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ABSTRACT

Extensive ‘research effort has been directed in the last tem o
fifteen years towards finding suitabls sclution procedures for problems
which have multiple objectives (eritsria, goals). The overall aim of this
thesis is to contribute to this rapidly growing class of solution proce-
dures by considering the specific case of limear programming problems
with multiple objectives.

The concept of a preference structure (utility function) for a
Deecision Maker w.o has a problem with multiple objectives is outlined
brirfly. Some of the more important results (and assumptions) about

utility funetions and their corresponding lndifference contours are

siven.

A literavure survey ig then presented, where the important ateas
in Multiple Criteria Decision Making ave reviewed briefly. The lapor-
tant interactive methods which bave been proposed for solving linear
programaing problems with multiple objectives are then discussed in
greater detail.

A new method of ueilizing indifference trade~off information which

is given by the becision Maker, is then proposed. This method enables

the Decision Maker to give couflicting information (te some extent) b

absut these trade~offs, Provided that the Dacision Maker savisfies ¢ -

certain restrictions repa-ding the paira of objectives he chooses to
compare, an estimate on e margimal utility vector can be computed.

The properties of this resulting veetor are then examined in some .

detail.

The estimated marginal utility vector is then used in two inter-

active algorithms which arve presented. Provided that the Decision Maker's




underlying preference structure is either

a) linear iu the case of the first algorithm, or

b) concave and twice continuously differentiable for the second,
and the Decision Maker's estimated marginal utility vector satfsfies
certain assumptions, both of the algorithms are shown to converge
to the Decision Meker's most preferred solutionm.

The assumptions which the estimated marginal utility vector is
required to satisfy (in order to prove convergenm:e), enable ranges to
be computed within which the true (unknown) marginal utility vector
ig assumed to lie. As a result, ranges can also be computed for the
indifference trade-off ratics. The methods of obtaining these ranges
are discussed and are illustrated by means of simple examples.

Pinally, a practical problem is presented, where the second of
the algorithms is usad 2s the basic method of £inding a satisfactory
solution for the Decision Maker. The results of the interactions with
the Decision Maker, and the need to adopt a somewhat pragmatic solution

procedure, are reported and commentsd on in some detail.
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CHAPTER L.  INTRODUCTION

DEFINITION OF THE PROBLEM

We are comcexned with a multiple objective (criteria) linear

programuing problem of the form

Maximize £(x) (1.1

subject te Ax &by x> 0, (1.2)

whers x is a vector in R%, & is a wxu matrix and b is a vector
in R®. The function £ is linear and maps % > B, i.e, £ is of the
form
£ g0 £}
PR FERTRIE A

where fi(x) = ey + 2% Foiaene Syn¥y i=l,..,13

and the cij's are scalar constants ¥ i, ¥ j.

Define the constraint set (1.2) as the sek
X8 (x| xz8, axgb, x>0 (1.3)

The constraint set X and the r objective Functions which make up £
are defined beforehand. L.e. they arise from some real problem which
neads a solution,

The difficulty is that the r objectives are to be maximized
aimultaneously. We can axpect tha¥, #a general, the optimal solutions
for each of the objectives considered individually will differ. As a
regult, finding a solution which gives an impzovement in one (or more)

objactive usually causes a decrease in at least one other objective.
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DEFINITION 1.1 A solution x & X is said to be nondominated (efficient)
if there is no peint y € X such thak
£.00 S () ¥isl.r

and fk(x) < £ for at least one kj L £k £t

Since we are trying to meximize each objective, it is clear that a
golution to problem (1.1} {1.2) will come f{rom the set of nondominated
golutions in X. This leads us into the ares of finding a compromise
solution to (L.1) (L.2) = i.e, attempt to Fiod & nondemimpeed point
% € X vhich, although not necessarily optimal for any single objective,
is the overall 'optimal' (best compromise, wost preferred) solutiom to

the probiem.

DEFINITION 1.2  The person who is responsible for choosing the final

recommended solution which 18 to be implemented is called the Decieion

Mokes (abbreviated to D).

Considar the points x and y in the set X. We shall make the

foilowing assumption (Keepey and Raif£a(l976, pages 79-80)):

ASSUMPTION 1.3 Aoy two points x and y in the set X are comparable
in the sense that one, and only one, of che following holds:

() cthe DM is indifferent between £(x) and E(y) ( £(x) ~ £(y))
¢ £(x) = £(y))
(£(x) = £(y))

(ii) the DM prefers E(x) to £(y)

(ii1) cthe DM prefers £(y) to £{x).

AYSUMPTION 1.4 Weiting £(x) 5 EQy) to mean " nev (£{x) < £y ",

we agsume that all the relationa ~, = , £ are transitive.

4 preference structure L8 defined on the objective space in IS
if any two polats £(x) and £(y) in r (where x, ¥y € X) are

comparable and there are no intransitivities,

e




DEFINLTION 1.5 4 fumction U, which associstes a real number U(£{x))
to each point £(x) in the objective space, is said to be a Ugdldty
Puncti ing the DM's p e gtructure provided that:

(L) £ ™ EQy)  LEE U(EGx)) = UCE(Y)), and

i) £(x) =~ £(y)  LEE UCE(x)) > UCE(y)).

If U is a utility function ing the DM's p .

then (1.1) {1,2) can be stated as the standard optimization problem:

maximise  U(£(x)). (1.4)
x ¢ X

1f the function U is kmown, or can be eetablished beforehand, then

(l.4) can be solved using a standard h fcal ing algorithm

(see Section 1.3, for example), Keeney and Raiffa (1976) discuss ways
af determinimg the DM's wrility funetion explicitly. Wowaver, they
refer to the function U as a value function and resevve the use of
the word "utility" for the case where altavnatives have probabilities
agsociated with thelr outcomes. Sinmce we are dealing with deterministic
yroblems, where we assume that the outcome of eack alternative is known,

no confusion should arise if we follow the generally used practice in

Interactive Programming of refarring to the fumetion U as the DM's

utility function. L
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1.2 PROPERTIES OF THE UTILITY FUNCTION :
4
The coustruction of ucility (value) functioms which reflect the -

DM's preferences, as well as their properties and underlying assumptions,

are well documentead (see Keaney and Raiffa (1976}, for example). It is

not our intention to discuss this topic in full, as we do not need to

know (or obtain) the entire function U in the work which is developed
in this thesis. The concepts and properties that are needed will be ;

outlined, Dafine the points

A~ (fl(x)"""’ £, (x))
B (B (3)yeeenny £.090)
and A ¥ B,

DEFINITION 1.6 if the DM cannot establish a preference berween the

points A and B, then he is called indifferent between the two
alternatives, i.e. a DM is ind{fferant between A and B if and

only if U(4) = U(B).

DEFIMITION 1.7  ALL tha puints £(x) such that U{f(x)) = c, whers ¢

is & vonstant, constitute an {ndifference curve For the DM in the

objective function spaca.

PROPERTIES 1.8 Indifferance cuxves and utility functions heve the

foliowing proparties (see Ferguson (1969), for example):

(i) Indifference curvas are the "contours” of the utility Fumetion U.
(ii) U is defined over the whole domain. i.e. thare is some (implicit)
measure of the DM's satisfaction at all poimts £(x)).

(14i) It is agsumed that wa are in a “well behaved world” where U has

& smooth second derivitive.




(iv) U & e 8, > 05 [ T

i,e. an increase (decrease) in objective function i will give
the DM greater (less) satisfaction.

(v) Given some peint x such that U(E(x)) = ¢, then it is assumed
that for any two objectives, say i and j, there exists a

continuous function si(fj) such chat
U(fl<x)""‘si(fg)"“'ﬁj""'fr(x)) = c.

(vi) Indifference curves camnot intersect.

(vii) Indifference curves are gemerally asaumed to be concave.

Givan some point £(x) in the cbjective space, we need to establish

the slope of the indifference curve at £(x). Let A >0 and define
C = (fl(x),...,fl(x)—xij (%p8)85ern ,fj(x)*‘A.. cof(x)).

1f the jm objective ig increased hy 4, by how much does the ith abjective
nesd to decrease in order for the DM to yemain indifferent between C and
4w £(x)7 Clearly, if both objectives are inecreased then the DM should
prefer § to A, and if they are both decreased then he should prefer A
te €. Therefore, given a value of 4> 0 in C, we are seeking & value

xﬂ(x,A) >0 guch that U(A) = U(C),

DEPRINTTION 1.9 }‘ij (%), which is obtained by taking the limit as 4 + 0
of A;3(%,8) abeve, is called the marginal rate of substitution (MRS) of

objeative 1 for cbjeotive J.

PROPERTIES 1.10 Given any two objectives 1 and j, whare 1S 1<y

and 1% 3Sx;i#d; we bave

D a0 = 3";2;“)’ A AR AR OIS




(i1) )‘ij(x) - Aik(x).lkj(x); 1&k<r; k#i; k#j.

Proof:
(i) Given any A > ¢ at A = f{x), from Property 1.8 (v} there exists

Aij {x) > 0 such that U(a) = U(C)y.
ice. U(fl,,“,fr) - U(fl,A“,fi—Ai‘j(x,A)A.. ,fjwl,...,ft) 0
where all the terms ave evaluated at x. Adding and subtracting

=)

L L. O LITEIL IS

in the above expression, dividing by A and taking the limit
{which exists by Property 1.8 (iii) or (v)) as 4 = 0 gives the
result.

i) L x) = VjU(f(X))/ViD(f(x))

VkU(E(x)) V. U{£(x))
= VO™ A ITEG)

= Aik(x) 'Akj (x). a

DEFINITION 1.11  The vector VU(£(x)} {which has positive components

by Property 1.8 (iv)) is called the marginal utility vector.

NOTE 1.12

v UCECR) 1 9.UCE(x))
) uEx) = VjU(E(x))[ e o ]

9, 0TEG) ' 7,0 )

= VjU(ﬁ(x>)(>\j1(X), R R )

= oL -1
VjU(f(x))(Alj(x),, el e Arj(x))
by Property 1,10 (i},
The vector on the right hand side of the expression can be

obtained by comparing each objective i, i =1,..,r (i ¢ i)
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wizh the veference objective j (1L = j < 1), one at a time, at

the peint x to obtain the marginal rates of substitution

>

ij(x) .

{ii) Prom Property 1.10 (i) we have that

1 o BUE) ) (G
Aij(x) 351 afj
AF, (%)
AE; )

Therefare, the DM can approximate a vector which is collinear
with the marginal utility vector by answering the r-l quest. omst
"Wich all other objectives held comstant at the point x, by how
much are you prepared to decrease the value of objective i to

obtein am inerease Af, in objectiva 1" (Dyer (1973a)). o

The fact that the margimal utility vector is collinear with the
vector containing the inverse of the marginal rates of substitution of

=1 of the objectives with respect to the remaining objective is import-
ant in some of the work which is presented later on. In addition, if the
*ij (x) are obtained by asking the questions posed in Note 1.12 (ii),

tk=n Property 1.10 (ii) can be used as a check on the consistency of the

DM who is making these estimates by using more than one reference
objective and posing further quastions.

We now congider a special form of the utility function which will
9implify the mathematical analysis considerably. The underlying assumptions

on the form of the DM's preference structure are, however, falrly severa.

ASSUMPTION 1.13 At scme point % ¢ X the DM is presented with the
vector £(x) and chooses a veference objective j (i < j < r). Assume
‘that the DM feels that the tradeoffs between each of the remsining r-l
objectives and cbjective j, where each pairwise comparison is made

individually, do not depend on the valuea of the remaining r~2 cbjectives.
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PROPERTY 1.1l4 If Assumption 1.13 holds at some point x € X, then the
utility fuection has the additive form (Keeney and Raiffa (1976, pages
108-118))

E )0 £L00) =

:
DERACHCIE ) L5

-
i

where vy is a utility Function defined over the single objective
function i. This function is assumed to be strietly increasing since we

are trying to maximize each cbjective functiom. o

1t is often true that a DM is prepared te pay less and less for a
positive, fixed change of & units in objective i as f:‘. increases.
If this is the case then vi(Ei(x)) is strictly concave: i,e. it
exhibits, ip the language of classical ecomomics, a decressing marginal
utility. If the property is true for sach of the objectives, then
U(£(x}), as defined in (1.5), is strictly concave. Keeney and Raiffa
{1976, page 89) demonstrate, however, that the function Vi(fi(x)) a8y
not be concave. Despite this, we retain our sssumption {(Property 1.8
{vii)} that the overall utility functiom U(£{x)) is concave.

In practise, it is often comvenient to approximate each utility
function vy for objective 1 by the linear function “ifi(x)’ where
wy is a positive, constant scalar. This approximation is equivalent to

making the following extreme assumption:

ASSUMPTION 1.15  The marginal rates of substitution between any two

objectives do not depend on x : i.e. the local rate is also global and
is applicable at any point and o substitution in any amount.

(Therefore, we do not need to let A » 0 in Definition 1.%.)
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PROPERTY 1.16 If Assumption 1,15 is satisfied then the utility fumction

has the form

r
UCE (05 n s (0)) = 121 ugf (x) (1.6)
where
auggfx)) =y, a constant; i = Ll,...,1%}
i
and 4 is positive for all 1 From Property 1.8 (iv). a

If Assumption 1.15 holds, then for some reference objective j,

where 1 € j <1, we have that

ey Y, U(E(x)) 1
‘_1"‘ = m(x)) = Ji - r. i i= 1,.6051,
i 3 ij

Uging (i.16) we get

T
LIS COIPTRE MM iZL wif ooy 1€i%m

where

w..-}‘i, PR S A -

Since we are attempting to maximize U(f(x)}) over the constraint
set X, and uy is a positive comstant (Property 1.8), this is equival~
ent to solving the problem (if Assumption 1.15 holds):

¥
maximize z s £, {x) (.7
xef¥ w1 MO
where § is gome reference objentive {1 % j < x), wij
of the marginal rates of substicution of objective i for objective j

is the inverse

as defined in Definition 1.9,. 1 £ i, and wjj = 1.
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1.3 TEE FRANK-WOLFE ALGORITHM

ASSUMPTION 1,17 Assume that the utility function U is two times
continuously differentiable with respect to sach of its arguments and

that it is concave (Propexties 1.8 (iid) and (vii)). g

Suppose that at ireration k we have a solution x* ¢ X. Expanding

U about o to first order {meglecting higher order terms) gives !

BEGD) = U(EE)) + (8GO = £ vuleedy) !

where

1 FUE()) &

sucE () =

£o£ ()

We wish to £ind x**! e X such that
uEedth) > ueeh).

This is achieved by solving the problem

madwize  (E(x) - 269 W)
zx€X
or the equivalent problem ;

v ,
maxinize ) £, (0 VU (56N, ¥
L, ey !
»

xeX =1 .
!
Tt Call the solutiom yk. Then the direction yk - x% gives a direetion i
o Ly
e FN
of ascent. In order to f£ind an improved solutiou, solve the l-dimensional R
> . i
. A problem i
maximize  U(EGE + p(* - X)) |
0<p <L o L3




k

This gives the optimal step length whick is denotad p . Define

LR ek kg

THEQREM 1.18  If Assumption 1.17 is satisfied, then:
(i) xkH € X3
() i (5 - 265 wEe) »o,
then yk - ®* is a direction of ascent and UCE(xF*D)) > uceeyy;
Wi e (e - re®) weea®) <o,
then xk is optimal for preblem (1.4).
Proof

(i) follows from the fact that xk, yk ¢ X, vhere X is a convex set,

and 0%t w1,

(ii) Uaing a Taylor Series expansion we get

UCEGH) - ueee) = oM - 1) ek

+ order (92 temms.

Por pk small enough, the first term on the right hand side dominates

the rest, which gives the result (since pk >0).

{iii) Using the property of concave functions

BUEC)) < UGG + (B0 - £68) mBER)) v xe x,

we have that
UCEGR) < UCEGRS)) + (%) = () vu(ea®)  vxe x
since y° maximizes E(x)VU(E(x)) over the set X. Therefore,

BEG) S UCERS))  vxe X a I
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K [EE
NOTE 1.19 The point y = is & pondominated point in X. However, the b,
point %*"L aould be s dominated solution even if x° is noudominated, i

This possibility arises because the direction £(y° = ) may point

through the interior of the objective function space defined over X. O Lo

Frank and Wolfe (1956) proposed the following algorithm to solye

problems of the type defined in (1.4) vhere U is koown. i

ALGORITHM 1,20

Step 0. Find un initial feasible wolution x° & X.
Set k= 0.

Step 1. Caleulate YO(E(x%)).

Step 2. Solve the programming problem

x
mxtmise [ £,00 O£,
% € X i)

Cal}l the solution yk.

I (£ - £ Tuce)) <0 then stap.

** 1g optimal {(From Theorem 1.18 (iii)).

Stap 3. Otherwise solve the l~dimensional programming problem

maximize U(E(xk +* n(yk - xk)))
o%p <1
for pk< Set
xk*l PR ok(yk - xk).
tlyy o k. s
Then U(E(x *)) > B(E(x )) (from Theorem 1,18 (ii)).

Sat k ~ k+l and go to 1. =]

The convergence propriies of tha Frank-wolfe algorithm are well
understood (gee Wolfe (1970)), Ltg rapld irikial rate of convergence

is gn impoviant advantage when only a few iterations are carvied out.
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INTERACTIONS WATH THE DECISTON MAKER

Trom Algorithm .20 we see that if the utility function U is mot
known, then we ure vequired to make two interactions with the DM at each

iteration. Given the nondominated solution x:

Inkeraction 1:  Obtain YU(£(x)) &t the point xk.
Interaction 2  Obtain the maximum of the utility function along the

direction yk-xk, from x"‘ to yk.

The second interaction is generally considered to be the easier to
golve as it inmvolves the scalar variable p ounly, Graphs can be drawn up
to show the behaviour of sach of the objective functions as we move from

xk to yk'. For example:

£
»
Y Y
EK
[
Y T

The r graphs tan then be presented to the DM simultanecusly for
consideration and the DM would then be requirad to choose the "bast"

value for p.
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Alternatively, a table can be computed for discrete values of »p

between 0 and 1 as follows:

Valueg for o

0 h o L
3
NS £,
2
Objectives| .
3 3
Ty £ £ 00

and the DM asked to choose the most prefarred column,

NOTE 1.21 In the special case where the utility function is assumed to
be tinear (L.6) or (1.7), this interaction iz dispensed with aince

Dk = 1 will always give the maximum,

It is the first intevaction where most research interest for solving
probiem (1.4) is taking place. Very different algorithms for solving {1.4)
have been proposed which depend on how the lecal trade-off information
(maxginal rates of subatitution) is obtained and how this information is

then used. Some of these methods will be surveyed in the next Chapter,
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CHAPTER 2.  LITRRATURE SURVEY

The number of publications of research into and applications of
Multiple Critevia Decision Making (MCDM) has exploded since the early
1970's. Zeleny (1982, pages 60 ~ 61) states that “"MCDM was unquestion-
ably the fastest growing aud most innovative OR/MS field of the seventies..
vev At the present time rasearch and applicacions of MCDM are continuing.
Interactive programming, descriptive decision models, interfaces with
decision support systems and judgemental psychology, multidimengional
risk analysis, and applications to strategic management policy making
tepresent the major trends."

§tarr and Zeleny (1977, page 12) state that "it is our personmal
apinion that,... the true foundations of serfious and continucus study of
MO were laid by Erik Johnsen in his wonograph ‘Studies in Multi-
objective Decision Medels' in 1968, MCDM was firmly on its path.” Zeleny
(1982, page 60) points to the firgt imternational conferemce on MCDYM
held at the University of South Caroiina in 1972 as the ‘turning point in
HCDM vesesrch and applications. With many already famous and soon~to=be
fomous rasearchers in MCDM participating, the conferance proceedings,
edited by Cochrans and Zeleny (1973), hae become a classic of sorts.

The problems of MCDM can be broadly classified into two categories
(Bweug and Magud (1979, pagas 6 ~ 7))

a) Multiple Attribute Decision Making: charactarized by o limdted number
of predatermined alternatives which have an assoelated level of
achievement of the attributes (not necessarily quantifiable) based on
which the final decision is to be made,

b) Multiple Objective Declsion Making: alternatives ave no¢ predetermined.
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The thrust of thase models is to design the 'best' alternative by
considering the various imteractions with the design constxaints which
best satisfies the DM by way of uttaining some acceptable levels of a
sat of some quantifiable objectives.

it %s bayond the scope of this thesis to do a comprehensive review
of MCDM and the techniques which have been developed for MCDM problems.
An extensive bibliography of papers in MCDM which have beeu published in
English is given in Zeleny (1982). We shall confine ourselves to s few
of the more important areds and publications in the general field of
MCDM and devote move sttention to the speeific topic of interactive

multiple objective programming.
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Z.1  SURVEY PUBLICATIONS

Many of the conference proceedings on MCDM contain brief overviews
of the historical development of MCDM and/ov the central exess and main
approaches used in MCDM. These ave written by the editors of the confer-

ence proceedings as an introduction ot preface to the papers which arve

presented. See Cochrane and Zeleny (1973), Starr and Zeleny (1977) and #
Bell, Keeney and Raitfa (1977) for example. i "
An histerical survey of Multicriteria Optimization from 1776 - 1960 N
was done by Stadler (1979). The survey reviews the work done by Pareto ‘,
which is relevent to the area and covers the development of che comcepts : "4

of urility, preference and welfare theory and game theory. Efficiency, .

the vector maximization problem and Pareto eptima are reviewed in '

connection with p theory, p ing and economics, e
Roy {1971) gove a synthesis of the main approaches to the MODH B

problem; He distinguished between four different classes of appruvaches, o

glving the general philosophy of each class with their conceptusl basea i

and discussed their practical limitations., MacCeimmon (1973) used a

‘meta~model' to "relate the multiple objectives wf a DM and the multiple
attributes characterizing bls alternatives to the wodui an apalyst
builds of these processes and cholces " (page 18). A Eramework for
examining & variety of models under Four headings is given with a brief

description of each model's wost prominent features and undevlying

agsumptions. More rscent overviaws of the gensral field of MCDM, o

some particular aspects of the aren, hava beeu given by Cohon {1978),
Hwang and Masud (1979}, Ziomts (L978), Hweag and Yoon (1981), Spromk . ;
(1981}, Goicoachea, Hansen and Duckstein (1982), Zeleny (1982) and

Haimes, Hall and Priedman (1975).

=~
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By reviewing the two main areas of MCDM (viz: Multiple Objective
Decision Making and Multiple Attribute Decision Making ~ see the previous

saction) separately, Hwang and his collaborators are able to use & more

refined classification of the various methode uged to selve problems with
miltiple criteria., Hwang and Masud (1979) give a system of classifying
the major methods used im MODM which im basad on four categovies of the BN
preference informetion given by the DM. These are:
a) a priori (befors),
b) progressive (during),

c) a posteriori (after), and

d) no articulation of the preference information.
A description of the main mathods under each heading is given as well H e

1
as simple applizations to illustrate the differences between the approaches. : 4

This work was condensed into a survey tutorial by Hwang, Paidy, Yoon and
Magud (1980).
Hwang and Yoon (1981) followed up the overview of MODM with a sequel

on MADM. A system of classifying the major techniques is presented. This

i

1

|

i

|
classification s based on the three categories of information which is ]{
given by the DM: i

a) mno information given,

b) information given about attributes, and

¢y information given about alternatives.

Simple numerical examples are given with each of the methods which is

digcussed under the three headings.

Zeleny (1982) gives a comprehensive overview and in depth treatment
& of certain areas of MCDM. Several of the chapters ave concerned with his

wn considerable contribution {(with its distinctive philosophical Elavour)
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to the area over the past decade. An excellent treatment of MCDM is given
by Goicoechea, Hansen and Duckstein (1982). The authors cover & wide range
of methodologies in depth, and illustrate the different approaches with
examples.

The rest of this chapter will be concerned with a survey of the
main methods used for solving MODM problems. We shall use the classifica-
tion of the methods suggested by Hwaug and Masud (1979}, and will direct

most of our attemtion to interactive methods for solving problem (1.4}.
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2.2 A POSTERIORI ARTICULATION OF PREFERENCE INFORMATION

We recall that we ars comcerned with solving a problem of the form

defined in (1.4). Algorithms have been developed to gemerate the set of 4

acndominated (efficient) extreme points of the constraink set X which

was defined in (1.3). (See Zeleny (1974), Philip (1972), Yu and Zeleny
(1975), Steuer (1976) and Bvans and Scteuer {1973), for example.)

Goicoechia, Hansen and Duckstein (1982 discuss four methods in detail,

including those of Zeleoy and Philip. Hwang and Masud (1979) also give
a full discussion of severxal algorithms. [
The set {or a subset) of nondominated extreme points is gemerated. 1

i

Once this finite set of points has been determined and each of the

objective functions hay been evaluated at each of the points {alterna~

tives), a tableau of results can be set up as follows: !

OBJECTIVES h
b

!

«} R

xz j

ALTERNATIVES !

. I

i

g #* I
i i
i ;

LR £,(x!). f.e. the value of objective i at alternative j. I

i
in these methods, any information from the DM ls obtained after the H

e set of nondominated solutions has been obtained. However, even for

sy relatively “small” problem, the number of alternatives which are genex-

] ated can be quite large. Zeleny (1974, pages 117 - 121) pives sn example
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with 5 objectives, 8 variables and 8§ constraints which has 70
nondominated extreme points. Therefove, presenting the above tableau to
the DM and asking hiwm to choose his mest preferred solution could present
him with quite a formidable task.

