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Let m ≥ 2 and n ≥ 2 and define ν : ω → {0, . . . , m − 1} by ν(k) ≡ k (mod m). We 
show that there is a sequence p0, . . . , pm−1 in βN such that all sums 

∑k
j=i pν(j), 

where i ∈ {0, . . . , m − 1} and k ∈ {i, . . . , mn − 1} for each i, are distinct and ∑mn
j=i pν(j) =

∑mn−m
j=i pν(j) for each i. As a consequence we derive a new Ramsey 

theoretic result: there is a partition {Ai,k : i ∈ {0, . . . , m − 1} and k ∈ {i, . . . , mn −
1} for each i} of N such that, whenever for each (i, k), Bi,k is a finite partition 
of Ai,k, there exist Bi,k ∈ Bi,k and a sequence (xj)∞j=0 such that for every finite 
sequence j0 < . . . < js such that jt+1 ≡ jt + 1 (mod m) for each t < s, one has 
xj0 + . . . + xjs ∈ Bi0,k0 , where i0 = ν(j0) and k0 is i0 + s if i0 + s ≤ mn − 1 and 
mn −m + ν(i0 + s −mn) otherwise.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

The addition of the discrete semigroup N of natural numbers extends to the Stone-Čech compactification 
βN of N so that for each a ∈ N, the left translation λa : βN � x �→ a + x ∈ βN is continuous, and for each 
q ∈ βN, the right translation ρq : βN � x �→ x + q ∈ βN is continuous.

We take the points of βN to be the ultrafilters on N, identifying the principal ultrafilters with the points 
of N. For every A ⊆ N, A = {p ∈ βN : A ∈ p} and A∗ = A \A. The subsets A, where A ⊆ N, form a base 
for the topology of βN, and A is the closure of A. For p, q ∈ βN, the ultrafilter p + q has a base consisting 
of subsets of the form 

⋃
x∈A(x + Bx), where A ∈ p and for each x ∈ A, Bx ∈ q.

Being a compact Hausdorff right topological semigroup, βN has a smallest two sided ideal K(βN) which 
is a disjoint union of minimal right ideals and a disjoint union of minimal left ideals. Every right (left) ideal 
of βN contains a minimal right (left) ideal, the intersection of a minimal right ideal and a minimal left ideal 
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is a group, and the idempotents in a minimal right (left) ideal form a right (left) zero semigroup, that is, 
x + y = y (x + y = x) for all x, y.

The semigroup βN has important applications to Ramsey theory and to topological dynamics. The first 
application to Ramsey theory was the proof of Hindman’s theorem: whenever N is finitely colored, there is 
an infinite subset all of whose sums are monochrome. An elementary introduction to βN can be found in 
[4].

In 1979, E. van Douwen asked (in [3], published much later) whether there are topological and algebraic 
copies of βN contained in N∗ = βN \ N. This question was answered in the negative by D. Strauss in 
[6], where it was in fact established that continuous homomorphisms from βN to N∗ have finite images. 
It follows that if ϕ : βN → N∗ is a continuous homomorphism, then ϕ(βN) is a finite cyclic semigroup 
generated by p = ϕ(1). That is, there are l ≥ 1 and 1 ≤ m ≤ l called the order and the period of p (and of the 
cyclic semigroup) such that all ip = p + . . . + p︸ ︷︷ ︸

i

, where i ∈ {1, . . . , l}, are distinct and (l+1)p = (l+1 −m)p. 

Conversely, every element p ∈ N∗ of finite order determines a continuous homomorphism ϕ : βN → N∗ by 
ϕ(1) = p. In 1996, Y. Zelenyuk proved that βN contains no nontrivial finite groups (see [4, Theorem 7.17]). 
Since the periodic part of a cyclic semigroup is a group, it follows that if p ∈ βN is an element of order l, 
then (l + 1)p = lp, that is, p has period 1.

As distinguished from finite groups, βN does contain bands (semigroups of idempotents): for example, 
left zero semigroups, right zero semigroups, chains of idempotents (with respect to the order x ≤ y if and 
only if x + y = y+x = x), and even rectangular bands (direct products of a left zero semigroup and a right 
zero semigroup). To ask whether βN contains a finite semigroup distinct from bands is the same as asking 
whether βN contains an element of order 2 which is the same as asking whether there exists a nontrivial 
continuous homomorphism from βN to N∗ [4, Question 10.19]. If the answer to this question is positive, 
then there is a subset A of N such that, whenever A is finitely colored, there is an infinite subset in the 
complement of A, all of whose sums two or more terms at a time are monochrome [2, Corollary 3.5].

The question whether βN contains an element of order 2 was solved in the affirmative in [7, Theorem 
1]. In [8], some further finite semigroups in βN consisting of idempotents and elements of order 2 were 
constructed, in particular null semigroups (x +y = 0 for all x, y), and a connection of finite semigroups with 
Ramsey theory was discussed, see also [1]. In [10], it was shown that for every m ≥ 1, the direct product 
of the m-element null semigroup and the rectangular band 2c × 2c has copies in βN (that the rectangular 
band 2c × 2c has copies in βN was established in [5]). The question whether βN contains an element of 
finite order > 2 was solved in the affirmative in [9, Theorem 3].

