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Let m > 2 and n > 2 and define v : w — {0,...,m — 1} by v(k) = k (mod m). We
show that there is a sequence po,...,pm—1 in BN such that all sums Z?:ipyw,
where i € {0,...,m — 1} and k € {i,...,mn — 1} for each i, are distinct and
Z;":"l Do) = E;":’Tm Pu(;) for each i. As a consequence we derive a new Ramsey
theoretic result: there is a partition {A;; :4 € {0,...,m—1} and k € {i,...,mn —
1} for each i} of N such that, whenever for each (i,k), B, is a finite partition
of A;y, there exist B, € B and a sequence (av]-);”;o such that for every finite
sequence jo < ... < js such that ji41 = j: + 1 (mod m) for each ¢t < s, one has
Zj, + ...+ xj, € Biy,kys Where ig = v(jo) and ko is i + s if i + s < mn — 1 and
mn —m + v(ip + s — mn) otherwise.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

The addition of the discrete semigroup N of natural numbers extends to the Stone-Cech compactification
BN of N so that for each a € N, the left translation A, : 6N 3 x — a + = € SN is continuous, and for each
q € BN, the right translation p, : BN 3 = — = + ¢ € BN is continuous.

We take the points of SN to be the ultrafilters on N, identifying the principal ultrafilters with the points
of N. For every ACN, A={p€ BN :Acp}and A* = A\ A. The subsets A, where A C N, form a base
for the topology of AN, and A is the closure of A. For p,q € BN, the ultrafilter p + ¢ has a base consisting
of subsets of the form (J,. 4(z + B;), where A € p and for each x € A, B, € q.

Being a compact Hausdorff right topological semigroup, SN has a smallest two sided ideal K(5N) which

is a disjoint union of minimal right ideals and a disjoint union of minimal left ideals. Every right (left) ideal

of AN contains a minimal right (left) ideal, the intersection of a minimal right ideal and a minimal left ideal
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is a group, and the idempotents in a minimal right (left) ideal form a right (left) zero semigroup, that is,
x+y=y (x+y==z)forall z,vy.

The semigroup SN has important applications to Ramsey theory and to topological dynamics. The first
application to Ramsey theory was the proof of Hindman’s theorem: whenever N is finitely colored, there is
an infinite subset all of whose sums are monochrome. An elementary introduction to SN can be found in
[4].

In 1979, E. van Douwen asked (in [3], published much later) whether there are topological and algebraic
copies of SN contained in N* = SN \ N. This question was answered in the negative by D. Strauss in
[6], where it was in fact established that continuous homomorphisms from SN to N* have finite images.
It follows that if ¢ : BN — N* is a continuous homomorphism, then ¢(8N) is a finite cyclic semigroup
generated by p = ¢(1). That is, there are [ > 1 and 1 < m < [ called the order and the period of p (and of the
cyclic semigroup) such that all ip = p+ ...+ p, where ¢ € {1,... 1}, are distinct and (I4+1)p = (I+1—m)p.

—_—

Conversely, every element p € N* of ﬁnitze order determines a continuous homomorphism ¢ : SN — N* by
(1) = p. In 1996, Y. Zelenyuk proved that SN contains no nontrivial finite groups (see [4, Theorem 7.17]).
Since the periodic part of a cyclic semigroup is a group, it follows that if p € SN is an element of order [,
then (I + 1)p = Ip, that is, p has period 1.

As distinguished from finite groups, SN does contain bands (semigroups of idempotents): for example,
left zero semigroups, right zero semigroups, chains of idempotents (with respect to the order < y if and
only if x +y = y+x = x), and even rectangular bands (direct products of a left zero semigroup and a right
zero semigroup). To ask whether SN contains a finite semigroup distinct from bands is the same as asking
whether SN contains an element of order 2 which is the same as asking whether there exists a nontrivial
continuous homomorphism from SN to N* [4, Question 10.19]. If the answer to this question is positive,
then there is a subset A of N such that, whenever A is finitely colored, there is an infinite subset in the
complement of A, all of whose sums two or more terms at a time are monochrome [2, Corollary 3.5].

The question whether SN contains an element of order 2 was solved in the affirmative in [7, Theorem
1]. In [8], some further finite semigroups in SN consisting of idempotents and elements of order 2 were
constructed, in particular null semigroups (z+y = 0 for all z,y), and a connection of finite semigroups with
Ramsey theory was discussed, see also [1]. In [10], it was shown that for every m > 1, the direct product
of the m-element null semigroup and the rectangular band 2¢ x 2¢ has copies in SN (that the rectangular
band 2¢ x 2¢ has copies in SN was established in [5]). The question whether SN contains an element of
finite order > 2 was solved in the affirmative in [9, Theorem 3].

