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1. Introduction

In this paper we study the eigenvalues of the pencil
Re(e " A) = cos(t) Re A + sin(t) Im A. (2)

Here A € C™*™ is a fixed matrix, Re(M) = %(M—i—M*), Im(M) = %(M—M*), and M*
denotes the complex conjugate transpose of the matrix M. The study of this pencil is
in large part motivated by questions regarding the numerical range of the matrix A, as
well as generalizations of the numerical range, such as the higher rank numerical range
and the c-numerical range.

Questions regarding rotational symmetry of the classical numerical range, the higher
rank numerical range, as well as the c-numerical range have been studied in [3,6,10-12,
14,15]. Let ¢ = (c1,...,¢n) € R™. Recall that the c-numerical range (see [9]) is defined
as

n
W.(A) = {Z ciuf Au; : {ug, ..., u,} is an orthonormal basis of (C”} ,
i=1

where v* denotes the conjugate transpose of a vector v. When ¢ = (1,0,...,0) the ¢
numerical range reduces to the classical numerical range. The paper [9] by Chi-Kwong
Li discusses many properties of the c-numerical range.

The paper is organized as follows. In Section 2 we characterize when eigenvalue quan-
tities related to the pencil (2) that can be expressed in terms of symmetric polynomials,
are constant in ¢. In Section 3, we give a characterization when the c-numerical range
of a matrix A is a disk with center 0. This characterization is in terms of a symmetric
polynomial, which in turn can be expressed as a trace polynomial involving the matrices
A and A*. In Section 4, we revisit the case of the classical numerical range and also
briefly discuss when the first rank-k numerical ranges are disks.

2. Symmetric functions of the eigenvalues

Let us fix a matrix A € C™*" and denote the eigenvalues of Re(e " A) by A (t) =
A (Re(e™™A)), k = 1,...,n, where A\;(t) > ... > \,(t). In this section we consider

quantities p(A1(t),..., \n(t)), where p(x1,...,2,) is a symmetric polynomial in the
commuting variables x1,...,z,. Recall that the polynomial p(x1,...,z,) is symmet-
ric if for all permutations o on {1,...,n} we have p(x1,...,7,) = p(To),- -+ To(n))-

For instance, 1 + -+ 4+ x,, and 7 - - - x,, are examples of symmetric polynomials. Note
that these two polynomials when applied to the tuple (A1(¢),...,An(t)), correspond to
Sor Ak(t) = Tr(Re(e " A)) and [],, M\ (t) = det(Re(e~* A)), respectively.

The power sum symmetric polynomials are defined as

pe(Ty,.. xn) =ak 4k E=1,2,....
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It is well-known (see, e.g., [13]) that any symmetric polynomial in n variables can be
expressed as a polynomial with rational coefficients in the first n power sum polynomials.
For instance, the two variable symmetric polynomial r(x1,72) = 2229 + 7123 can be
written as r = %p‘;’ — %plpg.

In order to state our main result, we consider words w in two letters. For instance,
PPQ, PQPQPP are words in the letters P and @ of lengths 3 and 6, respectively.
The length of a word w is denoted by |w|. The empty word () has length 0. When we
write na(w, P) = | we mean that P appears [ times in the word w (na=number of
appearances). We also need the notion of trace polynomials (introduced in [16]; see also
[7,8]), which in the scalar valued case are linear combinations of products of traces of
matrices. An example of such a scalar valued polynomial is

o(P,Q) = THPQPQ)TE (PQ°) — » (T(PQPPQ))’

where the trace of a square matrix M is denoted by Tr M. We will use trace polynomials
with matrices A and A*.

Theorem 2.1. Let r1,...7r, be symmetric polynomials in n variables and let A € C™*™.
Then there exists an integer K and scalar valued trace polynomials

q1(A, A*), ..., qx (A, A*), so that

Tj()\l(t),...7/\n(t)), jzl,...,k’,

are constant functions of t if and only if

Moreover, the trace polynomials q;, j = 1,..., K, can be derived in an algorithmic way.
Finally, if r1,.. .71 have rational coefficients, then so will ¢;, j =1,..., K.

