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 A B S T R A C T

Mpox, originating primarily in African rodents, has led to human outbreaks over recent years. This study 
presents a mathematical model for Mpox, distinguishing between individuals with and without HIV who are 
susceptible. We explore scenarios involving both rodent-to-human transmission and those without it. In the 
absence of this transmission route, the model undergoes a backward bifurcation, suggesting that reducing 
the basic reproduction number below one would not eliminate the disease unless further control strategies 
are used. With the account of rodent-to-human transmission, if Mpox is endemic in the rodent population, 
a unique interior equilibrium, globally asymptotically stable, exists, requiring targeted interventions like 
quarantine or vaccination for people with HIV (PWH) for disease control. Model validation using USA case 
data (May 2022–July 2024) shows that both human-to-human and rodent-to-human transmissions prevail in 
the population, but the disease is not endemic. Projections indicate that the outbreak will be overcome by 
May 2027, with a total of 35,811 cases. We design a nonstandard finite difference (NSFD) scheme which 
is dynamically consistent with respect to the qualitative properties of the continuous model. Numerical 
simulations demonstrate that reducing the recruitment rate of PWH is essential, and rodent-to-human 
transmission is identified as highly influential in increasing the number of Mpox cases.
1. Introduction

Mpox is a viral disease caused by the Mpox virus, a species of 
the genus Orthopoxvirus [1]. Initially present in animals, particularly 
African rodents, the virus has now spread to humans. The disease has 
an incubation period of 1–21 days, during which individuals do not 
transmit the infection. Mpox resembles a milder form of smallpox, with 
less severe symptoms and lower lethality [2].

Common symptoms include rash, fever, sore throat, headache, mus-
cle aches, back pain, low energy, and swollen lymph nodes. The sever-
ity of the rash can vary, with some individuals having only a few le-
sions, while others may develop hundreds. Transmission occurs through 
direct contact with infected animals (such as rodents, prairie dogs, 
and mice [3,4]), through contact with skin lesions or bodily fluids, or 
indirectly via contaminated materials like bedding or surfaces [5].

During the 2022 outbreak, some researchers identified sexual activ-
ity and direct contact with saliva or seminal fluid as primary trans-
mission routes [6]. Treatment focuses on managing symptoms such 
as rash and pain, as well as preventing complications. Antivirals such 
as tecovirimat, originally developed for smallpox, have shown partial 
effectiveness against Mpox, although further studies are ongoing [1].
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The JYNNEOS vaccine, produced by Bavarian Nordic, was the only 
vaccine used in the USA during the 2022 Mpox outbreak [6]. However, 
mass vaccination was not recommended [7].

On July 23, 2022, the World Health Organization (WHO) declared 
Mpox a Public Health Emergency of International Concern (PHEIC) 
for the first time [8]. Two years later, on August 13 and 14, 2024, 
both the Centers for Disease Control and Prevention (CDC) and the 
WHO once again declared Mpox a PHEIC due to its rapid global spread 
in countries where the virus had not previously been detected [9]. 
These declarations marked the highest alarm levels issued by the WHO 
within two years, and the disease continues to spread. From January to 
August 2024, more than 15,600 cases were reported in the Democratic 
Republic of Congo (DRC), resulting in 537 deaths. This underscores 
the urgent need to understand the dynamics of Mpox transmission to 
develop effective control measures.

Researchers worldwide have established a significant correlation 
between HIV and Mpox [6,10,11]. In the USA and Europe, it has been 
shown that between 40% and 90% of Mpox cases occurred in people 
with HIV (PWH) [6]. These individuals have higher hospitalization 
rates compared to those without HIV, due to their weakened immune 
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systems. Notably, a necrotizing form of Mpox with a high fatality 
rate has been observed in individuals with advanced HIV [11]. The 
review [10] highlights that HIV-Mpox co-infection is particularly dan-
gerous because it exacerbates symptoms of both diseases, complicating 
treatment. Given that PWH are disproportionately affected in current 
Mpox cases and deaths [12], it is crucial to incorporate HIV-infected 
individuals into Mpox models to better understand disease dynamics 
and evaluate the effectiveness of control strategies.

To date, some studies have addressed the dynamics of Mpox through 
mathematical modeling, incorporating the spillover event from rodents 
to humans [13–19] and some research papers dealt with HIV co-
infection with other diseases [18,20–23], including Mpox. In particular, 
the work in [18,22] addressed HIV-Mpox co-infection models within 
the male homosexual population. The findings in these studies suggest 
that Mpox infection confers HIV-cross-immunity i.e., individuals who 
contracted Mpox cannot be infected by HIV during their whole life, 
meaning that Mpox infection serves as a preventive measure against 
HIV transmission, which is questionable. The purpose of this work is to 
fill this gap. More precisely, we target PWH, disproportionately infected 
by Mpox, due to their weakened immune systems.

Specifically, we propose a two-group model: one group represents 
individuals without HIV, and the other group represents individuals 
with HIV. Unlike the first group, which may present a moderate form of 
the disease, the second group exhibits only a severe form of Mpox that 
needs intervention. The model incorporates human-to-human, rodent-
to-human, and rodent-to-rodent transmission. Moreover, it is quantita-
tively and qualitatively analyzed, and is calibrated using real data from 
the USA between May 10, 2022, and July 09, 2024.

Given the rich and the complex dynamics of the problem at hand, 
we have opted to use the nonstandard finite difference (NSFD) scheme, 
which has shown great potential in preserving the qualitative properties 
of the involved continuous model irrespective of the value of the step 
size [24,25]. We therefore construct a NSFD scheme that is dynamically 
consistent. Numerical simulations, supporting the theoretical findings 
such as the stability of the model equilibria and the sensitivity of its 
parameters, are conducted using this scheme.

The rest of the paper is structured as follows: In Section 2, details 
of the model formulation are given. Section 3 presents the quantitative 
and qualitative analysis of the model, including the calculation of the 
target reproduction number when only susceptible individuals with HIV 
are targeted. A special case of the full model is discussed in Section 4. 
Section 5 addresses model calibration and outbreak forecasting. The 
NSFD scheme and numerical simulations are presented in Section 6. 
Section 7 provides concluding remarks on how our findings fit into the 
literature and perspectives for future work.

2. Model formulation

Studying the dynamics of Mpox, particularly among PWH, is es-
sential for understanding and predicting the disease’s progression, as 
infections predominantly occur within this group. While a co-infection 
model incorporating both HIV and Mpox could address this issue, 
we adopt a two-group approach for clarity. We make the following 
assumptions:

A.1 People living with HIV are assumed to develop only the critical 
form of the disease [26]. Additionally, infected people of this 
category are assumed to receive medical assistance to recover. 
This assumption is based on the compromised immune systems 
of many individuals in this group (about 91% of Mpox-infected 
PWH have a CD4 cell count of less than 350 cells per mm3 [6]).

A.2 Individuals without HIV can contract either a moderate or a 
severe form of the disease. The ‘‘moderate form’’ refers to the form 
that goes away by its own or within a few weeks after supportive 
care, such as painkiller or fever medication [27,28]. We assume 
that infected individuals with moderate Mpox form do not die 
from the disease.
2 
A.3 There is no vertical transmission of Mpox.
A.4 The recovered Mpox cases are permanently immune [17,19].
A.5 Human-to-rodent transmission will be neglected [13].
A.6 Rodents act as the reservoir for the Mpox virus, meaning they 

carry and transmit the virus without recovering or dying from it. 
This assumption is consistent with the findings in [13].

A.7 The Mpox latent period is neglected in both human and rodent 
populations.

A.8 We gather all Mpox recovered individuals in the same compart-
ment.

A.9 While infected with Mpox, individuals do not contract HIV. This 
assumption is motivated by the fact that the Mpox infectious 
period lasts less than a month, which is quite short to contract 
HIV infection [18,22].

.10 Moderate Mpox cases do not evolve to a severe form of the 
disease. This assumption is consistent with the definition of mod-
erate cases used in this work.