Let I > m > 1. Define v = vy, : w — {0,...,m — 1} by v(k) = k (mod m). We say that a sequence
(k)72 in some set is cyclic of order I and period m if the elements xo, ..., z;—; are distinct and for every
k>1, xp = 21 pmiv—1)- Given a sequence DOy« -y Pm—1 1n an additive semigroup, the periodic sums with
initial term p; are sums of the form Z] = Puih)s and (Z] L Do) 1s the sequence of periodic sums with

initial term p;. The sequence (Zj:i Pu(j))ieo is cyclic of order I and period m if and only if the sums

Z;H: Du(j), where k € {0,...,1—1}, are distinct and Z;ill DPu(j) = ;il;mpym If (Z] o p,,(]))k o is cyclic
of order I and period m and s = [-L] (that is, sm € {4+ 1 —m,...,I}), then

i+m—1 i+(s+1)m—1 i+sm—1 i+m—1
(541 Y py= Do P = D P =5 D Pul):
j=i j=i j=i j=i

SO ZH_m Pu(j) is an element of order s and period 1 and s ZH_m

Pu(j) is an idempotent in the periodic
part of the sequence, the same as for the cyclic semigroup of order [ and period m.
In this paper we combine and modify constructions in [10] and [9] and show that for each m > 2 and

each n > 2, there is a sequence po,...,pm—1 in BN such that for each i € {0,...,m — 1}, the sequence
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of periodic sums with initial term p; is cyclic of order mn — ¢ and period m and all these sequences are
pairwise disjoint. In particular, pg+p1 +. ..+ pm—1 is an element of order n and for each i € {1,...,m—1},
i+ ...+ pPm_1+po+...+p;_1 an element of order n — 1.

As a consequence we derive a new Ramsey theoretic result. We show that for each m > 2 and each
n > 2, there is a partition {A4; 5 : 4 € {0,...,m — 1} and k € {4,...,mn — 1} for each i} of N such that,
whenever for each (i,k), B; is a finite partition of A, , there exist B, € B;; and a sequence (xj)‘j?‘;o
such that for every finite sequence jo < ... < js such that j;41 = j: + 1 (mod m) for each ¢ < s, one has
Tjy + ...+ xj, € Biy ko, Where ig = v(jo) and ko is 49 + s if ig +s < mn — 1 and mn —m + v(ip + s — mn)
otherwise.

2. Construction

Let m > 2 and n > 2. Let W, denote the set of words w = ig...é over {0,1,...,m — 1} such that
k>0 and 4541 = v(is + 1) for each s < k — 1. For each ¢ € {0,...,m — 1} and k > 0, let w(i, k) denote
the word g ... in W, with 49 = i. For example, for m = 3, w(1,5) = 120120. Let W,,,, denote the
subset of W, consisting of words w(i, k), where i € {0,...,m — 1} and k¥ < mn — 1 — i for each i. For
each i € {0,...,m — 1}, let W,,, (i) denote the subset of W,, consisting of words w(i, k), where k > 0, and
Winn (i) = Wi N W, (i), Define a mapping @ = my, @ Wy, = Wy, as follows. For each w € W, ,,
7m(w) = w, and for each ¢ € {0,...,m — 1} and each k > mn — i,

m(w(i, k) =w(i,mn —m —i+ vk — (mn —1i))).
Notice that the last letter in w(i,mn —i — 1) is m — 1, so for k > mn — i,

w(i, k) = w(i,mn —m —i— 1)w(0,m — D)w(0,k — (mn —i)) and

m(w(i, k) = w(i,mn —m —i— 1)w(0,v(k — (mn —1))).
Consequently, for w =g ... i in Wy, (3) \ Winn, 7(w) is the word in
{w(i,mn—m—1),...,w(,mn—1i—1)}

which is an initial subword of w and whose last letter is i, equivalently which is a terminal subword of
w and whose first letter is ¢. It then follows that 7(vw) = 7w (vr(w)) = 7(7w(v)w) = w(7(v)7w(w)) whenever
vw € W,,, and clearly 72 = 7.

To see for example that m(vw) = w(vr(w)), let v =1g...ix and w = jo ... js. f w € Wy, ,, m(w) = w, s0
7(vr(w)) = w(vw). Let w € Wy, \Wy, »,. Then 7(w) is the word in {w(jo, mn—m—jo), ..., w(jo, mn—jo—1)}
which is an initial subword of w and whose last letter is j;. Write w(w) = w(jo, o). Then mn—m—jo < 59 <
mn— jo— 1 and vr(w) = w(ig, so+k+1). Notice that k+1 > jg—1ig, s0 so+k+1 > mn—m—jo+jo—io =
mn — m — ig. Consequently, 7(vm(w)) is the word in {w(ig, mn —m — ig), ..., w(ig, mn —ig — 1)} which
is an initial subword of vm(w), and so of vw, and whose last letter is j,, the same as for 7(vw). Hence,
m(vm(w)) = 7(vw).

