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ABSTRACT
The Extended Cox model provides an alternative to the propor-
tional hazard Cox model for modelling data including time-varying
covariates. Incorporating time-varying covariates is particularly ben-
eficial when dealing with survival data, as it can improve the pre-
cision of survival function estimation. Deep learning methods, in
particular, the Deep-pseudo survival neural network (DSNN) model
have demonstrated a high potential for accurately predicting right-
censored survival data when dealing with time-invariant variables.
The DSNN’s ability to discretise survival times makes it a natural
choice for extending its application to scenarios involving time-
varying covariates. This study adapts the DSNN to predict survival
probabilities for data with time-varying covariates. To demonstrate
this, we considered two scenarios: significant and non-significant
time-varying covariates. For significant covariates, the Brier scores
were below 0.25 at all considered specific time points, while, in the
non-significant case, the Brier scores were above 0.25. The results
illustrate that the DSNNperformed comparably to the extended Cox,
the Dynamic-DeepHit andmulitivariate joint models and on the sim-
ulated data. A real-world data application further confirms the pre-
dictive potential of the DSNN model in modelling survival data with
time-varying covariates.
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1. Introduction

In the estimation of survival probabilities, there has been extensive utilization of both semi-
parametric and parametric models, including the Cox proportional hazard (CPH)models,
generalized additive models, and the logistic regression model [27,30]. Although para-
metric assumptions are generally thought of as being inadequate for the analysis of large
datasets, censored survival data has frequently been analyzed by the semi-parametric Cox
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Proportional-Hazards (CPH) regression model. This model evaluates the effects of covari-
ates on survival times by estimating hazard functions. The hazard ratio is assumed to be
constant over time for any two subjects [19]. The Cox regression imposes constraints on
the model, ensuring that a particular feature’s influence does not change over time [22].

Considering that each covariate must satisfy the Proportional Hazards (PH) assump-
tion, this assumption is restrictive in real-world applications [22] and becomes question-
able when dealing with a large number of covariates [42]. Over the years, efforts have been
made to extend the Cox model to include predictors that do not satisfy the PH assump-
tion. When the PH assumption of the Cox regression model is violated, the influence of
the covariate is said to be time-varying. A covariate that changes over time throughout the
follow-up period is said to be time-varying [41]. Investigators often model the covariate’s
baseline value and ignore the covariate’s change with time. According to Kalbfleisch and
Prentice [15] there are two types of time-varying covariates namely; internal and external.
Internal covariates are those that can be affected by the survival status and they can be
impacted by the failure process. The CD4 (cluster of differentiation 4) counts, procedural
history, blood pressure, and the Karnofsky score are known examples. On the other hand,
external covariates can directly affect the failure mechanism without being involved in the
failure mechanisms. Examples include; an individual’s age in a long-term follow-up study
or the amount of pollution in the air as a factor that can trigger asthma attacks. There
are alternative ways to adjust the Cox regression model to accommodate these types of
covariates, namely; stratification and extending the Cox proportional hazards model [17],
respectively.

The alternatives to parametric and semi-parametricmodels that have been used in prac-
tice include several traditionalmachine learning techniques such as the nearest neighbours,
kernelmethods, penalized least squares, neural networks (NN), and data partitioning tech-
niques such as classification and regression trees (CART) and Random forests [6,13,26].
However, new developments in deep learning, whichmake use of advanced neural network
designs, have gained popularity for estimating survival probability [20,22,38]. Deep neu-
ral networks (DNNs) have, in particular, been merged with discrete-time survival models
to efficiently model survival data [2]. For instance, Nnet-survival is a discrete-time sur-
vival model specifically developed to integrate with NNs [9]. Fotso [8] proposed the neural
multi-task logistic regression (N-MTLR)model as its base and a deep learning architecture
as its core for modelling discrete-time covariates. As an alternative to the traditional meth-
ods of estimating the hazard function, Luck et al. [22] formulated a novel deep learning
approach that directly models the survival function. This technique, which is based on the
idea of multi-task learning, was created for predicting the survival times of graft patients.
Lee et al. [21] developed a novel deep learning architecture designed to perform survival
analysis with competing risks, incorporating longitudinal measurements.

In the DNN framework for survival data modelling, the follow-up time is divided
into predetermined intervals. The conditional hazard/probability is then estimated for
each time interval [9]. The DNNs’ discrete-time models are more flexible than the Cox
model and it does not depend on the PH assumption [42]. Bayesian and non-Bayesian
DNN for survival data have been developed. However, their performance in predicting
survival probabilities had until recently provided mixed results [23,29,36]. These mixed
results arose from the architecture and the loss function used while building the neu-
ral network. Additionally, when using censored observations, outcomes are only partially
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observed,making it challenging to directly use conventional deep learning algorithms [32].
In order to address this issue, Steingrimsson and Morrison [32] created deep learning
algorithms that were specifically designed for potentially censored outcomes. These algo-
rithms address censoring by using a censoring-unbiased transformation in place of the
unobservable loss function generally employed when there is no censoring.