.11 We consider a linear transition from the HIV-uninfected sus-
ceptible compartment to the HIV-susceptible compartment. This 
assumption is made to forecast the current spread of Mpox in the 
USA.

2.1. Model variables and equation derivation

The human population is subdivided into the following compart-
ments:

• 𝑆1 ∶= 𝑆1(𝑡): HIV uninfected individuals susceptible to Mpox 
infection.

• 𝑆2 ∶= 𝑆2(𝑡): HIV infected individuals susceptible to Mpox infec-
tion.

• 𝐼𝑚 ∶= 𝐼𝑚(𝑡): Asymptomatic and mild Mpox infected individuals. 
The incorporation of this compartment is in line with several 
studies that highlight that many Mpox-infected individuals are 
asymptomatic and several infected only have a moderate form of 
the disease [1,4,6].

• 𝐼𝑠 ∶= 𝐼𝑠(𝑡): Severe Mpox cases. Unlike the individuals in 𝐼𝑚, the 
infected individuals in 𝐼𝑠 can succumb to the disease at a constant 
rate 𝜏.

• 𝑅 ∶= 𝑅(𝑡): Mpox recovered individuals. Since we focus on the 
dynamics of Mpox and not that of HIV, it is relevant to assume 
that the 𝑅 compartment encompasses both those infected with 
and without HIV who recovered from Mpox.

Likewise, the rodent population is divided into disjoint compartments:

• 𝑆𝑟 ∶= 𝑆𝑟(𝑡): Mpox susceptible rodents.
• 𝐼𝑟 ∶= 𝐼𝑟(𝑡): Mpox infected rodents.

We set
𝑁ℎ ∶= 𝑁ℎ(𝑡) = 𝑆1 + 𝑆2 + 𝐼𝑚 + 𝐼𝑠 + 𝑅, and 𝑁𝑟 ∶= 𝑁𝑟(𝑡) = 𝑆𝑟 + 𝐼𝑟,

the total populations of humans and rodents, respectively.
Infection is modeled by standard incidence. The force of infection 

in the human population is defined as

𝜆 =
𝛽ℎ(𝐼𝑚 + 𝜈𝑠𝐼𝑠)

𝑁ℎ
+
𝜔𝐼𝑟
𝑁𝑟

,

where 𝛽 and 𝜔 are the effective transmission rates from 𝐼𝑚 and 𝐼𝑟 to 
the susceptible in 𝑆1, respectively, and 𝜈𝑠 is the modification parameter 
for the infectiousness of individuals in 𝐼𝑠 compared to those in 𝐼𝑚.

We define the force of infection in the rodent population as

𝜆𝑟 =
𝛽𝑟𝐼𝑟
𝑁𝑟

,

with 𝛽  the rodent-to-rodent transmission rate.
𝑟
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Table 1
Variables and parameters description.
 Variable Description  
 𝑆1 Mpox susceptible individuals without HIV.  
 𝑆2 Mpox susceptible individuals with HIV.  
 𝐼𝑚 Moderate Mpox cases.  
 𝐼𝑠 Severe Mpox infected cases.  
 𝑅 Mpox recovered individuals  
 𝑆𝑟 Mpox susceptible rodents.  
 𝐼𝑟 Mpox infected rodents.  
 Parameter Description  
 𝛬 Recruitment constant rate of the human population .  
 𝛬𝑟 Recruitment constant rate of the rodent population.  
 𝑝 Proportion of susceptible individuals recruited in the  
 compartment 𝑆1.  
 𝜃 Exit rate from the compartment 𝑆1 to the compartment 𝑆2.  
 𝛽ℎ(𝜔) Effective transmission rate of Mpox in the human population due  
 to individuals in the compartment 𝐼𝑚(𝐼𝑟).  
 𝜈𝑠 Modification parameter for the infectiousness of individuals in 𝐼𝑠.  
 𝛽𝑟 Effective transmission rate of Mpox in the rodent population.  
 𝑞 Proportion of individuals in 𝑆1 who develop a mild form of  
 Mpox when they are infected.  
 𝜎 Modification parameter that accounts for the increased  
 susceptibility of the individuals in 𝑆2 as compared to those in 𝑆1.  
 𝛾𝑚(𝛾𝑠) Recovery rate in the compartment 𝐼𝑚(𝐼𝑠).  
 𝛿 Additional death rate in the 𝑆2 compartment due to HIV’s infection. 
 𝜏 Average additional death rate in 𝐼𝑠 due to the severity of Mpox  
 and eventually the co-morbidity of some of these individuals.  
 𝜇 Natural mortality rate of humans.  
 𝜂 Mortality rate in compartment 𝑅.  
 𝜇𝑟 Natural mortality rate of rodents.  
2.2. Derivation of the transmission dynamics

The recruitment constant of susceptible humans through births and 
migrations is 𝛬. Among the recruited individuals, a proportion 𝑝 is HIV-
negative, and the remaining proportion is HIV-positive. Susceptible 
individuals can become infected at a rate determined by the force 
of infection 𝜆. However, due to their weakened immune systems, 
individuals in group 𝑆2, have an increased susceptibility by a factor of 
1+𝜎 compared to those in group 𝑆1. Additionally, individuals in 𝑆1 can 
acquire HIV at a rate 𝜃, transitioning them to 𝑆2. The natural death rate 
is denoted by 𝜇, and individuals in 𝑆2 experience an additional death 
rate 𝛿 due to HIV infection. The dynamics of 𝑆1 and 𝑆2 are described 
as follows:
{

𝑆̇1 = 𝑝𝛬 − 𝜆𝑆1 − (𝜃 + 𝜇)𝑆1,
𝑆̇2 = (1 − 𝑝)𝛬 + 𝜃𝑆1 − 𝜆(1 + 𝜎)𝑆2 − (𝜇 + 𝛿)𝑆2.
Upon infection, individuals move to 𝐼𝑚 and 𝐼𝑠 compartments, de-

pending on whether they exhibit moderate or severe symptoms. In 
light of Assumption A.2, individuals in 𝑆2 move directly to 𝐼𝑠 upon 
infection. On the other hand, a proportion, 𝑞, of individuals in 𝑆1
develops a benign form of the infection, while the remaining proportion 
develops a severe form. Those with moderate and severe infections can 
(i) recover at rates 𝛾𝑚 and 𝛾𝑠, respectively, or (ii) die at rates 𝜇 and 
𝜇+𝜏, respectively. Here, 𝜏 represents the average additional death rate 
in 𝐼𝑠 due to the severity of Mpox and the co-morbidities affecting some 
of these individuals. This results in the following dynamics for 𝐼𝑚 and 
𝐼𝑠.
{

𝐼̇𝑚 = 𝑞𝜆𝑆1 − (𝛾𝑚 + 𝜇)𝐼𝑚,
𝐼̇𝑠 = (1 − 𝑞)𝜆𝑆1 + 𝜆(1 + 𝜎)𝑆2 − (𝛾𝑠 + 𝜇 + 𝜏)𝐼𝑠.

