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Abstract

This dissertation consists of five chapters which deal with lattice paths such as
Dyck paths, skew Dyck paths and generalized Motzkin paths. These lattice paths
are discrete paths in the Cartesian plane made up of a finite sequence of steps that
may include up steps u = (1, 1), down steps d = (1, —1), horizontal steps ¢ = (1,0)
and left steps | = (—1,—1). They never go below the horizontal axis. We derive the
generating functions to enumerate lattice paths according to different parameters.
These parameters include strings of length 2, 3, 4 and r for all r € {2,3,4,---},
area and semi-base, area and semi-length, and semi-base and semi-perimeter. The
coefficients in the series expansion of these generating functions give us the number
of combinatorial objects we are interested to count. In particular

1. Chapter 1 is an introduction, here we derive some tools that we are going to
use in the subsequent Chapters. We first state the Lagrange inversion formula which
is a remarkable tool widely use to extract coefficients in generating functions, then
we derive some generating functions for Dyck paths, skew Dyck paths and Motzkin
paths.

2. In Chapter 2 we use generating functions to count the number of occurrences
of strings in a Dyck path. We first derive generating functions for strings of length 2,
3,4 and r for all r € {2,3,4,-- -}, we then extract the coefficients in the generating
functions to get the number of occurrences of strings in the Dyck paths of semi-length
n.

3. In Chapter 3, Sections 3.1 and 3.2 we derive generating functions for the
relationship between strings of lengths 2 and 3 and the relationship between strings
of lengths 3 and 4 respectively. In Section 3.3 we derive generating functions for the
low occurrences of the strings of lengths 2, 3 and 4 and lastly Section 3.4 deals with
derivations of generating functions for the high occurrences of some strings .

4. Chapter 4, Subsection 4.1.1 deals with the derivation of the generating func-
tions for skew paths according to semi-base and area, we then derive the generating
functions according to area. In Subsection 4.1.2, we consider the same as in Section
4.1.1, but here instead of semi-base we use semi-length. The last section 4.2, we
use skew paths to enumerate the number of super-diagonal bar graphs according to
perimeter.

5. Chapter 5 deals with the derivation of recurrences for the moments of gen-
eralized Motzkin paths, in particular we consider those Motzkin paths that never
touch the x-axis except at (0,0) and at the end of the path.
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Chapter 1

Introduction

We divide this introduction into two sections, Section 1.1 considers various authors
contribution to the study of lattice paths. In Section 1.2 we derive some results from
[5], [6] and [19] for Dyck paths, skew paths and Motzkin paths, that we are going
to use in subsequent chapters.

1.1 Awuthors contribution to the study of enumeration of

lattice paths according to different parameters

In this section we look at the contributions of several researchers on lattice paths
i.e Dyck paths, skew Dyck paths and generalized Motzkin paths. We start with
Dyck paths. The enumeration of Dyck paths according to different parameters has
been studied by many researchers in the last three decades. In [3], [4], [5], [10], [11],
[13], [16], [17], and [19] enumeration of Dyck paths according to different parameters
has been studied extensively. These studies has shown that there are many ways of
counting Dyck paths using some combination of different parameters.

Every Dyck path can be encoded by a word in a language D on the alphabet
{u,d} and let {u,d}* be the set of words made up by letters in {u,d}. We define
a string 7 to be a word in {u,d}*, this word occurs in a Dyck path « if a = 79,
where 8,0 € {u,d}*. A semi-length is the number of up steps in a Dyck path.
In Chapter 2 we study the enumeration of Dyck paths according to occurrences of
strings of length 2, 3, 4 and r by authors in [5], [16] and [19]. They use a string r
and semi-length n as parameters. The occurrences of strings of length 2 i.e du, ud,
uu, and dd in Dyck paths have been studied extensively and proved in [5] that their



statistics follow the Narayana distribution (A001263 of [18]). In [17], general results
were studied for occurrences of strings of length 2 for k-colored Motzkin paths.
The occurrences of strings of length 3 i.e udu, uud, vuu, dud, ddu, ddd, udd,
and duu have been studied by several authors. The occurrence of the string uud in
Dyck paths has been studied in [15]; and it has been proved that the corresponding

generating function is
F(z,2) —1=2(1+(x —1)2)F*(x, 2),

and that

1 m+1\ = /(j—k—1\/n+1—k
bn: knF:
-5 () R 5D

j=2k

where x marks the number of occurrences of the string uud and z marks the
semi-length.

The occurrence of the string udu in Dyck paths has been studied independently
in [13] and [19] and it has been proved that the corresponding statistic follows the
Donaghey distribution, i.e

2P (2,2)=(1—(x—1)2)F(2,2) — (1 — (v — 1)2)

and that

n—1
Qp k. = ( k )Mn—k—la

where  marks the number of occurrences of the string udu and z marks the
semi-length.

The occurrence of the string duu in Dyck paths has been studied in [5]; and it
has been proved that the corresponding statistic follows the Touchard distribution,

i.e

v2F* (2, 2) — (1+2(x — 1D)2)F(2,2) + 1+ (z — 1)z =0,



and that

—1
— k._n F — 2n—2k—1 n .
Qn k [1’ < ] (I’, Z) Ck: ok

The generating function for the occurrence of the string uuu in Dyck paths is
know to satisfy the equation

2(t+ (1 —t)2)F* — (1 — (1 —t)2)F +1=0.

If we consider the symmetry according to the vertical axis, the generating func-
tions of the following pairs of strings {uuu, ddd}, {duu, ddu}, {uud, udd} and {udu, dud}
are the same.

The generating functions for the occurrences of all 16 strings of length 4 have
been studied in [16]. We notice that among these strings there is a symmetry with
respect to a vertical axis, the generating functions for occurrences for some of them
(given here in pairs) are equidistant:

{uvud, uddd}, {uuvu, dddd}, {uddu, duud}, {duuu, dddu}, {uudd}, {uudu, dudd},
{uduu, ddud}, {udud} {dduu}, {dudu}.

In Chapter 3, enumeration of Dyck paths according to occurrences of strings of
length 2, 3, and 4 at low level, even and odd levels, and high levels has been studied
in [15], [16] and [19]. In [19] only the string udu is considered.

Finally we look at Chapter 4 and 5. In Chapter 4 enumeration of skew Dyck
paths according to different parameters has been studied in [7], these approach is
the same with that of Dyck paths in Chapter 2 and 3. There are various authors
who contributed in the study of the area under the Dyck paths using different
methods [8], [9] and [12]. These methods are related to models in queuing theory
and Statistical physics [14]. In [1] a more general approach has been considered,
both the exact and asymptotic enumeration of area and average area below directed
lattice paths has been studied. In Chapter 5 the area and moments of Dyck paths
and generalized Motzkin paths has been studied extensively in [3], [20] and [21].

1.2 Definitions and Notations

The Lagrange Inversion Formula (LIF) is a widely used formula for solving functional
equations and can sometimes give explicit formulas. To apply LIF, our functional

equation must be of the form,



H(z) = 2P(H(z)).
Here @ is a function of H(z) and we are solving for H(z) in terms of z.

Theorem 1.2.1 (The Lagrange Inversion Formula)[5](Appendiz A). Let A(z) be a
generating function satisfying the equation

Az) = 1+ zH(A(2))

where H(X) is a polynomial in . The above equation has a unique solution A(z)
and if G(A) is a polynomial in X\, then

[2"|G(A(z)) = %[/\”_I]G’(l + AN (H1+N)" for n> 1.

Where [2"]|G(A(z)) is the coefficient of 2™ in the series expansion of G(A(z)).
Definition 1.2.2 [6/A Dyck path is a lattice path in the first quadrant, which
begins at the origin (0,0), ends at (2n,0) and consists of steps (1,1) (called rises),

(1,-1) (called falls) (see also Figure 1.1). We say n is the semi-length of the path,
which is the number of up steps.

Figure 1.1: The Dyck path vuduuddududduduudd.

Let D,, be all the sets of Dyck paths with semi-length n and let D = (J,—, Dn,
we denote an empty path by € or by e with | Dy |= 1.

A Dyck path can be an empty path or it can be uniquely decomposed as the first
return to the horizontal axis (see also Figure 1.2), v = uadf (with a, f € D).

From the decomposition in Figure 1.2, we get the generating function C(z) for
Dyck paths as follows,

C(z) =1+ 20(2), (1.1)

where z marks the number of up steps. We now want to show that the coefficient

1
of 2™ in the series expansion of C(z) is C,, = T (*").
n



(D=, B

Figure 1.2: The first return decomposition of the Dyck path.

Using the quadratic formula in (1.1) we will show in lemma 1.3 that

1—+v1—-4z

2z
1 (2n) "
=>. . )
n20n+ n

=1424+2224+523+ 1424+ .

C(z) =

(1.2)

In the above we use the negative square root since we get C(0+4) = lim,(C(z) =
0. The positive sign produces C'(0) = % = 0.

C,, is called the n'* Catalan number and | D,, |= C,.

The first few numbers of the sequence given by the coefficient C,, for all

ne{0,1,2,3,---}are 1,1,2,5,14,- - - (sequence A000108 in [18])

If R and Q are finite sets of Dyck paths, then we define the concatenation RQ
of R and Q by

RO ={af:a€eR,pc Q}.

Lemma 1.2.3 [6] [z"|C(z) = n;—{—l(i?) as follows

Proof

10G) = [
1~ VI— T
= Y
n+l 1 - Zkzo (%)(_4z)k
= [ ;
[zn-i-l}(_l)ZkZl (2)(_42)




1 (—1)F1(2k — 2)!
=5 (22k>1k!((k = 1)!) (—42)"

E>1
1 (—1)(2k — 2)!
_ _trntt L
ol ]22%*%!%—1)! :

k>1

1 (2n)! il
2224l (p 4 1)In!
1

2n
_ 1.3
n+1 ( n )’ (1.3)
as required.

Lemma 1.2.4 [15] The powers for the Catalan number generating function C(z)

are.

o (z) = — (2”+3).

S 2n4s\ n
Proof
We prove the lemma 1.2.4 by using the Lagrange inversion formula
[2"G(A(2)) = %[A”_l]G’(l + AN)(H(1+ )" for n>1.
where G(C(2)) = C(z)°.

" s(L+y)* (1 +y)>

[y (L gy
(2n+s—1)!
(n—1(n+s)!
s (2n + s)!
2n+s(n)!(n+s)

B S 2n + s
2 +s n ’

N
S
Q
@

(2) =

Sl S|l |+~

as required.

Definition 1.2.5 [5/A skew Dyck path (skew path) is a lattice path, which lies
i the first quadrant it begins at the origin, ends on the x-axis and consists of up
steps u = (1,1), down steps d = (1,—1) and left steps | = (—1,—1), such that left
steps never overlap with up steps. It does not go below the x-axis.

10



The length of skew path refers to the number of its steps and semi-length of skew
path refers to half the number of its steps. We notice that a skew path of length
2n does not necessarily stop at (2n,0). Figure 1.3 shows an example of a skew Dyck
path and Dyck path.

(a) (b)

Figure 1.3: (a) a Dyck path and (b) a skew Dyck path

We denote an empty skew path by € or by e. Let S,, be the set of all skew paths
of semi-length n and let S = (J7~; S,.

Each skew path can be either empty or it can be uniquely decomposed as

wy'dy" (with v/, " € S) or uwy'l (with v/ € S+ # e).

This decomposition can also be shown with a picture as follows

Figure 1.4: Main decomposition of skew Dyck paths.
From figure 1.4 we get the generating function s(z) for skew paths as follows
s(2) =1+ 2zs%(2) + 2(s(z) — 1), (1.4)

where z marks up steps u’s.

Solving (1.4) for s(z) by using the quadratic formula we get

—(z—=1)— /22 =224+ 1—4(2)(1 — 2)

s(2) =

2z
1=z v1—62+522
22 '
=142+ 322 +102° + 362" + 1372° + 5432° + - - (1.5)

In the above we use the negative square root since we get s(0+) = lim.os(z) = 0.

The positive sign produces s(0) = % = 0.

11



To get the coefficient of z" from the series expansion of s(z), we proceed as

follows,

[y" (1 4 3y + y*)"
n

(1.6)

sp = [2"]s(z) =

for n > 0. We expand (1 + 3y + y*)" and after writing the trinomial in the three
forms (1+y)?+vy, (1—y)*+5y? and (1+ 3y) +y?, then after applying the inversion

Lagrange formula we get,

Theorem 1.2.6 [5]

Theorem 1.2.7 [5]

and
Theorem 1.2.8 [5]

nglj

n\ (n—k k1
_ — n ]_-
on Z (k) (k+1>3 (1.9)
k=0
respectively.

The first few numbers of the sequence given by the coefficient s,, are
1,1,3,10, 36,137,543, - - - (sequence A002212 in [18]).
Now we give proofs for theorem 1.2.6, theorem 1.2.7 and theorem 1.2.8, we start

S|~

with theorem 1.2.6,



— (n=1) (2K)!
_Zk!(n—k)!(k—l)!(k:+1)!

= (”_ 1>(Jk. (1.10)

5 (v (e

_ . (n—1)! (2k)! k—legn—k
_;k!(n—k)!(k—l)!(k+1)!(_1) )

" (n—1)! 1 (2k)! N
:z;k!(n—k)!k+1 w0

~ (n— 1> k—lgn—k
= (=115 k0.
‘ <k: -1

_ (1.11)

Lastly theorem 1.2.8.



(1.12)

The relationship between the skew path generating function s(z) and the Dyck
path generating function C(z) is as follows,

s(2) :0(1f2). (1.13)

We prove the above relation as follows;

4z

C z _1_ 1_1—z
1—z) 274

1-5z

L=/5=

2z
1—=

1—2—+1—6z-+522
2z

1—2—vT—6z1522
as from equation (1.5) s(z) = : 5 P therefore s(z) = C(1%).
z

Definition 1.2.9 [6/We define a Motzkin path to be a lattice path starting at the
point (0,0) and ending at the point (n,0), it never goes below the horizontal azis.
The steps are the up steps uw = (1,1), the horizontal steps ¢ = (1,0) and then down
steps d = (1,—1) (see Figure 1.5).

(a) (b)
Figure 1.5: Two different Motzkin paths.

We define the length of a Motzkin path by the number of its steps. Let M,, be
the set of all Motzkin paths with length n, then M = J72, M,,.

We now define the first return decomposition for Motzkin paths as follows, a
Motzkin path can be empty or it can start with a horizontal step or it can start
with an up step and return to the horizontal axis for the first time. Thus we get the

following decomposition,

14



M ={e} UgM UuMdM,

this translate to the following , where M (z) is the generating function for Motzkin
paths

M(z) =1+ zM(2) + 22M(2)?,

where z marks each of the horizontal, up and down steps.

Now from this generating function we can derive the recurrence for Motzkin
paths i.e

Lemma 1.2.10 [19] M,, = M, 1 + > ,_3 M, _sM,_» 4 where M, is the n'
Motzkin number.

Proof
We consider the fact that by convolution rule M?(z) = Z]>0 Zk o MipM;_127,

M(z) =1+ 2zM(z) + 22M(z)?

ZMka=1+ZZMka+Z2ZZMk e

k>0 k>0 >0 k=0
J
[2"] Z M2F = 2] <1 + z Z M2* + 22 Z Z Mij_kzj>
>0 k>0 §>0 k=0
J
= [ M D Y MM
k>0 >0 k=0
n—2
Mn - Mn—l + Z Mn—2Mn—2—ka
k=0

as required.
We know that there is only one empty Motzkin path, that is My = 1, now from
the above recurrence we see that M; = 1 and M, = 2. Now we want to show that

Lemma 1.2.11 [19] M, Z["/Q] ® J)
Proof: from above we have

M(z) =1+ zM(z) + 2*M(z)*

15



M(z) —1=2zM(2) + 2>M(2)*

We use the following equation which is in the suitable form to apply Lagrange

inversion formula.
A() = 1+ 2H(A(2),

where H(y) = v+2v% and A(z) = M(z). Now using the Lagrange inversion formula
we get

(1.15)

This gives us

16



Since we want 2", let n = 0 + j then
I n n—j
M(z) = "
9=E% il ) ()

el n! (=) @),
T2 NG -2 )

n>1 j=0

[n/2]
(o
n>1 j=0

Now we see that

M (z) = M, = [Z” (5 )e

as required.
The first few numbers of the sequence given by the coefficient M,, are
1,1,2,5,15,52,- -+ (sequence A000110 in [18]).
It is known that

Cn-l—l = Z <7;) Mn—j-

§=0
We are now ready to apply these results of Chapter 1 into the following four
chapters.

17



Chapter 2
Counting strings in Dyck paths

In this chapter we study the paper titled Counting strings in Dyck paths in [16].

We take into account the number of occurrences of the string 7.

For the basic definitions we again refer the reader to Deutch [5].

In a Dyck path (D,) we define a peak (valley) to be a point between an up
(down) step and a down (resp. up) step. A double-up (double-down) step is a point
preceded and followed by an up (down) step. The height of a point is defined to be
its y-coordinate. We call a peak (valley) low if it is of height 1 (0). We call a peak
(valley) small if it is not immediately preceded by a double-up (double-down) step
and immediately followed by a double-down (double-up). From the above definition
a low peak is a small peak. An ascent (descent) of a Dyck path is a maximal sequence
of consecutive up (down) steps. Every Dyck path can be encoded by a word in a
language D on the alphabet {u,d} and let {u,d}* be the set of words made up by
letters in {u, d}. For example the Dyck path « in Figure 2.1 is encoded by the word
a = wuduuddududduduudd € {u,d}*. We define a string 7 to be a word in {u,d}*,
this word occurs in a Dyck path « if a = 576, where 5,6 € {u,d}*. For example
there are three occurrences of each of the strings uu and dd in Figure 2.1.

Figure 2.1: The Dyck path vuduuddududduduudd.

In this chapter we consider the number of occurrences of the string 7. We use

18



the generating function F,(t,z) := F(t,z) := F where t counts the number of

occurrences of 7 and z marks the semi-length. We define F.(t, z) as follows,

Frt,z)=> Y ansth". (2.1)

n=0 k=0

Here a,,, is the number of all Dyck paths of semi-length n with £ occurrences of

7. We define a, o = a,, to be an avoiding sequence of the string 7.

2.1 The strings of length 2.

We first consider strings of length 2, namely wu, ud, du and dd.
If we consider the symmetry according to the vertical axis, the statistics of the

following pairs of strings {uu, dd} are equidistant.

Theorem 2.1.1 [5] The generating function for occurrences of the strings uu and
dd is 1+tzF* — (1 — 2z +t2)F = 0.

Proof

To derive the generating function F'(¢, z) := F for the string 7 = wu, we partition
D into {€2;}, where (; is the set of all Dyck paths with the length of the first ascent
is equal to 7, for all # > 1. We define A;(¢,z) := A; to be a generating function for
Q;, where t counts the number of occurrences of the string 7 = uu. All elements
a of €; can be written uniquely as o = uldodasdas....do;, where a,, € D for all
m € [i]. We conclude that there are (i — 1) new strings wu (in addition to those
contributed by «;’s ) if and only if ¢ > 2, since there are i (a,,’s) and also there are i
(u's). These produce A; = t""'2'F" and if i <1 we get A; = 2"F". Combining these
two possibilities we get

St F and Y1 2 F

Hence we get

1 0
F = Z ZF 4 Z T
1=0 1=2

=14+ zF + Zti_lziFi.
i=2

19



(2.2)

Now we do some manipulations in the above equation as follows:

F=1+2F+ Zti—lz"Fi
=2
=1+42F 4 ¢Heiepie

1=0
0

=14 2F +t22F? Z ti R
=0
tz2F?
1 —tzF
F—t2F?2=1—1zF + 2F — tz°F? + t2°F?

