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ABSTRACT

This dissertation reviews the theory and methods of three areas m

time-series analysis - periodogram analysis, spectral analysis and

Box-Jenkins modelling. Once the basic mathematical necessities

and definitions have been set down, the relationship between the

periodogram and spectrum is illustrated.

The statistical properties of both the periodogram and spectrum

are provided, as well as the practical problems involved when

analysing data using these techniques. As a result oi the com-

plexities of the spectrum, more emphasis 1s placed on periodogram

analysis.

The time-domain approach to time-series analysis consists of

an introduction to, and explanation of the Box-Jenkins modelling
theory. Techniques (for example, the autocorrelation function and
Inverse autocorrelati n function) and the theory behind them

for identifying, estimating and checking mode;s, are given.

Forecasting and Box-Jenkins seasonal models are only toucheu

upon, as are nonlinear time-series models. An application oi all

the major techniques 1is provided.
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PREFACE

A discrete univariate ti.-ne-serles is a sequence of observations
ordered and equally spaced in time. This dissertation reviews

the theory and methods of three areas in time-serles analysis and
presents an application thereof. The object of this study i1is to
present a unified treatment of the techniques involved and to gain
a working knowledge of these procedures. The application of thes-
techniques has necessitated the development of a suite of computer
programs for performing time-series analysis.

There are two major approaches to the study of time-series
processes - time-domain and frequency-domaln analysis. In the
context of this work, I shall consider the former as consisting
of an approach generally called 8ox-Tenkins modelling and the latter
of the two technigques - periodogram analysis and spectrum analysis.

Once the basic mathematical necessities and definitions have
been set down, the periodogram is introduced as a tool useful for

Identifying (and removing) any periodic tendencies in the lata.

Verification of its statistical properties and notes relating

are given. Thereafter, the 1link between the periodogram
and (theoretical) spectrum is forged.
In cons doring the spectrum and spectral analysts, the

mathematical theory behind these concepts 1s discussed and an in-

troduction to, tnri the properties of, windowed' spectral estimates
are given. The approach used here Is from a periodogram viewpoint
The problems In setting up a spectral analysis are also considered.

This completes the analysis in the frequouey-domain.
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a'eee '@ 5 <. of a

inyjc 1* given *n

tat t@chn.gquen presented is given.

$JI- .. particularapproaches and methods are given
the text. This applicationhas necessitated the creation of a
attery of computer programs for tinie-ser les analysis. lhese

programs have been written in a conversational moue and are as
autonatic/objective as possible at the moment. An idea ~or
the future is to make this package fully automatic thus tr.ar. Bixig
the layman to perform a ttae-series analysis. A description of
the programs is given in an appendix.

It 1s worthwhile stressing that only discrete univariate
tioe-senes are considered in t M ! work. Any continuous time-series

*nay be converted into a discrete tie by samp L% ig at equa. tia«

intervals. Thus tieory presented here, is. in a way, vndirec.3y
apolicable to continuous time-serivs. Mo a ifivariate time-series
theory 1 considel ud i univariate series xrc more common, an 1l .o,

fork has been done \a this fielu.

The nain sources for reference material were Box and Jenkins

Priestley (198i) (both volumes 1 and 2), Bloomfield (1976) and to
a lesser degree, Chat field (1980). uot tman (.781) proved -o bv a.'
invaluable asset ns far as a non-theoretical (practical) approach was

concern r:d and also served as a readable introduc 'cr. text.
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This function, together with b*sin(wx), can be considered as
building blocks for all other periodic functions, since any well-
behaved' periodic function of finite period h, can be expressed as
a (possibly infinie) sum of weighted sine and cosine waves. This
remarkable result will be discussed more fully in section 1.5 but

can be written aore formally as

Theorem 1 Fourier'w theorem
If f(.x) 1is a well-behaved periodic function of period h, then

f(x) may be written as a Fourier series in the form

00)
” lex *
f(x) A ''a cos( "-) + b sin(—r~ )} (1.1)
kio h ! h
where a , a ind b ,b, .... are constants to be determined.
¢} 1 o 1

(For proof see section 1.5)

In a similar fashion if f(x) is nonperiodic, we may still

regard it as periodic but with infinite period and hence

Theorem 2

If f(x) 1s a nonperiodic function, then it can be rewritten as

f(x) ' a(w)cos(wx) » b(w) stn(wx) :dw (1.2)

where a(w) and b(w) are functions whose form is still to be deter-
mined .

(For proot see ection 1.6)

absolutely Integrable over (- , ) with 1 finite number of

discont inui ties



For computational purposes we may define

r>0

J = a r 30 (1.3)
r o
t(a . £ ib ) r ' 0
2 r r
or analogously

,i(a(w) - ib(w)) w > 0
J (w) = a(0) w * 0 (1.4)

a( *) ¢ ib< w 1)) w < 0

I2

and then we may rewrite (1.1» and (1.2) , respectively, as

*> iw x
f(x) = J.”e K (1.5)
(where w~ = 2"k, h and w *~ * -w")
/cD
and f(x) * J(w)e“* dw (1.6)
Definition 2
J (w) (or analogously J%) 1is called the Fourier transform of f£f(x)
Thus 1f we are prepared to accept theorems 1 and 2, it

turns out that any well-behaved function may be written as some
function of its Fourier transform. So if we have a set of data
a tch follows .Home functional form, we may estimate this functional
firm merly my estimating the Fourier transform of the data.

So given any set of dat, ordered 1in time, it 1is possible to

'model' the process which generated it simply by approximating

the generating process by the Fourier transform of the data.
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1.3 STOCHASTIC AND STATIONARY 'ROCKSSI

So far no mention has been iade *hi 'T- time-series . so ve
are entitled to ask
"low does the theory ol section and 1.2 he:p us?"

We shall see from the following definitions (some of which
shall only see the relevance of at a later stage) exactly what

bearing this theory has.

Definition 3
A random (or stochastic) process 1s such that for each ¢, 'he

value X (t) 1s a random variable. X(t):; is ca.l d a random

we

process 1f the situation 1is such that for each t, we cannot deter-

mine theoretically a precise value of X(t). Instead we .ive a

range of values with an associates pdf (probability density tunc-

tlon) .

Definition >
An observed record of a random process 1is merely one realization

out of a whole collection of possible realizations.

Deflnition 5

For each t, X(t) 1is a r.v. (random variable) and so accordingly

X(t) will have the same pdf as X( s) (for all s) p*(x), say (if X (O

is continuous) or Ff(x ), say, (if X(t) 1is a discrete r v >

At this point, I have change notation from f(x) to X (t> siiu-

time-scrles 1is dependent on time , sav, and at each time point

X (t) is a random variable i.e. f(t) X(t) Vt.

i



Defi. ition 6
A discrete tin:e-sertes 1s a rea.ization of a random process X(t);
only considored at the discrete time points ....-1,0,1.2,,...

and denoted by X*

The theory of sections 1.1 and 1.2 concerning a function f(x)
is really for a deterministic function £ (x) (i.e. a function which
for a particular value of x, we can determine fix)). Ooes this
then mean we may not apply this theory to a discrete time series

which is a realization of a random process?

No. We ire saved by the implications of Wiener's theory of
generalized harmonic analysis (*nich is formulated in section 2.2)
which states: each realization of a 's* ionary' process can be

expressed as a Founer-St ieltjes (Wiener (1$>30) > transform of the form

X (t) « e *1.1(w)

where Z(w) i»not necessarily d.4 -enttable but has the same form
as J(w) given by (1.4).

Saved'* No - *e venotyet defined what we mean by stationary
If this stationarity condition loes not impose too many restraints
on our single realization (i.e. our time-series) we may then apply
the theory of sections 1.1 and 1.2 and hence estimate some form

of model.

Ueflnttion 7
A stationary process has the characteristic that its statistical
proper vies do not change with time i.e. 1if X, ) is

stationary,

then X(I), X(2) «ccco... must each have the same pdf.



Definition 8
X(t) is called strictly stationary if the joint distribution of

X(ﬂ%ﬁ: ) is identical to that of X (t.>k),..., X(t +k)
n i n

(for any set t...... .t and any k)
1 n

Definivion 9

X (t) is said to be stationary up to order m if for any set
tI"'ﬁ't and anv k, all the Joint aorents up to m of X(tA
X(tn) exist and equal the corresponding moments of X(t{fkh
X(t *k) -

n

Deflnition 10

A process 1s called Gaussian 1f all Jjoint distributions of X (t,),

., X(t ) (Vn and sets t 1 ) are multivariate normal.

n 1 n

Thus *e may in principle iscertain whether our time-series is

stationary (if it la t we need some technigque to induce station**

arity) and hence calculate Fourier transforms of the da.a.
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The value and uses of these functions 1is not inunedlately c “ear,

but they will be utilized at a later stage.

1.5 AN OUTLINE PROOF OF FOURIER'STHEOREM (THEOREM 1)

Theorem 1, Four ter" s theorem, states that i1if f(.x) Is a well-behaved
periodic function of period h. then f(x) may be written as a

Fourier series 1in the form

f(x) ~* 7 (a. cos( ) * b, sin( - ) (1.7)
k»0 < h w h

(where a , h are some constants).

Without loss of generality, suppose h = ~ Now the following
functions, namely co»(t), sin(t), cos(2t), e*in(2t),..., are al.

periodic with period 2 , and iny linear combination of them will

also be periodic wit: period 2' Then we must show Jiat if
X(t) is a function of t with period of 2". then we can represent
X(t) by
X(t)e a + a cos(kt) ®Db sin (kt) vu. (..8)
2 ° k-1 K

This will prove Fourier"s theorem.

The reason for using ,a instead of a is simply ‘or notationai

purposes

Note that a and b, Be called Fourier coeffi' tents and

the term corresponding to k 1 is cailed the fundamental, that

again, I use K(t) instead of f(x) for notationai continuity
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corresponding to k = 2 the first harmonic, that corresponding to
k = 3, ;he second harmonic,etc.

If we multiply both sides of (1.8) by cos(Jt) (j some integer
> 0) and integrate over t from - to , then 1f the RHS of (1.8)

can be integrated term by term (which is possible if the series is

uniformly convergent over the interval (-",")) then we have
X(t) cos(Jt)dt = a cos (jt)dt
-rr -rr
la,k cos (kt )cos (Jt)dt - b.k sin(kt)cos (jt)dt ' (1.9)
k=1

(if we assume the Fourier representation (1.8) 1s permissible)

Now since

cos (kt)coa fjt)dt 0 J * k
sin(kt)cos(jt)dt 10 vy L,k
sin(kt)sin(jt)dt 0 J * k
then *¢ may rewrite (1.9) is
X(t) cos(jt)d’ a cos" (jt)dt
= a3
I.e. a « X (t) cos(J t)dt J=20.1.2 (1.10)



[the use of , a instead of a now becomes apparent - since we

now note that (1.10) includes the case J = 0]

In a similar manner, it may be shown that

b = X(t) sin(jt)dt Jg = 1,2,... (1.11)

[(1.10) and (I.1ll) are called the Euler-Fourier formulae

By assuming the series X (t) 1is uniformly convergent on (=-".")
we eliminate theproblem of integrating term by term.However ve
are still not Jjustified in writing X(t) i.t.o. a Fourier represent-
ation (1.7). Or are we?

If we define a and by (1.10) and (1.11) respectively
then it may be shown that =xith these coefficients the RHS of (1.8)
represents the function X(t) The only questions to be asked are

(a) do (1.10) and (1.11) always yield finite wvalues?

and

(h) if >0, does a . 3) (1 <. the RHS of (1.8)) always converge to
X(t)?

(a) is answered >y insisting that X (t) be absolutely integrable
over (- ). (b) is solved by restricting X(t) to a finite nurber

of discontinuities tnd also a finite number of maxima and minima

(these conditions are termed the Dirichlet conditions).

Under the above assumptions, we can claim that any (penodii)

function has a Fourier series representation and hence any (deter-

ministic) time-series also : one. If we estimate the and

bk . we may determine it wh.it frequencies the tiae-series has

(significant) power.
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In summary then, If K(t) is a well-behaved periodic function,

of period 2 , we may represent X(t) by

a cos(kt) w h: ,in(kt) vt
k=1
if
(i) x (t) is uniformly convergent on (- , )
(ii) X(t) 1s ibsolutely integrable over )

(il1l) X11) has a finite number of discontinuities in (- , )
(iv) X(t) has a finite number of maxima and minima in (- , ")
Notes

(a) Jordan’s test (Theorem 3)

If X(t) 4is of bounded variation in the neighbourhood of

t * t , then its Fourier series converges to the sum

X(t) 1is of bounded variation in (a ,b) if for any sub
division of thus interval, a o tl tn * b
n-1
i»0

is bounded by a constant who e value 1is independent of
the form of the sub- islon

For proof, see Tltrhmarsh (1939)



(b) Theorem 1
If X(t) has a finite number of discontinuities as toll as a
finite number of maxima and minima in (- then 1its Fourier

series converges (for all t) to

7, X(t-0) * X(t+0)

(for proof, wuse theorem 3)

hence

(c) Theorem 5
If X(t) 1s continuous and of bounded wvariation throughout

(--,T), then its Fourier series converges for all t to X(t).

1.6 THE NONPERIODIC CASE (OUTLINE PROOF OF THEOREM 2)

The results of rhe last section only hold for the case where £f(t)
(or X (t)) 1is periodic (with finite period h) . If X(t) 1is deter-
ministic but not periodic, we would also like some Fourier repre-
sentation 1if possible.

Simply define (or choose) some interval (-',') and then define

X(t) -T < t < £

Y (ti2p > = Y(t) t ~T p - 1,2,3,...

Then 4 t) is periodic with period 2 , and so can < o-.'vc<see. 1 t o

a ourler series!

00

Y(t) « (uk cos(2"w™t) w b, sin(2 *"t))



Defining as In (1.3) 1i.e.

1
1i'Vv ' iuk> K 0
k 2 uo k 10
J((a k Mb k) k 0
then
2 'iw t
Y(t) » J, e
k*-® K
md so (se. (t) and (11) below)
-2~1lw t 2 riw t
( X(t)e ut) e w (-7 < t< =)
— — 1 k
where w = w - A = —
k k k-1 2
(=) Since i' " (t) has period 2 (i.e. not necessarily 2~) 2(t)
may be written as
Z(t> * i aQ * '\ cos(- > * b sin( — )
k*1 | K 4

(by limply extending the proof in section 1.3 to deal with the

case of period ")
where

1 , ~kt
a Z(t)cos ( ) dt

bi =T Z(t)*1ln (~)dt

Note that this Is not the same .is (1.3) since (1.3) employs a

instead of - aQ . - a” is used for comput itlonal purposes.









16

1.7 THE SPECTRAL DENSITY FUNCTION

If we consider a stationary stochastic proct is, .- rather a single

realization (i.e. X (t)) thereof (and v.l.o issume E (X (t)) = 0

Vt), we cannot assume X(t) 1s pe.iodii md nor cat we assume X (t)

is absolutely integrable. Thus it would seem we crnnot represent
i.t.o a Fourier series (since X(t) must .-ither be periodic,
or nonperiodic but absolutely integrable over (- .'" - see section

1.3 for the latter restriction).

To skirt this problem, simply define another process. X (t)

say, such that

X (t < t < T seme '
(1.13)
x { c therwise
Then we may writwv
iwt
X (t) - g(w)e dw
2-
. -1'vt
where g(w) = X (t)e It
2
B (1 t

Since X (t) may or may not possess a Fourier integral. the

But the total on,n:

(as . ) Of g (w) does not xist
off by X(t) in tlie ...%erval (- , ) Is equal to
'T ”
X (t)dt



by the basic Laws of e

However under suitable cone
may be mite (Vw)
If this limit exista

tion of X (t) considered,

presentative of the whole

average of g (w) 2 ove
we define
nvw)
When h(w) exist

al circuit theory Priestlov(1981))

(ai ) of  g(w)
jply be for the specifiZ realiza-
»rder me quantity re-

nroces. :onsider ratner rne

dliferent realizatvwv

ution to the tota.



If we assume X (t) has the Fourier representation given by (1.8),

then
X-(t)dt = -] ‘*ta-’ * ~» (a/, b/)
-IT
a
) o
Define e =
°k o* 12<\" + ! k °
(e
2
then total energy over o= 2" e
k=0
and the total energy given off per unit time interval
D
* ko~
k=0
0
(A plot of e”“ against k gives the discrete power spectrum). So

we have a breakdown of the energy into contributions made by

particular terms.*’

1.8 SUMMARY

In this chapter we have introduced the concepts of stationarity
and two important functions - the spectral density function

(sdf) and the autocovariance function (acvf). The importance of
t.vse two functions will be discussed in more detail in the next

chapter.

We have also seen how any process (whether random or deter-
ministic, periodic or nonperiodic) may be expressed in tertr.s of a
Fourier series representation 1i.e. a '"mm (or integral) of sine
and cosine functions., evaluat over a range of frequencies. We
can compare the power of different frequencies by plotting the
Fourier transform of the series,

This plot (or power spectrum) gives an idea of the contribution

of certain sine and cosine functions (terms)to the overall process
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CHAPTER 2: THE WIENER-KHI.NTCHINE THEOREM AND THE SPECTRAL DENSITY

FUNCTION

In the previous chapter we saw two seemingly unrelated functions,
the autocovariance function (ncvf) and the spectral density
function (self). In this chapter, we shall prove the existence
of most important relationship between the srtf and the acvf.
This result is one of the most important (if not tne most impor-
tant) results used when analysing tiira-series in the frequency
domain.

Further results concerning the sdf and acvf will be given,
as well as properties and estimation procedures. It must be borne
in mind that the objective of all this theory is firstly to help
us understand the concepts involved and secondly to take this
understanding and these concepts and apply them to our observed
time-series and hence formulate a model which describes the

time-serles.

2.1 RELATING THE SDF TO THEACVF

The relat ionsnip between theacvf and sdf can be expressed in the

following theorem

Theorem 6

If X (t) is a (zero-mean) stationary process (where tis a contin-
uous time wvariable) with sdf h (w) and acvf () then
-1lw'
h (w) ) e ()d (2.1)

Definitions 11 and 13 respectively



Proof To prove this theorem we need to make use of a

below

Lemma 1 Iff (t) and f (t) are real-valued functions

transforms and

F (w) e 1Wtf~(t)dt
and F,(w) *
,
-iwt.
then F,<.*) F ,(w) « e k(t)dt

where F(w) denotes the complex conjugate of F(w) and

k(t) = f (x) £ (x-t)dx

20

lemma given

with Fourier

(For proof of this 1l.cmma, see Priest ley (1981) , pg. 211).

As a result of this una, 1if f£.(t) * f£0(t), then

wher-"' k(t) - f (x)f.(x-t)dx

Applying (2.2) to (1.11), gives us

where X*(t) is as defined in (1.13) and g(w) as in

(2.2)

(1.11)
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1im

3u

Considering

arm

rovides

sMould be such
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where (v) X ()X (u-v)ciu
Thus
h(w) = B A T A P e e ™) yav r (2.3)
(by (1,15))
But

v ax 2"
by the definition of (1.13))

Considering v « 2 and v 2 separati

EC- (v))

(since X (t) is zero-mean stationary and by the definition of *»(v)
in section 1.4)

hence

h(w) * 1lijn { ~ (1 - e ' (v)dv * (by (2.3))

To evaluate this 1limit, we consider the limiting form of (1

2T
as :r * P - 1t tends to 1 as W v for a.l fixed wv.
So if y(v) * 0 fast enough for its Fourier transform to exist,
we get the result.
This theorem gives us a very important tool. 't provides

the condition necessary for h(w) to exist - X (t) should be Ssuch
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that its acvf has a Fourier transform. This Fourier transform
exists if (v) 1is absolutely integrable (see section 1.6), i.e.
(more formally)
Theorem 7
h(w) exists Vw if
/®
() d
mmCO
Note that if X (t) is a real-valued process then (2.1)
reduces to
h (w) *— cos (WT)Y (T)«IT (2.4)
*30
(since h(w) 1s an even function of w) and similarly

Ty * ¥ cos (w )bw)dw
*30
/*
(since if -0 dr < 7
«00
and 1f M( ) is continuous at 0 (md hence, everywhere), we may write
/<>
1w '
£ e h (w) d\
00
by (1.1 t) - an-:.'" X(t) 1i- 1ib tt.ely integrable) .
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Thus knowledge of either h(w) or () implies knowledge of the

other!

If we define

W
H(w) B ! b(9)dd (2.5)
then
H(w) » A cos ( iT) (T)dT fdo
<« -0
if X (t) 13 real-valued (which 1is the case we shall consider in
this study). Out h(w) 1is an even function (since ' (')*(-:> 1i e

v(t) 1s also an even function), so

c2 r
H(w) - ' 8§74 2L1 wv<T)dT Vw > 0
’ *2
Since H(w.,) - H(w;) » h( )d
» —iw2r —iwj
| -1 lend-
*00

(assuming we can interchange the order of integration)
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Now H(0) = - (since (0) = h(w)dw =
. *
but h(w) 1s an even function so h(w) 7 ;2/2)
2 .
0 -iwT
and H(w) * -2- > - 'y(T)d’
16 -1;
Replace sin( ) by . - to get reault
It also follows that
2
(1) H(") = Jdx (= (0) = h (w)dw )
and (11) H(-») * 0
Definition 14
The normalized sdf (or nsdf), f('»), 1is definid by
f(w) h (w> " (2.06)
As a result of the fori of h(v), it has the following properties
(I) f(w)ydw » 1 i.e. f(w> nas the form of a pdf (also using
the next property) (2.7)
(II) > 0 v* (2.3)
2
(since g(w) " > 0 (g(w) as 1in (1.14))
* h(w) > 0
f(w) > O )
(III) If 'X(t) is real-valuc
f(w)*f(-w) (2.9)
(iv) f(w)= e!'1lW <T)dt (2.10)
where . ( ) is the acrf (autocorrelation function)
(hence (") * o'* f(w)dw ) (2.11)
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w
(v) F(w) = f(3)do do
(If it exists) (2 .12)
and (a) 0 F(w) *' I v*
(b) F(w) 1. a r jndfccreasing function of w
(vi) If X (t): is real-, ilued
cos((w ) C)d (2.13)
t i J(~) * COS(wWT) f (w) dw (2.14)
-®
©>
1 sinV’w)
(C) F(w) " —

(from the result on the previous page)

In this section we have seen the very important relationship

that exists between the acvf and the sdf and we have also provided

a condition sufficient for h(w) (and hence f(w)) to exist (namely
that (") 1is absolute. integrable). The only remaining thing to
be proved is that h(w) (or (f(w)) always exists for a stationary
process. ThisIs proved in the next section in the Wiener-

Khintchine theorem.

2.2 THE WIENER-KHIN7CHINE THEOREM

f 1is a veryimportant theorem and is used toestablish the

that if aprocess 1s stationary, f(w), the nsdf, exists

provided F(w) 1s absolutely continuous or equivalently that ()

(the acrf) satisfies the condi >n that
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ibsolutely integrable) .

- 10 -iov- not exist, we are still able to express (T) 1i.t.o.

:1if  -4di i .e

fl/
0(T) = e lWw dF (w) (2.16)

vnirh 1is termed a Founer-Stielt Jes (Wiener (1930)) transform

uui defined even when £ (w) is not differentiable everywhere.)

elore r.irraat ty
Vneorem S (Wiener-Khintchine (W-K) theorem)

teitissar;, and sufficient condition for ( t to be the acrf of

some stochastically continuous process X(t)} (see appendix Al),

i' Chsr there exists a funotion F(w) having the properties of a

' . 1lribution function on (- ,f) such that for all T, 3(~) may be
expressed 1in the form
iwT
0( ) e dF (w)

9root
a) Necessity
A theorem by Bochner (1936) states that any positive semi-
lefinite function, which i1is continuous everywhere, must have
a Founer-Stie :j@s transform of the form (2.16), with F(w)
having the properl :s of a distribution function. 0(T) 1is
ontinuoui by the issumptioh that X (t) is stochastically
ontinuou (X(t> 1is stochastically continuous at t = to if
' (> positive .emi definite in the .un.se that for ary time
uoint r r N r and real 7, Z
n i n
n n

" 4 4 4 *
1#1 5=19(Fg"rPr2izg >0
1(r) any function



1.1i.m.E" (X (t)

2
-X(t ) . 0

t-n
o

- see appendix Al for a definition of 1l.i.m is well as for

other stochastic 1limiting operations) and () is posit: K

semi-def inlte by defn. 12, hence the V-K theorem is

case of Qochner's theorem.

A restricted form of this result is shown in Mieor-

(section 2.1) and we can consider the more general » e

Using the proof of theorem 6, write

E J -Slti- Kv) . 1lWvdv (2.17

g7 vr L A
where
(V) Cl --p-1] v o< 2
i(v) =

Let f(w) = E g(w) “ I..'V and multip. loth sides of (2. !

by el*"'1 -'"% 1 Integrating from w to ;iVes

/X <> sin (” (v=-t)) 2

;D 4 (v -t
(since ( 1 « s| — — >
J - '(v-t)
*6
Now f(w) is nonnegative for all w, so 1
lw
(1 - Y.-)£f(w)

is suitably scaled, it may b« regarded as a p2f over the range
(- ,5). As a result , the LHS of (2.18) has the properties of

an arbitrary constant

»



in
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So as -+ K the RHS of (2.18) converges (uniformly) to 'x(t)

(provided t(t) is continuous).

Hence (t) is proportional to the characteristic function
and since 1i(0) = (0) » 1, =x(t) 1is (exactly) a characteristic
function.

Also, as * 00, (t) converges (uniformly) to ) (t) and
so . (t) 1s also a characteristic function. Hence there must
exist some distribution function F(w) which is such that -( )

is its Fourier-St ieltJes transform.

Sufficiency

Let Y be a random variable having F(y) as its distribution

function satisfying (2.16) and let Z be a random variaoie
having a Uniform (-"V ) distribution (independent of Y)
Define
X(t) = el<Z>Yt) (2.19)
E(X(t)> *E (e YE (e >
but E(e')=0
AN E(X(t))10 vt
2
and Vvix(t)) ® EC x(t) ]
2
* (by defn.)

(since X(t) - cos (Z+Yt) * sin (z'\t) * 17



So X(t) defined by (2.19) has the given function (7) as 1its

acrf.

2.3 DISCRETE PROCESSES

Without actually huving stated it, the processes consi ered so
far in this chapter have all neen continuous ones i.e. X (t) has
been defined for a continuous-time variable t. However our main
interest lies in discrete time-series and hence processes which
are defined only for integer t values 1i.e. X(t), t =0, tl, t2,...
Denoting these processes by X , an analogue of the Wiener-
Khintchine theorem is required (since we can no longer talk i.t.o.
integrals and continuous acrfs', but rather we are forced to
consider summations and discrete icrfs'). This analogue 1is known

as Wold's theorem

Theorem <void's theorem)
A accessary and sufficient condition for the sequence

(r); r =20, 11, .. to be the acrf for some discrete time process
*X.; t » 0, l1........ is that there exist a function F(w) having

the properties of 1 distribution function on ) such that



Proof
(a) Necessity

Plot j(r) against r and join consecutive points by straight lines;

this will give "< > say, V , and in particular

Ax(T) B (3*1- J o(s)y * ( -s8) (3 4-1) where s < T " s * 1
and "(-T) = *(T) \
Ther (") 1s continuous everywhere and Priestley (1963)has shown

that there exists a stationary continuous-time process, which

has p (:) as Its acrf. Hence by the W-K theorem, there exists

s
a nondecreasing function, F (w) say. such that

/O
iw" *
*(T) e dr  (w) .
This 1is true V and ;o 1s certainly true when T is an integer,
r say.
oc.x) A el*r dF (w) for r * 0, -1 ....

hence
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Let dF(w) = ' dF (w 2s ) (with F (- ) 0) and then (2.20) follows,
S
The (b) sufficiency condition is similar to that of the W-K

theorem.

Comparing (2,20) with (1.5) and (1.6) and assuming F (w) is differ-

entiable everywhere (thus £ (w) ; &H T' (w))
w
then
fir
iwr
o k1) = e f(w)dw. (2.:" )
=IT
(r) 2" 1is the coefficient of e in a Fourier series expansion
of f(w),
hence
X)
f(w) 3 " (r)e"™ Y : < w < (2.22)
—Jo
Note that if X is real-valued,
then
30
1 1 r
t(w> a |, * ' (r)cos (rw) (2.23)
r=1
and
W
F (w) = f( )d
N x ! I >r) < . < ,2.24)
r=1

Thus 1f we have a (st.i lonary) discrete time-ser.es we can compute
the theoretical acrf or the theoretical sdf of the process,
provided we have knowleuge of one or the other. The usefulness

of this technique will bo sho it a later stage.
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2.4 ESTIMATION OF THE ACVFE (AND HENCE ACRF AND SDF)

1" general, wu only have a finite realization of the time serle;

{X( ot Sl2e N sa

i.e. a sample from a stationary process

yow

Suppose this apple can be represented by

blnce .= only bay. a sample, .e cannot compute the theoretical acv,

or sd*. but rather only estimates of parts thereof,

forming the observations....... ..... Into (non-independent, pairs

I/ Xr.-17"'" 1x2f xr*2"~......

then in general, these pairs .111 come from different blvarla.e

distributions. However since 1Xj 1, >second-order) stationary,

,111 have the same covariance.

all these blvarl.te distribution,

Y(r) say.

..... g "~} and , 1! to

Defining (a” correspond to

Xr*l' *r+2..... XN ' then it 1is possible to estimate v (r) by

n * (z1i * z><yt - vy) (n » N - r)

ar.te estimates a and y since

But It is senseless using two

Z‘; and yvi; b<,t6 <=">« 'f™ the same distribution (assuming

- so estimate £ and y oy X (the sample

second order st.tlonarlty,
mean of x7)

Thus

R S A L R R TS A (2.25)
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, 4 ESTIMATION OF THF ACVF (AND HENCE ACRE AND SDF)

[0 6e,er,1l, .e only Hav. a Mnit. r..U,.tlo- ¢ ,H.

«Kr—» . ...tlon, M,o0c... <Xt> o, .i« », .*V
Suppose this sample can be represented by AJ .NJ \Y
since .. only have a s”ple, cannot compute the theoretical acvt
or sdf,

but rather only estimates H P-n

Forming the observation, aNinto (hon-1nd.pehdent, pairs

1*17 xr=-1>" <X2' Xr»2>..... <xN-r' xn'

then in general, these pairs ,111 come Iron dlM.r.nt blvarlate

distributions. He.ever since X, -s (second-order, stationary,

all these blvarlate distributions

.111 have the same covariance,

v(r) say

Defining (z, to correspond to tl»x2 ..... XN-r N
X , then It 1is possible to estimate rCD by
X,-V r*2 e N
1 It - *a (n «N - r)
I (z =-12) (y, -y

But It 1, .en.eles. using t.o s.n.rate estimate, Z and y since

(Z V and {¢/ both came from the same distribution (assuming

e L order st.tlonarlty) - ,o0 .utl.ate Z .nd P by X (tbe -pi.

mean of x,, ]

xx3"

Thus



Since v (r) Is

function also

= + . e i -
cr say (r 0o, £ 1, . . i (N-D

reasonable to
an even function, it i

1s

V integer r

Properties of c”:

(1)

and

Also,

SO

since

)

make Y (r)

P any

»w + 13 replace by X in ,2.25, <io givn a na»
then E(cJd * t(r) , Vr
r
If X 1s not replaced by then
E(c ) * Y(r) - V(X)
a y<p) - £10)
Outline proof; if *t 'df £(*) ' tlle®
L, 1 1 ,.<r,e"l*r (by definition)
2”7 r« OD
P P
;- a xd- - . Vo1 u *here U *
I»1 1*1 J*1
V(X> - 2 " (N- r ' <r>
N r N
HF 2
2 £ (0) (as N ®H ")
N

HR

and even

=. any

(2.26)

<2'27'

o
integer >0



say (r = 0, £ 1, ... '<N-1))

= c
r
reasonable to make Y<r) and even
Since Y(r) 1la an evtin functioni ' 1S
function also
Y(-r) " Y(r) V integer r.
Properties of e
u) I! u 13 replaced by X In (2.25) (to give a n,« e.ti.ate, * say
* (2.206)
then E(c ) - i<r) , Vr
r
(1i) If X is not replaced by -, then
E(c ) * Y(r) - V(X)
r
z:;Z (2.27)
= (r) - N £ (0)
Outline proof: If X,) haa ,df t(«), then
™
£f(.) - 1 I
* ra-<)
and
(i - (r)y * 1 (r).2-t(0,
N ' .n N
Also, vi{1a. * I TV tu *nere 'u ' cov(xi'xdJ)
t=1i 1 1*1 §=1 p any integer >
V<x, . 1 u - . r.KXr,
-2 f£(0) ~» (as N Y ")

since
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(a) if ,im (1 ) (r) is fini
then V(X) 0 as N -
and
(o) if X hes a purely continuous spectrum with nsdt (., th'
(w) (r)e

and it may be shown that

hence resui

Another estimate (r), in 1lac the more widely used one
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(2.28)

an ( since

*piacas X in c¢ (2.29)

:N- r )f (0) icne rise (2.30)

is that whereas

always

> replace X by in c¢” than

,2 29n (2.31)
e . tiiis s small, and if
-.at erly (r) . But if X: has
.0 1s v * (by the implica-
W) exists 1if (1) (hence N (r))

f N is lartjo relative to the rate

hen (r) * 0 as r| * N-1.

in the tense that for any time
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It may 1ilao be shown Isetl append i\ \2 "ha

”

<a) V(c'is of order , and

(b) V(c ) 1s of order " 1— -

Thus using (a) and (b) , as r * N -1, V(c™) remains constant

So if r is small relative to N, there is 1little difference

between the estimates and c”, However 1f «r is large relative
to N, the larger bias o is compensated for by its smaller
variance. So considering the merit of the positive semidefinite

property, it seems preferable to use c¢” instead of c¢” as an

estimate of >(r).

(Jenkins and Watts (1968) conjecture that r” generally has a

higher MSE).

2.5 ESTIMATION OF THE ACRF

Since (r) * (r) (0), obvious estimates for (r) will Dbe
4D \ (k) * rk
= Cc. cC 2.32
« C) ( )
and
(ii) 32 (k) = r»
* C'/c* (2.33)
k e}
where c' = c k * 0, *1,..., Y(N-1)
o o
The preferable estimate ir the same reasons as 1in the
previous section) is

The variance and covariance of acr estimators are given in

appendix A3.
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2.6 SUMMARY

In this chapter we have seen the relationship that exists bet veen

the acvf and the sdf. Thus knowledge of one implies knowledge of rhe

other (given certain conditions). We have also seen the necessary

conditions for the existence of the sdf (or nsdf'. These conditions

were given In the Wiener-Khintchine theorem which handles the

concept of the spectrum in the con inuous-time domain.

For discrete-time processes, a different theorem was needed,

namely Wold's theorem, and there again sufficient and necessary

conditions were given for a sequence {, (x) to be the acrf of a

discrete-time process xn

Finally, estimates of the acvf and acrf, based on a sample

X, , X xN (from a discrete-time process), were formulated.

The variance and covariances of these estimates are given

appendices A2 and

In the next chapter we shall see some of the practical uses of -hese

tools.
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CHAPTER 3: PERIODOGRAM ANALYSIS

3.1 INTRODUCTION

Some of the more important aspects of the theory seen so far can
be summed up as follows:
(a) Any periodic function g(x) can be written i.t.o. a Fourier

series 1i.e.

g<x) T U- co.( 32IZ ) » b_ sln< ) (3.1)
r=0
(h = period of g<x)) provided g(x) satisfies certain
conditions (see section 1.5, page EH.
Rescaling (3.1), we may write
g(x) = * (@, cos(wkx) + b® ainCw?)) (3.2)
k=1
where . = 2 k h
(b) For any stationary stochastic process with acvf "yOt), there

exists a monotonies!ly increasing function ?(w) such that

iwk
(k) » e dF (w)
If
f(w) £ F(w) exists Vw,
dw
then
(k) e MK £ (w) aw . (3.3)
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Pertodogram analysis 1is involved with estimating a: ‘b*;  and
{w*} in (3.2) 1i.e. 1if we have a set of data xO»1l>e¢*+>XN 1> we would
like to write
g(t) = x vt
and then estimate the parameters 1in representation (.3.2).
On the other hand, spectral analysis 1is concerned with estimating

f(w) in (3.3), based on sample estimates of the £ (k>.

Thts chapter 1is devoted to obtaining estimates of the torm

(3.2) 1i.e.

(ak costw.”t) &bk sin(wit))

In chapter four we shall see the relationship between periodogram

analysis and spectral analysis.

