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Preface:

The work to  be covered by the  ensuing d i s s e r t a t i o n  was l a r g e l y  mot iva ted 

by two problems encounte red  by the au t ho r  whi le  working in p r a c t i c e .

F i r s t l y  a t  the  H.R.U* in S t e l l e nb o s c h ,  Cape.  Here,  the  u n i t  was concerned 

wi th the phys i ca l  mode l l ing  o f  coas t a l  r e g io n s ,  wi th the  expres sed  purpose 

o f  de te rmining  the gecmorphological  e f f e c t s  o f  man-made s t r u c t u r e s  such as 

harbours  o r  mar inas .  A we i r  was c on s t r u c t e d  " o f f  shore"  o f  the  model ,  and 

i t s  he ight  was c o n t r o l l e d  by means o f  a small  t h y r i s t o r  c o n t r o l l e d  D.C. 

machine.  The problem was to  con t ro l  the D.C. machine in such a way t h a t  

the  r e s u l t a n t  " t i d a l  e f f e c t "  a t  some measurement spo t  in the  model corresponded 

as c lo se l y  as p o s s i b l e  t o  t he  observed t i d e  a t  the  cor responding  measurement 

s t a t i o n  in t he  real  wor ld .

The second problem was encounte red  a t  number t en  ammonium n i t r a t e  plane a t  

A.E. & C . I . * * ,  Modder fonte in .  A f t e r  doing a r e l i a b i l i t y - ,  and an approx mate 

dynamic-ana lys i s  o f  the  p l a n t ,  the au thor  came to the  conclus ion  t h a t  the  

only e f f e c t i v e  reans  o f  d e t e c t i n g  a dangerous s i t u a t i o n ,  f o r  a l a r -  and s h u t ­

down pu rpos es ,  was through r e a c t o r  t empera t ure .  However, f o r  s t r u c t u r a l  

r e a s on s , t he  sensors  ( t he rmo- coup les )  were h e a v i l y  c l ad  in me t a l .  As a 

r e s u l t ,  the  r i s e  t ime was uncomfortably long.  The problem was to des ign a 

f i l t e r  to o p t i ma l l y  compensate for  the  sensor  s l u g g i s h n e s s .

A t h i r d  problem had been encounte red  h> the  au thor  in h i s  B.Sc . (Fng.  t h e s i s  

on e l e c t r o n i c a l l y  s t e e r e d  micro-wave an t ennae .  The problem was to cont ro l  

the  r e l a t i v e  e x c i t a t i o n  of  two sources  o f f  the focus of  a p a ra b o l i c  r e f l e c t o r ,  

in such a way t h a t  the  f a r - f i e l d  r a d i a t i o n  p a t t e r n  s u i t a b l y  scanned the  h o n r c :

♦Hydraul ic Research Uni t  of  the Mechanical  Engineer ing Research I n s t i t u t e  

of  the Counci l  f o r  S c i e n t i f i c  and I n d u s t r i a l  Research of  South A f r i c a .

♦♦African Explos ives  and Chemical I n d u s t r i e s .



These systems have one t h i n g  in common, and t h a t  i s  t h a t  they  cannot  be 

desc r ibed  by means o f  o r d in a r y  d i f f e r e n t i a l  e q ua t i o n s .  In Engineer ing 

p a r l a n a ,  they  are  r e f e r r e d  t o  as D i s t r i b u t e d  Parameter  Systems,  however 

in t h i s  d i s s e r t a t i o n  th< 1 be r e f e r r e d  to  by the  s l i g h t l y  more general  

name of  I n f i n i t e  Dimens Systems.  F u r t h e r ,  a t t e n t i o n  wi l l  be r e s t r i c t e d

t o  l i n e a r  sys tems .  Tne o b j e c t i v e  then i s  t o  exp l o r e  the  p r i n c i p l e s  and 

mt-thods o f  de t e rmin ing  the  optimum c o n t r o l l e r  (o r  f i l t e r )  f o r  I n f i n i t e  

Dimensional L i n ea r  Systems;  t h r e e  methods o f  approaching t h i s  problem have 

been i s o l a t e d .

The f i r s t  of  t hese  methods i s  due to  Wiener1 , and was developed dur ing  the 

war e f f o r t  t o  improve gunnery c o n t r o l ,  u n f o r t u n a t e l y  i t  i s  not  g e n e r a l , y  

t aught  a t  our  u n i v e r s i t i e s  and t hos e t ex t - books  t h a t  do mention i t  appear  to 

under-emphasize i t s  e l e g a n c e ,  and r e r c r a l i t y .  The r e ad er  is r e f e r r e d  to 

Appendix A fo r  some o f  the  a u t h o r ' s  sugges t i ons  on us ing t h i s  t e chn i que .

The second approach i s  due to  Kalman1, and was o r i g i n a l l y  devised ' o r  use 

on F i n i t e  Dimensional  L i nea r  Systems encounte red  in the space programme.

The au thor  has exp lo red  the p o s s i b i l i t y  of  e x t end i ng  t he s e  t echniques  to 

I n f i n i t e  Dimensional  L i n ea r  Systems.  A review o f  the theory  appears  in 

Appendix C . whi le  an e f f i c i e n t  a l go r i t hm devi sed  by the  au thor  appears  in

Appendix B.

The t h i r d  approach t akes  i n t o  account  some o f  the p r a c t i c a l  d i f f i c u l t i e s  t h a t  

the two p rev ious  approaches  ignore .  The o r i g i n a l  work was s t a r t e d  by Levine 

and A t h a n s ' ,  and i t  has  been extended by the  au t ho r  n Appendix P.

Recommendation, are made f o r  the  Engineer  who would l i k e  t o  de - i gn  the  optimum 

compensator f o r  any L i n ea r  System; and sugges t i ons  arc  made for  , u r t h e r  

p r a c t i c a l  and t h e o r e t i c a l  r e s ea rch  in t h i s  f i e l d .
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Introduction.

A l i n e a r  e l e c t r i c  c i r c u i t  made up of  r e s i s t o r s ,  i n d u c t o r s , c a p a c i t o r s  and 

i d e a l i z e d  a c t i v e  e l ement s  may be de sc r i bed  by d i f f e r e n t i a l  equa t i ons  and 

a lg eb r a i c  e qua t i ons  o f  t he  form:-

v ( t )  = R i ( t )  v0 ( t )  = u Vt ( t )

v( t )  » L ̂ l ( t )  10( t )  -  B 1, (1)

1 ( t )  -  C ̂  v ( t )  1 ( t )  » gm v ( t )

where the  v ' s  a re  v o l t a g e s ,  and the i ' s  a r e  c u r r e n t s ,  t hese  equat ions  

being l i n k e d  by t he  network topology t o  y i e l d  the embracive s t a t e  space 

r e p r e s e n t a t i o n : -

x *= Ax + Bu t  > t Q

y e Cx * < V  ” xo

where x,y and u a r e  n.m and r  dimensional  r ea l  v ec t o r  valued func t ions

of  t ime r e s p e c t i v e l y ,  and A, B, and C a rc  m a t r i c e s ,  each o f  c o n s i s t e n t

dimension.  The e l ement s  o f  x,  y and u w i l l  be the vo l t age  or  cur r en t s

In d i f f e r e n t  p a r t s  of  t he  c i r c u i t ;  the e n t r i e s  in x being r e f e r r e d  to as

the s t a t e  v a r i a b l e s ,  t hose  in u as the  i n p u t ,  or  con t ro l  v a r i a b l e s ,  and

y ,  the  o u t pu t  v a r i a b l e s .  In a l l  r e a l  systems the  e n t r i e s  in  A, B and

C wi l l  a l l  be f i n i t e ;  f u r t he r mo re ,  x0 i s  i nc luded  to  s p e c i f y  the i n i t i a l

s t a t e  o f  the  sy s t em: -  t he  problem of  d e s c r i b i n g  the  behav iour  of  t h i s

system i s  thus  w e l l - p o s e d .  For  the  r e c o r d ,  the  above r e p r e s e n t a t i o n  is
r n

sa id  to  be fo rmula t ed  in an n-dimensional  Eucl idean  space ,

I f  we look a t  t he  b e hav i ou r  o f  t he  above c i r c u i t  under very f i q '1 -tcqu.  nc, 

c o n d i t i o n s ,  we may f i n d  s t r a n g e  e f f e c t s , such as p a r a s i t i c  o s c i l l  

loss o f  a t t e n u a t i o n .  On c l o s e r  exami na t i on ,  t hese  e f f e c t s  may be found to 

be due t o  c i r c u i t  l a y o u t ,  r a t h e r  than c i r c u i t  topology;  the  explanation



being t h a t  the  sys tem :an no longer  be de sc r i bed  by s imple  Ki rchhoff  laws,  

bu t  r a t h e r ,  account  must be taken o f  the  s p a t i a l  a spec t s  of  c i r c u i t  l a yo u t ,  

t h i s  i s  dene by us ing  Maxwel l ' s  Equa t i on : -

VxE = -6  

V*D = p 

VxH = J t  6 

V*B « o 

D = e E 

B = y H

Together  wi th  ohm's l aw: -

0 * o E

where a l l  t he  v a r i a b l e s  are  f un c t i on s  o f  space and t ime;  but  not  the 

p a ramete r s ,  e ,  y and p which,  in  a t ime i n v a r i a n t  homogenous system are 

real  va lued f u n c t i o n s  o f  space on l y .  The above equa t i ons  may be reduced to

A « -y“  VxE 

t  » e"1 VxH - C ' o  E

which c l e a r l y  i s  o f  the  form:-

0 ( t ) »  AU(t)

where U I s  a v e c t o r  f u n c t i o n  o f  t ime c o n t a i n i n g  as e l em en t s ,  the  s p a t i a l  

d i s t r i b u t i o n s  o f  F. and H ; and A i s  some l i n e a r  o p e r a t o r  comprised  

of va r ious  s c a l a r  o p e r a t o r s ,  and d i f f e r e n t i a l  o p e r a to r s  on t hese  

d i s t r i b u t i o n s .

In the  a n a l y s i s  o f  a c losed  r e g io n ,  the e f f e c t  of  input  v a r i a b l e s ,  and 

output  v a r i a b l e s ,  may be t aken i n t o  account  by means o f  operators B and

C such t h a t : -



U(t )  = AU(t) + Bv(t)  

y ( t )  " cu(t)

where v ( t )  and y ( t )  may or  may not  be s p a t i a l l y  dependent .  Of cour se ,  

the  p rope r  s o l u t i o n  o f  t h i s  problem r e qu i r e s  i n i t i a l  cond i t i ons  Uc , and 

boundary c on d i t i on s  where a p p l i c a b l e .  Here tne  o p e r a t o r  A i s  de f ined  

on the  space C2 (R3 1 ; t n a t  means t h a t  the  elements  o f  U( t )  can only 

be r e a l  valued twice con t inuous ly  d i f f e r e n t i a b l e  bounded f unc t i ons  o f  x.

I f  the  domain o f  d e f i n i t i o n  is  i n f i n i t e ,  one must only make sure  t h a t  the  

s t a t e  f u n c t i o n s  decrease  s u f f i c i e n t l y  f a s t  f o r  the  t o t a l  energy in  the 

system to remain f i n i t e .  Thus C7lR, l may be cons ide red  as a subspace 

of the  Lehesque i n t e g r a b l e  space L^, wi th norm:-

Sce P.K.C. Viang5f o r  f u r t h e r  d i s cu s s i on  o f  t h i s  type of  problem.

Another  space in which a system may be formula t ed ,  i s  ob t a ined  by ex tending 

n t o  i n f i n i t y  in En , and r e s t r i c t i n g  a t t e n t i o n  to  those  systems fo r  which 

t o t a l  energy remains a meaningful  concept ,  or  more p r e c i s e l y ,  a re  square 

summable; the  r e s u l t a n t  space is  c a l l e d  ^ ' Such systems probably  never 

occur  n a t u r a l l y ,  however,  they have many o f  the  p r o p e r t i e s  o f  ( d i s t r i b u t e d  

parameter  s y s t ems ) ,  whi le  r e t a i n i n g  much c f  the s i m p l i c i t y  o f  Er  ( F i n i t e  

dimensional  s ys t ems ) .  They may occur  when us ing f i n i t e  element  mode’ s o f  

d i s t r i b u t e d  paramete r  systems.

A thco - y  fo rm ula ted  In a b s t r a c t  H i l b e r t  space ,  H , would cover a l l  the 

cases  o f  En , L , and I  ; such a theory  would cover  most eng i nee r i ng  

sys tems ,  and would hove the advantage o f  be ing the  most genera l  framewora 

f o r  which many of  t he  wel l  known system t h e o r e t i c  p r o p e r t i e s  s t i l l  ho ld .

For  i n s t a n c e ,  a system in II . may be desc r ibed  by a s i n g l e  l i m i t  a" n 

tends t o  i n f i n i t y  o f  a f i n i t e  element  model ,  where each element  has  been



s y s t e m a t i c a l l y  l a b e l l e d  : 1,  2,  . . .  , n.  Also the  e i genva lues  ( i f  f i n i t e  

e igenva lues  e x i s t )  occur  as po i n t s  in the  complex s - p l a n e ,  and not  as l i n e s ,  

o r  dense a r e a s .  F i n a l l y ,  i t  s t i l l  makes sense t o  t a l k  o f  a q u a d r a t i c  cos t  

f u n c t i o n ,  c o n t r o l l a b i l i t y ,  and o b s e r v a b i l i t y .  Fur thermore ,  a very n ice  

theory  e x i s t s  f o r  the  s o l u t i o n  of  c e r t a i n  problems in H.

Given the  system:-

U(t )  = AU(t) + Bv(t )

y(t) = cu(t) t >  t0 u(t0 ) = u(

where U( t )  i s  an e lement  of  some H i l b e r t  space ,  A i s  a bound l i n e a r  

o p e r a t o r  on H , and B i s  a l i n e a r  o p e r a t o r  mapping the con t ro l  space 

i n t o  H. Then the  s o l u t i o n  i s  given by the  Kernel r e p r e s e n t a t i o n : -

t

U( t )  = T ( t )  II + T ( t - s )  Bv(s)ds

o

y(t) « cu(t) t >  t0 .

khere T ( t )  i s  the  s o l u t i o n  o f  the autonomous system ( v ( t )  equal

naught  f o r  a l l  t  > t 0 ) , and i s  given b y : -

T ( t ) ■ pA(t-tn) t >  t0

Here t he  bound s e t  ( T ( t )  : t  > t*} i s  r e f e r r e d  t o  as a St rongly  Continuous 

Semigroup o f  O p e r a t o r s ,  and A i s  r e f e r r e d  to  as the  I n f i n i t e s i m a l  Genera to r  

of  t he  Semigroup.  Fur thermore ,  t h e r e  e x i s t  f i n i t e  c on s t an t s  6 , M(5)

such t h a t

HT(t)ll < McM

The r eade r  i s  r e f e r r e d  t o  Ladas and Lakshmikantham' ior  a f u l l e r  t r ea tment  

of  t h i s  s u b j e c t .



5.

