
3.4 R egu la r  Econom ies. Regular economics were introduced into economic the- 
o r  by Debreu [3]. They capture the desired properties o f existence and stability o f 

equilibrium prices. (There is a an intimate relationship between the theory o f regular 
economies and methods of computing economic equilibria. We are however unable 
to examine this relationship more here. See for example Smale [27], Smale [31] and 

Eaves and Scarf [9].)

The following analysis depends on the marginal rates of substitution for each agent. 

Such marginal rates of substitution are defined as

g, (x, )  =  A, £>«,(*,)

where ,\, is chosen so as to normalise Du, (x , ) .

Let

(3.2) t/’u : S  -> (.S’ ) ” ‘+1 : (* ,p )  «-4 ( f l i ( * i ) ........0m (*m ).P ).

(.S' the unit spere in R '). By the hypothesis ( ( ” ), this expression is not zero. Note 

that v'u is f ’1 ;i»d . particular, differentiable at points on the boundary <>( .S,

To obtain a large set of economies which have a finite number o f extended price 
equilibria, all of them “stable” with respect to changes of endowments and utilities, 

a set o f utility functions which must first be excluded.

Define the diagonal o f (,S’ )m+l to be

A  =  | ( i l l ........J/m + 1) € ( . S ' ) " 1 |.l) l  — • • • =  J/m + 1 }•

Then ( x ,p )  satisfies (C )  if and only if i,’tl(.r) € A . C-,71 ( A ) is a neat submanifold of 

5  (see theorem 2.15).

We say v\ is transversal to A  if. for each s with Vu(£) =  W € A . the image o f l>ti’u{s) 
and Ty (A )  as subspaces of T y(S )  span T „ (<S).

V'u (ti A  is a condition on the t cond order derivative of the utility function and 
hence a restriction on the curvature o f the indiffeietice surfaces. I li»- transversality 
requirement can therefore be considered a.s a generalisation of the requirement that 
the preferences o f the agents give rise to f '1 demand functions. As we shall see in 

the following proposition, the notion o f transversality is not very restrictive.

P rop os it ion  3.2. Let >' =  ( » €  { l r) " ‘Wu <ti l'hen, ) is open and dens.' in
(F ) ” ‘ and contains the set of m -tuples of utilities which define C 1 demand functions.

Proof. Openness and denseness are a direct consequence of the I hom rransversality 

Theorem 2.23 (set C " ( P ,  R )m equal to ( " ( P .  R m) and work with ./ '(/ \ R " ‘ ) ).

To verify the last part o f the proof, we say that a utility function u R defines
a demand function f  : .S' > R+ -> P  if there is a well defined function

f ( p .  w) =  maximum r  of u on the set {g € P\p(y)  =  i" }.

In particular, the map o  : P  —> A’ x R + defined by

4>{x) =  { \ D u ( x ) ,  A i i ( j-) ( -r) }
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must be locally invertible if u defines a C 1 demand function, that is. the derivative 

D<t>(r) o f (?) at each point must be a linear isomorphism.

Under these conditions the composition 

is surjective.

If this is true for each ti,, it follows that 11\ is a regular map (surjective derivative 

everywhere). This implies V'u is transversal to A .

Therefore, if u, defines a C l demand function, then i.'u is transversal to A . □

R em ark  3.3. Suppose D u ( x )  € P  for all x 6 P.  Then a necessary and sufficient 
condition on u in order tliat it defines a ( ’ * demand function at x € P  is that 
the second derivative D 2u (x) restricted to k e t ( I ) u ( X ) )  is negative definite fas a 
symmetric bilinear form).

P rop os it ion  3.4. dim( r ~ ' (  A ) )  — m + 1 — I.

Proof. Theorem 2.15 (and its proof) says that if r u fh A  then «,•"* ( A )  is a submanifold 
o f 5  with codimension t> ~ '(A ) =  codimension A . □

Let f =  { ( r . x . p )  € (/■’ )'" x iS'|(x,;>) 6 E r } Then T consists o f all the initial alloca­
tions and their poss'ble attainable states.

P rop os it ion  3.5. The following conditions hold :

1. T is a submanifold o f ( P ) m x o f dimension '2ml — m: and
2. the projection : ( P ) m x -> $  restricted to P is a regular map (that is, at 

every point of P. the derivative is surjective).

Proof. Consoler the map 0 : ( P ) m x .S —> E 1 x R ” ‘ -1 defined by

0 ( r , x , p )  =  E * ,  -  ^ r , : ; ) ( x , )  -  / * (r ,);... ;/>(x,„_,) -  ;>(r„._, )^ .

