Graphs, Compositions, Polynomials and
Applications

by
(© Thokozani Ncambalala

A thesis submitted to the
School of Mathematics
in fulfilment of the
requirements for the degree of

Doctor of Philosophy

School of Mathematics

October 2017



Declaration

I declare that this thesis is my own, unaided work. It is being submitted for the degree
of Doctor of Philosophy at the University of the Witwatersrand, Johannesburg. It

has not been submitted before for any degree or examination at any other University.

— (Signature of candidate)

1:/101

day of JANA QNS 20 [B in \WIES

i



Acknowledgments

First and foremost, I would like to thank God, for providing me with both the physical
and psychological strength with which to complete this research.

Secondly, I would like to extend my thanks towards my supervisor Prof. Eunice
Mphako-Banda, for her relentless encouragement from the beginning of my research
in the year 2015, right throughout the course of it to the end in the year 2017.

I say thank you ma’am, for agreeing to supervise me for this PhD and your continuous
belief in me since.

Thirdly, I wish to acknowledge and thank the National Research Foundation (NRF),
for its financial support in the form of a scarce skills scholarship in the first year of
my PhD in 2015. Similarly I would also wish to thank the Wits university for its
financial support extended towards me for my honours, masters and subsequent PhD
studies.

Finally, T would like to recognize and thank my colleague Karin Hunt and Darlison

Nyirenda for their assistance in proof reading my work.

— Thokozani Ncambalala

il



Abstract

In this thesis, we study graph compositions of graphs and two graph polynomials,
the k-defect polynomials and the Hosoya polynomials. This study was motivated by
the fact that it is known that the number of compositions for certain graphs can be
extracted from their k-defect polynomials, for example trees and cycles. We want to
investigate if these results can be extended to other classes of graphs, in particular to
theta and multibridge graphs. Furthermore we want to investigate if we can mimic
these results of k-defect polynomials to Hosoya polynomials of graphs. In particular,
investigating if the Hosoya polynomials of graphs can be computed using, similar
methods to k-defect polynomials.

We start the investigation by improving the upper bound for the number of graph
compositions of any graph. Thereafter, we give the exact number of graph composi-
tion of theta and 4-bridge graphs. We then find explicit expressions of the k-defect
polynomials of a theta graph via its bad coloring polynomial. Furthermore, we find
explicit expressions for the Hosoya polynomials of multibridge graphs and g¢-vertex

joins of graphs with diameter 1 and 2.
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Chapter 1

Introduction

The concept of graph compositions of graphs was introduced in 2001 by Knopfmacher
and Mays [25]. Graph compositions of several families of graphs have been discussed
in the literature, [5, 23, 25, 28, 29]. In addition, in 2012, Mphako-Banda [28], showed
that there is a one to one correspondence between the number of graph compositions
of a graph and the number of closed sets of that graph. In 2016, Mphako-Banda
and Werner [29] used the principle of inclusion and exclusion for counting graph
compositions of suspended Y-trees.

The k-defect polynomial of a graph H was first studied in 1969 by Crapo [13] when
studying vertex coloring of graphs. In [8], Brylawski and Oxley showed that the
k-defect polynomial of a graph H, counts the number of ways of coloring H with A
colors and having exactly & monochromatic edges. In [27], Mphako, generalized some
properties of the chromatic polynomials to k-defect polynomials. In particular, it was
shown in this work that the leading coeffient of any k-defect polynomial of certain
classes of graphs is equal to the number of closed sets of size k.

The Wiener polynomial was introduced in 1947 by Harold Wiener [34] and later as
Hosoya polynomial by Hosoya [22] in 1988. There is no recipe formula for finding the
Hosoya polynomial of a graph, see [1, 10, 14, 16, 17, 19, 21, 24, 35, 36]. Hence finding

the recipe formula is important.



1.1 Overview of Thesis

In this section we give a brief outline of the results of this thesis in each chapter.

In Chapter 2, we state and prove some of the results of this thesis. We state and
prove one of the results of this chapter, a new sharper bound for graph compositions
of any graph H. Finally, we give the main result of this chapter, the formula for the
number of graph compositions of a theta graph and a four bridge graph.

In Chapter 3, we discuss three graph polynomials, chromatic, k-defect and bad color-
ing polynomials. The two polynomials, the k-defect and the bad coloring polynomials
are the main subjects of discussion in this chapter. In particular, one of the results
of this chapter is the formula for the bad coloring polynomial of an m-bridge graph.
Finally, we give the main result of this chapter, the explicit expresssion of the k-defect
polynomial of a theta graph.

In Chapter 4, we use the concept of distances in graphs and the principle of inclusion-
exclusion to get our result. The main result of this chapter, is the explicit expression
of the Hosoya polynomial of a uniform multibridge graph. We conclude this chapter,
by stating the Wiener index of uniform multibridge from the Hosoya polynomial of
uniform multibridge.

In Chapter 5, we introduce a graph operation called the g-vertex join for any graph
of diameter 1 and 2. We then state and prove the main result of this chapter, the
Hosoya polynomial of the g-vertex join of a diameter 1 and 2 graph. Finally, we give

the Wiener index of the g-vertex join of a diameter 1 and 2 graph.

1.2 Basic Definitions

In this section we define some basic concepts in graph theory that are useful to this
thesis.
A graph is an ordered triple H = (E(H),V(H), Ig) where V(H) is a non-emptyset of

elements, E(H) is a finite set of elements disjoint from V(H) and Iy is an incidence



relation that associates each element of E(H ), an unordered pair of elements of V (H).
The elements of the set V(H) are called the vertices and elements of the set E(H)
are called the edges of the graph H. Thus for an edge e of H, we write Iy(e) = {v, w}
and the vertices v and w are called the ends of the edge e or we say , e is incident
with v and w. In addition, we say vertices, v and w are adjacent or are neighbours.
The number of edges incident with vertex w is called the degree of vertex w. A hand-
shaking lemma is the sum of all the degrees of vertices in a graph and this sum is
equal to twice the number of edges of a graph, that is, 2|F(H)|. A set of edges of
graph H is called a set of parallel edges if all the edges in the set have the same ends.
A loop is an edge whose two ends are the same. A bridge is an edge in a connected
graph whose removal will separate the graph into two disconnected components. A
sub-graph H,y of a graph H is a graph such that E(H,) C E(H) and V(H;) C V(H).
A graph H is disconnected if it has two or more components. A simple graph is a
graph without any parallel edges or loops.

In a graph H, a walk is an alternating sequence of vertices and edges,

Wy, €1, W1, €2, Wa, €3, - - , €,, W, beginning and ending with vertices in which w;_; and
w; are the ends of the edge e;. A walk in a graph H, is closed if wy = w,, and is open
otherwise. A trail is a walk in which all the edges in it are distinct. A trail is a path
in which all the vertices in it are distinct. A closed trail in which all the vertices in
it are distinct is called cycle. The length of a walk is the number of edges in it.

A regular graph is a graph in which all the vertices are of degree k for k > 1. Let H
be a graph on n vertices with ¢ connected components, the rank of H, denoted by
r(H), is defined to be r(H) = n — c¢. The nullity of H, denoted by n(H), is defined
toben(H) = |E|—r(H). A closed set X of size k, is the largest rank-r sub-graph of
H containing X. In the following example, we illustrate some of the defined concepts

which will be heavily used in this work.

Example 1.2.1. Let H be a graph of order 9 corresponding to the diagram in Fig-
ure 1.1. Then, rank of H is 9 — 1. If the two edges e; and ey are deleted from H, we



get the sub-graph X of H of size 8 with two components and 9 vertices, corresponding
to the diagram in Figure 1.2. Thus (X)) =9—-2=7, but n(X U {e;}) =9—-1=38,
for i = 1 or 2. Thus X is the largest rank-7 sub-graph of H containing X. Thus, the
sub-graph X, is closed in H. If two edges e; and eg are deleted from H, we get the
sub-graph Y of H, of size 8 with one component and 9 vertices, corresponding to the
diagram in Figure 1.3. Then, r(Y) =9—-2=7=1r(Y U {e;}) for i = 1 or 6. Thus,
Y is not the largest rank-7 sub-graph of H containing Y. Therefore the sub-graph Y,

is not closed in H.

Figure 1.1: The graph H

Figure 1.2: The graph X

Figure 1.3: The graph Y



1.3 Graph Operations

In this section we define some graph operations in graph theory that are useful to

this thesis.

(i) An edge contraction of an edge e € H, denoted by H/e, is the operation of
removing an edge e from a graph H, while at the same time merging the two

vertices that it previously joined.

(ii)) An edge deletion of an edge e € H denoted by H\e, refers to the operation of
removing e from a graph H, without merging the two vertices that it previously

joined.

(iii) If H is a graph with some parallel edges and loops, we obtain a simple graph
of H, by merging each class of parallel edges into one edge and deleting all the
loops of H.

(iv) Given vertex disjoint graphs H; and Hs, then H; V H,, is the graph in which

each vertex of H; is adjacent to every vertex of Hs.

Let H be a graph with vertex set V(H) = {hy, ho,---,h,}, edge set E(H) and
let a vertex w ¢ V(H). A vertex join of a graph H, is the graph denoted by
H, with vertex set V(H) = {hy, ha, - ,hp} U {w} and edge set E(H) = E(H) U
{{h1, w}, {ha,w}, -+ {hn, w}}.

An FEulerian orientation of an undirected graph H is an assignment of a direction to

each edge of H such that, at each vertex v, the indegree of v equals the outdegree of

.

1.4 Classes of Graphs

In this section, we define some well known classes of graphs in graph theory that are

useful to this thesis. A tree on n vertices, is a graph, denoted by %, in which any two
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vertices are connected by only one path or alternatively, a connected graph without
any cycle. There are different types of trees in graph theory, one type which will be
frequently mentioned in this work is a path. A tree is called a path, denoted by P,,
if all the vertices are of degree two at most. An Fulerian graph is a graph with every
vertex of even degree. A cycle graph, denoted by C),,, is a closed trail in which all the
vertices in it are distinct. A complete graph on n vertices, is a graph, denoted by K,
in which all the vertices are adjacent to each other, that is it each vertex have n — 1
neighbours. This means K, is n — 1 regular. A strongly reqular graph on n vertices,
is a k-regular graph denoted by srg(n, k, A, 1), such that if there exists an integer A
such that for every pair of vertices v and v that are adjacent in srg(n, k, A\, u), then
there are \ vertices w that are adjacent to both u and v and if there exists an integer
w such that for every pair of vertices u and v that are not adjacent in srg(n, k, A, i),
then there are u vertices w that are adjacent to both v and v. A wheel graph on n
vertices, denoted by W, is the join k; V C,,, of k1 and C,,. A bipartite graph, is a graph
in which its vertex set can be divided into two disjoint sets U; and U, such that each
edge of the graph has one end in U; and the other end in U,. In particular, it is called
a complete bipartite graph, denoted by K, ,, if every vertex in U; is adjacent to each
vertex in Uy and vise versa where |U;| = p and |Us| = g¢.

We now define the class of graphs which is the main body of study in this work.

Definition 1.4.1. A theta graph is a graph consisting of a pair of end vertices joined
by three internally disjoint paths of lengths by, be, b5 > 1. A theta graph is denoted
by 0, b, 45- The graph H corresponding to the diagram in Figure 1.1 is an example of
a theta graph, 094.4.

The concept of theta graph has been extended to multibridge graphs.

Definition 1.4.2. An m-bridge graph is a graph consisting of a pair of end vertices
joined by m internally disjoint paths of lengths aq,as,as, -+ ,a, > 1. An m-bridge

graph is denoted by 04, a5.05,,am- If m = 2, it is a cycle graph and if m = 3, it is
called a theta graph.



1.5 Graph Polynomials

There are many polynomials associated with a graph. Polynomials of graphs play a
very crucial role in graph theory as they encode information about a graph.

In this section we will define and give some properties of two polynomials of graphs
that are well studied in graph theory and are very useful to this work. We start by
defining the chromatic polynomial of a graph and state some of its known properties.
Finally, we define the Tutte polynomial of a graph and state some of its known
properties.

The chromatic polynomial of graph H, denoted by x(H;\) is a polynomial in one

variable \.

Definition 1.5.1. The chromatic polynomial of a graph H, denoted by x(H; \), with

¢ connected components, has the following expansion:

X(H;A) = ) (—)Hh

ACE(H)
The following proposition states some of the known properties of the chromatic poly-

nomial.

Proposition 1.5.2. Let H be a graph. Then
(i) n is the degree of the polynomial, which is the number of vertices of H.

(ii) each coefficient a; is an integer.

(11i) the coefficient of A" is one i.e a, = 1.

(iv) the coefficient of A"t is a,_1 = —m, where m is the number of edges of H.
(v) the constant term of x(H;\) is zero.

(vi) the coefficients a; alternate in sign such that Y . a; = 0.



The Tutte polynomials of a graph H denoted by T'(H;z,y) is a polynomial in two

variables x and y.

Definition 1.5.3. Let H = (V(H), E(H)) be a graph. The tutte polynomial of H

has the following expansion:

T(H;wy)= Y (z—1)FE 7@y —1)n
ACE(H)

where r(A) is the rank and n(A) is the nullity of A.

The following proposition states some of the known properties of the Tutte polyno-

mial.

Proposition 1.5.4. Let H be a graph and T(H;x,y) the Tutte polynomial of H.
Then

(i) x(H;\) = (=1)"EEXT(H; 1 — \,0) where ¢ is the number of components of
H.

(i) T(H;0,0) corresponds to the characteristic function of the empty graph.
(111) T(H;1,2) corresponds to the number of connected spanning sub-graphs.
(iv) T(H;2,2) corresponds to the number of spanning sub-graphs.

(v) T(H;0,—1) corresponds to the characteristic function of Eulerian graphs.

(vi) T(H;—2,0) corresponds to the number of Eulerian orientations.



Chapter 2

Graph Compositions of Theta
Graphs

2.1 Introduction

In this chapter, we start by giving a brief history of graph compositions and a brief
history of theta graphs. Then we state and prove one of the results of this chapter,
an improved upper bound of graph compositions. Thereafter, we give another result
of this chapter, an explicit expression for the number of graph compositions of theta
graphs. In addition, we verify our formula for the number of graph compositions of
theta graphs which falls in other classes of graphs with already known formulae for
the number of graph compositions. Finally, we extend the results for the number of
graph compositions of theta graphs to the number of graph compositions of 4-bridge

graphs.



2.2 Brief History of Graph Compositions and Theta
Graphs

In this section, we give a brief history of graph compositions and theta graphs. We
close this section, by stating and illustrating some useful known concepts and defini-
tions from the literature which are relevant to this chapter.

The concept of graph compositions of graphs was introduced in [25], Knopfmacher and
Mays. In this original work, generalization of both ordinary compositions of positive
integers and partitions of finite sets were given. Furthermore formulas, generating
functions and recurrence relations for counting compositions of several families of
graphs were discussed. In addition, the upper and the lower bound of graph compo-
sitions were set. As a follow up in [31], Ridley and Mays gave a formula for finding
compositions of the union of two graphs. After 2004, the literature in graph com-
positions extended in many directions. In [5], Bajguz introduced a new construction
of counting graph compositions of tree-like graphs. In [23], Huq used an alternative
approach by using exponential generating functions for counting graph compositions
of bipartite graphs. In [28], Mphako-Banda showed that counting the number of
graph compositions of a graph is equivalent to counting the number of closed sets
of that graph. Recently, in [29], Mphako-Banda and Werner used the principle of
inclusion-exclusion for counting graph compositions of suspended Y-trees.

The class of theta graphs is well developed and studied in the literature. Here we
give a sample of different directions of studies on theta graphs found in the literature.
This class of graphs was first introduced in [26], Loerinc, when studying the chromatic
uniqueness of the generalised theta graph. In [20], Eichhorn et al. discussed edge-
bandwidth of theta graphs and set the upper and lower bounds for edge-bandwidth for
a theta graph. In [7], Jason discussed the chromatic roots of generalized theta graphs
and showed that the roots of the chromatic polynomial of a k-array generalized theta

graph all lie in the disc |z — 1| < [14o0(1)]k/logk. In [11], Carraher et al. proved that

10



the sum-paintability of a theta graph with r internally disjoint paths of lengths 2 is
2r + mingmen{m+1: m(l—m) + (}) <r}. In [4], Archdeacon, the characterization
of planarity was discussed by using a theta graph.

