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1 Introduction

In the seminal work [1], Cardy showed that modular invariance imposes powerful constraints
on the operator spectrum of two-dimensional conformal field theories. In particular, the
operator growth at large conformal dimension is completely determined by the conformal
anomaly of the theory. Many other applications followed. One early application was towards
the classification of rational conformal field theories [2] and their fusion rules [3]. In addition,
through holography, there have been important applications to quantum gravity, such as the
interpretation of black hole entropy [4–6] and the gravitational path integral [7–9]. Holography,
in turn, inspired the modular bootstrap program as formulated in [10] and the notion of a
“holographic CFT” [11] singles out interesting classes of modular forms [12].

The connection between modular invariance and the operator content is generally not
expected for conformal field theories in higher dimensions. Indeed, through the operator-state
correspondence, the operator content is encoded in the partition function on Sd−1 × S1 with
no apparent modular symmetries for d > 2.1 Somewhat surprisingly, the partition function of
a free conformally coupled scalar in d dimensions does admit some notion of modularity, but

1Modular properties in higher dimensions do occur for background manifolds involving tori, but such
backgrounds are not directly connected to the (local) operator content of the CFT [13–19].
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it is not clear to what extent such properties extend to non-trivial CFTs [20] (see also [21]).
Quite likely, this is related to the integrable properties of the free theory, reflected in its
higher spin symmetries. In the case of higher-dimensional strongly-coupled CFTs, other
successful methods have been developed to determine the asymptotic density of states, for
example through holography [22–28], and more recently making use of the framework of
thermal effective field theory [29–31]. Existing geometric arguments for modular symmetry
in higher dimensions seem to involve a change of topology of the background [32, 33].

For supersymmetric CFTs in higher dimensions, unconventional modular properties have
recently surfaced for which a geometric interpretation akin to two dimensions seems to be
possible. For example, the works [34–36] study modular properties of so-called homological
blocks, which can be understood in terms of a supersymmetric partition function of 3d N = 2
SCFTs on a solid torus. Depending on the nature of the 3d bulk theory and the coupled 2d
boundary theory, the homological blocks exhibit a variety of interesting modular properties.

In four dimensions, interesting observations have been made around the supersymmetric
partition function on S3 × S1, known as the superconformal index [37–39]. This object
encodes aspects of the BPS operator content of a theory. More precisely, it counts differences
between the numbers of bosonic and fermionic operators. Crucially, it is a renormalization
group invariant, which allows one to calculate this object for a rather general class of
(strongly coupled) SCFTs. The study of this object has led to Cardy-like constraints on the
(BPS) operator spectrum in terms of the conformal (and ’t Hooft) anomalies of 4d and 6d
SCFTs [40–42], see also [43–50] for applications to AdS5 black hole entropy.

As it turns out, underlying these works there is also a notion of modularity. A key
building block of 4d superconformal indices, the elliptic Gamma function, is known to fit
into a generalized modular structure based on SL(3,Z) [51]. A geometric explanation of this
structure was pioneered in [52] and extended to other dimensions as well.2 In [60], this idea
was further explored. The key idea relies on a factorization property of the index, which
reflects the fact that S3 ×S1 can be split into two disk-times-torus (D2 ×T 2) geometries with
boundary T 3.3 This property of the index is known as holomorphic block factorization [61],
originally studied in the context of three dimensions [62] (holomorphic blocks are closely
related to the homological blocks mentioned above, see, e.g., [63] for a definition of the latter).
Remarkably, when the 4d index is expressed in factorized form, it has an unconventional type
of modular property with respect to a general SL(2,Z) transformation acting simultaneously
on both tori in the D2 × T 2 geometries. The SL(2,Z) action cannot be understood in terms
of large diffeomorphisms of the full background, as expected, and as such the index cannot be
written in terms of ordinary modular forms. Instead, the modular action reflects ambiguities
in a choice of time circle in the split geometry. For this reason, the generalized modular
structure is referred to as modular factorization. See [60] for more details. There are strong

2Earlier work focused on the modular properties of the so-called Schur index, a specialization of the
superconformal index. This started with [53] and was explored more recently in [54, 55]. The occurrence of
modularity in this context is in part explained due to a connection of the Schur index with characters of vertex
operator algebras (VOAs) [56, 57]. A full geometric understanding, however, seems to be lacking. Similar
results were also obtained for the thermal partition function of (non-supersymmetric) large N Yang-Mills
theory in the free limit and confined phase [58] (see also [59]).

3This follows from the genus one Heegaard splitting of S3.
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indications that this basic idea extends to superconformal indices in other dimensions, based
on known modular properties of the so-called multiple elliptic Gamma functions.4

In this work, we draw lessons from the supersymmetric story to shed new light on the
modular structure underlying free, non-supersymmetric CFTs. In particular, we follow a
recent observation by Nekrasov [64] that the analytic continuation of parameters in a variety
of physical quantities can be naturally realized in supersymmetric quantum field theory.
Inspired by this, we first show that the multiple elliptic Gamma function G2D−1(z|τ) provides
an analytic continuation in temperature and angular potentials of the thermal partition
function of a conformally coupled free scalar on S2D−1 ×S1. Using known modular properties
of G2D−1(z|τ), we derive exact, closed form expressions for the scalar partition functions
in four and six dimensions in terms of a modular transformed argument (i.e., β → 4π2/β).
For example, when all angular potentials are turned off, we find the following expression
in four dimensions:

Z4(τ) = exp
[
−2πi

120B5(τ + 1; τ)
] 1
ψ4(3)

∞∏
k=0

ψ4
(

τ+k+1
τ

)
ψ4
(
4 − τ−k−1

τ

) , (1.1)

where τ = i β
2π , Z4(τ) is the 4d partition function, B5(z; τ) is a degree five polynomial in z

and ψ4(z) can be expressed in terms of the exponential of four polylogarithms Lir≤4(e−2πiz).
This expression provides the exact high-temperature asymptotics τ → 0+i of the partition
function, including non-perturbative corrections, as we will demonstrate. Our expression can
be viewed as a resummation of formulas recently derived in an appendix of [29]. Apart from
this, our formula exhibits an underlying, unexpected modular structure. We further extend
these results to include angular potentials and to general modular transformations in order
to study the “root-of-unity” asymptotics τ → − n

m + 0+i and find consistency with the very
recent work [31]. Finally, we suggest that (1.1) provides an example of the generalization of
modularity to higher dimensions and speculate on a geometric interpretation of the formula
inspired by modular factorization.

The rest of the paper is organized as follows. In section 2, we review modular aspects of
the free scalar partition functions in both d = 2 and d ≥ 3, including Meinardus’ theorem.
In section 3, we deduce a relation between the multiple elliptic Gamma functions and the
free scalar partition function on S2D−1 × S1. By applying modular properties of multiple
elliptic Gamma functions, we derive our expressions the partition functions and demonstrate
how they encode the exact high-temperature asymptotics. In section 4, we extend this to
general SL(2,Z) transformations and the corresponding root-of-unity asymptotics. Finally,
in section 5 we speculate on a geometric interpretation of our expressions and comment on
applications and generalizations of our results.

2 Review of the free scalar partition function

The study of the asymptotics of d = 2 CFT partition functions was initiated by Cardy in [1]
and extended to d ≥ 3 in [20]. In two dimensions, one makes use of modular properties
of the partition function. One method to derive the modular property, in the context of

4We present an overview in section 3.1, including the relevant references.
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free CFTs, is based on a reflection formula of the Riemann ζ-function. This method can
be extended to higher dimensions and, even though a modular structure akin to 2d does
not arise, there are still interesting traces of modularity and, in particular, pertains to the
high-temperature asymptotics of free CFT partition functions. To contrast with our proposal
in section 3, in this section we review this methodology, with a focus on the free conformally
coupled scalar on Sd−1 × S1 for d ≥ 2. Our discussion follows the more recent work [65],
where these techniques were revisited and applied to the asymptotic operator degeneracies
in EFTs. We also briefly comment on the work [29], which calculates, in an appendix, the
exact high-temperature asymptotics for the free scalar.

2.1 Mellin representation of the partition function

The partition function of a CFT quantized on Sd−1 is given by:

Z(β) = TrH(Sd−1) e
−β(H−iΩiJi) , (2.1)

where H is the Hamiltonian on Sd−1 and we have included charges for the independent
angular momenta Ji on Sd−1. In the following, we will often use the notation

τ = i
β

2π , θi = β

2πΩi . (2.2)

In free field theories, one can write the full “multi-particle” partition function Z(β) in terms
of a “single-particle” partition function Y (β) via plethystic exponentiation:

Z(β) = PE[Y (β)] = exp
[ ∞∑

m=1

1
m
Y (βm)

]
. (2.3)

To derive the β → 0 asymptotics of Z(β), it turns out to be useful to represent it via a Mellin
transformation of the so-called Hamiltonian zeta function. The Hamiltonian ζ-function is
defined as (see, e.g., [1, 20, 66]):

D(d, s) = Tr(H−s) = 1
Γ(s)

∫ ∞

0
Y (β)βs−1dβ , (2.4)

where d denotes the spacetime dimension. The partition function can now be written as
the inverse Mellin transformation with in addition the insertion of a Riemann zeta function
ζ(s + 1) kernel:

lnZ(β) = 1
2πi

∫ γ+i∞

γ−i∞
β−sΓ(s)ζ(s+ 1)D(d, s)ds , (2.5)

where γ is a positive number such that the integrand has no poles for Re(s) > γ.
Consider for example the thermal partition function of a d-dimensional conformally

coupled free scalar [20, 21, 67–69]. The partition function with all chemical potentials turned
on is given by [64, 65]

Z2D(τ, θ1, . . . , θD) = exp
[ ∞∑

l=1

q−l − ql

l

D∏
i=1

1
ql − 2 cos(2πlθi) + q−l

]
,

Z2D+1(τ, θ1, . . . , θD, ξ) = exp
[ ∞∑

l=1

q− l
2 + q

l
2 ξl

l

D∏
i=1

1
ql − 2 cos(2πlθi) + q−l

]
,

(2.6)
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where q = e2πiτ and θi, defined in (2.2), and ξ = ±1 label O(d) twisted boundary conditions.
The partition function with θi turned off is given by

Zd(τ) = exp
[ ∞∑

l=1

1
l

q
d−2

2 l(1 − q2l)
(1 − ql)d

]
. (2.7)

The single-particle partition function, i.e., the exponent, can be interpreted as follows. In d

dimensions, the conformal dimension of the free scalar is (d− 2)/2. The factor (1 − q)d in
the denominator reflects the d derivatives acting on a single-letter operator while the factor
1 − q2 in the numerator quotients by the equations of motion. Finally, the density of states
is calculated through an inverse Legendre transformation

ρ(∆) =
∫
dβZ(β)eβ∆ . (2.8)

Making use of the Mellin transformation, we now continue with the high-temperature
asymptotics of partition function and density of states in even dimensions d = 2, 4, 6. The
method also applies to odd dimensions, but we will only consider even dimensions in this
work for reasons we come back to in section 5.