We claim that $ is a regular map. Its derivative at (r, x .p )  is given by

r > 0 ( r , x . p ) ( r . x , p )  =  ( ] P i ,  - ^ T r ^ x ,  -  r , )  +  / . (x ,  -  r , ) ; . . .  ;

;i(xm_ j -  rm_ j )  +  p ( i m_ i -

This has the following meaning : ( r , x ,p )  is a tangent vector of ( P ) m x 5  at (r, s,p) .
Thus f  =  ( r i ........f m) can be interpreted as an element o f ( R 1)”1./-, € R 1. similarly.
x is an element o f (R ,) " ‘ and p is a sector in R 1 perpendicular to p.

To show that 0  is surjective, it is sufficient to solve the following system o f equations 
for a given a 6 R1 and real numbers b\........

p(xt -  r t) 4 p(xt -  r,) =  bt i =  1, . . .  , m -  1.
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For this, set p and x, =  0 for all i. Then let r, satisfy p (r , )  =  b, for t =  I. 

(which we can do since v ^  0) and

m — 1

f m =  Y ,  f >-

Thus 0 is regular and F =  0 - 1(O) >s a submanifold o f the required dimension.

To prove the second part o f the proposition, we note that the tangent space T(r r ( T ) 

c  T(r,J-,p)((P)m x S) may be described as

{ ( f . r . p )  € (R x (R ')m x =  Z  r ' :

p(x,  -  r,) -(- p{x, -  f j )  =  0 for i =  1, . .  . i »  -  1}

where Sp =  {p  € R* | pJ-p}. To see 7r,s|r : T —*■ S  is regular, it suffices to show that 
given ( r , x , p ) , x  and p, the following can be solved for r

Yi*' =
p(x,  -  r , ) +  p(x,  -  f . )  =  0 ( = 1 ........in -  1.

This can be done by choosing r,, i =  1........in -  1 such that p(r , )  =  p{j-,) />(x, -  r,)
(which can be done since p^t  0) and then letting

m m — 1

f m =  * ' ~  r '
r = l  1=1

and the proposition is proved.

C o ro lla ry  3.6. Let «  € 1 . Then Z H =  { ( r ,x ,p )  € I' | <i'„(x.p) € A }  is a submani­
fold of f ’ o f dimension ml.

Proof. By proposition 3.2, v<u is transversal to A . The composition I <—* ( P ) m x 

<S — i  iS is regular by It foliws that the composition

r  w  (/ ’ ) ’" X 5  5  A  (,s,)” ‘+l

is transversal to A . Now by proposition 3.4 we are done. □

D e fin ition  3.7. An economy (r, u) will be called ni/ultir provide!I

. u € V
2. ttq restricted to Z u has r as a regular value where ffy : (/ ’ )” ‘ x iS' —> ( is 

the projection.

3.5. E xistence o f  E qu ilib ria . To prove the existance o f economic equilibria we 
make two assumption which will not be required for the stability section hereafter.

The boundary condition is a condition on the pair (r, u) € I ’ * I

B C : For each j  € i )P ,  l ) u ( x ) ( r  -  j-) > 0

The boundary condition has the effect o f making the indifference surfaces become 

parallel to the boundary as they near infinity,

Next, say that u € I satisfies the monot illicit y hypothesis if
41
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M H :  Du(x) 6 /' for all x € P

In what follows, this could be weakened to

M H ':  There is an open half plane // in R ‘ and [ ) u ( x ) € // Vx €

Lot J  =  { (r .  u) 6 ( P ) m x ( l ' ) m I f ° r eacl> * ' “ i satisfies (M H ) and ( r ,. « , )  satisfies
(B C ) }. Here, r =  ( r , ........rm) and u =  .... .........um). No assumption o f convexi*;
on the utility functions is needed. If. however, one assumes enough convexity such 
that tlie utility functions define C'x demand functions, we show that the extended 

price equilibria are the classical ones. Thus let JFr C T  l>e the set o f all economies 

which satisfy the additional convexity hypothesis

C H : For each x € /’ , thp restriction D 2u , ( X ) Itn-Dui*) is negative definite.

That is. u, locally defines a C 1 demand function (see remark 3.3).