We need the following concepts and theory from the literature.

Definition 2.2.1 ([25]). Let H be a labeled graph with vertex set V(H). A compo-
sition of H is a partition of V(H) into vertex sets of connected induced sub-graphs

of H.

Thus a composition provides a set of connected induced sub-graphs of H,

{H;Hs; . . . ;H,,}, with the properties that

U V(H,) =V(H) andfor i#j V(H)[\V(H)=2.

m=0
Recall from Chapter 1 that if H is a graph on n vertices with ¢ connected components,
then the rank of H is denoted by r(H) = n — c¢. In addition, a closed set X of size k,
is the largest rank-r sub-graph of H containing X. Recall that the size of a graph H
is the number of edges of H.

The following theorem is useful to this chapter. We state, without proof, the

theorem in graph compositions [28].

Theorem 2.2.2 ([28]). Let H be a labelled graph with vertex set V(H) and edge set
E(H). Let C,(H) be the set of all distinct compositions of H such that

C(H) = |Co(H)|. Let v(H) be the set of distinct closed sets in H, such that ~y; is a set
|E(H)|

of distinct closed sets in y(H) of size i. Then C(H) = Z |74
i=0

We state a basic theorem on the principle of inclusion-exclusion which is widely known
in literature, we refer the reader to [9] for the proof. This theorem plays a crucial

role in this work.

11



Theorem 2.2.3. Given a finite set of objects which may or may not have any of the
properties 1,2, 3,---n, let P(j1,--- ,jr) be the number of objects which have at least
the r properties jq,--- , j.. Then the number of objects in the set having at least one

of the properties is

P(1) + P2 + - + P(n)
- P(1,2) - P(1,3) - - = P(n—1,n)
+ P(1,2,3) + P(1,2,4) + -+ + P(n—2,n—1,n)

+ (~1)"'P(L,2,--- ,n).

Since this theorem plays a crucial role in this work, to clarify the use of this theorem,
we give the following example on application of the principle of inclusion-exclusion in

counting the number of graph compositions of a graph H.
Example 2.2.4.

Let H be a graph shown in Figure 1.1. Let v;_y, where j € {1,2,---,11} be the
property that a sub-graph of H of size j — 1 is closed in H. We denote the number of
closed sets of size j —1 in H by |v;_1|. Let 7,_1 be the property that a sub-graph of H
of size j — 1 is non-closed in H. We denote the number of non-closed sets of size j — 1
in H by |7,_1|. Therefore from Theorem 2.2.2, the sub-graphs of H with size 0 up to
4 are all closed in H, thus the number of closed sets of size 0 up to 4 is Z?:1 11| =

Z?Zl (jl_ol). For the sub-graphs of H with size 5 up to 8, each size includes both closed

10

and non-close sub-graphs of H. There are ( 5

) sub-graphs of size 5 in H. The number
6
of non-closed sub-graphs with size 5 in H are |y5| = 2 (5) Therefore the number of

10

closed sets of size 5 is |v5| = =) 95| There are () sub-graphs of size 6 in H.
6\ /4
The number of non-closed sub-graphs with size 6 in H is || = 2 (5) (1) Thus the

number of closed sets of 6 is |yg| = ( ) — |¥6|. Similarly for the closed sets of size

6

12



6\ /4 8 10
7 we have |y;| = 2(5) (2) + <7>, hence |y;| = (7> — |¥7], and for the closed sets

2\ [4 4\ (4 10
of size 8 we have |35| = 2(1> <1> + (1) (1), hence |ys| = (8> — |7s|. There are

no closed sets of size 9 in H, hence |yy| = 0. There is only one closed set of size 10 in
H, that is H itself, thus |yi| = 1.

Here is the summary of the number of closed sets of H from size 0 to size 10.

- (3)-

Iml = (110)=10

- (5

= (9[-

- (0 ()
- (=00 -00 -+

10
pu— pum— ]_.
ol (10)

Hence applying Theorem 2.2.2, the graph compositions of the graph H is
10
C(H) =) |yl =842,
i=0

2.3 Bounds of Graph Compositions

In this section, we discuss an improved upper bound for the number of graph compo-

sitions of a graph H on n vertices. The upper bound and the lower bound were set

13



in [25].

Theorem 2.3.1 ([25]). Let H be a connected graph with n vertices, then the number
of graph compositions of a graph H, is roughly bounded by, C(t,) < C(H) < C(K,).

Let C be a cycle in a graph H. The path C' — e where e € E(C) is called a broken

cycle of H.

Lemma 2.3.2. Let H be any graph on n wvertices. Then any sub-graph X of H

containing a broken cycle of H is a non-closed in H.

Proof. Let E(H) = {ei,ea, - €m_1,€m,a1,a2---a;} be edge set of H such that
|E(H)| = m+t. Let a cycle C, be a sub-graph of H such that

E<Cm) = {617627 o 'em—l,em} C E(H)
and let X be a sub-graph of H such that
E(X)={e1,e9, - em 1,a1,a3---ai} C E(H)

where [ < t. Then E(X) contains a broken cycle {e1, e, -€,_1} of E(C,,). More-
over, (X) = r(X U{ex}) thus X is not the largest rank-r sub-graph containing X.
Therefore X is a non-closed sub-graph. O

Theorem 2.3.3. Let H be a graph with edge set E(H) and vertex set V(H). Then

the number of graph compositions of H is,
QVUDIT < C(H) < 2IEUDI,

Proof. The number of graph compositions is equal to the number of closed sets of H,
as established in [28]. The number of closed sets of different sizes can be found by
the principle of inclusion-exclusion. The number of closed sets of size k is equal to

('E (kH )l) — Q) where O > 0, is the number of non-closed sets of size k. Since there are

14



|E(H)| edges, k ranges from 0 to |E(H)|. Thus in total we have the number of closed
sets of H to be

o = (BN =g () - g

(PN gk (1)~ Qi

|EQH)
JEWI 3,
=0

But Y120 Q; > 0, thus C(H) < 2!PUDI, -

We can get the exact number or some sharper bounds of graph compositions for
|E(H)|

certain classes of graphs just by studying Z Q;. The following proposition is known
i=0
in the literature, see [25].

Proposition 2.3.4. Let

[E(tn)]

(i) t, be a tree on n vertices, then Z Q; =0.
=0

|E(Cn)l

(ii) C, be a cycle graph on n vertices, then Z Q; =n.
i=0

It is clear that @; will be determined by the cycles and the intersection of the cycles

in a graph H. Hence the following proposition follows from Lemma 2.3.2.

Proposition 2.3.5. Let H be a graph on |E(H)| edges, with 2 cycles, C,, and Cp,.
Then

|E(H)]
Z Q; = (n2™ +m2" — mn)2/FUI=m=n
i=0

if E(C,,) N B(Cy) = 0.

Proof. Let H be a graph on |E(H)| edges, with 2 cycles, C,, and C,,. We consider

three cases:

15



Case 1. The broken cycles are in C),, while in C,, there are no broken cycles, then
there are (7)(2™ — (77))2/PUDI=n=m possibilities.
Case 2. The broken cycles are in C),, while in C,, there are no broken cycles, then
there are (1) (2" — (7))2/FPUDI=n=m possibilities.
Case 3. The broken cycles are in both C,, and C,,, then there are ("f) (’11)2|E(H)‘*”*m

possibilities. Combining the three cases we obtain

|E(H)|
Z Qi = (n2™ + m2" — mn)2EH)I=m=—n
=0

The following result follows directly from the Proposition 2.3.5.

Corollary 2.3.6. Let H be a graph on |E(H)| edges, with 2 cycles, C,, and C,,. Then
C(H) = 2P _ (n2m 4 m2m — mp)2/BH)I=m-n

if E(Cy) N E(Cy) = 0.

2.4 Graph Compositions of Theta Graphs

In this section, we give an explicit formula of the number of graph compositions of a
|E(H)]

theta graph. We now calculate Z Q; for theta graphs and hence find the number

of compositions of a theta graphf
Recall from Definition 1.4.1, that a theta graph denoted by 6, 4,5, is a graph con-
sisting of a pair of end vertices joined by three internally disjoint paths of lengths
by, ba, b3 > 1. The following proposition gives some properties derived from the defini-
tion of theta graphs which are useful to this work. For the purpose of logical reasoning

in this work, we take b; < by < b3.

Proposition 2.4.1. Let H be a theta graph 0y, p, . Then
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(i) the size of H is by 4+ by + by = f.

(i1) any edge of a theta graph belongs to two cycles of H.

(111) there are three cycles in H, namely, Cy 1p, Cpibs and Ch,ips.
We find @ where 0 < k < by + by + b3 for theta graph.

Lemma 2.4.2. Let 0y, y, 5, be a theta graph and by < by < bs. Then

Q O, nggbl—i-bg—Zandk:bl—i—bg—i—bg
k p—

b1+b2+b3, k:b1+b2—|—b3—1
Proof. Let 0 < k < by + by — 2, then it is clear that the smallest cycle in 6, 4, », has
by + by edges. Hence no broken cycle with fewer than b; + by — 2 edges. Therefore
there are no non-closed sub-graphs of size k£ by Lemma 2.3.2.
If we let k = by + by + b3, then there is no broken cycle since it is the whole graph. If
we let k = by + by + b3 — 1, then there is only one edge of the theta graph missing. By
Proposition 2.4.1, each edge is in a cycle, therefore each sub-graph of this form will

have a broken cycle. O
We only need to find Q. for by + by — 1 < k < by + by + b — 2.

Lemma 2.4.3. Let 0y, 4,5 be a theta graph and let by +by — 1 < k < by + b3 — 2.

Then
O — by + by bs
P o\ by — 1)\ k—b, — by 1)

Proof. These are all the sub-graphs containing a broken cycle of Cj, 14, and some
edges in bz such that by +by — 1 < k < by + by + (bg — by — 2) since b > by. The broken

by + by

cycle of Cp, 4+, can be chosen in ( > ways, and the other remaining edges

n bs avs L]
k—b —by+1) "
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Lemma 2.4.4. Let 0y, p,p, be a theta graph and let by +b3 —1 < k < by + b3 — 2.

Then
O = by + by bs
P by by — 1)\ E—b =y 1

n b1 + b3 by
by +bs5—1)\k—0b;, —bs+1/"

Proof. For by +b3 — 1 < k < by + b3 — 2, there are two possible broken cycles that

by +b
is, Cp,4p, and Cpy, 4p,. The broken cycles of Cy, 1y, can be chosen in 1+ 0
by +by —1
bs

k—by—by+ 1 ways. The broken cycles

ways, and the other remaining edges in

of Cy,4p, can be chosen in ( ) ways, and the other remaining edges in

by
. O
(k— by — bs + 1> ways

Lemma 2.4.5. Let 0y, 1,1, be a theta graph and let by +bs —1 < k < by +by + b3 — 3.

Then
O = by + by bs
P\ by — 1)\ kb — by 1
. by + bs by
by +bg—1)\k—b; —bs+1

n by + b3 by
by +bs—1)\k—by—bs+1/"
<

Proof. For by + b3 — 1 < k b1 + by 4+ b3 — 3, there are three possible broken
cycles that is, Cy,4+4,, Cby 445 and Ch,1p,. The broken cycles of Cy, 44, can be chosen in

by +b b
(bl 41_—;)—2 i 1) ways, and the other remaining edges in (k L, _3 by + 1) ways. The

by +b

broken cycles of Cy, 44, can be chosen in (b -1F_;7_ s 1) ways, and the other remaining
1+ 03—

b
edges in 2 ways. Finally the broken cycles of Cj, 4, can be chosen in
kE—b —bs+1
by + b b
(b2 —12——;)_3 j 1) ways, and the other remaining edges in (k b, _1 by + 1) ways. [

Lemma 2.4.6. Let 0y, p, 1, be a theta graph and let k = by + by + bs — 2. Then

ka = b1by + b1bs + bybs.
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Proof. Firstly, we consider the term b;bo. This is the number of sub-graphs containing
broken cycles of Cy, 1y, and Cj,4p,, where one edge is missing in b; and the other
missing edge is in by. Secondly, we consider the term b;bs. This is the number of
sub-graphs containing broken cycles of Cy, 3, and Cp,1p,, Where one edge is missing
in b; and the other missing edge is in b3. Finally, we consider the term bybs. This is
the number of sub-graphs containing broken cycles of Cj, 44, and Cy, 4p,, where one

edge is missing in by and the other missing edge is in b3. [

The following theorem is a direct result of the Lemma 2.4.2, Lemma 2.4.3, Lemma 2.4.4,

Lemma 2.4.5 and Lemma 2.4.6.

Theorem 2.4.7. Let H = 0y, 4,4, be a theta graph and let 8 = by + by + bs. Then the

number of graph compositions of H,

C(H) = 27+ B+ biby + byby + bobs

—(by + b2)2% — (by + b3)2" — (by + b3)2"2.

Proof. Let 8 = by + by + bs. Then in Lemma 2.4.3, Lemma 2.4.4 and Lemma 2.4.5 we
have the term ( b1-+b2 )( bs ), for by + b, — 1 < k < 8 — 3. Now we get

b1+ba—1 k—b1—ba+1
Bi ( by + by )( bs ) B I’i( by + by )(bg)
k=b1+ba—1 bl + b2 —1 k - bl - 62 + 1 k=0 bl + b2 -1 k

= (b1 +by)(2% — b3 — 1).

Similarly in Lemma 2.4.4 and Lemma 2.4.5 we have the term (blbingi 1) (k—b1b—263 +1>’ for

b1 +b3—1< k<[5 —3we get

ﬂi ( by + by )( by ) B ”2‘2( by + by )(bg)
bty N1 b3 = 1/ Ak = b1 = b3 +1 by +bs—1/\k

k=0
= (by +b3)(2%2 — by — 1).
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by + 0 b
Similarly for the term ( 2 0 ) (k ! ) in Lemma 2.4.5 we get

b2+b3_1 _bg—b3—|—1
> ()G = 200
k=ba+b3z—1 b2+b3_1 k_b2_b3+1 k=0 b2+b3_1 k

= (by+by) (2 — by —1).

Now combining (bl -+ b2)(2b3 — bg — 1), (bl -+ b3>(2b2 — b2 — 1) and <b2 -+ bg)(2b1 — b1 — 1)

we get the total number of non-closed sets ranging from size by + by — 1 to 5 — 3

B-3
D Qe = (bt bg)2" (b4 5)27 + (b + )27 — 28
k=b1+ba—1

—2(byby + bybs + babs).

From 2.4.2 and Lemma 2.4.6 the combined number of non-closed sets are 3 + b1by +
b1b3 + bobs.
Therefore the total number of non-closed sets in H
B
> Qr = (ba+b3)2" + (b + bg)2” + (by + by)2"
k=0

— B — (biba + b1bs + bab3).

The total number of sub-graphs of H is 2°. Hence the number of graph compositions

of H

]

We now use Theorem 2.4.5 to count the number of graph compositions of 6544 in

Example 2.2.4, then for by = 2 and by = b3 =4

0, 0<k<4andk=10
Qr =
10, k=09.
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Qs = 2(2):12
6\ (4
2 = =) (1) -
6\ (4 8
o = 25) (o) (5) -
Qs = 2x442x4+4x4=32

Now applying Theorem 2.4.7 we obtain

10
C(bpa4) = 2" — Z Qr
k=0
= 210_12-48-80—-32—-10—-0
= 849.

This is the same number of graphs compositions we obtained in Example 2.2.4.

2.5 Verifying Graph Compositions of a Theta Graph
with other known formulas

In this section, we verify our formula for graph compositions of a theta graph, with
graph compositions of other classes of graphs containing certain theta graphs, that
has been given in the literature.