1+tzF? — (1 —2z+t2)F =0.

=1+2F+

Then the generating function for the string uu satisfies,

tzF? — (1 —(1—-t)2)F+1=0. (2.3)

Theorem 2.1.2 [5/The number of Dyck paths with semi-length n, having k occur-
rences of the strings uu and dd is equal to.

Gy = [tF2"F (2, 2) = %Xn:(—wi (?) (Zi) (Z B j) (2.4)

=0
Proof of (2.4)
Let w(t,z) :=w = F(t,z) — 1

w=z(tw+1)*+ (1 —t)(w+1)).
(2.5)

We now apply Lagrange inversion formula to get

= = (0 1+ (- )y + 1)

20



—~\J
= i[y”‘l} ‘no (?>t3<y+ 1)”“2 ( Z_‘])(—l)’tz
B ) (2.6)
Then
[#2"w = ~ [y ‘no (7;’) (y + 1)+ (Z - 7) (—1)k~
S ()6I)6)
(2.7)

as required.

To derive the generating function F'(t, z) := F for the string 7 = dd, we partition
D into {€;} Where ; is the set of all Dyck paths with the length of the last descent
is equal to 7, for all # > 1. We define A;(¢,z) := A; to be a generating function for
Q2;, where t counts the number of occurrences of the string 7 = dd. All elements
a of Q; can be written uniquely as o = ajuoguas....ua;ud', where o, € D for all
m € [i]. We conclude that there are (i — 1) new strings dd (in addition to those
contributed by «;’s ) if and only if i > 2, since there are i (a,,’s) and also there are i
(u's). This produces A; = t""12'F% and if i < 1 we get 4; = z'F". Combining these
two possibilities we get

St F and 3 2 UF

Then similar to the case uu the generating function for the string dd satisfies,

tzF* —(1—(1—-t)2)F +1=0. (2.8)

This quadratic equation for the generating function for dd is the same as for the
generating function for the string uu. We say that two or more strings are same if
the have the same generating function, thus dd and uu have the same generating
function.

21



Theorem 2.1.3 [5/The generating function for occurrences of the strings ud is
2F?2—(1+(1—t)2)F+1=0.

Proof

We now consider the string 7 = ud, we derive its generating function F'(t, z) := F
(where t counts the number of occurrences of the string 7 = ud) by using the first
return decomposition of the non-empty Dyck path o = ufdy where o, 3,7 € D. A
new occurrence of ud appears in « (in addition to those contributed by § and «) if
and only if g = ¢.

The path « can start with the string ud right from the start where § = ¢, pro-
ducing z(tF') or « can start with uu where 3 # € producing z(F — 1)F. Combining

these two possibilities we get,

F=1+4z2(tF+(F—-1)F)
F=1+2tF + 2F*— zF.

Then the generating function for the occurrence of the string ud is given by,
2F?— (1+(1—t)2)F+1=0. (2.9)

Theorem 2.1.4 [5]/The number of Dyck paths with semilength n, having k occur-

rences of the string ud is equal to.

G = [ F (1, 2) = %i(—w—k—j (?) <Zfi ) (” ;j ) (2.10)

Proof of (2.10)
Let w(t, z) :=w = F(t,z) — 1.

w=z((w+1)*+(t—1)(w+1))
(2.11)

We now apply Lagrange inversion formula to get

2w =y + 1 (- Dy + D)
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= %[y”‘l] Ano (?) (y+ D&t —1)"(y+1)"
= %[y”_ll An (ZL) (y + 1)+ g (n Z_ j) (=17

1=0

(2.12)

Then

(2.13)

as required.

Theorem 2.1.5 [5/The generating function for occurrences of the strings du is

2F?—(1—(1—=t)2)F+1=0.

Proof

We now consider the string 7 = du, we derive its generating function F'(t, z) := F

(where ¢ counts the number of occurrence of the string 7 = du) by using the first

return decomposition of the non-empty Dyck path o = Suvyd where o, 3,7 € D. A

new occurrence of du appears in « (in addition to those contributed by g and 7) if

and only if 8 # ¢ producing z(t(F — 1)F) or « can be such that § = ¢ producing

zF'. Combining these two possibilities we get,
F=1+4z2(t(F-1)F+F)

F =1+ 2tF? —tzF + zF
2F?—(1—-(1—t)2)F+1=0.

Then the generating function for the occurrence of the string du is given by,

2tF2(t,2) — (1 — (1 —t)2)F(t,z) + 1= 0. (2.14)
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We see that the strings du and uu are the same, then for du

amk:[ﬁzqﬁxaz):;%53(_1yfj(?><zit{>(Z::?), (2.15)

=0 J

as in uu.

2.2 The strings of length 3.

We now consider the strings of length 3, which are udu, udd, duu, vuu, uud, dud,
ddd and ddu.

If we consider the symmetry according to the vertical axis, the statistics of the
following pairs of strings {wuu, ddd}, {duu,ddu}, {vud, udd} and {udu,dud} have

the same generating function.

Theorem 2.2.1 [16/The generating function for occurrences of the strings duu and
ddu is xzF*(z,2) — (14 2(z — D)2)F(z,2) + 1+ (x — 1)2 = 0.

We will derive the generating function for 7 = duu in two different ways

The first way is as follows:

Proof

Let €2 be the set of all Dyck paths where the first ascent is of size at least 2, with
its generating function A(z,z) = A, where = counts the number of occurrences of
the string 7 = duu. All elements « of 2 can be written uniquely as o = uajdas,
where aq,as € D and oy # €. The new duu occurs if and only if ap € €, this
produces xz(F — 1)A and if ay does not belong to € then we get z(F — 1)(F — A).
Combining these two possibilities we get

A=2F—1)(F - A+zA).

We know that every non-empty Dyck path a € D can be written uniquely as a
first return decomposition, that is a = ufd~y, where 5,v € D. We see that a new
string duu (in addition to those contributed by /5 and 7) occurs if and only if v € €,
producing zzAF, and if y does not belong to 2 then we get z(F' — A)F. Combining

these two possibilities we now get
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F=1+zxA+(F—A))F.
In the equation F' =1+ xzAF + z(F — A)F we solve for A and get

A:F—l—zFQ

rzF — 2F
We then substitute the expression for A into A = 2(F — 1)(F — A+ tA), then

we proceed as follows,

F—1-2F? F—1-2F? F—1—2F?
- _y(F-D(FP- (= - - =
xzF — zF A )< (xZF—ZF)+x(sz—zF ))
F—1—2F*=2F —1)(22F? —2F* -~ F+ 1+ 2F* + aF — 2 — x2F?)
F—1—2F*=2F —1)(—F+1+2F —x)
F—1=22F —2x2F +22F* — (1 — 1)z
v2F? — (142 - 1D2)F+ 14 (x — 1)z =0.

Alternatively we can derive the generating function for duu as follows: We derive
its generating function by using the first return decomposition of non-empty Dyck
paths o = fuyd where o, 3,7 € D, a new occurrence of duu appears in a (in
addition to those contributed by 5 and ) if and only if both 3,~ # e.

Now if 3,7 # € we get z(x(F — 1)?) or if both 3,7 = ¢ we get z and if one of 3
and v is empty and the other one is not empty we get 2z(F — 1). Combining these

three possibilities we get

F=1+zxz(F-1)*422(F—-1)+z
F=1+22F*—2z2F + 22+ 22F — 2
22F? — (142 —-1)2)F+ 1+ (x — 1)z = 0.

Now the generating function of the string duu is

v2F*(z,2) — (1+2(x —1)2)F(2,2) + 1+ (z — 1)z = 0,
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as required.

The coefficient a,, ; of the series expansion for F'(z, z) is,

1, ifn=k=0
U = [22"]F(z,2) = . n (2.16)
2O (T) ifn > 1,
Proof of (2.16)
z (2F(2,2)> = (x = 1)(2F (2, 2) — 1)) = F(z,2) — 1. (2.17)
Let w(x, z) = F(x,z) — 1 then
w=z(z(w+1)*— (z—1)2w+1))
= z(zw? + 2w + 1).
(2.18)
We now apply Lagrange inversion formula to get
n 1 n—1 2 n
[2"w = ~[y" " (zy” + 2y + 1)
Lo — (n G 2j n—j
=Y (j)x y? 2y + 1),
7=0
(2.19)
Then
ez = [y () 2y + 1)
n k

- % (Z) [y ] nz_k <nﬂ_1 k) 2"y

m=0

_1/n n—k on—2k—1
n\k)\n—2k—1

_ gn-2-1_(n—1)! (n — k)!
klln —k)! (n — 2k — D)I(k + 1)!
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(n—1)! (2Kk)!
(2k)!(n — 2k — )1 KIk! (K + 1)

—1
— gn—2k-1 n
( or )Or

— 2n72k71

(2.20)

as required.

We now derive the generating function F'(¢, z) := F for ddu in two ways.

Using the first return decomposition of a non-empty Dyck path o = ufdy where
a, B, € D, a new occurrence of ddu appears in « (in addition to those contributed
by f and ) if and only if both 3, # «.

Now if 3,v # & we get z(z(F —1)?) or if both 8, = & we get z and if exactly one
of f and ~ is empty and the other one is not empty we get 2z(F — 1). Combining
these three possibilities we get

F=1+zxz(F—-1)%422(F—-1)+z
F=1+22F*—222F + 22+ 22F — 2
22F? — (142 -1)2)F+ 1+ (x — 1)z =0.

Alternatively we can derive the generating function for ddu as follows:

Let €2 be the set of all Dyck paths where the last descent is at least 2, with its
generating function A(z,z) = A, where x counts the number of occurrence of the
string 7 = ddu. All elements « of 2 can be written uniquely as a = ajuasd, where
ai, a9 € D and ay # €. The new ddu occurs if and only if oy € €, this produces
zz(F —1)A and if oy does not belong to €2 then we get z(F —1)(F — A). Combining
these two possibilities we get

A=2(F—1)(F — A+tA).

We know that every non-empty Dyck path a € D can be written uniquely as a
first return decomposition, that is a = fuyd, where 3,7 € D. We see that a new
string ddu occurs (in addition to those contributed by § and «) if and only if 5 € Q,
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producing zzAF, and if 8 does not belong to €2 then we get z(F' — A)F. Combining
these two possibilities we now get

F=1+zx(tA+ (F— A)F.

Now as for duu the generating function of the string ddu is

22F? — (14 2(x —1)2)F+1+ (v — 1)z = 0.

This generating function for ddu is the same as the generating function for the
string duu, thus ddu and duu have the same generating function.

v2F* (2, 2) — (1+2(x — 1)2)F(2,2) + 14 (x — 1)z = 0.

Theorem 2.2.2 [16/The generating function for occurrences of the strings udu and
dud is 2F?*(x,2) = (1 — (x — 1)2)F(z,2) — (1 — (x — 1)2).

For the string udu we refer to the paper titled The statistic number of udu’s in
Dyck path by Yidong Sun [19].

Proof

We now consider the string 7 = udu, We derive its generating function by using
the first return decomposition of non-empty Dyck path a = ufd~ where o, 3,y € D.
A new occurrence of udu appears in « (in addition to those contributed by 8 and
~v) if and only if 5 = €. Where v # ¢ producing z(x(F(z,z) — 1)) or « can start
with uu where 8 # € producing z(F(x, z) — 1)F(z, z) or we can have a = ud where
f =~ = € producing z (where z marks up step u).

Now the non-empty Dyck path « have the generating function F'(x,z) — 1 as
follows.

F(z,2) —1=2(z(F(z,2) — 1)) + 2(F(x,2) = 1)F(x,2) + 2
2B (z,2) = (1— (z - 1)2)F(2,2) — (1 — (x — 1)2).

We now prove the following using two different methods,

1 ifn=k=0

(2.21)
(" Y My_y—1 if k€ [0,n—1].
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The first method.

Proof

We define S, to be the set of all Dyck paths denoted by D,, of semi-length
n > 2, with k udu’s, we now take S, 0, that is a Dyck path of semi-length n + 1
with no udu’s. Let a,y14 be the cardinality of S, 1. Let a = ufdy be the first
return decomposition, where «, 3, € D, then both § and ~ are udu-avoiding and
also, if § = ¢, then v = ¢, otherwise if v # ¢ then we have udu. Therefore we see
that for n > 2 in «, we need to have 8 # . From the generating function

F(z,2) —1=z2(x(F(z,2) — 1)) + 2(F(x,2) — 1)F(x, 2) + 2,

for udu above where  marks the number of occurrences of the string udu. let x =1
then

F(1,2) — 1= z(F(
F(l,2) —1=zF%

2)— 1)+ 2(F(l,2) —1)F(l,2) + =

1
1,2).

Now we consider F(1,z) = > ,., a; 02", we also know that
2F%(1,2) = 2> 450 Zf:o a;0ax_i 02" by the convolution rule, now we get

k
i _ i+1
E ajpz — 1= g E @i 00k—i 0% -

i>0 k>0 i=0

Thus

k
[2"*] (Z aip? — 1> = [z"*] Z Z i on_io2" T

i>0 k>0 i=0

Therefore a,41,0 = Z?:o Qi 00n—4,0-

and since ago = 1

n—1
Gni1,0 = Gno + E Q;,00n—4,0-
i=1
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We now use the above recurrence

n—1

Apt10 = Gno + Z @i 00n—i 0, (2.22)
i=1
to apply a bijection with the Motzkin numbers M,,.
The number of Dyck paths with no udu’s and with semi-length 0, 1, or 2 is only
one, that is ago = a10 = azp = 1, thus from (2.22) azp = 2.
In Chapter 1 we derived the recurrence for the Motzkin numbers M,, which gave
us My = M; = 1, with a recurrence as follows:

n—2

Mn = Mn—l -+ Z MZ‘Mn_Q_i. (223)
=0

We see from (2.23) that M, = 2.
The two recurrences (2.22) and (2.23) have the same initial conditions therefore

Ap+41,0 = Mn

For a Dyck path o € S,,_11,0 we look at n — k + 1 endpoints of its n — k + 1
up steps. In these n — k + 1 up steps, we choose k£ points, we can choose any
point with repetition allowed, and at each of the chosen points we insert a valley
du. We then obtain k udu’s and the semi-length increase from n — k + 1 ton + 1.
This produces a Dyck path of semi-length n + 1 with k& occurrences of udu’s that is
a1 Alternatively we can cancel the k valleys du that follow immediately after
an up step u, this will result into £ udu’s and again we get @, . Since the number

n

of i-subsets of [n] with repetitions allowed is ("Jr;*l), we get a1 = (k)an_k_Fl’O. If

we consider @410 = My, then a,_;+10 = M, _j, this give us

n
Apit1k = <]{j> Mnfk' (224)

Thus

—1
Qp k. = (n )Mn—k—la (225)
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as required.
Second method.
Proof

2(FP—~F+4+aF+1-2)=F—1

Let w(zx, z) = F(x,z) — 1. where w(z, z) := w then

2(w+ 1)+ (xr — Dw) = w.

Now we apply Lagrange inversion formula to get a,x = [z*2"]w as follows
n 1 n—1 2 n
["w = ~[y" )y +1)° + (2 = 1)y)
L= (1 9
— [T 1)% 1)ty
) (0) e+ - 0y

= %[y“] >0

1=0

LS00 (2)

RN mek (=D (n =) (2i)! (n—k—1)!
_Z(‘l) M=) K —i— ) =)+ D (n—k—1),

( i—1 )C’

=1

n—k—1
1 —k—-1
) n k—1— z<n Z >Ci+1

I
/\

E |

1

; )

—k—1-

Eo |

Il
/\\
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where the last equality follows by applying the Mobius inversion formula to the
equation C), 4 = Z?:o (’]‘) M,,_; in Chapter one.

We now consider the string 7 = dud. We derive its generating function by using
the first return decomposition of non-empty Dyck path o = fuyd where o, 3,y € D.
A new occurrence of dud appears in « (in addition to those contributed by £ and
7v) if and only if v = ¢ and 8 # € producing z(z(F — 1)) or « can be such that
v # € producing z(F — 1)F or we can have a = ud where = v = ¢ producing z.

Combining these three possibilities we get

F-1=zxzF-1)+2(F-1)F+=z2
PP =(1—(z—-1)2)F - (1—(x—1)2).

This generating function for dud is the same as the generating function for the
string udu, thus dud and udu are equidistant.
The table below shows some values for a, j.

n\k[0 [1 [2 |34 [5]6
1|1

2 |1

3 ]2

4 |4 3 |1

5 |9 [16 |12 |4

6 | 21|45 |40 205

7 |51]126(135 |80 (30|61

Table 2.1: The numbers a,, ;. of the string 7 = udu.

Theorem 2.2.3 [16/The generating function for occurrences of the strings uuu and
ddd is z(t + (1 —t)2)F? = (1 — (1 = t)2)F + 1 = 0.

Proof
To derive the generating function F'(t, z) = F for the string 7 = uuu, we partition
D into {€2;}, where ; is the set of all Dyck paths with length of first ascent equal

to i, for all > 1, we define A;(t,z) = A; to be a generating function for 2;, where
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t counts the number of occurrences the string 7 = wuu. All elements « of €2; can
be written uniquely as o = u'daydasdas....da;, where «,,, € D for all m € [i]. We
conclude that there are (i — 2) new strings uuu (in addition to those contributed
by «;’s ) if and only if ¢ > 3, since there are i (a,,’s) and also there are i (u's),
these produce A; = ¢ 22'F" and if i < 2 we get A; = 2'F". Combining these two
possibilities we get

S 2 F and Y0 A F

Hence we get

2 0
F = Z P A Z 2 i
=0 =3

2 o)
=1+ ZZZF’ + Zti_zziFi.
i=1 i=3

(2.26)
Now we do some manipulations in the above equation as follows,
2 o0
F=1+) ZF+) t7%F
i=1 i=3
2 00
=14+ Z oy n Z [iH3=2 i3 i3
i=1 i=0
2 00
=14 P4t F) 1 F
i=1 i=0
tz3F3
=1+ 2F + 2*F?
telte + 1—tzF
F—t2F? =1 —tzF + 2F —t2°F?* + 2°F? — t2°F° + t2°F?
24+ (1—t)2)F*— (1 - (1—-t)2)F +1=0.
Then the generating function for the string uuwu is given by,
2t+(1—t)2)F* — (1 — (1 —t)2)F +1=0. (2.27)
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Now we derive the generating function F(¢,z) = F for the string 7 = ddd, we
partition D into {£2;}, where €; is the set of all Dyck paths with length of last
descent equal to 4, for all i > 1, we define A;(t, z) = A; to be a generating function
for €2;, where t counts the number of occurrences of the string 7 = ddd. All elements
a of Q; can be written uniquely as o = ajuasuas....ua;ud’, where o, € D for all
m € [i]. We conclude that there are (i — 2) new strings ddd (in addition to those
contributed by «;’s ) if and only if i > 3, since there are i (a,,’s) and also there are i
(u's). This produces A; = t"22'F" and if i < 2 we get A; = 2'F*. Combining these
two possibilities we get

S 2 F and Y0 TF

Then as for uuu the generating function for the string ddd is,

2t+(1—1)2)F*—(1—(1—-t)2)F+1=0. (2.28)

This generating function for ddd is the same as the generating function for the
string wuu, thus ddd and wuu have the same generating function.

If we set t = 0 in the above equation we obtain the generating function for the
Motzkin numbers in Chapter one which is given by,

M(z) =1+ zM(2) + 22M(2)*. (2.29)

Therefore the sequence for the path avoiding the strings uuu and ddd is the
sequence of Motzkin number M,, = Zg":/g] (2’;) Cj.

Theorem 2.2.4 [16/The generating function for occurrences of the strings uud and
udd is F(z,2) —1=2z(1+ (z — 1)2)F?*(x, 2).