Given a sequence py, ..., Pm—1 in an additive semigroup and a word w = ig...4; in W,,, let p,, denote
the sequence p;,,...,p;, and Y Py = Piy + ... + pi,- Then to say that the sequence (Z;—:: D))o of
periodic sums with initial term p; is cyclic of order mn — ¢ and period m is the same as saying that the
elements ) p,,, where w € Wi, (i), are distinct and for every k > mn — i, > Duw(ik) = 2 Pr(w(ik)-

Let wo = w(0,m — 1), 80 > puwy =Po + - - + Pm—1-

Lemma 2.1. Let pg, . .., pm—1 be a sequence in an additive semigroup and suppose that py,—1+(n—1)>" py,+
Po = Pm—1+ (1 —2) > puw, +po. Then for every w € Wi, > Dw = D Pr(w)-
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Proof. We first notice for every &k > n — 1, pm—1 + kD Pwo + D0 = Pm—1 + (n — 2) > puw, + po- Indeed,
for kK = n — 1, this is our supposition, and then by induction for & > n, ppm—1 + k> Pwy + Po = Pm—1 +
Po+ .o+ Pm2+Ppmo1+ (k- 1)2171110 +P0 =Pm-1+Do+ .+ Pm-2+Pm1+ (n— 2)pro +po =
Pm—1+ (n - 1) pro + Do = Pm-1+ (TL - 2) pro =+ Do.

Now let w € W,,, \ Wy, , and pick ¢ € {0,...,m — 1} such that w € W,,,(4). Then w can be written as
i...(m—1)(wp)k0...j for some k >n —1and j € {0,...,m — 1}, and 7(w) is the word obtained from w
by replacing the subword (wg)* with (wo)”~2. Then Y pyw =pi + ...+ DPm-1 + k> Duwy +po+ ...+ p; and
> Pr(w) = Pit- - APmo1H(0—2) 3 puy+po+- . .+pj. Since pr 14k Y puy+P0 = Pm—14+(n—2) 3 pu, +0,
one has Y py = Y Pr(w). O

The subsemigroup H of SN is defined by

0 _—
H = (] 2/N.
§=0
The next theorem tells us that for each m > 2 and each n > 2, there is a sequence py, ..., pm—1 in H
such that for each i € {0,...,m — 1}, the sequence (Zji]f Pu(j))ieo of periodic sums with initial term p; is

cyclic of order mn — ¢ and period m and all these sequences are pairwise disjoint.

Theorem 2.2. Let m > 2 and n > 2. There is a sequence po, ...,Pm—1 in H such that all elements >  py,
where w € Wi, n, are distinct and for every w € Wi, Y pw = D Pr(w)-

Proof. For every x € N, supp « is a unique finite nonempty subset of w = N U {0} such that

T = Z 27,

jEsupp x

Pick an increasing sequence Ip C I; C ... C I,, = w of subsets of w such that Ij \ Ix_; is infinite for each
ke {0,1,...,n} (with I_; = 0). Define a function h from N onto the decreasing chain 0 > 1 > ... > n of
idempotents (with the operation k * j = max{k,j}) by

h(z) =min{k < n:supp x C I} = max{k < n: (supp x) N (I \ Ix_1) # 0}

and let the same letter h denote its continuous extension SN — {0,1,...,n}. If ,y € N and maxsupp = <
minsupp y, then h(z + y) = h(x) * h(y). It then follows (see [4, Theorem 4.21]) that for any v € SN and
v € H, one has h(u+v) = h(u) x h(v), in particular, the restriction of h to H is a homomorphism. For each
ke{0,1,...,n}, let

Tw = h*({0,1,...,k}) N H.

Then Ty C Ty C ... C T, = H is an increasing sequence of closed subsemigroups of H such that h(K (T})) =
{k} for each k < n, and so T N K(Tk+1) = O for each k < n and K(T,,) = K(BN) N T, [8, Lemma
3.1], in particular, all K(Tp), K(T4),..., K(T,) are pairwise disjoint. Moreover, h(K(8N)) = {n}, and so
T,-1 NK(BN) = 0.

To see this, let uw € K(SN). Then v+ AN is the minimal right ideal of SN containing v and SN + u the
minimal left ideal containing u. Let v be the identity of the group (u 4 SN) N (BN + u). Then v = u + v
and v € K(H), so h(u) = h(u +v) = h(u) * h(v) = h(u) * n = n.

