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ARTICLE INFO ABSTRACT
Keywords: COVID-19 has caused substantial morbidity and mortality worldwide. Previous models of strain 1 vaccination
COVID-19 with re-infection when vaccinated, as well as infection with strain 2 did not consider co-infected classes. To fill
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this gap, a two co-circulating COVID-19 strains model with strain 1 vaccination, and co-infected is formulated
and theoretically analyzed. Sufficient conditions for the stability of the disease-free equilibrium and single-
strain 1 and -strain 2 endemic equilibria are obtained. Results show as expected that (1) co-infected classes
play a role in the transmission dynamics of the disease (2) a high efficacy vaccine could effectively help
mitigate the spread of co-infection with both strain 1 and 2 compared to the low-efficacy vaccine. Sensitivity
analysis reveals that the main drivers of the effective reproduction number R, are primarily the effective
contact rate for strain 2 (f,), the strain 2 recovery rate (z,), and the vaccine efficacy or infection reduction
due to the vaccine (5). Thus, implementing intervention measures to mitigate the spread of COVID-19 should

not ignore the co-infected individuals who can potentially spread both strains of the disease.

1. Introduction

COVID-19, a highly contagious respiratory infection, spread rapidly
when it first emerged.!»> While the situation has improved with lower
case numbers, updated booster vaccines, and fewer hospitalizations
and deaths compared to the pandemic’s peak, COVID-19 continues
to pose risks. It remains a threat to the unvaccinated, those with
disabilities, underlying health conditions, and individuals with weak-
ened immune systems, including the elderly, immunocompetent, and
immunocompromised.>-> Additionally, some people, even with mild or
no symptoms, may develop long COVID, a condition with lingering
effects.®> Despite a lower mortality rate, the high number of hospital-
izations underscores a significant global health burden and challenges
for healthcare systems,® with over one million COVID-19 deaths in the
United States.® As of October 14, 2023, the US COVID-19 positivity rate
was 9.5%, with COVID-19 accounting for 2.5% of all deaths.”

COVID-19 transmission dynamics models have been investigated,
8-23 this is list is far from exhaustive. The disease transmission rate
in'* incorporates caution and sense of safety. Compartmental (de-
terministic) mathematical models are crucial to study the evolution-
ary dynamics of infectious diseases.>* Such models which date as far
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back as Bernoulli are characterized by the subdivision of the pop-
ulation into compartments based on individuals’ health status.?>-%”
A second strain of a virus has the potential to substantially alter
vaccine efficacy and transmission dynamics of the first strain. To this
effect, mathematical modeling of a two-strain disease are not uncom-
mon?8: malaria,?® influenza,?*->! dengue,?? disease with age structure
and super-infection,> influenza with a single vaccination,**3> COVID-
1916:21,36,37 0 cite but a few and the references therein. In fact, two
or multi-strain co-infections of COVID-19 could aggravate the clinical
severity, increase the change in viral recombination, and pose a greater
threat.® The number of strains could potentially increase logarith-
mically the maximum number of infected individuals and the mean
mortality rate.?° Co-infection is an impetus for recombination (which
requires the coexistence of two COVID-19 strains in the same individ-
ual) between different COVID-19 variants.*%~*2 Because dual COVID-19
infection in the same patient was initially poorly described,*>** only
few studies to the best of our knowledge have considered two or
multi-strain COVID-19 co-infection.