3.2 'TARMONIC ANALYSIS

The simplest periodic data are of the form

X = R cos (wt ) (all t)

A sinusoid of frequency w (or period ~) may be written as
g(t) * R cos(wt ¢ 1)
where R = amplitude
* * phas<
Now if we consider a daily tlmc-serlns of 600 observations, say,
which when plotted contains 20 equally spaced peaks, we might

expect any periodicity to have a period of around
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bu0 » 30 days.
20

Thus the t ' data point -should' contain a com,->nont of the form
21T
R cos twt > :) where w = 30

A possible model for h data could be
X = Y R cos'wt + o) f t =20,1,...,599

t t

(where s - experimental error and E ( t) 'O Vt)

Initially, if . 1s kept fixed, the un'-nown parameters are

_,R and 2. For least squares estimation we need to find ,,R and

5 to minimize

599
S(R,M,v) = -Xx —Uu-R cos(wt ¢ v)
t=0
S

i.e. the least squares estimators (LSE )
Reparametrizing * R cos (wt-:) to the standard linear form gi.es
A cos (wt> * 3 sin(wt) (i.e. a transformation r co-ordinates)
where A* R cos)
and B= ».
and keeping , * 0 (temporarily) and w fixed, it 1s a simple

matter to calculate the LtiE 's of A and B <and hence R and ")

— = 2" cos (rt) (xt— \ cos( <t) - B sin(wt))

| -2 sln(wt) (xt, - A #Mjs(wt) - B sin(wt))



Equate these two equations to zero and solve simultaneously. Thus

if 2 1

A = - cos(wt) £ (sin(wt)) - “sin(wt) @cos(wt)sin(wt)j (3.5)
B « % :x sln(wt) " (cos(wt) )V - :xtcos(wt) :co* (wC)sln(wt)" (3.6)
2 2 2
where A 3 " (cos (wt)) .(,sin(wt)) - (,.co3(wt)sin(wt))
Finding R and : 1is easy:
arctan (-B/A) A 0
arctan (-BA) ¢ A < O, BB O
P arctan (-B/A) - & A 0, B 0 (3.7)
-IT/2 A * 0, B> 0
7/2 A = 0, B< 0
arbitrary A = 0, B3 O
(since R 1s nonaegative and the basic equation for : is tan 5 = -B/
.'2 2 *
and R * (A + B ) (3.8)

Useful approximations to these solutions may be found Db

noting that

Kcos (wt) )" = | I * DN (2w )cos ((N-1)w )|

cos(wt)sin(*t) = 2 Ds<2w)sin((N-1)w)

(sln(wt) rTor. D (2w)cos ((N-1)w)
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where D (w) = —————— - (3.9)

vhich 1is a version of the Uirichlet kernel (see Titchmarsh (1939)).

See, for example, Bloomfield (1976)

Note tnat Dn =0 V integer k * Oor a multiple of N
and ND (w) = =
N sin (")
any terms in the LSE's involving are, for large N and w not

N
too close to zero, always small when compared with -

By omitting such terms, and allowing 4 to be nonzero, we obtain

NI = ::.xt * NX

Nf= :xt cos (wt)

= -*t Sin(wt)
Thus
» X (3.10)
A *TE(x —-X)cos(wt) (3.11)
B* *WZ(x. -X)ain(wt) (3.12)
Similarly
R = (A 4B ) N (3.13)

and * is In terms of A and B

Extending this procedure to take # into account, we now need
to minimize
S(u(w) , A(w), B(w),w) w.r.t. U.A, B and w

or equivalent!v minimize
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Since cos(w) = cos(-w)

and -sin'-v) = sin(-w) ,

w and -w are indistinguishable and are

other. If the sampling interval of our data is (usually 1),

then the tt” observation 1is made at time ti.

data consist of a pure cosine wave

cos (Wt ) = x - .

As w increases from 0, the wave o iciHates

until at w * , we have x N (=1
Increasing w further - say
2/\
- < W < =T
0 o
and letting w' * — —*
then Xt = cos (wt.

* cos(w't:)

Similarly. sin(wt ) = sin(w'f )

So w and w' ire aliases of each other,

e.

(the most rapid oscillation),

outride the range 0, has an alias 1in this range (termed

0

principal alias),

- 1is known as the Nyquist frequency

rate) .

3.4 THEf DISCRETE FOURIER TRANSFORM

As already noted in section 3.1, by

Suppose that the

and so every frequency

more and more rapidly

*s

said to be aliases of each

(and equals half the sampling

the theory of chapter one it
is possible to express any function (periodic or nonperiodic) 1i.
a Fourier series (provided th' : motion satisfies the Dirichlet

conditi as -see section 1.5) So ii

?(t) 1is our function, *v

na>

t.

O.



and -sin(w) * sin(-w),
w and -w are indistinguishable and are said to be aliases of each
other. If the sampling interval of our data 1is : (usually 1),
then the tth observation is made at time tC. Suppose that the
data consist of a pure cosine wave i.e.

coe (wtb) * xt.

As w increases from 0, the wave oscillates more and more rapidly

'7]:\ A
until at w = -r , »e have = (-1) (the most rapid oscillation)
Increasing w further - say
P
1 T
and letting wl * — - - w
then x = cos(wt )

* cos(w'td)

Similarly, sin(wt5) = sln(w't )

So i and w are aliases of each other, and so every frequency
outside the range .0, has an alias in this range (termed 1its
principal alias).

T

r is known as the Nyqulst frequency (and equals half the sampling

rate) .

3.4 THE DISCRETE FOURIER TRAN. uo. (dFt)

As already noted in section 3.1, by the theory of chapter one it
is possible to express any function (periodic or nonperiodic) i.t.o.
a Fourier series (provided the function satisfies the Dirichlet

conditions -see section 1.3) So 1f g (t) is our function, we may
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g(t) » 7 + <ak cop(wkt) + bk3in(wkt>) say'

k=1

Now this can be written in the computationally more convenient

form
» iw t
3 e ” (see section 1.1)
ke:=-0 K
where w = 2 k/h (if out function has period h) and

Jk " 5<ak * 1bk>

3 * g the complex conjugate.

How do we estimate a and b 7

and

Well, in sect .s 1.5 (proof of Fourier'stheorem) and 1.6

nonperiodic cise) it was shown that irrespective of whether

is periodic or nonperiodic,

" g(t)e dt (3.16)

(if g(t) has period h)

-2"iw t

Jk = g(t)e K dt B J<wk) (3.17)

if g(t) 1is nonperiodic)
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-upp.i'f ' isniime 5<i pori.idi makes more sense,
since M iiia. Hopefully b> ib! to lev<se ome test to determine
evhetUer hv contribution of terms associated with w, is signifi-
cant ly different from :e:ro-, 1f all these contricutions are

not significant, then we may conclude g (t)

Furthermore suppose the period h = 2 then

definition of (3.15) and also by section 1.
1 T
ak = r g(t) cos(kt)dt k
»r
bk = - g(t) sin(kt)dt k
=T
(and g(t) = xf vt)

Now suppose our observed time-series

Is nonperiodic.

by the

£ (3.18)

is only defined at 2N

(for computational <mvenience) equally spaced points. Define
k~
tk 7 =0,1..... 2N - 1 say instead of k * 1,2,...,2N
for convenience)
(%) * *( 3°)
1.Nt -iNt
T v (3.19)
IJ»-(N-1) J

where woo* ]
Rewriting and J ~ i.t.o. '.15) (expressing the exponential
terms i t o cosine and sine functions) and multiplying both sides
if <3 19) bv < and summing over k, we obtain
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2N-1 -iw ¢, N-1 2N-1
Ve a(tk)
k=0
0,+1 +N  (3.20)
" k=U
However the last term in (3.20) wvanishes (Vw ) since 1t 1is
a geometric sequence and equals
N f (3 .20a;
2 . -ix. T/N
and e"1l = 1 when la an integral multiple of 27 I
Also, if w - w 3w say
J .
iw t. .
then : e -0 ifow * 0 (using (3.20a))
k
r *1WJ tk
so c e g(t ) = J » 2N (J1)
k k i J
1 r “iJtk
i.e. J m — e gd”™) since w » j (3 21)
Jo* 0.1 ..., 1 (N-1)
and hence
a * ° cos ( — )g(t ) 3 * 0 N-1 3 22
J A v 14
* - 3 23
bj * N k Sin( "N L )* (tk) J . Nl (
where bv * 0
and (-1)NaN a a + 2 -a® - i, & ... & (-1) ' a
* (-1)'a® 1 - (by de tinition of (3 15)>
1 - -1lwltk

i.e. Ji - 2V, k *<«,>e



gft)

and

*here

then

(the

M S(tt)cos

Thus 1f our observed time series

= xf Vt then defining

X

cos(w t) =
J

is x , x .,

a (0< 73

b,** Ixtsm(w t) =°" (0<J<2>

i: N even the:-.

= 2" 3N

last term appears

» 7

L N
0<j<3

only

Fourier

(a cos(w.t)
J J

If N even)

frequency

* b.sln(wt))
3 J

and

(3.
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.24)

.25)

.26)

.27)

.28)

29)



(I1)

(ITITI)

(Iv)

(v)

(v1ii) If x d1.e» *,
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NOTES

(3.29) can be rewritten as

J (3.30)
3 = J the complex conjugute ol J
N-j j J
J JN 1 Is called the discrete Fourier transform of
o _

eV " *' XN-1

discrete Fourier transform at any frequency w Is defined

The
by
J(w) » ~ 1 x,e‘lWt <3.31)
thus
J (w )
Writing
then 1 R where R is as defined in (3.13)
4 1 J
and R, = -(a b )

The perlodogram is often defined by

L(»,) - & a;

The use of the perlodogram will be discussed more fully at

a later stage ..

% Is a periodic series with period h and

* kh, some Integer k, then, by definition

t
t*0,1,.., h -1

a I’l.dl 1 h 2



, Q j = kz (k an Integer)
0 otherwise

I.e. the transform vanishes except at the frequency

and its multiples!
(viit) Leakage

Consider the following situation:

suppose x” = cos(wt + Z) t=0,...,N-1
1 i(wt+9) -1 (wt*v)
L xt " 2 6 N~ ® I
Since e"" is just a scaling factor (i.e. constant), it is

. iwt
only necessary to find the Fourier transform of e

where 2z = (N e )e
1 -15. -iwt
and y. = (, e e
t
1 - .
Now J = - X e (by definition)
J * o~ t
c -1l(w -W)t c -1 (w *w)t
1" 1 * J
e ¢« JjJ AT e " e
115 1 —i>\
(where c; e and ¢ = " e
« J * J aav
z: J y;J

Now it may be shown (see, for example. Bloomfield (1976))

that



and

ar

in

52
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ct sin (—
SO Jj " N e 71)
sln (—)
c?2
+ X % *<2)
sin( )

Now if w is itself a Fourier frequency, wR say, then J% is

zero when Jj <k and is nonzero for J= k (in fact it equals
c, & Cc, = cos

If w Is not aFourier frequency then all the J are nonzero.
'the r.ppearance of nonzero terns in the transform is

due to a sinusoid of a different frequency - this is defined

to be 1lleakage’'. Fourier analysis (or periodogram analysis)

is carried out in order to separate the effects of different

frequencies and so leakage 1 confusing phenomenon.

If we define

then for N large and w small,

eint-/)
D (w ) (3.32)
w N
So the amplitude of the Fourier transform of x XN -1
fwhere x : cos (wt + ;) Vt.) is a function of (3.32), centred

2
at w and rescaled so that the zeroes are seperated by *

(the distance between adjacent Fourier frequencies).
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So J~ * T 6
j N 6]
3in(— " )
o2 aln(™ ! i
o a - T " r
»in<— — )
Now if w is itself a Fourier frequency, w say, then . is
A J
zero when J - k and isnonzerofor j= k (in fact it equals
C1l ~C2 * 008
If w is not a Fourier frequencythen aU theJ are nonzero
The appearance of nonzero terms in the transform is
due to a sinusoid of a different frequency - this is defined
to be leakage Fourier analysis (or periodogram analysis)

is carried out

:requencies

If we define

sin (
g!

then for N large and

So the amplitude of the Fourier

(where x ( cos (wt+wv)

it w and rescaled so that the

(the distance between adjacent Fourier

in order

and so leakage

to separate the effects of different

is a confusing phenomenon.

(N sin (,* ))

w small,

(3.32
transform of x .... .
o N—1
Vt) is a function of (3.32), centred

zeroes are seperated by

frequencies) .
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30, when w is not a Fouri-.-r frequency, only the values of

the transform that are close to w are large.

Even 1f x consists of some sum of functions (i.e. sine

and cosine functions) at several frequencies, the above will

still hold true. So if we plot the periodogram as defined
in note (vi), or even a function thereof, large values of

I(w) will indicate nonzero frequencies in the data. This

will be discussed more fully in section 3.6.

3.5 PROPERTIES OF a and b"

In the previous section, estimates of a and Db in the model

k
X * (a cos(w t) + b sin(w t))+ * (3.33)
1=0
= purely random process t=20,..., N -1
N
E( ) = 0 w. = 2 L/W k =

were found.

In this section. it will be verified that the estimates
given by (3.24) - (3.27) are unbiased, by using a different pro-

cedure. This verification 1is not necessary, but the technique
involved facilitates computation of the properties of the
estimates.

(3.33) above may be regarded as a standard multiple regres-

sion model. So define

where
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(x (dimension N)
o' 1
"
o "1 'N-1 ( )
(a ,a,,b a ,b ) (dimension 2k>1)
o 1 1 k K

and

1 cos(l.w )

1 cos ((N-1)w,) 3in ((N-1)w” (N* (2kfl))

where, without 1loss of generality, we assume N Is odd.

'hen. by definition of the linear regression model,

-1
= (2'2) Z'X (see for example, Draper and Smith
(1966))
since 2 1is of full rank and is a white noise pro ess.
hence a = X
o
a y " "x cos(w t)
- X sin(w t)
X t 1
and 1 N is even
x (=1) as before
If we assume the come from a purely random process
I.e E( ) * 0
vt
V( t>
Cov ( )y -0 vVt (3.34)
t. s
then it follows that
Vi

E(al) “1 (3.35)

Vi
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2 2 2 - 2
and V(a.) (-) ¢ e COS (w,t)
2az
V(b ; i« o and 1 « '] (3.36)
N
- 0 or i
N ri]
Also Cov(a ,b ) =0 vi,Jd

CThe variances of estmates 1ire obtained sinply by noting that

s -12
the covariance matrix of is given by (Z'2) J- (by definition).
But (Z’Z) 1is a diagonal matrix due to the othogonality relations
given below
k *
rN.
(a) cos (w ,t)cos('*"t) = 2 k = * 0 or -]
t " h\
k * = 0 or [-]
k *
N A
(b) _sin(w t) sinv*ky) 2 k = 0 or [V]
k = = 0 or |
(c) coa(w t)sin(w t) = 0 Vi.k
(d) cos (w t) 0 %!
(e) sin(wt) 0 v : (3.36a)
t J
3.6 PERIODOGRAM ANALYSIS
If we decide to model our observed timc-series x ,x" XN-1
k ’ 7 ” *
= (a® cos(w t) + Db~ sln(w t)) + t (3.37)

1*0
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( t a purely random process) Vt,some k, then in general, the
* « *.
Ik, w®, w2 w. are unknown.

We define

but this may lead to the inclusion in the model of 'insignificant

terms i.e. terms where the contribution of functions' associated
#

with frequency w” is not significantly different from zero (3; to

the exclusion of significant terms).

In other words

Thus we wish to model

1
Xt e Z (», cos(w t) * b sin(w t)) Vvt
L =0 J J . J
e 2-J/N (3.38)

and then only actually include those terms in the model which are
different (significantly) from zero.

It turns out that the way around this problem is reasonably
easy. Model by equation (3.3%) and find estimatesof a and b,
by wring the u and as defined by (3 .24)-(3.29).

If w” s a true model fr quency, then a” and b should be

close to a” and b , and so t tquared amplitude (i.e.
a2 2
(a + b )), or any linear function thereof, will Dbenonzero. If

W isnot a model frequency, then this effectively estimates the

coefficients of a term that should not be in the model, so
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A
s X

(3.39)

(3.40)

(Note that this

section 3.4.1.)

3 4>

r rb I 0.
2 »2 )
bus, for w.,, ..., a plot of (a™ + b ) (or any linear
::u 'ion 'hereof) against J, will be such that if w is
,(a.r 1 true w* of the model, then its squared amplitude will be
nonzero See also notes (vi) and (viii) in section 3.4.1,.
Define the (sample) penodogram of our time-series x
s i
i« = (x@w)™ + (b(w))"
wnere
a(w) = X. cos(wt)
2 aw
N
iwhere « and b are as in (3.25) and (3. 4)).
w w
differs from the definition given in nu. i),
Alternatively, we may write
() -4 2
Iw) 1is defined for all w in (-¢,"), but it 1is only evaluated at
the frequencies w (where w =2"3, N and J - 0,1 .... .

I(W) is an even

in the mode 1l
If

w coincides

then

(3.

function and due to
38) .

with one of the true

A

the definition of a

’
w

ij])

in the model, w .

since

and b "

sSay,
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Thus, if vr = w
B 2
\ (by (3.36)) i * 0 and i * -
N 2
so EvI (wt) 2 (ai * bi) + 2::r
~RY 4 s say '3,42)
2 1 4
If whr W, (V) then
R~ =0
so
E1 .) - 20"
1 S

So as w approaches each of the w,, the ordinate is of ordei W 'na
the per iodogram has a large peak. Thus, the location of ihe -rjae
irequencles are noted (approx irnatejv) . whenever a peak occurs in

the peribdogram.

3.7 SAMPLING PROPERTIES OF THE PERIODGRA.M

The model we have used for our series of observations X xN -1
k
| (a. cos(w t) > Db sin(w t)) +
1 i-0 1 1 1
where = purely random proc-ss

and this can be rewritten as

x ™ R, cos(w _t>2) *
t i1 1 i
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where the v. here are the true \ (end not necessarily 2"i/N) and

independently and rectangularly distributed 4p

the are

T) .
Lei 0 Vi, and suppose is a Gaussian random process.
Thus

2
, £t~ N(0,jr) Vt independently and so

2
*t ~ N<O, '.) Vt independently (since the R =0)

Now a(wJ) and b(wj), as defined by (3.39) and (3.40) , are linear

combinations of the x s thus a(w ) and b (w”) are normally distri-

buted with zero mean and variance given by

. . = - 2
V(a(wj)) = V(b(Wj)) — cos (w t)
3 =0 and J % [-°]
(3.43)
2 . otherwise
So
2
N(O0,::) j * 0 and J * [-]
a(w?) - « (3.44)
M<0, 2 ) otherwise

and similarly for b (w”)

Now by using the orthogonality relations for the functions cos(w t)

and sin(w t) (see (3.36a)), we can show that

cov (ai* ,b(* > - Ll s(w t)flin(w t)

0 Vj.Z (343)

Even though .~ are defined as random variables, they retain

constant values for each realization
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and

cov', a(w™),a(w )| = cov' b(w ), bi(w,)
=0 vy * il (3.46)
But, a(Wj) and b(w ) are linear combinations of the and hence
have a multivariate normal distribution. They are uncorrelated by
(3.45) and hence independent. Thus
2 ) 2
I(w ) =a (*3) + b (wy (by (3.39))
- 4 b3
*0 N (3.47)
; <: J or b * 2 .
. !2
since Jg™ *
X
. N
and a2(. ,) g® 9 or 4 = 5

:24 41 (3.48)

.
(since b(w ) » 0 if J =00 jJ= -
So
E(I(w )) * 2 " % (3.49)
J *
and
4 rN,
40 J * 0! orj * t_’
V(I(» )) " | * (3.50)
8 otherwise
X
*Iwj t

By (3.41), *e may write IK ) 1.t.o. e J i.e.
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-iwti 2
T 111 s
But then
I (w)
~ X cos (wt) - 1 X Sln(wt)
v x coa(ws) + IX sln(ws) "
X X 0os (wt )cos (ws) M 3in (wt)3in(ws)
N t sL B
3
X X COS ((t-3)w)
N t s
(N=1) 1 N-;h> 1
= 2 ’ lcos(hw)
=-(N-1) ' S t;o V t * h
» 2 c ' coa (bw) (3.51)
b
(where c Is the sample acvt as 1in section 2.1.)
So we have succeeded in writing the penodogram i.t.o 1 e sample

aevf. Thus

seems likely that some

periodogram. We shall

Sow all the above

are

zero. Suppose not

since we can express

the sdf in terms of the acvf, it

relationship exists between the sdf and the

see this relationship in the hext chapter.

re is hold if all the FV in

vt

all of the R” are zero.
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Define x’ 'S *St vt

~

where z = 'R cos (w "t + 2.

The :j are Jjust some constants, and so , Is independent of Z for
all i and t. Thus (z© and t are 1independent processes.

At this stage it becomes necessary to quote a result not previously
given. It will be given in the form of a lemma, the proof of

which follows by definition of the acvf.

Lemma 2

If x = z. f vt where Z. and yr are independent processes
then

> (h) = ¢ (h) + Y (h)

x 2 Y
where (h) is the acvf of the process { " ‘.

Using this lemma, we may write

(h)y » Y (h) * Y.-(h)

X Z
But
1 - 2
(h) - - R. cos(w.h)
and
1 h =0
h
where - 0 h %o
(= (h) 1is as above since , is a purely random process”
Now
<N-1)
% (*) 2 os (hw) by (11.51)
h -(N-1)
zt = ZR cos(w t+1 ) ; the i:J are independent rectangular



ard so

E(I(w) ) = 2 E (C )cos (hw)
h ik
21(1  aNen) 'x (h) cos (hw)
but ~(h) = (h) + >1r (h)
and substituting gives
E(I(w)) = T r (1 -=4™ ')coa (hw ) cos(hw) B+ 2c
1 I h 1 J

Ve now only need

It turns out (3.52) can be written as

mI"A 0 ™

N (w*w )
—_— /\)

s1D-(
where g

sin~ ( - )
and h
2 K~*i
sin ( )
.Outline proof:
We need to simplify
( ) h
<l - "-)c<)s(hw ) cos (hw)
h=-(N-1) 1
(N-1) h-1 4
Now (N - h )at(h) us)
h=-(-1) u=0 s~-u
u aln ((u* II) )
and 7 cos (S' )
a*-u sine.,)

simplify the term inside the braces
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(2.29))
(3.52)

{ in (3.52)
(3.53)



N-1 sin((u+ sin"-
Also g = s - o
u=0 sln(-) sin )

and cosg ( cos , * cos ( r-'>) + cos( ~-

Combining the above facts will provide the result (3.53),

So, as w - w , the term (g *h ) in (3.53) gives a peak of size N.

* *

Thus, if xx, has a sine cosine function of frequency w , and if w
is of the form 2"j N (some j), then I(w ) will have a peak of
2
height NR® 2 at J.
Having derived E (I(w)), all that is now required to complete

this section is (a) Cov(I(w.), I(w ))

and (b) V(I(w])).

These results will be stated here and the proofs given in

appendix Al. (Assume R =0 V)
(a) Cov(I(w ), I(w,))
J *
4
4K 4" h
, — 4 » -3 1 a =" ) (eh * fh)
N N h
3 * 0, 1 *0
(where e = cos(h(w *w ))
h J <

fh m cos (h(»j—w"))
k4 . I(x> .#B -Jcj

and we have assumed the x are Independent vt.)

Cov (I(w)),I(w )) « " a»b (3.5 4)



Setting w1 * w = w and assuming w of the form 2 r/N (some
w

integer r) then

66

4 4K 4
() gc f — w = 0 or "
V(I (w)) 4K, r 0.55)
1vv * IT'™ * 0( %) otherwise

3.8 SUMMARY AND DISCUSSION

Since all functions (periodic or nonperiodic) can be written
the form
g(t) = (ak cos(wkt) > bk sintw’t))
k=0
(by the theory of chapters one and two) An thischapter we have
seen that, having :olded on the following model
£ . s * .
X, * u cos (*,t) * bi Siniw~t)) > ,t, vVt
=0
# # #
t is possible to estimate a , b* and w ~his can bedone ay
modelling our observed time series XN-1
xi » ~a, cos(w t) + b. sin(w t) ; + =t vt

where w. = 2 1 N.
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Estimates a and b were obtained and these turned out to be

a. =" b4 cos (w t) i =

b” sin(w t) 1 =1,2,...

A function called the periodogram, I(w), 1is formed where

2 2
I(w ) = a (w) + b (w)
and
2 N
a(Wwj) ”, N :Xt coa(wlt) =« « 2 « 2
1
b(w ) B/-- 7x sin(w t) = /. b
j v 2 J
and then I(w ) is plotted against .
If one of the 'true' * takes the form
w = 2-:, N = w (say)
then I(w) exhibits a (distinct) peak at 7. Thus we can estimate
the iw ;, ad; and b

However, we may incorporate irrelevant frequencies into the
model, so what v@ really need 1is a test for penodogram ordinates
to determine which wvalues are significantly different from zero

(see appendix A3) and hence our final model .s

xt * ',{al cos w t) - b sln(w t) 1, -
1*0
t =0 N-1
where some of the a 'sand b ay be (approximately) =zero.

The sampling properties of I(w) were derived and a link was
also established showing 1 relationship between I(w) and the sample

acvf (and hence possibly with the sdf) . It turns out that I(w) is
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2
distributed as h(w):<, (this will be shown in the next chapter)

2
where h(w) is the sdf of X . Also, V(I(w)) = h (w) (also shown
in the next chapter) thus the variance of the periodogram estimate

does not decrease as our sample size increases. Since estimates

of frequencies near one another have independent distributions,

the plot of I(w ) against j (or w )will be unstable (this fact is
also seen from the V(I(w)) given by (3.55)).
For example, if the periodogram of a white noise process (i.e

a p ely random process) were to be computed, since the sdf of

1 0 iwt

this process 1s a straight 1line (since h(w) - — e Y (T)dT
—00
but (:) 1s constant (zero) V > 0) we would expect the periodogram
peaks to 'die out' as the sample size increased - this Is not the
case. The periodogram remains as wild for large samples as for
smaller ones (and in fact has coefficient of wvariation = 1007?,).
Since the pe ,.. are randomly placed, by taking an average of

all possible white noire periodograms (for varying sample sizes)
at each frequency a straight 1line (approximately) should be
obtained. This Jjives some indication of the relationship between

the sdf and the periodogram.

Thus a way of reducing (or eliminating) the variance of the
periodogram ordinates, Is to average neighbouring values (since
if independent estimates are averaged, the variance of the average
is less than the variance of each of the values in the average).
This 'averaging' 1is calli-. aectral analysis, which 1is discussed

in the next chapter



rWe have seen that the periodugram effectively determines whether

i frequency (or rather components associated with w") is
'necessary'’ inour model
x 3 T (a cos(w.t) > b sin(w t) ) +r vt.
t "0 J 1 J J

A simple technique devised by Buys-Ballot (1847) 1is given in

appendix A6. This technique allows us to determine whether the

observed time-series has period T, for any given integer T
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CHAPTER 4: THL SPECTRUM

In chapters one ind two it was shown that if 'X" is a stationary

process with spectral density function (sdf) h(w) and autocovariance

function (acvif) t ) ( an integer), then
D
h(w) = ; (t) cos(tw) (4,1)
tw-o00

if X, is real-valued (see section 2.3 and specifically (2.22) which

relates the nsdf (normalized sdf) to the serf (autocorrelation

function) . An obvious estimate of h(w) would be
h(w) =~ ™ (t) cos(fw)
” t
a —— C* cos(tw) (4.2)
2' t t
(where ¢ ts the (-ample) acvf based on our realization of X~

and 1s defined in section 2.4).

In chapter three. where we dealt with the (sample) periodogram

1 w), it was shown that

(N-1)
I(w) = 2 C cos (hw) (4.3)
hn- (N-1) 1
wher (w) 1s based on a realization XQ X1 XN-1 “see section

7 and specifically (3.51)).

Thus, when we compare (4.2) with (4.3) , it 1is obvious that

im* relationship exists between I (w) and h (w) (an estimate oi

'lie ,dl ). This relationship wa.s fleetingly touched upon in the
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summary of the last chapter (section 3.8), and will oe dealt with

more formally here. Once we have established this relationship,

the uses and interpretations ofthe sd? will follow from those of

the periodogram, thus making clear the reas r fordefining this

function. More ‘'efficient' estimates of the sdf will also be

considered in this chapter.

4.1 THE PERIODOGRAM AS AN ESTIMATE OF THE SPECTRUM

Suppose, w.l.o.g. , that for our real-<’alued (discrete) process

Xr , E(X ) * vVt ,nd h(w) 1s continuous Vw.
Now Vv (t) can je estimated by <' (¢t =0, :1.... i(N-1) if we have
a realisation xo, x,I ...... N}f\ll,), thus the oovious estimate of (4.2)
is
c't cos (tw) (4 4)
t=-(N-1)

Consider I(w) as in (3.39) and define

I (w) = I (w) (4.5)
N-1
— c’ cos(tw)
t=-(N-1)
* h(w) (defined in (4 4))

Hence

t
(since L((I (w)) '(c,’”) cost t-*) md —~« oqu.lt . ;
(2.29)) .
and Lim E(I (w)) (1 7)
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Thus I (w) 1s an asymptotically unbiased estimate of h(w). Now

In section 3.7, we saw that
V(I(w))— » 0 as N * « (by (3.55))
hence

W I (w))-—>»0 as N "H%0

rhus I (w) 1s an inconsistent estimate of h(w) (also see appendix

AT, result 9). What we really desire 1s a consistent estimate of

h (w) (and hence f(w)).

Now V(I (w)) does not tend to zero since it contains 'too

many' acvs (autocovariances) - this is since 1\w) involves N acv3

and although the variance of each acv 1is of order + (see section

2.4), the cumulative effect of N of these acv3 produces a variance

of order 1.

4.2 CONSISTENT ESTIMVfES OF THE SDF
reasonable to omit some of the

By the above argument , it seems

acv in (4.6). This w, 11 reduce the variance, but will influence

the expected value also.

If h(w) 1is continuous (I.e. X ( has a continuous spectrum)

then
r(t) -+~ 0 as Tt — a

(by the implications of the Wiener-Khintchine theorem)

and so if only the acv' in the tail of the (sample) acvf, are

omitted, then (hopefully), the bias will not be too serious.

Hence a 'reasonable' estimate of h(w) would seem to be

h(w) = »- ct cos (wt)
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where M * N-1 is some fixed truncation point yet to be specified.

Equation (4.8) can be considered as a truncated periodogram.

Note that

A
E (htw)) - h(w) as M -7"

thus if M is some function of N such that as N - ", M - 7 then

4 4

£
h(w) 1s an asymptotically unbiased estimate of h{(w)

s *
Heurlstically, since h(w) contains only 2M + 1 acv and I (w)
contains 2N acv3 (or more correctly,since ¢~ =c¢/., M @ 1acv

as compared with N acv’), it might be reasonable to suppose

which is of order

So if ST M” as N * « and ~- 0 as N ¢ > then the bias and variance

ft
of h(w)) should tend to zero and thus

o oo

(w) will be a consistent

estimate of hiw)].

The obvious extension of (4.8) would seem to be

, <N:D
h(w) * —- \ ¢' cos(tw) - < w &7 (4.9)
2" txF=-"(N-1> 1 C
To obtain (4.8) from (1.9), define
1 [t <M

"t X 1 ,
0 otherwise

Ye can say (4.9) 1is just aweighted average of acv3 or periodogram
ordinates. When we recall the summary of tne last chapter (i.e.

section 3.3), this agrees with the ideas proposed there.

Since ((t) (and hence c”) and cos(tw)are even functions, one

of the restrictions we may wish to impose 1is that , also be an
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even function. If this is the case, then it 1s possible to rewrite
(4.9) as
’
h(w) = —17 Y X &® e lJUN (4.10)
t N
So
'*(,) . A. e c'e ltw “r< w < w (4.11)

z t <N 1 T

where = 1 vt

Inverting equation (4.11) gives

7 *
148w
I (w)e 4w t <N
Ct
. . . itw )
(i.e multiply both sides of (4.11) Dby e , some t, and integrate
over w)
SO
. -1ltw
h(w) = . At j I (a)e* dd - e
id- i\ T x. .elt(*-e>746
1, 1
"
[ ]
I ( )WN (w— )d" say (4.12)

-rr

1 , —it(w-)
(where VN (w= ) » 1 e )

it'- N
* g

i.e. h(w) can not only be e >ssed as a weighted sum of acv , but

*

also as a weighted Integral of the (modified) periodogram, I (9).
The weighting function, W"(w- t, turns out to he the discrete
Fourier transform of . It 1is possible to consider (4.12) as
a smoothing of the periodogram' process (again supporting the

ideas presented in section 3.8).
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[Note that since

. . 1 - -iwt
hiw) » — "t cte

(4.13)
then inverting (4.13) gives
T
\ = (4.14)
t
If is a (real) even function of t, then so is W"(4) and hence
1
(4.15)
is Called the lag window and () the spectral window]
4.3 SPECTRAL WINDOWS
The reason for the name 'spectral window' makes intuitive sense -
we think of W ( ) as being zero outside some (small) interval,
(-5, ) say, and so (4.12) can be regarded as enabling us to look
at I (:) through a small 'window' from (w- ) to (w+ ).
Obviously, the form of 'Vi ) (or equivalently may vary,

since we are considering h(w) as either a weighted sum or weighted
#
integral of the (modified) periodogram ordinates of I (w). Thus

the 'weight' we attach to each acv is of some importance. Certain

weighting function, wiM have better properties than others.

Several authors have evolved their own windows and presented

claims as to why their spectral windows ire 'suitabvx'. The pros

and cons of the windows will not be discussed in any detail in
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“his work, but rather Jjust their general forms will be given.

As - is just a weighting function, the 'form' of some of the

lag-windows will make intuitive sense.

4.. .1 Selected Windows
1. The general periodogram
= 1 vt
hence
wo(9) * cos (t9) (by definition)

N 21 <>

2 . Li=(1)
[since Vi ell- (ei:' -1)/(av'-1)
t=0
NA
X%1 n oo P sin(= )
hence cose t) = cos — } ==
t=0 sin(-)
N-1
and cos( t)y = 2 cos(9t) - 1
t "N t=0
X
t
t
2. The truncated periodogr
1 t, < M
\
0 otherwise

f is only defined for integer t, however in the graphs,

Is 'defined' (mapped) for all t.

(4.16)

(4.16a)

Fig 4.1

(4.17)

{v/\f



hence

v 0) (4.17a)
(proven by using the same procedure as for the general
periodogram) 't
eyt Fig. 4.2
-M 0
Bartlett’s window (a) (Bartlett (1950))
(4.18)

otherwise

hence
sln<T) I2
(4.18a)
sin (-)
since **( ) ” ﬂ,--éih coa (th)
11'< M
and this has been found already - see ’‘outline proof’ after
Fig 4.3
» !
-M
Bartlett’s window (b) (Bartlett (1950))
(1.19)

otherwise



(for W~ ( ), see Bartlett (19b0) ; it is not given here since
Bartlett’s (a) window 1is the more renowned)

[This window enables one to work with ¢ as an estimate of Y (t)
(instead of ¢”) when estimating h(w), the estimate of the sdf.
Bartlett originally divided the N observations into N/M subsamples,
with each subsection containing W observations. He then computed,
for each w, the average of the corresponding periodogram ordinates

for each section.

5. Daniellls window (Daniel! (1946))
sin(— )
t N (4.20)
M
oyl e
'Vv1
* (I - " .. 5~ 9 < M (4.20a)
0 otherwise
(Daniel 1 (1946) , defined (4.20a) first and then worked back-
F;g

h (w) 1is estimated by averaging the periodogram over a small

TT t
interval centred at w (from w - *~ to w #W- say) i.e.
h (w) I (x")d
2
_—
hence the form of (. For this window, M is not really a

truncation point but Instead determines the degree of smoothing
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applied to I (9). Small M implies greater smoothing.

6 . The Blackman-Tukey window (Blackman and Tukey (1959))

1 - 2a + 2a cos (—-) t, M

X a < ok
t :0 otherwise (4.21)

0 < a< -
4

hence
$<6> R I{(1'2~) * (4.21.)
>» aD(6 - -) 4 (1 -2a)D(6) + aD(3 * 77)
(i.e. a weighted average of the truncated windows - (4.17) - over
5 - :and 6 * -)
, Sia( (M*—);)
where D('r) = — (= * (9) for (4.17a))

sin (~)

(-~ )irichlet's kernel)

(for proof use a similar technique to that of (4.16a))

nsw—-ii.5

M 0 -M
The next two windows are Just special cases of (4.21) (and
hence (4.21a)) and so no graph of ~ will be given.

(6 a) The Tukey-Hammlng window (Tukey (1949))
In (4.21), set a 0.23

thus

0,54 + 0,16 fos(~) t < M

X » - 4.22
t 10 otherwise ( )



(6b) The Tukey-Hanning window (Gottnian (1981))

In (4.21), set a = 0.25

thus
cos (-~)
tO
7. Parzen'swindow (a) (Parzen
i - <;-2
hence
f sin(M8)cr
WN (,) F-" 2

2M sin ’r

Also see Jenkins (1961)

11 < M

(4.23)

otherwise

(1957a))

t < M

(4.24)
otherwise

:0s (Mb) 1
(4.24a)

Msind (-)

B plotted as vinrt t has much the same form as figure 4.5.

8. Parzen's window (b) (Parzen (1961))

L «<1>P *

4.25
2 (1--f>3 (4-25)
0 otherwise
hence
wN () -4,< (4.25a)
8 U 1, !'»<;) 3
(see Parzen (1961))
Figure 4.6 shows two functions - the Tukey-Hanning and the
Parzen (b) windows. This enables us to make comparisons

between the two windows
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Tukey-Hanning

Fig.4 .6
-M
The 3artlett-Friestley window (Priestley (1962))
M2 : sln(T e
<t 3 sin{ ) COS (--) vt (4.26)
"t
("t) M
hence
ws<el - § v ' ¥ - <SS '26%)
~ 0 otherwise

(see Priestley (1962))

As in the Daniell window, Priestley 'created' the quadratic

spec ;ral window ,w~ ( ) (which 1is an optimal window w.r.t. the
relative MSE - see Epanechnikov (1969)) and then worked back-
wards to derive ~ As in the graph of the Danicll window
(figure 4.4), does not truncate at M and -M. For both

these cases, it 1. easier to plot the spectral window W" (9)
(Daniel 1's ts Just linear, and Harriett Priestley's is

quadratic) .

The Bohman window (Bohmnn (1961))
1t
If -Tf sln ()
(I - FHI~ cos<M ) - r — t < M
X (4.27)
t

otherwise



hence

(4.27a)
which is complicated (see Neave (1972)).
11. The Tukey -Parzen window (Parzen (1958))
1 - 2a + 2a cos (~) t <M
h¢
t (4.28)
0 otherwise

and a = C .282

This is of the same form as (4.21)

Neave (1972) has compared the performances of some of these
windows - namely (3), (5) . (6a), (6b), (7), (8), (10) and (11).