For each k € {0,1,...,n}, let

Xy ={z € N: (supp ) N (I \ Ip—1) # 0}.
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Notice that for any v € X NH and u € BN, u 4+ v € X}, and for any v € X, and w € H, v + w € X}.
Define ¢ : Xy — w by

¢r(x) = max((supp ) N (Ix \ Jr-1))

and let the same letter ¢ denote its continuous extension X, — Bw. Notice that {2j cj €T\ Ix—1} C Xy
and, since ¢1(27) = j, ¢ homeomorphically maps {27 :j € I, \ Ix_1} onto Ix \ Ix_1. If + € N, y € Xj
and maxsupp ¢ < minsupp y, then = +y € Xy and ¢p(z + y) = ¢ (y). And if y € Xj, z € N\ Xy and
max supp ¥y < minsupp z, then ¢x(y + 2z) = ér(y). It then follows that for any v € X N H and u € AN,
ér(u+v) = ¢r(v), and for any v € Xy and w € H \ Xj, ¢p(v + w) = ¢p(v).

To see for example the first statement, we first note that for any € N and v € X3 NH, ¢p(z+v) = ¢p(v)
because the continuous functions ¢ o A\, and ¢y agree on X N2/N, where j = (maxsupp x) + 1. Then for
any v € Xy NH and u € AN, ¢p(u+v) = ¢ (v) because the continuous function ¢y, o p, is constantly equal
to ¢r(v) on N.

Notice that K(T}) C X NH and Ty_; € H \ X} (with T_; = 0).

We shall construct

(i) a chain eg > e1 > ... > e, of idempotents with e, € K(T}),

(ii) for each k € {0,1,...,n}, a left zero semigroup {ey; : i € {0,...,m—1}} C K(T}) such that e, o = e
and ey ; =eg; + e foralli e {0,...,m — 1}, and

(iii) for each k € {1,...,n — 1}, a right zero semigroup {ex(j) : j € w} C K(T}) such that e;(0) = ey,
erx(j) < ex—1 for all j € w, and ¢y, is injective on {ex(j) : j € w}.

Notice that (i) and (ii) imply that

€k,i T €ls = €kxl i

for all k,1 € {0,1,...,n} and i,s € {0,...,m — 1}}.

Indeed,
ki +els =€ +ex+egs+e=eo+ (ex+eo) Fegs e
=ep,; +er + (60 + 6075) +e =ep; +ext+egte
= €0,; T €kl = Ckxl,i-
The construction goes by induction on k € {0,1,...,n}.

For k = 0, pick an injective sequence {rq; :i € {0,...,m —1}} in {27 : j € Iy }*.
Lemma 2.3. (ro; +1,) N (ro,s +Tn) =0 if i # s.

Proof. Consider the function N 3 z +— minsupp = € w and let § denote its continuous extension SN — Sw.
If z,y € N and maxsupp « < minsupp y, then 0(x + y) = 6(x). It then follows that for any v € SN and
v € H, 6(u+v) = 0(u). Consequently, 8(ro; +T,,) = {0(ro,;)} and 0(ros +T;,) = {0(ro,5)}. Since 6(27) = j,
0(ro,i) # 0(ro,s), so (roi +Tn) N (ros + 1) =0. O

For each i € {0,...,m —1}, choose a minimal right ideal Ry ; of Tj contained in r; + Tp. Pick a minimal
left ideal Lo of Ty, and for each i € {0,...,m — 1}, let eg; be the identity of the group Ro; N Ly. By
Lemma 2.3, e ; # eo,s if ¢ # 5. Put eg = eg 0.

For k = 1, choose a minimal right ideal R; of T} contained in eg +7}. Pick an injective sequence (r1,;)52,
in {27 :j € I\ Iy}*, and for every j € w, choose a minimal left ideal Ly ; of T} contained in T} + 1 ; + eg.
For every j € w, let e1(j) be the identity of the group Ry N Ly ;. Then ¢1(e1 ;) = ¢1(r1,; +eo) = ¢d1(r1,5)-
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Since e1(j) € eg+T1, one has eg+e1(j) = e1(j), and since e;1(j) € T +71,; + €o, one has e1(j) +eo = e1(j),
so e1(j) < eg. Put e = €1(0). For each ¢ € {0,...,m — 1}, put e;; = ep; + e€1. Then e;; + €1, =
eo,i+e1+egs+er = egi+(e1teo)+eos+er = egiter+(eotens)+er = epiterteoter =epit+er =ey,s0
{e1,:1€{0,...,m—1}} is a left zero semigroup (in K(74)). Since e1; = egi+e1 € ro;+To+e1 € ro;+11,
by Lemma 2.3, ey ; # e1,5 if  # s.