The suspended Y-tree on n vertices, ?n, discussed in [29] is a theta graph 6Oy, 4, b,
where by = by = 2 and n = b3 + 2. Hence we can verify the number of compositions
of a suspended Y-tree on n vertices by using Theorem 2.4.7 with the substitutions

b1262:2andn:b3—|—2.

Theorem 2.5.1 ([29]). Let Y, be a suspended Y -tree on n vertices. The number of

graph compositions of 57;7



C(Y,) = C(bOa24,)
= 2" (4 by + 4 26y 263 — (4)2% — (24 53)2 — (2 + 03)2”
= 4(205¥) — 20542 — (3h) — (8)

= 32" —n)—2.
[l

In [31], the formula for counting graph compositions of a ladder graph was given as

3 10)™ — (3 —v10)"
Cir) - BV = 3= V1)
V10

graph compositions of the graph corresponding to the diagram in Figure 2.1. But by

. Therefore C(L3) = 74, which is the number of

definition of a theta graph, Ls = 6, 3 3. Hence, applying Theorem 2.4.4, where b; = 1,
and bg = b3 = 3, we get 0(017373) = 74.

Figure 2.1: The graph L3

In [25], graph compositions for several classes graphs were discussed including the

complete graph with one edge missing K~

n

wheel graph W,, and a bipartite graph
K, 5. The formula for counting graph compositions of a complete graph with one edge
missing was given as B(n) — B(n — 2), where B(n) is the n'" bell number. Therefore
C(K,) = 13, which is the number of graph compositions of the graph corresponding
to the diagram in Figure 2.2. But by definition of a theta graph, K, = 6, 2. Hence,
applying Theorem 2.4.4 where b; = 1, and by = b3 = 2, we get C(012,2) = 13.

The formula for counting graph compositions of a wheel graph was given as C(W,,) =
3C(Wy—1) — C(W,_a) +n — 2, where C(W;) = C(Ws) = 2. Therefore, C(W3) = 5,

which is the number of graph compositions of the graph corresponding to the diagram
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Figure 2.2: The graph K,

in Figure 2.3. But by definition of a theta graph, W3 = 0, 12. Hence, applying
Theorem 2.4.4 where by = by = 1, and b3 = 2, we get C(0112) = 5.

Figure 2.3: The graph W3

The formula for counting graph compositions of a bipartite graph was given as

CKmn) = S0 ant™ for amp = 300500 (") @mo1min—r — 200 ("7 @metmim
where a,,0 = 0 for m > 0, ap; = 1 and ag, = 0 for n > 1. Therefore, C'(K,3) = 34,
which is the number of graph compositions of the graph corresponding to the diagram
in Figure 2.4(a). But by definition of a theta graph, Ky3 = 6#22. Hence, applying

Theorem 244, where bl = bg = b3 =2 we get 0(027272) = 5.

W<

@ (b)

Figure 2.4: The graphs (a)K33 and (b) 222
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2.6 Graph Composition of a 4-bridge Graph

In this section, we extend the results on the number of compositions of a theta graph
|E(H)
to a 4-bridge graph. We count Z Q; where H is a 4-bridge graph. Finally, we give

the number of compositions of alel(]—bridge graph. Recall from Definition 1.4.2, that

4-bridge graph, denoted by 04, 4,450, 15 @ graph consisting of a pair of end vertices
joined by four internally disjoint paths of lengths aq, as, a3, as > 1. The graphs corre-
sponding to the diagrams in Figure 2.5, are examples of 4-bridge graphs, #5222 and

62,34 5. For the purpose of logical reasoning in this work, we take a; < ay < az < ay.

(a) (b)

Figure 2.5: The graph (a) = 6222 and graph (b) = 02345

Proposition 2.6.1. Let H be a 4-bridge graph 04, a5 a5.0,- Then
(i) the size of H is a1 + as + az + a4 = n.
(ii) any edge of a 4-bridge graph belongs to three cycles of H.

(iii) there are (,

2) =6 CyCleS in H7 namell/; O(Z1+CL27 Ca1+(l37 Oll1+a47 Oa2+a37 Oa2+a4

and Coyiay-
We find @ where 0 < k < ay + as + az + a4 for a 4-bridge graph.

Lemma 2.6.2. Let H = 0, 4y.05.0, be a 4-bridge graph, then the number of non-closed

sets of size k is
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0 0, 0<k<ar+ay—2andk=a,+ay+az+ as
k_ pu—
a; + as + as + aq, k:a1+a2+a3+a4—1.

Proof. Let 0 < k < a; + ag — 2, then it is clear that the smallest cycle in 8, 45 45,04
has a; 4+ a9 edges. Hence there is no broken cycle with fewer than a; + as — 2 edges
and therefore no non-closed sub-graph of size k by lemma 2.3.2.

If we let £ = ay + as + a3 + a4, then there is no broken cycle since it is the whole
graph.

If we let kK = ay + as + az + a4 — 1, then there is only one edge of the theta graph
missing. By Proposition 2.4.1, each edge is in a cycle, therefore each sub-graph of

this form will have a broken cycle. O

The following four lemmas, lemma 2.6.3, lemma 2.6.4, lemma 2.6.5 and lemma 2.6.6

give the number of non-closed sets for a1 +as — 1 < k < a; +as + ag + ag — 2.

Lemma 2.6.3. Let H = 04, 45,050, be a 4-bridge graph, then the non-closed sets, Qy
of size k of H where ay + as +az+ags=n, k=n—t,a+a,—1<k<n-—4and

4<t<azt+aqs+1is
a a
Qk = ! (a2+a3+a4)—|— 2 (a1+a3+a4)
t—1 t—1
a a
+( 3>(a1+a2+a4)+( 4)(a1—|—a2+a3).

t—1 t—1

Proof. Let a1+as+as+as =n,k=n—t,a1+ay—1 <k <n—4and4 <t < az+as+1,
where k is the size in the sub-graph of H and ¢ is the number of missing edges of the
sub-graph of H. If there are ¢ missing edges in H, such that ¢ — 1 edges are missing
from a; for 1 <7 < 4 and the other missing edge is from a; for 1 < 5 < 4 where ¢ # 7,
then by Lemma 2.3.2 the broken cycles can be formed in four different ways, giving
the following four cases.

Case 1. If there are t — 1 edges missing in a;, then the other missing edge will be

from ay, with broken cycles Cy, 44, and C,,4q4, or from ag, with broken cycles Cy, 44,

25



and Cy,4q, or from a4, with broken cycles C,,44, and Cpyyyq,. Thus the number of
non-closed sub-graphs of H is (tcfl) (as + az + ay).

Case 2. If there are t — 1 edges missing in as, then the other missing edge will be
from a; or from az or from ay. Thus the number of non-closed sub-graphs of H is
(tafl) (a1 + a3 + ay).

Case 3. If there are t — 1 edges missing in ag, then the other missing edge will be
from a; or from ay or from ay. Thus the number of non-closed sub-graphs of H is
(fl) (a1 + as + ay).

Case 4. If there are t — 1 edges missing in ay4, then the other missing edge will be

from aq or from ay or from as. Thus the number of non-closed sub-graphs of H is

(") (a1 + az + a3). If we combine these four cases we get the required results. O

Lemma 2.6.4. Let H = 04, 4y,05.0, be a 4-bridge graph. Then the non-closed sets, Qy
of size k of H where ay + as +az+as=n, k=n—t,a1+a—1<k<n-—4and
4<t<azt+as+1is

a a
Qr = (t _12) (agas + asaq + asaq) + (t _22) (a1a3 + araq + azay)

as Qy
+ (t B 2) (aras + asay + ajay) + <t B 2) (agas + ajas + ajas).

Proof. Let a1+as+as+as =n,k=n—t,a1+ay—1 <k <n—4and4 <t <az+as+1,
where k is the size in the sub-graph of H and ¢ is the number of missing edges of the
sub-graph of H. If there are ¢t missing edges in H, such that ¢ — 2 edges are missing
from a; for 1 <4 < 4 and the other two missing edges are each from a; for 1 < j <4
and a; for 1 <[ < 4 where ¢ # j # [, then by Lemma 2.3.2, the broken cycles can be
formed in four different ways, giving the following four cases.

Case 1. If there are t — 2 edges missing in a;, then the other two missing edges
each will be from as and a3 or each from a3 and a4 or each from as and a4. Thus the
number of non-closed sub-graphs of H is ( t“_12) (asas + asay + agay).

Case 2. If there are ¢t — 2 edges missing in ay, then the other two missing edges

each will be from a; and a3 or each from a; and a4 or each from as and a4. Thus the
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number of non-closed sub-graphs of H is (t“fz) (ara3 + ayaq + azay).

Case 3. If there are t — 2 edges missing in ag, then the other two missing edges
each will be from a; and a9 or each from a; and a4 or each from as and a4. Thus the
number of non-closed sub-graphs of H is (taf’z) (arag + asay + ajay).

Case 4. If there are t — 2 edges missing in a4, then the other two missing edges

each will be from a; and ay or each from a; and a3 or each from as and az. Thus

a4

t72) (agas + aras + araz). If we combine

the number of non-closed sub-graphs of H is (

these four cases we get the required results. O]

Lemma 2.6.5. Let H = 0,4, 45.05.0, be a 4-bridge graph, then the non-closed sets, Qy,
of size k of H where a; +as +az+ays=n,k=n—1t,a,+a,—1<k<n-—>5and

B<t<as+ag+1is

o = s [(57) () () () - ()
+(az + ag) _(aﬁa‘*) (
(55
(375
+(ar + ay) _<a2+&3) (

e (473 - (2,

Proof. Let a1+as+as+as =n,k=n—t,a1+as—1 <k <n—-5andb <t < az+as+1,

where k is the size in the sub-graph of H and ¢ is the number of missing edges of
the sub-graph of H. If there are ¢t missing edges in a sub-graph of H, such that one
edge is missing from a; for 1 < ¢ < 4 and from the other ¢ — 1 missing edges, then
there are at least two edges missing from a; for 1 < j <4 and also at least two edges
missing from q; for 1 < [ < 4 where ¢ # 7 # [. Then by Lemma 2.3.2, the broken

cycles can be formed in six different ways, giving six cases. We prove only one case,
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as the proofs for the other five cases are similar. Consider the case for the term

e [(301) - () -l ) () - ()

Here considering the above notation we have ¢ = 3 or ¢ = 4 for @; then j =1 from q;
and [ = 2 from ;. Therefore if there are ¢t missing edges in a sub-graph of H, then
one edge is missing from as or a4 and there are at least two edges missing from a
and also at least two edges missing from ay. We have the broken cycle Cy,1,4,. Then
we have the following expression for 5 <t < az + a4 + 1.
() (205
1)=\rJ\t-1-r 1) &= \r t—1—-r)
This expression this results from the case where one edge is missing in a3, and hence
there are r edges missing in a; and t — 1 — r edges missing in a, or if there is one
edge missing in a4, then there are r edges missing in a; and ¢ — 1 — r edges missing
in ao. The conditions 2 < r <t —3 and 5 <t < a3z + a4 + 1, ensure that there are
at least two edges missing in each of a; and ay. From Chapter 3 Proposition 3.6.2

[Vandermonde convolution]

() ()= ()

We have that

Hence, we obtain the required result,
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Lemma 2.6.6. If H = 0,, 4, a4.0, 1S a 4-bridge graph, then the number of non-closed
sets of size k, Qr of H, form —3 <k <n—2 are

(
a1a2a3 + a1a3a4 + a1a2a4 + asagas + (%) (az + as + ay)

Qr = +((122)(a1+a3+a4)+(23)(a1+a2+a4)+(a24)(a1—|—a2+a3), k=n—-23

a1ao + aras + asas + aja4 + asay + asQy, k=n-—2.
\

Proof. Let k = n — 3, we compute Q)i. Firstly, we consider the term ajasas. The
number of sub-graphs containing broken cycles of Cy,14,, Cayta, and Coyyq,, Where
one edge is missing in each aq, as, and az. Secondly, we consider the term ajagay.
The number of sub-graphs containing broken cycles of Cy, 14y, Caytas and Coyiays
where one edge is missing in each a1, az, and ay. The two terms ajasay and asazay
are obtained in a similar manner. Thirdly, we consider the term (%) (az + az + aa).
The number of sub-graphs such that two edges are missing from a; and one edge is
missing from ay or az or ay. The other three terms are obtained in a similar manner
that is (%) (a1 + az + aa), (%) (a1 + a2 + aq) and (%')(a1 + as + as) are obtained in a

similar manner. Thus
ai
Qn_g = ai1G9as3 + aijasay + a1a20y4 + A20a304 + 9 (CLQ + as + CL4)

a a a
+(23)(a1+a2+a4)+ (24)(a1+a2+a3)+ <22>(a1+a3+a4).
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Let £ = n — 2. We now compute Q. Firstly, we consider the term ajay, the number
of sub-graphs containing broken cycles of Cy, 14y, Coytass Cagtas ad Cyyiq,, Where
one edge is missing in a; and the other missing edge is in as. Secondly we consider
the term ajas, the number of sub-graphs containing broken cycles of Cy,14,, Caytay,
Casta, and Cgyyq,, where one edge is missing in a; and the other missing edge is in
az. The other four terms are obtained in a similar manner that is asas, ajaq, asay and
asay. Thus

Qn—2 = a1az + araz + asaz + ajay + azay + azay.
m
In Theorem 2.6.7 as in Theorem 2.4.7, we use the results of lemma 2.6.2, lemma 2.6.3,

lemma 2.6.4, lemma 2.6.5, lemma 2.6.6 and Theorem 2.2.2 to obtain the formula for

the graph compositions of 0,4, 4, a5.04-

Theorem 2.6.7. Let H = 0,4, 45.45.0, be a 4-bridge graph such that a1 +az+as+as = n,
P = @109 + a1a3 + @203 + G104 + Q2G4 + G304, @ = Q10203 + Q10304 + A1A204 + 20304,
W1 = G203 + Qa4 + asay, W9 = Q103 + ajay4 + asay, W3 = 109 + asay + a1y, Wy =

asaz + ajas + ayas. Then the graph composition of H is

4 4
C(H) = 2'—n—p—q+> w2+ (n a2
j=1 j=1
_(a2 + a3)2¢11+a4 . (al + a4)2a2+a3 o (a2 + a4)2a1+a3

—(a1 4+ a2)2%"* — (a3 + a4)21*2 — (a; + a3)2**7*.
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2.7 Conclusion

In this chapter, we obtained a new upper bound for the number of graph compositions
of any graph. We have given a procedure for obtaining graph compositions via non-
closed sets. We summed up all total numbers of non-closed sets of different sizes of
a graph and then subtracted this number from the total number of sub-graphs of a
graph. We presented this procedure, using the cases of a theta graph and a 4-bridge

graph.
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Chapter 3

k-defect Polynomials of Theta

Graphs

3.1 Introduction

In this chapter, we start by discussing some of the known theory which is useful to this
work, on the chromatic polynomials, the k-defect polynomials, and the bad coloring
polynomials. Finally, we state and prove the main result of this chapter, the explicit

expression of the k-defect polynomial of a theta graph.

Graph H Graph H\e Graph H/e

Figure 3.1:

In this chapter, and all the examples in each section, the referred graph H and its

minors will be as shown in the diagrams of Figure 3.1, unless otherwise stated. A
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graph obtained after deletion, contraction or a combination of these operations is
known as a minor. Let H be a graph and X a sub-graph of H. We denote a minor
obtained by contracting X from H by H/X. The graphs will be denoted as follows:
H = 0,5 is a theta graph, H\e, is the minor, H delete edge e, and H/e is the minor,
H contract edge e.

3.2 Chromatic Polynomials of Graphs

In this section, we give a brief introduction to chromatic polynomials. The chromatic
polynomial of a graph was first defined in 1912 by Birkhoff [6] in an attempt to solve
the four color problem. In 1968, Read [30], wrote an introductory paper on chromatic
polynomials which generated a lot of interest and activated the study of chromatic
polynomials. Since then, there is a lot of literature on chromatic polynomials, most
of which has been summarized in a book [18].