He concluded that the Qohman and Parzen (o) windows were
superior to the others by considering the "negated derivative” of
he lag windows, but that even these could be improved upon. To
1 lesser extent, the Tukey-Hamming window was also 'satisfactory'.

More discussion on the choice of spectral window for lag
window) wvill follow in the next chapter. The sampling properties
f ipe< tm 1l estimates are given 1in appendix A7, but with no details
or I:scussion. These sampling properties are given in the form
I 1 series of results and mainly concern the variance ind

*ovanance of spectral estimates under certain conditions.

v * ipperdix \7 for a brief explanation
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In the next chapter, we shall see some of problems involved

in spectral estimation Since the object of this study is to

model an observed time-series 'successfully', and since it turns

out that modelling 1is easier' using a periodogram approach rather

than a spectral analysis approach, the properties of spectral

estimates are only covered in the barest detail in app-indix A7
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a. IMA PROBLEMS INVOLVED IN SPECTRAL ANALYSIS

5-1 INTRODUCTION

m'eon, e,,b,e us to ,,de

S, rl1CUy SPeaklng’ th0 SPeCt-"" d<'"3

" o- =.1=Ul.,.. so., spectrum

W ObaervVed

.a, b. .0,. to gain an idea o, tn. moO.i by co.parin,

out spectre, estimate eitn known spectra, and aiso gai, an idea

*bout dominant frequencies. A,ternaeiv.i,, and this is t,e

approach used in this study, we .ay re.ove aii seasonal components

@' any) fro. the model hy using perlodogra. analysis (,ee eh,pter

three) .

,r’ 1-‘t e ‘th ' residuals a, a, %

BMalng techniques to he described a little later (i.e. 1. chapter

.od.Cth... residual, eve,

BMla onwards,, it may he possible to

further by Bos-Jenkir.s modelling and hence reduce the

residual variance

Thus we shall hopefully be in the position where we bay. a

- .1 consisting of seasonal component, (i.e. cosine and sine

functions) and some nons.ason.l components. Using this model, we

regenerate th. data (using the model parameters, and

compare th. resulting spectrum with that of the original data (or
ever, calculate the spectrum directly fro. the modsl).
which are to be discussed in this

However, certain problems,

chapter, still exist. These problems emphasize th. dl culls of

from which the time-

tryln- to compute the spectrum of the process,

series has come, 'accurately.
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5.2 SCALE PARAMETER WINDOWS

It will be noted ti.at for most of the spectral windows given in

section 4.3.1., the truncation point, M, merely acted as a scale

parameter i.e. contracted the function

For such windows, it 1is possible to write e in the form

xt W k(£)

where k(u) 1is a fixed continuous even function in u, with k(0) =

k(u) 1is often called a lag window generator.]

For example, window (2) was tne truncated periodogram. The form
of k(i 1is
'l u K 1
ktU) 0 otherwise
(since the original form of = was
)1 lux M
X .
t 0 otherwise
So let u = 7~ and k(u) follows.)
w, (') . the spectral window was originally expressed as
_itvl
e (see (4.12))

and we can now rewrite this as

’ ; ’ -k J.IMS)
: \ . "
IM,31 ‘< :
(assuming k () =0 vt > M)

- > E4>«"1t8
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k(w) only applies when M really acts like a truncation point

Also
X
k(ue 11 <u (5.2)
mmoQ
= Fourier transform of k(u)
hence (9) may be expressed i.t.o, (5)
For M large, (5.1) may be approximated (I.e. the sum may I

approximated) by (5.2) thus

o (5) = MK iM6) (5.3)

When lag windows can be written In scale parameter form, more
precise treatment of the sampling properties of spectral estimates
is available. These results are given in 'result 10', appendix A7

The two main questions to be answered are

(1) which window do I use? (5.4)
and
(11) what wvalue should M take? (5.5)

> 3 A MEASURE OF THE PRECISION OF SPECTRAL ESTIMATES

Obviously, the single question which (5.4) and (5.5) produce is

(ill)What h(w) do I use? (5.6)

A way of solving this problem is to require that h(w) has a
certain precision. Parzen (1957) has suggested two techniques

for assessing precision namely

>, <*>
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k(w) only applies when M really acts like a truncation r”int,

k(u)e 1U du (5.2)

- Fourier transform of k(u)

hence W, (") may be expressed 1i.t.o, K" ( ;)

For M 1, 'ge, (5.1) may be approximated (i.e. the sum may be
approximated) by (5.2) thus

»n (8) = MKn (M6) (5.3)

When lag windows can be written in icale parameter form, ,'ore
precise treatment of the sampling properties of spectral estimates
is available, These results are given in *result 10', appendix AT

The two main questions to be answered are

(1) which window do I use? (5.4)
and
(11) what wvalue should M take? (5.")

3 A MEASURE OF THE PRECISION OF SPECTRAL ESTIMATES

Obviously, the single quest lor vhich (ft.4) and (5.5) produce is

(Hi) What h(w) do I use? (5.6)

A way of solving this problem 1is to require that h(w) has a
certain precision. Parzen 1057) has suggested two techniques

for assessing precision namely
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fractlle of the 2(0 ,1) distribution

where v (w) =V (h(w)) - the variance of h(w)
b (w) =E(h(w)) - h(w) » bias
V4 =1 - 3]
&
Motivation:
Asyr totically
» { < p.""} >"
since
0 h(w) - h{(w)
h(w)
> b ” - a<*l < z -
h (w) h (w)
But h(w) 1s as; iptotically normal, and so the RHS of
set to by defining
v (W) b (w)
17 z,KT.7 » Trr*) result

Parzen’s (1957) other mea ire of precision is
(b> P2 (w) » E(h(w) - h(w))Y h"“ (w)
2 2 . 2
B v" (W) * bY(w) 1 h" (w)
Y| 1 2 2
Since lim v" (w) B (1" Yyh** (w) k  (u)du
N— M 1 3
*do
«r r) (r)
and b (w) -M kv h (w)
(by 'result 10', appendix A7)

(5-s>
. (5.9)
(5.9) is
(5.10)



rl w=0C, t"

6 — \ )
(0 otherwise
k (u) = scale parameter winuow
h(r) (» ) - "~ [ [tlrY (t)e-1t*
" t < L}
k<D . LzJd1lWw

v*0 I Jx jr

and r 1is the largest integer (>0 ) such that k (r exists (and

is finite) - see 'result 10', appendix A7
then
1 , <r)
P, (W) = z. k (x)dx w < 0,"
J Mr (h )r
where hn = h(w),h 1"(w) Vor ( ith r as before)
Also
Am (r)
P (w) = { k™ (x)dx * (= - )~ w - 0,-
N 7 Jj M h
Thus P, (w) and P., (*) are dependent on h(w) (i.t.o. h”) , on
2
klr' k (x)dx.
Obviously, because of this dependence, neither (w) nor
P, (w) is easily calculated. To evaluate P*"'.w) or P,, (w),

knowledge of h(w) 1s required (Vw), due to the dependence on

h” - this is ..n unrealistic requirement.
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5.4 WINDOW BANDWIDTH

In appendix A7 (specifically, result 10) it is shown that

V(h(w)) = vJ (w) ot 1) (5.11)

and

b(w)= bias of h(w) 0(M'r) (5.12)

Hence, as M increases, the variance increases and the bias

decreases, as M decreases, the variance decreases and the bias

increases. Thus no matter how wechoose M, h(w) is either biased

or itsvariance 1is large.We require some 'happy medium'. (This

problem 1is analagous to power and significance levels in hypothesis

testing) .

Suppose h(w) has two peaks . w, and w, say. We want h(w)
to 'reproduce' h(w) accurately, also with peaks at w, and w,v

Now, by definition

E (h(w)) h( ) w - )d (see results 1 and 2,
appendix 47).

Suppose W ( ) is tie Daniel 1 window (given by (4.20a)), thus

0 otherwise

so 13

average value of n( ) over an 1interval of

2
width — centred at w.
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If M Is so small that

2" | |
T W2 " wi

then the two peaks will be indistinguishable i.e. they merge into
one peak. So we need M large enough to be able to 1lresolve'

(distinguish) the two peaks i.e. we need

T < W2 ‘W1

i.e. M > w2 - ¢ |/2-

Also, h(w) must, as accurately as possible. reproduce the shape
of hi(w). This dimplies that h(w) must reproduce each peak auu

each trough\ Thus M needs to be chosen such that the width of
~ (3) 1s not greater than the 'bandwidth' of the narrowest peak

or trough.

Define the 1bandwidth' , 8 . of a peak (or trough) at wg by the

distance between w. and w, (where w and w5 are such that
Y w Wt
1 ) 2
h(w, ) = h(Wg) = h(w ))
Priestley (1981, p 514), has defined B by
B '2 h(w ) h'(w ) " (5.13)
o o

Thus 1if h(w) consists of several peaks and troughs, define

B 2)inf n(w)/h " (w) it

JOo

h" (w) = - tX*Y (t)c (5.14)

(by tht> definition of h(w))



91

However we do not know h(w). If we make B* too small (and hence M
large) any 'minor' fluctuation in h(w) will be shown out of all

proportion in h (w) .

But

h” (w) < Joe (since ;i:t2r(t)i <E|t2zr(t)])
thus if Y(t) decays quickly, Jh" (w) is small and B* is large i.e.
the rate at which Y (t) - 0 is inversely proportional to B . Thus

— we can estimate this rate of decay, it is possible to estimate

B

For windows 1like the truncated periodogrim ((4.17a)), M
represents the point beyond wh”ch Y(t) = 0, Thus if we can find
this point, it may be possible to calculate B¥*. Alternatively,
choose 3 large (md so M small) and progressively decrease B ,
each time calculating h(w). It may be possible to detect some
point a which thi . unsmoothing' has been taken too far.

finally, it 1s sensible to choose M to give a compromise
between the bias and variance of h(w) . So we may choose M to
minimize eith P, (w) or P2>) (defined by (5.7) a.d (5.10) resp.
If we have chosen our window, *.(:), evaluate P"(w) or P (w) by

using asymptotic values for the bias and variance, and then

minimize P, (w) (or P ,(w)) w.r.t. M (l.e. find the derivative of

either criterion w.r.t X and set this derivative equal to =zero)

)
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0,5 CHOICE OF WINDOW

o, M, the truncation

,ar We h'Ve °nly —

50
point. However the other prohie. o0i which wi.hcw to chooat atiix
o-f . in tact, be,ore we can even consider entimatin* , e

need to have decided upon a window.

consider the truncated perlodogram window (given by

(4 «17:1)) , a graph of

\ 1> * F {
sln (™)

*xgglp "*mrwmrnwoq *1°be6 ' ™ 3 -0 »ut negative eic.lobe, at
(approxio.teiy) and poaltiv. aid.ichee at =»
etc
2M 1 :
I.e. wl (e,
Fig.3.1

COn, 1d" ‘b" -— "hut,on to E(h<w, from the

at w

rhUS ther* 17

values of h( )



Now tx ly, happens tc -oinctde with a peak in h(9),
then thiM could seriously affect the value of E(h(w') i.e. leakage

will occur.

Often, leakage reduction is used as a criterion for window

selection - e.g. 1if sidelobe reduction is required (i.e. sidelobe
leakage reduction) , then the Danieil window (4.20a) which has no
sidelobes 1is best. (However this window has large bias i.e. it

suffers from perlodogram leakage due to the bias in the periodo-
gram) .

The distortion due wo sidelobe* @i Dbe controlled by M.

.l increases, the window contracts ana so reduces the distance
between subsidiary lobes and the main lobe.

Any objective approach to selection should take into account
both the bias and variance of the window estimate. This approach
should then give \ ritenon which determines the form of window
vhich will optimize this criterion.

In appendix A8, the approximate variance o* spectral

estimates 1is given for the set of windows described in section

i If one 1is prepared to ignore the bias in spectral
ea *in'at these variances may be used ,s 1 criterion for window
hoiv

S. 6 ill VHITF NING AND "XPERING

fie, 1iv- &. hniques which ry to improve the spectral estimates

tr ir. Mlorn’ing the data before any analysis 1is at.empted.



5.6.1 PrtEWHI*NiNG

This technique takes the

through a filter to give

originalprocess X

a new process Y

i.e. a transformation of the form
y = a x vt is made
t U t-u
u
Then
h (w) * sdf of vy }
y C
= A(w) * h (w)
X
-1 wu
where A(wW) = "Tae
u
Proof:
h (w) = — (t)cos (wt)
y y
but i (t = E -
y( ) (ys y)(ys*t
where a E(y )
Without loss of generality,
E(xe) » 0 vt
then
(t) a < a a X X
Yy - P 4q sS-p stt-q
P q
a a (s-p-s-teq)
p g X
a a (g-p-t)
p g9 X
a i cos<w (g-p-t))h (w)dw
p g 1
(g-p-t ) (W) dw * 'real

and passe

part

of
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oa (wt) h (w)dw

h (V) a e
Yy P

[For more on the choice of the transformation 1i.e. the , see

Bloomfield (1976) , Chapter 6 . Complex demodulation

5.6.2 TAPERING

Here the purpose 1is to reduce the bias in the spectral estimates,

as well as to reduce leakage

Consider the following situation:

suppose X = e t *0,1,...,N*1
J(w) Fourier transform of tx
N-1
1
X e
N t
t*0
1 r it (T-w)
s = e
t
say, where - w

it v+ o0 (5.15)

Nsin (.,)

(see note (vill) In section 3.4.1)
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Let J\w) = J(w)el'N~1)W " (5.1-

then if S % w

/<, , oL (»-)» /=
Nsiri (-)
and
2! 1(M-1)»/2 ,1ln<I (K «*, T )>
J (w - — ) = e-—————————- o o"
Nsin (| (5 —w*— ))
"e 1 T
Ngin (= (* - ) —)
euN-nv2 "~ i i ~ > (1f ,, u
Nsint-w)
* J (w - ~) -J  (w)
. 2 *
Similarly J (w” -J (w)
1 . 2 1 * 1 * 2%*x
Define JH(w) = ‘YJ (w*— ) * 2 J (w) * .J (w-— ) (5.17)
then JH (0) 0
2,€. L1 j _J L
aln(-%-)
1= - ru -}

91n ("~2* ' S) sln( "r + *©

If N is large, then

sin - =) sin< - NNcos (")

m

Operation (5.17) i1s known as ’'banning' (Bloomfield (1976), pg 83)

hence the notation JH
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and

o-w ~v ,'P-w, IT 6 - vr
f -) 6 Binth~) > = cos(—y ™)

hence, after simplification

JH<,,, . 4 el1<S"1>C/2 ,!'. (#<*-.))
2N
(cos (=~Z~) )2
(5.18)
(sin (™ ) )3

The leakage in JH(w), given approximately by (5.18) 1is better

#

behaved than that in J (w) (given by (5.15)) (it contains a factor

. . 4 ew 3
LN rather than 1.N ano so it is smaller VN ; also, (sin(— — ))
decays as 1 ' -w instead of 1 0 -w as in J (w) - thus the
leakage is contained c¢ osely around w = ?).

So, 1f we use f£f5.17) and (5.16) for any series <X * , then

JH r > 7 .1
(w) » i J (wl) 3 J (wg) (5.19)
1 *
+ 2 J <">
2.
»i » w - N
2"

w2 * " x 3

NO . F'(9) - J<;)«l(N'1>9/2

-1i9t
J(') ” N

thus (5.19) Dbecomes

Wit (w — )
JH(.) - A el*<N-1)/2 T , [A e"1l?i-1)"/N . "
t
-11(* ¢ -) ’
, 1 , YtN-1) '8 . » e






(5.21) Is called the "Banned transform" of ’'x /, and (5.22) shows
that the alternative way to calculate JH (w) 1is to multiply

by :t Vt and then to take the Fourier transform of the series.
{2~} is called a data window, and JH* (w) the Fourier transform

of the tapered data.

Usually, we would like the transform z to leave the majority
of the data unchanged - since the Fourier transform of a tapered
sinusoid is the Fourier transform of the data window {z”; centred
at the frequency of the sinusoid. So we only want to taper'

the extreme values in Ix" i.e. the end values.

A convenient window that does this can be obtained from by
inserting I3 in the middle stretch of data - thus we are only
tapering the ends. The new data window is then

.- _ 1

0Ll - cost —-(t - -) t=0,. ..,k-1

4 * 1 t =k..... N-k-1
t
‘'1-cost—(N-te“)]ig t > N-k (5.23)

2k
and k 1is such that of the data is tapered

Tjkey (1967) suggests that 10 or 201 tapering may be satisfactory.

5.7 SUMMARY

In this chapter, we have seen some of the problems associated
with comput ing an estimate of the spectrum. ac*l real 1>
does not assist In indicating model parameters (except that it
does indicate dominant frequencies in the data, and thus can 'Iniy
be used 1like the periodogram) . However, even considering the

inherent problems in the periodogram (like leakage, failure of
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the variance of perioclogram estimates to decrease etc) , in my
opinion it is far easier to use the peri »dogram than the sdf (even
though the periodogram is an unbiased, inconsistent estimate of the
sdf)

The periodogram does not have the serious problems associated
with the sdf mentioned above, and 1if tapering (section 5.4.2) is
used some of the problems associated with leakage will be (in fact
will be) eliminated to a large extent.

However 1f one decides that a spectral estimate is necessary
then it 1is probably best to use the Parzen window (b) (see (4.25))

and a range of truncation points, \T ¢« where 1 = 1,2,...,5 say

(see Priestley (1981), Neave (1972), Gottman (1981)).



CHAPTER 6: ESTIMATION IN THE TIME-DOMAIN - BOX-JENKINS MODELS

6.1 INTRODUCTION

So far we have only been dealing with tine-series in the

frequency-domaln i.e. we have been fitting nodels of the form

(6.1)
some m, Vt
In the frequency-domain, the time-seriea 1is considered 1i.t.o.
waves, (i.e cosine and sine functions) and the frequencies related
to these waves, If the data are studied in terms of the auto-

correlation function, then inferences based on this function are

generally called an analysis in the time-domain.

If we assume that any oscillations of major frequencies (that

explain variability in the time-series) have been removed (or
'modelled out') - that i1s if any such oscillations exist - we are
left with a series of residuals .... b_ b..(or the original
series .... X .,X ,X ,...) where
| ]
: (8 .2)
vVt

Now vt is BMertainly feasiole that these residuals follow

some model (ah timing we are dealing with a stationary process)

etc

= error terms)
t



In time-seriea analysis 1in the time-domain, the objectis to try
and find a model, based on inferences from theacrf,and then
calculate it's parameters,
The strategies which will be used here are the strategies formal-
ized by Box and Jenkins (1970,1976) and henceforth to be known
as Box -Jenkins models (BJ models) .

"hese models can be categorized into three classes

(1) autoregressive (AR) processes

(ii) moving average (MA) processes

(iii) mixed AR-\1A processes (ARMA) .

The form of these processes 1is given in the following definitions.

Definition 15

(1) The backward shift operator, B, 1is defined by

k a non-negative integer

(ii) The 1inverse operation is defined by the forward shift

operator, F, and is such that

k a non-negative integer

pefinieion 16
The backward difference operator, , 1s defined by

7xt » (1-B)xt " xt - xt-1

and | TEx (1-B)K (k)x  (-1)' (k some integer)
t 10

I have used the 2nd edition (1976) as my main source of reference

for Box-fenkins models



103

Definition 17
An autoregressive process of order p (or AR(p) procec ), 'X "~

(where {X”; is (second-order) stationary - see defn. 9, pg.7 (m=2))

is such that

where E(x”) * O (w.l.0.g9) Vt and ’a" is a purely random process,

(i.e. white noise).

' if 3(B) = 1 - .3 - - pBp (B * backward shift operator - see
defn. 15. pg. 102) then

3(B)x * a (6.3)
Definition 18
A moving average process of order g (or MA(g) process), , 1is
such that

R S —ese- 6g S-qg

where a, and X, are as in definition 17

If 7(8B) =1 - B -0 -9 (B = backward shift operator)

1 q
then
x = 8(B)ar (6.4)

Definition 19
A mixed autoregressive - moving average process of orders p and

g (or ARMA (p,qg) process), X~ , 1s such that

t>(B)xt » 3 (B)at (6.5)

with (X ( , a( , 1(B) and .(8) as in definitions 17 and 18.

From this point, X will b»' considered is the time-ser ies irres-

pective of whether the original series has been analysed using

spectrum analysis i.e. X» is the end result, of the spectrum

analysis.
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Definition 20

Tne covariance matrix associated with a stationary process '

which has realization xQ,x 1 x N-1i . 8iven by
'1(0) (1) ... Y(N-1)
Yd) Y (0) ... YCN-2)
) (N-1) (N=-2) ... .(0):

where Y (i) 1s the acv at lag 1.

Note that

‘N = X PN

where

2(0) () .. (N-1)

2(1l) Xo0) CN-2)

PN =

, (N=1) 2(N-2) . (0)
where (1) = acr at lag 1

o

and () = 1 (and ©))
is called the autocorrelation matrix. Any acv or acr matrix

for a stationary process X  1s positive semi-definite and thus -he
determinant is ilways positive (unless the at 0 vt)
[As in earlier chapters, and r® will be used as estimates of

i1l three of these proce ses (i.e. AR, MA and ARMA) turn out to

3e special cases of the general linear process

Second-order stationary



In fact, Yule (1927), has shown that any (second-order) stationary
process {X”*} may be expressed in the form (6.6.). Thus any AR(p)
process can be expressed as an MA (”) process (and vice t rsa)

T.W. Anderson (1971)

see, for example,

the MA process will be considered now.

Due to these facts,

THE MA PROCESS

6.2
If {$ ) is an XLX(gq) process (where from now on, unless ata'ed
o'. rwise, VX r is assumed to be (second-order) =zero-mean
stationary , and g 1is finite), then by (6.4)
X* a 4(B)a* vt (6.7)
1 - «B - ,..- "3

where (B) =

and B white noise.
Note that if we know" a, , then for an%. 2'''Y g

X, ir. (6.7) 1s stationary

low do we estimate the

What we really need are estimates of AR ~as well as

iome idea about “ (since E(a.) = 0 vt) .
rstly, suppose g = 1 i.e. we have an MA(l) process. Thus

*tomo\ o 9ix. - vit-

(k) * E(xtxt k)

has zero-mean
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Y (k) » E{<at -0iat-1) (at+k- 3lat” 1):

= E(atat+k) - 91E(at_lat>k)

- 91 E(atat.k-1)

* 9lE<»t-1i 't.k-i'

09
o)
it
G
’_l.
=]

Q
-

Il

L

Il
—
+
o
[
o
¥

since Y (k) =0 Vk * 0

(by definition of a”’)

2
For k * 1, it may be shown that Yd) 3 ' Ga (due to the fonn of

1
(k) and since (k) = 0 Vk * 0)
and if k > 1, (k) = 0
It turns out that if X.J is anMA(g)process that
, (k) =0 vk > g (Box and Jenkins (1976))

i.e. an MA(g) process has an acvf that truncates after lag qg.

Also. q 9

» (1» i+e2 +. ..+ (g)C, (G 91

and 1in general (see Box and Jenkins (1976) pg.68)

(k) - (-ek » g-k g* a
" 16 9’/
If we replace Y(k) by in (6.9) we have (g>l) nonlinear equa ion
for (g>1) wunknowns, V. (Strictly speaking, ~3 1 and so 1s not an

unknown.)
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6.3 THE AR PROCESS

If v is an AR(p) process then by (6.3)
4> (B)xc = a” v
t
where &(B) =1 - t BP
and {a”} = white noise series

Again, as 1in section 6.2. ve need to identify something ibout the
AR (p) process 1in order to distinguish it from other processes

(the .VA(g) has acvf cut-off at lag q)

Consider the AR(l) process

'rox, - * X.
Multiplying this by x k and taking expectations gives

YCk) - »1 * c’»<x, k

A

But cov(x, .a ) = 0 (since x depends only on af k 1,...

which are uncorrelated with a, provided k > 0)

(k) » ~ Y(k-1)

or . (k) * (k-1)

hence
C(k) = (if p = 1) (6.9a)
and thus the correlogram of an AR(1l) process does net truncate

like an MA(1l).

Now ~lxt 1 (1 - :1B)xt

(*MA( ) see, for example, Andersun(1971)
or Yule (1927))

if i
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V(xt) = £(0)
which 1is finite only if N <1
So an AR(1l) process 1is stationary only if 1 (unlike MA(g) processes

which are stationary for all qg) .

6.3.1 THE YULE-WALKER EQUATIONS

Does some set of equations exist (as 1in the MA case) whereby for a

general AR(p) process we can derive estimates £f v (i=1,2,... ,p)?
Suppose 1 is an AR(p) process, then
= ‘t
and Y(k) « E(x"x,")
But Y(k) B E(x.xr k)
Y (k) - ~Ytk-1)%*. . (k-p) >E (atxt k) = 0]
(E(a x ) » 0 if k > 0 since x only involves the a” up to time
t t-
t-k - and these are uncorrelated with a")

Thus if k > 0

(Vk < p) (6 .10)

and 1if k = 0

<(0) = H
= :1 (-1) +...*:pH(-p) * E (atxt)
But
vik) = Y(-k)
and E (\ , ) E a
= E(a~)



2
v (1)+..-+ip (p)) - la

and hence

o = J"(1L - , (D-.. (6.12)
3" ( ( o (p))

Thus 1f we Know tne value of p, we can use (6.10) and (6.12) to

estimate r ,
a

The equations (6.10) for k = I,2,...,p are knownas the Yule-Waiker

(Y-W) equations

[Note that AR processes are easie- to workwith than MA processes

due to the linearity of the Y-W equations'

6.3.2 THE DUALITY BETWEEN AN MA (1) AN XN AR (1)

Suppose \X* is an MA (1) process tnen

and so

thus

But ){
t

SO

Now provided ~ K =+ 0, then *e may write
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1 t-2 It-3
But B~ k -* 0 only If ~ <1 thus an MA(l) may be written as an
~ 1. This condition 1is termed an invertibility

AR (1) provided

condition (and this is the same as the stationarlty condition for

an AR (1)).

Thi= 1is also true for the general case (by induction we may

show that the Jjtationarity conditions of an AR<2) are identical

with the invertibility conditions of an MA(2) etc. Also see

sectic 0.6.)

nat ai. the implications of all this?

An MA (1) may be appro? mated

by a high order AR process and an AR(1l) by an MA(q) (g large).
Similarly for MA(2) and AR(2).
6.3.3 THE AR(2) PROCESS

Suppose \

is an AR(2)

process. Then

By section 6.3.1 (i.e. equation (6.10))
(1) C + 2 (1)
(6.12a)
(2) D, (1) >
1
(1) i~/a -12>
(6.12b)
and (2) 1T - )
or (LT -.(2)) @1 - (I)2)
(6.13)
and ( (2) - (L)y2) @1 - (1)2)
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Now (1) < 1
and [0(2) | < 1
6.13
Also c = "/'I- ()-:.-W(2)d0 (by (6.12)) ( a)
and substituting here for (U and (2) from the equations (6.12b),
after some algebra it may be shown that
2 tJd

(L = =.,)"S/{(! >12) (1 - + + <21 (b '13Db)

Thus, since ~ >0
and 0(1) 3 < 1 Vi

then each factor in “ must be greater than, or equal to, zero

hence

(from (6.12b))

*2 < %
These are the stationarlty conditions for an AR(2) process, hence
e .nvertibllity condition for an MA (2) will be identical

(provided ;, is replaced by ~ and X by -2).

The following figures show the form of the acrf for various values

St and :2 in the AR(2) process

(k)

0 Fig 6.1

For more detail see Box and Jenkins (1d76), pg.;d



Note that

Also note

the /R (2)

112

CcoO
Fig 6.2
2
1
0
Fig 6.3
-1
2
2, +
1
0
Fig 6.4
-1
2
in all four cases here, the aerf dies out (slowly).

that In two cases the acrf has cyclical form even though

process itself 1is not cyclical:
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So far we have seen that it

process from the acrf alone (if the

However this 1is not true

require 1is some function which may

identify p in an AR (p) process.

Known as the partial

function completes the 'duality'
the AR (p) process has cut-off after
dies out. The form of the pacrf

identify p, is given below.

Consider the AR(1l) process given

C(k) « :k

so observations one lag

observations two lags apart a co-

,have acorrelation with x

t+1 thr»

THE PARTIAL AUTOCORRELATION FUNCTION

is possible

for the AR (p)

> used

Sucha function exists

autocorrelation function

and a proof that

in section 6.3.

ipart have a correlation of v,
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(PACRF)

to identify an MA (q)

acrf has cut-off after lag qgq) .
process. What we really
ina similar way to
and is

(pacrf) . This

between the MA and AR processes -

lag p and the MA(g) process

it can be wused to

We know that

(see (6.9a))

and

'an of (>,) i.e. observations

The gquestion: "Is X -

independent of Xt*f' given x an be answer.d by the partial
\. T4
correlation ' . .here , is the correlation of x with
1,J«5 L
X given x (or conditional on X ). X » 1s independent of
t+3 t-2 2 t>J
v 1 o132
Now, after some algebra, it may be hown that
V32
(see, for example, Gottman (1981))



where * Q(t - J) -
/\ij
2
But , 3=0(2) = <1
and 2m p (1) = 11
and thus
P1,3]|2
i.e. there 1is no relationship between x and 3 once the inter-
mediate association with , 1is removed. Similarly, all higher
order partial correlations are also zero. So for an AR(l) process

the partial correlations are zero after lag one

Consider the AR(2) process given in section 6.3.3. After

algebraic manipulation it may be shown that

, —'<2> - g " ,
13" 1 - c (1> 2
(see Gottman (1981))
and so, all higher order partial correlations (e.g. 4 3) are zero
(Box and Jenkins (1976)). Thus for an AR(2) process, the pacrf

at lags 1 and 2 is nonzero, but 1s zero at all other lags.

Also note that the final nonzero partial correlation takes
the value of the highest AR coefficient (i.e. > as in the AR(1)
case. (This result holds in general for an AR(p) process - see,
for example, Box and Jenkins (1976)).

Denote ;* as the t h AR coefficient in an AR(J) process. A
plot of tt against 1 is termed the pacrf. The pacrf just tells
us that if an AR(k-1) procot., has been fitted, then kk 1s the
"gain" (or extra information) acquired by fitting an AR (k).
Obviously if X ( is really an AR(J) process then * 0

i.e. the cut-off point i1is ‘’ag j.



Since any MA (g) process may be written as an process - see

for instance Yule(1927) - then the pacrf of an MA(g) does not

truncate after lag g (in fact it will have a pacrf of the same

form as the acrf of an AR process).

Quenouille (1947) has shown that if is an AR (p) process then

>,) (3> p) has approximate variance of 1/N (where N is the number

of observations in the time-series).

6.5 ARMA PROCESSES AND THE SDF OF BOX-JENKINS MODELS

6.5.1 ARMA PROCESSES

By definition 19, if X is an AR.MA(p,q) process then
:(B)x, » (8)ar
where t(B) =1 - > B-...-3
1 P
and "(B) = 1 - 3g
i q

Since v, has both an AR and an MA component, the acrf and

pacrf are 'mixtures' of the functions for AR and MA processes.

The acvf satisfies

(k) - , (k-p) * E(xt kat) > E(x

(6.14)

(see Box and Jenkins (1976) pg. 74)

Define

(6.15)

= cross covariance function between
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then

(6.16)
I % O
If k > g + 1. then (6.14) Implies
(k) =~ f(k-1) +...+ y~ ! (k-0)
and hence *(B) (k) -0
5(B)u(k) =20 (k q) (6.16a)
When k = 0, the variance of the process is
2
YO0 =J
© = J
2 '
1 (1) + .+ .B (p)a+
(6.17)
6.3.2 THE SPECTRA OF AR.MA AND AR:,IA MODELS
Recall from section 5.4.1 that if
= ax vt
yt u t-u
u
then
h (w) = sdf of Y
y
_ A(w) ~h”(w) < w < T (6.18)
where h”(w) = sdf of Xt;
-1lvu
and A(w) - a e
u

Now if Xt is an AR(p) procesi. then
MB)xt = at vt
MB) = 1 - 1. m..- $°8

i } » white noise process

i = ) .oovt and
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1 with . ' J > 0
¢} J J
h (w) &(w) "h”(w) -TT Ww < IT by (6.18)
H1lJw
>iv f£f (w) * 1 ~ 0 e
J=1 J
h (w)
i.o h (w) ~
>(w) |
iUt
0 (w) = Ya<t) cos(tw) by definition
o t>o0
tna (t) = m (by definition of white noise)
4 , 12 t =0
1 4
2
aa(w) ==H
2 -iw , -ipw 2
and t(w) * 1 - ¢ 7 e
0 -.he sdf of an AR(p) process 1is given by
* 2
h(W) o a———————————- -- < d’, < (6.19)
If X i an MA(g) process
hen
thus
h” (w) (w) [*h" (w)
- -1iJjw
w.lero (w)y * 1 - e



Similarly, if (X*} la an ARMA (p,g) process then

2 4. e,e-1jw:2
a o Jd
h (w) = J-i-—————————= (6.21)
air |1 - e~1JW 2

-IT < w < -

Lo the form of the theoretical spectrum Is easily calculated for
any of these processes provided the model parameters are known
Even 1if the parametes are unknown, but we have estimates thereof
then we may plot the spectrum of X using the parameter
estimates and then compare this spectrum with the spectrum

(estimate) of the original data.

6.6 A GENERAL NOTE ON STATIONARITY AND INVERTIBILITY

Consider the general linear process X defin< i (6 .6)
vt o - 1
i.e ’
\ *
* 1i(B)at say (6 .22)
where B * backshift operator
2
t(B) = 1 + "B + yB +...
and fat} = white noise process

Thus

>, (k)

a
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and Gd

Note that

* £ " jixt-i’ St " 3iat-i' * Y  jat-i-j

00

at . (a*svt-1 *

where * x. - 5.3
J J 1 j-1
and choosing
.e. sa
TSy 1 1 %Y
thus
Similarly
xt " v - o j2 Xt-2
at * " 23t-2 ! 2.:1 jat-2-73
= a .
t * <Mi- 2>at-2 * S-J aay'
J-J

Again we may choose t' =

i.e. (J -0 aay

v - '1X1

Continuing in this manner we eventually obtain

a. " 3 /A-J ' at
or "t ' a. - th?j

Writing
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thus "(B)xr= at
But xt = £(3)a”
.. Tr(B) = (1(B))""1 (6.23)
(B now « dummy variable)
Thus :« {Xt} 1s stationary, we may write an MA('J) as an AR(»)J
Now ¥ (k) = E(xt x ~) vt
00 30
= 1
o
@
< (6 '2 4
2
and for k ” 0, Y (0O)= ~
@ .
_ o3 N (io» 1) (6.25)
Thus the -« weights must decrease fast enough to ensure that x"
r 2
has a finite variance, or more specifically, ; must converge
j=0 J
yefire
0
TvB) = , (k)B4 (6.26)
k»-*x !
(called the autocovariance generating function)
then = v (B) i(F) (6.27)
a
there F * forward shift operator.
((6.27) 1is obtained after substituting (6.24) in (6.26) - see Box
and Jenkins (1976), pg.81).
I.(w), the sample per iodogram of X f is defined by
T z = i c' cos (V&) It ¥ w ! (6.28)
% 2 k N k
(see sect ion 4.1)
and Urn E(Iv(w)) EBh (w) the sdf
AN X X

'Xr (x>
where £ (x)

is the nsdf
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Replacing B by e"VV in (6.26) gives

@
r(e'tW) = 1 'mx (k)
ka-00
* c*x(e 17)i(elLV) since F = B 1 (see dei'n. 15)
a
i.e a (e-1'" W 1*> = IV k) -"'Wk

J k
a

~ h,, (w)

12 X
a

,2
i —iw 2

thus h”w) * — :t(e )

Now
x(0> m "X
IT
h(w)dw by definition

-7
and so 2 is finite only if 1i(B) converges - which occurs only
when B < 1.
If i(B) = 1 - ,B Bg, i.e. Xt is an MA(g)process, we

still require B < 1 or equivalent ly we may ask that KB) has
weights such 'hat (B) converges on or within the unit circle

Similarly for K K

Thus we have ihown, more formally, the ’'equivalence' of station-
arity and invertIbillty conditions for AR and MA processes
respectively (since AR and \IA processes are Just special cases of

a general linear process ami ince (B) = ( (B)) and vice versa)

Strictly speaking, 9 1is only an operator, so B <1 has no real

meaning. B must be considered as a dummy variable.
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6.7 NOTES ON THE APPENDICES A9-All

Appendix A9 gives a procedure, suggested by Box and Jenkins (1976),
for obtaining 'initial' estimates in an ARMA (p,q) process (g.ven
p and g) . AlO provides a recursive method for calculating the
pacrf.

In Ail, the properties (i.e. variance, acrf, pacrf etc) of
the 'main' BJ models are given. These main' models are the AR (1),
AR (2), MA (1), MA(2) and ARMA(l,1) processes. Also provided are
the covariance matrices.

Anderson (1977) has also derived an iterative procedure
for calculating parameter estimates (given the order of the model
i.e. p and g) in both the frequency and time-domains. These pro-
cedures are in matrix form and may be applied to any realization

X0 ,X*,...,X Te

BJ B-J Box-Jenkins



CHAPTER 7: THE BOX-JENKINS STRATEGY

Box-Jenkins modelling, or the Box-Jenkina strategy, consists of
five phases,namely

(1) inducing stationarity

(11) identification of the mode’

(i1l) estimation of model parameters

(iv) checking the fit of the model

and (v) forecasting

In this chapter, the first four phases will be dealt with in

detail and a note made of the fifth.