For k € {2,...,n — 1} (for n > 3), choose a minimal right ideal Ry of T} contained in ey_; + Tj.
Pick an injective sequence (1 ;)52 in {27 : j € Iy \ Ix—1}*, and for every j € w, choose a minimal left
ideal Ly, ; of Ty, contained in Ty, + 7y ; + ex—1, and let ex(j) be the identity of the group Ry N Ly ;. Then
oOr(er(d)) = dr(rr;+eo) = ¢r(rr;) and eg(j) < ep—1 for all j. Put ey = e, (0). For each i € {0,...,m—1},
put ex; =eo; +ex. Then {eg;: i€ {0,...,m —1}} a left zero semigroup and ey ; # e s if i # s.

For k = n, pick a minimal right ideal R,, of T;, contained in e,,_1 + T, and a minimal left ideal L,, of T,
contained in T, + e,—1 and let e, be the identity of the group R,, N L,. For each i € {0,...,m — 1}, put
€n,i = €0,i T €n.

Now for each i € {1,...,m — 1}, let

Dy_1,=Aeni+en-1(j):j €N}
and pick ¢,_1; € Dp_1; \ Dp_1.;- Then by induction on k € {n —2,...,1}, let
Dy ={ert1,1 + qes1,1 +ex(f) 1 j € N},
and for each i € {2,...,m — 1},
Dy = {er,i + qry1,i +ex(y) : j € N},

and pick qx; € Dg; \ Dy, for each i € {1,...,m —1}.

Since e, ; € K(8N) and K(SN) is an ideal of SN [4, Theorem 4.44], it follows inductively that for each

ke{n—-1,...,1}, Dy; C K(ON) and ¢ ,; € K(ON).

Foreachs € {0,1,...,n}, e, =e€s;+en,;and e, ; € X,, so en, € X,. It then follows inductively that for
eachk € {n—1,...,1}, Dy; € X;NH and g ; € X;NH. Notice that for each k € {n—1,...,2} (for n > 3),
¢r is injective on Dy ; (because ¢p_1(en; + en—1(j)) = dn-1(en—1(3)) and ¢x(ex+1,: + qrt1,: + ex(y)) =
dr(er(4))), and ¢1 is injective on D1 ; (¢1(e2,: + e1(f)) = ¢1(e1(f)) for n = 2 and ¢1(e2: + g2, + €1(j)) =
¢1(e1(y)) for n > 3).

An ultrafilter ¢ € N* is right cancelable (in SN ) if the right translation of SN by ¢ is injective. An
ultrafilter ¢ € N* is right cancelable if and only if ¢ ¢ N* + ¢ [4, Theorem 8.18].

Lemma 2.4. Let k € {0,1,...,n}, let D be a countable subset of X, NH, and suppose that ¢y is injective
on D. Then every q € D\ D is right cancelable.

Proof. This is [9, Lemma 5]. O

It follows from Lemma 2.4 that all gx,, where k € {1,...,n — 1} and i € {1,...,m — 1}, are right
cancelable.
The next lemma gives us relations between g ; and e; ;.

Lemma 2.5. Let k€ {1,...,n—1},i€{l,....,m—1}, and s € {0,...,m — 1}. Then
(]-) Gn—1,i + €n—1,s = €n,i,

(2) Qi+ €er—1,0 = Qk,
(3) fork<n—2andi>2, qr;+ ers=C€ri+ Qtii, and qe1 + ks = €ptr1,1 + Qrg1,1-
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Proof. (1) Since (en,; +en—1(J)) + en-1,s = €n,i + (en—1(4) + €n—20) + €n-1,5s = €ni + €n—1(j) + (€n—2,0 +
en—1,s) = €ni+en_1(j) +en—1,0 = €ni+en_1,0 = €n, it follows that g,—_1; +e,—1,s = en; (because p,_,
is constantly equal to e, ; on D,,_1; and s0 pe,_, ,(qn-1,i) = €n,i)-

(2) Every element in Dy ; is of the form u + e, (j) (v depends only on k and ) and (u+ex(j)) +ex—1,0 =
u+ (er(j) +ex—1,0) = u+ ex ().

(3) For i > 2, (ex,i +qrs1,i +ex(J)) +er,s = €ri+ qryri+ (en(f) +er—1,0) +ers = €ri + qryri +ex(d) +
(er—1,0F€k,s) = €kitqrue1iter(d)Fero = eritarr1itero = ekitqut1,i and epp11+qur1,1+erx(f)+er,s =
ekt+11+qk+1,1+(ex(f)+en—10)+eks = ert11+qk+1.1+ex(f)+(en—10+eks) = €rt11+qk+1.1+ex(f)+ero =
€k+1,1 + qk+1,1 T €k0 = €k+1,1 + Gk+1,1- O

From Lemma 2.5 we obtain that for any k£ € {1,...,n =1}, i € {1,...,m =1}, I € {0,...,n}, and
s€{0,1,...,m—1},

ki ifl <k

el + qyi,i ifk<i<n-2i>2
ki te1s = ) )

€11+ @y ifESI<n—-2i=1

€n,i ifl>n-—1.

