponding to elements of the conformal algebra once again. Here, we relabel the
linear symmetries as (o) = ®0p and the infinite dimensional abelian subalgebra of

solutions x(e) = M(2")ds, where M (z") is a solution of the Klein-Gordon equation.

We shall explore a vacuum Taub space, Kasner vacuum space, a space admitting
a sCKV and a plane symmetric Bianchi I spacetime, and show that the conformal
groups of these spaces lead to a detailed discovery of the potential functions of the

Klein-Gordon equation.

5.1 Conformal-reducible spaces

We now turn our attention to some examples of conformal-reducible spaces which

are not conformally flat. To start, we first mention two vacuum spaces, the Taub
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and Kasner solutions, followed by some plane symmetric cases below. In particular,
we have considered spaces that are plentiful in symmetry to obtain a classification
of more depth. The spaces we consider admit between three and four KVs - some
also admit a HV, CKV or sCKV. We shall obtain the potential functions admitted

by the Klein-Gordon equation (39) within the aforementioned spaces.

5.1.1 CKYV Class I:

Suppose we take the static vacuum solution [47], which has the spacetime metric,

in Cartesian coordinates,

2 2
ds* =~ L g i, (70)
x x

This case admits a homothetic algebra comprising of the four KVs

X{ =0, X} =0, X;=0., X{=20,—y0., (71)

and the HV
H' = 4t0, + 420, + y0, + 20., (72)
with homothetic constant 1! = 3. The commutators of these vector fields are

provided in Table 5.1.

From condition (41), we have that X to X/ are Lie and Noether point symmetries
of the Klein-Gordon equation (39), if and only if the potential V (¢, z,y, z) is of the

respective forms
Xt V=V (x,y,2),

(
X5 @ Vi =V(ta2), (73)
X vi=Vi(tay),
X VE=V(tz,y?+2?)



Table 5.1: Lie brackets of the conformal algebra.

X X, X3 X!, H!

X{
X3
X3
Xi
HI

0 0 0 0 4x!
0 0 0 -x!I X!
0 o o XxI X!

0 X! -xI 0 0
—AXT -XI -XxI 0 0

The HV H' is a Lie point symmetry of Eq. (39) when

1 T Yy z
Vi==SVvI(Zs, 2 =)
" <t\/5\/z_€)

Additionally, more can be said about the potential, if one considers certain linear

combinations of the vectors. That is, from linear combinations of the KVs

Xy =X{ +X3,
Xl = X{ + X3,
Xy = X{ +X{, (74)
Xy = X3 + X3,
Xy = X35 + X1,
X(IG) - X?{ + X1,

we have that the vector fields (96) are Lie/Noether point symmetries of (39), when

I
X

I
X()

I
X(3)

I
X1
I
X(s)

I
X6)

Vd): Ve, —t+y,z),

Vi = V(,y,—t+2),

VI =V (x,y*+ 22, —arctan (¥) +t),

(?) (z,y (%) +1) (75)
‘/(4): V(t,l’,—y—f—Z)



Regarding the HV, the construction of linear combinations with the four KVs of the

space, are the following

Hy=X{+H' Hjy=X;+H", (76)
and

Hiy = X4+ H', Hly= X, +H". (77)

Here, we find that the vector fields (98) and (99) are Lie/Noether point symmetries,

if and only if the corresponding potential functions of (39) are

1 I _ 1 x z

H(l) ‘/(Hl) o \/(1+4t)3 V <1+4t’ \4/131415’ \4/1+4t)’
1 Iy 1y e

H) V(H?)—tgv(w 3/;1\7,;> (78)
1oyl oy (e 14

Hy o+ Vi =4V (44 %)

We find no real solution for H (14). We also note that the plane symmetric non null

Einstein-Maxwell solution [48]
ds* = — (ma~' + *27?) dt* + (ma™" + e2x_2)_1 dz® + 2% (dy* +dz%),  (79)

possesses a four-dimensional Killing algebra, i.e. its KVs are (93). Hence, the

Lie/Noether symmetries and potentials in this case all follow from the above.

5.1.2 CKYV Class I1

For this case, consider the Kasner vacuum solution [49]

dt?  da?
= 2 4 td2?, (80)



with a five dimensional homothetic algebra. This algebra is spanned by the four
KVs of the space:

xlt =0, XI xI Xx[ (81)
and the HV H!. The Lie brackets of this homothetic algebra can be obtained by
reading the entries of Table 5.1 and

(X{h x5 =0, X" X{]=0, X" X[]=0, [X{"H'] =4x]". (82)

Proceeding as before, we construct the linear combinations of the KVs. Note that
many of the results of Class I are inherited by this Class, while those different from

Class I are listed as

X(Ill) = XIII + X2I>
X = X{7+ XL, ()
Xl = Xx{"+ X].

For the HV linear combination, unique to this class, we have the generator
H(Ilf) = H + X1 (84)
In this way, X{! is a Lie point symmetries of Eq. (39) when

Vi = V(ty,z2).