This study extends the existing two-strain COVID-19 models, which
previously incorporated vaccination for strain 1 but overlooked co-
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Table 1 Table 2
Description of the model’s variables. Model parameters description.
Variable Description Parameter Description
S(1) Susceptible individuals A Recruitment rate
40) Vaccinated against COVID-19 type 1 B Effective contact rate from strain 1
ING) Infected with COVID-19 type 1 b Effective contact rate from strain 2
L) Infected with COVID-19 type 2 Pir Effective contact rate from strains 1 and 2
1,(1) Infected with COVID-19 type 1 and 2 v Vaccination rate against strain 1 for susceptible individuals
R(1) Recovered individuals u Natural death rate
A Force of infection of strain 2 when infected with strain 1 c Rate of loss of infection-acquired immunity
Ay Force of infection of strain 1 when infected with strain 2 7 Recovery rate of infectious from strain 1
Asi Force of infection of strain 1 when susceptible 7, Recovery rate of infectious from strain 2
Asy Force of infection of strain 2 when susceptible )5 Recovery rate of infectious from strains 1 and 2
Avi Force of infection of strain 1 when vaccinated 8, Disease-induced death rate of infectious from strain 1
Ava Force of infection of strain 2 when vaccinated 8, Disease-induced death rate of infectious from strain 2
Asia Force of infection of dual infection when susceptible 81n Disease-induced death rate of infectious from both strains
n Residual infectivity for vaccinated

infections.!®21-4> By including co-infected classes and considering non-
permanent recovery,*® this model addresses a significant gap, as re-
infections and multi-strain dynamics have posed major challenges in
managing COVID-19.4¢ Unlike prior research, which often failed to ac-
count for the limited protection of strain 1 vaccination against the more
virulent strain 2,7 this study integrates the dynamics of infections
from both strains, providing a more comprehensive approach. Although
simpler compared to more complex COVID-19 models, this study aims
to better understand and address the impact of co-infections on the
disease’s dynamics.

The organization of this paper is as follows: Section 2 introduces a
deterministic compartmental model for COVID-19 involving two strains
and vaccination for strain 1. In Section 3, we perform a theoretical
analysis of the model, covering equilibrium derivations, stability assess-
ments, and calculations of the effective and basic reproduction numbers
using standard dynamical systems methods. Section 4 provides model
simulations and sensitivity analyses to validate the theoretical results.
To manage disease spread, Section 5 reformulates the model as an
optimal control problem and applies Pontryagin’s Maximum Principle
to identify the optimal control strategy. The paper concludes with a
summary of the findings in Section 6.

2. Model formulation

We present a two-strain COVID-19 model that includes vaccination
against strain 1. The total population, N(z), is divided into six groups:
susceptible individuals, .S(¢), who increase due to constant recruitment
A and decrease through vaccination (rate v), natural death (rate p),
or infection by strain 1, strain 2, or both, with infection rates Ag;, A,
and Ag,,. The vaccinated group, V,(¢), grows with new vaccinations and
decreases due to natural death or infection with strain 2 at rate 4.
Individuals infected with strain 1, I,(¢), can also become infected with
strain 2 (rate A,), recover at rate 7, or die either naturally or due to
COVID-19 (rate §,). Similarly, individuals infected with strain 2, I,(¢),
can become co-infected with strain 1 (rate 4,), recover at rate 7,, or die
from natural causes or COVID-19 (§,). Individuals infected with both
strains, I;,(¢), recover at rate 7;,, or may die from natural causes or
COVID-19 (§;,). Finally, recovered individuals, R(#), come from those
who have recovered from infection, but this group decreases due to loss
of immunity (rate o) or natural death. The total population is expressed
as N(1) = S + V() + 1,(t) + I,(t) + 1}5(t) + R(@). This model is based
on the following assumptions:

(a) Individuals mix evenly, meaning everyone has the same chance
of getting infected when exposed to the disease.

(b) Immunity after recovery is not permanent.

(c) All susceptible individuals can be infected by either strain 1,
strain 2, or both.

(d) People vaccinated against strain 1 cannot be infected by both
strains at once.

(e) Vaccination is accessible to everyone.

The compartment diagram illustrating the flow of the model is
shown in Fig. 1. The definitions of the state variables and model
parameters are provided in Tables 1 and 2, respectively.

Based on the information above and the model flow diagram in
Fig. 1, we derive the following system of non-linear differential equa-
tions to describe the transmission dynamics of a two-strain COVID-19
model with vaccination.

