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ABSTRACT

A Lie group assisted method is used to solve explicitly an arbitrary initial
value problem for the Black-Scholes equation. This equation plays a erucial
role in the mathematics of finance. It was first solved by its inventors for a
special initial data . Our solution generalises the well-known Black-Scholes

formula.
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Preface

In the Cauchy problem for linear differential operators, the notion of & funda-
mental solution plays a central role. For equations with constant coefficients,
fundamental solutions are usuaily constructed by usirg the Fourier transform
metaod and the solution to the Canchy problem is given in terms of the con-
volution of a fundamental solution with the initial data, When it comes to
equations with variable coefficients, two problems occur: How to construct
fundamental solutions explicitly? How to represent the solution of the initial
value problem? N. H. [bragimov showed in 198¢ that the first issue can be
addressed by Lie group analysis {see Ibragimov (1989)). In this research re-
port, we continue the group approach and show that the invariance principle
together with a method due to Hadamard (see Hadamard (1923)) provide a

systematic approach to the second problem as well. This approach is applied



to parabolic equations with variable coefficients. As an illustration. we give
an integral representatinn of the solution to an arbitrary Cauchy problem for
the Black-Scholes equation widely used in the mathematics of finance. This
equation was first solved by its inventors for specific initial data (see Black
and Schales (1973)). The method they used was rather an ad hoc method
and cannot be extended to the general case,

In more detail, the outline of chis work is as follows:

Chapter 1 provides a brief introduction to Lie group aunalysis of difterential
equations. The topics covered in this preliminary chapter are biased by the
fact thai we will used Lie group methods to solve & specific problem: The
Cauchy problem for the Black-Scholes equation.

Since generalised functions are widely used in the theory of differential equa-
tions, it was necessary to extend Lie group analysis concepts to the space of
distributions. This step was done in Ibragimov (1989). The second chapter
exposes mainly Doragimov’s idea. Namely, we show in this chapter how sym-
metry analysis can be used to construct the fundamental solution of Caucuy’s
problem explicitly.

In the third chapter, it .; shown after Hadamard that the sslation to the

Cauchy problem for linear operators can be represented by means of the fun-



damental solution and t* - data.

The fourth chapter is devoted to the application of concepts developed in
the previous chapters. In this last chapter, we solve an arbitrary initial value
problem for the Black-Scholes equation explicitly (see Ibragimov and Wafo
Soh (1997)). The solution obtained generalises the well-knows Black-Scholes

formula.



Chapter 1

Differential Equations from

Group Standpoint

1.1 Introduction

Systematic investigation of continuous transformation groups was initinted
by the Norwegian mathematician Sophus Lie (1842-1899). He was the first
to notice that classical devices for the integration of diffsrential equations
can be explained from a single standpoint-—that of (infinitesimal} transfor-
mations leaving the equation unchanged (called symmetries of the equation}.

What s still more striking is that Lie gave an algorithm to calculate symine-

4



Difterential Equations from Group Standpoint 5

tries of a given equation and showed how these symmetries can be uiilised
to investigate or integrate differential equations.

In this preliminary chapter, we aim at discussing the simplest methods of Lie
group analysis of differential equations: Continuous one-parameter group of
transformations, calculation of symmetries and invaziand solutions. Through-

out this chapter, we shall assume that functions are sufficiently smooth.

1.2 One-parameter group of transformations

The object of this section is to define and illustrate the concept of a group
of transformations whose equations involve a single parameter. Each such
group is generated by an infinitesimal operator. The latter will prove to be

more convenient in applications than the group itself.

1.2.1 Continuous one-parameter groups of transfor-
mations

Definition 1.2.1 A {ransformation of R™ is a one-jo-one mapping from R®

onto itself.
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Example 1.2.1 The identity mapping

IR — R

is a transformation of R,

Let z = (a',...,2") € R*, n € A* == A — {0}. Consider a one-parameter

set of transformations T,:

T.=%= f(z,a), (1.1)

or in coordinates

= fi(z,a); i=1,...,n (1.2)
Let 7 be a neighbourhood of ¢ = 0 in R. Given & € [/, the transformation
T, carries the point £ € R" to the point # € R*. We suppose that {1.1) ia

the identity transformation if and only if ¢ == 0 i.e.
flr,a)=2 VzeR"©Sa=0. (1.3)

Definition 1.2.2 A set of transformations (1.1) is zalled a one-

parameter (local) group of transformations in R* if the funetions fi{z,a)



-¥
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satisfy the condition (1.3) and the group property

f‘(f(m,a),b)zf"(x,c); (R TN (1'4)
for a, b € U/, where ¢ € U is a certain (smooth) function of ¢ and b

¢ = (e, b), (1.5)

such that

(e, b) =0 (1.6}

has a unique solution & € U for any a € U, Given a, the solution b of {1.6)

is denoted a1, The function 7 is termed the group composition law.

According to this definition, a contiauous wre-parameter group (7 of trans-
formations contains the {unigue) identity trausformation I = Jp. Further,
the group property (1.4) means that any two transformations 7, 7} € G
carried out one after another result in a transformation which belongs to G
for any @, b € U. The solvability of the equation (1.6) together with the
group property {1.4), provide the inverse transformation 7,1 =T,— € G to
TeeG: TnT, =T Tmu=Iforanya e U.

Example 1.2.2 (Group of translations)

G={T,, a€&R}
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where T, is defined by

Te: &= f(z,a)=v+a.
(i) flz,e)=2Vex¢ Rifand only if e =0,
(i) f(f(z,a),b) = f(z+a,lj =+ a+ b= f(2,¢), where

=t + b = v(a, b).

(iii) y(a,b) =0 if anr . wwa = —gand Ty =T,
Note that in this exam)' we ¢t %, Bui this is an exception: In

most of the cases occuring in applivei i we have only 7 C R. Whence

the terminology local group.

In the subsequent sections, any reference to group means continuous one-
parameter (local) group of transformations. The next discussion shows how

to construct continuous one-parameter groups as we please.

1.2.2 Group found by integrating a differential equa-
tion
We consider the system of differential equations

di .
E‘ = é‘(m), (1'7)
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under the initial condition

T l;=g= & (1 ,3)

and where
x=(z"), €=( i=1,...,n EH#0.
The system (3. whies the equations

dzt dz"

----- (1.9)

We suppose thal the functions £ are sufficiently smooth and without loss
of generality we assume also that £' # 0. The equations {1.9) ate known
to possess (n — 1) first integrals v7(Z) = ¢/; § = 2,...,n; passing through =
and defined for all & of a certain neighbourhood of 2. Obviously &/ = v/();
j =%...,n ln order to solve (1.7), we solve } vi(Z) = ¢/; j = 2,...,n for
#%,...,2" in terms of & and &'; § = 2,..., n. Susbtitute the result in the first
equation of (1.7) aud integrate. Let the result be w(2!, %..., ") — & = ¢!,
where ¢! i8 an arbitrary constant of integration. Replacing ¢f by its value

vi(&); 7 = 2,...,n; we obtain a result of the form u(&) —~ t = ¢!. In view of

1This is possible because ,,J(_@)' = ¢} imples after differenting with respect ta § that
£(#)8% = 0. Setting ¢ = 0 in the last equation, we obtain £(2) %2 fmo= 0. Since £ #£0,

this implies rank|| 2% li=ofl= n—1.
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the initial condition, we have
u(Z) = u(z)+t, v{(@)=vi(2), j=2,...,n (L.10)
Let the solved form of these equations (1.10) be
&= (s, 1), (1.11)

in which the functions @; ¢ = 1,...,n; are defined for values # which are
sufficiently small. We can also solve (1.10) for . Thus (1.11) defines a
transformation of R provided ¢ is sufficiently small.