These techniques are then used to calculate both the restricted mean survival and the
survival probabilities. To handle censored data, DNNs such as recurrent neural networks
[10] convolutional neural networks [43] require cost functions. However, Zhao and Feng
[42] and Feng and Zhao [7] avoided the problem of using censored data by using the jack-
knife pseudo observations in place of the observed survival times. The pseudo values are
then used as the quantitative response variable in a regression analysis based on the DNN.

To build the neural networks introduced by Zhao and Feng [42] and Feng and Zhao
[7], jackknife pseudo survival probabilities of the existing datasets are created first using
the discrete-time survival framework, and then a new regression outcome is created. A
DNN model built using the new outcome variable has the potential to correctly model
time-varying predictors and time-varying effects. However, there have not been studies to
examine how robust these neural networks are in situations where the survival data has
complex time-varying predictors and time-varying effects.

In this article, we first adapt the Deep Neural Network (DNN) architecture intro-
duced by Zhao and Feng [42] and its extension by Feng and Zhao [7], known as the
Deep-Pseudo Survival Neural Network (DSNN) model, to accommodate time-varying
covariates.We then compare the performance of thismodifiedDSNNwith existingmodels
for time-varying covariates, including the extended Cox, Dynamic-DeepHit, and the mul-
tivariate joint models, for predicting survival probabilities in the presence of time-varying
predictors.

The rest of the paper is structured as follows: Section 2 introduces the extended Cox
model, Dynamic-Deephit, the multivariate joint model, and the DSNN. Section 3 is ded-
icated to an extensive simulation study. In Section 4, we analyze a real-life dataset to
assess the practical effectiveness of deep neural networks. Finally, the paper concludes with
Sections 5 and 6, where we provide our conclusions and engage in discussions.

2. Methodology

In this section, the Cox model and the extended Cox model are briefly presented. Next,
the Dynamic-Deephit model, the multivariate joint model, the deep-pseudo survival neu-
ral network (DSNN) are introduced and finally, the estimation of pseudo-conditional
probabilities are discussed.

2.1. Extended Coxmodel

TheCoxProportionalHazard (CPH)model is a technique that is frequently used to analyse
survival data. However, when dealing with complex survival outcomes that contain intri-
cate inter-dependencies between variables, the basic assumption that the outcome may be
explained as a linear combination of covariates is too restrictive. Therefore, there is a need
to develop models that can predict these intricate survival outcomes.
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The hazard function in the CPHmodel is dependent on time t and a vector of covariates
Xi, i = 1, . . . , n through:

h (t,Xi) = h0 (t) exp
(
g (Xi)

)
, (1)

where h0(t), is the baseline hazard function, and g(Xi) = β�Xi in which β� = (β1,
β2,. . . , βp) are the regression coefficients. The proportional hazards assumption requires
a time-fixed covariate vector, Xi. The coefficients of the CPH model can be estimated by
maximising the partial likelihood [4]. The overall partial likelihood is given as:

L =
n∏

i=1

⎡
⎢⎢⎢⎣ exp

(
g (Xi)

)
∑
l∈Ri

exp
(
g (Xl)

)
⎤
⎥⎥⎥⎦

δi

where δi is the censoring indicator. Subsequently, the log partial-likelihood is:

l = log

⎛
⎝ n∏

i=1

[
exp

(
g (Xi)

)
∑

l∈Ri
exp

(
g (Xl)

)
]δi

⎞
⎠ =

n∑
i=1

δi

⎛
⎝g (Xi) − log

⎡
⎣∑
l∈Ri

exp
(
g (Xl)

)⎤⎦
⎞
⎠ .

The CPH model’s restrictive assumption makes it very difficult to apply in real-life sce-
narios especially when the assumption is violated. This assumption is often violated in the
presence of time-varying covariates. Therefore, Equation (1) is expanded to incorporate
time-varying covariates, as discussed in previous works by [33,34]. Extending the CPH
model to accommodate time-dependent variables is one of the model’s strengths [33].

h (t,Yi(t)) = h0 exp
(
f (Yi (t))

)
, (2)

where f (Yi(t)) = β�Xi + γ �Xi(t) and β and γ are the vectors of coefficients for the time-
fixed and time-varying covariates, respectively. It is clear from Equation (2) that when γ =
0, we have the original CPHmodel, and therefore, the PH assumption holds. The inference
on the extended model is similar to the CPH model. The primary distinction between
these two approaches lies in the fact that the time-dependent covariate values undergo
changes at the risk set. In addition, the procedure for fitting the extended model is much
more computationally intensive and complex. This complexity arises due to the intricacies
of the risk sets used in constructing the likelihood function, as highlighted by Ata and
Sözer [1].

2.2. Dynamic-DeepHit

Dynamic-DeepHit is a novel deep learning architecture designed to perform survival anal-
ysis with competing risks, incorporating longitudinal measurements. The model consists
of shared and event-specific subnetworks that learn from the temporal patterns in the
data [21]. The aim is to estimate the joint distribution of the first hitting time and com-
peting events based on time-varying covariates. This estimate enables computation of
cause-specific cumulative incidence functions (CIFs) and survival probabilities. Let the
longitudinal history for each subject i be denoted as Xi = {xi1, . . . , xiJi}, with missing
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data indicatorsMi = {mi1, . . . ,miJi} and time intervals between successive measurements
�i = {δi1, . . . , δiJi}, where δij represents the elapsed time between two adjacent measure-
ments, tij+1 − tij. The training set is represented as a tuple D = {(Xi,Mi,�i, τi, ki)}Ni=1,
where τi is the event time and ki indicates the type of event.