‘fi—‘j =A- <,151 +/1512+/152+v+;4)S+aR,

% =vS — (Ay1 + A2+ 1) Vi,
%:ASlS+/1V1Vl—(Al+r,+§1+/4)ll, o
% =458 + Ay Vi — (A + 15 + 65 + )1,

% =As12S + AL+ Ll = (T + 610 + w1y,

% =ty + 0y + ol — (+0)R.

with positive initial conditions S(0) > 0, ¥;(0) > 0, 1,(0) > 0, I5(0) > 0,
1,,(0) > 0 and R(0) > 0, where 4, 4y, Agy, dsp, Ag12, 4y and 4y, are
define by

B b B
Agi=—=U;+ 1), Agy=—=U,+15), 4 =—1,
s1 N( 1 +H112), Asy N( 2+ 1), Asp 12

N
B b b b
Avi=ng i+l dyy=9h+1ln) . 4 =1h, b =11
Next,
% = A-uN =561, =61, = 61161, 2
< A—uN.

It can be shown that the feasible region

- 6 . A
Q= {(S,Vl,ll,IZ,Ilz,R) €ERS:N< ;}
is positively invariant and attracting with respect to the system given

by (1).
3. Model analysis

In this section, we will explore the local stability of the disease-
free equilibrium (DFE), focusing on when it remains stable or becomes
unstable. We will also examine the conditions for the existence of an
endemic equilibrium (EE), which shows how the disease can persist
in the population over time. By analyzing these aspects, we aim to
understand the dynamics of disease transmission and identify the key
factors for controlling outbreaks.
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Fig. 1. Flow chart describing 2-strain transmission model of COVID-19, with u; = u+6,, p, = pu+6, and p;, = u+6,,.

3.1. Local stability of the disease-free equilibrium

The disease-free equilibrium of the system (1) is given by

E°=(S0V0 70 70 10 R°)=< A vA
e vl p v+ )

0,0,0, 0).

Using the next generation operator method,*®%° as introduced by
Diekmann et al.,’%>! which involves calculating the spectral radius of
the next generation operator and is denoted by R, = p(FV~!), we
compute the effective basic reproduction number (R,) for the model
described by (1). This technique is also referenced in.%2 The matrices
representing the new infection terms, F, and the transition terms, V,
from the model system (1) are given as follows.

B o 0 B o 0
_ Brigo, oy Brico, o
F = 0 F(S +I/l) m(s +I/l) B
0 0 b2 6o
NO
T +6;+u 0 0
V= 0 T+ 0, + U 0
0 0 Ty +0p+u

Hence, the effective/control reproduction number of the model (1)
is given by the following expression:

R = max { Bi(u+nv) Br(p +v) Biam }
e V+WE +6+w) V) +6+p) (vV+m)Tn+6n+m) )
Let

_ Pr(pu+v)
V4 u)(zy + 6, +p)’

Biu+nv)
(V4 )t + 6 +p)
Prot
W+t +6,+m)
Then, the effective reproduction number is given as

Ri(v) = Ry (v) and

Rip(v) =

R, = max {Rl(v), R,H(v), Rlz(v)} s

which represents the average number of secondary infections caused
by an infected individual in a population where some individuals are
vaccinated. It is a critical threshold that helps determine whether an
infectious disease will spread or decline in a population.

The basic reproduction number is obtain when v = 0, that is

R = b Ji2} Brn
0 = max 5 s ’
T +0+H T+t u T+t u

which represents the number of secondary infections in a fully suscep-
tible population when there is no vaccine.
From®!, the following result holds.

Theorem 1. The disease-free equilibrium E° =

( A vA
vt u(v+ )’
0,0, 0,0) of the model (1) is locally asymptotically stable when R, < 1
and unstable when R, > 1.

Proof. The Jacobian matrix of the model system (1) at the DFE is given
by equation given in Box I with ¢; = 7, + 6, + u, ¢, = 7p + 6, + u and
$12 = T2+ 61 + 4.