Let us show that the product of (1.11) by & second transformation
& = 8(z,t) (1.12}
of the same set is the following transformation
5= Ozt L), (1.13)
We return from (1.11) to the equivalent equations (1.10) and likewise from
{1.12) to the equivalent equations
u(E) = ¢(®) +1, v (E)=v(E), j=2%...,n (1.14)
whose solved form is (1.12) for the same reason that (1,11} is Lthe solved form
of (1.10}. Eliminating Z between (1.10) and (1.14), we get

u(Z) = u(z) +t+#, v(E) =oi(z) j=2,...,m (1.15)
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whose solved form is {1.13). Hence the product of two transformations (1.11)
whose paramneters £ and ¢ are sufficiently small is a transformation (1.10) with
t+2,

Since (1,15} is the identity if ¢ + 1’ = 0, the inverse of (1.11) is derived from
(1.15) by replating ¢ by —¢. Finally we summarize the results obtained in

the following theorem.

Theorem 1.2.1 When the parameter £ is restricted to values sufficiently
small, the solution of (1.7) under the initial condition (1.8) forms a continuous
one-parameter (local) group of tranformations.

Example 1.2,3 (Group of rotations)

n =2, 'El"‘:_ys 52=ﬂ:.

In this case, (1.7) becomes

Differentiate the second equation with respect to i:

&g di i
[ A

I

Thus

f=Acost+ Bsint
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and

F=to = -Asint + Beost.

But # |j=p= # and ¥ ;o= y. Hence A =y and B = &, Therefore
E=2zcost+ysint,

§=asint—ycoat,

This transformation describes a rotation of angle ¢ about the origin. The set

of such transformations is called the group of rotations.

1.2.3 Infinitesimal transformations: Symbol of a con-
tinuous one-parameter group of transformations

Consider a continuous one-parameter group C of transformations (1.1). The
expansion of the functions f° into Taylor series in the parameter ¢ = 0 (i.e.
the value of the parameter which gives the identity), taking into account the
initial condition (f(z,0) = =), yields the infinitesimal transformation (to the
first order of precision)

=2+ £@)a, (1.16)
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where

- ,
§="Frl=e; i=l..n (1.17)

The vector £ = (£*) with components defined by (1.17) is the tangent vector
at z = (z*) to the curve described by # = (#') and therefore called the tangent
vector field of the group. This tangent vecior field is sornetimes written as

the first order differential operator
X= .g"(m)ﬁ-. (1.18)
O

Lie called the operator (1.18), the symbol of the infinitesimal transformation.
A natural question arises at this point of our discussion: Does there exist
a. one-to-one correspondence between the transformation (1.1} and the cor-
responding infinitesimal transformation (1.16}? This question is motivated
by what we have seen in the previous section : For a group obfained by
the integration of an ordinary differential equation, we can check easily that
the knowledge of the infinitesimal transformation yields the transformation
and vice versa. Therefore, we can replace our first question by the following
one: Does there exist a one-to-one correspondence between continnous one-
para.- « t» > groups and one-parameter groups obtained by the integration of

s urdinary differential equation? Before giving an answer to this question,
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we shall first treat the typical case of the group of similarity transformations
S: 1T =az (1.19)

Since 8.8y = Su, the parameter of the product is the product of the psram-
aters of the cornponent transformations, whereas it was their sum in the case
of the group of transformations (1.11}. Heunce we cannot put the transfor-
mations S, into one-to-one correspondence with the transformations of any

group of the type (1.11) by taking a = t. But by taking & = ¢, then
F=ex (1.20)

and by (L.17), £ = ¢ i.e. & = «*. The resulting infinitesimal transformation

generates the group (1.20), whose equations give the solution of

dz = _
5 =& 2 |e=o= 0.

UJsing aimilar ideas, we next freat any one-parameter group of transforma-
tions {1.1).

The product of (1.1) by any transformation

5
i

f(&,8) (1.21)
of the group must be a third transformation

z= f(z,¢) (1.22)
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of the group. Heunce there exists a function ¢ = y(e, §) such that

f(f(m! G)a B) = f(me 7(‘% b))

identically in x, @ and 5. Differentiate (1.23) with respect to b

af(js b) _ 3f($, c) . 6’1’(‘351 b)

ab de ab

Since (g, 0) = «, {1.24) yields

of (~'-‘ b) oo _ df(z.a) 31’(‘135) lheo
Hu

15

(1.23)

(1.24)

(1.25)

Since (0, b) = b, the final factor of (1.25) is unity if @ = 0. Thus this factor

is not identically zero. It also contains the parameter a continzously. We

denote it by A{a) i.e.

A =28 )
Thus

¢@) = W0y,
Then

dz _ 8f{z,a} _ (&)

de Qe Ala)

Now introduce the new paraeter

S |
iz£ mda

(1.26)

(1.27)

{1.28)

(1.29)
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in the place of a. Then

1
dt = A(a'}da
and
d:—
?ﬁ — £(z). (1.30)

Ifa=0,then & =z, § =y, t =0, which are the initial data employed in the

previous section. Now we can state the following ftiidamental theorem:

Theorem 1.2.2 (Lie) The transformations (1.1) of any one-parameter group
whose identity has the parameter a4 = 0 are put info one-to-one correspon-
dence by the introduction of the new parameter (1.29), with the infinitesimal
transformation (1.16). Namely the functions f* are solutions of the initial

value problem

& &

= g(i): & It‘--ﬂs
where ¢ is given by (1.29).
This theoremn motivates the following definition.

Definition 1.2.3 The symbo{ of the infinitesimal travsformation (1.16) is

also ¢« . d the symbol or the generator of the group of transformations (1.1).
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Lie's theorem provides a simplification to the investigation of continuous one-
parameter group @ It rediices the study of continuous one-parameter groups
to that of infinitesimal transformations. Ther fore it provides a (sort of}

‘linearisation’ to the continuous one-parameler group.

Theorem 1.2,3 Every continuous one-parameter group of transformations

whse transformations are given by (1.1), reduces to the group of translations
F=yte, F=¢, i=2%..n {1.31)

under a suitable change of variables
g = yt), i=1,...,n (1.32)

The new variables y' are called canonical veriables. They are singular for

values of # such that £(z) = 0.

Prooft  Under a change of variables (1.32), the differential operator (1.18)

transforing according to the formula
o O
X=X y' ]
o
Therefore canonical variables are found from the system of Hnear partial
differential equations

X =68 i=1,...,m
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where & denotes the Kronecker symbol defined by

0, if i35,

H.l%-

1, i i=j

1.2.4 Equivalence of two one-parameter groups

Definition 1.2.4 Twe groups whose transformations are

z = flz,a) (1.33)

T
i

g(z,0) (1.34)

are called equivalent if and only if there is a one-to-one correspondence o =
@(a) such that
f(wn d’) = g(x, ®(a})

identically in # and a.

Theorem 1.2.4 Two one-parameter groups with symbols X and ¥ are
equivalent if and only if their symbols are proportional i.e.

Jk € R* =R — {0} such that X = V.

Proof: See for instance Dickson (1924).00
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1.2.5 Group invariants

Definition 1.2.5 A function F(z) is an invariant of the group of transfor-
mations (1.1) if

F(f(z,a)) = F(z,a), (1.35)

identically in =, 4.

Theorem 1.2.5 (Infinitesimal criterion of invariance) A function F(z)

is an invariant of the group of transformations (1.1) if and only if

BF(x)

XF(z) = £ (2)—1* (1.36)

Proof:
=}):
Differentiate {1.35) with respect to ¢ and set & = 0 in the result.

=):

B[F(f(a's w))] = (XF){f(z,a)) =0

(by the chain rule and Lie's theorem)
Whence
F(f(z.a)) = F(f(2,0)} = F(2)
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)
It follows from the above theorem that any continwous one-parameter group
of transformation (1.1} has (r—1) functionally independent invariants, which

can be taken to be the left-hand side of any first integrals
JHa)=¢\. .., " a) = T

of the characteristic equations

dot
& T )

Example 1,2.4 {Group of rotations)

(1.37)

§1=_'ys &2:"3'
89
X*-'—yaf'}‘mgg.
grF  aF
XF=10 ¢=:>Hy~§;+m—afy~0.

The characterisric equations are

——— T —

=
8

i.e,
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Thus
Fla,y) = f(z* +4°).

