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Hypergeometric, or tor short GPHD.

The GPHD could not be derived directly from th' convolution, 

because the mixing distribution *(p) was uo4'ined tor positive 

Oj >»nd a., only. It is worth mentioc. m g  that under the 

circumstances of a, and a., being non-integers the GPHD can

generate negative probabilities and yet have

S

r f(x |S,a ,av ) = 1. 

x-U 1

The limiting form of the BBD and the GPHD is the Binomial 

distribution if a ( -» »  and a., -* «» . The BBD plays a major part 

in modelling of the ascending diagonal arrays. The use of the 

BBD, GPHD and Binomial distribution for the ascending diagonal 

arrays makes it possible to have regression curves which are 

either convex, concave or linear.

The new bivuriute and multivariate model enables the creation of a 

wide range of distributions, just by applying adequate univariate 

distributions for the third marginal and the ascending diagonal 

arrays.

1 . 4  Piri c M e t  ftuJUiflgwiol Piitn b u . U m

The compound multivariate distributions are formed in the same way 

as the compound univariate probability functions by assigning 

distributions to some or all of the parameters of the multivariate 

distribution.
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The Dirichlet-Mult inomia I dirtri*>ution was obtained from the

Multinomial distribution in which the vector of parameters p was

made to vary in accordance with the Multivariate Beta, which is

now called the Dirichlet distribution. Johnson and Kotz (1969)

denote the Dirichlet Multinomial model as follows:

Multinomial (n,p^,p^,...,p. ) A Dirichlet (a.,a^,....a^)

p l,,,pk

where (1.4.1)

k

po 5 *- *,*i •

1=1

The probability law of Dirichlet Multinomial is given by:

P (x ^ , . . .  ,XjJn, fly.fl 1 1 . . .  i OL ) =  ( 1.4 . 2)

n

k

x.,...,x, i n- Z x, 

i=l

where x. = 0,1,2,...tn.

This distribution was studied by many authors such as Ishii and 

Hayakawa (1960), Mosimann (1962) James (1676), Aitchison (19H2), 

Fabius (1973), Firer (19H5) and Qoodhardt, Ehrenberg and 

Chatfield (1984).

Mosimnnn (1962) treated the Dirichlet-Multinomial in a similar 

manner us Skellam (194B) had developed the Beta Binomial 

distribution. In his paper Mosimann discussed some properties of 

the Dirichlet Multinomial. He proved the remarkable result that 

the correlations between any two variable? in the

' £ • * ]
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Dirichlet-Multinomial are unchanged from the Multinomial 

distribution. He obtained also the important result that the 

correlations in the Dirichlet-Multinomial are equivalent to the 

correlations in ti Dirichlet distribution.

As mentioned by numerous authors these inter-variable correlations 

are negative ant; very low. They are quite clearly explained by 

Mosimann (1962) xn his definition of "independence" for 

proportions, which is "partial independence except for the 

constraint".

Goodhardt, Ehrenberg and Chatfield (1984) use the 

Dirichlet-Mulcinomial as a model of buying behaviour. They 

developed the buying behaviour model termed as NBD-Dirichlet model 

by compounding the Dirichlet-Multiiamial distribution with the 

NBD. The assumptions of thin model are:

"(a) Purchasing of tfrm product-class takes the form of a Poisson 

process for each consumer;

(b) The purchasing rates of different '.or.vumers follow a Gatma 

distribution)

(c) Each consumer's choices among the available brands follow a 

Multinomial distribution< and

(d) These choice probabil ities follow a ftul tivariate Beta or 

Dirichlet distribution across different consumers."

In discussing Goodhardt, Ehrenberg and Chatfield’s paper 

Kemp (1984) mentioned that the NBD-Dirichlet model can be written 

shortly as:
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M(x|t.P) A Dvp|a) A P(n|A) A G(A|ir,9) , (1.4.3)

P
n A

where M. D, P and G denote the Multinomial, Dirichlet, Poisson and 

Gammu distributions.

Aitchison (1982) stated that “Dirichlet distribution seldoa If 

ever provides an adequate descript ion of compositlonal data 

bccausc of its strong independence structure".

In this investigation a multivariate model is proposed, which may 

be characterized by the compounding process:

where F(n|7 ) is any family of distributions for n, which is a 

function of the vector of parameters rj.

The above structure creates a wide range of possible correlations 

and hence it differs from the model presented by Mosimann (1962). 

However, for a fixed n we end up with Mosinar.ii’s (1962) 

sufrfest ion.

The NBD-Dirichlet model is a particular case of our generalization 

on the Dirichlet-Multinoiaial. The possibility to compound on n 

any discrete family of distributions opens a wide area of 

applicability of the Dirichlet-Multinomial in compositional data.

p n

(1.4.4)



1.5 Computing Work

The statistical analysis and the graphical displays have been 

performed on an IBM-compatible personal computer, using mainly 

Basic, Lotus 1-2-3 and Statgraphics.
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C H A P T E R  2 

IBP— BiVARIATg__MODEL

This chapter deals with the fomulation ol a new mathematical 

■odel for the bivariate case. The symmetrical case is also 

considered as a particular situation of the general model.