Let l ≥ m ≥ 1. Define ν = νm : ω → {0, . . . , m − 1} by ν(k) ≡ k (mod m). We say that a sequence 
(xk)∞k=0 in some set is cyclic of order l and period m if the elements x0, . . . , xl−1 are distinct and for every 
k ≥ l, xk = xl−m+ν(k−l). Given a sequence p0, . . . , pm−1 in an additive semigroup, the periodic sums with 
initial term pi are sums of the form 

∑i+k
j=i pν(j), and (

∑i+k
j=i pν(j))∞k=0 is the sequence of periodic sums with 

initial term pi. The sequence (
∑i+k

j=i pν(j))∞k=0 is cyclic of order l and period m if and only if the sums ∑i+k
j=i pν(j), where k ∈ {0, . . . , l−1}, are distinct and 

∑i+l
j=i pν(j) =

∑i+l−m
j=i pν(j). If (

∑i+k
j=i pν(j))∞k=0 is cyclic 

of order l and period m and s = [ l
m ] (that is, sm ∈ {l + 1 −m, . . . , l}), then

(s + 1)
i+m−1∑
j=i

pν(j) =
i+(s+1)m−1∑

j=i

pν(j) =
i+sm−1∑

j=i

pν(j) = s

i+m−1∑
j=i

pν(j),

so 
∑i+m−1

j=i pν(j) is an element of order s and period 1 and s 
∑i+m−1

j=i pν(j) is an idempotent in the periodic 
part of the sequence, the same as for the cyclic semigroup of order l and period m.

In this paper we combine and modify constructions in [10] and [9] and show that for each m ≥ 2 and 
each n ≥ 2, there is a sequence p0, . . . , pm−1 in βN such that for each i ∈ {0, . . . , m − 1}, the sequence 
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of periodic sums with initial term pi is cyclic of order mn − i and period m and all these sequences are 
pairwise disjoint. In particular, p0 +p1 + . . .+pm−1 is an element of order n and for each i ∈ {1, . . . , m −1}, 
pi + . . . + pm−1 + p0 + . . . + pi−1 an element of order n − 1.

As a consequence we derive a new Ramsey theoretic result. We show that for each m ≥ 2 and each 
n ≥ 2, there is a partition {Ai,k : i ∈ {0, . . . , m − 1} and k ∈ {i, . . . , mn − 1} for each i} of N such that, 
whenever for each (i, k), Bi,k is a finite partition of Ai,k, there exist Bi,k ∈ Bi,k and a sequence (xj)∞j=0
such that for every finite sequence j0 < . . . < js such that jt+1 ≡ jt + 1 (mod m) for each t < s, one has 
xj0 + . . . + xjs ∈ Bi0,k0 , where i0 = ν(j0) and k0 is i0 + s if i0 + s ≤ mn − 1 and mn −m + ν(i0 + s −mn)
otherwise.

2. Construction

Let m ≥ 2 and n ≥ 2. Let Wm denote the set of words w = i0 . . . ik over {0, 1, . . . , m − 1} such that 
k ≥ 0 and is+1 = ν(is + 1) for each s ≤ k − 1. For each i ∈ {0, . . . , m − 1} and k ≥ 0, let w(i, k) denote 
the word i0 . . . ik in Wm with i0 = i. For example, for m = 3, w(1, 5) = 120120. Let Wm,n denote the 
subset of Wm consisting of words w(i, k), where i ∈ {0, . . . , m − 1} and k ≤ mn − 1 − i for each i. For 
each i ∈ {0, . . . , m − 1}, let Wm(i) denote the subset of Wm consisting of words w(i, k), where k ≥ 0, and 
Wm,n(i) = Wm,n ∩ Wm(i). Define a mapping π = πm,n : Wm → Wm,n as follows. For each w ∈ Wm,n, 
π(w) = w, and for each i ∈ {0, . . . , m − 1} and each k ≥ mn − i,

π(w(i, k)) = w(i,mn−m− i + ν(k − (mn− i))).

Notice that the last letter in w(i, mn − i − 1) is m − 1, so for k ≥ mn − i,

w(i, k) = w(i,mn−m− i− 1)w(0,m− 1)w(0, k − (mn− i)) and

π(w(i, k)) = w(i,mn−m− i− 1)w(0, ν(k − (mn− i))).

Consequently, for w = i0 . . . ik in Wm(i) \Wm,n, π(w) is the word in

{w(i,mn−m− i), . . . , w(i,mn− i− 1)}

which is an initial subword of w and whose last letter is ik, equivalently which is a terminal subword of 
w and whose first letter is i. It then follows that π(vw) = π(vπ(w)) = π(π(v)w) = π(π(v)π(w)) whenever 
vw ∈ Wm, and clearly π2 = π.

To see for example that π(vw) = π(vπ(w)), let v = i0 . . . ik and w = j0 . . . js. If w ∈ Wm,n, π(w) = w, so 
π(vπ(w)) = π(vw). Let w ∈ Wm\Wm,n. Then π(w) is the word in {w(j0, mn −m −j0), . . . , w(j0, mn −j0−1)}
which is an initial subword of w and whose last letter is js. Write π(w) = w(j0, s0). Then mn −m −j0 ≤ s0 ≤
mn −j0−1 and vπ(w) = w(i0, s0 +k+1). Notice that k+1 ≥ j0− i0, so s0 +k+1 ≥ mn −m −j0 +j0− i0 =
mn − m − i0. Consequently, π(vπ(w)) is the word in {w(i0, mn − m − i0), . . . , w(i0, mn − i0 − 1)} which 
is an initial subword of vπ(w), and so of vw, and whose last letter is js, the same as for π(vw). Hence, 
π(vπ(w)) = π(vw).