The recovered individuals are gathered in compartment 𝑅. In this class, 
we denote the average mortality rate as 𝜂. It holds that 
𝜂 ≥ 𝜇 (1)

because 𝑅 contains individuals who have recovered from Mpox, both 
with and without HIV. The dynamics of 𝑅 is described by the following 
equation:

𝑅̇ = 𝛾 𝐼 + 𝛾 𝐼 − 𝜂𝑅.
𝑚 𝑚 𝑠 𝑠

3 
The rodent population is replenished at a constant 𝛬𝑟 through births. 
Rodents experience a natural mortality rate of 𝜇𝑟. Additionally, sus-
ceptible rodents can become infected at the force of infection 𝜆𝑟. 
Consequently, the dynamics of the rodent population are described by 
the following system of equations:
{

𝑆̇𝑟 = 𝛬𝑟 − 𝜆𝑟𝑆𝑟 − 𝜇𝑟𝑆𝑟,
𝐼̇𝑟 = 𝜆𝑟𝑆𝑟 − 𝜇𝑟𝐼𝑟.
We gather the definitions of model parameters in Table  1. The 

flow diagram of the model is illustrated in Fig.  1. Combining all the 
equations results in System (2):

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑆̇1 = 𝑝𝛬 − 𝜆𝑆1 − (𝜇 + 𝜃)𝑆1,
𝑆̇2 = (1 − 𝑝)𝛬 + 𝜃𝑆1 − 𝜆(1 + 𝜎)𝑆2 − (𝜇 + 𝛿)𝑆2,
𝐼̇𝑚 = 𝑞𝜆𝑆1 − (𝜇 + 𝛾𝑚)𝐼𝑚,
𝐼̇𝑠 = (1 − 𝑞)𝜆𝑆1 + 𝜆(1 + 𝜎)𝑆2 − (𝜇 + 𝛾𝑠 + 𝜏)𝐼𝑠,
𝑅̇ = 𝛾𝑚𝐼𝑚 + 𝛾𝑠𝐼𝑠 − 𝜂𝑅,
𝑆̇𝑟 = 𝛬𝑟 − 𝜆𝑟𝑆𝑟 − 𝜇𝑟𝑆𝑟,
𝐼̇𝑟 = 𝜆𝑟𝑆𝑟 − 𝜇𝑟𝐼𝑟

(2)

System (2) is supplemented with the following non-negative initial 
conditions: 
𝑆1(0) = 𝑆0

1 ≥ 0, 𝑆2(0) = 𝑆0
2 ≥ 0, 𝐼𝑚(0) = 𝐼0𝑚 ≥ 0, 𝐼𝑠(0) = 𝐼0𝑠 ≥ 0,

𝑅(0) = 𝑅0 ≥ 0,

𝑆𝑟(0) = 𝑆0
𝑟 ≥ 0 and 𝐼𝑟(0) = 𝐼0𝑟 ≥ 0.

For mathematical convenience, we consider the definitions
𝜙1 = 𝜇 + 𝜃, 𝜙2 = 𝜇 + 𝛿, 𝜙3 = 𝜇 + 𝛾𝑚, 𝜙4 = 𝜇 + 𝛾𝑠 + 𝜏,
𝑎1 = 𝑝𝛬, 𝑎2 = (1 − 𝑝)𝛬, 𝑎3 = 1 + 𝜎, 𝑎4 = 1 − 𝑞.
The other parameters used in the manuscript will be defined upon 

their first appearance, and all of the parameters used are grouped in 
Appendix  A.

3. Quantitative and qualitative analysis of the model

3.1. Well-posedness of the model

The following theorem shows that Model (2) is well-posed. 
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Fig. 1. Flow diagram of Model (2).  Dashed lines represent interactions between susceptible humans and infected rodents. Solid lines depict movement between compartments: 
red arrows towards infected classes, green arrows towards recovery, and black arrows for recruitment, HIV infection, and death..
Theorem 3.1.  Model (2) is a dynamical system on the following biologi-
cally feasible region 𝛺 which is attractive:
𝛺 = 𝛺ℎ ×𝛺𝑟 ⊂ R5

+ × R2
+,

where

𝛺ℎ =

{

(𝑆1, 𝑆2, 𝐼𝑚, 𝐼𝑠, 𝑅) ∈ R5
+ ∕𝑁ℎ ≤ 𝛬

𝜇

}

,

and 𝛺𝑟 =

{

(𝑆𝑟, 𝐼𝑟) ∈ R2
+ ∕ 𝑁𝑟 ≤

𝛬𝑟
𝜇𝑟

}

.

Proof.  Let
𝑓 ∶= 𝑓 (𝑆1, 𝑆2, 𝐼𝑚, 𝐼𝑠, 𝑅, 𝑆𝑟, 𝐼𝑟) ∶= (𝑓𝑖)𝑖=1,…,7

be the right-hand side of Model (2). Thanks to the Cauchy-Lipschitz 
theorem [29], System (2) admits a unique local solution.

Let (𝑆1(𝑡), 𝑆2(𝑡), 𝐼𝑚(𝑡), 𝐼𝑠(𝑡), 𝑅(𝑡)) be a solution of Model (2). Set
𝜓1(𝑡) = 𝜆(𝑡)+𝜃+𝜇, 𝜓𝑟(𝑡) = 𝜆𝑟(𝑡)+𝜇𝑟, 𝑎(𝑡) = 𝜆(𝑡)𝑎3+𝜙2 and 𝑏(𝑡) = 𝑎2+𝜃𝑆1(𝑡).

By the integrating factor technique, it follows that

𝑆1(𝑡) = 𝑆1(0) exp
(

∫ 𝑡0 −𝜓1(𝑠)𝑑𝑠
)

+ exp
(

∫ 𝑡0 −𝜓1(𝑠)𝑑𝑠
)

× ∫ 𝑡0
(

𝑎1 exp
(

∫ 𝑢0 𝜓1(𝑠)𝑑𝑠
))

𝑑𝑢
𝑆𝑟(𝑡) = 𝑆𝑟(0) exp

(

∫ 𝑡0 −𝜓𝑟(𝑠)𝑑𝑠
)

+ exp
(

∫ 𝑡0 −𝜓𝑟(𝑠)𝑑𝑠
)

× ∫ 𝑡0
(

𝛬𝑟 exp
(

∫ 𝑢0 𝜓𝑟(𝑠)𝑑𝑠
))

𝑑𝑢
𝑆2(𝑡) = 𝑆2(0) exp

(

∫ 𝑡0 −𝑎(𝑠)𝑑𝑠
)

+ exp
(

∫ 𝑡0 −𝑎(𝑠)𝑑𝑠
)

× ∫ 𝑡0
(

𝑏(𝑠) exp
(

∫ 𝑠0 𝑎(𝑢)𝑑𝑢
))

𝑑𝑠.
Thus, 𝑆1(𝑡), 𝑆2(𝑡), 𝑆𝑟(𝑡) ≥ 0, ∀ 𝑡 > 0 whenever 𝑆1(0), 𝑆2(0), 𝑆𝑟(0) ≥ 0.
We use the barrier theorem for the variables 𝐼𝑚, 𝐼𝑠, 𝑅 and 𝐼𝑟. The 

boundary of the positive cone R4
+ consists of the 4 hyperplanes 𝐼𝑚 = 0, 

𝐼𝑠 = 0, 𝑅 = 0, 𝐼𝑟 = 0, each of which has 𝑢𝑙 as the unit outer normal 
vector, {−𝑢𝑙 , 𝑙 = 3, 4, 5, 7} being the canonical basis of the space R4. For 
the hyperplane 𝐼𝑚 = 0, we have
⟨𝑢3, 𝑓3⟩ = −𝑞𝜆𝑆1 ≤ 0.

Thus, according to the tangent condition, 𝐼𝑚 remains non-negative 
when 𝐼𝑚(0) ≥ 0. Similarly, it can be proved that the other variables 
of the model remain non-negative for non-negative initial conditions. 
Therefore, the set R+ is forward invariant with respect to Model (2).
7

4 
Furthermore, assume

𝑁ℎ(0) ≤
𝛬
𝜇
 and 𝑁𝑟(0) ≤

𝛬𝑟
𝜇𝑟
.

It is straightforward that 

𝑁̇ℎ(𝑡) ≤ 𝛬 − 𝜇𝑁ℎ and 𝑁̇𝑟(𝑡) = 𝛬𝑟 − 𝜇𝑟𝑁𝑟. (3)

From Gronwall inequality, it follows that, for every 𝑡 ≥ 0,

𝑁ℎ(𝑡) ≤
𝛬
𝜇

+
(

𝑁ℎ(0) −
𝛬
𝜇

)

𝑒−𝜇𝑡 and 𝑁𝑟(𝑡) =
𝛬𝑟
𝜇𝑟

+
(

𝑁𝑟(0) −
𝛬𝑟
𝜇𝑟

)

𝑒−𝜇𝑟𝑡.

Hence

𝑁ℎ(𝑡)≤
𝛬
𝜇
, ∀ 𝑡>0 and lim sup

𝑡⟶+∞
𝑁ℎ(𝑡)≤

𝛬
𝜇
.

