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Hypergeometric, or tor short GPHD.

The GPHD could not be derived directly from thr convolution,
because the mixing distribution »(p) was Jde¥ined for positive

a, and a only. It is worth mentioning that under the

1 2
circumstances of a, and az being non-integers the GPHD can

generate negative probabilities and yet have

S
b f(xls.a Q) = 1,
x=0 1"72

The limiting form of the BBD and the GPHD is the Binomial

distribution it a, -« % and a, - ® . The BBD plays a major part

1
in modelling of the ascending diagonal arrays. The use of the
BBD, GPHD and Binomial dis*ribution for the ascending diagonal
arrays makes it possible to have regression curves which are

either convex, ~oncave or linear.

The new bivarinte and multivariate model enables the creation of a
wide range of distributions, Jjust by applying adequate univariate
distributions for the third marginal and the ascending diagonal

arrays.

1.4 Dirichlet-Multinomial Distribution

The compound multivariate distributions are formed in the same way
as the compound univariate probability functions by assigning

distributions to some or all of the parameters of the multivariate

distribution.
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The Dirichlet-Multinomial dirtribhution was obtained from the

Multinomial distribution in which the vector of parameters p was

made to vary in accordance with the Muitivariate Beta, which is

now called the Dirichlet distribution. Johnson and Kotz (1969)

denote the Dirichlet-Multinomial model as follows:

Multinomial (n.po.pl.....pk) A Dirichlet (al.a.,....ak)
pl.‘lpk
where (1.4.1)
k
Pop = 1= I p;
i=1

The probability law of Dirichlet-Multinomial is given by:

P(xl.....xk|n.au.al.....ak) = (1.4.2)
k 4 k 1
“ r[ z ai] xr xi+ai] r[n— z xi*col
i=0 Li=1 . i=l
) k -
k k
i=0 * ] i=0

where xi B Qs ko onepgle

This distribution was studied by many authors such as Ishii and

Hayakawa (1960), Mosimann (1962) James (1975), Aitchison (1982),

Fabius (1973), Firer (1985) and Goodhardt, Ehrenberg and
Chatfield (1984).

Mosimann (1962) treated the Dirichlet-Multinomial in a similar
manner as Skellam (1948) had developed the Beta-Binomial

distribution. In his paper Mosimann discussed some properties of

the Dirichlet-Multinomial. He proved the remarkable result that

the correlations between any two varishles in the
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Dirichlet-Multinomial are unchanged from the Multinomial
distribution. He obtsined also the important result that the
correlations in the Dirichlet-Multinomial are equivelent to the

correlations in t) Dirichlet distribution.

As mentioned by nmumerous authors these inter-variable correlations
are negative and very low. They are quite clearly explained by
Mosimann (1962) in his definition of "independence"” for
propoctions, which is “partial Independence except for the

coustraint”.

Goodhardt, Ehrenberg and Chatfield (1984) use the
Dirichlet-Multinomial as a model of buying behaviour. They
developed th: buying behaviour model termed as NBD-Dirichlet model
by compounding the Dirichlet-Multisomial distribution with the
NBD. The assumptions of this model ere:

"(a) Purchasing ol' the product-class takes the form of a Polsson
proce.s for each consumer ;

(b) The purchasing rates of different ~onsumers follow a Gamma
distribution;

(c) Each consuwmer's choices among the available brands follow a
Multinomial distribution; and

(d) These choice probabilities follow a Multlvariate Beta or

Dirichlet distribution across different consumers."”

In discussing Goodhardt, Ehrenberg and Chatfield’'s paper
Kemp (1984) mentioned that the NBD-Dirichlet model can be written

shortly as:



e e i

_.19-

[M(i|n.g) A D(Ejg)] A [P(n|A) A G(A|v,o)] " (1.4.3)
P n A

where M, D, P and G denote the Multinomial, Dirichlet, Poisson and

Gamma distributions.

Aitchison (19Y82) stated that "Dirichlet distribution seldom if
ever provides an adequate description of compositional data

because of its strong independence structure”.

In this investigation a multivariate model is proposed, which may

be characterized by the compounding process:

ﬁn(xln.p) A D(p'a)] A F(n|g) , (1.4.4)
= S == g !

where F(nlq) is any family of distributions for n, which is a

function of the vector of parameters n.

The above structure creates a wide range of possible correlations
and hence it differs from the model presented by Mosimann (1962).
However, for a fixed n we end up with Mosimana’s (1962)

sugdestion.

The NBD-Dirichlet model is a particular case of our generalization
on the Dirichlet-Multinomial. The possibility to compound on n
any discrete family of distributions opens a wide area of

applicability of the Dirichlet-Multinomial in compositional data.
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L.5 Computing Work

The statistical analysis and the graphical displays have been

performed on an IBM-compatible personal computer, using mainly

Basic, Lotus 1-2-3 and Statgraphics.
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CHAPTER 2

THE__BIVARIATE _MODEL

This chapter deals with the formulation of a new mathematical
model for the bivariate case. The symmetrical case is also

considered as a particular situation of the general model.