In [15] it is shown how to derive the generating function for the string 7 := uud,
we know that the strings udd and uud are equidistant with respect to the vertical
axis.

Now we show the generating function F'(z, z) for the string uud is given by
F(x,2) —1=2(1+ (z — 1)2)F*(x, 2).

Proof
Now let a = ufdv be the first return decomposition of the non-empty Dyck
path D, where 5, v € D. We see that the new occurrence of uud appears in «
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(in addition to those from g and «) if and only if § = ud¢ where ¢ € D pro-
ducing z(xzF(z,2))F(z,z) or a can be such that 8 # ud¢ producing z(F(z, z) —
2F(x,z))F(x,z). Combining these two possibilities we get

F(z,z) = 1= z(xzF(x,2))F(z,2) + 2(F(z,2) — 2F (2, 2))F(x, 2),
then we have
(14 (x—1)2)F*(z,2) — F(x,2) +1=0
F(z,2) —1=2(1+ (x — 1)2)F*(x, 2),
(2.30)

as required.
In the paper [16], it is stated that the coefficient b, ;. of the series expansion for
F(z,z) is

by = [272"|F = nil (n Z 1) zn: (‘j B f; 1) <n;t: k) (2.31)

j=2k

We now consider the string 7 = udd. We derive its generating function by using
the first return decomposition of non-empty Dyck path a = fuyd where «, 3,7 € D.
A new occurrence of udd appears in « (in addition to those contributed by 8 and 7)
if and only if v = dud producing z(zzF(z, z))F(z, z) or a can be such that v # dud
producing z(F(z,z) — zF(x, 2))F(z, z). Combining these two possibilities we get

F(x,z) = 1= z(xzF(x,2))F(z,2) + 2(F(z,2) — 2F (2, 2))F(x, 2)
F(x,2) —1=2(1+ (z — 1)2)F*(x, 2).

This generating function for udd is the same as the generating function for the
string wud, thus udd and uud are equidistant.

2.3 The strings of length 4.

In this section we will study the strings of length four, there are sixteen strings 7 of

length four, we notice that among these strings there is a symmetry with respect to
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a vertical axis, the statistic "number of 7’s” for some of them (given here in pairs)
are equidistant:

{uvud, uddd}, {uvuu, dddd}, {uddu, duud}, {duuu,dddu}, {uvudd},

{vudu, dudd}, {uduu, ddud}, {udud} {dduu}, {dudu}.

We will derive some generating functions F'(¢, z) = F' (where ¢ marks the number
of occurrences of a string 7 and z marks the semi-length n) for several strings using
first return decomposition.

Theorem 2.3.1 [16/The generating function for occurrences of the string uudd is
2P+ 22(t—1)F—F+1=0.

Proof

We derive the generating function by using the first return decomposition of the
non-empty Dyck path a = ufdy where 5,7 € D, a new occurrence of uudd appears
in « (in addition to those contributed by § and ) if and only if 5 = ud.

The path a can have a new occurrence of uudd where = ud producing z(tz)F
or v can be such that 8 # ud producing z(F — z)F. Combining these two cases we
get

F—-1=z(tz+F —2)F. (2.32)

Then we have

2?4+ 2t -1)F —-F+1=0. (2.33)

It is known that

G = [ F (1, 2) = [nf (;?jjk (‘2) <” S j) (if;f]l) (2.34)

Proof of (2.34)
We use the following equation which is in the suitable form to apply Lagrange

inversion formula
A(z) =14 zH(A(2)), (2.35)

where H(y) = (t — 1)zy +7* and A(z) = F(t, z) is taken at be a function of z only.

Now using the Lagrange inversion formula we get
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27AR) = Ll H )Y

o
(2.36)
which gives us
() =30 (7)1 )
J=0 J
=3 (7) - iy
j=0 J
(o i 20 — 7
= t— 1)z )4
Z(j = Z( v )7
7=0 v=0
g g 2 A ) )
LE O
v=0 j=(20—v)* v J
(2.37)
where (20 — v)™ means we only consider non-negative integers.
We substitute (2.37) into (2.36)
20—7\ (o o
IR ) = Y Y ( j)(,)(t—l)JzW“
v=0 j=(20—v)*t v J
1~ (20—
e
o o—1 7
7=0
1 & (20 -5\ (o
F(t,z)=) = 1)/ 27+
E L) (e
o=1 7=0
(2.38)
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Now withn > 0,0 < k < jandlet j <o =n—j then

OIS ](”;-*7') (7,2 ()

n=0 Oj
_1+iinj (n—j)(Zn—?)j)()tkn
(2.39)
For the maximum value of j we have n — j = j which implies j = [n/2], hence we
have
tz—1—|— ( . )( A )()tkzn'
Then

anp = [ F(E 2) = [T_lzm(—l)j—kn ij <” S j) (ﬁ;fﬂ) (i) (2.40)

as required.

Theorem 2.3.2 [16/The generating function for occurrences of the strings vudu, uduu, ddud
and dudd is z(1 — (1 —t)2)F* + ((1 —t)z* = 1)F +1 = 0.

Proof

We first consider the string 7 = uudu. We derive its generating function by
using the first return decomposition of the non-empty Dyck path o = ufdy where
B,7 € D. A new occurrence of uudu appears in « (in addition to those contributed
by 8 and ) if and only if 5 = udp, where ¢ € D and ¢ # e.

The path « can start with the string uudu right from the start where 5 = ud¢
producing z(tz(F — 1))F or « can start without the string vudu in the beginning
producing z(F — z(F — 1)) F.

Now we get the generating function F'(t,z) = F' (where ¢ counts the number of

occurrences of uudu’s) as follows.

F—1=z(tz(F —1)+F —2(F — 1))F, (2.41)
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which gives

21— (1—-1)2)F°+ (1—t)z"—1)F +1=0. (2.42)

We now prove that

Proof of (2.43)
As for the string uudd we use the following equation which is in the suitable form
to apply Lagrange inversion formula

A(z) =14 zH(A(2)).

Here H(v) = (t—1)z7" = (t—1)2y+7* = (t—1)zy(y—1)+* and A(z) = F(¢, 2)
considered as a function of z only. By the Lagrange inversion formula it follows that:

[271A(2) = —[v” HH1+7)),
(2.44)
which give us
(H(147))" = ; (j) (t =127 (147 (1 + )%
5 (- o
(e B )
OO
(2.45)
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Again we substitute (2.45) into (2.44)

e =2 S () () -

v=0 j=(20—v)* J

=0
21 & 207\ (o
F(t,z) = — t— 1)z
SR
o=1 7=0
(2.46)
Since we need 2" let n =0 + j
0o n—j . .
1 — 2n — 3 ,
F(t,z2)=)_ (" j)( e j)(t—WZ"
‘g n—J\ J n—j+1
n=0 j=
(2.47)
Now withn > 0,0 <k < jandlet j <o =n—j then
c© j m—j . .
— 2n — 3
DRI (” D) @)
n=0 k=0 j=k n=j\ J n=g+
oo ] n—j . . .
1 n—7j 2n — 3j AW
ey e S () ) ()
n:lk:()j:k ‘] J n_‘]+1 k
(2.48)

For the maximum value of j we have 2n —3j = n — 7 4+ 1 which implies j = ”T_l,

hence we have

oo (n—1)/2 (n—-1)/2 1 n _] 9 — 2] j
F(t,z) =1 —1)* tha",
A=l 2 > (D n—j( j ><n—j+1>(k) :

We now get

anyg = [t"2"|F(t,2) = (nim(—l)j"“n :7. (” ; J ) (nzf;ij 1) (i) (2.49)




We now consider the string 7 = dudd. We derive its generating function by using
the first return decomposition of non-empty Dyck path a = fuyd where 3,7 € D.
A new occurrence of dudd appears in « (in addition to those contributed by /5 and
~v) if and only if v = ¢ud, where ¢ € D and ¢ # ¢.

The path a can have a new occurrence of dudd where v = ¢ud producing z(tz(F —
1))F or a can be such that v # ¢ud producing z(F — z(F — 1))F. Combining these
two possibilities we get

F—-1=z(tz(F-1)+F—z(F—1))F. (2.50)

The generating function for dudd is the same as the generating function for the
string wudu. Thus dudd and wudu are equidistributed.

We now study the string 7 = ddud we derive its generating function by using
the first return decomposition of non-empty Dyck path @ = ufdy where 3,7 € D.
A new occurrence of ddud appears in « (in addition to those contributed by 5 and
~) if and only if 5 # € and v = ud¢.

The path « can have a new occurrence of ddud where f # e and v = ud¢
producing z(tz(F —1))F or a can be such that v # ud¢ producing z(F —z(F —1))F.
Combining these two cases we get

F—1=z(tz(F —1)+ F — 2(F — 1))F. (2.51)

This generating function for ddud is the same as the generating function for the

string uudu. Thus ddud and uudu are equidistributed.

Consider the string 7 = uduu. We derive its generating function by using first
return decomposition of non-empty Dyck path a = puyd where 3,v € D. A new
occurrence of uduu appears in « (in addition to those contributed by £ and =) if
and only if 8 = dud and v # €.

The path « can have a new occurrence of uduu where g = dud and v # ¢
producing z(tz(F —1))F or a can be such that v # ud¢ producing z(F —z(F —1))F.
Combining these two possibilities we get

F—1=z(tz(F —1)+F —2(F — 1))F. (2.52)
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This generating function for uduu is the same as the generating function for the

string uudu. Thus uduu and uudu are equidistributed.

We see that the four strings uudu, uduu, ddud and dudd are all equidistributed.

Theorem 2.3.3 [16/The generating function for occurrances of the strings uuud
and uddd is (t —1)z3F® + zF* — F+1=0.

Proof

We show that the string 7 = wuud have the same generating function to the
string uddd. We derive the generating function of 7 = uuud using the first return
decomposition of non-empty Dyck path a = ufd~y where 5,7 € D. A new occurrence
of uuud appears in « (in addition to those contributed by £ and +) if and only if
B = updd with ¢ = udep, where ¢, §, ¢ € D. This produces z(z(tzF)F)F. If ¢ # ud¢
this produces z(F — 22 F?)F.

So the generating function F'(t, z) = F' (where t counts the number of occurrences

of uuud’s) satisfies

F—1=z2(zt2F)F + F — 2*F*)F. (2.53)
Thus
(t—1)2PF+2F> -~ F+1=0. (2.54)
In order to derive a formula for a, ; from the above equation, we write
A(z) =1+ zH(A(2)), (2.55)

where H(y) = (t — 1)2%9 + 7* and A(z) where A(z) = F(t,z) is a function with
variable z only. By using the Lagrange inversion formula it follows that

27A(2) = S (H + 7))

o

(2.56)

We have

g

J

a7 =3

5 (%)= s
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.
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=
N
2

(2.57)
we substitute (2.57) into (2.56)
[27]F(t,2) = 0[7071] §]:(§U)+ <20;‘7) (j) (t—1)z%~
2 (0w
F(t,z) = i% ; (2;__1‘7) (j) (t— 1)izo+%
- (2.58)

Since we need [2"] which is the coefficient of 2™ in the series expansion of F'(t, z),
let n = o + 27, then

oojn?]

n—2j 2n — 3y ki on
-2 ' — 1 k: b=
n=0 k=0 j:k n J J n ‘7+

jn?y

3 (GG
— :o]:k n—2] J n—j3+1)\k

(2.59)

From the above generating function we do the following manipulations

a0 )G
1 (n—2)) (2n — 3))! !
n—2j(n—35)j(n—2j — Dl(n —j + ! EI(j — k)!
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_(n=27)! (n+1-k) (2n — 35)! n!
=27 G-K)!n+1—)'(n—-3)(n—-2j— 1) k(n+1-k)n

el [ et
1

B n+1\/n+1—-Fk\ /2n—3)
S on+1\ k j—k n '

Therefore

(2.60)

0o 7 n—2]

R ot (10| G [T

n=1 k=0 j=k

For the maximum value of j, 2n — 3j = n which implies j = %. Hence we have

n+1\/n+1—-Fk\/2n—=37\ & »
=t 3y S () (R ()

n=1 k=0 j

[n/3] ]
_ k. n — —1)7*
any, = [t"2"|F(t, 2) n—|—1< k )Z< b ( j—k )( n )7

Jj=k

(2.62)

as required.

We now derive the generating function for the string uddd by using the first
return decomposition of non-empty Dyck path o = puyd where 5,v € D. A new
occurrence of uddd appears in « (in addition to those contributed by 5 and =) if
and only if v = pudd with § = ¢ud. Where ¢, 0, ¢ € D producing z(z(tzF)F)F or
« can be such that § # ¢ud producing z(F — 22F?)F. Combining these possibilities
we get

F—1=z:(tzF)F+ F — 22FH)F. (2.63)

This generating function is the same as that of uuud, therefore uuud and uddd
are equidistributed.
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Theorem 2.3.4 [16/The generating function for occurrances of the strings dddd
and vuuu is (1 — )23 F3 + 2(t —tz + 2)F? + (z =tz — 1)F + 1 = 0.

Proof

To derive the generating function F'(t,z) = F for the string 7 = dddd, we
partition D into {€;}. Where ; is the set of all Dyck paths according to length
of last descent equal to i, for all ¢ > 1. We define A;(t,z) = A; to be a generating
function for €2;, where ¢ counts the number of occurrences of the string 7 = dddd. All
elements « of ; can be written uniquely as o = aquasuas....uaud’. Where «,,, € D
for all m € [i]. We conclude that there are (i — 3) new strings dddd (in addition to
those contributed by «;’s ) if and only if ¢ > 4, since there are i (a,,’s) and also there
are i (u's). These produce A; = " 32/ F" and if i < 3 we get A; = 2'F*. Combining
these two possibilities we get

o0

Z ti—SziFi

i—4
and
3

1=0

Hence we have

3 o)
F = Z ZF 4 Z 3
1=0 i=4

3 o9
1SS Y
i=1 1=4
(2.64)

Now we do some manipulations in the above equation as follows,
3 %)
F=1+) ZF+) t7%F
i=1 i=4

3 o0
=14 Z P + Z piA=3 itd pitd
i=1 i=0
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3 %)
=1+ ZZZFZ +tz4F4ZtiziFi
=1 =0
tzAF?
1—tzF
F—t2F?=1—t2F 4+ 2F —t2°F? + 22F? — t23F3 + 22F® — t4F* + ¢4 F*

(1=t FP+2(t—tz+2)F? + (2 —tz— 1)F +1=0.

=14 2F + 2°F? + 22F3 +

Then the generating function for the string dddd is,

(1-)PF3 2t —tz+2)F?+ (2 —tz—1)F +1=0. (2.65)

This generating function is the same as for uuuu in [16]. Therefore dddd and vuuu
are equidistant.
Now we derive the generating function for the general string d" for r» > 2.

We proceed as in the case of r = 4 above.

To derive the generating function F(¢,z) = F for the string 7 = d", we partition
D into {£2;}. Where ); is the set of all Dyck paths according to length of the last
descent equal to i, for all i > 1. We define A;(t,z) = A; to be a generating function
for €;, where ¢t counts the number of occurrences of the string 7 = d". All elements
a of ; can be written uniquely as o = oquosuas....ucud'. Where «,,, € D for all
m € [i]. We conclude that there are (i — r 4 1) new strings d” (in addition to those
contributed by «;’s) if and only if ¢ > r. Since there are ¢ (a,,’s) and also there are
i (u's) this produces A; = t7" 12" and if i < r — 1 we get z'F". Combining these
two possibilities we get

A, =ty Fi for i > r and 2'F? for i <r — 1.

Hence we get

r—1 00
F = Z 24 Z gl
=0 i=r

r—1 oo
=14 P4 HE
=1 i=r

(2.66)
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Now we do some manipulations in the above equation as follows:

r—1 00
F:1+221F1+th—r+lzze
=1 i=r

r—1 o]
_ B ni} i+r—r+1 _i+r pitr
=1+ g Z'F' + E t K
i=1 =0

r—1

=14 ZF 4+t F"y £
i=1 i=0
tz"F"
1—tzF
F—t12F*=1—t2F 4 z2F —t2°F? 4+ 22F?. — 2" YFr b or U pr=l " 2" 7

r—1 r—1
=1 —i—tze—l—ZziFi —tZziFi
i=1 i=1

r—1
=14t2F"+ (1—1)) 2'F'.

=1

=14 2F+22F2 4+ 22F3 + . 4+ 277 'F 4

Thus the generating function for the string d" for all r > 2 is,

r—1
F=1+tzF"+(1—1t)) 2'F"
=1

(2.67)

This generating function is the same as the one for u” in [16], therefore d" and
u” are equidistant.

Theorem 2.3.5 [16/The generating function for occurrences of the string udud is
Z(1+(1-)2)F? -1+ (1 -t)z(z+1)F+1+(1—t)2=0.

Proof

To derive the generating function F'(t,z) = F for the string 7 = udud. We
let Q2 to be the set of all Dyck paths that starts with a low peak (ud), with its
generating function A(t,z) = A. Where ¢t counts the number of occurrences of the

string 7 = udud. All elements « of () can be written uniquely as a = udf, where
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B € D. The new string udud occurs if and only if g € €2, this produces ztA and if
S does not belong to €2 then we get z(F — A). Combining these two possibilities we
get

A=z2tA+2(F — A). (2.68)

In addition, we form the non-empty first return decomposition o = uf3d~y, where
B,7 € D. The new occurrence of udud (in addition to those contributed by g and
7) is possible if and only if § = € and v € Q, this produces ztA. If § = ¢ and vy does
not belong to €2, then we have z(F — A) and if we consider the case where  # ¢,

we then obtain z(F — 1)F. Combining these three cases we get

F=1+z2tA+2z(F —A)+2(F —1)F. (2.69)

From the above two equations we eliminate A and get the generating function
F as follows.

In the equation A = 2tA + z(F — A) we solve for A and get
2 F

T 1l—tztz
We then substitute the expression of A into

F=1+42tA+ 2(F — A) + z2(F — 1)F, then we proceed as follows:

zF
—_— P F-1)F
1—tz—|—z)+z( 1—tz—|—z)+z( )
F—2tF +2F =1— 2t + 24 2°tF + 2F — 2%tF + 2°F — 2*F + (2F% — 2F)(1 — 2t + 2)

(z =22t 4+ 2 F? —(1+z—2t—22t+ 2 )F+1+ (1 —t)z2=0.

F =1+ zt(

Now the generating function of the string udud is
214+ (1)) -1+ (1 —=t)z(z+1)F+1+ (1 —-t)z=0. (2.70)

Theorem 2.3.6 [16/The generating function for occurrences of the strings dudu is
2P+ (1=t (z—1)z—1)F+(1—t)2+1=0.

Proof
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To derive the generating function F'(t,z) = F' for the string 7 = dudu. We let €2
to be the set of all Dyck paths with semi-length at least 2, that starts with a low
peak, having the generating function A(t,z) = A. Where ¢ counts the number of
occurrences of the string 7 = dudu. All elements « of €2 can be written uniquely as
a = udf3, where 5 € D\{e}. The new string dudu occurs if and only if 8 € Q, this
produces ztA and if 8 does not belong to € then we get z(F — 1 — A). Combining
these two possibilities we get

A=ztA+2(F—-1-A). (2.71)

In addition we form the first return decomposition o = ufdy. Where 5,7 € D,
The new occurrence of dudu (in addition to those contributed by £ and ) is possible
if and only if v € 2. This produces ztF'A, if is not true that v € €2, then we have
zF(F — A). Combining these two possibilities we get

F=1+2tFA+2(F - A)F. (2.72)

From the above two equations we eliminate A and get the generating function
F' as follows.