So, l e t  us compare the  above t e ch n i q u e ,  wi th the c l a s s i c a l  t echniques  of  

t ak i ng  the  F o u r i e r ,  o r  Laplace t r ans forms  o f  h ( t )  d i r e c t l y .

F o u r i e r  Trans form.

A n e ce s sa r y ,  and s u f f i c i e n t  c on d i t i o n  f o r  a f unc t ion  such as h ( t )  t o  be 

F o u r i e r  Trans formable ,  i s  t h a t  i t  i s  an e lement  o f  L, (Lebesque i n t e g r a b l e ) ,  

and i s  o f  bounded v a r i a t i o n  (The d e r i v a t i v e  i s  bounded almost  everywhere) .

The i n v e r s e  of  t he  F o u r i e r  Transform then c o n s t r u c t s  h ( t )  a t  a l l  bu t  a 

countabl e  number of  d i s con t inuous  p o i n t s ,  t h i s  i s  known as the  Li r i ch  l e t  

c o n d i t i o n .  C e r t a i n  des ign  and a n a l y s i s  t echniques  e x i s t  in  the  f requency 

domain,  mainly i nvo lv ing  the  theorems of  Bode; however , they cannot  be 

a pp l i ed  to  uns t ab l e  sys t ems ,  and d i f f i c u l t i e s  may a r i s e  wi th non-mimmum 

phase sys tems ,  so a n-ore powerful  method had t o  be developed.

Laplace Tr ans form.

S u f f i c i e n t  c on d i t i ons  f o r  a f un c t i o n  to  be Laplace Transformable ,  are

chat i t  Le causa l  ( ze ro  f o r  t  l e s s  than naugh t ) ,  Lebesque i n t e g r a b l e

over  every f i n i t e  i n t e r v a l , and t h a t  t h e r e  e x i s t s  a c o n s t a n t ,  6 , such t h a t : -

11m e " 5t  f h (s )d s  * 0

Thus such e x t r a o r d i n a r y  func t i ons  as a d i r a c  semi-coirb can e a s i l y  be 

handled  by Laplace Transform techn i ques  whereas the  o t h e r  methods f i nd  

i t  imposs ib le  t o  handle  something as s imple as a delayed u n i t  s t e p .

Once t he  Laplace Transform has been found,  s ev e r a l  t echn i ques  such as the  

i n i t i a l  value theorem,  and the  f i n a l  value theorem may be used for  system 

a n a l y s i s .  Anotl e r  i s  the  very powerful  Nyquts t  s t a b i l i t y  c r i t e r i o n  which 

may l i k e wi s e  s t i l l  be used f o r  i n f i n i t e  dimensional  sys tems .  Although 

t he  Nyquis t  c r i t e r i o n  i s  t r a d i t i o n a l l y  used f o r  s t a b i l i t y  i t  ray e a s i l y  

be used t o  t o s t  f o r  po les  o r  z e r o ' s  in any s p e c i f i e d  domain of  the complex 

s - p l a n e .  We thus  have a f a i r  c o l l e c t i o n  o f  b a s i c  a n a l y t i c  t o o l s ,  b u t .



u n f o r t u n a t e ly  no use f u l  design t oo l s  f o r  d i s t r i b u t e d  paramete r  systems 

per  s e ,  o r  ever  f o r  l a r ge  dimensional  sys tems.



7.

EaH y  a t t empt s  a t  the  fo rmula t i on  and s o l u t i o n  o f  a L i nea r  Optimal 

Control  Problem.

St i mula t ed  l a r g e l y  by t he  war e f f o r t ,  a l i n e a r  opt imal  con t ro l  problem 

was fo r mu l a t ed ,  and so l ved  by Herber t  Wiener! His work was conducted 

a t  about  t he  same t ime as t h a t  o f  Kolmogorcff , in Russ i a ;  however,  

i t  was only comple te ly  d e c l a s s i f i e d ,  and made p u b l i c a l l y  a v a i l a b l e  in 

1949, when Wiener pub l i shed :  " E x t r a p o l a t i o n ,  I n t e r p o l a t i o n ,  and Smoothing 

of  S t a t i o n a r y  Time Se r i e s

His work can be r ecogn i sed  t o  he e s s e n t i a l l y  in the  f requency domain; 

be ing f r e e  o f  any r e f e r e n c e  t o  i n i t i a l  cond i t i ons  ( t he  noi se  and s igna l  

power d e n s i t y  spect rums p l ay ing  the e q u i v a l e n t  r o l e ) , and no t ab l y ,  

be ing f r e e  o f  any r e f e r en ce  to system dimension,  thus i n f i n i t e  dimensional  

systems may be handled  with equal  f a c i l i t y ,  provided the i npu t ,  and 

ou tpu t  vec t o r s  are  f i n i t e .

Wiener used an i n t e g r a i - s q u a r e  e r r o r  ( I . S . E . )  performance index,

Involv i ng  only the f i n a l  ou t pu t  v e c t o r ,  t h i s  r e s t r i c t i o n  hard ly  d i s t r a c t s  

from i t s  u s e f u l n e s s . He r ep re se n t ed  the  system by i t s  impulse response ,  

commonly d e s i gna t ed  h ( t )  , and he used ihe s t a t i s t i c s  Cy(t )  and 

C u y ( t )  , where Cy( t )  i s  the  a u t o - c o r r e l a t i o n  of  the  system o u t pu t ,

and C u y ( t )  i s  t he  c r o s s - c o r r e l a t i o n  betveen system input  and system 

o u t p u t .  He was p r i m a r i l y  i n t e r e s t e d  in f i l t e r i n g ,  i . e .  f i nd i n g  u ( t ) ,  

given y ( t )  , where t he  system is  n o i s y ,  i . e . .

x ( t )  * A x ( t )  + B u ( t )  + D v ( t )

y ( t )  ■ C x ( t )  + w( t )

where v ( t )  and w( t )  are  zero-mean noisy i n p u t s .  His answer,  the

Wiener f i l t e r ,  i s  a system t h a t  accept s  y ( t )  as an i n p u t ,  and produces 

a minimum va r i ance  e s t i m a t e  o f  u ( t )  as an o u t p u t ;  however,  wi th some
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mani pu l a t i on ,  t h i s  nay be ap p l i e d  to  con t ro l  problems . The answer i s  

in the  form o f  K ( t ) , t he  impulse response  o f  the  optimum Wiener f i l t e r ,  

i t  i s  given by t he  s o l u t i o n  o f  t he  Wiener-Hopf i n t e g r a l  equa t i on  o f  the  

f i r s t  k i nd ,  v i z .

This e qua t i on  i s  not  only ne ce s sa ry ,  bu t  i s  a l so  a s u f f i c i e n t  c ond i t i on  

f o r  o p t i m a l i t y ;  however,  i t  i s  by no means easy to  s o l ve ,  in p a r t i c u l a r  

i t  must only be s a t i s f i e d  by K(r) f o r  non-nega t ive  x , f o r  in o r de r  to  

p reserve  c a u s a l i t y ,  and hence r e a l i z a b i l i t y  i t  i s  necessa ry  t h a t  K(x) 

be I d e n t i c a l l y  zero  f o r  nega t i ve  t . Together  wi th t h i s , we have t h a t  

Cy(r) end C u y ( x ) are  two- s ided  f u n c t i o n s . The usual  method of  

s o l u t i o n  i s  done by f a c t o r i z i n g  which may be surnmerized as fol lows

Find two f u n c t i o n s  ^  and such t h a t : -

0
t  > 0

^ ( t )  = 0  

* , ( t )  * 0

t  < 0 causal  p a r t ,

t  > 0 a n t i - c a u s a l  p a r t .

cy(t)

This  can be recogni sed  as an e s s e n t i a l  f e a t u r e  of  the  B i l a t e r a l  

Laplace  t r a ns fo rm.  Next , f i n d  a f unc t i on  a( •) sue*1 t h a t . -

I t  i s  now an easy ma t t e r  to  modify t he  Wiener-Hopf e q u a t i o n ,  

to  ge t  t he  s u f f i c i e n t  con d i t i on  f o r  o p t i m a l i t y ; -

a ( t ) t  > 0

How beca us e ,  K( t )  and *,(%) are  ooth o ne - s i ded ,  causal  

f u n c t i o n s ,  the convo lu t ion  may be so lved  by using o r d i na ry

Laplace  t r a ns f o r ms .
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Nowadays t he  problem i s  usua l l y  argued e n t i r e l y  in the  f requency domain,  

using s p e c t r a l  d e n s i t i e s  i n s t e a d  of  c o r r e l a t i o n s ,  and so lved  by using 

3 i l a t e r a l  Laplace  Transform theory ;  Hoever,  such an approach adds 

no th ing ,  and the  method o u t l i n e d  above is  more l u c i d .

The problem of  f a c t o r i z i n g  has remained a s tumbl ing block f o r  many y e a r s ,  

and i t  i s  perhaps  f o r  t h i s  reason t h a t  the  Wiener f i l t e r  has f a l l e n  out  

of  f avour ;  however,  perhaps i t  i s  t ime f o r  i t  t o  be r e - v i s i t e d ,  e s p e c i a l l y  

in the  l i g h t  o f  t he  a v a i l a b i l i t y  of  low-cos t  h i g h - d e ns i ty  memories and 

s h i f t  r e g i s t e r s ,  enab l i ng  the impulse response o f  the  compensator to  be 

s yn th e s i ze d  d i r e c t l y .  The major r esearch  e f f o r t  s i nce  the  p u b l i c a t i o n  

of  Wiener ' s  book , has been on f i n d i n g  a t r a c t a b l e  method of s o l u t i o n ,  and 

on ex t end i ng  the  r e s u l t s  to  t ime-vary ing  sys tems.  The au thor  has a l so  

cons ide red  the problem i ndependen t ly ,  h i s  f i nd i ngs  being inc luded in 

appendix A f o r  r e f e r e n c e .  Although the r e s u l t s  are  not  compet i t i ve ly  

p r a c t i c a b l e ,  they do se r ve  to i l l u s t r a t e  the  na ture  of  the problem.

The f i r s t  l i n e  of  a t t a c k  i s  the sequency approach.  I t  assumes a sample 

data c o n t r o l l e r ;  the  impulse response  of  a s t a b l e  s i n g l e  i npu t  s i n g l e  

output  sys tem may thus  be de sc r i bed  by a summable s e r i e s  in , v. ere 

the  ou tpu t  has been averaged over  ore  sample p e r i o d .  Now if the s t a t e  

t r a n s i t i o n  o p e r a t o r  i s  n i I p o t c n t ,  or  i f  the  system i s  output  degenera te  

( t h a t  i s ,  t h e re  e x i s t s  a T , such t h a t  i f  t  ’ T , then y ( t )  * C , 

for  a l l  x ) then the problem becomes f i n i t e  d i mens i ona l , thus e n a b l i n g

numerical  s o l u t i o n s  to  be found.

The second approach t r i e d  by the  au t ho r  i s  the  g r a d i e n t  method,  i t  

r ecogn izes  t h a t  t he  s o l u t i o n  of  the  Wlener-t lopf equa t i on  i s  an i n f i n i t e  

dimensional  problem,  and t r i e s  t o  solve  i t  as such ,  i t  i s  o f  n e c e s s i t y  

a r a t h e r  t h e o r e t i c a l  s o l u t i o n  and one t h a t  can only be found i f  the answer

has c e r t a i n  n i ce  p r o p e r t i e s .



The Wiener f i l t e r  i s  e s s e n t i a l l y  an i n f i n i t e  dimensional  f i l t e r .  I f  

t he  Wiener-Hopf e qua t i on  could be solved in g e n e r a l , and i f  the  r e s u l t i n g  

f i l t e r  could  be c o n s t r u c t e d ,  we would have a powerful  design tool  t h a t  

could be a p p l i e d  t o  a l l  l i n e a r  systems with equal  e a s e . In the  next  

s e c t i o n  i t  w i l l  be shown how the f i r s t  of  t he se  problems has been 

surmounted f o r  f i n i t e  dimensional  sys tems,  and the p o s s i b i l i t y  of  

ex t end i ng  the  r e s u l t s  to  i n f i n i t e  dimensional  systems w i l l  be i n v e s t i g a t e d .
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The L i nea r  Quadra t i c  Problem and the- Kalman- Bucy S o l u t i o n .

The major  b r eak- th rough  in  l i n e a r  opt imal  cont rol  theory occured wi th a 

number o f  p u b l i c a t i o n s  by R.E.  Kalman', in t he  e a r l y  1960' s .  His r esearch  

was l a r g e l y  s t i m u l a t e d  by,  and h i s  r e s u l t s  immensely usefu l  t o  t he  "space 

race" o f  the  1960' s .  The f i n i t e - t i n e  l i n e a r  Quadra t i c  Problem f o r  f i n i t e  

dimensional  systems i s  now famous in c o n t r o l , and f i l t e r i n g  (or  e s t i m a t i o n )  

t heo r y ;  so i s  t he  r e s u l t a n t  R ic c a t i  D i f f e r e n t i a l  Equat ion,  named as such 

f o r  i t s  s i m i l a r i t y  t o  t h e  equa t i ons  s t ud i ed  by Count R i c c a t i  over  two 

hundred ye a r s  p r e v i o u s l y .