In order to emphasize the general theory special distributions are 

applied to the third marginal and to the ascending diagonal 

arrays. The model enables the use of any distribution and opens 

the way for the creation of new bivariate probebility functions. 

The latter are not necessarily bivariate versions of a specific 

univariate distribution. In this way it is possible to build nev 

bivariate discrete distributions which are not Poisson mixtures.

2.1 The Gqpergl Model

In the classical bivariate cases the marginal distributions of 

Xj and x., determine the correlations.

In this chapter a new mathematical model is developed. The model 

is based on a new principle which uses the third marginal 

distribution and the ascending diagonal arrays.
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Let us restate some definitions and theorems needed in the 

mathematical development.

Definition 2.1

The third marginal is the distribution of a new variable S 

defined as the summation of the marginal variables Xj and x., 

(S = Xj+Xv ). Let us denote the distribution of the third marginal

as f(S).

Befj.n.Ation 2.2

The ascending diagonal array probability law is the distribution 

of Xj given S, where Xj = 0,1,2, •. .S-1,S. Let us denote the 

distribution of the ascending diagonal array as ^(X||S).

The bivariate distributions created by the third marginal and the 

ascending diagonal arrays can be presented in a bivariate table as 

shown in Figure 2.1.

Ls m± 'd.-.l IMQQd and Qray b U K  ,.1.3741 •

Let (X|,x^) be a two dimensional random variable and let g(.) 

be a function of x„. Then:



EI« ( )  = E{B[g(x.)) |x J ]}.

Figure 2.1 The bivariate table with Xj marginal,

and the third marginal

f(xt)

Lemma 'I.'I (Mood and Graybill. 1974).

xv marginal

t (x2 )

%

Let (Xj'X^) be a two dimensional random variable. Then: 

Var(x^) = E[ Var( x̂ , |x^) J + Var (E( x., |xA) ] (2.1.2)
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2.1.1 The new model 

Theorem 2.1

For any distribution t'(S) with finite J (S ) of the third 

marginal and for any distribution ^(x^JS) with finite ^/j(Xj|S) 

of the ascending diagonal array the first moments around the 

origin /jj(Xj) and /w|(x^) for X| and x., can be expressed as 

follows:

<X 1) = 1 ^J(x i |s ) f(S) ’ and (2.1.3)

S

= p LiS) - Z ^ ’(xJS) f(S) . (2.1.4)

S

Proof

(a) Using (2.1.1) we can write 

E[E(XjjS)] = E(Xj). Therefore:

S

Z Z [v. 4»(x jS) ] f(S) = ffj(x.). Considering that 

S Xj=0

S

Z Xj ^(Xj|S>) = /iJ(x(|S) we obtain equation (2.1.3).

(b) From the definition of the ascending diagonal array it

follows that

Xj, = S - Xj and

B(x2 ) = E(S - x t).

By using (a) we obtain:



- 25 -

V[(*2 ) = E(Ef(S-xA)|SJ> , or

= s [ 1 0 (S'Xjl) * (xilS)] f(S)

s s 

i f  r s f x  |s) - I X 4(x |s;l f (S) 

s I x A=o 1 x t=o 1 J 

= r s t(S) - x v j(x,Is) f(S) . 

s s

This leads to equation (2.1.4) which can also be written as 

^j(x2 ) = /jJ(S) - ^J(xA).

Theorea 2 .2

For any distribution f ( S )  with finite noaents / i j ( S )  and 

for the third Marginal and for any distribution ♦ O i l s )  

finite ^j(Xj|S) and /j/,(Xj|S) for the ascending diagonal 

the second central aoaents (xj ) and /^(x.,) tor x | an<  ̂ x 

be expressed as follows:

.2
^ ( x A) = z ^ ( x j s )  f ( s ) -  [ r  x j t x j s )  f ( S ) j (2 .

und

2
/i^(x2 ) = Z fj.yxl |S) f(S) - Z ^ ( x J S )  f(S) + /i2 (S)

S LS

- 2 |z S A»](XA|S) f (S) - /J j ( S) Z f/|(xi |S) f (S) J . (2 . 

Relation (2 . 1.6 ) can also be written us:

*J<S)

with

array

2 can  

1.5)

1. b)



- 26 -

* V V  = W  + ^ 2 (S)

- 2[r S a#[Cxa |S) f(S) - p|(S) Z A i j U j S )  f(S)J , 

or (2.1.7) 

^(x^,) = + ^ ( S )  “ 2cov(xJfS). (2.1 8)

Proof

(a) Using (2.1.2) we can calculate the variance of Xj as 

follows:

Var(Xj) = E( Var( Xj |S) ] + VartElxJS)] , (2.1.9)