In the equation A = ztA + z(F — 1 — A) we solve for A and get
2P —z

INEE
We then substitute the expression of A into F' = 1+ ztFA + 2F? — 2F A then

we proceed as follows:

zF — 2z
F=1 tF— _—
T 1—tz+=2 1—tz+ =2

F—2tF+2F =1—tz+ 2+ 2%tF? — 2%tF + 2F? — 22tF? + 2°F? — 2°F? + 2°F
2P+ (st — 22—+ 22— 1DF+(1—-t)z+1=0.
(2.73)

Now the generating function of the string dudu is
P (1=t z—1z—DF+(1—-t)z+1=0. (2.74)

Theorem 2.3.7 [16/The generating function for occurrences of the strings duud
and uddu is zF? — (1 =)z + 1)F? + (1 4+ 2(1 — t)2)F — (1 — t)z = 0.
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Proof

To derive the generating function F'(t,z) = F for the string 7 = duud. We let Q
to be the set of all Dyck paths where the size of the first ascent is equal to 2, with
its generating function A(t,z) = A. Where ¢ counts the number of occurrences of
the string 7 = duud. All elements « of € can be written uniquely as a = uudaydas,
where a1, s € D. If both a; and ay do not belong to 2 then we get 2?(F — A)%
If both a; and asy belong to Q we get z?t2A%. If only «; belongs to Q we get
2?t(F — A)A and if only ay belongs to Q we get 2%t(F — A)A. Combining these four

possibilities we get

A=22(F — A)? 4+ 22%(F — A)A + 222 A% (2.75)

We know that every non-empty a € D can be written uniquely as a first return
decomposition, that is « = ufdy. Where 3,7 € D, we see that a new string duud (in
addition to those contributed by £ and ) appears if and only if v € Q, producing
2tAF. If v do not belong to  then we get z(F — A)F. Combining these two
possibilities we now get

F—1=ztAF + z2(F — A)F. (2.76)

From the above two equations we get the results similar to those of the string
uddu where its generating function is derived in paper [16].
Therefore the strings duud and uddu are equidistant.
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Chapter 3

Counting strings at even, odd, low

and high levels

In this Section 3.1 we continue to study the paper titled Counting strings in Dyck
paths by A. Sapounakis, I. Tasoulas, and P. Tsikouras [16]. Here we take into ac-
count the number of occurrences of the string 7 at even and odd height.

We define the height m of the string 7, where m € {0,1,2,3,...}, to be the
minimum height of the point(s) in which 7 occurs. For example in Figure 3.1 there
is only one string uuu at height zero and one ddu at height zero and one.

/|

Figure 3.1: The Dyck path vuudududdududduudd.

3.1 The relationship between strings of lengths 2 and 3

We now use the first return decomposition of the non-Dyck path a = ufdy where
(a, B, v € D) to derive the generating functions for the occurrence of the string
7 at an even height E.(t,2) := E (where t counts the number of occurrences of
the string 7 at even height) and at odd height O.(t,z) := O (where ¢ counts the
number of occurrences of the string 7 at odd height). In this section we will show
that E.(t,z) = F,,(t,z) and O,(t,z) = F,,(t,2), where F; (t,z) and F,,(t,2) are
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generating functions for the strings 7, and 7, respectively defined in Chapter one.
Now the number statistic is the number of occurrences of 7 at odd height can
occur at odd height in # and even height v thus:

O:(t,z) —1=20,(t,2)E.(t, 2)
1

OT(t, Z) == m

(3.1)

Theorem 3.1.1 [16/The generating functions for occurrences of the string ud at
even and odd height are z(z — 2zt + 1)E* + (2t — 2z — 1)E+1 = 0 and 20* =
(1 —=(t—1)2)0O — (1 — (t — 1)z) respectively.

Proof

We now consider the string 7 = ud. We derive its generating function by using
the first return decomposition of non-empty Dyck path a = ufd~ where o, 3,y € D.
The occurrences of ud at even height in « consist of the ones at odd height in §3,
as well as the ones at even height in 7. A new occurrence of ud appears in « (in
addition to those contributed by § and «) if and only if § = ¢ producing z(tF) or «
starts with uu where § # € producing z(O — 1)E. Combining these two possibilities
we get,

E=1+:z(tE+ (0O -1)E).

1

— f 1 t
2502 rom (3.1) we ge

Now using O, (t, z) =

E=14+2ztE+:20F — zF

1
EF=1 tE FE —zF
+ z + z 1 i A

— Z
E—2E*>=1—2FE + 2tE — 2*tE*> + 2FE — 2E + 2*E?

0=z2(z—2t+ D)E* + (2t —2z—1)E + 1.
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0-1
From (3.1) let £ = substituting this into £ = 1+ 2tE + zOF — zE we

z
get

0—1_1+ tO—1+ 00—1_ 0O-1
20 i z0 N z0 : z0

O—-1=20+2t(0O—-1)+2(0 —=1)0 — 2(0 — 1)
O—-1=(2t—2)0+20*+(1—1)z
20?7 = (1—(t—1)2)0 — (1 — (t — 1)2).

We see that 20? = (1 — (t —1)2)O — (1 — (t — 1)z) is the same as the generating
function for the string udu which is

2F?(x,2)=(1— (z—1)2)F(z,2) — (1 — (z — 1)2).

We conclude that the generating function for ud at odd height is equidistant to
the generating function for udu.

Theorem 3.1.2 [16/The generating functions for occurrences of the string du at
even and odd height are 2E* — (1 + (1 —t)2)E+ (1 —t)z2+1 =0 and 2(t + 2z —
t2)0? — (1 — 2 +t2)0 + 1 = 0 respectively.

Proof

We now consider 7 = du. We derive its generating function by using the first
return decomposition of non-empty Dyck path a = fuyd where a, 3,v € D. The
occurrences of du at even height in « consist of the ones at even height in 3, as well
as the ones at odd height in 7. A new occurrence of du appears in « (in addition
to those contributed by £ and ~) if and only if 5 # € producing z(t(E — 1)O) or «
can be such that § = ¢ producing z0. Combining these two possibilities we get,

E=1+zt(F—-1)0+O0,).

1
Now using O, (t, z) = =257 we get
—zE.(t, 2

1 1

E =1+ +E _
AT T T T LR
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E—z2E*>=1—2E+2tE — 2t + 2
ZEQ—(1+(1—t>2)E+(1—t)Z+1:0.

We see that the generating function at even height for the string du i.e du which
is

zE?=(1—(t—1)z)E — (1 — (t — 1)z) is the same as the generating function for
the string udu and dud which is

2F2(x,2)=(1— (z—1)2)F(z,2) — (1 — (z — 1)2).

From (3.1) let B = — ! substituting this into £ = 1 + 2tEO — tz0 + 20 we

z
get

O-1 0O-1
=1

z0 +2t0 z0

O —1=20+ 2t0% — 2t0 — 2*t0?* + 2°0?

2(t+2—12)0* —(1—2+1t2)0+1=0.

—1z0 + 20

We see that the generating function at odd height for the string du which is

2(t+2—12)0%* — (1 — 2 +t2)O + 1 = 0 is the same as the generating function
for the string vuu and ddd which is z(t + z — tz)F? — (1 — 2+ tz) F+ 1 = 0.

From Theorem 3.1.1 and 3.1.2 we see that 20?2, = (1—(t—1)2)Ouq— (1 —(t—1)2)
and zE? = (1 — (t — 1)2)E — (1 — (t — 1)2) are the same generating functions
respectively.

We conclude that the generating function for du is equidistant to the generating

function for udu.

Theorem 3.1.3 [16/The generating functions for occurrences of the string dd at
even and odd height are E — 1 = z(1 + (t — 1)2)E? and tz0%*(t,2) — (1 + 2(t —
1)2)O(t,z) + 1+ (t — 1)z = 0 respectively.

Proof

We consider the string 7 = dd. We want to show that the generating function at
even height (E4(t, z)) for dd is the same as the generating function for the string
7 = wud similarly the generating function for dd at odd height (Ou(t, z)) is the
same as the generating function for the string 7 = duu.
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To derive the generating function F(t,z) = E for the string 7 = dd, we partition
D into {Q;}, where €); is the partitioning of all Dyck paths according the length
of the last descent equal to i, for all @ > 1. We define A;(t,z) = A; to be the
generating function for ;. The number of dd at even height in all elements a of
Q;, for a = ajuasuas....uczud’, include those at even height in every a,, for i —m
even. Where «,,, € D for all m € [i], as well as those at odd height in every «,, for
i —m odd, where a,, € D for all m € [i], together with those that occur in the last
descent d'. Thus

E=1+ Z Z22tzEzOz 4 Z ZQi—lti—lEiOi—l
i=1 =1

=14+ ZztEOZ ZQithiflEifloifl 4 ZEZ 22i72tiflEifloifl

—1 i=1
2’tEO + zE
Il M
1—22tFO

E — 22tE?0 =1 — 2% FEO + 2*tEO + zE
1

From (3.1) we have O, (t, z) = T 2B
—zE.(t,z

E — 2*tE?

=1 FE
1—zF Tz

E—2E? - 2*tE>=1— 2FE + 2E — 2°E?
E—1=z(1+(t—1)2)E%

Now the generating function at even height (Eq44(t, z)) for the string dd is,

Eaa(t,2) — 1= 2(1+ (t — 1)2) E3,(t, 2).

The generating function for wud, derived from Chapter 2 is

F(z,2) —1=2(1+ (z — 1)2)F*(x, 2).

These two generating functions are the same. Therefore the string dd at even

height is equidistant to the strings uud and udd.
From (3.1) let £ = =—

substituting this into
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E—1=2z(1+ (t—1)z)E?* we obtain
0-1 0-1)?
o) —l—z(1+(t—1)z)( O) then

z

t20%,(t,2) — (1 +2(t — 1)2)Ogq(t, 2) + 14 (t — 1)z = 0.

We see that this generating function of dd at odd height is the same as the
generating function for duu and ddu which is

rzF%(z,2) — (14 2(x — D2)F(z,2) + 1+ (x — 1)2 =0,

therefore the string dd at odd height is equidistant to the string duu.

3.2 The relationship between strings of lengths 3 and 4

Theorem 3.2.1 [16/The generating functions for occurrences of the string duu at
even and odd height are (z + 2%t — 2)E* + (22 =22t — 1)E+ 1 =0 and z(t + (1 —
1)2)0 —(1+ (1 —1t)(z—2)2)O+ (t — 1)z + 1 = 0 respectively.

Proof

We consider the string 7 = duu. We derive its generating function by using the
first return decomposition of non-empty Dyck path o = Bu~yd, where o, 3,7 € D.
The occurrences of duu at even height in « consist of the ones at even height in
B, as well as the ones at odd height in v. A new occurrence of duu appears in «
(in addition to those contributed by £ and +) if and only if 5,7 # ¢ producing
2(t(E —1)(O — 1)) or a can be such that § = ¢ producing zO or v = ¢ producing
zFE or B = = ¢ producing z. Combining these four possibilities we get,

E=1+2FE-1)(O-1)4+2(0—-1)4+2(E 1)+ z.

1
Now substituting O, (¢, z) = 12502 into
—z2E.(t, 2

E=14z(t(F—-1)(O—-1))+ 20 + zE + z we get

1 1
E:1+ztE1 —zEt — =zt E—I—zt+z E—Z+ZE

— 2z 1—2 1—=z
E—2E?>=1—2FE + 2tE — 2tE + 2*tE? — 2zt + 2t — 22E + 2 — 2 + 2°E + 2E — 2°E?
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(z4+ 22t —2E*+ (2 -2t —1E+1=0.

Therefore the generating function at even height for duu is

2(1—1=)2)E*+ (1 -2~ 1)E+1=0.

Therefore the generating function at even height for duu is equidistant with
generating function for uudu, which is

21— (1-t)2)F*+ (1 -t)22 = 1)F +1=0.

O-1
Let £ = 0 substituting this into £ = 14+ 2EOt—z2Et—z20t+2t+20—z2+2FE
z
we get

O—-1 O-1 0O-1 O-1
Wfl—l—ztOW—zt 0 — 20t + 2t 4+ 20 — 2+ 2 0

O —1=20+ 2t0* — 2tO — 2tO + zt — 2°tO? + 2°tO + 2°0% — 2?0 + 20 — 2
2t+(1—-6)2)0—-(1+(1-t)(2—2)2)0+ (t—1)z+1=0.

Therefore the generating function at odd height for duu is
2+ (1 —-1)2)0—-(1+(1—-1t)(2—2)2)0O+(t—1)z+1=0.
In paper [16] it is stated that the generating function for dduu is,
2t+(1—)2)F* -1+ (1-t)(z—2)2)F+(t—1)z+1=0.
Therefore the generating function at odd height for duu is equidistant with gen-
erating function for dduu.
Theorem 3.2.2 [16/The generating functions for occurrences of the string udu at
even and odd height are (z — 2*t + 2*)E* + (2t — 2+ 2°t — 22 = 1)E+ (1 —t)z+1 =0
and 20 + (2t — 2%t — 2+ 2> — 1)O + (1 — t)z + 1 = 0 respectively.
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Proof

We now consider the string 7 = udu. We derive its generating function at even
height by using the first return decomposition of non-empty Dyck path a = ufdy,
where «, 5,7 € D, the occurrences of duu at even height in « consist of the ones at
even height in ~y, as well as the ones at odd height in 5. A new occurrence of udu
appears in « (in addition to those contributed by £ and ) if and only if § = e.
Where v # ¢ we have z(t(E—1)). If a starts with uu where 5 # € we have z(O—1)E.
If &« = ud where § = v = ¢ we have z. Combining these three possibilities we get

E—-1=z2(t(F—-1))+2(0—-1)E+z.

1
Now substituting O, (¢, z) = =267 into E =1+ ztE —2t+20F —zFE + =z
—zE.(t, =

we get

E=1+z2tFEF —zt+ zFE —zFE + 2

1—zFE
E—2E®>=1—2E+ 2tE — 2*tE* — 2t + 2*tE + 2E — 2E + 2*E* + 2 — 2°F
(z =22t 4+ 2)E* + (st — 2+ 2t — 22— 1)E+(1—t)z+1=0.

Thus the generating function at even height for udu is

14+ (1 -)2)E* -~ (1+(1—t)z(z+1)E+1+ (1 —t)z=0.

The generating function at even height for udu is equidistant with generating

function for udud, which is

14+ (1)) —(1+(1—=t)z(z+1)F+1+(1—-t)z=0.

0-1
From (3.1) let £ = 0 substituting this into £ = 1+ 2tF —2t+20F —z2E+2
2

we get

0_1—1+ tO—l ‘ot OO—l O_1+
20 : z0 S z0 : z0 N

O—1=20+ 2t0 — zt — 2°tO + 20? — 20 — 20 + z + z*0
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20?4+ (st — 2Pt — 24+ 22 - 1DO+(1—t)z+1=0.

Thus the generating function at odd height for udu is

2074+ (1=t z=1z—=1)0+(1—-t)z+1=0.

The generating function at odd height for udu is equidistant with generating
function for dudu which is,

PP (1=t z—=1Dz—DF+(1—-t)z+1=0.

Theorem 3.2.3 [16/The generating functions for occurrences of the string uud at
even and odd height are zE*+ (2°t — 22— 1)E+1=0 and z(1 — (1 —1)2)O0*+ ((1 —
t)z? —1)O + 1 = 0 respectively.

Proof

We now consider the string 7 = uud. We derive the generating function at even
height by using the first return decomposition of non-empty Dyck path a = ufdy.
Where «, 5,7 € D, the occurrences of uud at even height in « consist of the ones
at even height in 7, as well as the ones at odd height in 8. A new occurrence
of udu at appears in « (in addition to those contributed by § and ) if and only
if = udd. Where 6 € D producing z(t(2z0)E) or « can be such that § # udd
producing z(O — zO)E. Combining these two possibilities we get,

E =14 z(t(20)FE) + 2(O — 2z0)E.

1
Now substituting O (¢, z) = =257 into £ =14 2tOE + 20F — 2°0OF we
—z2E.(t,2

get

1 1 1
E =1+ 2%E E — 2°F
te 1—zE+Z 1—zF & 1—zFE

E—2E*=1—2E + 2%FE + 2E — 2°FE
2B+ (2t — 2> - 1)E+1=0.
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Thus the generating function at even height for uud is

2B+ (ZP(t—1)-1)E+1=0.

The generating function at even height for uud is equidistant with generating
function for uudd which is,

2?24+ (P(t—1) - 1)F+1=0.

Let £ = o substituting this into E = 1 + 22tOF + 20F — 2?0OF we get
2
0O-1 0O-1 O-1 O-1
=1 ’tO @) — 220
20 T2 20 T 20 - 20

O —1=20+ 2%0? — 2°tO + 20? — 20 — 2°0? + 20
21— (1-0)2)0*+ (1 -t)22 —1)0O+1=0.

Thus the generating function at odd height for uud is

21— (1 —=1)2)0?+ (1 =122 -=1)0+1=0.

The generating function at odd height for uud is equidistant with generating
function for uudu which is,

21— (1-t)2)F*+ (1—-t)z"—1)F +1=0.

Theorem 3.2.4 [16/The generating functions for occurrences of the string ddd at
even and odd height are z(1— (1 —t)2)E?* + (1 —¢)2* —1)E+1=0 and z(t + (1 —
1)2)0? — (1+ (1 —t)(2 — 2)2)O + 1 — (1 — )z respectively.

Proof

Lastly we consider the string 7 = ddd. We want to show that the generating
function for ddd at even height (Eyq4q(t,2)) is the same as the generating function
for the string 7 = wudu similarly the generating function for ddd at odd height

(Odaa(t, 2)) is the same as the generating function for the string 7 = dduu.
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To derive the generating function E(t, z) = F for the string 7 = ddd, we partition
D into {2;}. where Q; is partitioning of all Dyck paths according to length of the
last descent equal to i, for all ¢ > 1. We define A;(t,z) = A; to be a generating
function for €;, where ¢ counts the number of occurrence of the strings 7 = ddd
at even height. The number of ddd at even height in all elements a of €;, for
a = aquasuas....uczud’, include those at even height in every o, for i — m even.
Where «,,, € D for all m € [i], as well as those at odd height in every «,, for i —m
odd, where «,, € D for all m € [i]. Together with those that occur in the last
descent d'. Thus

E=1 + Z ZQiti—lEiOi + Z Z2i—1ti—1EiOi—1
=1 i=1
=1+ ZQOEZ Z2i—2ti—1Ei—10i—1 + ZEZ ZQi—Qti—lEi—loi—l

=1 i=1

22FEO + 2E
—14+2==_=
1—22tEO
E — 22tE’0 =1 - 2*tFEO + 2’EO + zE
1
E—E*—— =1-2%FE ’E E
TR T Rt gt

E —2E? — 22tE?> =1— 2E — 2>tE + 2°E + 2FE — 2*F?
21— (1-t)2)E*+ (1 -t)2> - 1)E+1=0.

The generating function at even height for ddd is equidistant with generating
function for uudu which is

21— =)2)F?+ (1 -2 - 1)F+1=0.

Let £ =
we get

O-1
0 substituting this into £ — 2*tE?0 = 1 — 2*tEO + 2?EO + zE
z

O-1 L [0O-1\* ,, 0O—-1 , 0-1 0-1
0 —zt( 0 ) O=1-2%0 0 + 270 0 +z 0

2t+(1-1)2)0* -1+ (1—-1)(2—-2)2)0O+1— (1 —t)z=0.
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Thus the generating function at odd height for ddd is

2t+(1-1)2)0* -1+ (1-1)(2—2)2)0+1— (1 —t)z =0.

In paper [16] it is stated that the generating function for dduu is,

2t+(1—)2)F* —(14+(1-t)(z—2)2)F+(t—1)z+1=0.

Therefore the generating function at odd height for ddd is equidistant with gen-
erating function for dduu which is,

2t+(1—1)2)F* — 14+ (1-t)(2—2)2)F+1—(1—-t)z=0.