2.2 d = 2

In two dimensions, the free scalar partition function can be written as

Z2(τ, τ̄) = exp
[ ∞∑

l=1

1
l

(
(1 − qlq̄l)

(1 − ql)(1 − q̄l) − 1
)]

= Z2(τ)Z̄2(τ̄) (2.9)

where we included a chemical potential for spatial rotations such that left- and right-movers
are distinguished by q = e2πiτ and q̄ = e−2πiτ̄ . Furthermore, we have not included the
Casimir energy for uniformity with the higher-dimensional examples. Finally the well-known
factorization into left- and right-movers is captured by

Z2(τ) = exp
[∑

l=1

1
l

ql

1 − ql

]
=

∞∏
l=1

1
(1 − ql) (2.10)

The presence of −1 in the exponent of (2.9) is specific to two dimensions [65]. It reflects the
fact that 2d scalars are dimensionless and therefore there is an infinite amount of operators
with the same conformal dimension obtained by decorating a given operator with a function
f(ϕ). The −1 cures the consequent divergence and can be viewed as modding out by the
equivalence relation between operators which only differ by such a function f(ϕ).

Up to the ignored Casimir energies, Z2(τ) is precisely the Dedekind eta function. Using
this connection, one deduces that Z2(τ) satisfies the following modular property

Z2

(
−1
τ

)
= 1√

τ
e−iπP2(τ)Z2(τ), P2(τ) = 1

12

(
τ + 1

τ
− 3

)
. (2.11)

We now recall how Cardy [1] rederived this property from the Mellin representation of Z2(τ):

lnZ2(τ) = 1
2πi

∫ γ+i∞

γ−i∞
ds(−2πiτ)−sζ(s+ 1)Γ(s)ζ(s) . (2.12)

– 5 –
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In this case, the Hamiltonian zeta function is nothing but the Riemann zeta function
D(2, s) = ζ(s). The modular transformation τ → −1/τ is translated to the s → −s
transformation of Riemann zeta function. The modular image Z2

(
− 1

τ

)
is related to its

original Mellin integral representation (2.12) by the famous reflection formula of Riemann
zeta function:

ζ(s) = Γ(1 − s)2sπs−1 sin
(
πs

2

)
ζ(1 − s) . (2.13)

Notice under the transformation s → −s, the integration contour shifts γ to −γ. We can now
calculate the difference between the partition function at τ and −1/τ as a contour integral:

lnZ2

(
−1
τ

)
− lnZ2(τ) = 1

2πi

∮
C
ds(−2πiτ)−sΓ(s)ζ(s)ζ(1 + s) . (2.14)

The integration contour C is made up of the lines [γ − i∞, γ + i∞], [−γ − i∞,−γ + i∞]
and infinity. By collecting the residues at the simple poles at s = 0,±1, one precisely
reproduces the factor of automorphy (2.11). The asymptotics of the full partition function
Z2(τ, τ̄) for τ, τ̄ → 0 is given by

Z2(τ, τ̄) ∼ 1√
τ τ̄

exp
[
πi(τ + τ̄)

12 + πi

12

(1
τ

+ 1
τ̄

)
− πi

2

]
. (2.15)

The inverse Legendre transformation leads to the Cardy formula for the density of states
at large ∆ ≫ c.

2.3 d > 2

Following the procedure outlined above, we rewrite the partition function (2.7) of a d-
dimensional free scalar as [20, 21, 66, 70]:

lnZd(τ) = 1
2πi

(∮
C

+
∫ −γ+i∞

−γ−i∞

)
(−2πiτ)−sΓ(s)ζ(s+ 1)D(d, s)ds , (2.16)

where the integral contour C encloses all the simple poles of the integrand. Let us assume
that D(d, s) a finite number of simple poles at s = αi with residue Ai, which holds for free
field theory in various dimensions [65]. One then finds

lnZd(τ) =
∑

i

AiΓ(αi)ζ(αi + 1)(−2πiτ)−αi −D(d, 0) ln(−2πiτ) +D′(d, 0)

+ 1
2πi

∫ −γ+i∞

−γ−i∞
ds(−2πiτ)−sΓ(s)ζ(s+ 1)D(d, s)

(2.17)

Here the first line contains the residues at the poles s = αi and s = 0 respectively. In
d = 2, the second line would become lnZ2(−1/τ) after s → −s and using the reflection
formula. For d > 2, however, such a simplification does not occur. This reflects the fact
that higher-dimensional partition functions are not modular, at least not in the same sense
as in two dimensions.

Fortunately, for the τ → 0 asymptotics of the expression (2.17) is still useful. To compute
the asymptotics, it was observed in [65] that the “bosonic” Meinardus’ theorem can be

– 6 –
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used [65, 71–73]. This theorem implies that the second line in (2.17) is O(|τ |C0) when τ → 0
for some positive constant C0 < 1. To order O(τ0), one is thus left with the first line.
This line is straightforwardly computed through explicit evaluation of the Hamiltonian ζ

function in (2.4) and its residues.
As a brief aside, it turns out that in d = 4 the equation (2.17) can be interpreted as a

modular property if one takes a τ derivative on both sides [20, 21, 26]. That is, consider
the function defined by

E(τ) = 1
2πi

∂ lnZ(τ)
∂τ

. (2.18)

Taking the τ derivative on both sides of (2.17), one finds that the equation can be interpreted
as a modular property of E(τ):

E(τ) − B4
8 = 1

τ4

[
E

(
−1
τ

)
− B4

8

]
(2.19)

Note that, up to a constant shift proportional to the fourth Bernoulli number B4 = − 1
30 , E(τ)

transform as a weight 4 modular form. We will come back to this observation in section 3.3.1.
Using (2.17), it is straighforward to derive the asymptotics of the free scalar. Explicitly,

in d = 4, 6 dimensions one finds:

lnZ4(τ) ∼ − iπ

360τ3 + ζ ′(−2) + O(τ) (2.20)

lnZ6(τ) ∼ iπ

15120τ5 + iπ

4320τ3 + 1
12
[
ζ ′(−4) − ζ ′(−2)

]
+ O(τ) (2.21)

This method applies in general dimensions and can also be extended to free fermions [65].
The exact, all-order asymptotics was recently derived in an appendix of [29] (based on the
original work [20]), making use of a ζ-function regularization of the determinant of the
Sd−1 × S1 Laplacian [71].

In the following, we will argue that, in the case of the free scalar, there is in fact an
interesting, albeit unconventional modular structure underlying the above results, despite the
dimension being greater than two. The relevant modular property provides an exact, closed
form expression for the free scalar partition function which makes the high temperature
asymptotics manifest. Apart from recovering the above results, we also study implications
for the fully refined partition function and the root-of-unity asymptotics τ → 0+i − n

m .

3 Exact asymptotics from generalized modularity

In this section, we will match the free scalar partition function in D = 2n with (a specialization
of) certain multiple elliptic Γ functions [74]. These functions are generalizations of the q-θ
function and the elliptic Γ function [51], and satisfy interesting modular properties [75,
76]. They naturally arise in the context of supersymmetric indices. As we will see, the
superconformal index of a 2D-dimensional supersymmetric quantum field theory analytically
continues the partition function of the D-dimensional, conformally coupled free scalar. This
is an example of a more general observation in [64], namely that the analytic continuation of

– 7 –
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parameters in a variety of physical quantities is naturally realized in supersymmetric quantum
field theory. After the identification, we show how the modular properties of multiple elliptic
Gamma functions lead to a new closed form expression for the free scalar partition function
which manifestly encodes the exact high temperature asymptotics.

Before starting, let us set up some notation following [76]. We define chemical potentials
τj and the associated fugacities qj by qj = e2πiτj , where 0 ≤ j ≤ r. Then we denote

q = (q0, · · · , qr), τ = (τ0, · · · , τr)
q−(j) = (q0, · · · , q̌j , · · · , qr), τ−(j) = (τ0, · · · , τ̌j , · · · , τr)
q[j] = (q0, · · · , q−1

j , · · · , qr), τ [j] = (τ0, · · · ,−τj , · · · , τr)
q−1 = (q−1

0 , · · · , q−1
r ), −τ = (−τ0, · · · ,−τr)

(3.1)

where q̌j means the j-th moduli is ruled out. We also define |τ | = τ0 + . . . + τr. The
generalized q-Pochhammer symbol is denoted by

(x; q)(r)
∞ =

∞∏
j0,...,jr=0

(1 − xqj0
0 q

j1
1 . . . qjr

r ) (3.2)

where x = e2πiz and which is defined for τj ∈ H. The generalized q-Pochhammer sym-
bols satisfy

(x; q)(r)
∞ = 1

(q−1
j x; q[j])(r)

∞
, (qjx; q)(r)

∞ =
(x; q)(r)

∞

(x; q−(j))(r−1)
∞

(3.3)

where the first property extends (3.2) to τj ∈ C \ R. More generally:

(x; q)(r)
∞ =

 ∞∏
j0,...,jr=0

(1 − xq−j0−1
0 . . . q

−jk−1−1
k−1 qjk

k . . . qjr
r )

(−1)k

(3.4)

where we take |q0|, . . . , |qk−1| > 1 and |qk|, . . . , |qr| < 1.