Then any function #(z,y) invariaut under the group of rotations is function
of the single variable r? = 2% 4. ¢,
Now, consider the system of equations

FYz)=0,...,Fi(z) =0, 3<n. (1.38)
We shall assume that the rank of the madtrix || %?- || is equal to s at all points
satisfying the equation (1.38). Thus (1.38) defines an (n -- s) - dimensional
manifold M.
Definition 1.2.6 A system of equations (1.38) is said to be invariant with

respect to the group G of transformations (1.1) if each point z € M on the

sirface M is moved by G along the surface, that is, if @ € M implies & ¢ M.

Theorem 1.2,6 The system of equations (1.38) is invariant with respect to

the group G of transformations (1.1} with symibol
; 0
A=

if and only if

XP* =0, k=1,...,s {1.39)
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Proof:
i) Suppose that {1.38) is invariant with respect to G.

Let 2 € M, thus = f(z,a) € M L.e.

F(f(z,a)) =0, ke {l,...,s}.

Differentiate (1.40) with respect to a

M,Emm,an =0, k=1,.

Ba dzt

i.e

. k
E(f(ma) (o)) =0, k=1,...

Set a =0 in (1.41):
XFHey=0, k=1,...,s

Thus

XF¥[y=0 k=1,...,s

22

(1.40)

R

1 &, (1.41)

it) Now assume that X F* fy=0; k = 1,...,s. Thus the restriction of each

F* to M is an invariant function i.e.

FY(f(z,a)) = F¥(z),
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for all z ¢ M and for k=1,...,s. Whence

F(flz,a)) =0, k=1,..,85
ie. 2€ M.O

Theorem 1.2.7 (Representation via invariant) Let the equations (1.38)
be invariant under the group G and let the symbof of the group X not vanish

on the stirface M defined by (1.38). Then the surface M can be represented

by equations of the form
¢ (I @)y M) B=1,8 (1.42)
where J',...,J""1 i5 & basis of iuvariants of the group G.

Proof; See Ovsianmikov (1982).00

1.3 Symmetries of differential equations and

their use

1.3.1 Prolongation of point transformations
Consider a continuous one parameter group ¢ of transformations

= f(x,u,a), f(:r,u,ﬂ)=m,
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(1.43)
& = o(r,n,a), ¢(z,u,0)=1u,
in the space R™™ with variables © == (z',...,2*) and u = (u!,... ,2™).

Now take variables upy = {uf |a = 1,...,m;i=1,...,n} and subject them

to the transformation

=33
1l

% @?(a:s U, (1), a):
(1.44)
uf = OFf(w,u,up,0).

We require that (1.44) together with the transformations of the derivatives

v under the change of vazriables (1.43) be compatible with the guantities

it
[

(1.45)

for any u* = u”(z). This condition uniquely defines the transformation
{1.44) for any one-parameter group of transformations (1.43) and (1.43)-
(1.44) define a unique one-parameter group Gy of transformations acting
in the space R+ with variable (2,u,uq)) (see Dickson (1924)). The
equations {1.43) are called point frensformutions whereas (1.44) are called

prolongation of point trensfomations. Gy is termed the first prolongation of
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the group .
Let
o a a 8
X=¢ ("‘:’“)5}? + 7z, u) 5o (1.46)

be the symbol of G. The symbol of Gy is

w 0
Xy =X+ ouF e
The additional coordinates (! = %?- la=o of this operator can be determined
from the compatibility condition of (1.44) and (1.45).

Using quantities w = (»!,...,w™)}, where
w® = du® — uds®, (1.47)
one can rewrite the equalities {1.45) in the form
w=0. (1.18)

The compatibility conditions irnposed on the prolong_ution states that (1.48)
defines a manifold which is invariant under the group G'(l) of transiormations
(1.43), (1.44) and
i = Yo M
(1.49)
0P 9%

di = ——da'q —du®,

da a”u.“



Differential Equations from Group Standpoint 26

acting in the space (,u, u(y), de, du). Introduce the infinitesimal operator X

ufé‘m
- e B o O
X=X(1)+§’§&"z—,- g (1.50)
where
z ddx
é = a:: ’u:ﬂ
. g 8 a
= e+ gt
. _ oda
= gl
_ Oy an
= 'd 5 oo™

The eriterion for invariance can be written as
R umo= (7% - ufE — (Pdz’) |ymo== 0,
a=1I,...,m.

This gives, after inserting the above expressions of £ and #, the following

formula for the first prolongation of the operator (1.46)

(¢ = Di(r™) — uf Di(€). {1.51)
Here
8 A
Ds = ‘? +u; Eu—u
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is the operator total differential with respect to 2'. Prolongations of higher

orvder are obtained by defining the action of the group G on the varizbles

U(1}s H(2),e - - \Where
g ={uf i Ja=1..; i ,t=1..n}
Define
o5 = 55?-&?1’% , (1.52)
where
a=1,....m
J=(t.ade); 185 S0
Define also
D; = %Mg’jg‘%, (1.53)
where
3J=%§ ; £JjZn

The symbol Xy, s 2 1, of the s** prolongation of the group G is
a
— o
X("} = X + CJ a_ug'l

where summation is over all muiti-indices J = (j1,...,jx) with

1 € jx € n,1 £ & £ 5. The coefficients {F are given by the recursion
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relations

(¢ = Din™) = uf Dy (&), (1.54)
¢35 = Dy(s) ~ ug: D5(8), (1.55)

with J = (1. 5c), 1< k<Ss—1,

1.3.2 Group admitted by a differential equation

We consider a system of s~—order partial differential equations
F(:.':,u,u{l), . ,u(,)) =10, (3..55.]

where

F=(F,..., F7.

Definition 1.3.1 If the local manifold defined by (1.56) in the

(s Uy U(t}s » » - 2 U3) }-space is invariant under the action of the st prolongation
Gy, of G, we say that the differential equation (1.58) admits G or G is the
symmetry group of (1.56). Each generator of G is termed u symmetry of

(1.56).
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Let X be the symbol of G. Thken, the infinitesimal criterion of invariance

says that (1.56) is invariant under the group @ if and only if
X{,}F |Foo= 0 (1.57)
Definition 1.8.2 (1.57) is called defining or determining equation of (L.56).

The following fundamental theoremn enables us to construct some solutions

of (1.56) from known one,

Theorem 1.8,1 A symmetry of (1.56) transforms any classical solufion of

(1.56) into another classical solution of the same equation.

Proof: This comes from the fact that a symmetry of an equation leaves

invariant that equation.

Definition 1.8.3 (Lie algebra} A Lic algebra of operators

8

X= eiam"

is a vector space . with the following property

VXI} X:l € L: {Xi:XEI = XI(X2) - rz(Jﬁ) S L
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Theorem 1.8.2 The set of all solutions of any determining equation foraus

a Lie algebra.
Proof: See for example Ovsiannikov {1982).0

Deflnition 1.8.4 (invariant solutions) A solution u = f(2) of (1.66) is
an invariant solution if the manifold M whose equation isu ~ f(z) = 0is

invariant under the group admitted by {1.56).

From this definition, we infer via the infinitesimal criterion of invariance that

an invariant solution of (1.56) must satisfy the equations

det et da® dr dr™
. f) &z f)

e nim i) T ) (1.58)

=

‘When we restrict the class of solutions we are looking for to invariant solu-
tions, we reduce the number of independent variables of the equation under
consideration by one. Almost all well-known exact sohztions which oceur in
applications are invariant solutions. So the iraportance of invariant sclutions

can not be overstated.
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1.4 Illustration of the concept group adimit-

ted: The heat equation

1.4.1 Symmetries of the heat equation
We consider the classical diffusion equation
U = U,y (1.59)
where subscripts denote differentiation. Let
8 a a
= £l —_ 2 — ; —
X=t (t,w,u)at+§ (t,:t:,u)aa: +n(t,.z:,u)au. (1.60)

(1.59) admits X if and only if

Kottt = tas) lu—nea=o= 0. (1.61)
But
Xay=X+G d%g -+ Cza% + Cn'é% + Cugg: + C?E‘B‘:“a"u;.
Thus (1.60) is equivalent to
(&1 — &alue—naemo =0, (1.62)

where

G =1 — Efue + (1 — £ s — E2uu, - 541,“3, (1.63)
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sz = fpe + (27}13 - ﬁx)“r = eia:ut + ('ﬂm; - 263!;)“: - 26;1‘“3”'{ — Eﬁuui

— Gt + (y — 262 ae — 26000 — BEiUathan = Epttithn, — 2eyuigtipe. (1.64)

Substituting (1.68) and (1.64) into (1.62) and treating %, . @, tsy Us, Uiy,

gy a8 ‘independent variables’, we obtain

1

uUd

&

r
‘U

Due

T

i (1.65)
€ + 262,

0,

2 s

~on + £

R

(1.68) is an overdetermined system of linear partial differential equations

whose solution is

1

1 1
p = (—=o12® — megz — —egt + eg)u + (i, 2),

8

4
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1

El = -:_i-f.'li.z + ¢zt + 3, (1'66)
L3 1

& = ‘2::1-.1:5 -+ 502 +oed e

Where ¢;, ¢ = 1,...,6, are tonstants of , itegration and § is an arbitrary
solution of the heat equation. The Lie algebra admitted by (1.59) is therefore

spanned by the following operators

X = §t+4mt—£-’— (x® 4 2t)u ;u

Xy = Zt%-l-m(%,

Xy = %’

Xy = ﬂta—i-—-am-a%, (1.67)
% - 2

Xg = u%,

a
Xﬂ = ﬂ(tﬁ m)'gas

where # is any solution of (1.59).