We are essentially confronted here with a problem which falls into
the discrete clagsification of MADM. Tectmiques need to be used to reduce
the dimensionality of the problem which is now represented by the tableau.
Methods which attempt to achieve the above include:

a) Filtering (or elimination) techniques which reduce the number of
alternatives to a few {or one) by eliminating those alternatives which
do not meet certain levels of performance in all the objectives.

b) Multidimensional sealing techniques which zesult in a '"representative™
one~ or two~dimensional diagram of the data in the tableau. Often the
dats includes some "ideal'' point. Certain trends that the alternatives
Eollow with respact to the objectives car often be ascertained, The
most preferred solution (or at least a few acceptable solutions) is
then identified.

Techniques which assess (preference) weights about the relative import-

[

ance of each attribute (objective). These methods require an implicit

trade-off evaluatioun between the objectives to be made by the DM. Their
evaluation principles, however, are quite diverse. Inciuded amongst

these methods is the ELECTRE method, which Hwang and Yoou (1981, page E

127) congider to be one of the best methods because of its simple logic,

full utilization of information (in the tableau) and refined computiomal

procedura. P
o F d) Techniques which utilize information about the relative importance among
attributes (i.e. ordimal praferences rather than the cardinal prefer—

ences of (¢)).

- [ .. . S S S S
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e) Techniques where pairwise comparisons of altarnatives are made. As we
noted earlier, however, the sel of alternatives can be too large for

this to be a practical propesition.

MADM techniques are reviewed by Hwang and Yoon (1981) and Goicoechia,
Hansen and Duckstein (1982). Both references have detailed descriptions of
the methods which are presented along with numerical examples.

A (possible) disadvantage of the above approach to solving (1.4) is
that the methods require a finite number of discrete alternatives for
analysis. If the most preferred, or 'optimal' solution to (1.4) occurs at
a0 extreme point of rhe comstraint set X, then this solution should be
locs*ed by the DM after an analysis of the generzted data has been carried
out. However, as we do not know the form of the utility function before-
hand (and 2 linear form is a severe assumption), we may in fact only be
obtaining the most prefarred extreme point and mot the solution to (1.4).
A further examination of the edges and faces of the constraint set X
needs to be performed. H

We note, in passing, that both Zeleny and Steuer (among others) have
proposed wethods which reduce the nondominated

set by iateracting with the

DM, See Section 2.4 for further details.
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2.3 PRIOR ARTICULATION OF PREFERENCES

Various methods require the DM to articulate his worth or preference
structure prior to solving (1.4). The effect of this is to reduce the set
of nondominated solutioms to 4 mech smaller set of solutions. The two
methods which are reviewed in this section can both be used to handle

digerete (as in the last section) and continuous decision varisbles.

2.3.1 goal Programming

In Goal Programming (GP) each objective fumction is reformulated as:

£+ d] - d] = by R AT

where bi is & level the DM would like objective i to achieve. The
varisbles d and d;, called deviational variables, are nounegative
measures of the under~ or over-achievement respectively of the objective
Function fi with respect to the desired level bi' In GB, the deviations
from the goal levels bi. are minimized., The objective function, therefore,
is made up of the deviation variables.

The DM is required to provide tha levels bi for eath objective. He

cap give information about vhich objectives (or goals) he is most concerned
about achieving.In this case, priorvities are assigned to che goals which e
reflect their rankings with respect to each other. In addition, within a ;
. given ranking (i.e. at the same priority level), weights can be pre~ ‘
: assigned by the DM to tha deviation variables which indicate the DM's

relative concern about achieving the goals at that priority level. If no

¢ ranking is made, the objective function is a weighted sum of the deviation B
i b
2 The GP algorithm then solves the new formulation of (1.4) using the :

Simplex Algowithm to minimize the deviation variables. This is done at

§
1
i
1
; o
I sl variablas. A
|
|
1
1
i
t
t
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each priority level, in order of importance, without violating the over-
all levels achieved by goals at higher priorities, If a solutiom is
obtained which achieves all the goal levels, than one or more of the goal
levels bi can usually be increaged. For a full discussion of Goal
Programming as well as applications to several problems comsult Lee (1972)
or Igniczio (1976).

GP is an operational definition of Simon's (1957) concept of satis-
Eicing: viz. that DMs think in terms of 'bounded raticnality’ and look for
solutions that are 'good enough'. For & re~examination of what an optimal
decision is, and the process by which it can be arrived at (including the
use of GP), cowsult Keen (1977). Harrald, Leotta, Wallace and Wendell

(1978) discuss some of the sh ings of p ptive goal p 1

and its incompatibility with utility preferences.

In order to find the DM's most preferred solution (rather than a
satisfactory solution), a post~optimal sensitivity analysis needs to be
performed so as to determine what effects changes in the pgoal levels will
have on the solution, This can be performed by using the dual formulation,
See Ignitzio (1976) For details. Dauer and Krueger (1977) and Isermann
{1976) (1977) show how information from the dual can be employed in the
search for & compromige solution. In order to perform this analysis in an
efficient manner, and to avoid the problem of gemerating too much inEowvm—
atien, this would best be per .cvmed interactively with the DM. (See

Section 2.4,8.)
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2,342 Assessing the Ubility Fungtion

If the DM conforms to certain axioms relating to choices among
cavtain and uncertain outcomes, a utility function which represents his
preference structure cay be constructed, The utility function is simply
a mapping of the values in the range of an objective function into a
cardinal worth scale as determined by the DM, This becomes a formal mathe-
matical vepresentation of his preference structure, See Chapter 1.

Hwang and Masud (1979, pages 30 ~ 31) note that the determination of
the function U for & complex problem with multiple objectives is very
difficult. The advautage ils that once U has baen correctly assessed,
(L.4) can be solved directly and it will ensuve the most satisfactory
solution to the DM.

Goicoechia, Hansen and Duckstein (1982) repov: that thete are a
number of theoretical and practical difficulties associared with multi-

attribute utility Function pts and d . These

include:

a} The stringency of the paychological vresumptions underlying the
procedure.

b) The necessity of asking extreme value questions ledds to problems in
keeping the computational raquirements for specifying a urility

function at a manageable level.

e

Tedium of caleulating the component utility functions and scaling

congtants.

d) Lack of immediate feasdback to the DM of the implications of his
preferences.

2) Absence of an efficlent procedure to 'update' the DM's preferences angd

conducting 4 seasitivity analysis.
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The approach of pre—assigning utilities appears to be better suited
to problems whete an alternative has an associated probabilistic ocutcome.
i.e. if alternative x is chosen, then outcome y will occur with a
certain probebility. In (1.4), an alternative drawm from the constraint
set X results in deterministic outcomes (subject to 2~curacy of measure~
ment). In this context, as mentioned in Section 1.1, many authors tefer
ko the function U, representing the DM's preference structure over the
known objectives £(x), as a value function., Cousult Keeney and Raiffa
(1976) for a yeference on the censtruction of utility (value) fusetions

to solve (1.4) and the underlying assumptions which the DM must satisfy,
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INIERACTIVE METHODS

In this section we discuss the methods that Hwang and Masud (1979)
rofer to ag methods for progressive articulation of infowmation. This
class of methods relies on the progressive defimition of the DM's prefe~
rences along with the exploration of the chjective function space defined
over X. At some sclution in the conmstraint set X, the DM is asked about
gome trade-off o praferance information based on the currenmt solution (or
the set of current solutions). This information is used to determine a new
point in X and the procedure then continues. Hwang and Masud (1979) list
the following advantages and disadvantages to this approach, The advantages
arel
a) There is no need for ‘a priori’ preference information.

b) It is a learning process for the DM to understand the behaviour of the

systen.

L

Only local preference informatiou is nseded.

d) Since the DM {8 part of the solution process, the solution obtained has
a better proepect of being implemented,

e) There are less restrictive assumptions as compared to the methods
described in Section 2.3, .

The digadvantages include:

a) The solutions depend on the accuracy vf the local praferences that the
DM gives.

$) For many methods, thare is no guarantee that the preferved solution can
be obtained within a finite number of interactive cycles.

¢) Much more effort is vequired of the DM than is sv with methods outlined

previocusly.
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The performance of interactive algorithma, as suggested by Wallenius
(1975), is judged according to:
a) The DM's confidence in the solution.
b) The ease of use of the method.
¢) The ease of understanding the logic of the method on the basis of the
instructions.
d) Usefulness of information provided to aid the DM,
e) Speed of convergence, measured by the numbex of cycles aud the total
time taken to solve the problem.
£) Total computer time {or CPU time).
The question of which one is the mogt important and which ie least import—
ant is (to some extent) dependent ou the DM and the decision situatiem.
Methods for soiving problem (1.4) which fall into the clags of interactive
algorithms ahould be judged against the six criteria listed above.
Since the algovithms which we propese in later chapters fall into the
olass of interactive algoritbms, we will give a fair.y datailed overview
af the more important interactive methods which have bean proposed at this

stage.




2.4,1 The Intersctive Frank-Wolfe Algorithm

Geoffrion, Dyer and Feinberg (1572) used the Frank-Wolfe Algorithm
{discussed ir Section 1.3) as the basis for am interactive approach to
solving problem (1.4), The mathematical programming problem solved in
Step 2 of Algorithm 1.20 is defined in (1.17): viz.

r
maxioize ] w5 £(0 @10
x & iml
vhere wij (xk) is the inverse of the marginal rate of substitution of
objective { (i = L,c..,%; 1 # j) for some reference objective j
(1< j < 1) at some feasible solution xks X,

There are so underlying assumptions on the structure of the utility
function (apart from the differentiability and concavity of dssumption
. therafore, depend explicitly on the present

J
solution xk. These weights are approximated by posing the ©~1 questions

1.17)+ The weights Wy

given in Note 1,12 (ii), Dyer (1973 b) proposed a trade-off estimation
routine which creates a dialogue between man and machine by obtaining
information from the DM through a series of simple, ordinal comparisons.

The effects of errore in the estimation of the weights in (2.1) on the

performance of Algorithm 1.20 wag considered by Dyer (1974). He reports

(page 173) that "{f the errors are unhiased and given & stochagtic

] interpretation, the mean iritial rate of convergence of the algorithm is
equal to the inipial vate of convergnce ignoving any error terma,.,(and,
” . therfore} random exrors and inconsistencies do not appear to be g signifi~
cant hipdrance to the use of Lhis robust procedure,

One drawback to the method was mentioned in Note 1.19: viu. the

solutions x, gemerated by the Fragk-Wolfe Algorithm, could be
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dominated. Dyer (1974) showed that the method should converge to the
efficient surface if, loosely spesking, the DM is coansistent in his
responses. Wallenius (1975), however, found in experimants that he
conducted that the subjects seemed to f£ind, on average, solutions 'nearer'
to the efficient surface using an unstructured approach on 2 chosen problem
than the one they found using the Geoffrion approach.

Dyer (1973 a) reports the results of experiments conducted on & group
of 9 students (who had been exposed to the basic comeepbs of mathematical
programming but had no background im solution techniques for problems with
multiple objectives) using the Geoffrion approach to solve a linear program—
ming problem with 3 objestives. He concludes that an analysis of the
students' experiences indicates that the time—sgharing program can be used
succeasfully by relatively unsophisticated DMs. These findings are in
conflict with those of Wallenius /1975) who conducted a similar experiment
on a larger group of people. Wallenius found that the overall performance
(measured in terms of the criteria listed at the start of this seetion) of
the Geoffrion approach did not turn out te be &s good as might be inferred
from sowe previous experiments (viz, Dyer (1973 a)). This was mainly due
to the difficulties exparienced by the subjects in estimating the marginal

rates of substitution which are needed in (2.1).

i (1981) pts to rcome some of the difficulties in
eptimating the MRS by giving the DM the freedom to:

8) cheose the way the inquiry is condueted,

b) compare the marginal utilities of csrtain groups of objectives only, and
¢) make statements which can, to some extent, contradict sach other.

A number p ® 1 of subsets of at least two 'elements

PPN JPC( 1.t ),

1




vepresenting groups of objectives whose margimal utilities the DM is
prepared to compare, is selected. An inquiry pattern P (a p x r matrix),

which represents this information, is constructed s follows:

Ppg =L 1 L

=0 if J,l.!m,

where m=1l,...,p aad 1< i<v, P is required to satisfy certain
requiremenits 0 as Lo ensure that adequate information is obtained from
the DM.

Suppose that in (2.1) the reference objective j is chosen to be

objective 1. Redefine

Sy
i

where Wy 1 (since wJJ = 1) in {(2.1). The DM iy then asked to give the
vectors

domld i) m=1,..,p (2.2)

trying, as far as possibla, to fulfill the condition that

dm hag the direction of { wpsds Jm) fFor mm l,.es,p.

The vectors (2.2) are supposed to be proportional, by a positive factor
(say 4y to the correspunding group of weights chosen by the Geoffrion

method. A Pranswver matrix D ig constructed as follows:

d.=d ., if ieJ

= 0 if {443,

where m=1,...,p and L% i < r, The characteristic property of the
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p X r matrix D 1is given b,
Byd . =d . @=1,..0p; 1= 1000

The non~zero vector of weights w = (wl""’“r) is then computed by

winimizing, in some sense, the matrix

¥
4 . - " b (2.3)

for soma ﬂl.""'ap > 0, representing the scaling factors which were
mentionad eavlier,

Rosinger shows that the Geoffrion method of inquiry (chocsing j o 1

as the reference cbjective) is equivalent to the DM choosing subsets i

Ip7 (el } mo= 1.0, i

whick leads to the inquiry pattern

1o P
101 ]
P o . . .
1 0 1
Since the DM is making the same pairwise comparisons now as in the
Geoffrion method, the vector of weights w in (2.1) satisfies
- Wy 2y s
e ® : - " ) 2.8
S e %
Sii for some set of scaling factors a > 0. !
@ [
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By allowing P to be more general than the above form, Rosinger has
introduced more freedom (and hemce flexibility) into the questioning of
the DM fcr his MRS. In addition, by wot requiring that (2.4) is satisfied,
only that (2,3) is minimized in sowe sense, the DM can make gtatements
which may be contradictory. Algorithm 1.20 is shown to couverge under
conditions which requive that the estimates made by the DM in the matrix
D become move accurate {with respect to their true 'implicit' values) as

the algerithm progresses.

Oppenhaimer (1978) combines the Geoffrion approach with a global
modelling techuique of the type mentioned in Section 2.3.2. He suggests
two forms of wtiliry Functions as local approximations to the true
utility function. These are then used in #u interactive feasible directions
algorithm, The author does not assume that the approximation (proxy) is the
true utility function; it is only usad to guide the search for an optimal
decision.

Ingtead of throwing away past informatioun as inm Geoffrion’s approach,
the method uses the trade-off information at the current and previous
points. This information is then used to 'fit' a proxy function of a pre-~
determined form to the data, Since the approximation is very good lecally,
the algorithm converges at a Easter rate than the interactive Framk-Wolfe
algorithm, requiving far fewer interactious with the DM. The algorithm is
stopped when the DM is unable to distinguigh between successive trial
solutions.

Oppenheimer reports that the algorithm has been implemented success-
fully on a practical problem and that the solution generated by the algor-

ithm was adopted by a satisfied DM.
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Musselman aud Talavage (1980) propose a cutting plane algorithm as i
the basis for an interactive algorithm instead of the Frenk-Wolfe algorithm.
Trade-off information at some fessible peint is obtsined from rhe DM in the
game manner as the Geoffrion methed, Instead of using this to find a direc- R
tion of movement, they construct a cubting plane (whare it is assumed that
the moat prefarred solution vemains in the veduced comstraint set), 4 point R

near the 'centre' of the constrained set is then found and presented to

the DM for further comsideratiom.

This method was applied to a water resources problem, The authors

teport that when the problem was given to a knowledable DM ( a graduate J

student), the DM was generally able to arrive at a final compromise solu~

tion in xelatively faw (5 to 10) iterations using their method.

§
1
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e s
2.4,2 The Method of 2ionts and Walleniug i
i
The approach proposed by Zionts and Welleniuvs (1976) takes an initial
{arbitrary} set of weights W and determines some nondominated extreme A

point in X by using the Simplex Algerithm to solve

r
meximize ] ot £,(x), (2.5)
xex dsl - *

where k = 0, For each nonbasic variable xJ. in the simplex tableau, a
vector of trade~offs zjk is computad, A linear programming problem is ;
then solved for each nonbasic variable to determige whether the introduc— '
tion of that variable inte the biis leads to a dominated solution or net.

The trade-offs which lead to nondominated extreme points are then presented

to the DM for comsideration. The DM is required to dscide whether each set
of rrade-offs is desirable, undesirable or neither of the two. Wallenius
and Zioms (1977, page 80) recognise that it may be preferable to compute

the adjacent nondominated solutions and to ask the DM preference informa=

D
tion about each solution when compared to the current solution.
At ireracion k, the DM's responses are used to constrain the true

(unkoown} set of weights as follows:

) wi> € mom 0, u.,ke1 {2.6)

T
(i) § e
i

iy

-

1if the trade-offs arve desirable (vhere zij Tapresents an
inareagse in objective function fi(x) due to Some increase
in the nonbagic variable ® at iteration m < k).
. m
|3
(id) Zy, W, S mg m = 0y00,k=L 2.7
i, {=l J.Jm 2

H if the trade-offs 2y are undesirable.
n

IS L 5 - e
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T
(iid) I oz, =0 o= 0,0,k (2.8)

if the trade-offs are meither of the above (i.e. the DM I
is uncertain.)

& is a sufficiencly small positive number. i 1
A feasible solution to the constraint set (2.6) - (2.7), with n

f [
w, =1 2.9) ; "
M

-

»e 1w 1li0va,r, 2.1y ¢

{

i then found. This gives a new set of weights w* and the algorithm is

rastarted. The procedure stops when none of the trade-offs at the current
solution leads to a nondominated extreme point or when all the trade-offs [
presented to the DM are considered to be undesirable.

One limitation ko this method is the implicit assumption that the

utilicy function is linear since the £imal solution will be found at an

extveme point of the constraint set X. Even if the most preferred
svlution doss occur at an extreme point xﬂ, there is nc guarsntee that
the weights w(x*) will satisfy the constraints (2.6) - (2.8) for &
more general class of utility Eunctions then the linear form. Zionts and
and Wallenius (1983) suggeat that 'cartain' congtvainks ve dropped if
the situation arises for which no Eemesible weights can be found.

The major advantage of this method is that it is less demanding om
the DM than most other methods., The suthors report that (in practise)
convergence is considerably improved if the uncertain respouses in (2.8)
are ignored when generating a new set of comsistent weights.
de Samblancks, Depraectere and Muller (1982) discuss some of the

problams which may be unk d in the implemantation of the algorithm,

I ——— — it I Coeo
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In tests that they conducted on groups of students, however, they report
that the students found the method easy to handle and that it converged
rapidly for the problem which was being solved.

Zionts and Wallenius (1983) refined the ubove method to allow for an
underlying pseudo-concave utility function. The presentation of trade-offs
to the DM is replaced by the following possibilities:

a) Ask the DM to choose between the current solution end a distinatly

different adjacent nondominated extreme peint, and/ox

b} ask the DM whethar he llkes an efficient trade-off not leading to a
point asked about in (a), end/or

c) ask the DM whether he likes any trade~offs leading to adjacent efficient
points which he did not prefer to the current solution in (a).

The information obtained is used to define constraints on the weights w

which are similar to (2,6) - (2.,10), with ¢ set to 1. Cleaxly (2.9)

must be replaced with

-

(in view of (2.10)}, where the authors repert that the problem of deterwi-
ning & bhas now become ona of determining M. Lf thare is no feasible
solution to the conatraint set on tha waights, then the set is modified by
dropping the oldest of the active cunstraints from consideration. A new
set of weights LI genernted which is used to f£ind a new solutien,

The DM is then asked to choose betwaen the current solutiom, a point
found in {a) (if any) and the new sulution. IE the current solutiom is
preferred, them it is locally optimal and a seavch procedure is implemented
to find the global optimum, Otherwiss the algorithm is restarted with

the new s lution,
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The authors report considerable success in applying the method to
several problems and remark that the users have generally been yuite

satisfied with the model.

White (1980) derives his wethoed in part from Zionts and Wallemius.
The method aliows for an uuspecified form of underlying utility functioa.
An extreme point of X is Eound {using any prioy restrictions on the
weights if required). A set of weights is thea ug~d to generate further
extreme points which are then compared to each othar by the DM in an
effort to find the best solution so Ear. Responses from the DM are
incorporated into constraints which are used to shrink the convex come
containing the optimal weights. A new set of weights is computed from
which further solutions (requiring comparison) are found.

A by=product of the procedure iy an iterative method for Finding
the generators of the polyhedral cone containing the weights. In problems
where there is evidence that Wy > Wy T4 Wy { a problem which was
also considered by Pearman (1977)), the gemerators of the appropriate
gete of parameters can be determined in & methodical manmer.

As yet, no impirical testing of the method has been cited, and
Zionts and Walleniua (1883) point out that the increasing number of
golutions which are presented to the DM at each {teration could become &

problem.

N L ik A "

P

i
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2.4,3 The Method of Belenson and Kapur

Balenson and Kapur (1973) use gawe theory to generate the weights P

for the linear programming preblem:

r ;
neximize ] £ 40 (2.11) "

teX iwl

r
subject to | w, =1
inl *
Do
wi>0 1o 1,00,
Initially, v linear programming problems are solved with each Wy set B B

to 1 in turn {the rest are set to zero). A normalised r x r matrix [
is then comstructad which reflects how each objective function performs H
on each of the © nondominated extreme poinks which are computed. This
matrix is then treated as the pay-off matriz for a two person, zero-sum 3
game, This is then solvad For the optimal mixed strategy which gives w
new set of weights for use in (2.11) and & new nondominated extreme point
is then found. The DM is required to ideatify the least preferred

solution from the set of v previous solutions and this is replaced in

- B the pay-off matrix by the new solution.
N Although the algorithm has an sppealing simplieity, it does not

appear to have been used on any large practical problems.
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The Method of Stewart

Stewart (1984) proposes a method which allows for the snalysis of

MODYM problems in an interactive algovithm where the DM expresses prefer~

ences which are inconsistent with a simple utility wmodel and/or are selfw .
inconaistent.

Gensider a simple palrwise choice between any two elements of X,
say « and xK‘ Stawart (1981) associates with this choice a proSability

I

P x‘T >-xK] that " will be stated by the DM to he preferred to xKv i

If certain axioms are complied with, then it can be councluded that

ProTm &y m e UGS -y 17 (SO

where U(xJ) and U(xK) are some 'utility indicators' of o and <5 ‘ i
It is assumed that the utility indicator ¥(x) is approximated by the

simple lineaw weighted sum of the objective funcrions. i.e. o

v
UGz « 'Zl v £, vy B0, (2.12) [
i&

If each element of the set 8 =~ the set of observed pairwise preference i

statements mede by the DM ~ ig representad by the ovdered pair (J,K),

indicating that the DM preferred x‘I to xK. chen the maximum likelihood

estimate for tha weights w im (2,12) is obtained by Stewart (1984) by

t
maximizing the log~likelihood function . i
L

'Y "
L(A/8) » = I tog( b +exp(~] w240 (2.13) i
{ ) € i=1 :
SR : o
i vt o) - i
ol whetre Zi fi(" ) fi(x 3
o) ;
S and w >0 for & ow L.yt i
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Noting that this maximum way occur st infinity along some ray im the
positive orthant of R°, Stewart justifies the inelusion of the bound
Er: wi<M, (2.14),
i=}
where M = 100 was found to be convenient in practice.

The method proposed by Stewart (1984) requires the cowputatioun of the
r solutions which maximize each objective function individually. The
objectives are than scaled so that Ei(x) ¢ F0,1 ) on the r nondominated
solutions in X, & (y+l) th nondowinated solution {s generated by solving
(2.12) Eor the scaled objectivas with sach w = 1. From these r+l
initial solutions, a set of r paire of soluticns are selected. (See
Stewart for the details of how the pairy are selected.) The DM is required
to state a definite preference betwsen each pair of solutious which are
presented for comparison. This information i.itialises - 'ut § wused in
(2.13),

The maximum likelihood estimate of the weights & is computed from
(2.13) (2.14) and these weights are used in (2.12) to obtain s most likely
solution & and to compute & set of most likely solutioms ﬁL (zee
Stewart for detaila). X and some poinmt in iL are then presented to the
DM for additional praference information; the set § is updated and (2.13)
(2.14) is re-solvad for new weights w. The algorithm continues un&il
a) the set X contains only %, or
b) the D is satiafied with the st X° as a Final shovt list, or
©) mo further comparisons can be made between % and elements X ¢ f("

which have not been made previously.

gtewart (1984) notes rhat the linearity assumption in (2.12) is less

congtraining than in the previous methods discussed in the sense that some
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nonlinearities can be absorbed into the 'uncertainties' or deviations
from the linear wadel. Also, wa observe that, although v pairwise
comparisons are made initislly by the DM, only one pairwise comparison
{s required at each successive iteration, This is a general improvement
on the other methods which are discussed. The culy drawback ia the
requirement that the DM has to express a preference between two alter~
natives, Stewart indicates, howevex, that some success has been obtained

in handling indifferences, but that this still needs further investigation.