^ ( x .  |S) = ^ ( x i |8) - [jiJCx J S ) ] 2 ,

E(Var(x |S)) = I f»'(x. |S) t(S) - I [/i!(x |S)]* f(8) (2.1.10)

s s

VarfEtxjS)) * z ( ^ (Xj |S) )2f(S) - (I ^J(Xj |S)f(S) )2 . (2.1.11) 

s s

By substituting (2.1.10) and (2.1.1U into (2.1.9) we obtain:

^ 2 ( k a ) = I  ^ ( x j s ) f ( s )  -  [ I  ^ ( x j s j n s ) ] 2 . 
s s

(b) Using (2.1.2) we can calculate the variance of x^ as 

follows:

Var(x^) = E l V a r h S - x ^ l S ] }  ♦ Var{B( (S-x {) |S]} . (2.1.12)

From the variance properties one obtains the following:

Var(S-xA |S) = ^ ( X j | S )  - ( p ^ x j S ) ) 2 ,
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E{Var((S-Xj) |S]> = 1 ^ ( x A |S)f(S) - Z (^(x, |S)]2 f(S), (2.1.13)

s s

E((S-x1)|S] = S - / / J U J S )  and

Var{E( (S-x^) |Sj} = ^ ( S )  - (S) + Z [ ^ ( x j S ) ] 2 f(S)

s

- [I pj(x IS) f(S)J2 (2.1.14)

S

- 2 [Z S A#; (x |S) f (S) - p|(S) Z /i!(x |S) f (S)) .

s 1 s

By substituting (2.1.13) and (2.1.14) into (2.1.12) one finds

^ ( x 2 ) = I  X2 jS) f(S) ” [Z (Xi |s > f (S)]2 + fj^(S) - ( ^ ( S )]2 
b s

-2 [Z S A#; (x |S) f(S) - p!(S)Z (x, |S) f(S)). (2.1.15)

s 1 1 1 s

This leads to equation (2.1.7).

IheoreftJL.J

For any distribution f(S) with finite pj(S) and A*/j(S) for the 

third Marginal and for any distribution ^(x^|S) with finite 

/ij(x^|S) and /^(Xj,|S) for the ascending diagonal array the 

pj(x1x 2 ) and cov(Xj,x^) can be expressed as follows:

E(xax2 ) = Z S ^ ( x J S )  f(S) - Z ^ ( x J S )  f(S) (2.1.16)

s s

and

cov(x j , x^) = Z S ^ [ ( x J S )  f (S ) - Z ^ ( x j s )  f(S)

S S

- [Z (X,|S) f(S)] (p!(S) - Z v;(x.|S) f(8)] (2.1.17)

S S



Proof

(r) Using Lemma 2.i we can write:

E(x{x.z ) = E t x ^ S - x ^ ]  = K{K[k1(S-x1) |SJ >

= Z (Z x (S-x )<j)(x |S> ] f CS)

S x A

= Z S a*5(x,|S) f(S) - Z ^ (x IS ) f(S). 

s s

(b) From the definition of covariance, Theorem 2.1 and part (a) 

above it is obvious that the covariance C‘sn be written as: 

cov(x1,x2 ) = Z S Pj(xJ |S) f(S) - Z ^ ’(xJS) f(S)

s s

- [Z (x. |S) f(S) ] [p\ (S) - z /i|(x |S) f(S)J. 

s s

From the definition of the correlation coefficient, the covariance 

and Theorems 2.1 and 2 2 we obtain the formula for p l x ^ x g )  

which is baaed on the moments around the origin and the mean of 

the third marginal and the ascending diagonal array.

In this section a particular case of the model presented in 

Section 2 .1 is developed.

Let us assume a bivariate distribution expressed in terms of the 

third marginal and the ascending diagonal array distributions. In 

order to obtain a bivariate symmetrical distribution in the
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bivariate table- with respect to the main diagonal

(See Figure . ,2), the following condition must be satisfied within 

each diagonal array:

<|>(XjjS) * <{>(x^|S) , where (2.2. i)

Figure 2.2 The bivariate table with symmetry along the

main diagonal

N
V i 2 . . . M 2 s

0 f(OjO)ffO) f<2|2)f(2) . . . f ( n | n ) f ( n )

1 1 |2)f( *)

2 f<0|2)f(2)

•

•
f

o 1

n f(0|o)f(n)

s rt»)

0

-
1

-
2

■

'
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Theorem

For any distribution f(S) with finite pj(S) and /^(S) for the

third marginal and for any synmietrieal distribution (J)(x^|S) with 

i’ir.ite /v|(Xj|S) and /j2 (x „|S) for the ascendinK diagonal array

the following relations for ^(x^), ^2^*3? and 

p(x^,x„) exist:

^ ( x p  = p|(xv ) , (2.2.?.)

^2 (x ̂ ) = tJ'/X2^ and (2.2.3)

I  S / i J U j S )  f(S) - I  j j ^ x J S )  f(S) 

p (x . ,x  ) = — -------------- ^----------- - Z p !(x |S) f ( S ) .

i  ^ ; ( * . | s )  n s )  s
s

(2.2.4)

Proof

(a) S.nee ^(Xj|S) is a symmetrical distribution we have 

<b(Xj|S) = <̂>( x.̂  |S> , as well as

p|(X l ) = Z pj(x.|S) f(S) and

s

= Z |S) flS> *

Hence A'J(Xj) = .