Stated formally, the main existence theorem is

T h eo rem  A  (Smale [2.r>]). The following conditions hold :

1. An economy (r, u) in T  has an extended price equilibrium.
2. An economy in T  lia.s a classical price equilibrium (and in fact, everv extended 

price equilibrium is classical and conversely).
:t. If in addition (r, u) 6 T  is regular, then there is an odd number o f price equi­

libria (x.p)

The extended price equilibria o f the theorem have the property that all o f the x, 
are in the interior /’ o f P. (See Dierker [7] for a related article relating to demand 

funcitons.)

We begin with a preliminary lemma. In this section on existence we work in the 
C i ( P , R )  topology10 . Since R ’ is a metric space, the weak topology coincides with 

the compact open topology (see §2.2.1).

P rop os it ion  3.8. The following conditions hold :

1. /" is arcwi.se connected .

2. If (r, u) € T  and (x./j )  is an extended price equilibrium for the economy 
(r, u ),x  =  (x .......x ,„) then there is no x, € OP.

3. There is a regular economy (r, u) € T  with precisely one extended equilibrium.

Proof. Let ( r , « ) ,  (r', u') 6 T .  We construct an arc in T  connecting (r. it) to (r. u')
and another connecting (>, « ')  to ( r', « ' ) .  Let r =  ( r i , . . .  , rm), u =  (u i ........« „ , )  etc.
For each 0 <  t < 1 and for each i =  1........m let u,,( s  tu, +  (1 -  t)u[. Then u,j is

in ( ' 2(P ,  R ) for each t. It is also continuous in t 11 . For each x € P.

D u , j ( z )  =  l l )u , (x )  +  (1 -  l )D u 1,(x) .

thus /hi, , (x)  ^  0 using the monotinirity hypothesis (M H ). So u, € I ■ At the same 

time we see that tt,, itself satisfies the monotinicity hypothesis. We can check directly

,0By linearity this is defined in terms of neighbourhoods of zero. Let l\\ =  ( r  € /’ | ||r|| <  

q ) it =  1.2,. . A neighbourhood A',., of 0 is defined by some « >  0 and siiiih q =  1.2. as 

folows. g e S , if. for all j- € the C 2 distance to </(x) is less than t



that the boundary condition (B C ) is true for ( r „  « , , )•  Thus we have constructed an 

arc (r. u,) in T  from (r, u) to (r. u')

Define r , t =  tr, +  (1 -  t)r[. Again (BC’) is satisfied for each (r,. . u') and we have 

found anarc between ( r , « ' )  and (r '. u'). Thus T  is arcwise connected.

Consider the second part of the theorem. If (x,p)  € Eel ( r,u) .  then ior each i -
I ........m , p (r , -  x,) =  0 and hence Du,(x, ) ( r ,  -  x,) =  0. Therefore, by (BC ).

x, OP- This proves the second part.

Finally, define u* : > R by
I

u ' ( x ) = n ^ , + i )
t=i

and r" € P  by r* =  (/....... /). Then we claim (r*. u’ ) satisfies (B ( ) find u satisfies

(M H ). Differentiating gives

J u * (x ) =  ( [ ] ( > ■ '+  I ): - T I ( +  ' M  ’
\J9*1 J*1 /

Clearly. D u '(x ) € P  for each x € P  (in fact. Du ' ( x )  6 P )  and so (M H ) is satisfied. 

To checi. (B C ), observe

Du‘ ( x ) ( r ' - x )  _  I - x 1

l l ’ ( x )  X 1 +  1 X1 +  1

thus it is sufficient to show

1 I !— T*

1=1 1=1

provided x € /' or at least one o f the x' is zero. Suppose x k =  0. Then

' / ' T-y  _ L . > / > y  JL-.
L-* X' +  1 X' +  l
1 = 1  1 = 1

Now choose ( f , i i )  € C with r — ( r\........rm) =  (r * .........r* ) and it =  ( « i ......... “ ml =
( « * , . . . , « * ) .  Then it is easy to see that the economy ( r ,u)  has a unique price 

equilibrium (x, />) with x =  r, p — (1 ........and i:- regular.

Proof of Theorem A. We prove the first par' o f the theorem by a degree argument. 

For each (r. u) € T ,  define /i(r,u) : ^  ( .S )"*■*■' x R ( x R  ‘ by

/*(r.u )(* .P ) =  f V » » ( * . P ) ; £ * i  -  ~ P ( r ;

p ( * » . - l )  ~  P{r in- I ) )  •

Where v u is defined in equation (3.2).