Proof. We may express the symmetric polynomials r1,...7; as polynomial expressions
with rational coefficients in power sum polynomials p1,...,py,; say,

Tj:hj(pla"'vpn)7 j:17"'7k7

where hq,...,h; are some polynomials in n variables with rational coefficients. Next
notice that

n

PO 2 (0) = Do) =T (e (o))" = 7o

et A 4 eitA*>k
j=1

2

which is a trigonometric polynomial (in e*) where the coefficients are trace polynomials
(with matrices A and A*). Therefore, 7;(A1(t), ..., An(t)), 5 = 1,..., k, are trigonometric
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polynomials (in e'’) where the coefficients are trace polynomials (with matrices A and
A*). If we now take the coefficients appearing in 7;(A1(t),...,An(t)),4 = 1,...,k, that
correspond to non-zero powers of e, and call these g;, j = 1,..., K, then these give the
desired trace polynomials. Moreover, if r;, j = 1,...,k, have rational coefficients, then
sowillg;, 7=1,...,K. O

Remark 2.2. In case each of the first n power sum polynomials can be expressed as a
polynomial in the polynomials 71, ..., 7k, the trace conditions (3) in Theorem 2.1 will
reduce to the condition [15, Theorem 1.1(ii)].

We let

ep(T1, ..., xy) = Z Ty, T,

1<h < <lp<n

denote the elementary symmetric polynomials. The well-known Newton identities relating
the elementary symmetric polynomials with the power sum polynomials are

k

keg(z1,...,2,) = Z(—l)i_lek,i(xl, ces X )P (1, ), 1<k <,
i=1

where ey = 1. For instance, e; = p1,2e2 = e1p1 — p2 = p% — pa.

As an example, let us compute what the trace polynomials g; are when we take a
3 x 3 matrix A and let k = 1 and r; be the polynomial e3(x1, z2,x3) = z12223. In other
words, we will describe when det (Re (e_“A)) is constant. It follows from the Newton
identities (in three variables) that

Thus

M (O (D) Aa(t) = Qis E (Tr (A + ¢ 4%))?

1 —i it gx —i it )2 1 —i it g\
—Q(Tr(e tA+ e A ))(Tr(e tA—l—etA))—l—g(Tr(e tA—I—etA))].

Extracting the coefficient of e, we get (up to a factor 2%)

%Tr(A)?’ — %Tr(A)Tr(Az) + %Tr(A?’). (4)

Extracting the coefficient of e=2% we get
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Extracting the coefficient of e ™%, we get (up to a factor L)

%Tr(A)QTr(A*) — Tr(A)Tr (AA*) — %Tr(A*)Tr (A?) + Tr (AQA*) , (6)

where we used the rule Tr(CD) = Tr(DC). The coefficient of e?** is just the complex
conjugate of the coefficient of e~#**. Thus we arrive at the following corollary.

Corollary 2.3. For a 3 x 3 matriz A, the expression det(Re(e”A)) is constant if and
only if the quantities in (4) and (6) are equal to zero.

In n variables we have for e, (x1,...,2,) =21 - - -z, that
n

en = (—=1)" Z H (n;ﬁzz):TL

mi+2mo+---+nmy=n i=1
m12>0,..., my, >0

In a similar way as above, one may derive for an n X n matrix A necessary and sufficient
conditions for det (Re (e*“A)) to be constant in terms of trace conditions.

3. Circularity of the c-numerical range

In this section we consider the problem of characterizing when the c-numerical range
of a matrix is a disk. Note that in the special case when ¢; = -+ = ¢z = 1 and
Ck41 = -+ = ¢y =0, it is also called the k-numerical range.

We recall from [9, Result 5.1] the following proposition.

Proposition 3.1. [9] Let ¢ = (c1,...,¢,), where ¢y > ¢co > ... > ¢,. For A € C™™"™ we
have that Re(W.(A)) = [«, 8], where

a=cidg+ - +cpd, B=cidi+-ted
and Ay > ... > X\, are the eigenvalues of Re A.

Corollary 3.2. Let ¢ = (¢1,...,¢p), where ¢; > ¢ca > ... > ¢,. For A € C™*™ we have
that W.(A) is a disk with center 0 if and only if

01>\1(t) “+ e+ Cn)\n(t)

is a constant function of t. Here M\g(t) = \,(Re(e ™ A)), k =1,...,n, which are ordered
non-increasingly.