𝑁𝑟(𝑡)≤
𝛬𝑟
𝜇𝑟

, ∀ 𝑡>0 and lim
𝑡⟶+∞

𝑁𝑟(𝑡)=
𝛬𝑟
𝜇𝑟

.

This implies that 𝛺 is positively invariant and attractive (see Theorem 
2.1.5 in [30]). □

3.2. Basic reproduction number

Straightforward computations show that Model (2) has a disease-
free equilibrium (DFE) 

0 ∶=
(

𝑎1
𝜙1
,
𝑎5
𝜙1𝜙2

, 0, 0, 0,
𝛬𝑟
𝜇𝑟
, 0
)

=∶ (𝑆10, 𝑆20, 0, 0, 0, 𝑁∗
𝑟 , 0), (4)

𝑆10 =
𝑎1
𝜙1
, 𝑆20 =

𝑎5
𝜙1𝜙2

, 𝑁∗
𝑟 =

𝛬𝑟
𝜇𝑟
, 𝑁0 = 𝑆10+𝑆20;  and 𝑎5 = 𝑎2𝜙1+𝜃𝑎1.

The basic reproduction number, 0, is defined as the number of 
secondary cases produced by one infected individual introduced in a 
completely susceptible population during its entire infectious period. 
Using the next generation method [31], we define by  and  the 
vectors of the new infections and the transition terms as:

 =

⎛

⎜

⎜

⎜

𝑞𝜆𝑆1

(1 − 𝑞)𝜆𝑆1 + 𝜆𝑎3𝑆2

⎞

⎟

⎟

⎟

and  =
⎛

⎜

⎜

⎝

𝜙3𝐼𝑚
𝜙4𝐼𝑠
𝜇 𝐼

⎞

⎟

⎟

⎠

,  respectively.

⎝

𝜆𝑟𝑆𝑟 ⎠

𝑟 𝑟
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The Jacobian of these matrices at the DFE, denoted by 𝐹  and 𝑉 , given 
by

𝐹 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑞𝛽ℎ𝑆10

𝑁0

𝑞𝜈𝑠𝛽ℎ𝑆10

𝑁0

𝑞𝜔𝑆10

𝑁∗
𝑟

𝛽ℎ((1 − 𝑞)𝑆10 + 𝑎3𝑆20)
𝑁0

𝛽ℎ𝜈𝑠((1 − 𝑞)𝑆10 + 𝑎3𝑆20)
𝑁0

𝜔((1 − 𝑞)𝑆10 + 𝑎3𝑆20)
𝑁∗
𝑟

0 0 𝛽𝑟

⎞

⎟

⎟

⎟

⎟

⎟

⎠

and

𝑉 =
⎛

⎜

⎜

⎝

𝜙3 0 0
0 𝜙4 0
0 0 𝜇𝑟

⎞

⎟

⎟

⎠

,

respectively, are used to compute the basic reproduction number 0 =
𝜌(𝐾), where 𝐾 = 𝐹𝑉 −1, and 𝜌(𝐴) is defined as the spectral radius of a 
square matrix 𝐴.

Simple computations show that,

0 = max
{

𝑞𝛽ℎ𝑆10
𝜙3𝑁0

+
𝛽ℎ𝜈𝑠((1 − 𝑞)𝑆10 + 𝑎3𝑆20)

𝜙4𝑁0
,
𝛽𝑟
𝜇𝑟

}

=∶ max{𝐻
0 , 

𝑅
0 }, (5)

where

𝐻
0 =

𝑞𝛽ℎ𝑆10
𝜙3𝑁0

+
𝛽ℎ𝜈𝑠((1 − 𝑞)𝑆10 + 𝑎3𝑆20)

𝜙4𝑁0
=
𝑎14
𝑎12

and 𝑅
0 =

𝛽𝑟
𝜇𝑟
,

with 𝑎12 and 𝑎14 defined in Eq. (6).
𝑅

0  is the basic reproduction number for the rodents-only Mpox 
model defined in Eq. , and 𝐻

0  is the basic reproduction number for the 
humans-only Mpox model defined in Eq. (14). The first term of 𝐻

0  is 
the contribution of moderate cases to the transmission of Mpox, while 
the second term is the contribution of severe cases.

The result below comes from [31]. 

Theorem 3.2.  The DFE is locally asymptotically stable if 0 < 1 and 
unstable when 0 > 1.

In light of the expression of 0, an epidemic can occur if either 
𝐻

0 > 1 or 𝑅
0 > 1. Nevertheless, it is worth noting that the disease can 

disappear in the rodent population while persisting in the human popu-
lation. However, the inverse is impossible due to spillover events from 
rodents to humans. Further explanation will be provided in numerical 
simulations (see Fig.  7 and related comments).

3.3. Positive equilibria of model (2)

Let (𝑆∗
1 , 𝑆

∗
2 , 𝐼

∗
𝑚, 𝐼

∗
𝑠 , 𝑅

∗, 𝑆∗
𝑟 , 𝐼

∗
𝑟 ) be any equilibrium of Model (2), i.e, a 

root of the right-hand side of the model. Set 

𝑎6 = 𝑎1𝑎4𝑎3 + 𝑎2𝑎3, 𝑎7 = 𝑎1𝑎4𝜙2 + 𝑎3𝑎5, 𝑎8 = 𝛾𝑚𝑞𝑎1𝑎3𝜙4 + 𝜙3𝛾𝑠𝑎6,
𝑎9 = 𝛾𝑚𝑞𝑎1𝜙2𝜙4 + 𝜙3𝛾𝑠𝑎7, 𝑎10 = 𝑎8 + 𝑎6𝜂𝜙3 + 𝑞𝑎1𝜂𝜙4𝑎3,
𝑎11 = 𝑎7𝜂𝜙3 + 𝑎9 + 𝑞𝑎1𝜂𝜙2𝜙4 + 𝑎2𝜂𝜙3𝜙4 + 𝑎1𝜂𝑎3𝜙3𝜙4,
𝑎12 = 𝑎1𝜂𝜙2𝜙3𝜙4 + 𝑎5𝜂𝜙3𝜙4,

𝑎13 = 𝛽ℎ𝑞𝑎1𝜂𝜙4𝑎3 + 𝑎6𝜂𝜙3𝛽ℎ𝜈𝑠, 𝑎14 = 𝛽ℎ𝑞𝑎1𝜂𝜙4𝜙2 + 𝑎7𝜂𝜙3𝛽ℎ𝜈𝑠.

(6)

Let us denote by 𝜆∗ and 𝜆∗𝑟  the forces of infection 𝜆 and 𝜆𝑟 at the 
equilibrium point. Setting the right-hand side of Model (2) equals to 
zero, we get after some algebra 

𝑆∗
1 =

𝑎1
𝜆∗ + 𝜙1

, 𝑆∗
2 =

𝑎2𝜆∗ + 𝑎5
(𝜆∗ + 𝜙1)(𝑎3𝜆∗ + 𝜙2)

, 𝐼∗𝑚 =
𝑞𝑎1𝜆∗

(𝜆∗ + 𝜙1)𝜙3
,

𝐼∗𝑠 =
𝑎6𝜆∗2 + 𝑎7𝜆∗

𝜙4(𝜆∗ + 𝜙1)(𝑎3𝜆∗ + 𝜙2)
, 𝑅∗ =

𝑎8𝜆∗2 + 𝑎9𝜆∗

𝜂𝜙3𝜙4(𝜆∗ + 𝜙1)(𝑎3𝜆∗ + 𝜙2)
,

𝑆∗
𝑟 =

𝛬𝑟
𝜇𝑟 + 𝜆∗𝑟

, 𝐼𝑟 =
𝛬𝑟𝜆∗𝑟

𝜇𝑟(𝜇𝑟 + 𝜆∗𝑟 )
, 𝑁∗

ℎ =
𝑎10𝜆∗2 + 𝑎11𝜆∗ + 𝑎12

𝜂𝜙3𝜙4(𝜆∗ + 𝜙1)(𝑎3𝜆∗ + 𝜙2)
.