Let H = (V, E) be a graph. A coloring of a graph H is an assignment of colors to
each vertex of H. A coloring of H in which adjacent vertices are not allowed to have
the same color is called a proper coloring. The chromatic polynomial, x(H;\), is a
function which is associated with a graph H and expresses the number of different
proper colorings of H with A colors. The following four propositions summarize some
of the well known properties of the chromatic polynomial of a graph, which are useful
to this work. We refer the reader to [30] for further details.

There are several known methods for computing the chromatic polynomial of a graph
H. We state without proof the following proposition which gives one of the methods

for computing the chromatic polynomial of a graph H.

Proposition 3.2.1. Let H be a graph with the set of edges E(H) and an edge
f € E(H). Then

(a) if f is neither a loop nor a bridge, x(H,\) = x(H\f; \) — x(H/f; \).
(b) if f € E(H) and f is a bridge, x(H,\) = (A = 1)x(H\f; ).
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(c) if fis aloop, x(H,\) =0.

Proposition 3.2.2. Let H be a graph of order n. Then

(a) the degree of x(H;\) is n.

(b) the leading coefficient of x(H; \) is 1.

Proposition 3.2.3. The chromatic polynomial

(a) of a tree t,, on n vertices is given by x(tn; ) = A(A — 1)"" L.

(b) of a cycle graph C,, on n vertices is given by x(Cp; A) = (A —1)" + (=1)"(A —1).

Proposition 3.2.4. Let H be a graph with some parallel edges and H' be the simple
graph of H. Then x(H;\) = x(H'; \).

The following example demonstrates, how to apply the stated propositions and method

in computing the chromatic polynomial of a graph H.
Example 3.2.5.

Recall, in the diagrams shown in Figure 3.1, H is a theta graph 6, 25, H \e, is the minor
of H obtained after deleting e and H/e is the minor of H obtained after contracting
e. We start the computation of the chromatic polynomial of H using the deletion and

contraction method stated in Proposition 3.2.1.

X(H;X) = x(H\e;\) — x(H/e; A) by Propositions 3.2.1 and 3.3.5
= x(Cy A) — x(Ps; \) by Propositions 3.2.4
= A=1)"+(=1)*A—=1) = A\ — 1) by Propositions 3.2.3

= M =_5X 802 — 4\,
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3.3 k-defect Polynomials of Graphs

In this section we introduce the k-defect polynomial and some of its known proper-
ties which are useful in this thesis. We close this section by giving an example of
computing the 1-defect polynomial of a theta graph.

The k-defect polynomial of a graph H was first studied in 1969 by Crapo [13] when
studying vertex coloring of graphs. In [8], Brylawski and Oxley showed that the k-
defect polynomial of a graph H, denoted by ¢x(H; ), counts the number of ways of
coloring H with A colors and having exactly & monochromatic edges. In [27], Mphako,
generalized some properties of the chromatic polynomials to k-defect polynomials and
in addition, found explicit expressions of k-defect polynomials of certain matroids.
Unlike the chromatic polynomial, there is very limited literature on the k-defect
polynomials. For a detailed introduction on the k-defect polynomials, we refer the
reader to [27].

Let H be a vertex colored graph with the set of edges F(H). A coloring of a graph H
in which adjacent vertices have the same color is called a bad coloring. An edge f of
the graph H is called bad or monochromatic if it joins two vertices of the same color.
The following trivial proposition is a direct result of the definition of the k-defect

polynomial of any graph.

Proposition 3.3.1. Let H be a graph with edge set E(H).
(a) if k > |E(H)|, then ¢r(H; ) = 0.

(b) if k = |E(H)|, then ¢p(H;\) = A.

(c) if k =0, then x(H;\) = ¢o(H; \) where x(H; \) is the chromatic polynomial of
H.

Recall from Chapter 1, the two well known graph operations, deletion and contraction

of a graph.
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Proposition 3.3.2 and Proposition 3.3.3 outlines some known properties of the k-defect

polynomials useful to this work.
Proposition 3.3.2 ([27]). Let H be a graph with edge set E(H). Then

(a) the leading coefficient of ¢p(H;\) is the number of closed sets of size k with

smallest rank possible for a closed set of size k.

(b)
Sn(H:N) = > x(H/X;\)

XeL(H),|X|=k
where L(H) is the set of all closed sets of H and the graph H has at least one

closed set of size k. Otherwise ¢p(H; \) = 0.

The k-defect polynomial of a graph can also be computed recursively using Proposi-

tion 3.3.3.
Proposition 3.3.3 ([27]). Let H be a graph with edge set E(H). Then
Or(H; N) = dp(H\e; N) — ou(H/e; A) + g1 (H/e; A).

The following proposition states some known explicit expressions of the k-defect poly-

nomials which are useful in this thesis.
Proposition 3.3.4. The k-defect polynomial

(a) of a tree t, on n vertices is given by
-1
O (tn; ) = <" L ))\()\ — )"k

(b) of a cycle graph C,, on n vertices is given by
n n— n—
ulCui) = (1) [0 =1+ (- 1),
The following proposition is a direct result from the definition of a k-defect polyno-
mial. This proposition can be useful in reducing the number of steps in the compu-

tation of the k-defect polynomial.
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Proposition 3.3.5. Let H be a graph such that every edge has a parallel class of at
least m > 1 edges. Then the k-defect polynomial, ¢,—1(H;\) = 0.

Proof. 1t is clear that if we color any adjacent pair of vertices in the graph H with

one color, we already have at least m bad edges. O

We close this section by demonstrating the recursive method of computing the k-
defect polynomial. We compute the 1-defect polynomial of a theta graph, 6,29, in
Example 3.3.6.

Example 3.3.6.

Recall, in the diagrams shown in Figure 3.1, H is a theta graph 6,55, H\e, and H/e
is the minor of H obtained after deleting e and H/e is the minor of H obtained after
contracting e. We start the computation of the k-defect polynomial of H using the

deletion and contraction method stated in Proposition 3.3.3.

P1(H;A) = du(H\es A) — o1(H/e; ) + go(H/e; A)
= ¢1(Cy; \) + 0+ x(H/e; \) by Propositions 3.2.3 and 3.3.5
= 4(\* —3)\* 4+ 2)\) + A(\ — 1)? by Propositions 3.3.1 and 3.3.4

= 5\ — 14)\% + 9\,

3.4 Bad Coloring Polynomials of Graphs

In this section we introduce the bad coloring polynomial of a graph H denoted by
B(H; ), S), also known as the coboundary polynomial B(H; A, S) in the literature for
matroids. We state some of the known properties of the bad coloring polynomial which
are useful in this thesis. Note that finding the coboundary polynomial is equivalent
to finding the bad coloring polynomial since )\’C(H)E(H; A, S) = B(H; A\, S) where
c(H) is the number of components of the graph H. It should also be noted that most

of the work known in the literature is on the coboundary polynomial of a graph. We
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close this section by giving an example of computing the bad coloring polynomial of
a theta graph and verifying the relationship between the bad coloring polynomial ,
the k-defect polynomial and the chromatic polynomial.

Let H be a graph with edge set E(H). The bad coloring polynomial of H is a poly-
nomial with two independent variables A and S, denoted by B (H; \; S). We define
B(H; \; S) as

B(H; A, S) = X B(H; A; §) = AU 3~ (8 — 1) AN EH)=r(A)
ACE(H)

The bad coloring polynomial was first studied as a generating function in S by

Crapo [9].

Proposition 3.4.1 ([9]). Let H be a graph with edge set E(H). The bad coloring

polynomial of H,
|E(H)|

B(H: ), S) = Z or(H;\)S
where ¢p(H; \) is the k-defect polynomial of the graph H.

For further details on the theory of the bad coloring polynomial, we refer the reader
to [8, 13, 27].
We now state without proof some propositions on the coboundary polynomial (bad

coloring polynomial) of a graph H which are useful to this work.

Proposition 3.4.2. Let H be a graph with the set of edges E(H) and f € E(H).
Then

(a) B(H;\,S) = B(H\f;\,S)+ (S —1)B(H/f;\,S), where [ is neither a loop nor
a bridge.

(b) B(H;\,S)=(S+AX—=1)B(H/f;\,S), where f is a bridge.

(¢) B(H;\,S)=SB(H\f;\,S), where f is a loop.
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Proposition 3.4.3. Let H, and Hy be two graphs and let H, @ Hy be the vertex gluing
of Hy and Hy. The

B(Hl ® HQ, )\, S) = B(Hl, )\, S)B(HQ)\, S)
By applying Proposition 3.3.4 and Proposition 3.4.1, we get
Proposition 3.4.4. The bad coloring polynomial

(a) of a tree t, on n vertices is given by

" [E(tn)] n—1 n—1
Bltun,S) = > dultu VS (

k=0 k=0

(b) of a cycle graph C,, on n vertices is given by

[E(Cn)l n

B(CuiA S) = Y ¢r(CuiNSF =) (Z) [\ =D (=)™ (A —1)] S-.

k=0 k=0

In the following example we illustrate how to compute the bad coloring polynomial

of a theta graph.
Example 3.4.5.

Now we apply Proposition 3.4.2 repeatedly to compute the bad coloring polynomial
of the theta graph 6, 5 ». The diagrams shown in Figure 3.2 is a theta graph 0, 22 = H,
the minor H\e, the minor H/e, the minor H/e\ f, and the minor H/e/f.

39



Figure 3.2:

A'B(H;\,S) = B(H:\S)
= B(H\e&;\, S) + (S —1)B(H/e; ), S)
= B(Ci\,S)+(S—1)B(H/e;\, S)
= B(Cy A8+ (S—1)[B(H/e\[; A\, S) + (S —1)B(H/e/f; A, 5)]
= B(CuAS)+(S—1)[(S+A=1)B(Cx A, S)+ S(S —1)B(Cy; N, 9)]
= B(CuAS)+(S=1)(S+A=1)B(Cy N\, S) +5(S —1)2B(Cy; A, S)

= (SHA-1P+(S+A=DS —D[(S+A—=1)+(S—1)9]
(S D[S +A=12+(S—=1)(S+A—1)+ (S —1)%9]
+(S = 1)2S[(S+ A — 1)+ (S —1)S]

= (SHA-1P+2(S—1)(S+A—-1P2+(S—1*(S+A—-1)
+2(S —1)*(S+A—=1)S+ (S —1)*S + (S —1)>S%

Therefore the bad coloring polynomial of H,

B(H; ), S)
= M[(SH+A=1)P+2(5=D(S+A-1+(S—1)*(S+A-1)
+2(S—1)*(S+A=1)S+(S—1)>5+ (S —1)°5?].
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Now we write the bad coloring polynomial in Example 3.4.5 as a generating function
in S.

B(0199;\,5) = AS°

+0

+(2X% — 2))5°

+(4X\* — 4))S?
+(5XA% — 14X% +90)S
+(A* = 5A% + 8% — 40)S°.

By Proposition 3.4.1, we know that the coefficient of S* in the generating function is
the k-defect polynomial. The case k = 0, is verified since the chromatic polynomial
found in Example 3.2.5 is equal to the coefficient of S° in the generating function.
Similarly, the case of k = 1, is verified since the 1-defect polynomial found in Exam-

ple 3.3.6 is equal to the coefficient of S*.

3.5 Bad Coloring Polynomial of an m-bridge Graph

In this section, we start by computing the bad coloring polynomial of a theta graph.
Finally, we find an explicit expression of the bad coloring polynomial for an m-bridge
graph. We close the section, by verifying the results of bad coloring polynomial of
theta graph found in Section 3.4.

Recall from Definition 1.4.2 that an m-bridge graph is a graph consisting of a pair
of end vertices joined by m internally disjoint paths of lengths aq,as,as, -+ ,a,, > 1.
And is denoted by 04, 45,05, am-

Let H be any theta graph, 6,, 4, 4;- Note that a theta graph is an m-bridge graph with
m = 3. Since the bad coloring polynomial of any cycle graph is known, see, Proposi-

tion 3.4.4, we therefore express our formulae in terms of bad coloring polynomials of
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cycle graphs.

We need the following two lemmas to state and prove the main results of this section.

Lemma 3.5.1. Let C,, be a cycle graph of order n. Then
B(Cui A, S) = A D (S+A=1)" (S = 1) + (S —1)"|.
i=1

Proof.
ATIB(Cyi A, S)
= B(Cp; )\, 9)
= B(C\e; M S) + (S —1)B(Cy/e; A, S)
= (SH+A=D)"1+(S—1)B(C,_1;),8)
= (SHA=D)" T+ (S=D)(S+A=1)"24(5—1)*B(Cp_o; ), 5)
= (SHA-D)"T+(S-DE+A=D)"2+(S=1*(S+Ar—-1)"3
+(S = 1)*B(C,_3; A, S)
= SHA-D"TH S-S HA-D" 2+ (S =1 (S+A-1)"?
(S —=13(SH+A=1D)" 4 (S=1D)"2(S+A=1)+ (S =" 'B(C;: )\, 9)
= (SHA-D" T+ (S-S HA =" 2+ (S =1} (S+A-1)"?
HS =13 HA =D (S=D)"HSH A=)+ (S-S
= (SHA-D"TH S-S HA-1D" 2+ (S =S+ A-1)"?
(S = 1S +A =)+ (S=1D)"HS+ A1)
S-S — (S -1t (S —1)"!
= (SHA-D" T+ (S -DESH+H A=) 2+ (S - 1D*(S+A—1)"3
S =13 HAN =) (S D) S HA=D) F (S = 1) (S — 1)

n

= D (S+A-D)"(S -1 (S -1
=1
Therefore,

B(Cy; M\, S) = A i(SJFA— DS = 1) 4+ (S —1)"] .

i=1
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O

Lemma 3.5.2. The recursive formula of the bad coloring polynomial of an m-bridge

graph, 0q, ay.... ., 5 given by

A B(ayagani ) S) = Bllayage-.ani A S)
— [B(Cup, 1, S) — (S = 1)) B(Bayas i M S)

m—1
+(S—-1)« B(Cayyis A, S).

i=1
Proof. Without loss of generality, we show the result for m = 4. Let H = 04, 45.05.045
then

B(H; )\, S)
= (SH+A=1)""B(0asaga0; A S) + (S = 1) B(0ay 1,02,05,013 A, 5)
= (S+A=1D"""B(0ayasai; A S) + (S —D(S + A= 1) 2B(lay.as.a0; M S)
+(S = 1)2B(0ay 2,05, a3.055 A S)
= (SHA=D)""'Blayasai; M S) + (S = (S + X = 1" 2B0ay.az.a0; A, S)
H(S = 1’(S + A = D) B(Bayazasi A S) + (S = 1)° B(6a,—3.05.3.05 As S)
= [(S+A=1)"""+ (S =1)(S+A—1)""?] B(0aya5,005 N S)
+[(S=1*S+A=1)" P+ (S =1)*(S+ A= 1)"""] B(baya3,00: M S)
+o (S =D 2(S + A= 1)B(0aya5.a: N, S) + (S = D ' B(01.0y 05,005 A, S)
= [(S+A=1D"" 4+ (S=1)(S+A—1)""?] B(0uyag.005 A S)
F[(S =12 (S+A =1+ (S —1)3S+ A= 1) B(04, 05003\ S)
+ [+ (S =D (S + A =1+ (S = 1)) B(basag,005 M S)
+(S = 1) B(C,, ® Cyy @ Cays A, S).

We apply Proposition 3.4.3 to the vertex gluing of C,,, C,, and C,, to a single vertex,
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thereafter simplify as follows:

B(H; ), S)
= [(S+X=D)""+(S=1)(S+X=1)""?] B(0aya5,005 A S)
F[S = 1DAHS+ A=) 4(S = 1*(S+ A= 1) B(Oayagau; M S)
+ [+ (S =D S+ A= 1)+ (S = 1) ] B(0ayasai; A S)
+(S — 1)U B(Cyy: A, S)B(Cay: A, S)B(Cly: A, S)
= [(S+X=D)""+(S=1)(S+X=1)""?] B(0aya5,005 A )
F[S = 1DAS+A=1D)"2 4(S = 1*(S+ A= 1) BOusaai; M S)
+ [+ (S =D S+ A= 1) + (S = 1) ] B(0ayasai; A S)
+ (S =1)" = (5= 1)"] B(0uzag,005 A, 5)
+(S = 1) B(Cyyi A, S)B(Cly: A, S)B(C,: A, S).