Remark 3.3. Note that Re (e 7i(**™ 4) = —Re (e~ A), so that A\g(t) = —Ap_js1(t + 7).
This implies, for instance, that if A\ (t) + A2(t) is constant, then so is A, (t) + Ap—1(t).
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Proof. Without loss of generalization, let us assume that the disk in question is the
unit disk. Clearly, W.(A) is the unit disk if and only if for each ¢ € R we have
that e #W,(A) = W, (e "A) is the unit disk. The latter happens if and only if
Re(We(e7"A)) = [-1,1] for all t € R. Notice that W, (e "*+™A) = —W, (e~ A),
from which it follows that W.(e~%A) is the unit disk for all ¢ € R if and only if

max
zERe(We (et A))

for all t € R. Using Proposition 3.1 the latter happens if and only if c;A1(¢) + -+ +
cnAn(t) =1 for all t € R.

Clearly, when the disk with center 0 has radius r, we obtain that c;A1(¢) + -+ +
cnAn(t) = r for all ¢ € R. This finishes the proof. O

Note that when ¢ = (1,0,...,0), the circularity of W.(A) = W(A) = {a*Ax : z*x =
1}, the classical numerical range of A, is characterized in [14, Theorem 4.5].

We need the following notation that was introduced in the proof of [2, Theorem 2]. Let
mi, ..., my be positive integers with my + - - - + my = n. We let P(mq, ..., my) denote
the collection of tuples (P, ..., P) such that Py, ..., P, form a partition of {1,2,...,n}
where P; has m; elements, j = 1,... k.

Theorem 3.4. Let

c=(C1,...,01,Ca,. .. Cay ..  Chey e ey Cl)s

where c; > c3 > ... > ¢y, ¢; appears m; times, m; > 1, Z?zl m; =n, and let A € C"*™.
Introduce the polynomial

k

pe(x) = H T — ch Z As(t) |,

(Py,...,Py)EP(my,...;my) =1 seP;

where Mg (t) = Ap(Re(e @A), k = 1,...,n, which are ordered non-increasingly. Then
pi(x) is a trigonometric polynomial in t of degree at most n (i.e., of the form pi(x) =
Soh_, e*tpi(x)), which can be constructed using the coefficients of the characteristic
polynomial of Re (e_“A). Moreover, W.(A) equals the unit disk if and only if p(1) =0
forallt € R, and pi(x) >0 for allz > 1 and all t € R.

Proof. Tt is clear from the definition of p;(x) that the coefficients are symmetric polyno-
mials in A1 (2), ..., A, (f). As is well known (see, e.g., [13]) every symmetric polynomial can
be expressed as a polynomial in the power functions py (A1 (t), ..., An(t)) = >y Ni(H)F =
Tr (Re (e*“A))k, k =1,...,n. But then it follows that the coefficients are trigonometric
polynomials in ¢t of degree at most n. This proves the first part.
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For the second part, notice that the roots of p;(z) are 2521 ¢ Zsepj As(t), which
are indexed by (Pi,...,P;) € P(mq,...,mg). Among all the roots, the largest is when
the tuple (Pi,..., Px) is the partition where P, = {1,...,m1}, P ={m1 +1,...,m1 +
ma},...,Pr = {Z;:ll my+1,..., Zle my }. This largest root being equal to 1 for all ¢
corresponds exactly to p;(1) =0 for all t € R, and p;(x) > 0 for all x > 1 and all ¢ € R.
Here we used that p;(z) — oo when x — co. O

Let us show in an example how the polynomial p;(z) can be constructed.

Example 3.5. Let
c=(1,1,0,0). (7)

Then the characteristic polynomial of Re (e~*A) equals

H(ﬂf —Ai(t)) = Z( D'zt ea (A (), A2 (£), A3 (), Aa(t)) = Z(—l)‘l_iﬂfi&m-

Using the calculations from [2, Equation (16)] (or, alternatively, [1, Theorem 4.2]), we
have that

pi(x) = H (x = Ae(t) — As(t)) = Z Kb,
1<r<s<4 =0
where kg =1,
k1 = —3ey, kg = 2e5 + 36%, ks = —4deqjeq — 6?, ks = —4dey +e1e3 + 63 + 26%62,
ks = dereq — e%eg — eleg, ke = 76%64 — e% + ejeqes.

Using the Newton identities, we may express the coefficients of p;(x) in terms of the
power sum polynomials p; = p; (A1(2), A2(t), Az(t), Aa(t)) as follows

ki = —3p1, ko = 4p7 — p2, ks = —3p} + 2p1p2,

5 1 1
ky = ZP% — Pips — p1ps — Zp% + D4, ks = _Zpl( — 4dpap1 — 5 + 4pa),

1

ke = —pips —

1 1 1 1
4 p3 *p1 - *P1p2 + = D1p2ps.