Ar this stage, no references are cited vhere this method has been

implemented on any large practical problems. I
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2.4.5 The STEP Method (STEM)

In the STEP Method, originally propused by Benayoun, de Montgolfier,
*
Tergny and Laritchev (1971), an ideal point £ is initially computed,

where

* n
£ = meximum ) oL o% g iw 3., (2.15)
xeX jul 3

4 solution is then computed which is nearest, in the MINIMAX sense, to

gt

* . ; ;
£ . i.e. solve (at iteration k)

minjmize 2

subject to 2 ® E] = £,60 1y i i = Lo (2.16)

1 o —

x e xnK,

an

where O° = &% The weights x, give the relative importance of che

. *
distance to the ideal £  and are computed from

where

2y ir £ <o

£ s the minimum value of objective i taken over the set of ¢

*
golutiens used to compute £ i (2.15).




ey

The algorithm has 2 phases:

Phase I+ Determine & solution x° to problem (Z.16) and compute the

resulting performance of the T objective functions at x*.

*

Phase II: (Interactive Phase) The DM compares E(xk) with £ . He
decides which ohjectives can be relaxed to allow an improve—

ment in unsatisfactory objectives and the amwount of the

relexation. For the next cycle, the feasible region DY is

modified
Dk
Dkﬂ fi(x) > fi(xk) - Afi where satisfactory objactive
i is ralaxed by Afi
£, » £, whers objective i must do
no worse.

The algovithm terminates when the DM has found a solution which has
aceeptable levels for all of the objeckives.

Hwang and Masud (1979, page 182) report that Bemayoun, in collabora=-
tion with others, has developed other techniques which are similar to STEM.
Included smougst thege he the Progressive Orientaticn Procedure (POR),
which presents the DM with a subser of nondominated extreme points. If the
subget containa an acceptable solution, the procedure is stopped; otherwise
the DM chooses & best subsat of solutlous, which is usad re find 2 new set

of nondominated extreme points and the process is repested.

.




45,

2.4.5 The Surrogate Worth Trade~Cff Method

The Survogate Worth Trade-off Method (SWT) was proposed by Haimes and
Hall (1974) and Haimes, Hall and Friedman (1975). Reviews of the method,
as well as extensions, are given by Hall and Haimes (1975) and Haimes
(1979) . The method consists of three major steps. These ave:

a) The identification and generation of nondominated solutions which
form the trade-off functions in the objective function space.

b) The interaction with tha DM Co assess an indifferemce band (where the

improvement of one objective is equivalent to the degradation of
another in the mind of the DM, c¢.f. Definition 1.7 of an indifference
curve ) using what are referred to as surrogate worth functions.

¢} The detexmination of the optimal solution set.
The trade-off funations can be determined from the values of the

dual variables associated with the coustraints of the problem:

maximize fj (x) 1€y
xeX (2.17)
subject to £i(x) »e; 1w lyeen,r; 44,
* * :
k where py=fi e HE R IR

) f: are the ideal values determined in (2.153) and zf; >0 are

deviations which are varied parametrically.

Formulating the generalised Lagrangian and applying the Kubn~Tucker
necessary conditions for an optimal solution (see Avwiel (1976), for

example), the conditions of interest for further analysis are

&) -

! Pyl Y=o, oy o, 2.18)

1 where Pyg are the generalised Lagraoge multipliers for (2.17) and }
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is some arbitrary objective (1€ j € ). i = 1,...,r (i # }) correspond
to the additiomal -1 constraints on the remaining objective functions.
Then it can be shown “hat (see Hall and Haimes (1975, pp 213 - 214), for
exanple)

o, == 3E,)/REC) 5 1§ = Loy 1435
it i i

which have the properties (c.f. Properties 1.10 (ii) for MRS)

°ji=pjk °ki; 1€k<ry (2.19)

miml/pﬁ B i = Lyovo,rs 14 (2.20)

The first phase of the SWT mathod is to choose an arbitrary objective
} and to identify and generate a set of nondominated solutioms by varying
the ¢'s pearametrically in (2.17), Compute the trade-off functions Pig
for fixed j, Using (2.19) (2.20), the Eull set of trade~off functions

3 are then computed for i, » 1,,..,v5 4 # 3.

it
The next phase 'is the interactive phase with the DM to obtain the
surrogate worth functions sji' Given the computed values of aji’ the
value of che surrogate worth functiom is en assesswent by the DM as to
how much (on an ordinal scale, say of frow -10 to 10, with O signify-
ing equal preference) he prefers trading °ji
one marginal unit of Ei. (given the values of the objectives fl""’fr

marginal units of fj for

esorresponding to pji)‘

The indifference hand is constructed as followsy the DM is asked
whether he likes, is indifferent to, or dislikes trading Pii unibs of
Ej for one unit of Ei. Eor two distinet values of pji' This is

*
§i
*
Einding sj:'.(pji) # 0 on the line ogment joining the two valuas of

assessed on an ordinal scale sj-‘(pji>‘ P is then approximated by

b
|
!
|




s

*

sji(pji)' The values pji can be checked for consistemcy by making use
; * :
of (2.19). At the points pji” the surrogate worth functions are simulta-
neously equal to zero. i.e. marginal gain equals marginal loss for ali
objectives taken two at a time,
Tha final phase of the SWT method is to find the begt compromise
*
i
* *

corresponds a value fi(x). i® 1,000, 14§, These fi(x) correaspond

. *
golution which corresponds to the values of p,,, To each pji there

to the valus & in constraint (2.17). The most preferred solution is
then found by solving (2.17) with & set to £y(x).

Hwang and Masud (1979, page l44) comment thdt as the number of
objective funetions increase, the number of trade~offs which are required
from the DM may become excessive. Other disadvantages are:

@) the possible exclusion of the moat preferred solution while varying
the £'s parametrinally in (2.17), and

b) the DM may mot perceive that the "ji's indicate marginal trade-offs
in a amall reglon about the current solution when he is providing the
surrogate worth Functiona.

The major advantages of the SWT method For solving (1.4) with cne
DY are:

a) the DM iy required to consider only two objectives at a time while
assessing the worth Euncrions, and

b) there is only one major inceraction with the DM to obtain the worth
functioug, i.e. the method is not itarative in the sense of Algorithm
1.20,

Baimes, Hall and Friedman (1975) report that the SWT mechod has
been applied successfully to several practical problams.

Chankong and Haimea (1977) proposed an interactive version of the

SWT method, imbadding it in the interactive version of the Frank-Wolfe
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Algoritbmn, & vecent approach is the Sequential Proxy Optimization Techmique
(8POT), proposed by Sakawa (1982), in which the SWT method is combined with
the Multiattribute Utility Funetion approach mentioned briefly in Section

2,3.2, SPOT parallels the taken by Oppenhei (1977}, where the

Geoffrion method was combined with MUF {(see Section 2,4.1).

In SPOT, the SWT wethod is used to find a nondominated solutiou and to
compute the generalised Lagrange multipliers (trvade~off functions). A proxy
function is then fitted to the marginal rates of substitution at this
golytion which are providad by the DM. The function is used ro determine &
direction of improvement and the step size is then computed numerically
{with DM verification) to {ind & new noadominated solution. The algorithm
is continued until the Lagrange multipliers and the marginal rates of
substitution at the current solution are sufficiencly clese,

As with Oppenheimer (1977), it is not claimed that the proxy function
is an approximation ko the full utility function; it is only a local
approximation which is used to give a direction of improvement. Sakawa
(1982) {llustrates the algorithm with a simple numerical example and states
(page 395) that applications of SPOT to environmental problems will be

reported elsewhere.
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Algorithm, & recent approach is the Sequential Proxy Optimization Technique
(SPOT), proposed by Sakawa (1982), in which the SWT method is combined with
the Multiattribute Utility Function approach mentioned briefly in Section
2.3.2, SPOT parsllels the approach taken by Oppenheimer (1977), where the
Geoffrion method was combined with MUF (see Section 2.4.1),

In SPOT, the SWT method is used to find a nondomineted solution and to
compute the generalised Lagrange multipliers (trade-off functions). A proxy
function is cthen fitted to the warginal rates of substitution at this
solution which are provided by the DM, The function is used to determine a
direction of jmprovement and the step size is then computad numerically
{with DM verification) to find a new nondomineted solution., The algorithm
is econtinued until the Lagrange multipliers and the marginal rates of
substitution at the curremt solution are sufficiently close.

As with Oppenheimer (1977}, it is not claimed that the proxy function
ig an approximation to the full utility fuuction; it is ouly a local
approximation which is used to give s direction of improvement. Sakawa
(1982) illustrates the algorithm with a simple numerical example and states
(page 395) that applications of SPOY to environmental problems will be

reported elsevhare,

il .




2.4,6 The Method of the Diaplaced Ideal

The ideal solutjion E* i3 initially defined to be the vector which
solves the r linear programming problems given in (2.15). fmi“, referred ; 4
to by Zelemy (1976, page 175) as the anti-ideal, is defined as before inm :
Section Z.4.5. i,

Zeleny (1876, page 174) states the Following Axiom of Cholce!

Alternatives that are cloger to the ideal are preferred to those that
are further awsy. To be as close as possibla to the perceived ideal

is the vationale of human choice,

Zeleny (1976) remarks that preference can be expressed as an ‘as far as .
possible' congept as well, using the agti-ideal as a poirt of reference.
He states his belief (1976, page 199) that humans try to be both as close
as possible to the ideal and as far as possible from the anti-idesal, and .
that humans are capable of switching between these two regimes according H

to the given circumstances of the decision process,

The degrae of closeness of objective i, £,(x}, where x ¢ X, to the i

ith componant of the ideal fy;, is defined as: ! .
4 £ (x) = £ I
(%) a1 i ACREE A Ly
and O‘di(x)Gl ¥imlt xe X

The assignment of di(x) can be defined by

min :
£00) = £] ) i

di<x) R e Lm0, xe X i
o o gmin
i i

*
The distance of & solution x ¢ ¥ from the ideal point £  can then be C

measured using the family of Lp mattics, These are given by:
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P 1/
Ly = 1 W - d P, P L2, (22D
i

where the weights v, are introduced to reflect the fact that the

objectives cannot be assumed to have squal importance. The comcept of by
'as close as possible' in the Axiom of Choice is theun achieved by :
minimizing Lp(“"") over the set X for a given ser of weiphts and ;
given value of p. Using a result proved by Yu (1973) which shows that i,
the degree of closensss is interrelated with the weights, Zeleny (1976, ;
page 188) notes thak this compounding effect must be clearly understood

to avoid 'double weighting®. Numerical examples of how the weights are H
caleulated can be found in Zeleny (1974) (1982), We note in passing that .
Zeleny (1982, page 197) suggests forms of distance functions other than
{2.21) to incorpcrate the weights.

The Method of the Displaced Ideal was propused by Zeleny (1973) i
(1974) and (1976). For a £ull discussion of the method and tha under-
lying philosophy within the context of MCDM, consult Zeleny (1982). The -
everall approach can be summarized as followst Calculate the ideal poink -

* it i s
£ and the anti-ideal E™P gver the constraing set X; defise the

di‘s for each objective and caleulare the waights vy Locate an

spproximation to the compromige set C by winimizing (2.21) over the
congtraint set for p = 1,2,», Pregent the compromise set ¢ and the i
ideal point as a veference to the DM. Using this inforwation, the DM [
imposes further restrictions on the constraint set. A new ideal
('displaced') is then calculated ovar khe constraint set and the method :
is restarted. The method terminaces when the set € is small enough for
the DM to chaose a satiafactory solution. The anti~ideal can also be

included in the optimization phase of tha method to give further infor—

mation about the set C,




S e

g e

.51,

Generally, in the literature where this methodology is easplained
and numerical examples ave given to illustrate the approach, use is made
of a diserete vepresentatiom of the set X by considering the set (or a
subset) of nondominated extreme points of X; o it is sssumed that the
objectives are equally important so as to overceme the problem of

computing the waights which are needed in (2.21).
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2.4.7 The Method of Steuer

At the start of Sectdon 2.2 we mentioned that there ars algorithms
which can generata all the nondominated extreme polnts of the comstraint
set X. Even in relatively 'small' problems, however, the number of these
golutions can be quite large. Steser (1977) proposes an interactive
methed for generating a subset of the nondominated extryeme points.
Subinterval bounds on the welghts can be prescribed (Stever and Schular
(1978)). Using a coue which contains the aptimal weights, e subzet of the
nondominated extreme solutions is genavated from & convex combination of
weighting vectors within the coue. The objective Eumctions ave then
evaluated at each of the solutions and the resulring tableau is presented
to the DM who is required ta selact hie wmest preferved soluticm, The
responges are ugsed to contract and shift the cone, and a new set of
weights is generated from which a new set of solutlons to (2,1) {s
computed. The procedure is stopped wlhen the DM finds his most preferred
extreme point,

Even though the subinterval weights {on the objectives) which are
used by Staver & gererate the most relevent subset of nondominated
extreme points, it is stiil posaible that Ehis subsat may be too large
to raalistically expect the DM to extroct the most preferred solutiom,
Steuver and Schuler (1978) incorporate a filtering method to reduce the

elze of the tahleau which is presented to tha DM still further.

i M N p. A
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Interactive Goal Programming

It was pointed out in Section 2.3.1 that when goal programming is

used to £ind a solution to problem (1.4), the DM needs to pre~assign

goal lavels for each objective. Since these goal levels are preset by the

DM without any prior information regardiag

a) what can actually be achieved within the coastraint set X, and

b) the interaction between the goal levels {i.e. as one goal is lowered,
which others can be raised and by haw much?),

a sensitivity analycis needs to be performed to evaluate the effacts that

changes in the goal levels have on the proposed solution. Imteractive

goal programming performs this analysis in consultation with the DM in an

attempt to ascertain what changes in the goal levels are cousidered to be

desirable. Spromk (1981) includes a brief overview of some of these

approaches.

fyer {1972) considers a problem originally given in the form
r
°

winimice § (4} +a})
i=

subject to R T e

i Lyt

Thig problem is reformulated as a 'one sided' GP problem with the single
objective to minimize the sum of weighted deviations from the goal levels.
The goal levels are chosen so that the marginal increase in utility
associated with additional units of each objective above bi is zero.

The problem is then solved using the Gaoffrion approach which was




+54.

described in Seation 2.4.1 to determine the weightings (im the reformulated
objective function) intersctively for use im the interactive Pramk-Wolfe
algorithm.

Van Delft and Nijkamp (1977) discuss hiérarchical optimization methods
which are based on the assumption that the objectives (goal variables) can

be ranked in an ordinal way, from the most important to the least important

{c.f. concept of priorities in GP). The objectives are ranked in importance

from 1 to r aund a series «f linear programming problems is solved. At

Y wost importent cbjective is maximized

iteration k, k = 1,,,.,r, the %
by solving

maximize fk(x)
s * :
subject to  £.(x) > §; £ = 3,0k

x € X.

*
£, is the optimal solution obtained when sulving problem i at the it

iteration (i <k). 0< B, <1 i a tolerance parameter associated with f;
which ig obtained from the DM.

An unambigucus ranking of the goals (or objectives) is necessary to
have the procedure work properly. $pronk (1981, page 119) believes that "it
is very hard, if not impoesible, to obtain an appropriate ramking". Another
problem is the assessment of the tolerance parameters. The above approach
implicitly assumes that the DM is able to specify trade-offs between more
and less important goal variables which must be valid at the optimal

solution, even though this solution is unkmovn at the time.
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The Sequential Multiobjective Problem Solving Technique (SEMOPS),
proposed by Monarchi, Kisiel and Duckstein (1973), allows the DM to trade
off one objective sgainst another in an interactive manner.

4 Tange for each objestive i is demoted by [fy,f; | which is not
necessarily the maximunm and winimm values of the i'" objective over the
constraint set X. Nondimensionality is achieved by transforming objective
£,() into y (x) wvith a range of values in the irterval [0,1] by

yix) = f—l—u, i=1,...,r,

fiu” S

For each objective, the DM is required to give an aspiration leval ALi

which is transformed into 4; in the vange [0,1] by

AL, - £
o iy il
fu 7

An aspiration level msy he & Jesired upper bound, lower bound, a particular
value, or bounds of intervals within which the most preferred value of an
objective is (ot is not) contained. For each goal defimed in this way, di’
a dimensionlass indicator of attaimment, is defined. di is, in general,
nonlinear.

At each iteration %, one primciple problem and By auxiliary problems
are solved, where m, is the number of objectives which have not beem
restricted by the DM in earlier iterations. At iteration k, the principle
problem is

minimize & = i 4
€ Ik

i
subject to  x & XN Y

where I C {l,...,7} is the set of objectives (or goals) which have unot

|
|




been restricted previously and
Y, = Ux [ £,(0) satisfies the imposed restriction ¥ i ¢ I - I ).

The set of e { = r-k+l ) auxiliary problems solved for each j ¢ ik is
given by

minimize &g . =
YosEn
3

i

5. mees

subject to  x € XN Y N Zj’

where Z - %] ij(x) satisfies AL }.

Note that at iteration 1, I, = (f,cv,z}h, ¥; = &" and m = r.

The solutions to the principle problem and the my auxiliary problems
are presented to the DM who, on the basis of this information, revises oze
of the aspirstion levels. This is then included in the constraint set Yk+1
in the next iteration and the corresponding attainmemt indicator is dropped
from the objective functions. During the iterations it may be found that
the DM needs to revise some of the aspiration levels imposed as constraints
in ‘lk. The algorithm stops when the DM is satisfied with one of the
solutions which are presented to him for cousideration.

Advantages of SEMOPS are that it can incorporate objectives which do

not have to be maximized or minimized, and that the DM can re-evaluate
achievemeat levels at each cycle. Disadvauntages are that linear problems

are often translated into nonlinear problems which take a lot of time to

solve, and the possibility of * ding inconsistent constraiant sets when

solving the suxiliary problems. (his causes the determination of &
gystematic set of aspiration levels to become random and unsystematic (Hwang

n and Masud (1979, page 207)).
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The remaining methods which we lock at all meke use of the ideal

*
point £ , vhere

* 2
£; = maxinun I oe.x s 1= 1,1, (2.22)
xex im0 3

In addition, some of the methods make use of the pessimistic point {anti-
ideal) %%, where £1°" is the minimum value that objective fumetion i

takes on over the set of ¥ solutions computed in (2.22).

The Goal Programming STEP Method (GP STEM), which links the STZP
method and goal programming, was proposed by Fichefet (1976). This method
explores the mondominated solutions which give the objectives value~ which
are 'close' to the goal levels imposed by the DM.

The ¥ linear programmuing problems of (2.22) are solved for an ideal
point £, Using this point as a referance, the DX is asked to provide
best satisfactory levels (goals) bi for each objective i, i = 1,...,r.

The goal programming problem

4
mioimize § (d] +df) (2.23)
. I
i=1
subject to £y (%) +dg - ie 1,eee,ts
*x € X,

is solved for a solution x%. If df = 0 for ail i, them all the goal
lavels have been achieved and, gemerally, are then incrzased.

The mechod involves solving a set of parametric linear programming
problems to explore the mondominated golutions 'nearby' the solution x5,
The parametric problems examine the effects of reducing certain goal

levels, considered one at & time, on the sum of the underachievement of the

goals in (2.23) (with &} =0 for all i), This informacion is used to
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determine the weights of the linear programming problem (2.1), which is
then solved for a solution x°. The two solutions are then presented to
the DM for comsideration. If any a; >0, 1% i<r, and at lesst one goal
level can be relaxed, this relaxation can be achieved in a systematic
manner using intervals which were obtained during the parametric stages.
The method tarminates with solution x° when no goal levels can be
relaxed, or when the DY indicates that x% is satisfactory.

Hwang and Masud (1979, page 225) note that GPSTEM had not been
tasted on large practical MODM problems at that stage, In addition, the
method for chtaining the weights to solve (2,1) for x° involves a
complex procedure. Howaver, because the DM can fix the goal lavels
properly, using ' as a veference, ond the relaxation of these goals
can be done systematically, Hwang and Masud believe that GPSIEM may give

a satisfactory solution in fewer iteratioms than STEM does.

Spronk (1981) proposes an Interactive Multiple Goal Programming
(IMGP) method in order to overcome some of the problems amd/or disadvamt-
ages encountered in the methods discussed previously. In IMGP, a potency
matrix is initially construeted from the ideal solutiom £ catculated
in (2.22) and the corresponding pessimistic solution %, The potency
matrix and some initial solution fs then presented to the DM for
consideration.

The DM is asked te loock at the current proposed solution and ko
decide which objective needs to be increased first. This level is then
increased in a systematic {i.e. algorithmic) manner (consult Spronmk (1981)

for details) and is incorporated imto the problem as a constraint. (2,22)

ig then solved again with the added restriction and & new ideal point

i
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and pessimistic solution axe caleulsted (c.f. Zeleny's Method of the
Displaced Ideal). 4 trial pessimistic sclution is constructed which differs
£ro~ “he previous solution only where the increased objective is comcerned.

The new potency metrix and solution are presented to the DM for
cowmparisen with the previous ones, where the shifts in the potency matrix
. and solution can be viawed as a 'sacrifice’ for reaching the proposed
solution. If the DM is not satisfied, the level of the objective is
systematically reduced until a satiafactory (to the DM) outcome is achieved.
When the DM considers a sacrifice to be justified, the algorithm raestarts
by asking the DM which objective should be increased next. This procedure
continues until the DM is satisfied with the levels achieved by all the
cbjectives at the current solution.

The metho.s can also be adapted to enmable wore than one objective to be
adjusted in an iteration. The method requires a limited amount of informe-
tion from the DM. The DM is only required to specify which objectives
should be increased; this is then done systematically until the DM ig
satisfied with the outcome. No trade-oif information is required and the DM
is not required te specify goal levaels (although informetion of this type
can be inciuded), or the amount of relaxation (c,£. STEM) the Di is
prepared to allow. A disadvantage of this method is that it stops with 2
satisfactory solution. There is no guarsntee that this selution is
the most preferred solution and may in fact be dominated.

gpronk {1981} gives an sccount of IMGP when applied to saveral

practical problems,

:
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Hwang and Masud (1981) overxcome the problem of & dominated solution
with theix interactive Sequential Goal Programming (ISGP) method. Unlike

the previocus method, however, ISGP requires the DM to set goal levels.

N .
In this method, £ and "% are computed as befors and presented

to the DM, The DM then sets goal levals for each objective, where

win *
Ei < bi < Ei’

121,000,
The following goal programming problem is then solved:

o+
minimize { , [-dl b (2.24)

subject to xeX
i=1,...,r;  (2.25)

LI PR 41

is a normalisation factox.

B v
3

whers We * b
7%

The first cbjective is to achieve the goal levels and the second is teo
achieve a nondominated golution. The above problem is then solved a
Eurther r times with d; set to zero im turn for i = L,...,r s0
as to generate solutions which satisfy the indlvidual goals.

A trade-off table comprising £, £717, the solution to (2.24) (2.25),
the r wdditional sclutions and the goal lavels b is then constructed.
If the DM is not satisfied with any of the r+l solutions, ha is asked
te modify b from the information in the table, A comsistency check is
then performed to make gure that if the DM wants an lmprovement in one
objective, that he is ready Lo accept a decrease in at least one othex

objective since the current solution is nondominated.

i
i
:
i
i
!




A pev goal programming problem is then solved, where the first
priority is to attain those goals which were veduced (or not changed) by
the DM; the second priority is to satisfy the rest of the goals and the
third priority is to ensure uondeminance of the solutiom. A further r
additional solutions sre again computed for each objective comsidered
in turn end a new trade~off table is congtructed. The method continues
until the DM finds & nondomimated solutlon from the table which he
congiders to be sstisfactory.

The authors report (page 400) that ISGP has been applied succeys-

fully to a development planning model.
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2.5 CONCLUDING REMARKS

In this section we have given a brief overview of the different

techniques for solving MCDM problems and then given an outline of some .
of the main methods which have been proposed for solving iinear program— v
ming problems with more than one objective Function. Ne have assumed

throughout that only one DM is involved in the decision making process

and that there is some implicit function which represents the DM's
preference styucture. We have geem that the methods for solving problem
{1.4) are quite diverse in their philosophy and consequently in their
approach.

Some of the methods which have been mentioned have been generalised
to multiple objective programming problems where the objective functions .
are concave (vather thanm linear) andfor the constraint set X is a R

convex get (rather than (1.3)). Several of the methods have also been

extended to handle the cases: B

&) where more than one DM is involved snd a cowpromise solutioun between o
DM's needs to be found, and/or

b) the models ave not entirely deterministic and could have stochascic

w COmpPONents .
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CHAPTER 3  THE MARGINAL UTILITY VECTOR

Wallenius (1975) reported that the Intersctive Franmk-Wolfe algorithm
{or the Method of Geoffrion which was discussed in Section 2.4.1) performed
poorly when it was used on a test problem of the form defined in (L.4). It
vas found that this was primarily due to the difficulty that a Decision
Maker experiences when trying to estimate the marginal rates of substitution
batween the objeitives. Rosinger (1981} introduced a more flexible approach
(than had been used previously) to Che estimation of the MRS in an attempt
to (partially) overcome this problem.

In this chapter we proposs a method of estimating the MRS which is
baged on the approach developed by Ro.inger. This method givey the DM
the freedom to:

a) evaluate the marginal rate of substitution between any two objectives

(a;.\bject to certain restrictions), and
b) make statements which caa, to some extent, contradiet each other.
Whereas Rosinger algo enabled the DM to compare marginal utilicies of more
than two objectives simultaneously, we restrict the DM to pairwise compari-
song hetween objectives in order to obtain the marginal rate of substitution
between the two objectives.