Given a sequence p0, . . . , pm−1 in an additive semigroup and a word w = i0 . . . ik in Wm, let pw denote 
the sequence pi0 , . . . , pik and 

∑
pw = pi0 + . . . + pik . Then to say that the sequence (

∑i+k
j=i pν(j))∞k=0 of 

periodic sums with initial term pi is cyclic of order mn − i and period m is the same as saying that the 
elements 

∑
pw, where w ∈ Wm,n(i), are distinct and for every k ≥ mn − i, 

∑
pw(i,k) =

∑
pπ(w(i,k)).

Let w0 = w(0, m − 1), so 
∑

pw0 = p0 + . . . + pm−1.

Lemma 2.1. Let p0, . . . , pm−1 be a sequence in an additive semigroup and suppose that pm−1+(n −1) 
∑

pw0 +
p0 = pm−1 + (n − 2) 

∑
pw0 + p0. Then for every w ∈ Wm, 

∑
pw =

∑
pπ(w).
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Proof. We first notice for every k ≥ n − 1, pm−1 + k
∑

pw0 + p0 = pm−1 + (n − 2) 
∑

pw0 + p0. Indeed, 
for k = n − 1, this is our supposition, and then by induction for k ≥ n, pm−1 + k

∑
pw0 + p0 = pm−1 +

p0 + . . . + pm−2 + pm−1 + (k − 1) 
∑

pw0 + p0 = pm−1 + p0 + . . . + pm−2 + pm−1 + (n − 2) 
∑

pw0 + p0 =
pm−1 + (n − 1) 

∑
pw0 + p0 = pm−1 + (n − 2) 

∑
pw0 + p0.

Now let w ∈ Wm \Wm,n and pick i ∈ {0, . . . , m − 1} such that w ∈ Wm(i). Then w can be written as 
i . . . (m − 1)(w0)k0 . . . j for some k ≥ n − 1 and j ∈ {0, . . . , m − 1}, and π(w) is the word obtained from w
by replacing the subword (w0)k with (w0)n−2. Then 

∑
pw = pi + . . .+ pm−1 + k

∑
pw0 + p0 + . . .+ pj and ∑

pπ(w) = pi+. . .+pm−1+(n −2) 
∑

pw0+p0+. . .+pj . Since pm−1+k
∑

pw0+p0 = pm−1+(n −2) 
∑

pw0+p0, 
one has 

∑
pw =

∑
pπ(w). �

The subsemigroup H of βN is defined by

H =
∞⋂
j=0

2jN.

The next theorem tells us that for each m ≥ 2 and each n ≥ 2, there is a sequence p0, . . . , pm−1 in H
such that for each i ∈ {0, . . . , m − 1}, the sequence (

∑i+k
j=i pν(j))∞k=0 of periodic sums with initial term pi is 

cyclic of order mn − i and period m and all these sequences are pairwise disjoint.

Theorem 2.2. Let m ≥ 2 and n ≥ 2. There is a sequence p0, . . . , pm−1 in H such that all elements 
∑

pw, 
where w ∈ Wm,n, are distinct and for every w ∈ Wm, 

∑
pw =

∑
pπ(w).

Proof. For every x ∈ N, supp x is a unique finite nonempty subset of ω = N ∪ {0} such that

x =
∑

j∈supp x

2j .

Pick an increasing sequence I0 ⊆ I1 ⊆ . . . ⊆ In = ω of subsets of ω such that Ik \ Ik−1 is infinite for each 
k ∈ {0, 1, . . . , n} (with I−1 = ∅). Define a function h from N onto the decreasing chain 0 > 1 > . . . > n of 
idempotents (with the operation k ∗ j = max{k, j}) by

h(x) = min{k ≤ n : supp x ⊆ Ik} = max{k ≤ n : (supp x) ∩ (Ik \ Ik−1) �= ∅}

and let the same letter h denote its continuous extension βN → {0, 1, . . . , n}. If x, y ∈ N and max supp x <
min supp y, then h(x + y) = h(x) ∗ h(y). It then follows (see [4, Theorem 4.21]) that for any u ∈ βN and 
v ∈ H, one has h(u + v) = h(u) ∗ h(v), in particular, the restriction of h to H is a homomorphism. For each 
k ∈ {0, 1, . . . , n}, let

Tk = h−1({0, 1, . . . , k}) ∩H.

Then T0 ⊆ T1 ⊆ . . . ⊆ Tn = H is an increasing sequence of closed subsemigroups of H such that h(K(Tk)) =
{k} for each k ≤ n, and so Tk ∩ K(Tk+1) = ∅ for each k < n and K(Tn) = K(βN) ∩ Tn [8, Lemma 
3.1], in particular, all K(T0), K(T1), . . . , K(Tn) are pairwise disjoint. Moreover, h(K(βN)) = {n}, and so 
Tn−1 ∩K(βN) = ∅.

To see this, let u ∈ K(βN). Then u + βN is the minimal right ideal of βN containing u and βN + u the 
minimal left ideal containing u. Let v be the identity of the group (u + βN) ∩ (βN + u). Then u = u + v

and v ∈ K(H), so h(u) = h(u + v) = h(u) ∗ h(v) = h(u) ∗ n = n.
For each k ∈ {0, 1, . . . , n}, let

Xk = {x ∈ N : (supp x) ∩ (Ik \ Ik−1) �= ∅}.
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Notice that for any v ∈ Xk ∩H and u ∈ βN, u + v ∈ Xk, and for any v ∈ Xk and w ∈ H, v + w ∈ Xk.
Define φk : Xk → ω by

φk(x) = max((supp x) ∩ (Ik \ Ik−1))

and let the same letter φk denote its continuous extension Xk → βω. Notice that {2j : j ∈ Ik \ Ik−1} ⊆ Xk

and, since φk(2j) = j, φk homeomorphically maps {2j : j ∈ Ik \ Ik−1} onto Ik \ Ik−1. If x ∈ N, y ∈ Xk

and max supp x < min supp y, then x + y ∈ Xk and φk(x + y) = φk(y). And if y ∈ Xk, z ∈ N \ Xk and 
max supp y < min supp z, then φk(y + z) = φk(y). It then follows that for any v ∈ Xk ∩H and u ∈ βN, 
φk(u + v) = φk(v), and for any v ∈ Xk and w ∈ H \Xk, φk(v + w) = φk(v).