In order to emphasize the general theory special distributions are
applied to the third marginal and to the ascending diagonal
arrays. The model enables the use of any distribution and opens
the way for the creation of new bivariate probeability functions.
The latter are not necessarily bivariate versions of a specific
univariate distribution. In this way it is possible to build new

bivariate discrete distributions which are not Poisson mixtures.

2.1 The Geperal Mocel

In the classical bivariate cases the marginal distributions of
xl and Xy determine the correlations.

In this chapter a new mathematical model is developed. The model
is based on a new principle which uses the third marginal

distribution and the ascending diagonal arrays.
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Let us restate some definitions and theorems needed in the

mathematical development.

The third marginal is the distribution of a ncw variable S
defined as the summation of the marginal variables X, and X,
l+x2). Let us denote the distribution of the third marginal
as f(8S).

(S = x

Definition 2.3

The ascending diagonal array probability law is the distribution
or X, given S, where X, = 0,1,2,...5-1,8S. Let us denote the

distribution of the ascending diagonal array as ’(xl|8).

The bivariate distribut.ons created by the third marginal and the
ascending diagonal arrays can be presented in a bivariate table as

shown in Figure 2.1,

Lemma 2.1 {Mood and Graybill, 1974).

Let (xl.xz) be a two dimensional random variable and let g(.)

be a function of x2. Then:
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B(g(x,)) = B(E[g(x,)|x,]).
2 2717)

(2.1.1)

Figure 2.1 The bivariate table with X merginal, X, marginal
and the third marginal
T
S |f(S) Ko\E} 0 1|2 ... |[n2{n-1| n f(xz)
0 0
1 1
2 2
n-2 n-2
n-1 n-1
n n
f(xl)
-
Lemma 2.2 {Mood and Graybill, 1974).

Let (xl.xz)

Var(xz) = E[Var(lexl)] + Vnr[B(x2|xl)]

be a two dimensional random variable. Then:

(2.1.2)
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2.1.1 The uew model
Theorem 2.1

For any distribution {(S) with finite pi(S) of the third
marginal and for any distribution ¢(x1|S) with finite pi(XIIS)
of the ascending diagonal array the (first moments around the

origin ”i(xl) and pi(xz) for X, and x, can be expressed as

follows:
yi(xl) =z yi(xl|S) f(S) and (2.1.3)
S
pi(xz) = pl(s) - 3 pi(xl|S) f(s) . (2.1.4)
S
Proof

(a) Using (2.1.1) we can write
B[!(xl|8)] = l(xl). Therefore:
S
: x:=o [xl ’(x1|8)] f£(8) = pl(xl). Considering that

)
z=0 X, $(x,[S)) = pj(x |S) we obtain equation (2.1.3).

"

(b) From the definition c¢f the ascending diagonal array it

follows that
x2 = § - X, and
l(x2) = B(S - xl).

By using (a) we obtain:




yi(xz) = E{E[(S—xl)|S]} , or

S

. . "
Mix =3 |z (s box, 1) #s)
1
S s
. : L z s $(x,|8) - I ox Q(x,|s;] t(s)
xl—O xl—O

IS (s -z ui(xl|8) 1(s) .
S S

This leads to equation (2.1.4) which can also be written as

”i"‘z) = pi(S) “- “i("x)'

Theorem 2.2

For any distribution f(S) with finite moments pi(&) and pé(S)
for the third marginal and for any distribution ’(xIIS) with
finite pi(xl|8) and pé(xl|8) for the ascending diagonal array
the second central moments yz(xl) and pz(xz) for X, and X, can

be expressed as follows:

2
Mz(xl) = g pé(x1|8) f(s) - [g pi(xl|8) f(S)] (2.1.5)

and

2
Hy(X,) ; pé(xl|8) r(s) - [; pi(xl|8) f(S)] + Hy(8)

2L; S wj(x,[8) t(8) - u}(8) ;yi(x”S) t‘(S)]. (2.1.8)

Relation (2.1.6) can also be written as:




_26_

”2‘”2) - pz(xl) * yz(S)

- 2[§ S pi(xl|S) t(s) - pi(S) : ui(xl|S) f(S)] '
or (2:1.7)
FZ(XZ) = pz(xl) + ﬂz(S) - 2cov(xl.8). (2.1.8)
Prooft
(a) Using (2.1.2) we can calculate the variance of X, as
follows:
Vlr(xl) = I[Vnr(xl|8)] + Vnr[!(xl|8)] . (2.1.9)

py % 18) = phix |8) = (w)(x,$)1%

’ . ’ 2 .
E[Var(xl|8)) =z : pz(xl|8) t(s) - : [pl(x1|S)] £'(s) (2.1.10)

Var(B(x, |8)] = z (u}(x,[$))°0(8) - [z pj(x, 90912 (2.1.10)
s 5

By substituting (2.1.10) and (2.1.11) into (2.1.9) we obtain:

- ’ ’ 2
Hy(x,) = : Hy (%, [$)E(S) - [: My (%, 18)1(8)]%.