By way o f  review,  one i s  concerned wi th minimizing a performance index of  

the  form:-
t f

J = ( I  x TCTC x + 1  uTR u)dy + x ( t f )TQf x ( t f )
J t o 2

s u b j e c t  t o  x = Ax ♦ Bu t  > 0

X< V  e xo

where the  system i s  d e f i ne d  in a f i n i t e  dimensional  Eucl idean spac e ,  R 

is  p o s i t i v e  (Lcgendre-Clebsr .n necessa ry  cond i t i on  f o r  Opt imizabi  1 i t y )  and 

I n v e r t i b l e .  Here t Q (,  .d xQ) and t f  (and hence Qf ) are f i x e d ,  

however,  A, B, C, a>d R may be t i me - va r y i ng ;  and u ( - )  must he chosen 

from the  c l a s s  o f  measurable  f u n c t i o n s .  The s o l u t i o n  i s  both necessar> 

and s u f f i c i e n t  and i s  given b y : -

u ( t )  = - R " ' ( t )  BT( t )  S ( t )  x ( t )

where S ( t )  i s  t he  s o l u t i o n  o f  the R i cca t i  D i f f e r e n t i a l  Equa t ion : -

- S ( t )  - CTC ♦ 5 ( t )A ♦ ATS ( t ) - S ( t )  PR"'bT S ( t )

S ( t f ) * Qf
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Note h e r e ,  t h a t  t he  s o l u t i o n  S( t )  i s  independent  o f  i n i t i a l  condi t i ons  

xq , t h i s  f a c t  w i l l  t ake  on g r e a t e r  s i g n i f i c a n c e  in  l a t e r  work. The 

i n f i n i t e  t ime ( t ime i n v a r i a n t )  case i s  de r ived  from the  above when 

A, B, C and R a re  c on s t an t  f o r  a l l  t ime ,  by ex tending t t- t o  i n f i n i t y  

( t 0 i s  u s u a l l y  t aken  wi thou t  loss  o f  g e n e r a l i t y  to  be zero) and a r b i t r a r i l y  

reducing Qf  t o  z e r o .  The s o l u t i o n  i s  then given b y : -

u ( t )  = -R"1 BT S x ( t )

where S i s  t he  s t eady s t a t e  s o l u t i o n  of  t he  R i cca t i  D i f f e r e n t i a l  Equat ion,  

i f  i t  e x i s t s , i . e . : -

S = l im S ( t )  
t-*°

where

S ( t )  • CTC + S( t )A ♦ ATS ( t )  - S(t)BR*1BTS ( t )

S(0) = 0

The e x i s t e n c e  o f  t h i s  l i m i t  can be guaranteed  i f  (A,B) i s  s t a b i l i z a b l e ,  

and (A,C) i s  d e t e c t a b l e ;  d e t e c t a b i l i t y  be ing the  dual o f  s t a b i l i z a b i l i t y ,  

in the  sense  w i t h o u t  t i n e  r e v e r s a l .  Fur thermore S i s  unique and 

p o s i t i v e ,  and s a t i s f i e s  t he  mat r ix  equa t i on :

CTC ♦ S A ♦ AT S - S 6R"1 BT S - 0

The beauty  o f  t h i s  s o l u t i o n  is  t h a t  i t  g ives  an e x p l i c i t  method f o r

c a l c u l a t i n g  the opt imal  c o n t r o l ,  namely i n t e g r a t i n g  the  Ricca t i  Equat ion,  

and t h i s  has been done a g r e a t  deal  in p r a c t i c e .  Now, as m  l e ,  the 

Eucl idean model approach a r ea l  system in a H i l b e r t  space such as , 

two d i f f i c u l t i e s  a r i s e ,  t he  f i r s t  be ing  a p r a c t i c a l  d i f f i c u l t y  fondly 

known as " the  c u r s e  of  d i m e n s i o n a l i t y " ;  and the second being t h a t  nagging 

doubt ,  t h a t  in s p i t e  o f  what may be i n t u i t i v e l y  obvious ,  we have as y e t

no r igo r ous  p r o of  t h a t  t he  s o l u t i o n  o f  the  opt imal  cont rol  pioi

f i n i t e  d imens ional  space approaches  the  s o l u t i o n  o f  t he  ac tua l  problem ^
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in t he  i n f i n i t e  dimensional  space .  A c l o s e r  look a t  t h i s  w i l l  prove 

f r u i t f u l .

The f i r s t  o f  t h e s e  d i f f i c u l t i e s  was somewhat l e s s en ed ,  by f i nd i ng  more 

e f f i c i e n t  a lgor i t hms  f o r  s o l v i ng  the Mat r ix  R i cca t i  Equat ion : P o t t e r  

reduced the  problem t o  an Eigenvalue problem involv ing  an 2  n  x 6  h  

ma t r i x ;  Kleinman i n t r oduced  an i t t e r a t i v e  t e c h n i q u e , c la iming q u a d r a t i c  

convergence,  but  r e q u i r i n g  an i n i t i a l  s t a b i l i z i n g  e s t i ma t e  o f  the s o l u t i o n .  

The au t h o r  has t r i e d  to  f i n d  a more e f f i c i e n t  method, which has been 

inc luded  in  Appendix B f o r  r e f e r e n c e .  I t  may b e s t  be used f o r  systems 

with only rea l  r o o t s , in which case i t  reduces the  problem t o  one o f  

f i n d i n g  the  Eigenvalues  o f  an n*n r ea l  symmetric ma t r i x ,  which is  

d i s t i n c t l y  e a s i e r  than f o r  a general  ma t r ix .

Supposing t h e s e  computa t ional  d i f f i c u l t i e s  can be overcome, the  t h e o r e t i c a l  

problem r e ma in s .

How the  R i c c a t i  Opera t o r  Valued Equa t ions ,  as an o p e r a to r  on has been 

s t ud i e d  by Butkovski  i in the  U.S.S.R.  and P.K.C. Vang in the  U.S.A. ; 

and as an o p e r a t o r  or  genera l  H i l b e r t  space ,  by f o r  i n s t a n c e ,  David Russe l .  

The e x t en s i on s  fol low through with very l i t t l e  d i f f i c u l t y ,  when 

A, B, CTC, R"1 are  bounded as in t he  f i n i t e  dimensional  c as e .  A major 

l a ck ,  i s  t h a t  s u f f i c i e n t  c ond i t i ons  f o r  convergence to  the  i n f i n i t e  t i n e  

s o l u t i o n  appear  not  t o  have been formula t ed ;  o p t i m i z a b i 1 i t y  j u s t  being 

assumed.

The key q u e s t i o n  r ega r d i ng  convergence in dimension,  as t a ck l ed  by David 

Russel  has been reviewed by the Author and Is  i nc luded  in appendix C.

Mr. R u s s e l ' s  paper  has been found t o  be sonewhat l ack i ng ;  f i r s t l y  tne  

assumpt ion t h a t  A . and B are  bound prec ludes  such phenomena as t r a n s p o r t  

lag and boundary c o n t r o l ,  i t  i s  on t h i s  t h a t  he b u i l d s  the  proof  t h a t
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j 0̂ converges  t o  J ° .  Secondly,  he proposes  convergence "from o u t s i d e " , 

in o t h e r  words,  us ing the  con t ro l  t h a t  gives  us J K° , does not even imply 

t h a t  J w i l l  be f i n i t e .  Th i rd ly  he only proves s t rong  convergence in 

x0 , and f i na l ! ' "  s i n ce  uK° (o) = xQ only converges s t r o n g l y  in

xq , he has e f f e c t i v e l y  only c a l c u l a t e d  the  opt imal  con t ro l  u°(*)  in the  

v i c i n i t y  o f  the  o r i g i n .  The au t ho r  has overcome the l a s t  of  R u s s e l ' s  

problems by r e s t r i c t i n g  x0 t o  a compact subspace ,  t h i s  can be impl ied  

by the  idea  o f  " s p a t i a l l y  ba nd - l i mi t ed "  in f o r  i n s t a n c e ,  however 

general  s u f f i c i e n t  c on d i t i o n s  f o r  xc to  always be an % lament o f  some 

compact subspace ,  s t i l l  needs t o  be r e so l ved .

In c onc l us ion  i t  should be noted t h a t  in g e n e r a l ,  any f i n i t e  dimensional  

approximat ion to an i n f i n i t e  dimensional  opt imal  cont ro l  problem y i e l d s  

a s o l u t i o n  t h a t  i s  no l onge r  independent  o f  the  i n i t i a l  c o nd i t i o n ,  xQ.
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An a l t e r n a t i v e  fo r mul a t ion  - the  l i mi t ed  s t a t e  l i n e a r  r e g u l a t o r  problem.

The Wiener F i l t e r  l eads  t o  an i n f i n i t e - d i m e n s i o n a l  f i l t e r ,  the  Kalman 

s o l u t i o n  l eads  t o  a d i s t r i b u t e d  measurement problem, or  an i n f i n i t e -  

dimensional  Kalman F i l t e r ;  an a l t e r n a t i v e  approach i s  t o  r ecogni se  

t h a t  t h e s e  i d e a l s  can never  be r e a l i z e d  in p r a c t i c e  and al lowance be 

made from the  s t a r t .  A f u r t h e r  j u s t i f i c a t i o n ,  i s  t h a t  very o f t e n  s enso r  

type and l o c a t i o n  must o f t e n  be decided "a p r i o r i ",  o f t en  be fore  the 

t r a n s f e r  f u n c t i o n  i s  known; fu r t he r more ,  component t o l e r a n c e s ,  cos t  and 

r e l i a b i l i t y  u s u a l l y  l i m i t  the  dimension o f  any r ea l  f i l t e r .  The above 

c o n s i d e r a t i o n s  l ead  to  what  i s  known as a problem with complexi ty c o n s t r a i n t s ,  

which l eads  to  a pa ramete r  op t i mi z i ng  problem.

Gupta and Hasdor f f  have b r i e f l y  mentioned t h i s  problem as a v a r i a t i o n  of

the Wiener f i l t e r  in t h e i r  popu la r  t e x t - b o o k .  A more t r a c t a b l e  s o l u t i o n

has been found by Levine and Athans’ though they have only found necessary

c on d i t i ons  f o r  o p t i m a l i t y ;  t he  au thor  of  t h i s  d i s s e r t a t i o n  has v i r t u a l l y

completed the  s o l u t i o n  o f  the  problem by f ind i ng  s u f f i c i e n t  c o n d i t i o n s ,

both f o r  the  e x i s t e n c e  of  a s o l u t i o n , a n d  f o r  the s o l u t i o n  to  be a weak

local  minimizer .  I t  be ing  noted t h a t  the  cond i t i ons  f o r  a global  minimizer

being ne t  so e a s i l y  found.  The d e t a i l s  o f  t h i s  work are  given in

appendix D, a more a p p l i c a t i o n s  o r i e n t a t e d  ve r s ion  of  t h i s  paper  has been
11

pr e sen t e d  by t he  au t ho r  a t  the  S.A.C.A.C. Symposium on Control  Theory.

Here a g a i n ,  the  au t ho r  has exper imented wi th  Newtonian type a lgor i thms  

to f i n d  the  optimum, bu t  has g e ne r a l l y  found them l e s s  e f f e c t i v e  than 

s o l v i ng  the  R i c c a t i  Equa t ion ,  when t h i s  i s  p o s s i b l e .

I t  should  be noted t h a t  a c e r t a i n  knowledge of the  noi se  s t a t i s t i c s ,  or  

moments o f  the  i n i t i a l  c on d i t i ons  i s  r eq u i r e d  be fo re  the problem can be 

so lved ;  thus  a g a i n ,  the  s o l u t i o n  i s  not  independent  o f  x*. On r e f l e c t i o n ,  

one observes  t h a t  as the  measurements p r o g r e s s ,  a c l o s e r  e s t i m a te  of
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c u r r e n t  s t a t e  could  be found,  which may l ead to  a d i f f e r e n t  optimum 

s o l u t i o n ;  t h i s  sugges t s  t h a t  a n o n - l i n e a r  r e g u l a t o r  may well  l e ad  to  

b e t t e r  r e s u l t s .



C o n c l u s i o n .

The Kalman s o l u t i o n  t o  the  L i nea r  Quadra t i c  problem has e x ce l l e d  when 

app l i ed  t o  medium o r d e r  system,  bu t  much t h e o r e t i c a l  work s t i l l  needs 

t o  be done on t he  Ope r a t o r  Valued L i nea r  Qaudrat ic  Problem. At the  

p r e s en t  s t a t e  o f  t he  a r t ,  i t  i s  s t r o n g l y  recommended, t h a t  f o r  l a r ge  

dimensional  sys t ems ,  t he  methods o f  Wiener should be used.

Another  o f  t h e  problems of  d i s t r i b u t e d  parameter  sys tems ,  i s  the s y n t he s i s  

problem. I t  may be overcome by us ing a c on s t r a i ne d  op t i mi za t i on  t echnique  

such as the  Limi ted S t a t e  approach,  o r  the Sequency approach,  but  much 

room e x i s t s  f o r  f u r t h e r  i nnova t i on .

In genera l  a dynamic o p t i m i z a t i on  problem has t h r e e  i n t e r l a c e d  p a r t s ,  

thv forward p a r t ,  t he  backward p a r t ,  and the i ns t an t aneous  op t i mi za t i on  

p a r t .  The f i n i t e  dimensional  L i nea r  Quadrat ic  Problem i s  unique,  in 

t h a t  the  backward p a r t ,  and the  forward pa r t  a rc  e n t i r e l y  s epa r a t ed .

In a l l  t h r e e  i n f i n i t e  dimensional  cases  cons ide red  under the  major 

chap t e r  he ad i ng s ,  t h i s  was found t o  be not  g e n e r a l l y  t r u e ,  but  r a t h e r ,  

t h a t  the  s o l u t i o n  o f  the  backward p a r t ,  r equ i r ed  some <2 prior-: knowledge 

of  the  forward p a r t .  I t  i s  thus  not  always p o s s i b l e  to  solve  the 

Li nea r  Quadra t i c  Problem,  un less  one has some in format ion  on the probable 

o r  p o s s i b l e  i n i t i a l  s t a t e s ,  o r  d i s t u r b a n c e s ;  b u t ,  U  is  only when the 

i n f i n i t e s i m a l  g e n e r a t o r  and the  con t ro l  o pe ra to r s  are bounded,  and when 

the  s o l u t i o n  may be s y n t h e s i s e d  a c c u r a t e l y ,  t h a t  the r e s u l t s  holv t o r

the  e n t i r e  s t a t e  space .

The fo l l owi ng  four  a reas  are  sugges t ed  for  f u r t h e r  r e s e a r c h . -

1. The problem o f  s y n t h e s i s i n g  d i s t r i b u t e d  parameter  f i l t e r s  can 

always be t a c k l e d  from the  i nnova t ive  po i n t  o f  view fo r  p a r t i c u l a

exampl es .

2.  The g r a d i e n t  s o l u t i o n  o f  the  Wiener f i l t e r ,  o u t l i n e d  b r i e f l >  in



Conclusion.

The Kalman s o l u t i o n  t o  t he  L i nea r  Quadra t i c  problem has e x ce l l e d  when 

appl i ed  to medium o r d e r  system,  but  much t h e o r e t i c a l  work s t i l l  needs 

t o  he done on t he  Ope ra t o r  Valued Li nea r  Qaudra t ic  Problem. At the  

p r e sen t  s t a t e  o f  t he  a r t ,  i t  i s  s t r o n g l y  recommended, t h a t  f o r  l a r ge  

dimensional  sys t ems ,  t he  methods o f  Wiener should be used.

Another of  t he  problems o f  d i s t r i b u t e d  parameter  sys tems ,  i s  the  s yn t h es i s  

problem. I t  may be overcome by us ing a c on s t r a in ed  o p t imi z a t i on  technique  

such as the  Limi ted S t a t e  approach,  o r  the  Sequency approach,  but  much 

room e x i s t s  f o r  f u r t h e r  i nnova t i on .

In genera l  a dynamic o p t i m i z a t i o n  problem has t h r e e  i n t e r l a c e d  p a r t s ,  

the forward p a r t ,  t he  backward p a r t ,  and the  i ns t an t aneous  o p t imi z a t i on  

p a r t .  The f i n i t e  dimensional  L i nea r  Quadra t i c  Problem i s  unique,  in 

t h a t  t he  backward p a r t ,  and the  forward p a r t  a re  e n t i r e l y  s epa r a t ed .