The linear combinations of vector fields (106) are Lie/Noether point symmetries of
(39) if the potentials are
X(III) : ‘/dg = V(t7 —l'+y,Z) )
XG V= Vitby,—v+2), (85)
Xg) : Vé{ =V (t, y? + 22, — arctan (%) + x) ,

and the HV linear combination (107) is admitted by the potential function

I . 7 _ 1 dz+1 2 -3
HY V=3V (4(1+4t), i 1+4t) (1+4¢)°1.
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5.1.3 CKYV Class III:

Suppose we investigate the non conformally flat spacetime [50]
ds* = —dt* + dz* + 2*(dy* + f*(y, 2)dz?), (87)

which is interesting because it possesses a SCKV. Indeed, it admits a three-dimensional

Lie algebra, spanned by a KV X!, a HV
H"T =19, + z0,, " =1,
and a sCKV
CM = (* + 2%) 9, + 2txd,, VI =2t
The Lie brackets of the KV, HV and sCKV are

[XII,HIII} :Xlla [XII,CI]I} — QHIII, [HIII,CI]I} — CIII.

The HV H! is a Lie/Noether point symmetry of Eq. (39) when

1 T
117 _
VH _t_2v (¥7y72>7

while on the other hand, C/1 — %wﬂf $ X4 is a Lie/Noether point symmetry if and

only if
1 z
117
= (my> |

The generator H(Ill)l = XTI + H! is a Lie point symmetries of Eq. (39) if and only

if the potential is
1 T
VHT = V( , ,z).
LTy \1ee?
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5.1.4 CKYV Class IV:

The plane symmetric Bianchi I spacetime has line element
ds* = A%(t)(—dt? + dz*) + B2(t)(dy* + d=?), (88)

where A(t) and B(t) are arbitrary functions. In general, this space has four KVs
(105) and an extra two vector fields in some cases (see [45]). For example, the
specialization B = Asinh(at) where a is a constant, gives rise to a further two

symmetries which are CKVs of the space, viz.

ClV' = cosh(az) sinh(at)d; + sinh(ax) cosh(at)d,,

(89)
C3V = sinh(az) sinh(at)d; + cosh(az) cosh(at)d,.
The respective conformal factors are
IV' = cosh(ax) (acosh(at)d; + sinh(at) A1 A;) (90)

IV __ sinh(az ¢[V
2 7 cosh(ax) 71

In another special case, A = cosech(at), the CKVs (90) become KVs instead. The
complete set of commutators of the Lie algebra can be seen in Table 5.1, the Lie

brackets (82) and
OV XIT] = —aCl¥, [XLCM] =0, [XLCI] —0,
(O XIT] = —aCl¥, [XLCM] <0, [XLCI] —0,
(Xxi.cV] =0, [X]{.C5"] =0,
1. ClY) = —ax!"

Now in terms of the potential of the Klein-Gordon equation, all results involv-
ing the vectors (105) and their linear combinations exclusively, coincide with the

corresponding calculations from Class II. However, in the case of the generator
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X(IK =X +ClvV - %¢£V<I>Xq>, it is only a Lie/Noether point symmetry if and only
if

Y

cosh(at)+sinh(ax
Vv(Il‘)/ =V <_ (sirtl)h—i(_at)a( )’y7 Z) : (91)

5.2 Conclusion

Klein-Gordon equations have significant applications in many physical spheres, such
as quantum field theory and nonlinear optics. Moreover, it possesses variational
properties, including the existence of Noether symmetries and conservation laws.
Every symmetry defined above is also a Lie/Noether symmetry of the field equations
defining every class. As such, the Klein-Gordon equation has been the subject of
numerous investigations in different contexts. We, in lieu of exploring the potential
function of the Klein-Gordon equation, considered its geometric character. This
study led to a collection of the functional forms of the potential based on two
factors: a) the conformal-reducible spaces with non zero Weyl tensor and, b) the

corresponding CKVs of these spaces.
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Chapter 6

Classifications of the Klein-Gordon

Symmetries for Conformally

Decomposable 2+2 Spacetimes

The solution of differential equations is vastly simplified by the existence of point
symmetries [51, 52, 28, 53, 54, 55, 23, 56]. One particular set of equations that has
showcased this idea is that of the field equations in General Relativity. Knowledge
of symmetries in this area is useful in classifying spacetimes by the structure of the
Lie algebra spanned by these symmetries. The study of isometries and homotheties
in particular is of considerable interest. In a related study, the geometric nature
of the symmetries of Klein-Gordon equations have been recently explored [37, 18].
Klein-Gordon equations feature in numerous physical applications, including solid

state physics, quantum field theory and nonlinear optics.

The main purpose of this chapter is to investigate the conformal symmetries in re-
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lation to a Klein-Gordon equation in a special, but important, class of spacetimes,
namely conformally decomposable 2+2 spaces. Decomposable or reducible space-
times are characterized by the existence of certain covariantly constant tensor fields
or, if its holonomy group is non-degenerately reducible [57]. A 242 conformally de-
composable space admits a rank-2 symmetric, covariantly constant tensor field and
its manifold is the product of two two-dimensional manifolds [46]. More concisely,
a spacetime (M, g) is said to be 2+2 conformally decomposable if there exists a

coordinate chart z® such that the line element can be expressed as [58]
ds* = exp (2u (z%)) (do; + do3)

where

do? = gog (V) dz®ds”, . f,...=0,1,

and

do? = ga5 (27) dz®dz®, @&, B,...=2,3.

The respective signatures of the above are zero and +2. In other words, (M, g) is
conformally related to a 2 + 2 locally decomposable spacetime, say (M,g), with line
element

d¥? = do} + dos.

Structurally, the 2+2 reducible spacetimes (M, §) is of the Petrov type D or O, and
therefore any conformally related spacetime will also be of one of those types. Its

Ricci tensor is of the Segre type (1, 1)(11).