3.1 Modularity of the multiple elliptic Gamma function

The multiple elliptic Gamma function was first defined by Nishizawa in terms of the generalized
q-Pochhammers defined above [74]:5

Gr(z|τ) = (q0 . . . qrx
−1; q)(r)

∞ ·
[
(x; q)(r)

∞

](−1)r

(3.5)

By using plethystic exponentiation (see (2.3)), these functions can be viewed as multi-particle
partition functions whose single-particle partition function is given by

Yr(z|τ) = (−1)r+1e2πiz − e2πi(|τ |−z)∏r
i=0(1 − e2πiτi) (3.6)

As mentioned above, the function Gr(z|τ) naturally arises in the context of superconformal
indices in dimension D = 2r + 2. In particular, a single function Gr represents the index of a
free D-dimensional matter multiplet of minimal supersymmetry, as we will detail below.

5We collect various properties in appendix A.
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The function Gr(z|τ) satisfies an interesting type of modular property [76]

r+2∏
k=1

Gr

(
ζ

ωk

∣∣∣ω1
ωk
, . . . ,

ω̌k

ωk
, . . . ,

ωr+2
ωk

)
= exp

[
− 2πi

(r + 2)!Br+2,r+2(ζ|ω)
]
. (3.7)

Here, we use a homogeneous parametrization of the projective coordinates:

(z|τ) ≡
(

ζ

ωr+2

∣∣∣ ω1
ωr+2

, . . . ,
ωr+1
ωr+2

)
. (3.8)

We note that the equation is defined when the arguments of the Gr functions are in C \ R,
as follows from the definition (3.5). That is, ωj

ωk
/∈ R for any j, k. Furthermore, Br,n is the

multiple Bernoulli polynomial defined by

treζt∏r
i=1(eωit − 1) =

∞∑
n=0

Brn(ζ|ω) t
n

n! . (3.9)

The relevant modular group for Gr is SL(r + 2,Z). For example, one may observe that the
arguments of consecutive functions in (3.7) are related by the SL(r + 2,Z) transformation
which acts as a cyclic permutation.6 The underlying modular structure was further explored
in [77, 78].

More recently, based on early work on the elliptic Gamma function [51], it has been
proposed in [52] that the modular property (3.7) can be understood in terms of the group
cohomology Hr(SL(r+ 2,Z)⋉Zr+2, N/M) with N/M the space of meromorphic functions of
(z|τ) modulo holomorphic, nowhere vanishing functions. As before, the group SL(r+2,Z) acts
by matrix multiplication on the homogeneous parametrization ωi of τ while Zr+2 shifts ζ with
the periods ωi. There appears to be a beautiful geometric interpretation of these properties in
the context of superconformal indices, as suggested in [52] and studied in detail in [60] in four
dimensions, which explains both the SL(r+ 2,Z) modular group and the number of functions,
r + 2, involved in the property. Let us briefly sketch this interpretation for r = 0, 1, 2, 3:

• r = 0: G0(z|τ)−1 ≡ θ(z; τ)−1 arises as the elliptic genus of a 2d N = (0, 2) chiral
multiplet [79, 80]. The modular group SL(2,Z) reflects the large diffeomorphisms and
Z2 the large gauge transformations associated with the T 2 geometric background. The
modular property of G0(z; τ) simply reflects the S-transformation of the q-θ function,
which is well known to transform, up to a simple prefactor, as a weight zero, index one
Jacobi form [51].

• r = 1: G1(z|τ0, τ1) ≡ Γ(z; τ0, τ1) is the superconformal index of a 4d N = 1 chiral
multiplet [81]. The group SL(3,Z) ⋉ Z3 is associated to a T 3 hidden in the S3 × S1

geometry. Indeed, one can view this geometry as a T 2 fibration over the toric manifold
CP1 or, equivalently, as a T 3 fibered over an interval. The modular property can be
understood in terms of a bisection of CP1 into two disks, so that S3 × S1 is split as

S3 × S1 = D2 × T 2 g
⊔D2 × T 2 . (3.10)

6For r even, the cyclic permutation matrix has one entry with a − sign so that the determinant condition
is satisfied. This sign can be made manifest in (3.7) through the extension property (3.3).
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Here, g ∈ SL(3,Z) exchanges the contractible cycle on the disk with a cycle on the torus,
which is nothing but the genus one Heegaard splitting of S3. The modular property of
G1(z; τ0, τ1) reflects this geometric splitting, a phenomenon known as holomorphic block
factorization [61]. The three functions involved in this property can be associated to the
three geometries, while the SL(3,Z) transformations between consecutive arguments
reflect the non-trivial identification g and ambiguities in the ways the geometry can be
split [60].7

• r = 2: G2(z|τ0, τ1, τ2)−1 defines the 6d superconformal index of an N = (0, 1) hyper-
multiplet [85–87]. Similar to the r = 1 case, the group SL(4,Z) ⋉ Z4 is associated with
a T 4 hidden in the S5 × S1 geometry. Indeed, one can view this geometry as a T 2

fibration over the toric manifold CP2 or, equivalently, as a T 4 fibered over a triangle.
The modular property of G2(z|τ0, τ1, τ2) can be understood in terms of a trisection of
CP2 in terms of three D2 ×D2 components where each vertex of the triangle corresponds
to the origin of a D2 × D2 component. Each component has an S3 boundary and
the intersection of the three boundaries is a T 2 located in the center of triangle.8 In
the full S5 × S1 geometry, the boundaries of the components have topology S3 × T 2.
In order to specify how each component of the trisection is glued to the two others,
the boundaries are bisected into two D2 × T 3 geometries and each component of the
bisection represents the interface between any two components of the trisection. The
bisections are thus labeled by three SL(4,Z) transformations g1,2,3, similar to the r = 1
case. For consistency, g3 is determined in terms of g1,2. This explains how the trisection
of S5 × S1 is labeled by effectively two SL(4,Z) transformations. All in all, we write

S5 × S1 =
⊔

i=1,2,3

(
D2 ×D2 × T 2

)
gi

(3.11)

The non-triviality of the T 2 fibration over CP2 is reflected in the transformations g1,2,3,
which again exchange contractible cycles in the disks with non-contractible cycles in
the torus. The modular property of G2(z|τ0, τ1, τ2) reflects the fact that the 6d index
respects the trisection [85, 89]. In analogy with the r = 1 case, we expect the four
functions involved in the modular property to be associated with these four geometries
(see also footnote 7), and the consecutive SL(4,Z) transformations on the arguments
to follow from the identifications g1,2,3 and ambiguities in the trisection of S5 × S1.
However, we are not aware of a reference where this is fully worked out and leave the
details to future work.

• r = 3: it seems that G3(z|τ0, τ1, τ2, τ3) can be interpreted as an index in 8 dimensions.
Some evidence for this can be found in [90] and, through dimensional reduction to 7d
and relations between the multiple Sine function S4 and the multiple elliptic Gamma
function G3 (see appendix A.1), in [91–94]. In this case, the group SL(5,Z) arises by

7One may wonder why the modular property treats all functions on an equal footing, while the geometry
clearly does not. This is related to the fact that the one-loop determinants for a chiral multiplet on S3 × S1

and D2 × T 2 have the same functional form [82, 83]. This coincidence will be addressed in an upcoming
work [84].

8See [88] for a nice exposition on how to trisect general four-manifolds, including CP2.
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viewing S7 × S1 as a T 2 fibration over the toric manifold CP3 or, equivalently, as a T 5

fibered over a tetrahedron. We now quadrisect CP3 into four D2 ×D2 ×D2 components
such that each vertex of the tetrahedron corresponds to the origin of each component.
Each component has an S5 boundary and the components of the trisection of this
S5, as reviewed in previous bullet, correspond to the interfaces with the other three
components. In the full geometry S7 × S1, these boundaries have topology S5 × T 2.
For each component i = 1, . . . , 4, the trisection is therefore labeled by two SL(5,Z)
transformations (g(i)

1 , g
(i)
2 ). All in all, we write for the quadrisection

S7 × S1 =
⊔

i=1,2,3,4

(
D2 ×D2 ×D2 × T 2

)
(g(i)

1 ,g
(i)
2 )

(3.12)

We are not aware of references studying this, but it is natural to conjecture that the 8d
index respects this splitting and the five functions involved in the modular property
can be associated to these five geometries, where we expect a similar comment as in
footnote 7 to apply.

Concluding, we see that the hierarchy of multiple elliptic Gamma functions Gr and
their modular properties fit quite naturally into expected factorization properties of (2r + 2)-
dimensional superconformal indices of the free minimally supersymmetric matter multiplet.
The key to the modular properties in all these cases is that upon cutting open the manifolds,
the geometric factors always contain a T 2 consisting of the time circle and the Hopf fiber
of the odd-dimensional sphere. Because of this, the splitting of the compact manifolds for
fixed complex structure turns out to be ambiguous and can be labeled by elements in the
SL(2,Z) ⊂ SL(r + 2,Z) subgroup corresponding to the large diffeomorphisms of these T 2s.
This was explored in detail in four dimensions [60], where the resulting modular structure
was called modular factorization. We expect that a very similar story extends to the other
dimensions as well, along the lines of the above exposition.

3.2 Identification with the free scalar partition function

Inspired by the observations of [64], we now note that the partition function of the free scalar
in even dimensions d = 2D can be written in terms of Gd−1 by comparing the plethystic
expressions in (2.6) and (3.6).9 For example,

• In d = 2, the partition function (2.9) can be written in terms of the elliptic Gamma
function:

Z2(τ, τ̄) = lim
z→0

(1 − e2πiz)Γ(z, τ, τ̄) = Z2(τ)Z2(τ̄) (3.13)

This reflects the well-known fact that Γ(z; τ0, τ1) has a simple pole at z = 0 with a
factorized residue ((q0; q0)∞(q1; q1)∞)−1. This divergence only occurs in d = 2 and is
related to the fact that free scalars in two dimensions are dimensionless.