The operators (1.67) are obtained from (1.66) by equating a given contant to
a fixed number (say one) and the remaining constants to zero. This procedure
is justified by the fact that the aperators admitted by a differential equation

form a Lie algebra and e fortiori a vector space.
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1.4.2 Brief comment on the meaning of symmetries

Using Lie's equations, the transformations of the one-parameter group gen-

erated by the symmetries X;, Xp;i==1,...,8; are given by

- i _ @
Kot t=rTop P TTon
i = uy/1 - 4 e Ax?
= AT )’

Xy : I=2%, &=l @=u,

Xy ¢ T=t4d, ¥F=z id=uy

X ¢ Fet, E=a+2h, d=e MYy,
Xs + i=t E=s+) id=u

Xe 1 I=t, dE=w 1#=2Ay

Xp : f=t, =2z, @G=u+I3

Thus X; and Xy express the fact that (1.59) does not depend explicitly on the
independent variables i.e. it is an autonoinots equation: If u(t, 2} is a solution
aof {1.59), u(t + A, z), u(t,z 4 A) are also solutions of the same equation. The
gymmetries X and Xp descend from the linearity and homogeneity of the
heat equation: They summarise the superposition principle. The symmetry

X, describes a scaling : If u(t,z) is a solution of (1.59), u(A*t,\z) is also
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a solution of the same equation, Finally only X; and X; are non-obvious
gymmetries. Note that under X, the trivial solution u{t,z) =1 of the heat

equation traunsforros into the less trivial one

. —Ax?
=1 ~4Ataxp

1 —4Af

i.e.
DU S (__ji)
SATOi R TTe i/

Dropping the bars, we cbtain

1.5 Conclusion

In this preliminary chapter, we have givs-. a brief account of Lie group anal-
ysis of differential equations. We have omitted the classical result of Lie
concerning the reduction of order of ordinary differential equations via sym-
metries because we will not need this theory in the forthcoming chapters.

Further applications of Lie group analysis are presented in the next chapter.



Chapter 2

Group Theoretic
Determination of Fundamental

Solutions

2.1 Introduction

In the inijtial value problem for linear differential equations, obtaining a fun-
damental solution is generally the last nail in the coffin. The Fourier trans-
form method is commeonly used to obtain fundamental sclutions in the case
of lmear differential equations with constant, coeficients, But in the case of

36
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variable coefficienis, the Fourier transform method is almost of no use. In
1989, N. H. Ibragimov (Ibragimov (1983)) noticed that if instead of seeking
for fundamental solutions in general, we look for the fundamental solution of
a given Caunchy problem, Lie symmetry analysis can render a useful service.
Namely, he found that if the group admitted by an equation is sufficiently
large, one can construct the fundamental solution of an initial value prob-
lem as an invariant solution, Almost all well-known fundamental solutions of
mathematical physics can be derived using this method. The main concern of
this chapter is to prosent Ibragimov's idea. In order to make this chapter seli-
contained, we shall begin with a brief introduction to generalised functions

theory.

2.2 Preliminaries on the theory of distribu-

tions

Here we give a short account of the theory of distributions. We restrict
ourselves to the notions that we shall need in forthcoming ¢ .ts, For more

details on generalised functions theory, consult for instance Schwartz (1966)
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or Gel'fand and Shilov (1964).

2.2.1 Some introductory definitions
Let ¢ = (2),...,2") € R, [ 2 k= ((' )+ .-+ + (2™)?)'/2. Let « be an
n-tuple of nonnegative integers, & = (ay,..., ). We define

|ﬁ‘|=’0‘1 + ey,

and

o glal
T 9(al)m ... Hlam)mn

Dﬂ

Definiition 2.2.1 A function f(z) is locally integrable in R* if
Ji | f(z) | dx exists for every hounded region K in R (here [ is the

integral in the Lebesgue sense).

Another concept that plays a crucial role in the theory of distribution is the

support of a function defined as foliows:

Definition 2.2.2 The support of a functinn f is the closure of the set of all

points z such that f(x} 7 0. We shall denote the support of f by supp f.
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2.2.2 Test functions

Consider the space D consisting of real-value functions p{e) = w(z?,...,2%),

such that the following holds:

1. ¢{z) is an indefinitely differentiabie function defined at every poin of
R, This means that D% exisis for all multi-indices @ and is contin-

uous. Such a function is called a C°—function.

2. There exists a number A > 0 such that () vanishes for | z |> A.

This means that ¢(z) has a compact support.

Then ¢ is called a test function.

The prototype test function is

2
axp|—gapE ). lzi<a
() = ( )
0, I z |> a
Definition 2.2.8 A sequence {¢w}, m =1,2,..., where p., € D, converges

to ¢ if the following two conditions are satisfied:
1. All w0, as well as i vanish outside a common region.

2 D%y —— D%p uniformly over B* as m ~— oo for all multi-indices o.
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2.2.3 Linear functionals and the theory of distribu-
tions

Definition 2.2.4 A linear functional T' on the space D is az operation (or
rule) by which we assign to every test function g a real number denoted by

< T, >, such that
<T,eiprtepr> = €1 <Tyipy > e < T2 >,
{or every arbitrary test functions ¢, and ¢, and real oumbers ¢ and ey,

The nes+ concept is that of the continuity of linear functionals.

Definition 2.2.5 A linear functional on D is continuous if and only if the
sequence of numbers < T,y > converges o < T,¢ > whoen the sequence
of test functions {¢,,} converges to t! test function ¢ (in the sense of the

convergence defined in the previous section).
We now have all the tools for defining the concept of distribution.

Definition 2.2.8 A continuous linear functioral on the space D of test func-
tions is called a distribution. The space of all distributions on R* is denoted

7.
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2.2.4 Some examples of distributions
Regular distributions

The set of distributions that are most useful arve those generated by locally
integrable functions. Indeed, every locally integrable function f{x) generates

a distribution through the formula
<he> = | fapta (1)

Linearity of this functional is obvious. To prove its cortinuity, we observe
that

< fue>l< gx [v@)) [ i@ <o (22

suppt

Thus, if the sequence {px } converges to zero, then so does < f, ¢, >. Hence

the functional defined by f is continuous.

Definition 2,2.7 Distributions defined by (2.1) are called regulur distribu-
tions. All other distributions are called singular distributions. However, we

may use formula (2.1) symbolically for a singular distribution as well.
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The dirac distribution
Consider the functional §(z — £) defined by

<blz—£o> = @{f}, lorallpc?. (2.3)

1t is straightfoward to check that the functional defined by (2.3) is a distri-
bution. This distribution is called Dirae’s distribution. It plays a crucial role

in the theory of partial differential equations,

2.2.5 Algebraic operation on distributions

Theorem 2.2.1 T’ is a vector space.