In a l l  t h r e e  i n f i n i t e  dimensional  cases  cons i de red  under the major 

ch ap t e r  he ad in g s ,  t h i s  was found t o  be not  g e ne r a l l y  t r u e ,  but  r a t h e r ,  

t  o l u t i o n  of  vhe backward p a r t ,  r eq u i r e d  some c prior:  knowledge

of  v , .  forward p a r t .  I t  i s  thus  not  always p o s s i b l e  to  solve  the 

Li nea r  Quadra t i c  Problem,  un less  one has som» in format ion  on the p robab le ,  

or  p o s s i b l e  i n i t i a l  s t a t e s ,  o r  d i s t u r b a n c e s ;  b u t ,  i t  i s  only when the 

i n f i n i t e s i m a l  g e n e r a t o r  and the  con t ro l  o p e r a t o r s  are  bounded,  and when 

the s o l u t i o n  may be s y n t h e s i s e d  a c c u r a t e l y ,  t h a t  the r e s u l t s  hold f o r

the e n t i r e  s t a t e  space .

The fo l l owi ng  fou r  a r e a s  are  sugges t ed  t o r  f u r t h e r  r e s e a r c h . -

1. The problem o f  s y n t h e s i s i n g  d i s t r i b u t e d  pa ramete r  f i l t e r s  can 

always be t a c k l e d  from the  innova t ive  p o i n t  o f  view f o r  p a r t i c u l a r

exampl es .

2. The g r a d i e n t  s o l u t i o n  of  the  Wiener f i l t e r ,  o u t l i n e d  b r i e f l y  In



appendix A, should be i n v e s t i g a t e d  from the  Engineer ing po i n t  

o f  view,  p a r t i c u l a r l y  wi th the  i n t e n t i o n  o f  implementing as 

an adap t i v e  r e g u l a t o r .

3 . The p o s s i b i l i t y  o f  us ing memoryless n o n - l i n e a r  o u t p u t - i n p u t  

c o n t r o l l e r s ,  f o r  t he  con t ro l  o f  l a rg e  dimensional  l i n e a r  systems 

coule  be i n v e s t i g a t e d  from both the  p r a c t i c a l  and t h e o r e t i c a l  

p o i n t s  o f  view.

4.  The Ope r a t o r  Valued L i nea r  Quadra t i c  Problem s t i l l  needs to  be

ref ined- ,  in p a r t i c u l a r ,  s u f f i c i e n t  c ond i t i ons  f o r  the e x i s t en ce  

o f  a s o l u t i o n  are  needed,  as are  t echniques  f o r  f i nd i ng  the 

s o l u t i o n .
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1.

THE GRADIENT METHOD FOR THE SOLUTION OF THE WITHER-HOPP EQUATION 

PROBLEM FORMULATION 1

Suppose : th e r e  e x i s t s  a 6 0 “ vO r/tf-^ sta tionary  tim e s e r i e s  u ( t )  Z R , 

tnat hat a co n t in u o u s ,  F ourier  Transformable a u t o - c o r r e l a t io n : -

t /  u ( t  + T)UT (T) dT... (1

° ° / • T

and, th a t  u t t )  s e r v e s  as an input t o  some u n s p e c i f ie d  l in e a r  system ,  

p o s s ib ly  w ith  o th e r  z e r o -m a n  n o isy  in p u ts;  and th a t  the output i s  y ( t )  z R‘ , 

which has a con t in u o u s,  F ourier  T ransform able, a u t o - c o r r e l a t io n : -

C J  Cfc) y ( t  + T)yT (T> dt (2

and, th a t  between input and O' tp u t ,  th ere  e x i s t s  a continu ou s, Fourier  

Transformable, c r o s s - c o r r e l a t i o n ; -

/i . ' i  '1“T' / T ' T
* t- k J J u l t  * Tl i’ !l)

dT

iwrt r  * u(T)yT ( t  -  T) dT
J  - I

th en ,  determ ine th e  optimum l in e a r  cau sa l f i l t e r  K(t> , such 'h a t  th e

e s t im a te : -

G(t) -  ] KT n ) y ( t  -  T) dt (4
' 0

i s  as c l o s e  t o  u t t )  as p o s s i b l e ,  in  th e  sense  t h a t i -

_L f |u ( t )  -  u t t ) I 7 d t  (S
2T j . T
i fT

J(K) " 11m
I'-KC

i s  a minimum.



2.

s n i.U TIO N  AND PROPOSED ALGORITHM

Expand (5) , and s u b s t i t u t e  i n t o  i t ,  (1) , ( 2 ) ,  (3) and (4)

J(K) = t r  Cu (0) -  t r  j Cj y ( t )K (t )  d tE
KT (s)C ( s -  t )K (t )  ds dt (6

O

Now i n v e s t i g a t e  th e  change in  J(K) for  a weak v a r ia t io n  in  K ; 

thci. is  a " a b la t io n  th a t  may be rep resen ted  by E K' , where K' i s  bound, 

and E i s  a sm all p o s i t i v e  number:-

J(K -  CK') -  J(K) ■ -  E t r  | Cyy (t) K' ( t )  dtC
+ C t r  L L  KT (s)Cy (s -  t ) K ' ( t )  ds dt 

♦ 1  E2 t r  j j  K’T(s)C y (s -  t ) K ' ( t )  ds dt (7

jow the l a s t  term i s  p o s i t i v e  ( s u f f i c i e n t  c o n d i t io n ) , and tends to  zero  

fa s t e r  than the o th er  two, so  for s u f f i c i e n t l y  sm all € , we may w r i t e : -

j(K  -  e K') -  J ( K )  -  e t r  |°°KT (s)Cy (« - t )d 8  -  Cu y ( t ) ] K ' ( t ) d t
'o1- * 0

1
4 - ^ 0  (e2) (8

I f  we now c h o o s e : -

l T
K '(t )  -  -  [j"KT (s)Cy (s  - t)  do -  Cu y ( t ) ]  (9

and i f  K '( t )  i s  bound, we can choose C small enough, such that  

J(K -  CK') <  J(K) , With e q u a l i t y  on ly  b e in g  ach ieved  at a d e s ir a b le  s o lu t io n .  

A lso s in c e  J(K) i s  bound below , th e  c o n d it io n s  o f  P o la k 's  modeVhave been  

s a t i s f i e d ,  and we can propose the fo l lo w in g  a lg o r ith m :-



SOL U T IO N  AND PROPOSED ALGORITHM

Expand (5) , and s u b s t i t u t e  in t o  i t ,  (1) , ( 2 ) ,  (3) and (4) 

J(K) = j  t r  Cu (0) -  t r  j” Cu y(t )K (t )  dt

+ ?  t r  I K1 (s)C (s -  t )K (t)  ds d t (6
2 V o  y

Now in v e s t i g a t e  th e  change in  J(K) for  a weak v a r ia t io n  in  K ; 

th a t  i s  a v a r ia t io n  th a t  may be rep resen ted  by e K* , where K1 i s  bound, 

and £ i s  a sm all p o s i t i v e  number:-

CJ(K -  CK') - J(K) = -  e t r  I C ( t ) K ' ( t )  dt
o  y

+ e t r  KT (S)C .(S  -  t ) K ' ( t )  ds d t

i  e ‘ t r  U o K '

y

T (s)Cy (s -  t ) K ' ( t )  ds dt (7

Now th e  l a s t  term i s  p o s i t i v e  ( s u f f i c i e n t  c o n d i t io n ) , and tends t o  zero  

fa s t e r  than th e  o th er  two, so  for  s u f f i c i e n t l y  small E , we may w r i t e : -

J(K -  F K') -  J(K) -  E t r  |  KT (8)Cy ( 6 - t ) d s  -  c uy ( t , j K' < t )d t

+ 1  o (e2) (8

I f  we now c h o o s e : -

r  ^  t T
(9-  -  U ”KT (s)Cy (8 -  t) ds -  Cuy (t)JK* (t)

1 yO

and if K '(t)  i s  bound, we can choose £ sm all enough, such th a t  

j(K -  CK') <  J(K) , w ith  e q u a l i t y  on ly  being  achieved  at a d e s ir a b le  s o lu t io n .  

Also s in c e  J(K> i s  bound below , th e  c o n d it io n s  o f  P o la k 's  modvl'have been  

satisfied, and we can propose the fo ' lo w in g  a lg o r ith m :•



Given : > 0 .

Step 0 : Compute a Kq ( •) , and s e t  1 = 0 .

Step 1 : S e t  E = Eg.

Step 2 : Compute K '( ')  u sing  eqn. (9 ) .

Seep 3 : S e t  Z (-)  = Kj ( • )  -  E K '( ' ) .

S tep 4 ; I f  J(Z) -  J(K^) <  -  E , s e t  K1 + ] (•)  * Z(*) , s e t  1 = 1 + 1 ,

and go to  1 ; e l s e  go to  5.

Step 5 ; I f  K' (•)  ■ O , s e t  K ^ ^ ( ' )  = K^(') and stop? e l s e ,  s e t

E = e / 2  and go to  2.

Now th e  space on which th e  impulse response K(') has been d e f in e d ,  has not 

been w e l l  d e f in e d ,  apart from b eing  some normed l in e a r  sp a ce .  However, i f  

i t  i s  compact the above a lgor ith m  w i l l  converge t o  an optimal s o lu t io n .

CONCLUSION

The r e s t r i c t i o n  t h a t  i t  be compact does have i t s  drawbacks, for consider

the t r i v i a l  problem, where y ( t )  = u ( t )  , and

cu(t) = cuy(t) - Cy (t) - C(t)

we are requ ired  t o  s o lv e  ?-

C(t )  = I KT (s )C (t  -  8) ds 
' O

now t h i s  has th e  immediate s o lu t io n  >T (8) -  I 6 ( . )  wtiere 6 (s )  i s  the

d irac  d e l t a  fu n c t io n ,  and i s  not bound fo r  a l l  ■ , thus th e  above a lgorithm

can not be used to  f in d  t h i s  s o lu t io n .

I f  wc ex p ect  th e  answer t o  be s t a b l e ,  o f  ex p o n en t ia l  order, and 

s u f f i c i e n t l y  smooth, th en  we can expect th e  above a lgorithm  to  work without

any d i f f i c u l t y .



A SEQUENCY APPROACH TO OPTIMAL ESTIMATION

IN TR O D U C TIO N  3

Let A d i s c r e t e  tim e s e r i e s  be rep resen ted  by the  sequence o f  f i n i t e  

term s:-

u* * u ( l )  , u(2) , u(3) , . . .  (1

I f  t h i s  sequence i s  zero  a f t e r  th e  r ' th  e le m e n t , i t  may be considered  as 

an r-d im ension a l v e c to r ,  d es ig n a ted  u , by w r it in g  th e  e n t r ie s  in  column fa s h io n .  

Let t h i s  sequence pass  through a l in e a r  system w ith a p u lse  response g iven  by:

h* -  h (1) , h(2) , . . .  , h(n) (2

The response at th e  i ' t h  tim e in t e r v a l  w i l l  be g iven  b y : -

y ( i )  -  I  h ( j )  i ( l  -  j)  
j = l

(3

u(k) -  0  , k < 1 or k > r

The sequence y* w i l l  thus term in a te  a f t e r  m ■ r ♦ i. -  1 term s. The

con volu tion  op erator  d e p ic te d  in  (3) , can thus oe  wriv. cn lb an m by r 

matrix , H.



The v ec to r  y , may th u s  be w r i t t e n : -

y = H u (5

PROBLEM FORMULATION "ND SOLUTION

Let us now t r y  and determ ine th e  p u lse  response K* , o f  the optimum 

compensator, such t h a t : -

fi -  K y (6

i s  as c l o s e  t o  z , th e  response o f  th e  id e a l  system , I , t o  th e  time  

s e r i e s  u*: -

H " I u (7

in the se n se  th a t  J i s  a minimum, where J i s  g iv en  fcy:-

l
J  -  y  I  q ( i )  ( n d )  -  (8

1-1

Here i  -  m + p"1 , where p i s  the  sequence length  o f  th e  p u lse  response  

o f  the compensator t o  be determined; and q ( i )  i c  p o s i t i v e  for a l l  i .

The performance index  J , may thus be w r i t t e n : -

j  -  j  (n -  fi)T Q(n -  5)

where n " 1 u

-  K H u (9

Instead  o f  w r i t in g  fi in th e  above form , we observe th a t  s in c e  con vo lu tion

i s  a commutative o p e r a to r ,  we can d e f in e  a m atrix U , such t h a t :



6.

U u ( l )

u(2)

u(r)

0

— p+n-1- 
o

u ( l )

u(r)

u ( l )

. . .  u(r)

(10

I t .u s: ■ f) = U H k (11

This equation  w i l l  be accepted  w ithout m o d if ic a t io n  i f  r * p , o th erw ise ,  

H must be r e d e f in e d  t o  oe p ? n -  1 by p . Expanding the  performance 

index, we thus  g e t : -

J  -  y  UT1T Q IU -  UTIT Q U Hk ♦ y  kTHTUTQ U Hk 

minimising w . r . t .  k g iv e s

T T -I  T T
k -  (H U c  U H) H U c  I u

where tlie in v e r se  e x i s t s , s in c e  Q i s  p o s i t i v e  d e f i n i t e ,  and U and H 

are o f  f u l l  rank. Furthermore, i t  i s  com parative ly  easy to  c a l c u la t e ,  

because i t  i s  on ly  p — by — p , and i s  symmetric.

(12

(13

DISCUSSION

In th e  case  o f  Q b e in g  the id e n t i t y  matrix (tim e in v a r ia n t  performance 

in d ex ) ,  eq u ation  (13) may be w r i t t e n  in  th e  form :-

Icy u  - j)k(l) - cuy(j) -  O

where C ( i  -  j)  I s  th e  i f j ' t h  e l e m e n t  o f  th e  symmetric a u to -c o r r e la t io n

m atrix:-

(14



and C ^ ( j )  i s  th e  j ' t h  elem ent o f  the c r o s s - c o r r e la t io n  v e c t o r : -

T T H U I u

Thus equ ation  (14) can be seen t o  be th e  d is c r e t e  form o f  th e  Wiener-Hopf 

equation . The reason  f o r  i t  b e in g  so  easy  to  s o lv e  in t h i s  c a se ,  i s  th a t  

the problem has been f o r c i b l y  kept f i n i t e  d im ensional . The problem o f  

r e a l i z a b i l i t y  has been overcome by the commutation o f  eq uation  (13) , which 

forbids e n t r i e s  in  k o f  n e g a t iv e  index, w h ile  o th erw ise  p reserv in g  th e  

system s t r u c t u r e .
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On th e  S o lu t io n  o f  th e  Matrix. Valued A lgeb ra ic  

R ic c a t i  Equation

-  A fter  * paper p u b lish ed  by th e  Author in the  

1 . 1 /  Transactions on Automatic C ontro l.



A R e f o r m u l a t i o n  o f  t h e  A l g e b r a i c  Riccati Equation Problem.

by E.L. J o n es .

A b s t r a c t : -  The Algebraic R icca ti  Equation Problem is  reformulated , bo ae to  

y i e l d  a simple solu tion  when the system has only real roots 3 as m y occur 

when using a sp a t ia l ly  quantized d is tr ib u te d  parameter model. A isestriction  

is  also placed on the choice o f  the syn th etic  output matrix , C.

I n t r o d u c t i o n .