9The scalar partition function in odd d = 2D + 1 dimensional spacetime does not match with multiple
elliptic Gamma functions. In particular, the relative sign of the terms in the numerator of the plethystic
exponent in (2.6) does not match the number of factors in the denominator of the multiple elliptic Gamma
function G2D. Nonetheless, the functions are still rather closely related and we will make some further
comments on odd dimensions in section 5.
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• In d = 4, we find a match with G3(z|τ0, τ1, τ2, τ3) through the identification:

z = τ, τ0 = τ + θ1, τ1 = τ + θ2, τ2 = τ − θ1, τ3 = τ − θ2 , (3.14)

where we recall our convention (2.2). That is, we can write the 4d partition function as

Z4(τ, θi) = G3(τ |τ + θ1, τ + θ2, τ − θ1, τ − θ2) . (3.15)

• In general d = 2D, the partition function (2.6) can be written as

Z2D(τ, θi) = G2D−1((D − 1)τ |τ) (3.16)

where
τ2i−2 = τ − θi, τ2i−1 = τ + θi, i = 1, . . . , D (3.17)

These identifications rely on two main facts: 1) the BPS operators contributing to super-
conformal indices in 2d dimensions contain only d spacetime derivatives (see section 3.1 for
references), matching the number of derivatives acting on the free scalar in d dimensions, and
2) the contributions of BPS fermionic operators in the superconformal theory are weighed
by (−1)F . This relates closely to the constraint due to the equation of motion on the free
scalar Hilbert space (see section 2.1).

The identifications are somewhat reminiscent of the connection between Schur indices
of 4d N = 2 SCFTs and characters of (non-unitary) VOAs [56], and also of the connection
between the 4d free, large N Yang-Mills partition function in the confined phase with the
chiral partition function of a 2d irrational CFT [58, 59]. In particular, in the latter works a
chemical potential z is introduced in the 2d CFT which also has to be specialized for the
matching to occur. We will further comment on these works in section 5.

In the following, we use this identification and the modular properties of Gr to present an
exact, closed form expression for the partition function which is a function of the S-transformed
variables − 1

τi
. We comment on a potential geometric interpretation in section 5.

3.3 Unrefined partition function

In this section, we apply the modular property to calculate the asymptotics of the unrefined
scalar partition function. That is, we take θi = 0 so that all chemical potentials are equal:
τi = τ . We first set up notation and collect the relevant formulas.

For convenience of notation we define the unrefined multiple Gamma function as

Gr(z; τ) = Gr(z|τ, τ, . . . , τ ) (3.18)

Note that to obtain the d-dimensional scalar partition function, we have to further spe-
cialize z as

Zd=r+1(τ) ≡ Gr

(
r − 1

2 τ ; τ
)
. (3.19)

We will sometimes refer to this specialization as the trans-unrefined limit. We also define
the corresponding Bernoulli polynomial by

Br(z; τ) ≡ Brr(z|τ, τ, . . . , τ, 1) (3.20)
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where we have simply set ωr+2 = 1 to avoid writing the homogeneous variables.
When specializing the modular property (3.7) for τi = τ , some care is required. Indeed,

this specialization implies (setting ωr+2 = 1):

ω1 = . . . = ωr+1 = τ . (3.21)

Comparing with (3.7), we immediately note that all but one of the Gr functions involved
obtain real arguments, but recall that Gr(z|τ) is only defined when τi ∈ C \ R. However, it
turns out that the resulting divergences cancel among the Gr functions, and a well-defined
non-trivial equation remains.10

To avoid dealing with these divergences, we present an alternative form of the modular
property which is manifestly finite in the unrefined limit. To get there, let us first recall
Theorem 14 of Narukawa’s work [76]. This replaces the Gr functions with an infinite product
of normalized multiple Sine functions Sr(z|τ):

Gr(z|τ) = exp
[
− 2πi

(r + 2)!Br+2,r+2(z|τ , 1)
]

×
∞∏

k=0

Sr+1(z + k + 1|τ)(−1)r
Sr+1(z − k|τ)(−1)r

exp{ iπ
(r+1)! [Br+1,r+1(z + k + 1|τ) −Br+1,r+1(z − k|τ)]}

(3.22)

where Sr(z|τ) is defined in appendix A.1. This equation is defined for τj ∈ C \ R without
any restriction on the ratios of τj . Comparing with the conditions imposed below (3.7), we
see that the domain of analyticity is enlarged.11 To recover the original form of the modular
property from this expression, one uses the representation of the multiple Sine function in
terms of generalized q-Pochhammer symbols (A.9) and the definition of Gr in (3.5).

There is, however, a remaining subtlety with the expression (3.22): the infinite products
of numerator and denominator is not separately defined; only the ratio is finite. Let us
denote this ratio by ψr(z|τ):12

ψr(z|τ)Sr(z|τ) = exp
[
(−1)r−1πi

r!Brr(z|τ)
]
. (3.23)

In terms of this function, the modular property becomes

Gr(z|τ) = exp
[
− 2πi

(r + 2)!Br+2,r+2(z|τ , 1)
] ∞∏

k=0

ψr+1(z + k + 1|τ)(−1)r+1

ψr+1 (|τ | − z + k|τ) (3.24)

where we used the reflection property13

ψr(z|τ)ψr(|τ | − z|τ)(−1)r = 1 . (3.25)
10For the example of the elliptic Gamma function, this was shown in detail in Theorem 5.2 of [51] (see

also [76]).
11This may be viewed as a generalization of how Faddeev’s quantum dilogarithm extends a ratio of two

ordinary q-Pochhammer symbols, naively defined for τ ∈ C \ R, to C \ R≤0 (see [95] or, e.g., the more recent
in discussion in [96]).

12See appendix A.1 for more details.
13This can be derived from (3.3) and (A.11).
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We can now safely take the unrefined limit τi = τ . We then use the homogeneity property (A.7)
of Sr(z|τ) and (3.23) to write

ψr(z|τ, . . . τ ) = ψr

(
z

τ

∣∣∣1, . . . , 1) ≡ ψr

(
z

τ

)
. (3.26)

This allows us to rewrite (3.24) in the unrefined limit as

G(z; τ) = exp
[
− 2πi

(r + 2)!Br+2,r+2(z; τ)
] ∞∏

k=0

ψr+1
(

z+k+1
τ

)(−1)r+1

ψr+1
(

(r+1)τ−z+k
τ

) . (3.27)

This is the modular property we will use in the remainder of this section. We note that
the specialization obscures the geometric interpretation of the modular property mentioned
in section 3.1. It would be very interesting to find an alternative expression which, in the
unrefined limit, reflects the underlying geometry more closely.

Finally, we will make use of integral representations of these functions. In particular,
Sr(z) ≡ Sr(z|1, . . . , 1) has an integral representation (see appendix A.1)

Sr(z) = exp
[
−π

∫ z

zr

(
t− 1
r − 1

)
cot(πt)dt

]
. (3.28)

The zr indicate constants which are determined by Sr(zr) = 1. From here, we can work out
the integral representation of ψr(z) ≡ ψr(z|1, . . . , 1) up to a constant ar

ψr(z) = ar exp
[
2πi

∫ z

−i∞

1
e2πit − 1

(
t− 1
r − 1

)
dt

]
. (3.29)

We can calculate ar = 1 making use of the explicit values of zr, which in turn can be
determined from the values Sr(1),14 [75]. For example, we have

S2(1) = S4(2) = S6(3) = 1 . (3.30)

For other values of r, such values can also be worked out [75].

3.3.1 d = 4

We now calculate the all-order asymptotics of the unrefined 4d free scalar partition function,
making use of the identification

Z4(τ) = G3(τ ; τ) , (3.31)

and the modular property in the form (3.27):

G3(z; τ) = exp
[
−2πi

120B5(z + 1; τ)
] ∞∏

k=0

ψ4
(

z+k+1
τ

)
ψ4
(
4 − z−k

τ

) . (3.32)

14See also (A.16) for the analytic expression for Sr(1).
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We can find a completely explicit expression by carrying out the integral defining ψ4(z):

ψ4(z) = exp
[
2πi

∫ z

−i∞

(t− 1)(t− 2)(t− 3)
6(e2πit − 1) dt

]
(3.33)

which is defined for Im(z) < 0. By expanding the geometric series and integrating terms,
we find:

ψ4(z) = exp
[

(z − 1)(z − 2)(z − 3)
6 ln(1 − e−2πiz) + i(3z2 − 12z + 11)

12π Li2(e−2πiz)

+ z − 2
4π2 Li3(e−2πiz) − i

8π3 Li4(e−2πiz)
]
, (3.34)

where Lir(x) is the rth polylogarithm. We now take the trans-unrefined limit z = τ to find:

G3(τ ; τ) = exp
[
−2πi

120B5(τ + 1; τ)
] 1
ψ4(3)

∞∏
k=0

ψ4
(

τ+k+1
τ

)
ψ4
(
4 − τ−k−1

τ

) . (3.35)

The number ψ4(3) can be evaluated as:

ψ4(3) = exp
[19πi

720 − ζ ′(−2)
]
. (3.36)

Together with the explicit expression (3.34), the formula (3.35) provides a beautiful rewriting
of the 4d scalar partition function. In particular, this function manifests the exact high
temperature asymptotics τ → 0+i. To see this, we first note that limz→−i∞ ψ4(z) → 1 +
O(e−2πiz). Now, we have for Im(τ) > 0 that

Im
(
τ + k + 1

τ

)
> 0, (k ≥ 0); Im

(
4 − τ − k − 1

τ

)
> 0, (k ≥ 0) . (3.37)

Therefore, in the limit τ → 0+i the arguments of the ψ4(z) go to −i∞, and we can com-
bine (3.35) and (3.36) to find:

Z4(τ) ∼ exp
[
−2πi

120B5(z + 1; τ)
] 1
ψ4(3)

(
1 + O(e− 2πi

τ )
)

= exp
[
− iπ

360τ3 + ζ ′(−2) − iπτ

120

] (
1 + O(e− 2πi

τ )
)
.