(b) In a similar- way to that of part (a) we conclude that:

^ ( x J S )  = I  J i ^ x J S )  f(S) - [Z ^ ( x J S )  f(S)]2 ,
s s

^(x.,|S) = Z A’.J(X2 |8) f(S) - [I p|(x.,|S) f(S)]2 and

s s



(c) Considering the symmetrical distribution for the ascending 

diagonal arrays and the results of purts (a) and (b) above one can 

easily obtain from Theorem 2.3 the expression (2.2.4) for 

p U j . X g ) .

2 .3 specifli,, EiatnfruUvng 1’vr Arrays

The theory developed in the previous two sections permits tne use 

of any distribution for the third marginal and the ascending 

diagonal arrays.

From definition 2.2 it is obvious that for the ascending diagonal 

arrays we can only take distributions which are limited by an 

upper terminal. For all these arrays one type ol distribution can 

be considered, with:

(a) the same parameters for all the arrays, or

(b) different parameters which are dependent on S.

When working with reel dwtn Mata we encounter two different types 

of problems in estimating the parameters.

(a) The estimates for these parameters in each array can be 

displayed graphically and are dispersed randomly Without any 

relation to the array S. Therefore, a measure can be found to 

estimate the respective parameters. These parameters are 

considered constant along the whole bivariate table.
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(b) The estimates of the parameters folJow a certain pattern as 

a rm c t i o n  of S. In this cas<* we can actually fit a function, so 

that ** parameter varies as a function of S. For this type of 

problem the model described in Section 2.1 will encounter 

difficulties. However the model can still be applied for certain 

functions of the parameters and for certain distributions.

In what follows we concentrate the research on three families of 

distributions:

(a) Beta Binomial with constant parameters a and a.,,

(b) Generalized Positive Hypergeometric and

(c) Beta Binomial w ^h parametc Oj and a., as functions of S.

2.3.J Beta-Binomial distribution

" ItEl constant parameters £ { and_fl2

In this chapter we develop a particular model which assumes the 

Beta-Binomial distribution witi the same parameters a, ar.d a., 

for all the ascendi.ig diagonal arrays.

The Beta-Binomial was de-ived by compounding the Binomial

i

distribution with parameters S and 8 with the continuous Beta 

distribution with parameters <Xj and a In this case Beta is the 

distribution of the parameter 8.

The probability law of the Binomial distribution is:
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x 5 —x

P(Xj|S) = [x J ® * * where (2.3.1)

Xj = U,1,2,...,S, S = 1,2,3,.!. and 0 < 0 < 1.

The probability law of the Beta distribution is:

1 a i“ l a,.-I
9(9) - ------------ 0 1 (1-®) , where (2.3.2)

B « V < V

0 < 9 < 1, a J > 0 and a., > 0 .

Fron the convolution process we obtain the following probability 

function:

B(x,+a, ,S-x,+a..)

-—  , where (2.3.3)

L 1J I K a ^ )

xj — 0,1,2,...,S, S ■ 1,2,3,... ,

> 0 and a.̂  > 0.

The latter function is called the Beta-Binonia> distribution, or 

for short the BBD.

The first two aoaentk. around the origin for the BBD are

s*x

Ai’(xA |S) * -----i—  and (2.3.4)

a l* “2 

Sa, (S (a .+l)*a ,J
/i’(x. jS) = --- i-----1------f-----  (2,3-B)

(a1+u2 )(aJ,+ai,*l)

The BBD can take a vast variety of shapes depending on the values 

of its two parameters a ( and a.,.

The ratio function R(x|S) for the BBD is defined as:

<b(x,+l|S) (S-x. )(x.+a.)

R(xj |S) = ——— —---1—  = ------- 1----— ------  for (2.3.6)

<f>(x,|S) (Xj+1) (S-x^+a^-1)

X| — 0,1,^>...,(S 1) and S — 1,2,... .



x S-x

P(x^|S) = [x ] ®  ̂ (A-®) * » where (2.3.1)

x l = 0,1,2,....S, S = 1,2,3,... and 0 < 0 < 1.

The probability law of the Beta distribution is:

1 a i“* a’j~^

*(0) = -----------  ® (1~0) • where (2.3.2)

Bto^.a^)

O < 0 < 1 ,  a ^ > 0  and a.̂  > 0 .

From the convolution process we obtain the following probability 

funct ion:

B(x.+a. ,S-x,+a..)

LXlJ Blaj.oLj)

xj • 0,1,2,...,S, S ~ 1,2,3,••• ,

where (2.3.3)

> 0 and a^ > 0.

The latter function is called the Beta-Binomial distribution, or 

for short the BBD.