From a geometrical perspective, such 2+2 reducible spaces may not always be physi-
cally interesting, but they are conformally related to important and relevant spaces.
Some notable conformally decomposable 242 spacetimes are the spherical, plane

and hyperbolic symmetric spacetimes [45].
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In this study our classification has been put forward based on some selected 242
decomposable spaces and their conformal algebras that exist in the literature. We
have concentrated on some 242 reducible spacetimes that are perfect fluids or vac-
uum spaces. Taking some of these explicit classes of 242 decomposable spaces, a

thorough study of the potential functions of the Klein-Gordon equation is performed.

NB: In Chapter 6, we use the same potential function relation as Chapter 4.

6.1 The 242 Decomposable Spaces

We now turn our attention to some examples of 242 spaces that are reducible. To
start, we first mention the conformal algebra of each 2+2 decomposable metric space
in the nine cases A-I below. In particular, we have considered examples of spaces
that are rich in symmetry. This ensures a classification that is more interesting and
has more depth. The spaces we consider, admit between two and four KVs - some
also admit a HV or a CKV. We shall obtain all the potential functions admitted by

the Klein-Gordon equation (39) in the context of the aforementioned spaces.

6.1.1 Class A:

Although there are many examples of geometries that admit four KVs, we would
like to consider the plane symmetric 2 + 2 reducible space
2 dt? 2 2 2
ds® = ——% +da” + dy” + dz". (92)
x
This case reveals a homothetic algebra comprising of the four KVs

X{ =0, X{ =09, X{=0., X!=20,—yo., (93)
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and the HV

H* = 40, + 10, + y0, + 20..

with homothetic constant ¥4 = 1.

provided in Table 6.1.

The commutators of these vector fields are

Table 6.1: Lie brackets of the conformal algebra.

X4 X4, X4 X4, HA
X4 0 0 0 0 4X4,
X4, 0 0 0 —X4 X4,
XA, 0 0 0 X4, X4
X4, 0 X4, X4 0 0
HA —4X4, —X4, —X4 0 0

From condition (41) we have that X{* — X! are Lie point symmetries of the Klein-

Gordon equation (39), if and only if,

X s Vit =V, 2),
XA VA=V t,x,z),
X4 VA=V (),
X VA=Vt + 2%
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Additionally, from linear combinations of the KVs, viz.
Xa) =X+ X3,
Xy = X+ X4,
X = X+ X7, (96)
X0y = X5 + X3,
X@ = X3+ X7,
Xy = X3t + X7,

we have that the vector fields (96) are Lie point symmetries of (39), when

Xé) : V(f) =V(r,~t+y,z),

X(AQ) : V(/Q") =V(r,y,—t+z),

Xé) : V(g‘) =V (z,y? + 2%, —arctan (%) + ),
X(i‘;) : V(Z‘) =V(tz,—y+2)

5) V&V(t,x,—%—%—z),

X(‘é) : V(g‘):V(t,x,yz—l—zz—Qy).

(97)

Concerning the HV, one may easily construct linear combinations with the four KVs

of the space,

Hfy = X{'+ H*, Hj = X3' + H, (98)
and

Hiyy = X3+ H*, H{j) = X' + H". (99)

In this way, we find that the vector fields (98) and (99) are Lie point symmetries, if

and only if the corresponding potential functions of (39) are

A . oyA 1 . N

H(l) ‘ V(Hl) o Vit v (%/1+4t’ (‘/1141;’ {‘/1+4t>’
A ooyA 1y (= 4y =z

Heyy o Vi =7V (%/{7 R %>, (100)
A A _ 1 @y 14z

H(3) : ‘/(H3)_\/{gv<<l/g7 75 4t>.



6.1.2 Class B:

Similarly, suppose we take the 242 decomposable space with line element

dt?
dS2 = — + x4d1:2 + $4dy2 + (L’4d22, (101>
X

which shares the four KVs (93) and the HV H#, but instead with homothetic con-
stant ¢” = 3. The results of the previous subclass apply directly to this subclass.

6.1.3 Class C:

The metric of a (comoving) perfect fluid (and 2 4+ 2 decomposable) spacetime
—2 —2 —2
ds* = — (a%?’ + 2—2) A <a2x3 + %i) dz? + (a2x3 + 2—2) dy?
—2
- (a2x3 + 2—2) dz?,
has its density and pressure given by
= 15a%z"" (462 — a2335) . p=15a’z71 (—262 + 3a2x5) ,

respectively. The conformal algebra is five dimensional, spanned by the KVs (93),
and where the HV H# becomes a CKV with conformal factor

P¢ = (b* + a2x5)_1 (3b° — 2a°z°) .