(b) Using (2.1.2) we can calculate the variance of X, as
follows:
Vnr(xz) z E{Vnr[(S—xl)ls]) + Vnr{k((s-xl)lsl}. (2.1.12)

From the variance properties one obtains the following:

’ » 2
Var(8-x [8) = p)y(x,|8) - [u](x |8)]7,
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E{Var[(s—xl)|S]; =z yé(xl|8)f(8) e [p;(xl|S)]2f(S). (2.1.13)
S 5
E[(S~xl)|S] = 8§ - yi(x1|S) and
Var(B((S-x))[S]) = uy(8) = [u}(8))% +  (u}(x,18)]% #(8)
' S

- (2 uy(x,]8) £(8))* (2.1.14)
s

=2 (28 piix |8) £(8) - pi(8) Z uj(x,|S) t(S)] .
S S

By substitutirg (2.1.13) and (2.1.14) into (2.1.12) one finds

{ = ' 2 ’ , 2
HyiXy) = g My(x,|8) £(S) - (; My (% |8) £(8)]7 + py(8) - [pl(S)l
-2 [Z 8 pi(xl|8) £'(s) - pi(S)t pi(x1|8) 1(S)]. (2.1.15)
S S

This leads to equation (2.1.7).

The 2.3

For any distribution ft(S) with finite pi(S) and pé(S) for the
third marginal and tor any distribution ’(xl|8) with finite
pi(xl|8) and pé(x2|8) for the ascending diagonal array the
pi(xlxz) and cov(xl.xz) can be expressed as follows:

B(x x,) = ; S pi(xl|8) r(s) - : pé(xl|8) t'(s) (2.1.18)
and

cov(xl.xz) = g S ui(x1|8) f(8) - : ”é(”1|s) £(s)

- [; Hy(x, |S) £(8)] [mj(8) - : My (x, |8) £(8)] (2.1.17)
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Proof’

(&) Using l.emma 2.1 we can write:

B(xx,) = E{x (8-x )] = B{E[x (8-x)|S]}

"

g (2 x,(S=x )(x |S)] t(S)
%1

g S yi(x1|S) t£(8) - g pé(xl|s) t'(s).

(b) From the definition of covariance, Theorem 2.! and part (a)
above it is obviosus that the covariance csn be written as:

cov(x ,x,) = g S pl(xl|8) t(s) - g ué(xl|8) £(s)

- [;; py(x,|8) £(S)] (p](S) - : My (x,|8) £(S)].

From the definition of the correlation coefficient, the covariance
and Theorems 2.1 and 2.2 we obtain the formula for p(xl.xz)
which is based on the moments around the origin and the mean of

the third marginal and the ascending diagonal arrey.

In this secction a particular case of the model presented in

Section 2.1 is developed.

Let us assume a bivariate distribution expressed in terme of the
third marginal and the ascending diagonal array distributions. In

order to obtain a bivariate asymmetrical distribution in the



bivariate table  with  respect to the main diagonal
(See Figure . .Z2), the tollowing condition must be satisfied within

each diagonal array:

¢(xllS) = ¢(x.‘.|S) , where (3.2.1)
xz =8 - xl .
Figure 2.2 The bivariate table with symmetry along the

main diagonal

— l T
S|1(8) -aw v i : Wl B flzg)
v 0 | $0j0)r0) [$C1j1r 1} |§(2|2)002) [... [§(n-)|n-1)(a=1) [¢Za]|n) F(n)

1 (O I TCTRT S O R A E T {9

; . 2 | ¢o)2)r2)

o= L{§(0]n=1)f(n-1)

n ’(0|n)f(n)

“'l)
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Theorem 2.4

For any distribution f(S) with finite pi(S) and yé(S) for the

third marginal and for any symmetrical distribution ¢(x1!S) with

iinite yi(xl|S) and pé(xZIS) for the ascendiny, diagonal array
P : . ’ ’

the ftollowing relations for ”l(xl)' pl(xz). pz(xl). ﬂz(xz) and

p(xl.xz) exist:

My (%)) = (x,) (2.2.2)

pz(xl) = pz(xz) and (2.2.3)
zZSs yi(xl|S) r(s) - g pé(x”S) f(S)

pix, x,) = -2 - I pj(x,[8) £(5).
z pyix,|8) £(8) s
S

(2.2.4)

Froof

(a) S.nce Q(xl|S) is a symmetrical distribution we have

@(xl|S) =z ¢(x2|8) , @as well as

’ ) .
My (x)) :”l(xils) f(S) and

Hy(x,) =2 pi(x2|8) t(s) .
S
Hence pi(xl) = yi(xz) .