Then, (x .p ) € E „ ( r ,  u) if and only if % . „ ) ( * , ? )  H A x O x O # 0 .  Furthermore, if 

(r, u) is regular, then /J(r,u) >s transversa to A  x 0 x 0.

11 T h is  would iiu, ,»e true if we w ere  working, in < ? ( P . K ) .
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From the fact that (r, u) € T ,  f3{r<u)(dS)  n A x O x O  =  0. and the degree of /i(r,u) is 

defined. If (r, u) is regular, the degree is the number o f points in /3(~ ‘u)(-^ x 0 x 0), 

each counted with the appropriate sign. By the third part o f the proposition, the 
degree o f 0 ^ ^  is one: Now the degree is a homotopy invariant, so that the degree 
o f each /3(r,u) is one if (r, u) € T .  So the first part of the theorem is true (if ErT(r, u) 
is empty, then (r, u) is a regular economy !).

The third part o f the theorem follows similarly.

"Hie second statement is a consequence o f the fact that under the hypothesis (r, u) € 

T e, every extended price equilibria is calssiral (u, must be a maximum at x, on the 
budget set by the second deritive condition). This proves the theorem.

3.6. F in iteness and S tab ility  o f  the E xten ded  P r ic e  E qu ilib ria . For the re­

mainder of this section we will not require the the boundary condition (BC1) nor 
th° monotinicity hypothesis (M H ). We shall also work with the strong topology on 

C'2(P .  R).

P rop os it ion  3.9. For a regular economy (r, u), the set o f extended price equilibria 

EeT(r, u) Is a finite set which moves continuously in (r. « ) .

E rj-(r, it) is called stable if it moves continuously in (r, v). We mean here that if 
(ro, «o ) >s a regular economy, then the extended price equilibria may be labelled 

ft(ro , uo M  =  Furthermore, there is a neighbourhood X  o f (ro, uo) i '1
( P ) m y ( U ) m and continuous functions r. : X  —> S . i  =  1........k such that the
fr,(r, u) label precisely the elements o f Eed.(r, u). Also, the elements o f ,\ are regular 

economies.

Proof. The manifold Z u has dimension ml, the same as dimension { P ) " ‘ . Since r 
is a regular value of 7Ty | Z„, the inverse image of this map, by theorem 2.14 is a 
submanifold o f dimension zero, that is a discrete set. By the definition, this set is 
EeJ(r, u). Since this set is bounded, it is also finite. Also, by Sard’s theorem (2.17), 
the set of critical values o f vq \ Z u is closed nowhere dense and of measure zero. 

Finally, the implicit function theorem gives the stability property.

Thus, the subset o f regular economies O  is dense in the spare t' o f all economies. 
Thus we have shown :

T h eo rem  B (Slliale [26]). For an open dense subset O  o f economies in £, the set 
o f price equilibria is finite and this set, is continuous in the parameters (r, u) o f the 

economies in O.

R em ark  3.10. If (r. u) is an economy and ( r ,p )  € £’tr (r , u). then by definition, s, 
is a critiral point o f u, on the plane {y  6 P\p(y) = }>(r:) } .  If ( r ,u ) is a regular 

economy then x, is a non-degenerate cutical point o f u, on this set,. (The converse 

is false, see Smale [25]).
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4. Sc a r f ’s E x a m p l e

We Know that a smooth gradient field on compact manifold must have at least one 

locally stable equilibrium. More generally, let v be a differentiable vector field whose 
vectors at each point form an acute angle with the vectors o f a gradient vector field 
w and whose singularities coincide with those of w. Then v need not be a gradient 

field with respect to any Riamannian metric but still has a locally stable equilibrium. 
Also v admits no kind o f recurrence because “potential energy” decreases over all 
points except equilibria so, in particular, v had no closed orbits. Such a vector field 

v would be ideal to model economic equilibria because, for Adam Smith’s invisible 
hand theory to hold, at least one o f the price equilibria must be a local attractor.

In this section, however, we outline the construction o f an excess demand function 
/ whose behaviour will be far from that of a gradient field12. In particular. / will 
have a unique repelling equilibrium and an attracting closed orbit. / will also stable 
under perturbations and therefore cannot be dismissed as atypical. This example is 

due to Scarf [23]. Graphically, it looks as follows :

St a r f 's  Exam ple

As a consequence of ti e properties o f the utility functions which we shall construct, 

the vector field / that we discuss will satisfy the following conditions :

W : p ■ f i p )  =  0 for every p 6 S.
B: There is a k € R  such that for every p € .S' each component o f f (p )  is bounded 

below by k.
D : If the sequence (p ,) 6 .S' converges to pu € .AS', then ||/(p.,!|] -*  oc; (that is. 

the sum o f the components tends to infinity).