We relabel the CKV to be C¢ = H4. Thus, the vector field C¢ — °®dy is a Lie
point symmetry of (39) if

14 vt
Voo = ( ) (@210 + 2 a2 + bY) . (102)

gk
NEn
&

The linear combinations of vector fields (96) and its associated potentials (97) all

follow directly from Class A. However, linear combinations involving the CKV can
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be read off from (98) and (99), and these symmetries are only Lie point symmetries

of Eq. (39) if we have the potentials

A C _ T Y z 404210 8a2b%x® 4b* atx10
g, Vi) = V( Ve Yivar é/1+4t) ((1+4t)% (14403 (14403 (1440)3
2a2b%z® bt
(14403 (1+4n)3 |’
Hé) : V€H2) =V <%, 12’73, %) tL% (210 + 2 a?b%2® + b*) |,
Higy 2 Viggy =V (%, + 1jtz> ti% (@210 + 2 a?b%25 + b')
(103)

6.1.4 Class D:

This time, suppose we take a nonstatic plane-symmetric 2 + 2 reducible spacetime

de*  dx?
ds? = - =+ 2 a2 4 d2?,

= (104)

with a five dimensional conformal algebra. The algebra is spanned by the four KVs
of the space:

XP =0, X3 X3 X3, (105)

and a HV, we label as H” = 2t0, + 220, + y9, + 20, with homothetic constant
yP = 1. The Lie brackets of the KVs and HV are given in Table 6.2.
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Table 6.2: Lie brackets of the conformal algebra.

xXb, x4, X4 X4, HP
XP, 0 0 0 0 2XP,
X4, 0 0 0 —X4 X4
XA, 0 0 0 X4, XA,
X4, 0 X4 —X4 0 0
HP —2XP, —X4, —X4 0 0

Proceeding as before, we construct the linear combinations of the KVs as

X@
X6
X
X@
X@)
X@)

= X7 + X7,
= X{+ X3,
= X7+ X,
= Xl
= XG):
= Xz

while the linear combinations comprising of the HV are listed as

H)
H,
H,
Hi

= H” + XP,
= HP + X3,
= HP + X4,
= HP + X}

The generator X{ is a Lie point symmetries of Eq. (39) when

‘/]_D: V(t7y7z)7

while the HV H? is a Lie point symmetry if the potential is

1

Vi ==
0=V

(53 )
64
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In a similar analysis as the previous classes, the linear combinations of vector fields

(106) are Lie point symmetries of (39) if the potentials are
X(% : ‘/(1D) = V(t7 —T+Y, Z) )
Xé’) : V(g’) = V (t,y* + 2% —arctan (%) + z),

and identically from Class A
D . A
X+ Vay

X(’g) V(g‘), (109)
Xb va

© Vo
The HV combinations (107) are admitted by the potential functions

D . D _ 1 142z 2
Hp) VH1—;V< e 7%,75),
D . D __ 1 z 1+ z
Hiy + Vip =35V <;> v 7;>7 (110)
D . D __ 1 x 142
HE - Vik=1V (55 5%)
6.1.5 Class E:
Consider a metric
2 _ tdt? tda? tdy? tdz>
ds” = T (—2ct®+cx?+b) 20 + (—2ct?+cx?+b)? + (720t2+ycx2+b)2 + (—2ct?4cx2+b)2> (111)

where b, ¢ are nonzero constants. This space represents a perfect fluid solution and is
spanned by a five-dimensional conformal algebra. The associated KVs are X3!, X3!
and Xj'. The symmetries X2 and HP become CKVs, that is, let CF = XP and
CE = HP. The respective conformal factors are ¥ = —2cx (ca? — 2ct2 4+ b)~ ' and

W = —2 4 4b(ca? — 2ct2 + b) .

The potentials corresponding to X3!, X3' and X;' are the same as those listed in

(95).
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Now, CF¥ — ¢yE®0y is a Lie point symmetry if
VE = V(ty,2) <4x%c2t4 — 423 + 12 P — Ax2bet? + 2w3be + x%b2> :

and C¥ — E®0g is a Lie point symmetry if
VE=V (%, N \%) (462t3 + (—4c*x? —4be)t

(112)
+1 (P2t + 2bcx® + b2)> :

There are major differences to some of the potentials of the linear combinations,
which we mention below. The vector field CF + X3! —¢F®0y is a Lie point symmetry
if

V(% = Vit -2+y,2) <4$§C2t4 + <—4x%02 — 4x%bc> t? -I—LE%CQ + ngbc—l—xng) )
and CF + X4 — YF®9y is a Lie point symmetry if

V(g) =V(ty, —x+2) (41’302754 + (—4:1:502 — 4;15%60) 2tz 4 202be + xgbz)

Other linear combinations remain unchanged, namely (109).

The corresponding potential function to the linear combinations of the CKVs CF +

cE — (@ij + ¢2E) DOy 1s

Vor = V(lgff, ., 75) (128 V2uicti + 4 (~12828v2¢ — 128 0% v/2bc)

+ ti% (32 27 V/2¢% + 64 23+/2bc + 32 xg\/§62>) .
(113)
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The vector field C¥ + X3! — ¢F®dy is a Lie point symmetry if

Vg, =V (%, HTty, \%) (402t3 + (—4c*x? —4ch)t
(114)
+ 1 (P2t + 2 cba® + b2)> :

Moreover, the vector field CF + Xz' — ¢P®dy is also a Lie point symmetry, if and

only if

Vi, =V (f) z, 1%) (402t3 + (—4cPa? —4ceb)t
(115)
+ 1 (Pa* + 2cba? + b2)> .

6.1.6 Class F:

As another case of a perfect fluid solution, consider the 2+2 reducible space

ds? = —Useelka) A 4 (e (k) 2da? + t(sec(ka))2dy? + t(sec(kx))?dz?,  (116)

76

where k is a nonzero constant. Analogous to the previous class, this space admits
a five dimensional conformal algebra, spanned by the KVs X3!, X3! and X!, and
as CKVs CF and C¥. The conformal factors are ! = ktan (kz) and ¢ = 2 +
2kztan (kx), respectively.