The architecture comprises two subnetworks: a shared subnetwork handling the longi-
tudinal history, and cause-specific subnetworks estimating the joint distribution of time-
to-event and competing risks. The shared subnetwork includes a Gated Recurrent Unit
(GRU)-based Recurrent Neural Network (RNN) that processes longitudinal data at irreg-
ular intervals with missing observations. For each time step j, the GRU updates the hidden
state hj based on the input (xj,mj, δj), computed as follows:

zj = σ(Wzhj−1 + Uz[xj,mj, δj] + bz),

rj = σ(Wrhj−1 + Ur[xj,mj, δj] + br),

h̃j = tanh(Wh(rj � hj−1) + Uh[xj,mj, δj] + bh),

hj = (1 − zj) � hj−1 + zj � h̃j, (3)

The hidden state at time step hj represents the GRU’s internal memory and carries infor-
mation from previous time steps. The hidden state from the previous time step is denoted
as hj−1. The update gate zj, along with the weight matrices Wz, Uz, and the bias vector
bz, parametrizes the transformation of the previous hidden state and the input variables.
The sigmoid activation function, σ , ensures that the output values range between 0 and
1. The update gate zj controls how much of the previous hidden state hj−1 is retained in
the current hidden state hj. The reset gate, denoted as rj, determines howmuch of the pre-
vious hidden state should be forgotten or reset, modulating the influence of the previous
memory on the current step. The reset gate is calculated using the weight matrices Wr,
Ur, and the bias vector br, which determine the effect of the previous hidden state and the
input on the reset gate. The candidate hidden state h̃j is proposed at time step j and is com-
puted as shown in Equation (3). In addition, the weight matrices Wh, Uh, and the bias bh
transform the input and the previous hidden state. The tanh function (hyperbolic tangent)
ensures the candidate hidden state is bounded between -1 and 1. The symbol � represents
element-wise multiplication of the reset gate rj and the previous hidden state hj−1. The
final hidden state hj is a combination of the previous hidden state hj−1 and the candidate
hidden state h̃j, modulated by the update gate zj. Here, (1 − zj) decides how much of the
old hidden state hj−1 is carried forward, while zj decides how much of the new candidate
hidden state h̃j should be included in the final hidden state. The temporal attention mech-
anism assigns a weight aj to each hidden state hj to emphasize relevant parts of the history
for risk prediction. The context vector c is then calculated as a weighted sum of the hidden
states:

c =
J−1∑
j=1

ajhj, aj = exp(ej)∑
j′ exp(ej′)

, ej = fa(hj, xJ ,mJ), (4)

where fa is a two-layer feedforward network scoring the importance of hidden states.
The cause-specific subnetworks take the context vector c and the final measurement

(xJ ,mJ) as inputs to output the joint probability of event occurrence at time τ , o∗
k,τ =
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P̂(T = τ , k = k |X∗). The final estimated CIF is computed as:

F̂k∗(τ ∗ |X∗) =
∑

t∗J <τ≤τ∗

o∗
k,τ

1 − ∑
k�=∅

∑
n≤t∗J o

∗
k,n

,

where o∗
k,τ is the probability output of the cause-specific subnetwork. While the Dynamic-

DeepHit model was originally designed for survival outcomes with competing risks, it has
been adapted in this paper to focus on a single event (e.g. death) while retaining the shared
subnetwork based on a Gated Recurrent Unit (GRU) recurrent neural network (RNN), as
shown in Equation (3). This retains the core elements necessary for processing longitudi-
nal data. The GRU-based RNN forms the backbone of the shared subnetwork, effectively
handling irregular time intervals and missing data. A temporal attention mechanism
(Equation (4)) highlights the most relevant hidden states in the time-varying covariates.
The output layer directly predicts the probability of an event occurring at each time step,
with the survival function estimated from these predictions. The model’s loss function
includes a negative log-likelihood for survival time, a ranking loss to ensure proper order-
ing of survival probabilities, and a prediction loss for handling time-varying covariates.
Therefore, the overall loss function is given by the sum of the following loss functions [21];
the Log-Likelihood Loss; the Ranking Loss; and the Prediction Loss as described below.

The log-likelihood loss is defined tomaximize the likelihood of the observed event times
and causes. For an individual i, the log-likelihood loss is defined as:

L1 = −
N∑
i=1

⎡
⎣1(ki �= ∅) log

⎛
⎝ oiki,τ i
1 − ∑

k�=∅
∑

n≤ti
Ji
oiki,n

⎞
⎠ + 1(ki = ∅).

log

⎛
⎝1 −

∑
k�=∅

F̂k(τ i|Xi)

⎞
⎠

⎤
⎦ .

The first term captures the information provided by uncensored subjects. The second term
follows from the knowledge that they are alive at the censoring time, and so the first hit-
ting time of each event k ∈ K occurs after the given censoring time. The ∅ represents a
null class or state, indicating the absence of an event or default state in classification prob-
lems. The indicator functions 1(ki �= ∅) and 1(ki = ∅) distinguish between cases where
the observation belongs to a meaningful class versus the null state.