The first two moments around the origin for the BBD are 

t e l

^j(Xj |S) = --- —  and (2.3.4)

<Sl+a2

Sa. (S(a ♦ l)+a.J

/i'(x |S) = --- i-----1------1-----  (2.3.5)

( a j - n ^ H W l )

The BBD can take a va'it variety of shapes denending on the values 

of its two parameters and a^.

The ratio function R(x|S) for the BBD is defined as? 

^(Xj + ljS) (S-Xj M x ^ j )
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Moat of the literature mentions the necessary, but not the 

aufficient conditiona for the B»r to take v a n o u a  shapes.

In order to know the shape of the BHD one ahould analyse the ratio 

function at two pointa x^ = 0 and x^ ■ S-l. Fro* thia analysis 

one finda the neceaaary and auificient conditiona for the BBD to 

take the following shapes:

(a ) U shaped

«. > Sou, - (S-l) and a > Sa{ - (S-l); (2.3.7)

(b) J-shaped

a l > Sa2 - (S-l) and a., * S a [ - (S-l); (2.3.8)

(c) Reverae J-ahaped

a l i Sag - (S-l) and a2 > S - (S-l); (2.3.9)

(d) Bell shaped

£ Sa^ - (S-l) and £ Sa^ - (S-l); (2.3.10)

(e) Rectangular

= i and a„ = 1; (2.3.11)

espect to x-axis) J-shaped

(2.3.12)

(2.3.13)

for large values of <Xj and a^ the BBD can b?» approximated by the 

Binomial distribution aa follows:

Mirrored (with respect to x--axis) J-shaped

a l < *“2

- (S-l) end

a 2

l

s-i "

(S-l) and

Mirrored (with respect to x--axis) reverse J-shaped

a l * * 2

- (S-l) and

a 2

< s«i - (S-l).



It' one takes a., = aa^ then:

x S—x
1 1n $(x |S) = P  ] p * (1-p) * , where (2.3.15)

a.-*»

1

a.,-** 

p = 1/(«*1).

This is the Binomial distribution.

Under certain conditions the BBD approaches the Negative Binomial 

distribution. If we assume that thc-re exist a linear relation 

be ween and S, in other words if

« 2  = kS , then (2.3.16)

(l-#)t /*(7*x.) x.

1 in ^(x |S) ■--------------- -— • , where (2.3.17)

S-** r (7 ) r (x .* l )

x^ = 0,1,2,..., � = l/(k+l), y = a^, 0 < 0 < 1 and 7 > 0.

The conclusion is that in the limiting process lor S -♦ «• the 

BBD, which is a compound Binomial becomes a compound Poisson, 

which is the NBD.
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2.4 Dlotributlong tor the Third Marginal

From the definition 2.1 it is obvious that for the third marginal 

one can choose any distribution which may or may not be limited by 

an upper value.

In what follows we investigate the model, where on the third 

ssrginal we assume the Generalized Inverse Gaussian-Poisson 

family. Some well known distributions which are immediately 

derived from the above family will be u^ed as probability laws for 

the third marginal, such as the Inverse Gaussian-Poisson and the 

NBD. The BBO and the GPHD presented previously for the ascending 

diagonal arrays can also be used for modeling the third marginal.

t

2.4.1 Genera 1 jzed Inverse Gaufsiaxi Pojsfyn lifftrlfrlUgn

For the third marginal we now consider the Generalized Inverse 

Gaussian-Poisson distribution, or for short GIGP. It is defined as

( V - F T - ) 7 (a*/2)S

f(S) = --------------------------K _ w (a) . where (2.4.1)

( c u / T 7“) S* 5 *

S *  0,1,2,3,... ( -o» < * » < < »  , 0 £ $ I , a £ 0 , and

K (z) is the modified Bessel function of the second kind of order 

i

i and argument z- 'This is a discrete distribution obtained through 

the convolution process of the Poisson distribution given by 

-x AX

p(x) * e ----- , where x = 0,1,2,... and for A 0 , (2.4.2)

x!
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2.J.2 General 1 zed PggjU V S  HyperAeoffietru distribution

For negative values of the parameters a ( and a v we obtain the 

Generalized Fositive Hypergeometric distribution.

By using the equality

m  ■ (-“ *  r a
equation (2.3.1) becomes:

(2.3.iH)

^ 1 t*2

\

S-x ̂

where (2.3.19)

ll 2

S

Xj = 0,1,...,S, S = 1,2,..., aj > 0 and a,  ̂ > 0 .

If a ( and a., are taken as negative the letter expression gives:

a l a 2

S-x j

where (2.3.20)

a l*°2

Xj = 0,1,...,S and S « 1,2,... .

This function in called the Generalized Positive Hypergeometric 

distribution, or for short GPlll).

for integer values of and a,̂  equation (2.3.20) becomes the 

Hypergeometric distribution.

Under certain circumstances, fcr non-integers and a,,, GPHD can 

generate negative probabilities and simultaneously:
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1 f  x J S )  = 1 .

x i

Tha GPHD could not be derived directly from the convolution 

because the nixing distribution *(•) was defined only for 

positive values ol aj and a,. .