Now we gather all the coefficients of B(6,,.45.0,; A, S) and apply Lemma 3.5.1 to get
the bad coloring polynomial
B(H;\,S) = AB(H;\,S)
= A [B(Cm; A S) - (S - 1)(11] B(0a27a3,a4; A S)
FAS — D) B(Cay; A, S)B(Cag; A, S)B(Cay; A, S).

We are in a position to state and prove one of results of this chapter.

Theorem 3.5.3. Let H be a theta graph, 04, 45,45, wWith 1 < a1 < ag < ag. The bad
coloring polynomial,
B(H; )\, S) = AB(H;\,S)
= AB(Cagtasi A, 5) [B(Cay; A, S) — (5 = 1)"]
NS — 1)1 B(Cay; A, S)B(Cays A, S).
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Proof.

B(H; ), S)
(S+X=1D)B(Coapias; M\ S) + (S = 1)B(Bay—1.ap.05; A, S)
(S+X—1)"B(Chyias: M S) + (S = 1)(S+ A= 1) 2B(Cayras; M, S)
+(S = 1)?B(0a, 2,02, A S)

(S + A=) B(Caypaz; A, S) + (S = 1)(S + A = 1) 7?B(Cayyas; A, S)
(S =1 S+ A= 1D 3B(Cayraz; A, S) + (S — 1)°B(0a, _3:09.05, X, S)
[(S+A=1)" "+ (S =1)(S+ A= 1)""?] B(Cayas; A, S)
+[(S=1DAS+ A=)+ (S —1)*(S+ A= 1)"*] B(Captas; M\ S)
+o - (S =) 2(S + A= 1)B(Cayrag; M, S) + (S — D) ' B(01.0p.05; M, S)
[(S+A=1)"" 4+ (S =1)(S+A—=1)""?] B(Cuytas; A, S)

+[(S =12 (S+A =1+ (5= 1S+ A= 1) B(Cayiay; A, S)
[+ (S =D S+ A= 1)+ (S — 1) '] B(Caytaz; A S)

+(S = 1)1 B(C,, ® Cay; N, S).

We apply Proposition 3.4.3 to the vertex gluing C,, ® C,, and simplify the equation

further.

B(H;\, S)

= [(S+A=D" 4+ (S = 1)(S+ A= 1)""2] B(Cuyraz; A, S)
+[(S=1*(S+A=1)" 2+ (S = 1)*(S+ A= 1) ] B(Cayias; A, 5)
+ [+ (S =D (S + A= 1)+ (S — 1) '] B(Cayraz; A, S)
+(S = 1) B(Cay; A, S)B(Cay: A, S)
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= [(SH+A=D" 1+ (S = 1)(S+ A =172 B(Captaz M, S)
F[(S=1*(S+A=1D)" P+ (S =1)*(S+ A= 1)"""] B(Cayrag; A S)
+ [+ (S =D (S + A= 1)+ (S — 1) '] B(Cayrag; A, S)
+ (5= 1) = (5 = 1)"] B(Cagtas: A S)
(S — 1) B(Cay: A, S)B(Cay; A, S)

= [B(Cay; A, 5) = (8 = 1)"] B(Caytas; A, S)
+(S = 1) B(Coy; A, S)B(Cay: A, S).

We multiply by A to get the bad coloring polynomial. O]
We now extend the results stated in Theorem 3.5.3 to an m-bridge graph for m > 3.

Theorem 3.5.4. Let H be an m-bridge graph, 04, a9, ap, With 1 < a; < ag--+ < .
The bad coloring polynomial,
A'B(H;\,S) = B(H:\S)

-2

= B(Capitani A S) || [B(Cais A S) = (S = 1)%]

3

=1
m—3 m—j—1 J
3751 [I BCory i) [ IB(Coi X S) — (5 — 1))
j=1 i=1 r=1
m—1
+(S =)™ [[ B(Capaii X S).
i=1

Proof. The proof is by induction. The base case is a 3-bridge graph. Thus, case

m = 3, is true by Theorem 3.5.3. We assume that the result is true for an (m — 1)-
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bridge graph where m > 4. Thus,

B(0a, a5, A, S)

sAm—17

m—3
= B(Capsran-1:05) [[ [B(Cais X, S) — (S = 1)*]
=1

m—4 —Jj—2 J
+30(5 - 1y H Coryosi M) [T 1B(Cui 1, 8) = (5 = 1))
i=1 =1 =
m—2
+(5 - 1)" H B(Cai+1; A, 5).
i=1

Now we consider an m-bridge graph. By Lemma 3.5.2 we know that

B(Qahaz,"' am ) A, S) = [ (Calv A, S) — ( ) ] (0a2,a3,-“ am ) A, S)
a1 B

=1

H

Aj41 7
In addition we know that 0, 4, .... 4, is the (m — 1)-bridge graph.

B(0uy.as, ams A S)

m—2

= B(Cap_rtanm M S) [ [ [B(Cays A, S) = (8 = 1)]

1=2

m—3 m—j—1 7
+ (S =1% ] BCarpyis XS [[1B(Cai A S) = (S = 1)™]
j=2 i=1 =2
m—1
a2 B a1+17
1=2
Hence the result. O

We now verify Theorem 3.5.4 by substituting m = 3, a; = 1 and ay = a3 = 2, and

compare the results with the answer found in Example 3.4.5.
Example 3.5.5.

The diagrams shown in Figure 3.2 is a theta graph 60, 2o = H, and its the minors. We

now compute the bad coloring polynomial of H using Theorem 3.5.4 where a; = 1

47



and ay = a3 = 2.

A'B(H: )\, S) = B(f122;\,5)
= B(Cy; A\ S)[B(C1; A\, 8) = (S — 1))+ (S — 1)B(Ca; A, S)B(Cy; A, S)
= (SH+A=1*+(S—1(S+A—1)2+ (S —1)*B(Cx; ), S)
+(S=D[(S+A=1)+(S=1DS][(S+A=1)+(S—1)S]
= (SH+A-1*+(S—1)(S+r—-1)
+(S—=1)*S+A—=1)+(S—1)%S
S =D [(S+A=1)+2(S=1)(S+A-1)S+ (S —1)>57]
= (SH+HA-1P+2(S—D(S+A-1)2?+(S-1*(S+A1-1)
+2(S = 1*(S+A=1)S+ (S —1)°S + (S —1)°S>

Hence the bad coloring polynomial of 64 9o = H is given by

B(H;M\,S8) = M(S+A=1P+2(S = D(S+A =1+ (S—1D*S+Ar—1)
+2(S=1)2*(S+A=1)S+(S—1)>5+ (5 —1)°57].

Thus we get the same answer as in Example 3.4.5, verifying our result.

3.6 The k-defect Polynomials of a Theta Graph

In this section, we apply Proposition 3.4.1 and Theorem 3.5.3 to find the explicit
expressions of the k-defect polynomials of a theta graph. We conclude this section by
verifying the results with Example 3.3.6.

Recall from Section 3.4,

Proposition 3.4.1 Let H be a graph with edge set E(H). The bad coloring polyno-

mial of H,
|E(H)|

B(H; ), S) = Zgka)\
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where ¢ (H; \) is the k-defect polynomial of the graph H.
Recall from Section 3.5
Theorem 3.5.3 Let H be a theta graph, 0,, 4,45, With 1 < a; < ay < as. The bad

coloring polynomial,

ATIB(H; N, S) = B(Cayras: M, S) [B(Cay; A, S) — (S — 1)™]
+(S — )" B(Cyy; A, S)B(Cos; A, S).

Recall from Definition 3.3.4 that the bad coloring polynomial of a cycle graph C),

on n vertices,

|E(Cn)l n

B(CoiA S) = > ¢r(Cri NS

k=0 k=0

Il
VRS
> 3
~—_
=
|
=
i
bl
+
|
=
i
Bl
—
>~
|
=
n
Bl

We are going to use the equation

o€ = (1) 10 = 04 (-1 - 1)
to find the k-defect polynomial of the theta graph. Since we know the bad coloring
polynomial of a theta graph, we can rewrite it as a generating function in S, then
applying Proposition 3.4.1, the k-defect polynomial of the theta graph is the coefficient
of S*. But in this case, we do not need to rewrite it as a generating function in order
to find the coefficient of S*, we manipulate the bad coloring polynomial of a theta

graph from Theorem 3.5.3, and write it as a sum of three products,
B(Coayraz; Ay S)B(Coy; A, S)+H(=1)(S—=1)" B(Clyiaz; A, S)+H(S=1)" B(Cyy; A, S)B(Cyuy; A, S).

We then find the coefficient of S* in each of the three products. Summing these
coefficients will give the k-defect polynomial of the theta graph. To ease notation, in
this section, [S¥] [P(), S)] will denote the coefficient of S* in the polynomial P(),S).
We state, without proof, the following two well known propositions, which will be

useful in this section. We refer the reader to [33] for further details.
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Proposition 3.6.1. Let H(S) =Y ;2 hiS", G(S) = > 20 ¢:S" and F(S) = >, [
be three generating functions such that H(S) = G(S)F(S). Then

k
he = > gifii
i=0

Proposition 3.6.2. [Vandermonde convolution] Let by, by and r be natural numbers,

()0 ()

use the following lemma, Lemma 3.6.3, Lemma 3.6.4 and Lemma 3.6.6, to find

then

and simplify the coefficient of S* for each of the three products of the bad coloring

polynomial of a theta graph,

B(Ca2+a3; )‘7 S)B(Cal; )‘7 S)—{_(_l)(‘g_l)alB(C&zﬂ-a:&; )‘7 S)+(S_1)G1B(Ca2; >\a S)B(Ca:s; )\7 S)

Recall that [S*][P(\, S)] will denote the coefficient of S* in the polynomial P(),S).
We start by simplifying the product B(Cy,ias; A, S)B(Cay; A, S).

Lemma 3.6.3. The coefficient of S* in the product B(Cyyyas; A, S)B(Cupi A, S),

[Sk] [B(Caera:w >‘7 S>B(Ca17 )‘7 S)]

G R LR

k
i az + a3 a1 _1\a1—k+i _ 1\a2+az+1—:
1< as +a a
R 2 3 1 __1)a2+taz—i _ 1\a1—k+i+1
+)\2 ( 7 )(k‘—z) (( 1) ()‘ 1) )
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Proof.

[Sk] [B(Ca2+a3; /\7 S)B(Cau )‘7 S)]

= Y 6i(Cayray, \d—i(Cay, A) by Proposition 3.6.1

_ z’“; (% (az er ag) (A — 1)etas—i 4 (_q)eetas=i(\ _ 1)>

1 | |
- (X (kal ) (A=) ()" (A - 1)) by Proposition 3.3.4

— %é <a2 %Z— a3> (ka_l Z> (A — 1) F 4 (—1)basi(y — yo—kritl)
g Z ("7 () (Commtro e - 1)
— %io <“2 j “3> <ka_1 Z) (A=D1 4 (=) F(A - 1))

k
1 as + a a a1 —k+e as+a —3 as+as—i a1 —k—+i
—|—FZ( 2 ' 3) (k_lz) ((_1) k+ ()\_1) +az+1 _|_(_1) +as ()\_1) k:++1).

9
B
=
SQ
+
&
>
2
ey
SQ
>
2

|
= w(1) -t - )
<a2 ;L ag) <ka_1 Z) ((_1)a17k+2'(>\ _ qyetestloi g (L q)eetas=i(y _ 1)a17k+i+1) .

O

We now simplify the second product (—1)(S — 1) B(Chyyias; A, S).
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Lemma 3.6.4. The coefficient of S* in the product (—1)(S — 1) B(Cayias; A, S),

[SF(=1)(S = 1) B(Cayrasi A, S)]

]' a + as ay _1\a1—k+i+1 _ as+az—1
+A2Z( Z, >(k—¢>< 1) AA—1) .

Proof. We make use of the k-defect polynomial of a cycle graph given in Proposi-

tion 3.3.4 and the binomial theorem for the coefficients in (S — 1)%.

[S*T(=1)(8 = 1) B(Cayasi A, S)]

k
= - Z ¢i(ca2+a37 )‘) (ka_l Z) (_1>a17k+i

— ﬁ% <a2 JZr a3) [(A — 1)eetoai | (—q)erteai(y )] %(ka—l Z) (—1)mk+itt

1 a9 + as ay ki .
_ —1)@ +i+1 — 1)aetas—i
+>\2Z< i )(k—i)( ) AA-T)

O

Now adding and simplifying the results of Lemma 3.6.3 and Lemma 3.6.4 we get
Corollary 3.6.5, the coefficient of S* in B(Cy,1as; A, S) [B(Cay; A, S) — (S — 1)™].

Corollary 3.6.5.
[Sk] [B(Ca2+a3; )‘7 S) [B(Cm; >‘7 S) - (S - 1)(11“
= (Z) (A=D1 F 4+ (=1)" " (A =1)]

1 az +a a a1 —k+1 az+asz—1 az+asz—1 a1 —k+1
+EZ< 2 . 3) <k 1 ) [(_1) k++1()\_1) + +(_1> + ()\_1) k++1}.

1 —1
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Finally, we simplify the third product (S — 1)* B(Cq,; A, S)B(Cas; A, S).
Lemma 3.6.6. The coefficient of S* in the product (S —1)" B(C,,, X, S)B(Cq,, A, S),

[SFT[(S = 1) B(Cay; A, S) B(Cugi A, 5)]
_ % Ek: (az ;L ag) (ka_l @) (1) k() — 1)oeas—i
ax + a2) (kas ) (—1)mtaz=i() _ 1)ss—k+itl

—J

CL2 ) (al + CL3) (_1)a1+a37r()\ o 1)a27k+r+1

Proof.

- 2: (f}) <—1>“1‘T]:§:Of¢i<ca2, N)6k-ri(Cags A

= 3 () S () 10— o)
() T e e

EEEC) 3 o
- ZZ () () (2 e s
- ZZ () () (%2 Jcmemrsg e
FEEC) e

There are four terms in [S¥] [(S — 1) B(Clyy; A, S)B(Cyy; A, S)] which we can simplify

separately.

53



(i) We simplify the first term,

SR () o

S Yoo

1 aq a2+a3 _ _
- —1)a-r -1 as+as k+r.
A2 <T)(k—r>( A=)

k
1 2 : ax as + as ai—r az+az—k+r
1) — 71)az2tas
A2 (r)(k—r>( =D

1 ag + as ay ki .
= — —1)® l>\_1a2+a3 i
w2 (M) () oy

(ii) We simplify the second term

%ZZ() () <k as )(_1)WW(A_D%WH

; —r—1
r=0 i=

by interchanging the order of summation as follows; We see that 0 <7 < k — 1,

then 0 <r <i+r <k. Let =14, thus 0 < r < j < k. Therefore
1 g a1 az as a1t+az—i—r az—k+r+i+1
EZZ r i k—r—1 (=1) (A-1)
r=0 i=0
1 LB ai az as a1+az—j az—k+j+1
- EZ r j—T /{Z—] (_1) <)‘_1)
=0 r=0

1 ay + as as . _ .
= — -1 aitaz—j A — 1)%s k+]+1.
X2 < ( j )(k—j)( ey

o4



(iii) We simplify the third term

SR ()Y

by interchanging the order of summation as follows, we see that ¢ < k — r, then

t+1r <k, thus » < k — 7. Therefore

k k—r
1 aq a9 as L .
_ E —1)®tas k+iry 1)a2 i+1

r=0 =0
L a a
1 2 3 a14a3—k+i as—i+1
- -1 1tas—k+ N — 1)%2 +
P2 () (7))
k
1 a9 (11+CL3 L i
- _1 a1+az—k—+i )\ _ 1 az—1i+1
A()(,C_)< Jorres-kti() — 1)

Now let © = k — r, then we get

k
1 ( a9 ) (a1 + CL3> _ _k 1
_ E (_1)a1+a3 T()\ _ 1)a2 +r+ )
A2 — k—r r

(iv) We simplify the last term 55 Y28 S7F7 5 (%) (2) (%2 ) (—1)@teetas—h(\ — 1)2,

T ) k—r—i
the we get
1 <& /g a a
1 2 3 ai1+tas+taz—k 2
—E —1)mrazTas A—1
A2 A <r>(i)(l€—r—i)( ) ( )
r=0 i=0
k
1 aq CL2+(13 _
- -1 ai1+taz+as k)\_12
B2 ()R-

a; + ag + as

("
(

)ity 2

Xl | -
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We are in a position to state the main result of this section. To get Theorem 3.6.7

we use the results of Lemma 3.6.6 and Corollary 3.6.5.