Indeed, if I < k, then g ; + €15 = (qri + €x—1,0) + €1,s = Qi + (€k—1,0 + €15) = Qi + €k—1,0 = Gk,i, and
if | = k, then

€ki T qk+1,i ifk<n-—-2,1>2
Qk,i T €ks = § €k+1,1 + Qr+1,1 ifk<n-2i=1
€n,i ifk=n-1

Let [ > k and suppose that the formula holds for [ replaced with { —1. Write gx ;+e€;,s = qx,i+(e1—1,s+e€15) =
(qri +er—1s) Feps. Let @ > 2. If 1 <n—2, qri +ers = (qryi +€1-1,5) T e1s = €—15 + Qi + €16
er—1,iter i+ g1, = e it q1,- Forl =n—1,gr;+en—1.s = (qriten—2s)+en—1,s = €n—2i+dn_1,i+en—1,s =
€n—2,i + €ni =¢€n;. Forl =m, qui+ens = (qri +€n-1,5) +€ns = €ni+ens =en; Thecasei =11is
similar.

It then follows that for [ > k

e+ Q1+ T Qr1m—1 ifl<n-21>2
Qi+t ot @m-1tes=<Seq1 i+ Q1+ Far1ma HI<n—-2i=1
€n,i ifl>n-—1.

Now take the sequence e1,0,q1,1,.-.,q1,m—1 8 Po,P1,---,Pm—1. 10 show that it is as required, we first
write each > py,, where w € W, ,,, in a canonical expression using the formula above. We shall see that all
those expressions are distinct and pp,—1 4+ (1 — 1) D> Pwy + 20 = Pm-1 + (0 — 2) > Puy + po. We then show
that distinct expressions represent distinct elements which finishes the proof.

For words containing no 0 or in which only first letter is 0, the expressions are unchanged, that is,
Gii+...+qsoregoreig+qii+...+qs. We call such words and expressions trivial. Obviously, all
trivial expressions are distinct.

Consider the sums Y p,, for nontrivial words w € W,, ,(0). The words can be written as (wg)*, where
ke {2,...,n}, or (wg)k0...s, where k € {1,...,n — 1} and s € {0,...,m — 2}. Computing we obtain that
for k<n-—1,

kY Puo=e€ro+ar1+ -+ QGemat+ @t F G
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and

nzpwg =énotqn-11+t.---+-1m-1+...+@1+...+q,m-1,
for k <n-—2,
kY Puwg+ Do+ -+ ps
=e€k+1,0 t qk+11+ - T q%+1m—1+ .-+ g1+ ... F@m-1+q1+...+4qs

(for s = 0 meaning that

kzp’u}o +po=e€rt10+ 11+ F Grimat ..+ @i+ FG2m1)
and
(n_ 1)2pw0 +p0++ps
=enotqn-11+.-.-+h-1m-1+...+@1+...+@m-1+qa1+...+q;s
To see for example the first one, by induction, for k£ > 1,

kzpwo = Do +... +pm—l + (k - 1) pro
=eo0tqi1+...+q,m-1+€k-10
+q-11+---+%h-1ma1t+.-..+t@a1+...+qm-1
=e1o0terotqr1+ .-+ m-1+

+q-11+-- -+ -amat...+ta1+.. .+ m
=ekot g1t .. -t @mat...+q@a1+...+qm-1-

It is easy to see that all these expressions are distinct, and in each of them the first element is ey ¢ for
some k > 2, so it is distinct from all trivial expressions.

Next consider the sums Y p,, for nontrivial words w € W, ,,(1). The words can be written as 1...(m —
1)(wo)*, where k € {1,...,n—1},0or 1...(m—1)(wo)*0...s, where k € {0,...,n—2} and s € {0,...,m—2}.
Computing we obtain that for k < n — 2,

p1+ ...+ Pm—1+ kprO =€k+11 +qk+1a+ - -+ tr1m—a+ ..+t ...+ g m-1
and
p1+. +Pmo1+(n—1) pro =en1taqn-11+ - -+t Gr-1m-1+-.-F+q@1+...+qm-1,
for k <n—3,
P1+---+pm—1+k‘2pw0+p0+...+ps
=eg+21 tqk+21+ -+ qr2m—at ...+t @1 +.. .+t @m-1F+ Q1+ + Qs