(b) In a similar way to that of part (a) we conclude that:
pz(x1|S) =z 2 pé(xl|s) £(s) - [z ”i("i's) t'(S)]2 .

S S
pz(x2|S) =2 Pé(les) t(s) - (Z yi(xq|S) f(s)]2 and

S S =



(e) Considering the symmetrical distribution for the ascending
diagonal arrays and the results of purts (a) and (b) above one can

easily obtain from Theorem 2.3 the expression (2.2.4) for

p(xl.xz).

2.3 Special Distriduti for_t) ling Di v

The theory developed in the previocus two sections permits the use
of wany distribution for the third marginal and the ascending

diagonal arrays.

From definition 2.2 it is obvious that for the ascending diagonal
arrays we can only take distributions which are limited by an
upper terminal. For all these arrays one type ol distribution can
be corsidered, with:

(a) the same parameters for all the arrays, or

(b) different parameters which are dependent on S.

When working with real data sets we encounter two different types
of problems in estimating the parameters.

(a) The estimates for these parameters in each array can be
displayed graphically and are dispersed randomly w.thout any
relation to the array S. Therefore, a measure can be found to
estimate the respective parameters. These parameters are

considered constant along the whole bivariate table.

o e e Ty SRR R | sl ) i o
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(b) The estimates of the parameters follow a certain pattern as
a function of S. In this case we can actually fit a function, so
that (he parameter varies as a function of 8. For this type of
problem the model described in Section 2.1 will encounter
difficulties. However the model can still be applied for certain

functions of the parameters and for certain distributions.

In what follows we concentrate the research on three families of
distributions:

(a) Beta-Binomial with constant parameters e, and a,,

(b) Generalized Positive Hypergeometric and

(c) Beta-Binomial w th parameters a and a, as functiovns of S.

2.3.1 BetaBinomial distribution
with constant parameters g, _snd g,

In this chapter we develop a particular model which asaumes the
Beta-Binomial distribution with the same parameters a, and x,

for all the ascending diagenal arrays.

The Beta-Binowial was de-ived by compounding the Binomial
distribution with parameters S and @ with the continuous Beta
distribution with parameters a, and a,. In this case Beta is the

distribution of the parameter 6.

The probability iaw of the Binomial distribution is:
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S xl S—xl
P(x,|S) = [ ol et where (2.3.1)
o
X, = DidsBsssn o B; 8:mu),8:8,ivs and 0 < @ < 1.
The probability law of the Beta distribution is:
1 al-l az-l
P{0) 8 Liilmiiiacs: § (1-0) , where (2.3:2)
B(“l'“z)

0<eo <1, a‘ >0 and az > 8 .

From the convolution process we obtain the following probability

function:
B(x,+a, ,S5-x,+a,,)
$lx, 1) = [i ] i el s LGS (2.3.3)
1 B(al,az)
X =0.1.z.....s. s = 1,2.3.-.- ’

1
al > 0 and °2 > 0.

The latter function is called the Beta-Binomia! distribution, or

for short the BBD.

The first two moment. around the origin for the BRD are

sal
ﬂi(xl|8) 2 ce—  ad (2.3.4)
a, +a,
scl[s(al*l)*dzl
yé(x1|8) = (2.3.8)

(al+uz)(al*az+l)

The BBD can take a vast variety of shapes depending on the values

of its two parameters o and a,-

The ratio function R(x|S) for the BBD is defined as:

(x,+1|S) (S-x,)(x,+a,)
¢ 1 I = 1 11 for (2.3.6)

R(x |S8) =
: $(x, |S) (%,+1) (§-x +a,~1)

xl:0.1,2~-...(8‘1) and s: 1.2...-
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q xl S—xl
P(x1|S) = [Z ] o  (l-e) , where (2.3.1)
*1
X, = DolaRsi048; = ),8:8,:4> and U <@ < 1,
The probability law of the Beta distribution is:
1 al-l az-l
P(0) T ————— @ (i-e0) , where (2.3.2)
B(al.az)
0 <o <1, al >0 and “2 > 8 .

From the convolution process we obtain the following probability

function:

B(x,+a,,S5-x, +a,,)
$(x, [8) = [i] he silie Yo YIRS (2.3.3)
x1 7y UG Spea . § ® 1.8:3564¢

al > 0 and °2 > 0.

The latter function is called the Beta-Binomial distribution, or

tfor short the BBD.

The first two moments around the origin for the BBD are
Sa

Hi(x)|8) = v 0 (2.3.4)
@)ty
Sal[S(a1+l)+uzl

py (x| |8) = (2.3.5)
(al*az)(al+a2+l)

The BBD can take a vast variety of shapes dermending on the valves

of its two parameters a and a,.