In general the multiplication of two singular disteibutions is not defined. But
we can define e product of a smooth function by a distribution as follows:

Let ® ¢ O and T' & D', ®T is the distribution defined by

<®T,p> = <T,8p>, forallpeD (2.4)

Example 2.2.1 (Important) For all & ¢ ¢,

®é(a — &) = (E)é(z - ). (2.5)
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2.2.6 Differentiation of distributions

Let o be a multi-index. The partial derivative of order | « | of 2 distribution

T is the distribution D*T' defined by
< DT> = (_1)|ﬂt] <1, D% >, (2.6)

for all test functions .

2.2.7 The support of a distribution

Definition 2.2.8 A distribution 7" vanishes on an open set IF if
<Typ> = 0,

for all test functions p such that suppe C U.

Let w be the union of all open sets on which 7' vanishes.

Definition 2.2,9 supp T =R"—w

Example 2.2.2 supp 8(x — £) = {¢}

2.2.8 Trausformation of distributions

Consider the transformation

5 = (), (2.7)
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where @ iz a (' —diffeomorphism. We denote the Jacuoian of this transfor-

mation by J i.e.

J = det(85'/8s%).

Definition 2,2.10 Let T be a distribution on R™, The image of T' under

the tranformation (2.7) is the distribution T' defined by
< T (&), e(F) > = < T(z},pod(z)>. (2.8)

Consider the case where T is a regular distribution generated by a locally

integrable function f:
< fla)pod(z) > = f Fledp o B(2)de. (2.9)
Rn
From the usual change of vartakles formula in the integral, we have

[ 1@ty = [ 1717 fe)poo-i@ys
Rn i

<G ot @) pE >, (210)

Whence
< f@)p@) > = <{J | Fo (@), p(2) > .

Thus, a regular distribution transforms as follows

F=lJ s (2.11)
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This formula suggests that an arbitrary distribution should transform the

same way., To prove this rigorously, we need some preparation.

Definition 2.2.11 (Convergence of distributions) A sequence of distri-
butions 1), - D', m = 1,2,..., is said to converge to a distribution T' € D
if

mljglw <Twe> = <Te>, (2.12)

for all test funciions ¢.

Theorem 2.2.2 D is dense in D' i.e. for all distributions T, there is a

sequence {T,,}, m = 1,2,..., of test functions such that
m%gf_lm <Tmyp> = <Typ >,

for all veat functions .

Proof: See for instance Schwart (1966).0

Theorem 2.2.3 Under the {ransformation (2.7), an arbitrary distribution

T transforms according to ihe following formula

Proofi Use Theorem 2.2.2 and (2.11).2
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Corollary 2.2.1 {Transformation of the delta function)
8(% — @) = (| J | )rmm 6 — wa). (2.14)
Now, let consider a one-parameter transformation group. Writing instead of
(2.7) the infinitesimal transformation

o bafi(e), i=12...m {2.15)
of this group and expanding J in Taylor serie about « = 0 to the first order
of precision

J s 14 aDi(Y), {2.16)

where D; = 8/8a%. We obtain from (2.13), when we perform the substitution
T = #(z — zp),

8(3 — @) =~ Bz — 2g) — aDED) |omay B(2 — 0. (2.17)

This last equation will play an important role in what follows.

2.3 Invariance principle

Given a linear differential operator L, consider a boundarz value (in partic-

ular, initial value) problem

Lu = flz), (2.18)
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tly = ¢lz), {2.19)
where the data ¢ is defined on the manifold M C R™.

Definition 2.8.1 The problem (2.18)-(2.19) is said to be invariant under a

group G if the following hold:
(i) The differential equation (2.18} admits G.
(ii) The manifold M together with (2.19) are invariant under the group G.

The invariance principle: Let the boundary value problem (2.18)-(2.19)
be invariant under a group G. Then we should seek the solution among the

functions (distributions) invariant under G.

44  Construction of fundamental solutions

using symmetries

For the sake of clarity and sirnplicity, we shall consider only linear second-

order parabolic equations

Lu=w+a¥u; + s+ eu=0, z€R* &>, (2.20)
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where the subscripts denote partial derivatives, a, b, ¢ are function of ¢ and
z, ta € R. Cauchy's problem for L is to find the solution u{x,%) of (2.20}

which satisfies the additional condition (initial condition)
u(ml tU) = 'P(m)s (2'21)

where ¢ is given.

Definition 2.4.1 A fundamental solution of the Cauchy problem (2.18)-
(2.19) is a distribution 8(z, ; €, 40) which satisfies (2.18) and the initial con-
dition

5(z, t0; €, to) = 6(z — z0). (2.22)
Note that if the coefficients of L are sufficiently regular, it can be proved
that the fundamental solution of a Cauchy problem is unique in the space
of tempered distributons (Mizohata (1973)). When the coefficients of [ are
constant, the procedure for the construction of fundamental solutions js well-
defined: The Fourier fransform is commonly used to transform the Cauchy

problem

Iu = 0, z€R", >4, (2.23)

1‘.&(&', fai 2o, ia) 6(.?: - a:u), (224)
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into an initial value problem which is much more simple to solve. After
solving this initial value problem, one has to invert the solution in order to
obtain the fundamental solution. When L has variable coeflicients, there is
not a unified method to tackle the problem as in the case of constant coeffi-
cients. But [bragimov (1989} noticed that if (2.23) has enough symmetries,
one can construct the fundamental solution of (2.18)~(2.19) using the invari-
ance principle mentioned above. In the sequel we shall examine in detail
what invariance of {2.24) under the group admitted by (2.23) means.

Let us begin with the following fundamental property of the syiametty Lie

algebra admitted by (2.23).

Theorem 2,4.1 (Ovsiannikov) i the matrix (a¥) is nonzero and equation
(2.23) is not very degenerate, then the Lie algebra admitted by (2.23) has
the form

L=r & -Cm's (2‘25)

where the finite dimensional subalgebra L7 coasists of operators of the form
& . a _ i}

X = fo(w,t)a + £ (m,t]a-;; —n{z, t)u-g;z, (2.26)

satisfying the determining equation and £* is generated by operators of the

form v(z,t)4, where v is an arbitrary solution of (2.23).
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Proof: Copsult Ovslannikov (1982).0

Note that £ is of no use for the integration of (2.23). Rather the part of
the symmetry Lie algebra that will play an important role is £, The next
theorem tells us under which circumstances £° is not reduced to the trivial

algebra {0}.

Theorem 2.4.2 Equation (2.23) admits a nonzero operator of the form
(2.26) if and only if it is equivalent to an equation all of whose coefficients

are independent of one of the coordinates.

Proof: See Ovsianuikov (1982).0
In what follows, we assume that the hypotheses of the preceding theorems

are satisfied.
Theorem 2.4.3 Let
a8 a PR .
X= tmfﬂ-af)a +£ (w;*)a; =, thug- € L
Equation (2.24) is invariant under this operator if and only if

Ozto) =0, &(r ,to)=0 i=1,...,7, (2.27)

Tz to) = T 2 (s o) = 0. (2.29)

.
=]
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The set of all X € L7 leaving equation {2.24) invariant forras a subalgebra

Fof L7,

Proof: The invariance of (2.24) under the opzrator X means the invariance
of the initial manifold i.e, £ = #g, the invariance of the frame of (2.24) and
the invariance of the support of #{z — =z} i.e & = my under the restriction of
X to ¢t =ta, Xy,

t = #p 1s invariant undar X if ard only if
X(t —to) li=t,= 0,

ie.
én(a:: tﬂ) =0
. o ;]
Xyp = E(x, tu}a; — q(m,tg)ua—u.
& = g is invariant under X, if and only if

Xiu (x - xﬂ) lﬁmﬂ 0

1.e.

Elzotn) =0, i=1, ..,n.
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Usder the operator Xy, u(z,to,xo,10) and 6(z — 2y} are subjected to the

infinitesimal transfc. mations (see equation (2.17})
#(Z, to; Bey fo) = u(, to; Lo, bo) — an(e, fo)ulx, to; 2o, ta),

§(& — Fo) ~ 8(a — zp) — aDi{E W wa, L0)6(z ~ o).
It follows that
(&, tu; Zo, Ta) — 6(Z — ZFp) = u(w,to} T, o) — 6(2 — zo)

—a {n(=, toyu(x, to; za, tu) — Di(€")wo, to}8(z — z0) } .