To see for example the first statement, we first note that for any x ∈ N and v ∈ Xk∩H, φk(x +v) = φk(v)
because the continuous functions φk ◦ λx and φk agree on Xk ∩ 2jN, where j = (max supp x) + 1. Then for 
any v ∈ Xk ∩H and u ∈ βN, φk(u + v) = φk(v) because the continuous function φk ◦ ρv is constantly equal 
to φk(v) on N.

Notice that K(Tk) ⊆ Xk ∩H and Tk−1 ⊆ H \Xk (with T−1 = ∅).
We shall construct
(i) a chain e0 > e1 > . . . > en of idempotents with ek ∈ K(Tk),
(ii) for each k ∈ {0, 1, . . . , n}, a left zero semigroup {ek,i : i ∈ {0, . . . , m −1}} ⊆ K(Tk) such that ek,0 = ek

and ek,i = e0,i + ek for all i ∈ {0, . . . , m − 1}, and
(iii) for each k ∈ {1, . . . , n − 1}, a right zero semigroup {ek(j) : j ∈ ω} ⊆ K(Tk) such that ek(0) = ek, 

ek(j) < ek−1 for all j ∈ ω, and φk is injective on {ek(j) : j ∈ ω}.
Notice that (i) and (ii) imply that

ek,i + el,s = ek∗l,i

for all k, l ∈ {0, 1, . . . , n} and i, s ∈ {0, . . . , m − 1}}.
Indeed,

ek,i + el,s = e0,i + ek + e0,s + el = e0,i + (ek + e0) + e0,s + el

= e0,i + ek + (e0 + e0,s) + el = e0,i + ek + e0 + el

= e0,i + ek∗l = ek∗l,i.

The construction goes by induction on k ∈ {0, 1, . . . , n}.
For k = 0, pick an injective sequence {r0,i : i ∈ {0, . . . , m − 1}} in {2j : j ∈ I0}∗.

Lemma 2.3. (r0,i + Tn) ∩ (r0,s + Tn) = ∅ if i �= s.

Proof. Consider the function N � x �→ min supp x ∈ ω and let θ denote its continuous extension βN → βω. 
If x, y ∈ N and max supp x < min supp y, then θ(x + y) = θ(x). It then follows that for any u ∈ βN and 
v ∈ H, θ(u + v) = θ(u). Consequently, θ(r0,i +Tn) = {θ(r0,i)} and θ(r0,s +Tn) = {θ(r0,s)}. Since θ(2j) = j, 
θ(r0,i) �= θ(r0,s), so (r0,i + Tn) ∩ (r0,s + Tn) = ∅. �

For each i ∈ {0, . . . , m −1}, choose a minimal right ideal R0,i of T0 contained in r0,i +T0. Pick a minimal 
left ideal L0 of T0, and for each i ∈ {0, . . . , m − 1}, let e0,i be the identity of the group R0,i ∩ L0. By 
Lemma 2.3, e0,i �= e0,s if i �= s. Put e0 = e0,0.

For k = 1, choose a minimal right ideal R1 of T1 contained in e0 +T1. Pick an injective sequence (r1,j)∞j=0
in {2j : j ∈ I1 \ I0}∗, and for every j ∈ ω, choose a minimal left ideal L1,j of T1 contained in T1 + r1,j + e0. 
For every j ∈ ω, let e1(j) be the identity of the group R1 ∩ L1,j . Then φ1(e1,j) = φ1(r1,j + e0) = φ1(r1,j). 
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Since e1(j) ∈ e0 +T1, one has e0 + e1(j) = e1(j), and since e1(j) ∈ T1 + r1,j + e0, one has e1(j) + e0 = e1(j), 
so e1(j) < e0. Put e1 = e1(0). For each i ∈ {0, . . . , m − 1}, put e1,i = e0,i + e1. Then e1,i + e1,s =
e0,i+e1+e0,s+e1 = e0,i+(e1+e0) +e0,s+e1 = e0,i+e1+(e0+e0,s) +e1 = e0,i+e1+e0+e1 = e0,i+e1 = e1,i, so 
{e1,i : i ∈ {0, . . . , m −1}} is a left zero semigroup (in K(T1)). Since e1,i = e0,i+e1 ∈ r0,i+T0+e1 ∈ r0,i+T1, 
by Lemma 2.3, e1,i �= e1,s if i �= s.

For k ∈ {2, . . . , n − 1} (for n ≥ 3), choose a minimal right ideal Rk of Tk contained in ek−1 + Tk. 
Pick an injective sequence (rk,j)∞j=0 in {2j : j ∈ Ik \ Ik−1}∗, and for every j ∈ ω, choose a minimal left 
ideal Lk,j of Tk contained in Tk + rk,j + ek−1, and let ek(j) be the identity of the group Rk ∩ Lk,j . Then 
φk(ek(j)) = φk(rk,j + e0) = φk(rk,j) and ek(j) < ek−1 for all j. Put ek = ek(0). For each i ∈ {0, . . . , m − 1}, 
put ek,i = e0,i + ek. Then {ek,i : i ∈ {0, . . . , m − 1}} a left zero semigroup and ek,i �= ek,s if i �= s.