The ranking loss is designed to improve the discriminative performance of themodel by
ensuring that the predicted CIFs respect the observed ordering of event times. It is defined
as:

L2 =
K∑

k=1

αk
∑
i�=j

Akij · η(F̂k(si + tiJi |Xi), F̂k(si + tiJj |Xj)).

Here, the indicator Akij = 1(ki = k, si < sj) identifies acceptable pairs (i, j) for event k,
where ki = k denotes the event for individual i and si and sj represent their respec-
tive event times. The hyperparameter αk ≥ 0 controls the trade-off between ranking
losses associated with the k-th event. For simplicity, it is assumed that αk = α for all
k = 1, . . . ,K, implying equal treatment of all events. The loss function is defined as
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η(a, b) = exp
(
− a+b

σ

)
, where σ is a scaling parameter that adjusts the magnitude of the

penalty. Incorporating this ranking loss into the total loss function L2 penalizes incorrect
pairwise orderings and encourages correct ordering with respect to each competing event.

The prediction loss is introduced to handle missing measurements in the covariates. It
penalizes the model if it fails to predict the auxiliary tasks derived from the covariates. The
prediction loss is defined as:

L3 = β ·
N∑
i=1

J−1∑
j=0

∑
d∈I

(1 − mi
j+1,d) · ζ(xij+1,d, y

i
j,d),

where mi
j+1,δ is a missing indicator, β ≥ 0 is a hyperparameter, and the continuous

and binary covariates are represented by ζ(a, b) = |a − b|2 or ζ(a, b) = −a log b − (1 −
a) log(1 − b). I is selected as a set of time-varying covariates that the network’s formaliza-
tion is based on.

Training is conducted by minimizing a total loss function Ltotal = L1 + L2 + L3, where
L1 is the negative log-likelihood of the joint distribution of the first hitting time and event,
L2 is a ranking loss to ensure proper event ordering, and L3 is a prediction loss regularizing
the network to predict time-varying covariates accurately. These components collectively
improve the prediction of survival probabilities over time. The architecture’s input layer
processes time-varying covariates and missing data indicators, while the output layer pre-
dicts survival probabilities at each time point, making the model suitable for survival
analysis with longitudinal data.

2.3. Multivariate jointmodel

The multivariate joint model (MVJM) is employed to simultaneously analyze multiple
longitudinal outcomes and time-to-event data. This approach provides a comprehen-
sive framework that captures the correlations between these processes, allowing for more
accurate and individualized risk predictions. The MVJMs are particularly advantageous
because they account for the correlation between different longitudinal outcomes and the
time-to-event process. Integrating both submodels allows us to simultaneously model the
progression of multiple outcomes and their relationship with the time-to-event process.
An MVJM consists of two submodels:

(1) a multivariate longitudinal data model, which tracks the evolution of multiple
correlated outcomes over time, and

(2) a time-to-event data model, which focuses on the occurrence of an event such as
survival or failure.

Let Yik(tijk) denote the j-th observed value of the k-th longitudinal outcome for sub-
ject i, measured at time tijk, for i = 1, . . . ,N, k = 1, . . . ,K, and j = 1, . . . , nik. There are
numerous modelling approaches for multivariate longitudinal data [12]. A generalized
linear mixed model (GLMM) is a common approach, where measurements for different
outcomes can be recorded at different times between patients and outcomes, and is given
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by:

hk
(
E

[
Yik(tijk)

]) = μik(tijk), (5)

where hk(·) denotes a known one-to-one link function for the k-th outcome, and μik(·) is
the linear predictor:

μik(tijk) = X(1)
ik (tijk)β

(1)
k + Zik(tijk)bik, (6)

whereX(1)
ik (tijk) andZik(tijk) are row-vectors of covariates for subject i associated with fixed

and random effects respectively, which can vary by outcome; β(1)
k is a vector of fixed effects

parameters for the k-th outcome; and bik is a vector of subject-specific random effects for
the k-th outcome.We denote the stacked vector of subject-specific random effects for all K
outcomes by bi = (bTi1, b

T
i2, . . . , b

T
iK)T .

Cox’s proportional hazards (PH) semiparametricmodel [12] has been a common choice
for the time-to-event submodel when modelling continuous event times. For a single
failure-time per subject, the hazard function for subject i at time t is given by

λi(t) = λ0(t) exp
(
X(2)
i (t)β(2) + Wi(t)

)
, (7)

where X(2)
i (t) is a (possibly time-varying) row-vector of external covariates; λ0(t) denotes

the baseline hazard function; β(2) is a vector of fixed effects parameters; and Wi(t) is a
latent process that captures the association structure between the measurement and event
processes. When the PH assumption is not met, alternative modelling frameworks can be
exploited, such as accelerated failure time models, which can be written directly in terms
of the survival function, Si(t), as:

Si(t) = S0
(
exp

(
X(2)
i (t)β(2) + Wi(t)

)
t
)
, (8)

where S0(·) is the baseline survival function that depends on the parametric family used
for modelling, and all other parameters are defined as in the PH model (3). Discrete event
times can also be jointlymodelled with longitudinal data, particularly for selectionmodels,
which is applicable to situations of interval-censored continuous event times and pre-
defined measurement schedules. Models here might include logistic or probit regression
models [12].