We summarize our results in the following table

T | Ex(t,2) | O:(t, %)
dd | uud duu
du | udu ddd

ud | du udu

duu | uudu dduu
udu | udud dudu
wud | uudd uduu

ddd | vudu dduu

Table 3.1: The relationship between strings of different lengths
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3.3 Counting strings at low level

In this section we study the paper titled Dyck paths statistics by A. Sapounakis,
I. Tasoulas, P. Tsikouras [15]. Here we take into account the number of low occur-
rences of the string 7.

We say that a string 7 is at low height (level) if its minimum point(s) occurs
on the horizontal axis. For example the string wuu in Figure 3.1 (page 51) is at
low level. We define the generating function for low occurrences of the string 7 as
follows

n

L(t,z) = Z Ly it*2", (3.2)

n=0 k=0

where ¢ counts the number of low occurrences of the string 7 with z marking the
semi-length.

In this section we are going to use the Dyck path generating function equation

C(z) =1+ 20%(2), (3.3)

to simplify some manipulations, we are also going to use

25 () = (2”“), (3.4)

C 2n+s n

which was derived in Chapter one.

We use the first return decomposition of non-empty Dyck path a = ufdy to
derive the generating function L(¢,z) := L for low occurrence of the string 7. In
the decomposition a = ufdy, § is not on the horizontal axis therefore it cannot
generate the low 7 thus it is only a Dyck path C(z) := C. The path v is at the
horizontal axis, thus it can generate the low 7 producing L. Combining these cases

we obtain the generating function for the low occurrence of 7 as follows,

L=1+2z2CL
1
1—2zC"

L —
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(3.5)

In the following Subsections we shall consider several strings of lengths 2, 3, 4
and r such as: ud, du, dd, duu, ddd, vudd, vudu, uduu, uvuud, udud, dudu and d".

Theorem 3.3.1 [15/The generating function for low occurrences of the string ud is

I —

1—z2t—2(C—-1)

Proof

We consider the string 7 = ud we first derive its generating function L(t,z) = L
(where ¢ counts the number of occurrences of ud at low level). We use the first
return decomposition of non-empty Dyck path o = ufdy where a, 3,7 € D. The
path o can start with the string ud right from the start where § = ¢ producing
z(tL) or a can start with uu where 5 # ¢ producing z(C' — 1)L. Combining these
two possibilities we get

L=1+z(tL+(C—1)L).

Thus the generating function for the low occurrence of ud is,

1
L= :
1—zt—2(C—-1)

Now we get [2"tF]L = 1,,}, as follows,

1

LZl—zt—z(C’—l)

Using equation (3.3) we see that C' — 1 = zC? then we get

1
L pum
1 — 2t — 2(2C?)

(t + 2CH)m ™

NE

=0

i i (T) L CH I ym

m=0 j=0

3
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L=y (") e

Now from equation (3.4) [2"]C*(z) = %(Z"JS) we get
n+s
A . 2 NS
n—j—m](12j — 2(n—j 'm)+2] th
S MG —my 12y ) then

2> zm: (T;) 20— 3jm) sy <2(n l;fbi}j 2j)w

B NN J 2n—2m \ ,,_.
23 ()t ()

Now let k = m — j, then

~(j+k j 2n — 2k — 2j
the L =1, =  — :
[#°2"] * ;( k )n—k—j( n—k
For the maximum value of j in terms of n and k& we have 2n — 2k — 25 =n — k,

—k
then j = nT thus,

(=24 . , :
Jj+k J 2n — 2k — 2j
th2M L =1, = - T— .
[#°"] ‘ Z( k )n—k—j( n—k
J=0
Theorem 3.3.2 [15/The generating function for low occurrences of the string du is

zC
L=1 )
+1—ZtC

Proof
We now do the string 7 = du, we derive its generating function L(t,z) := L

(where ¢ counts the number of low occurrence of the string 7 = du) by using the
first return decomposition of non-empty Dyck path a = fuyd where o, 8,7 € D. A
new low occurrence of du appears in « (in addition to those contributed by § and ~y
) if and only if 8 # € producing z(t(L — 1)C') or « can be such that 5 = ¢ producing
zC'. Combining these two possibilities we get,
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L=1+z(t(L-1)C+C)
L—ztLC=1— z2tC + 2C

1—2tC + 2C

I —
1 — ztC

The generating function for the low occurrence of du is,

z2C
1—2tC”

L=1+

Now we get [2"tF]L = 1, as follows,

zC
1—z2tC

=1+2zC i cmmm

m=0

L=1+

— 14+ Z Cm+1zm+1tm
m=0

[Zn]L _ [zn] Z C«m+1zm+1tm
m=0

— Z [anmfl]chrltm

m=0
[eS)

_m_02(n— m—1)+m+1 n—m-—1

_Z m+1 2n—m—1 4m
2n—m-—-1\n—m-—1

k+1 2n —k—1
ML = ———— :
[#°"] 2n—k—1(n—k—1>

Therefore

Lkl (k-1
T o k-1 n '
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Theorem 3.3.3 [15/The generating function for low occurrences of the strings d>

and u? is L =

1+ (1—t)z2C3"

Proof

To derive the generating function L(t, z) = L for the low occurrence of the string
7 = d?. We define partition of D as {;}, where Q; is set of all Dyck paths according
to length of last descent equal to i, for all @ > 1. We define A;(t,z) = A; to be a
generating function for €2;, where ¢ counts the number of low occurrences the string
7 = d?. All elements a of §; can be written uniquely as o = ojuasuas....uo;ud,
where «,, € D for all m € [i]. A low occurrence for ¢ < 1 that is for ayud produces
2L, since o is in the horizontal axis it produces L. The new low occurrence of d?
appears in « (in addition to those contributed by a,,’s) if and only if i > 2, since
there are ¢ (a,,’s) and also there are ¢ (u’s), these produces > :°, tz*C* 'L and if
1 <1 we get 2L = Zil:l 2*C*'L. Combining these two possibilities taking into
account of an empty path we get,

1 [e'e)
L=1+) #C7'L+) t'C7'L
i=1 =2
1 [es)
— 1+ Z ZiCz‘—lL + Zt2i+2ci+2_1L
i=1 i=0
22CL
1—2z2C

1
— 14+ ZziCHL +t

i=1

From Zilzl 2'C 1L we get the following

1 0o 0o
o o - L 22CL
) z—lL: i z—lL_ i z—lL: Z - )
;:120 ;:120 ;ZQzC [ —oC 1-2C

Thus we have




1y zCL T 22C2L
B C —zC2 C —z0?

We know from C = 1 + 2C? that C — 20? = 1, then

=1+2CL — (1 -1)2°C°L

1—20+(1—1)22C?
C
C—20%+ (1 —-1)22C3
C
1+ (1—¢)z2C3

Thus the generating function for the low occurrence of d? is,

C

L=TTra—y=es

Now we get [2"tF|L = I, as follows,

C

L= Tra—y=e
_ Z 03m+122m(t o 1>m
m=0
[Zn]L _ Z[Zn—Qm]CBm-‘rl(t _ 1)m
m=0
—i(t—l)m Im+1 2(n—2m)+3m+1
B 2(n—2m)+3m+1 n—2m

3
Il
=)

I
WE
hE

m (—1)igm-i dm +1 2n—-—m+1
7 2n—m+1 n—2m

m:Oj:O
Sy (M) Bl @n—m )
Sy () Bl 2
m=0 j=0 J n+m+1(n—2m)!(n+m)1
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LSS e () B ()
A 7/ n+m+1\n+m

Now let k = m — j for the maximum value of m let 2n —m = n+m then m = g,

from k£ = m — j the maximum value of j is j = g — k thus,

oy = [t52]L = (_1>j(j+k:> 3(j+k)+1 (2n—(j+k:))'

jg Jn+j+E+1\ n+j+k

Theorem 3.3.4 [15/The generating function for low occurrences of the string duu
2C?

s L =1 .
" + 1+ (1—x)22C3

We derive the generating function L(z,z) := L for the low occurrence of the
string duu. Let € be the set of all Dyck paths where the first ascent is of size at
least 2, with its generating function A(z, z) = A, where z counts the number of low
occurrence of the string 7 = duu. All elements a of {2 can be written uniquely as
a = uaqdas, where aq, a9 € D and ay # . The new low occurrence of duu occurs
if and only if ay € Q, this produces zz(C' — 1) A and if ay does not belong to €2 then
we get z(C'— 1)(L — A). Combining these two possibilities we get

A=2(C—1)(L — A+ zA).

We know that every non-empty Dyck path o € D can be written uniquely as a
first return decomposition, that is a = ufd~y, where 5,v € D. We see that a new
occurrence of the string duu (in addition to those contributed by 7) appears in «
if and only if v € Q, producing xzAC, and if v does not belong to {2 then we get
2(L — A)C. Combining these two possibilities we now get

L=1+zxA+L—A)C.

L—-1—-zLC

In the equation L = 14z(zA+L—A)C we solve for A and get A = :
zxC — 2C
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We then substitute the expression of A into
A=2(C—-1)(L—A+xA), then we proceed as follows:

2tC — zC 2tC — z2C 2tC — 2C
L—1—-2LC=2C—-1)(22CL—2CL—L+1+2LC + 2L —x — zaLC)
L—-1—-z2LC=2C—-1)(-L+1+2L—x)
L—2LC+2(C—-1)L—z22(C—1)L=2C—2z—22C+ 2z
1420 —2z—220+ 22
1—2z—zx(C—1)
2041 —2—z2(C —1)
1= z—22(C—1)
2C 41— 2(C —20?) — zz(20?)
1 —2(C = 20?) — zx(2C?)

L_l_ZLO:z(C—l) (L—L_l_ZLO—i—x(L_l_ZLO))

L=

14 zC
B 1 —2(C = 20?) — zz(2C?)
2C?
=1+
C —2(C? = z2C3) — zx(203)
14 2C?
B C —20% + 2203 — 222C3
2C?
— 14

14+ (1 —x)z2C%

Thus the generating function for the low occurrence of duw is,

Now we get [2"z*|L = 1, as follows,

2C?
1+ (1—x)22C3)

=1420%) C¥"(x — 1)

m=0

L=1+
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[Zn—Zm—l]C3m+2 (ZL’ . 1)m

N
=

I
WE

3
Il
=)

NE

(z—1)"

Im + 2 (2(n—2m—1)—|—3m—|—2)

2(n—2m —1)+3m +2 n—2m-—1

0

090 7 2Zn—m\n+m-+1

3
|

[
NE

3
I

Now let k = m — j for the maximum value of m let 2n — m — 1 = n + m then

—1 —1
m:n , from £ = m — j the maximum value ofjisj:nT—kthus,
S FHEN3j+3k+2( 2n—j—k
k_n j —J
L:lTL = _1.7 s 7 - '
272" * jzo( )( k )2n—j—k(n+j+k+1>

Theorem 3.3.5 [15]/The generating function for low occurrences of the strings d°

and u® is L =

14+ (1—1t)z3C*

Proof

We derive the generating function L(t, z) = L for the low occurrence of the string
7 = d*, We partition D into {€2;}, where Q; is partitioning of all Dyck paths accord-
ing to length of last descent equal to i, for all i > 1. We define A;(t, z) = A; to be a
generating function for €2;, where ¢ counts the number of low occurrences the string
7 = d®. All elements « of €; can be written uniquely as o = ojuasuas....ucud’,
where ., € D for all m € [i]. A low occurrence for ¢ < 2 that is for ajud and
aucpud? produces zL and z2CL respectively, since «; is in the horizontal axis it
produces L. The same happens for i > 3, thus a new low occurrence of d® appears
in « (in addition to those contributed by a,,’s) if and only if i > 3, since there are
i (an’s) and also there are ¢ (u’s), these produces Y >, t2"C" 'L and if i < 2 we
get Z?:1 2'C*1L. Combining these two possibilities taking into account an empty
path we get,

2 o)
L=1+) ZC7'L+) tC'L
=1 =3
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r—1 00
-1 + Z Zici—lL + Z tzi+3ci+2L
i=1 =0
2C3L
1—2C"

2
—1 +Zz"’(]i‘1L+t

=1

2
From Z 2'C" 'L we get the following
i=1
2 00 00
o o o L 2C?L
tevi—lyp _ ievi—lyp ) zflL — <z . )
ZzC L ZZIZC' L ZZC = 1-2C

1=1 i= =3

Thus we have

2L 23C?L 23C?L

L=1+ +t

1—2C 1-2C 1—zC
_, 2CL ( )z3C3L
C — 202 C —z20%

We know from C' = 1 + 2C? then C' — zC? = 1 thus

=1+2CL — (1 -1)2*°C°L

T 10+ (1—1)z3C3
B C
O — 2024 (1 —t)23C4
C
14 (1—1t)z3C*

Thus the generating function for the low occurrence of ddd is,

C
L= .
1+ (1 —1t)z3C"
Now we get [2"tF]L = 1, as follows,
C
1+ (1—1t)z3C"

I —
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_ Z O4m+123m(t . 1)m
m=0

M8|

[Zn]L — [Zn—Sm]C4m+l (t _ 1)m
m=0
_i@—l)m dm +1 2(n —3m)+4m+1
_m:0 2(n —3m)+4m+ 1 n—3m
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NE

(m) (qypmei_Um o+ 1 <2n —2m + 1)

—\J 2n —2m+1 n—3m

3
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NE
NE

m) 4m +1 (2n —2m + 1)!

(-1t
j)2n—=2m+1(n—3m)l(n+m+1)!

0

3
Il
=)

J

NE
NE

m> dm +1 (2n — 2m)!

(=1 (j n+m+1(n—2m)l(n+m)!

(—1)itmd (m) 4m + 1 <2n—2m>'
i /n+m+1\ n+m

3
I
o
<
Il
o

NE
NE

I
o

3
I

0j

Now let k = m — j for the maximum value of m let 2n — 2m = n + m then

m = g, from k = m — j the maximum value of j is j = g — k thus,

Low = [t*2"]L = (_1)j(j+k>w(2n—2(j+k)>
" j J n+j7+k+1 n+ij+k .

Theorem 3.3.6 [15/The generating function for low occurrences of the string uudu

s L =

1+ (1—1)23C3
Proof

We derive the string 7 = uudu. We derive its generating function by using the
first return decomposition of non-empty Dyck path o = ufdy where 8,7 € D, a
new low occurrence of uudu appears in « (in addition to those contributed by g and
) if and only if § = ud¢, where ¢ € D and ¢ # €.

The path « can start with the string uudu right from the start where 8 = ud¢
producing z(tz(C' — 1))L or « can start without the string uudu in the beginning
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producing z(C — z(C' — 1))L.
Now we get the generating function L(t,z) = L (where ¢t counts the number of
low occurrences of uudu’s) as follows,

L—-1=2tz(C—-1))L+2(C—=2C-1))L
1=L—t*C—1))L—2(C—2(C—-1))L
1
1—t22(C—1)) —2(C—2(C-1))

L —

We now use the Catalan number generating function C' where C' = 1 + 2C? to

produce

1
L= 1 —1t23C2% — (2 4 22C? — 23C7)

B C
O+ (112303 — 20 — 2203)
B C

C+(1—-1)z3C3 — 2C(1 + 2C?)
B C
O+ (1 -1)2303 — 202

B C
1+ (1—1)23C%

Thus the generating function for the low occurrence of uudu is,

B C
14 (1 —1)2303

Now we get [2"tF]L = 1, as follows,

B C
1 (1 —t)23C83

_ Z 03m+1z3m<t _ 1)m
m=0
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[Zn—3m]03m+1 (t . 1>m

BN
=

I
WE

m=0
—i(t—l)m 3m+1 2(n—3m)+3m+1
_m:O 2(n—3m)+3m+1 n—3m

I
[M]¢
NE

(m) (—1)itmd 3m+1 (Qn —3m+ 1)
— \J 2n —3m +1 n—3m
m) 3m+1  (2n—3m+1)!

(=1 (j 2n —3m+1(n —3m)!(n+1)!

3
Il
o
1

[
WE
NE

=0

3
]
o
1

[
K
NE

imeg (M 3m 41 (2n — 3m)!
(=1t (]) n+1 (n—3m)!l(n)!

(—1)igm= m\3m+1(2n—3m .
j) n+1 n

Now let & = m — j for the maximum value of m let 2n — 3m = n then m = g,

=0

3
I
1

I
[M]8
NE

3

Il
o
<
Il
o

from k = m — j the maximum value of j is j = % — k thus,

w|3

5]k ) .
1 A M — 3k —
(L = 1, = (1) (3 ’ k) (3) + 3k + 1)( n ‘1’“ 39).

n—+1 —

.

Theorem 3.3.7 [15/The generating function for low occurrences of the string uduu
is L—1=z(tz2(C—1))L+2(C—2z(C —1))L.

Proof

We derive its generating function for 7 = uduu by using the first return decom-
position of non-empty Dyck path o = Suvyd where 3,7 € D. A new low occurrence
of uduu appears in « (in addition to those contributed by g and =) if and only if
f = dud and vy # . Where § € D producing z(tz(C' — 1))L or « can be such that
B # dud producing z(C' — z(C — 1)) L. Combining these two possibilities we get

L—1=z2(tz(C—-1))L+2(C—=2(C-1))L. (3.6)

This generating function for low occurrences of uduu is the same as the generating
function for low occurrences of uudu, thus the number of low occurrences for uduu

is equidistant to the number of low occurrences for uudu, thus as for uudu;
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(5]-k . .
1 , k 2n—3k—3
2L =l = —— 3 (=1 (JZ )(3j+3k+1)( " J).
=0

n + n
J

Theorem 3.3.8 [15/The generating function for low occurrences of the strings uuud

is L =

1+ (1—1)z3C3

Proof

We study the low occurrence of the string 7 = uuud. We derive the generating
function for the low occurrence of 7 = uuud using the first return decomposition of
non-empty Dyck path a = ufdy where 5,7 € D. A new low occurrence of uuud
appears in « (in addition to those contributed by 5 and v ) if and only if 8 = updd
with ¢ = udgp. Where ¢,0,¢ € D producing z(z(tzC')C)L or « can be such that
¢ # ud¢ producing z(C — 22C?)L.

Now we get the generating function L(¢,z) = L ( where ¢t counts the number of
low occurrences of uuud ) as follows,

L—1=2(2(t20)C+C — 2*C*L
L—1=2%C*L+ 2CL — 2*°C*L
1
1—23tC? — 20 + 23C?
C
C — 23tC3 — 2C? + 23C3

L —

Since C' — 2C? =1, then

C
1+ (1—1)23C%

(3.7)

This generating function for low occurrences of uuud is the same as the generating
functions for low occurrences of uudu and uduu. Thus the number of low occurrences
for uduu is equidistant to the number of low occurrences for uudu and uduu, thus

as for uudu,
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n)_k
5] 4k

[t"2"L =1, = (-1)]’( i )(3j + 3k + 1)(

2n — 3k — 33
n .

Theorem 3.3.9 [15/The generating function for low occurrences of the strings uudd

s L =

14 (1—1t)22C"

Proof

We study the generating function for low occurrence of 7 = uudd by using the
first return decomposition of non-empty Dyck path o = ufBdy where 5,7 € D. A
new low occurrence of uudd appears in « (in addition to those contributed by 8 and
~) if and only if 8 = ud producing z(tz)L or « can be such that 8 # ud producing
2(C' —2)L.

Now we get the generating function L(t,z) = L (where by ¢ counts the number

of low occurrences of uudd) as follows.