For k = n, pick a minimal right ideal Rn of Tn contained in en−1 + Tn and a minimal left ideal Ln of Tn

contained in Tn + en−1 and let en be the identity of the group Rn ∩ Ln. For each i ∈ {0, . . . , m − 1}, put 
en,i = e0,i + en.

Now for each i ∈ {1, . . . , m − 1}, let

Dn−1,i = {en,i + en−1(j) : j ∈ N}

and pick qn−1,i ∈ Dn−1,i \Dn−1,i. Then by induction on k ∈ {n − 2, . . . , 1}, let

Dk,1 = {ek+1,1 + qk+1,1 + ek(j) : j ∈ N},

and for each i ∈ {2, . . . , m − 1},

Dk,i = {ek,i + qk+1,i + ek(j) : j ∈ N},

and pick qk,i ∈ Dk,i \Dk,i for each i ∈ {1, . . . , m − 1}.
Since en,i ∈ K(βN) and K(βN) is an ideal of βN [4, Theorem 4.44], it follows inductively that for each 

k ∈ {n − 1, . . . , 1}, Dk,i ⊆ K(βN) and qk,i ∈ K(βN).
For each s ∈ {0, 1, . . . , n}, en,i = es,i+en,i and es,i ∈ Xs, so en,i ∈ Xs. It then follows inductively that for 

each k ∈ {n −1, . . . , 1}, Dk,i ⊆ Xs∩H and qk,i ∈ Xs∩H. Notice that for each k ∈ {n −1, . . . , 2} (for n ≥ 3), 
φk is injective on Dk,i (because φn−1(en,i + en−1(j)) = φn−1(en−1(j)) and φk(ek+1,i + qk+1,i + ek(j)) =
φk(ek(j))), and φ1 is injective on D1,i (φ1(e2,i + e1(j)) = φ1(e1(j)) for n = 2 and φ1(e2,i + q2,i + e1(j)) =
φ1(e1(j)) for n ≥ 3).

An ultrafilter q ∈ N∗ is right cancelable (in βN) if the right translation of βN by q is injective. An 
ultrafilter q ∈ N∗ is right cancelable if and only if q /∈ N∗ + q [4, Theorem 8.18].

Lemma 2.4. Let k ∈ {0, 1, . . . , n}, let D be a countable subset of Xk ∩H, and suppose that φk is injective 
on D. Then every q ∈ D \D is right cancelable.

Proof. This is [9, Lemma 5]. �
It follows from Lemma 2.4 that all qk,i, where k ∈ {1, . . . , n − 1} and i ∈ {1, . . . , m − 1}, are right 

cancelable.
The next lemma gives us relations between qk,i and el,s.

Lemma 2.5. Let k ∈ {1, . . . , n − 1}, i ∈ {1, . . . , m − 1}, and s ∈ {0, . . . , m − 1}. Then

(1) qn−1,i + en−1,s = en,i,
(2) qk,i + ek−1,0 = qk,i,
(3) for k ≤ n − 2 and i ≥ 2, qk,i + ek,s = ek,i + qk+1,i, and qk,1 + ek,s = ek+1,1 + qk+1,1.
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Proof. (1) Since (en,i + en−1(j)) + en−1,s = en,i + (en−1(j) + en−2,0) + en−1,s = en,i + en−1(j) + (en−2,0 +
en−1,s) = en,i +en−1(j) +en−1,0 = en,i +en−1,0 = en,i, it follows that qn−1,i +en−1,s = en,i (because ρen−1,s

is constantly equal to en,i on Dn−1,i and so ρen−1,s(qn−1,i) = en,i).
(2) Every element in Dk,i is of the form u + ek(j) (u depends only on k and i) and (u + ek(j)) + ek−1,0 =

u + (ek(j) + ek−1,0) = u + ek(j).
(3) For i ≥ 2, (ek,i + qk+1,i + ek(j)) + ek,s = ek,i + qk+1,i +(ek(j) + ek−1,0) + ek,s = ek,i + qk+1,i + ek(j) +

(ek−1,0+ek,s) = ek,i+qk+1,i+ek(j) +ek,0 = ek,i+qk+1,i+ek,0 = ek,i+qk+1,i, and ek+1,1+qk+1,1+ek(j) +ek,s =
ek+1,1+qk+1,1+(ek(j) +ek−1,0) +ek,s = ek+1,1+qk+1,1+ek(j) +(ek−1,0+ek,s) = ek+1,1+qk+1,1+ek(j) +ek,0 =
ek+1,1 + qk+1,1 + ek,0 = ek+1,1 + qk+1,1. �

From Lemma 2.5 we obtain that for any k ∈ {1, . . . , n − 1}, i ∈ {1, . . . , m − 1}, l ∈ {0, . . . , n}, and 
s ∈ {0, 1, . . . , m − 1},

qk,i + el,s =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

qk,i if l < k

el,i + ql+1,i if k ≤ l ≤ n− 2, i ≥ 2
el+1,1 + ql+1,1 if k ≤ l ≤ n− 2, i = 1
en,i if l ≥ n− 1.