2.4. Deep survival neural network

In this study, we propose a DSNN (Figure 1) that is based on time-varying covariates to
model survival probabilities. Figure 1 shows that the DSNNmodel takes into account both
covariates (represented by Zi) and time-related information (represented by the dummy
indicators d(t0), . . . , d(tJ)) as inputs. These inputs are then processed through the neural
network layers, which include dense layers, dropout layers, and activation functions.

To use the DSNN, the first step involves generating survival probabilities for both time-
varying and time-invariant covariates. These survival probabilities are then replaced with
pseudo-values, which serve as substitutes for the actual survival times when implementing
standard DNN models for regression problems with quantitative outcomes. The calcu-
lation of pseudo-values is based on the survival times, censoring times, and censoring
indicators of the subjects in the study [7].
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Figure 1. The figure represents the architecture of the Deep-pseudo Survival Neural Network (DSNN)
model. In this model, Zi represents the covariates, which may include time-varying covariates. In addi-
tion, the variables d(t0), . . . , d(tJ) are dummy indicators of time, where t0, . . . , tJ represent J specific
time-points or intervals.

Specifically, we letT∗
i represent the survival time for subject i (where i = 1, . . . , n),Ci be

the censoring time, Ti be the observed survival time (Ti = min(T∗
i ,Ci)), and δi be the cen-

soring indicator (δi = I(T∗
i ,Ci)). It’s assumed that censoring times and survival times are

independent. The covariates are denoted as Xi = (xi1, . . . , xid), with some of the covari-
ates being time-varying. We observe that employing a generalized linear model (GLM)
with a logit link to model the survival probability at a specific time t as a binary outcome
(I(Ti > t)) is impractical for all subjects due to the presence of censoring. Therefore, to
estimate survival probabilities in the presence of censoring, the Kaplan-Meier (KM) esti-
mator is employed at each time point. For both censored and uncensored subjects, a pseudo
survival probability is calculated using the jackknife method. Specifically, the pseudo value
for the ith subject is calculated as:

Ŝi(t) = nŜ(t) − (n − 1)Ŝ−i(t). (9)

where, Ŝ(t) represents the Kaplan-Meier estimator of the survival function S(t) for all
n subjects, while Ŝi(t) denotes the Kaplan-Meier estimate achieved by removing the ith
subject from the sample, resulting in a sample size of n−1.

Where, Ŝ(t) is the KM estimator of S(t) for all n subjects, and Ŝi(t) is the KM estimate
using a sample size of n−1 obtained after removing the ith subject. Regardless of censor-
ing and in standard regression analysis, the KM estimator Ŝ(t) is used as the continuous
response variable.



1856 A. WHATA ET AL.

In the discrete-time survival analysis framework, we apply the pseudo-observations
method in this study. The framework entails dividing the follow-up times into J intervals.
Thereafter, the pseudo conditional survival probability, which represents the likelihood of
surviving the interval given prior survival, is calculated for each interval. Individuals who
are still at risk within a specific time window (tj, tj + 1) are referred to as Rj. the pseudo
conditional survival probability Ŝij(tj+1 |Rj) is estimated as follows:

Ŝij(tj+1 |Rj) = RjŜ(tj+1 |Rj) − (Rj − 1)Ŝ−i(tj+1 |Rj) (10)

All individuals are considered at risk during the initial interval (0, t1) (i.e. R0 = n). It’s
important to note that the pseudo probability can be either 0 or 1 in the absence of censored
data. However, in the presence of censoring, it can be a real value, potentially exceeding 1
or falling below 0. The choice of time intervals is crucial, with recommendations to use
as few as five evenly spaced intervals across the event time scale [42]. The computation
of pseudo conditional probabilities as described in the equations is facilitated using the R
function ‘getPseudoConditional’ (https://github.com/lilizhaoUM/DNNSurv).

The DSNN is employed to directly learn the survival time distribution and explore
variable-risk relationships over time without relying on underlying stochastic process
assumptions. DSNN exemplifies models that naturally extend traditional parametric mod-
els while providing strong interpretability. Suchmodels are becoming increasingly popular
in the field of survival data analysis [40].

3. Simulation study

Simulation studies provide an important statistical tool for evaluating survival methods.
Therefore, there is a need to use appropriate data-generating processes to effectively eval-
uate the survival models in question. In this paper, we aim to evaluate the robustness of
DSNNmodels in analysing survival datasets in the presence of time-varying covariates via
a simulation study.

3.1. Simulation setup

We simulate time-varying covariates from the Weibull distribution. The Weibull distribu-
tion is often or widely selected or preferred by researchers, scientists, or practitioners for
generating survival times due to its flexibility and versatility in modelling a wide range of
survival data patterns.