The eigenvalues of the matrix J are

X =—(U+v), Xy =—p, x3=—(c+p)

x4 =Ry = D¢y, x5 =(Ry — D¢py, and x5 = (R — Doy,

Since x,, x,, x5 are all negative, R, < 1, x4, x5 and x4 are all negatives.
Thus, when R, < 1, the DFE E? is locally asymptotically stable, and
unstable otherwise. [

Investigating the endemic equilibrium (EE) of the full model (1) can
be quite complex. Therefore, we will simplify the analysis by examining
two special cases: (1) COVID-19 strain 1 with vaccination and (2)
COVID-19 strain 2 without vaccination.

3.2. Existence of endemic equilibrium strain 1 model

Theorem 2.

(a) The COVID-19 strain 1 only with vaccination (I, = 0) admits a
unique endemic equilibrium & =(S* V[, 1},0,0, R) iff R, > 1.
(b) The COVID-19 strain 2 only without vaccination (I, = 0) admits a
unique endemic equilibrium 82* =(5%,0,0, 12*,0, RYiff R, > 1.
Proof.

(a) To find &%, we set the right hand sides of (1) equal to zero when

I, =0.
A= (X5 +v+u) S +oR =0, (3)
vS* — (4, + V] =0, Q)
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B b, S0
-(u+v) 0 Tl S0 Tl S0 ) (B + Py + B1a) 4
0
B B Vi
v —H T VP N VP _ﬁ(”ﬂl +5) 0
b 1
J = 0 0 ﬁ(50+71V10)—¢1 0 —O(SO+71V1°) 0
b 0. 10 2 (G0, 0
0 0 0 NS )~ F(S +v) 0
0 0 % SO — ¢y, 0
T T Tio —(o + u)
Box I.
X S* + 45, V] =g 1] =0, 5) Table 3
. . Model parameter values.
ol 1 (u+o)R" =0, Q) Parameter Sample value used Unit Reference
where g, =7, + 8, + 4, A 1000/(59 x 365) humans x days™! 2
I A 0.85%0.3 days™! 2
« _ P17 * % b 0.85%0.3 days™! 21
A1 = N* and Ay, =nkg,. Q) B 0.85%0.3 days™ 21
. " , s . . . v 0.9 days™! 2
Solvmg.for S . v !*, and R* in f1.1nct10n of 1o after some little u 1/(59 % 365) days! o
algebraic manipulations, we obtain from (6), - 1/90 days™! 21
oI 7, 0.1 days™! 2z
R = 1 (8) I, 0.1 days™! 21
Hto 71 0.1 days™! 21
from (4) and (5), 8 0.0000683 days™! 2
. 5, 0.0000683 days™ 2
. ve ! © b 0.0000683 days™! 21
- A}l(r])f;] +u)+ w,),’;] i n 0.13, 0.4 Unitless Estimated
and
L s OAg + 0 Bl
=—) " (10) Wh?e k, =hr2 +8,+u alrjld ¥y, = == After some computations
Substituting (8), (9) and (10) into (3) and solving for I}, we similar to the case (a) above,
: AXg,(u+0)
obtain = . 52 . , a7
. A(”+‘7)’121(’7}‘;‘1+V+”) ﬂkz(isz+ﬂ)+0'(/152(ll+52)+l4k2)
I* = "
1 ‘ : koI
HAG 81 (Mg (n+ )+ nv) + u(ndg +v+ (g (u+0)+o(u+s)) R = 2 I, and 5" = 2*2, as)
an u+o A ©
where
Adding Egs. (3)-(6) and solving for N*, we obtain
§ 54 (*) ©) J okt R - 1)
N* = ﬂ a2) 52 2ty +u ’
H 122 > 0 iff R, > 1, and hence, the strain 2 COVID-19 without
By definition, 1%, = ﬂllvi and using (11) and (12) yields the vaccination admits an endemic equilibrium when R, > 1. [J
following equation
2 @A i 46y =0 a3) 4. Model simulations
5119451 S1 ’
where In this section, we will estimate the time series solution and perform
a sensitivity analysis of R, relative to the parameters. We will also for-
a=-—nu(ty +pu+o), mulate an optimal control problem and determine the optimal amount
of vaccine needed to control the disease over a 100-day period.
b=n(u+0)npy — g1 2u+v)+ (u+nv)or +6y),
4.1. Continuous time series solution and vaccine efficacy
c=pu(u+o)u+vg (R — 1.
From Eq. (13), A, = 0 which yields the DFE. The equation To illustrate the fundamental mechanisms driving the model dy-
ar? +b(il'* +c’— 5lad;1its a uni Ze non-ne ative' solutio(rll when namics, we generated figures through numerical simulations to show
RS1> 1 S1 - 4 & the impact of different vaccine efficacy levels. The model parameters
> L o
used are detailed in Table 3.
(b) To find &5 when I, = 0, we set the right hand sides for the model