(3.38)

This result is consistent with Meinardus’ theorem, as reviewed in section 2.3, but captures
in addition the O(τ) correction. More importantly, our exact expression efficiently encodes
all non-perturbative corrections as well. To calculate those, we simply expand

∞∏
k=0

ψ4
(

τ+k+1
τ

)
ψ4
(
4 − τ−k−1

τ

) (3.39)

to any order O(e− 2πin
τ ) for n ≥ 0, making use of the explicit expression for ψ4(z). In

particular, we note that the kth factor only contributes at order O(e− 2πi(k+1)
τ ). Equivalent

results were recently obtained in appendix C of [29], making use of the formalism described
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in section 2.3. Our result can be viewed as a resummation of their exact asymptotics in
terms of the special function ψ4(z).

The modular property (3.35) can be viewed as the integrated version of the more
conventional modular property (2.19) of E(τ), the τ -derivative of Z4(τ), as derived a long
time ago by Cardy [20] (see also [66]). In particular, we can check that the τ -derivative of
our Bernoulli polynomial precisely reproduces their modular anomaly:

∂τ

[
−2πi

120B5(τ + 1; τ)
]

= 2πiB4
8

(
1 − 1

τ4

)
= E(τ) − 1

τ4E

(
−1
τ

)
. (3.40)

An enlightening way to understand this modular property is to write

E(τ) =
∑

n

dnEn

e−2πiτEn − 1

and recall Ramanujan’s formula [66, 70]

(πiτ)p
∑

n

n2p−1

e2πinτ − 1 −
(
πi

τ

)p∑
n

n2p−1

e− 2πin
τ − 1

=
[
(πiτ)p −

(
πi

τ

)p] B2p

4p . (3.41)

The fact that the summand is close to the integrand in the integral representation of ψr(z)
explains why the derivative of partition function lnZ behaves as a modular form.

The asymptotic growth of the density of states can be computed by inverse Legendre
transformation followed by saddle point approximation, resulting in

ρ(∆) ∼ 1

2
√

2 8√15
(
∆ + 1

240

) 5
8

exp
[

4π
3 4√15

(
∆ + 1

240

) 3
4

+ ζ ′(−2)
]
. (3.42)

The difference between asymptotic growth (3.42) and the prediction by Meinardus’ theo-
rem [65] is the shift by 1/240 in the conformal dimension. This reminds us of the Casimir
energy −c/24 in two dimensional conformal field theory, which similarly appears as a shift
in the conformal dimension in Cardy’s formula [1]. To see this analogy more explicitly, we
can consider c free scalars. In this case, the asymptotics simply become

Z(τ) ≡ exp
[
− ciπ

360τ3 + cζ ′(−2) − iπcτ

120

]
. (3.43)

The density of states, in turn, reads:

ρ ∼ c
1
8

2
√

2 8√15
(
∆ + c

240
) 5

8
exp

[
4π

3 4√15
c

1
4

(
∆ + c

240

) 3
4

+ cζ ′(−2)
]
. (3.44)

3.3.2 6d free scalar

The free scalar theory in six dimensions can be analyzed similarly. In particular, the 6d
partition function with angular potentials turned off can be written in terms of G5(z|τ):

Z6(τ) = exp
[ ∞∑

l=1

1
l

q2l(1 − q2l)
(1 − ql)6

]
≡ G5(2τ ; τ) . (3.45)
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Specializing the modular property in the form (3.24) for τi = τ we find

G5(z; τ) = exp
[
−2πi

7! B7(z + 1, τ)
] ∞∏

k=0

ψ6
(

z+k+1
τ

)
ψ6
(
6 − z−k

τ

) . (3.46)

From (3.29) we have the integral representation of ψ6(z):

ψ6(z) = exp
[
2πi

∫ z

−i∞

1
e2πit − 1

(
t− 1

5

)
dt

]
. (3.47)

We now take z = 2τ and calculate the τ → 0+i asymptotics in complete analogy with the 4d
case. The asymptotics up to non-perturbative corrections is given by

Z6(τ) ∼ exp
[
−2πi

7! B77(2τ + 1, τ)
] 1
ψ6(4)

(
1 + O(e− 2πi

τ )
)
. (3.48)

From the integral representation, ψ6(4) is evaluates to

ψ6(4) = 120689iπ
60480 − 1

12
[
ζ ′(−4) − ζ ′(−2)

]
. (3.49)

Therefore, the asymptotics of the 6d scalar partition function is

lnZ6(τ) ∼ iπ

15120τ5 + iπ

4320τ3 + 1
12
[
ζ ′(−4) − ζ ′(−2)

]
+ 31iπτ

30240 + O(e− 2πi
τ ) . (3.50)

This result is again consistent with Meinardus’ theorem (2.21) but also produces the O(τ)
correction. Furthermore, the non-perturbative corrections are also easily derived from our
exact expression (3.46). In particular, one first integrates (3.47) to obtain an expression in
terms of poly-logarithms similar to the 4d case, and then expand

∞∏
k=0

ψ6
(

2τ+k+1
τ

)
ψ6
(
6 − 2τ−k−1

τ

) . (3.51)

Again, this provides an exact, closed-form expression for the all order asymptotics, which
resums the exact asymptotics obtained in [29].

3.4 Refined partition function

We now extend our analysis to the 4d partition function including angular potentials. This
was identified with G3(z|τ) in (3.15), which we recall for convenience:

Z4(τ, θi) = G3(τ |τ + θ1, τ + θ2, τ − θ1, τ − θ2) . (3.52)

We write θi = τΩi with |Ωi| < 1 and find it convenient to again use the modular property
in the form (3.24). Explicitly, the modular property reads

G3
(
τ
∣∣∣τ(1 + Ω1), τ(1 + Ω2), τ(1 − Ω1), τ(1 − Ω2)

)
= exp

[2πi
120B55(τ

∣∣τ(1 + Ω1), τ(1 + Ω2), τ(1 − Ω1), τ(1 − Ω2),−1)
]

×
∞∏

k=0

ψ4
(

τ+k+1
τ |1 + Ω1, 1 + Ω2, 1 − Ω1, 1 − Ω2

)
ψ4
(
3 + k

τ |1 + Ω1, 1 + Ω2, 1 − Ω1, 1 − Ω2
) .

(3.53)
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Similar to the unrefined case, the k = 0 term in the denominator contributes at O(τ0) while
all other terms in the product contribute only at non-perturbative order O(e− 2πi

τ ). We
notice, however, that in this case we require an integral representation of ψ4(z|τ), which
is considerably more complicated than the one for ψ4(z) [76]. An alternative definition of
ψ4(z|τ), in terms of generalized q-Pochhammer symbols (A.11), does not apply since the
arguments in this specialization are real. For this reason, it is more difficult, although in
principle possible, to calculate the non-perturbative corrections order by order in this case
as compared with the unrefined case.

We can still easily calculate the τ → 0 asymptotics up to non-perturbative order. For
convenience, we define the k = 0 term as

ψ4(3|1 + Ω1, 1 + Ω2, 1 − Ω1, 1 − Ω2) = exp[2πiΨ(Ω1,Ω2)] (3.54)

for which we only have an implicit definition in terms of the integral representation of
ψ4(z|τ) [76]. The asymptotics is then calculated as

lnZ4(τ, τΩi) = πi

360τ3(1 − Ω2
1)(1 − Ω2

2) + πi(Ω2
1 + Ω2

2)
72(1 − Ω2

1)(1 − Ω2
2)τ − 2πiΨ(Ω1,Ω2)

+ πi
3(Ω4

1 + Ω4
2) + 5Ω2

1Ω2
2 − 17(Ω2

1 + Ω2
2) − 19

720(1 − Ω2
1)(1 − Ω2

2)

+ πi
3(Ω4

1 + Ω4
2) + 5Ω2

1Ω2
2 + 3(Ω2

1 + Ω2
2) − 3

360(1 − Ω2
1)(1 − Ω2

2) τ + O
(
e− 2πi

τ

)
(3.55)

where the rest of terms are non-perturbative in the τ → 0 limit.
The asymptotics enables us to compute the asymptotic degeneracy of states for given

energy and angular momenta. This was also studied in [29], but we include the analysis
for completeness.

Small angular momenta. Let’s first consider the regime where the angular momenta are
small compared to the energy but still large enough to do a saddle point approximation.

We assume ∆, J1, J2 ≫ 1 but subject to

1 ≪ J1, J2 ≪ ∆ . (3.56)

In this case, the chemical potentials related to angular momenta can be assumed to be much
smaller than 1. We can therefore consider the first term in (3.55) and expand in terms of Ωi:

Q5(Ω1,Ω2) ∼ 1
720τ3(1 − Ω2

1)(1 − Ω2
2) = 1

720τ3 (1 + Ω2
1 + Ω2

2) + O(Ω4) (3.57)

To calculate the density of state, we extremize:

Fs(τ,Ω1,Ω2) = − πi

360τ3 (1 + Ω2
1 + Ω2

2) − 2πiτ∆ − 2πiτΩ1J1 − 2πiτΩ2J2 (3.58)

This results in the asymptotic density of states in the regime of interest:

ln ρ(∆, J1, J2) = 2 9
4π∆ 3

4
√

15

( x

1 −
√

1 − 15x

) 3
4

+ 1
5

(
1 −

√
1 − 15x
x

) 1
4
 (3.59)

where x = J2
1 +J2

2
E2 . We can see when x → 0, the (3.42) is reproduced.
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Fast rotating regime. We also consider the fast rotating limit for which Ωi → −1. The limit
Ω → 1 is similar due to the symmetry in (3.53). In this case, we parametrize Ωi = −1 − ωi.
The entropy functional becomes

Ff (τ, ω1, ω2) = − πi

1440ω1ω2τ3 − 2πi(∆ − J1 − J2) + 2πiτω1J1 + 2πiτω2J2 (3.60)

This functional is extremized by

ω1 = −∆ − J1 − J2
J1

, ω2 = −∆ − J1 − J2
J2

, (3.61)

and the asymptotic density of states in this limit is computed to be

ln ρ(∆, J1, J2) = 2
√

2√
3 4√5

π 4
√

(∆ − J1 − J2)J1J2 (3.62)

As we expect ωi to be small, then ∆ should be close to the unitarity bound:

∆ − J1 − J2 ≥ 0, Ji > 0 . (3.63)

4 Root-of-unity asymptotics

In section 3, we derived explicit and exact expressions of free scalar partition functions in
terms of the modular transformed variable − 1

τ . To derive these expressions, we made use
of the identification of the partition function with the multiple elliptic Gamma functions
Gr(z|τ) and their modular properties.