The ratio function R(x|S) for the BBD is defined as:

PO L) (5x)) (x)4a)

R(xl|s) = for (2.3.6)

$(x,|8) (% +1) (8-x +a,~1)

X, F 0,1,2,...,(S-1) and S = 1,2,...
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Most of the literature mentions the necessary, but not the

sufficient conditions for the BR"” (o take various shapes.

In order to know the shape of the BBRD one should analyse the ratio
function at two points X, = 0 and X, = S-1. From this analysis
one finds the necesaary and sufficient conditions for the BBD to
take the following shapes:

(a) U-shaped

%, > Saz - (5-1) and a, > Sal - (8~1); (2.3.7)
(b) J-shaped

a > Sa, - (8-1) and a, ¢ Sa; - (8-1); (2.3.8)
(c) Reverse J-shaped

a < Sa2 - (8-1) and a, > 5‘1 - (8~1); (2.3.9)
(d) Bell shaped

o < 842 - (81) and a, < Sa] - (8-1); (2.3.10)
(e) Hectangular

@, = 1 and &, = 1; (2.3.11)

(f) Mirrored (with respect to x-axis) J-shaped
e < 8a2 - (5-1) and a, 2 Sal - (8-1) and (2.3.12)
(g) Mirrored (with respect to x-axis) reverse J-shaped

@, 2 Sa, -~ (8-1) and a, < Sa; - (8-1). (2.3.13)

2 1

For large values of e and a, the EBD can b~ approximated by the

Binomial distribution as follows:
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§ix, [5) - 8! (@, (@, +1). . (@ ~i+x) ] {a, (@, +1). .. (a,~148-x,)]
xl!(s~x1)? (alwz)(almzﬂ)...(Smlmz—l)
" a,+l a,+x, -1
_ S! a,ta, ' ay i mEd 0 =
_ xl!(s—xl)! 1 ;Zlfaz’l al+02+xl—l
: oy o see o e
02 02+l 02*3°x1-l
a, ta, a ta, a ta, . R
' al*uzfxl Ra a1+02+s-1
ur S al-ha.z

It one takes a,, = ”l then:

4
xl S-—xl
lim Q(xl|8) = [i] p (l-p) , where (2.3.15)
al-o 1
a,-e
P = 1/(a+l).

This is the Binomial distribution.

Under certain conditiors the BBD approaches the Negative Binomial

distribution. If we assume that there exist a linear relation
be .ween a, and 8, in other words if

a, - kS , then (2.3.186)
(1-0)" r(vex,) x
lim Q(xl|8) e - . , where (2.3.17)
rv) r(xl‘l)

x, =0,1,2,..., 0 = 1/(k+l), 1A, D<o <l and v > 0.

1

The conclusion is that in the limiting process {or S o the

BBD, which is a compound Binomial becomes a compound Poisson,

which is the NBD.
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2.4  Digtributions tor the Third Marginal

From the definition 2.1 it is obvious that for the third marginal
one can choose any distribution which may or may not be limited by

an upper value.

In what follows we investigate the model, where on the third
marginal we assume the Generalized Inverse Gaussian-Poisson
family. Some well known distributions which are immediately
derived from the above family will be used as probabiiity laws for
the third marginal, such as the Inverse Gaussian-Poisson and the
NBD. The BBD and the GPHD presented previously for the ascending

diagonal arrays can also be used for modeling the third marginal.

2.4.1 Generalized Inverse Gaussian-Poisson distribution

For the third marginal we now consider the Generalized Inverse

Gaussian-Poisson distribution, or for short GIGP. It is defined as

T (awr2)8
£(8) = ls*’(a) , where (2.4.1)

l(.'(a'/'m—) s!
§=0,1,2,3,... , <y <@, 0¢O0¢1l, a) 0, and

K'(z) is the modiftied Bessel function of the second kind of order
7 and argument z. This is a discrete distribution obtained through

the ccavolution process of the Poisson dietribution given by

X
XA ., where x = 0,1,2,... and for A > 0 , (2.4.2)

p(x) = e
x!
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2.3.2 Generalized Positive Hypergeometric distribution

For negative values ot the parameters a, and a, we obtain the

Generalized Fositive Hypergeometric distribution.

By using the equality
wek-11 _ % =k 9 9 3
[ : ] s (-1) [ x] (2.3.18)

equation (Z2.3.1) becomes:

)

Q(x1|S) = , where (2.3.19)
B e
S
xl=0.l.....s, S=1.2..--. Gl)o .nd a2>0.
1f a and a, are taken as negative the letter expreasion gives:
a1 [ %
le S—x1
$(x,|8) = , where (2.3.20)
a, ta,,
1 zl
s J
xl=o.1.0.o.s md s:' 1.2.0.:

This function is called the Generalized Posilive Hypergeometric

distributio, or tor short GPHD.

For integer valuas of a and a, equation (2.3.20) becomes the

Hypergeometric distribution.