Condition (W ) is Walras' law while (D ) is a <U simbility condition. Together (D ) and 
(B ) imply that / “points inward" near (IS. Consider the following proposition :

P rop os iti" iii 4.1. Assume that / is C 1 and satisfies conditions (\V), (B ) and (D ). 

If the evolution o f the economy is described by the differential equation13

(4.1) P = ^  =  /(P).

then no point p € .S’ approaches tJS .

l2N'ot all forces In economics are conservative !
l3SoIution.s of equation (4.1) can be tliuugli of as price adjustmenti where a positive excess 

demand for some Rood raises the price of that guod
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The results o f §5 will be far more general than those presented here and therefore 
we shall not spend an undue amount of time on the proofs o f this sections results. 

A full proof can be found in Scarf [23].

Proof. The proof consists o f the following three observations :

1. no integral curve converges to a point on dS\
2. it is impossible to linger around the boundary for a long time: and
3. there is a compact neighbourhood in .S' around the centre

{ 7 1 .......7 i)
o f .S’ which no integral curve upon entering can leave.

□

For an economy with only two commodities, an excess demand functions / which 
satisfies (D ) must be a gradient field. Therefoie Scarf’s example will not work in 
that case. The argument will however make extensive use o f the fact that dim .S' =  2 
and will therefore only in the three commodity case (Indeed, Dierker [7] shows that 
for an odd dimension o f .S' a unique equilibrium cannot be completely unstable. This 
is due to the fact that the Euler characteristic vanishes on compact manifolds of odd 

dimension).

The only restriction on th“ number o f agents in the economy we are about to con­
struct is that it be greater that or equal to the number o f commodities. For con­
venience we shall assume there are three agents involved. Agent I holds an initial 
endowment (r { . r f , r ^ )  6 P  close to (0.0.1) and has utility function

where o >  1, b >  1̂ r  and o ' >  0. i — j .2 .3  is such that ( o ' . a v r 1) is close toa — l

{b, 1.0).

This utility function is strictly monotone and defined on the open consumption set 
P  and generates a demand function.

The characteristics from agents 2 and 3 are obtained from those o f agent 1 by t cyclic 
permutation o f the indices o f the three 'ommodities. By symmetry. ( ^ » ,  4̂ -. ) is 

a fixed point of /. It is a repelling fixed point as can le  seen in the following way. 
Compute the demand o f agent I for the case that

(4.2) (rvVo V * )  =  (b, 1.0) and (r { ,  r?,r?) =  (1.0. 0).

Use symmetry to obtain the excess demand function and evaluate its Jacobian at 

Vs' ^ 3' ^ IP e‘RPnvalues ° f  this Jacobian matrix at the equilibrium consist of a 
pair o f complex conjugates with positive real part. This means that each point near 

the equilibrium moves along a spiral.

Under assumption 4.2 direct computation yields that

^  >  0 on .S’ .
Op I
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Assume that there is another equilibrium ( y ' , y 2,y 3) 6 S. Then, by symmetry, 

(y3, y ' . y 2) and (y2-!/3-!/1) arp also pquiiibria and we can assume, without loss o f 
generality, that y 1 >  y1 >  y3 and y 1 #  y3. Now 4.3 implies that /2 increases if 
commodity i becomes more expensive and we get fa( y ' , y 2,y3) 7̂  0 which gives a 

contradiction. Thus ( j . ,  ^ - )  is the only equilibrium for this economy.

Any sufficiently small perturbation o f / in the f 1 topology will not alter the nature ol 
the existing equilibrium nor will it introduce a new equilibrium. Frot.i the Poincare- 
Bendixon theorem we know that a vector field with a unique completely unstable 
equilibrium has a closed orbit. The Poincare-Bendixon theorem is however restricted 
to surfaces and hence we have made esse; iial use o f the fact that we have exatth 

three commodities

This example shows us that mathematical relations which apply to equilibria o f a 

gradient field cannot readily be used in economic theory. One might, however, object 
to the phei omena in Scarf's example on the grounds that such a dynamic would not 

occur under «  more "realistic" adjustment process. This stance then compels us to 
examine properties that a vector field on .S' must posses to be interpreted as an excess 

demand function. We investigate this question in the following section.


