In the limiting process the GPHD becomes the Binomial 

distribution. The proof is identical to the one performed above 

for the BBb, the cniy difference being the signs of and a., .

2.:<. 3 Beta Binomial distribution W |th a , ,.and_g2. as ftfictjpng of §

Let us assune a special case where on the a*ct...ding diagonal array 

the variable is distributed according to the BBD, such that the 

parameters and are functions of S.

We assume that the following relation exists between the functions

a j (S) and a.,(S):

o^(S) = c a ](S) , (2.3.21)

where c is n constant, and that for the variances along the 

asconding diagonal arrays we can fit the following function: 

A U x . | S )  = bS2 + *8 , (2.3.22)

wher*.» b and a are constants.

00
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mixed with the Generalized Inverse Gaussian distribution, or for 

short GIG, which ir defined as:

*(A

A -

A
t j t

, where (2.4.3)

-<o < • » < « > ,  0 < fl £ 1, a > 0  and

K (z) is defined as before. 

*

The first two moments around the origin for the GIGP are: 

ci®

=

k7+1(<W I-* )

Ai’(S) = -

ad K ^ a S T ? - )

Vj r-8 K j a y  I * )

and

at

Z V ~ F T

R7+2(a y - rT-)

(•'.4.4)

(2.4.5)

K (aJ ~ T r9~) 

y

2.4.2 Inverse G«u»»i*n-Pois»o l»t,nS>ution

For the third marginal consider now the Inverse Gaussian Poisson, 

for short IGP, which is a particular case of the GIGP if * = -1/2. 

It is defined as:

f<s> = J2

S = 0,1,2...

2 5“ fpJ~T~T (a«/2)S

S?

----  KS-1 '2(a) 1 where

(2.4.6)

For the IGP distribution the first two moments around the origin

are:

^i(S)

^ ( S )  *

a9

'U T ~ T

*8

2 / " F T

and

a»

[27 1-tf-J o J T T

* 1

(2.4.7)

(2.4.8)
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2.4.3 NejtftVlY? BiPOfflial «UglnfruU9l1

Consider now the Negative Binomial distribution, tor short NBD, 

for the third Marginal. It is a particular case of the GIQP when 

in equation (2.4.1) one takes t > 0 and a = 0.

In the general Bessel theory it is knot..i that for z << o one 

obtains the approximation

r ? i*  r M

£

In order t'.o prove that the NBD is obtained from the QIGP one can 

use for a  << y the following approxiMations:

Ks +7(o ) ♦ (2/a)S+7 and (2.4.10)

This leads to

2

a / T T

y

r(y)
(2.4.11)

( 1-0 ) ’  r(S+y) _
f(S) = --------------------«r where (2.4.12)

r(y) r(S*l)

S - 0,1,2,... and 0 < 0 < 1.

This is the standard NBD with the first two Moments around the

origin defined us 

y9
H't S) = ------ and (2.4.13)

1-0

10

Ai*(S) * -------(1+10; . (2.4.14)

* (1-9)

By using thu ratio function for the NBD oni can find th * if

0 < 9 < 1 then 0 < y i 1 and the distribution is reverse 

J-shaped.

If y > 1/0 the NBf is unimodal.
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2.4.3 Negaliye Binomial digtribytion

Consider now the Negative Binomial distribution, for .t ■ t NBD, 

for the third marginal. It is a particular case of the GIGP when 

in equation (2.4.1) one takes 7 > 0 and o = 0.

In the general Bessel theory it is known that for z << u one

obtains the approximation 

, o t (p )

Kp (z) ~ — —  . (2.4.9)

In order to prove that the NBD is obtained from the GIGP one can

use for a << 7 the following approximations:

C+jv r  ( 'Q+'v 1
Kg+^(ay + ( 2 / a r  ’ —  ̂  ■■ and (2.4.10)

K ( a S T T " )  +

7

aj  1-0

1 r(y)
(2.4.11)

This leads to

(1-0)7 r(S+7)

f(S) = -------------------- • where (2.4.12)

r ( 7) r ( S+ l )

S = 0,1,2,... and 0 < 9 <. 1.

This is the standard NBD with the first ♦.wo moments around the 

origin defined as

7«

p!(S) = ------ and (2.4.13)

1 1 *

19

Hn(S) = -------7- (I-”*) • (2.4.14)

a - *  r

By using the ratio function for the NBD one con find that if

0 < 9 < 1 then 0 < 7 £ 1 and the distribution is reverse 

J -shaped.

If 7 > 1/9 the NBD is unimodal.
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2.5 Joint Distributions

This section deuls witn the bivariate models built front different 

distributions assumed for the third marginal and the ascending 

diagonal arrays.

2.5.1 The Beta-Binowia , distribution lor the ascending diagonal 

arrays and any distribution tor the third marginal

Let us consider for the ascending diagonal air rays the BBD with the 

parameters S, a  ̂ and a., and for the third marginal any 

distribution f(S) for which the first two moments around the 

origin are given by and p.^(S) and the second moment around

the mean is

The joint distribution of Xj and x^ is:

V x2 V V

1 8(0^,a.,)

ftx^+x.,) , where (2.5.1)

S = x^ + x.,, x^ = 0,1,' S and x^ * 0,1,2,...,S .