(7)
5 
3.3.1. Positive frontier equilibria
An equilibrium is said frontier if at least one of its components is 

zero. A non-frontier equilibrium is called an interior or an endemic 
equilibrium.

Assume 𝐼∗𝑟 = 0. Then, 𝜆∗ becomes 

𝜆∗ =
(𝜆∗)2𝑎13 + 𝜆∗𝑎14

𝑎10(𝜆∗)2 + 𝑎11𝜆∗ + 𝑎12
. (8)

Thus, from (8), we infer 𝜆∗ = 0 or 𝜆∗ is solution to the equation 
𝑎10(𝜆∗)2 + (𝑎11 − 𝑎13)𝜆∗ + 𝑎12

(

1 −𝐻
0
)

= 0. (9)

𝜆∗ = 0 refers to the DFE 0 at (4).
Based on Descartes’s rule of signs, one has the following result 

regarding the existence of positive frontier equilibria for Model (2).

Theorem 3.3.  Model (2) has a unique frontier equilibrium, which is the 
human-only endemic equilibrium whenever 𝐻

0 > 1, while it has 0 or two 
positive frontier equilibria or human-only endemic equilibria when 𝐻

0 < 1.

3.3.2. Interior equilibria
For an interior equilibrium for Model (2), we must have 𝐼∗𝑟 > 0. In 

this case, some computations allow us to derive the relations 

𝜆∗𝑟 = 𝜇𝑟(𝑅
0 − 1) and 𝐼∗𝑟 =

𝛬𝑟(𝑅
0 − 1)

𝜇𝑟𝑅
0

. (10)

Using Eq. (10), 𝜆∗ becomes 

𝜆∗ =
(𝜆∗)2𝑎13 + 𝜆∗𝑎14

𝑎10(𝜆∗)2 + 𝑎11𝜆∗ + 𝑎12
+
𝜔(𝑅

0 − 1)

𝑅
0

. (11)

Further simplifications of (11) lead into 
𝑅

0 𝑎10(𝜆
∗)3 + (𝜆∗)2𝐴2 + 𝜆∗𝐴1 − 𝑎12𝜔(𝑅

0 − 1) = 0, (12)

where

𝐴1 = 𝑅
0 𝑎12

(

1 −𝐻
0
)

−𝜔𝑎11(𝑅
0 −1) and 𝐴2 = 𝑅

0 (𝑎11−𝑎13)−𝜔𝑎10(
𝑅
0 −1).

Thus, by Descartes’s rule of signs, Model (2) admits at least one positive 
equilibrium when 𝑅

0 > 1, while it might have 0 endemic equilibrium if 
𝑅

0 < 1. Using the third-degree polynomial (12) in 𝜆∗ and Descartes’s 
rule of signs, we infer the following theorem about the existence of 
endemic equilibria.

Theorem 3.4.  Model (2) has at least one interior equilibrium when 𝑅
0 >

1. More precisely,
1. When 𝐴1.𝐴2 > 0 or 𝐴1 < 0, 𝐴2 > 0, Model (2) has a unique interior 
equilibrium.

2. When 𝐴1 > 0, 𝐴2 < 0, Model (2) has one or three interior equilibria.

Remark 3.5.  It is difficult to determine theoretically the exact number 
of solutions of Eq. (12) when 𝑅

0 > 1, but numerically, for different sets 
of parameter values, we conjecture that Eq. (12) has a unique positive 
solution. A particular case is illustrated in Fig.  2, which plots only the 
positive solutions for Eq. (12) when 𝑅

0 > 1.
Moreover, one can easily see that the DFE 𝑟0 =

(

𝑁∗
𝑟 , 0

) of the 
rodent-only model is globally asymptotically stable (GAS) when 𝑅

0 ≤ 1
and it is unstable when 𝑅

0 > 1. In the latter case, the model admits 
a unique endemic equilibrium ∗

𝑟 =
(

𝑆∗
𝑟 , 𝐼

∗
𝑟
)

, with 𝐼∗𝑟  given in Eq. 2 
and 𝑆∗

𝑟 = 𝑁∗
𝑟 − 𝐼∗𝑟 . Furthermore, ∗

𝑟  is GAS when 𝑅
0 > 1. The formal 

proof of this result is similar to the one provided in [32] for the Ebola 
disease.

3.4. Global stability of the DFE

The epidemiological implication of Theorem  3.2 is that Mpox can be 
eliminated in the human and rodent population when  < 1, provided 
0
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Fig. 2. Positive solutions for Eq. (12) when 𝑅
0 > 1: This figure is plotted with 

𝜇 = 100.01; 𝜃 = 0.02; 𝛿 = 0.003; 𝛾𝑚 = 1000.03; 𝛾𝑠 = 10.0090; 𝜏 = 22.01; 𝑝 = 0.00008;𝛬 =
0.010; 𝜎 = 0.003; 𝑞 = 0.4; 𝜂 = 0.0003; 𝛽ℎ = 0.03; 𝜈𝑠 = 0.02; 𝛽𝑟 = 0.03;𝜔 = 1.09.

that the initial conditions of Model (2) are in the basin of attraction of 
the DFE. For an effective control of the disease, we need to prove the 
global asymptotic stability of the DFE on 𝛺. To obtain this result, we 
introduce another threshold
 = max(0,𝑅

0 ),

where

0 = 1 +2, 1 =
(1 − 𝑞)𝛽ℎ𝜈𝑠 + 𝑎3𝛽ℎ𝜈𝑠

𝜙4
, 2 =

𝑞𝛽ℎ
𝜙3(1 −1)

.

Theorem 3.6.  The DFE for Model (2) is globally asymptotically stable 
(GAS) provided that  < 1.

Proof.  From the rodents conservation law in Eq. (3), we observe that 
𝑁∗
𝑟  is GAS for the system 𝑁̇𝑟 = 𝛬𝑟 − 𝜇𝑟𝑁𝑟. Thus, to investigate the 

global asymptotic stability of 0, we can consider the asymptotically 
equivalent limiting system of System (2) where 𝑁𝑟 is replaced by 
𝑁∗
𝑟  [33,34].
Let us consider the candidate Lyapunov’s function 

𝐿 = 𝐼𝑚 + 𝑐1𝐼𝑠 + 𝑐2𝐼𝑟, (13)

where 𝑐1 and 𝑐2 will be defined shortly. Some algebra show that, the 
derivative 𝐿̇ of 𝐿 along the trajectories of System (2) verifies

𝐿̇ ≤ 𝑞𝛽ℎ(𝐼𝑚 + 𝜈𝑠𝐼𝑠) + 𝑞
𝜔𝐼𝑟𝑆10

𝑁∗
𝑟

− 𝜙3𝐼𝑚 + 𝑐1(1 − 𝑞)𝛽ℎ(𝐼𝑚 + 𝜈𝑠𝐼𝑠) + 𝑐1(1 − 𝑞)
𝜔𝐼𝑟𝑆10

𝑁∗
𝑟

+ 𝑎3𝑐1𝛽ℎ(𝐼𝑚 + 𝜈𝑠𝐼𝑠) + 𝑎3𝑐1
𝜔𝐼𝑟𝑆20

𝑁∗
𝑟

− 𝜙4𝑐1𝐼𝑠 + 𝑐2𝛽𝑟𝐼𝑟 − 𝑐2𝜇𝑟𝐼𝑟

≤ 𝐼𝑚[𝑞𝛽ℎ − 𝜙3 + 𝑐1(1 − 𝑞)𝛽ℎ + 𝑎3𝑐1𝛽ℎ] + 𝐼𝑠[𝑞𝛽ℎ𝜈𝑠 + 𝑐1(1 − 𝑞)𝛽ℎ𝜈𝑠 + 𝑎3𝑐1𝛽ℎ𝜈𝑠
−𝜙4𝑐1] + 𝐼𝑟

[

𝑞
𝜔𝑆10

𝑁∗
𝑟

+ 𝑐1(1 − 𝑞)
𝜔𝑆10

𝑁∗
𝑟

+ 𝑎3𝑐1
𝜔𝑆20

𝑁∗
𝑟

+ 𝑐2𝛽𝑟 − 𝑐2𝜇𝑟

]

.