In this section, we demonstrate how this connection can also be used to derive expressions
in terms of a general modular transformed variable kτ+l

mτ+n . The resulting expressions can
then be used to calculate the “root-of-unity” asymptotics of the partition function, where
τ → − n

m + 0+i. Such limits are well-studied in the context of 2d CFT and play a prominent
role in holography [7, 97]. The very recent work [31] studies these limits in higher dimensional
CFTs.15 As in section 3, we will see that our method produces explicit, closed form expressions,
which make use of the underlying modular structure, and make the asymptotics manifest.

We start with a multiplication formula for G3(z|τ):

G3(z|τ0, τ1, τ2, τ3) =
m−1∏
a0=0

m−1∏
a1=0

m−1∏
a2=0

m−1∏
a3=0

G3

(
z +

3∑
i=0

aiτi

∣∣∣mτ0 + n0,mτ1 + n1,mτ2 + n2,mτ3 + n3

)
(4.1)

This formula is derived in appendix B. We will only be interested in the unrefined limit with
τi = τ . In this case, the multiplication formula can be rewritten as

G3(z; τ) =
4m−4∏
c=0

G3(z + cτ +Nc;mτ + n)d(c) (4.2)

where d(c) is an integer depending on c. Its explicit piece-wise form is parametrized in
terms of four functions di(c) which are explicitly listed in appendix B. We plot an example
for m = 7 in figure 1.

15The root-of-unity asymptotics has also been of interest in the context of the 4d superconformal index, in
particular in connection to AdS5 black holes [98–102].
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Figure 1. The piece-wise function dA(c) for m = 7 as 0 ≤ c ≤ 4m−4. From left to right, the different
colors represent difference pieces. There are four disconnected pieces, labelled as I, II, III, IV. Notice
d(c) are only defined on integer points.

We now obtain a formula in terms of the modular transformed variable by simply
applying (3.32), the modular property of G3(z; τ), to each function on the right hand side
of (4.2). More specifically, each factor in (4.2) is replaced by:

G3(z + cτ +Nc;mτ + n) = exp
[
−2πi

120B5 (z + cτ +Nc + 1;mτ + n)
]

×
∞∏

k=0

ψ4
(

z+cτ+Nc+k+1
mτ+n

)
ψ4
(
4 − z+cτ+Nc−k

mτ+n

) (4.3)

The resulting formula provides us with an exact, albeit unwieldy expression for G3(z; τ) in
terms of a general modular transformed variable. In particular, upon setting z = τ , the
formula encodes the all-order asymptotics of the unrefined 4d free scalar partition function in
the limit τ → − n

m + 0+i. Notice that the dependence on Nc on the right hand side should
cancel since the left hand side is periodic under z → z + 1. We use this independence below
to set Nc such that the limit τ → − n

m is most easily taken.
Before proceeding with the asymptotics, let us make some comments. Compared to

the analysis for τ → − 1
τ in section 3.3, in particular formula (3.32), the number of factors

in the resulting expression for G3(z; τ) is much larger and in particular depends on m, the
SL(2,Z) parameter. In principle, this does not pose a fundamental problem for, say, the
asymptotic analysis. However, in practice, the expression becomes rather unwieldy to work
with. Furthermore, this formula obscures the already unconventional modular property in
that the number of functions involved seems to depend on the SL(2,Z) parameter. We
strongly suspect that, in fact, there exists a much simpler formula where all factors collapse
into a single term.16 This suspicion is based on a similar phenomenon occurring for the elliptic
Gamma function. Very briefly, the derivation of the general modular property of the elliptic

16See also [77, 78, 103].
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c value ψ4 value Degeneracy
m− 1 ψ4(3) dII(m− 1)
2m− 1 ψ4(2) dIII(2m− 1)
3m− 1 ψ4(1) dIV(3m− 1)

Table 1. Constant order contributions to the asymptotics of (4.3).

Gamma function in [60] (appendix D) involves the same strategy as above, but includes one
further step. Namely, just as above, one first uses the appropriate multiplication formula and
applies the analogue of (4.3) to each factor. However, in the final step, the multiplication
formula is used again in the opposite direction to collapse the number of factors on the right
hand side. We leave this step in the present case to future work.

Let us now continue with the root-of-unity asymptotics. Similar to section 3.3, there are
two types of contributions. In terms of lnG3(τ ; τ), there are power law contributions coming
from the Bernoulli polynomial and there is a constant contribution and non-perturbative
contributions coming from the product over ψ4 functions. To take the limit, we now show
that there is a unique choice of Nc such that the ψ4 functions do not diverge in the τ → − n

m

limit. This choice turns out to be:

Nc =
⌊(c+ 1)n

m

⌋
(4.4)

where ⌊·⌋ is the floor function. To see this, just like in section 3.3, we check that the arguments
of all ψ4 functions approach −i∞ in the limit, or in exceptional cases, are constant. Setting
z = τ , the arguments of the ψ4 functions in the numerator involve

τ + cτ +Nc + k + 1 = (c+ 1)(mτ + n) − n

m
+
⌊(c+ 1)n

m

⌋
+ k + 1 . (4.5)

This is always positive for τ → − n
m + 0+i so that

Im
(
z + cτ +Nc + k + 1

mτ + n

)
→ −∞ (4.6)

and the functions ψ4
(

z+cτ+Nc+k+1
mτ+n

)
→ 1 + O(e− 2πi

mτ+n ). For the ψ4 functions in the de-
nominator, we similarly find

4 − τ + cτ +Nc − k

mτ + n
→ 4 +

k + (c+1)n
m − ⌊ (c+1)n

m ⌋
mτ + n

− c+ 1
m

. (4.7)

Again, the imaginary part generically goes to −i∞ except when ⌊ (c+1)n
m ⌋ is an integer and

k = 0. These exceptions correspond to three values of c:

c = m− 1, 2m− 1, 3m− 1 . (4.8)

In these cases, the k = 0 terms in the respective factors in (4.2) contribute a constant
listed in the following table:
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Similar to the case of the elliptic Gamma function [60, 100, 103], the sum of all B5
Bernoulli polynomials, coming from the replacement of (4.3) in (4.2), for the choice of Nc

in (4.4) combine into a simple expression. We will denote this sum by Q
(m,n)
5 (z; τ) and

find that it is equal to:

Q
(m,n)
5 (z; τ) = 1

m
B5(mz + n+ 1;mτ + n) + C5(m,n) (4.9)

where we refer to appendix B for more details. We note that this holds even for z ̸= τ .
We have not determined a simple expression for the constant C5(m,n), but we note here
that in the case of the elliptic Gamma function a similar constant can be expressed in
terms of interesting number-theoretic quantities such as the Dedekind sum s(n,m) and
generalizations [60]. An explicit formula for this constant is written in (B.10).

Using the expression (4.9) and the constant contributions from table 1, we find the
leading order asymptotics for τ → − n

m to be

G3(τ ; τ) ∼ exp
[
−2πiQ(m,n)

5 (τ ; τ)
]

exp
[
m2ζ ′(−2) + iπ(m2 − 20)m

720
(
1 + O(e− 2πi

mτ+n )
)]
(4.10)

The real constant term in (4.10) generalizes the prediction by Meinardus’ theorem. We also
note that the ζ ′(−2) term has appeared before and was called the subleading topological
entropy in [104]. We thus find the root-of-unity asymptotics of the 4d free scalar partition
function to be

lnZ4(τ) ∼ −iπ
360m(mτ + n)3 +m2ζ ′(−2) − 2πiC5(m,n)

+ iπ(m2 − 1)(m2 − 19)
720m − iπ(mτ + n)

120m .

(4.11)

Pulling out m in the denominator of the first terms, we obtain 1/m4 scaling at leading order
consistent with [31]. From this equation, to leading order, we can evaluate the asymptotic
density of states to be

ρ(∆) ∼ exp
( 4π

3m 4√15
∆

3
4

)
. (4.12)

The 1/m factor in the exponent indicates a Zm quotient, which features explicitly in [31].
The presence of such a factor was also noted in the context of superconformal indices at
roots of unity [98–101, 105].

5 Discussion and future work

In this paper, we identified the multiple elliptic Gamma function Gr with an analytic
continuation, in temperature and angular potentials, of the thermal partition function of
conformally coupled free scalars in even dimensions d = r + 1 on Sr × S1.

The natural habitat of the functions Gr, however, is in the context of superconformal
indices of free minimally supersymmetric matter multiplets in dimension 2d = 2r + 2, i.e.,
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supersymmetric partition functions on S2r+1 × S1. The modular properties satisfied by
multiple elliptic Gamma functions have a beautiful geometric interpretation in terms of
splitting properties of S2r+1 × S1 geometric backgrounds, as summarized in section 3.1. The
torus consisting of the time circle and the Hopf fiber of the odd-dimensional spheres plays a
crucial role. As we have seen in section 3.2, the specialization required to match the multiple
elliptic Gamma function with the free scalar partition functions for real temperature and
angular potentials obscures this geometric interpretation. Nonetheless, one still finds an
equation which expresses the free scalar partition function Zd(τ) in terms of functions of
a modular transformed variable − 1

τ , or more generally kτ+l
mτ+n .

A key question is now: does the geometric interpretation of the modular property in
d = 2r + 2 teach us anything about the interpretation of the modular property of the
free scalar in d = r + 1? Such an interpretation would be very valuable, with potential
applications both to the underlying mathematics and also the extension to more general
(non-supersymmetric) CFTs. Naively, this seems tricky since almost everything is distinct:
in 2d dimensions, we compute an index for a supersymmetric theory while in d dimensions
we compute a thermal partition function for a non-supersymmetric theory.17 One way to
make progress may be to note that the variables τ of the multiple elliptic Gamma function
can be understood as complex structure moduli of the S2r+1 × S1 geometry.18 It seems
possible that the specialization of these parameters, required to match the free scalar, singles
out an Sr × S1 submanifold inside S2r+1 × S1.