7.1 PHASE ONE: INDUCING STATIONARITY

If our original series was ;Y, r (not necessarily stationary), then
once the harmonic components (if any) have been removed, we are
left with a set of residuals, \Z, say. Now these may be
stationary or nonstationary. However, we saw in the last chapter
that BJ models may only be applied to (second order) s .ticnary
processes. Thus the first stage of the BJ strategy consists of

checking the condition of the residuals 2t

If is a stationary process then we may proceed directly
to phase two. However, if isnonstatlonary, we would like
to transform the data (i.e Z. ) Into a stationary process X
Tlme-series, like any chastic process, may be nonstatlonary
in various ways. However, In section 6.6, when considering an

ARMA (p,q) process ,
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i.e. +>(B) xt

6(B)at

where & (B)

1]
H
1
A
>
w
1
1
4
w
*

9(B)

[
=

1
o
w
5
Q

{a”}

white noise process

To ensure stationarity, we required that the roots of
MB) = 0 lie outside the unit circle. (Similarly to e- sure
invertibllity, we required that the roots of '3(B) = 0 lie outside

the unit circle).

Thus any process which has roots of )(B) = 0 lying inside
the unit circle, is nonstationary. The process will also be non-
stationary if the roots 1lie on the unit circle. Since the
behaviour of the process is 'explosive' if the roots fall

(strictly) 4inside the unit circle (see, for instance, Box and
Jenkins (1976). p.88), we snail only consider the case where roots

fall either on or outside the unit circle.

So consider the model

:* (B) zt = -(B) a. vt (7.1)

where :*(B) = 0 has d roots, say, lying on the unit circle, and
the rest outside.
We may rewrite (7.1) as
*(B) (= (1 -B)d:(B)zt
* 9 (B)a” (7.2)
where 3(B) has all roots out side the unit circle.

But (1-B)dMB) MB) (1-B)'l

and 1-B (see definition 16 of section 6.1)

i.e. the process is fluctuating wildly with no pattern



= ) (B)x" say (where = MW z").
Now {.X(} isa stationary processsince 1(B) has all its roots
outside the unit circle and so it has an ARMA(p.gq) representation.
[«(B) 1s called a stationary AR operator and :*(B) a nonstationary
AR operator 1.
Note that x * is Just the d - successive difference of
(see defn. lo, section 6.1).
Representation (7.2) 1is called an tRMA(p,d,q) process (AR integrated

MA) if d > 0 (otherwise it is just an ARMA(p,q) process).

So, 1f we are given any process '%$ 'e we oust determine d in
order to be sure that
v\ ¢S
is stationary Vt.
If d is made too large. we may overdifference the data and
possibly introduce meaningless patterns into the transformed series.

So care must be taken wh”n deciding on the size of d.

What indication 1is there that. may be nonstationary? In
section 6.5 (specifically (6.16a)) it was shown that 1if xt is an
ARMA (p.q) process thin

3>(@B) (k) * O k > ¢g (7.3)
Now if J(B) 1s a stationary AR operator (i.e. all roots of MB) = 0

lie outside the unit circle) then we may write

MB) » (1 -siB) /12181

where s * are the roots of MB) e 0. ilence



If the 81 are distinct (i.e s - @] Vi < j) then the solution of

the difference equation (7.3) isof the form

P(k) = + psS” (k > g - p) (7.4)
(by the theory of linear difference equations - see, for instance,
Box and Jenkins (1976),p%.116).Since the roots of 3(B) = 0 all
lie outside the unit circle,then this impliesthat < 1 vi,

thus (7.4) tends rapidly to zero as k increases.

If just one of the roots, s?1 say, tends tounity (i.e.
3't =1 - >0) then if k is large
1 k . .
o (k) a ( r> + terms tending rapidly to zero
= a.d *ke)

and so the acrf does not die out quickly.

Thus an indicatIon of nonst. ationarlty isthe acrf not dying

out quickly!

Using the sample acrf as an estimate of the theoretical acri, we

may ascertain the stationarlty or nonstationarity of a process

If we conclude 7. * is non-stationary then it must be dif-
ferenced d times (unless some of the roots 1lie inside the unit

circle - i.e. the series shows explosive behaviour) i.e. find

What wvalue should d take"
Box and Jenkins (1976) suggest that d is invariably either 0 or 1
2 (see Box and Jenkins (1976) pg.l173). So difference once, and

if the acrf of the resulting series dies out "quickly -ve have



obtained stationarity. If not, carry on differencing until the

acrf of the resulting series does in fact die out.

Gottman (1981, pg.262) has suggested that for each d, you calculate

N /
D = : P2(k,d) (7 5)
k=0
where :(k,d) = k11 acr of the dth differenced series

and N* * N/6 (this is in order to be able to compare

the Od across different, values of d)

Estimate Dd by Dd (replace (k,d) by r' ) and then choose that
K ,a

’

value of d which gives a minimum value for D".

Hill and Woodworth (1980) suggest using that wvalue of d which

2
minimizes . (d)

ot (7.6)

i.e. min ¢ ~(d) ; xf

Instead of using (7.5) or (7.6), it may be possible to
determine when the (sampl i) acrf has effectively died out, by

noting that

f
Vi(r'") - ~(t) * (trk)C(t-k) - 4. (t). (k). (t-k)
t=-a.
> 2. 2(t)C2 (k) » (7.7)
if X~ is a Gaussian prot. ue (13.3) , appendix A3).

If the acrf has died out after lag v say, then (7.7) may be
rewritten as

The sample acr - see sections 2.4 and 2.5 (pages 33 and 3< resp.)
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/ \'4 >
vV(r') =" 1+ 2 Cc™ (1) k > v (7.8)
k 1 171 7
thus
v o\
vty - 1> 2 r!'2m k > v (7.3)
A 1=1 1
[So, for example, if EXt 1 is a (Gaussian) white noise process,

then v * 0 (by definition of the acrf of a white noise process)

y9(r*) = C(xr") say (7.10)

» standard error ]

Using (7.9), or (7.10), each lag in the (sample) acrf ma” be

tested (successively) for a significant deviation from a zero
value (since H : (k) = 0 k>v

o
and thus

rk * 0 .

— . %(0,1) wusing the normal approximation to
k
the distribution of r*: see And. rson (1942)). However the problem
with this technique 1is the effect of multiple testing on the

overall significant*' level.

7,2 PHASE TWO: IDENTIFICATION OF THE MODEL

Having induced stationarity by phase one, we are left with a
(second-order) zero-mean 1lla .mary process : , and thus all

the techniques from chapter six are available
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Wv now .vish to ascertain (i.e. estimate) the values of p and
g tn the ARMA(p.qg) model

0(B)xt » 8(B)at.

If p g = 0 then = a* VvVt (i.e. 1iX” is a white noise process)
and all we need now do 1is check the fit of the model (i.e. the
'whiteness' of the residuals).

Otherwise we must estimate p and g and hence the parameters in
MB) and MB)

In chapter six, we saw some of the properties of the acrf
and pacrf for AR, MA and A 'A processes. Recapping briefly, these
were
(a) the AR(p) has cut-off after lag p in the pacrf
(b) the MA (g) nas cut-off after lag g in the acrf.

(c) if X e+ is an ARMA (p.q) (whore p and g are both nonzero)

then the acrf and pacrf do not have cut-off points

'd) an AR (p) does not truncate in the acrf and neither does an

'lA(@) in the pacr*

Thus 1f both the acrf and the pacrf tail off, an ARMA(p.qg) 1is
uggested, otherwise the form of the acrf or pacrf should suggest
whether an AR (p) or MA (g) is likely. It is possible to ascertain
a cut-off in the acrf by making use of the V(r") (I.e. (7.9)),

Truncation in the pacrf Is "determin'd" by noting that

Hr-' 3§ kK > (7.11)

if Xt is an AR (p) process e Quenoui lie (1949)), thus

(sew the final paragraph on pg. 114 for a definition of : )
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If {Xj 1is an ARMA (p,q) process with both p and g > 0, then the

number of anomalous (i.e. not a mixture of exponential decay and
damped sine waves) terms in the acrf is g - p, and the number of
anomalous terms 1in the pacrf is p - g (see Box and Jenkins <1976) ,
Pg. 186) .Note 1luat p(k) = p(-k), so the casewhen p-9 (or g-p) is
negative is no problem. The number ofanomalous terms only gives

an 1dea of the difference between p and g and not about the!.* actua”®

sizes. In practise, both p and g are usually < 3.

7.2.1 THE INVERSE ACRF AND INVERSE PACRF

Another tool useful in the identification of p and g in an ARMA (p,q)
process 1s the inverse autocorrelation function (iacrf) and
analogously the Inverse partial autocorrelation function ilpacri)
(or similarly the iacvf and ipucvi)

If X is stationary with acvf Y(k) and acrf (k) (k = 0.
"1 ), then the autocovariance generating function (acvgf) is

defined by

30

:(z2) = Y (1lt)Zk (7.12)
k=-J0

and the autocorrelation generating function (acrgf) 1is defined by
00)
P(z) ~* ' P(k)ZK (V.13)
k= ao
Then the inverse acvgf (iacvgf) is defined by 1(2) where
rmm 2z ) » 1 <7
The coefficient in I(z) of is defined to be the inverse aev
coefficient at lag k (and 1is denoted by YI (k)).

Similarly the Inverse acrgf (or iacrgf) is defined by PI(Z)

whe re
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P(Z)P:(2) =1 (7.15)

and the coefficiert of Z in PI(Z) 1is the inverse acr coefficient

at lag k (and denoted I(k)).

Also PKk) = M(k)AI(0) (7.16)
thus
PI(Z) - ri(2)/ri(0) (7.17)
Ve 1
P(Z)PI(Z) » Cy (O)YKO)]*1= 1 (7.18)
(since P(Z)PI(Z) = ['"(OTKO) T Iout 7(0) = , 0, and
"KO) = ,1(0))
where 1in general 1(0) < ( (0)) 1
-1
(and in fact YKk) * y(k) in general)
Now if MB) xt= ) (B)a vt (7 19)
then we may write (see, for example, section 6.6)
xt = 1(B)a, vt
where
*(B) = (B) *2(B) (7.20)

Bo* Dby section 6.6 (and specifically by (6.27), it may be shown

that the acvgf of 11X la

ri) =r 'tfI] 1*l)

Thus the iacrs of (7.19) are Just the acr of the inverse model
of (7.19) 1i.e. the acr”™ of

9(B) = MB) a,

(For more detail, see appendix A1l2 .2).
So the iacrf of an ARMA (p,qg) process (or ARMA (p,d g) process) 1is

just the acrf of an ARMA (q,p) (or ARMA (g ,d,p)) process:
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Thus for an AP (p) process (x~ L, the lacrf has cut-off after

lag p (i.e. the 1lacrf is Jjust the same as the acrf of an MA(p)

process)

So
I1 k =0
0
(7.21)
otherwise
where the are the coefficients in an MA(p) process .by the
definition of the acrf of an MA(p) process - see (6.9) 1in section

2

6.2 and substitute for ~ (see appendix All).

Similarly, for an MA (g) process, the lacrf is just the same as

the acrf of an AR (q) process. For an ARMA (p.gq) process the lacrf

is the same as the acrf in an ARMA (g,p) process.

(See appendix Al2.2)

Cleveland (1972) claims that the lacrf ii; superior (for identification

purposes) to the pacrf, as a result of the complicated .orm of v.ie pacrf.

For an ’!'A(g) process, we obtain inverse Yule-Walker equations

of the form

-1 q (7.22)

In appendix Al2, two techniques for estimating the lacrf are

given. The asymptotic behav our f the iacr'sis also treated there.

[.Note that as a result of th< form of the lacrf, an additional

function, the Inverse pacrf (ipacrf), may be defined in a manner

analogous to the way In which we defined the pacrf (in section
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Thus, 1if the iacrf and ipacrf are estimated, we may also

determine p and g, in the ARMA (p,q) process, from these two

functions. If the iacrf truncates after lag p, this would indicate
that iXt ' is an AR (p) process. If the ipacrf truncates after lag
a, then {X* would seem tobe an MA(g) process. Similarly if

neither the iacrf, nor the ipacrf, truncate, then this indicates

an .RMA (p,q) process (p,gl0). Then analogous to the acrf and

pacrf, the number of anomalous terms in the iacrf and ipacrf are

p-g and g-p respectively Hipel et al (1977)).

7.3 PHASE THREE: ESTIMATION OF MODEL PARAMETERS

Having tentanvely identified a model (i.e. p,d and g in the ARMA

(p,d,q) process) for the data, we now need tocalculate efficient

estimates of the parameters in the model

5(B)x, = (B) a
where X is a zero-mean stationary process (and if d the degree
of differencing, Is greater than zero, then x, = Jze).

In chapter six. we saw how to obtain estimates in an AR (p)

process - by using the Yule-'<Valker equations. Techniques were

also prooosed fcr MA and ARMA processes (appendices 9to 11). In

this section, the estimation procedure will be tackled more

formaliy.

If our realization of tlu stationary process Xf} 1is

Xj.x",...,x", then It may be shown that the unconditional log-

likelihood function of the process is given by

.L
For computational convenience



134

L* = L* (i, 6, J) =m, 9) - Nduea - S(;,E)/Zc% (7.23)

(see Box and Jenkins (1976) pg. 213)

where
N , ) 2
s<f£,e) = > 'a e.e.x * (7.24)
t=-01 1
where the s are calculated recursively from :, £ and x
and v/ = (X 5 ) f(v.9) a function of J, and 9
at (91 P )
x'" = (x1.x2,...,XN)
with (adr. *,x = E(atj:,2. x) (i.e. the expectation of a®
conditional on 9 and x)
SO. 5) 1is called the unconditional sum of squ unction.
Usually f£(2, ) in (7.23) 1is only of importa. if N is small
(Box and Jenkins (1976). pg. 213) while if N i .—a than L* is
dominated by S<2. )e 1f we find LSE of the parameters from

S(C jl, then (if N is large) these estimates should be approxi-

s *
mately equal to the maximum likelihood estimates (MLE ) from L

However, by the form of (7.24), we need to calculate
atj:,2,x Vt (where from now on we shall denote (atjr, M x:
by a i.e. the conditional expectation of the white noise variables

(residuals) .

7.3.1 CALCULATING THE UNCONDITIONAL SUM OF SQUARES (USS)

In the calculation of the USS, the {a (B are computed recursively

by taking the conditional expectations in

at * NB)xt + (B)at vt < N) (7.25)
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where ~“(B) 1s as before but
9*(B) = "B +...+ eqgpg
*
(i.e. 9 (B) =1 - 9(B))
By the form of (7.24), i.e. the USS, we need i for -» t< N
and so obviously values (or estimates) for x7,xJ >X_2 ececeses (i-0®'

"backforecasts")

Since t(B)xf = (B)at Vt then it is equally possible that

the data could be generated by the model

t(F)x” = 9(F)et (7.26)
F = forward shift operator
{t~; = white noise process
[Heuristic proof: If t(B)x* = "(B) a_ vt
and the =zeroes of :(B) and '(B) 1lie outside the unit circle then

we may write the model as

Ji((x " f i=1i (1" 318>S
where ' and ‘' are the roots of 1(3) = 0 and (B) ' Oresp.
Now if X has acvgf (B), then
:(B) = a* Ji<l "™ "B)"1(lL - 1i.F) N B) (1-: .F)

(see section 7.2.1)

But we may write (by multiplying out)

(1 - B) (1 - ?) * 2z - "1B)(1 - ~1F),
J J ) J

so any of the ’'models *
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can have the same acvgf if k 1is appropriately chosen. But since

all the ¢ and ” lie insidr the unit circle, the acvgf is unique.

Similarly, 7(8) is unchanged if (1- B) 1is replaced by (1- VF)
or (1-373) by (1-. F) and so all 'models 'of the form
(S'l - F)

have the same covariance structure

(7.28) 1is referred to as the forward form of the process and

is used to generate the back forecasts x ,x .......
o

-1
(7.25) 1is then used to generate the a*.
More formally, letting ‘ = S :tjl]_),g,g;
(1) generate ; L« N - p I and set {c } =0 1if J < 0
(11) the { n in (1) are generated by using
''=1: = ?2(F)xt> r“ (F) (et>
3 (F) =1 - :(F), t= N-p, N -p-1_  ,1
and =0 if t N -p
(since E( ) * 0 Vt)
(Hi) generate the back forecasts of by using
xt * 1(F){et; * **(F)xt
(where * (-, * P | "FP)
t=0,-1,-2,......
(iv) do (iii) wuntil the back recasts becomenegligible (i.e.
zero) - which occurs at R say (R a negative integer)

(v) define a -0 if t ' R

(since E(af)= 0 vt)
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(vi) use

far} = 4><B)xt + ' (B) ut

to generate the ,at;h for t - R, R+i, e..,~1<0,1,2,....,N
(vii) S(”», ) may now be calculated.

[(viii) 1f required, the whole procedure may be performed
iteratively, starting off each succesive iteration by
using a” to calculate the forward forecasts of the

X% using

xt » $ (B)xt + 6(B){at) ;
the forward forecasts of xr may then be used in

{cte « i(F)xt * e*(F){-;t}

to obtain new back forecasts

However, we always need : and to calculate S( 5,7) and the
reason we want SC , ) is to obtain and % Obviously, a grid-
search may be performed to find the £ and to minimize S C '%)

although usually the techniques described in chapter 6 are used.

7.3.2 VARIANCES AND COVARIANCES OF NILE®

Box and Jenkins 11976, pg.226) state that 1if Xf} has an ARMA (p,q)

representation, then over the relevant region of the parameter

space, the log-likelihood function, L (as defined in (7.23)),
wi 1 be approximately quadratic in the elements of 2 ant* s.- Thus
L* * L*(? , a)
L ¢, ) say
k k
L < ,+) 44 -H.) < (., - ) (7.27)
a 2 1=1 j=1 U i i J J

where k ep >q¢g
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3nd iz * (7128)
* g
are (approximate)y) constant
Since
S(i.0)
L * f(£,.9 - N HO i (7.28a)
a 2a
a
(by (7.23))
then for large N, f (2, , can be ignored and so L is guadratic in
~ if S(*) 1is quadratic in
Define
I- B @d .MN1: * I(I) (7.29)
s k B k 'information' matrix(and expectation
is over x) .
2
If *a is given, then. from asymptotic likelihood theory
(&) - ("E(ii )) 'L (7.30)
(i.e. the variance-covariance matrix)
Defining
2
su N " <1.31)
then
/7 "' SU /:11 A vy <7 -32>
and
— (= 2c2 (S -1 7.33
(=) Ca( lJ) ( )
(if ve approximate ~ and hen by their observed values)
Box and Jenkins (1976, appendices A7.4 and 17.5) have

shown that



hy differentiating (7.28a) w.r.t. ")

Cov (c" , =0 (? 35)
a
Cov(il, -3j) = 2c™ S1j (7.36)

where (s’J) * (S .)
v(7.36) 1is derived directly from (7.30) to (7.32)).
It may also oe shown that 1f S(”) 1is 'reasonably' quadratic
in the mode 1l parameters, then a (1- 0 confidence region is

bounded by the contour on the SS surface, for which

S<a> < 3(2)* 1 + (7.37)

where k = p + g
(see, for instance, Box and Jenkins (1976) pg. 228 or use general

linear least squares theory)

7.3.3 NONLINEAR ESTIMATION OF

o

-~ AND

For most .asms, the MLES of ; and ‘' are closely approximated

by the I -E which minimize

s (£, 'at (7 38)

i a i negative integer(defined on pg. 136)

What we really need to calculate in (7.38) is
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where .1 is one of the 13 or Numerical estimates of (7.39)
may be obtained by using any of the several nonlinear estimation
techniques available. (Several optimization techniques which do
not involve finding derivatives in the sum of squares, are also
available.) Some of the more extensively applied algorithms

include Gauss linearization (braner and Smith, 1966, chapter 10),

steepe«i descent (Fletcher and Powell, 1963), Marquardt's
algorithm (Marquardt, 1963) and the method of conjugate directions

(Powell. 1964a, 1964Db).

7.4 PHASE FOUR : CHECKING THE " OF THE MODEL AND DETERMINING

THE BEST MODEL

Especially in the case where X is an ARMA process (with p and
g ~ 0), we may formulate several models (due to the difficulty
of deciding exactly how many terms in the acrf, pacrf, iacrf and
ipacrf are anomalous). Obviously, when we have several models we
would 1like some technique which may ascertain the 'best' model.
We would also like to 'test' whether the residuals from the

tted model are sufficiently 1like a white noise process (and

hence we may stop modelling).

7.4.1 MODEL INADEQUACY

Suppose we model by
J. (B) xt '(R) at

then a( = 1(B) (B)x( vVt

and so the residuals of the model are given by
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i '"(B) '"HB)X L (7.40)

v t 1 poMslblf to show that

(7.41)

i . nute, 1 uicqua If* (Box and Jenkins, 1976, pg. 289) so as

! '"e < itlmated residuals become more and more like

N mvri i.

.hite aolsu.

( J12) has shown that if and 9 are 'known', then the

iiv estimated acr's of the 'a/-, are uncorrelated and in-
'S
Jx! are approximately normally distributed as N(0,—)

appendix Al3)

—iaqui- pattern occurs in the residual acrf, this probably

ndicates nodel Inadequacy.

ditncv 1 r > (0, ~)
a . . N
i appendix Al3)
o d N r .~ N(0.1)
a,k o

md hence

md . .ms (1976, pg. 290) have developed a test they term

au lack of fit test, and here they calculate

por'mar
I 2
; N r' (7.42)
-1
2 .
(L some integer " 0)
* L-p-q
ne mode: 1s 'appropriate' (I.e. Die residuals are pure white
s 1is0) However Davies et al (1977) have shown that a to. t based

4

no .- unreliable See «lso Ljung and Box (1978)
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Ljung and Box (1978) have offered a variation on (7. 12)
namely
o' = X(N+2) & — ° 7 (7.43)
. 2
V 'L-p-gq (L - 25 - see Box and Jenkins (1976/ Pg.292)

and claim this is superior to Q.

'.st tor testing the 'whiteness

Several other technique:

of the residuals.

For instance, define

B (r;.i1i M Vv

“(2) and " (°* be the coefficients o Bk in the Maclaurir.
. . - I - .
series expansion of 0 (1 )) and (\9)) (resp.) 1in powers of Db

Then it can be shown. for large N, tha:

(Also see appendix Al1l3).

r; r J ">
where
u*1 - Xl~x'
L

1 = identity matrix

I - XX

X =Ce. A3, ) ()

1-J 1-3
(where (., and . .( ) are the 1jla entries in the two
j 1-J

1-3
partitions of X - these partitions have dimensions L P ana

resp. and so X has dimension L , (p+q))

Is to plot tk. 1r, ;1 iua)

A 'good' diagnostic check of the residuals

acrf along with asymptotic significance levels for the residua

See, for example, Box and I ierce (1970)
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acrf (obtained from the diagonal entries of the matrix ~ U ,
see Hipel et al (1977)). If some of the residual acrS are signi-
ficant ly different from zero, this implies that the model is

inadequate.

[The at may also be checked for normality. Normally distribu-
ted data should possess no significant skewness, and kurtosis
equal to (approximately) three. In appendix All, ARMA processes
with nonnormal residuals are considered. If the residuals possess
significant sxewness and kurtosls, a transformation of the original

data may remove this and thus make the residuals more normal.]

Alternatively, the cumulative perlodogram of the residuals

may be calculated.

1 (w.) = % rog c’ cos (tw )

J =0 ... (1] w.» 2-3/N

* h(w) an estimate of the spectrum (see section 4.1)

(ca k * estimate of the acv(at lag k) of the residuals).

If the residuals are pure white noise then

h(w) = :Y/2-*
a
30
(since h(w) = — (t)cos (tw) by definition
tj)n
but a(t) » 0 if |t > 0)

The cumulative spectrum, H(w), may be defined by

H(w ) = h (w)dw 0 F-w, <
J

45
This 1s not the definition of the true cumulative spectrum -

that is defined by h(w) dw



acrf (obtained from the

see Hipel et al (1977)).

ficantly different from

inadequate.

The at may 1il,o0 be

ted data should possess

equal to (approximately)
with nonnormal residuals

significant skewness

and kurtosis,
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diagonal entries of the matrix ~ U ,

if some of the residual acrS are signi-

zero, this 1implies that the model 1is

checked for normality. Normally distribu-

skewness, and kurtosis

no significant

three. In appendix Al4, ARMA processes

are considered. If the residuals possess

a transformation of the original

data may remove this ana thus make the residuals more normal.]

Alternatively, the

may be calculated.

h (w)

<Ca,k * estimate of the

an estimate of the

cumulative periodogram of the residuals

” ™I Wi 2TJ/N

spectrum (see section 4.1)

acv(at lag k) of the residuals).

If the residuals are pure white noise then

h(w) = ~ 2T
a
00
1
(since h(w) = -

t. —%
but <t) =0 if |t|
The cumulative spectrum,

SWJ
H(w ) = h(w)dw
J
0

This

that is defined by

is not the definition of the

(t)cos'tw) by definition
0)
H(w), may be defined by
+
0 < w <

true cumulative spectrum

* h(w)dw
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n..

2,
(@]
c2
IF <"j>
a2
and H(T) = 7a

thus H(w) 1is a linearfunction of w over (0,Ir)(if (a M3 a whlte

noise process).
So define the cumulative penudogram by
CI(w ) = o I*(w )
1*0 1

and then use some goodness of fit test or nonparametric procedure.

7.4.2 SELECTING THE 'BEST' MODEL

As mentioned earlier, it may happen that we have several models

for the data, and wish to choosethe 'best' one. Several techniques

are available for assessing thisbestness'

A*aike (19TQ) defined a criterion for assessing the best model by

AIC * Akaike's information criterion
*ON2 (maximum likelihood function of the process)

¢ 2(no. of parameters in the model)

or equivalently (for N large and hence £ (: ) negligible - see pg.13<h

a S( ) N (see pg. 139)



since

«

' (ML function) = L
= - % In — S(
2 3 2a?2
a
and hence f (X ) negligible - see pg. 138)
w'uere : B () N ~ ~) !
* o 2 )
and L maximized w.r.t. and ; gives
- a

-1 -1 s(y

and the maximum of L is

(for large

(and the second term can be ignored since it is independent of

The moael with the minimum AIC is defined to be 'best'.

Akaike (1370) i >0 defined, for AR processes,

for determining the best' model.

Define

FTE * final prediction error

N-k a

where %k = p and is the \IlIE of
a

a criterion

The AR process with minimum FPF 1is the best fitting model.

[It may be shown that
AIC - M SFPE

- Akaike (1970) or Priestley, 1981, pg, 371 ,

More recently, Akaike (1979), has developed a new criterion for

order determination in ARMA processes
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az2
BIC = N - (N-k) « (1 -~ + ki:n N > kZf:;k 1(
a
2
where = raw sample variance of the ohsexvations
k = p +n
Pa:zen (1974), has also developed a technique for choos: ig the Dbest
fitting AR process using the CAT ("ci tcrion for AR transfer functions")
quantity defined by
CAT (p) = :
e (1L >N>
2 ) ) ) i 2
where ~1s an (unbiased) estimate of the residual variance, C ,
b a
when an AR(j) model is fitted. Choose the best fitting AR process

when CAT is minimized.

A technigque developed by McClave (1975,1978,1978a) for choosing
the 'best' AR or HA model is described in appendix AlS5. This
‘echnique usually ises one of the above criteria (i.e. AIC, FPE,

BIC or CAT). iThis technique 1is mentioned here instead of in
section 7.2., since it involves fitting several models and then

choosing the best. )

Usually, if the model 1is deemed inadequate, either the
residuals themselves may 'Je idled further or (if this is not
possible) it may be necessary to transform the data (and hence
start all over again). A class of transformations 1is presented in

appendix Al6.



/.5 PHASE FIVE : FORECASTING

Ha' ing deemed the model (model?) to be satisfactory, we may wish

to forecast estimates of future values. This is not particularly

difficult, due to the form of the Box-Jerk ins models, and is

discussed more fully in appendix Al7.

7.6 SEASONAL BOX-JENKINS MODELS

So far, the concept of a seasonal Dox-Jenkins model has not Dbeen

discussed since we have considered our data to b* deseasonalized

(by using periodogram or harmonic analysis). However it may so

happen that either

(a) we neglected to remove some periodic component
or (b) we do not wish to use harmonic analysis.
Ti: case (a), any periodicity in the data, which 1is not modelled,

will probably be picked up in the residual acrf (or it may e.en be

apparent in the residuals themselves). In (b), we must either

des aaonalize the data using some other technigque, or allow for

the seasonal components by modelling them.

Let us assume the data contain some seasonal components and

we wish to model them by somehow modifying the B-J techniques.

Suppose the perodic behaviour has period S - i.e. similarities

in the data appear every S basic time intervals.

Since observations S intervals apart are similar, it seems

reasonable (assuming stationari ty) that
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plays some role in the model. It is also possible that

x, - —-Vs
or even , plays some role.
a k/S
[Note that (1-B ) has S zeroes (e .k =0 S-1) evenly

spaced on the unit circle.j

It the data are monthly say, then the two important time

intervals correspond to months and years i.e. we expect relation-
ships between successive months as well as relationships between

months a year apart.

A model to link December say, to observations 1in previous

Decembers, may be

* (B n t e”"Bb)et
S = period (in our case 12)
s ~ g~ D = degree of seasonal differencing
c s
KB ) = polynomial In B of degree Pg

KBa) » polynomial in 3'* of degree

nd (BS) and "@ ') satisfy stationarity and invertibility

conditions.

The e ¢ will not usually oe uncorrelated (i.e. the observa-

tion for December, while related to the previous December, maj

also bear some relationship to November, October etc) . To take

this into account, we mode 1

b(B)7de | = -(B) a.

where



polynomials in B just as before.

So our overall model is

"(3);(3s) d »xt u (B) (Bh)at (7.44)

- this is termed a (p d,9) * (Pg.D.Q")" B-J model

If the data contain 2 or more seasonal components then we may

model each component as in (7.44).

Our first Jjob now 1$ to determine d.B.p.g, Qg and S.
g
Firstly, for d and D, just apply (1-B) and (1-B ) until the sample

acr's of the iifferenced series die out gquickly at high lags.

Hill and Woodworth (1980) have suggested finding

Once the acrf of the differenced «,eries dies out quick’v
enough for 1lags 1 S and also at multiples of S. we may then

attempt to estimate p, g, P_ and Qg.

A summary of the properties of seasonal models is given below
and chi enailes us to gain an idea about p.g.iV and Qs . (For a

fuller account ee Box and Jenkins (1976), Chapter 9),

7.6.1 THE ACRF

() If the process 1is (G.q) " (0,Q0"), then truncates after



(11)
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If r' attenuates at lags which are multiples of S, then this

implies the presence uf a seasonal AR component; If the acrf

falls to truncate at other lags, this may imply a nonseasonal

AR component.

7.6.2 THE PACRF

(I1)

7.6.

(1)

(11)

if the process 13 (p.0) (P~.0), then truncates after
p + SP,
If damps out at lags which are multiples of S, this

implies the presence of a seasonal MA component; tne failure
of the pacrf tc truncate at other lags may 1implv a nonseasonal

MA component.

d THE IACRF

If the proceus is (p.0) * (P*.0), ri.” truncates after p * SPg
if ri. decays at lags which are multiples of S, this implies
a seasonal MA component; failure of the r t o truncate at

other lags implies a nonseasonal MA component.

.4 THE TIPACRF

If the process is (0,q) (0,Q0"), then truncates after
a + SQg
if decays at lags which are multiples of S, then this

implies the presence o a seasonal AR component, tailuie of

the tpacrf to truncate at ther lags implies a nonseasonal

AR comD' nent.



[For further details, see Box and Jenkins (1976) and Hipel

et al (1977).]

div ing estimated p,q, P, and parameter estimation follows
in a 'aimer similar to the nonseasonal BJ models, and hence fore-
casts. Diagnostic checks on the fit of the model aro also similar

to those of the nonseasonal models.
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CHAPTER 8: NONLINEAR MODELLING AND MISCELLANEOUS NOTES

In the previous two chapters, a special branch of tiae-seriey

:els has been considered - namelylinear time-seriesmodels. In

es<3, the (present) observationis considered as a linear

ombinatlon o” past values of x, aswell as a linear function of

-iome noisevariables a_ This assumption of linearity can be very

'W'!rlctive and it also seems reasonable to consider nonlinear

B ms of the observations and noise variables

»t-1 *t 1

-tly a class of nonlinear time-series models called

near models has been proposed. These models seem to offer

i >r -%wten'jive possibilities. A brief description of these

t heir parameter estimates are given below.

B -R TIME-SERIES MODELS

ire of the form

t-3 (8. V
J71 0 £t i=1 9»1
( , and parameters)
-neri X 'ro- iean stationary process and [ ) is a whit;
erie (and . * 1)

(0]

ii'-i'f'ient ation (8.1) may be written in the abbreviated form

BL(p,qg,m, k) (8.2)

Wmi'Mi o k ( Vi.J - then

BI. : .q 0,0) 'RMA (p.q))
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The bilinear models with the 'easiest' theory are those of the form

BL(p,0,p,q) (due to the form of the model) i.t

e MoxL sy xt-j : 617 x.-1 * e« <e-3>

not necessarily 1).

2
Assume the a ' in (8.3) are independent and are ~ N(0,C ). Also
t a
assume (8.3) 1s 1in 'invertible' model (i.e. 1f x. satisfies
x e [function of b4 a ;o J-1,.,. .+ a
t [ ( t—j 7 t—J ’ 14 lp) t
and are estimates of then
lim E[a. - a =0 )
fwo t t
Suppose we have a realize, on ;X , X . x "~ ; . Define
m = max {p,q} * 1
then the joint distribution of
a' = (Vv vi, -"1V
N-m+1
1 ' 2 .
is g(a) = 2 exp (-~~ ia" (8.4)
2 . 2c t=m
I a a
. S 2 .
(since the ¢t are " N(0,:~) independently)
Now the likelihood function of x' = (x xx>/) is the same as the
— m

Joint pdf of a since the Jacobian of the transformation from : to
x is 1. Thus maximizing the likelihood function, w.r.t. the model

parameters, 1is equivalent to inimizlng

S<n> - : a/ (8.5)
- t



where
So
and
Thes
(and

rs

Ug

rs
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(see Subba Rao (1981)).

Now assuming at = 0 (¢t - 1,...,m) and
3a.
t 2 a t
* 0 5?T1s. - 0 (8.13)
t ° 1 m

t"en together with ,8.9,. thl. ThpU.. the eecohd-order derivative,

Kyt i Ao~ p) are zero.
Define
I f.
st<a) * ( °° oo 35 (£)
Vv *1 V-R
and
. 2
sS,r . . SC.)
3—. i.e. a matrix of second-order

1 J R <R

ierivatlves) then expanding S'Q) in a Taylor .
series near :» =

gives

S'"cz2y =0 -S '’ (f.) S"C) <(3_)
thus

where s\_) = (S ( Jg0-1
and so ~ (k<) - (k) ST ( (kK)YS'E (k)x
> (8.14)
(k)
“ere is the set of estimate, at the k" iteration. This lead,
to the standard Newton - Raphson iterative method of solving for
Thus letting L Q denote the likelihood function of x = (x v oW
m""l N'

(and using the notation of Subba Rao (1981) 1L,
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of xr (or some associated process Y }

* (I) , h xt-1 f ait xt-1 < d
Xt = 5
Xt-1 ' a2zt Xt-1 > d
where a”; and {a2t f are wh :te noise processes and d is some

r?”1 number

<27 xt " "i xt-i " “it 1f xt-i « Ri
and R1,..., R are given subsets of R (the real line).
(3) 'o*%11 *t-1 »" + >pl *t-p + *1t <lal...... k)

1f (xt-1'-1*" xt-p) 6 R<1)

where R (> 1is a region of the Euclidean space RP

This class of models is very difficult to apply (see Gabr and Subba

Rao (1J81)) however they seem to give better forecasts than ARMA
or subset ARMA models 1in most cases. Gabr and Subba Rao (1981)
1 +eaiD ‘hat bilinear models ( i in particular subset t lear

models) give the best forecast results.

NO e that these models are based on the idea of piece—wise linearization

8.3 MISSING OBSERVATIONS

Often a data set 1is incomplete due to missing observations. This

makes it. dilflcult to estimate the spectrum and also any kind of

model. Several authors have proposed techniques for estimating

the spectrum (and hence the dbi; itions) - see, for example,

Bloomfield (1970,1976).
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data (i.e. a cyclic form). However, some nondeterministic

cycles need not be cyclic but rather just meander around a particu-

lar frequency, pnase and amplitutde. Very often when some cyclicity
or seasonality 1s apparent, i transformation of the data
is made (see Chatfield (1980), pg. 15). For instance, 1if the data

is seasonal and has escalating amplitude in the seasonal wave
pattern, then a change in the variance o'r r time, of the original
data, would eventually be mirrored by heceroscedasticity in the
residuals of the model fitt d to the da.a. To rectify this
situation (from the start) take natura. logs of the data.

Also, the data are usually transformed if they have an asymme-
trical appearance (see Campbell and Walker (1977)). Again the
transformation to be used 1is a natural log transform (since this
red'ces the degree of asymmetry).

Parzen (1978) suggests a transformation without memory, or
tiemoryless transformation, (i.e. 1independent of time), such as
logarithm or square root if the data apoear to have long tails or

seem to be non-normally distributed. (Also see Parzen (1982)).

9.2 TRANSFORMING THE DATA

To ascertain whether a transformation 1is necessary, wo shall use
the technique of quantile - box plots suggested by Parztn (1978)
and described in Parzen (1979)

This technique involves es* itlng the quantile function

Q (u) (0**uv 1) defined by

See 'Comment' at the end of the chapter on page 214
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Q(u) " F 1(uw
where F(x) Is the cumulative density unction (cdf) of the process
from which the data 1is drawn.
Q (u) 1is estimated by F *(u) where F(x) is the empirical
distribution function (cdf) of the sample,
Once Q(u) has been plottedH, d andD 'boxes'’ are super-
imposed on the plot and representrectangles from thequantiles

3 1 7 1 15
4 » 4 7 1 - 1 '"d 16 16

resp. (see fig. 9.2). [For more detail see Parzen (1979) ]

The gquantile-box plot of the data is given in figure 9.2 with
associated boxes. Parzen (1979) claims that dissimilar shapes
within the boxes indicates asymmetrical data. If the data appear
to be symmetric it 1is also possible to test whether the data are
nonnormal and in particular if the distribution from which they
are drawn possesses long tails (see Parzen (1979) - he also
provides a statistic for determining skewness).