We choose 𝑐1 and 𝑐2 such that
⎧

⎪

⎨

⎪

⎩

𝑞𝛽ℎ𝜈𝑠 + 𝑐1(1 − 𝑞)𝛽ℎ𝜈𝑠 + 𝑎3𝑐1𝛽ℎ𝜈𝑠 − 𝜙4𝑐1 = 0

𝑞
𝜔𝑆10
𝑁∗
𝑟

+ 𝑐1(1 − 𝑞)
𝜔𝑆10
𝑁∗
𝑟

+ 𝑎3𝑐1
𝜔𝑆20
𝑁∗
𝑟

+ 𝑐2𝛽𝑟 − 𝑐2𝜇𝑟 = 0.

Hence

𝑐1 =
𝑞𝛽𝑠𝜈𝑠

𝜙4(1 −1)
 and 𝑐2 =

𝑆10(𝑐1𝜔(1 − 𝑞) + 𝑞𝜔) + 𝑎3𝑐1𝜔𝑆20

𝛬𝑟(1 −𝑅
0 )

.

This implies that
̇
𝐿 ≤ 𝜙3𝐼𝑚(2 − 1) ≤ 𝜙3𝐼𝑚( − 1).

6 
Thus, 𝐿 is a strict Lyapunov function of Model (2) when  < 1. Hence, 
the DFE is GAS by LaSalle’s invariance principle [35]. □

Remark 3.7.  Since 0 ≤  , Theorem  3.2 implies that achieving global 
control of Mpox requires more effort. Moreover, it is straightforward 
that when 𝑅

0 < 1, the disease will be eradicated in the rodent popula-
tion. In this case, no interior equilibrium exists for Model (2). However, 
this does not guarantee disease elimination in the human population, 
as positive frontier equilibria may persist. Therefore, additional efforts 
are necessary to reduce 0 to a value less than one.

Mathematically, it is difficult to establish the stability of the en-
demic equilibrium. This important aspect will be addressed in some 
particular cases, while numerical simulations will be considered for the 
general case (see Section 6.2, Fig.  8).

3.5. Target reproduction number and control of the high-risk population 
group

The basic reproduction number, 0, provides an estimate of the 
severity of a disease and the effort required for its control. However, in 
multi-host or multi-group models, 0 becomes less relevant when con-
trol strategies, such as vector control or quarantine, are implemented 
at a particular host or group [36,37]. In such cases, the so-called target 
reproduction number is a more appropriate metric, as it quantifies the 
strength of control needed for a subset of hosts or groups.

Let 𝐾 = (𝑘𝑖𝑗 )1≤𝑖,𝑗≤𝑛 be the next-generation matrix, with the usual 
understanding of its entries, namely 𝑘𝑖𝑗 represents the expected number 
of new cases that an infected individual of type 𝑗 can caused among 
susceptible individuals of type 𝑖, in a fully susceptible population. Let 
𝑊 = {(𝑖1, 𝑗1),… , (𝑖𝑚, 𝑗𝑚)} be the set of all targeted entries. Define the 
target matrix by

[𝐾𝑤]𝑖𝑗 =

{

𝑘𝑖𝑗 , if (𝑖, 𝑗) ∈ 𝑊 ,
0, otherwise.

The target reproduction number   is defined by [36,37]:

 = 𝜌(𝐾𝑤(𝐼 −𝐾 +𝐾𝑤)−1),  whenever  ∶= 𝜌(𝐾 −𝐾𝑤) < 1,

where 𝐼 is the identity matrix.
When   is defined, it could serve as a relevant threshold for 

disease control. Furthermore, if 𝐾 is irreducible, there exists a clear 
relationship between   and 0, as provided below in our specific Mpox 
model.

According to [10], Mpox occurs more frequently and is more vir-
ulent in PWH. Therefore, these individuals should be prioritized in 
the fight against the disease. This underscores the need to compute a 
relevant threshold for Mpox control when targeting only the suscepti-
ble individuals in the 𝑆2 compartment (e.g., through measures aimed 
specifically at this group). Such targeted control strategies, referred 
to as 𝑆2-control, may include quarantining susceptible individuals in 
𝑆2 [38] or vaccinating them with the JYNNEOS vaccine, which has 
been proven safe and effective for this population [39].

To implement the 𝑆2-control, the target matrix 𝐾𝑤 is defined as 
follows [40]:

𝐾𝑤 =

⎛

⎜

⎜

⎜

⎜

⎝

0 0 0
𝑏1𝛽ℎ
𝑁0

𝑏2𝜈𝑠𝛽ℎ
𝑁0

𝑏3𝜔
𝛬𝑟𝜇2𝑟

0 0 0

⎞

⎟

⎟

⎟

⎟

⎠

,

where

𝑏1 =
((1 − 𝑞)𝑆10 + 𝑎3𝑆20)

𝜙3
, 𝑏2 =

((1 − 𝑞)𝑆10 + 𝑎3𝑆20)
𝜙4

,  and 

𝑏3 =
((1 − 𝑞)𝑆10 + 𝑎3𝑆20)

𝜇𝑟
.
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Fig. 3. Bifurcation diagrams for Model (14): (a) Left figure: forward bifurcation; (b) Middle figure: Backward bifurcation; (c) Right figure: Full backward bifurcation. Figure 
(a) is plotted with 𝜇 = 10.01; 𝜃 = 0.000002; 𝛿 = 0.03; 𝛾𝑚 = 0.00003; 𝛾𝑠 = 0.0090; 𝜏 = 022.01; 𝑝 = 0.02;𝛬 = 10; 𝜎 = 0.3; 𝑞 = 0.4; 𝜂 = 200.3; 𝛽ℎ = 1.3; 𝜈𝑠 = 0.02. Figure (b) is 
plotted with 𝜇 = 100.01; 𝜃 = 0.002; 𝛿 = 0.93; 𝛾𝑚 = 3.03; 𝛾𝑠 = 7.590; 𝜏 = 6660.2201; 𝑝 = 0.09;𝛬 = 10; 𝜎 = 0.3; 𝑞 = 0.4; 𝜂 = 0.3; 𝛽ℎ = 5000.03; 𝜈𝑠 = 0.902. Figure (c) is plotted with 
𝜇 = 100.01; 𝜃 = 0.002; 𝛿 = 0.93; 𝛾𝑠 = 5.590 (the other parameters are as in Figure (b)).
Fig. 4. Figure (a): Model calibration from the 10 May 2022 to 09 July 2024. Figure (b): Predicting curve up to 2028. The initial conditions are gathered in Table  2 and the 
parameter values are in Table  3.
Assume

 ∶= 𝜌(𝐹𝑉 −1 −𝐾𝑤) = max
(

𝛽𝑟
𝜇𝑟
,
𝑞𝛽ℎ𝑆10
𝜙3𝑁0

)

< 1.

Simple computations show that
 = 𝜌(𝐾𝑤(𝐼 − 𝐹𝑉 −1 +𝐾𝑤)−1) = 𝛽ℎ𝜈𝑠𝜙3𝑏2,

where 𝐼 is the identity matrix.
This shows that  ∕𝜙3 = 𝛽ℎ𝜈𝑠𝑏2, i.e.  ∕𝜙3 is the average number of 

effective contacts that could arise if a severe infected case is introduced 
into a completely susceptible population during he/she entire infectious 
period.

The announced relationships between the target/type reproduction 
number and the basic reproduction number read as follows [32,36,37]:

Theorem 3.8.  Assume  < 1. Then one of the following statements holds.
1. 1 < 0 <  , or
2.  = 0 = 1, or
3.  < 0 < 1.