1
1gPipe gPs T P17y 6

> +
p1p3 12

18

Next, we use that

() - o (L)),
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where we put z = e*. This yields

3

k== (%Tr(A) + zTr(A*)) :

ko = GT&«(A) + zTr(A*)>2 - éTr (A%) — %Tr(AA*) — '1—2T‘r (A2,
ks = <zTr(A*) + %Tr(A)) (%Tr(AA*) + éTr (42) + Z;Tr (A*2)>

3 (%Tr(A*) + %Tr(A))S .

We omit the expressions for k4, ks and kg in terms of the traces as these are very
long, but can be determined in a similar way. Furthermore, from p;(1) =0 for all t € R
follows

0=1+ks + ko + ks + ks + ks + k¢ = Zal ,
i=—6

where a_; =@; = 0 for 0 < ¢ < 6. This yields

a_¢= Tr(A)® 4 6Tr(A)*Tr(A?) — 20Tr(A)3Tr(A%) — 9Tr(A)?Tr(A%)?

4608 (
+18Tr(A*)Tr(A)? + 12Tr(A) Tr(A%)Tr(A%) — 8Tr(A%)?) = 0,

a_s5 = 144Tr(A*)Tr(A)? — 36Tr(A)° + 36 Tr(A)Tr(A?)? — 144Tr(A)Tr(A)) =0,

4608 (

a3 = ——(36Tr(A*)Tr(A%)? — 180Tr(A*)Tr(A)* + 432Tr(A)*Tr(A*A?)

4608
— 1728Tr(A)3 + 1152Tr(A)Tr(A?) — 576Tr(A)Tr(A3A*) — 144Tr(A*)Tr(A*)

)
+ 144Tr(A)Tr(AA*)Tr(A%) 4 288Tr(A*)Tr(A)Tr(A%)) =0,
1
4608 )

+ 432Tr(A)?Tr(AA*?) 4 144Tr(A*)?Tr(A%) — 360Tr(A*)?Tr(A)?
+ 1152Tr(A*) Tr(A?) 4 2304Tr(A) Tr(AA*)
— 567Tr(A*)Tr(A%A*) — 5T6Tr(A)Tr(A*? A%) — 288Tr(A)Tr(A* AA* A)
+ 72Tr(A) Tr(A*?) Tr(A?) + 144Tr(A*) Tr(AA*) Tr(A?)
+ 864Tr(A*)Tr(A)Tr(A%A"))
=0.

a_y = ——(144Tr(A)Tr(AA*)* — 5184Tr(A*)Tr(A)* — 6912Tr(A)

We will not write down full expressions for a_4,a_o and ag, as these are very long.
However, in order to follow our computations for the remainder of this example, it is
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important to note that in every term of a_4 there is a factor Tr (Ak) or Tr (A*k), and
that

0y = 3T (A°A%) — o (Tr (424%))° 4 terms with a factor Tr (4¥) or Tr (4%),

ag=1-— 3i2Tr (A2A*) Tr (AA*?) — % (Tr (AA*))* + %Tr (AA*AA™) — %Tr (AA*)

+iTr (AQA*Q) + terms with a factor Tr (Ak) or Tr (A*k) .

Let us apply the above techniques to

cooR
SOoOL W
O 0 W
D =R >

6

For this particular A we have that a_g = a®. Setting this equal to 0, gives a = 0. Now

we find
0= (%~ S (2787 + 21 B0)
4 64
a0 = —glBI NI — 85723 — 5B B%5 — 1B PIOR + S 181+ 2152 ol + Sl BI213+
18726+ 1875+ LI hI? + o1t = SIBF — hl? - 5161+ 1

and a_g = a_5 = a_4 = a_3 = a_; = 0. Letting 3,7, be real, and solving for
a_s = ag = 0, we find for example the solution § = 4, |y| = 1. Letting 8 = ¢ and v =1,
we find that

1 1 1
pe(z) = 28 + 2 (—28% — 1) + 22?3° <Zﬂ2 cos(2t) + 152 + 1) - §ﬁ4 (cos(2t) + 1)
2 Loy Loy 2,2, 4
:(;U —1) 55 cos(?t)—|—§5 —2B%x° + 2% ).
Clearly, p:(1) = 0. Next, if we let « > 1, then using that cos(2t) > —1, we obtain that

pi(@) > (2% — 1) 22 (2 — 267).