The box plots of the logm and square root transformations
are given in figures 9.3 and 9.4 resp.

Since memoryless transformations like loglQ or square-root do

not dractically change the basic shape of the distribution o* the

data (if all data points are > 1). a transformation of this kind
is completely optional. As a result of this, instead o: using
the statistics suggested by Parzen (1979), I calculated the
vertical distances between successive boxes - e.g. the distances
a , b. c¢.and d, (1*1,2) given in figure 9.2 - for each quantile
box plot. The results are given in table 9.1.

See 'Comment' at the end of the chapter on pg. 214



Quantile-box plot of the airline pabfenger data

Median



data
9-a=«l.-bo, plot of 106,0 of toe .Irlfn. P*»e«.r
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Quautile-box plot of the square-root of the airline

passenger data
0



For the data to have a symmetric appearance, x = a”/o"
(a = a .0 ,c ,d ) should be approximately 1. The a values for
each plot are given In table 9.1. Using ¢ and d as criteria (since
there is likely to be more variation in the tails of the data and
hence the extreme quantiles), then since loggives minimum values

ookt
for ¢ and d, I decided to make wuse- of this transformation

TABLE 9.1 A comparison of quantlle-box plots
BOXES ORIGINAL LOG SQRT
0 - 1/16 A 37,125 0,3604 1,8454
1/16 - 1/8 B 16,625 0,1289 0,7311
1/8 - 1/4 C 15,25 0,1047 0,6326
1/4 - M D 43,0 0,2481 1,6307
4 D 73, 0,3184 2,4161
1 MW 3/ 3,5 , 6
3/4 - 7/8 C 54,75 0,1852 1.5912
7/8 - 15 16 B 28,625 0,0843 0,7779
15 16 - 1 A 49,125 0.1340 1,2651
RATIOS (1)
0 L S |
A 0,76 2,73 1.46
B 0,58 1,53 0.94
c . 0.28 0.57 0,40
D 0,59 0,78 0.68

Since this transformation step 1is totally optional , I am quite
satisfied that the very rough procedure I have used 1is accurate
enough for any applications we may wish to make to the data.
Nevertheless, the transformation does affect the shape of the dis-

tribution and hence the approp iate model

A plot of log ( x (t 1,2.... 164) 1is given in figure 9.5
(and a listing of the data is given in table A19.2, appendix A19).
1

By minimum, I mean values closest to 1.

See 'Comment' at the end of the chapter on page 214
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Fig. 9.5 Plot of the transformed (log f()) airline passenger data

6.0- X

AL U



168

[For Interest's sake, figures A19.1 - A19.4 and tables A19.3 -A19.4

in appendix Al9, contain information about PASSIM

9.3 DETECTING ANY DETERMINISTIC CYCLES

The autocorrelation function of the (new) transformed data set 1is

given 1in figure 9.6. Since the function is obviously not damping

out at a fast rate, the data would seem to be nonstationary. This

is backed up by the results given in tables Al19.6 - A19.8

(appendix A19) where the time-series has been divided into the

subseries lengths given and then the mean, variance and acrf of

each subsection calculated.

[Actually, for these tables, the first 156 (Instead of 150) obser-

vations were used, in order to have segments consisting of the

same number of observations (this should not affect the overall

conclusion) . The choice of subseries length was based upon the

'obvious' periods one may expect in weekly data (i.e. 13,26 and

52) - any seasonalj ty is 'more likely' to have periods correspon-

ding to these wvalues ..

’

From these tables, we see that the series 1is at least nonstat-

ionarv in it's covariance structure since if the series were

stationary, we would expect segments of equal length (from any point

time) to have approximately the same covariance structures. (See,

example , Gottman (1981), pg. 75).

Since the acrf of the log, ¢ data seems to be cyclic with

oscillations that do not die i quickly, we may conclude that any

cycles 1in the data must be deterministic (since nondeterminis tic

cycles damp down to zero quickly - Gottman (1981), pg 87)

Additional checks for distinguishing deterministic from

for



Fig. 9.6 Autocorrelogram of the transformed data
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nondeterministii’ cycles consist of:
(a) compute the periodogram with varying sample sizes; 1if the

resulting plots show peaks that increase with sample size,

this implies deterministic cycles (Gottman (1981), pg 197+)
and
(b) if a cycle is deterministic, ’'hen the (sample) sdf should

peak sharply (approximately at one frequency); if the cycle

is nondeterministic then the series repeats itself 'more or

less' regularly and thus the sdf would be expected to peak

across a band of frequencies.

Estimates of the sdf using the Parzen(b) window (see section
4.3.1, equation (4.25a)), with truncation points = 0,3 * N and

= 0,75 N, are given in figures 9.7 and 9.8 resp. These plots

seem to indicate sharp peaks thus implying deterministic cycles.
(Full plots of the sample sdf are given in appendix Al19 for
truncation points 5r  10%,, HO" , 50% and 75% of N - see figures
A19.5 - Al9.10. Note how the pectrum estimate is initially smooth
and as the truncation point increases tends to become 'rougher').

Now the sample sdf alone may be used to gauge at which
:r iuencies there 1is 'significant' power and hence the frequencies
of the deterministic cycles (and obviously the periods relating
thereto). However I shall make use of the periodogram (an estimate
of the sdf) to 'identify' the important frequencies (since this
has been evaluated on a finer grid of frequencies)

The (natural) logarithms f the periodogram ordinates are given
given in fig. 9.9. The values on the vertical axis represent

frequencies (e.g. J 6 corresponds to 2 6 N' where N' is

the next power of 2 above 150 - the data to be modelled are x"..... x 150
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- see program PGRAM in appendix Al8). From this plot it
appears that the 'majorl peaks occur at W, W and w In
a 10 20
figures 9.10 and 3.11 are the periodograms with 20% and 50%
tapering (see section 5.4). These 'smoothed' periodograms make

the peaks clearer.

The major peak or frequency would seem to correspond to w,Q

with Possible subsidiary peaks at and », . However from section

recall that if x”) 1is periodic, with period h

3.4... note (vii),
say, then the poriodogram vanishes - i.e. 1is =zero - at all fre-
quencies except w = 2-/h and its multiples - and w” 1is a multiple

of w3 and wl0; w*" is a multiple of w..

However the sample sdfS (see either figs. 9.7 and 9.8 or figs.

A19.5 - A19.10 in appendix V19) seem to indicate three ‘'distinct'

peaks (not so much .t .,) thus possibly indicating a sum of three

seasonal components. However, the procedure to be adopted here is

that described in section 3.2 where the data will be detrended

successivley 1i.e. the major seasonal component removed from the

da.a, -«e residuals then analysed for seasons lity etc.

Now wio = 2” ' 10/256

= 0.245436926

(EBd the subscript 10 in w” corresponds to a period of

2-/WIQ a 26)

and this will serve as an initial estimate for w* in the model

* *

*t = -L > a®os(tw?”) * h .sin( tw;) *

ut * stochastic process.

W10 13 Used in the Program HIDP: (which computes LSE's of all

model parametcrs-see appendix Al8) as an initial estimate of w*.

It serves to find a final estimate of w” as well as and h".

A~

X, the sample mean, will serve as an estimate of
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Defining w,, a* and b as final estimates of a* and b , anti

U” (=X) as an estimate of we find that

01 =5,30486

wL =0,2305006

al = 0,246352

= -0,00147534

witha residualvariance of 0,1025 (areduction of 22%)

A new time-series 1is now found by forming theresiduals

e = x - C, - a’cos(w™t) - b.sin(w.t) tmo0,1,.. .149
The periodogram (tanered 20 ) of the new series {£7} 1is given
in figure 9.12. The sample sdf (using a Parzen(b) window with
truncation point M = 60 = 40% of N) is given in fig. 9.13

From Dboth of these plots we now see that the angular

frequency corresponding to wty has been 'modelled out' of the

data. (Note that w,” corresponds approximately to a period of 26

The 'power' at frequencies w and now becomes more arent
r

thus reinforcing the suspicion of further seasonal components.

(Note that for the sample sdf, the "numbered' axis represents the

frequencies w' = 2~3/N (i.e. not N') since »'75 - w' corresponds
J

to - in the periodogram, w corresponds to ). This power

particularly evident in the sample sdf.

To remove any power at in the periodogram (or wjl in the

sdf) use

“*>0 « 2 * 20/256

0,49<-173851 (w.)0 corresponds to 1 period

of 13)

as an 1initial estimate of w,( in the model
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* #
= U2 + aocos(w,)t) + bgaintw”™t) + vt

vt = stochastic process

Use w in the program HIDPER in the same manner that was used.

Here we find that

02 = -0,00308542 =0
w0 = 0,4776025
= 0,169991

60 * 0,0327472

with a residual variance of 0,0859 (a reduction (overall) of 35%,)

Form the (new) time-series

t = £ - C - 10cos(w t) - b sin(w t) t =20, ...,149

t t 2 * - . ”

The periodogram (tapered 20’,) of the new series ' ''as well
as the sample sdf (using the Tukey-Hamming window - see section
4.3.1, equation (4.22) - and truncation point M = 75 B 50% of N)
are given in figures .14 and 9.15 resp. (The use of different

windows is no reflection of inadequacy, but rather just serves as
an illustration of the different windows).

Of the three frequencies identified initially as having
potential power. two have been removed - namely w, and w * (and
in the sdf w.6 and Wil)' The final frequency noted in the periodo-
gram given in fig. 9.9 (i.e the periodogram of the transformed
data, no components removed) is w_ (or in the case of the sdf)
It should not be too surprising to see then that the periodogram
and sdf in figures 9.14 and B display power at this frequency.

Thus we must remove the component associated with this frequency

i.e. model

# *
r ” “W3 * a3cos(w;jt) + b.jSln(w.”t) *

A

z = stochastic process.
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Using w. = 2"x5z256
= 0,122718463
as an Initial estimate of in HIDPER, we find that
03 = 0,00250543 =0
iv3 = 0, 1251879
a3 = 0,0518517

b3 = -0,143498

[Note that w. and w3 correspond approximately to a period of 52

Create the new time-series «&r by

et = at " -J ~ a3cos(w3t) - b3sin(w3t)

e} 1is a time-serles which has three seasonal components removed.
These components correspond to periods of 13, 26 and 52. ~“et ' has
a sample variance of 0,0741 a reduction of 44' from the original

variance of the log-transformed series of 0,131476.

Instead of performing this third sequential removal, it

* * *
is possible, using *, *, w,,” and w, <as estimates of w ~ a n d w,)

in HIDPER to obtain e in one step

i.e. model

= logl() of original data

3 f * *
t * ) Va cos(w t) + b,sln(w t) - + e
J«l I J J J J i t

t - residual error
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From HIDPER, we find
. = 5,30387
x = 0,2331302

Wo 0,4777786

W3 0, 1239148
= 0,234516
b1 0,027696

a2 = 0,166452

3
b2 0,0320354

3
a3 0,0417698

b3 3 -0,150152
and using these values in DETRh'D we find the sample variance of
fo 149% *5 0,0738. Thus we have a reduction in variance of
44s3.

This 'de-sining' procedure could have been stopped after
removing the first component (corresponding to a period of approxi-
mately 26) which gave a reduction in variance of ~ 23%. Vhen three
components are removed (corresponding to (approximate) periods of
26, 13 and 52) there 1is a variance reduction of * 23% i. . the
latter two components account for / 23% of the variability in the
data. Obviously, this removal of cycles could be continued,however
this may lead to the inclusion of an excessive number of model
parameters (some possibly reoundant). The analyst must decide at
tnis stage how closely he/she wishes to follow the principle of
parsimony.

The periodogram (no tapering) of the data (residuals) with 3
seasonal components removed simultaneously 1is given in figure 9.16.

According to the values given in equation (9.1), we have
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W L 0,2331302
w., = 0,4777789

w3

0,1239148
(corresponding to periods of 26.95, 13.15 and 50 <i resp.) and
these will correspond to abscissae 9.50, 19.47 and 5.05 (resp.) in
the periodogram i.e. j = 9.50, 19.47 and 5.05 in w® = > j/N
(N'=256) will yield w, , and w” (ic 4 decimal places)

from the periodogram in Figure 9.16, we see that there appears
to be 'holes' at the abscissae 5, 7( 9) and 19 thus denoting the
removal of w,,w,5 and w, (see Bloomfield (1976) , p.80).
The peaks 1in this periodogram all occur (approximately) at multiples
of 9.50, 19.47 and 5.05 thus reinforcing the assumption of additive
seasonal components (see note (vii) section 3.4.1 or Bloomfield
(1976), pg.80%*).

However as a result of leaxage and other factors (namely

additional seasonal ' rms) some of these peaks may have magnitudes

which are unacceptably large - for example additional seasonal

terms may infact have ordinates which correspond to a multiple of
one of the ordinates of the seasonal components removed. Thus to
be doubly certain no 'extra' (significant) seasonal terms are in-

fluencing the data (residuals), it 1s advisable to also examine

the spectral estimate of the residuals. Spectral estimates (using
the Tukey-Hanning window with truncation points M = 30, 60 and 75
(20%, 40% and 501, resp ) - any values above or below these
truncation points seemed to luce spectra which were either too
'smooth' ortoo 'rough' - are given in figures 9.17 -9.19.

As the truncation point increases, peaks become more signifi-

cant (pronounced) . These peaks, although not as pronounced as
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those corresponding to the ns removed, ar? .iso visible in the

spectral estimates of the log” of the data (see figures AID.5 -

A19.10) - however they will obviously accou t for less of the

variability in the data (the peaks in figs. 9.17 - 9.19 have such

large magnitudes now since they account for a 'large' amount of

the wvariability in the residuals 1i.e. 1in the residual variance).

The peaks may be 'removed' from the spectrum of the residuals

but as mentioned earlier, since one must decide on whether to

adhere to the principle of parsimony, the choice is the analysts.

In our case, we shall leave the data (i.e. the residuals) as they

stand. The residuals will now be analysed using Box-Jenkins

techniques

9.4 THE BOX-JENKINS ANALYSIS

9.4.1 STATIONARITY

The first stage of the Box-Jenkins analysis consists of determining

whether the residuals (yf,-rred from here on as the lata) are

stationary. To d* this, both the procedure of Hill and Woodworth

( 980) - see section 7.1, equation (7.6)) - and a visual examination

of the acrf of the residuals, will be given.

The first few results of the Hi 11-Wood 4irth method are given

in table 9 2, (The maximum allowed degree of nonseasonal differen-

cing was 2, of seasonal differencing, 1, and the maximum allowed

seasonal base was 52). Recall that the degree of differencing,

producing the minimum variance, 1s defined as 'optimum'.

See 'Comment' at the end of the chapter on page 214
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Table 9.2

DS * degree of seasonal differencing

DNS = degree of nonseasonal differencing
SB - seasonal base
DNS DS SB Variance
0 0 0 0,073754
0 1 19 0,110626
0 1 52 0,123510
0 1 3 0,128368
1 0 0 0,128521
0 1 20 0,129580
0 1 6 0,132495
(the remaining results may be neglected - note how the variance is

strictly increasing),

Fron Table 9.2 is is clear that no differencing is required to
produce minimum variance. Note that the second-best result occurs
when seasonal differencing (oree) with a seasonal base of 19 is
applied. A seasonal base of 19 (or period of 19) should result in

a peak in the spectrum of the residuals near 7 and a peak in the
periodograra near ordinate 13- this 1is exactly what occurs. [To
obtain these values recall that peiiods in the spectrum and periodo-
gram are derived from

period t 2"/w

- 2 j/N spectrum

J | 2 J/N' periodogram

(N' B next power of 2 above N)
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M/ 3
i.e period = S

The residual acrf is given in figure 9.20.

The largest ordinate occurs at j = 19 (reinforcing the
suspicion of some seasonali ty with period 19). Other than this
lag, there seems to be no other lag which may hint at some
nonstationarity and even so, the acr at lag 19 can just be reflec-
ting the necessity for a seasonal component in the Box-Jenkins

model.

Due to the general size of the acr's,one may suspect that in

fact the residuals are pure white noise. To checkthis, note that
V(r') * - (1 & 2 3; N (1) k > g (9.2)
* \ 1=1 7

g some integer

(see appendix A3 or lox and Jenkins (1976), pg.34).

If the whole series 1s white noise, then g = 0 in (9.2) and
V(rk) - ~ for all k> 0
=0,006 in our case

The corresponding standard error is 0,08165(=,0,0006).

Now 1f N is large then ~ N(O, %) Vk (see appendixAl3 or
Anderson (1942)) when the data are white noise. Thus 95% confidence
bounds for the would be 2/,N (approximately) . Inour case this

results in 0,1633 and -0,163

Any r” falling outside these limits would seem to indicate a non-

white noise process. The only wvalue (lag) at which this occurs 1is



Fie. 9.20 Autocorrelogram of the (thrice; de-3 ined transformed data

-1 0 41
-1——1--—1

1 . X 0. 13139
2 X . -0.05929
3 e 0.13023
X, -0.02640
g X 0.07646
§ X 0. 10519
7 X. -0.03444
6 X, -0.00745
X 0.07283
10 Tx 0.09697
33 % 0.03182
12 X . -0.05105
13 X . -0.04414
1U X 0.01184
15 X 0.10663
16 X 0.03316
17 x -0.09869
18 X 0.09598
19 X 0.24963
20 X 0.13698
- L x 0.11815
5 X 0,09082
23 x 0.03600
21 X 0.01681
25 X 0.12854
5% X -0.09873
57 X 0.00602
28 X 0.07316
9 X 0.009 38
30 X 0.02079
- X -0.08655
EZ X. -0.03265
33 X 0.02651
N <. -0.010 74
35 X 0.02070
3% X . -0.0 7362
37 X, -0.03870
38 X 0.0314 7
39 X . -0.05588
40 X. -0.0M 32
41 X 0.05251
42 X. -0.01451
43 X. -0.0033 T
41 X. -0.00453
45 X. -0.03853
46 X 0.0081 3
47 X. -0.02121
48 X. -0.02982
49 X . -0.04322
50 X. -0.02061
51 X -0.12141
52 X 0.04825
63 X, -0.01786
64 X -0.11832

i X . -0.06570
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at j = 109. Beyond lag 19, the acrf would appear to be negligible
(i.e. - 0 k >19 (and in fact also for k < 19)).

In summary then, the data would anpear to be stationary since

(a) no differencing (according to the method of Hill and voodworth
(1980)) 1is reqgquired
and
(b) the acrf appears to be damping out to zero, the only problem

spot occurring at lag 19 (but this could indicate the necessity,

for a seasonal component in the model) .

9.4.2 MODEL IDENTIFICATION AND VERIFICATION

A plot of the partial autocorrelation function 1is given in figure

9.21, and plots of the inverse acrf and inverse pacrf (i.e. iacrf

and ipacrf) - see section 7.2.1 pg. 130 - are given 1in figures 9.22
and 9.23 resp. In all three plots, the dominant lag would appear
to be 109. Besides tt s lag, there appears to be no power at any

of the other lags.
The same technique for testing for whiteness of the acri can
be used ir. the pacrf - again only lag 19 appears to be significant.
Suppose for the moment, we ignore the dominant lag 19. By

using the techniques described In section 7.2 or by using an auto-

matic model selection procedure (on the computer), it may be
possible to identify any VRMA (p,q) models(p.g" 3). This could be
done by generating all possible ARMA (p.gq) models (p.qg 5) and

choosing the model with the r nimum redlsual variance as Dbest-
fitting' - AI like's AIC will Lake the number of parameters in the
model into account (see section 7.4.2)).

The 'best' model then turns out to be in AR (3) model, which has
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Fig. 9.21

formed data

_1,

Partial autocorrelogram of the

(thrice)

*1
I_

0.
-0.
0.
-0.
0.
0.
-0.
-0.
0.

0
-0.
-0.
-0.

de-sined trans-

13139
07790
15240
07579
12064
04 702
02307
01223
05948

.09113

00157
06218
03884

.0H33
.09667
.00514
.08 731
.12594
.22269
.09979
.06938
.07406
.05677
.06140
.06560
.17 351
.08187
.03 58
.00199
.07045
.08994
.06183
.00621
.03948
.02326
.04912
.01660
.08188
.12587

17140

.02179
.02749
.09395
.04821
.04447
.03689
.03834
.06006
.02025
.02570
.12165

07458

.05794
.00864
.08623
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parameters

* = 0,1578 S.E. = 0.0817
~,} - -0, 1046 - 0,0821
ss = 0,1616 = 0,0826

J2 = 0.07017

A plot of the residual autocorrelation function is given in figure
9.24 with associated 99" confidence 1levels (the first column of
data represents the residual acr's and the second column the upper
asymptotic confidence levels - the lower levels follow by symmetry
[see, for example, Hipel et al (1977) ).

All the acr's except the one at lag 19, fall within these

significance levels - thus indicating 'power' at lag 19. This lag
could be removed by 'overfitting (see, for example, Hipel et al
(1977)) d1i.e. 1dinstead of fitting an AR(3) model fit an AR model
which incorporates 1 , ami :.g [this cverfitting might be

attempted 1if the partial acrf of the 'data' had significant, Dbut

decreasing lags at 1,2,3 and 19 . However, note that a period of 19,

besides being doubtful, makes no intuitive sense (as do 13,26 and

52) and is difficult to explain. When attempted, this model (i.e.
nonzero coefficients at :,,: f only produced a white noise
variance estimate of = 0,066705.

Several other over-fitting models were attempted and these (and

their white noise variance estimates) are 1listed in table 9.3.
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Fig.

COL. 1-
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9.24

RESIDUAL ACR'S
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.1101,
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Tablu 3.3 : Qverfitting In AR models

nonzero lags 52

1,2,3,19,25,26 0,064949
1,2,3,4,5,19 0,065148
1,3,5,19,20 0,065782

Another way of removing the 'power' at lag 19 is to model a

seasonal parameter with period 19. It is unlikely that any

periodicity or seasonal ity would entail more than one AR or NRA

parameter so I limited P*. and X, to maximum values of one and tried

several models. The 'best' models are listed in table 9.4.
Table 9.4 : SARIMA models
mode 1 AIC

(0,0,3)(1,0,1)19 0,06058 -410,54
(3,0,0)(1,0,1)19 0,05988 -412,31

(0.0,4) (1,0,1)19 0,06040 -409,02
(4,0.0)(1.0.1)19 0,06003 -409,94
(0,0,1)(1,0,1)19 0,06337 -407,82
(0,0,0)(1,0,1)19 0,06402 -408,28

(the above notation represents

(P,D,Q) (Ps ,Ds ,Qs)SB

SB * seasonal Dbase

D B degree of nonseasonal differencing

D'. - degree of seasonal differencing
AIC = Akaikes riterton
P,P nonseasonal and seasonal AR orders

Q,0s = nonseasonal and seasonal MA orders)



fable 9.3 Overtittlng in AR models

az

nonzero la’s

1.2.3.19.25.26 0,064949
1,2,3,4.5.19 0,065148
1.3.5.19.26 0,065782

Another way of removing the ’'powerl at lag 19 is to model a

seasonal parameter with period 109. It is unlikely that any
periodicity or seasonality would entail more than one AR or MA

parameter sol limited ana Qg to maximum values of one and trie

several models. The 'best' models are listed in table 9.4.
Table 9,4 . SARIMX models
model ae AIC

(0,0.3)(1,0,1)19 * 0,06058 -410, 34
(3,0,0)(1.0,1)19 « 0.05988 -412,31
(0,0,4)(1,0,1)19 0,06040 -409,02
,4.0.0)(1,0,1)19 0,06003 -409, 94
0,0,1) (1 ,0,1)19 * 0,06337 -407,82

0,0,0) (1.0,1)19 * 0,06402 -408,28

<*h< above notation represents
(p,D,0>(Pg ,Dg ,Qs)FP
SB * seasonal Dbase

D M degree of nonseasonal differencing

D, = degree of seasonal differencing
AIC = Akalk. criterion
P,P nonseasonal and seasonal AR orders

0,0, nonseasonal and seasonal MA orders)



The residual autocorrelograms of the four models marked * are
shown in figures 9.1.3 - 9.28 resp. Since for all 4 models, a1l
the residual acr's fall inside the 1% significance 1limits, all the

models are 'acceptable'.

The best model, i.e. the model with minimum AIC, would appear
to be (3,0,0)(1,0,1)19. The one-step-ahead forecasts of the de-
sined data, based on this model, are given in table 9.5. As a
result of the large amount of unexplained variability in t ode.

(the de-sining procedure accounts for about 44% and the B-J node”
an additional 11% i.e., only about 55* of the variability in the
data can be modelled - the rest 1is due to white noise) th«Mo

forecasts are not very accurate.

An estimate of the spectrum (using the Parzen (t) window -

see section 4.3.1, equation (4.25) - and truncation point
M = 60 =0,4 x x) of the final r duals (i.e. log. *~ of data minus
sinusoids minus Box-Jenkins model) is given in figure 9.29.

This plot seems to be dominated by several peaks and troughs,
the major' peak accurring at lag 31 (which corresponds, assuming
seasonality, to a period of 4 or 5 i.e. monthly neriodi ity,
However even this 'peak' does not seem to have anyoverall
dominance in the spectrum. Itdoes notseem worthwhile trying to

model the data any further.

Thus 1t would appear that the Dbest idel is

zt * logio \
wi th

Z” = constant * 3 sinusoids +



Fig. 9.25 Residual_autocorrelogram_of_ (0iOi3 H1i0il)1l9 BJ model_ -vith

99°0 confidence 1limits

COL.1- RESIDUAL ACR'S
COL.2- UPPER 991 CONFIDENCE LIMITS

-1 0 +1
1 0 0.0023 0.0344
2 0X0 0.0133 0.0450
3 0X0 0.0169 0.0603
4 0 X 0 -0.0468 0.2044
5 0 . X 0.0922 0.2054
6 0 . X 0.0898 0.2062
7 0o X . -0.0487 0.2095
8 0 X. 0 -0.0110 0.2098
9 0 X 0 0.0286 0.2100
10 0 X n 0.0790 0.2102
11 0 X 0 0.0349 1U.2102
12 0 X. -0.0379 0.2102
13 0 X 0 -0.0581 0.2102
14 0 -0.0095 0.2102
15 0 X 0 0.1171 0.2102
16 0 X -0.0206 .2102
17 0o X . 0 -0.0700 0.2102
18 0 X 0 0.0597 0.2 102
19 0 X 0 0.0710 0.1i502
20 0 X 0 0.1057 0.1818
21 0 .X 0 0.0961 0. 1959
22 0 X. 0 -0.0041 0.2024
23 0 X 0 0.1034 0.2054
24 0 X 0 -0.0484 0.2066
25 0 , X 0 0.1169 0.2070
26 0 X 3 -0.1060 0.2069
27 0 X 0 0.0130 0.2066
28 0 X 0 0.0486 0.2062
29 G X 0 0.0279 0.2058
30 0 X 0 -0.0012 0.2053
31 0 X . 0 -0.0987 0.2048
32 X 0 0.0029 0.2043
33 X 0 0.0325 0.2038
34 X 0 -0.0315 0.2032
35 0 X 0 0.0578 0.2027
36 0o X . 0 -0.0/54 0.2020
37 0 X. i -0,0205 0.2014
38 0 . X 0 0.0991 0.2007
39 0 X 0 -0.0386 0.1999
40 0 X 0 0.0134 0.1991



Fig. 9.26 Residual autoeorrelogram of (3,0,0)(1,0,1)19 BJ model

with 99% :onfidence 1limits

COL.1- Rt SIDUAL ACR'S
COL. 2- UPPER '>% CONFIDENCE LIMITS

0 ¢l

0 0.022 3 0. >338
0 *0.0269 0.0381
0X0 0.02b1 0.044244
0 X . 0 -0.0767 0.2053
0 X 0 0.1376 0.2072
0 X 0 0.0679 0.2082
0 X. 0 -0.0302 0.2099
r X. 0 -0.028U 0.2102
1 X 0 -0.005? 0.2102
0 . X 0 0.1047 0.2102
0 X 0 0.0513 0.2102
0 X . 0 -0.0582 0.2102
0 X . 0 -0.0560 0.2102
0 X. 0 -0.0139 0.21cC2
0 . X 0 0.09%46 0.2102
0 X. 0 -0.0102 0.2102
0 X . 0 -0.058't 0.2102
0 X 0 0.0716 0.2102
0 Xo 0.0(4% 0 .1475
0 . X0 0.1173 0.1810
o .x 0 0.1038 0. 1965
0 X 0 0.0191 0.2032
0 X 0 0.0764. 0.2061
0 X . 0 -0.0ti53 1.2073
0 X 0 0.1071 0.2076
0 X 0 -0.1137 9.2076
0 < 0 0.015: (1.2073
0 . X 0 0.0810 0.2069
0 X 0 0.0007 0.2065

0 X. 0 -0.0065
0 X 0 -0,0963 0.20544
0 X. 0 -0.002.4 0. 20448
0 X 0 0.0358 0.20441
B X 0 -0.0109 0.20344
0 X 0 0.0561 (0.2025
ox 0 -0.09442 0.2016
0 X. 0 -0.0260 0.2006
0 . X0 0.1009 0.1995
0 X. 0 -0 .03443 0.1982
0 X 0 -0.0083 0.1968
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Fig. 9.27 Residual autocorrelogram of

with 99% confidence 1limits
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(0,0,1)(1,0,1)19 BJ model

+1
I I-
-0.0052 0.0258
-0.0676 0.2087
0.1748 0.2102
-0.0782 0.2102
0.0956 " 2102
0.0966 2102
-0.0567 U.2102
-0.0111 0.2102
0.0421 0.2102
0.0689 0.2102
0.020% 0.2102
-o0. i; ,9 0.2102
-0.0601 0.2102
-0.0069 0.2102
0.1300 0.2102
-0.0189 0.2102
-0.0758 0.2102
0.0810 0.2102
0.0792 0.1556
0.1087 0.1821
0.0730 0.1951
0.0341 0.20 16
0.0711 0.2049
-0.0i98 0.2065
C 11+8 0.2071
-0.0(383 0.2072
-0.0034 0.2070
0.0575 0.2066
0.0175 0.2061
0.0041 0.2056
-0.1038 0.2051
0.0183 0.2045
0.0251 0.2039
-0.0461 0.2032
0.0746 0.2025
-0.0924 0.2017
-0.0173 0.2008
0.1116 0.1999
-0.0640 0.1988
0.0114 0.1977
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Fig.

with 99% confidence
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9.28 Residual autocorrelogram of
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UPPER 99%
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0
I I I
0 X 0
0 X 0
0 X 0
0 X . 0
0 . X 0
0 .X 0
0 X. 0
0 X. 0
0 X 0
0 .X 0
0 X 0
0 X. 0
0o X . 0
0 X 0
0 . X0
0 X. 0
0 X . 0
0 . X 0
.< 0
. XO
.x
0 /X 0
0 X 0
0 X 0
0 . X 0
0 . 0
0 X. 0
0 X 0
0 X 0
0 X. 0
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0 X. 0
0 . X 0
0 X . 0
0 X 0
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Table 9.5

POINT FROM WHICH FORECAST IS MADE
OBSERVATION WHICH IS FORECAST
RESIDUALS OF THE TRANSFORMED SERIES MINUS 3 SINUSOIDA:

One-step-ahead forecasts

ACT

OR 10

0l- N =

ACT =

COMPONENT ; .
OR 10 OBS
LEAD TIME 1

150 151

151 152

152 153

153 154

154 155

155 156

156 157

157 158

156 159

159 160

160 16l

161 162

162 163

163 164

.3520
.3750
.3650
.6480
. 4480

.4260

3970

.4 740
.1380
.3180
.2160

.3030
.1570

FCS

.4 750

1710

.3186
.1033
.1366
L1131

.1585
.1089
.4305
.3863

1498

.’870
.0635
.2835

LIM

. 9547
.3086
.7983
.5830
.6162
.5928
.6382
.5885
L9101
.0933
.0298
.6666
.54 31
.7631

L LIM

.0046
.6506
.1610
.3763
. 3430
.3665
L3211
.3707
.0492
.8659
.9294
L2%27
L4161
.1961

ERROR

-0

0.
0.

.123039 7
5460034
0463570
.54466 74
.5846208
.3128607

.2384598

. 3650310

.2924682
.0683079
.2338156
.5299582
.3665286
.44048 79
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(see equations (9.1) for p, a , ) where £ 7" 1s such that

(L ' *19b1J) (1 "™ 51B " 228* " #@3B")£t = (1 " ei9B1l9)at
and are white noise variables with V(a) = 0,05988
and
"19 = '0'71
6ig = -1.0553
= 0,1144
» -0,102
$3 = 10,1609

(with associated standard errors

0,1253

0.0786

0,0852

0 ,0d40

0,0843)
All these numerical values were obtained fiom the program BJES
''Bscribed in appendix Al8, which is a program for obtaining para-

meter estimates 1in Box-Jenkins models],

9.4.3 SIMULATION

In figures 9.30 - 9 33 are the spectral estimates (using the
Parzen (b) window and truncation point M = 67) for the stretch of
data x-)]E-e¢+ x1(-, 1" the four c .ies

(I) original data

(I1) sinusoid simulation
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Fig.

minus BJ one-step-ahead forecasts (Parzen (b) window, truncation point

9.32 Spectrum estimate of the transformed data minus

67),
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>B 2eyctrum estimatc of the transformed data minus 3 sinusglds

,;unus the simulated BJ series (Parzen (b) window, truncation point 67)

0 1
_1_

0 X 0.12%
t X 0. 1*1
2 X 0.2*1
3 X C. 359
4 X 0. 506
5 X C.fted
6 X 0.567
7 X C. 2ft4
8 X 0.145
9 X c.3c3
10 X 0.527
11 X c.s21
t2 X 0.322
13 X 0. 1£8
14 X 0.143
Is X c. 121
1f X 0.125
17 X c. 147
18 1 0. 175
19 X 0. 154
20 1 0. 172
21 X c. 142
22 X 0.114
23 X 0.110
24 X c.cs7
25 Y 0.074
26 X c. CSs
27 1 0.162
29 1 C. 15ft
29 X 0.140
30 X 0. C97
31 IT 0.052
32 1 X C. ca4
-13 X 0.0%0
34 X c.I21
35 X 0.121
oft X c.c52
B/ X 0.075
38 X 0. CSh
19 X 0.074
to ' T C. C=6
41 T 0.060
42 X c.coc
43 X 0.104
44 t 0. Cs3
45 X 0.0=7
afe I C. Is0
47 X 0.096
av X 0. 11I*
4" X 0. 139
30 r Cc. 133
‘1 X 0.131
*.2 1 0.164
rl t 0.1*%4
14 X 0.147
55 X 0.064
id 1Y .. C46
"ot X 0.040
59 1 Y C. Cax
59 1Y 0.050
fto t Y c.*4 T
f£1 1IX 0.03%
"ol 0.c33
£.7 X 0.Cc99
4 X 1,152
fr! X 0.15%
= X c. 10 °
®7 X 0.133



(I11) sinusoid + l-step-ahead forecasts

(iv) sinusoid + simulated NCO.a") variables.
a

Case (ii) above, is just a simulated data set involving y and the
three sinusoidal components modelled in the data. Cases

(iii) and Civ) take this simulated sinusoid and add the stochastic
element, modelled by the Box-Jenkins process (3,0,0)(1,0,1)19,
obtained from either the 1l-step-ahead forecasts or just a simula-

tion of the process.

Except for the sinusoid by itself (i.e. (ii) ) the remaining
spectra have a relatively strong resemblance to one another.
.lowever due to the large amount of unexplained variabil ty in the
data, this resemblance cannot be strengthened. It is interesting
to note that the simulated stochastic element aas the closest re-
semblance to the spectrum of the original data, (moreso than the
forecasted element) xnd it may k«? wiser to use a simulated
stochastic process (with N(O,gz) random errors) as a forecasting

model.
9.4.4 AR MODELLING AND AR SUBSET MODELS

Due to the low degree of variability explained by the model fitted
up to this point, I have tried using McClave's chi-squared technique
(see append* x Al5) for fitting AR models to the log” of the data.
The results, for a maximum model size of AR (3u), are given in table
9.6 (by using the programs AUTO and Al'TOAR described in appendix
A18). For eacn \R(k) model, k 1..... 30, the wvalues of the

CAT and AIC statistics are given (see section 7.4.2 pg 144)

(RV = residual variance, and is obtained using backforecasting).



Table 9.6

ORDER
OF AR(P)

©C WO N O H W

—
—
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AR modelling

RESIDUAL
VARIANCE

0.0992563
0.0985795
0.0943434
0.0937431
0.0942543
0.0942513
0.0931962
0.0934135
0.0940214
0.0945394
0.0949264
0.0945764
0.0947852
0.0953175
0.0960436
0.0945473
0.0911782
0.0917165
0.0912215
0.0917032
0.0923973
0.0931508
0.0932344
0.09397S2
0.091 1246
0.0916952
0.0886908
0.089434.2
0.0900660
0.0896807

AIC

-342.5073
-341.5337
-346.1221
-345.0793
-342.2637
-340.2683
-339.9570
-337.6077
-334.6348
-331.8105
-329.1980
-327.7520
-325.4211
-322.5813
-319.4429
-319.7981
-323.2407
-320.3579
-319.1694
-316.3794
-313.2483
-310.0303
-307.8152
-304.7036
-306.8357
-304.3926
-307.3896
-304 1377
-301.0818
-299 7249

-10
-10
-10
-10
-10
-10
-10
-10
-10
-9
-9
-9
-9
-9
-9
-9

-9.
-9,

-9
-9
-9
-9

-9.
-8.
-9.