(1) equal zero.

A= (X5, + 1) S*+oR =0, 14)
Ky S* = kyIs =0, @15s)
TZI; —(u+0)R* =0, (16)

We simulate the model using MATLAB to visualize time series
solutions for scenarios with both low and high vaccine efficacy against
COVID-19 strain 1. Fig. 2 displays only the infective classes, with panels
(a) and (b) representing low and high vaccine efficacy, respectively.
As anticipated, a high-efficacy vaccine (residual infectivity n = 0.13)
is more effective in reducing the spread of strain 1 and co-infection
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Fig. 2. Number of infected when applying vaccine with (a) residual infectivity n = 0.13,

Ry =R, = 1.5283.
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which implies R, = R, = 0.3312 (b) residual infectivity » = 0.6, which implies

-0.5

0 0.5

The longer the bar, the more influence that parameter has on R,.

log(R,)

log(R,)
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0.6 0.8

0.2 0.4 0.6 0.8
Residual infectivity for vaccinated (n)

1

Fig. 4. Scatter plots displaying the PRCC values for each parameter.

compared to a low-efficacy vaccine (residual infectivity # 0.6).
However, both panels highlight the significance of considering co-
infection in modeling COVID-19 dynamics—a key disease class that was

not addressed in previous studies.!6-21,4
4.2. Sensitivity analysis: Parameter-induced variability in R,

Given the uncertainty in parameter values, we perform a sen-
sitivity analysis to see how changes in these parameters might af-
fect the model’s effective basic reproduction number (initial disease
spread). We use Latin Hypercube Sampling and partial rank correla-
tion coefficients (PRCCs) for this analysis. Latin Hypercube Sampling
helps explore how the outcome changes when input parameters vary,
while PRCCs measure how sensitive the outcome is to each parameter,
whether it increases or decreases. For more on this method, see.”3°%

Fig. 3 shows the PRCCs for each parameter. With y constant,
disease-induced mortality rates range from 0 to 0.05, and other param-
eters range from O to 1. Three key parameters affect the basic reproduc-
tion number (R,): the contact rate for strain 2 (f,), the recovery rate for
strain 2 (z,), and the vaccine’s effect (). Parameters with PRCC > 0
increase R, when their values increase, while those with PRCC < 0 de-
crease R, when their values increase. Small changes in 4,, 7,, and # can
significantly impact R, potentially shifting it from above one to below
one. To manage COVID-19 effectively, it is crucial to reduce the contact
rate for strain 2 (f,), improve the recovery rate from strain 2 (z,), and
ensure high vaccine efficacy against strain 1 (). Fig. 4 is based on 1000
Monte Carlo simulations using parameters from specified ranges.
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Fig. 5. Optimal vaccine with low efficacy.

5. Optimal control strategy

Public health policy and decision makers must make informed
choices to effectively implement key intervention strategies and allo-
cate resources.® Implementing control measures is essential for select-
ing the best approach to managing infectious diseases.’*°-58 In this
regard, we consider vaccination against COVID-19 strain 1 and intro-
duce u(t), a time-dependent control variable, to replace the constant
vaccination rate v. If u(r) is an integrable function of time, we can define
the total cost functional for a finite vaccine and implementation period
T. This leads us to develop an optimal control model incorporating this
time-dependent control variable.