Theorem 3.6.7. Let 0,, 4,4, be a theta graph with 1 < a; < ay < az and a1 +az+as =

n. Then the k-defect polynomial for 04, 495 S

¢k <9a1,a2,a3 ; )\) -

where 0 < k < n.

Proof.

3 (1) (o= 4 - - 2)
1
X

1 A Bllaranasi A S)| = 18] [B(Ouyanani X S)]

To get ¢k (0ay.00.05; A) We apply Lemma 3.6.6 and Corollary 3.6.5, and gather like

terms.

/\_lgbkz (Qal,az,ag ; )\) =

= [Sk] [B(C(m-f—ag; )‘7 S) [B(Cal; /\7 S) - (S - 1)(11]
+ [S*I(S = 1) B(Cay; A, S)B(Cay; A, 9)]

= Ail(bk(eal,az,as ) )\) .

% <Z> (A= 1)"F 4 (1) F = 1)) + % (Z) (~1)"F (A — 1)?

(_l)al—k-‘ri()\ o 1)a2+a3—i

(_1)a2+a3—i(>\ . l)al—k—‘ri—i-l

()
(k;a_l Z) (—1)mkFi(y _ 1jortoai
()

a; + a3) (_1>a1+a3—r(/\ B 1)a2—k+r+1

(_1)a1+a2—j (/\ . 1)a3—/€+j+1‘



Finally, we simply the terms to get the required result as

eOnmos) = 3 (1) (=1 + (OO (- 2]
S () () e e
o Z (k“f ) (” ] ) (—1)rem () — ek
R () (T

O

We now verify that Example 3.3.6 give us the same answer when we apply it to

Theorem 3.6.7,
Example 3.6.8.

Recall, in the diagrams shown in Figure 3.1, H is a theta graph ¢, 5. Thus if H =
0a1.00.05 then a; = 1 and ay = a3 = 2. Now we apply Theorem 3.6.7 to compute the

1-defect polynomial of H.
175 5-1 5-1
b2z A) = 1 (A =1+ (=1 (A = (A = 2)]
1
A

21: (1 i Z) (5 ; 1) (—1)3 () — 1)1+
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- ; (A =D+ (=)' (A =D (A = 2)]
+§ A—1—4(A—1)]
+§ [—2(A = 1) +3(A = 1)°]
= % [5A* — 20A% + 30A% — 20X + 5 + 5A* — 15X + 10]
+§ [A—1—4X* 48X — 4]
+§ [—4)2 48X — 4+ 627 — 18)% + 18X — 6]
- % [BA* — 140% 4+ 9N?]

= BN — 14)\%2 + 9\,

Thus we get the same answer as in Example 3.3.6, verifying our result.

3.7 Conclusion

In this chapter we used the known theory on the coboundary polynomials to find the
bad coloring polynomial of a theta graph and multibridge graphs. The bad coloring
polynomial can be expressed as a generating function in S where the coefficient of S*
is the k-defect polynomial of a graph. In this chapter, we did not exactly express the
bad coloring polynomial as a generating function, we split the bad coloring polynomial
of a theta graph into three products whose sum gives the bad coloring polynomial
and then extracted the coefficients of S* in each product. Finally, we added the three
extracted coefficients of S* to get the k-defect polynomial of the theta graph. We

verified our theorem with an example.
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Chapter 4

Hosoya Polynomial of Uniform

Multibridge Graphs

4.1 Introduction

In this chapter, we start by giving a brief history on Hosoya polynomials. Then we
state without proof, some explicit expressions of Hosoya polynomials of certain classes
of graphs. We illustrate with an example how to compute the Hosoya polynomial of
a graph. We give the main result of this chapter, the Hosoya polynomial of uniform

multibridge graphs. Finally we apply some results of this chapter to chemical graphs.

4.2 Brief History and Properties of Hosoya Poly-
nomial of a Graph

In this section, we give a brief history of the Hosoya polynomial of a graph and some
of its known properties. In particular, we start with the brief history of the Wiener

index and hyper-Wiener index.

The Wiener index was introduced in 1947 by Harold Wiener [34]. Wiener used this
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index as a tool for obtaining the boiling points of alkanes. This study of the Wiener
index attracted the attention of chemists and mathematicians. There is a well devel-
oped relationship between chemistry and graph theory, such that in chemical graphs,
the vertices of the graph correspond to the atoms of the molecule and the edges rep-
resent the chemical bonds. We need the concept of diameter in graph theory to be

able to define the Wiener index of a graph.

Definition 4.2.1. The distance, d(u,v) between any two vertices v and v in a graph

H is the length of a shortest path between them. The diameter D of H is given by
D := mazypevm{d(u,v)}.

Definition 4.2.2. Let H be a connected graph and V(H) = {uy,us,- -+ ,u,} be the
vertex set of H, the Wiener index of the graph H, is given by
W(H) = % S dusuy).
i=1,j=1

In addition, the hyper-Wiener index of a graph H is

WW(H) =W (H) + %i:;:l A (us, ).
Sagan, et al. in 1996, see [32], studied the Wiener polynomial of a graph as a gen-
erating function in ¢. In their study, it was shown that the derivative of the Wiener
polynomial was the g-analog of the Wiener index of a graph. Some properties of the
Wiener polynomial were given and explicit expressions of the Wiener polynomials of
certain classes of graphs were given.
The Hosoya polynomial of a graph was studied independently as a generating function
about distance distributing, by Hosoya in 1988, see [22]. The Hosoya polynomial is
defined for a connected graph H as

H(H,z) =) d(Hw)"

w=1
where d(H,w) > 1 is the number of vertex pairs at distance w. It was shown in

this study that the Hosoya polynomial has applications to two important topological
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indices, the Wiener index and hyper-Wiener index. Thus, the Wiener index is given
by the first derivative of the Hosoya polynomial, H(H, z), at z = 1, and it is shown
in [12] that the hyper-Wiener index is given by half of the second derivative of the
Hosoya polynomial zH(H, z) at z = 1. Hence it is clear that the Hosoya Polynomial
is just another name of the Wiener polynomial. Hence in the literature, we have two
names for the same polynomial, the Wiener polynomial and the Hosoya polynomial.
In this work we have chosen to use the Hosoya polynomial.

Since then, the study of Hosoya polynomials has been taken in many directions by
both chemists and mathematicians. One direction of study is finding explicit ex-
pressions of the Hosoya polynomial of certain classes of graphs, for example, see
(1, 10, 14, 16, 17, 19, 21, 24, 35, 36]. Another new direction is solving for the roots of
Hosoya polynomials, for example see [2, 3].

In this chapter, our goal is to find an explicit expression of Hosoya polynomial of

uniform multibridge graphs.

4.3 Some Known Results on Hosoya Polynomial
of a Graph

In this section, we give some properties of the Hosoya polynomials known in the
literature. We then give without proof, some known Hosoya polynomials of some
classes of graphs.

The following theorem summarizes some of the known properties of the Hosoya poly-

nomial and we refer the reader to [22, 32] for further details.

Theorem 4.3.1. Let H be a graph, E(H) be the edge set and V(H) be the vertex set
of H. Let H(H, z) be the Hosoya polynomial of H. Then

(1) the degree of H(H, z) is the diameter of H.
(i1) the coefficient of z in H(H,z) is |E(H)].
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(iii) the coefficient of 2° in H(H, z) is zero.

(iv) H(H,1) = (IV<2H>|)‘

D

() L) = W) = 3w (),
12 1<
(vi) 5 #HH, 2)loms = WW(H) = W (H) + 5 > wd(H,w).

The following two theorems give the Hosoya polynomials of commonly used graphs

in mathematics, complete, cycle, path, bipartite and wheel graphs, see [32].
Theorem 4.3.2 ([32]). The Hosoya polynomial of

(i) a complete graph K, is

(i1) a complete bipartite graph K, ,, is

H(K s 2) = nimz + [(g) + (Zﬂ 22,

(i1i) a wheel graph W, is

H(W,,2) = (2n—2)z+ z%.

It is of special interest to note that unlike many graph polynomials, the Hosoya
polynomials of even and odd cycles have different formulae. Similarly, non isomorphic

trees of the same size have different formulae of the Hosoya polynomial.
Theorem 4.3.3 ([32]). The Hosoya polynomial of

(1) an even cycle Cyy, is
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(ii) an odd cycle Capiq is

n

H(Coni1,2) = (2n+ 1) Zzi.

=1

(111) a path P, is
n—1

H(P,,z) =

M

n—l
=1

As a consequence of Theorem 4.3.3, we get the following corollary.

Corollary 4.3.4 ([32]). The Wiener index of

(1) an even cycle Cy, is

(ii) an odd cycle Capiq is

(2n+2)(2n + 1)(2n)‘

W(02n+1) = ]

(111) a path P, is

W(P,) = (" ; 1).

Theorem 4.3.5 ([16]). Let H be a distance-reqular graph having the intersection
array {bo, by, -+ ,bp_1;¢1 = 1,¢9,--+ ,cp} Then the Hosoya polynomial of H is

noo 2 i;ll bj i
H(H, z) = 5 (24—2%5—%) :

i—2 11j=2Cj
Corollary 4.3.6 ([16]). Let H = srg(n,k, A\, 1), be a strongly reqular graph. Then
the Hosoya polynomial of H is

H(H,z) = g(kzz +(n—k—1)22).

The following two theorems state some known Hosoya polynomials of chemical graphs.
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Theorem 4.3.7 ([1]). The Hosoya polynomial of an m-pentagonal-chain G(m, S) for
m > 5,

H(G(m,S),2) = (Bm+2)+ @dm+1)z+ (Tm —2)2% + (Tm — 8)2° + (Tm — 14)2*
m+1
+ (8m —22)2° + ) [9(m — k) + 21]z" + 4272,
k=6

Theorem 4.3.8 ([35]). The Hosoya polynomial of TUC4CS(S), T(p,q), for p > 1

and g > 2, where

(i) ¢ <p
H(T(p,q):2) = 2pq+ 4p,z2p+1((j _'_11)3(2«(1 —-1)
2 DA DET - )4
(z —1)(z* - 1)
+ 2p2(2 + 1) (2(22 + 1)(2% = 1) = (2> + 2 +1)*(27 = 1))
(z — 1)(23 — 1)2 :
(it) ¢ > p

H(T(p,q);2) = 2pq+ 2pz(z +1)(2" —(j)_(f)q; 2 1)
2p22(z + 1) (22 + 1)(2% — 1)
(z—1)(23 — 1)2
2p(z + 1)2((](21” — 1)((,22 + 1) (22 4+ 1) — Z2p+1) +p23p+1)
(Z — 1)(23 _ 1) .

The following theorem gives the Hosoya polynomial of a graph that is obtained from
a graph operation, vertex-attaching, of some other graphs. This graph operation has

application in chemical graphs.
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Theorem 4.3.9 ([15]). Let H be a connected graph obtained by point-attaching from
Hy, ... Hy, and let x;_,; and 0;; be as as defined in [15].

M(H,2) = D H(H;2) 4 3 (Mo, (Hio2) o (Hy 2)2™)

i=1 ije (%))

4.4 Computing Hosoya Polynomial of a Theta
Graph

In this section, we start by giving an example of computing the Hosoya polynomial
of a theta graph, 0533 using the definition of Hosoya polynomial. We then close the
section by demonstrating how to compute the Hosoya polynomial of the same theta
graph, 053 3, using the principle of inclusion-exclusion.
U1

Uy

U2

v
Vs 7

Ug

Figure 4.1: The graph 0333

Example 4.4.1.

Recall from Section 4.2, the definition of the Hosoya polynomial of a connected graph

H,



where d(H,w) > 1 is the number of vertex pairs at distance w > 1. we start by
finding D, the diameter of 033 3.

Recall that the diameter D of a graph H is given by D := maz,sevm){d(u,v)}.
Therefore, the diameter of 8533 is the distance of a pair of vertices with the largest
distance from each other. In Table 4.1, we summarize the distances of all pairs of

vertices of the graph , 053 3, corresponding to the diagram in Figure 4.1.

Distance | no. of pairs The pairs of vertices
3 7 {v1,v8}, {va,v6}, {v2,v7}, {vs,v7}, {vs, v5}, {va,v5}, {v4, 06}
2 12 {v1,v5}, {v1,v6}, {v1,v7}, {va, 03}, {va, 04}, {v2,vs}, {vs, v4},
{vs,vs}, {vs,v8}, {vs, 06}, {vs,v7}, {vs,07}.
1 9 pairs of vertices for each edge.
Table 4.1:

It is clear from Table 4.1 that the diameter of 03 3 3 is 3, hence the Hosoya polynomial
of 0333, H(f333;2) =9z + 1222 + 723,
Hence the Wiener index of W (633 3),

d
W(eg’g’g) = %(92 + 122’2 + 723)|z:1

= 9424z + 2127,

= 54

In preparation for the main result of this chapter, we explore the use of the principle
of inclusion-exclusion, described in Section 2.2, in computing the Hosoya polynomial
of a theta graph, 0333. From Chapter 1, Definition 1.4.1 and Chapter 2, Proposi-
tion 2.4.1, we know that 03 3 3 has three cycles, each of these cycle has order 6, and
has three internally disjoint paths of order 4 each. The graph 03 3 3, corresponding to

the diagram in Figure 4.1, has three cycles, denoted @-, and three internally disjoint
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paths, denoted ]31-, namely,

61 = {0102, VaVs5, UsUg, UgVUg, UgU3, Usvl}
62 = {U1U4, V4V7, U7V8, UgVUg, Vg U3, U3U1}
a3 = {U1U27 VU5, UsUg, UgUt, UTV4, U4U1}
Pi = {v1vs, 0205, 0508}
182 = {USU67 Vg3, U3U1}
A3 = {011)4, V47, Uﬂ)s}

We note that path 161 - 61 and ]31 - 63, path ﬁQ - 62 and 162 C 61 and path
183 - 62 and 183 - 63.

We now compute the Hosoya polynomial of 03 5 5 in terms of the Hosoya polynomials
of 61, 52, 63, ﬁl, ﬁg and ]33 using the principle of inclusion-exclusion.

In the Table 4.2, we summarize the distances of all pairs of vertices of the sub-graph

61 of (937373.

Distance | no. of pairs The pairs of vertices
1 6 {v1,v9}, {va, v5}, {vs, v}, {vs, v}, {vs, v3}, {vs,v1}.
2 6 {v1,v5}, {ve, v}, {vs, v}, {vs, v3}, {ve, v1}, {v3, v2}.
3 3 {v1,vs}, {v2, v}, {vs, v}
Table 4.2:

Hence from Table 4.2, the Hosoya polynomial of 61 is ’H(al,z) = 6z + 622 + 325
Similarly, H(Ch, z) = H(Cs, 2) = 62 + 622 4 325,

In Table 4.3, we summarize the distances of all pairs of vertices of the sub-graph
181 C 61 of 053 3.

Hence from Table 4.3, the Hosoya polynomial of P is 7—[(131,2) = 3z + 222 + 23
Similarly, H(Py, z) = H (P, 2) = 3z + 222 + 25,
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Distance | no. of pairs | The pairs of vertices
1 3 {v1,v9}, {va, vs5}, {vs, v}
2 2 {v1,v5}, {ve, vs}.
3 1 {v1,v8}.
Table 4.3:

It is clear from Table 4.2 and Table 4.3, since ﬁl C 61, that all the vertex pairs
at distance w € {1,2,3} in the path ﬁl appear also as vertex pairs at distance
w € {1,2,3} respectively, in 61. Similarly, these vertex pairs will also appear as
vertex pairs at distance w € {1,2, 3} respectively, in 63.