We introduce an indifference trade-off matrix which contuius the
information obtained From the DM vegarding his estimates of the MRS hetween
any two objectives at soma feasible solutien te (1.4). The properties of
this indifference marrix and its corvesponding enquiry pattern are thex
examined. The estimated marginal utility vecter (or a vector which is
collinsar with this veetor) is then found by solving an eigenvactor

problam, The properties of this vector are then discussed.

- e
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3.1 THE INDLFFERENCE TRADE-QFF MATRIX

We require the DM to select a aumber p & r-1 of subsets of exactly

two elements (from the r objective Functions)

J,..A.,Jpc(l,....,r) (3.1)

1

rapresenting pairs of objectives whosa marginal vates of substitution (or
indifference trade-offs) he feels that he is able to estimate at some

feasible solution, For each of these gubsets

I {4, }, say,

where 181<1r; 1SSy i#j; lSm<p;

the DM states his indifference between a gain (or loss) of dmi units
in objective i for a loss (or gain) of dmj uaity in objective j.
i.e. suppoge that we present the DM with a feasible soluticn x and

the point
HORRENONINE NCIN

The DM indicates that he is prepared to compare objectives i amd j at

h

the pairvise comparison. Formulate the two points

A GG (0 B0, £, 00
Bon (B G0 e By (I By (R0 v D)

where dmixdnd < 0 (i.,8, one is positive and one is negative),

the DM is then asked which of the two points be prefers. If he ;refers A

then, keeping dmi congtant, is increased (i.e. made more popitive

a .
my
if it is positive and leses negative L{F it is negative) until he prafars

B to A, At that stage dmj i decreased until he cannot distinguish, or
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is indifferent, between A and B. Then define the vector dm £o be

4= Orernsdpisennndiyns0) 3.2)

where dmi and dmj are the indifference trade-offs between cbjectives | “
i and j.

If «*(x) is the "true" vector of weights at the feasible solution
x (i.e. is collinear with VU(£(x}) ), then this vector is normal to the

tangent (represented by the indifference trade—offs) to the indifference

curve at the point x. In estimating the vector d , the DM is trying, [

as far as is possible, to Fulfill the condition that
* &
ooy (R + dpouie) = 0 L

*(x) = 03 Fm=1,...,p. (3.3)

The indifference trade-off matrix D, which is p * r, is then

constructed from the p row vectors dm as follows:

(3.4) ;

where p > r~1 and r 1is the number of objective functions.

Since we are attempting to find & local estimate of the slope of the

. indifference curve at gome point x, the values 4 end dmj should {
e not be too large, but should be large emough for the DM to make a meaning- -

" €ul distinction between A and B, .

~
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THE INQUIRY PATTERN

A pxr matrix P, corresponding to D, can be conmstructed as

follows:

mi g
(3.5
= -1 if 4 i <0

where L€ m<p; lSi<uz;p® -l

From the congtruction of D, given in (3.2) and (3.4), each row of P

has exactly two nonzero elements: a 1 and a -1,

LEMMA 3.1 Rank (P) <1 - 1.

Proof:
Let P = (pyipyreeespy)

where p; is 4 colum vector. Then

By # By ke Dm0

since each row of P contains a 1, -l and t~2 zeros. a

th

The m contains the information

th

tow of the inquiry pattern P

of which two objectives have been compared at the m pairwise
comparison. We impose the following vestrictions om P, apnd hence on D,
to engure that the vector of weights which we are trying to estimate is

uniqualy defined (subject to scaling) for all the objectives.

RESTRICTION 3.2 Kach objective is compared to some other objective at

least onmee.

P
i.e. u

— o= {heinr b
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RESTRICTION 3.3  Any two objectives should be compared to each other at

mogt once. i.e. if Jm = Jn’ then m = n.

REYTRICTION 3.4 There are no groups of disjoint subsets of comparisons.
i,e. there exists no set I < { l,...,p ] such that
U g g v 1) =
mer ™ nefl, pp1 ®

unless I = { 1,...p }.

The first two veatrictions ensure that information about each
objective is given and that this information is not repeated. The last
restriction guarantees that the vector of weights, which is computed from
the indifference matrix D, will be uniquely defined (subject only to
scaling}. This property will be proved later on. Restrictioms 3.2 - 3.4

have the following consequence on the inquiry patternm.

LEMMA 3.5 If the inquiry pattern P satisfies Restrictions 3.2 - 3.4,

then P bhas ragk r-l.

Proof:  From Lemms 3.1 we have that P has rask € r-1.
Restriction 3.2 ensures that no column vactors of P will consist of
zeros only. Assume that P has rank & < r-L. Reorder the columns of
P so that the s linearly imdependent columns are numbered from
Liowss Lot 1, = (1,084l ) and I, = { 842,007 }. Since the
s+l columna of P which are indexed in I, are linaarly dependent,

. +),
theve exiats @ ¢ R®™*, a 4 0, such that

y o, =0
n it
1511
where p, is the i colum of the reordered P. By Restriction 3.4,

one of the chjectives, say J ¢ I, is compared to at least one of the
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cbjectives indezed in the set I, at the w'® (1< m < p) pairwise
comparison. Suppose that objective j ¢ 11 is compared to objective
& 6 1. Then, in row m there is a nonzero element in the jm|
column and zeros in the ¥est of the columms for all 1 e Il’ ié 3.
Thevefore, oy = 0. Delete j from 1, and include it im I,.
Applying the above procedure repestedly, we eventually get that

IL = ¢ (hy Restriction 3.4) and that ay = 0 Ffor i = l,...,8+L,

This contradiction implies that s = 1. a

1
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THE CONSISTENT DECTSION MAKER

Consider an indifference matrix D as defined in (3.2) (3.4) with

a corresponding imquiry pattern P as defimed in (3.5).

DEFINITION 3.6 A DM is called congistent if, for some (not any) set of
scaling factors w >0 (1 €m<p), there exists a vector a ¢ &'

such that (c.£. (2.4) with a and w interchanged)

P . = . . (3.8)

EXAMPLE 3,7 Let r = 3 and suppose that the DM is able to compare sll
3 objectives with each other, i.e. Jl = {1,3}, I, = {2,3)} and J3 = {1,2}.
Then p = 3. Suppose that the DM estimates the indifference trade-off

matrix D as:

{2 o0 -3
o 1 =2
[4 -3 0

This has the corregponding inquiry pattern P given by:

f1 0 -1
[} 1 =1
{121 o

which bas rank 2. Scaling the rows of D so that the nonzern elements in

sach column are the same in magnitude gives:

1 0 -1 i
o f -l | = i .
1.4 o { §
g RO ..~

i
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Then there exists a = ( 1, §, 1}) svch that

1 ]i;
P H - i D

14 i

and so the DM is consistent. a

NOTE 3.8
(i) The scaling which was done in the above example can only be

achieved if the DM has given no counflicting information: hence the
name "consistent'.

(ii) If p = -1, then the DY has given the minimum amount of information
which is required. This is inmsufficient for any conflicting infor-
mation to emerge. The Geoffrion Method (discussed in Section 2.4.1)
vequires r~l pairwise comparisons and sarisfies this definition,
ag was shown in (2.4), Purther pairwise comparisons are made in
order to throw up any inaccuracies which are being wade by the DM.
Any conflicting information is then tesolved by the DM before the
mathod proceeds. Kosinger (1981) overcomes this by incorporating and
utilizing all the information given by the DM, whether this was
conflicting or not,

(4ii) A DM being consiatent does not imply that the trade—offs (or MRS)

are the corvect omes. The DM could be consistentiy "incorract". O

LEMMA 3.9  SBuppose that the DM gives an indifference trade-oif matrix D
as defined in (3.2) (3.4) with a corresponding imquiry pattern P -as
defined in (3.5). If P satisfias Restrictions 3.2-3.4 and the DM is
consistent, then:

(i} D hag rank r-1
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(i1) there exists & ¢ R° satisfying (3.6) such that a >0, and
(1ii) there exista u ¢ R, with u, >0 ¥ i, such that
Du = 0. @0

Furthermore, w is unique for fu ) = 1.

Proof:
(1) Tollows Evom (3.6) and Lemma 3.5.
(ii) The existence of a is by Definition 3.6 of consisktent.

th

Consider the = row of (3,6). Equating cosfficients on the left

and tight hand sides of the equation gives

Pui 8 % ¥ g

i
ie. a, »w : s
i w Vi / Pui

Then & is greater than zero because w >0 (Definition 3.6) and

4 and have the same sign (from (3.5)). Restriction 3.2

mi Pog
ensures that the above is true for every objective i at some

pairvise comparison m, Therefore, a >0 ¥i=l,..,r.

(iii) From Definition 3.6 thete exists a ¢ B", corresponding to some

scaling vector w € RP, w> 0, such that

w
3 T

Postmultiplying this equation by some nonzere u e RY (i.e. y 40

¥ i) gives:

'
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Wl Sl
‘ Du = P u o
w &
P ks
Dafine
e
y= ' u,
a!‘
ox, Yp=ag e t=dr

Choose v = 1 for a1l i. Therefore, yetting
ug @ 1/51i >0; i=1,.0r

we have

! %
Du = P
Wp urur
1
arg o by (3.8)
1
f
- P, = ©
P

where p; are the colums of P {and each row of P has a ~l.
and a +1).
Since wm> 0 for m= L,...,p, we have that there exists u> 0,

defined in (3.8), such that Du = 0,

(3.8)
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Furthermore, the vector y = a(l,...,1} is the only solution to

Py = 0, where o is any scalar (since P has rank r~1), Therefore,

uisu/ai>0 far 1= 1,...,1,
will be uniquely detsrmined by the normalization requirement
b alb =1, a

If Restriction 3.4 on P is left out, then the rank ¢f P may be
less than r~1, In this c#se 4 > 0 such that full = 1 may not be
uniquely determined.

We now show that the definition of a consistent DM, as given in

Definition 3.6, is equivalent to showing that the rank of D is r-1,

To do 8o, we turn our attantion to the properties of I

LEMMA 3.10 Suppose that the DM hae given an indiffsrence watrix D with

rank =1, which has a correspouding inquiry pattern P sstisfying

Restrictions 3.2-3.4. Then there exists u e R with >0 such that

Dy = 0.

Progf: 8ince D ig pxr with p P r-l and D has venk ¥-1, theve
exists o # O such that Du » 0. Also, ~u satifies Du = 0, Therefore,
we can f£ind at least one component af 1w, say ;s wbdeb is positive,

By Restriction 3.2 objective i 1is compared to some other objective,

say i, at the ath pairvise cowpsrigon where 1< w< p. Maltiplying
the w? vowof D into u gives
dmiui * dmjuj =0
i.e. uy o= dmi“‘i/dmj

where “mi'dmj <0 md u; > 0. 5o we have that uy > 0.




The

By Restriction 3.4, either objective i or objeckive j (or both) is
compared to at least ome other objective, say k. Then, as above, we
have that u > 0. Continuing in this way, Restriction 3.4 engures

that we are able to compare all the objectives at some stage and we
1

THEOREM 3.11  Supposae that the DM gives an indifference trada-off watrix
D with rank r=l, which has torresponding inquivy pattern P satisfying
Restrictious 3.2~3.4, Then the DM is cousistent. i.e. Definition 3.6 is
satisfied.

Proof: By Lemma 3,10 thers emists u > O such that Du = 0.
Congider the mhh row of D and suppose that objectives i and J

have bean compared. Then

dmiui + dmjuj =0
i.e. dmiui - - dmjuj' 3.9

. > 0. Wi ;
where dmi'dmj <0 and s Uy G. Without loss of generality, take

that dp, >0 and dn\j < 0. For all v, a scalar, we have that
wd u, +wd om0, . (3.10)

wwi L em )

Congider the matrix

. {3.11)

Looking at the 'l row we have the Tow vector

[(: TN wmdmiui'“ N wmdmjuj"‘ ,0)

will be able to construct u such that u, >0 for all L « 1,...,r. O

{
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Let
1 -1
Wom et PO by (3.9), (3.12)
™ 4ty dmj“j ’

which is positive. This choige of "y still satisfies (3.10). Then,

th

for this chodce of W , we have that the m roy of the matrix given

in (3.11) is

{Oyorer Tynvey =hy00,0)y

which is the definition of the m zow of P (from (3.5)). Since

this holds for all m, 1 < m < p, we have that for W given in (3.12),

! } Y1

Therefore, there exists a € R:, given by
“i"uui for 1w 1,,..,7,
such that Definition 3.6 is satisfied. a

We bave already seen, in Lemma 3.9 (i), that consistency implies that
the rank of D i# -1, Tn the above theorem we proved that the couverse
is &lso true. Tharsfore, we ave able to redefine consistency in s more

satisfactory way since the following definition should be sasier to check.

DEFINITION 3.12  Suppose that the DM gives an {ndifference matrix D
which hag a corresponding inquiry pattern ¥ satisfying Restwictions 3.2-

3.4, If the vank of D is ©v-l, then the DM is called comsistent.

In the proof of Lemma 3.10 we saw that it is possible ko construct
u>0 satisfying Du =0 when D las rack r-=l, This censtruction is

formalised in the following algorithm, It should be borne in mind that

S
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we are not generating the direction of the "true" marginal utility vector,
werely an estimate of this direction. How good this estimate is depends on S

!
how sceurately the DM {who we still assume to be consistent) is giving the i

indifference trade-offe in the matrix D. 4

ALGORITHM 3,13

Step 0. Choose some i such that 1% i €y, Set U= 1.

set Iw{i}, Ja=g4,

Step 1. Select i€ I, i ¢ J.
For all objectives j (1 Sj € 1), j ¢ I, where objective j is s
compared to objective 1 at the uth (1 € m<pj pairwise il

comparison, with
=0,
set uy - dmi“{/dmj' {3.13) M

set I wIV{j) :

Repeat until rhere exists ro J £ T which iz cowpared to i,

Step 2. If X = { L,...,x ] chen stop. Lo

Gtherwige sex J » JV {i) and go to i. 4] }

NOTE 3.14 [
(1) The sat T keaps a record of the ui'g whick have been computed,

whila the set J kaeps a record of the objectives (in 1) which

capnot be compared to any more objectivas which are nok already in

N

(i4) In (3.13), since dmi'dmj <0 and u; >0, we have that uy >0.0
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EXAMPLE 3.15 Suppote that we have a problem with 4 objectives and that

the DM gives an indifference trade~off matrix (uormzlised so that the

magnitude of the largest elemenmt in esch row is a 1):

1 0 =~0.25 o

o I =-0.75 [

o

[ 1 -1

o 1 0 ~0.75

Applying Algorithm 3.13 we get:

Step 0.

Step 1.

arbitrarily choose i = 1. Set uy = 1.
set T={1} J=3%.

Compare 1 with 3.
uy = u1/0.25 = 4.

1={1,31}

No further j 4 1 are compared to L.

Step 2. J = {1} Goto 1.
1. i must be set to 3.
Cowpare 3 with 2.
Uy = 0.75 uy 3.
T=1{1,2,3}
Compare 3 with 4.
o= ng = 4
T={1,2,3,4}.
2. Stop.
We have generated u = (1,3,4,4) which satisfies Du = O, a
-
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3.4 THE IDEAL DECISION MAKER

DEFINITION 3.16 A Decision Maker who is able to assess the indiiference

trade-offa (or the Marginal Rates of Substitution) (which comstitute the
indifference trade-off matrix D) correctly at any peint x € X, is v

called deal.

Since an Ideal Decision Maker is able to assess the indifference e

trade~offs in the matrix D correctly, we have from (3.3) that the

warginal utility vector VU(£(w)), at the point «x, satisfies
D VU(E(x)) = O. H

In this case, we denote the indifference crade-off marrix at the point x
*
by D (x). If the corrugponding inquiry pattern P satisfies Restrictions
* #
3.2~3.4, then D {x) has rank r-l, If u (x) is 2 vector which is

eollinear with VO(E(x)), then y
* *
D (%) u (%) = 0.

‘ * s
From the results of the previous section, there is a unique u (x) wich

u*(x) > 0, which satisfies | u*(x) Bo= 1.

Obviously we have no way of knowing if a DM is an i{deal DM; only if v

he is a Consistent DM, However, the comcept provides us with a point of

reference. .
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3.5 DTHE INCONSISTENT DECISION MAKER

Suppose that we have obtained an indifference trade-off watrix from
the DM and that it has a corresponding inquiry pattern which satisfies
Restrictions 3.2-3.4. We note that at least t~l pairwise compariscns
are needed in order to satisfy Restriction 3.2. If the DM only makes
r~1 comparisons, then the DM is comsistent {Wote 3.8 (ii)) and the
ragk of D dis r-l. Any additional comparisons which are made cannot
reduce the rank of D to less than r=-1, Therefore, we use Fhe negation

af Dafinition 3.12 to define inconsistency.

DEFINITION 3.17 Suppose that the DM gives sn indifference trade-off
matrix D with p pairwise cowparigons, where p # r, and that the
corresponding inguiry pattern P satisfies Restrictions 3.2-3.4. Then

the DM is called inconsistent if the rank of D is equal to 1.

Since D has rank T when the DM ig incongistent, there does not
exist & u# O such that Du = 0. Therefore, we find a vector which
comes "closest™ to fulfilling the condition Du = O by solving the

problem (c.f. (2.3) for Rosinger)

minimize u® DY D o (3.14)

subject to R (3.15)

Applying the Kuhn-Tucker Necessary Conditions of Optimality (see Avriel
(1976), fox example), we have that at the optimal solution to (3.14) (3.15)

there exista 4 scalar Lagrange Multiplier A such that
- Du= A (3.16)

This is an eigenvalue/ eigenvector problem. Since the matrix - is
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real and symmetric, we know that the r eigenvalues and the corresponding

T

eigenvectors are real. Premultiplying (3.16) by u” and using (3.15) give

gives

ieadam-a" ' pus-ouitso. i

Therefore, the eigenvalies are all nonpositive. Problem (3.14) (3.15) then H

becomes the equivalent problem of finding the maximum (nounpositive) eigen—

value for (3.16) and its corresponding eigenvector, {i
/
i

REMARR 3,18 If the DM is comsistent, then A = 0. This follows from the

fact that there exists © # 0 such that Du = 0. In addition, A = O is

not a repeated eigenvalue since the vank of D is ®-1. A is then 2
"measure of the inconsistencies" in the matrix ©». i.e. the larger A is R

in wagnitude, the "worse" are the inconaistencies. 4 similar meagure of

consistency (or incongistency) is used by Saaty (1980}. Although the

problems he considers are usually hierarchieal in structure, the process b,
of evaluating weights (by wollecting information from the DM regarding .
trade-offs and collating this im a © % © matrix) can be applied to a

. problem of the form (1.4).

HOTE 3.19 The indifference trade~off information (or the slope of the

indifference curve) given by (dmi,dmj) between two objectives i and i
L i at the il pairwise comparison i» the same as (admi,udmj), o # 0. {
Howaver, these two rvepresentacions of the same information affects the :

value of u computed in (3.14) (3.15) and, therefore, (3.16). Define )

z&pu

L Then the objective function (3.14) becomes: :




.8L.
mininize |} 22
ey

At comparisom m suppose that objectives i and j ate compared. Then

A= Oy dygaunes dpiienes 0)
and so

2 = dpgdy ¥ dmjuj'

The objective function is them

- 4 2 2
minimize J 7"+ (dmi“i + dmjuj) .
=1
ngm
However, if

4 = (o,.A.,admi,..‘,admj,..A, o
B
then the cbjective function is

minimize § 24 6P ¢ d w0’
b1 mi 'mi"j

ofn

As o increases, so uy and v should decrease, for trade-off °
information which {s the same. Therefore, the vows of D need to be
scaled or normalised in gome uniform menner. We adopt the procedure of

dividing each row dm of the matrix D by dmk’ where

4, =max { |a .|, |d
ak ” 'mi. m

After this normalisation, each row of the matrix D will have ome element
which is a 1, and another nonzero element which {s less than zero and
greater than or equal to =1. The inquiry pettern P should then be

adjusted to account for a possible change of signs in each row (although

this is not really necessary). o

In (3.17)
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LEMMA 3.20 If D is an indifference mafrix as constructed in (3.4),

then the solution u to (3.14) (3.15), and comsequently (3.16), can be
chosen to satisfy u > 0.

Progf: Let =z = Du, Then (3.14) becomes
[

winimize | oz . i

mel :

Now,

g = d ou, +d U
L P

where im and jm are the two objectives which are compared at the

m':h pairwise comparison, and

d, .4, <o, (3.18) i
wi ey .
Therefore, i
4
2 2 2 2
I 2= ] d% u 4t u
w1 0 ) g im wel Wy jvn
)
w2 d. d. u 6y {3.19}
wl Pn Mp on

(i) Suppose that the solution to (3.14) (3.15) is o < 0. Then, ;
letting w = = G > 0, we sea From (3.19) that the value of the

objective function remains unaltered, and so u ® 0 is also optimal.
(4i) Assume that the optimal solurion to (3.14) (3.15) has at least

one pasitive and one negautive component, Lat

u = G, i W, 2o
it o3 2 for £ 7 L,cvo,x, (3.20}
.Uy if “i<°

Then,

?
dsd v u € u
2 LU P W El wi, mmim o

in (3,19). This follows from {(3.18) apd the faot that uy g >0
m Cw
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¥ m by comstruction (3.20); whereas U, I.J. may be megative for
m im
some values of m. Therefore, given that the first two terms ow the
right hand side of (3.19) are the same for u and G, a solution u
can be constructed from U which is at least as good as 3 and has

monnegative cowponents. o

THEOREM 3.21 If D is an indifference trade-off watrix ae constructed
in (3.4) with a corresponding inquiry pattern F which satisfies
Regtrictions 3.2 - 3.4, then the solution to the maximum eigenvalue
problem (3.18) has a corrasponding eigenvalue u > 0,
From Lemma 3.20 we have that an optimal solutfon to (3.14) (3.15)
satisfies u ® 0. The Kuhn~Tucker necessary conditiens of optimality
imply that this solution will be the eigenvector which is assoclated
with the maximum (nonpositive) eigenvalue of (3.16).
Assume that u hag sowe components which are zers, (It must
have at least one pesitive component otherwise it is the null vectoer

which contradicts (3.15).) Define the sets

L={ifuP051€i<r}
I2=[Llui-0;l.<x<r}»

1™ row ot

where I1 # ¢ and 1’.2 # ¢ by assumption. Comsider the
(3.16), where i« )‘.2. Thea
" - -
{ D'Du )i Aui 0.
i DDy =g,
i

where DI is the ith xow of D ¢ f.e. the 1”‘ column of D. The

i™ colym of D containe all the trade-off informatiom of

ohjective i with respect to amy other objectives (at least ome)
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which were compared to it. Consider the off-diagonal elements in

the i row of D'D:
T, . : : . .
D Di i = 0 if objectives i and j are not compared
»
=4 .4 , <0 4if objectives i and j are compared (3.21)

i S
at the wth pairwise comparisom; § # i. Consider some i = IZA

Dafine the vector

T
y= Di D.
Theu

T
you® D Du Aui o, {3.22)

Now, by Restriction 3.4 there is some i € 12 and some j € 1 which
are compaved at pairwise comparison m. Consider an i € Iy for which

thiz is true. Then

0r gy by (3.22)
- T oy ¥4
jer, i je1, 47
LR by definition of I,
je1, e 2
<o by Regtriction 3.4 and (3.21).
Thig contradiction implies that u > 0. a

REMARK 3,22  In the theorem sbove we have shown that the eigenvector

corresponding to the maximum (nonpositive) eigenvalue of (3.16) has

is normalised so thak W = 1,

pogitive . If this ei,
then it is the optimal selution to (3,14) (3.15) and is then our

estimate of the direction of the marginal utility veetor, a

1
e
}h
B
.
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3.6 CONCLUSION

The main results of this chapter can be summarised as follows:

a) the DM is vequired to make p ® r~1 pairwise comparisons to estimate
the MRS between any two objectives - (3.2}}

b) this information iz used to construat an indifference trede-off
matrix D (3.4) and the rows of D are normaliged - (3.17);

¢) an inquiry pattern P, corresponding Lo D, is defined - (3.5) - and
Restriction; 3.2 - 3.4 are checked;

d) the eigenvalue problem

- DTDu P

ig solved for the maximum (nonpositive) eigenvalue and its
corregponding eigenvector (which has positive components);

&7 this eigeuvector is collinear with the estimated vectoer of marginal
utilities;

£) if )‘max = 0, then the DM has been consigtent in his responses.

We showed in Note 3,19 that provision for scaling veeded to be
taken into sccount when the estimates of the indifference trade-offs ave
made. We proposed that this be handled by dividing each row of D by
the largest element (in magnitude) in the row. i.e. we required {d I =1,
where we ueed rhe L norm. In addition, for inconsistent regponses from
the DM, we minimized | Du |, where the norm which was used is the Ly
norm. Further investigations need to be carried out in order to establish
vhether the norms which we have chusen de dn fact give the 'best'
estimate of iie resulting vector of weights corresponding to the
information which was provided by the DM. We note that when the DM is

consigtent, the direction of u is not affected by the cholica of nerms. '

.
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CHAPTER 4. THE LINEAR UTTILITY FUNCTTON: AN INTERACTIVE ALGORITHM

Assume that the {(explicitly)} unknown utility function U(£(x)),
Tepresenting the Decision Maker's preference structure over the objective
functions, is & linear, weighted sum of the r objective functions, The
agsumptions which a DM must satisfy in order for a preference structure
to be defined over the objective space are given in Assumpcions 1.3 and
1.4. The underlying assumpticn on the DM's prefetence structure, in
order For the utility function to be linear, is given in Assumptiom 1.15.