-9
-9
-9
-9
-9

(using backforecasting)

CAT

.0077562
.0092993
.3941202
.3908777
.2622871
.1918898
.2404757
.1441460
.0040312
.87523460
76138564
.73037434
63674331
50789165
35915756
.45342731
77112675
63407803
62015533
.43987198
33580208
17669201
08984756
93976974
16405773
.05907440
35334110
18507195
03262997
.00599289
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From these results we obtain the following

CAT best model : AR(d)

AIC Dbest model : AR(3)

(using the CAT criterion, one may choose a 'best' model, or 'better'

model, as occurring at any relative minimum - the above model, i.e.

AR (3), i1s for the overall minimum CAT value) .

Thus it would seem that an AR (3) process 1is the best AR model
4*
to fit to the log,M of the data. However this doesn't explain very
much of the variability in the data. (It is also pointless trying

to fit subset AR models since p 1is so small)

Similar results are obtained by applying this procedure to

the logl0 data minus sinusoid (1) (corresponding to a period of
26) - i.e. an AR(3) 1is ;he best fitting AR model (based on Akaikes
criteria). In this case, the residual variance (of the AR(3) model)
is 0,0363 .

9.5 COMMENT

9.5.1 MIXED SPECTRA

Suppose we have a process N, which we intend modelling as

x = deterministic cycles * stochastic process

= harmonic component * general linear process

* v * t
t

3

Alcos (wlt + > + -*uet u
i=1i

i.e. the best model when harmonic analysts 1is not used



where E(E”) * 0 (Independent Vt)

and

Suppose y*} has sdf h (w) and 'zt '> h (w). If {y } and {z"] are

uncorrelated processes, then

h () = h (w) + h (w)

X y b4
and EBxt; is said to have a mixed spectrum if h (w) is not a
constant.

All the sampling properties of the sdf and periodogram wer-
derived for the special case where Yz (r) = 0 Vr* 0. For instance
in chapter three, when searching for harmonic components, zf was
assumed to be white noise (and hence has a constant spectrum).

The null hypothesis of no harmonic components present was put

forward and then m in

m
yt * £ xi cos(w t > ?2.)
i=1

was determined by testing the periodogram ordinates (in order of

-agnitude) wuntil we failed to get a significant result.

Now it may happen that z does not have a constant spectrum
and might only have power at one frequency, w , say. If {y~ , or
more correctly, h (w), does not have power at w”, a perjodogram
test (or spectrum test) may incorrectly indicate an harmonic
component at w . So if z ; 1 not a white noise process, then
any test for periodogram ordinates (see appendix A5 for example)

is not strictly applicable - thus the procedure, and conclusions,

of the analysis of the data used in this chapter, may be incorrect



What is needed is a test (under the assumption that we have a
mixed spectrum) which will separate, or determine the existence of,
the discrete spectrum.

If a discrete spectral component 1s detected, 1its parameters
must be estimated (i. tlie amplitude and frequency). The contribu-
tion of this harmonic term must then be removed from the data and
a test applied for another harmonic component in the residuals. This
must be continued until no further harmonic components are in-

dicated .

Several tests for the existence of the discrete spectrum are

given in Priestley, 1981, pg. 617*. The one I have used 1is termed
the P(') test and is described fully in Bhansali (1979) and
Priestley (1962a,b). It is summarized here without proof.

The P( ) test

Suppose we model

AN ' R
m
Yy = I A cos(w t * t )
1=1 1
51 ~ U(-r, ) (i.e. uniform distribution on

<=~.T>)
general linear process

K : all the A £ are zero.
o i

If H® 1is true, the acrf of x” shou’d eventually damp out to zero.
However, 1f one (or more) of t A" are nonzero, then the acrf will
wont damp out and in fact its tail will behave 1like a linear com-
bination of cosine terms of the same (or similar) frequency as

those of the harmonic components.



Let tv (w> and h tw) Dbe two spectral estimates of h(t) where i
and j denote the truncation points of the spectral windows and

j > 21. The point i is such that y”} has acvf with
"fy () = 0 el > 1
If we are searching for harmonic components, we may do this

by performing an harmonic analysis of the tail of the acrf so

examine

PCX) = iv (X) - h .(X)
X = X
IS
= 2TTp/N
P=20,1,2..... C” ]

If some of the A s are nonzero then a plot of P(\) will exhibit

several well defined peaks. Testing each peak in order of frequency,
and supposing the fir:- peak is at > . form
o
Jg = IACTTJIT 3 s p'< T "<5)8* o =0....
3=0
where P () = P (*)/c
o
c = sample variance
e - IU (1 It2 - " r =1]
18r
. u :u"< 21 u H

r~ B acr at lag u

5 is such that 0 <

a',d 1‘ + = ! some integer s
o

1~ .J) depends on the form of the spectral windows h (w) and h (w)
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I-or the special case where h"® and h® are both Bartlett spectrum
estimates given by equation (4.18)
2
A(i,j) m £ 5 - 1 i + > (Priestley, 19G2a)
If max (Jg) > ao where dQ is the upper 100 - % point of a N(0,1)

distribution,

significance.

For mor details

(1962a,b) 1.

Application of the P( )

Pries 1.ey'sP(\) test was

the section of

Several truncation points were used,

and uhese represented the lags

For each 1(

truncation points)

then the peak at

on the theory behind the test,

applied to the logarithms

interest tie.

the lower truncation point),

were used and these were

is significant at the * level of

see Priestley

test

of the data over

X, X'50) "

namely i 7,17,22 and 58

at which I felt the acr’s were 0.

several 7J's

(the upper

such that j >21 and repre-

sented the end of a 'cycle' in the acrf.
* g i = 22 j * 48, 53, 59
1 = 58 J = 120
$
The plots of P ( > for i = 22 and j = 53, 59 are given in
figures 9.34 and 9. .15 resp. In both cases, the peak at k = 6 was
tested and I obtained
37(22,53) 2,94

(22,59) = 3.01
i.e. significant at the 1% level. Similarly, with t = 58 and
J = 120, a wvalue ol

(58,120) = 2,09
vas obtained for the peak at k - 6 - i.e. significant at the 5],
level. (In this case, a peak at k ¢ 3 was the first major peak
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K. .ujtocorrelograjn (up to lag 148)
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The peak at k = 11 corresponds to an hanonic component with
frequency 11*2' 150 = 0,461 and approximate period of 13. No more
peaks were found to be significant.

Thus the P(\) test seems to support the conclusions (and

strictly speaking, the Incorrect procedure) of the harmonic analysis

However, I still view these conclusions with suspicion since
(a) nriestley's P(\) test was designed so that peaks are tested in
order of frequency and this should prevent one obtaining
spurious significant results (cf Priestley (1962 a,b)) - how-
ever Bhansali (1979) has shown that it is possible to get
spurious results
and
(b) due to the large variability in the data, it 1is not really
possible to assess whether therises and falls in the data
are equal -Galbraith (1977) notes that if the data are
asymmetrical as far as the rises and falls go (for example

the data may always require about 10 values to re”.ch a peak from

a trough, but may only have about 5 values from a peak to a rougn

and Uf this asymmetry is not incorporated into the mode
*hen this asymmetry will show up as minor peaks (in the sdf)
at frequencies which are multiples of the fundamental

frequency.

I am fairly confident that an harmonic term corresponding to

a period of 26 1is evident in the data - but 1if the data are
'asymmetrical' as described ab wve, then pe; in the sdf will
occur at multiples of approximately w 0,25 - thismay account

for peaks at w =0,46 and w = 0,13.
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9.5.2 LOGARITHMIC TRANSFORMATIONS

It is unreasonable to assume that our process {x,} can always be

modelled by an additive form

Another abvious possibility is a multiplicative model

ie! Xt =
By taking logarithms, any multiplicative model 1is converted into
an additive form. However we may incorrectly assume the data have
a multiplicative form, when they really have an additive form, and
then a logarithmic transformation is not really applicable. However
the .oganthmic data should still have a form which is approximately

additive.

Parzen (:9,s, states that if the data do not appear to be
normally distributed, one may perform a log transformation (or any
other memoryless transformation) since such transformations often do
not change the overall shape of the data. When this 1is true, it
then seems reasonable to assume that 1f the data originally had an
additive form , by taking logarithms this should not change things

dramatically (obviously one of the exceptions being data which are

= 0. negative or in the interval (0,1)),

Thus I am tempted to suggest that generally the form of the

model will not change if logarithms of the original data are taken.
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9-6 CONCLUSION

The model I finally decided
upon was the following:

A -v o,<,v - > t
t =0
<See eqUaUo" '9 1) <or aj. 63, .
where €. 1s such that
and

PS.207 for the,, parameter value.)

Zz, " loc” =t

;Xt' = orl8lnal data set

* ‘...Mt. ,cl,e ,.rles elto V(at, , 0.0,

C°V(at'a,) ” 0 vVt x 8
= s i =
only 55%).
Zt 15 Pr°b*b U th" - ~ - - .00.U. ,urther
u | "
..w h— — —*) —
oJeo oo e ®
1
— ® © © 0o ¢ © 0 ¢ © 0o o
° oj ®© © o 0o 0 0 0 ) o o o

model given) .
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A more successful application of this d.-»1nlnS/BJ modelling

procedure has been performed on the

Canadian 1lynx data I.e. the

annual trapping of 1lynx - this data 1is given in Ca.phell and
Walker ,1977, and the application nay he found in Bhansalt <1979,.

por an application of subset autoregression nodel, to the same

data see G.br and Subba Ran (1981). This data set shows ho.

successful this modelling procedure can be and atones for the

data analysed in this chapter.

,f this airline data c o

.,its mainly of white noise, as I

believe It does, then it 1is unlikely that any model, of the types

described, will achieve a variance reduction (I.e. fit) of over
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APPENDIX Al: STOCHASTIC LIMITING OPERATIONS

1. Let X1, X, be a sequence of rvS. The sequence X
converges 1in mean square iff 3 a random variable X such that

lim E[ (X.-X)21 =0
lim B[ (X, -X) 2]

This 1is written as

2. X (t) 1s stochastically continuous at t = if

l.i.m X(t) = X(t )

ft .

o
i.e. 1iff lim E{[X(t) - X(t ) .2 - 0
t—*t 0
o
2
3. If 'X(t) is stationary with wvariance and acrf C(~) , then
E"cx(t) - x(t >r; = v(X(t>) + vixct ))

- 2 CovI[X(t), X(tQ)]
x 1-p(t -tQ)]

so X(t) 1is stochastically continuous at t = tQ iff

lim « (t - to) » I

t-t
o
i.e. iff lim O0( ) =0
I*O
i.e. iff O0( ) is continuous at * = 0.
4. If () 1s continuous at = 0. it is continuous everywhere
(consider E X(t - :)!X(t *h) - X(t)1l and use the Cauchy-Schwarz

inequality; then assume ) Is continuous at =0) .



Al .2
X(t) 1is stochastically differentiable at t * tQ with
derivative X' (t ) iff
o
X(t fh) - X(t )
l.i.m <4 - 2- exists (and equals X '(t ))
h-0 \ h
ffX(t +h) - X(t )
o o .
i.e. iff lim Eh —-—————- r———————- exists
h-*0 h
X h) - X(t*) > - 20
(e =n () X (1 -cC(h);
But E
for X(t) to be stochastically differentiable, we require
h-0 "2
i.e. that o' (0) exists and 1is =zero
Consider g(t)X(t)dt where g(t) 1is a deterministic function.
Now consider an arbitrary (finite) set of points (tQ,..., t7)
in (a.b) and define the Riemann integral as
l.im. 7 Bg(t." (VHEt"*"-V") e as max (t*-t~ ) -0
1=1
b
Now this 1limit exists in mean square iff g (t)g (s) M(t-s)dsdt
a a

exists as a double Riemann integral.

In a similar manner Riemann-Stieltjes integrals involving
stochastic processes may be defined.
For two deterministic functions g (t) and F(t) , the Riemann-

Stieltjes Integral

g(t)dr(t)

is defined as the limiting value of



as max (t.-t ;) ~ 0

So a Riemann-Stieltjes integral of the form

'o
g (t)dX (t)

may now be defined as the mean square limit

I i v ! oit<tl> B X (ti-1)



APPENDIX A2: THE VARIANCE AND COVARIANCE OF VCVE ESTIMATES

Suppose we have a (second-order) stationary process and
w.l.o0.g, assume U, the mean of x \ is 0 i.e. EX") =0 vt
So r” as defined by (2.28), reduces to

1 N-Jr
t-1 'otx !
and E(c”) = (1 -~ ) (r) Vr (by (2.29))
If r> 0 and r + k > O, (and both are < N-1)
H. - £<=:=:,) - e(c;)e<c;" >
Cov :c;- - W * E<crcry»k
N-r N-r-k > r>k
=1 E ' XtXt>rXsXs>r*kf ' (1 *N) (1 *— ) Y<r)Y (r"k>
N t=1 S=1
(a2.1)
Now a standard result for quartic forms states that if E(X") = 0
Vt, then (by Isserll (1918))
E(\ xt.r x, Vr .kl ' E(xt xt.r>E(x, X.-r*k)
* E<xtx,)E<xt.r x».r.k)
' E<xt Vr .k )E<xt.rx», * K11S"t 'r'l)
(where X4,(s—t,r,k) is the coefficient of
utl>tu, 2>r*t (i,3)s<itd>x*r-1
t!(r+t)I s! (s*r*k)!
in 1't?'t3'ti) , the multivariate characteristic funcion, if an

expansion in powi.-r lenes exists)

Using this result, (a2.1'" re s to

1 N-r N-r-k H
Cov(c',c' ) = — (s-t)>(s"k-t) * Y (s+r>k-t) (s-t-r)
r r NY t=1 s=1
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APPENDIX AZ2: THE VARIANCE AND COVARIANCE OF ACVFE ESTIMATES

Suppose we have a (second-order) stationary process X and

w.l.0.g9, assume , the mean of X , 1s 0 i.e. E(X?) =0 vt

So c¢j as defined by (2.28), reduces to

IN"Jr
and E(c') * (l--ir=nF) (r) Vr (by (2.29))
If r> 0 and r > k > 0, (and both are < N-1)
cC°vV "lc;' '= E(c;cr+k) “ E(Cr)E(Cr+k>
N-r N-r-k
= [ Xxtx,»rx,x,.r.k" )Y (r)—-, (")
N t=1 s-1
(a2.1)
Now a standard result for dquartic forms states that if E(X") = 0

Vt, then (by Isserlis (1918))

Elx, xt,r xa X.»r.k> = E(xt V r )E<x. Vr-k'

* E(xtxa)E(,tir xa”™ ")

* E<xt Vr -k >E(xt.r xs’ * K4,,"t'r",°

(where K} (s-t,r,k) 1is the coefficient of

(1.1)t (U 3) "t (lt3)X (1lt<)S*r‘k

t:(r+t): s: (s+r+k):
in inO(t j,t,,, ,£” , the multivariate characteristic funcion, if an
expansion 1in power series exists)

Us ng this result, (a2.l) reili —s to

t N-r N-r-k
Cov (c',c' ) = — - e (s-t)Y(s+k-t) > Y (s+r*k-t)'[ (s-t-r)

+ K*s-t.r.k) - (a2.2)
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~ 2 -I- (m) 5 (m+k) £ Y (m+r+k)Y (m-r)

where a = -(N-r)a 1 b=N- r - k- 1
and m m > 0
v(m) ="'0 k< m< O
(= (mt+k) a<m < - k
Now if {Xt is Gaussian, then K j(m,r,k) is zero. Letting
V(Cr) = " " "1+ %~ (m) + Y (m+r)Y(m-r)

For large N,

1
Cov(c”r,c”k) - - \ (m) (mf-k) > (m+r+k) (m-r) F
m=-00 "
0 if (m) = 0 Vra*0 (a2.3)
and V(cs) -7 - " (m) (m*r) % (m-r)
Q4 " if Y(m) =0 Vm x 0 (a2.4)

i.e. V(c”) 1is of order v for large N.

iNote

If {X has 1 continuous spectrum then we may express ui- -3) and

(a2.4) 1i.t.o. this continuous sdf, h(w) say.

Cov(c', c' ) = Y 01Ak >eU< *1 k) %h (w)dw

and

(1 +e“1MW)h™ (w)dw



So for r = 0,
2
o " SX
1 -2
5 , <Xt - x’
t=1
and so
v(c ) = | ' VY (m)
m=70
C'"(m) ]
]l=7
Since c? = IrN—LL c ( the wvariance and covariance

c can be found in a similar fashion
r

in particular, for r > 0

v(c ) 3 ——L. V +Y¥Y2 (m) + f(m iXm-r)

thus V(c ) is of order — p

" (proof

terms

not

for

shown)
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Suppose we have a realization x

zero—mean

define a function 5(x) as

If we assume i~ and

then

and

THE VARIANCE XND COVARIANCE OF AChr'

stationary process

are small compared to Elr")

A3

ESTIMATES

from a (socond-order)
X" K Defne as in (2.33) and
x - E(x)
ik say
- E(r")

and E (r"v)

E(ck)
N
<=k)
co (c")2
o
5 (0 ,(k)J(c")

o a first-order approximation.

Hence

((k>v)5(c”) Y(e')

; - k k*v o k.
k Y2 (0) vy 3 <0)
2
>(k)5(c ) (ck ) f(k)Y (k+v) ‘(cM
- (0) m (0)
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Taking expectations gives

CovCk" 'k+v) " 4 A°y<=k's=k+v> - P (k+v)Cov(c/,c-)

P(k)Cov(c*,c*>v) > J(k)p(k+tv)V(c™) (a3.1)

Assuming {%,} 1s Gaussian and using (a2.3), then if k > 0 and

k v > 0,

Cov (r”, T A0 (m)C (mt~) + o (m>k>v)C (m-k)
m—f/\
2 1
¢ 20(k)p(k-v)c (m) - 2p(k)c(m): (m-k-v) - 20 (k-*-v)0 (m)C (m-k) (a3.2)
0 if J(m) =0 vm * 0
So if v = 0 and k > O,
V(r'/\) C (m) £ (m+k) 0 (m-k)
1 L
* 2.0 (m) - I (k)O(m) (in-k) (a3.3)
If (m) Vm * 0 then
V(r') - *

For further details see Bartlett (1946)



APPENDIX A4: THE VARIANCE XND COVARIANCE OF THE PERIODOGRAM

The periodogram, I(w), can be defined hy
(N-1)
I(w) = c ' cos (hw) w <
h=- (N-L)
cé = sample acvf

(sec (3.51) and section 2.4)
For any w ., w. (where w =2"1,N),

N-1 N-1
Cov(I(w ), I(w )) » 4 T V a(s)a(r). cos(sw;)ees (¥ )Cov(Cg,c”)

s=0 r=0
where a(o)y = 1
and a(s) = 2 s 1
If we assume the *t's are Independent ,
then

E X 1) s-t = k = v =0
K S$(s-t, k,v) =
otherwise
X
and 7(9)
otherwise

(i.e. x = Vt where ( is apurely random process).
Then Cov (¢”, ¢/} =0 r=s
(see appendix A2>
and Vi(c/) = =" 07(1 + ) * r .- (s "™ 0)

where K E(th)



Hence

COV(I(Wj)I I(WI))

4Kt 4.:x1 f N-1 s i
+ - i2+4; (1 -") x cos(sw™)cos(sw >e
4K4 40X4 ! (N:1) jhl

IT *-IT fh.:<xi)<i- -
(where a * cos(h(w**w ))
b = cos(h(w*-w )))

- proof not shown, but is similar to that used to find the E (I (w))

i.e. (3.53))

4K1 40X
v ~NT ok omgm nexd;
X(w +w )
sin" (
where
w,-wW,
rin2«-53»
N(w -w )
sin (——— J— )
and d =—————

Hence



APPENDIX AS5:

A plot of I(w ),

J

yield a series of ordinates

zero. Those which are (nearly
b = (a Cos (w t)
1=0
does not contain either cosine

cular frequencies. However we

which of the ordinates are not

the sample penodogram,against 1

)

AS5.

TESTING THE SIGNIFICANCE OF PERIODOGRAM ORDINATES

(or w ), will

J

some of which may be approximately

zero will indicate that our model
+ b sin(w t)) + £
1 t
t =0, , N-1
vr * 2"~1/N

or sine components at these parti-

need an objective test to decide

significantly different from zero.

If the EXt/ are Gaussian, then by the theory of sec.. >ns
3.5, 3.6. and 3.7.
- ~_§<§ 3 x 0 and N odd
So I(w ) has pdf
f(x) = j'e_X/% 0 < x " (i.e. exponential with
parameter X =
P(I(w .)/ :» < k) =1 - e"k 2 (a5.1)
Let
3 = max ~I(Wj)/Cy (N odd) (a5.2)
. o Cei
then P( >k) =1 - (1 -e oy (since the I(w ) are independent)
Usually “ is unknown and have to estimate it from the
data
From (3.49),
E(l(w_)) W 2 0 * J (N 0dd)



r 2

(s is an unbiased estimator!)

2 2
Replacing 7% by 5 in (ab5.2), we obtain the test statistic

———————— "= (a5.4)
1ﬂ "l(w.)
Note that I(w ) need not be considered since E(x") =0 vt,
and I(w ) = a
o
-2
= (x)
=0 ]
Ignoring sampling fluctuations in the denominator of as

given in ta5.3) , then, asymptotically,

_f tf]
)

PS >k) »1 - (1-e

» ¢|] e"k 2 (as.b)

(for small e i.e. large k and N not too large)
So our test procedure for the maximum ordinate in the periodogram,
consists simply of choosing our significance level > and hence
finding k such that

P< >k >
If . > k we conclude that

max I(w ) 0

J J
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Suppose we conclude max I(w,)} ~ O.

What about max (i(w.)} where I(w.) = max{l(w )
j*k ] J J
Omit I(w ) from I(w ) in the denominator of i and replace N'
3j J
by N'-1 (where N' = ["e]>. We may then test the second largest

ordinate. The major problem with this procedure is that our

overall significance 1level will not be (in fact it will be **

)
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APPENDIX A6: A GUIDE FOR DETECTING PERIODICITY

Suppose we have a time series and we assume it has a period of T
time units. A simple way for detecting this period T was devised

by Buys-Ballot in 18 17 (see, for example Whittaker and Robinson

(1924) or Buys-Ballot (1847)). Write out all the data in the
time series in group*l of m (m=2,3,...)
1 2 3 m
*1 X 2 X3 roxn ' Xm
X . X — X e o o o X =
m>1 m” 3 2m
Xkm* 1 km+2 Xkm+J '
X1 X2 X3 e o o ¥ Xm

Calculate the mean of each column (as above) and calculate the

2
variance of these means. Compute the ratio 1 or ” where

and 7 3 std. dev. of means

; = std. dev. of all the data.

HBhiltaker and Robinson (1924) have shewr that r plotted against
n is very similar to the periodogram and has much the same

properties.

Excess x 's are Just discarded



APPENDIX AT7: SAMPLING PROPERTIES OF SPECTRAL ESTIMATES

As in chapter four, define an estimate of the sdf h(w) to be of

the form

h(w) = \ e 1ltA (a7.1)
2IT I11 <N (1
where )* = lag window
c” - sample acvf
and cur sample estimate is based on a realization x ,x" . ”
from a stationary (second-order) process {x"K
Define
w,(9) » te (a7.2)
N - | t]<N t
* spectral window.
Assume Xt = n _]}.e. { t; is an even function, thus @M(%) is a
real-valued function of and 1s continuous for all 6 (since it
is a finite sumof cosine functions).
wWN <9) >0 VN, 9 (by a7.2) (a7.3)
If we assume !) =1, then
/T
Wv (9)du = 1 (a) .4)
Furthermore, assume , is such that
2
(Q)d « for finite N and (a7.5)
IT

WA( ) = 0 unifi ily as N -. 0 for ;> ( >0) (a7.6)



Also note that

and

W"(8)de * 00 as N "

(by (@7.3) , (a7.4> and (a7.5))

The above assumptions and notes make It easier to calculate

A7.2

(a7.7)

(a7.8)

asymptotic statistical properties of h(w), which are given here,

but wvith no details.
Theorem A

If g, (w) and g,,(w) are 2 real-valued functions on

with a finite number of discontinuities (possibly =zero)

both are absolutely integrable and square integrable

i.e.
1 =1,2

and ()y“vda <

then if X is a process of the form

whe-o 1 £f- is a white noise process with E( ~1) !

00
I®ul'ujJd ' tv >

where is of order ul k (k t) and writing

each

and

and

if
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and (w)h (w) dw
-7
i*x 1,2
then
(a) lim E<S ) » 3. 1 * 1,2
N=*» i 1
8 £ * 2
(b) lim N Cov (81,32) = e 1, > 47 gl(w)g0 (w)h (w)dw
1T
4
where e = E(E~ ) - 3 (a7.9)
* i
and g'l(w) = _(glr (w) * g2 (-w))
2 * 2
(c) lim NV (3. ) * ac“ * 4™ g. (w)g (w)h"™ (w)dw i=1,2
N-=*" i 1 ; i i

Proof: see, for example, Priestly (1981) , p. 427,

Result 1
Replacing g (w) md g0 (w) by -w) and W (w ?-w) (resp.),

then provided

X = a vt as 1in the theorem,then
t u t-u t
u
fir .
E(h(w)) = h(- )Wl((w - 1)d6 = h (w) say (a7.10)
oIT
and
rir
E (I* (w)) h(9)DN (d - w)d9 (»7.11)
S1ln2<f,
.here 0 W) * jv — T-.-
Nsin (,»)
provided h(w, has bounded first derivative ((a7.10) follows from

theorem A and (a7.11l) was shown by Fejcr (1910)).
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Resul i 2
In fact result 1 can be extended so that

rtr
E(h(w)) h(9)WN(w -9)d6 + O ("~S-) (a7.12)

Result 3
If we assume h(v) 1s continuous for all w, then using (a7 1) and
(a7,6), it may be shown that

lim E (h<w)) = h{(w) Vw (a7.13)
N—u

Result 4

By theorem A,

zIT
(a) N Vth(w) = eh*(w) 2 > 2" h2 (9)Wv (w-=) [WN (w=)) * rN (w*")]d"®

L .z and e defined by (a7.10) and (a7.9)

(b) N Covifh(w”),h(w2) % eh (w,)h (w0)

£f 2 bY (:)'v,, (w= ) " (w—-.n * W (w—--r)’d6
Result 5
a7l7.6), as N - \ ) has the limiting form of a
Dirac delta function. The first term in result 4(a) 1s of order

1 and so negligible when compared with the second term as N K 7,
Now
WA (w= ) * Dir(w- I
(w* ) = DIrf- )
(where Dir is the Dirac delta function)

SO
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r 2
3 h (9)WH(w-Q)W" (w+6)d8 0 as N >
W zZ O Or Y
In fact
by
V(h(w)) = (1+6) — h2 (6>w™ (w 13
1T
f1 w =0 or T
5 =1
0 otherwise
But
rir /
h? ywh (w="')d0 - h™ (w) *(w- )d6
N
-TT
hY (w) W~ (6)d6
( e WN (-) has period 2~)
so
T
Vi (w)) * (1+5) h™ (w) '~ (9)d6
.2
However 2" <<6>c6 - I -
. * It <N 1
o V(h(w)) = (1+ )n~(w)”™ [[)"
Result 6

The first term of result 4(b) 1is always of order 1 and the second
term involves the integral of products of functions, so if w"

and wy are fixed (and < wr»), the second term tends to zero

#H.

h (W h (w2 *
Cov h(Wl), (w2) 0 Wl * W2



Considering N to be lai out finite, the first ter.n of 4(b) 1is

still of order 1, but the second term tends to zero if

are close, thus

Cov{h(wl>, h(w")

ResuLt 7
Let
b(w) = FEh(w)} - h(w)
= bias in h(w) at w
Now
E(h(w)) = h(9)WM (w- )dd + 0 (" p) (result 2)
30
zir
b(w) = h() - h(w) '"Ww-:)d® > 0("")

Ignoring the second term,

b(w) = th(w= ¢ - h(w) ,V ( )d-

-if

and w0

If h(w) 1is twice differentiable (with bounded second derivative)
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Result S

h(w) is asymptotically unbiased (result 3) so h(w) 1is consistent

if
” W~ (9)do =0 (by result 3)
-TT
, 1 21
i.e if lim B S X =0
VN
Result 9
(Proving (w) 1s not a consistent estimate of (w))
h (w) I (w)W™(w-d)df (from section 4.1)
-1
Suppose we approximate this integral by a sum over » 2" J/N
h(w) - -- vy (w-wo )L (W)

Suppose also that

X = la : vt
t u t-u
2 .
where _ ~ N(0," ) independently
and E( rl) < ”
with ) a u 4 some & < 0

i.e. suppose x 1s a moving average process

Then
Ix (w) Aw) NI (w)
. . .2 - Wiuw 2
where |A(w) j = ,..al(e
Since the t are uncorrelat ;, then
h (w) = sdf of tl1 }

02
£

2



thus hx (w) = — A(w)

hence I”Cw) A (w) "1 (w)

2r *
~2 hx (w) Ir (w)

By the distribution of I (w ), (asymptotically), the
A J

Ix (wj)/2Trhx (w3) 3 =0 .... [

are independently distributed, and in fact

4- hx (wj) J ® 0 or
1 ! 2
J~ hx (wj),2 otherwise
thus
EdY(w )) = 4- hY (w )

' /3 =00 [
V(Ix(wj)) ™ 161 2 hx(wj)

But I (w) = 74 I(w)
30 E(I (w?)) - hx(w >
V(I*(w ,)) h” (w;)

J= 0 or [];

Thus Ix (w) 1s not a consistent estimate of hx (w).

Result 10

Consider the case where , is of the form
\ ’ k(M>

where k(x) 1is independent of N.

Then WY, (j) 1is termed a scale parameter window.

(1) k(x) 1s com uous
(ii) it(x) 1is ai even function
(iii) k(0) = 1

(iv) k~(x)dx * ®

Assume
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If we make the above assumptions, then (a7.3) - (a7.3) are

satisfied provided that

M
N
So

N * M 1 k" (5>

2
k (x)dx as o

Instead of result 5, we have

N ) - 2
(a) 1lim ~- V(h(w))- = (1+5)h" (w) k™ (x)dx
X T
(b) lim — Cov(h(w ),h(w ))f =0 w * oW instead of result 6
(c) leplacing by k() 1in h(w) and taking expectations gives
b(w) =R Ck(™) (1 - -1l]y(t)e 117
" ItT<N M N

A <8Ck(5>-UY(t,e"ltw

-F s, Jd l« k<5>v<->'-U -
t N

-1 tw

" t > <t>e

Let r be the largest Integer ( 0) such that

k12 = 1lim 4 - k(x)- (*0 and < ')
x-0 X r



Suppose

[tf1Y<t>] < « s < r
£t=—00
and — - ® as N = 0
Mr
then taking the limit as M - 0 of b(w), results in the second
and third terras in b(w) tending to zero (as O0(M r)) uniformly
in w, whilst the first terra is (asymptotically) ~k”1IN rh (r"(w)
where
-1 tw
[ (r) (w) = tlrY(t) e
2 T t«—00
. r (r) fr)
lira -M b (w) > = -k h (w)
N-x» ( E
ro(r) (r)
i.e b(w) = -M k h (w) as N [60)

Ifor further details of all these results see Priest ley (1981)
Note/, Motivation behind the technique of comparing lag windows by

using negated derivatives

As in chapter 4 define

h(w) = spectral density function (sdf)
1 r
*277 A Yft) cos(tw) T < W < T
£ —00
where Y(t) = acvf at lag t

Now h(w) may be estimated by either

S(") W £ ~ <Nxi,t =; coa(tw>

or by

i(,) ' o X2 ,tCt C08(t,>

where
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X . = lag w ;idow (1=1,2)

= (biased) estimate of Y (t) (see section 2.4)

ct = (unbiased) estimate of Y (t) (see section 2.4)
N = size of the observed time-series
Define
kicM) 7 ~Mi t Vt 1 * 1-2 (M = truncation point)
thus

k.(9) » k 1-9) 0 < 6< 1

k*(9) =0 9 > 1 (i.e. t > M)
[Note that

hC) = h(") iff

X2.t * X1.t

Define another estimate of the sdf by

1 1 ~
St<w> = 7 Co + ™ _l cu cos (uw) (t > 1)
u=
with S (w) - ¢ .
o o
(Note that 1if t = N-1, ~“(w) 1s very similar to the periodogran)
Since
. C”cos(tw) =S (w) - St t(w) (t > 0)
then

h (w) cos (tw)

ar sol,) * t’ la,t ist(” - st-i(,)}

M-1



AT.

M1 A
, VvV
pd "k2<5> - k2 (AT >K (,) * k,<»>85,<->
Fr.?m the mean value theorem, for some O ,1)
Vir' -k2M *5 S (-r> ™ 5 ki(;>

if M is not too small,

Thus the weight applied to S”(w) in h (¢) is approximately propor-

tional to - k,; (%)

At those values of t for which S, (¢) is 1likely to be a good

estimate oi h(°), the negateo derivative, -k'(”*), should be

(comparatively) 1large, while for other values it should be small.

So an indicator of the properties of the spectrum estimate h ()
r h(e¢)) using At (°r | t)Wm is the (negated) derivative of

k,(*; (or kx(e))

Neave (1972) states that if the spectrumis not too complicated
and nas no excessively high and narrowpeaks, then the weighting
factor (i.e. - k (=)) should be small for t close to zero (since
then S~ () has 1large bias) and riseto a maximum somewhere near
lor t 1large, () is alsoa bad estimate since it nas a

large variance - see Neave (1972)).

12



From the mean value theorem, for some (0,1)

Vil "vs’ *§ "5

if V is not too small.

Thus the weight applied to S”w) in hC) 1is approximately propor-

tional to - k! (*)

At those values of t for which Sf<e) is 1likely to be a good
estimate of h(e) , the regated derivative , -k; (9 , should be
(comparatively) large, while for other values it should be small.

So an indicator of the properties of the spectrum estimate h ()

(or h (¢)) wusing A (or ~ t), is the (negated) derivative of

kg(') (or k] (°))

Neave (1972) states that if the spectrum is not too complicated

and has no excessively high and narrow peaks . then the weighting

factor (i.e. - k”~ (—)) should be small for t close to zero (since
then () has large bias) and rise to a maximum somewhere near
JO. (For t large, () is also a bad estimate since it has a

large variance - see Neave (1972)).



APPENDIX AS8: APPROXIMATE VARIANCE 1IN SPECTRUM

ESTIMATES
r\w) - V71 e-it" = periodogram
h(w) = estimate of sdf h(w)
A *
| (8)WN(w-8)d6
-7
spectral window
If the time aerie, (x3j , Gaussian, then the Peri«iogrr,
ordinates (.j-arjzN, l.o.... [Si, ,re ,nd.pende,tly
distributed as rt® (1f t jnd J * [-]>
As N «*®
(i) E(I (w)) = n(w)
so E(h(w)) = h( )WN (w—e>d-e
-T
(since E(h(w)> = E i I*(9)wn<w--)de
-IT
<T
E(I (5))WN (w=>)d(-
-1T
T
h( )VN (w--)d )
-T
<
(11) Vhw)) = = h2 (8) " (w- )dn (w='0, )
~ h (w) | WA (w=- ;d w z 0, £ - )
-IT

(since h(9) is continuous and for large N, W2 (w-9) 1is

concentrated about 9 = w rn*,,i.y

highly



A3.

r *
If we approximate li(w) = I (9)WN(w—- )d(
IT
. , 2' 1
by a diacretf 2 n ver the urdinates i
A 2 ~ r *
then h(w> - ) > W, (w-w )I (w,)
N W I\f 3 3
A ) ) ) 2 ]
and uence h<w) 1is (approximately) a weighted sum of > r.v. and

so it seems quite reasonable to approximate its distribution by

a distribution where
f a N = 2E (h(w))2
T 2 V(h(w))
T W~ (w-6)dé6
T

The (approximate) variances of some spectral estimates are given

on the next page in the form

V- *o,-)
h™ (w)
2

[Since 2" v (9)d : =

t< N1
v * = w A LV | * A

. Z'h(w) h™ (w)*r ; - w 0,

1t< |IN

and thus we have an alternative method of calculating the

approximate wvariance

The bias of these windows may be obtained from, for example, Priestley

(1981), pg. 1l63.



Window

'rum: ated per lodogram

Bartlett (a)

Bartlett (b)

Daniell

Blackman-Tukey

Tukey-Hamming

Tukey-Hanning

Parzen (a)

Parzen (b)

Bartlett-Priestley

Bo tunan

Tukey-Parzen

A8.

Y (defined on previous page)

2/3
2 2
2 + "(2a+b ) > ra

w
where a = — and b = ——-

2(1 - 4a +6a") 0 < a <1
00,7948

3/4

16/15

151/280 = 0,5393

6/5

4/3 + —~ = 1,5866
2.

2(l-2a)" > 4a" and a = 0,282

Notes:
*
(1) For the case w = 0 or each of the above V must be
doubled
*
(11) Each of the above V was calculated by considering the
windows as scale parameter windows i.e. writing
* »(") where M = truncation point. Since
k  (x)dx as N - »
7”7
, <V
roo
* 1im N V(h(w)) b h" (w) k" (x)dx w - o ,tr

and hence for each window only

k" (x)dx need be calculated,



(il1)

Choice of window is not only dependent on the (asymptotic;
variance but also on the (asymptotic) bias. So before
defining any of the above windows as best, the bias for
each window must be calculated and then some technique
decided upon in order to maximize (or minimize P, (w) or

P,J (w) (as defined in section 5.3).
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APPENDIX A9 : OBTAINING INITIAL ESTIMATES IN AN ARMA PROCESS

Suppose (X} is zero-mean (second order) stationary and follows an

ARMA (p ,q) process i.e.

1>(B)xt = 5(B) at

where <9$B) = 1 - £f~BP
8(B) =1 - 8,B 9 Bg
I — ¢
{at ®* = white noise

Box and Jenkins (1976) have suggested the following procedure for

calculating initial estimates in an ARMA (p,q) model.