As an example of what we mean by this in the case r = 3, we note that S3 × S1 can
be viewed as a submanifold of S7 × S1 through the S3 ↪−→ S7 → S4 Hopf fibration of S7. It
would be interesting to understand if the quadrisection of S7 ×S1, as discussed in section 3.1,
can be effectively viewed as a bisection of S3 × S1. Now, whereas the full modular property
of G3(z; τ) has a natural interpretation in terms of the quadrisection S7 × S1, it may be that
the specialization is more naturally interpreted in terms of the bisection of S3 × S1. More
specifically, this would mean that the right hand side of the modular property:

Z4(τ) = exp
[
−2πi

120B5(τ + 1; τ)
] 1
ψ4(3)

∞∏
k=0

ψ4
(

τ+k+1
τ

)
ψ4
(
4 − τ−k−1

τ

) , (5.1)

could be interpreted in terms of the splitting of S3 × S1 into two D2 × T 2 geometries and the
associated concept of modular factorization [60].19 To actually identify which terms on the
right correspond to which D2 × T 2 partition function, we see two ways forward. Either, one
should independently calculate the D2 × T 2 partition functions and identify an appropriate
product of two of such partition functions with (5.1). Alternatively, one may attempt to derive
an alternative version of (5.1) which does not obscure the underlying geometry. For example,

17As we noted in section 3.2 and will further comment below, similar observations have however been made
in different contexts. Sometimes, there is a good understanding of the identification, for example at the level
of Hilbert spaces [56].

18See, e.g., [106, 107], where the chemical potentials of the 4d superconformal index are matched with the
complex structure moduli of a Hopf surface. A similar story applies to other dimensions as well.

19In work in progress, we present a Hamiltonian picture of modular factorization in the context of 4d
supersymmetric field theories. The emerging picture seems to suggest that this idea could be extended to (at
least) free non-supersymmetric CFTs [84].
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starting off with the full modular property, one could try to take the specialization while
carefully keeping track of the individual G3 functions, which have a clear geometric origin.

We now mention some potential applications and generalizations of our results. We first
note that a similar relation has been found in the context of Schur indices of four-dimensional
N = 2 SCFTs and characters of two-dimensional, non-unitary VOAs [56].20 In particular,
the N = 2 hypermultiplet is mapped onto a pair of symplectic bosons, which would be the
analogue of our identifications of free chiral multiplets with free scalars, and the N = 2 vector
multiplet is mapped onto bc ghosts. In their case, the matching extends to a matching between
Hilbert spaces, or more precisely the Q-cohomology classes of Schur-operators in the SCFT
and the VOA associated with the 2d CFT. Central to our findings is that the appearance of a
constraint, namely the equation of motion, in the partition function of the free scalar becomes
reinterpreted in terms of the higher-dimensional supersymmetric index (see section 3.2).
Non-unitary CFTs are well-known to implement (gauge) constraints in path integrals. Even
though the analogy is not perfect, the similarities are quite strong ann we believe it will be
interesting to further explore. For example, our observations could potentially shed light on
the so-far somewhat mysterious role of non-unitarity in the Schur/VOA correspondence. In
the other direction, it would be very interesting if our match can be extended beyond the
partition functions to a match between an appropriate Q-cohomology of the 2d-dimensional
chiral multiplet and local operators of the free scalar field theory.

As generalizations of our results, it is natural to ask what our findings could imply for
more general, interacting CFTs. Recently, the framework of thermal effective field theory was
succesfully applied to the study of the high-temperature limit of general CFTs [29–31]. The
framework thus replaces the role of modularity in two-dimensional CFT. For the special case
of the free scalar, it turns out that the framework fails but only in a minor way. This is due to
the fact that the free scalar, upon compactification on the thermal circle, has a gapless mode
whose contribution is not captured by the formalism. More specifically, the O(β0) term in
the high-temperature expansion (see (3.38)) cannot be reproduced. Another special, but not
inconsistent, feature of the free scalar is that its expansion truncates after O(β), which is not
expected for general CFTs. On the other hand, non-perturbative corrections, as succinctly
encoded in the full modular property (5.1), do take the form expected for general CFTs.
Our takeaway is twofold: having a simple, exact result for the free scalar could be helpful
in understanding non-perturbative corrections for more general CFTs. More speculatively,
the fact that for the free scalar the modular property is able to capture the full thermal
effective action, including the gapless contribution, and the thermal effective action is up
to the Wilson coefficients completely universal, suggest perhaps a relation between at least
an O(β) truncation of the thermal effective action for general CFTs and some notion of
modularity. If this were the case, it is conceivable that the modular property could relate the
Wilson coefficients of the thermal effective action to conformal and/or ’t Hooft anomalies
of the CFT, which famously arise in modular properties of 2d CFTs, but also for indices
of higher-dimensional SCFTs, see, e.g., [40, 52].

The modular properties observed for the free scalar may also extend to other, integrable
quantum field theories. In fact, as noted in [51], an early occurrence of the elliptic Gamma

20See also [58, 59] for similar connections in the context of non-supersymmetric Yang-Mills theories.
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function was in the context of the free energy of the eight-vertex lattice model [108], see
also [109, 110] for more recent discussions in the context of elliptic integrable systems. We are
not aware of connections between multiple elliptic Gamma functions Gr(z|τ) and integrable
models. If such examples exist, they may provide additional examples where our generalized
notion of modularity could find applications.

As immediate future directions, we would like to study: (i) Scalars in odd dimension;
(ii) Fermions in various dimensions; (iii) Scalars in AdS, dS spaces [66]. The difficulty of
constructing a modular property of the scalar partition function in odd dimensions (d = 3)
was already observed in [20]. Technically, this is due to the Hamiltonian zeta function D(d, s)
being a Hurwitz ζ-function instead of a Riemann ζ-function. An anti-periodic boundary
condition along the time circle can ameliorate the issues [20, 111]. From our perspective,
both free fermions in all dimensions and the free scalars in odd dimensions share the same
obstacle: their partition functions are not of the form of the multiple elliptic Gamma function.
However, the basic building blocks of their partition functions are generalized q-Pochhammer
symbols, which also appear in the definition of the multiple elliptic Gamma functions. As
such, these theories are not that far removed from our general framework either. The original
q-Pochhammer symbol (x; q)∞ has recently been understood as potentially the simplest
example of a (holomorphic) quantum Jacobi form [112]. It would be very interesting to
generalize this notion to generalized q-Pochhammer symbols, and study the implications for
the larger class of free CFTs as listed above along the lines of our work.

A final interesting direction is to revisit the mysterious SL(2,Z) duality between the
partition functions on two topologically distinct manifolds [32]:

lim
k,p→∞

Z
[
S1

2π/k × S3/Zp

]
= lim

k,p→∞
Z
[
S1

2π/p × S3/Zk

]
, k, p ∈ Z+ (5.2)

This duality was checked for free field theory, supersymmetric theories and holographic CFTs.
It would be interesting if our perspective could shed some light on this proposal, perhaps
also in the context of the recent work on twisted boundary conditions on the time circle [31].
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A Special functions

A.1 Multiple Sine function

The Barnes multiple zeta function was studied by [113] as the generalization of the Hurwitz
zeta function:21

ζr(s, z, ω) =
∑
n⃗≥0

1
(n⃗ · ω + z)s

(A.2)

The Barnes-MZ function (A.2) can be analytically continued to the complex plane s ∈ C.
The related multiple Gamma function is then defined as

Γr(z|ω) = exp
[
− ∂

∂s
ζr(s, z, ω)

∣∣∣
s=0

]
(A.3)

The multiple Sine functions Sr(z|ω) are defined as

Sr(z|ω) = Γr(z|ω)−1Γr(|ω| − z|ω)(−1)r (A.4)

The refined multiple sine functions have a few useful properties [75].

• Shift property:
Sr(z + ωi|ω) = Sr(z|ω)Sr−1(z|ω−(j))−1 (A.5)

where we use notation introduced at the beginning of section 3.

• Multiplication formula:

Sr(z|ω) =
m−1∏
ki=0

Sr (z + k · ω|mω) (A.6)

• Homogeneity: for c ∈ C − {0}

Sr(cz|cω) = Sr(z|ω) (A.7)

• Reflection property:
Sr(z|ω)Sr(|ω| − z|ω)(−1)r = 1 (A.8)

The multiple sine function can be expressed in terms of the generalized q-Pochhammer
symbol as [76]:

Sr(z|τ) = exp
[
(−1)r πi

r!Brr(z|τ)
] r∏

k=1
(xk; qk)(r−2)

∞

= exp
[
(−1)r−1πi

r!Brr(z|τ)
] r∏

k=1
(x−1

k ; q−1
k )(r−2)

∞

(A.9)

21This is also called multiple zeta function, but the terminology “multiple zeta function” is usually used as
the following generalization of Riemann zeta function

ζ(s, t) =
′∑

m,n≥0

1
msnt

(A.1)

We therefore refer to (A.2) as the Barnes multiple zeta function in order to distinguish from (A.1).
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provided that Im(τi/τj) ̸= 0 and where we defined

xk = e
2πi z

τk , qjk = e
2πi

τj
τk , qk = (q1k, . . . , q̌kk, . . . , qrk) (A.10)

Furthermore, Brr(z|τ) is degree r polynomial in z defined in (3.9). It is sometimes convenient
to introduce ψr(z) functions which are defined as the multiple sine functions without the
prefactor:

ψr(z|τ) =
[

r∏
k=1

(x−1
k ; q−1

k )(r−2)
∞

]−1

(A.11)

The two lines of (A.9) are defined for |qj | < 1 and |qj | > 1 respectively. Due to the
homogeneity condition, we can further simplify the multiple sine function by setting one of
the elliptic moduli to 1. For example, the S2(z|τ, 1) is simply

S2(z|τ, 1) = exp
[
πi

2 B22(z|τ, 1)
] ∞∏

j=0

1 − e2πi(z+jτ)

1 − e2πi( z
τ

− j+1
τ ) . (A.12)

This identity is essential for the holomorphic block factorization of 3d supersymmetric
partition functions [61].