I t  i s  w e l l  known th a t  th e  problem

(1minimize J -  j  (j x 'ICTCx + lu^Ru) dt

t o

su b jec t  to  t -  x ■ Ax + Bu i = Xo ^

where u and x are r e a l  va lued  v ec to r  fu n c t io n s  o f  time o f  dimension  

m and n r e s p e c t i v e l y  , and h ,B ,C , and R are r ea l  co n sta n t  m atrices  , 

such th a t  R i s  p o s i t i v e  d e f i n i t e  ?

and (A,B) i s  s t a k i l i z a b l e  

(A,C) i s  d e t e c t a b le .

requ ires  th e  s o lu t io n  o f  the A lg eb ra ic  R ic c a t i  Iq u atlon  [11 . I? I -

CTC + SA + AT S -  SBR ^  S ■ 0

The .u th o r  i s  w ith  th e  Department o f  E l e c t r i c a l  E ngineering  . U n iv e r s i ty  o f  

the Witwatersrand , Johannesburg , Jan Smuts Avenue . 2001 . Johannesburg , 

South A fr ic a .  Telephone 724-1311.
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V a r i o u s  methods have been proposed t o  s o lv e  ( i)  w ith minimal com putational 

e f f o r t  , th e  most n o ta b le  b e in g  by Kleir.man [3] and P o tter  [4] . An 

a l t e r n a t iv e  procedure i s  t o  be p resen ted  th a t  i s  based on A commuting with  

C , and y i e l d s  th e  most p le a s in g  r e s u l t s  when A i s  d ia g o n a l iz a b le .

The Procedure.

Let the problem be form ulated  in  a s u i t a b le  co -o r d in a te  system , choose C 

such th at  i t  i s  i n v e r t i b l e  , and commutes w ith  th e  m atrix A [5 ] . Then 

change th e  b a s i s  o f  th e  space

We know th a t  S i s  unique, and p o s i t i v e  d e f i n i t e  , because (A ,l) i s

y -  Cx (4

A fter s u b s t i t u t in g  , the  problem becomes :
00

minimize J ( |  yT y + i u^ Ru) dt (5

-1
s u b je c t  t o  y ■ CAC y ♦ CDu

-  Ay + CBu j y ( t Q) “ Cxo (6

which admits as a s o lu t io n

uo

whe^e S i s  the unique p o s i t i v e  d e f i n i t e  s o lu t io n  o f

T - I T T
I + SA + A S -  SC BP B C S -  O (7

completely o b .e r v .L lo  fo r  . 1 1  A. tow s  1 .  p o s i t i v e  d e f i n i t e  , so I t .  

Inverse e x i s t s  , m u lt ip ly  (7} on botli s id e s  I > -> » g iv in g

<0

which may be r e - w r i t t e n  :
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—1 —1 T —I T T  T
(S + A) (S + A) -  CBR B C + AA (9

Tha n o ta t io n  may be a b b rev ia ted  be d e f in in g  the fo l lo w in g  two m atr ices

- I T T  T
Q -  CBR B C ♦ AA (10

P = S_1 A (11

and the problem becomes to  f in d  P such th at

ppT » Q ( 1 2 .1

p -  p^ * A -  A  ̂ ( 1 2 .2

p -  A > 0  (1 2 .3

’ow, i f  A i s  sym m etric, th e  s o lu t io n  o f  th e s e  th r e e  equation s  i s  p a r t ic u la r ly  

s im p le .  F i r s t ,  b ecause  Q i s  symmetric i t  nay a lv a y s  be d ia g o n a lized ,  

so  t h a t  i «-

q » hdi:t  (13

where D i s  s t r i c t l y  d ia g o n a l .  Then the p o s i t i v e  d e f i n i t e  square r o o t ,

P i s  g iven  by i -

P -  h d V  «14

which , . t l s £ l , «  (1 2 .3 1 ,  . i n c .  P1 -  A1 >  0  , .n d  (A. I ,  1 .  com plete ly  o h s .r v « b le .

And the s o lu t io n  t o  (7) i s  then g iven  by

-1
S » (P -  A)

Bo th at the c o n tr o l  th a t  m inimizes (1) i ■ 

u°  -  - R - W S C X

/ 4 . . .



Conclusion

The c la s s  o f  problem s, fo r  which A i s  symmetric (has on ly  r ea l  rou ts)  i s  

n o n - t r iv ia l ,  as i t  o f t e n  a r i s e s  in  f i r s t - o r d e r  f i n i t e  elem ent models [ 7 ] .  

Furthermore, Konham and Johnson [G] have shown th a t  on ly  n parameters  

are n ecessary  to  determ ine the optim al c o n t r o l ,  and as Gantmacher [5] has 

shown th at  commuting m a tr ic e s  have a t  l e a s t  n independent param eters, i t  

i s  reasonable  to  e x p e c t  th a t  r e s t r i c t i n g  C to  the  c l a s s  o f  m atr ices  th a t  

commutes w ith  A does not in h i b i t  the  problem, but rather reduces th e  number 

o f  d e c i s io n s  demanded o f  the d e s ig n e r .  Note th a t  the case  o f  a s in g u la r  C 

may e a s i l y  be handled as a p e r tu rb a t io n  provided  (A,CB) remains s t a b i l i z a b l e ,  

and (A,C) remains d e t e c t a b le .  However i f  the  number f i e l d  i s  extended,  

to  cope with complex r o o t s ,  the  optim al c o n tr o l  becomes complex ; whereas 

i f  A i s  not symme-tricised th e  eq u ation  (12 .2 )  becomes non-zero , and not  

so easy to  s o l v e .  The a c tu a l  d ia g o n a liz a ta  n o f  the symmetric m atrix , such 

as in  equation  (1 3 ) ,  may be ach ieved  by means o f  the Jacob i-von  Neumann 

Algorithm. (8 ]
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•Appendix C

On th e  S o lu t io n  o f  the Operator Valued A lgeb ra ic  

R ic c a t i  E quation.

-  A f te r  the work o f  D.L. R u sse l ,  and reviewed by 

th e  Author.



In tr o d u c t io n .

Consider a System (A,B) d escr ib ed  by a l in e a r  d i f f e r e n t i a l  equation  

of  th e  form :-

x ( t )  = Ax(t) + Bu(t) t  >  t o

X ( t  ) -  Xo o

Where X i s  d e f in e d  in  a H i lb e r t  space H  ̂ with norm II* II  ̂ induced  

by th e  inner product < , > . S im i la r ly  u w i l l  be d e f in ed  in a

H ilb e r t  space w ith  norm II• II  ̂ induced by th e  inner product

< • ,  •> . The norm o f  A , a l in e a r  op erator  on , w i l l  be d e fin ed  

b y i -

IIaII « sup llAxll x e H
llxll <  1 1 1i

and w i l l  be assumed to  be f i n i t e ;  the norm o f  B , a l in e a r  operator

from H in t o  H , w i l l  be d e f in e d  b y : -  
2 I

Hb II * sup llBull u C H
llxll < 1 ' 1i

and w i l l  be assumed to  be bounded.

The c lo s e d  loop Linear Quadratic Problem (L.Q.P) i s  th e  problem c f  

choosing  u -  F ( x , t )  , such th a t  u ( t )  i s  m easurable, and such th a t  

the behaviour o f  th e  System minimizes a performance index o f  the form:

c |< x ( t ) ,W x ( t )  > | ♦ <u(t)  ,R u (t)  > J  dt

Where W i s  a bounded s e l f - a d j o i n t  op erator  on ^  in  the  same sen se  

th a t  A i s  bounded, and R i s  a o n e -to -o n e  s e l f - a d j o i n t  operator o f  

H o n to  H w ith  bounded In verse  in th e  sen se  that
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Hr 1 II = sup Hr ^ull u e h
Hull <  1 2 2

2

i ,~ bounded.

1
This problem has been s o lv e d  by Kalman in  I960 , where H and H

1 2

are f i n i t e  d im ensional E uclidean  s p a c e s . He has shown, th a t  F i s

in  f a c t  a l in e a r  op era tor  o f  H in t o  , end:

-1 TP « -R B S ( t )

2
where S ( t )  i s  th e  s o lu t io n  o f  the R ic c u t i  e q u a t io n :-

- S ( t )  -  W + S (t)A  4 ATS (t )  -  S(t)BR_1BTS (t)

S ( t  ) = O

The i n f i n i t e  tim e problem in  E uclidean  space ( t Q = O , t f  ■ ” ) has 

a ls o  been ta c k le d ,  an e x p o s ita r y  treatm ent b e in g  g iven  in: R.W. Brockett  

" F in ite  Dim ensional Linear Systems". In t h i s  case:

-1  T
F -  -  R B S

where S * lim  5 ft)
t

and S ( t )  i s  g iv e n  by the s o lu t io n  o f : -

S ( t )  -  W 4 S (t)A  + A‘S ( t ;  -  S(t)BR 1BTS (t)

I t  can be a p p rec ia te d  th a t  the above l im i t  on ly  e x i s t s  i f  some rather

Important assum ptions on A,B and W are s a t i s f i c e .  Furthermore,

i t  can be shown th a t  S > 0  , and th a t  S s a t i s f i e s : -

W 4 S A + -  S BR V t  -  O

Wonham has shown in  "On a Matrix R ic c a t i  Equation o f  S to c h a s t i c  Control"

th at  under var ious  assum ptions, th e  above eq uation  has a unique p o s i t i v e

d e f i n i t e  s o l u t i o n .  This has led  to  var iou s  e f f i c i e n t  a lgorithm s for
5 6 ' 

c a l c u la t in g  S , fo r  in s ta n c e  P o t te r ,  Kl.Inman, and m y se lf .
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R eturning now t o  the  problem o f  the space in  which the problem has been
B

d e f in e d ,  i t  has  been s o lv e d  in  i n f i n i t e  d im ensional spaces by B utk ovsk ii
9

in  R u ss ia ,  and Wang in  th e  U .S .A . The s o lu t io n  o f  th e  i n f i n i t e  time

problem in  g en era l  H ilb er t  sp ace , w i l l  be assumed to  be r ig o r o u s ly  
10

p roves ,  by R u sse l;  th e  problem rem aining, th a t  i t  may ee  ex ce ed in g ly  

d i f f i c u l t  t o  f in d  numerical s o lu t io n s  t o  the op era to r -v a lu ed  R ic c a t i  

e q u a tio n .

I t  i s  common e n g in ee r in g  p r a c t ic e  t o  model a d i s t r ib u t e d  parameter 

system , as a lumped parameter model; in te r p r e te d  m a th em atica lly , t h i s  

i s  e q u iv a le n t  to  p r o je c t in g  th e  i n f i n i t e  d im ensional H ilb e r t  space c;«to 

a f i n i t e  d im en sional su b -sp a ce .  The q u e s t io n  now a r i s e s ,  can we s o lv e  

th e  R ic c a t i  eq u ation  as an operator  on the f in i t e -d im e n s io n a l  su b -sp a ce , 

and exp ect  t h i s  approximation to  be reasonably  c lo s e  to  the d es ired  

s o lu t io n  as an op era tor  on the whole s p a c e . The r e s t  o f  t h i s  paper 

w i l l  attempt to  answer t h i s  q u es t io n ;  however, b e fore  proceed in g , i t  

i s  thought as w e l l  t o  put some q u a l i t a t i v e  fa c to r s  in to  p e r s p e c t iv e .

The g r e a t e s t  emphasis should  be on keeping Ĥ  as genera l as p o s s ib l e ,

in  f a c t ,  in  some a p p l ic a t io n s  even ' H i lb e r t  space may be to o  r e s t r i c t i v e .

H on the  o th er  hand, i s  s e V  r re gen era l than the Euclidean space  
2

E*. Next A , and B are u s u a l ly  determined e x te r n a l  t o  o n e 's  s e l l ,

and should  be adm itted to  a rather gen era l c l a s s ;  boundedness be ing

the  s e v e r e s t  r e s t r i c t i o n  a llow ed , but w ith  th e  hope th a t  i t  may la t e r

be removed. F in a l ly  w and R are u su a l ly  determined ra ther  a r b i t r a r i l y ,

i f  not ,  s e m i - s u b j e c t i v e l y ;  hence assumptions regarding W , and R

w i l l  g e n e r a l ly  not be co n s id ered  r e s t r i c t i v e ,  but w i l l  o f t e n  h e lp  by

reducing th e  c l a s s  o f  a l l  p o s s ib l e  W or )•.



Assumptions.

The assum ptions concerning  A , B , and p o s s ib ly  W ; w i l l  now be 

c l e a r ly  d e f in e d .

"Completely C o n tr o l la b le " .

A system  (A,B) i s  com p le te ly  c o n t r o l l a b le ,  i f  for  any xq (W.o . 1 .g  = 0)

and fo r  any x£ , th e r e  e x i s t s  a u(*) , an elem ent o f  the c la s s  o f

adm issable c o n t r o l s , and a t^  , such th a t:

x ( t f ) -  x f

x ( t )  -  A x(t) + Bu t Q <  t  <  t f

* “o

" S ta b i l iz a o l t . '  .

A system  (A,B) i s  s t a b i l i z a b l e ,  i f  th ere  e x i s t s  an F (a l in e a r  

mapping from H i n t o  , such th at  for  every  xq , and every t^:

x ( t )  -*‘ 0  as t  ♦ ”  

where *<«•> * (* -  BF) *<t) 1 > ‘ o

* ( t o '  ’  - o

"Optimlzable" .

A system  (A,B) i s  o p t im lz a b le  r e l a t i v e  to  W i f  th ere  e x i s t s  an 

adm issable c o n tr o l  u , and a c o n s ta n t ,  Mq , such that

f| < x,Wx > i + <u,R u > 2 1 dt < Mjlx^ll ' 
' n

su b je c t  to  x ( t )  * Ax(t) + Bud )  ̂ °

x(0) -  xo Vxo f. Hi



In the f i n i t e  d im en sion a l case complete c o n t r o l l a b i l i t y  im p lies  

s t a b i l i z o b i l i t y ,  which in  turn im p lie s  o p t i m i z a b i l i t y ; the  

o p t i m a l i z a b i l i t y  assum ption w i l l  be adopted in  t h i s  paper.

In a d d i t io n , t h e  f o l lo w in g  s tr u c tu r e  o f  p r o je c t io n s  w i l l  be assumed.

Assumption on

There i s  a sequence {e . }  o f  p r o je c t io n s  on H such t h a t : -

(i) 11m E, x -= x ; lim  E*x -  x
k-H»

x c H

( i i )  E^A = AEk

This n a t u r a l ly  le a d s  *-0 th e  fo l lo w in g  d e f i n i t i o n s :

D e f i n i t i o n s .

( i ) "k

( 11 ) x X C H

( i l l )  \  »

(iv) Ak

(v)

Further assum ptions w i l l  make th e  proof more e a s y t -

S n f f i c l e r . t  A s s u m p t i o n s .

( i l l )  EkEl  -  El Ek -  Et k > I

( i v ) E* W -  W Ek

These assum ptions and d e f i n i t i o n s  have the  fo l lo w in g  immediate im p lic a t io n s
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(a) = EkA = A ER

i . e .  reduce s A.

(b) Wk = Ek W = W Ek

(c) llEk II < 1  Vk

R u s s e l ' s  e a r l i e r  theorem w i l l  now be summarized.