(a) Calculate 5 from c* | m——— c’ by using
1 z o) g-p+i q+P
the Y-W equations. (See equation (6.1l6a) to see why
cl c' , are not used)
o g+1i

(b) Find the autocovariances (g * 1 of them) of the new series
Xt * xt - EVt-1i vt-
(c) Calculate 51,5%,..., ”» by using the following quadratically

convergent procedure

(1) Denote :* = (~ ,17, 7 ) and let
— o 1 e}

§3 7 *TJ/To J 7.1 ..., q To * °a

(11) Let I (1) denote the 1. obtained at iteration 1

then

where £t = (£ ,f bil )

Strictly speaking, the Yule-Walker equation were defined i.t.o.
the acr” However, multiplying the Y-v. equations (through-out)

Y (0) yields a set of equations i.t.o. the acv



wi th
a-3
~ mJo TiT M ]
and c" = jth acv of ix ;
and
T T
T 1 q TC T1 *
T2 0 o T
T =
0 0

For more details,

see Box and Jenkins

(1976)

pg.201

A9.
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APPENDIX AlO : A RECURSIVE METHOD FOR CALCULATING ESTIMATES OF AR

PARAMETERS

Here we will show how Yule-Walker estimates for the parameters of
an AR(p+l) process may be obtained from the estimates of an AR(p)

process, and used to approximate the pacrf.

rj " \i rj-i * *  k.krj-k
(by the Yule-Walker equations - see section 6.3.1 ani in particular
equation (6.10)) where 4Ri 'l=1 k) refer to the coefficients

of an AR(k) process

In particular, when k = 2
r2 * $21 ri * <22

ri ¢ <21 * *22 ri
and when k = 3

I3 A31 r2 * *32 ri * *33 "

r2 "’ <31 ri * 32 * =33 ri
(al0.2)
ri * =31 * =32 ri " =33 r2

It may be shown, by writing (al0.2) in matrix form and solving for
*31 aDd *32 tnat
*31 " *21 ' =33 *22

*32 * *22 - *33 *21

Substituting these two equatit into (al0.l) gives

r3 x '21 r2 ~ 22 ri

= "W

1 Y *21 ri " *22 r2



In general, (Durban (I960)) it may be ahown that

'p+1,7 rJ ptl,pfl p.p-J+1 ~ I......
B .
r' A r'
P+1 1=1 PJ P+1-j
0 a — n *oo—— L. =
P+1'P+1 E A
1 - ri

(Also see Box and Jenkins (1976) pg. 82)



APPENDIX All : PARAMETER

MODELS

AR( 1)

statlonarlty condition

invertibility condition

acrf

variance

spectrum

behaviour of acrf

behaviour of pacrf

' (residual wvariance)

AR (2)

s ationatty condition

inveieibility condition

acrf

variance

spectrum

ESTIMATES AND PROPERTIES

Q
)<
I

decays

s1) (k-1)

c2 XI -S5,P<1l>)
a 1

All.]

OF SPECIFIC BJ

k

> 0

2™MC 1 * g4l - Xi>lcoa (w) ]

slowly

only 5,, nonzero

h(w)

Vo =

~ (k *1) + J0Xk-2)

2
.2/ (l _ ”
i»l 1
*M(27T) -1
1+ 2?,

rji(l-r’)/(l-r|

)

(r', — r’“)/(l—rj“)

k >0

) cos (w)

- 2;2cos (2w)



behav our of »:crf

behavior of pacrf

C (residual variance)

MA (1)

stationarity condition

invertibility condition

acrf

variance

spectrum.

behaviour of acrf

behaviour of pacrf

(residual variance)

MA (2)

stationarity condition

invertibility condition

acrf

variance

a mix of exponentials or damped

sine waves

only 4~ and ronzero

w

C

0~ (1 - 4>"P(1) - 42P(2))

0 (1) *

p(k) =0 kK > 1

02 = (1+6§ )§2

h(w) = a(1+6*£—g§ cos(w) ;2 -
r[ = 1/ (1+t1™)

(ana solve for )

only 0(l) nonzero

exponential dominates the decay

o

2

= a”/(1+6"
ax/( 1)

fP2 + 61 < 1

A2

*1 < 1

1-1 < 12 < 1

-1,1(1i-e2)/ (i+6"+#")

-e2/ (i+e"+2)



spectrum

behaviour of
behaviour of

p ) (residual
a

ARMA (1.1)

stationaritv

acrf

pacrf

variance)

condition

invertibility condition

acvf

variance

spec trum

a
and N1

behaviour of

behaviour of

acrf

pacrf

J (residual wvariance)
a

All.3

h(w) = 2-o% i+ '""+c* -2 _(1-6 )cos (w)
a i ¢ i ~
- 212cos (2w)
r’ = -"d-"J3/d+0"+Q")

r2 3 "®2/(1+®1+Ss )

(Solve for 9% and

only 0(l1) and v(2) nonzero

mix of exponentials and sine waves

1*1 I< 1
121 <i
(1> =
i -
Y (k) = 41f(k-1) k> 2

ox = (IAV V.V U -4~

14(1+\ - 29 cos(w))
h(»> - -5 i iI-—————-
2" (l+:~ - X? ,cos (w))

1 d -3171x81- .,

ri )
1+ 1 - 2<?181

(Solve for " and t*)
decays exponentially

dominated by an exponential

3 1 = - 27191



All.

Notes
(1) The Yule-Walker equations may be expressed in the form
4= P'l o

there P' = <P (D 0(p))

1 Pd) (p-1)
And P - o(i) i (r-z\

P(p-1i) i

with * @1,P2,....5p)

So
-1

and vi> =| @rl=*(i-p'p)2'l

since 22 =y (0) i1l -c'p}

where T and P are the acv and acr matrices of an AR (p) process

(11) In particular, from (i) 1if wve hr.vo an AR(2) process then
i -
v ( j—l ;) =1
1 -
(111) For an Ya (2) process
22
t-9. - sia 5a
Vi, r 'a> 1if . i

(iv) For an ARMA(1,1) process
| Y 2 )
(i-:> ) (i-. ) (1-1' ) (1- )

(r-8) (1-1 ) (i- ) <l-  )<i-i )

(See Box and Jenkins (1976)"
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APPENDIX AI2 . ESTIMATION OF THE IACRF AND THE ASYMPTOTIC BEHAVIOUR

OF THE IACRS

ESTIMAT ION OF THE iXT

There are two tecin |uea i calculating esti ates for the iacrf -
either by using the .. the inverse model , or by using the
perioi .'am estimate. TIhe former is Just 1like the procedures
discussed in the For—T 'nkins mod .'ling sections (i.e. chapter six)

The latter is as £~ kc.«vs.

(1) Suppose we have x() x, ..... XN-1
(ii) Define the periodoi -am at in earlier chapters 1i.e.
v 1) A l 4
t=0
(and w.l.o0.g assume E(x ) = 0 vt)

(iii) An estimate of the sdf is given by

1 «
h(w) = - 2
7 k«l

(see Bloomfield (1976), pg 163 - all that we do here 1is divide

the data into M segments each of length k say (where N = kM) and

I t I (w) be the periodvgram of the jsegment).

Any other estimate of the spectrum may be used *.

(iv) Define the 'inverse' spectral density function by

hi(w) “ 1/h(w)

Y. hi(w) = 1/h(w)

Here X ( XN-1I ls used instead of ixJ]..... x~} for notatic '1

convenience.



Al2 .2

(v) The iacv vyl (k) i1ire estimated by

>T (k) hi(w)e dw

-n
(see Cleveland (1972))

Chatfield (1979) has also proposed a technique for sstimating the

iacr” and this involves fitting a large order AR process to the

data 1i.e.

v
* at * 11
oopi(k) = rik say
v-k
" oom T n r
i=1

(which is the form of C(k) wueo- an )LX(v) process)
Hipel et al (1977) suggest choosing about four values of v between
10 and 1Q (where v ') and then using the 'moat representative'

<raph

2 THE ASYMPTOTIC DISTRIBUTION OF THE IACR"

Suppose {Xt- is zero-mean stationary with acvgf and iacvgf (z)
and Tl (z) resp. Let the realization of the process be xo,xt,...,
Then
fN(rk - (k)) ~ Normal (0, cov)
where
cov = N(V(rk>)
> im) - (mtk) (m-k) + 2 “ (k' ™ (m)
=<

(See appendix A3, (a3.3))



Now suppi s.

then

Now

and

tnr so

(B)xt = 0(B) at vt

hx "

hKw)

I1lk)

I(k)

= ydf of (xt}
i- 1! «,s8713,12
=1 -
3 1 by (6.21)
2-a e
i-1
j -1
= 1/h(w)
[i- 1
3y ="
2
j'l
ikw
hi(w)e dw
=T
i- cv - 1712
2 i=1 ikw
- - e dw
a 1- §ea 2
J—=1
2 i-1$ *"ljw 2
~ ikw.,
______________ e dw
< F )' 2% 'i-re.e"1ljw
3 J
2T 2

Al2.3

(al2.1)

(al2.2)

(al2.3)
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But G(w) = h (w)
y

where h (w) is the sdf of the process (Y"; where

= 9 (B)y” i.e. an ARMA (gq,p) process,

Alternat ively

}>(B)xt = 9 (B)a Vt
then write
xt = OtkB)at vt
-1
where A(B) = = (B) 6 (B)
and define
~(z) = acvgf of \Xt
2 -I
A(Z)a(Z ) (see section 6.6)
If
9 (B)x”" = 2(B) t vt
then
Xr = "1(B)-2(B)Ct
= i"1 (B)£
since $B) = 73)(B>r-1(B)
So
2 -1 -1 -1
2 (2) t (2)1 (z )
But "I (Z) "1 (2) 1 (by section 7.2.1)
ri:(z) a& VT"7Z)
2%*] Kl -1 —1i
sz ( ) (z)y 1 (2 1)
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Similarly
PI*Z) = P2 (2)

and P~Z) = PIO (2)

Getting back to the original argument,

if vN (r*-P(k)) - N(O.cov)

then surely

vN(ri”® - pi(k)) « N(O,cov)?

Bhansali (1980) has shown that, asymptotically, the sampling distri-

bution of the iacr9, from an ARMA (p,g) process, 1s the same as that

*

of the acrS from an ARMA(g.p) process. (Also see Hosking (1980))



APPENDIX Al3 : THE DISTRIBUTION OF RESIDUAL AUTOCORRELATIONS

1. Consider

'ti(B)xt » 3(B)at

where {X } is a zero-m-ian stationary process.

Define
r' . estimated acr of the residuals at, at lag k
a,
(a'!3,1)
t 3 N -1
Now
Vi(r' ~ (Anderson (1942) or Priestley (1981) ,
a,k N (N+2)
pg. 339)
1
N
so 1f N is 1large
A <al3-2>
k=1

assuming the r* » are independent for different k

(since ra ~ ~ N(°, ™ ~y =) Vk (Anderson (1942)) )
2. Let 8 3 (2, 9
then

*N(3; T V nN)

where
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and
4) (B)v" s -a
c
d(B)ut
S
Yvv<t> E(vt V k
3
E,utut.k
3
Yvu (k) E<v.ut.k
Yuv (k) -vu (-k>
(see Hannan (1970))
and
v . = 3a /3i
-1 I
ut-i " 3*t/set
where are the residuals obtained by replacing B with a kncwn 3.
Hannan (1970) hna.-i shown that the large sample dist ibution
of r m (r' y ee., X' )' Is normal with mean 0 and covariance matrix
— a,l1 a,m

I as on the previous page
1 M m<m identity matrix

X 3 (-> - (a partitioned matrix

ith each partition showing it's 131> element)

rhere and ' are defined by
D
I
J=0 J
nd
1/9(B) = I 6; BJ
i
j=0 J

and 2?7 * 3 =0 1f 3 0.

see McLeoo (1078)



APPENDIX Al4 : ARMA PROCESSES WITH NON-NORMAL RESIDUALS

Invariably in the section on Box-Jenkins models, when finding the

asymptotic distribution of acrS, residual acr' etc, the a (white
noise) 1in the model
4> (B)xt = ";vil)- r
2
have been assumed to be independently distributed N(0,J"). Davies,
Spedding and Watson (1980) considered the case where (a4 a
zero-mean white noise "ocess with variance ' , but with nonzero

moment coefficient of okewness v:,

kurtosis 3., (a) * 3.

Since any stationary ARMA process

process i.e.

X = <X (B)at
where $(B) = 1 - ,B -
(and 0(B)1(B) = :(B))
then

E(x*)
» 3" (x)
{B(x )} { T <}
1=0
and

E«x \ .1:\

s2<=> - - ~

{E(x 2)} { I i2)

Davies, Watson and Spedding (1980)

(a) and moment coefficient of

can be written i.t.o

2
(0 =1
00 00
s I Iv;
B, » —-1-0 3:0 Y
I t2"
1=0

claim that usually only

1 < i< 30 is required (provided p.g < 2).

an

MAC*)

(ald.l)

A



(all.1)

skewness

{at> to generate

[Also see Lomnicki

and Gabr

and (aléd4.2) can be

and kurtosis that

(1981) ]

X"~} with

(1961),

Al4.

used to approximate the appropriate
need be imposed on the noise process

given skewness and kurtosis.

Gabr and Subba Rao (1981), Subba Rao
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APPENDIX Al5 : ESTIMATING THE ORDER OF AR AND MA MODELS - THE MAX

X2 METHOD

M"Clave (1975,1978,1978a) has developed a technique for determining
the order of AR and MA models. Only the method for AR models will

be given here since that of MA models follows from the AR procedure.

Suppose {X”*} is stationary (AR(p) process 1i.e.

'V ¥ *V—p ‘%

r i | ) . . ,
where is a zero-mean white noise process with variance

2

If we have an AR (10), say, model, it 1is feasible that some subsets

of the AR coefficients may provide models that fit equally well

Xt ! *1 Xt-1 * Vt-5 * *'10\-10 * \

(analogous to subset regression models)

A general subset model will be denoted 8 uax P with lags

Zj%IJOA.-°é.J (where j8 = p) - so the model in our example is an

AR model of order 3 max 10 with lags {1,5,10}.

If : is the parameter set for the 'full' AR(p) model, then we may
$

write the subset parameter vector : as the union of two disjoint

sets namely

1* = 11 U
where ile 8 1i3J7°Jg.....
and i- » (. ,$ P
Jl 2 Jg

Note hat :; must be 'known' before :n
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Consider a realization of the AR(p) process (i.e. e
and suppose this can be generated 'equally well * by the AR model
of order g max p with lags 1ij ">j0..-¢ J"} « (The purpose of this

technique 1is to find the best subset AR model of order g max p.)
th
Let Pg = g x 8 matrix with rs element
(r,s = 1,2.....9)
and » (P(JL) P (Jg))

hence we may estimate these by

and
Define :0 to be an estimate of 19 (if we are given ~ (or $7))
then

t = R-1r (called the modified Yule-Walker equations)

-2 8 - 8
and

a o -8 8 - 8

To estimate .., we need the 'best' AR model of each order g max p
(g =1,2..... p)

McClave (1975, 1978) gives the following procedure for determining

the best AR model for a fixed g:

(1) compute (i) (i=1,2...... p) where 1i(l) is the increase in
the estimated residual variance when lag 1 is removed from
the AR model of order p ix p

(i1) order the (1) such that

(1" = (i2) < .... < r(ip)
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(111) let g = p - g
(iv) remove the lag- from the AR (p) model and compare

the increase in residual variance with S(iq+f); if this

increase 1is 5(i ), the arR model of order g max p with

qt{

smallest residual variance among all (%) such models, is

obtained by removing lags i,,. .,1”; 1if this increase
> 5(i ;) proceed to the next step
g+i
(v) find the minimum increase in residua) variance for the set

+1 )
of (qql) models obtained by -emoving each of the subsets of
g lags in (i, 41i.,,..., 17 compare this minimum increase
with 5(1 ) — if it is < w(i ) stop, otherwise proceed
gta qt/

to the next step

(vi) find the minimum increase in residual variance for the set
a2 . :
of (7 ) models obtained by removing each of the subsets of
lags in (i, ,1 el ; 1f this increase is < 5(1 .
q g ( st ’ q*f) ( q+j)

we have found the'best'subset model of order g max p, other-
s
wise continue in this manner
Doing this for each g (g=1 p) we eventually obtain a set of

vectors (1), Seeee (p) where (1) is anestimate of

Ij, e < =ji, ®2e+<<WM»Jg "~ for the case when g - 1.

We now need to estimate the Dbest' g(- (1,2,..... p)) and hence

A A

use (g) to estimate

McClave (1975, 1978) suggests the following

(i) compute {gd; ceee B

This technique may cause one to stop' too early, however the result

should be close enough (Me Clave :9'8)
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where g. ¢ - - ——— -0 -
(k=0..... p-1)
-2
und 'k M@ residual variance corresponding to the set
of nonzero 1lags in 21 (k)
s = no. of functionaliy independent parameters

in the estimated model (usually k)

(ii) for a given choice of a, find d* such that

P (gk >dk) ' a

$
where g% * is the maximum order statistic in a sequence
2
of P - kindependent xT random variables
(HI) choose the estimated order g such that

Emin k ; gk < dk, 0< k< pH

then 21 = 1.(8)

Thus may be estimated.

L' e 1° 711 an 1A subset mode 1 of order g max g with nonzero

la8= Jl. j2 . e, - It is sufficient to find estimates of I(k

the inverse acr coefficients - which s equivalent to having

estimates of the acr of an AR model of order g max g with non-

zero lags (3" ,J2,...,37). Exactly the same procedure is used as

fcr the AR method except that all acr are replaced by the iacr”1l.
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APPENDIX Al6 : TRANSFORMED SERIES

Often, before or after we apply Box-Jenkins models, a (preliminary)
transformation is required. A family of transformations presented

by Box and cox (1964) iS given by
X

T

* "
X,t ")
X=0
wher i X } is a positive uonstationary series and a = transformation
parameter. 'XA ‘ = transformed series.
4

In the case where some of the xt < 0

f (X +x.) -1
X *0
1
‘X.ot l 1
B log(x +Aqg) x~ =0
This family of trans. nations holds for x* 1 - 10 Vt (see Box and

Cox (1964)).

Ansley, Spivey and Wrobleski (1977) havedesigned analgorithm to
find nonlinear LSEs of . and the other modelparameters. (Also

see Vera and Guerrero £1981))

Granger and Newbold (1976) considered the following problem : given
a time series {X(} and a set of forecasts xe(?.) ( = lead time) ,
how do you find forecasts for a transformation of {Xt ? This is

related to the next appendix, i.e. Al7],
Suppose x t = T (x") Vt where
T M some well-behaved function, and X, is a stationary

2
Gaussian series with mean and variance (and acrf (k)) .
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X
Let vy .
yf and _ .Jr™ joint 1y distributed is a bivariate normal with

mean zero, unit wvariances and orrelations (k) .
Consider X, t = T(y") with the expansion

M

T(Z2) = > a H (2) where

j=0 J J

H (Z) = Hermite polynomial such that

H (x) * ex “<=- 1")n ® X
n ax

or H (x) = <-1)n f(a) (x)/f(x) where f is a std. normal

pdf.

*Explicitly,

cf |

H (x) = n (-1)” 2 'm: (n-2ni> I Ve x1I '
n
m=0
and [k] = largest integer < «
Then E X. . .
(Yt A - ) 1 ()
Fe, . g=.> * N i (',r
” 2
Cov (x
5 2
Y'
m 2
v 'h, tcrf of X is \ ()= VvV i. j! Y )J/2 "j!
! J=1 J J
If ("3 ) for t 0
Hher t) (o> for m 1 (i.e. 1in the expansion i.t.o.

He>' pi.i; nom ia.! s)



If at tine n, we have x (h) forecast of

let
© X,n+h T “Wn+h

- T(* ~

Granger and Newbold (1976) claim that

practical tirecast of x,
A ,nth

X

-)

Al6

is invariably the most
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APPENDIX Al7 : FORECASTING

Suppose the data are generated by the model B)x~ * (B)a® i.e. an

ARMA (p,q) model (and iX" is a stationary process),

A

b4 can be represented in three ways.
(a) In terms of a difference equation
- - o - -
Vi *¥.VvVi-C *Y Vi-D-AVi-1
a
g t+Z-q "e+Z
(b) In terms of values (past and present) of the white noise a”;
1l e- H L \Y% i . | <ai7 i>
and x =1
o
(c) In terms of previous x values and noise 1i.e.
vi * Sz *Vi ar=>
[see Box and Jenkins (1976) , pg. 94: also see section 6.6
for the relationship between the " weights and 49, 0.6 ]

1 p i a

Suppose we are at origin t and wish to forecast xt @8 x. 0....
i.e. x (1), x~(2), etc. and suppose the best forecast of x , at

time t, using (a!7.1), 1is
xta> “ 3fat + 'ZH at-1 + — some d J=M+I.....

The MSE of the forecast is

00
o <xN \ * amm- VL 1 71" % -V ] >2

(using (a!7.1)).

*

This is minimized when x, . = t .
. t+3

i i * eeek Y=g Vi> *
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= et (Z2) + x* (%) (al7.3)
say

Note that (1) e~(l) = xt [ - xfCD =

= cue step ahead forecast error (which is
uncorrelated with any other one step ahead

forecast error)

(by using (a!7.2))

tex' 11 S.72 ' 1 i " 2 xt.Z-2 * at*H

then

x, (1) = "1 -t * "2 V i

Xxt<2) « Xj xt (1> & x2 ,t

xt(z) = HEH xt('-1) > ~2 x (&2) = 3,4,5
*ox if Xt~. - VX Rp4t-2 0" +; ¢ *I»t+Z-1 " 92a:c+1-2
£ta) "oxl + <2 xt-1 - eiat ' d2at-1
xt (2) « 61 2,(1l) + t2 xt - e2at
Xt(l) = 7 Xt(5._l) + P2k ~ 1 - 2 1 = 3,4 .....
Suppose forecasts at lead times 1,2,...,L are required. If we are
to use an updating procedure, ~ are required. These

can be obtained by solving

i.e. (1-t3B - ...» 0 BP) (L ~* )= (1- ~"B- . agBq)
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This results in

a2 = h'x\ " @ " 52 aj = ° J < °
6~ = 0 J > g

“j " * Vj _P ! 8J

Knowledge of :1.... and 61, . , P implies knowledge of the
q b

Since x t+1 (2) = > af+l ° +
and it(Ul) = auU]_ at > alU2 ~» + oo,
then it+1 (1) - xt(Ul) > » at+1l
By (al7.3), e”(A) = x - $°(2)

SO

If the a”S are independent and normally distributed (with mean =zero),

then the approximate 1 - probability limits for x , are
. * ’
x (¢ tz i+ Velr;!3
é J=1i J
where s - estimate of "
a a
z = deviate exceeded by a proportion . 2 in N (0,1)
3L
2

distribution.

E.g. suppose 1X”; is generated by an ARMA(1,1) model (i ; is

stationary) i.e.

then

Xt (:) » p xtK-1) I > 2



and sc
xt+1 (D = xt(iUul) * ($-6) <$latil
Also, since = (<t>-0)dr’ 1 J =1,2.....
and 1 J -1,2,...
2 ( o i an -2
V(e (£)) = ' U + (P=3)" (=" — —
a * i-r

Correlation between forecast errors

Since o, (> - * 3, \, V1~
end V3jC1 *Vy.1l * A 4 J <
then
2 “rl
e«» (.ta». . a» - 1 t, tt (=, - 1)
ix, .

acvf of the forecast errors

Similarly, the acrS are

p(«t(Z), et (2.)) y —J 0 < 3 < i

*0 i> I

In a similar manner it can he shown that

(i-1 2.+J-1
\'n i
1b=0 g-C

for more detail see Box and Jei.”ins, 1976, chapter 5]

Al7 .
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APPENDIX Al8 : DESCRIPTION OF COMPUTER PROGRAMS

Due to the large amount of computation needed for the effective

analysis of a time-series, it 1is generally necessary to develop £

suite of computer programs. Such a suite was developed during the

preparation of this dissertation, and a description of the programs

is given in this appendix

All programs were written in Fortran IV in conversational mode,

and implemented on the IBM SYSTEM/'370.

The programs used were

(1)  PGRAli (12) PITEST
(2)  HIDPER (13) QBPLOT
(3) MINVA, .

(4) AUTOAR

(5) BJID

(6) BJES

(7) BJFO

(8) AUTO

(9) SPEC

(10) TRANS

(1 BUYBAL

In the foreseeable future it is intended that all these programs

will be condensed into one package and will allow the wuser either

no control (i.e. ful.’y-automatic) or selective control.

(1) PGRAM (Periodogrum computation)

This program 1is adapt< from Bloomfield (1976, pg. 114)

and computes the discrete Fourie- transform of a time series,

and hence the periodogram. The transform is computed by using

the Tukey- Cooley fast Fourier algorithm (Cooley and Tukey

(1965))
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This basically just involves extendi tg the time-series by
zeroes to the next power of 2 above N (the length of the
series) and calculating the discrete Fourier transform J(w)

for = 27TJ/N' (N1 = next power of 2 above N)

Input (besides the time-series)

(a) length of time series (i.e. N)
(b) ordinates of the section of data of interest
(c) K = 0 or 1 - the degree of the LS polynomial to be removed

from section of interest

(d) the degree of tapering required tree section 5.4.2)

Only the section of data given by (b) is used. The next power of
2 (i.e. N'") is computed automatically.

Output

(a) the degree of the polynomial removed

(b) the degree of tapering

(c) a plot of 1losl0 R(*)

where
2 - 2 - 2
R (w) = A(w) * B(w)
A(w) * - X)vos (wt)
B(w) = <Xt - x)sin(wt)
R(w)" differs from I (w), the periodogram by a factor of 8~ N1. It

is more useful in harmonic analysis since it represents the LS
estimate of the squared amplitude of a sinusoid of frequency w.
R(w)" Is plotted againstj wher wj = 2’3,N' and

i =1, ..., vp (i.e. 0 wl< "



The logarithm is used due to the variation In the order of
magnitude of the periodogram between different frequencies. If
only the periodogram is plotted (i.e. not the 1 o g s o that the
largest value 1is on the graph, then details at higher frequencies
may be obscured (i.e. the log” plot Just reduces the range)

(2) HIDPKR (Search for hidden periodicities)

This program is adapted from Bloomfield (1976, pg. 33)
and fits the model

m

X = M3, cos (w_t) + b sin(w t) o +
t k£11 k k k a ]

to the data.

Input (besides the time-series)

(a) length of the time-series

(b) ordinates of the section of the data of interest

(c) m (the no. of frequencies)

(d) initial estimates of w, (gauged from PGRAM)

(e) initial estimates of a1 am and bi bm (usually
zZero)

0 if exact LS method is required
1 if approximate method is required
(see section 3.2)
The program then computes either exact LS estimates or
approximate LS estimates of w, a, b using subprogram LOCALM

from Brent (1973) [this finds a local minimum of a multi-

parameter function f in interval (u,v) I.
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Output

(a) whether exact/approximate LS method Is wused

(b) Initial wvalues of frequencies and dint and cosine coefficients

(c) optimum values of frequencies and sine cosine coefficients

(d) fitted constant (i.e. 2

(e) the (exact or approximate) residual sum of squares

(3) MINVAR (Inducing stationarity)
This program is based on the procedure used by Hill and
Woodworth (1980) for determining d and D - the degrees of
nonseasonal and seasonal differencing resu.

i.e. calculate

min <a”~(d,D,S)
d.b.$ » 7

"t -sxt

S = seasonal Dbase

Input (besides the time-series)

(a) maximum values of d.D.S
(b) length of the time-series
(c) ordinates of the section of interest.

The program now tries all combinations c¢f wvalues (for d,D and S) .

The variances of the differenced series are sorted into ascending

order.

Output

(a) the variances of the differenced series (in ascending order) with
associated d,D, S, as W, ' as the coefficient of wvariation

associated with each f.erte * (this just provides another

criterion for determining (d,D,S)).
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112 AUTOAR (Automatic AR model fitting)

This program fits successive auto regressive mode s up to some

specified maximum order i.e. AR(1) , AR(2) ..... AR (p) .

Input (besides the time-series)

(a) length of series

(b) ordinates of section of interest

(c) degree of seasonal differencing and seasonal base

(d) degree of nonseasonal differencing

(e) maximum value of p (i.e. the highest order AR model
required)

If differencing 1is required, the program first computes

this. Then the acrf (and acvf) 1is calculated upto a lag

than the p given in

solved i.e . solve !
where i = ($1. ee<i tk)
r x (ri> s+ * riP
fl
R = ri 1 o A
rk-1 r(-2 1 J
for each k = 1,2 P
Calculate
) .
5 .o c' -2 3.c for each k
1*1 11
OQutput
(1) the parameter estimate:- for each AR model
(b) the associated white noise variance estimate
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(c) AIC and CAT (as defined in section 7.4.2.) for each AR
model - this enables the user to decide which AR model
gives the best fit.
BJID (Box-Jenkins identification)
This program is a modification of that described in Box and
Jenkins (1976), pg. 496 and helps in the initial stages of
model identication. It consists of two sections - an editing
phase and an identification phase. The editing phase allows
one to transform the data, replace certain values, plot the
data etc.
The identification phase provides plots of the acrf,
pacrf, iacrf and ipacrf.
Input (besides the time-series)
(a) length of the series
(b) ordinates of section of interest
(c) any changes to be made in the editing phase
(d) degree of seasonal differencing and seasonal Dbase
(e) degree of nonseasonal differencing
(f) maximum lag of the acrf
(9) maximum lag of the pacrf
(h) 4 values (between 10 and 50) whichdenote themaximum AR
model to be fitted and hence theiacrfand ipacrf (see
appendix Al2)
Firstly, any desired chan to be made by the editing phase are
made. If differencing is required, this is carrieu out.
Using the wvalue given in (f), the Yule-Walker equations are

solved (as in program (3), AUTOAR)



Al3.7

'JsiiiK Iht; techni described in appendix Al0, and the

value in (g), the pacrf is plotted. A technique, described by

Chatfj eld(1979), for estimating the iatrf, is given in appendix
Al2. This technique 1is used for each of the 4 values given
in (h>. To find the ipacrf, the 'inverse' Yule-Walker

equations mi’"* be solved 1i.e.

1 OKI) ... Pl(k-1) PKD

ol(k-1) 01.'t-2) i I 01 (k)7

one of the 4 values given in (h)

Replace T1 (1) by ri(r, and solve for pi, 3 = 1,..#Jk)

'“kk 1ls called the sample ipacrf.

The user 1is left to decide whi lie 4 iacrf/luacrf

representations is appropriate.

The user may now also wish to 'fit' some B.J models and

the only input required are the values for p and g in the

desired ARMA (p.q) process. Model parameters are estimated
by
(1) if p > 0, solving
A £ 7 C
where
A
U Coqti-j
C (C7 eunn c )
1 p
and

111) 1Y g 0. us, the procedure described in appendix A9,



(iii) the overall constant In the model is estimated by

f- R =

x (1 - 1) p >0

5 = * i=i
P = 0
and the %hite noise variance by
oe" )
-C * - hct q=0
‘o i=1
2 —
(To from appendix A9 and x the mean of the series)
Output
(a) mean of (differenced) series
(b) variance of (differenced) series
(c) degrees of differencing
(d) acrf
(e) p-crf
(f) iacrf and ipacrf for each of the 4 values desired
estimates of model parameters (if so required), overall
constant in the model and white noise variance.

This program is recursive' i.e. it allows several successive
runs of the program for different editing phases, degrees of

differencing, models etc.

The

initial estimates (of model parameters) required in

the next program are given in (g).

TNote that the Box-Jenkins progi 1 and 2 (Box and Jenk ns (1976)

pg.496+) do not calculate V e jacrf or ipacrf.]
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BJES (Box-Jenkiny model estimation).

Bhis program 1is an adaptation of the program £3) described in
Box and Jenkins (1976'', pg. 300, and uses the initial estimates
of tue nonseasonal parameters from program (5) (BJID) (and 1if
seasonal parameters are required ther a technique described

by Box and Jenkins (1976) , chapter 9, provides initial
estimates of the seasonal parameters) this program calculates
LSE Sgi u, 4. ~ 9,0 and 2' the seasonal parameter vectors)

in the model

KB) (xt-u) = 5(B)at
or 0(B)"(B’) (xt-u) = 0(B)0'(BS)nt
where .x is a stationary series.

Input (besides the time series)

(a) length of series, N

(b) ordinates of section of interest

(c) degrees of differencing

(d) initial esV- s, of all parameters (i.e. p,q, P, Q, s

and henc &« parameter values)

The program calculates backforecasts of the x, s (see

section 7.3.1) and hence
S(u!118l la/.

The values which minimize S are obtained by the constrained

optimization technique of Marquardt (1963) (which 1is described
fully in Box and Jenkins, 76, pg. 504). These values are
the LSE's.

An estimate of the residual varianc B is then obtained

using these LSE 's, and the covariance matrix of the (optimum)
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estimates is given by

I = (X'X)"112

a
(where X is the regression matrix in the linearizedmodel) . The
standard errors of the estimates are givenby
5i * /5Ti (1 *

An estimate of the overall constant in the model 1is given by
5 = ulL

where

(or if the model 1is seasonal

L - <1 - a 0 ) - 1 *,) ).
1=1 =1 J
The residuals a. corresponding to the LSE'sarecalculated and
hence the acrf of the residuals (for some set lag). The mean and
variance of the residuals are also given. The acrf of the

residuals 1s plotted as well as 1’ significance levels (using the

technique of Hipel et al (1977))

Output

(a) Initial and final estimates of theparameters

(b) white noise variance estimate

(c) standard errors and covariance matrix of the estimates
(d) *, the overall constant

(e) residual acrf (a plot) a 1", significance levels

(7) B.IFO (Rox-Jenkins forecasting)

Using the LSE's from program 6, (RJES) , this program forecasts

future values of the series I” } using the techniques described
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in appendix Al7. This program is described in Box and
Jenkins (1976), pg. 505.

AUTO (Subset autoregression technique)

Using the procedure of McClave (1975,1978,1978a) - see
appendix Al5 - the user specifies a maximum order AR model
and the program then finds the best-fitting AR model (using
AIC and CAT criteria). Having found the 'optimum' AR order,
the program now finds the best subset autoregression for each
different subset size (again using the above-mentioned
criteria). For each 'full' AR model, parameters are given,
and the parameters are also given for each best subset in the
optimum 'full' model. For more details, see appendix AlS5.
(Also see Gabr and Subba Rao (1981)).

SPEC (A spectrum estimate)

This program calculates the sample acrf (acvf) and based on

this, computes an estimate of the nsdf (see equation (4.9),

2
section 4.2 - divide both sides by 1")

Input (besides the time series)

(a) length of time series, N

(b) ordinates of section of interest

(c) the number of sn”.tral windows to be used - 10 are
offered - and the specific windows to be used.

The program automatically computes the sample acrf (up to lag
0,75 / N) . The ten windows offered are:

Truncated periodogram, B. lett A, Bartlett B, Daniell, fukey-
Hamming, Tukey-Hanmng, Parzen A, Parzen B, Bart lett-Priestley

and Tukey-Parzen. The truncation points M (for each window)
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are 5%, 10%, 20%, 40%, 50%, and 75% of N (i.e. for each window,

six spectrum estimates are given) . The spectra are evaluated
at w, wnere 0 < wJ < t (and 3 = 0,1.... [%]) and w = 2ij/N.
J 4 j

Output (for each desired window)

@"™> 6 spectral estimates (each at the associated truncation
point)

TRANS (Box-Cox transformation)

In appendix Al6, a family of transformations 1is presented.

These transformations take the form

*x,« * 1 '
Inx”* X =0
3

(assuming all the x > 0).

What wvalue should MW take?

Vera and Guerrero (1981) have proposed a method for
finding I in the following class of transformation (a special

case of the above).

x | “X X * 1
X, » N t
Inx X =1
t
Divide the data into subseries of some set length. For each

subset calculate the mean Z, standard deviation S and the

ratio S*/z* (for each X [a.bl say) where S = 1000 * S and
* X
Z = (1000 x 2)

Supposing there are -iubseries of length L, the program

* *
calculates the mean, , of the S /2 (for each \), as well
* *

as the standard deviation. S of the S Z . The coefficient

of variation is defined by

cv . S\/z,
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The value of V giving a minimum value to CV is defined to be

the transformation parameter. Successive runs with different

lengths of subseries are possible.

Input (besides the time-series)

(a) length of series, N
(b) ordinates of section of interest
(c) length of the subseries, L

The program divides the data into an integer number of

* *

subseries of length L and calculates Z and S for each sub-

series .

(d) lower bound, upper bound and increment of '

Output

(a) the coefficient of wvariation and associated 1 (and

obviously the length of the subseries)

BUYBAL (Buys-Ballot test for period)

A procedure for ‘Bstu.ng for an assumed period 1is described

in
appendix A6, This program performs that procedure.
Input (besides the time-series)
(a) length of the time-series
(b) ordinates of section of interest
(c) minimum and maximum values of the assumed" periodicity.
Outpu t
(a) a plot of the values r (see appendix A6) for each
(integer) value between the minimum and maximum given in

(c) above
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(JI2) PITEST

This program tests for the existence of the discrete spectrum

using Priestley's P(\) test as described on pg.216(or see

Priestley (1962a,b)) wusing the Bartlett (a) window (see pg.

77) .

Input (besides the time-series)

(a) length of the series, N

(b) ordinates of section of interest
(c) lower truncation point

(d) upper truncation point

(e) lag at which the peak occurs
Output (after the entry of (a) - (d))

(a) a plot of the acrf

(b) a listing of the acr's

(c) a plot of P (-)

(d) a listing of P (\) ordinates

Upon entry of (e) (in the input), the peak 1is tested for

significance.