L—-1=z2(tz+C—2)L
1=L-2%L—2CL+ 2°L

1
L= 1—22t— 20+ 22
B C
O = 22%C — 2C? + 22C
B C
1+ (1—1t)z2C"

The generating function for the low occurrence of uudd is,

B C
1+ (1—1)22C°

Now we get [2"tF]L = 1, as follows,

c
L=1ra—p=c

—C i cm2m(t — 1)

m=0
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=
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Now let £ = m — j for the maximum value of m let 2n — 3m = n — m then

m = g, from k = m — j the maximum value of j is j = g — k thus,

[5]-k ) ) .
ke i+ kN j4k+1 [2n—3k—3j
[£2")L = L = §j<—1)1< . )— .

o n—k—j+1\ n—k—y

Theorem 3.3.10 [15/The generating function for low occurrences of the strings
2203

dudu is L =1 -
udu 1s +ZC+1+(1—t)zC

Proof

To derive the generating function L(t, z) = L for the low occurrence of the string
7 = dudu. We let € to be the set of all Dyck paths with semi-length at least 2,
which starts with the low peak, with its generating function A(¢,z) = A. Where ¢
counts the number of low occurrences of the string 7 = dudu. All elements « of €2
can be written uniquely as o = udf. Where 5 € D\{e}. The new low occurrence
of dudu occurs if and only if 5 € 2. This produces ztA and if § does not belong to
Q2 then we get z(L — 1 — A). Combining these two possibilities we get
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A=ztA+z2(L—-1-A). (3.9)

In addition we form the first return decomposition o = ufdy, where 3,7 € D,
the new low occurrence of dudu is possible if and only if 7 € €2 this produces ztC A.
if v does not belong to €2, then we have zC(L— A). Combining these two possibilities

we get

L=1+2tCA+ z(L - A)C. (3.10)
From the above two equations we eliminate A and get the generating function L
as follows.
In the equation A = 2tA + z(L — 1 — A) we solve for A and
got A= LT3
1—tz+z

We then substitute the expression of A into L = 1 + 2tCA + z(L — A)C and

proceed as follows:

zL — 2 zL — 2z
1—tz+z)+Z(L_(1—tz+z))C
L—tzL+z2L=1—tz+ 2+ 2%CL — 2*tC + 2CL — t2>LC + 2*LC — 2°CL + 2*C
1 —tz+ 2z —22tC + 22C
1l—tz+2—-2C
C —t2C + 2C — 22tC?* + 2C?
C—tzC+ zC — 2C?
C —tz0 + 20 — 2%tC? + 22C?
1+ (1 —1t)zC

L=1+z2tC(

L=

We now multiply C' = 1 + 2C? by 2C and get 2C? = 2C + z2C?
so 20% — zC = 22C?, then we get

B 14+ 2C% — 20 4 20 — tzC + 20 — 22tC? 4 22C?
1+ (1—1t)zC
14 2203 + 2C — t20 + 20 — 2%tC? + 22C?
14+ (1-1)C
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1+ (1—8)2C+2C(1+ (1 —1)20) + 22C3

1+ (1—1t)zC
o 2203
=1 —_
L N e
(3.11)
The generating function for the low occurrence of dudu is,
22C3
L=14204 ———.
T T T nc
Now we get [2"tF]L = 1, as follows,
[Zn]L _ [Zn—l]c + Z[Zn—m—2]0m+3(t _ 1)m
m=0
1/2(n—1 - 3 2(n—m —2 3
:_((n )>+Z(t—1)m m + ((n m )+m—|—>
n\ n—1 — 2(n—m—2)+m+3 n—m-—2
- m . - om+3 2n—m —1
1+mzz:0;(j)( ) 2n—m—1(n—m—2)
m+ 3 (2n —m —1)!
G S e (7)
mzojzo 2n—m—1(n—m—2)(n+1)!
m+3 (2n—m — 2)!
— Jtm]
o S e () e
m+3(2n—m — 2
— Jth
+mzz (->n+1( ! )

Now let & = m—j for the maximum value of m let 2n—m—2 = n then m = n—2,

from k = m — j the maximum value of j is j =n — 2 — k thus,
ey G kNG k+3/2n—j—k—2
th 2" L = 60xChu —1) —— ,
= a3 p(T R e
where gy is the Kronecker function, that is
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1 ifn=k
Onke = (3.12)
0 ifn#k.
Theorem 3.3.11 [15/The generating function for low occurrences of the strings d”

and u", wherer > 2 1s L =

1+ (1 —t)zrCrtl’

Proof

We derive the generating function L(t, z) = L for the low occurrence of the string
7 = d". We partition D into {€2;}. Where (; is set of all Dyck paths according to
length of last descent equal to 4, for all ¢ > 1. We define A;(t,z) = A; to be a
generating function for €2;, where ¢ counts the number of low occurrences the string
7 = d". All elements a of §; can be written uniquely as o = ojuasuas....uc;ud,
where «,,, € D for all m € [i]. A low occurrence for i < 2 that is for ajud and
aruasud? produces zL and z2CL respectively, since a; is in the horizontal axis it
produces L. The same happens for ¢ > r. Thus a new low occurrence of d” appears
in « (in addition to those contributed by a,,’s) if and only if ¢ > r, since there are i
(am’s) and also there are ¢ (u’s). This produces > t2'C*" 'L and if i <r —1 we
get 31— 2’C*~' L. Combining these two possibilities taking into account an empty
path we get,

r—1 e’}
L=1+) ZCTL+Y t/C7'L
=1 i=r

r—1

=1+ Z PR oLy s tZrorrlLL
i1 i=0

r—1
o ZrcvrflL
=1 Ot
+ Zl 2 5

From 371 2C*'L we get the following

r—1 00 00
— .. L L zrcrflL
7 zflL: 7 Z*lL_ ) zflL: z _ .

;_1 2C ;_1 2C ;_T 2C s —
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Thus we have

zL 27O 2TO 1L

L:1+1—ZC_ 1—zC +t1—zC’
zCL 2"C"L
e U

We know from C' = 1+ 2C? that C' — 2C? = 1 thus

=142CL—(1—-1)2"C"L

1
C1—2C+ (1 —t)zrCr
B C
0= 2024 (1 —t)zrOrt!
C

1+ (1—t)zrCr+l

Thus the generating function for the low occurrence of d" is,

B C
14 (1 —t)zr Ol

Now we get [2"tF]L = 1, as follows,

C

L =
1+ (1 —t)zrCrtt
_ Z C(r+1)m+lzrm(t o 1)m
m=0
SN = Ln—rm C(r+1)m+1 t—1)m
L= ["™]
m=0
—i(t—l)m (r+1)m+1 2(n—rm)+ (r+1)m+1
_m:0 2(n—rm)+ (r+1)m+1 n—rm
_ Z Z (m) (— )i (r+1)m+1 (Qn —(r—=1)m+ 1)
=\ 2n—(r—1)m+1 n—rm

1 )2n—(r—1)m+1(n—rm)l(n+m+1)!

=3 ) (~1em (;”) (r+Dm+1  (@2n—(—Dm+1)

m=0 j=0
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Now let k& = m — j for the maximum value of m let 2n — (r — 1)m = n+ m then

n n
m = —, from kK = m — j the maximum value of j is j = — — k thus,
r r

Sk
kN IR\ DG +E) +1 20— (r—1)(j + k)
l””“_[tkz]L_;<_1)< j) n+j+k+1 ( n+j+k )

3.4 Counting strings at high level

In this section we study the paper titled Counting strings in Dyck paths by [16].

Here we take into account the number of high occurrences of the string 7.

We say that a string 7 is at high level if its minimum point(s) occurs above the
horizontal axis. For example the two strings udu in Figure 3.1 (page 48) occur at
high level. We define the generating function for the high occurrences of the string
7 as follows

n

H(t,z) =Y hostha". (3.13)
n=0 k=0

We use the first return decomposition of non-empty Dyck path a = ufdy to
derive the generating function H(t,z) := H (where ¢ counts the number of high
occurrences the string 7) for high occurrences of the string 7. In the decomposition
a = ufdy, B is not at the horizontal axis therefore it can generate the high string 7
producing H(t,z) := H. The path v is at the horizontal axis, thus it can generate
both high and low 7 producing F(t,z) (defined in Chapter two as a generating
function for 7). Combining these cases we obtain the generating function for the

high occurrences of 7 as follows,
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H=1+zHF
1

H = )
1—2zF

Now we consider the three strings 7, 71 and 7, from Section 3.1 we have
E.(t,z) = F;,(t,z) and O.(t, z) = F,(t, 2)
1

f H =
rom 1_ZFweget
1
Ho(t2) = —————
1(t:2) 1—2F,(t,2)
d from O, (¢, 2) ! h
nd from O, (t,z) = —————
a O Z 1 ZET(t’ Z) we nhave
H,,(1,2) = Os(t.2) = Fr(t,2) :
n\6L,2)=ULZ) = IMp\0G,R) = 7,
! 2 1 —2F, (t,2)

thus we have

H, (t,z) = F,(t,z2).

Now we find the generating functions at high level for the strings vud, udu, uduu,

uudd and udud using the above results.

Theorem 3.4.1 [16/The generating function for high occurrences of the string uud

istzH*(t,2z) — (1+2(t —1D2)H(t,z2) + 1+ (t — 1)z = 0.

Proof

We derive the generating function H(t,z) for the string uud by cosidering the

relation H,, (t,2) = O.(t,z) = F,,(t, z). From Sectiom 3.1 Ey(t, z) = Fuua(t, z) and
Oua(t, z) = Fauu(t, ), therefore Hyq(t, 2) = Fauu(t, 2). Since the generating function
Fyuu(t, z) for duu from Chapter two is tzF?(t, 2) —(1+2(t—1)2)F (¢, 2)+1+(t—1)z =

0, then generating function H,,4(t, z) for uud is

tzH* (t,2) — (14+2(t — 1)2)H(t,2) + 1+ (t—1)2 =0
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Theorem 3.4.2 [16/The generating functions for high occurrences of the strings
udu, uduu, uudd and udud are as follows.

We know that from Section 3.1 Eg,(t, 2) = Fuau(t, 2) and Og(t, 2) = Faaa(t, 2),
then Hyg,(t,2z) = Fuaa(t,z). We proceed as for the string uud above. Thus the
generating function H,g,(t, z) for udu is

2(t4+2—t2)H* — (1 —z+t2)H +1=0.

If we do the same for the strings uduu, uudd and udud we obtain that,
(1) Equu(t, 2) = Fuauu(t, 2) and Oguy(t, 2) = Faau(t, 2), thus
Hyguu(t, 2) = Faauu(t, 2), then the generating function Hgy,(t, z) for uduu is

24+ (1 —t)2)H* —(1+ (1 —=t)(z=2)2)H+(t —1)z+1=0,

(2) Euua(t, z2) = Fuuaa(t, z) and Oyuq(t, 2) = Fuauu(t, 2), thus
Huyuaa(t, 2) = Fuauu(t, 2), then the generating function H,,qq(t, 2) for vudd is

21— (1—-t)2)H*+ (1 -tz —1)H+1=0,

(3) Eudu(t, Z) = Fudud<t, Z) and Ouud(t; Z) = qudu(t; Z), thUS
Hyaua(t, 2) = Fauau(t, z), then the generating function Hyg,q(t, z) for udud is

dH 4+ (1=t)(z=1Dz—1DH+(1—-t)z+1=0,

respectively.
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Chapter 4

Skew Dyck paths, and

superdiagonal bargraphs

In this chapter we study the paper titled Skew Dyck paths, area, and superdiagonal
bargraphs by [7]. We enumerate skew Dyck paths according to different parameters.

4.1 Enumeration of skew Dyck paths according to different

parameters

In this section we enumerate skew paths according to area. We define the area
for skew paths, but first we define the area for Dyck paths. The region between
a path and the z-axis can be decomposed into right triangles with unit areas, we
can conclude that the area of Dyck paths is the number of these unit triangles. In
a similar way we can define the area of a skew paths as the region below the path
and above the z-axis (see Figure 4.1). Here we are interested in an enumeration of
skew paths according to area, semi-length (half of the skew path length) and semi-
base. We show bijectively that the number of skew paths of area n is the Fibonacci
number F),. This provides a striking property about the occurrence of the Fibonacci

numbers.

4.1.1 Enumeration of skew paths according to area and semi-base

Here we compute the number a,,; of all skew paths having area n and semi-base k,
then we determine the number a, of all skew paths with area n. In order for us
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(b)

(@)
Figure 4.1: (a) A Dyck path of area 16 and (b) a skew path of area 17

to be able to obtain these numbers by a bijective argument, we first describe the
following decomposition of skew paths according to the leftmost peak. The class of
all skew paths can be split into a class of all skew paths with a low peak (i.e skew
paths starting with ud) (see Figure 4.2(a)) and all skew paths with left most peak
at height at least two, like uuy, where v is a skew path (see Figure 4.2(b)).

(a) (b)

Figure 4.2: (a) A skew path beginning with a low peak and (b) a skew path whose left

most peak is at least 2

If the low peak is deleted, the skew path in the first class turns out to be an
arbitrary skew path (where the semi-base and area are decreased by 1). If we
remove the square determined by the left most peak, the skew path in the second
class turns out to be the arbitrary skew path (here the semi-base does not change
but the area is decreased by 2).

We define a(q; y) to be the generating function for the class of all skew paths with
respect to their area, marked by ¢ and to semi-base marked by y. The generating
function a(q;y) can be empty producing 1 or it can be of the class in Figure 4.2(a)
producing qya(q;y) or Figure 4.2(b) producing ¢*(a(q;y) —1). Combining the three
cases we get

a(q;y) = 1+ qya(q; y) + ¢(a(g;y) — 1)

a(g;y) — qyal(g;y) — Palgy) =1 — ¢

1— q2

algy) = ——.
1 —qy—¢?

(4.1)
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Therefore

2

algy) =D amq"y" = e (4.2)

_ — 2
k>0 n>0 1 ay q

Also if

ar(q) =Y ancd", (4.3)

n>0

then from Figure 4.2(a) agxi1(q¢) = qag(q) or from Figure 4.2(b) axi1(q) =
q?ar41(q). Combining these two cases we obtain

ar1(q) = qar(q) + ¢ars1(q)
q
1 _

ar+1(q) = Z ax(q)-

(4.4)

We know that there is only one skew path with semi-base zero that is the empty
path, then

ao(q) = 1. (4.5)
It follows from equation (4.4) that

a(q) = 7 qgak—l(Q)

e
ak(Q) - (1 _ q2)2ak—2(q>

¢
ak(Q) = (1 _ q2)ka0<q)

¢

O =
(4.6)
for every k € N. If we do a series expansion in (4.6) we get the number a,, for all
skew paths with semi-base k& and area n.

We know that there is one each skew path of area 0, 1, or 2i.e ag =a1 =ay =1
respectively. These initial conditions give us the recurrence a,.3 = ani2 + Api1-
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Thus we obtain a, = F,, for every n > 1, where F}, are the well known Fibonacci
numbers (defined such that F,, = F,,_; + F,,_5 for F; =0 and F; = 1).

Theorem 4.1. [6/The number of all skew paths having semi-base k and area n
18

ok k-1 S
- (z,777) if n = k(mod 2), (4.7)

otherwise.

e}

Proof

1Y () e

i ; (—k)(—k — 1)@_.!..(—1{ —itD) i
i ; (k) (k + 1);&(/{; +imD) i
Mﬂgg%lwmﬁglgﬁﬁim(lﬁf”k
e

Let n =21+ k

A ik p k-1

The number of skew paths with area n i.e a, = Zzzl ang 1s equal to the Fibonacci

number F,,(n > 1), therefore a, = >, _, (n%sz_l) =F,.

It is easy to show that a3 = 2, ay = 3, a5 = 5, ag = 8 and a; = 13, this

(4.8)

means that there are 2 skew paths with area 3, 3 with area 4, 5 with area 5 (this is
confirmed by Figure 4.3) etc.

P - V-

Figure 4.3: The 5 skew Dyck paths with area 5
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4.1.2 Enumeration of skew paths according to area and semi-length

Let f,(q) be generating function for all skew paths with semi-length n, where ¢
marks the area of the skew path.

We derive f,(q) by first obtaining the generating function g,(q,y), of all skew
paths with semi-length n , where y marks the semi-base and ¢ marks the area. This
gives f.(q) = gn(q,1). Let H(x,y,q) be the generating function of all skew paths,
where x marks the semi-length, ¢ marks the area and y marks the semi-base. From
Figure 1.4 (from Chapter one) we get

H(q,y,z) =1+ qyzH(q,¢*y, 2)H(q,y, %) + 2(H(q, ¢*y, ©) — 1). (4.9)
Let
H(qy,z) =) gnlq.y)x (4.10)
n>0

We know that there is only one skew path with area zero, then go(¢,y) = 1 and also
there is only one skew path of area 1 with both semi-length and semi-base equal to

1, iegi(q,y) = qu.
From (4.9) and (4.10) we get

H(q.y,2) =Y gulq, y)a"

n>0
= 1+qyeH(q,¢°y, v)H(2,y,q) + =(H(q, ¢°y, ) — 1)
=1+quz Y g0, °Y)2" D gnle.y)2" + 2> ga(e, *y)a" — .

n>0 n>0 n>0
(4.11)
By convolution rule we have
H(q,q*y. 2)H(z,y.9) = > _ gu(q.*y)2" > _ gnlq, y)a"
n>0 n>0
o~ k
=3 9i(q.v)gr-i(q. )"
k=0 =0
(4.12)

then

oo k
> oley)r" =1+ qur Y Y gl ) gr-i(q, Py + 2 gulg. y)a" —

n>0 k=0 =0 n>0
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k

n>0 k=0 =0 n>0
n—1
9n(0:9) = qv > 9:(a 1) n1-i(0, ) + gn-1(0, ¢°Y).
=0

(4.13)

Using computer algebra such as Mathematica we get the following equations

92(0,9) = v + ¢*y + ¢'v, (4.14)

93(0,y) = v + 'V + ¢y + 26°y° +2¢°° + "y + ¢*v7 + ¢y (4.15)
Therefore to find f,(q) we use the fact that f,,(q) = gn(q, 1) thus

fo(q) = ¢ + ¢ + ¢, (4.16)

B@)=@+¢"+3" +2¢"+¢" + @+ ¢ (4.17)

Remark. We can interpret the two equations (4.16) and (4.17) as follows. In both
f2(q) and f3(q) the coefficient of ¢® is 1. Summing up these coefficients we get 2.
This means that there are only 2 skew paths with area 3. This corresponds to ag = 2
in the previous Section 4.1.1.

The coefficient of ¢* is 1 in each fa(q), f3(¢) and f4(q), again this means that
there are only 3 skew paths with area 4, this corresponds to a, = 3 in the previous
Section 4.1.1.

If we continue in this way for ¢°, ¢% ¢7 etc we get 5, 8, 13 respectively. This
shows that the two methods of counting skew paths using different combination of
parameters produce the same results. Again this is the Fibonacci sequence.

Remark. We note that equations (4.16) and(4.17) are divisible by ¢?, ¢®, and
they are polynomials of degrees 22, 32 respectively. In general f,(q) is divisible by
¢" and is a polynomial of degree n?.

Let h,(q) be generating function for all Dyck paths with semi-length n, where ¢
marks the area of the Dyck path.

We derive h,(q) by first obtaining the generating function t,(q,y), of all Dyck
paths with semi-length n , where y marks the semi-base and ¢ marks the area, then
hn(q) = t,(q,1). Let T'(x,y,q) be the generating function of all Dyck paths, where
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x marks the semi-length, ¢ marks the area and y marks the semi-base. From Figure

1.2 (from Chapter one) we get

T(q,y,x) = 14 qyzT(q,¢*y, 2)T(q, y, z).