Theorem. (Operator Valued L.Q.T.)

I f  (1) P (t )  i s  the  s o lu t io n  o f  th e  R ic c a t i  e q u a t io n :-

P ( t )  = W + A*P(t) + P (t)A  -  P(t)  (t)

P(O) -  O t  >  O

(2) Hie system  (A,B) i s  O ptim izable r e l a t i v e  to  W.

Then

(1) P (t )  i s  monotonic In crea s in g  w ith  t ,  and has a l i m i t : -

11m P (t)  -  P

(2) P i s  a p o s i t i v e  s e l f - a d j o i n t  operator  th a t  s a t i s f i e s  th e  

q u a d r a t ic  e q u a t io n : -

w + PA + A*P -  PBR p -  o

(3) i f  uc ■ R ^R*P x , then C reaches i t s  minimum with u

i . e .

J (u ° )  < J(u) for a l l  a d m iss ib le  uC )

(4) The minimum va lu e  o f  J O  rrsy be ev a lu a ted  a s : -



D e v e l o p m e n t  o f  c o n v e r g e n c e  in  K.

The f i r s t  two theorems show th a t  o p t im a z ib i l i t y  o f  a system im p lies  

o p t im iz a b i l i t y  o f  th e  su b-system s as generated  by {e^} .

Theorem 1.1

I f  (1) W i s  p o s i t i v e .

(2) E* W = W F-k

Then

P roof.

<X,W X > >  <X,V.'k X> V X E

> 0

I f  w i s  p o s i t i v e , then  for a l l  x E Ĥ

< (I  -  Ek )x , W(I -  Ek)x > O

<X# ( I  -  Ek)*W(I -  Ek ) x > i > 0

<X, (W -  E*W -  W Ek > E* W Ek)x  >  o

•• < » . < « - k Ek -  Ek h ^  * ei; w v x > i

< X , (W -  E* w Ek)x > t > 0

<X,(Wx -  Wk X) > t > 0  

<X, W X -  <X, Wk X > 0

<X, W x > 1 >  <x, Wk x 

Theorem 1 .2

I f  <k, w x> >  <k, wk x >  and I f  th e  eyatem  s a t i s f i e s  th e  o p t l m l l a t l l l t y

a a .u m p t lo n ,  th e n  .1 1  t h e  aub ay .tem a  a . t l . f y  t h e  op t  1 . 1 , a b i l i t y  a a a w p t i o n .

□



P r o o f .

I f  t h e  s y s t e m  s a t i s f i e s  t h e  o p t i m i z a b i l i t y  as sum p tion ,  then  3u,M such  

t h a t : -

M llxo [12 > 1 "  f <x,  Wx>^+ <u,  Ru >2 ] dt

where x ( t )  = A x( t )  + B , ( t )  t  >  O

x(O) = x V x E Ho o i

Now s i n c e  <x ,  x > <  < x ,  Wx> , t h i s  g i v e s

MItx II 2 >  i I <x,  W
°  Jo

. x > + ' i ,  Ru > 1 dt

where x ( t )  -  Ax(t) + Butt) t  >  O

x (0 ) ■= xo

Now, by th e  d e f i n i t i o n  o f  Wy , the  ideopotency o f  ER , and the  

o b serv a t io n  th a t

x ^ tt)  ■ FkAx(t) ♦ EkBu(t) -  Akxk (t) ♦ B^utt)

we gets

Mlkk (0) II2 >  p  <xk , Wkxk > i + <u, Ru >2 1 d t

•  '  •  #
where xk (t)  -  Ak xk (t )  + Bku (t )  t  > 0

Xk v0) -  Ekxo

•niis may be in te r p r e te d  a s ,  3  u ,  M such th a t  the sub-system  i s  op tim izabre .

F ir s t  s tro n g  convergence fo r  f i n i t e  t  w i l l  be proved, i t  w i l l  depend 

on th e  fo l lo w in g  theorem due to  RussM, which w i l l  be assumed:-

Theorem. (Russel)

Let X(VJ,t) be th e  s o lu t io n  o f
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X = F (X ,y , t )  

where X(v,0) = XQ(y)

where y e fi a compact space

X C 8 a Banach space (o f  Bound l in e a r

transform ations)  

and t E F  th e  rea l  l i n e .

a ls o  F ( X , y , t )  i s  a polynom ial in  X , w ith  c o e f f i c i e n t s  s tr o n g ly

continuous fu n c t io n s  o f  y C f. and t  e F  .

I f  X^(y) i s  s t r o n g ly  continuous in  y £ ft , then 3  T such th a t  

X( y , t )  i s  s t r o n g ly  continuous in  the  s e t  {y C ft , t  e [ 0 , T ] } .

Furthermore X (y , t )  i s  s t r o n g ly  continuous in  the s e t  {y C ft , t  > O)

i f  and on ly  i f  th e r e  e x i s t s  a n o n -n eg a tiv e  ( in cre a s in g )  fun ction  g ( t )  

such t h a t : -

H x ( y , t )  II < g(T) w e f t

o  <  t  < T < ®

Theorem 2 .

I f  P^(t) i s  thr s o lu t io n  o f  th e  R lc c a t i  E quation:-

Pk(t) - Wy + Akrk(t) + Pk(t'\ " Pk(t)DkR lp*kPk(t^

Pk (O) -  0

Where ^  , Bk , and Wk have  been d e f in e d  a b o v e ,  and ♦ x

s tr o n g ly  In x , «nd I f  t h e  sy stem  (A.BI s a t i s f i e s  th e  o p t i m l t s b l l l t y

assumption, t h c n : -

I>k ( t ) x  P ( t ) x  

s tr o n g ly  in  th e  s e t  (x c , t  > (')



10.

P r o o f .

I t  i s  o n ly  n e c e s s a r y  to  show th at  the c o n d it io n s  o f  R u s s e l ' s  e a r l i e r  

theorem are f u l f i l l e d .  i ’i r s t  note th a t  k i s  a p o s i t i v e  in te g e r ,  

append t o  t h i s  s e t  th e  symbol 00 , and d e f in e  P00(t)  = P (t)  , e t c .

Now d e f in e  a neighbourhood system on these , the  extended p o s i t i v e  in t e g e r s ;  fi.

( i )  N i s  a neighbourhood o f  a f i n i t e  in te g e r  n , i f  N i s

any su b se t  o f  fi which in c lu d es  n.

(11) h i s  a neighbourhood o f  00 i f  N i s  a su bset o f

fi th a t  in c lu d es  00 and a l l  but f i n i t e  many o f  n.

fi thu s  forms what i s  c a l l e d  a compact to p o lo g ic a l  space . Next note  

th at  Pk (t) i s  a s e l f - a d j o i n t  operator on , w ith norm

IIP. ( t )  II -  sup <x, P. ( t )  x >
k llxll <  1l

Now s in c e  every  Cauchy sequence o f  s e l f - a d j o i n t  o p e r a to r s , converges  

to  a o e l f - a d j c i n t  o p e r a to r ,  the  P^tt) form a r e a l  Banach space F. 

Furthermore, s in c e  P^( f ) in cr ea se s  m onotcm ically  to  P  ̂ , and a l l  th e  

<x, Pk x > arc bound above by <x, Px > , by th e  c p t im i z a b i l i t y  assumption;

we havd th a t  8  i s  a Banach space o f  bound l in e a r  o p e r a to r s .  F in a l ly  

note th a t  t  i s  r e a l ,  and hence th a t  our problem i s  formulated in  the

c o r r e c t  s p a c e s .

Next note  t h a t : -

F(Pk ( t ) , k , t )  " Wk + A^Pk (t)  ♦ pk (t ,A k

-  pk < t ) v ‘ lB; pk ( t l

I . e .  t h . t  r (P k ( t )  .  k . t )  I .  .  polynom ial In v l t h  c o - . f f l d e n t .

Independent o f  -  (and I. nee s tro n g ly  continuous In -)  t .  No. -  »

s t r o n g ly ,  s o : -
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Wk X -*■ W X

\  x A x

BkR- 1 B*k x -*• BR- 1 B* x

These show th a t  the c o - e f f i c i e n t s  o f  F are s tr o n g ly  continuous fu n c t io n s  

o f  k E Q , in  th e  a b s tr a c t  sen se  in  which ft has been d e f in e d .

F i n a l l y  note  th a t  Pk (o) * O , and i s  independent both o f  k , an d  o f  

t  } a n d  may thus be thought o f  as s t r o n g ly  continuous in k , a n d  t .

Russel's theorem now a ssu r e s  us th a t  Fk (t)  i s  s tr o n g ly  continuous  

in  the s e t  {k e ft , t  C ( 0 , T ) } .  To extend t h i s  s e t  t o  in c lu d e  a l l  

p o s i t i v e  t  we c a l l  on th e  o p t im iz a b i l i t y  assumption aga in , t o  assure  

us th a t  fo r  a l l  ;

<Xo , Pk (t> Xo > <  <xc  , P X0 >

Thus || Pk (t)  It i s  bounded above by IIP II , and Pk (t) i s  a s tro n g ly

continuous fu n c t io n  in  th e  s e t  {k  E ft , t  *■* o } .

In the  next group o f  theorems we s h a l l  prove the important r e s in t  t . .a t

f(k) ■> f (®) t where f tk )  -  <x^ , Pkx^ > and f M  -  <xo , P*0 > .

This r e s u l t  w i l l  be both s i g n i f i c a n t  from the  t h e o r e t i c a l , and the 

p r a c t i c a l  p o in t  o f  v iew . I t  guarantees  c o n t in u ity  o f  f(k) on ft, 

even a t  t  -  ® thus com pleting  th e  prev ious theorem; i t  a l s o  forms 

an e s s e n t i a l  prem iss o f  D in i ' s  theorem, t o  fo l lo w .  P r a c t ic a l ly  i t  

means th a t  fo r  any i n i t i a l  s t a t e  (xo > , a k -d im ensional model may be 

found t o  g iv e  a performance ftk )  (measured in  terms o f  th e  model) as 

c lo s e  t o  opt lux ( ( ( » ) )  «S d e - ir o d ,  however, th e  convergence m.y . t i l l

be confourJed bv a d i f f e r e n t  ch o ice  o f  x .
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Theorem 3 .1

I f  (1) V I s  p o s i t i v e

(2) E*W -  W Er

(3) -  E,Ek -  E , I f  k > t .

Then, i f  k > i  , we have :

<x,Wk x > >  <x,Wy x > Vx f. Hj

P ro o f . For a l l  x C H and, i f  W i s  p o s i t i v e .

<(Ek -  E%)x , W(Ek -  Et )x  >| > 0

< x ,(E k -  Et )*W(Ek -  E ^ x  > i > 0

<X,(E* W Ek -  E* W Ê  -  E* W ER + E* W E£)x

Now by assum p tion  (2) , t h i s  I m p l i e s : -

<X,(E* W Ek -  W EkE£ -  K E£Ek + E |  W E£) X >

And by assumption ( 3 ) : -

<X,(F*  W Ek -  W E£ -  W Bl  ♦ E |  W E£)x  > j >  < 

Then by th e  Idempotency  o f  E£ , and aga in  u s i n g  c ssu r p tio n

t h i s  i m p l i e s : -

< X , ( E *  W Fv -  E« W F£ -  E* W Ej ♦ EJ W E£) X

So we g e t : -

<X,(E* W Ek -  F* W E£)X > 0

<x, (Wk > W£)x  > o

<x, (Wk X -  w£ x) '  o

<x,wk X > ,  - <X, W£ X o

> >  oi

> o

( 2 ) ,

> >  o  
1



Thus prov in g  th e  r e s u l t : -

< x ' Wk x>i >  < x ,  x k > 8,

Theorem 3 .2

I f  <x, Wk X > >  <x, X > k > 8

and i f  EkE£ « E£Ek -  E  ̂ k > 8

then <’,o ' ,,kxo > > ' W o  1  Vxo E H, k "

i.e. f(k) it wonotonic increasing.
P ro o f . By tne sc  u t ion  o f  the Operator Valued L . y . P . : -

<X0 - PkX0  \  " Jg f<Xk 'Kk Xk > , + <UK • R \

where

K m W  + 0

xk ( 0 ) - E k xo  V X e H1

Now s in c e  <x,Wk x > , ^ < X ' W8  X > i V x C ,

<Xo ' Pk X0 '  >  Q  <Xk >Wt Xk > 1 * <Uk - R "k 

where . ^ ( t )  ♦ Bku'k( t )  1 *  0

xk ' 0 » * Ekxo V x o C H 1

Now s in c e  x ? ■ F.̂  x » E^Ek x * F%%k »

we can w r i t e  t h e  above e x p r e s s i o n  a s : -

<x„.pv x„ > >• I I x , , w , x ,  * <"k ' R "k,o ' Pkxo ’  >  xt .'wt xl  * 1  

su b jec t  t o  x ^ (t)  * A%x^(t) * t • o

x£ (0 ) -  V o  V xo C ",

R eferr in o  back t o  th e  Operator Valued L . Q . l • wr

8

> 2 1 dt

we h ave:-  

1 dt

1 dt

the co n tro l



u£(t) i s  su b-op tim al fo r  th e  system (T^.B,) , i . e .

su b jec t  to

x%(t) •= A%x^(t) + u^(t) t  > O

V x Q € H

Combining, we g e t : -

v x £ H o k > I

i . e .  th a t i s  monotonic in c r e a s in g  w ith  k

Theorem 3.3

If  f (k )  i s  monotonic in c r e a s in g  fo r  a l l  k, and the  system s a t i s f i e s  

the o p t i m i z a b i l i t y  assumption; then f(k )  has a l i m i t , and t h i s  l im it  

i s  not g re a te r  than <xo , P x q >.

P roof .