T A
J(w) = / (AIII + Ayl + Aplps + Tu(u(t))z)dt (19)
0

To balance the terms in the cost functions, we use the constants
Ay, Ay, Ay, and A, as weights. The choice of non-linear control efforts is
made for technical reasons, while the quadratic control function helps
manage the logistics of delivering large quantities of vaccines.

To establish the necessary conditions for the optimal control u*, we
utilize Pontryagin’s maximum principle,°® which provides a fundamen-
tal mathematical approach for this analysis.

J(u*) = min J(u), (20)

ueV

in the feasible region
V={u:0<u<l},

with u being a Lebesgue measurable function. Here’s an alternative
version:
Consequently, we minimize pointwise the Hamiltonian
4 6
H = Al + Ayl + Al + S0 + 3 pi(0g;, @1
i=1
where p;, g, i = 1,2,...,6 represent the adjoint functions and the
right-hand sides of the system equations, respectively.
According to,?° if the optimal control * and the corresponding state
¢* form an optimal pair, then there must exist a non-trivial adjoint
vector p = (py, p,. ..., Pg) that satisfies the following conditions:

do _ oH(@u.A)

dt dap

dp _ _ 0H($u.p)
dr 0p
OH@ap) _ ()

du

Partial Differential Equations in Applied Mathematics 12 (2024) 100945

Table 4

Initial conditions.
S5(0) 10,000
¥,(0) 2
1,(0) 20
1,(0) 20
1,,(0) 20
R,(0) 0

which after derivation implies

u* =0, if % <0,
o<w <1, if 2=,
*=1, if >0
with C;,i = 1,2,...,6 given in the Appendix, the following theorem

regarding the necessary conditions for the Hamiltonian is applicable.

Theorem 3. Consider an optimal control u* and the corresponding solution
¢* for the state Eq. (1). There exists an adjoint vector p that satisfies the
following adjoint system of equations:

dp;

E=Ci’i=1’2’“.’6’ (22)

where p;(T) =0,i =1,2,...,6 represents the transversality condition at the
final time T. Additionally, the optimal control u* is given by

- p)S
u* :min{max{%ﬁ},l}. (23)

u

Proof. Here’s a completely rephrased version:

The adjoint system of equations is derived by differentiating the
Hamiltonian (21) with respect to ¢ (using Mathematica software). This
gives the equation ‘;—’,’ = —%ﬁ;‘"’), with transversality conditions p(T) =
0 at the final time 7.

The optimal control u* is derived by applying the optimality condi-

tion % =0 to the Hamiltonian. This condition yields:
oH (1 = P)S

T =uA, - Sp, +Sp, =0y = L 2

ou uay, P P> u Au

By utilizing the properties of the control space V, the control can be
expressed as follows:

0, if (p1—p)S <0,
ut=q ul,  if 0<(p—-p)S<A,
1, if (pp—p)S>A,.

This can be expressed in a more compact form as given in Eq. (23). [

. . . . . 2
Next, we examine the second derivative of the Hamiltonian % > 0.
Since,

the optimal control is indeed a minimization.
5.1. Estimating optimal solution

To estimate the optimal solution, we employ the forward-backward
sweep method described in,°° combined with the Runge-Kutta fourth-
order technique®! to solve Eq. (20) under the initial conditions specified
in Table 4, while incorporating the vaccine rate u(¢). Similar techniques
can be found in.°>%® Numerical simulations are then conducted to
determine the optimal amount of vaccine required to manage COVID-
19 within a finite time period. The process begins with an initial control
guess of v = 0 using the parameter values listed in Table 3 and
the initial conditions provided in Table 4. The weight constants are
assumed to be A; = 1000, A, = 1000, A, = 2000, and A, = 30.
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Fig. 6. Left panel: the cost of the vaccination campaign. Right panel: time evolution of the number of infected for both optimal vaccine (u*(r) = 1) and constant vaccine (u = 0.5).
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Fig. 7. Optimal vaccine with high efficacy.