Once again, the potentials corresponding to X3', X3! and X! are the same as those
listed in (95). The generator CZ — ) ®dg corresponds to Vi = V(t,y, z)z?, while

CE — F'®0g corresponds to V2.
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Differences in some of the potentials are as follows. Here the vector field CF + X3! —

YEF®dy is a Lie point symmetry if
3
2

Vi, = V(t,—x—i—y,z)xf,

CE + X4 — T ®dy is a Lie point symmetry if

(NI

VFQ = V(t,y,—$+2)$ )
and CF + X! — ¢ ®0y is a Lie point symmetry if

Ve, =V (t, y? + 2%, — arctan <g> + x) 73,
z

The equivalent results from Class D are found for the symmetries and potentials in

Eq. (109). The corresponding potential function to the linear combinations of the
CKVs CF +CF — (¢f + L) 0y, is
222 V(1+2x y z)

5 2t Y \/z? \/% Y

Veor =

t2

CE + X3t — I'®0s is a Lie point symmetry if the potential is V£, and C¥ + X3! —

I ®0g is a Lie point symmetry if the potential is V5.

6.1.7 Class G:

For this class, let us take the line element

ds? = =95 4 da® + dy? + % (117)

26

The conformal algebra is three dimensional, spanned by the KVs
DED e (118)
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Table 6.3: Lie brackets of the conformal algebra.

X4, X4, HE
X4 0 0 4X4
X4, 0 0  4X4,
HE —4X4, —4X4, 0

and the HV HY = 4t0, + 20, + y0, + 420,, with homothetic constant Y% = 1. The
corresponding Lie brackets are depicted in Table 6.3. The potentials of the KVs
can be taken from (95) and the linear combination symmetry X é) is a Lie point
symmetries of (39) when the poetntial is Vé‘). The HV HY is a Lie point symmetry
of (39) if

Vi=% V(& 43) (119)
Other linear combinations of the symmetries are X g) = X{ + HY and X(G2) =
XZ' + HY. Hence, the corresponding potential functions to the linear combinations

of the symmetries are:

G .1 x Yy 144z
X JV<<1/;7 T )

a . >
X(Q) ’ \/1+4t < 1o m> 1+4t> (120)
6.1.8 Class H:
The space
2 _ dt? 52
dS - _(m72+y ) 26 + (:p 2+y )2 + (172+y 2)2 + (m 2+y ) (121)

is a vacuum spacetime. The space shares the three-dimensional conformal algebra

of Class G, with the KVs X{!, XZ' but the H has homothetic constant ¢ = 3.
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The corresponding potential functions to the two symmetries X1, X3! are VA, VA,

respectively. The vector H is a Lie point symmetry if
15

VH = V(%,%,%)t 3 (122)

The corresponding potential functions to the linear combinations Xé), Xg) and

X (%) of the symmetries are:

A A
X+ Ve
X6 s ovH = v(oe w14 44)F 123
(1) (1) YVitar Y14t 1+4t ) ( )
G H _ z y 144z ,-18
Xg Vg = V(%% o )t 5.

6.1.9 Class I:

This case is an example of a 2 + 2 reducible space (also a vacuum spacetime) that

admits two KVs and one HV. The underlying 2 + 2 metric is:

N

d82 _ _dt

xT

+l Ay (124)
which admits the two KVs

XI'= (4 32%)0, + («° + 3t¥2)0,,

(125)
X1 =(y? —32%)0, + (—2" + 3y®2)0.,,

and the HV H! = t9, + 0, + y0, + 20,, with homothetic constant ¢’ = —2.
The Lie brackets can be found in Table 6.4.

Based on condition (41) we have that X{, X and H! are Lie point symmetries
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Table 6.4: Lie brackets of the conformal algebra.

X1 X1, HT
X1 0 0 -8X71,
X1, 0 0 -8X1,
HI 8 X!, 8 X, 0

when
Xll : ‘/1[ =V <_§zi2z87y7z> )
XQI : \/21 =V (t,a:, \/yy;ﬁ) , (126)
H' = Vi= V(%YL 2)th

ARAR

In this instance, we do not find potential functions that give rise to linear combina-

tions of the vector fields.

6.2 Conclusion

We have considered the problem of determining the Lie point symmetries of the
Klein Gordon equation in several 242 conformally reducible spaces. Within the cases
studied, a detailed analysis of the Klein-Gordon’s potential function was performed.
To determine all the potential functions, it was necessary to apply the conformal
algebra and linear combinations of its basis vectors. In Table 6.5, we list the Noether
symmetry vectors corresponding to each Class A-I. One may use Noether’s theorem
to obtain first integrals of the field equations of each space. Alternatively, using the
same theorem, it is easy to obtain conservation laws for the Klein-Gordon equation
itself. A classification of this nature may also facilitate the reduction and analytical

solution process of the Klein-Gordon equation in these spaces via the Lie invariant
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method.

Table 6.5: Noether Symmetries of Eq. (39).