Thus, the requirement that p;(z) > 0 for > 1 gives that |5] < % In conclusion, for ¢
as in (7) we have that

L g
B 1
0 8|
0 0

(vl e N en N an]
oo™

with |B] < %, has the property that W.(A) is the unit disk. O
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Making use of [2, Theorem 4], we obtain the following case where we characterize
when W, (A) equals the unit disk.

Proposition 3.6. Let

a [ 0
02(01702a0)7 A= v 0 )
0 0 ¢

with ¢1 # 0, and put f = \/2|a|2 + |B]2 + |y[2. Then W.(A) equals the unit disk if and
only if one of the following holds:

e =0, a®> = —Bv and max {|c; — ca|,|c1|,|ca|} f = 2.
o §#0,a% =B, o1 — ol f =2, |e1d] + 3 flea| €1, and |e26] + 5 fler| < 1.

Proof. We use [2, Theorem 4] to rephrase the problem to the direct sum of three matrices
having numerical range equal to the unit disk. Analyzing the latter we get the above
result. Note that B := 3 _/8 a) can only have a circular numerical range if and only

if it is of rank 1 (i.e., a® = —f3v), and in that case the radius is f/2 (as B is unitarily

similar to (8 £>7 note that the Frobenius norm needs to be the same). 0O

4. Revisiting the circularity of the numerical range

It was derived in [14, Theorem 4.5] that for a complex matrix B € C™*" | its numerical
range is the closed unit disk if and only if there exist Py, P, € C("~D*" g0 that B =
2P; P, and Py Py + PP, = I,,. Of course, we can also apply the results in the previous
section to the standard numerical range by choosing

c=(1,0,...,0). (8)
If we do this for the case n = 3, we get the following result.

Proposition 4.1. Let A € C3*3. If W(A) equals the closed unit disk, then

1+ i’I&r(A)Tr(A*) — iTr(AA*) =0,
—%Tr(A) - %Tr(A)2 Tr(A*) + éTr(A) Tr(AA*) + %Tr(A*)Tr(Az) - %Tr(AzA*) =0,

Tr(A)? — Tr(A?) =0,
and

1 1 1
—gTr(A)?’ + §Tr(A)Tr(A2) - gTr(A?’) =0.
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Proof. If we apply Theorem 3.4 with a ¢ = (1,0,0), then we have that p;(z) is just the
characteristic polynomial of Re (e*“A), which equals

3 + 2

pi(z) =z P_‘;’_le p3
¢ 6 2 3 )

1
—61x2+62x—63:xS—p1CE2+§(P§—P2)$—(

Next we use that
1 —it it g 1 it it g 2
plziTr(e A+e A), pgzZTr(e A+e A) ,
1 . .
ps = gTr (e_“fA + e”A*)3 .
Extracting the coefficient in p;(1) that is constant in ¢, we get

1+ iTr(A)Tr(A*) - iTr(AA*). (9)

Extracting the coefficient of e~ in p,(1) we obtain

—%Tr(A) - iTr(A)2 Tr(A*)+ éTr(A) Tr(AA*)+ %Tr(A*) Tr(A?)— éTr(AQA*). (10)

—2it 1

Extracting the coefficient of e™*", we get (up to a factor 3)

Tr(A)? — Tr(A2). (11)

Extracting the coefficient of e=3", we get (up to a factor §)

—%Tr(A)g + %Tr(A)Tr(AQ) - éTr(A?’). (12)
Thus it follows that ps(1) = 0 if and only if (9)-(12) are all 0. O

It should be noticed that by using the techniques developed in this paper one can also
find necessary conditions in terms of traces for when the first k& higher rank numerical
ranges are disks with center 0. Recall that the rank-k numerical range of a square matrix
B is defined by

Ar(B) = {A € C: PBP = AP for some rank k orthogonal projection P}.

This notion, which generalizes the classical numerical range when k£ = 1 and is motivated
by the study of quantum error correction, was introduced in [4]. In [5,17] it was shown
that Ag(B) is convex. Subsequently, in [10] a different proof of convexity was given. In
[14] the situation was analyzed when one of the eigenvalues A\, (Re(e~* A)) is a constant
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function of ¢, which corresponds to the rank-k£ numerical range of A being a circle with
center 0.

Now, if for instance one wants the numerical range and the 2-rank numerical range to
be disks with center 0 then one has that A1 (¢) and A2(t) are constant, which is equivalent
to A1(t) and A\q (¢) + A2 (t) being constant. For the latter, one applies Theorem 3.4 to both

c¢c=(1,0,...,0) and ¢ = (1,1,0,...,0),
and combine both sets of necessary trace conditions.
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