(13) QOBPLOT

This program plots the quantile-box plot of the data using the

technique described in section 9.2 and Parzen (1979).

Note: In each program, 1f the ordinates of the section of interest are

not 1 and N (representing , and x”) then the program considers the series

between these ordinates to be the (new) series and the length of this

section the new Nj.

Listings of two of the programs (SPEC (9) and PITEST (12)) follow and

serve as exemplars of the suite.
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CT5,’ (3)
C/,T5,"'(6)

PROGRAM TO CALCULATE
OF THE DATA

PROGRAM SPEC

ACRE AND PERFORM A SPECTRAL ANALYSIS

DOUBLE PRECISION X (360),YYf360),Y(360),R(150,2)

REALMS A,V

INTEGER JUMP,1(6) .N2 (10)

LOGICAL*! MAP (3)
COMMON JUMP, MAP

EXTERNAL Wl1,W2,V3,W4,V5,W6,W7,W8,W9 ,W10

WRITE (6,1)
FORMAT (T2, '"ENTER NO.
READ (9, *)N
READ (5, *) (X(I),I*1,N)

OF OBSERVATIONS )

READ(5,66) (MAP(I),1*1,3)

FORMAT (3A1)
WRITE (6,67)

FORMAT (T2, '"ENTER ORDINATES OF SECTION OF DATA TO

BE ANALYSED')
READ (9, *)N01,N02

J=0

DO 68 I=NO01,NO02
J=J+1

YY (J)-X(I)
N=NO02-NO1+1
PI=3.1415093

A=0.0

v=0.0

CON=0.0
L(1)=(0.05*N)+0.4999
L(2)= (0. 10*N)-r0.4999

L(3)»(0.20*N)+0.4999
L(4)=(0.40*N1+0.4999
L(5)»(0.50*N)+0.4999
L(6)=(0.75*N)*0.4999
DO 2 J=1,N
Y (J)=YY (J)

14

IF(Y(J) .LT.CON)CON=YEfJ

CONTINUE
IF(CON.GE.0.0)GOTO 3
DO 3 J»1,N

Y (J)=Y (J)-CON
CONTINUE

Do 4 J=1,N
A*A+Y (J)

A=A 'FLOAT (N)
DO 5 J=1,N
Y(J)=Y(J)-A
DO 6 J=1,N
V=-V>Y (J) *Y (J)
VV/FLOAT (N)
L6=L(6)

DO 7 J=1,L6
R(J,2)*0.0
NJ=N-J

DO 8 1=1,NJ

R(J,2)*R(J,2)+Y(I)*¥Yd+J)
R(J,2)=R(J,2)/FLOAT (N)
)

R(J,1)=R(J,2)/V
WRITE (6,15)

FORMAT (/T2,'THE FOLLOWING ARE THE AVAILABLE WINDOWS'.///)

WRITE (6,9)

FORMAT (T5, ' (l) TRUNCATED PERIODOGRAM' /,T5, (2) BARTLETT A',',

C'(8) PARZEN B',/,T5,
C'(10) TUKEY-PARZEN',///)

c'

WRITE (6.10)

FORMAT (T2, 'IF FURTHER DETAILS OF THE ABOVE WINDOWS ARE REQUIRED
ENTER 1,0THERWISE O0',/)

BARTLETT B',/,T5,' (4) DANTELLEf,/,T5,'(5J TUKEY-HAMMING
TUKEY*HANNING',/,T5,'(7 ) PARZEN A . .15,
'(9) BARTLETT-PRIESTLEY',/,T4,

’

4
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READ (9, *)N1
IF(N1.EQ.1)CALL WINDOW

U FORMAT (/T4 !'"ENTER THE NO. OF SPECTRAL ESTIMATES REQUIRED',
C' I.E. THE NO. OF DIFFERENT WINDOWS TO BE USED',/)
READ (9, *) N1

12 FORMAT (T2/ENTER THE NO"S OF THE ASSOCIATED WINDOWS ON ONE LINE')
READ (9, *) (N2(I),1*1,N1)

750 FORMAT (T2, "ENTER THE "JUMP" TO BE USED IN THE PLOT OF HfW) I.E."
C'l IF EVERY POINT MUST BE PLOTTED,2 IF EVERY 2ND POINT ETC )
READ19, *) JUMP
DO 13 1=1,N1
IF (N2 (I).NE.1)GOTO 59

4

C
C TRUNCATED PERIODOGRAM
C
WR xTE (7 21)
21 FORMAT (ZT2, 'TRUNCATED PERIODOGRAM',/T2,21('=-'),/T2,21('-"),/)
DO 41 11=1,6
41 CALL WIND(LCI1l),Wl,R,V,N)
GOTO 13
59 IF(N2(I).NE.2)GOTO 51
C
C BARTLETT A
C
WRITE (7,22) .
22 FORMATC/T2, 'BARTLETT A',/T2,10( * ) ,/T2,10( - ),/)
DO 42 11=1,6
42 CALL WTNDCL(Il),W2,R,V,N)
GOTO 13
51 IF(N2(I).NE.3)GOTO 52
o]
C BARTLETT B
C
WRITE (7,23; , .,
23 FORMAT (/T2, 'BARTLETT B'’, T2,10( - ),/T2,10( - ),/)
DO 43 11=1,6
43 CALL WIND(Ld1l) ,W3,R,V,N)
GOTO 13
52 IF(N2(I).NE.4)GOTO 53
C
C DANIELL
WRITE (7,24) ,
24 FORM iTf/T2.'DANIELL*,, T2,7( =), T2,7( -),/)
DO 44 11=1,6
44 CALL WINDfL(I1l),V4,R,V,N)
GOTO 13
53 IFCN2 (I).NE.5jGOTO 54
C
C TUKEY-HAMMING
C
WRITE (7,25)
25 FORMAT (/T2, 'TUKEY-HAMMING',/T2,13( - ),/T2,13( -),/)
DO 45 11=1,6
45 CALL WIND(Ldl) ,W5,R,V,N)
GOTO 13
54 IF(N2(I).NE.6)GOTO 55
C TUKEV-HANNING
C

WRITE (7,26)

26 FORMAT (/T2, '"TUKEY-HANNING ,/T2,13( =-'),/T2,13( -),/)
DO 46 11=1,6

46 CALL WIND(L(11l),W6,R,V /)
GOTO 13

55 IF(N2(I).NE.7)GOTO 56
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PARZEN A

WRITE (7,27)

FORMAT (/T2, "PARZEN A ,/T2,3( - ),/T2,8( - ),/)
DO 47 11=1,6

CALL WIND(L(I1l),W7,R,V,N)

GOTO 13

IF (N2 (I).NE 8)GOTO 57

PARZEN B

WRITE (7,28)

FORMAT (/ T2, 1PARZEN B ,/T2,8( - ),/T2,8( - ),/)
DO 48 11=1,6

CALL WIND(L(11l),wW8,ri,V,N)

GOTO 13

IF(N2(I) .NE.9 'iGOTO 58

BARTLETT-PRIESTLEY

WRITE'7 29)

FORMAT (/T2, 'BARTLETT-PRIESTLEY,'T2, 1 8 /T2,18('-"),/)

DO 49 11=1,6

CALL WIND(L(Il),W9,R,V,N)
GOTO 13
IF(N2(I).NE.10)GOTO 13

TUKEY-PARZEN

WRITE (7,30) . .
FORMAT (/T2, '"TUKEY-PARZEN', 'T2,12( -),/T2,12( -y, /)
DO 50 11=1,6
CALL WTND(L(I1),W1l0,R,V,N)
CONTINUE

STOP

END

SUBROUTINE WIND M ,W ,R,V ,N)
DOUBLE PRECISION R(15r, ,WV(150),0M1(180)
LOGICAL*! MAP (3)

INTEGER JUMP

COMMON JUMP, MAP

PI=3.141593

NM=N/2.

NM=NM+1

DO 1 11=1,M

WW II)=W(II,M,N)

DO - =1, NM

111=11-1

OM1 (II)=0.0

OMEG-2 .*PI*FLOAT (III)/FLOAT (N)
DO 3 JJ=1,M
OMEGA=OMEG*FLOAT£JJ)

OM1 (11 )*OM1 (II )+WW(JJ '-MRfJJ,1)*COS (OMEGA)
OM1 (II)*2.*0ML1 (II)+1.

OMKII i=0OM1(II)/ (2.*PI)
WRITE £7, 6)M

WRITE (7, 4)

FORMAT (T6, -1 ,10 (——1"), - )
DO 5 JJ*1,NM, JUMP
LL*DINT (OM1 (JJ) *51.)

FORMAT (,/T2,'TRUNC . PT ="',14,/
VL=0Mi (JJ)

IFd.L.GT. 51)LL=51

IFdL.LE.1 )LL=1

CALL PLOT(LL,JJ,VL)

RETURN

END

SUBROUTINE PLOT(LL,J,VL)
LOGICAL*! MAPI3) .HEAD (51)
COMMON JUMP, MAP

Al8.17
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DO 10 K=1,51
HEAD (K) =MAP (1)
JA=LL

HEAD (26)=MAP (3)

HEAD (JA)=MAP (2)

WRITE(7,11)JJJ, (HEAD(I),1=1,51),VL
FORMAT (T2,13,IX,'I' 51Al1,2X,F6.3)
RETURN

END

W1l TRUNCATED PFRIODOGRAM

FUNCTION W1(IJ M, N)
Wl«l.

RETURN

END

V2 BARTLETT A

FUNCTION W2 (IJ,M,N)

W2=1.+ (FLOATd J) /FLOAT (M) )
RETURN

END

W3 BARTLETT B

FUNCTION W3 (IJ M,N
W3=(1.- (FLOAT(IJ)/FLOAT(M)))*(!.-(FLOAT(IJ)/FLOAT(N)))
RETT TOM

END
V'* DANTELL
FUNCTION VA(IJ,M,N)

wi=SIN (PI*FLOAT (IJ FLOAT(M)), PI“-FLOAT(IJ) /FLOAT (M))
RETURN
END

W5 TJKEY-HAMMING

FUNCTION W5 (IJ,M,N)

PI=3.141593

W5-C .3440.46%COS (PI eeseFICAT (IJ) FLOAT (M) )
RETURN

END

W6 TUKEY-HANNING

FUNCTION V6(IJ,M,N)

PI=3.141593

W6*0.5% (1.+COS (PI*FLOAT (IJ)/FLOAT (M)))
xETURN

iwJ
W7 PARZEN A

FUNCTION W7(IJ M ,N)

*7=1. - (FLOAT (IJ)z'FLOAT (M) )**2

RETURN
END

W8 PARZEN B
FUNCTION V8 (iJ,M,N)

MN»£M/2) +1
1F (IJ GT MN )GOTO 1

Al8.18

V9=1.-6 .i'((FLOATE IJ) /FLOAT (M) )*1>2)46 .*((FLOAT( IJ)/FLOAT (M) )*3)

GOTO 2
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W8-2.% ((1. - (FLOAT (IJ)/FLOAT (M) ) ,—>*3.)
RETURN
END

W9 BARTLETT-PRIESTLEY
FUNCTION W9 (IJ,M,N)

W9= (SIN(PI*FLOAT (IJ) /FLOAT (M)) PI*FLQAT (IJ)/FLOAT (M))
W9=V9 -COS (PI **FLOAT (IJ)/FLOAT (M))

WO»WO*3 . * fFLOAT (M) /PI*FLOAT (1J) ) **2

RETURN

END

WIO TUKEY-PARZEN

FUNCTION W10 (IJ,M,N)

A=0.282

PI=3.141593

W10=1.-2 *A+2 .*A*COS (PAFLOAT (IJ).'FLOAT (M))
RETURN

END

SUBROUTINE WINDOW

WRITE (6,1)

FORMAT (T5, ' (1) TRUNCATED PERICDOGRAM,//)
WRITE (6,2)

FORMAT (T2 , "W (I)=1 - (M+1) <K (M+1) )
WRITE (6, 3)

FORMATf/T5,1(2) BARTLETT A ,//)

WRITE I6,4)

FCRMAT (WW (I)= 1-(MOD(I)/M) - (M+1) <K (M+1) )
WRITE (6,5)

FORMAT (/T5, £(3) BARTLETT B ,//)

FCRMAT ( W (I)*(1-(MOD (I)/M) ) (1e (MOD (I)/N) ) - (M+1)<K((M+1) ")
WRITE (6,7)

FORMAT (, T5 ,1(4) DANTELL ,//)

VRr'IEf6 8)

FORMAT f2, "W (I)=SIN(PT*I M)/ (PI*I M) M*1)<K (M+1)")

WRITE f6,9)

FORMAT (/T5,*(5) TUKEY-HAMMING , /)
TV Q 1i0)

FORMAT (T2 , 'W (1) *0. 54+0 . *COS(PII M) -iM+1)<I<(M+1)"')
WRITE (6,11)

FORMAT (/T5 ,'(6) TUKEY-HANNING . )

FORMAT”"f2, "W(I)*0.5A (1+COS(PI*I/M)) - M+1)<I<(M+1) ")

WRITE 6,13)

FORMAT (/T5, (7) PARZEN A ,//)

WRITE (6,14)

FORMATCT2, '"W(I)=1- (I/M) **2 - (M+1)<I<(M+1) )
WRITE (6,15)

FORMAT!/T5,1(8) PARZEN B ,//)

A18'19

FORMATffzt '"W'T)« 1-6"(I/M)**2*61 MOD(I) M r>*3 MOD(I)< (M, :)+!".

C/T6,'= 2A (1-CMODEfI)/M))**3 OTHERWISE')
WRITE (6,17)
FORMAT (/T5, ' (9) BARTLETT-PRIESTLEY ,//)

FORMAT (T2, W (I)=f (SQRT( 3 ) /FI 2)* (SIN(PI*I/M)/ (PI*I/M)
C'-COS(PI*I/M)) - (M+1)<1le (M+1) ")
WRITE (6,19)
FORMAT (/T4,''10) TUKEY-PARZEN',//)
WRITF (6 20)
FORMAT fT2 , "W (I )=1-2A+fA'rCOS (PI*I ™M) - (M+1l)<!< (M+1l) A=0.282")
RETURN
END

14
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RETYURNA Y'Y ! (FLOM(U) /. ELOAT («).), ) A%3.)

LND

W9 BAPTLETI-PRIESTLEY

FUNCTION W9 (IJ.M .N)
Pr-B:141893

A S S S E « r 7 (u) ,nodT<e,)>

END

WIO TUKEY-PARZEN

FUNCTION V10 (IJ,M,N)
A=0.282
PI=3. U1593

MUTO'2'*A*2 *A*ccs,P1"FLOAT(I-, >/FLOAT(N))
END

SUBROUTINE WINDOW
WRITE (6.1)

™ i ™ (6T2)'a) ' <C'TED PES'™ OGRA.r .//,

BARTLETT A'.//,

. n i+ sy, EB) BAKTLLETT «'W//)

™ AM )'V(1,*a -(MODa,/,»»-«OD(:)/.N,)

DANIELL'-//)

f£fAT-y*/0-0O-BA-0.AA*OSEfP!*, X) *\F1)<1< (M+1, 1)
SmTA*LV'6 » T-HANNING-.//,
:R5 ~ ; A ; w'I>-0-5*%'" " scpi*i/a;) i) <i<(x+i)*)
SmT* (u; ' (2> PASZEN *ee//)
s?Ay?ii“a)'i’all,,* 2 (**'><" w)"')

PA, ' ZEX»'.//)
mDi 1

BN TLETT-PRUSTLEY'.

5 E S J 2 )xXM)* ' N> Q4w r 2rc8,N<M*,/H,/M *'

wnT? 1 " a#) TV«'--»*1it2E.v./,

s <T¥-'VU  +2% A'-COS(PI-,/a) “(Mtl,
END

418

*(N*1)<I<CM*1)")

=« *H

I<(X+1) A-0.2821)

ig
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46

37
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PROGRAM PITEST

DIMENSION X(360),ARR(360),Y(360),PILAM(360)
DIMENSION PIL(360),QJ(180) ,R(360"'

COMMON MAP (3)

PI=3.141592653

FORMAT (/T2, 'ENTER NO. OF OBSNS IN SERIES’)
READ (9, *)N

READ (5, *) (X(I),I=1,N)
REiiD (5 ,444) (MAP(I) ,1=1,3)
FORMAT (3Al1)

WRTTE (6 2)

FORMATE/T2, 'ENTER ORDINATES OF SECTION OF INTEREST')
READ (9, *)N1,N2

11=0

CON-0.0

DO 3 J=N1,N2

11=11+1

IF(X(J) .LT.CON)CON=X(J)
Y(II)=X(J)

N=N2-Nli-1
IF(CON.GE.0.0)GOTO 95

DO 6 J=1,N
Y(J)=Y(J)-CON+1.

XM1=0.0

DO 97 Jl=1,N

XM1=XM1+Y (J1)

CONTINUE

XM1-XM1/N

DO 99 Jl=1,N
Y(J1)=Y(J1)-XM1
CONTINUE

Vv1=0.0

DO 111 J1=1iN

31=Y(J1)
IF(B1+1)83,111,83

V1=V1+B1”Bl1

CONTINUE
V1=v1/(N-1)
NA=N-1

DO 120 Jl=1,NA
R(J1)»0.0
NJ=N-J1
DO 81 J2=1,NJ
RfJ1)=R(J1)+Y(J2)*Y(J1+J2)
CONTINUE
RfJ1)«R(J1) /N
CONTINUE
WRITE (6,7)

FORMAT!'T2,'PLOT OF ACRF',/T2, 1 2 /T2
DO 14 J=1,NA

ARR (J)=RfJ) /V1

CALL PLOTfARR.NA.1)

WRITE (6,46)

WRITE (1,46)

FORMATC/T2, 'LISTING oF ACR"S j\/T2)
WRITE (6 ,37) (ARR(.I) ,J=1 ,NA)

WRITE (1,37) (ARR(J) ,J=1,NA)
FORMATET2,818.4)

FORMAT/T2. 'ENTER THAT LAG IN THE \CVF BEYONI WHICH THE
C/T2,'ACV"S APPEAR TO SETTLE DOWN TO STEADY OSCILLATIONS
C/T2, 'WITH CONSTANT AMPLITUDES')

READ (9,*)M

WRI-rr(c 31)

FORMATf, T2,'ENTER AN LPPER TRUNCATION POINT,LN,'
C/T2,'WHERE LN > 2M'J

READ (9,*)LN

IF(LN.GT .NA)LN«NA

IFCLN.LT.10)LN=20
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M1=M+1

M22=2*M

N2=N/2

N21=N2+1

WRITE (6,54)M LN

WRITE (1,54)M,LN

FORMAT (/T2,1 ACRF TRUNCATION FT = ,13,
C/T2,'UPPER TRUNCATION PT =',I3)

CALL PIT(R,M,LN,0.0,PILAM,N)

DO 13 J=2,N21

J1=J-1

ARR(J1)=PILAM(J)/V1

CALL PLOT (ARR,N2.0)

WRITE (6,49)

WRITE (1 -*9)

FORMAT (/T2 ,1LISTING OF P(L) ORDINATES : ',/T2)
WRITE (6,47)1ARR(J),J=1,N2)

WRITE (1,47) (ARR(J),J-1,N2)

FORMAT (T2.8F8.3)

format!'T2! ENTER THE LAG AT WHICH THE PEAK OCCURS' )
READ (9 ,Vr)JW

OMEGA=2.*PI*JV/FLOAT (N)

M2=M/2

TPM=2 . *PI/FLOAT (M)

M21=M2+1

DO 17 J-1.M21

Ji»J-1

DF.L=OMEGA- (2. *PIAJ1/FLOAT CM))
I-'(DEL.GE.0.0. AND.DEL.LE .TPM)GOTO 67
CONTINUE

WRITE (6,18)

FORMATC/T2,'NO CONSTANT VALUE POSSIBLE )
STOP

WRITE (6,68)DEL,J1

WRITE(1,68)DEL,J1 , "
FORMAT'/T2,'CONSTANT*1 F15.6, INTEGRAL VALUE* ,%3)
CALL PIT(R ,M,LN,DEL,PIL M)

U1l*0.0

U2*0.0

DO 21 J=1,M

Ul*Ul+R(J j—'RCJ)
Ul=2.*%(2.%Ul+V1*Vi)/ (V1*V1)

DO 22 J-1.M22

U2=U2+Rf J)-R (J)

U2=2.*(U2+V1*V1)/ (VI*VI)

GS'iAR=(U1l-U2)/ £f4 ,*PI)

VNM= LN*2./3.)-(4 *FLOAT M)/3. )*(2 .»M*MZ (3.*FLOAT (LN)))
VNM*FLOAT (M) *VNM

A1=SQRT (FLOAT (N)/VNM)

GST=GSTARZ (2.API)

GST*1./SQRT(GST)

CON=-9999999.

DO 23 J=1,M21

QJ(J)=0.0

DO 24 JJ*1,J

QJ(J)*QJ(J)+(PIL(JJ)/V1)

QJ (J) *GST*A1*QJ (J)

IF(A3S(QJ(J)) .GT.CON)CCN=ABS (QJi )
CONTINUE

WRITE (6,26)CON

FORMAT !*T 2 I"'THE ABSOLUTE MAXIMUM OF THE JQ"S * ' .F15.6)

FORMAT (/T2!'ENTER 1 IF THIS IS CONSIDERED SIGNIFICANT",
C/T2.'ENTER 0 TO ONTINUE RUN',
C/T2.'ENTER 2 TO CONTINUE RUN BUT WITH A DIFFERENT M
C/T2.'ENTER 3 TO EXIT')

READ (9, *)NI

IF(NI.NE. DGOTO 888

I
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AHAT=8 .*PI+PILAM (JW+1)/(FLOAT (LN) -FLOAT (M) )

WRITE (6,36) OMEGA AHAT

36 FCWAAT};T:!'AAPEAK"0CCURS AT THE FREQUENCY '.F15.6,
C/T2, 'AMPLITUDE ='.F15.6)
GOTO 222
388  IF(NI.EQ.0)GOTO 777
IF(NI.EQ.2)GOTO 555
222 STOP
END
SUBROUTINE PLOT (ARR,NN,KL)
DIMENSION ARR(360)
INTEGER HEADI (51)
COMMON MAP (3)
IF(KL.NE. DGOTO 77
co- 1.0
c01-1.0
GOTO 78
77 CO=ARR(1)
CO1=ARR (1)
DO 55 J=1,NN
IF (ARR(J) *LT.C0)CO=ARR (J)
IFfARR(J) .GT.C01)CO1=ARR(J)
55  CONTINUE
78  €02=51./(C01-CO)
C03=(CO1+CO0) /2.
WRITE(6,1078)C0,C03,C01
WRITE (1,1078)C0,C03,C01
WRITE (6,1080)
WRITE (1,1080)
DO 66 1=1,NN
N7=INT( (ARR(I)-CQ)*C02+1.)
DO 10 K=1,51
10 HEAD1 (K)=MAP (1)
HEAD112 6 !=MAP(3)
HEADI (N7)=MAP (2)
WRITE (6 ,1000)1, (HEADKK1 '.K1-1,51 .ARR(I)
66  WRITE (1,1000) I, (HEADKK1 ,Kl«1,51 ,ARR(I)
RETURN

\ Z

c .") , , T I I
1080 FORMAT (T2 ,5%, ~-1I l1---1--= 1-- - i koo T
C ----1-)

END

SUBROUTINE PIT(R,MIT.NIT,bDELTA.RAY.LIM)
DITNSION RAY(360) ,EGA(360;,R(360)
PI=3.1-.1592633

NUT=LIM

NUT2*LIM/2

NUT21-NUT2+1

DO 1 J*1,NUT21

Jl=J-1
1 EGA(J) = (2 .*PIV,J1/FLOAT (LIM) )+DELTA

DO 2 J«1,NUT21

RAY(J)*0 0

OME=EGA (J)

KAY (J1=RAHj") ¢ (1 - (FLOAT (II)/FLOA" NIT)))™R(11)*CCS (OME*11)
3 CONTINUE
4 RAY (J '=RAY (J) - (1.- (FLOAT (12) /FLOA+ (MIT)) *R(I2)*COS (OME*12)
2 RAY (J)eRAY (J) /PI

RETURN
END
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APPENDIX Al9 RESULTS RELEVANT TO THE CHAPTER 9 AIRLINE DATA

This appendix contains several subsidiary results relevant to

chapter 9. These results consist of the following tables and

figures.

Tables
Al9.1 Listing of the original data (' ?ad across)

A19.2 Listing of log” of the data given in table Al9.1

A19.3 The first 156 observation in the original data set are

divided into subsets of size 13, and for each subset the

mean, variance and acrf are calculated (this enables one to

roughly ascertain whether the data is stationary, or

nons r.ationary) .

Al19.1 The sane as table A19.3, except a subset length of 26 is

used

A19.5 The same as table A19.3, except a subset length of 52 is used.

A19.6-A19.8 A similar situation to tables A19.3-A19.5 except that

the log,0 of the data is used

Figures

A19.1 The acrf of the first 150 observations in the original

series.

Al9.2 A spectral estimate (using the Parzen <b) window) of the

first 150 observations, in the orign.il seiies, with a truncation

point of M = 75 = 501 of N (N=150).

A19.3 Same as Al9.2 but with a truncation point of 75'

A19.4 Output of UYBAL (see appendix Al8) applied to the first 100

data points in the original series
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APPENDIX Al9 RESULTS RELEVANT TO THE CHAPTER d AIRLINE DATA

This appendix contains several subsidiary results relevant to

chapter 9. These results consist of the following tables ana

Iléures.

Tables

A19.1 Listing of the original data (read across)

A19.2 Listing of 1°H1Q of the data 8lven in table A19-1

A19. 3 The first 156 observation in the original data set arc-

divided into subsets of size 13, and for each subset the

mean, variance and serf are calculated (this enables one to

roughly ascertain whether the data is stationary or
nonstationary) .

A19.4 The same as table Al19.3. except a subset length of 26 is

used

A19.5 The same as table Al19.3, except a subset length of 52 is used
219.6 -A19.8 A similar situation to tables A19.3-A19.5 except that

the log,0 of the data is used

Figures

A19.1 The acrf of the first 150 observations in the original

series .

A19.2 A spectral estimate (using the Parzen (b) window) of the

first 150 observations, in the orignal series, with a truncation

point of M = 75 = 50* of N (N=150).

A19,3 Same as Al9.2 but with truncation point of 75%

A19.4 Output of BUYBAL (see appendix Al8) applied to the first 150

data points in the original series.
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Al9.2

The (Parzen <t») spectral estimates of the first 150

data points in tha log” transformed series for

truncation points 7,15,30,60,75 and U2(i.e. 5%, 10%,

20%, 40%, 50% and 75% of N=150) .

Autocorrelogram (up to lag 148) ot the transformed data



Table A19.1 Listing of original data

341 .
149.
108.
233.
157.
84.
120.
211
324
235.
207 .
160
187 .
166
179 .
219.
201

CO00O0O000000O0O0O0OO0O0O0O

Table A19.2

5.832
5.004
4 682
5.451
5.056
4.431
4.787
5.352
5.781
5.460
5.333
5.075
5.231
5.112
5.187
5.389
5 303

402.0 267.0 180.
94.0 172.0 162.
129.0 153.0 143.
169.0 165.0 214.
157.0 190.0 153
320. 0 309. 0 299.
140. 0 145. 219
163.0 173 0 192
356,,0 371 .0 220..
256 .0 297 .0 272.
336.0 129.0 211 .
316 177 .0 143.
139.0 199.0 142.
243 .0 320.0 387
220 259.0 284 .
216 216 .0 303
166 .0 159 0 169.

5.996 5.587
4.543 5.147
4 360 5.030
5.130 5.106
5.056 5.247
5 768 5.733
4.942 4.977
5.094 5.153
5.875 5.916
5.545 5.694
5.817 4.860
5.756 5.176
4.934 5.293
5.493 5.768
5.394 5.557
5.375 5.375
5.112 5.069

369
142

338

140
340
302

[cNeoNoNoNoNololNolNoNolallaola]

o

[oNe]

5.193
5.088
4.963
5.366
5.030
5.700
5.389
5.25/
5.394
5.606
5.352
4.963
4.956
5.958
5.649
5.714
5.130

187.

88.
227.
152.
140.

[cNoNoNoNoNeoNeNaNoliol

240 .
159 .
275.

327 .

11 .

o

5.231

4.477
5.d25
5.024
4.942
5.911

4.956
5.481

5.069
5.617
5.823
5.790
4.942
5.829
5.710
4.710

153.
155.
244.
178
112.
349..
147 .
325.
231 .
168 .
299 .
164 .
177 .
183 .
280
324

N =Rol=R=R=ReReR=ReR=ReR=ReoR=Na)

4 984
4.575
5.050
5.252
4 812
5.869
4.644
4.890
6.525
5.347
5.771
5.170
4 632

561
5 468
5.697

213.
127.
302.
219.
127.
325.
145.
284.
225 .
155 .
151 .
146 .
188
222 .
320 .
384 .

e l=R=R=R=ReReR=R=ReR=R=R=R=R=X=

Listing of transformed dog?”)

5.030
5.043
5.497
5.182
4.718
5.855
4.990
5.784
5.442
5.124
5.700
5.100
5.176
5.209
5.635
5.781

170.
158.
363.
196.
351
135.
138.
358 .
282
127 .0
167 .0
210.0
252 .0
0
0
0

cNoNoNoNoNolNollol

232.
204

N

©

m . PR - .
lelel==R=-R=-R=R=R=R=R=R=R=X=X=)

data

5.361 5.069
4.844 4.956
5 710 5.971
5.389 5.412
4.344 5.878
5.784 5.568
4.977 5.268
5.649 5.687
5.416 5.328
5.043 5.352
5.017 5.565
4.984 4.920
5.236 5.357
5.403 5.537
5.768 5.075
5.951 5.673

Al19.3

5.136
5.063
5.894
5.278
5.861
4.905
4.927
5.881
5 642
4.844
5.118
5 347
5.529
5.447
5.318
5.231



Table A19 3

the original data

SUBSERIES
SUBSET 1
SUBSET 2
SUBSET 3
SUBSET 4
SUBSET 5
SUBSET 6
SUBSET 7
SUBSET 3
SUBSET 9
SUBSET 10
SUBSET M
SUBSET 12

LENGTH

MEAN

202.5335

141.9231

234.3077

189.7692

243.6923

188.3846

270.2307

219.5385

230.7692

172.0769

251.1538

242.3077

= 13

VARIANCE

0.734624E*04
0.123824E-04
0.564572E-04
0.354752E*04
0.931555E*04
0.401909E-04
0.442286E*04
0.422477E*04
0.626868E-04
0.164074E-04
0.4215976*04

0.391523E+04

LAGS

1

0.57

0.10

0.63

0.02

0.71

0.12

0 47

0.08

-0.07

0.21

0.49

-0.26

0.15

-0.05

0.21

-0.07

0.52

-0.01

-0.13

-0.00

-0.11

0.08

ACR
3

0.00

0.06

-0.09

0.12

0.22

0.12

0.11

0.15

0.30

-0.10

-0.37

0.14

-0

-0

-0

4

.12

.27

.14

.12

.05

.05

.23

.22

.30

.19

.06

-0

0

StatlQnarity :tost; {wlch aub3erie8 Iength”13” on

5

.08

.08

.19

12

.24

A7

.30

.23

A7

.25

.04

.19

Al9 .4

0.02

c 19

-0.26

-0.05

-0.38

0.12

-0.24

-0.08

0.18

-0.11

-0.07

0.19



Al19.5

SUBSERIES LENGTH 26
ACR
MEAN VARIANCE LAGS ) 2 3 4 5 6
;8 9 10 1 1
023 0.16 0.04 0.07 0.15
: 0.57
SUBSET 1 1722308 0-907983E"04 = “37 50 0,04 -0.16 -0.09 -0.05
0.08 0.08 -0.06 -0 08 -0_07
0.33 _
SUBSET 2 2120385 0-732048E+04 = "% 440,03 0.06 0.01 -0.07
SUBSET 3 216.0385 0.719593E-04 0.64
o 15 -0
0.17 0.25 '0 02 *0.17 -0 10
. 0.38
SUBSET 4 244.8846 0-481396E704 .02 008 -0.00 0.00 OH 0—
SUBSET 5 2014231 04692158704 81'180. r 0. KVorO."0.V5
.23 )
SUBSERIES LENGTH = 52
MEAN  VAR'ANCE ACR
LAGS 7' s' 93 >0J 11 12°

SUBSET 1 192.1346 0.648448E*04

.0.0,460.222,.0.04'50 07m =:07°2013m

SUBSET 2 230.4615 0.610175E*04 .0.H 580 .V 50.733b0.20'40.160'.0:i5°3

SUBSET 3 224.0769 0.474652E*04 .?4270.00,90.542,0.6i020.02060.0313



Table

Al9.6

_ stationarlty_~*test?_(wlth_sub8«rle*_l«ngth_13)_22

trans formed_data

SUBSERIES LENGTH

SUBSET

SUBSE-

SUBSET

SUBSET

SUBSET

SUBSET

SUBSET

SUBSET

SUBSET

SUBSET

SUBSET

SUBSET

10

1

12

MEAN

5.2395

4.9274

5.4141

5.1478

5.4135

5.1897

5.5705

5.3488

5.3865

5.1221

5.4965

5.4525

= 13

VARIANCE

0.146598E*00
0.609630E-01
0.372618E-01
0.202496E-00
0.189086E*00
0.103188E-00
0.639682E-01
0.960851E-01
0.118844E-00
0.564400E-01
0.625924E-01

0.9117626-01

0.51

0.12

0.61

-0.12

0.67

0.06

0.43

0.05

-0.10

0.42

-0.28

-0. 10
0. 26
-0. 16

0. 48

0,01
-0 .13
-0 .01
-0 .15

0.07

ACR

0.03

0.08

-0.07

0.09

0.18

0.07

0.22

0.33

-0.15

-0.35

0. 14 -0.03
-0.28 0.07
.0. 15 -0.23
-0.09 -0.09
-0.21
0.15 -0.19
.0. 02 -0.32
.0.24 -0.19
-0.17
-0.29 -0.25
-0.17 -0.05

.0.04 -0.14

U.uC

0.25

-0.30

-0.02

-0.36

-0.23

-0.07

0.20

-0.11

-0.03

0.23



traSSfgrmed data

so BSERIES LENGTH = 26
MEAN VARIANCE ACK
'A G S az 93 104 u 5 ,2s
0.22  0.05 0.11 -0.01 -0.05 -0.03
2 5.2810 0.157533E*00
SUBSET .0.05 -0.11 0.05 0.09 0.03-0.04
0.57  0.43 0.28 0.15 0.03 0.00
5 3016 0.1533195%00
SUBSET 3 -0.17 -0.21 -0.23 -0.21 -0.27 -0.32
0.32 0.15 0.28 -0.02 -0.14 -0.07
) 5 4596 0 8960375-01
SUBSE- 4 -0.03 -0.09 -0.00 -0.04 0.10 0.20
0.17 0.09 0.21 -0.10 0.02 0.12
5.2543 0.1023105*00
SUBSET 5 .0.01 0.16 0.02 -0.02 -0.14 -0.17
SUBSET &  5.4745 0 744561 E-01 0 03 -0.01 -0.10 -0.12 -0.09 0.08

-0.30 -0.07 0.13 0 05 0.07 0.11

transformed data)

SUBSERIES LENGTH = 52
“ 7 o *
SUBSET 1 5.1822 0.1484,9E-00
SUBSET 2 5.3806 0O.125443E.00
SUBSET 3 53644 0.990,74E-0, Vo2V OA M



Al9 .8

Fig” A19"1 Autocorrelogramof _ the first_ 150_obser vat ions

(in the orisinal form)

1.00
.1.00 o
0.529174
-1 0 318043
1 X 0.318080
» X 0.137000
3 0.102166
4 0.046854
5 -0.067 301
6 -0.005618
7 -0.0;;2447
9 -0.07 8241
9 -0.117468
10 0.141756
11 —0. 132631
12 40 .160376
13 X -0 153183
14 X ..204125
15 0.283813
16 <0.182397
17 <0.074634
18 <0 092368
19 <0.046313
20 0.03700"'
21 0.06263
22 0.161555
2: , .268806
24 0. 99514
25 0.283629
26 0.297116
27 0. 163314
28 0.06564 7
29 -0.056480
30 -0.066831
31 -0.072151
32 -0.137770
33 -0.140934
3U -0.171332
35 -0.127418
36 -0.074779
37 .0.132578
38 -0.101896
39 -0.07486
40 -0.131113
41 -0.133877
42 -0.153056
43 -0.162135
44 -0.036367
45 -0.023012
46 0.045019
47 0 086860
48 0.170298
49 0.199214
50 0.327649
51 X 0 318942
52 X 0.. 22646
53 € 146791
5U
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Figi A1912 Spectrura est imate for the or if.
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X X X

1.28

X

0.001
0.020
0.015
0.023
0.040
0.049
0.024
0.038
0.044
0.071
0.057
0.169
0.081
0.068
0.088
0.045
0.118
0.154
0.199
0.269
0.152
0.182
0.360
0.536
0.521
0.371
0.287
0.201
0.191
0.197
0.317
0.484
0.402
0.423
0.393
0.372
0.342
0.398
0.473
0.693
0.914
0.827
0.808
0.715
0.749
0.819
0.940
1.026
1.188
0.940
1.285

Al19.11
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Fig. Al9.7

) formed series (par lenob) window, truncation
!Becrrum estimates for trarf.for ———

Bolnts”""1S*ndJdO.re.g.)



Al6.13

Figh &i9,2

Spectrum est'>ates for tran8formed”3er ;es iParzen "“bl.wtndowk truncat. ion

points 60, 75 and 112 ret;p.)



A19.13

. . irzen Lbl wlndow”_truncatlon
Spectrum estimates for transformed serie3 - - -

points 60, 75 and 112 resp



Al19.14

Fig Al19.11 Autocorrelogram (up to lag 148) of the

transformed data

im;
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