Consider theWeibull distributionwith parameters (λ,α), its baseline cumulative hazard
function is defined as:

H0 (t) = λtα , λ > 0, α > 0. (11)

Given a time-invariant vector of covariates X with coefficient vector β , the cumulative
hazard is invertible, therefore:

t =
(

− log (u)
λ exp

(
β�X

)
) 1

α
,

where U ∈ U(0, 1).

https://github.com/lilizhaoUM/DNNSurv
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In this simulation study, the data is simulated according to a study by Yao et al.
[37]. The authors simulated time-independent and time-dependent covariates with fixed
coefficients. Observations from N subjects are generated independently with p covari-
ates X1, . . . ,Xp. We set p = 20. Eight of these covariates are time-invariant: X1,X11 ∼
Bern(0.5), X2,X7,X10 ∼ Unif(0, 1), X8 ∼ Unif(1, 2), X9 follows a categorical distribu-
tion with possible outcomes {1, 2, 3, 4, 5} with equal probability, X12 follows a categorical
distribution with possible outcomes {0, 1, 2} with equal probability. The others are time-
varying, whose values are obtained at m randomly generated time points, different for
each subject. In the simulations, we set m = 11. At each of these preset time points, for
some time-varying covariates, the value is randomly re-simulated from its distribution:
X3,X19 ∼ Bern(0.5),X4 ∼ Unif(0, 1),X5 and X14 both follow a categorical distribution
with possible outcomes {1, 2, 3, 4, 5} with equal probability; for other time-varying covari-
ates, the value is re-simulated following particular patterns: X6, whose initial value is
randomly generated from {0, 1, 2} with equal probability, which will choose to stay at the
original value or move one level up but the largest value can only be 2; the changing pat-
tern of X13 is always 0 → 1; the changing pattern of X16 is either 0 → 1 or 1 → 2; the
changing pattern of X18 is 0 → 1 → 2; values of X15,X17 and X20 is a linear function of
the left-truncated time point of the interval with slope and intercept follows Unif (0, 1).
After simulating the time-varying covariates’ values at eachm time point, the true survival
time T is then computed under different model setups and the right-censoring time C is
generated independently. The details about this simulation process are presented in a study
by Yao et al. [37].

Figure 2 shows the coefficients of the 20 covariates after 100 repeated training of the
extended cox model. The ‘stars’ represent the mean value for each and the ‘plus’ indicates
the true value of the coefficients. These coefficients were simulated to be very close to zero
such that they have no effect on the survival outcome.

Figure 3 shows the coefficients of the 20 covariates that were simulated to be highly sig-
nificant in influencing the survival outcome. The mean values after training the extended
Cox model over 100 times are displayed and the true coefficient values. These values are
far from zero and therefore significantly influence the survival outcome.

The characteristics of four time-varying continuous covariates are presented in Figure 4.
The covariates, X4,X15,X17, and X20 were simulated to be time-dependent and therefore
expected to have variations over time. The trajectories of these covariates among event
and censored individuals are presented in Figure 5. From Figure 4, we can observe that
covariates X20, X15, X17 are increasing while X4 is decreasing with time.

3.2. Evaluatingmodel performance

3.2.1. Concordance index
To evaluate theDSNNmodel in the presence of a time-varying covariate, we used the time-
dependent concordance index [18]. The concordance index (C-index), is particularly used
for model evaluation. It measures how well a model predicts the ordering of sample event
times [18,42]. The C-index can be defined as the fraction of all pairs of subjects whose pre-
dicted survival times are correctly ordered among all subjects that can actually be ordered
[31]. It can also be defined as a measure of the percentage of all pairs of patients for whom
we can successfully obtain ordered survival times. Therefore, for a randomly chosen pair of
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Figure 2. All 20 covariates simulated with non-significant coefficients.

Figure 3. All 20 covariates simulated with significant coefficients.
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Figure 4. The trajectory and changes in the values of X4, X15, X17 and X20 with time.

patients, we obtain an estimate such that the one who has the utmost anticipated survival is
the one who would die last [11]. This method does not permit comparison between a cen-
sored observation and an observed even time. This is mainly because the precise moment
of the occurrence of an event of interest is undiscovered. Other pairs of observations are
very similar. Suppose we denote the observed and predicted survival times by Yi and Ŷi,
respectively. Then the C-index is defined as:

C =
∑

i:δi=1
∑

j:Yi<Yj I(S(Ŷi|Xi) < S(Ŷj|Xj))

|Set of all concordant pairs| , (12)

where S(·) is the estimated survival probability and I(·) is an indicator function. When the
C-index is above 0.5, it suggests that there is better agreement among the pairs that are com-
parable [25], whereas a value of exactly 0.5 represents an average index for a randommodel.
A value of 1 represents an ideal grading for the event times [16], which is indicative of a
strong model. This study uses the C-index obtained from Leave-one-out cross-validation
(LOOCV) to perform the model evaluation. The LOOCV is a special case of k-fold cross-
validation in which the number of folds is the same as the number of instances [35]. It is
one of the cross-validation methods in which each observation in the data set is consid-
ered the validation set and the rest of the observations (N-1) are considered the training
set. It is used to estimate the performance of machine learning models when they are
used to make predictions on data not used to train the model. The LOOCV is appropriate
when you have a small dataset and it results in a reliable and accurate estimate of model
performance [35].
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Figure 5. The plot shows the trajectory and changes in the values of X4, X15, X17 and X20 with time
among the events and the censored individuals.