Indeed, if l < k, then qk,i + el,s = (qk,i + ek−1,0) + el,s = qk,i + (ek−1,0 + el,s) = qk,i + ek−1,0 = qk,i, and 
if l = k, then

qk,i + ek,s =

⎧⎪⎪⎨
⎪⎪⎩
ek,i + qk+1,i if k ≤ n− 2, i ≥ 2
ek+1,1 + qk+1,1 if k ≤ n− 2, i = 1
en,i if k = n− 1

Let l > k and suppose that the formula holds for l replaced with l−1. Write qk,i+el,s = qk,i+(el−1,s+el,s) =
(qk,i + el−1,s) + el,s. Let i ≥ 2. If l ≤ n − 2, qk,i + el,s = (qk,i + el−1,s) + el,s = el−1,i + ql,i + el,s =
el−1,i+el,i+ql+1,i = el,i+ql+1,i. For l = n −1, qk,i+en−1,s = (qk,i+en−2,s) +en−1,s = en−2,i+qn−1,i+en−1,s =
en−2,i + en,i = en,i. For l = n, qk,i + en,s = (qk,i + en−1,s) + en,s = en,i + en,s = en,i. The case i = 1 is 
similar.

It then follows that for l ≥ k

qk,i + . . . + qk,m−1 + el,s =

⎧⎪⎪⎨
⎪⎪⎩
el,i + ql+1,i + . . . + ql+1,m−1 if l ≤ n− 2, i ≥ 2
el+1,i + ql+1,i + . . . + ql+1,m−1 if l ≤ n− 2, i = 1
en,i if l ≥ n− 1.

Now take the sequence e1,0, q1,1, . . . , q1,m−1 as p0, p1, . . . , pm−1. To show that it is as required, we first 
write each 

∑
pw, where w ∈ Wm,n, in a canonical expression using the formula above. We shall see that all 

those expressions are distinct and pm−1 + (n − 1) 
∑

pw0 + p0 = pm−1 + (n − 2) 
∑

pw0 + p0. We then show 
that distinct expressions represent distinct elements which finishes the proof.

For words containing no 0 or in which only first letter is 0, the expressions are unchanged, that is, 
q1,i + . . . + q1,s or e1,0 or e1,0 + q1,1 + . . . + q1,s. We call such words and expressions trivial. Obviously, all 
trivial expressions are distinct.

Consider the sums 
∑

pw for nontrivial words w ∈ Wm,n(0). The words can be written as (w0)k, where 
k ∈ {2, . . . , n}, or (w0)k0 . . . s, where k ∈ {1, . . . , n − 1} and s ∈ {0, . . . , m − 2}. Computing we obtain that 
for k ≤ n − 1,

k
∑

pw0 = ek,0 + qk,1 + . . . + qk,m−1 + . . . + q1,1 + . . . + q1,m−1
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and

n
∑

pw0 = en,0 + qn−1,1 + . . . + qn−1,m−1 + . . . + q1,1 + . . . + q1,m−1,

for k ≤ n − 2,

k
∑

pw0 + p0 + . . . + ps

= ek+1,0 + qk+1,1 + . . . + qk+1,m−1 + . . . + q2,1 + . . . + q2,m−1 + q1,1 + . . . + q1,s

(for s = 0 meaning that

k
∑

pw0 + p0 = ek+1,0 + qk+1,1 + . . . + qk+1,m−1 + . . . + q2,1 + . . . + q2,m−1)

and

(n− 1)
∑

pw0 + p0 + . . . + ps

= en,0 + qn−1,1 + . . . + qn−1,m−1 + . . . + q2,1 + . . . + q2,m−1 + q1,1 + . . . + q1,s.

To see for example the first one, by induction, for k > 1,

k
∑

pw0 = p0 + . . . + pm−1 + (k − 1)
∑

pw0

= e1,0 + q1,1 + . . . + q1,m−1 + ek−1,0

+ qk−1,1 + . . . + qk−1,m−1 + . . . + q1,1 + . . . + q1,m−1

= e1,0 + ek,0 + qk,1 + . . . + qk,m−1+

+ qk−1,1 + . . . + qk−1,m−1 + . . . + q1,1 + . . . + q1,m−1

= ek,0 + qk,1 + . . . + qk,m−1 + . . . + q1,1 + . . . + q1,m−1.

It is easy to see that all these expressions are distinct, and in each of them the first element is ek,0 for 
some k ≥ 2, so it is distinct from all trivial expressions.

Next consider the sums 
∑

pw for nontrivial words w ∈ Wm,n(1). The words can be written as 1 . . . (m −
1)(w0)k, where k ∈ {1, . . . , n −1}, or 1 . . . (m −1)(w0)k0 . . . s, where k ∈ {0, . . . , n −2} and s ∈ {0, . . . , m −2}. 
Computing we obtain that for k ≤ n − 2,

p1 + . . . + pm−1 + k
∑

pw0 = ek+1,1 + qk+1,1 + . . . + qk+1,m−1 + . . . + q1,1 + . . . + q1,m−1

and

p1 + . . . + pm−1 + (n− 1)
∑

pw0 = en,1 + qn−1,1 + . . . + qn−1,m−1 + . . . + q1,1 + . . . + q1,m−1,

for k ≤ n − 3,

p1 + . . . + pm−1 + k
∑

pw0 + p0 + . . . + ps

= ek+2,1 + qk+2,1 + . . . + qk+2,m−1 + . . . + q2,1 + . . . + q2,m−1 + q1,1 + . . . + q1,s

(that is,
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p1 + . . . + pm−1 + k
∑

pw0 + p0 = ek+2,1 + qk+2,1 + . . . + qk+2,m−1 + . . . + q2,1 + . . . + q2,m−1)

and

p1 + . . . + pm−1 + (n− 2)
∑

pw0 + p0 + . . . + ps

= en,1 + qn−1,1 + . . . + qn−1,m−1 + . . . + q2,1 + . . . + q2,m−1 + q1,1 + . . . + q1,s.