Under certain circumstances, for non-integers al and %y GPHD can

generate negative probabilities and simultaneously:
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o«
I ¢(x1|S) = |
X
1
Tha GPHD could not be derivad directly from the convolution

becaise the mixing Jistribution (@) was defined only for
positive values of al and 02 .

In the limiting process the GPHD becomes the Binomial
distribution. The proof is identical to the one pertformed above

for the BBL, the cniy ditterence being the signs of a, and a, -

¢.4.3 Beta-Binomial distribution with o, and a, as tunctions of §

Let us assume a special case where on the asce.ding diagonal array
the variable: 1s distrivuted according to the BBD, such that the

parameters cl and a, are functions of S.

We assume that the following relation exists between the functions
al(S) and az(S):

a,(8) = ¢ al(S) ’ (2.3.21)
where ¢ is a constant, and that for the variances along the
ascr:nding diagonal arrays we can fit the tollowing function:

py(x |) = bs® + 18, (2.8.22)

where b and a are constants.
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mixed with the Generalized Inverse Gaussian distributien, or for

short GIG, which ir defined as:

e LA e L
J A [ e L , where (2.4.3)

oy <o, 0¢O0<l, a>0 and

K,(z) is defined as before.

The first two moments around the origin for the GIGP are:

a® l(“l(a./'ﬂ")

Hy(8) = and (2.4.4)
2/ T-9 K,'(a./m
2
ae K (a/T70) a R ,(a/T-¢)
py(8) = 4l . [ ] i (2.4.5)
2ST1-8 K’(a./"l':'l‘) 219 x,(m
2.4.2 Inverse Geussian-Poisso ‘istribution

For the third marginal consider now the Inverse Gaussian-Poisson,
tor short IGP, which is a particular case of the GIGP if v = -1/2.
It is defined as:

S
rey (a0/2)
f(S) = I_i— e it
S!

s_L,z(a) , where (2.4.6)

8§ =0,1,%...

For the IGP distribution the first two moments sround the .rigin

are:
a
pi(S) . JS—— . | (2.4.7)
ST
ae ae 2 i
yé(S) = . [ ] [ —_—t l] . (2.4.8)
2 T=8 210 a/ T8
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2.4.3 Negative Binomial distribution

Consider now the Negative Binomial distribution, +for short NBD,
for the third marg.nal. It is a particular case of the GIGP when

in equation (2.4.]1) one takes v > (0 and a = 0.

In the general Bessel theory it is know.a that for z <K v one

obtrins the approximation

v rw) "
(2.4.9)

K(2) - [_::- o

In order to prove that the NBD is obtained from the GIGP one can

use for a <{ v the following approximations:
S+v r(S+v)

KSM(G) + (2/a) — and (2.4.10)
2 1" rm
‘1(0"/ -6 ) + (2.4.11)
a/ 10 2
This leads to

(1-0)7  r(s+) s
f(8) = o where (2.4.12)
r(v)  r(s+l)

330.1.2.-.. .nd 0(.(1-

This is the standard NBD with the first two moments around the

origin defined as

Y0
u'(s) = and (2.4.13)
. 1-¢
e
pi(8) = (1+10) . (2.4.14)
: (1-6)°

By using the ratio function for the NBD ont can find th ' if
0 <@ <1 then 0 <y <1l and the distribution is reverse
J-shaped.

If % > 1/6 the NBI is unimodal.
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2.4.3 Negative Binomial distribution

Consider now the Negative Binomial distribution, for . -~ 't NBD,
for the third wmarginal. It is a particular case of the GIGF when

in equation (2.4.1) one takes v > 0 and a = 0.

In the general Bessel theory it is known that for z K v che

obtains the approximation
o v T(v)
Ku(z) i [T'] ”

In order to prove that the NBD is obtained from the GIGP one can

(2.4.9)

use for a <{ v the foilowing approximations:

K, (@ + 2/a)>** _”..f,"’_‘- and (2.4.10)
2 . I{vy)
K (a/T57) + (2.4.11)
a/ 1-0 2
This leads to

(1-8)7  r(s+) .
f(S) = o where (2.4.12)
rv) r(s+l)

8 =0,1,2,... and 0 < o . 1.

This is the standard NBD with the first *wo wmoments around the

origin defired as

¥e
yi(S) - and (2.4.13)
1.
ve
pé(S) B cumm—y (1+v0) (2.4.14)
(1-9)

By wusing the ratio function for the NBD one can find that if
0 <@ <1 them 0 < <1l and the distribution is reverse
J-shaped.

If 4 > 1/6 the NBD is unimodal.
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2.5 Joint Distributions

this section deals with the bivariate models built from different
distributions agsumed tor the third marginal and the ascending

diagonal arrays.

2.5.1 The Beta-Binomia! distribution for the ascending diagonal

arrays d a distribution tor the i rgin

Let us consider tor the ascending aiagonal arvays the BBD with the

parameters 8, a, and a, and for the third marginai any

distribution f(S) for which the first two moments around the

origin are given by pi(S) and pé(S) and the second moment around

the mean is pz(S).