3.2.2. Brier score
TheBrier score, as a proper scoring rule, concurrently addresses calibration, which refers to
the statistical consistency between the predicted probability and the data, as well as sharp-
ness, which refers to the predictive distribution’s concentration [28]. The brier score is
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defined as:

BS = 1
N

N∑
i=1

(yi − P̂(yi = 1 | xi))2, (13)

where P̂(yi = 1 | xi) is the estimated probability of event.

3.3. Results

In this study, we simulated two datasets with 200 unique individuals; such that the first
dataset contained all the covariates that were simulated to be highly significant. The second
dataset, contained all the covariates that were simulated to be non-significant. In addition,
the two simulated datasets were analyzed using the extended Cox model, the Dynamic-
DeepHit, multivariate joint model and the DSNN. For the DSNN, the following hyperpa-
rameters were used; a learning rate of 0.001, the Adam optimiser, a batch size of 256, and
themodel was trained for a total of 1000 epochs. The simulations were repeated 10 times at
five different seeds giving a total of 50 independent simulations. All the mentioned models
were trained and tested on the simulated datasets. The results including the estimated coef-
ficients and the corresponding standard errors (se) from fitting the extended Coxmodel to
the simulated data with highly significant time-varying covariates are presented in Table 1.

The results in Table 1 show that with one single run of the extended Cox model on the
dataset containing highly significant time-varying covariates, all the covariates that were
simulated to be significant are indeed demonstrating a significant effect on the outcome.

A single analysis on the extended Cox model on the dataset simulated with non-
significant time-varying covariates is also presented in Table 2. The results presented in
Table 2 show that almost all the covariates are non-significant at 0.01 level of significance
in explaining the survival outcome.

Table 1. The extended Cox regression results for the simulated
data with highly significant time-varying covariates.

coef exp(coef) se(coef) z p

X1 0.73 2.07 0.25 2.86 0.00
X2 1.12 3.07 0.41 2.76 0.01
X3 −0.96 0.38 0.23 −4.18 0.00
X4 −2.00 0.13 0.42 −4.77 0.00
X5 2.64 13.98 0.20 13.25 0.00
X6 −2.44 0.09 0.22 −11.26 0.00
X7 −2.27 0.10 0.43 −5.29 0.00
X8 1.91 6.75 0.39 4.92 0.00
X9 1.57 4.81 0.14 11.59 0.00
X10 −1.59 0.20 0.42 −3.83 0.00
X11 −2.18 0.11 0.27 −7.97 0.00
X12 0.98 2.66 0.15 6.39 0.00
X13 −0.03 0.97 0.99 −0.03 0.97
X14 −1.61 0.20 0.14 −11.70 0.00
X15 0.85 2.34 0.68 1.26 0.21
X16 1.57 4.78 0.24 6.44 0.00
X17 0.34 1.41 1.66 0.21 0.84
X18 −2.32 0.10 0.86 −2.68 0.01
X19 0.98 2.66 0.23 4.20 0.00
X20 −0.72 0.48 0.33 −2.21 0.03
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Table 2. The extended Cox regression results for the simulated
dataset with non-significant time-varying covariates.

coef exp(coef) se(coef) z p

X1 0.57 1.77 0.29 1.95 0.05
X2 0.12 1.13 0.55 0.22 0.83
X3 0.23 1.26 0.29 0.82 0.41
X4 −0.03 0.97 0.04 −0.89 0.37
X5 0.16 1.17 0.10 1.55 0.12
X6 −0.12 0.89 0.32 −0.36 0.72
X7 0.72 2.06 0.52 1.40 0.16
X8 −0.25 0.78 0.48 −0.52 0.60
X9 −0.05 0.95 0.10 −0.48 0.63
X10 0.40 1.48 0.48 0.82 0.41
X11 0.13 1.14 0.29 0.45 0.65
X12 −0.43 0.65 0.17 −2.49 0.01
X13 −0.65 0.52 0.60 −1.08 0.28
X14 −0.17 0.84 0.10 −1.70 0.09
X15 0.01 1.01 0.01 0.98 0.33
X16 −0.18 0.83 0.25 −0.74 0.46
X17 −0.01 0.99 0.01 −0.61 0.54
X18 −0.09 0.91 0.39 −0.23 0.82
X19 0.07 1.07 0.29 0.24 0.81
X20 −0.05 0.96 0.04 −1.25 0.21

The predictive performance of the four usedmodels on the simulated datasets from two
different scenarios are presented in Figures 6 and 7 using the C-index and the Brier score.

The results shown in Figure 6 indicate that the DSNNmodel exhibits a C-index ranging
from 0.57–0.59 across all arbitrary time points. This performance is above 0.5, however, it
is not large enough to conclude that the model has a high predictive performance on the
dataset used. Given that we simulated data with covariates that are not significantly linked
to the survival outcome, the predictive performance should have been 0.5. The Coxmodel,
the Dynamic-DeepHit have the same performance in discrimination ability as the DSNN.
The multivariate joint model has a C-index ranging from 0.47–0.61, showing its discrimi-
nation superiority in the presence of nonsignificant covariates. The results for Brier score
in Figure 6 show that all the models have Brier score values that are approximately above
0.25 at most of the time-points. This shows that all the models including the DSNNmodel
were good at calibrating and discriminating in the presence of nonsignificant covariates.