The marginal distributions of x^ and x^ derived from the 

bivariate table are written under summation form as follows:

W  * 1
V x2

f (x j+x ĵ) and (2.5.2)

Px . / V  = 1 

2 x

1

BCo^.a.,)

f(xA+x2 ) , where

S = x ^+x2 •
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Using the results of Theorem 2.1 we obtain the first moments

around the origin for the marginal distributions. They are given

by:

AiJ(Xi> = ------— ^j(S) and

V a 2

(2.5.3)

y;(x2) = p ;(s) -

a , +a.,

p ;i s > =

«l+a2

Ai|(S) . (2.5.4)

In a similar way and usin£ the results of Theorem 2.2 we obtain 

the second moments around the mean for the marginal distributions. 

They are given by:

a jL(a1+l)

(aj+a^Maj+a^+l)

^ ( S )  ♦

a l «2

(a i+a2 )(ai+a2+1>

^J(S)

V « 2

^ ’̂(S) and (2.5.5)

"2< V

a., [cl,.*1) 
<* c

(al4a2 )(al+a2+1>

*2 1 2
•! ^  (s)

*J(S> ♦

a l °2

< W (V V A)

^ ( s )

(2.5.6)

or

/i2 (x2 )

a.

*2(V  +
2 1

a l*"2

^ < S )  .

In order to calculate the correlation coefficient between the 

variables and x^ it is necessary to calculate the first

moment around the origin of the joint distribution of Xj and x ^ t 

and the covariance of the x^ and x.,. By applying Theorem 2.3 to

this particular model, we obtain the following formulae:
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E <X l V  =

a l a2

(Oj ta^) (aj

cov (x j, x,,) =

a c,t
1 *4

a l+a2

■ p ’(S)-p|(S) pj2 (S)

dj+a., + 1
a,**,

(2.5.7)

The correlation coefficient p(x.,x„) between the variables

1 w

Xj and x^ is obtained by substituting the respective expressions 

for c o v ( X j , x . , ) ,  p.;(x() and ^ ( x ^ )  into its definition

p(xlfx2 ) =

The correlation coefficient is given therefore by:

p ( * - V  = J ^ * T

.2,

P2(S) p|(S) (S)

a ^ l a l ^ .

a  ♦ 1 

1 2 a l*«2

(a.,+1)^’(S)+a.p! (S) a„ „

1 1 ■ (S)

a i * V ‘ “I***

- 1/2

- 1/2

(2.5.8)

lor the particular case of a syrmietrical BBD, i.e. , the

expressions (2.5.3) to (2.5.8) become much simpler. The following

results are then obtained:

p;<s)

/i2 (xA) = #i2 (x2 ) =

2

. 2 ,
( a ^ U / ^ S ^ j p J t S )  p p S )

2 ( 2 a t+l)

(2.5.9)

(2.5.10)

E(x1x2 ) =

2(2aA+l)

p ’(S)-p[(S) (2.5.11)
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COV ( Xj , )

'la^l

and

p U . » X g )  = a

(2.5.13)

(2a,+l)

Rased on this new principle we are able to calc»lete the first and 

the second movents around the origin, the secono moment around the 

mean for the marginal distributions and the correlation between 

the variables, without working through the classical approach that 

makes use of marginal means, variances and covariances.

In numerous situations it is difficult to develop the joint 

probability law for the x^ and x.̂  variables, hence it is not 

possible to calculate the correlations by using tha classical 

*heory. With the new approach it is not necessary to know the 

proba, ility law of the marginals, and still we are.' able to find 

the correlations in a bivariate distribution.

Further we consider a particular case of the BBD which is the 

Binomial distribution. As mentioned above this is obtained by the 

limiting process of a ( and au,.
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Let us <.4suDe that the variable on each ascending diagonal array 

is distributed according to the Binomial probability Jaw with the 

same parameter p along the different arrays.

For the Binomial distribution the two moments around the origin 

are

^j(Xj|S) = Sp , and (2.5.14)

/^ ( x J S )  = Sp(l-p) + s V  . (2.5.15)

On the third marginal we assume for the variable S any 

distribution f(S ) with the two moments around the origin A'j(S) 

ttfi-i ff.\(S) and the second central moment p,,(s>). The joint 

distribution of and x.t is:

I.5.2 The Binomial distribution for the ascending diagonal arrays

ajTd.any.,_d i.strj.but.ion for the third marginal

P(xr x2 ) =

X 1

P (1-p) f(x1+x2 ) . (2.5.16)

The marginal distributions of and x,, derived from the

oivnriatf; table are:

X 1 (x +x )! x

Px (XI* = ----- 1 — ‘— ~—  (1-P> 2 f(x l+vi») 1111(1

1 x A! x2 x2 l

X2
(1-p) (x.+xy )! x

Px (x.,) = ----------  I ---------- p f(x.+x ) . (2.5.17)

2 x2 ! xA x A !