Let

(g, y,x Zt 7Y

n>0

We know that there is only one Dyck path with area zero, then #5(q,y) = 1 and also
there is only one Dyck path of area 1 with both semi-length and semi-base equal to

1, ieti(q,y) = qy.
From the two above equations we get

T(q,y,x thy

n>0

=1+ qy2T(q,¢°y,z)T(x,y,q)

—1+qyﬂczt 4,4 y)x Zt 7Y

n>0 n>0
then
© k
> talg ) =1+ qur Y > tilq,y)te—iq. ¢°y)x"
n>0 k=0 =0
oo k
"] talq,y)z" = 2] (1 +ay )Y tila y)hile q2y)xk“>
n>0 k=0 =0

n(4,y) —qyzt ¢ Y)tn-1-i(q, ¢%y).

Using computer algebra such as Mathematica we get the following equations

t2(q,y) = ¢’y* +q'y",
ts(a,y) = ¢°y’ + 26" + 4"y + "y
Therefore to find h,(¢q) we use the fact that h,(q) = t,(g,1) thus
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ho(q) =1,
hi(q) = q,
ha(q) = ¢* + ¢,
ha(q) = ¢* +2¢° +q" + ¢".

We can explain the above four equations as follows,
(1) there is only one Dyck path with both semi-length and area equal to 0

(49 = 5(607):

(2) there is only one Dyck path with both semi-length and area equal to 1

= 1P

(3) there are exatly two Dyck paths with each having the semi-length equal to 2
and the sum of their areas equal to 6 (42 — l(2(2”2)), and

2\ 241
(4) there are exatly five Dyck paths with each having the semi-length equal to 3
and the sum of their areas equal to 29 (43 — %(2(33}:1“2)), respectively.

We now conclude by saying that given all Dyck paths with semi-lengths n the
1

. . n 2n+-2
sum of their areas is equal to 4" — §(7"17) [12].
We now use an alternative method from the above, by defining skew paths with
left most peak. Let Fi(g,x) be a generating function where £ is the left most peak,
q marks the area and x marks the semi-length.

Let

flg) = Fulg) =Y falg)z" (4.18)

k>0 n>0

Figure 4.4: The decomposition of skew paths according to the left most peak
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We know that if there is only one skew path with no left most peak, then
Fo(q; ) = 1. We also know that a skew path with one left most peak can be decom-
posed as udy’, where 7/ € S (see Figure 4.4(a)), then we get Fi(q;x) = qzf(q; ).
For all skew paths with left most peak at least two we get the two following cases.

1. v = u*2di**1/ with 4/, not empty, starting with a down step and i < k
(see Figure 4.4(b)). The class of skew paths 7 is the same as the class of skew paths
& = u'y" where the left most peak is at level 7, with semi-length reduced by k +2 — i
and the area reduced by 2k + 3, this first case produces ¢**+3 S8 #*271F)(q; ).

2. v = uF*2dry, with 4/ starting with an up step or down step(see Figure 4.4(c)).

k+1./
Y

where the left most peak is at level £ + 1, with semi-length reduced by k& + 2 — i

Now the class of skew paths ~ is the same as the class of skew paths ¥ = u

and the area reduced by 2k + 3, this second case produces ¢?*+3 Yo TF(q; ).
Combining these two cases we get

Fk+2(q; )—q2k+3zl“k+2 zF q, 2k+3 Z xF q,
= i=k+1
r k
= ¢+ Z PP (g ) + P | ) Fi(ga) =Y Filg fv)]
=0 i>0 i=0
k r k
_ q2kz+3 Z xk+2—zFi(q; 23) + q2k+31: f((]; x) o Z E(q; Zlf)]
i=0 i i=0
k
Z k2= B (s 2) 2 4 e f (g ).
i=0
(4.19)
We know that Fy(q;z) =1 and Fi(q;z) = qo f(q; ©) now
Fgz,y) =Y Fulg )y (4.20)

k>0

Here y marks the left most peak. We prove the following theorem by using (4.19)
and (4.20).

Theorem 4.2 [6]
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3 2 2
qx ¢r—=x
F(gz,y) =1+ Y fgx) - ( )y

F(q;z.q%y). 4.21
1—q% (1= q?xy)(1 — ¢2y) ( v) (4.21)
Proof
F(q;z,y) = Fo(q; ) + Fi(g; )y + Fa(g;2)y* + ...
=1+ quf(ga)y+ Y Fraa(qz)y*™
k>0
(4.22)
from (4.19)

k k

> Frepalg o)y = <q2’“+3y’“+2 > AT (g ) + Py [f (g2) =Y Filg; fv)] )

k>0 k>0 i=0

_ Z q2k+3 k+2 Zka zF q, + Z q2k+3 k+2 q, Z q2k+3 k+2 Z F q,
k>0 k>0

k>0

(4.23)
then we get

F(q;x,y) =1+ quf(q;x)y+

k k
Z <q2k+3yk+2 Zxkﬂ—iﬂ(q; z) + q2k+3xyk+2 [f(q; z) — Z Fy(q; x)])
k>0 ‘ J

=0
qry

3 — 22)2
5 f(gr) — 7 v

=1+ F(q;z.q%y).
1—q¢% (1= q*zxy)(1 - ¢?y) ( )

(4.24)
We first derive the middle term J]Lyzf(q; z) of (4.24), in (4.23) from Y, -, ¢* 3 f (q; x)y*+?
we get,

f(g; x)zgy?
> Paf(g )yt = Ha2)ray =
=0 1—q%y
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Since Fi(q;x) = qz f(q; x), then we have

Fi(g;2)y = qf(q; )y
(I =y)gxfq;x)y
N 1—q%y
~ fgx)qey — f(g; x)zqy”
B 1—q?y '

Now we get the middle term as follows

g f(g o)y + > e f(g )yt

k>0
_ f@2)azy — flg2)2g’y” | fla0)2q’y’
1—q% 1—q%
gy
=—flg).
- ¢y (

1

Having found the middle term of (4.24), we have to find the last term
30 2),2
-2y

(1= ¢?zy)(1 - ¢°y)

Z q2k+3 k+2 Z $k+2 1F q’ Z q2k+3 k+2 Z F q’

F(q;z, ¢%*y), from (4.23) we get

k>0 k>0
_ Z (Z[xk+2_i _ ZL’]FZ'((]; x)q2k+3yk+2>
k>0 =0

=y’ ( (g2) Y 2" y* g2 — Fi(g;v) vaykq%>
>0 k>1 k>i

— Y { 2)2?y'q®  aFy(ga )quq
L 1-2¢?y 1—yq?

_ .23 7 22 7 21

=g ll_quZFq, QZF(]; ]

>0 >0

s o F(gxye?)  xF(q;x;q%y)
=y°q |x S 5
1 —2zq%y 1 —yq
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22 — 22yq® — x + 2yq?
(1 —2zq?y)(1 — yq?)
¢ (x — 2?)y?

Tyl q2y)F(q;x’ )

=y’ F(q, 2, ¢*y)

¢’(x — 2?)y?
(1= ¢ry)(1 - ¢?y)

@y L. Cle—2?)y’
1- quf( ) (1 - q?ry)(1 - ¢*y)

F(g;x,q%y), thus

We now have prove that the last term is —

Flgz,y) =1+ Fq;z,q%y),

as required.

Theorem 4.3 [6]

(_1)qu(2k+1)(x - 1:2)k

Zkzo (1—q%x)...(1 — ¢*2x)(1 — ¢?)...(1 — ¢?F)
(_1)qu(2k—1) (3:‘ o 5132)]“
—¢*)..(1=¢) (1 —z)(1 — ¢*2)...(1 — ¢*°x)

flgz) =

ZkZO (1

Proof
We see that to get F(q;z.¢*y), we need to replace y by ¢*y in F(q;z,y) from
Theorem 4.2, then we get

2 3 2\ 4,2
qxq’y ¢ —2°)q"y
flg;x) —

1 —q*y (1= q?2q¢%y)(1 — q*y)

Flgz,¢’y) =1+ F(g;z,q"y),  (4.25)

then we substitute (4.25) into Theorem 4.2 and get

3 2 2
qzy ¢(z— a7y
Flgz,y) =1+ flgz) =
(2,9) 1—q% (&) (1= ¢?zy)(1 - ¢*y)
2 3 2\ 4,2
qzq*y ¢(x —2%)q"y 4
x [ 14 flg;x) — Fq;x,qy>-
( 1—q4y( ) (1 —q?zq¢%y)(1 — q*y) ( )

(4.26)
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We simplify (4.26) and get

2

qry L, ¢*(x —2%)y
1— quf( @) (1= q*zy)(1 — ¢%y)
a2z’ f(g @)

(1= ?zy)(1 - ?y)(1 — ¢*y)

¢"(z — 2*)*y'F(q; 2, q"y)
(1 = @xy)(1 = ¢*zy)(1 — ¢?y)(1 — ¢*y)

F(gz,y) =1+

(4.27)
We iterate and obtain
B ( 1)qu(2k+1)( 2)ky2k
Flany) =1+ ,; 1—q?zy)...(1 — ¢**zy)(1 = ¢*y)...(1 — ¢**y)
k 1qk(2k 1)$k(1 _ l’)kily%*lf(q;a?)
i ,; 1= ay)..(1 = ¢?* Vay)(1 = ¢?y)...(1 — ¢**y)
Now we know that F'(¢;x,1) = f(q;x), therefore
(—1)kgh@h+D) (5 — g2)k
e L Y ey [ ey O ()
flgz) = (— 1) Lgk2k=1) 2F (1 — z)k1
e T ) - ) (- )
(— 1)qu(2k+1 (z — 22)F
220 (1= 27) (1 — @)1= @A) (L= )
flg;z) = (_1)qu(2k 1) (z — 22)* ’
2o [T ) (1= ) (1= 9)(1 = @)(1 = &%)
(4.28)

as required.
Using Mathematica to expand (4.28) we obtain the following polynomials

folg) =1,
filg) =1
folq) = ¢+ ¢+,
@) =@ +¢" +3¢° +2¢° + "+ ¢ + ¢.
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4.2 Superdiagonal bargraphs

A bargraph is a colunm-convex polyomino where all the columns are bottom justi-
fied. Bargraphs are well know combinatorial objects, in this section we will study the
enumeration of bargraphs according to semi-perimeter. We consider a special case
of bargraphs called superdiagonal bargraphs, derived from skew paths in a natural
way. In each skew path 7 from (0,0) to (2n,0) we can form a superdiagonal bargraph
B(v) whose boundary is defined by the path + itself, rotated anti-clockwise by 7,
and by the lines y = 0 and 2 = n (see Figure 4.5).

(@) (b)

(r, n}

0.0 (2n, 0) (0, (1)

Figure 4.5: A skew Dyck path with corresponding superdiagonal bargraph

4.2.1 Enumeration of superdiagonal bargraphs according to semi-perimeter

In this Subsection we solve the problem of enumerating all superdiagonal bargraphs
according to their semi-perimeter. We easily see that the perimeter of a superdiag-
onal bargraph B(y) is given by the skew path 7 of semi-base n. Let u(y), d(v),
and [(7) denote the numbers of up, down and left steps in 7 respectively. Therefore
we have n = d(vy) and [(y)+d(y)=u(y). Thus the perimeter of B(7y) is given by
L(y)+d(y)+u(y)+2n=2(u(7)+d(7))-

We define S(z, y) to be the generating function for skew paths, where x marks the
number of up steps and y marks the number of down steps. The generating function
b(x) for super-diagonal bargraphs according to semi-perimeter, can be derived from
S(z,y) by setting = = y, so that b(z) = S(z,z). Using equation (1.4) for skew paths
we get the equation:

S(z,y) =1+ 2yS*(z,y) + 2(S(z,y) — 1), (4.29)

from which we get
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—(z—1) = /(z —1)* — A(zy)(1 — 2)

B 1 —x— /22 — 22 + 1 — day + 422y
B 2xy

B 1—;1:—\/1—2x+$2—4xy+4:v2y
B 2y '

(4.30)

We let © = y in equations (4.29) and (4.30), this produces the generating function
b(x) as follows,
2*b(z)? — (1 —2)b(x) +1 —2 = 0. (4.31)

From (4.29) we get

_l—x—\/l—Zx—3x2—|—4x3

b(x) = 4.32
(@) = (1.32)
We show that b(z) = C(%), from the generating function of the Dyck paths
1—+v1-4
C(z) = —Z, we have that
2z
22 1—4/1— ffi
(%)
1-w 2%
A2
L—/* 17;
- 22
1—x
Cl—z—/(1—2—42?)(1 —2)
B 222
1—2—+V1—2x— 322 +423
b(x) = .
22

(4.33)

Now we want [2"]b(z) = by, we use b(z) = C(-2-) and C(z) = > k0 Ck2".

11—z

!

bn:[xn]ZCk(li

k>0
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=[2"]>_ Cra™ > (_;k>(_q)jxj

k>0 7=>0
. k+j—1\ |
=[x ]ch2< E 1 >x3+2k'
k>1 >0

Let n = j + 2k then

n—1
n—kFk—1
bn_E:( L )q,

k=1
(4.34)

Now we conclude that the number of superdiagonal bargraphs with n columns are
counted by E:Z;i(”fk*l)C%.

k—1
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Chapter 5

Moments of Generalized Motzkin
Paths

In this chapter we study the paper titled Moments of Generalized Motzkin Paths
by [20]. We consider the paths and their moments, the recurrences, enumerating
restricted paths, factorial moments, area, and second moments.

5.1 The paths and their moments

Let w be a non-negative integer. We consider the lattice paths in the Cartesian plane
with up steps v = (1, 1), down steps d = (1,—1), and horizontal steps ¢ = (w, 0)
(where horizontal steps are a multiple of w). If we have w = 0, then only u steps
and d steps are allowed. The steps v and d are each weighted by assigning 1 in each
of them, the ¢ step is weighted by assigning it with ¢. We have the ¢t-weight of the
path P, denoted by |P|, which is the product of the weights of its steps and we have
the t-weight for the set of paths S, denoted by |S|, which is the sum of the t-weights
of the paths in the set S.

We define U(z,y) to be all unrestricted lattice paths using the allowed steps
starting from (0,0) and ending at (z,y). Let M (x,y) denote the generalized Motzkin
paths which is the set of paths in U(x,y) that starts at (0,0) and end on the z-axis.
In this chapter we are interested in the set of elevated paths, which is denoted by
E(z,y), we define E(z,y) to be those paths in M (x,y) that never touch the x-axis
except at (0,0) and at the end of the path. For an example, see Figure 5.1 and the
left column of Table 5.1 which shows the seven elevated Motzkin paths in E(6,0)
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when w = 1.

AN AT AT T INATY
1 AT

Figure 5.1: The seven elevated Motzkin paths of E(6,0)

Let f,(w) = |E(n,0)| with n > 2, and for all w, we define fo(w) = fi(w) = 0. If
we let ¢t = 1, we find that there are three well known sequences from this notation,
we know that for w = 0, we only have the up u steps and down steps d. Then
we have the paths F/(n,0) which are called elevated Dyck paths the elevated Dyck
sequence is (f,(0))n>2 = (1,0,1,0,2,0,5,0, 14, ...), which is the sequence of (aerated)
Catalan numbers. If we let w =1 and ¢t = 1, then we get the sequence (f,(1))n>2 =
(1,1,2,4,9,21,51,127,323, ..), which is the sequence of Motzkin numbers. Finaly
if we let w = 2 and t = 1, then we have the following sequence (f,,(2)),>2 =
(1,0,2,0,6,0,22,0,90,0,394, ...), which is called (aerated) large Schréder numbers.

Let the path P be the curve in E(n,0). Let (j, P(j)) for j € [0,1,2,...,n], be
coordinates on the path P. Let the r** moment of the path P be ﬁ Z;L:_ll p(j)"

We define the zero' moment of P to be equal to 1. It is clear that > o<j<n PU)
is the area bounded by the path P and the z-axis.

Path | Contribution | Contribution | Contribution | Contribution
to fe(1) to ge(1) to Total Area | to hg(1)
uqugdd | t? 7t2/5 7t2 112 /5
wuqdqd | t2 7t2/5 7t2 112 /5
wugqdd | t? 8t2/5 8t2 142 /5
wudqqd | t? 6t2/5 6t2 8t2/5
uqqudd | t? 6t2/5 62 8t2/5
uqudgd | t? 6t2/5 62 8t2/5
uqqqqd | t* 5t4/5 5t4 5t /5

Table 5.1: fs(1) = 6t2 4 t*, ag(1) = 40t> + 5t*, gg(1) = 8% + t* and hg(1) = 12t% + ¢4

For w > 0 and n > 2, we first define the sums f,(w), a,(w), g,(w), hy,(w) of the
t-weighted moments for the path set E(n,0) as follows,
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falw) =|En,0)[ = Y|P, (5.1)

PcE(n,0)
n—1
an(w) =Y |[P|>_P(), (5.2)
PeE(n,0) J=1
|P| n—1 .
gn(w) = Y EZP(J% (5.3)
PeE(n,0) Jj=1
Pl K= e
ho(w) = > EZPU)' (5.4)
PcE(n,0) Jj=1

We now do an example for the case E(6,0) using Table 5.1, where there are only
seven elevated Motzkin paths of E(6,0) (see Figure 5.1).

Example 5.1

We start by finding fg(1). In Table 5.1 there is only one graph with 4 horizontal
steps ¢’s. The other 6 graphs all have 2 horizontal steps. Where each horizontal
step is marked by ¢.As each ¢ is weighted by a t we have six t?’s and one t* as shown
in Table 5.1.

Thus f6(1) = Y pepeo [Pl =+ 12+ + 2+ 12 + 12+t = 61 + 1%,

For ag(1) we have

5
ag(1) = > [P P).
PeE(6,0) Jj=1

Here we add all the unit heights in each graph in Figure 5.1. For example in the
graph uquqdd we have the heights

P(1) 4+ P2)+P3)+PA4)+P(B)=1+1+2+24+1="T.

But there are two ¢’s in uquqdd and thus we get t2. Hence uquqdd contribute 7t
to ag(1). We do the same for all the other graphs. The results are shown in Table
5.1. For all seven graphs in Table 5.1 we get

ag(1) = Tt? + Tt + 612 + 6t + 612 + 5t* = 40t? + 5t*.

We do the same for

w= 3 Eypy)

PcE(6,0) J=1

as for ag(1) except that we divide ag(1) by 5. Thus
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T T 4 6% + 617 4 6t + 5t 40t% + 5t

1 = 8t% + 1.
Now for hg(1), using the graph uqugdd and from the formula
5
he(1) = 17| P(j)?
=3 PG (55)
PeE(6,0) Jj=1
We get
t2(P(1)* + P(2)*+ P(3)*+ P(4)* + P(5)?)
5

(14 14+4+441)
B 5
112
5

11¢?
Thus uqugdd contribute - to hg(1). Now adding the results from all the seven

1182 + 11¢% + 14¢? + 8t* + 8% + 8¢ + 5t
graphs we get hg(1) = i i AR e e S LA DY + 1t

5
If we let t =1 from the above discusion we obtain the following results,
(1) there are only 7 (fs(1) = 7) elevated Motzkin paths with n = 6,
(2) the total area for all elevated Motzkin paths with n = 6 is 45 (ag(1) = 45),
1)=9

),

(3) the total average area for all elevated Motzkin paths with n = 6 is (gg(

and
(4) the total second moment for all elevated Motzkin paths with n = 6 is 2.2
11
(he(1) = —).

5.2 The recurrences

Let w > 0. We now state three recurrences for the sequences (f,(w))n>2, (gn(w))n>2
and (h,(w)),>2 which we are going to prove in Sections 5.3 and 5.5,

nfn =4 —3)fro+ (20 — 3w)tfr_w — (1 — 3W)E* fr_ow. (5.6)
(n—1)gn =4(n —3)gn_o+ (2n — 2w — Dtgy_ — (n — 2w — Dt?gp_0w.  (5.7)
(n—2)hp =4(n —3)hpo+ 2n —w — Dth, oy — (0 —w — 2)t*hy_2,.  (5.8)
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Proposition 5.2.1 [20] In the above three recurrences, let w = 0 and t = 0 then
the three sequences (f,(0))n>2, (9n(0))n>2 and (h,(0)),>2 produce the following three
elevated Dyck paths recurrences;

nfn(o) = 4(” - 3)fn72(0)7 (59)
(TL - 1)gn<0> - 4(” - 3)gn—2(0)7 (510>
(1 = 2)h(0) = 4(1n — 3)hn_5(0), (5.11)

for any n > 3, given the initial conditions f,(0) = ¢,(0) = h,(0) = 0 for all
n < 2 and f5(0) = go(0) = ho(0) = 1.