The results in Figure 7 show that the both DSNNmodel and the extended Coxmodel at
all the arbitrary time points have a C-index above 0.8 however, the DSNNwas able to learn
better the predictive pattern in the dataset. The C-index for the joint model has a range of
0.57–0.72, indicating an acceptable performance. On the other hand, the discrimination
ability of the Dynamic-DeepHit is lowest among the four models. Additionally, Figure 7
shows that the Brier score values for all models are below 0.2, except for the DSNNmodel,
which exhibited poor performance in the time interval between 20 and 25 points.

4. Real data analysis

All the four models were trained on the Primary Biliary Cirrhosis (PBC) dataset. The used
hyperparameters for the DSNN model are indicated in Table 3.

We have used the PBC, a publicly available dataset as a case study to assess how well the
DSNNmodel performs compared to the extended Cox model, Dynamic-DeepHit and the
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Figure 6. Models evaluation from the simulated dataset with nonsignificant covariates using C-index
and Brier score.
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Figure 7. Models evaluation from the simulated dataset with significant covariates using C-index and
Brier score.
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Table 3. Hyperparameters for DSNN model used
for the PBC real data analysis.

Hyperparameter DSNN

Activation ‘Relu’
Bias Initializer Constant (0.0)
Dropout Rate 0.2
Optimizer Learning Rate 0.001
Loss Function Mean Squared Error
Validation Split 0.2
Epochs 1000
Batch Size 256

multivariate joint model when it is used to estimate the survival function in the presence
of time-varying covariates. A brief description of the dataset is given.

4.1. Data description

The Mayo Clinic Primary Biliary Cirrhosis Data, available in the R package survival, was
utilized to study the effectiveness of D-penicillamine as a treatment. This dataset com-
prises 312 patientswith primary biliary cirrhosis (PBC)whowere enrolled in a randomized
medical trial at the Mayo Clinic from January 1974 to May 1984 [5,24]. In this study, the
primary outcome of interest is the time to death for patients with PBC. Medical measure-
ments and other patient information were recorded as covariate values both at entry and at
yearly intervals The Coxmodel was used to estimate the survival function for patients with
PBC based on 12 noninvasive, easily collected covariates that require only a blood sam-
ple and clinical evaluation. These 12 covariates include age at entry, alkaline phosphatase
(U/L), logarithm of serum albumin (g/dL), presence of ascites, aspartate aminotransferase
(U/mL), logarithm of serum bilirubin (mg/dL), serum cholesterol (mg/dL), condition of
edema, presence of hepatomegaly or enlarged liver, platelet count, logarithm of prothrom-
bin time and presence or absence of spiders. As the study extended for another four years,
a total of 1945 visits were generated. All 12 covariates, except age, became time-varying
covariates in the follow-up data. By the end of the follow-up study, 169 out of the 312
patients were still alive, 140 had died, and three were lost to follow-up. The extended study
enabled researchers to examine changes in prognostic variables as time-varying covari-
ates. Figure 8 displays the time-varying trajectories of the covariates in the PBC dataset,
confirming their time-dependent nature. The data is available in ‘survival’ package in R.

4.2. Results

The performance of all the models was evaluated on the PBC dataset in Figure 9 using
the Brier score and the C-index. The results show that the C-index values are above 0.75
for all the models and the Brier scores are below 0.25, which underscore the promising
performance of the DSNN model as well as its competitors on the real dataset.

5. Discussion

At all time points, the DSNNmodel achieved higher C-index values and lower Brier scores
on the test data. The C-index values were above 0.7 and the Brier scores were below 0.25
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Figure 8. The trajectories in the values of the continuous time-varying covariates for the PBC over time.

indicating that themodelmade accurate predictions at the randomly selected time point. A
model with aC-index> 0.7 and a Brier score< 0.25 indicates good performance [3,14,16].
This evidence strengthens the conclusion that the DSNN model performed effectively on
the dataset where the covariates were simulated to be highly associated with the survival
outcome. The DSNN model also performed well on the PBC dataset. The study yielded
C-index values exceeding 0.78 and Brier scores below 0.25. These results underscore the
promising performance of the DSNN model on the real dataset, providing additional sta-
tistical evidence of its predictive capability. Thus, the model’s high predictability at the
arbitrarily selected time-point in the PBC dataset supports its potential in real-world appli-
cations. Zeng et al. [39] also found that the covariates used in the PBC dataset are highly
predictive of the survival outcome. The DSNN model performed comparebly well to the
other models including the extended Cox model, Dynamic-DeepHit and the multivariate
joint model.
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Figure 9. The figure displays the performance of both the DSNNmodel and the extended Coxmodel in
the PBC dataset, evaluated based on the Brier score and the C-index.

6. Conclusion

In conclusion, the findings from this study indicate that the DSNNmodel performed well
on the simulated dataset that was intentionally designed to have highly predictive time-
varying covariates. This is evidenced by the high C-index values and low Brier scores
obtained on the test datasets, indicating its ability to accurately predict outcomes at the
selected random time point. The DSNN also showed a good performance in real-world
application by providing a good predictive performance on the PBC dateset.
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