Theorem  3.8 is due to the fact that the matrix 𝐹𝑉 −1 is irre-
ducible [32,36,37]. This theorem points out that if 0 > 1 then 0 <  , 
meaning that more effort is needed to control the disease through 
the 𝑆 -control. In this case, the result below provides the minimum 
2

7 
proportion of individuals in 𝑆2 that should be controlled for eliminating 
the disease [36,37]. 

Proposition 3.9.  Assume  < 1. If  > 1, then Mpox can be overcome 
by targeting only the population in 𝑆2. That is, the 𝑆2-control is sufficient 
if a proportion 1 − 1


 of susceptible in 𝑆2 is controlled.

4. Model with only human-to-human transmission

Without the spillover event from rodents to humans, Model (2) 
becomes 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑆̇1 = 𝑝𝛬 − 𝜆𝑆1 − (𝜇 + 𝜃)𝑆1,
𝑆̇2 = (1 − 𝑝)𝛬 + 𝜃𝑆1 − 𝜆(1 + 𝜎)𝑆2 − (𝜇 + 𝛿)𝑆2,
𝐼̇𝑚 = 𝑞𝜆𝑆1 − (𝜇 + 𝛾𝑚)𝐼𝑚,
𝐼̇𝑠 = (1 − 𝑞)𝜆𝑆1 + 𝜆(1 + 𝜎)𝑆2 − (𝜇 + 𝛾𝑠 + 𝜏)𝐼𝑠,
𝑅̇ = 𝛾𝑚𝐼𝑚 + 𝛾𝑠𝐼𝑠 − 𝜂𝑅,

(14)

where

𝜆 =
𝛽ℎ(𝐼𝑚 + 𝜈𝑠𝐼𝑠)

𝑁ℎ
.

The existence of positive equilibria for Model (14) is a question of 
great interest, which we investigate based on the quadratic Eq. (9), 
rewritten for convenience in the form 
𝐴(𝜆∗)2 + 𝐵𝜆∗ + 𝐶

(

1 −𝐻)

= 0. (15)
0
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Fig. 5. Superiority of the NSFD scheme compared to ODE 45 with respect to the positivity of model variables. Top three figures: Solution curves for Model (2) using ODE 45. 
Bottom three figures: solution curves for Model (2) using the NSFD developed in System (20). This figure is plotted with 𝛽ℎ = 0.23 and 𝜔 = 0 (the other parameters are gathered 
in Table  3).
where

𝐴 = 𝑎10, 𝐵 = (𝑎11 − 𝑎13)  and 𝐶 = 𝑎12.

The roots of Eq. (15) are

𝜆∗1 =
−𝐵 −

√

𝐵2 − 4𝐴𝐶
(

1 −𝐻
0
)

2
and

𝜆∗2 =
−𝐵 +

√

𝐵2 − 4𝐴𝐶
(

1 −𝐻
0
)

2
.

(16)

The discriminant 𝛥 of Eq. (15) can be written as a function of ̃𝐻
0 , with 

̃𝐻
0 = 𝐻

0 , as

𝛥(̃𝐻
0 ) = 𝐵2 − 4𝐴𝐶

(

1 − ̃𝐻
0

)

.

Note that
𝑑𝛥(̃𝐻

0 )

𝑑̃𝐻
0

= 4𝐴𝐶

so that the function ̃𝐻
0 ↦ 𝛥(̃𝐻

0 ) is increasing on (−∞,+∞).
Solving the algebraic equation in ̃𝐻

0 , 𝛥(̃𝐻
0 ) = 0, we obtain the 

unique solution 

𝐻∗
0 = 4𝐴𝐶 − 𝐵2

4𝐴𝐶
= 1 − 𝐵2

4𝐴𝐶
< 1. (17)

Given the fact that 𝛥(̃𝐻
0 ) is increasing, one has

0 = 𝛥(𝐻∗) < 𝛥(̃𝐻 ) for any ̃𝐻 ∈ (𝐻∗, 1).
0 0 0 0

8 
• Assume in Eq. (17) that 𝐵2

4𝐴𝐶
< 1. Then 𝐻∗

0 > 0. Thus, for 
̃𝐻

0 ∈ (𝐻∗
0 , 1), the quadratic Eq. (15), where 𝐻

0  is replaced by 
̃𝐻

0  has two positive roots, given by (16) whenever 𝐵 < 0, while 
there exists no positive solution for 𝐵 ≥ 0. The former case shows 
the possible existence of a backward bifurcation for Model (2).

• Assume in Eq. (17) that 𝐵2

4𝐴𝐶
≥ 1. Then 𝐻∗

0 < 0 and Eq. (15) 
has two positive equilibria if 𝐵 < 0 and ̃𝐻

0 ∈ (𝐻∗
0 , 1), while 

when 𝐵 ≥ 0 and ̃𝐻
0 < 1 Eq. (17) has no positive equilibrium. 

The former case shows the possible existence of a full backward 
bifurcation for Model (2) [41].

• Assume 𝐻
0 > 1. Then Eq. (15) has one positive solution given by 

𝜆2 in Eq. (16) irrespective of the sign of 𝐵. This shows that Model 
(2) may undergo a forward bifurcation.

To summarize, we have established the following result: 

Theorem 4.1. 
1. Model (14) always admits a unique disease-free equilibrium

𝐸0 = (𝑆10, 𝑆20, 0, 0, 0).

2. If 𝐻
0 > 1, Model (14) has a unique positive equilibrium 𝐸∗.

3. For 𝐻
0 ∈ (𝐻∗

0 , 1), Model (2) possesses 2 endemic equilibria if and 
only if 𝐵 < 0.

Remark 4.2. 
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Fig. 6. GAS of the DFE for Model (2). Top three figures: case where 0 ,𝐻
0 , < 1. Bottom three figures: case where 0 < 1 <  and 𝐻

0 < 1. The figures in the first row are 
plotted with 𝛽ℎ = 0.088 (the other parameters are as Table  3), which give 0 =  = 0.2261,𝐻

0 = 3.1859 × 10−4. Figures in the second row are plotted with the values in Table  3, 
which give 0 = 0.226,𝐻

0 = 0.00184 and  = 8.3511.
• It is evident that 𝐻
0  represents the basic reproduction number 

for Model (14).
• The bifurcation diagram of Model (14) is shown in Fig.  3. This fig-
ure suggests that Model (14) can exhibit different bifurcation be-
haviors, including a forward bifurcation, a backward bifurcation, 
and a full backward bifurcation [41].

• In Theorem  4.1, item 1 and item 2 are straightforward. Item 
3 involves the scenarios where a backward and a full back-
ward bifurcation of the model exists. In the latter case, a LAS 
endemic equilibrium coexists with the disease-free equilibrium 
(DFE), which is also LAS. In this scenario, achieving global disease 
control is impossible. In the case of a backward bifurcation, one 
has to reduce and maintain 𝐻

0  to be less than 𝐻∗
0  to achieve 

the global control of the disease.
• The parameter 𝑎13 can be expressed as an increasing function of 
𝑎3, such that 𝑎13 = 𝑎13(𝑎3) and 𝑎13 = 0 when the susceptibility 
parameter 𝑎3 of PWH is zero. According to Eq. (9), quarantining 
PWH to reduce their infection risk eliminates the possibility of a 
backward bifurcation. Conversely, the likelihood of a backward 
bifurcation increases with higher susceptibility of PWH to infec-
tion. This underscores the importance of implementing 𝑆2-control 
measures.

Theorem 4.3.  In the absence of the special group of PWH, the DFE of 
Model (2) is GAS when 𝐻

0 < 1.

The proof of Theorem  4.3 is postponed to Appendix  B.
For the general case, the global asymptotic stability of the DFE 

requires more conditions, as highlighted in the following result. 
9 
Theorem 4.4.  The DFE for Model (14) is globally asymptotically stable 
(GAS) provided that 0 < 1.

The Proof of Theorem  4.4 can be done using the Lyapunov function 
𝐿 defined in Eq. (13) with 𝑐2 = 0.

Regarding the stability of the unique endemic equilibrium for Model 
(14), one has the following result. 