From the above three equations (5.9), (5.10) and (5.11) we set n = 2k 4+ 2 and
get

Proposition 5.2.2[20]

1 2k
f2k+2(0) = k——|—1<k> = Ck;

which 1s all the number of elevated Dyck paths with k + 1 up steps,

4k
92k+2(0) = m7

which is the total average area for all elevated Dyck paths with k + 1 up steps, and

hak12(0) = (2:) :

which 1s the total second moment for all elevated Dyck paths with k + 1 up steps.
Proof of Proposition 5.2.2
We start with for2(0) = #1(2:), taking into account that f»(0) = 1.
From equation (5.9) we have

nfn(0) =4(n — 3) f,—2(0)

=4(n —3)(4n —5) f;_(g)
-5, fuel0
B n—2 Hn—=17) n—4
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_ 4T n=3)(n=5)(n—7)..(3)(1) >
(n—2)(n—4)..(6)(4)

B 2 x 4271 (n —2)!

(=2 —4)..(6)(H(2)]*

(5.12)

Now for n = 2k + 2

2 x 427 (n —2)!
[(n = 2)(n —4)...(6)(4)(2)]?
2 x 4k (2k)!
(2k + 2)[(2k)(2k — 2)...(6)(4)(2)]2
o 2x 4R (2k)
—2(k 4 1)22k(k!)2

1 (2%
Ck+1\ k)

4k
2k+17

fn(o) = n

fory2(0) =

(5.13)

Secondly we consider ggy42(0) = taking into account that go(0) = 1.

From equation (5.10) we have

(n = 1)gn(0) = 4(n — 3)gn—2(0)
— 4(n — 3)4(n — 5)g;i(g)
RECEL TR IS
50— 3)(n = 5)(n — 7). (3)(1)g(0)
1 —3)(n=5)-(5)3)

=431
(5.14)

Now for n = 2k + 2




(5.15)

Lastly we consider hgg12(0) = (Qkk), taking into account that hy(0) = 1.
From equation (5.11) we have

(n —2)h,(0) = 4(n — 3)h,_2(0)
hy—4(0)
n—4
) 45 Y(n —3)(n —5)(n —7)...(3)(1)h2(0)
(n—4)(n—6)---(4)(2) ‘

= 4(n — 3)4(n — 5)

(5.16)
Now for n = 2k + 2
B 4271 (n —2)!
hn(0) [(n—2)(n—4)...(6)(4)(2)]?
4%(2k)!
hay+2(0) = [(2K)(2k — 2)(2k — 4)...(6)(4)(2)]?
_ 4%(2k)!
22k(kI)2
2k

-(%)

(5.17)

as required.
From equations (5.2), (5.3) and (5.15) we get the total area for all elevated Dyck
paths with k + 1 up steps to be ag;2(0) = 4% see [21].

We illustrate the above discusion with the following two examples.

Example 5.2 We use the unit heights to calculate the areas of the Dyck paths
as in Example 5.1.

(1) Figure 5.2 shows that for k = 0 (with one up step) there is exactly one elevated
Dyck path (f2(0) = 515 (5) = 1) with area equal to 1 (a2(0) = 4° = 1)(there is 1
unit height on the graph) satisfying the initial condition f(0) = g2(0) = h2(0) = 1,

(2) for k=1 (with two up steps) there is exactly one elevated Dyck path

(f4(0) = ﬁ (2) = 1) with area equal to 4 (as(0) = 4)(there are 4 unit heights on
the graph), and
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(3) for k = 2 (with three up steps) there are only two elevated Dyck paths
(f6(0) = 515 (5) = 2) with area equal to 16 (ag(0) = 4?)(there are 16 in total unit
heights on the two graphs).

k=o I\

k=1

Ryl
I e SN

=
1
e

Figure 5.2: The illustation of elevated Dyck paths using unit heights.

Example 5.3 Now from Chapter four we used unit triangles to count the areas
of the Dyck paths, using these unit triangles from Figure 5.3 we get the same results
as on the Example 5.2 as follows,

(1) For k = 0 (with one up step) there is exactly one elevated Dyck path

(f2(0) = ()%1(8) = 1) with area equal to 1 (az(0) = 4°)(there is 1 unit triangle on
the graph) satisfying the initial condition f5(0) = ¢2(0) = h2(0) = 1,

(2) for k£ =1 (with two up steps) there is exactly one elevated Dyck path

(f4(0) = H%(f) = 1) with area equal to 4 (as(0) = 4)(there are 4 unit triangles
on the graph), and

(3) for k = 2 (with three up steps) there are only two elevated Dyck paths

(f6(0) = 2%1(;) = 2) with area equal to 16 (ag(0) = 4?)(there are 16 in total unit
triangles on the two graphs).

VAN

Vol |
2 s A

Figure 5.3: The illustation of elevated Dyck paths using unit triangles.
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We conclude by saying that these two methods give us the same set of solutions
when we use different parameters (unit heights and triangles) to enumerate the
elevated Dyck paths, and their areas.

5.3 Enumerating restricted paths

In this section we will derive the restricted paths recurrence
nfn =4 —3)fro+ (2n — 3w)tfrw — (1 — 3W)E fr_2w (5.18)

from the previous Section.

Let M(z):=M =), .,|M(n,0)|z" be the generating function for the Motzkin
paths. B

We note that M (n,0) can be an empty path or it can start with an g-step or it
can leave the z-axis right from the beginning and return to the x-axis for the first
time.

Let L =J;~, M(n,0). Then we have the decomposition shown in Figure 5.4.

Figure 5.4: The first return decomposition of the Motzkin path

We now form the equation from the first return decomposition
L= U:LOZO M(nv 0)7
L={c}UqLUuLdL. (5.19)

We now assign z to mark each of the horizontal, up, and down units steps. t weight

each horizontal H = (w, 0)-step, and 1 weight each up and down steps. We have
M(z)=1+1t2"M(2) + 22 M(2)*. (5.20)

Solving the above equation for M(z) by using the quadratic formula (in 5.21 we

consider the negative square root since we get M (0+) = lim, (M (z) = 0, and ignore

the positive sign since it produces M(0) = 2 = c0) we obtain

B 1 —t2% — /1 — 422 — 22w 4 (222w

M(z) 222

(5.21)
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From the previous section we know that f,(0) = 0 for all n < 2. Consider the
generating function F'(z) = >~ -, f,2". Then from f, o = [M(n,0)|. Now

1 — 120 — /T — 422 — 242w 1 (2520
Fz) = —2= v 22 e (5.22)

1—12%
and we get ¥(z) = F(z) — 5 il

. Then

VT =422 = 2tz + 2570
(o) = YL 82 = L (5.23)

We note that the coefficient of 2" in the series expansion of both ¥(z) and F(z) is
the same. Therefore they should have the same coefficients f,, as F'(z), unless n =0
orn = w.

Taking logarithms and differentiating we have
1 =422 — zw 122w
In¥(z) =In ( v - 5 T ) then we differentiate as follows:

d d —V/1 — 422 — 2tzw 4 (222w
— InV¥(z)=—1
Az (2) dz n( 2 )

U(z)  —8z— 2wtz + 2wtz
U(z)  2(1 — 422 — 22w + 222w)

(1 — 427 — 262" + 222)0/(2) + (dz + wtz" ' — wt?2® H¥(2) = 0.

(5.24)
expressing (5.24) as powers of z we obtain (5.25).

(1 — 427 — 262" + 122%) Z nfa 2"+ (42 + w2 — w2 Z faz" =0
n>2 n>2

(5.25)
We multiply both sides of (5.25) by 2z and extract coefficients of 2™

(1 — 422 — 22" + 122*) Z nfnz" + (42 + w2z~ —wt?2? ) Z fo2" =0
n>2 n>2

nfn —4n —2) fr_o —2t(n — w) fr_w + t2(n — 2W0) fr—ow + 4fn_o2
+ wtfn—w - thfn—Qw =0
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nfn =4(n —3) fu_a+ (2n — 3W)t fu_w — (0 — 3W)E* frr_20.
(5.26)

as required by the first recurrence (5.18).

5.4 Factorial moments

In this Section we introduce factorial moments. This will help us to derive the last
two recurrences namely (5.27) and (5.28),

(n—1)gn =4(n —3)gn_2+ (2n — 2w — 2)tgn_w — (N — 2w — Dt?gp_20  (5.27)
and

(n—2)h, = 4(n —3)hy_o+ (20 —w — Dth,_p — (n — w — 2)t*hy 2. (5.28)
We consider the following falling factorial moment,

p(n.r) =PI Y (PO (5.29)
PcE(n,0) 0<j<n
Here (n), =n(n —1),_1, and (n)y =1
We first prove three lemmas that we will need in order to prove Proposition 5.4.3.
S22 2

L 5.4.1 20 =
crmma 2 ey T G -1
Proof

From the generating function M (2) = 1+ tz“M(2) + 22 M (2)?, we get

(1 —t2")YM(2) =1+ 22M(2)?
(1—t2")YM(2) —2=—1+ 2*M(2)*
(1 —t2")M(2) = 2)* = (1 — 2"M(2)*)*,

hence we have

2M* 22 M?
(1—22M2)2 (1 —tzw)M — 2)2
22 M?
T (1= tz2v)P M2+ 4 —4(1 — tz*)M
22 M?

(1— t29)2M2 + 4 — 4(1 + 22M(2)?)
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22 M?
(1 —tzw)2M? — 422 M2
2

(1 —t2w)2 — 422’

(5.30)
as required.
Lemma 5.4.2 [20] Gl = (L tzr — 0 - t20) - 422).
1 —22M? 2¢/(1 — t2w)2 — 422
Proof
From the equation M(z) = 1—t2" — /1 —24222 — 2tz 1222 we derive the
following three equations. :
Let
A =1—42" —2t2" + 1222 = (1 — t2")? — 427, (5.31)
This gives
222M(z2) = 1 — t2¥ — /A (5.32)
Therefore
22 M? 422 (22 M?)
1—22M2 422(1 — 22M?)
(222 M)?
. (222M)?
_ (-t VA
C 422 — (1 —tzv — /D)2
(1=t — VB
T 422 — (1= t2v)2 4+ 2(1 — t2v) /A — A
(1 —tz" = VA
A2 —tze) /A - A
(-t VAP
20+ 2(1 — t2w) /A
(-t - VB
/A0 -t = VD)
(-t VA
= N/

(1—t2" — /(1 —t2w)2 — 422)
2¢/(1 — tzw)2 — 422

Y
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(5.33)

as required.

We define an Iverson Z(B), where Z(B) = 1 if B is a true and Z(B) = 0 if B is
false. Let (i, k) be a point at the end of the path P or let (i, k) be a point inside the
horizontal step of the path P. This horizontal step will start from (j, k) and stops
at (j+w, k). Let @ be any path in E(j, k). Let R and R’ be two paths such that R
starts from (j, k) and stops at (n,0) and R’ starts from (j+w, k) and stops at (n,0):
By symmetry, R can be matched with a path in E(n — j, k). Let m(j, k) = |E(j, k)]
then m(n — j, k) = |E(n — j,k)|.

We now use Lemma 5.4.1, Lemma 5.4.2, u(n,r) and the above definitions to
prove Proposition 5.4.3.

Proposition 5.4.3 [20] Let r be a positive integer then

r—1
rlz22"(1 + (w — 1)tz") (1 —tz% — /(1 — tzv)? — 4z2>

nzz;u(n, r)2" = TV e FOay . (5.34)
Proof
From equation (5.29) with n > 2, we have
pnr) = 3 1P S (P
PEE(n0)  0<j<n
=>_.> > (kLIPIB(P(j) = k)
P Ek>00<j<n
=2 2 2 (WPIB(PG) =)
k>0 0<j<n P
= Z(k)’" Z Z |P|(B((j, k) is the end of P) + B((j, k)point inside of P)
k>0 0<j<n P
=D (k) Y D IQURI+ Y (w = QI R]
k>0 i>0 Q,R Q.R'
= Z(k>’"[z m(i, k)m(n —i, k) + (w — 1)t Z m(i, k)m(n —i —w, k).
k i i
(5.35)

Multiplying p(n,r) by z" and summing up n from two to infinity we get,

Z w(n,r)z

n>2
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Z ZZmzk; n—z’,k;)z"+(w—1)tZZm(i,k)m(n—i—w,k)z"]

k
By the Binomial Theorem

k>r
rl(z2M?)"
(1 — 222y
S22 (22 M)
(1 — 22M2)2 (1 — 22M2)r 1
22 M? 22
(1= 22M2)2 (1 —tzv)? — 422
M2 (1=t — /(1 — t2v)? — 422)
1—22M2 2\/(1—tzw)2—422 :

From R we get

From ** we get [1 + (w — 1)t2"]

=71+ (w— 1)tz"] R

Then by Lemmas 5.4.1 and 5.4.2

and

22 (1 =tz — /(1 —tzw)? — 422)71
(1 —tzw)? — 422 (2¢/(1 — tz0)2 — 4z2)-1
el (14 (w — 1)) (1 — t2” — /(1 — t2v)2 — 422)7 !
27"—1(\/(1 — t2w)2 — 422)r+1 ’

rl[l 4 (w — 1)tz"]

(5.36)

as required.

To establish this string we first note that each path in E(j, k) must depart from
each line y = d, for integer d, 0 < d < k, for a last time, hence a simple convolution
argument shows that the generating function for m(j, k) (see Figure 5.5) satisfies

> m(j, k) = (zM(2))".

j
5.5 Area and second moments

In this Section we prove the total average area recurrence formula,

(n—1)gn =4(n —3)gn_2 + (2n — 2w — 2)tgr_w — (n — 2w — Dt?gp_20, (5.37)
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=1+ (w—1)tz"] Z(k;)r(zM)%** From * to ** see comment at end of the proof.
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Figure 5.5: This Figure shows the k¥ Motzkin paths departing from line y = d

and the total second moment recurrence formula,
(n—2)hp =4(n —3)hp_o+ (2n —w — D)th,_p — (0 —w — 2)t*hy_2y,.  (5.38)

5.5.1 The recurrence (5.37)

We start by proving the total average area recurrence formula
For r=11in u(n,r) =3 pcpio) 1P 20<jcn (P (1)) we get

wn )= 3 1P PG).

PcE(n,0) Jj=1

We see that from equation (5.2) an(w) = 3 pc ) [P Z;:ll P(j) we get

pu(n, 1) = a,(w) = a, therefore for r =1 in

L 2+ (w— 1)) (1 — 2" — /(1 — tzw)? — 422)171
n,1)z" = 7
ZN( ) 21_1<\/(1 — {2w)2 — 422)1H1

n>2

we have
221+ (w — 1)tzv)
W2 = ) 5.39
S = S0 o

n>2
We now prove the recurrence (5.37) by using the two formulas from equations (5.2)

and (5.3),

wmw)= Y 1P PG).

PcE(n,0) J=1
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and

PcE(n,0) Jj=1

Relating the two equations we get

(n = Dgn(w) = an(w)
Z(n — Dgp(w)z" = Zan(w)z”.

n>2 n>2
(5.40)
We proceed as follows
(1 —1)tzv
Zanznzz( + (w— 1)tz")
(1 —tzw)2 — 422
n>2
cross multiplying we get
(1 =t2")? = 42°) Y 2" = 2°(1 + (w — 1)tz")
n>2
substituting a, = (n — 1)g, we get
(1 —t2")* — 42?) Z(n —1)gn2™ = 2*(1 + (w — 1)t2").
n>2
(5.41)

Now we extract the coefficients of z" as follows,

[2")(1 = 42% = 262" + £22) > (n = 1)gn2" = [z"](2°(1 + (w — 1)t2"))

n>2
(n—1)gn —4(n —3)gn_o —2t(n —w — 1)gn_w +t*(n — 2w — 1)gp_24 = 0
(n—1)g, =4(n —3)gn—2 + (2n — 2w — 2)tgp_ — (N — 2w — 1)2529”,21”,
(5.42)

as required in equation (5.37).

5.5.2 The recurrence (5.38)

We now derive the total second moment recurrence formula (5.38)
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We use the total second moment formula (5.4) h, (w) = 1Pl
Let h,(w) = hy,

We consider the following falling factorial moment

plnr)y =Y [Pl Y (P()

PeE(n,0) 0<j<n
Here (n), =n(n —1),_1, and (n)y = 1.
Now let H(z) =
for h,,. Then

-3 PG)

ZPEE (n0) 5, —

Y nso hn2" be the generating function for the second moment

= Z hpz"

n>2
n—1
D DRI B
n>2 PEE(n,0) j=1

Now we use the following factorial moments
(P()1 + (P()2 = P(j) + PG)(P(j) — 1) = P(j)°
to get

-1

> X n_lz P(j))s + (P(j))2)="

n>2 PeE(n,0)

DI DN YCIES SIS

n>2 PecE(n,0) Jj=1 PecE(n,0)

We know that

pn1)= > P Y (PG and p(n,2) = D |PI Y (P():

PeE(n,0) 0<j<n PeE(n,0) 0<j<n

Therefore we get

H(z) = 3 (1) + u(n, 2))2"

(5.43)
In Proposition 5.4.3 let »r = 2 and r = 1. Then

Z 1 (n,2)2" = Z 1 2022(1 + (w — D)tz) (1 — t2* — /(1 — t2°)% — 42%) 2"

on—1 mn—l 2(y/(1 — t2w)2 — 422)3
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and

Z 1 j(n, 1)z = Z 1 221+ (w— 1)tzw)z”<\/(1 —tzv)? — 422>

n>2 1 nZQn_l (1 —tzv)? — 422 \/(1_t2w)2_422
B Z T 22(1+ (w— )t2v)2"(y/(1 — t2v)2? — 422)
no2 VT 1 (V(1 —tzw)? —422)3
respectively.
We have

()= 3 (aln, 1) + ln, 2)="

=23 (1) + pln, 2))

n>2
/Z (n,1) + pu(n, 2))2"2dz
n>2
— 1)tz) (1 — t2v
/rjzj U) tZ )( 1z )Zn—QdZ
n>2 —tzw)? — 42%)3

22

V-t —422)

from paper [20] it is stated that we get H(z) =

(5.44)

Let W(2) =), oo hn22" = = and
In(¥(z)) = 5+ In((1 — t2*)* — 422).

Now we differentiate In(¥(z)) = 3t In((1 —¢2*)? — 42?) with respect to z and get

V(z) 4z twz'"! — w0

\I/(z) (1-— tzw) — 422

(1 — ) 4z2)\1f'( ) — (42 + twz""t — w2 (2) =0

(1 - Z Nhpyoz™ 't — (42 + twz""1 — w1 Z Rpyoz™ =0
n>1 n>0
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[2"72)(1 — 42% — 2t2" + t22%Y) Z Nhp 2™ — [2"7%) (42 + tw2""! — w21 Z B2z =0
n>0 n>0

(n—2)hp —4(n — D hp_o — 2t(n — W — 2)hy_yy + 12(n — 2w — 2) R0y — 4hp_o — twhy,_y,
+ t2wh,, 9, = 0
(n—2)h, = 4(n —3)hy_o+ 20 —w — Dth,_y — (n — w — 2)t*hy, 90,

(5.45)

as required in (5.38).
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