A similar argument indicates that, all the vertex pairs at distance w € {1,2,3} in
the path ﬁg also appear as vertex pairs at distance w € {1,2,3} respectively, in 61
and 62 and all the vertex pairs at distance w € {1,2,3} in the path 133 also appear
as vertex pair at distance w € {1, 2, 3} respectively, in 52 and 63.

It is clear that we have covered all vertex pairs of 333, in some cycle of the graph.
Hence by the principle of inclusion-exclusion, we include all the vertex pairs by adding
the Hosoya polynomials of the three cycles of the graph, then we exclude the repeated
vertex pairs, by subtracting the Hosoya polynomial of the three paths. Finally, we
add the term 23 to cover the vertex pair {v;, vg} which has been added three times and

subtracted three times, in the Hosoya polynomials of cycles and paths, respectively.

H(O333:2) = 7—[(51, z) + 7—[(62, z) + 7—[(63, z) — H(ﬁl, z) — H(ﬁg, z) — 7—[(?3, 2) + 23
= 3(62 4+ 622 +32°) —3(3z 4+ 222+ 2°) + 2°

= 9z + 1222 + 723
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4.5 The Hosoya Polynomial of Uniform Multib-
ridge Graphs

In this section, we state some properties of an m-bridge graph. Then we state and
prove the main result of this chapter, the formulas for the Hosoya polynomial of a
uniform multibridge graph.

Recall from Chapter 1, Definition 1.4.2, that an m-bridge graph is a graph consist-
ing of a pair of end vertices joined by m > 2 internally disjoint paths of lengths
bi,ba, -+, by > 1 and is denoted by 0y, p, b4, 5,,- There are many paths in an
m-bridge graph, but of much interest in this work are the internally disjoint paths of
lengths by, by, -+ , b, > 1 which define the graph. To ease notation in this chapter,
we denoted these internally disjoint paths of lengths by,09,--- b, of an m-bridge
graph, by ﬁbl,ﬁbQ, ﬁbg, e ,ﬁbm respectively. Note that ﬁbi has order b; + 1 for all
i€ {1,2,--- ,;m}. An m-bridge graph is simply a cycle graph if m = 2 and is a theta
graph if m = 3. A cycle of an m-bridge graph, will be denoted by Cj, s, if it connects
two internally disjoint paths, of lengths b; and b;. If b; = b, for all ¢ € {1,2,--- ,m}
in 0y, by b3, b then the m-bridge graph is said to be uniform. We denote a uniform
m-bridge graph by 0,,(b).

The following proposition stating some properties of an m-bridge graph, is a direct

result from the definition of an m-bridge graph, and is useful to this work.

Proposition 4.5.1. Let H be an m-bridge graph Oy, p, by, b,,- Then

(i) the size of H is Zbi'

=1

(ii) the order of H is Zbi —m+ 2.
i=1

(111) any path ﬁbi of an m-bridge graph belongs to m — 1 cycles of H.

(iv) there are () cycles in H given by Cy, 1y, and i # j.
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Corollary 4.5.2. Let H be a uniform m-bridge graph, 6,,(b). Then
(i) the size of H is mb.

(i1) the order of H is m(b— 1) + 2.

(111) there are m isomorphic internally disjoint paths, ﬁb m H.

(iv) every cycle of H is even.

In order to apply the principle of inclusion-exclusion in the main results of Theo-

rem 4.5.4, we need the following Lemma.

Lemma 4.5.3. Let H be an m-bridge graph Oy, py by ... .- Then every pair of vertices

i H belong to some cycle of the graph H.

Proof. Let H be an m-bridge graph 0y, p, b, »,,- Let the two vertices that connect
the m internally disjoint paths of H be u and v. We consider four cases as follows.
Case 1. Assume that the pair of vertices is the one that connects the m internally
disjoint paths of H, that is, u and v. This pair appears once in each of the m internally
disjoint paths and (7;) cycles in H respectively, as it connects all the m internally
disjoint paths in H. Therefore the pair {u, v} is in all the (’g) cycles in H.

Case 2. Assume that the pair of vertices include exactly one of u and v, and another
vertex in any of the m internally disjoint paths. Then the two vertices are in the same
path }A’bl, where 1 < [ < m. Then by Proposition 4.5.1 part (iii) the pair of vertices
belong to m — 1 cycles, as ﬁbl, belong to m — 1 cycles.

Case 3. Consider a pair of vertices that does not include u and v. Assume that these
two vertices are in the same path ﬁbl, where 1 < [ < m. Then by Proposition 4.5.1
part (iii) the pair of vertices belong to m — 1 cycles, as ﬁbl, belong to m — 1 cycles.
Case 4. Consider a pair of vertices that does not include u and v. Assume that these
two vertices are in different internally disjoint paths ﬁbi and ﬁbj respectively, where
i #jfori,j€{1,2,--- ,m}. Then by Proposition 4.5.1 part (iv) the pair of vertices

are in exactly one cycle Cy, 1y, .
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Thus every pair of vertices in H belong to some cycle. O

From Lemma 4.5.3 Case 1, 2, 3, we conclude that only those pairs of vertices that

appear in the same path ISbl, where 1 < [ < m, will always appear in more than one

m

5 ) cycles.

cycle, that isin m — 1 or (
But from Lemma 4.5.3 Case 4, we conclude that, if two vertices appear in different
internally disjoint paths ]31)1. and ﬁbj respectively, where i # j fori,j € {1,2,--- ,m},
then the pair of vertices will always appear in exactly one cycle Cy, 14, -

We are now ready to prove the main results of this chapter.

Theorem 4.5.4. Let H = 0,,(b) be a uniform m-bridge graph. The Hosoya polyno-
mial of H is

- —1
H(H, z) = <T;)H<Czb, z2) —m(m —2)H(P,, z) + (m2 )zb.

Proof. Let H = 0,,(b) be a uniform m-bridge graph and the two vertices that connect

the m internally disjoint paths be v and v. From Proposition 4.5.1 and Corollary 4.5.2,

we know that H has (m

2) even cycles. Thus the sum of Hosoya polynomials for all

the cycles in H is (T;)H(C%, z). By Lemma 4.5.3, each pair of vertices of H belongs
to some cycle, hence each pair of vertex contributes to the counted sum of Hosoya
polynomials for all the cycles in H. By Lemma 4.5.3, some vertex pairs appear in
more than one cycle of H. Hence we need to remove the repetitions in the sum of
Hosoya polynomials for all the cycles in H.

By Definition 1.4.2, there are m internally disjoint paths in H, denoted ﬁb. By Propo-
sition 4.5.1, part (iii), any of these paths, ﬁb, of an m-bridge graph belongs to m — 1
cycles of H. Hence ’H(ﬁb, z) contributes to the Hosoya polynomial of m — 1 cycles. So
we let, each path contribute to the Hosoya polynomial of one cycle, thus we remove
it m — 2 times. Hence for all the m paths, from (})H(Cy, z), we remove 7-[(]31,, ),
m(m — 2) times, that is

(7;)%(0%, 2) — m(m — 2)H(B,, 2).
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To complete the proof, we note that the vertex pair, v and v appears in each cycle and
in each path. Moreover, the distance between u and v is equal to b. By definition of
the Hosoya polynomial, contributes the term z°. Since there are (Z‘) cycles in H, the
vertex pair u and v have contributed (7})z in the sum () H(C4, 2) and m(m — 2)2°
in m(m — Q)H(ﬁb,z). But we need the vertex pair to contribute only once in the
Hosoya polynomial of H. Thus, since m(m —2) > (') for m > 3, we need to find k
such that (’;‘) 2b—m(m—2)zb+k2® = 2b. Thus, solving for k in the following equation,

(7)) —m(m—-2)+k=1

1= (7;) —m(m —2) +k

@—m(m—%ﬂc
= m{@—erQ] + k.

Therefore

= 14+m|m-2+

A2 V)

~(m—1
B 2
Therefore, the Hosoya polynomial of H, is

~

<Z>H(C2b= 2) —m(m — 2)H(Py, 2) + <m - 1) b
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O

We now give the explicit expression of the Hosoya polynomial of uniform m-bridge

graph.

Theorem 4.5.5. Let H = 0,,(b) be a uniform m-bridge graph. The Hosoya polyno-

maal of H s
b—1

H(H,2) = i (m(m — 2)(i — 1) +mb) 2 + ((b —Ymim=1) 1) 2,

2

Proof. Substituting the Hosoya polynomials of an even cycle and the Hosoya poly-
nomial of a path graph given by Theorem 4.3.3 in the expression of the Hosoya
polynomial of a uniform m-bridge graph given in Theorem 4.5.4, we get the required

result. O

As a consequence of Theorem 4.5.4 and Corollary 4.3.4, we get the Wiener index of

a uniform m-bridge graph, stated in the following corollary.

Corollary 4.5.6. Let H = 0,,(b) be a uniform m-bridge graph. The Wiener index of

H is,
W(H) = b+ b(b — 1)m((2b—61)m— (b—5))'

In Example 4.4.1, the Hosoya polynomial of 03 3 3, is given as

H(0333;2) = 92 + 122° + 72°.

Now substituting m = 3 and b = 3, in Theorem 4.5.5, we verify our result.

H(b33352),2) = i (33—2)(i —1)+3%3) 2"+ ((3 _ 1)3(3 —1) 4 1) 3

= (0+92+(3+9)2%+ (6+1)2°

= 9241222+ 725

In Example 4.4.1 we found the Wiener index of 63335 to be W (f533) = 54. Now
substituting m = 3 and b = 3, in Corollary 4.5.6, we get

3(3—1)3((2x3—1)3—(3—5))
6

W(0373’3) =3+ =54
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verifying our result.

4.6 Some Application to Chemical Graphs

We note that if m is equal to 3 in 6,,(b), then we have a theta graph with all three
internally disjoint paths equal to b. This class of graphs is called bridged bi-cyclic
alkanes in mathematical chemistry. There are two bridged bi-cyclic alkanes that

correspond to the class of graphs 63(b), with the Hosoya polynomial
H(03(b), 2) = 3H(Cap, 2) — 3H(Dy, 2) + 2.

We have the bicyclo[2.2.2]octane which is 5(3) = 03 5 3 and the bicyclo[3.3.3Jundecane
which is 03(4) = 6444. Therefore, from Example 4.4.1 the Hosoya polynomial of
bicyclo[2.2.2]octane is H (s 33; 2) = 92 + 122% 4+ 72%. While the Hosoya polynomial of
bicyclo[3.3.3]Jundecane is

H(05(4), z) = 3H(Cs, 2) — 3H(Py, 2) + 2* = 122 + 1522 + 182% + 102,

The Wiener indices are W (f333) = 54 and W (6,44) = 136.

4.7 Conclusion

We illustrated with an example how to compute the Hosoya polynomial of a graph.
We explored and used the principle of inclusion and exclusion to get the formula
of the Hosoya polynomial for a uniform multibridge graph. Finally, we showed how

these results can be applied to mathematical chemistry.
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Chapter 5

The Hosoya Polynomial of ¢g-vertex

Joins

5.1 Introduction

In this chapter, we extend the concept of vertex join of a graph to a g-vertex join.
We discuss some properties of g-vertex joins of a graph. Finally, we give a formula
for the Hosoya polynomial of a g-vertex join of a graph with diameter at most 2.
Recall that d(u,v) denote a minimum distance between any two vertices u and v in
a graph H and the diameter D of H is given by D := maw, ey m{d(u,v)}. A graph
with maximum distance equal to 1 or 2 between pairs of vertices is said to be a graph
with diameter 1 or 2 respectively.

The Hosoya polynomial of any graph with diameter 2 is known, see [3].

Proposition 5.1.1 ([3]). Let H be a graph on edge set E(H) and let V(H) be vertex
set of H, with |V (H)| vertices and |E(H)| edges and with diameter two. Then the
Hosoya polynomaial of H

|V (H)]

H(H,z) = |E(H)|z+K 5

) — |E(H)|} 22,
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Let H be a graph with vertex set V(H) = {hy, ho, -+, h,}, edge set E(H) and
let a vertex w ¢ V(H). A vertex join of a graph H, is the graph denoted by
H, with vertex set V(H) = {hy,ha,--+ ,hn} U {w} and edge set E(H) = E(H) U
{{h1,w},{ha,w}, - ,{hn,w}}. To ease notation, We shall call an edge

e € {{h1,w}, {he,w}, - ,{hn,w}} ajoin edge and a vertex w a join vertex.

If each join edge of a vertex join, H , is replaced by a path P, the resulting graph
is called a g-vertex join of a graph H, denoted by fIq. A path P,.; in a g-vertex join
which replaced a join edge of H is called a join path. We denote a join path by qu
and to ease notation, we label the n join paths as ]5q+11, quQ, e ,Pq+1n, if I5q+1j is
the join path from vertex h; to vertex w. In addition, ]f’qﬂ = P,11. Furthermore, a
cycle of a g-vertex join, which contain two join paths and one or two edges of H, is
called a join cycle. We denote a join cycle with one edge of H by équ and a join
cycle with two edges of H by CQq+2. Moreover, C’qu = (Cy41 and ng+2 = Cygta-
The following Proposition 5.1.2 states some properties of a g-vertex join, which can

be extracted from the definition.

Proposition 5.1.2. Let H be a diameter 2 graph of order n and size m. Let ]:]q be
a q-vertex join of H. Then

(i) the order of H, is equal to qn + 1.
(ii) the number of join paths in H, is equal to n.
(i11) the size of ﬁq is equal to m + qn.

Lemma 5.1.3 and Lemma 5.1.5 state some properties of a ¢-vertex join which are

needed in the proofs of the main results of this chapter.

Lemma 5.1.3. Let H be a diameter 2 graph of order n and size m. Let f[q be a
q-vertex join of H. Then

(i) the total number of join cycles, OQQH in If[q is m.
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n

(ii) the total number of join cycles, égq+2 in I:Iq is (2

) —m.

(111) the total number of join cycles in ﬁq is equal to (}).

Proof. (i) Consider an edge e = {v;, v;} of H, such that v;,v; € V(H) such that the

join paths Pyi1,, Pyyq, joins the join vertex w and vertices v;, v; respectively. It
is clear that a walk starting at v; to w through Aqu to v; through Aqu back
to v; is a join cycle, since {v;, v;} is an edge of ]:[q and I5q+1i =+ Pq+1j. There are

m edges, in H, hence m join cycles of the form @2q+1.

(ii) We just need to count the number of pairs of vertices in H, that are at distance
2 from each other. The rest of the argument is similar to proof of part (i). From

Proposition 5.1.1 we know that the number of pairs of vertices at distance 2

n

y ) — m join cycles of the form C’2q+2.

from each other in H are ( ) — m. Hence (”

2

(iii) Combining part (i) and part (i) we get (3).
[

Corollary 5.1.4. Let H be a diameter 2 graph of order n and size m. Let lffq be a
q-vertex join of H. Then

(Z) égq+1 = qurli U Aq+1j U (/Ui, 'Uj) and
(i1) C’2q+2 = pq+1i U Aq+1j U (vi, v) U (v, v5) where (vi,v) U (v, v5) = Ps.

Lemma 5.1.5. Let H be a diameter 2 graph of order n and size m. Let ]:Iq be a

q-vertex join of H. Then every vertex pair in lffq belong to some joint cycle in lf[q.

Proof. There are four cases to be considered:
Case 1. A pair of vertices v;,v; € V(H) are either at distance 1 or 2 from each
other since H is a diameter 2 graph. By proof of Lemma 5.1.3, each of these pairs of

vertices belong to a join cycle.
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~

Case 2. A pair of vertices v, v; € V/(FPyy1,) such that both vertices are in the same
join path Aq+1j and v, ¢ V(H). By definition of a join cycle each of these pairs of
vertices belong to a join cycle.