Thus the infinitesimal eriterion of invariance

i6(&, To; o, ta) =~ 8(Z — Z0) luu,toswo ta)=s{z—am)= o(@)

is equivalent to
{2, to)(x — wo) ~ Di(€ ), 1) == 0
ie.
n{zo,t0) — Di(¢ ), fp) = 0.

Now let us prrve that F is a Lie algebra, It is obvious that F is a vector

space. Let X;, Xy € F,

4] 8 d )
X; =E?(m,t)“a"t-'+£}($,t)§£;—ﬂj(x,t)ﬂ'§;, j=12
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We must show that [X, X3] € F.
= (2. 02 3 i )2 A
[XI:XZ] = E (a’;t)at +§'(a':t)am,- - ﬂ($;£)“au,

where

li

Ezt) = Xul£g) - X&),
Elz,t) = Xi(£) — Xa(é),

Xa(m2) — Xa(m)

I

7(x, t)

A direct calculation shows that (2.27) and (2.28) are satisfies, O
Assume that F # {0}, F = < Xj,..., Xy > According to the invariance
principle, we must find the invariants of F. That is, we have to solve the

system of first-order partial differential equations
X1I=0,.-.,XJ¢IWU. (2;29)

Suppose that (2,29} admits a non trivial solution ¥, (x,¢,u) say. An invariant

solution of {2.23)-(2.24} is obtained by solving for v the equation

Iz, tu) = C.
Ifor a rigotous study of the integrability of a system of fret-order partial differentisl

equations, ses for instance Campbell (1903} ar Goursat (1921}
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Let
u = J(a.8,C).

The constant ' is obtained from the initial condition {2.24).

2.5 Conclusion

In this chapter, we have shown how group methods can be used to find a
fundamental solution, The group approach has a great advantage compared
to the classical method (the Fourier transform method): In the group ap-
proach we are spared of the inversion. Further, only elementary operations
(integration of first order partial differential equations. ..} lead to the funda-
mental solution, We shall impletnent the inethod described in this chapter

on a concrete equation arising in the mathematics of finance.



Chapter 3

Representation of the Solution

of Cauchy’s Problem

3.1 Introduction

In the preceding chapter, we introduced the notion of the fundamental so-
lution of the Cauchy problem and we showed how the group approach can
be helpful for the construction of such a fundumental solution. The present
chapter is aimed at obtaining an integral representation of the solution of
Cauchy's problem using the fundamental solution. This representation throws

light on the finer struciure of the solution (smoothness ...). Existence and

55
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uniqueness of the solution of the Cauchy problem are asssumed throughout
this chapter. Without any loss of generality, we shall restrict ourselves io

linear second-order parabolic equations.

3.2 Motivation

Consider the Cauchy problem for the heat equation:

U—tyy = 0, xE 'R.“, t>0, (31)

u(z, 0} w(z), (3.2)

where i3 a function v hich is sufficiently smooth. If we denote the fundamen-
tal solution of this problem by S(z,%; €, 7), it can be written as S(x,t;€,7) =

E(a — £,t — 7), where B satisfies the following system

Bi—Ep = 0, 2€R, t>0 (33)

fl

E(2,0) 6(z). (3.4)

The solution to (3.1)-(3.2) is given by the formula

wed)= [ Blo—tp(o)et (3.5)
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Definition 8.2.1 {Convolution) Let f and g be two functions defined on

R*, The convolution of f and g is the function f + g defined by the formula

(F29)e)= [ ro—Oalerde (3:5)

We can thus rewrite (3.5) as

u=E*ep. (3.1

Now, consider the problem
Lu = w+duy+bui+cu=f, (3.8)
u(z,0) = ofz), (3.9)

with sufficiently smooth data e¥(x, t), ¥ (z, 1), e(z, t), w(x, t) and f(z,t}. Can
we obtain an integral representation of the solufion of (3.8)-(3.9) similar to

(8.5)7 We shall give an answer to this question in the next section.

3.3 Integral representation of the solution of

Cauchy’s problem

The theory we shall develop in this part wus initiated by Hadamard (1923).

'To begin, we recall the following definition given in Chapter 2.
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Definition 8.8.1 The fundamental solution of the Cauchy problem (3.8)

(3.9) is a distribution §(z,t; £, 7) that satisfies

LE =0, zeR*, t>r (3.10)

Sz, i6,7) = dz—¢§) (3.11)

Another cor.2pt playing an important role in the representation of the solu-

tion is that of the radiation kernel

Definition 3.3.2 The radiation kernel of the Cauchy problem (3.8)-(3.9) is

a distribution R(x,#;£,7) that satisfies

IR =0, zcR*, t>n, (3.12)

R‘(mi T3 £r T) = 6(3: - E)} (3' 13)
where L* denotes the adjoint operator {o I defined by
L*u = —uy + (e u); — (Bue); + cu (3.14)

Theorem 8.3.1 § (resp. R) is regular except along the characteristic £ = »

and vanishes for large values of z.

Proof: The proot of the first assertjon of the theorem is based on the decom-

position of the delta function in plane waves (see Courant-Hilbert (1962)).
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The second assertion comes from the uniqueness of the solution to the Cauchy

problem. O

Lemma 2.8.1 Let 4 and v be sufficiently smooth functions, then

. Ouv a°t
vlu —al®y = Bt 4+ 't—)-;{, (3.15)
where
; Ou {wa¥) ,
: N 17 I Boya 3
P =g Froe R o - Bruw (3.16)

Note that this result holds for any linear differential operator ' A = 37, ., a*D%.
In this case A* = Zla[sm(ml)b"a‘”l)" and it can be proved { Courant-
Hilbert(1962)) that vAu — uA®n = P (divergence of P), where P is a
polynomial of 4, v and their derivatives,

Now, we are ready to derive the main result of this chapter. Integrate (3.15)
over the slab R* x [0,7 ~ €], where 0 < ¢ < 7. Then use Green's formula in

the right-hand side:

f {eLu — ul*v)dwdt = f PYedsdt+ | wods
RAX[0,7—] Rtz [0,4—e]

=7yt

—-f uodz, (3.17)
!-_JD

1Gee Chapter 2, for the notations,
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where d#* = dal ... dat1ds™, .. den,

If u or v vanish for large values of @, (3.17) becomes

/ (vf & ~ ul*v)dzdt = wvds — f uvdz. (3.18}
., Rox[0r— b=r—t =0

If we substitute for v a solution of L*v == 0 and if Lu = f, then (3.18)

becomes
I

j twdx-—-/ uvd:r+/ v fdzdl, (3.19)
t=r—t t=t) Rag[07—c}

In particular take v = K. Then (3.19) yields

f w(w, 7 — )Rz, 7 ~ ¢, 7)dz = / ulz, 0} R(x, 0; £, 7 — e)dz
R Ro
+ / Rz, 56, 7)f(x, )dedt,
RAZ[0,r—e]

(8.20}
Now, take the limit of (3.20) when ¢ — 0 and use (3.2) and (3.13)

“(fs"')h—-LH R(£,U;§,r)go(z)dx+/ R{w,t;¢,7)f(x, t)drdt. (3.21)

R L[D,7]
By integrating (3.15) over R* x [y, 7] and taking u = 5, v = R, we obtain

the interesting property

8(¢,rié1, ) = R(&, 3 €, 7) (3.22)
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Thus we can rewrite {3.21) as follows

wet)= [ SEue 0@k |

"exfo

Sz, 4, 7)f(€ 7)dedr.  (3.23)
]

Now, let us show that u defined by (3.23) satisfies (3.8) and (3.9).

From (3.23) we have
‘H(:‘B, 0) = < 6(E - ‘ﬂ)l (P(E) > o= 'P(z)'

Assume that the data are chosen such that the differentiation under the sign

[ is possible. Then
tu= [ NS kmow(@e+ [ LIS|fErIddr =0.
R R[4
In summary, we have oblained the following result:

Theorem 3.3.2 If we assume the existence and the uniqueness for the Cauchy

problem (3.8)-(3.9), then its solution is given by (3.23).
Note that il a¥, ¥, ¢ are constant then

S(x.ti, )= E(x~§,t—7),
where E satisfies

LE =0, ze€R" >0

E]hu = 6($)
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If we suppose futher that = 0, then (3.23) reduces to

sat)= [ Bl £0p(0) = (B> )zt

3.4 Conclusion

Tn this chapter, we have shown that solving Cauchy’s problem for lineas
operators reduces to the constiuction of the fundamental solution. That i,
we have obtained a formula for the solution of the Cauchy problem in terms

of the fundamental sclution and the data.