The multiple sine functions defined in (A.4) are called normalized multiple sine function
in the literature [75]. There is another type of multiple sine function called primitive multiple
sine function [75], defined as

Sr(z) = exp
(
zr−1

r − 1

) +∞∏
n=−∞, ̸=0

Pr

(
z

n

)nr−1

(A.13)

where
Pr(z) = (1 − z) exp

(
z + z2

2 + . . .+ zr

r

)
(A.14)

The paper [75] showed the Sr(z) and Sr(z) are closely related. The relations is actually
very transparent in the following representations

S′
r

Sr
(z) = (−1)r−1

(
z − 1
r − 1

)
π cot(πz)

S ′
r

Sr
(z) = zr−1π cot(πz)

(A.15)

Given the differential form of multiple sine function (A.15), the functions are completely
fixed by an initial condition at special values. The Lemma 3.2 of [75] claims

Sr(1) = exp

−2
∑

2≤k≤r−1,even
a(r, k)ζ ′(−k)

 (A.16)

where a(r, k) are defined as

Cr−1
X+r−2 =

r−1∑
k=1

a(r, k)Xk (A.17)
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For concrete examples, we can use (A.16) to determine a few special values such as

S4(2) = 1, S2(1) = 1, S4(1) = e−ζ′(−2) (A.18)

These can then determine following integral representations of multiple sine functions

S2(z) = exp
[
−π

∫ z

1
(t− 1) cot(πt)dt

]
S4(z) = exp

[
−π

∫ z

2

(t− 1)(t− 2)(t− 3)
6 cot(πt)dt

] (A.19)

In order to derive the S2(z) from the refine expression (A.12), we should carefully take the
limit τ → 1. It turns out we can apply the Theorem 5.2 of [51] as follows.

lnS2 = πi

2 B22(z|τ, 1) +
∞∑

j=0
ln(1 − e2πi(z+jτ)) −

∞∑
j=0

ln(1 − e2πi( z
τ

− j+1
τ

))

= πi

2 B22(z|τ, 1) −
∞∑

l=1

1
l

e2πilz

1 − e2πiτl
−

∞∑
l=1

1
l

e2πil z−1
τ

1 − e−2πil/τ

(A.20)

By taking τ = 1 + ϵ and expand the expression to the order ϵ(0), we can see the divergent
piece in the limit ϵ → 0 will be cancelled and the finite piece will be non-trivial. The result
will exactly match with (A.19) after explicit integration.

A.2 Multiple elliptic Gamma function

The multiple elliptic Gamma function is defined in the work by Nishizawa [74] as a general-
ization of the elliptic Gamma function studied in [51]. Given the generalized q-Pochhammer
symbol (x; q)(r)

∞ = ∏∞
j0,...,jr=0(1 − xqj0

0 q
j1
1 . . . qjr

r ), the definition of multiple elliptic Gamma
function is

Gr(z|τ) = (q0 . . . qrx
−1; q)(r)

∞ ·
[
(x; q)(r)

∞

](−1)r

(A.21)

The known elliptic Gamma function Γ(z, τ, σ) studied in [51] is identically the G1(z|τ, σ),
while the q-θ function θ(z, τ) is precisely the G0(z|τ). For r ∈ Z, the Gr(z|ω) construct a
family of multiple elliptic Gamma functions. These functions share many similar properties
with the elliptic Gamma functions. For example, the following properties are obeyed [76]:

Gr(z + 1|τ) = Gr(z|τ), Gr(z|τ)G(z − τj

∣∣τ [j]) = 1
Gr(−z| − τ)G(z|τ) = 1, Gr(z + τj |τ) = Gr(z|τ)Gr−1(z|τ−(j)) .

(A.22)

B Multiplication formula

The multiplication formula is a useful tool in relating elliptic Gamma functions with moduli
τ to those with moduli mτ [51, 114]. It is also applied in [60] to understand the holomorphic
factorization of superconformal indices in the lens geometry L(p, q). The multiplication
formula of multiple elliptic Gamma function is based on the multiplication formula of
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generalized q-Pochammer symbols, which were defined in appendix A.2. The latter refers
to the following simple rewriting:

(x; q)(r)
∞ =

m−1∏
ai=0

∞∏
ji=0

(1 − xqmj0+a0
0 . . . qmjr+ar

r ) =
m−1∏
ai=0

(xqa0
0 . . . qar

r , qm)(r)
∞ (B.1)

where i = 0, . . . , r. The Gr(z|τ) can then be shown to satisfy

Gr(z|τ) =
m−1∏
a=0

Gr(z + a · τ |mτ + n) (B.2)

where a · τ = ∑r
i=0 aiτi ,mτ + n = (mτ0 + n0 , . . . , mτr + nr). A similar formula for the

elliptic Gamma function Γ(z, τ, σ) was obtained in [114].
In this work, we are interested in unrefined limit of the multiplication formula, by taking

τi = τ , ni = n for G3(z|τ), as we studied in section 4. The multiplication formula reduces to

G3(z ; τ) =
m−1∏
a=0

G3(z + (a0 + a1 + a2 + a3) τ ;mτ + n) (B.3)

We then need to count for given integer c subject to the condition

c = a0 + a1 + a2 + a3, 0 ≤ ai ≤ m− 1 (B.4)

what is the degeneracy of c for different values, considering the factors are independent of ai.
The useful fact is that two variable summation can be decomposed as

m−1∑
r=0

m−1∑
s=0

=
m−2∑
c=0

c∑
s=0

+
2m−2∑

c=m−1

m−1∑
s=c+1−m

=
m−2∑
c=0

(c+ 1) +
2m−2∑

c=m−1
(2m− 1 − c) (B.5)

We can use this formula to split the summation over ai into two pairwise groups.
m−1∑
a0=0

m−1∑
a1=0

m−1∑
a2=0

m−1∑
a3=0

=

m−2∑
a=0

a∑
a1=0

+
2m−2∑

a=m−1

m−1∑
a1=a+1−m

m−2∑
b=0

b∑
a3=0

+
2m−2∑

b=m−1

m−1∑
a3=b+1−m

 (B.6)

After summing over a1 and a3 we can then define c = a+ b. Then we can see four different
regions of summation of c will appear automatically

I : 0 ≤ c ≤ m− 2
II : m− 1 ≤ c ≤ 2m− 2

III : 2m− 1 ≤ c ≤ 3m− 3
IV : 3m− 2 ≤ c ≤ 4m− 4

(B.7)

and degeneracy function d(c) in each piece-wise domain will be

dI(c) = (c+ 1)(c+ 2)(c+ 3)
6 ,

dII(c) = 2m
3 (m2 + 11) + 2c(4 + c)m− 2(2 + c)m2 − (c+ 1)(c+ 2)(c+ 3)

2 ,

dIII(c) = (c+ 1)(c+ 2)(c+ 3)
2 − 4

3(11 + 12c+ 3c2)m+ 10(2 + c)m2 − 22m3

3

dIV(c) = (1 + c− 4m)(2 + c− 4m)(3 + c− 4m)
6 .

(B.8)
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For consistency checks, we can find
m−2∑
c=0

dI(c) +
2m−2∑

c=m−1
dII(c) +

3m−3∑
c=2m−1

dIII(c) +
4m−4∑

c=3m−2
dIV(c) ≡ m4 (B.9)

We can then replace each triple elliptic Gamma function on r.h.s. of (B.3) by the
corresponding phase polynomial B5. They will add up to give the phase polynomial of
G3(z, τ) as τ → −n/m:

Q
(m,n)
5 (z; τ) =

m−2∑
c=0

dI(c)B5

(
z + cτ +

⌊(c+ 1)n
m

⌋
+ 1;mτ + n

)

+
2m−2∑

c=m−1
dII(c)B5

(
z + cτ +

⌊(c+ 1)n
m

⌋
+ 1 ;mτ + n

)

+
3m−3∑

c=2m−1
dIII(c)B5

(
z + cτ +

⌊(c+ 1)n
m

⌋
+ 1 ;mτ + n

)

+
4m−4∑

c=3m−2
dIV(c)B5

(
z + cτ +

⌊(c+ 1)n
m

⌋
+ 1 ;mτ + n

)
= 1
m
B5(mz + n+ 1;mτ + n) + C5(m,n)

(B.10)

We can then use (B.8) to compute the extra constants in (B.10). Simply we can extract the
constant term K(m, c) in the Q5(z+ cτ +Nc,mτ +n) and the ones in 1

mQ5(mz+n,mτ +n).
The computation directly gives

K(m, c) = 30c4 − 240c3m+ 660c2m2 − 720cm3 + 251m4

12m5

(
m− 2cn+ 2m

⌊(c+ 1)n
m

⌋)
(B.11)

Then C5(m,n) in the phase (B.10) is precisely

C5(m,n) =
m−2∑
c=0

K(m, c)dI(c) +
2m−2∑

c=m−1
K(m, c)dII(c)

+
3m−3∑

c=2m−1
K(m, c)dIII(c) +

4m−4∑
c=3m−2

K(m, c)dIV(c) − 251(1 + 2n)
12m

(B.12)

where the last rational function comes from the constant term in 1
mQ5(mz + n;mτ + n).

The summand in (B.12) includes various structures

S(i)
k,1(n,m) =

m−1∑
c=1

ck
⌊(c− i)n

m

⌋
, k = 4, 5, 6, 7 (B.13)

Some functions of these structures can be analytically computed by following the algorithm
developed by Carlitz [115], for i = 0. For example, we can confirm by numerical checks

S(0)
1,1 = (m− 1)(4mn− 3m− 2n)

12 −ms(n,m)

S(0)
2,1 = m(m− 1)(3mn− 2m− 3n+ 1)

12 −m2s(n,m)
(B.14)
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where s(n,m) is the Dedekind sum. However, it is not clear how to give an analytic formula
for general i. In (B.12), there will be constants computed from the summand S(i)

k,1(n,m) for
i = 0, 1, 2, 3. The analytic form of these are not clear to our knowledge. But we can always
do numerical checks for each given coprime pair (m,n).

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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