2+2 Case | Dimension Noether Symmetry
A 5 XA X3 x4 X HA,
B 5 XA X, X4 X, HA,
C 5 XA X3, X4 X, €O — Doy,
D 5 xXpoxg, x4 X4 HP,
E 5 CE — 0P®dy, X5, X', XL, CF — vFD0s,
F 5| CF—ulD0s, X5\ Xi, X}, CF —¢fads,
G 3 X x5\ HE,
H 3 X4, X3 HE,
I 3 Xt xt HY

72



Chapter 7

Generalized Symmetries and
Recursive Operators of some

Diffusive Equations

In 1977, Olver [13] pioneered a study of recursion operators for several evolution
equations that possess infinitely many symmetries. One such discussion revolved

around the higher-order analogs of the KdV equation
Up = Ugzr + Uly,

which could be reinterpreted as “higher-order symmetries”. The operator itself was
due to Lenard [59]

11
=D+ ~u+ ~u, D"
R =D+ ju+ ju D",

where D denotes the total derivative with respect to z unless stated otherwise,
namely D = 0, + u,0y + Uzz0y, + UzzzOu,, + - .. Inspired by these works, we ob-

Ugx

tain higher-order analogs of a special diffusion equation by formulating a recursion
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operator.

Symmetry methods feature in the analysis of phenomena that arise in physical and
mathematical fields. For example, several studies were devoted to fundamental
equations in physics, general relativity, biology and financial mathematics, see [60,
61, 62, 63] and references therein. These days the determination of point symmetries
can be done mechanically by a number of symbolic computer programs, e.g. to list
just a few: Macsyma [64], Mathematica [65, 66] and Maple has an automated routine
as well. We point out here that point symmetries depend only on the independent
variables (z* = (z!,...2P)) of a system and its associated dependent variables only
(u! = (u',...u9)), and excludes derivatives of the dependent variable, that is X =
E¥(z,u) + n'(z,u). Whilst generalized symmetries, also commonly referred to as Lie
Backlund symmetries, include derivatives of the dependent variable. The aim of
this paper is also to study some properties surrounding generalized symmetries that

arise from techniques apart from recursions.

At this point it is appropriate to summarize several strategies to construct higher-
order symmetries: a) The standard way of computing Lie point symmetries can be
extended to include derivative dependent terms thereby resulting in higher-order
Lie Bécklund symmetries. b) Implement the multiplier or Characteristic approach
[11] to construct multipliers (integrating factors) of an equation. In this case the
multiplier itself is a symmetry of the underlying equation and can be defined in
such a way as to consist of higher-order terms. The advantage of this method is
that every multiplier provides a conserved quantity. Obviously such a conservation
law is not Noetherian and does not stem from a variational principle. For further
discussion of this method we refer the reader to recent literature on the subject
[67, 68, 69, 70, 71]. Last but not least, (c¢) A recursion operator, if it exits, generates

infinite hierarchies of higher-order symmetries. Historically, recursive operators were
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found by guesswork [13], although it can debated that this is simply a practice of
searching for a pattern in a perceptive fashion. By far, (c¢) is exceedingly sought

after, more useful and increasingly more efficient.

An important problem in analytical theories is the integrability of partial differential
equations (PDEs). From the mathematical point of view their importance is due to
the following circumstances. Complete integrability provides important information
about the nature of the solutions of PDEs. Once ascertained that a PDE is com-
pletely integrable, numerous methods then exist for solving, for instance the method
of inverse scattering transform. These reasons have motivated many investigations

regarding integrability, including this work.

7.1 Some Diffusive Equations

We now mention some important PDEs that have received much attention in the
literature and also the equations that underpin this study. Reaction-diffusion prob-
lems have been studied extensively in fundamental areas of engineering, mathemat-
ics, biology, population ecology and many others. Numerous models exist to explain
spatial theory and population dynamics alone. The expansion of muskrat popula-
tions in Europe instigated mathematical attempts to model the problem which lead
to reaction-diffusion equations [72]. A typical reaction-diffusion model, with u as

the population density at spatial coordinates and time ¢, is
u = (Cu)uy)y + (C(u)uy), + f(u), (127)

where C(u) describes the diffusive movement, while reaction and population dynam-
ics is represented by f(u). Emphasis is also placed on reaction-diffusion models in

which a combination of population dynamics such as movement and multi-species
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interactions is considered [73]. The notion of a correlated random walk [73] by
species gave rise to a telegraph PDE model [74]:
2

1
= ﬁ(um + Uyy) — — Uy, (128)

2\

Uy

where 2\ is a measure of the correlation between directions of travel from one step to
the next and s is the velocity. The Fisher model [75] is arguably the most important
reaction-diffusion model, which represents Brownian random dispersal and logistic
population growth:

Uy = TU <1 — %) + B(Ugy + Uyy), (129)

where 7 is the population’s growth rate, B is the diffusion constant that measures
the rate of dispersal and the carrying capacity is represented by K. Prior to these

models, early PDE models of population ecology such as
U = Bty + Uyy), (130)

were used to analyze the dispersion of numerous organisms in mark-recapture studies
(e.g. [76]), whereby the simplistic conjecture is assumed that expects organisms to
have Brownian movement, the rate of which is invariant in space and time [73, 77].
To build on this model, one considers when organisms adapt to external stimuli
or are moved by rainwater or air-stream currents, and therefore convection or drift

terms are added to (130), which leads to the model [78]

U = B(Ugy + Uyy) — Wytly — Wy, (131)
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where w, and w, are convection velocities. The lie point symmetries of (131) are

easily obtainable and are surprisingly many, viz. we find a 10-dimensional algebra:

I‘1 = ay7 FQ = ax7 F3 = ata F4 = Uau,

1 u (tw, — x) Lu(tw, — )
[y =t0, + ~———2%—20,, X = t0, + ~—————220,
5 +2 % y <36 y+2 B ’
D7 =y, — 20, — 5= (w”B_ “)g,
1 1 Tu (w2 +w?)t —w,y — wyr
Ly = S0, + 5y0, + 10, — ( y)B v~ )au, (132)

1 1
Fg = 5753;81 + §tyay + §t28t

_lu (152109?j + t2w2 — 2tw,y — 2tw,x + 4Bt + 2 + y2)
8 B
' = F(t,x,y)@u,

O,

where F'(t,z,y) is the infinite symmetry that is the infinite-dimensional abelian
subalgebra of solutions which is a solution of the equation (131). We remark that
since Eq. (131) is linear, it naturally admits the linear symmetry I'y and the in-
finite symmetry I'o, [79]. Several PDEs have been designed to model interactions
between conspecifics whereby attraction or repellence between species leads to a
simple diffusion equation being replaced by a biased nonlinear diffusive equation
(73, 80]:

U = By, + (kuuy),, (133)

where again u(t, x) is the density of population, and k is a measure of the tendency
to travel away from conspecifics (k > 0) and is a measure of the tendency to travel
near conspecifics (k < 0). Such a model admits a four dimensional Lie algebra of

point symmetries,

21 = 6t, 22 = 896, 23 = %x@x + tat, 24 = %k.ﬁl?ax + (k’u + B) au (134)
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7.2 Generalized Symmetries of a Nonlinear Dif-

fusion Equation

If a vector field with components &7, 7’ relies on the following derivatives, where u(®)

represents the s'* derivative of u with respect to x
) =20 + € (z,u®) +O(?), j=1,...,n,
()‘ | é*.( ) +0(e), j (135)
@) =u' +en (z,u®)+0(?),i=1,....m

then the resulting symmetries are said to be of higher-order. Without loss of gen-

erality, the symmetry generators in a higher-order context are usually expressed in

the evolutionary or characteristic form, videlicet
X = ¢'(z,u)d,:, assuming that & = 0. (136)

Hence, suppose we restrict our vector field to the form

X = gb(x,t,u,ux,um), (137)

which is to be the higher-order symmetry generator of Eq.(133). The infinitesimal

criterion of invariance is given by

X [Eq.(133)] | pq.133= 0, (138)

and therefore higher-order symmetries of our equation are given by the determining

equations, for the simplest scenario B =k = 1,

Pugosizs T Ptz suza = 0,

204 sy Y F 2P0y Uz + 200 1y UWlizr — 20, U + 205 4, U

+202 uze + 20upy ultiz = 0,

200 W Uiy — Duy U+ Pt — BPuy Wey + P + Pl (139)
205 yUlly + G UUE + Py, UUZ,

200, ullaliar + 200Ue + 200 4, Wloy + Gp 2t + Gyt — G + 20, 4 Us+
Buy g U2y + 20 0 U = 0.
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The solution of the system (139) gives the following four higher-order symmetries:

Xl - u:l?auu
Xy = (Ugy — 2u — 2)0,,
XS = (uuxa: + Ui + uzx)aua

Note that the evolutionary symmetries X;_4 do not normally yield conservation

laws.

7.2.1 The Multiplier Approach

Information about conservation laws is important to any symmetry study of a PDE.
These conservation laws are of paramount importance and it is well known that they
show a vital part in mathematical physics as they define critical physical properties
of the modelled process. Conservation laws are also applicable when eliminating
numerical errors of PDEs [81]. As mentioned previously, once a multiplier is found,
conserved vectors may be derived systematically by using a Homotopy operator (see
details and references in [12, 82]), however in some cases it is simple to construct
the conserved vectors by elementary manipulations. The explicit relation between
multipliers and conserved densities is summarized by Anco and Bluman [83]. To
apply this approach, consider a multiplier that contains the dependent variable, the
independent variables and derivatives of dependent variables up to some fixed order,

ie., let A = A(t,x,u, u,, u;) of Eq.(133) have the property that
A [Eqs.(133)] = D,T° + D, T, (141)

for all functions u (¢, x). The right-hand side of (141) is a divergence expression and

the conserved vector T' = (T%,T*) has components 77 (j = x,t). The determining
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equations for the multipliers A are obtained from the expressions

% [A(Eq.133)] = 0, (142)

o
where — are the Euler-Lagrange operators which annihilate divergence expressions.

ou
Solving Eq. (142) yields,

u(ku + B)Ayy + 2uy(ku + B)Aye + (ku + B)Ay,

(143)
+ (ku2 + 2ug, (ku + B)) Ay + Ay = 0.
Solving for A, we find the solution (C}, Cy are arbitrary constants):
A(t7x7u7uz7ut) = Clx + C’2‘ (144>

Hence the solutions of the determining system are the multipliers,
A1 =1 and A2 =X,

which we note are not higher-order in the end, but each yields a nontrivial generalized

biased diffusion conservation law
T =—u and T} = (B + ku)u,,

and

1
Ty = —au and Ty = —§k;u2 + Bzu, + u(kzu, — B),

respectively. Next, we shift our focus to a special evolution equation for which we

prove that it possesses an infinite hierarchy of symmetries.

7.3 The Kierstead-Slobodkin and Skellam Prob-

lem

In this section, we consider the linear Kierstead-Slobodkin [84] and Skellam [72]

problem, commonly known as the KiSS model, and extend our study to the non-
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linear model. Such a model is also described as the basic critical patch equation.
Determination of critical patch size to guarantee the sustenance of the population is
an important study. The rate at which a population exits the area, the population
dynamics in the patch, the spatial area and the region surrounding the patch are

some of the factors that influence the critical patch size.