From th e  Operator Valued L.Q.P. i f  the system  (A, E) s a t i s f i e s  the  

o p t im iz a b i l i t y  assum ption , then th ere  e x i s t s  a P , such t h a t : -

Now s in c e  f (k )  i monotonic in c r e a s in g ,  we must have f(k ) < < x 0 »r x 0  

for a l l  f i n i t e  k ? thus f(k )  has a l i m i t  as k -  » , and

su b jec t  to i v t )  -  Ax(t) + Fu(t) t > Ot > O

x(O) -  xQ V xo C H, *
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Theorem 3 .4

I f ( 1 )

( 2 ) 

(3)

pk ( t)  in c r e a se s  m on cton ica lly  with

s tr o n g lypk<t ) x o  " p ( t )  xo

Then

Proof.

lim  f(k )  <  <x ,P x > 
k-x» 0 0

l im  f(k )  « <x^,P x > 
k—  0 0

Assume th e  c o n c lu s io n  t o  be f a l s e , then by premise

f (k )  -» (xo ,P xQ) -  6

where 6  i s  some p o s i t i v e  number; now observe;

f (k )  -  f t (k) + 6

-  f (k )  -  (xo ,P xo) + 6 + (xo ,P xQ)

♦ (xo , P ( t ) x o )

<  I f (k )  -  (X ,P x ) + &| + I (x o ,P xo )

♦ | (xo , P ( t ) x (

where f t (k) f  <xo ,Pk ( t ) x o > as usual,

Now by prem ise ( 1 ) ,  i t  i s  p o s s i b l e  t o  choose a T 

|<x .?  x > -  <xo ,P(T )xo >i < V 3

l l k s - w i e e ,  by prem ise ( 2 ) ,  and th e  assum ption, it  1 

a K(T) such t h a t ; -

( i )

(11)

l <x0 ' P ( T l x 0 > " f T ( k )! < 6 / 3

| f ( k )  -  <xo ,P x0> > 6 | < 5 / 3

Thus:

t  , and Pk (t)  -► Pk k C fi

(3)

<x0 , P ( t ) x 0 )

-  f t (k)

-  <« 0  

:  -

such that

9 p o s s ib l e  to  choose

Vk > K 

Vk > K
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f(k )  -  f t (k) + 6  < 6

i . e .  th e r e  e x i s t s  at l e a s t  one k , and (sone x^) sudi t h a t : -

<*o'Pk(T)V ' <*o'Pk V

but t h i s  c o n t r a d ic t s  th e  premise th a t  r^ (t)  in c r e a se s  m onotonically  

with t  , t o  th e  l i m i t  P̂ . ; so  the assumption i s  f a l s e ,  and

11m f (k )  = <x ,P x >
k—  °  °

12
The fo l lo w in g  theorem due to  D in i may be found, fo r  example in M. Zamansky1 s 

"Linear A lgebra and A n a ly s is" ,  and w i l l  be assumed t o  be v a l id .

Theorem (Dini)

II a monotone sequence o f  r e a l  fu n c t io n s  f^ , which are continuous on 

a compact space E , converges  sim ply to  a continuous fun ction  f  , 

then i t  converges  u n iform ly .

We s h a l l  now use J i n i ' s  theorem to  prove the f o l l o w in g : -  

Thccrem 4 .1

I f  for  a l l  xq , r ^ ( t )  i s  monotone In creas in g  w ith t  , and

( 1 )

( 2 )

(3)

PR(t)  * Pk s tr o n g ly  in  k , as t

Then <xo ,Pk ( t ) x o > -  <xn ,Pk xo > uniform ly in  k.

Proof.

Define f^(k) -  (xo ,P k ( t )  xo , and f(k) - (xo»rk *o ] 1 Wht'rC * ^  

d efin ed  on fi , a compact ( to p o lo g ic a l )  sp ace .  ^ e n  premise ( 1 ) 

c l e a r ly  im p l ie s  f^k) + f(k) s tr o n g ly  on 0 , "here 1"
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Premise (2) im p l ie s  th a t  for  a l l  ( f i n i t e )  , f^(k) i s  continuous  

on ^ » anc  ̂ (3) im p lie s  th a t  f (k )  i s  a l s o  continuous on fJ at t  = 

The c o n d it io n s  o f  Dini s  theorem have thus been s a t i s f i e d ,  and we may 

conclude th a t  f t  (k) + f  (k) uniform ly on fi ; i . e .  (xo ,Pk (t) xq) -»

(xo ' Pkxo) uniform ly in  k. □

We now s tre n g th e n  t h i s  convergence in  x^.

Theorem 4 .2

I f  (1) The system  s a t i s  » th e  o p t im iz a b i l i t y  assumption.

( 2 ) Pk (t)  i s  monotonic in  t .

( 3 ) (xo ,P k ( t ) x o ) •*' (xo ,PkxQ) uniform ly in  k for a l l  x^.

Then ?k (t )x ^  -* Pkx^ uniform ly in  k

Proof.

flPk (t)xo ’  Pkxo11 "

-  < ( ^ ( 1 )  -  V xo ' (Pk (t) * pk)xo>2

<  <(Pk ( t )  -  r k) x c , x0><(Pk ( t )  -  Pk ) 2x0 , (Pk ( t )  -  pk) x c >

<  l < P k ( t ) x o  , xo > -  <Pkxo , xo> ]  • l P k ( t )  -  Pk« ’ • l!xo ,! 2

Now s i n c e  0  <  P -  P. ( t )  <  P. <  P . t h e  r i g h t - h a n d  s i d e  converges  t o  
K K ^

o  u n i f o r m ly  i n  k , hen c e  s o  does  t h e  l e f t - h a n d  s i d e ,  s o : -

Pk ( t ) x o •* PkxQ uniform ly in  k □

We nay now deduce t h . t  Pk « 0  converge , t o  P« 0  (w ithout «ny Involvement 

Of t)  .
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Theorem 5

If for fctv.'h x q ,

Xo ** P (t )x ^  s tr o n g ly  in  t  

( 2 ) Pk ( t ) x o P ,̂xo uniform ly ii; k

(J) P ( t)  x *  P xO O

Then Pkxo -  P xo

P ro o f .

F i r s t  n o t e : -

II P. x -  P x j l  k o o

II Pkxc  -  Pk ( t ) x o + Pk ( t ) x o -  P ( t ) x o ♦ ? ( t ) x o -  P xj l  

<  II Pk xQ -  Pk ( t ) x J I  + II Pk ( t ) x o -  P ( t ) x oll + B P ( t ) x o -  P xjl 

Now w r it in g  o u t  t h e  p r e m is e s  in  l u l l  we s e e : -

( 1 ) ( 6 ) <xo ) ( t )  0 O  ( k > K -  !lPv t ) x c  -  P I t i x J I  < V 3]

(2) (6) (xo ) ( > )  (K)[ t  > T -  II PR ( t )  xQ -  Pk xoll < 6 / 3 1

( 3 )  i d)  (x  ) ( 5 r ) l  t  > T -  l l P ( t ) x o  -  P x0H < V 3 ]

Co l i n i n g ,w e  g e t : -

(6 ) (xo ) (3 T) ( 3  K> I k > K -  II Pkxo -  p Xjl < 6 )

T h u s

pk - o  *  r xo

F i n a l l y  w e  r e l a t e  t h e  c o n v e r g e n c e  o f  P . t o  t h a t  o f  t h e  c o n t r o l ,  u .  

T h e o r e m  6 .

D

u ° ( 0 ) u (0 )
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p r o o f .

Uk(0) -  -  R 1b* p x k e f i#v K o

Now s in ce  B* c o n v e n e s  s t rong ly  to B* , and P) converges s t rongly
- 1

to  P .t ami s ince  R • B # and P arc  a l l  bound we have th a t :  -

liR p . x -  R 1B* p x || -► o as k » □



20.

A d d e n d u m .

R u s s e l ' P p a p e r  e f f e c t i v e l y  proves th a t  u ° ( t )  -*> u ° ( t )  s tr o n g ly  in  x ,

and on ly  at t -  0 . t xq can be assumed to  be con stra ined  to  some

co m p a ct  subspace < f  (w r ite  e E) , and i f  th e  optimal system can

be assumed t o  be t a b le  (O p t im iz a b i l i t y , as d e f in ed  in  the t e x t , does

not imply s t a b i l i z a b i l i t y ) ; then  uniform convergence can be proved,

th at  i s ,  th a t  u ° ( t )  u ° ( t )  for  a l l  t  , and fo r  a l l  x e E.
^ C'

P roof .

- 1
Since A , B , R , and P are a l l  bound, so  i s  the  operator A1, where

A1 -  A -  BR- 1B*P

Hence th e  o p era tor  T (t )  i s  a l s o  bound for every t  , s in c e  the s e r i e s  

of  p a r t i a l  sums i n : -

00

T ( t )  -  I ( A , k A : ) t k 
Kr 0

i s  m ajorized  by th e  ex p o n e n t ia l  o f  the  bound on A 't .  How s in c e  the  

system i s  s t a b l e  , T (t)  converges to  zero , and i s  hence hour. , for

a l l  t .  Now y ( t )  i s  g iven  b y : -

x ( t )  -  T ( t ) x o

and s in c e  1  (t)  i s  bound, and x ,  c E , a fundamental theorem of

topology t e l l s  us th a t  x ( t )  C E. Now for  a l l  x ( t )  C E , we have

(1) th a t  Pkx ( t )  i s  continuous in x ( t )  s in ce  i s  bounded,

fo r  a l l  k E ft.

(2) th a t  Pkx ( t )  -> P x (t)  roonotonically in  k.

Thus, D i n i ' s  theorem t e l l s  us that Pk * f uniformly
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Appendix D

On th e  L inear Quadratic Problem with Complexity 

C o n s t r a in t s .

-  A fter  a paper read by the  Author at the r.A .C .A.C.  

Symposium on C ontrol th eo ry  at the  U n ivers ity  c* 

th e  W itwatersrand.
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s u f f i c i e n t  Con d i t i onal fo r  the  Limited S ta te  L i r - a r  Regulator Problem.

E.L. Jones

Abstr a c t : -  S u f f i c i e n t  cond i t ions  are found, for  the  exis tance of an optimal 

co n tro l ,  and f o r  th e  co n t ro l  t o  be a lo c a l  minimum of the i n f i n i t e  time 

l in e a r  m u l t iv a r i a t e  dynamic system with quadra t ic  cost  funct ion ,  and cons tant  

p a r t ia l  s t a t e  feedback.

I n t r o d u c t i o n :

In general  a dynamic system, may be of exceedingly high o r d e ' ( but  with only 

a few s t a t e  v a r i a b le s  a v a i l a b le  for  measurement. One approach to  t h i s  type 

of optimal co n t ro l  problem i s  t o  r e -co n s t ru c t  the missing s t a t e  v a r i a b le s ,  

using a Kalman f i l t e r  ( : ) ,  or a Lucnberger observer  [2 ] , but  t h i s  again can 

lead t o  a d im ens iona l i ty  c r i s i s  in the s t a t e  re -cons t ruc to r .  An a l t e r n a t iv e  

approach, l a r g e ly  a t t r i b u t e d  to  Michael Athens and W.S. Levine [3 1 (though 

the general philosophy has been around a long time before) i s  f i r s t  to  

determine the  s t r u c t u r e  of the compensator, and then to  t r e a t  the problem 

as a parameter opt imizing  problem. Levine and Athens have however only 

found necessary condi t ions  fo r  an optimal contro l  ( i f  i t  e x i s t s ) .  In t h i s  

paper s u f f i c i e n t  condi t ions  w i l l  be given for the  exis tence  of a local

m in im izer.

N o t a t i o n .

E [ • )

{ • >

N {•}

<* , >

M - i  

( • «  •)

4 )

D e n o t e s  E x p e c t a t i o n  o f  a R a n d o m  V a r i a b l e .  

D e n o t e s  t h e  R a n g e  S p a c e  o f  a n  O p e r a t o r .  

D e n o t e s  t h e  N u l l  S p a c e  o f  o n  O p e r a t o r .  

D e n o t e s  I n n e r  P r o d u c t  i n  H i l b e r t  S p a c e .  

D e n o t e s  C a t e n a t i o n  (or Augmentation) 

D e n o t e s  K r o n e e k e r  product.

D e n o t e s  t h e  e m p t y  s e t .

S u b s c r i p t  " s "  d e n o t e s  S y m m e t r i c  C o m p o n e n t .
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problem  F orm u lation : 

C on sid er the problem :-  

Minimize J 

where * = Ax + Bu 

y = Cx 

u = -Fy

E I 2 (x C^C x + u^Ru)dt ]o o

; t  >  o

a n d E ( x(o) x (o) 1 DD ( 1 )

where x ,y ,  and u are r e a l  valued vector  fu n c t io n s  o f  t im e, with dimensions

n,m and r r e s p e c t i v e ly ;  and A,B,C,F,C R,X and D are con stan t m atrices
0 o

co n s is te n t  w ith  th e  e q u a t io n s .  There w i l l  be no l o s s  o f  g e n e r a l i t y  i f  R i s  

assumed to  be symmetric. F i s  the matrix o f  parameters to  be var ied ,  in  order  

to minimize J .

Only i f  th e  i n t e g r a l  e x i s t s ,  may th e  performance c r i t e r io n  be eva luated  V x(0),  

thus : -  -  .  TV A_tE T A
eAc t Q e C dt x(o) 1

where A * A -  BFC c
T T T0 » C C + C F RFC
0 0

r *Jt Act
w riting K ■ e Q c d t  

' o  
we get

j  -  J t r  ( K D D ]

( 2 )

(3)

(4)

i t  car. be shown th a t  K i s  g iv en  by the unique s o lu t io n  o f : -

K A + A K + Q " O 
c c

(5)

where a s u f f i c i e n t  c o n d it io n  for  the uniqueness

A lte r n a t iv e ly ,  the  performance c r i t e r i o n  may be r e - w r i t t e n : -

J  -  I t r  I Q [" • DD e d t 1 
/ o

o f  K i s  th a t  Ac be s t a b l e .

A Tt (6)



then w r i t in g

o
(7)

we get

J = 2 t r  [Q Ll ( 8 )

i t  can be shown t h a t  L i s  g iv e n  by the  unique s o lu t io n  o f : -

L A 11 + A L + DDT ■= Oc c (9)

where a s u f f i c i e n t  c o n d it io n  fo r  th e  uniqueness o f  L i s  a ls o  th a t  

be s t a b le .  (4 1

The system (A,B,C) w i l l  be sa id  t o  be s t a b i l i z a b l e  i f  and on ly  i f  th ere  

e x i s t s  a f i n i t e  F such th a t  A( i s  s t a b le .

The fo llo w in g  remark w i l l  be u s e fu l :  I f  (A,B) i s  s t a b i l i z a b l e ,  and 

(A,C) i s  d e t e c t a b le ,  then e i t h e r  A i s  s ta b le ;  or th e  matrix

i s  unbounded; but o b v io u s ly  not b o th .  For i f  A i s  u n sta b le ,  le t  C be 

an e ig en v ec to r  correspond ing  to  an e ig en v a lu e  X of A , such th a t  ha-

non-negatlve r e a l  p a r t .  The space spanned by a l l  p o s s ib le  f, i s  c a l l e d

o
( 10 )

Now because <A,C) i s  d e t e c ta b le ,  we have

that. C £ v 0 . [51

So there o x l . t .  an n C F,”  . such th a t  J n  h a .  a component p a r a l l e l  t o  C.

Use any such r) t o  e v a lu a te  W

o
d t (11)

where k i s  some p o s i t i v e  s c a la r . New in  order for  nTwn to  be bounded,
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c V b  = X1^  « 0 X w Of 1  • • • f n- 1 ( 1 2 )

T h a t  i s  to  say

(13)

where F(A,B) = ( B|AB|  An -I B 1

but Wonham [5 1 has shown th a t  the  c o n t r o l l a b i l i t y  subspace in c lu d es  the un stab le  
subspacei i«e*  th a t  • “

( r ( A , B ) ) 2  E +  (14)A

which i s  e q u iv a le n t  t o  i -

N{I7(A ,B )} n e a+ -  {*) (IS)

thus c o n tr a d ic t in g  our o r i g in a l  assumption.

Existence o f  an Optimal C o n tr o l .

As to  the e x i s t e n c e  o f  an optim al F , c a l le d  F* , we pose the fo l lo w in g  

theorem.