The MATLAB simulation code operates as follows: First, the fourth-
order Runge-Kutta method is employed to solve Eq. (1) using the
initial conditions specified in Table 4 with the period T = 100 days,
and step size 0.01. The resulting state values are then used to solve
the adjoint Egs. (22). These adjoint equations, with final conditions
set to zero, are solved backward in time using the same fourth-order
Runge-Kutta method. The solutions to these adjoint equations are then
applied to update the controls as specified in Eq. (23). This iterative
process continues until the current state, adjoint, and control values
converge sufficiently close to the values from the previous iteration.
Finally, the optimal vaccination levels required for the two scenarios
are determined.

(1) Low vaccine efficacy n = 30%
Fig. 5 displays the optimal vaccination strategy «*(r). highlighting
the need for full vaccine coverage throughout the entire 100-day
period, where u*(f) = 1. Panels on the left and right in Fig. 6
compare the costs and infection rates under two scenarios: the
optimal vaccination strategy and a constant vaccination approach
with u(r) = 0.5. It is clear that the optimal strategy markedly

decreases both the number of infections and the associated costs
compared to the constant vaccination approach.
(2) High vaccine efficacy n = 13%

Fig. 7 illustrates the optimal vaccination strategy u*(r). It shows
that full vaccine coverage at u*(r) = 1, s crucial for the first
98 days with coverage gradually decreasing to zero by day 100.
Figs. 8(a) and (b) present a comparative analysis of both costs and
infection rates, for the optimal vaccination strategy and a constant
vaccination approach with u(f) = 0.5. The results clearly demon-
strate that the optimal vaccination strategy leads to a significant
reduction in both the number of infections and associated costs
compared to the constant vaccination approach.

6. Conclusion

COVID-19 spread rapidly worldwide when it emerged and has
caused significant morbidity and mortality, as well as economic hard-
ship. Very effective vaccines have been developed, but when first
deployed, other highly infectious variants of the disease for which
these vaccines were less or not effective started emerging. In,'%2! 2-
strain of COVID-19 models are formulated, but the models did not
account for the co-infected classes. To fill this gap, the present study
included individuals co-infected with both COVID-19 strains 1 and 2.
Standard routine theoretical analysis of the model is presented: The
effective reproduction number R, is derived using the next generation
matrix approach. The disease-free equilibrium is stable if R, < 1, and
unstable otherwise. The complexity of the proposed model preclude
the investigation of the stability of the endemic equilibrium of the full
model, and for this reason, only the sub-models endemic equilibria are
analyzed. Whenever R; > 1, and R, > 1, stain 1 only, respectively
strain 2 only has a unique and stable endemic equilibrium.

The model simulations as expected support the fact that highly
effective vaccination helps to mitigate the spread of COVID-19 strain
1 and the co-circulation of strains 1 and 2 in a considerably shorter
time frame compared to the low-efficacy vaccine. Thus, individuals
harboring both strains of the disease should be given prominence as
neglecting the co-infected class could be a drawback in the implemen-
tation of intervention measures, especially when multiple strains are
co-circulating. Sensitivity analysis reveals that the main drivers of the
effective reproduction number R, are primarily the effective contact
rate for strain 2 (f,), the strain 2 recovery rate (z,), and the infection
reduction due to the vaccine (). This results agrees with the findings
in'® that implementation of intervention measures targeting contact
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Fig. 8. Left panel: cost of vaccine. Right panel: number of infected for both optimal vaccine and constant vaccine (u = 0.5).

reduction (e.g., social distancing), mass vaccination and treatment will
greatly help in curbing the spread of the disease.

The model has some limitations, which include, but are not limited
to, the assumption of homogeneous mixing within the population. This
assumption simplifies the analysis but may not accurately capture the
complexities of real-world interactions influenced by factors such as
geography, age, and social behavior.

The proposed model which is not exhaustive could be extended to
include the more than one strain (multiple) strain of COVID-19, with
all the vaccination boosters (3 booster after the first dose) since a single
dose of the vaccine proved not sufficient to control the rapid spread.
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