A generalized (1 + 2) KiSS model is expressed as
Uy = B (Ugg + Uyy) + 7 F(u)”. (145)

Here, p > 0 is the critical exponent parameter that determines whether the model
is linear (p = 1) or nonlinear (p > 2), and r is the growth rate. An investigation of

several special cases that produce interesting symmetries is presented in Table 7.1.

As mentioned before, the linear symmetry and the infinite symmetry will be added
to the Table 7.1 whenever Eq.(145) is a linear model. Our interest lies in the higher-
order symmetries and it turns out that we are able to find a infinite sequence of

symmetries for this particular model.
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Table 7.1: Classification of Lie point symmetries of model (145)

Case Lie Symmetry p F(u)

|

Xy =0, Xo = 0y, X3 =0y, Xy =10y,

X5 = y0, — 0, 1 u
Xo =10, — 320, X7 =19, — 1%£0,,

Xg =t0, + %x@x + %yay + urtd,,

Xy = %ﬂat + %xt@z + %ytay—l—

lu(Brt*4 — 4Bt — a* — y2)8

8 B v
11 X1, Xo, X3, X5, n u
X0 =t + 320, + 2yd, — 0y (n#1)
111 X1, Xs 1 arbitrary
v X1, Xo, 1 ebu
X1 =10+ 50, — %@. (b # 0 is const.)
\Y X1, Xo, Xy, - 0!

X12 = tat -+ ‘72—”835 — QBtﬁx + a:uau,
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7.3.1 Higher-order Symmetries via Recursion Operators

In this subsection, we are concerned about determining an infinite series of higher-
order symmetries by defining a recursion operator. A study by [85] studied higher-
order symmetries as the fundamental feature of completely integrable equations, and
proposed that an equation is completely integrable if and only if it admits infinitely
many time-independent Lie Backlund symmetries. Motivated by this consideration,
we define a recursion operator for the diffusive KiSS model to prove its complete
integrability. In practice, and for the sake of simplicity, we study the PDE in (1+1)
dimensions. We stipulate the form of the model by the selection of the free function

F(u) = u and assume that all parameters are nonzero, specifically B =r = p = 1.

For the convenience of the reader we present the basic theoretical framework of

recursive operators. For a polynomial system that arises from evolution equations
u = Au®), (146)

a higher-order symmetry Y (u), leaves the above PDE invariant under the substitu-

tion u — u + €Y up to order €, and must satisfy the relation [13]
DyY (u) = A'(w)[Y (u)],
where the right hand side is equivalent to the adjoint Fréchet derivative
0
—A(u+¢€Y) |0 -
Oe
A recursion operator, R, links higher-order symmetries [13]

Yoo —RY®  p=12 .. (147)

where ¢ = 1 and Y® is the p—th higher-order symmetry.

83



To return to our model, we let
ur =Y (u) = gy + u. (148)

We define the recursion operator to be R = D, therefore the infinite series of gen-
eralized symmetries

Y(p)(u) = RPY,
can be written in evolution form u; = Y ®)(u). The first few of these are

uy =Y O(u) = upy + u,

Uy = Y(Q) (U) = Ugggr T Ugz, €C.,

which preserve the flows of the KiSS equation, and we conclude that we have infinite

symmetries of the equation.
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7.4 Conclusion

A recursion operator not only provides a connection between the generalized sym-
metries of an equation but is also an important tool to prove the existence of an
infinite series of flows - a strong indicator of complete integrability. In fact, any
equation that passes the Painlevé test or possesses a recursion operator is a candi-
date for being solvable by the inverse scattering transformation [85]. However, it
is worth mentioning that recursive operators do not yield an exhaustive list of all
possible higher-order symmetries. In this work, we verified the presence of infinitely
many generalized symmetries, all of which preserve the linear KiSS equation and
thus proved that it belongs to a class of evolution equations that are completely

integrable.

Furthermore, multipliers and Lie Backlund transformations were obtained for a non-
linear diffusion equation. The multipliers were defined to contain terms up to first
order in derivatives and we found two multipliers that lead to two nontrivial con-

servation laws.
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Conclusion

In our investigations, we have provided a general form of Noether symmetries in con-
nection with diagonal metrics. Illustratively, a nonstatic space consisting of generic
metric functions was considered. The study continued to classify the Noether sym-
metries according to two cases, the first case was determining the Noether symme-
tries when the metric functions are in the form two-variable functions. The second

case investigated was when the metric functions were in a single-variable form.

In chapters 4-6 were devoted to the Klein-Gordon equation and its potential. We
have demonstrated potential functions related to the equation constructed on Einstein-
Maxwell fields in 2+1-dimensional space, specific cases with spaces having a nonzero
Weyl tensor and several 2+2 conformally reducible spaces. The potential functions
were obtained through applying conformal algebra and linear combinations of it’s
basis vectors. Now that the nature of the potential was explicitly found, one may use
Lie’s invariant method to construct exact solutions of the Klein-Gordon equation.

Moreover, conservation laws may be determined for every Noether symmetry.

Furthermore, in the last chapter, we have analyzed a class of evolution equations.
Both the multiplier approach and higher-order symmetries via recursion operators

were explored.
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