~

Case 3. A pair of vertices v;, v; such that v; € V(H) and v; € V(Pqu) and

A

w # vy # vj. By definition the join path Py, , joins vertex w and vertex v; € V(H)
in the g-vertex join. Thus v; € V(Pq+1j). But by part (i) v;,v; is on the join cycle,
in particular the join cycle pq—i—li U Pqu U (vs, v;) by proof of Lemma 5.1.3 part (i).
Since v; € V(pq+1j) then, a pair v;, vy is on this join cycle.

Case 4. A pair of vertices v,, v; such that v,.,v; € V(H), v, # w # v, v, € V(Pqﬂi)
and v; € V(Pqﬂj). Let v;,v; € V(H), such that v; € V(]f’qﬂi) and v; € V(Pqﬂj). If
d(vi,v;) = 1, then v,,v; € C'Qq+1, while if d(v;,v;) = 2, then v,,v; € (qu+2.

Thus every vertex pair in ﬁq belong to some join cycle in ﬁq.

5.2 The Hosoya Polynomial of g-vertex Joins

In this section, we start by proving the Hosoya polynomials of the g-vertex join for
graphs with diameter 1 and 2, that is fIq, then we obtain the Wiener index of H'q.
Finally we state the Hosoya polynomial of some well known graphs with diameter 2 in
the form ]:Iq. These graphs are complete bipartite, wheel and strongly regular graphs.
We also include the Hosoya polynomial of uniform m-bridge graph 6,,(2) as it has
diameter two. We start with the Hosoya polynomials of ¢-vertex join for graphs with
diameter 1. Since all graphs of diameter 1 are complete graphs, it is interesting to
find the Hosoya polynomials of the g-vertex join for complete graphs. Lemma 5.2.1

and Lemma 5.2.2 are useful to prove Theorem 5.2.3.

Lemma 5.2.1. Let K, be a complete graph of order n and let an be the q-vertex
join of K,,. Then there are (g) join cycles of the form C'Qqﬂ mn an.

Proof. All vertex pairs are joined by an edge hence the result by Lemma 5.1.3 part
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(i). O

Lemma 5.2.2. Let K, be a complete graph of order n and let an be the g-vertex

join of K,. Then every vertex pair in an belong to some cycle in an.

Proof. The proof is similar to proof of Lemma 5.1.5. O

Theorem 5.2.3 gives us the Hosoya polynomial of g-vertex join for graphs with diam-

eter 1, which is one of the main results of this chapter.

Theorem 5.2.3. Let H = K,, a complete graph of order n and let ﬁq be the q-vertex
join of K,. Then the Hosoya polynomial of flq,

A

H(H,, z) = (Z)H(C’qu, z) —n(n — 2)H(Pyt1, 2).

Proof. We use the principle of inclusion-exclusion in this proof and the fact that
Pqﬂ = P,y and C’Qq+1 = Cyg41. From Lemma 5.2.1 and Lemma 5.2.2, we know that
every vertex pair in FIq belong to some cycle OQQH. Hence the Hosoya polynomial of
]:Iq can be found in terms of join cycles and join paths.

By Lemma 5.2.1 the number of join cycles of size 2¢g + 1 in ﬁq is (Z) Therefore the
sum of the Hosoya polynomials of all the join cycles of FIq is (Z)H(C’qu, z).

By Corollary 5.1.4, C’qu = Pqﬂi U Aqﬂj U (v;, ;). Since v; is paired with all the other
(n — 1) vertices, this implies that the path Pqﬂi will appear in (n — 1) join cycles.

~

Thus the Hosoya polynomial of each join path P, is in the Hosoya polynomials of
(n — 1) join cycles. But we need the Hosoya polynomial of Aqu to contribute once
in the total sum, thus we remove the (n — 2) repetitions. We do this to all the n join

paths, to get the Hosoya polynomial of ]:Iq,

n
2

~

H(H,, z) = ( )H(c}qﬂ, 2) —n(n — 2)H(Py1, 2).
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We now compute the Hosoya polynomials of g-vertex join for graphs with diameter 2.
Lemma 5.2.4 gives us the Hosoya polynomial of g-vertex join for the path Ps, which

we are going to use to prove Theorem 5.2.3.

Lemma 5.2.4. Let H = P5 be a path on three vertices and let F[q be the q-vertex join
of P3. Then the Hosoya polynomial of ﬁq,

H(ﬁq, Z) = 27‘[(@2[14_1, Z) + Q%H(C\’Qq_i_Q, Z) — BH(pq+1, Z).

A

Proof. We are going to use the fact that P4 = P4, 02q+1 = (Cyg41 and équrg

02q+2' Let H = P3 and V(H) = {U17U27U3} such that d(Ul,Ug) = d(UQ,U:),) =1 and

>~

d(vy,v3) = 2. It is clear by Corollary 5.1.4 that in lflq, there are three join cycles,

Py, U Py, U (v1,v2) = Py, U Py, U (v2,v3) & Cagpa
and

pq+11 U pq+13 U (v1,v9) U (v2,v3) = é2q+2-

Thus the contribution of the three join cycles to the Hosoya polynomial of ﬁq is less
than or equal to 2H(Chgy1, 2) + H(Cogra, 2). We now remove all the repeated pairs of

vertices in the three join cycles.

~

(i) Each join path is appearing twice in the three join cycles, so we remove H (P11, 2)

from 2H(Chgy1, z) and we remove 24 (P, 1, z) from H(Chepo, 2).

(ii)) The edge of H namely, (vy,vy) is appearing in 2 join cycles and so is the edge

(ve,v3), hence we remove the term 2z from H(Cayyiz, 2).

(iii) Consider all the distances from vy to any vertex but w in the two join paths

Py, Pq+13 and in the join cycle égq+2. These distances have been included

already in the 2 join cycles, hence we remove the term 222 +223 4 - - 4229 from

H(C’QQ-‘r?v Z)
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(iv) We note that the shortest distance between v, and w is ¢, that is via the join
path Aq+12, but in the cycle ézq+2 the shortest distance between vy and w is

g + 1, which is more than ¢, thus we must also remove 29! from H(C’2q+2, z).

Therefore, in total, we have 2z + 222 4 223 + - - - + 229 + 297! additional terms to be
excluded from H(C’gq+2, z). Recall that the Hosoya polynomial of an even cycle Cy,

is H(Cop,2) = 2n Z;:ll 2" + nz". Now we note that

q q+1 [ a
Z 220 4 1t = Z 2z 4 it
=1 Li=1

q+1

¢+1 i=1

S 20 +1)) 2+ (g+ 1)zq+1]

1 N
= q_’_—lH(CQq+27 Z).

Then we obtain

. . 1 )
H(Cogs2,2) = 2H(FPypa, 2) — mH(CQ(H-Qv z)

which simplifies to qj’r—lH(C’QqH, 2) — 2H (P, 2).
We combine all the results as follows

A

() = 2H(Cogin,2) = H(Prins2) + 5 H(Coge.2)

~

_2H(Pq+1v Z)

~

= 2H(Cher1,2) + CH_LlH(CEqwa z) = 3H(Py41, 7).

Thus we get the required results. O

There are many classes of diameter 2 graphs, for example complete bipartite, wheel,
strongly regular and uniform multibridge 6,,(2) graphs. Now we prove the main
results of this chapter in Theorem 5.2.5, the Hosoya polynomial of g-vertex join of

diameter 2 graphs. We are going to use the fact that P, = P4, C’gq+1 e Cogt

and 02q+2 = 02q+2.
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Theorem 5.2.5. Let H be a diameter 2 graph of size m and order n and let H(H, z)

be the Hosoya polynomial of H. Then the Hosoya polynomial of the g-vertex join, Hq,

~

A q n A
H(Hq, Z) = mH(CQQH, Z) + m ((2> — m) H(02q+2, Z)

—n(n — 2)H(Pyt1, 2).

Proof. From Lemma 5.1.3 there are m join cycles C’gq+1 and (;) —m join cycles ézq+2
in ﬁq. From Lemma 5.1.5 we know that every vertex pair in ffq belong to some join
cycle C’2q+1 or C’2q+2 and by Corollary 5.1.4 each join cycle has 2 join paths, thus the
Hosoya polynomial of ﬁq can be expressed in terms of the Hosoya polynomials of join
cycles and Hosoya polynomials of join paths.

By Lemma 5.1.3, we have m join cycles of the form C’2q+1 in I:]q. Hence these join
cycles contribute the term m?—[(équ, z) to the Hosoya polynomial of ﬁq. As in the
proof of Lemma 5.2.4 we need to remove the Hosoya polynomials of some of the join
paths Pqﬂ that are found in more than 1 join cycle.

Let V(H) = {v1,vq,v3,- -+ ,v,} be the vertex set of H and let the degree of vertex v;
be a; > 1 for 1 < ¢ < n. Recall that the hand-shake lemma states that the sum of all
the degrees of vertices of a graph is equal to twice the number of edges of a graph.
Therefore graph H of size m implies Y, a; = 2m.

Now we consider the degree of vertices of H in order to count the number of repetitions
of ’H(pqﬂi, 2) in mH(Cagyr, 2).

It is clear by definition that each join path Pq+1i with v; € V(]quﬂi) is paired with a;
join paths to form a; join cycles of the form C’2q+1.

Thus the Hosoya polynomials of each join path Aqu is repeated a; — 1 times in the
a; join cycles of the form C*Qqﬂ.

We compute all the repetitions of ’H(pqﬂi, z) from mH(C'gq+1, z), as follows
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n n

Z(ai—l) = Zai—n

i=1 i=1
= 2m —n.

Therefore the repeated number of H (P, 1,5 Z) s [2m — n] H(P,.1, z). Thus we exclude
2m — n] H(Pys1, 2) from mH (Cogyi1, 2) to get

mH(Cagir, 2) — [2m — n] H(Ppys, 2).
In fIq we consider the sum of the Hosoya polynomials of the (Z) —m join cycles of the

form égq+2 which is ((g) — m) H(C’gq+2, z). From Lemma 5.2.4 we know that there

are 2H (P41, 2) + +17—[(02q+2, 2) repetitions from H(Chgya, 2).

Thus from ((3) —m) H(Cyqsa, 2), there term

[(g) } (27'[( a1, 2) + qH’H(ngJrg, )) is a repetition.

Therefore we exclude all repetitions from ((g) — m) H(ézq+2, z) to get

- 6] (nan o)

We combine all the results and obtain H(H,, z) as follows

H(Hy 2) = mH(é2q+la z) — [2m — n] %(pq-i-la z)

N Kg) _ m} (CHLIH((LM,Z) _ 2H(Pq+1,z))

A n
= mH(ng+1,Z) + |:<2) —m:| q+ 1H(Czq+2,2)

- B, - [ (3) ] 2Py )
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~ I n i q ~
— mH(ng+1,Z)+ -(2 —m_ mH(CQqJFQ,Z)

—[2m — n] %(ﬁﬁ_l, 2) = [n(n — 1) — 2m] H(P,1,2)
= mH(égq+1,Z) + (n) —m q%qu(OQQ_i_Q, Z)
= [n(n = 1) = n]H(Pyr1, 2).

R n q N
= mH(Coqi1,2) + ( )—m_ m%(CQQ-FQaZ)

—n(n — 2)%(1%;, 2).

[]

We now verify the results of Theoremjoin8, from Chapter 4 in Theorem 4.3.1 part
(iv), we know that for any graph H of order n have H(H,1) = (g), the number of

pair of vertices for H. Now ﬁq has gn + 1 vertices, thus

H(E[qv 1) - mH<02q+17 ) + C]_{_Ll ((n) . m) H(égq+2, 1)

—n[n — 2] H(Ppys,1)
() ()
+
-n n—Q( 0 )

_ et g ((i)_wo<2q+2xmp+m

2 g+1\\2 2
_nm_Qﬁquq

 m(2q+1)2¢ N q(2¢+n(n—1) m(2¢+1)2q

B 2 2 2
n(n'=2)(g+ 1)
. 2

= S Qg+ —1) ~(n—2)(g+1)]

= %[2qn+n—2q—1—qn+2q—n+2].
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Hence we conclude that

H(H, 1) = S fan+ 1
~ (qn+1
- (.

Recall from Chapter 4 in Corollary 4.3.4, that the Wiener indices of even cycles, odd
cycles and paths are W(Cyyi2) = (2¢+2)2/8, W(Cayi1) = (2¢+2)(2¢+1)(2¢)/8 and
W (Py41) = (“£?) respectively. From Theorem 5.2.3, the Wiener index of an = A,

should be in terms of odd cycles and paths as follows,

~

W(H,) = (Z)W(02q+1)—n(n—2>W(pq+1).

Thus if we simplify W(ﬁq) we get Corollary 5.2.6 for the Wiener index of lffq.

Corollary 5.2.6. Let H = K,, a complete graph of order n and let I:Iq be the g-vertex
join of K,. Then the Wiener index of f[q,

g+ 1\ |4ng—n—2q+5
n
2 6

W(H,)

From Theorem 5.2.5, the Wiener index of ]:Iq should be in terms of even cycles, odd

cycles and paths as follows,

Wi = b (Ca) 4 () = m) WG

—n[n — 2] W(Pyq).
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Thus if we simplify W(]:Iq) we get Corollary 5.2.7 for the Wiener index of I:Iq.

Corollary 5.2.7. Let H be a diameter 2 graph of size m and order n and let H(H, z)
be the Hosoya polynomial of H. Then the Wiener index of ﬁq,

W(H,) = (q : 1) {n(l SASE 2qn)

We apply Theorem 5.2.5, Theorem 4.3.3, Theorem 4.5.4 and Corollary 4.3.6 to get
the results of Corollary 5.2.8.

Corollary 5.2.8. Let H be a graph with diameter 2 and let H(H, z) be the Hosoya
polynomial of H. Then if H is

(i) a complete bipartite graph K, ., then for the q-vertex join of K m, I:Iq we get

Wl o) = moCo )+ () +(5)) HiCarar

—(m+n)(m+n —=2)H (P, 2).

(i1) a wheel graph W, then for the q-vertex join of Wi, ]f[q we get

~

H(Hm z) = (2n— 2);L[(CAb(H—lu z) +

q ((n— D(n —4)

~

—n(n — 2)H(Pyt1, 2).

(11i) a strongly reqular graph srg(n, k, A, i), then for the q-vertez join of srg(n, k, A, 1),

H, we get

nk_, . A q (nn—k-1 A
Wiy 2) = (o) (M) HCaa

—n(n — 2)H(Pyt1, 2).
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(iv) a uniform m-bridge graph 0,,(2), then for the q-vertez join of 0,,(2), I:Iq we get

~

~ m -+ 2 ~
H(Hy 2) = 2mH(Coq1,2) + ﬁ << 5 ) - 2m> H(Cogt2, 2)

—m(m + 2)H (P, 2).

5.3 Conclusion

We introduced a graph operation called a g-vertex join of any graph. Using the known
results on the Hosoya polynomials of diameter 2 graphs, we explored and used the
principle of inclusion and exclusion to find the Hosoya polynomial and Wiener index

of a g-vertex join of graph H with diameter at most 2.
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Chapter 6

Conclusion

Firstly, in Chapter 2, we obtained a new upper bound for the number of graph
compositions of any graph. We then gave a method, for obtaining graph compositions
via non-closed sets. In particular we demonstrated this method, using the cases of a
class of theta graphs and 4-bridge graphs.

Secondly, in Chapter 3, we discussed the known theory on bad coloring polynomials.
Then we found bad coloring polynomial of a theta graph and multibridge graph. We
then extracted coefficients of S* from the bad coloring polynomial of a theta graph
to get the k-defect polynomials of the theta graph. We finally verified our theorem
with an example.

Thirdly, in Chapter 4, we used the principle of inclusion-exclusion and got an explicit
express of the Hosoya polynomial of uniform multibridge graphs. Finally we explained
the results to mathematical chemistry.

Finally, in Chapter 5, we used the principle of inclusion-exclusion and found the
formula for the Hosoya polynomials and Wiener indices of a g-vertex join of graphs

with diameter at most 2.
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