Froblem (1.4) then becomas problem (1.6): viz
f
maximize u, £, (x)
jsr R

subject to Ax=b

x &0,
where x ¢ R%, b ¢ R", A is mxn, and

£ = X, 5 L= Liar.

o
Ecﬁl

[
A

Since

T
UED) B (1) = ]y £ (),
iml
we have that

WL Ly, LmLyeer %0
i

wheve uy is a positive, constant scalav.

An Tdeal DM would be abla to provide us with the correct indifference
trade-offs (or marginal rates of substitucion) between pairs of objectives.
Thase constitute the true indifferense tvade~off matvix p" from which

4 veatar u*, which is collimear with VU(£(x)) can be computed. Tu this
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cagse, the weights u* can be used in the above linesr programming problem
and the DM's most preferred solution can be found directly. In general,
however, the DM will provide estimates of the indifference trade-offs.
Consequently, the resulting set of weights ¢ will only give an estimate
of the direction of u* and 50 the linear programming problem needs to

be incorporated into an interactive algorithm in order to find the DM's
most preferred solution.

In this chapter we propose an interactive algorithm to golve problem
(1.4}, where the underlying utility function is assumed to be linear. We
then propose assumptions which wa require the DM to satisfy (so‘me of these
are implicit) {n order ts prove convergence of the algorithm to the DM's
wost preferred solution. Finally, an example is giver to illustrate the

uge of the algorithwm and the sssumptions.




T
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THE SIMPLEX TABLEAU

Suppose that we have a basic fessible solution %y aggociated with
a basis B. Then the simplex tableau, associated with a multiple objective

linear programming problem, looks as follows:

f11 f12 S ln

Cr1 e Cri “tn

CB Basis KE Kl X2 XE Xn
Y1t Y1z Ve Y1n

Yar ma T Yo

£ 1 %12 12 ln

fr 1 Pr2 B “ra

1f %y is associated with the basis B, then

xy ™ 37

1

vy 0 a a1,

g
where a, are the n columms of the comstraint macrix A,
The vector of trade~offs for the objectives if %, is brought into the

basis at the next itevation, is definad ro be

where cg is the matvix of coefficlents of the objective functions

B
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agsociated with vectors in the basis B. ¢, ig the vector of coefficients

of the © objective functions associated with the variable %,
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4,2 4N INTBRACTIVE SIMPLEX-BASED ALGORITHM

ALSORITHM 4.1
Step 0. Choose equal weights. i.e. set ) =1 for i 1,...,7.
Set k= 1.
Step 1. Using the weights "™, solve the linesr programming problem

Step 2.

Step 3.

Step 4.

okl
meximize [ ult £ 00 (4.2)
. i
i=1
subject to Ax = b} x> 0. (4.3)
i

Call the solution X and the trade~offs associated with

the nou-basic variables x,, zt .

Pragent xk and f(xk) = (fl(xk),.-.,ft(xk)) to the Decision
Haker. Obtain the indiffsrence trade-off mathizx DX From the
D, Ensure that the corrasponding inquiry patbern BS

satisfies Restrictions 3.2 - 3.4,

Calgulate the estimated set of weights o by solving the

eigenvalue problem
- T f e e

W& corresponds to the maximum eigenvalue (which are all

nonpositive),
Caleulate uk.z: ¥ 2 non-basic.
1t .30 ¥4 non-basic, then G0 10 5.

Otherwise set k = k+l and GO TQ 1.

i
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Step 5. Ask the DM if he wishes to revise DY.

If YES them GO T0 2. Otherwise STOP. a

REHARK 4.2

(i) In Step 1 of the algorithm, the simplex tableau associated with

the nomdominated basic feasible solution #*

will have the

property

FE s o WL sl (4.4

i
i
|

otherwise the simplex slgorithm would not have terminated at the i

- i

Moptimal" solution x° associated with the wights ol ;
i
i
|
i

{ii) The algorithm terminates when the DM provides inforxmation which
cauges the algorithm te remain at the previously genevated

solution. =]
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4.3 CONVERGENCE OF THE ALGORITHM

Tt is & well established result of linear programming (see Radley
(1974), for example) that at lesst one optimal solution will occur at an
extreme point (basic feasible solution) of the coustraint set. Lf the
objective function is kmown, then the simplex algorithm will find an
optimal solution to a linear programming problem in & finite number of
iterations (provided that amy problems arising from the possibility of
degenexracy are overcome).

To ensure that Algorithm 4,1 converges in a finite number of
iteratious to the DM's most preferved solutiom, we need to
a) assume thak the DM does not cause the algorithm to cyecle, and
b) assume that the DM “recognises” his wost preferred solution whem it

iz presented to him.
In practice, these present no real problems, It is easy enough to realise
when cycling (used in this context to mean that the algorithm is
generating new points for the DM's consideration which have been
presented to him at earlier iterarions) is happening. Lf the DM gives us
information which cauges his most preferred solution Lo be discarded
(this could well bappen if this solution is generated after only a
few iterations of the algorithm), information which he gives in later
iterations, as he "learna" more about the problem, should cause the
algorithm to return to this solution. In order to prove theoreticsl
convergence of the algorithm, however, we need to impose assumptions
which exclude the pogsibilities mentioned above from arising.

Ak iteration k of Algorithm 4,1 we have & nondominated, extreme
solution = with sssociated trade-offs a5; where & refers to the

non~basic variables X From (4.4}, we have




cauges ¥ to be discarded, then x
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WK ¥4 non-basic; 1 % 4 & .

k

Given x° and £(x%), the DM estimatss DY, from which «* is

calculated. We agssume that

uk.z‘;>0 ¥Lal,0.,0,

only if ¥ is “oprimal", Otherwise, there exists %, 1% & < n,

such that

uk.zt<0

and the algorithm returns to Step 1. When this does happen, we retain the
vector of trade-offs which gives the initial direction of steepest ascent

with respect to the weights uk. Al iteration k > 1, define the set

Zké(zjluj‘zj= win (uJ‘zi) toi= 1,0k )

Define the following sets of "allowable" values for u at iteration k

s diuer" [u>0}, k=1 (45)

& bluer" | u>0 and 82<0 vzez¥ ) k>l (4.6)

We now wake the following assumptioua:

*
ASSUMPTION 4.3  The true vector of weights u  is contained in the

sec X for ko= 1,2,..... .

This assumption implies that once the DM has given informaticn which

k-1 k=l cannot be a most preferred

extreme point since there exists an &, 1 € & & n, such that

* k=l
Uz <o.

1n view of thig, we make the following assumption which implies s form of
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weak consistency on the respouses from the DM with reapect to the

*
estimates of u .

ASSUMBTION 4.4 At itevation %k, the estimated weights uk belong to

the set Sk. for k = l,¢.. H

This assumption, which is checkable, is not Etoo restrictive.

: . iad i 3 : 0 *
Given that the (implieit) utility function is assumed to be linear, u

is independent of the extreme points being presented to the DM for
consideration, All we require, is that the DM does mot give information ¥
which varies “markedly" with previous information. The above assumption, ;
merely formalises the requirement that a vector of trade-offs which is ‘
perceived (indirectly) by the DM as being the most promising at some

effieient solution, does tot begome undesirable at a later stage.

REMARK 4.5 Ar this svage, we vecall that the DM is net providing

*
estimates of u directly, but is estimaving the indifference trade~
offs in the matrix Dk‘ The matrix Dk is an approximation to the

*
true indifference trade-off matrix D , corrssponding to the inquiry

pattern P“A For the moment, however, we deal with the vector uk i
k

which is generated by D

can be applied directly.

LEMMA 4.6  Suppose that

. It should be pointed out, that if estimates

* 3 :
of u are being obtainad in some other way, then these assumptions

]

* :
the estimatey uk of u satisfy Agsumption

4.4 at each iterastion of Algorithm 4.1. Then, the algorithm does not

eyele.

i,e. ac each iteration k > 1,

Jom Lkl

Proof: Assume that the

xk # xJ for all

slgorithm does aycle. i.o. that xf = )

For gome §; 1= j € k~1; k> 1. Then
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¥ g=1,..0n G.7)

for some §; 1< 3 < k-l.

Now, W<l e 65 by Assumpbion 4.4. Therefore,

Fled<o yiet,0eL (4.8)
™
i
This follows from (4.6) and the fact that the algoritbm did not

terminate at ¥ 1. i.e. there existed £, 1<% < n, such that

k-l kel
o tzy <0

in Step 4. From (4.7), there exists a2 j, 1< j € k-1, such that

k-1 K k-l 3§
Ty =

. A N e

and so

k~1 k
uw Tizg <0

for some £, 1< & < n, by (4.8). From Remack 4.2 (i), the Simplex
Algorithm will not tevminate with the solution x%, but will find

some other point satisfying (4.4). a

* . +
IHEOREM 4.7 Suppose that the astimates u* of u* satisfy Assumption

4.4 at each iteration of Algorithm 4.1, Then the algorithm terminates

after a fimite number nf iterations.

Proof: From Lemma 4.5, we have that we can never present the same
solution to the DM 4t any two {or move) iterations. Since the Simplex
Algorithm only gives basic fecsible solutions, und there ave only &
finite number of thase, none of which can be repeated, the result

folliowa. a

The above resulb only guarantees Finits termination of the algo-

rithm; it does not ensure termination at the most praferred extreme
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solution. In order to ensure this, we need o make the following

assumptions

ASSUMPTION 4.8  Algorithm 4.1 terminates at a nondominated, extreme

point «° only if
®
e o ¥ o1, on

In the above assumption, we are assuming that the DM "recognisea"
his most preferrved solution as wall as all other "less desirable"

salutions.

THEOREM 4.9  Suppose that Assumptions 4.3 and 4.8 ave satisfied and

s * . s s
that the estimates uk of u satisfy Agsumption 4.4 at each iteration

of Algerithm 4.1, Then the algorithm will terminate after a finite

number of iterations with a solution < LEE < is the DM's most

preferred selution.

Proof: Supposge that the algorithm terminatss at xk. Then Assumption

4.8 requires this solution to be "optimal”. Vo
On the other hand, suppose that xk is the most preferrved solution. i

Pinite termination follows from Theorem 4.7, and Assumption 4.8 !

implies that the Final solutiom must be optimal. In additien, if the

M is presented with xk at iteration k, Assumption 4.3 implies

that the DM will not glve information which csuses rhe algorithm Lo

‘ * : s

leave xk; otherwise u & Skﬂ‘, which is net tvue. a Ta
i

aggumptions, by means of an example.

In the next section we illustrate Algorithm 4.1, as well as the W
i
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4.4 AN EXAMPLE

Consider the problem given by Zionts and Wallenius (1976).
maximize £y = 3xy + ®x, + 2%y & X,
Egm oy - Xy * 28y 4 4y
£y ooy Sy b oxg b 2%y
subject to
2wy b oxy b AEy 43X, < 60
3x) + 4y, 4 %y + 2w, €60
g a%p 0% Xy » 0,

Suppese that the utility function is limear:

i.a. U(E(x)) = up B+ oupfy o uga.

T

Zients and Wallenius assume that the true direction of the marginal

%
utility vector is givea by the set of weighta u = ( 0,58; 0,21; 0,21)

which has associated optimal solution = (125 0; 03 12).

The Algorithm

Initially choose uo = ¢1; 13 1 ). This leads to the simplex tableau

(optimal for these weighta): N

. Basis *g X Xy *g x, X ¥
‘; 4 181} 0,5 L,5 1 0,4 0,1
<A 2 61 0,5 1 ~0,5 -0,2 0,3
- 5 | | 2 -1 0,2 0,2
£, | 66|05 4,5 1,8 ~0,7
£y | 66| 45 ~0,5 -0,2 1,3
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ie. xl = (0565 05 18).

The point x* and £(x*) = { 24; 663 86 ) ave presented to the Dif.
Since there are three objectives, the DM is required to make at least
pairwise comparisons. Suppose that he chooses to compare objectives

and 3 and objectives 2 and 3,
i T e (1,3} 0,7 (2,3}

Then p = 2, and go the DM will be comsistent whatever trade-off
information he gives. This information must not result in an estimate

*
of u which has the property that

dhalso for 2e1,.6.
This follows by Assumption 4.8, because

*

u .I.I‘ <0

Wheze 2} = (21 0,3; 4,5 ). Suppose that the DX sstimates the

indiffersnce trade-off matrix as

Dl.f‘L O—-A.
o 1 =

Using (3.17), this ia nermalised to

) ~0,25 0O 1
D
0 ~0,5 1

which has corresponding inquiry pattern

)3

2

ul
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o
1 satisties Restrictions 3.2 - 3.4. Using Algorithm 3.13 to compute !
g we get ‘ ‘
at = (130,55 0,25 ) « 5L ;

For this set of weights, only ul‘zi <0, end so Xy will enter the

basis at the firss iteration. Then i

and Agsumption 4.3 is satisfied. The final simplex tableau (optimal for

these weights) is:

Basis *y = *, kS X, *g %5 ;
4 |12 -1 2 1 0,6 ~0,4
P V-3 A § 2 -1 -0,4 0,6 :
£, |4 4 -3 0,6 1,4 !
£, |60 -1 5 2 =
g |12 - 4 1,6 ~1,4

fie %% = (125 05 05 12). ;
Assumption 4.8 requires that we stop here, since

*
Cialro for we .6 i

- HOTE 4.10 o
H !

P
| .
;r « (i) If the DM chooges o' sueh chat
! .

ul.zls‘ <0 and ul.zé < ul‘.zi y say,

then Z2 ={ zé }y which contradicts Assumption 4.3 (since

* :
u-z;‘>0)- ;
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4.5 CORCLUSION

In this chapter we have proposed an interactive algorithm to solve
problem (1.4) when the (explicitly) unkmown utility function is assumed
to be linear. In practical implementacious of the algorithm, as the DM
is 'exposed' to the ramifications of the problem, a DM should (eventually?) e
find his most preferred solution. There is certainly nothing new in this, E

as it is simply linear programming with different weightings being used

on the objective functioms tr give a‘'single objective function.
In order to prove convergence of the algorithm to the most preferred
solution, however, we need to impose certain (fairly mild) sssumptions on
the responses which are made by the DM, Assumption 4.3 is less severe than
the underlying assumptions of Zionts and Wallenius (1976), although the
process of obtaining the responses is generally considered to be more
difficult (fox the DM). Zionts and Wallenius require the DM to indicate
dosirsble and undegirable trade-offs at an extreme point and these

responses are incorporated inte constraints (2.6} (2.7). These constraints

are then uged to find a new set of weights computationally. The underiying

assumption ig that these responsss are all accurate, and that the true set

* . n o
of weights u satisfies the constraint set. We require the D to

recognise (implicitly) a desirable trade-off which is then inmcorporated

into constraint set (4.6), which is considerably smaller than that of (2.6)
> (2.7). The Zionts - Wallenius Method generates a new set of weights which -
satisfies a more severe form of Assumption 4.4; whereas we require the DM
to give responses which satiafy this assumption. Pinally, at the DM's most
- preferred extreme point, Zionts and Wallenius require the DM to recognise
that all the trade~offs are undegirable; whereas we require this implicitly

from the DM’s responses.

=
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In view of the above, Algorithbm 4.1 could be modified to generate
all the nondominated extreme solutions about the current selution (as
Zionts and Walleniug do) and to ask the DM to find the best solution (at
this stage), place the corresponding trade~off vector into (4.6) and
generate a set of weights computationally. This could be weakened further
by requiring any preferrved solution to be identified. The rate of conver-
gence, however, to the most preferred solution is bound to be poer when
compared to the Zionts Wallenius' approach, since considerably less
information is utilized when constructing the constraint set for the
weights. Further research needs to be carried out ig order to detemmine
how the tate of convergence is affected as more information is obtained
from the DM and tc discover the trade~off (to the DM) between the amount
of informatjon which is requived at an interaction and the number of
interaccions.

Although Wallenius (1975) found that DM's have difficulty in estima-

ting the MRS, our assumptions require only 'rough' astimates (with a

measure of congistency) of the weights in order for the method to converge.
In addition, we enable the DM to give conflicting information (to a
certain extent ). IE is expected, that as these estimates become more
aceurate, so the rate of comvergence should improve, since an Ideal DM
will provide information which leads to the most preferred extreme point
in one interaction. In the ideal case, the Zionts Wallenius approach is
uniikely to converge in one iteration in general, since the weigh;s are

computed numerically from (2.6} (2.7).

5
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CHAPTER 5. ERROR BOUNDS ON THE ESTIMATED VECTOR OF WELGHTS

In this chapter we are concerned with establishing bounds om the
errors made by the Decision Maker in the estimates of the direction of
the true set of weights u" (which is colllnear with the marginal
utility vector Vu(E(x))‘). These estimates are used in the linear

programuing problem
E
maximize ue £, (x}
s R

subject to Ax = b,

%0,

in the interactive algorithm of Secrion 4.2,

The assumptions which were made in Chapter 4 (whem the explicitly
unknownt utility functiom is assumed to be linear), in order to guarantee
cotvergence of Algorithm 4.1, are given ‘I;.n terms of the estimated
vector of weights u. We first establish bounds on the magnitude of the
errors made in u when approximating u* (i.e. bounds on flu -~ u*[l )
96 that Assumptions 4.4 and 4.8 are satisfied. Bounds are alsoc establi-
shed on the estimates u, made from iteration to iteration, so that
Assumption 4.4 is satisfied. Wew assumptions dre then proposed in terms
of these bounds (which imply satisfaction of Assumptions 4.3, 4.4 and
4.8). These are illustrated by means of a simple example. The assumptions

are then re-examined and less regtrictive assumptione ara then proposed.




1104,

i
}
5,1 BOUNDS ON THE APPROXIMATE VECTOR OF WEIGHTS |
In order to establish convergence of Algorithm 4.1 and the algorithm
which is proposed in Chapter 7 to the Decision Maker's most preferred L *
solution, we need to determine error bounds betweem the trus vector of '
‘ * n N s H
weights u (which gives the dixeution of the marginal utility vectoer e
B(£(x))) and the appromimate vector of weights u which is obtaimed b
from the DM at iteration k. e
5
THEOREM 5.1  Suppose that I
N+
2.2P ARG P

where a € R', z ¢ R', If b & R' savisfies §

a - Sb<a r A ieleom :
(WRERH (1 1zh
j= j=1 i
then bz & 0. !
Broof:
Define &
f .
Then i
B bz = b,z g
L g+t
: = % e+ L bz :
2 B0 LF 5 & PR |
B F; A i -
|
- > (a, = ¢) z, + T (a, +9) = I
. z, go * 4 EA * H
7 :
B :1 i
. , |
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= Joa,a, ~ ¢ [ oz o+ 4 ] s
=1 * z, 2o b 7,20
1 1
i
> A - 4 = 0, ja}
=1t
COROLLARY 5.2  Suppose that
a.z® A<D
where a £ RY, z ¢ BF. IF b € R sarisfieg
ai-¢<bi<si+¢; i= ety
where
-4
0<¢+em T y
£ 1syl
j=1
€ an arbitrary small, positive number,
then b.z <0,
Proof: The proof is similar to the previdus proof. a

We now use thege two resulte to re-examine the assumpktions which
were made in Chapter 4 to give finite convargence of Algorithm 4.1 to the
DM's most preferred solution (assuming a linear utility function). We
first recall the following from Chapter 4. At each iteration j = 1,..,k-1
(k > 1) we retained the vector of trade~offs which gave the directiocn of
steepeat ascent &t bhe start of the simplex algorvithm with respect to the

i

weights ul, Define this get of vectoxs at iteration k, k > 1, by

13

min (wderd ) 0 5w 1,0kl )
<

N N Kt &
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The set of permissible values for u° at iteration k is given by:
Fliuer | u>02 for k=1 i
Fhluer® | u>0; wa<o ¥zezb) for k1. (5.1

We introduce the following definition:

o - d e i (5.2)
a4
A r
where lall & ] .

i=1

THEOREM 5.3 Suppose that a vector u & R¥ satisfies

lui-ui|<¢"-5, FAE IS TR

where ! le the estimated vector of waighte used in iteration j of L,

Algorithm 4.1, ¢% is defined in (5.2) and e is &n arbitrarily small, ;

.

positive number, If uJ‘qu <0, then u.zJd <o,

i q

3

Proof; .

—ji!<¢-‘—= ¥iwl,.0,r i

implias that R

z-¢j+u3i<ui‘~'v—a+¢~’+u3 Fi=1,.0,1. :

Letting
. . ; b
AN RN I :
i 9 |
in Corollary 5.2 gives the resule, (=] .
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We are nov¥ in a positiom to replace Assumptions 4.3 and 4.4 by the

following two assumptions respectively:

ASSUMPTION 5.4 At iteratiom k of Algorithm 4.1, the estimated vector

of weights uf >0 satisfies the imequalities

*
|ui— t|<¢li—c; ERE I P

whare ¢° is defined in (5.2), ¢ is an avbitvarily small, positive

number end u* is the true vecter of weights (collinear with VO(£(x))).

ASSUMBTION 5.5 At jteration k > 1 of Algovithw 4.1, the estimated

vector of weights uk > 0 satisfies the inequalities

| u‘:- adlel meiienin viat 00y

where ¢ is defined im (5.2), ¢ is an arbitvarily suall, pesitive
aumber snd ' are the estimates of the weights made at the previous

iterations j = 1,...,k~1.

Using Theorem 5.3, with k replacing j, satisfaction of Assumption
5.4 by the welghts u® at every iteration k of Algorithm 4.1 implies
that u* € sk. This agsumption caunst ba checked as we do not know u*.
The values for mk, however, can be computed and the range on each
component of u* can be dstermined. Agsumption 5.5 implies that
Assumption 4.4 is satisfied [by Theorem 5.3). This assumption can be
checked, since all the values are known, The nbove conditions were
imposed so ag to enaure that the true set aof weights u’e were not "cut
our” of the aat Sk and that the DM is weakly comsistent with his
estimates, The last condition also removed the posaibility of the

algorithsl cycling. This gave Einite termination of the algorithm.

o
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In order to ensure that the algorithm terminates at the DM's most preferred
solution, we use Theorem 5.1 to replace Assumption 4.8 by the following
assumption. This assumption is also mot checkable, since " is not known.
It does, howsver, provide us with a means of determining ranges ou the

*
components of u  at the £inal golution.

ASSUMPTION 5.6  Algorithm 4.1 terminates at the nondominated, extreme
point xk only if the estimates of rhe weights &> 0, made at this
point, satisfy
* .
1ui-uk]<¢k; [ P
where

4 = mn AT Y
% mon basic

and o is the true set of weights (collinear with VU(E(X))).

We have from Steps 4 and 5 of Algovithm 4,1 that the algorithm

termindtes at xk when

Fiakao for &= 1,....m.

Since the trade-offs associated with basic variables are zers, we have that

ke ¥ i nombasici 1§ & .

I# the sbove assumption holds, then by Theovem 5.1,

*
Fakeo ¥ 4 nowbasie: 1€ 8 S o
and « is the DM's most praferrad solution.

We illustrate the use of these assumptions by means of an exawple

which ia given in the next section.

|
i
b
i
i
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5.2 AN EXAMPLE T0 ILLUSTRATE THE COMPUTATION OF THE ERROR BOUNDS ON THE

ESTIMATES OF THE WELGHTS.

NOTE 5.7 The vector of estimated weights, obtained from the DM's
indifference matrix D (3.16), is normalised so that uTu =1
{3.15). In the rest of this chapter we will use the L, nomm
instead of the L, nom. i.e. u is normalised so that

max u, = 1.
L<isx *
This change of magnitude does not affect any af the previous

snalysis as we do not need te know the magnitude of the warginal

s g e s i

utility vector: we are intevested in its direction.

Cousider the following exawple which, although relatively simple,

will enable us to demonstrate the use of Assumptions 5.4 = 5.6 in the

computation of the exror bounds.

maximize £ - %y ¥ 2%y
fz L le Y

E3 e + sz

A subjeet to 3y 2%y & 12
le +* Exz 5 12
! ) *y < 3

¥, %3

Xy Ky B O

1
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Assume that the (implicit) ukbility function is linear and is given by

% * *
UCE,TpEg) =y £y v ouy £+ oug £y

where W= 0,5 15 0,5).

mitially set o = (13 13 1),

Then the final simplex tableau (optimal for these weights) is:

Basig % * Xy *g EN £ Xg
2 3 1 1
5 1,5 0,5 1 1,5
1 1,5 1 0,5 =1,5
3 1,5 1 -L,35 2,5
El 7,5 0,5 0,5
fz [ 1 -4
£3 10,3 ~0,5 3,5

Therefore, x' = ( 1,5; 3) and E(x%) w ( 7,5 05 10,5 ).

From the tableau, we have

0,5 0,5
zz - 1,0 |3 zé w 4,0 4
=0,3 545

* *
We see that u .z[]; >0 and u .zé <0,
Asgsumption 4.8 implies that ul, obtained from the DM, must cause ug to

discard x'. Assumption 4.3 irplies that zf € 2° (and aok #}). This

is achieved by any estimate of ul which has Lthe proparties that

1L 1.1 1.1
u‘“6<° and u.26<u.z“.