Theorem 1.

If 1)

2 )

3)

4)

(A,B,C) i s  s t a b J l l z a b le  

(A,D) i s  s t a b i l i z a b ! e

(A,C ) i s  d e t e c ta b le  . 
e e

i s  p o s i t i v e  d e f i n i t e

Then there  _ ' s t s  an optim al F* w ith  f i n i t e  norm, th a t  s t a b i l i z e s  (A,B,C) 

and minimizes J .

hroof. Let us r e f e r  t o  the c l a s s  o f  F 's  with f i n i t e  norm, th a t  s t a b i l i z e s

(A,B,C) as X , then  i f  (A,H,C) i s  s t a b i l i z a b l e ,  th ere  e x i s t s  an C X

that A -  BF1C i s  s t a b l e .  E ith er  t h i s  i«  the optimal one in  X .

thus s a t i s f y i n g  th e  theorem; or th ere  e x i s t s  a b e t t e r  one, f X

that j ( F i+ 1 ) < j(F ^) . We may proceed in d u c t iv e ly ,  a l l  th a t  remains

shown, i s  th a t  th e  p r o c e d u r e  has a l i m i t ,  and th a t  t h i s  l i m i t  i s  in  X- New



c l e a r ly  th ere  i s  a minimal value o f  J ,  namely J = 0 , and the s u f f i c i e n t  

con d it ion  for  the e x i s t e n c e  o f  t h i s  minimum i s  g iven  by R > 0 ,  

hence the procedure must have a l i m i t  F* . Let us now assume th a t  A -  BFX  

becomes u n sta b le  as *► F* , now c l e a r ly :

, r  A t  T V  T
J £ 2 t r  [ C e DD e d t C ] (16)

0 Jo 0

but s in c e  (A.D) i s  s t a b i l i z a b l c ,  and (A,C ) i s  d e t e c t a b le ,C r. 0
t h i s  means th a t  J becomes i n f i n i t e ,  which c o n tr a d ic ts  the p r in c ip le  th a t  

j  improves, s o  c l e a r l y  A^- EF*C i s  s t a b l e .  Let us now suppose th a t  

oo Fi  *  F* , now c l e a r ly :

J 2 2 t r  [ t'TR F C L CT 1 (I?)

and i f  C L  CT i s  i n v e r t i b l e  fo r  a l l  F  ̂ , t h i s  means th a t  J becomes

i n f i n i t e ,  thus proving our theorem. I f  however, C L C i s  s in g u la r  for

s ->me i  , then  th e r e  e x i s t s  a t  l e a s t  one &F̂  such t h a t i -

AFi  c  Ni  '  0  (18)

Twhere N " L.

Furthermore, any motion along any o f  the AF£ th a t  s a t i s f i e s  (18) does not 

a lt e r  L , or J ( F j  , so we may c o n s tr u c t  a new sequence, , by minimizing

the norm ( r e l a t i v e  to  a l l  Af )̂ a t  each s t e p .

> CL^C  ̂ in v e r t i b l e  

S « arg min ( II F . + AFjl ,AF^ CN1  -  ol > CL1 CT s in g u la r .  (19)

This new sequence has been chosen so th a t  at each s t e p ,

S 1  CNi  *  °

T T . _ (20)and S 1 C Li  C S1 > 0

Let us now suppose th a t  t h i s  new sequence becomes i n f i n i t e  as 1 t ► F*, then
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T Tbut s in c e  R i s  p o s i t i v e  d e f i n i t e ,  and S C L C S i s  n o n - s in g u la r , th is

means th a t  J becomes i n f i n i t e ,  which c o n tr a d ic ts  the p r in c ip le  th a t  J

improves, so  S -» S = F as F. * F* and th ere  e x i s t s  an F with  ■L ^ l o r n  l  m

f i n i t e  norm, such th a t  J (F m> = J ( F * ) , and e X •

Let us now review  th e  n ecessa ry  c o n d it io n s  fo r  o p t im a l i t y : -  

Theorem 2 .

I f  F* m inim izes J , then

a n d  where K and L are ev a lu a ted  a t  F*.

This i s  c l e a r l y  th e  theorem due t o  Levine and Athans I 3 ] . The im$>crtance 

of in c lu d in g  i t  h e r e ,  i s  th a t  i f  i t  i s  read in  conju nction  w ith  theorem ( ly ,  

then we arc g iven  s u f f i c i e n t  c o n d it io n s  fo r  the e x i s t e n c e  o f  a s o lu t io n  t .

We s h a l l  save a l o t  in  n o ta t io n a l  com plexity  i f  we adopt the fo llo w in g

M L CT = O ( 2 2 )

T
where M = R F*C -  B K

M L Cl “ 0 .

oufficient C onditions  for a Loco) Mlnlmuin.

In t i l l s  s e c t i o n  we s h a l l  look  a t  d i f f e r e n t i a l  v a r ia t io n s  in  the  e r s t ,  t o  

second order; and e s t a b l i s h  s u f f i c i e n t  c o n d it io n s  fo r  i t s  n o n - n e g a t iv i ty .

g e n e r a l iz a t io n s  as , -•f in it .ions o f  th e  d e r iv a t iv e

Let t  (•)  be a r ip p in g  from X in to  V • vl' crc ' 

r _q i f  x i s  an element o f  an open se t  in  X ,

D e f in i t io n .

are Banach s p a c e s .  I f  x i s  an elemor.’ o f  an i p<. n

f(x+h) -  f (x )  * L (x ,h) + w (x ,h ) ;h  i X

where L (x ,« )  i s  a l i n e a r  operator from X ln t o  V * and

(23)

II ŵ  (x,h)H
ih ir (24)
llhll •> 0



T h e n  L (x, •) i s  c a l l e d  the  Frechet d e r iv a t iv e  o f  f  (•) eva luated  a t  x , 

a n d  i s  unique, and i s  denoted by f ' ( x ) .  Now f 1 (•)  i t s e l f  i s  an element o f  

BJxjV') where B(x,  V) i s  the  space o f  bounded l in e a r  operators from X in to  

y t which i s  a l s o  a Banach s p a c e .  With tlie  d e r iv a t iv e  formulated in  t h i s  

way, we are a b le  t o  rep ea t  the p r o c e s s : -

L e t  f 1 ( * )  b e  a  m a p p i n g  f r o m  X i n t o  6 (x,  V) ,  w h e r e  X a n d  8 (x, W  

a r e  B a n a c h  s p a c e s .  I f  x i s  a n  e l e m e n t  o f  a n  o p e n  s e t  i n  X » a n d  i f : -

f  • (> vh) -  f 1 (x) -  L (x,h) + w (x,h) (25)
2 2

h e x
w h e r e  L ( x , •) i s  a  l i n e a r  op erator  from x in t o  B(x,V) # and

II wz (x,h)l l  Q

as

llhll 

Ifhll ( 2 6 )

Then L (x ,* )  i s  c a l l e d  th e  Frechet d e r iv a t iv e  o f  f *(•) eva lua ted  a t  x , 

and i s  unique, and i s  denoted by f " ( x ) .  Here f"C> i t s e l f  i s  an element  

of  BIx . B i x .V ) )  where B ( x , B l x , V ) )  i s  the  space o f  bounded l in e a r  operators

from x in t o  Btx.W  , and th e  p rocess  may be rep-.atod.

In our case  X i=  a H ilb e r t  sp a ce ,  and V i s  a su bset  o f  the  re a l  l i n e ,

hence we may d e f in e  th e  d i f f e r e n t i a l s : -

6 2f  -  f " ( x ) h  ♦ 0  ( h ) 1

(27)
and 6 f  * < h , f ' ( x ) > +  S < h ,f" (x )h >  + 0 (h)*

Thus the s ig n  o f  th e  d i f f e r e n t i a l  v a r ia t io n  in f mal bv dt tcr - in c c .  from 

d e f in i t e - n e s s  o f  th e  operator f " ( x ) ,  whenever t  (x) i -

Here fo l lo w s  the main r e s u l t s ,  which i s  j u s t  an a p i l i c a t  ion  

ideas to  the  problem a t  hand.
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Theorem  3 . I f  th e r e  e x i s t s  a f i n i t e  F* th a t  s t a b i l z e s  (A,B,C) and

s a t i s f i e s  th e  n ecessa ry  c o n d it io n s  o f  o p t im a l i ty ,  and i f  the  mr x mr 

symmetric m atrix  P i s  d e f in e d  b y : -

P = I 4 (M 8 C) (A 0 I + IB A ) ~ 1 (Ba LC^)] + R 8  CLC" (28)c  c s

T h e n  J(F*) i s  a l o c a l  minimum i f  P i s  p o s i t i v e  d e f i n i t e .

p ro o f . We h a v e : -

J '  (F*) -  (RF*C -  BT1')L CT -  0 <29)

where K and L have been eva lua ted  a t  F*. Tlierefore: -

j ’ (F*+AF) -  J '(F *)

■ (RF* C -  B^K) A L CT

+ (r Arc - bt Ak) L cT

+ (R AFC - BT AK)AL CT (30)

A L(A -  BF*C -  BAFC)T 

+ (A -  BF*C - B AFC)A L

-  L CT AfV  -  B AFCL -  0 (31)

where

and

A K(A - BF*C -  B/ C)
T

+ (A -  DF*C -  B uF C) AK

4 CT AfTRrc ♦ cTFTK Arc

- cT Aft bt k - KB Arc

- cT aft r Arc - o
(32)

rrom c o n t i n u i t y » .n d  s t a b i l i t y  .rg u m cn t . ,  i t  n»y be .rgued  th at  . .  F b econc.  

sm all, we g e t : -

6-J  .  K6 LCT t  (R«FC -  / ( K ,  I . C T t W t (8F)  1331

c c

where M " RF*C -  B̂ K



Now i t  can be checked th a t  i f  i s  s t a b le ,  and the mappings are

continuous (bounded);

II w ( 6 f)II

n h s r  " °

II w ( 6 f1I

“ f e r  * 0

IIw (drill 

ii&Fii " 0

as IldFll O (36)

Since the n ecessa ry  c o n d it io n s  fo r  o p t im a li ty  are f u l f i l l e d ,  th e  v a r ia t io n  

in J i s  zero  to  f i r s t  ord er , and we may w r i t e : -

6 j  ■ 2 < 6 f ,m 6 l c t  ♦ (r 6 f c  -  bt 6 k ) l c t  > + o ( 6 f) 3 (37)

w riting  <5P, <5l ,  and 6 k as column v e c t o r s ,  and u s i n g  the r e s u l t s  in

appendix 1 , we g e t : -

fij -  1 < 6 f  . ( i*-OC) 6 l  + (RaCLCT) 6Fv -  (ETC*CL) dKy  > + 0 ( 6 f v ) 3 
V (36

w here (A 9 I + I* A ) 6 L -  (B 6  LC' + LC*' » B) «Fy -  0
C C »

(A T e  I > I « a / )  «K •  IM- «  c T ♦ cT B mt i i r v  -  oC C  V

noting th a t  the system  i s  s t a b l e ,  and s u b s t i t u t i n g  for  LLv Anu Kv

(40)

fe get:*

here

6 J  -  1 6FvT P 6F v ♦  0 ( 5 f
} 1 (41)

v

p  .  ( H  *  C ) (Ac  S I ♦ I ® Ac > 1 (B •  LC I

+ (M a c) (A a 1 * I a a^i 1 ( l c t  a B)

♦ (BT « c l i i a /  « I ♦ I « a / ) - 1  IK1' a Cv l

» ,bt  « CO (a_t  b i  + i  a  AcTl ' 1 (CT a  bT)
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N o t i n g  th a t  th e  t h ir d  term i s  j u s t  the tran spose  o f  the f i r s t  term, and t h a t : -

Fv‘(M B C) (?c 0 I + 1 0 Ac)"1(L CT 0 B)

■ Fv (C B M) (Ac 1 0  1 + 1 0  AcT) ~ 1(B B LCT) Fv (43)

for a l l  Fy ; th e  e x p r e s s io n  fo r  P reduces to  th a t  g iv en  in  th e  o r ig in a l  

theorem s ta te m e n t .  And th e  r e s t  o f  the theorem fo llo w s  d i r e c t l y .

Now we know from th e  p rev io u s  s e c t io n  th a t  the second v a r ia t io n  cannot b e

Tp o s i t iv e  d e f i n i t e  i f  CLC i s  s in g u la r ,  in  t h i s  case , we have the co ro lla ry :

Cor o l la r y : I f  th e r e  e x i s t s  a f i n i t e  F^ o f  minimum norm th a t  s t a b i l i z e s

(A,B,C) and s a t i s f i e s  the  n ecessary  co n d it io n s  o f  o p t im a li ty ,  then 2 (F^)

i s  a  lo c a l  minimum, i n  th e  s t a t e d  c l a s s  o f  F 's  , i f  ( 1 0  NTC ) P (I 0 CN)

i s  p o s i t iv e  d e f i n i t e .  Where the id e n t i t y  m atrix i s  r X r and N i s  any

T
factor o f  f u l l  rank, such th a t  NN -  L.

The proof o f  t h i s  c o r o l la r y  i s  ' r,f t  t o  the rea d er .

Conclusion:

S u f f ic ie n t  c o n d it io n s  have boon found for th e  n o n - n o g . t lv l t y  o f  the  second  

v ar ia tion ;  a l s o ,  i t  has boon shewn th at  i t  i s  not n ecessa ry  fo r  C L C  

to  bo i n v e r t i b l e  in  ord er  th a t  an optimal c o n tr o l  may e x i s t .  However, 

i t  should be noted  th a t  th e  r e s u l t s  depend h e a v i ly  on th e  optim al co n tro l  

being a s t a b i l i s i n g  c o n t r o l ,  but s u f f i c i e n t  c o n d it io n s  are  g iv e n  fo r  t h l .  

too . The r e c o g n i t io n  th a t  th e  second v a r ia t io n  Is  a l in e a r  operator in  

matrix sp a ce ,  which may be r e -w r i t t e n  a .  •  m atrix  op erator  in  v ec to r  space  

(by using th e  Ktonecker p ro d u ct) ,  su g g e s ts  th a t  a second  order algorithm  

may be uucd t o  f in d  th e  s o lu t io n .



APPENDIX 1 .

I f  S represents the matrix,

S I1 S12

S 21 S22

Sml Sm2

In

2 n

mn

then l e t  e'enote th e  column v ector  whose elem ents are , S ^ ,  • • •  #

• ln. s 21. S22 s2n sml- Sti Smn- Th<,n thc £ o U " ' ln9

pairs may be checked t o  be e q u iv a le n t .

( i )  A S + S A + C " 0

(ATa i ♦ i a at >sv + cy * o

( i i ) Q -  A S B

Q •» fA 0 B ) S 
v

T T T
(111) Q -  B S A

O * (^^ 0  A) S 
v '

as w ell  as th e  fo l lo w in g  e x p r e ss io n s  i~

T T T. 
( iv )  (A « B) "(A 0  B )

(v) s  t (a h b) (c « d) sy -  s vt (b a a) (d h o  s v
V S
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