Chapter 4

Solution of the Cauchy

Probiem for the Black-Scholes

Equation using its Symmetries

4.1 Introduction

In this chapter, we implement the methods described in the previous chapters
on a lnear partial differential equation—the Black-Scholes equation. We
solve explicitly an arbitrary initial value problem for this equation which

“ays a central role in the mathematics of finance ( see Ibragimov and Wafo

63
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Soh (1997)}. This equation was solved by iis inventors for specific initial

data (see Black and Scholes(1973)).

4.2 The Black-Scholes equation

In order to grasp the importance of the Black-Scholes equation, we need to

get acquainted with some concepts of the mathematics of finance.

4.2.1 "What is an option?

An option is a contract giving its holder the right to buy or sell an asset,
subject to certain conditions, within a specified period of time. The option
to buy an asset is known as a call option and the option to sell an asset is
known as a put option. Oplions may be classified a5 American options and
European optivns: An American opiion is one that can be exercised at any
time up to the date the contract expires. A European option is one that can
be exercised only on a specified date in the future. There exists also options
which are difficult to deal with mathematically (option of an opiion ...).

The price that is paid for the asset when the option is exercised is called

the esercise price or striking price. The last day on which an option may be
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exerised is called the expiration date or maturily dafe. The word ‘may in
this description implies that for the holder of the option, this countract is a
right and not an obligation. The other party to the contract who is known
as the writer, does have a potential obligation: He must sel) the asset if the
holder of the option chooses to buy it. Since the option confers on its holder
a right with no obligation, it has a value. Moreover, it must be paid for at
the time of the opening of the contract. Conversely, the writer of the option
1 gt be compensated for the obligation he has assurmed. Therefore the main

concern of the mathematics of finance is to answer the following questions:
e How mueh would one pay for the right to exercise an option?
¢ How can the writer minimise the risk associated with his obligation?

It is obvious that the option price depends on the current date and on the
stock price. The stock price in its turn depends in a non-trivial way on
the time. This complicates the situation further! Before Black and Scholes
(1973), many authors tried to model the evolution of the option price. Bui all
their models led to option prices involving one or more arbitrary parameters
( see Black and Scholes (1973) ). Black and Scholes were the first to propose

a model involving only known parameters.
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4.2,.2 The model

The work of Black and Scholes (1973} opened a new era in the mathematical
modelling of problems in finance. In the derivation of their model, the key
agsumption is that the stock price changes according to & Markor process.
This leads to a stochastic differential equation. Under further restrictive
assumptions, they obtained a linear evolutionary partial differential equation

with variable soefficients
Ut+%A2$2um:+B$u::“Cu=os z>0, t<t, (4.1)

where A # 0, B, C (parameters of the model) are constants. In (4.1),
denotes the oplion price, & is the stock price, ¢ #s the current time and ¢
is the matwity date. Using an ad hoe method, Black and Scholes (1973)

showed that {4.1) reduces to the classical heat equation
Vr = Vyys (4.2)

provided that D = B —1/2A? # (. Thanks fo this connection, they gave
an explicit formuls for the solution defined in —o0 < ¢ € #* of the Cauchy
problem with specific data at ¢ = ¢* (this initial data is called the profit on

exercise). It was shown recently (Gazizov and Ibragimov (1998)) that the
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link between (4.1} and (4.2) is a mere consequence of Lie's result on the
group classification of second-order linear partial differential equations with
variable coefficients.

For more complicated options, the end condition u(z,?*} may depend in a
non-trivial way on the stock price, & and the maturity date, ¢, Thus it is

important to solve (4.1) subject to an arbitrary end condition.

4.3 Symmetries of the Black-Scholes equa-
tien

The symmetries of the Black-Scholes equation are given in Gasizov and Ibrag-
imov (1996). Here we carry out the calculations in datail.

Let

3 . a d
X = Eu(m: t’u)‘é:{. +¢& (.‘E, ta“)'a“; + 9}(3, £ “)‘g’;:
a a & i} a
X=X+ Cuaa + GBT& + Cmm + Cmm + Cnm»

According to the infinitesimal criterion of invariance (see Cliapter 1), the

equation (.1) admits X if an only if

i .
Xin{ue + é—A’maum + Baa, — Cu} )= 0. (4.3)
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This equation is equivalent to
. 1
(Go + EA%’CH + By — On + A% Uz + BE'u,) lwn= 0, (4.4}

where according to the prolongation formulas (-ee Ch: er 1), the funciions

€0, {1, C11 are given by

o = m+(p—Eu~ . (4.5)
G o= ook (qu— e —ut, (4.6)
Cll = ﬂm + (2'?&“‘.1 = 6:.'3)”3 - g;!:w'ut -Jf_' (Th- - :.,_ :‘hf :E‘

-—-ZEguugu, — g}m“ﬁ - ﬁu'ﬂt‘l&f, + ("?ﬂ - 26.3:)@#'-“
“%.;utr - 'Esu'tux.r = 2‘52“&:”1‘.& - 365;'“2‘“4.17' (4‘7)
Now, substitute (4.5) to (4.7) into {4.4). Then treat ¢, , v and its derivatives

a8 * independent functions”. We obtain the following overdetermined system

of linear partial differential equations

fg = 0,
fE = 0,
f-gu = 0,

'falm = 0,
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—ANRE, 26 = 0,
4BE, + APrmyy — 2476, = 0,
—2B2%€0 — 2Cuatl) — 22€) ¥ dugl ~ A%, — 481 = 0,
0Bzt — QBE' — 6CuEl + 2A% M, — A%PEL, - 28] = 0,
2Bay, + 2Cusn, —4C +4Cuf' —2Cen + 2z

+A2$37?;,;3 = U..
The solution to this system is given by

fn = gy + Hag + 24%%a;,
£' = apz+ (Inz+ Di)zas + 24%z Inzag 4 A*tway,
7 = 2Ctues+ (lns — Dtues + ((lnx — DE)? + 24%C1° - A%)uus

+dg + QO(:B, t)}

where a;...,as are arbitrary constants of integration, D = B — A?/2 and ¢
is an arbitrary solution of (4.1). Thus the Lie algebra admitted by (4.1} is

spanned by the following operators

2 a
X = o0 Xz = Tg
. g b7} a
Xa L] 21—6}' + {lna. + .Dt)wa—x + 20*%5&-,
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a a
= AteZ yLlpgz-— g
X4 Atz 72 +{ln:x Dt)uau,
7} d
_ 2029 2 9.
Xy = 2A% 5t F 24 tn:]na:aﬂ:
+ ((lnz — DE)? + 24%CH2 — 4%) u%,
d a
Xs = u‘é&& X{P = (,a(&,t)-é-g,

where D = B — A%{2 and p is an arbitrary solution of (4.1),

4.4 The fundamental solution of the Black-

Scholes equation

Here we find the fundamental solution for the equation {4.1) using the group
theoretic approach presented in Chapter 2.
We recall that the fundamental solution to the Cauchy problem associated

to (4.1) is defined as follows:

TR E %Aza:zum +Bru,—-Cu = 0, >0, %<t (4.8)

U=ty = (2 ~ o), (4.9)

where &(2z -~ 2p) is the Dirac measure at zg.