All these expressions are distinct, and in each of them the first element is ek,1 for some k ≥ 2, so it is 
distinct from all trivial expressions.

We also obtain that

pm−1 + (n− 1)
∑

pw0 + p0

= q1,m−1 + en,0 + qn−1,1 + . . . + qn−1,m−1 + . . . + q2,1 + . . . + q2,m−1

= en,m−1 + qn−1,1 + . . . + qn−1,m−1 + . . . + q2,1 + . . . + q2,m−1

and

pm−1 + (n− 2)
∑

pw0 + p0

= q1,m−1 + en−1,0 + qn−1,1 + . . . + qn−1,m−1 + . . . + q2,1 + . . . + q2,m−1

= en,m−1 + qn−1,1 + . . . + qn−1,m−1 + . . . + q2,1 + . . . + q2,m−1,

so

pm−1 + (n− 1)
∑

pw0 + p0 = pm−1 + (n− 2)
∑

pw0 + p0.

Now consider the sums 
∑

pw for nontrivial words w ∈ Wm,n(i), where i ≥ 2. The words can be written 
as i . . . (m − 1)(w0)k, where k ∈ {1, . . . , n − 1}, or i . . . (m − 1)(w0)k01 . . . s, where k ∈ {0, 1, . . . , n − 2} and 
s ∈ {0, 1, . . . , m − 2}. Computing we obtain that for k ≤ n − 2,

pi + . . . + pm−1 + k
∑

pw0

= ek,i + qk+1,i + . . . + qk+1,m−1 + qk,1 + . . . + qk,m−1 + . . . + q1,1 + . . . + q1,m−1

and

pi + . . . + pm−1 + (n− 1)
∑

pw0

= en,i + qn−1,1 + . . . + qn−1,m−1 + . . . + q1,1 + . . . + q1,m−1,

for k ≤ n − 3,

pi + . . . + pm−1 + k
∑

pw0 + p0 + . . . + ps = ek+1,i + qk+2,i + . . . + qk+2,m−1

+ qk+1,1 + . . . + qk+1,m−1 + . . . + q2,1 + . . . + q2,m−1 + q1,1 + . . . + q1,s

and

pi + . . . + pm−1 + (n− 2)
∑

pw0 + p0 + . . . + ps

= en,i + qn−1,1 + . . . + qn−1,m−1 + . . . + q2,1 + . . . + q2,m−1 + q1,1 + . . . + q1,s.
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All these expressions are distinct. In the expression for pi + . . . + pm−1 + p0 + . . . + ps, where s ∈
{0, . . . , m − 1}, the first element is e1,i and the second q2,i and in all other expressions the first element is 
ek,i for some k ≥ 2, so each of these expressions is distinct from all trivial expressions.

Since for each i ∈ {0, . . . , m − 1} and for each nontrivial w ∈ Wm,n(i) the first element in the expression 
for 

∑
pw is ek,i for some k, it follows that all expressions for 

∑
pw, where w ∈ Wm,n, are distinct.

Finally, we show that all these expressions represent distinct elements.
Assume on the contrary that some two distinct expressions represent the same element. Then canceling 

the equality by qk,i-s we arrive at one of the following cases:

(1) u + qk,i = v + qt,j for some u, v ∈ βN and (k, i) �= (t, j),
(2) u + qk,i = qt,j for some u ∈ βN,
(3) u + qk,i = el,s for some u ∈ βN,
(4) ek,i = el,s with (k, i) �= (l, s).

The last one is obviously impossible.
In (1), we have that φk(qk,i) = φk(u + qk,i) = φk(v + qt,j) = φk(qt,j). If k = t, then i �= j and 

φk(qk,i) = φk(qk,j), a contradiction. If k �= t, say k < t, then φk(qt,j) = φk(qt,j + ek,0) = φk(ek,0) and 
φk(qk,i) �= φk(ek,0), again a contradiction.

In (2), since qt,j is right cancelable, one has t �= k. Suppose k < t. Then φk(qk,i) = φk(qt,j). But 
φk(qt,j) = φk(ek,0) and φk(qk,i) �= φk(ek,0), a contradiction. The case t < k is essentially the same, since 
applying φt to qt,j = u + qk,i gives us φt(qt,j) = φt(qk,i).

In (3), since qk,i ∈ K(βN), et,s ∈ Tn−1 for t ≤ n − 1, and Tn−1 ∩ K(βN) = ∅, one has l = n. Then 
φk(qk,i) = φk(en,s). But φk(en,s) = φk(en,s + ek,0) = φk(ek,0) and φk(qk,i) �= φk(ek,0), a contradiction. �
3. Ramsey theoretic consequence

Theorem 3.1. Let m ≥ 2 and n ≥ 2. Let p0, . . . , pm−1 be a sequence in H guaranteed by Theorem 2.2 and for 
each w ∈ Wm,n, let (Aw(j))∞j=0 be a sequence of members of the ultrafilter 

∑
pw. There is a sequence (xj)∞j=0

such that xj ∈ Apν(j)(j) ∩ 2jN and for every finite sequence j0 < . . . < js with v = ν(j0) . . . ν(js) ∈ Wm, 
one has xj0 + . . . + xjs ∈ Aπ(v)(j0).

Proof. We construct inductively a sequence (xj)∞j=0 satisfying for every j the following conditions in addition 
to xj ∈ 2jN:

for each finite sequence j0 < . . . < js = j with v = ν(j0) . . . ν(js) ∈ Wm,

xj0 + . . . + xjs ∈ Aπ(v)(j0)

and for each w ∈ Wm,n(ν(j + 1)),

xj0 + . . . + xjs +
∑

pw ∈ Aπ(vw)(j0).