S

Suppose that the DM looks at E(x") and decides that £, nesds a
larger weight. He overestimates this in specifying the trade offs,

yielding an estimated utility vector

wb = (135 15 1/3)  (see Hote 5.7

Then
L i
ote 8% . 2. ogn. t
i o
Nz

We see that :

*

[ui-u [ <175 <o for i=1,2,3,

and go Assumption 5.4 is satisfied, Note that if the DM gives estimates
of ui and ué which decrease with respect to ué fixed on 1, so
¢l bacomes larger and the margin of error can increase.

Using the weights u’ we get the simplex tablesu (optimal for

these weights):

Basia * xy %y *3 X, g xg ;
2 1,5 10,5 ~1,5 ;
4 11,8 =15 1 2,5 {
1] )1 1 |
6 | 1,5 -0,5 LS5 1
516 1 -2 D
£, | &5 0,5 3,5
£ ] 03 2 -1

Therefore, x> = ( 3; 1,5) and £(x2) = ( 63 4,5; 3 ).
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Prom the tableau, we have

i -2
Gal0s] de| as
2 -7

*
where u Azg >0 and u*.z’“s' <o.

Aggumptions 4.3 and 4,8 require that z% € Z3 {and not zg). Therefore,
the DM must give an estimate of u2 such that

uz.zg <0 and uz.z§ <l

W

In addition, Assumption 4.4 requires a meagure of consilstency from the

DM, This is measured in Assumption 5.5, where o mugt satisty
P -l [ <ot a0z for i=12, (5.3)

where u° has been normalised so that  max { “21” uz, ug ) = 1.

Assumption 5.4 Tequires that
e L PN S E A B IR K3 (5.8
Suppoge that the DM chooses
2
u®w (0,855 1; 0,52),

Then both (5.3) ond (5.4) are sacisfied, where @2 = 0,0832,
The Einal aimplex tableau (optimal for the weights “2) is glven

gver the page. From the tobleau,
S e (242,60 mad 16D = (7,2 2,4 7,2).

fie see that u*.zg >0 and u*.zz > 0, Trom f;ssumptions 4.3 and 4,8

wi require u3 to gatisdy

ua.zg »0 and ua.zg »0 (5.5)




.113.

[sam Bl on o x5 ox
1
—T
2 | 2,4 1 -0,4 0,6 A
5 10,6 -0,6 0,4 1 |
1124 1 0,6 ~0,4 l
6 | 0.6 0,4 0,6 1 1
NI
g |12 -0,2 0,8 :
fz 2,4 1,6 =1,4 ‘!F‘?‘
g |7 2,2 2,8 :
i
|

Suppose that the DM gives

u® = (0,455 15 0,68 ).

Then

4y = min (ule) 0, oDl 1) ;

= min { 0,1135; ©,0608 )

= 0,0608. |

l

i

We see that |
i

i

- u? | %0,05 <0,0608 for i =1,2,3.

Therefore, from Theorem 5.1, we have that (5.5) is satisfied.
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5,3 A RE-EVALUATION OF THE ASSUMPTIONS [

In the example discussed in the last section, we saw that the

Tequirement that

of - [ <% o for §=1,2,3,

in order to satisfy Assumption 5.4 (5.6), is fairly restrictive when
applied to vectors which have been normalised sceording ta Note 5.7.

The errors made in the estimates could be much "larger" if we allowed

the maximal element in u* to vary. A uniform approack. however, is

desirable, since the gstimates o sre required for use in the i
algorirthm. i

If we recognise the fact that a = bq for some q {l<q<r) B
in Theorem 5.1, we Find that if we define

¢= 6/ Iz

b
1 H
q }
i

Seesn

.

in the proof, that the result atill holds. The same observation applies
to Corollary 5.2. We are, therefore, able to replace Assumptions 5.4 and

5.6 by the following two (less rentrictive) assumptions.respectively.

ASSUMPTION 5.8 At jteration k of Algorithm 4,1, agsume that the

estimated Vector of weights o > 0, which has been normalised so that

k i
; We maxuf o=, L
T agigr
E satisfies the imequalities i
* x , ;
g fof- ey For 1= Ly.euri '

whers ¢ is an arbitrarily small pasitive number;
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;oL
= max {-uzd /) |20 B
1<2<a Pl T
ifq
*
and u  is the true (unknown) vector of weights, collinear with

*
VU(£(x)), which has been scaled so that uq =1,

ASSUMPTION 5.9  Assume that Algorithm 4.1 terminates at a nondominated

k

extreme point x only if the estimated vector of weights uk > 0, which

has been normalised so that

uk = max ul.‘ =1,
9 1<i<r t
satisfies the inequalities
* ok . .
fui uif<¢k for i =1,...,15
where
k ok, Eok
win uterg /] {2l 2 0
% nonbasic i=l
ifq

* : T
and u is the rrue (unkmown) vector of weignts, collinear with

%
U(E(), which has bean scaled 8o that ug = 1.

In both of these assumptions, the assumed scaling of u* is not
important as we are interested in the direction of the marginal utility
vector. The vight hand side limits in the inequalities, however, have
been increased (or are as good ag) the limits in the corresponding
Assumptions 5.4 and 5.6 by the removal of one of the terms in the
denominator {(unless this was zero). Since the relaxation of the limics
in the above two assumphions should generally give the DM greater flexi~
bility in the estimates he makes of u', one may be tempced to apply the

same relaxation to Assumption 5,5, It is our belief, however, that
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fi!
Assumption 4.4 (which is implied by Assumption 5.5) should be retained 1
in its present form ag it is easily checkable and less restrictive than :
Assumption 5.5 is. By this we mesn that any vector which satisfies !
Assumption 3.5 must also gatisfy Assumption 4.4 (by Theorem 5.3). The ' ]
convers?, however, is not generslly true. We now restate Agsumption 4.4,

for completeness, a&!

ASSUMPTION 5.10 At jteration k of Algorirhm 4.1, assume that the

estimated vector of weights u“ > 0 is contained in the set §¥, defined

in (5.1), for ko= 1,2,. .

If the DM is able to satisfy Assumptions 5.8 — 5.10 at each iteration
of Algorithm 4.1, then the algorithm will converge in a finite number of =
iterations to the DM's most preferred solusion (when the utility function
is assumed to be linear). [

We now demonstrate that Assumptions 5.8 - 5.10 give the DM grearer
Flaxibilty when estimating the weights, by reconsidering the example of

Section 5.2.
EXAMPLE 510

Consider the example of Section 5.2.

At the point xl = (1,5; 3 ), suppuse that the DM gives an estimate

wba (0,255 15 0,25 ).
*

*
Assume that u  is of the form .y 1; up ).

R R R EW R ERP P AT

Confirmation that this is indeed the limit is obtained by choosing i
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1,
18
= (0,6°8 1; 0,67 ).

wm (0,416% by 15 0,418+ u) ) K

For this value of u, Uz = 0.

We see that

®
fuj = | <0416 for i=1,3.

Using the weights u', we gat the solution ¥° =  3; 1,5 ), which is
the same solution as before. Ap xz we require (or assume) that the

DM gives an estimate u? which satisfies

whel <0 (Assumption 5,10) (5.6)
and
* 2 2 2 2 2 2 . ;
[ up ~u; | <%= g /(121’5| . 123'5[); i=12,3 (5.7 :
A [t
if ul eu, =1 (by Assunption 5.8). |
Suppose that the DM gives e

u? = (0,555 13 0,67 ). |

Then both (5.6) and (5.7) ave satisfied, where ¢ = 0,254'.
We see, that if Assumption 5.5 was assumed Lo be satisfied rather than
(5.6), then i .
13
[ o2~ | =062> 0,426 = o, }

and we may conclude, wrongly, that Assumption 4.4 is not satisfied.

The solution for the weights uw* ia X° = ( 2,45 2,4 ), which
is the same solution obtained previously., Ab x°, we require the DX
to recognise this as his most preferved solution hy giving an

estimate of u° which satisfies (5.5),
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Assumption 5.9 requires the DM to give u® such that

* . 3
Juf -l | < min (uliadza, Plaline ) (5.8
ERE
where uy = Uy 1.

Since oy u’; = 0,5 , the ranges on uw and ug in (5.8) will

be the same. Letting ui = ug =y {n (5.8), we sea that we need y

to lie in the range
20,8y + L4 = 2,87 . - 0.2y 4 1,6 -2,2y
7% Sy-o0s< 7k
e 04" < ui < 0,583 for i=1,3. (5.9)

The DM can make eatimates of up and uj in the Tonge given in (5.9)

and (5.8) will be satisfied. o

We have shown that estimates of the vector of weights can be less

accurate if Assumptions 5,8 - 5,10 are used instead of Assumptions 5.4 ~
5.6, We recall, however, that the DM is not giviang these weights diresctly,
but the indifference marrix D (from which che weights are calculated).

In the next chaptetr we consider what errors can be made by the DM when he

estimates the indifference trade~offs.
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CONCLUSION

In . .3 chapter we have determined bounds on the elements of the
estimated vestor of weights which are used in Step 1 of Algorithm 4.2,
which ensure that the algorithm converges to the DM's most prefexred
solution. These bounds give a practical way of determining the ranges in

which the true vector of weights must lie. During the implementation of

the algorithm and at the termination of the algorithm, these ranges can

be displayed to the DM, Although the DM is not estimating the weights

directly, he may be able to pass some judgement on whether they refleect :

his feelings about the relative weightings of the objectives or no. ;
It is our opinion that these bounds are reasonsble in practice.

(i.e. they 1y the ptions in Chapter 4 which they i

have replaced.) The following ponints, however, still need further '

investigation.

. 2) The underlying Assumptions 4.4, 4.5 end 4.8, Other assumptions can o
i be made which guarantee convergence of Algorithm 4.1. More restric— ‘
. i: tive (and consequently tighter) bounds should gpeed up convergence.
o . “ This point was mentioned in Sectiom 4.5.

- i
|- ] b) The requirements that
i
0 * .
fui—uil’<¢, HE S NN

where ¢ di¢ a function of u, need Lo be examined further. Is it

# .
poasible to dekermine bounds on [u - u || which are independent of

H the estimates u?
) Re-examine Assumption 5.9 at the Final solution x*, This has the ;

anomaly that if uk is glven such that

: o5 fF< e for one nombasic 1,
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¢ arbitrarily small, then we require

* .
o ol ¥iml,.,r,
1Y

%
Assumption 4.8 wmeraly required u o satisfy

¥ om0

This set of linear constraints on u' can be constructed. In addition,
constraints o ¢ 51 (§ <1 could be incorporated to restrict the
range still furthar. This is eimilar to Zionts and Wallenius' (1976)
implied requivements at an optimal solution. Our reason For conside—
ring the comstraint set, however, is to determine z uniform bound on
1w« u* 1. To do a0, suitable sbjective functions need to be formslated.
Agsumption 5.8 does nut prasent us with the same practical difficulties
since 3% is not compated from all the nombasic trade-offs, only the
best cne is used.

The objective functiona mentioned in {c) could be facilitated by making
an assumption that the error in the estimated waights is proportional

to the (unknown) true weights. i.e. that

i

o - aed Wl im0 (5.10)

where - e' %6 < c?, ', 6% > 0. I8 this a reasonable assumptiont
What effects will it have on the other results in this chapter? This

algo ties up with the point raised in (b) since we now have

1o * 2 0% "
- ui<ui-u1<5 uy i 1lyva,,t,

* n :
We have chosen the L norm to examine fju - u | . It is possible
that a different choice of norm may ba more useful, A different choice

of norm will, however, affect the results of the next chapter,




CHAPTER 6  ERROR BOUNDS ON THE ESTIMATFD INDIFFERENCE TRADE-OFFS

12l .

In Chapter 5 we showed that if the Decision Maker pives estimates of N
the true (unknown} set of weights which lie in a prescribed range, then
Algorithm 4.1 will comverge to the BM's most prefsrred selution in a
finite numbeyx of ijterations, In Chapter 3, however, we did not require
the DM to give astimates of these weights directly, but to give the
indifference trade~offis between pairs of objectives. This information is
incorporated into the indiffereance trade~off matrix D and the weights

u are then computed from the eigenvalue/ eigenvector problem (3.16).

We have already sean that in Section 5, at iteration k of N

Algowithm 4.1, we required
*
]ui—u1;|5¢k>-g for i=1,,..,1r (6.1) .

to be satisfied; where uk 1s the sstimate of the true set of weights 5
*, & is some prescribad now-negative scalar which is defined in (5.2)
and e is an arbitrary smell, pogitive number. Hounds on the elements
of the indifference trade~off matrix need to be established which ensure
that (6.1) is satisfied,

Using & standard perturbation approach for eigenvalue problems (see
Wilkinson (1965)), we were abla to find bounds on the elements of the
metrix O which did guarentee that tha resulting eigenvector satisfied
the bounds of (6,1). On computing these bounds, howaver, For a reasonably
sized problem (7 objectives and 8 pairwise comparisons), these buunds
were found to be eo small (in telation to ¢k) as to ba useless for any
practical purposes, Therafore, in this Chapter, & different approach is

proposed in order to obtain useful bounds on the elements of D,

ar s i, Y " bt
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NOTATION 6.1 We drop the superseript k for convenience sake in the

rest of this chapter. The indifference trade~off matrix Dk, obtained
£rom the DM at the solution xk, and the resulting set of weights uk
are denoted by D and u tespactively. Dk has corresponding inqguiry
pattern PX, defined in (3.5), which is denoted by P. The true
indiffarenca trade~off makrix D*(xk), eorreapoading to Pk, and the
true sst of waights ' (&) (collinear with VU(E(¥))), are demoted by

% *
D and u respectively. =]

We now give two examples to illustrate some of the difficulties
which arise when attempting to establish bounds on the errors allowed in

the matrix D.

EXAMPLE 6,2  Suppose that we have a problem with 7 objectives and that
the DM gives the following indifference trade~off matrix involving 8

sats of pairwise comparisons,

w 8 0 -1 0 0 0
0 3 0 -2 0 0 O
o 0 1 0 -~ 0 0
0 0 1 ¢ 0 -l 0o
o ¢ o 0 0 -2 1
6 2~ 0 0 0 O
5 -1 0 0 0 ¢ 0
o ¢ o =1 1 0 ©

This matrix haa Full raok. i.e, the responses from the DM are

incousistent. The matrix is then normalised to (see (3.17))¢
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1 o 0 0,1
0 1 0 -0,6"
0 il 1 0
Q 0 1 Q
D =
0 o [*] ]
0 1 -0,5 0
1 -0,2 0 0
0 ] [LAES N

o 0 0

o [ o
-1 o 0 ’
0 -1 ]

0 0 =0,5

o 4 o

] o 0

1 [+ 0

Solving {3.16) gives the solution (rounded te 5 decimal places),

where ofu =Lt

u = ( 0,03566; 0,19480; 0,34903; 0,32327; 0,33835; 0,35115; 0,70571 }.

Adjusting D to be {co 5 decimal places):

1 0 ] -0,11031 0 [ 0
o 1 0 -0,60259 0O o 0
0o 0 1 ] -1,03770 © 0
- [ 1 '] 0 ~0,99396 0
D=
[P [+ [ o 1 ~0,49758
o 1 -0,35812 © o =] [
1 -0,18306 © 0 0 ] )
o 0 0 ~1,04046 1 ] 0

we have that Du = O (aubject only to rounding crror), which is a

property that we require fox a comsistent set of responses. Element

d63 has changed by approximately 122, while other elements have

changed by smaller amounts, and yet the solution to (3.16) is still
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the same. D. has been specifically constructed (see later om im
Section 6,2) to show that "reasonable” changes in an incomsistent D |
can result in a set of weights u which satisfy u = u. i.e. that B

:pk =~ g can be set to zero in (6.1). |

" A more general approach would be expected to have the property
that the errors tended to zero ag ¢k‘ + 0. However, as this example
illustratas, this may not be appropriate for inconsistent responses.

s 1'

*
EXAMPLE 6,3  Suppose that D for a problem with 3 objectives is

" “0,25 1 0
-
Q 1 -0,25

where the inquiry pattern ig

-1 1 0
P o= .
] 1 -1

%
This has corresponding u (rounded to 4 decimal places):

*
u = ( 0,6963; 0,1741; 0,6963 )
0
or w o« (130,25 1)
: * *
if we potmalise w such that wax u, = 1.
i

Suppoge that wa allow the DM to make ervors of the order of 20% im ¢

the elements d. and d23'

11

fee =0,3% 4y, € 0,2

0,3 € dyy <-0,2 .

ot . -
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Then, if the DM gives an indifference trade-off matrix

~0,3 1 0o

o 1 -0,3
this leads to
u=(1; 0,3 1)

*
which may be considered Lo be a reasonable estimate of wu .

However, if
-0,2 1 o
D o=
o 10,3

u= (15 0,25 0,67 )

then

which is considerably worse. In fact, the matrix

-0,5 1 0
D = '
o 1 -0,5

which is well outside the allowed range, leads to

us= (1 "N,5 1),

which is cunsiderably better then the previous case if we are using
the eriterion |u} - u;] as a yardsrick.

In this example, we see that if both du and d23 are
estimated jincorrectly in the same directiom, then fairly large errors
can be made. It is when they are estimated incorrectly in different

5 directions that problems arise. In larger problems (e.g. Example 6.2),

these interactions way well be impossible to analyse. This example

P
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ghows thar a comsistent approach to auy size problem, which allows
errors to be made im either direction, will result in "small" bounds
being imposed on the elements of D in order to ensure that (6.l)is

satisfied, o

NOTE 6.4

(i) After normalisation (3.17) has been performed on each row m of the

wmatrix D (m = 1,...,p), any ervors made by the DM when estimating
the indifference trade-offs between objectives i and j, are
accunulated in g, < 0. ALl that this weens {s that after noraaii-
sation (3.17) has been performed, any errors made in either, or both,
of the original elements at the m'l pairwise comparison, will now
be found in the negative element.

Given d =1, 0>d, > -l inrow m of the normalised D, ve
have that 4,1 =1 and 0> d%. We do mot agsume thas EREES

It is quite possible that the DM has wrongly estimated the

®

il

wax { a3 5 19

especially if they are "close". See 335 of D in Fxample 6.2,

for instance. o

VN
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ERROR _BOUNDS ON CONSISTENT RESFONSES

Suppose that the DM has given an indifference trade—off matyix B

with corresponding enquiry pattern P which satisfies Restrictions 3.2 -

3.4 and that D has rank

consistent. An estimate

u

r~1. Then, from Definitien 3.12, the DM is

of the weights is obtained by solving (3.16)

for the eigenvector corresponding to the zero eigepvalue (Remark 3.18),

or by using Algorithm 3.13.
th

At the m pairwise comparison (L € m < p), objectives and j
(1< 1i,j<r:ifj) are compared and
4=l 0> dp >
after normalisation (3.17). Then, we have
uy & dmj u o ] (6.2)
® *
and ug + doi u o= 0 (6.3)
*
where dmj ig the true value of dmj after nosmalisation.
*
NOTE 6.5 Suppose that u  is scaled so that

*
uwowuoom max u, =1,
9 1<igr  *

*
This rescaling of u

not assuming thak

We now use {6.3) and Note 6.5 to work out the general form for

®
in temms of the unknown dmj‘s‘ The following algorithm is based on

does not affect its direction. Also, we are

&

f
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Algorithm 3.13 for gemerating u for & comsistent DM. i
ALGORITHM 6.6

Step 0. Choose i such that u, = max u, o= 1.

*
Set wu, = 1.
i

Set Le{il}, J=4. i

Step 1. Select 1 &I, 1i4J.
For all objectives } ¢ I, 1 < j % r, where objective j is .

s : : th st :
compared to objective i at the m pairwise comparison

AU (1<u<yp), detine
3 %R
. * « &, * k% p
G G i u e gl o
‘. .. * * * * EER
R M U W

Set I=1V {1},

Repeat until no further j ¢ I exists which is compared to i

at any pairwise comparisom.

Step 2, If I ={ l,,..,r} then STOP.

Otherwise, set J =JU { i} and GO TO L. a

B EXAMPLE 6.7  Consider the matrix D given in Example 6.2, D has rank ;
: 6 and is,, therefore, congistent. Normalising u so that

max ug = 1, we have (to 5 decimal places):
i

H
I
o u = ( 0,05053; 0,27603; C,43458; 0,45808; 6,47660; 0,49758; 1 ). (6.4) 1

*
D is then given by:




*
Step 0. Sat wu
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10 0 4 0 o o
o 1 0 4, © o o
o 0 1 0 dy o o
°© o 1 o o 45 o
o o o o © 1 4]
o 1 43 0 0o o o
1 4y 0 0 0 0 o
°© 0 o 4y 1 o o

where ¢ <0; 1Xm€8; 1<j<7,

*
N *
We now use Algorithm 6.6 to find the general form for u

MR I={7} J=¢.

Iteration 1 i =7,

Ouly 6 is compared to 7.

- * K —d*
6 = " dsy Uy 7 " 45y

1={s67} J={71

lteration 2 i = 6.

Only 3 is compared to &.

L] * K ® *
R T

I=(3,67} J= {671l

Iteration 3 i = 3,

and 5 are compared to 3,

* ok * * *
Up =T dgy ¥y 7T dgy d4g sy
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*

* * * * *
ug ==y /dyg = dg dg / mdye
T=1{2,3,5671} J={367h

Iteration 4 1 = 2.

1 aod 4 are compared to 2,

* * R® * * * *

T gy ¥y = dyy ey dug dsy

* * * * ® * *

Uy == Ay deg g dgy /o dy, -
T {1,2,3,4,5,67 }. STOP.

* ; N
Then u is assumed to be of the form (i.e. has the direction)

* * ® *
72 Y43 46 57

4o %4 45y
4y 355
PR
EEVETI
4]

1

NOTE 6.8 Since D has more than r-1 rows, there is uot & unique
construction of u'. At iteration 4, when I ={ 2,3,5,6,7 )} =nd
3 ={ 3,67}, ve may have chosen 5 from I instead of 2, This
would have led to
* ) * ook ko
wyw v [ dgy = dyg gy / dgg dg

Then I = { 2,3,4,5,6,7 } and J ={ 3,5,6,7 }. Wa may now have

chosen 4 from I instead of 2. This gives

' a4,

(6.5)




N
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—d*f( —d*d*d*/d* *
up Ty byt dyy dyg dgy /odgs gy

Then, for u: we must have that
* * * *® * * * * *
dyy dg3 d4g S5y m 7 dyy d4g dyy [ dyg dgy
. * % * % %
fiee dpp dgnm -4y [ dg) 4 (6.6)

*
and for u, we must have

oo A * X% *
dg3 dag 57/ daq = dgg 57 / 45 das

: * ® * %

i.e, deg / dgp m 1/ dyg dgy (6.7)
Since the DM is being consisteat (in the Ideal case), (6.6) and (6.7)
should both hold and, therefore, it does not matter which elements are
chosen from 1. It can be easily verified that (6.6) and (6.7) are

*
true by using (6.3) and substituting u’;.'s and L\;'s for the 44"

)
(=)

Algorithm 6.6 gives us a way of determining the general form for

* »
u . We now need to impose assumptions on the estimates of the dm's

made by the DM in order for (5.1) to be satisfied for some value of ¢,

ASSUMPTION 6,9  Given objectives i and j (L <i,j < x; i ¢ j) being
compared at the ot paitwise comparison (1 € m <p) with dm]. <0

{after normalisation (3.17)), we assume that s satisfies

FIE (6.8)
m] ml "
1 2 1,2

where -anse, 4%, by, 8230,

®
and dmj is the true value of dmj'
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Clearly, if AL and 42 are chosen to be large enough for sll
pairwise comparisons m, tais assumption is alwaye true. It is when we
impose further assumptious on the deviations €0 that we encounter

the problems mentioned in Example 6.3.

ASSUMPTION 6.10 Agsume that the €u in Assumption 6.9 are proportional

*
to the trade-off ratios dmj'

+ * n
i.a. ey ™ Gm dmj; ¥m=1l,,..,p3 1§ <13 {6.9) ;
where -ats 6, < 2% and &Y, A% sl .

This assumption means that we are supposing that the accumulated !
proportional errors mede by the DM at each pairwise comparison are, at H
woret, the same order of magnitude. i.e. the smeller |dm'1f| is, the

amaller the accumulated error made in each pairwise comparison is (after

normalisation (3.17)).

From {6.8) and (6.9), we have

* :
dmj“ d“‘j(1+ém); Faw lyeonp LSJSn, {6.10) |

Since the DM is conaistent, we have from (6.2) that

. dmj"“i/“j

where dmj' uy and u__i ate kunown. Therafore,

* s
! de.--‘ui /¢ uJ.(J.+6m) Yi o Fma Le.np 1S 3S e (611

whexe watas s’ a8}, 4t
1 In the case whers p > r-1, it may e impossible to apply Agsumption 6.10 |

*
Lt to all the dmj's simultanecusly, ag the next example demonstratas.
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BXAMELE 6.11 Consider a problem with 3 objective functions, where a

conaigtent DM gives the indifference trade-off matrix H

0,25 1 0 :

D = ) 1 -0,25 | . L
-1 [} 1
Then um (130,25 1), :

%
D has the forn

*
d11 1 0

Applying Algorithm 6.6, where i is chosen to be 1 in Step O,

*
B —d31 ).
5l Using Assuwption 6.10 and (6.11), we have .