The joint distribution of xl and x2 is
+x2] B(x]+ul.x2*02)

f(x1+x2) , where (2.5.1)

o
Px X (”1'”2’ :

. x
1”2 1 8(01.02)
S = X, + Xyr X = : 7% S and X, = D, sBscvrssl »
The marginal distributions of X and X, derived from the

bivariate table are written uider azummation form as follows:

X, +X,, ] B(xlwl.xzmz)

P (x,)=2 |1 % f(x,+x,) and (2.5.2)
%y l X 3 B(a,,a,) 12

2 ' J | K

% . +x,,] B(x,+a,,x. +a,,)

P (x,) =2 12 1 1 2 2 f(x,+x,) , where
x2 2 " x1 B( . 1 2

1 L J allatzl
S = x1+x2 ¢
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Using the results ot Theorem 2.1 we obtain the first moments

around the origin for the marginal distributions. They are given

by:
*1
apray
dl Gz
P} (X) = PY(S) = e p}(8) = e i (8) (2.5.4)
&, vy S S

In a similar way and using the results of Theorem 2.2 we obtain
the scecond moments around the mean for the marginal distributions.
They are given by:

al(al*l) @ %

pé(S) +
(al*cz)(al*azﬂ) (alﬁlz)(alwzﬂ)

1 (8)

uz(xl)

[ Z
o | 2
-——-———] pi (S) and (2.5.5)

I e e

a,la,tl) a, o
TN ”é(s) + 5 -8
(al*az)(alwzﬂ) (al*a.‘,_)(almzﬂ)

’

a, ]2
. [ ~2 1 ‘w¥e) (2.5.6)
ata, |

or
|

”2‘“2) = Hy(x,)) + -———-.yz(S) 5
ot B

In order to calculate the correlation coefficient between the
variables X, and X, it is necessary to calculate the first
moment around the origin of the joint distribution of x1 and xz.
and the covariance of the X, and Xy By applying Theorem 2.3 to

this particular model, we obtain the following formulae:
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a, a

|

B(x,x,) = (p)(S)-u'(S)] and
1% 2 1
(a1002)(al+a2+l)
’ ) .2

a, ¢, pz(S)~ul(S) M) (S)
cov(xl.xz) = - - . (2.5.7)

o e SR S e M o)y
The correlation coefticient p(xl.xz) between the variables
X, and X, is obtained by substituting the respective exnressions

for COV(X ,X,), H,(x,) and p,(x,) into its definition

cov(xl.xz)

PiX ,¥,) =

Jﬁz(xl)pz(xz)

The correlation coefficient is given therefore by:

wyS)wys)  wps)
plx ,%,) = [@&, :
a)ta,+l e B
’ ’ 1-1/2
F(al*l)pz(S)*czpl(S) a, 2
- el Pl (8)
| oprayl "% :
-1/2
[ (@, + 1)l (S)+a ! (S)
g T %2 2 . (2.5.8)
“\
) fagtt "W «

tor the particular case of a syrmetrical BBD, i.e. a =y the
expressions (2.5.3) to (2.5.8) become much simpler. The following

results are then obtained:

pi(S)

Mi(x,) = pi(x,) = ' (2.5.9)
2

(a +py(8)4a,p}(8)  pp (s)

"2(xl) s pz(xz) = = ’ (2-5010)
2(2al+1) 4
%
8(x1x2) - [yé(S)—yi(S)] . (2.5.11)
2(2a1+1)



o [myS)ws) )
cov(xl.xz) = - and (2.8.12)
2 Yo +1 %
| )
) ) .2
u () (8) W)
p(kl.xz) = °1 - — T
Zax 4] 2a,
(a +Dpy(8)bapui(5)  piés) 17
. . (2.5.13)

(Za,+1) Z

Based on this new principle we are able to calcilate the first and
the second moments around the origin, the seconu moment around the
mean for the marginal distributions and the correlation between
the variables, without working through the classical approach that

makes use of marginal means, variances and covariances.

In numerous situations it is difficult to develop the joint

probability law for the x, and x,, variables, hence it is not

1 2
possible to calculate the corvelations by using thz classical
theory. With the new approach it is not necessery to know the
proba ility law of the marginals, and still we are able to find

the correlations in a bivariate distribution.

Further we consider a particular csse of the BBD which is the
Binomial distribution. As mentioned above this is obtained by the

limiting process of @ and a,.
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2.5.2 The Binomial distribution for the ascending diagonal arrays
! istribution for the third s

Let us sasume that the variable on each ascending diagonal array
is distributed according to the Binomial probability law with the

same parameter p along the different arrays.