(that is,
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P14 .+ Dt -HCpro +po=¢€rt21+ Q21+ -+ @r2m-1+ .-+ a1+ +q2m-1)
and
Prt tpma+ (=2 puy+pot-..+ps
=ep1tq-11+---FTq-1mat...+q@1+...+@m-1+qa1+...+q;s

All these expressions are distinct, and in each of them the first element is ey ; for some k£ > 2, so it is
distinct from all trivial expressions.
We also obtain that

Pm-1+(n=1)> pu, +po
=@im-1t+eéno+qn-11+.---+q-1m-1+...+q1+...+q2m-1
=enm-1t+tqn-11+ - -+ G-1m-1+..-+q1+...+qm-1

and
P14+ (n=2)> pu, +po
=Qm-1+e€n-10+gn-11+...+qp-1m-1+...+q21+ ... Fg2m-1
=énm-1+tqn-11+. .- F+a-1m-1+...+q1+...+q2m-1,

SO

P+ =1) pug+D0=Pm-1+ 1 =2)> Pu, + Po-

Now consider the sums ) p,, for nontrivial words w € W, (i), where ¢ > 2. The words can be written
asi...(m—1)(wo)*, where k € {1,...,n—1},0ri...(m —1)(wp)*01...s, where k € {0,1,...,n — 2} and
s€40,1,...,m —2}. Computing we obtain that for k < n — 2,

Pit. A Pmo1t kY Du,

=e€k; tqk+1:+ - T G+t1im-1+ %1+ - -+ Um-1+..-+q1+...+q1m-1

and
Pit...+Pm—1+ (TL— I)pro
= €n,i + dn—1,1 +...+ dn—1,m—1 +.. .+ q1,1 +...+ d1,m—1,
for k <n-—3,
pi+...+pm-1+ kZPwo +po+...+DPs=€kt1,i + Q2+ -+ Qrom—1
+aqk+11+ -+ Gkt1m-1t+ o F @1+ Fem-1 @1+ s
and

Pit ot DPmo1+ (M =2)> pug+Po+ .. +Ds

=énitqn-11+..-F+h-1m-1+..-+@1+...+@m-1+qa1+...+q;s
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All these expressions are distinct. In the expression for p; + ... 4+ ppm_1 + po + ... + ps, where s €
{0,...,m — 1}, the first element is e; ; and the second g2 ; and in all other expressions the first element is
ey,; for some k > 2, so each of these expressions is distinct from all trivial expressions.

Since for each i € {0,...,m — 1} and for each nontrivial w € W, ,, (%) the first element in the expression
for > py, is ey,; for some k, it follows that all expressions for ) p,,, where w € Wy, ,,, are distinct.

Finally, we show that all these expressions represent distinct elements.

Assume on the contrary that some two distinct expressions represent the same element. Then canceling
the equality by g ;-s we arrive at one of the following cases:

(1) u+qri =v+ q.,; for some u,v € BN and (k,7) # (t,7),
(2) u+qr,i = g for some u € fN,

(3) u+ g, = e s for some u € N,

(4) e, =es with (ki) # (I, ).

The last one is obviously impossible.

In (1), we have that ¢r(qri) = ¢r(u + qri) = ok(v + @;) = dklar;). If k = ¢, then i # j and
&k(qr,i) = or(qr,j), a contradiction. If k # ¢, say k < t, then ¢r(q,;) = ox(q; + exo0) = or(ex,o) and
&1 (qr,i) 7 dr(ero), again a contradiction.

In (2), since g ; is right cancelable, one has ¢t # k. Suppose k < t. Then ¢(qr:) = or(q,;). But
Or(qe,;) = drlero) and ¢r(qr,i) # dr(ero), a contradiction. The case ¢ < k is essentially the same, since
applying ¢; to q;; = u + qx; gives us ¢(qs,j) = ¢e(qr,i)-

In (3), since qx; € K(BN), ess € T),_1 for t < n —1, and T,,_1 N K(BN) = 0, one has | = n. Then
x(qr,i) = dr(en,s). But ¢plens) = dr(en,s + exo0) = dr(er,0) and ér(qr,i) # ér(ex,0), a contradiction. O

3. Ramsey theoretic consequence

Theorem 3.1. Let m > 2 andn > 2. Let py, . ..,pm—1 be a sequence in H guaranteed by Theorem 2.2 and for
each w € Wi, 5, let (Aw(j))520 be a sequence of members of the ultrafilter 3 p,,. There is a sequence ()72,
such that x; € Ap, (7)) N 2N and for every finite sequence jo < ... < js with v =v(jo)...v(js) € Wi,
one has xj, + ... +x;, € Az (jo)-

Proof. We construct inductively a sequence (xj)}?io satisfying for every j the following conditions in addition
to z; € 2/N:
for each finite sequence jg < ... < js = j with v = v(jo) ... v(js) € Wi,
Tjo + -+ 25, € Ar() (o)
and for each w € Wi, ,(v(j + 1)),

Tjo+ ...tz + pr S Aﬂ-(vw)(jo).