Ll (e a8 )

: s i ;
i since u) = 1. For cousistency, we need row 2 of D  to satisfy [

N *
o uz/(lml) + cl23 u3/().+<53) =0

"
FOr dyy = - uz(HﬁJ)/( u3(1+61) )

4pplying Assunption 6.10 and (6.11) to &y, ve seo that ve require

- u,/( u3(1*51) } o= Uy (L83 ug (L) )

i, L1480 = (1480 (148D

We see that if we put 61 at its upper limit of A2 and \33 at its H
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lower limit of - A, that needs to be greater then A2 in order

8
for the equation to hold. Therefore, Assumption 6.10 will be contra

*
: . a
dicted for d23

Ag the above example has shown, we cannot generally apply Assumption
6.10 when p > -, Since ve ouly need -1 rows of D' to gemerate u,
we concern curselves with the r~1 vows which are used in Algorithm 6.6,
remembering that these r=l fows are not the only rows which can be used
to f£ind the form of o

If the DM gives values for the dmj‘s which satisfy Assumptions 6.9
and 6,10, then we establish the following result which will enable us te

1

compute values for a' and A® such thar (6.1) is satisfied for some

value of @k.

THREOREM 6,12 If at each pairwise comparison m used in Algorithm 6.6

(where objectives i and j are compared and dmj < 0 after normali~
sation) the DM gives values for dmj such that the matrix D has rank

T~1 and Assumptions 6.9 and 6.10 are satisfied;

. "
Bee ay m s u/Cuyesy ) (6.12)
where -ates ey ol i (6.13)

*
then u  computed from Algorithm 6.6 will have the bounds

1,% 2,9
u (1-a") . u (1485
x (6.14)

b, by
(1n?y * -ty b

* + .
where:  for fixed ., u; 1is defined at some iteration of
Algorithm 6.6, say iteration Xk,

8, and b, are nonnegative integers which satisfy
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*

sy = number of 4}'s in the denominator of o} (6.15) i

* |

b, = oumber af d ''s in the numerator of uj (6.16) B

i m} i -

a; + b, =k, the iteration of Algorithm 6.6 (6.17) :

*
and w = max u, ®1 = u. (6.18)
¢ 1gisr * 1 :

Proof: From Step O of the algovithm we have that (6.18) is satisfied.
We prove the rest of the result by induction. !

At fterakion 1 of the algowithm we have that for all | that can !

be compared te i = q, either b

% W ok
r- (i) uy == dmx‘. uy Erom (6.3)
B gt . * L. '
. l dmi since ui 1 for i=3q :

@ uj/( 4 (e ) from (6.12)

ot

- uj/(l+6m) sinece y = 1 for i =gq. i

Then, from (6.13), we have

u,
. : ._J_z.‘<uf‘<__.,2_1_4
aa® 1 a=bh

T . which means that {6.14) is satisfied with ﬂj = 0 in (6.15),

bj = 1 in (6.16) and nj+b3 =1 dn (6.17). !

\( . ory {ii) u’; == u: / dmg Erom (6.3) i
L. w1/ dm;‘ since u; =1 for i=gq
{ sy Sy Eem (6.12) '
i H
= uj(L+&m) since u = 1 for i =q. ‘
i
i
| P
— _ . " " ke
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Then, from (6.13), we have
4ol * 2
L (1=4") € “u,
uJ(L ) uy uj(1+A )

which means that (6.14) is satisfied with ay = 1 in (6.15),

bj 0 in (6.16) and ujﬂ)j =1 in (6.17).

Suppose now that the result is tw¥ue at iteration k of Algorithm 6.6,
i.e. that at the end of iteration k (or the start of k+l) there is
an i eI, i#J which can be compared to objective j £ I at
pairvise comarison w and that uj satisties (6.14) = (6.17) with
a; =2 bi = b and “i*bi = a+h = k. Then, one of the Following cwo

cases is true:

# * K

I RN
F o, /Cu, (8 0 from (6,12)
vy “j ui’*m‘ ) rom (6. .

Dividiog (6.14) through by u; ™0 and mulriplying through by

uj/(u-ﬁm) >0 we gat

o b u, (dH®
b < < i
avpanh® T e aah®

Using (6.13) we have

amh? e amd?

U, —e U,y e
§ (1+Az)b+1 J (1-A1)M1

Therefors, (6.14) is satisfied with ay =2 in (6,15),

bj = b+l in (6.16) and “j“’j k1 dn (6.17).
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*
3

*

*
= - gy £rom (6.3)

*
=g () [ oa £rom (6.12).

Dividing (6.14) through by uy >0 and muliplying through by

uj(l+6m) >0 gives (6.14) with a; = ag+l in (6.15), by = b
in (6.16) and ajﬂ’j = k+l in (6.17).
Therefore, the thgorem is proved. =]

COROLLARY 6.13 If the assumptions and conditions of Theorem 6.12 are

i satisfied, then uj, gemerated at tha k"® fteracion of Algorithm 6.5,
‘ hag the bounds
PR u.¢ ash ', ) € -, € a( i 1) (5.15)
; i Tt

2 awh a-ahy

where ay and bi are defined im (6.13) - (6.17}, and

“j u* max u, 1
‘ mu = .=
¢ 9 jeicr b
*
ie. a - = 0. 6.20;
ie LN < )
kY Proof:  (6.20) follows Erom (6.18)
(6.19) follows Erom (§.14). o

EXAMPLE 6.14  Suppose that the DM gives the indifference trade-off matrix
D of Example 6.2 for a problem with 7 nbjectives. D has rank 6.

*
The gemeral form of u  is given in (6.%). Suppose that ve require

* N
\ui-ui < 0,1 for 4= 1,..,7

in (6.1), where wu, is given in (6.4).
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To make the calculations easier, set A1 = A2- Then, from (6.19), we

need (working to 5 decimal places):

1/(=ah* < 0,175, + 1 = 2,97902 o

1
and b ® 2 0,175, + 1 = - 0,97902 ;o

ie. o' < 0,23883, b

l/(l-Al)g < 0,1/\12 + 1= 1,36228

1@sel) 50,175, + 1« 0,63772 o
ie. a' < 0,09792. &
i=3 5
1,2
1c-ahi < 0,1/0, + 1= 1,20009
vanhy? > =0,1/ug + 1 = 0,79781 L
N 1
ie. % & 0,08796. .
1=4 ;
! 1,3
(L7477 < 0.1/u, + 1 = 1,21830
aah/auh? > 0,170, + 1 = 0,78170
. 1
ie. % < 0,04873
i=3
L 1,2
A" /(1D 0,1/ug + 1 = 1,20982
a7 0,1/u; + 1 = 0,79018
which is satisfied by A" < 0,04873. .

- o e W " i
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1/a-ah) <0,1/u, + 1 = 1.20097
/b = =0y1/ug + 1 = 0,79903

1

vhich are satigfied by A" € 0,04873.

L3
Therefore, the percentage error in each dmj uged in Algorithm
N
6.6 to generate the u given in (6.5), may be at worst = 4,83
in order to easure that (6.1) is satisfisd for ¢f = ¢ = 0,1,

Using (6.11) with 4" = % = 0,048, we assuma that

@ o .
5, 50wy S 957 ¢ T e, 08

fe. - 0,52290 < 47 & = 0,47479
(i1 . R u

< d

7 §(T0,068 4 € T 5 (I¥0,048)

ie. - 1,04408 < 4, < - 0,94844
oy cute b
5,700, 048) 52 5, (1+5,648)
ie. - 0,58626 % d; < - 0,53256
(iv) u u

* 2
BT A R SR

ie. - 1,63297 < dyy < = 0,57499
W u . Y
e Qi & -l
uz(l—o,oka) 72 u2(1+0,048)
ine. - 0,19229 € 4y € - 0,17468
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(vi) u u
A cate A
3, (10, 078) 35 5,195,098
i, =1,09002 < d3§ < - 0,99017.

(6.7) can be used to cowpute bounds for d and then (6.6) used to

*
84
*
compute bounds for dlA' These bounds, however, will not satisfy
Assumption 6.10.
41 vas restricted to the critical value of 0,04873 when we
*
determined [u, - u4|‘ To confirm that this is indeed the critical
value, look at
LI *
U = dgy Yy d5y / dgye

* # * N : *
Suppose that dgy, d,c and d.o ave at their upper bounds, while d)

ig at {ts lowest bound. Then
*
I =, | = 0,09857

which would have been closer to 0,1 1if we had worked with greaker

precision. o
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5.2 ERROR BOUNDS ON INCONSISTENT RESPONSES

Suppoge that the DM has given an indifferenmce trade—-off matrix D
with corresponding inquity pattern P which satisfies Restrictions 3.2 =
3.4, and that D has ramk ¥. In this case, the DM must make p pairwise
comparisons, where p 2 r, the number of objective functions. When D has
rank ¥, the DM has given inconsistent responses when estimating the
indifference trade—offs between pairs of objectives. The estimated veetor
of weights u is obtained by selving (3.16).

st the ™ pairvise comparison (1 < m < p), suppese that objectives

i and j (L <1i,j<r;i¢}) are compared and that

dmiql; o>dmj;-—1

after normalisation. Then, we have that for u satisfying (3.16),
uy * dmj U 0

for at least one m {L € m < p), Since we know that an Ideal DM gives

congistent reaponses and that we are attempting to £ind bounds on the
#*

values in D with respect to D (unknown), we dirsct our attention to

finding the "nearest" consistent response to D.

DEFINITION 6.15 Given an indifference trade-off matzix D with
corresponding inquiry pattern P satisfying Restrictions 3.2 - 3.4, we
define the indifference trade-off matrix D, with inquiry pattern P, to
be a conasistent set of responses with respect to the vector of weights
u f.e. Du =0, vhere u is the solution to (3.16), corresponding to

the maximum eigenvalue.

s
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NOIE 6,16
(i) D has ramk r-1 (see Definition 3.12 for comsistent).
(ii) If the matrix D is consistemt (i.e. has rank r-1), then D = D.
(iif) T is uniquely defined, subject to normalisation of the rows,
i d. ==y, L du,m i . o
since 3, u;/ug (from ug + Gyou; = 0 for consistent)

For each pairwise comparison m, define

um’ui+dmj Yy i m=l.enps LS4,y df . (6.21)

Then, for a consisteat DM, & = 0 ¥ mj whereas this is not true for an
inconsistent DM, Defina the matrix § #a follows:
d,=aq,=1; mal,.,p LSi€y; (6.22)
dmj 'dmj -dm/uj; @ lyoe,p; LW Sy (6.23)
and the remaining elements are zero, corresponding to the zeres in D.
Then for any pairwise comparison m, we have that
gt ( dmj - um/uj )uJ.
=y + de. uj ™

=0, from (6.21)

o1
e

k and so = 0.

D is therefore a matrix of conaistent responses corrasponding to the

vector of weights u.

- » - [

st
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NOIE 6.17 In Exampls 6.2 we had inconsistent matrix D with weights u
computed from (3.16). The matrix D, in the example, was constructed
using (6.22) and (6.23). I ¢° is required to be close to zero in
(6.1) (i.a. u = 4", it is possible to construct a comsistent matrix

D corresponding to u, where we will need to assume that D is "close”

o
to D in some sense. o

We now need Lo make agsumptions on the errors which are being made by
the DM in the matrix D, However, we impose these agsumptions on the
consistent matvix D and, therefore, implicitly on the elements of D.

These assumptions are similar to Assumptions §.9 and 6.10.

ASSUMPTION 6.18 Given objectives i and j (1 € i,j €1; i # j) being
compared at the ©l" pairwise comparison (L € m € p) with 4y <0
(after normalisation (3.17)), we assume that the corresponding Emj <o,

defined in (6.23), satisfies

- *
dmj = dmj + e (6.24) .
1 2 1,2

where A e €A and A A, ®0.

ASSUMPTION 6.19  Assume that the ey of Assumption 6.18 are proportional

*
to the trade-off ratios dmj'

* :
ie. By ™ 8 dm. Pomm ln,p; 1S Sy (6.25)
were  ~ph <8 <4 e ol %30,




oras e nl
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From (6.24) and (6.25) we have that
* -
dmj (1 + Sm) = dn‘\j

=q - um/ uj from (6.23),

w3

and so we are assuming that dmj satisfies

* .
dmj = dmj (L8 + “m/”3'5 m= I,...,p; LT K13 (6.26)

1

where -t <e <o and 4!, A 2o,

When the DM is comsistent, i.e, o =0 ¥ m, then (6.26) becomes (6.10).

Using (6.26) we find that

*
dmj = ( dmj - um/uj 18y

=( dan' - lug 4 o “j)/“j M (1)
oy /¢ uj(nsm) )

which is the same as (6.11). As a result, the procedure for establishing
%
the ranges in which the elements dmj are assumed to lie, is the same as

that given in the previous section.

NOIE 6.20 o drawback to this approach is that although the elements of

D fall into the computed ranges (since the variations are made about

the Emj's). the elements ¢f D may not. Considar the matrix D given
in Example 6,2, where D was constructed to be consistent with respect
to the weights u. In Example 6.14, bounds were computad on the elements
of D in order to ensura that (6.1) was satiatled with ¢ = ¢ = 0,1
Locking st the element d“ = ~0,6" of D, we see that it lles outside

*
the interval (-0,63297; -0,57499) defined for dy,¢ We can no longer

Ve
I
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be sure that (6.13 will hold for ¢° ~ ¢ = 0,1, We may not conclude,
howaver, that the prablem Lies with the estimate of d,, only. ALl thas
we do know is that the contradictions given by the DM have caused the
condition to be vielated.

If we find that this problem does arise, it is easy enough to
present the computed ranges to the DM and ask him to re-examine the
estimates he has made using the ranges s an aid. Any changes that the
DM makes to the estimates will cause a shift in the computed ranges as

well &s a change in the width of the interval. fu)

NOTE 6.21 In the case where the (unknown) utility function is assumed to
be linear, or approximated by a linear function, it could be helpful to
the DM to present him with the curvent set of ranges as an aid when he
revises his indifference trade-offs betwaen objectives at the current
solution under consideration, This is because the true indifference
trade-offs should not vary from iteration to iteration. If the DM
decides, at some stage, to revise the iuquiry pattern P, then the
ranges are only useful for pairwise comparisons which were made
previously, Algo, it should be remembered that the ranges are a function
of the right hand side value in (6,1), and that this varies from jter~

ation to iteration. a
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6.3 CONVERGENGE OF ALGORITHM 4,1

We are now in a position to integrate the results of this chapter
with the assumptions made in Chepter 5 which ensured the comvergence of
Algorithm 4.1 to the DM's most preferred solution when the utility function
is assumed to be linear. This would provide bounds on the actual responses
made by the DM in the matrix D, rather than bounds on the resulting vector
of weights. There are, however, problems which arise if we press on and
establish a uniform approach for finding bounds on the trade~off ratios.
These include:

a) The DM's inquiry pattern may change &t some iteration. As 2 result,
requiring some form of weak consistency om the DM's respouses from
iteration to iteration (Assumptiom 5.5 or 5.10) cannot be applied
when different sets of pairwise comparisons ave made.

b) When p > x, the general form of u* is not uniquely defined by the
elewents of D' (see Note 6.8). s a result, depending on which
elements of D appesr in u', different ramges will be computed
for the dnx? s, Even when the DM gives consistent responses,
Assumption 6.10 may not hold fox all the trade—off ratios (as was
ghown in Example 6.11). It becomes impossible, therefore, with the
assumptions which we have made, to establish uniform bounds ou tha
clements of D" which are easily computad by simply combining the
results of the last two chapters.

We believe, therefore, that Assumptions 5.8 ~ 5,10 should be
retained a8 the working assumptions fox Lhe comvergence of Algorithm 4.1,
The bounds on the trade~off rativs, which ensure the satisfaction of

these assumptions can be computed in an ad~hoc manver by using Algorithm
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6.6 to Find a gemeral form for u" and then using Corollary 6.13 to .
determine the vanges for the & Y's used in fhe construction of o
The bounds on the rvemaining trade-off ratios (whem p 2 r) can then
be datermined from the requirements that an Ideal DM is consistent.

This ad-hoc approach was illustrated in Example 6,14.
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f.4  CONCLUSION

In this chapter we have demonstrated how bounds on the trade-off
ratios (givan by the DM in the indifference trade-~off matyix) can be
determined in oxder to ensure that the resulting vector of welghts lies
in a predetermined range. We concluded thst, because of the assumptions
which we had made and the line of ressoning which we followed, an
ad~hoc approach was the most suitable way of determining the bounds.

We assumed that the magnitude of the errors which were made in the
estimates of the trade-off ratios were proportional to the true values
(Assumption 6.10). As soon s8 uniform limits were applied to the
constants of proportion {(viz. -4 < ém <4 ¥m where & is the
constant of proportion for pairwise comparisot m), we found that this
assumption could not be applied ro all the respomses (Example 6.11)
vhen the number of pairwise comparisons p > T, the number of objective
functions, T is possible that this could be cvercome (partially?) by
doing one of the following:

8) not requiring o' to be scaled so that
*

[ max w, vuo@ L
T 1<ige *

q

This can be achieved by considerex ag au*, where o 18 a positive
sealar, The disadvantage of doing this is that an extvra parameter
neads to ba calculated when the limits 4 are being determined from
(6.19) (where &% = 4% = 4 ).

1

b and 4% in Assumption 6.10 to take on different

by allowing 4

values. In the practical implementation of Example 6.14 we sat

ab w4 g0 as to simplify the caleulationa. We note that setting

A% = A° in Assumption 6.10 is equivalent to assuming that the DM
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is giving unbiased estimates of the trade-off ratios (instead of

the original trade~offs). Is this a reasonable sssumption? In

addition, the question arises as to what the effects of an assumption

of the form (5.10) will be om the results of this chapter?
We leave the above questions open for further investigation.

When the DY gives inconsistent responses, we cansider the consistent
mstrix D corresponding to the already calculated vector of weights u,
vhere Du = 0. In Note 6.20 we pointed out that elements in D may fall
outside the ranges which are computed about the elements of D. If the
DM gives responses which are 'very' inconsistent, this may well happen
for atn; norresponding, consistent B. A possibly better approach, .uwever,
which should reduce the chances of this heppening, may be to find the

o
"nearest' consistent matrix D -to D. This could be done by solving

? ~
winimize  ( § [d. - d. [9)% for s=1,20r,
Rininiy oby | fni 7 o
i.¢B
ml
. oo
subject to ui*dmj ujao m= 1, ..p,
~ :
[u,-u, [ <8 i= 1.t
T
. N
o 30, 4y <o,

where u and :: are normelised in the same way and & is some
predermined scalar, This is a mathematical programming problem with p
(ij valueg) + ¢ (ti values) unknowns and p (comsistency equations)
4 2r (xinequalil:ies on xi) + 1 {normalisation) constraints. The matrix
B (defined in (6.22) (6.23}), corresponding te u, is then a feasible
solution to the above problem with & set to 0.

While this approach may well give us a 'better’ estimate than B

H

ol o
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to work with, the disadvantage is the obvious increase in complexity to
find the matrix. Therefore, although it may be appealing te compute !‘5
from a theoretical point of view, the question arises as to whether the

results will be that much more useful to the DM than the results obtaimed

from using the matrix D, which is far easier to calculate. i

i

[
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CBAPTER 7. THE CONCAVE UTILITY FUNCTION

Assume that the explicikly unknown utility fupction U is a concave
function of the » cbjecrives which iz two times continuously differenm~

tiable, Problem (1.4) is then
maximize U(E (k)00 00E () 7.1y
subject to  Ax = b; X >0, (7.2)

In thia chapter we proposs a cutting plane algorithm to solve (7.1)
(7.2}, Ve first consider the algorithm when the Decision Maker is giving
the trade~offs correctly at each iteration. i.e., we have an Ideal DM, or
U is known explicitly. We prove thal the proposed algorithm will either
terminate after a finite number of iteratiops with the DM's mogt preferred
solution or will find this solution as the limit of some sequence. We then
consider the case when the DM is making errors in his estimates of the
trade-offs. Provided that the resulting vector of weights (approximatioens
to the true weights) satisfy certain assumptions, we show that the
algorithm will still find the DM's most preferred solution ( again, in
a finite number of steps or as the limit of some subsequemce) to (7.1)
(7.2). Problems which arise in the implementation of the theoretical
algorithm (and the assumptions whirh need to be satisfied) gre them

discussed and practical ways of overcoming these are suggested.
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7.1 AN INTERACTIVE CUTTING PLANE ALGORITEM

Define the comstraint set (7.2 ) by
A
x2{x|ax=b x>0 (7.3)

Problem (7.1) (7.2) can be reformulated as the equivalent problem:

maximize ¥y
subject to U{E(x)) ~y >0 (7.4)
® € X,

where y is a scalexr variable. The constraint set (7.4) iz a convex set
(£rom the concavity of U). Suppose that x 45 an optimal solution to

(7.1) {7.2). Then we heve the following result:

THEOREM 7.1 If % is an optimal solution to (7.1) (7.2) then, given
any peint =z € X:

(1) x=%, y =0 satisfies the problem:
find x e X, y>0 such that
(£(x) - £(2))VU(£(2)) 2 y; and
(id) if (£(x) - E(2)). VU(E(a)) SO ¥ x¢€X,
then =z {8 optimal for (7.1) (7,2).

Broof:

(i) Since X is optimal, we have that
UCEGR)) B UCE(e)) ¥z X

From the concavity of U we have thal
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(£(R) - £(2)).VUCE(2)) 2 U(E(R) - 0(E(2) 0 ¥z e X
which gives the result.
(i) 02 (£(x) ~ £(z)).VU{£(2)) ¥xeX
> UER)) - U(E(e) by concavity of U ’
which gives the result.
BEMARK 7.2 It should be remembered that we arve not estimating VU(£(z))
at gope point 2z € ¥, but & normalised vector of weighrs which is

collinear with VU(£{2)). If the divection of the vectox of weights

u(z) is given correctly (i.e. we have an Ideal DM), then
u(z) = YUCE(=)}/ IVO(E(2)) Il It

* ‘
and the vestor is demoted by wu {2). The results ipn the theorem above

still hold if we replace VU(E(z)) by u (z). o

We use the aboue results in the following algorithm.
ALGORITHM 7,3
Step 0. Solve the linear programming problem
z
waximize ) £y (x)
iwl
subject to % € X,

call the solution x'. Set % = 1.




Step L.

Step 2.

Step 3.

REMARK
@
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Present x* and £0) = (£, 05) to the Dit.
Obtain the indifference trade-off matrix DX from the D.
Caleulate the estimated vector of weights uk by selving
the eigenvalue/ eigenvector problem
- (05T pkg s
for the eigenvector corresponding to the maximum elgenvalue.
Solve tue linear programming problem
maximize ¥y (7.5
subject to  (£(x) - £@N.d By §=1,.00k 7.6
xe¢X, y20 (7.7)
call the solution (0,58,
£ y¥* =0 then sTOP.
Otherwise, set k = kel and GO 0 1. o
7.4
The representation of the constraint set (7.4) by a set of linear

inequalities (7.6) is aimilar to the method proposed by Kelley

(1960) . Kelly, however, used the cukting plane coustraints
(EC0 ~ £ WUCEGA)) + UCEG)) By 5 5 = Liewnsk (7.8

instead of (7.6). We have omitred the UC£(x))) texm in (7.8)
because we are conaidering problems where U is not known

ex¥plicitly.
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(ii) A step length procedurs can be incorporated into Algorithm 7.3 as
follows:
Call the solution of problem (7.5) = (7.7), solved in Step 2,

<zk+1,yk”) and replace Step 3 with:

1f y**1 a0 then SmOP.

Otherwise, solve the l-dimensional problem

maximize  UCEGE + o5 - )y

0€psSl
to find the optimal step lemgth (see Section 1.4). Call the

solution pk and set

I I T I N

Set k = k+l and GO TO 1.

(iii) The advantage of including a step length procedure is that we
have

k+1.

weh)y > weead)).

i.e. the algorithm gives agcent al each lterationj vhereas
Algorithm 7.3 does not necessarily do so. Ag a tesult, Algorithm 7.3

would be expected to exhibit a slower rate of convergence than an

algorirhm which includes 2 step length procedurs. The disadvantages

are that an extra intevaction with the DM is vequired at each

. iteration (although Lhis is generally cousidered not to present too

e+l

much 4f a problem - see Section l.4) sand x mey be dominated;

whereas Algorithm 7.3 genmexates nondominated solutiouns only, 0

- ¥ S
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We now show that the sequence {yk}ygenem:ed by Algorithm 7.3, is
& nonincreasing sequence which has nonnepative elements. We first make the

following assumption which ensurves that the sequence ig alse bounded above.

ASSUMPTION 7.5 Assume that the constraint set X, defined im (7.3), is

bounded .

8 LEMMA 7.6 If Assumption 7.5 holds, then the sequence {y%), generated [

by Algorithm 7.3 satisfies b
oxy¥*laykca for  k=2,3,.. |
Proof: At ftaration ¥ of Algorithm 7.3 we have the constraints

- txnawizy e o0 ¥ = 1,k i

b where i

e - Nl B >0 ¥ g e ke, i

i otherwise the algorithm would have terminated before iteration k.

Therefore,

. . 3
- EG - 1 B o ¥ im0k ;

3 and so there exists x = ¥ ¢ X with corresponding y = O which i i

ensures that y¥*1m o, ,

L Agsumption 7.5, the linearity of £ and the structure of Dl !