For the Binomial distribution the two moments around the origin

are
pi(xl|8) = Sp, and (2.5.14)
pé(xI‘S) = Sp(l-p) + Sdpz ) (2.5.15)

On the third marginal we assume for the variable S any
distribution f(S) with the two moments around the origin yi(S)
“n4 pé(S) and e second central moment u (> ). The Joint

d*stribution of x, and x, is:
X, X X X
ot B A rrint &
P(x,,x,) = [ X, ] P (I=p) ~ fx *x,) . (2.5.16)
The marginal distributions of x, and x, derived from the

oivariate table are:

X
P (x.) = P ! 2 (% ag)! teny ¥
‘”1 X,) = : ' (1-p) = f(x,+x,) and

X' %, X,

X2

(1-p) (xl+x2)! x1

Px (xz) = z P f(xl#xz) " (2.5.17)
2 xz! xl xl!

By applying Theorems 2.1, 2.2 and 2.3 Lo this bivariate case, we
obtain the following results:
Hi(x)) =p pi(S) ' (2.5.18)

Ky(x,) = (1-p) pi(8) , (2.5.19)
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2.5.2 The Binomial distribution tor the ascendiny diagonal arrays

distri ‘or thi
Let us assume that the variable on erch ascending diagonal array
is distributed according to the Bincmial probability law with the

same parameter p along the ditterent arrays.

For the Binomial distribu! on the two moments around the origin

are
pi(x.|8) = Sp , and (2.5.14)
py(x,|S) = Sp(l-p) + §°p° . (2.5.15)
On the third marginal we sas:une for the varietle 3 any

distribution f(S) with the two moments around the origin yi(S)
and pé(S) and the second central mowent 4, (S). The joint

distribution of xl and x2 is:

X, +X X X
Y L e ) i W, ,
The marginal distributions of X, and X, derived from the

bivariate table ere:

1 (%,#%)! X,

P (x,) = P z 1.2 (1-p) ‘ f(x, +x,) &nd

xl l Ned X X,,! 172

1 2 2
Xy

P (x,) = z p o fix, +x,) . (2.5.17)

X, & . . 1 72

P4 xz. xl xl.

By applying Theorems 2.1, 2.2 and 2.3 to this bivariate case, we

obtein the following results:

» o ] .
”1(”1) =p pl(S) ' (2.5.1R)

Fi(xz) = (1-p) p(8) , (2.5.19)
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Hy(%,) = p [(1-p) p(S)+p p,(S)] , (2.5.20)
Hy(Xy) = (1=p) [p p)(S)+(1-p) py(S)] , (2.5.21)
cov(x,,X,) = P(l“P)[pz(S)—yi(S)] and (2.5.22)

yz(S)-ui(S)
p(xl.xz) = > (2.5.23)

fi-p] ., p ’
J[lT ”1(8)"‘2(8)] [[ﬁ]ﬂl(s)ﬂ‘z(s)]

From the above results we conclude that the parameter p of the

Binomial distribution for the ascending diagonal array has no
influence on the sign of the correlation coefficient. The
decision whether the correlation between X, and X, is positive,
negative or zero is entirely based on the parameters of the third

marginal distributio:,

In the special case of variables on the ascending diagonal arrays
having the symmetrical Binomial distribution with p = 1/2, the

equations (2.5.18) to (2.5.23) become:

Ky (8)
2
pi(8)+u2(8)
pz(xl) = pz(xz) = ‘ (2.5.25)
4
M-)(S)'Fi(s)
cov(xl.xz) Q- and (2.5.26)
4
pz(s)-pi(s)
pX|4x,) = . (2.5.27)

pz(S)+pi(S)
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T2 bivariate distribution built from the GIGP for the third
marginal and the BBD for the ascending diagonal arrays is
X +x.

- (a)
xl.x2+1

Vac Bl B(x +a, X, ta,,)
- gy e
P(x)ox,) = 7

x,(mm(ul.%) X, %, !
(2 5.48B)
By applying the conventional approach to the joint distribution of
X, and X, we obtain the probability law for the merginals given au
N

Pac mi gﬂ- 1r(x v, )
P (x ) = [ J e
x 1
1 l’(d'l'—T')l(al.az) r(xlﬂ)
%
rix, +a,,) . ‘
o af
] : rix, +1)rix, +x, +a, +a, )' l! ] lxl*xzﬂ(‘)
A 2 Wi et T
and
v,
(! an)
P (x,) = ; : Tj .2*62)
Wiy | s e
2 I(1(c../"FT')B(cl.az) r(x:, 1)
rix,+a,) Lt
$. T at
B [ “s*"z*"(a) . (2.5.29)

X, r(xlﬂ))’{xlmz#ﬂlmz)
These probability laws can not be expressed in a ciceed form and
it may be that the moments, the covariance and the corralatin can
not be obtained from tne above formulae. However, by substituting
the expressions for the tirst two moments around the origin for
the third marginal in the equations (2.5 34) te (2.5.8) we obtain
the results below. For simplicity we use the substitution

u = aST0 .
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