By applying Theorems 2.1, 2.2 and 2.3 io this bivariate case, we 

obtain the following results:

(X 1) = P * (2.5.18)

= (1-P) , (2.5.19)
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Let us assume that the variable on epoh ascending diagonal array 

is distributed accoroing to the Bintmiai probability law with the 

same parameter p along the different arrays.

For the Binomial distribui. >n the two moments around the origin 

are

pj(x,|S) * Sp , and (2.5.14)

/i’txJS )  = Sp(l-p) + S V  . (2.5.15)

On the third marginal we s a » u w  for the varirbie S any 

distribution t(S) with the two moments around the origin pj(S) 

and /i.’.(S) and the second central moment /j (S). The joint 

distribution of x ( and x^ is:

2.5 .2 The Binomi.al.dist ribut top t or the ascending diagonal arrays

and any d istribution tor the third, marginal

P(x1,*{2 ) r

V X2

X 1

(1-p) f(xA+x^) . (2.5.IK)

The marginal distributions of x^ and x^ derived from the

bivariate table ere:

X 1 (x.+x„)! X,.

px (X|) * — --- * ----------  (1-p) ftXj+x^) end

1 x t! x2 x^!

X2
(1-P) (x.+x.J! x.

P (x..) = ----------  Z --------- p f(x.+x.,) . (2.5.17)

X I I M I I A ■

I k2 1 V

By applying Theorems 2.1, 2.2 and 2.3 to this bivariate cane, we 

obtein the following results:

p[(x A) = P pj(S) , (2.5.18)

V[(*2 ) « (1-P) P|(S) , (2.5.19)
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/Aj(Xi) = P I(l-P) ^ j ( S)+p S)] , 

^z (x2) = ( I p )  [p /i|(S) + (l-p) ^ ( S ) ]  , 

covUj.x,,) = PC 1-P) [^(S)-/^’ (S) J and

^ 2 (S)-/iJ(S)

p t x ^ x ^ )  =

(2.5.20)

(2.5.21)

(2.5.22)

(2.5.23)

From the above results we conclude that the parameter p of the 

Binomial distribution for the ascending diagonal array has no 

influence on the sign of the correlation coefficient. The 

decision whether the correlation between x^ and x i s  positive, 

negative or zero is entirely based on the parameters of the third 

marginal distribution.

In the special case of variables on the ascending diagonal arrays 

having the symmetrical Binomial distribution with p = 1/2, the 

equations (2.5.18) to (2.5.23) become:

^i(s)

A[]l(x 1) = = ------- , (2.5.24)

2

/i;(s)+py (s)

^ ( x ^ )  = ---------------- ’ (2.5.25)

4

S)

cov(x.,x,.) = — “------ ----  and (2.5.2B)

1 £ 4

P2 (S)-p|(S)

p(x.,x..) = ---------------  . (2.5.27)

1 * p.,(S)+p��S)
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2 . 5 . 3  The Pet a Bi n j a i a l - d i A .t r  ;but.^Qp l o r  th e  ancendm g d ia g o n a l  

fr.CMM 3Pd I b ^ . ^ n e r g l ized  lnyg[«g ,G<jiua s i  a n -P o isso n

d istribyU .H >IlJ9! ^fre t h ircj iarjtin a .1

T* ? bivariate distribution built from the GIGP for the third 

marginal and the BBD for the ascending diagonal arrays is

(y I-* )7 B(x.+ta. ,xy+o. ) r„fl1*l + X2

* W  ■---------------------------M  k x « o

Ki ( o / T T - )B(u1,a.,) x !!x2 !

(2 5.28)

By applying the conventional approach to the joint distribution of 

x, and Xy w  obtain the probability law for the merginals given a.i

. / l

( / t t V

P ( X .  ) a 
X .  1

t ]  n * , * ,  

k „ ................................

1 K7( a y " F 7“)B(al,a.() r ( x 1+l)

r(x.. ♦<*..) |_-1X2

* 1 ---------------------------------------- 7~1 K X +X +7^a )
x.z r t K ^ D r t X j ^ + a ^ J  ^  J x i x2

and

( s m y fit] • , ^ 2 ;

p (x,j) - ______________________ \r J_______- c

X2 2 K T(oUrT T “)B(aJ,a;;) r ( x ^ J )

r ( x i4l*l) toe' ’

. r ---------- L J ----------£1 K (a) . (2.5.29)

x A r(Xj-»-l)r{x1'*-x2-»oi+oa ) *■ * * 2

These probability laws can not be expressed in a cicped for* and 

it nay be that the moments, the covariance and the corralot'*or can 

not be obtained from tne above fornulae. However, by substituting 

the expressions for the first two moments around the origin for 

the third marginal in the equations (2.b J) tc (2.6.8) we obtain 

the results below. For simplicity we use the substitution 

u = <xST~T.
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