(Erom which x.\1 18 computed) ensure tbat

08yt 56D - £yt <a,

- Finally, the sequence is nonincreasing becausa an additional constyvaint

is added to the conatraint sat (7.¢) at each iteration. o

it e e ot e i
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THEOREM 7.7 I Assumption 7.5 holds, then the sequence {y%}, gemerated

by Algorithm 7.3, has the properties:

(1) Y +0 as kre;k>2; and b
ud .
(i)  theve exists a subsequence {y 1) of {y*} such that
k. ky
+
y < y i

&,
¥ 3 such that y 1 > o0,

Broof:

(i) At iteration k-1 we have

o<y (£ - sedy)ud ¥ie 1.kl
Ry oreed J
< E(x) E) “2““ “2 (7.9)

since ®f ¢ ¥ for all k and X is bounded, theve is a subsequence

ke
(x93 of the sequence (¥} which tends to some accusulagion point

N ) o o .
®, sey, as j + =, Since £ is linqar, and Iwl, is bouoded (from -
the conatruction of DY), we have that
j+L

k k, k,
R O I O A P R RS

Trom (7.9} ;

k. &, &, k,
o6y M apeee I < e, Hudy,.

Now the right hand gide tends to zero as j - =, This means that

y1+0 ag § e, From Lewna 7.6, we have that the sequence () is

noninersaging. This gives the result.

ks
{ii) Conmsider the subsequence {x 1} referred to in (i) corresponding

k. .
to {y 1} Now, it is impossible for .
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ky
to hold for all j, since we have that y 2 >0 a8 j = . Choose
a subsequence from {y j} with the property that the values in the !

are strictly d i o

k
The results that we heve proved above for the sequence {y },

hold for any set of weights uX generated from the indifference trade- i
) off matrix l)k given by the DM, In tha next section we prove convergence

of the algorithm in the case where we have an Ideal Decision Maker. i

At etemmesencrimst il e i
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COMVERGENCE OF THE ALGORITHM FOR AN IDEAL DECISION MAKER |

We £irst comsider the eage where we have an Ideal DM (or U is known
explicitly). i.e. ve have that the normalised weights uf, which are
eomputed in Step 1 of Algorithm 7.3, satiasfy

*
o Eu = W o o) 1 7.10)
LEMMA 7.8 If X is an optimal solucion to (7.1) (7.2), then (%,0) is
a feasible solution to the comstraiats (7.6) (7.7) at iteration k of
Algorithm 7.3,
Proof: Follows from Theorem 7,1 (i) and Remark 7.2 o

This result means that any optimal solucion to (7.1) (7.2) is mot
"out out" of the constraint sat (7.6) (7.7) at any stage of Algorithm 7.3

if the direction of che marginal utility vector is given correctly.

THEOHEM 7.9 Suppese that Assumption 7.5 holda. Then (remembering that

U is assumed to be a twice continuously differentiable concave function),
Algorithm 7.3 either

(i) terminates after a Einite nuwmber of iterations k with a soluticn

& i o

is dn optimal solutdon to (7.1) (7.2), o
(ii) generates an infinite sequence (5}, where some subsequence of

(%) > % as k+w, vhere ¥ is an optimal solution to (7.1) (7.2),

Proof:
(1) Suppose that x* is optimal. We need to show that y*'' = 0 so that

the algorithm terminates. Since x“ is optimal, we have that

u(EG) > vty

[
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and BEGS) 2 W)

k+l

where oo w0t oy e x @ elo0,1]

Therafore,

03 UCE) - UCEE)
= (£(2) = £ Tueeet)
+ e - ). PPuEE) e - £)T
by the Second Mean Value Theorem, wherg

3= BT L 8 <lo,0l.

Since £ is linear we have that

£a) - 66y = £ v 0 - ) - e
= ots(y - 50
Therefore,
0% 0(z*h) - 16y uce®y)
w1 G - g6 PPue@) . (e - s
sufficiencly small, the first term will dominate the second

For ©
term, and so, for © > 0, ® arbitrarily small, we have that

(Y - 6y ueEe) <o (7.11)
Dividing through by I7U(E(x)) | >0 and using (7.10) ve have
EEEy - ey .0k < 0, (7.12)

+L .o,

Theratore, from (7.6) (7.7) e get that y©
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Suppose that the algorithm terminates at iteration k with a

k-

solution x°. i.e. 'L = 0. For auy optimal point ¥ to problem (7.1)

(7.2), we have from Theorem 7.1 (i) that
E® - N TEE) 2o ¥ = ek
Assume that \K},

(5 - £6)) vz w0 for some j & [1,..,k-11.
Then
0= (R = £ .o t(xd))
> UCE) - ueed) by concavity of U, (719

which implies that x1 is optimal. Therefore, by (7.12), yi*' = 0

and the algorithm would have terminated earlier, This means that : i

(50 - f(xj))ﬁﬂ(f(xj)) >0 ¥i=liookl,
and so

£ - s > o ¥ §om 1, kel

Therefora, we must have that

G ~ £y F = 0, (714

dthervise, for this X, ve have
@) ~ Exnad >0 ¥i=1l0k
which contradicts the algoritbm stopping at iteration k with

¥1 w0, ultiplying (7.16) by IU(E(x*)) | and ueing (7.10) and

. we conclude that =x is optimal. i
(7.13) Lad kg imal
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(ii) Let R C X denote the set of optimal points for (7.1) (7.2). Since
% is bounded, @ is a cowpact set. All the points X € @ are feasible
for some y >0 in (7.6) ag k> . As k+ =, if @ is the only set
of feasible points satisfying (7.6) for y° > 0, then the theorem is
proved for all comvergent subsequences of [x°). If there exists
249 zeX which is feasible for y* >0 as k=,

we have that
k. k
(£(z) - £(x )0 20 Fho=1,...,m (7.15)
ki We also have that
- Koy K _ -
(E(x) - x>0 Fh=1,..0,% ¥xeQ (7.16)
Consider a point

4 v = 0% + (1~8)z

®

€ (0,1)
whete % 1is a point in the compact set @ such that
A lx~2h = ma I x-al.
xeq
Then v £ R, v & X, and
() - £y a®
w (EER + (10)2) - £y

= 0(e(® - 265k 4 10 () ~ £
by the linearity of £
’ >0 by (7.15), (7.16) sud 6 € (0,10

k.
fTherefore, there must exist some subsequence {x 1) of (x} with

- R i N S -9
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1imit point ¥ , say, such that
ke kg
@ = Ex I 20 as e,
otherwise we have that there exists v € X with
. Ky K
max y = min (§(v) - £(x)).u° 2e>0
k

#
which contradicts yk + 0 ag L+ =. Assume that x is not optimal.
Then

(E® - 5 VEED) >0 sinee ¥ ¢ 0 (717

(EW) = 60N ) =0 (7.18)

k, k
i *
where ud = wlxd) » u(x) as § + . Dividing (7.17) by

19uCEC™) I > 0, and using (7.10), gives

(5 - £ utx) > 0. (7.19)

k, &,
CE(W) - £(x D) u Y

. ko k, &,
= O(ER) - £0x 1))+ (10) (£(2) ~ £x Tyyou )l

Letting j - @, we have that the left hand side tends to zero (by (7,18))
while the right hand side has a positive limit (by (7.15) and (7.19)).

*
This contradiction meana that x ¢ @, which gives the result. o

e




veights of (), vhere ¢*() is scaled so that -
: by e e e e, .
iy 4 R i
- satisfies b
b -l ) e gt for 1m 1,eeor (7.20) :
B where e
] 0™ < ¥ max ( i [g, g b )
1k 51 i
: i i >0 () :
o N )]
!
¥¥* iq the optimal solution to the linear programming problem
; (7.5) = (1.,
M :
§
" i
]
i
Y " ko “‘ 1
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BOUNDS ON THE BSTIMATED WEIGHTS

In this section we are concerned with the case where a DM gives an !
indifference trade-off matrix D° at iterstion k of Algorithm 7.3. This B
leads to ap approximation u*

the point xk. During the early iterations of the algorithm we @ssume that

&

*
to the true vector of weights u (xk) at

the DM makes some erzor in the estimates. We canmot, however, assume that i

these estimates are too “wild". In ovder to prove convergence of Algorithm i

7.3 to the DM's most preferred solution X € X, we need to assume that the |

estimates become wmore accurate as the number of iterations increages. The

following assumption has the characteristics meutioned above.

ASSIMPTION 7.10

At iteration & of Algovithm 7.3, assume that the

approximations & {obtained indiractly from the DM) to the true set of
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LEMMA 7.11  Suppose that Assumptions 7.5 and 7.10 are satisfied. At

iteration k of Algorithm 7.3, if

(e - gy d 2 >0 ¥ i,k

than

T - sodn wWfed)y >0 9= 1,00k

Proof: The proof is based om thu proof of Theorem 5,1. For all

i =1y.4.,k, we have:

: e - 2y W6
E : . kel _ Byy oo
- 6 - £ ) ey

N B I (2,65 - g6 wjed)
i 1338 i
§ G R A ()
K itq
. I el - eed) by
£ <5 e

i4q

> g ) - e o) o

Do N g 68 - g adncad - )
g'- . -] fi(xkﬂ) = fi(xk)
i idq
; , .
" I R B W P TE R L
Y < el b ' *
) At
i i idq
; N t s
kel Jyy ol
. - 121 N I N EU Pt
el F ookl k.
~ ¢ PRI IR Nl
=1
ifq
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r n

Sy e (7 (56 g eh))
1€j<t isl

ifq

> 0 frem (7.21). o

THEOREM 7,12  Suppose that Assumptions 7.5 and 7.10 are satisfied. Then
Algorithm 7.3 will terminate after a finite number of iterations with a

solucion % iff =% is an optimal solution to (7.1) (7.2).

Proof:  Suppose that xk is optimal, Agsume that the algorithm does

not terminate at iteration k, i.e. ykﬂ' > 0. Then

kt+l

EE - 26 s P s 0.

From Lemma 7.11 we have that
ey - 5 Wt e s o0
feee (Y - e6f) U > 0.

In Theovem 7.9, equation {7.11), we showed that if xk is optimal,
then

Y - et ) <o

which is 2 contradiction. Therefors, y<*' = 0.

k 1

: +*
Now suppose that the algorithm terminates with % and yk =q

during iteration k, Then we wust have that
P I T T

otherwise the algorithm terminates at an earlier iteration. Assume that

® s not optimal, Then we need to show that Lhere ewists v € X with
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i [
EW - N >0 Fi=1,0,k
vhich will contradict the optimality of ¥*** =0 in (7.5) - (1.7).
We have . i
EEY - sy By >0 for j e L,..ugkel. (7.23)
) We also have that
(£ - £l Bu> - for §om Lya.okel  (7.26)
b for any optimal point X € X. Dafine
v w x4 (1-0)xE 6 ¢ (0,1).
L Multiplying {7.23) by (1-€) and (7.24) by © and using the linearity
: of £ gives
(e(v) ~ 8GN odd = o & (10)y% for § m 1,...,kel.
Now, for © sufficiently emall, © > 0, the right hand side is positive. -
i.¢, there exists © ¢ (0,1) such that
W - el >0 for § o= lyakel (7.25)

For any nonoptimal point {in this case xk) we have that
4 (£ - 16 TuCEE) > 0
| i (ER « £ "y >0
o Since yk'('1 = 0, wo have from (7.22) and {7.20) that

B ~ 56 K> 0,

Therefora, for any € > 0, we have
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0 < o(EG ~ £(a) .k
= B(EG) - £) .+ (10 (£ - 26 8
< (EE) + 10 E) - ).

= (E8F + (10)x%) = £x).®  from the Limearity of £
snd so

(i) ~ £ .8 > ol (7.26)
Combining (7.23) and (7.26) gives v ¢ & such that
Ew ~ 2.l >0 ¥ie ok,

which gives us the required contvadiction. Therefore, xk is

optimal. o

This theorem has an interesting implication. We have not shown that

any optimal X € X satisfies the comstraints

(6@ ~ 2l d >0 ¥iom .k (7.20

at iteration k. In fact, as the next example will :iemonstraca, Assumption
7.10 is not gtrong emough to guerantee this. As a result, if all the
optimal solutlone are cut out of the constraint set (7.6) (7.7) by
inaccurate information tbout uj, then the theorem implies that the
algorithm will not step in a fiaite number of iterations. In this case, we
can conclude that any subsequences of the infinite sequence (x} wiil
have accumulation points which are not optimal for (7.1) (7.2).

Wo also observe that in the proof of Lhe first part of the theorem,

we did not need to restriet ¢k4]. to satisfy (7,21). All that is needed

is that ¢ sacisfy
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x
k.
M T e - 6 (7.28)
141
i
in this case, although the 51 is nond ing, with o limit
of zero, & may be larger than ¢, Although (7.28) is less restrictive

thauw (7.21) and, therafore, "“allows” the DM to be less accurate at certain
later iterations than he is at earlier ones, we assume that gome "leamning
process™, on behalf of the DM, is involved in the interactive procedure.
i.e. that the estimates are "getting better" as the DM learns more ebout
the problem and sees Lhe conseguences of previous estimates, This
asgumption is incorporated in (7.21). In addition, (7.21) is not sufficient
to guarantee that any optimal solution satisfies comstraints (7.6) (7.7).
We do not wish to make matters even worse by assuming the posaibility of

larger errors.
EXAMPLE 7.13 Consider the example given by Zionks and Wallenius (1976).

i.e. maxim.ze £ = 3%, + %, + 2x3 + X
Ezﬂ x - x2+2x3+lax4

£, - x +5x2+ X, * 2%,

3 L 3 4
gubject to le LR Axs * Sxd’ < 60
Ixy o+ dxy +oxg o+ 2%, < 60

xl,at,z,xs.x& EXN

The DM is asaumed to have & linear (a special case of cancave) ubiliky
function

% * *
U(fl’fl’f:;) = Uy fl * U, E2 * ug E3

where u* = (0,585 0,21t 0,21 ). We normalise u* 80 thar
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g ¢ 1; 0,3621; 0,3621 ).

Suppose that we present the DM with the efficient solution
i 1 .
x = (05155 03 0), E(s) = (155 ~155 75 ).

This has corresponding simplex tableau:

Basis | %y x *, *3 * x5 %
3 45 1,25 3,75 2,5 1 ~0,25
2 15 09,75 1 0,25 0,5 0,25
fl 15 | =2,25 1,75 -0,5 0,25
£, |-15 | -1,75 -2,25 =4,5 -0,25
53 75 4,75 0,25 0,5 1,25

Suppose that the DM gives an egtimate of ot which, after

normalisation, is
1
utm ()i 0,25 0,8 ).

Then  max | u’; - u}‘ | = 0,4379,
i

The gimplex tableau corrasponding to these welghts is given on the

next page. We see that
2 2
*° w (03 123 125 0 ) and f(x"} = ( 36; 12; 72 ),

26y - £exh) = (36-15; 124285 72-28)
= (21 275 -3 ).

(E6P - 2ty k= (205 275 9300015 0,25 0,8 )

RETEES




7

Therefore,

. 2
¢2< _3____1;__.__.._ - 3. 0,8
2 1
iZZ ERCOERACHN

and we have that Assumption 7.10 is eatisfied. Now, as we saw in
Section 4.4, the optimal solutjon correspouding to the weights u*
is

= (12; 05 05 12 ) with £(X) = ( 485 60; 12).
Howeverx,

(EG) - £Ge))

= ( 48-15; BO15; 1275 ).( 15 0,2 0,8 )

= =2,4.

This means that (%,0) has been "eut out" of the constraint set

(7.27), even though ot satisfies Assumption 7.10. a

This exemple shows that the value for :bk“‘ in (7.21) can be "too

*
iarge". In fact, !ui -y easily satisfied (7.20), and yet the cut

t - 1)t o

still caused (%,0) to be infeasible (vheve F Ils the optimal
solution). We obgerve that Assumption 5.8 is the same as Assumption 7.10
at the first itexation for the example above. This did not cause any
difficuities in Chapter J, bowever, because we did net introduce any
additional constraints into the problem on the basis of this information,
It is clear, therefore, that an additional assumption needs to be wade

to prevent (x,0) from being made infoasible by imaccurate information.
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Since we do not know % at eny iterstion (unless *° = ¥ and the

algorithm terminates), we simply assume the following:

ASSUMPTION 7.14  Given any nondominated solutiom xk at iteration k
of Algorithm 7.3, assume that the DM gives an estimate of the weights

u* yhich has the property that

(£G) - 2 W8>0,

where X is any optimal solution to (7.1) (7.2).

This asgumption is obviously not checkable and it is eledr that

it could be violated in practise. We discuss this in the next section,

THEOREM 7,13  Suppose that the constraint set X ds bounded and thaz
at each iteration of Algorithm 7.3 the DM satisfies Assumptions 7,10
and 7.14. Then, if the algorithm generates an infinite sequence (xk)w
there is some subsequenca of (xk) which convergz: to an optimal

solution for (7.1} (7.2) as k » =,

Proof: Let @C X be the set of all optimal solutious to (7.1) (7.2).
By Assumption 7..4 all points X ¢ @ are feasible for some y > 0
in (7.6) (7.7) an k+w, As ko, if 0 is the only set ef
pointy satisfying (7.6) (7.7) for y* > 0, then the result holds
for all convergent subsequences of (x*}. However, if theve exists

2§86, 2¢X which is feasidbic as k -~ @, then we have
K, 13
L8(z) = £x )P0 Flo=1,2,0. (7.29)
From ssumption 7.14 we have that

@ - 2N >0 TR ¥Fhow b2 (7.30)
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Define the point
v o= 0% + (I-8)z 0 e (0,1)
where x is a point in the compact set @ which satisfies
1% =20 = min Hx-z}.
x € f
Then, v { 8, v e X and
(20 - £y u®

= (£(0% + (1-0)2) - £(x)).u¥

= 0(E(®) - £ v (1m0 (8l - £ K
by the linearity of f

>0 by (7.29) (7.30) and @ ¢ (0,1).

k,
Therefore, there must exist some subsequence {x 9} of {x"} which

has & limit point_ ¥, say, such that
ke ks
G - 82w d >0 a5 4w (7.31)
otherwise we have that there emists v ¢ X with
: k. k
max y = min (£(v) ~ £(x))}.a 2 e >0
©

which contradicts y° -+ 0 as k + «. Assume that ¥ is not optimal.
Then

£E - £®).wE®) >0 since % ¢ a
i, (£ - 3R > 0. (7.32)

In addition, letting j+ = in (7.31), gives
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(EW) - EEN S =0 (7.33)

where

k.

el

~ :
u=lim u
e

k.
by Assumption 7.10 and the fact that y J -+ 0 as j + =. Now

k, k.
(EQ) = £0x I d

k, k.
= O£ ~ £ Yt ¢ (1-0) (£(2) - E(x ).

L : Letting j + =, the left hand side tends to zero (from (7.33)), while

the right hand side has a Limit vhich {s positive (from (7.29), (7.32)

A end © € (0,1)). This contradiction means that % €2 and the theorem

is proved. o

EEMARK 7.16 We did not meke use of (7.21) in the proof of the above
theorem. It is sufficient to have that ¢5T >0 as k o+ in (7.20),
Hovever, use was made of (7.21) in Theorem 7.12. From Theorews 7.12
and 7.15, we have that if X is & bounded set and if the DM satisties

; Assumptions 7.10 and 7.14, then Algorithm 7.3 will either terminate

b after a finite number of iterations with the DM's most preferred

solution, or there is s subsequence of (x} which converges to the

DM's most preferred solution. aQ




<175,

7.4 THE PRACTICAT, TMPLEMENTATION OF THE CUTTING PLANE ALGORITHM

In a practical implementation of Algorithm 7.3 on a real problem, .
the procedure will be stapped after a fimite number of iterations. This

could be dome at the end of itevation k when the DM is presented with '

e+l

2 solution x which he comgiders to be satisfactory - i.e. we bave

found a satisfsctory rather than the .ost preferred solution. An upper

kel

bound on fx - = X ||, where x is the most preferred solution, can be

found by solving the problem

maximize o=~ Fac ]
X
subject to  (£(x) - £(x)).ud > 0; 3 leeik;
x € X3

where we are assuming that X satisfies the additional comstraints.

‘eut

Tt ig possible that 2% some iteratiom the optimal solution is
out' of the constraint set by inaccurate information regarding the weights.
If we assume that the DM's estimates of his marginal rates of subatitution
(given in the matrix D) arc becoming more accurate as the algovithm v
progresses, then it is more likely that this will happen at earlier,
vather than later, iterations. As a result, some constraints need to be
dropped from the constraint set {possibly). This could be done at the end
of iteration k by locking for the earliest constraints in (7.6) which
ave hinding once problem (7.5) = (7.7) has been solved for (F*1,g%*y,
The binding constraints satisfy

G - eyl = g lgi<k

Then drop all the binding constraints i, where j <<k, from (7.6).
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Bounds on errors on the responses which are made by the DM in the
normalised matrix D can be computed using the ad-hoe procedure which
was described in Chapter 6. These will give the limits on the elements
of D°(x) which emsure that Assumption 7.10 is satisfied. If the DM
has given a congistent matriz D, then there is probably no point
{from a practical point of viaw) in computing the bounds on the elements
of D unlegs the utility Fuperion is assumca to be linear (or almost
linear?) - see Note 6.21, In general, when U is not linear, «'(x*) can

* L

N
be quite different to u Y. As a resuls, D (x5} can be quite

diffevcat to D*(xX*1), even if the inquiry patterns sre the same.
Therefore, computing the ranges in which the elements of D' (x%) are
assumed to lie may be of little assistance to the DM when he estimates
D* (x**1). The ranges may be useful, however, when the DM has given

an incovsisteat matrix D in an attempt to 'irom out' the inconsisten—

cies before the algorithm continues - see Note 6.20.

At
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CONCLUSION

In this chapter we have proposed a cutting plane method for solving
problem (7.1) (7.2) when the (unknown) utility function is assumed to be

concave and twice i ugly differ: iable, After an i ion with

the DM, a constraint is defined which reduces the set of points of
interest. 1f we assume that the DM's most prefgrred solution is always
inside the reduced constraint set, and that the DM's estimates become
increasingly more accurate as the algorithm progresses, then the
algorithm will find the DM's most preferred solution as the limit of
some subsequence.

An assumption of the form given in Assumption 7.14 needs to be made
(or possibly Assumption 7.10 can be tightened). The question arises as to
whether a 'better' assumption can be made. It appears to us that 'better
in this case means finding an assumpticn which does not involve the
unknown eptimal solution X.

MHusselman and Talavage (1980) also recognise the possivility of X
being made infeasible im their proposed cutting plane method. They suggest,
however, that once a desirable solution has been found, limits for each
trade~off ratio at every assessment point of the algorithm should be
obtained. "If s DM egtablishes a range within which a particular trade-
off is known to exist, this range can ba judged against these limits te
indicate to whet extent his trade~off uncertainty undermines the final
vesult". (Musselman end Talavage (1980, page 1431)). Zionts and Wallenius
(1983) recognise the same problem from a different perspective: viz. the
true weights u"(X), at the optimal solution X, may not satisfy the

constraints (2.6) (2.7). They suggest that certain (earlier?) comstraints
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on the weights need to be dropped. This is sinilar to the approach which
we suggested in Section 7.4 (slthough in a different contaxt). The
algorithm still needs to be tested on several real problems in order to
determine how serious this can be and, if constraints do need to be
dropped, which ones they should be. (i.e. how early is earlier?)
Problem (7.1) (7.2) is & multiple objective linear programming

problem, Consider the problem
maximize  U(E,(x),...,f (x))
subject to glx) © 0,

1

where £, RPN+ R is concave for i = 1,...,z, and

no g ‘
g: R +R is concave.

The proofs of convergence of Algorithm 7,3 did not explicitly use the
structure of the constraint set X. All that was required was that X be
convex and bounded. Algorittm 7.3 will converge (as the limit of a sub-
sequence) to the DM's most praferred solution (mubject to Assumptions
7,10 and 7.14) over any bounded, convex congtraint set. In the preofs

of convergence, howaver, the linearity of £ wag exploited. Using the

property
£(8x + (1-8)y) > 8E(x) + (1-8)E(y) 8 elonl

for concave functions, appears to lead to the same couclusions regarding
convergence as before.

Finally, further investigations need to be carried out (on real
problems) to discover what effects the introduction of a steplength
procedure into Algorithm 7,3 (see Remark 7.4 (ii) (iii)) will have on

the rate of convergence.
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CHAPTER 8 AN APPLICATION TO A PROBLEM IN WILDLIFE MANAGEMENT

Peddie (1984) iz concerned with s problem in wildlife management.
The aim of his resesrch is to determine the stécking density and mix
of smimal specias which will aptimize certain objectives in the
Pilanesburg Game Reserve, Bophuthatswana, Southern Africa. Peddie's
brief from his supervisors was to collect the relevent data by means
of field observations and then to formulate a mathematical model
which described the interaction of the animal species with the
avajlable resources in the park. The resulting model turned out to
be a linear programming problem with multiple objectives. It was
dacided that Algorithm 7.3 would be used in an attempt to find a
compromise solution (or a satisfactory solution), where Peddis would
act as the DM since he had a good working knowledge of the problem
and knew what kind of solution the management of the park was
interested in. In addition to this, he had been mandated by the
mapagement to recommend a solution to them for thelr comsideration.

It is not the function of this chapter to comment on the validity
of the biological datz or the structure of the firal multiple obiective
linear programming problem., We first present the mathematical model of
the problem. The relevant data is included in the Appendix for the sake
of completeness. Finally, we report on the results of the implementa-
tion of Algorithm 7.3 to the problem in the search for a satisfactory

solution,




























































































