To define x0, for each w ∈ Wm,n(1), choose P (w) ∈ p0 such that P (w) +
∑

pw ⊆ Aπ(0w)(0). We can do 
this because p0 +

∑
pw = pπ(0w) and the right translation by 

∑
pw is continuous. Pick

x0 ∈ A0(0) ∩
⋂

w∈Wm,n(1)

P (w).

Then x0 ∈ A0(0) and for each w ∈ Wm,n(1), x0 +
∑

pw ∈ P (w) +
∑

pw ⊆ Aπ(0w)(0), so x0 is as required.
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Fix j ≥ 0 and suppose that we have defined x0, . . . , xj as required. To define xj+1, let F be the set 
of all sequences j0 < . . . < js ≤ j with ν(j0) . . . ν(js) ∈ Wm and ν(js) = ν(j) and let i = ν(j + 1)
and r = ν(j + 2). For each w ∈ Wm,n(r), choose B(w) ∈ pi such that B(w) +

∑
pw ⊆ Aπ(iw)(j + 1). 

Then for each (j0, . . . , js) ∈ F , choose C(j0, . . . , js) ∈ pi such that xj0 + . . . + xjs + C(j0, . . . , js) ⊆
Aπ(vi)(j0), where v = ν(j0) . . . ν(js), and for each w ∈ Wm,n(r), choose D(j0, . . . , js, w) ∈ pi such that 
xj0+. . .+xjs+D(j0, . . . , js, w) +

∑
pw ⊆ Aπ(viw)(j0). We can do the first because by the inductive hypothesis 

xj0 + . . . + xjs + pi ∈ Aπ(vi)(j0) and λx, where x = xj0 + . . . + xjs , is continuous, and the second because 
pi +

∑
pw =

∑
pπ(iw) and by the inductive hypothesis xj0 + . . .+xjs +pπ(iw) ∈ Aπ(vπ(iw))(j0) = Aπ(viw)(j0)

(since π(viw) = π(vπ(iw))) and λx and ρp, where p =
∑

pw, are continuous. Pick

xj+1 ∈ 2j+1N ∩Ai(j + 1) ∩
⋂

w∈Wm,n(r)

B(w) ∩
⋂

(j0,...,js)∈F

(C(j0, . . . , js) ∩
⋂

w∈Wm,n(r)

D(j0, . . . , js, w))

(all those sets are members of pi).
To see that xj+1 is as required, let any j0 < . . . < js = j +1 with ν(j0) . . . ν(js) ∈ Wm be given. If s = 0, 

then xj+1 ∈ Ai(j + 1) and for each w ∈ Wm,n(r), xj+1 +
∑

pw ∈ B(w) +
∑

pw ⊆ Aπ(iw)(j + 1). If s ≥ 1, 
then

xj0 + . . . + xjs ∈ xj0 + . . . + xjs−1 + C(j0, . . . , js−1) ⊆ Aπ(vi)(j0),

where v = ν(j0) . . . ν(js−1), and for each w ∈ Wm,n(r),

xj0 + . . . + xjs +
∑

pw ∈ xj0 + . . . + xjs−1 + D(xj0 , . . . , xjs−1,w) +
∑

pw ⊆ Aπ(viw)(j0). �
Now from Theorem 2.2 and Theorem 3.1 we obtain the following result.

Theorem 3.2. Let m ≥ 2 and n ≥ 2. There is a partition

{Ai,k : i ∈ {0, . . . ,m− 1} and k ∈ {i, . . . ,mn− 1} for each i}

of N such that, whenever for each (i, k), Bi,k is a finite partition of Ai,k, there exist Bi,k ∈ Bi,k and a 
sequence (xj)∞j=0 such that xj ∈ Bν(j),ν(j) ∩ 2jN and for every finite sequence j0 < . . . < js such that 
jt+1 ≡ jt + 1 (mod m) for each t < s, if i0 = ν(j0) and

k0 =
{
i0 + s if i0 + s ≤ mn− 1
mn−m + ν(i0 + s−mn) otherwise,

then xj0 + . . . + xjs ∈ Bi0,k0 .

Proof. Let p0, . . . , pm−1 be a sequence guaranteed by Theorem 2.2. Choose a partition {Aw : w ∈ Wm,n}
of N such that Aw is a member of the ultrafilter 

∑
pw, and for each i ∈ {0, . . . , m − 1} and each k ∈

{i, . . . , mn −1}, put Ai,k = Aw(i,k−i). To see that the partition {Ai,k : i ∈ {0, . . . , m −1} and k ∈ {i, . . . , mn −
1} for each i} is as required, for each (i, k), let Bi,k be a finite partition of Ai,k. Pick Bi,k ∈ Bi,k which is 
a member of the ultrafilter 

∑
pw(i,k−i), and for every j ≥ 0, put Aw(i,k−i)(j) = Bi,k. Let (xj)∞j=0 be a 

sequence guaranteed by Theorem 3.1 and let a finite sequence j0 < . . . < js with v = ν(j0) . . . ν(js) ∈ Wm

be given. Then xj0 + . . .+ xjs ∈ Aπ(v)(j0). Let i0 = ν(j0). Then v = w(i0, s) and π(v) = w(i0, s0), where s0
is s if s ≤ mn − 1 − i0 and mn −m − i0 + ν(s −mn + i0) otherwise. Let k0 = i0 + s0. Then k0 is i0 + s if 
i0 + s ≤ mn − 1 and mn −m + ν(i0 + s −mn) otherwise, and Aπ(v)(j0) = Bi0,k0 . �
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