According to the invariance principle (see Chapier 2), we first find the sub-
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algebra F of the Lie algebra £® spanned by the operators X:,..., X, such

that this subalgebra leaves invariani the iniiial condition (4.9). Let

b
08 49 4
X=¢= +E— nuaa e L8,

where

& = ap+2ay + 24%%as, {4.10)
£ = agz+ (lnz + Di)zas + AMeas + 2054z In e, (4.11)
g = —2Cta3— (Ine — Di)ay

—((lnz — D)? + 24201 — A%)ag —~ ag, (4.12)

14 .., Qg aTe constants,

According to Theorem 2.4.3, X leaves invariant the initial condition (4.9) if

and only if
fu(wstﬂ) = 05
&1($0:t0) = 05
a¢t
?I(wmtn)—-é%(mn,tn) = 0
ie.

t = -—-ztuﬂ.a—'zAzfgﬂﬁ, (4.13)
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z = —(ln 29 4 Dto)da — Aztum; — 2ag Azfa In g, (414)

i

(2Ct0 -+ Dag + (In 2o — Dig)as

'T‘((III &p — .Dto)2 + 2A2t§ + Aztg)ﬂ.s. (‘1.15)

Substitute (4.13) to (4.15) into (4.10) to (4 12):

£ =
g =

2t — to)aa + 2A%(t? — t2)as,

(Inz — lngs + D{ — to))was + A*(t — tn)zas
F2A%(t I ~ dp In zp)as,

~(20(t — to))as — (Inz — Inzp — Dt — tp)a,

— [(lne — Dt)? — (1120 — Dto)? + 242013 — A*( + 1)) as.

‘Whence the subspace F of £° is spanned by the following operators

i = 2t~ tn)% +{lnz —Inzy 4 D{E ) n.é% + (2C (¢t~ fo) — l)u-a%,

Y:

Z = 24%~ tﬁ)% 4 2A4%tlnx — tplnivg)e—

8 a
ARt tu).'&‘% + (lnz —lnap — D(t — ta))uﬁ-,

a
Oz

+((lnz — D) — (lnzo — Dio)t + 24°C(2 — £2) — A%(t +1o)) u%.

Since JF is a veclor space, we can replace Z by

Ys = Z — 2A%Y; + 2D4L)Y,,
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e,

a 7]
Y; = 2A2(t-—tg)zgt—+2A2(t—tu)mInm'§;

+ (lnz — D{t — 1) — In* 20 + 24°C(t — to)” ~ A*(t —10)) ub%.
Invariants of F = < W, Y5, Yz > are defined by the system
“Wwi=0 YuI=0, ¥WIi=0

Since

Y= A%t — to)Ys + (lnz — Inwg — D{t — 1)) ¥,

it suflices to solve only the first two equations. We obtain

I as flua®Bfy — tevl), (4.16)
where
D Inzq

U(t)=:@“"‘m,

In® 2 + In®2¢ D?
olen) = i+ (g +©) (a0

The invariant solution is therefore given by I = constant and hence has the

form

te“‘"‘*’, (4.17)
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where ¢, w are defined above and K is a constant to be found from the injtial

condition (4.9). We will use the vell known limit
(x — 2a)?

Jim —lﬁm(u——;s—) = 278z — z4), (4.18)

and the formuls of change of the variable z = z(&} in the Dirac measure (see

Chapter 2 or Courant-Hilbert (1962}, p.790):
§(z — za) =| 9z Jimo (% — 20} {4.19)
fw )
For the function (4.17), we have

my = Lm K e—w{z.t}-—-a{t)!nz:

P =ty Al — 1
= m (lnz—Inxg)® Dlnm)
T ity vlo— ¢ 24%(tq — t) Ar ¢
or setting s =ty — ¢, 2 = ﬂma

. o Dha, . 1 {2z —2)?
ill:;z.;._u = §{ exp(~— YT )}_Iglw—exp(-- )

2 /7K exp (-%‘-}"i) 82— 2q),

1 the sense of distributions.
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where zg = 2(xy).
By virtue of (4.19),

8z — 2) = ﬁ“';—“a(m - %),

7
and hence
. VI K Dz
zlml u=+2rKAzgexp [ — A &{(z — ).
-ty
Therefore, the initial condition (4.9} yields

_AIUV% P Aﬁ )

Thus , we arrive at the following fundamental solution of the Cauchy problem

for the equation (4.1):

e L | Unz—inm) D ) _
“= V2rAzoffa —1 exP [ 243t — ) (2_43 +C ) (to—1)
“;%”“ z-In xo)] (4.20)

This fundamendsi solution was derived in Gazizov and [bragimov (1996},

4.5 The solution to the Cauchy problem

In this part, we solve the Cauchy problem for the Black-Scholes equation.

Cousider the Cauchy problem

uy %Azmzum 4 Bau, —Cu=0, x>0, t<t, {4.21)
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© Jomte= 1. (4.22)

Theorem 4.5.1 If ¢ is such that any integral involving it is finite 2, then
(4.21)-(4.22) has a unique classical solution given by
+o00

u(a, t) = A Sl 4,1 )p(€)dE, (4.28}

where

1 (nz —1n£)? D*
'\/le'Aﬁyt. ~— texp [ 2A3(t* . t) - (m + C) (t. -— t)

—%(In z—In f)]

S(x,t;¢,1%) =

Proof: Apply Hadamard’s method ( see Chapter 3 ) with

e B lpp® 50 o
b= gt 34 gt Bog — G

¥
N lAﬂ_ﬁ_(mz,) _ B%(m.) ~C.

L at " 27 Oz

2This is satisfied if for instance @ is a funclion with & polynomial growth.
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Proposition 4.5.1 The equation (4.23) generalises the Black-Scholes for-

mula. We recall that the Black-Scholes formula is the golution to (4.21) with

o) = max(z — E.0), E>0, B=C.

Proof:

frisy

wot) = [ St man(t ~ B0
[+
+ea +eo
= £5(, 16, 1°dE — E S(z, t;€,87dE. (4.24)
E

Since B = ¢,

o
£8(wm, 15 €, *)dE
B

tﬂmmwmg

1 hoo 1
AS2n (it — 1) /E P [w 24%(t~ —

+(B + %A’)(t" ~ 8P +lnz - Inﬁ] dé.
ie.

feixy
[ st
@« dea g 1
- A«,/21r(t?—-“t)'.[5 P [“' A gy n e = Ind
+(B+ %A‘](t‘ — )| de.
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Make the change of variable

1 1 2 L]
= W(lnm ~Iné+ (B + EA W~ ).

Thus
+on
£S5 (5,4 6,1%)dE = 2= / exp(—5r)dn,  (425)
where
ln(e/B) + (B + 1/24%)(* = 1)
dy = Yo . (4.26)
ety
[ s@uere
B

e Bit*—1) +80 | | | |
“ sl £ [ame—gtne e
HB - A - t)}"‘] de.

Make the change of variable

= me{ing ~ln¢ + (B - %Aﬂ) (" — 1)),

Thus
--B{i‘»—-t)

+o0
f S(ay 6,846 = & f o=z, 1427)
B

where

In(e/E)+ (B ~ 1/240)(* - )
dp = Wi . (4.28)
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Now, substitute (4.25) and (4.27) into (4.24):

w(z, ) = 2N(dy) — BEe" PN (dy), (4.29)
where
1" i
N{z) = —= 12 g
(z) 78 D 7

and dy, dy are given by (4.26) and (4.28). Equation (4.29) is the well-known

Black-Scholes formula.0

4.6 Conclusion

For more complicated options { e.g. option of an option, exotic options ...],
the end condition (x), also knowa as the profit on exercise may depend
in a non trivial way on the stock price ¢ and the maturity date i*, Thus
the Black-Scholes formula becomes useless in such a situation and the only
alternative is to yse numerical methods to sotve the Cauchy problem. Hence,
out formula (4.23) may be used to deal with such options or to test the

validity of numerical methods.



Summary

In this work we have combined Lie group methods and Hadamard’s method
to solve explicitly Canchy’s problem for linear differential operators. Lie
symmetry analysis has intervened mainly in the construction of the funda-
mental solution. Hadamard’s method has enabled us to represent explicitly
the solution to the Clauchy problem as a linear functional of the initial data.
The two methods aforesaid have been combined to solve explicitly an ar-
bitrary initial value problem for the Black-Scholes equation. Our solution
goneralises the well-known Black-Scholes formula and can be used to handle
more complicated options in the mathematics of finance.

The above 18 & basic summary of our study, There still remains open ques-
tions: Are fundamental solutions invariant solutions? How useful is our in-

tegral formula compared to numerical methods? The first question is related

80
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to the problem of contructing all equations whose solutions are invariant.

We shall deal with the quesiions meuntioned above in a future work.
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