To define xg, for each w € Wy, ,,(1), choose P(w) € py such that P(w) + > puw € Arow)(0). We can do
this because po + ) Pw = Pr(0w) and the right translation by ) p,, is continuous. Pick

zo € Ag(0)N () P(w).

wEWnL,n(l)

Then x¢ € Ag(0) and for each w € Wi, (1), 2o + > pw € P(w) 4+ > pw € Arouw)(0), so zg is as required.
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Fix j > 0 and suppose that we have defined zg,...,z; as required. To define x;41, let I’ be the set
of all sequences jo < ... < js < j with v(jo)...v(js) € Wy, and v(js) = v(j) and let i = v(j + 1)
and r = v(j + 2). For each w € Wy, (r), choose B(w) € p; such that B(w) + > pw € Arw) (i + 1)
Then for each (jo,...,js) € F, choose C(jo,...,js) € p; such that z;, + ... + z;, + C(jo,...,J4s) C
Arwi)(jo), where v = v(jo)...v(js), and for each w € Wy, »(r), choose D(jo,...,js,w) € p; such that
Tjo+. .45, +D (o, . - Jss W)Y Pw € Arviw)(jo). We can do the first because by the inductive hypothesis
Tjo+...+Tj +p; € Aﬂ(m)(jo) and A, where v = x;, + ...+ x;_, is continuous, and the second because
Pi+ Y Pw = D Pr(iw) and by the inductive hypothesis 2, +... 4+, +Pr(iw) € An(or(inw)) (Jo) = Ax(viw)(Jo)
(since m(viw) = w(vmw(iw))) and A, and p,, where p = 3 p,,, are continuous. Pick

WEWm n (1) (40s--rds)EF WEW o, n (1)

(all those sets are members of p;).

To see that ;1 is as required, let any jo < ... < j, = j+ 1 with v(jo) ... v(js) € Wi, be given. If s = 0,
then 2,1 € A;(j + 1) and for each w € Wy, n(7), g1 + D pw € B(w) + D pw € Aru)(§ +1). If s > 1,
then

Tjo + .o+, €ETjp + ...+ T, + O(j07 s 7.j$—1) - ATr('ui) (.jo)a

where v = v(jp) ... v(js—1), and for each w € Wy, ,,(r),
Tjo T Y P € iy + o F i+ D@ T ) + D Pw S Anguiny(o)- O
Now from Theorem 2.2 and Theorem 3.1 we obtain the following result.
Theorem 3.2. Let m > 2 and n > 2. There is a partition
{A;i:1€{0,....m—1} and k € {i,...,mn — 1} for each i}

of N such that, whenever for each (i,k), B;r is a finite partition of A;y, there exist B; € B, and a
sequence (:zzj)‘;io such that x; € By ) N 2N and for every finite sequence jo < ... < js such that
Ji41 = Jr + 1 (mod m) for each t < s, if ig = v(jo) and

{io—i—s ifip+s<mn-—1
ko =

mn—m+v(ig +s —mn)  otherwise,
then xj, + ... +x;, € B k-

Proof. Let po,...,pm—1 be a sequence guaranteed by Theorem 2.2. Choose a partition {A, : w € W, ,,}
of N such that A, is a member of the ultrafilter > p,,, and for each i € {0,...,m — 1} and each k €
{i,...,mn—1},put A; = Ay (i,k—i)- To see that the partition {A;  : ¢ € {0,...,m—1} and k € {7,...,mn—
1} for each i} is as required, for each (i,k), let B; ; be a finite partition of A; ;. Pick B, € B, which is
a member of the ultrafilter Y py i x—i), and for every j > 0, put Ay r—i)(j) = Bik. Let ()32, be a
sequence guaranteed by Theorem 3.1 and let a finite sequence jo < ... < js with v = v(jo)...v(js) € Wi
be given. Then xj, +...+z;, € A, (Jjo). Let ig = v(jo). Then v = w(ip, s) and m(v) = w(io, so), Where sq
issif s <mn—1—1ip and mn —m —ip + v(s — mn + ip) otherwise. Let ko = ip + so. Then kg is ip + s if
ig +s <mn —1and mn —m + v(ip + s — mn) otherwise, and Ar(,)(jo) = Big k- O
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