Theorem 4.5.  If 𝐻
0 > 1 but close to 1, the unique endemic equilibrium 

𝐸∗ of System (14) is locally asymptotically stable. Moreover, System (14) 
undergoes a trans-critical/forward bifurcation at 𝐻

0 = 1.

Proof.  Given the general complex form of System (14), it is appropriate 
to reduce it along the center manifold, parametrized by (𝑐(𝑡), 𝜙), to a 
scalar differential equation of the form
𝑑𝑐
𝑑𝑡

= 𝜙𝑏𝑐 + 𝑎𝑐2

which determines the local dynamics of (14) in terms of the signs of the 
coefficients 𝑎 and 𝑏 that will be computed shortly (here 𝜙 ∶= 𝐻

0 −1 is 
the bifurcation parameter).

We therefore use the center manifold theory as stated in Theorem 
C.1 to prove both statements.

Let us choose 𝛽ℎ as the bifurcation parameter and set 𝛽∗ℎ as the 
critical value of 𝛽ℎ. It is straightforward that 𝐻

0 = 1 if and only if

𝛽∗ =
𝜙3𝜙4

𝑞𝑐1𝜙4 + 𝜙3𝜈𝑠𝑐3
.

To prove the local asymptotic stability of 𝐸∗ and to be in the setting 
of [42], we consider the following notation.

𝑥 = 𝑆 , 𝑥 = 𝑆 , 𝑥 = 𝐼 , 𝑥 = 𝐼 , 𝑥 = 𝑅.
1 1 2 2 3 𝑚 4 𝑠 5
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Fig. 7. Stability of the frontier equilibria for Model (2). The top three figures: the disease persists in the human population and disappears in the rodent population. Bottom three 
figures: the disease disappears in the human population, but persists in the rodent population. The figures in the first row are plotted with 𝛽𝑟 = 0.15, 𝛽 = 4, 𝜈𝑠 = 0.86, 𝛾𝑚 = 0.04, 𝜎 =
2.2, 𝛿 = 0.0388 leading to 𝐻 = 1.9767 > 1 and 𝑅

0 = 0.9494 < 1. The figures in the second row are plotted with 𝛽𝑟 = 0.3572, 𝜔 = 0 leading to 𝑅
0 = 2.2608 > 1 and 𝐻

0 = 0.00184 < 1
(the other parameters are as Table  3).
Fig. 8. Stability of the interior equilibrium. These figures are plotted when 𝑅
0 > 1. We used the parameters value 𝑞 = 0.13, 𝛿 = 0.0388, 𝛽𝑟 = 0.3572, 𝑝 = 0.8, 𝛾𝑚 = 0.04656 and 

𝛾𝑠 = 0.04466 (the other parameters are as Table  3). With these parameters, one has 𝑅
0 = 2.2608,𝐻

0 = 0.0137.
Then, System (14) takes the form
𝑑𝑥
𝑑𝑡

= 𝑓 (𝑥),

where 𝑓 = (𝑓1, 𝑓2, 𝑓3, 𝑓4, 𝑓5) is defined as in the proof of Theorem  3.1.
The Jacobian matrix 𝐽 of (14) at the DFE of Model (14) when 𝛽 = 𝛽∗

is given by:

𝐽 =

⎛

⎜

⎜

⎜

⎜

⎜

−𝜙1 0 −𝛽∗ℎ𝑐1 −𝛽∗ℎ𝜈𝑠𝑐1 0
𝜃 −𝜙2 −𝛽∗ℎ𝑎3𝑐2 −𝛽∗ℎ𝑎3𝜈𝑠𝑐2 0
0 0 𝑞𝛽∗ℎ𝑐1 − 𝜙3 𝑞𝛽∗ℎ𝜈𝑠𝑐1 0
0 0 𝛽∗ℎ𝑐3 𝛽∗ℎ𝜈𝑠𝑐3 − 𝜙4 0

⎞

⎟

⎟

⎟

⎟

⎟

,

⎝ 0 0 𝛾𝑚 𝛾𝑠 −𝜂⎠

10 
with

𝑐1 =
𝑆10
𝑁0

, 𝑐2 =
𝑆20
𝑁0

 and 𝑐3 =
(1 − 𝑞)𝑆10 + 𝑎3𝑆20

𝑁0
.

To complete the proof, we need use the theorem stated in Theorem  C.1:
• We claim that 0 is a simple eigenvalue of 𝐽 and all the other 
eigenvalues of 𝐽 have negative real parts.
Obviously, −𝜂,−𝜙2,−𝜙1 are eigenvalues of 𝐽 . The remaining 
eigenvalues of 𝐽 are those of the matrix.

𝐽 =
(

𝑞𝛽∗ℎ𝑐1 − 𝜙3 𝑞𝛽∗ℎ𝜈𝑠𝑐1
∗ ∗

)

.

𝛽ℎ𝑐3 𝛽ℎ𝜈𝑠𝑐3 − 𝜙4
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The characteristic polynomial 𝑃 (𝑋) of 𝐽 is given as
𝑃 (𝑋) = 𝑋2−[𝑞𝛽∗ℎ𝑐1−𝜙3+𝛽∗𝜈𝑠𝑐3−𝜙4]𝑋+(𝑞𝛽∗ℎ𝑐1−𝜙3)(𝛽∗ℎ𝜈𝑠𝑐3−𝜙4)−𝛽∗2ℎ 𝑐3𝑞𝜈𝑠𝑐1.

A simple computation shows that
(𝑞𝛽∗ℎ𝑐1 − 𝜙3)(𝛽∗ℎ𝜈𝑠𝑐3 − 𝜙4) − 𝛽∗2ℎ 𝑐3𝑞𝜈𝑠𝑐1 = 0.

Confirming that 0 is an eigenvalue of 𝐽 . The last eigenvalue of 𝐽
is given as

𝜆0 = 𝛽∗ℎ(𝑞𝑐1 + 𝜈𝑠𝑐3) − (𝜙3 + 𝜙4) =
−𝜙2

3𝜈𝑠𝑐3 − 𝜙
2
4𝑐1𝑞

𝑞𝑐1𝜙4 + 𝜙3𝜈𝑠𝑐3
.

Hence, the first claim is proved.
• The eigenvalues 0 has a right-eigenvector, 𝑤 = (𝑤1, 𝑤2, 𝑤3,
𝑤4, 𝑤5)𝑇 , and a left-eigenvector, 𝑢 = (𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5)𝑇 , given by:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑤3 > 0; 𝑤4 =
𝛽∗ℎ𝑐3𝑤3

𝜙4 − 𝛽∗ℎ𝜈𝑠𝑐3
=
𝛽∗ℎ𝑐3𝑤3(𝑞𝑐1𝜙4 + 𝜙3𝜈𝑠𝑐3)

𝑞𝑐1𝜙2
4

; 𝑤5 =
𝛾𝑚𝑤3 + 𝛾𝑠𝑤4

𝜂

𝑤1 = −
𝛽∗ℎ𝑐1(𝑤3 + 𝜈𝑠𝑤4)

𝜙1
, 𝑤2 =

𝜃𝑤1 − 𝛽∗ℎ𝑎3𝑐2(𝑤3 + 𝜈𝑠𝑤4)
𝜙2

;

𝑢1 = 𝑢2 = 𝑢5 = 0; 𝑢3 > 0; 𝑢4 =
𝑞𝛽∗ℎ𝜈𝑠𝑐1𝑢3
𝜙4 − 𝛽∗ℎ𝜈𝑠𝑐3

=
𝑞𝛽∗ℎ𝜈𝑠𝑐1𝑢3(𝑞𝑐1𝜙4 + 𝜙3𝜈𝑠𝑐3)

𝑞𝑐1𝜙2
4

Thus, 
𝑢𝑖 = 0, 𝑖 = 1, 2, 5, 𝑢3, 𝑢4, 𝑤3, 𝑤4, 𝑤5 > 0 and 𝑤1, 𝑤2 < 0. (18)

• The bifurcation coefficients as defined in Theorem  C.1 given by

𝑎 =
8
∑

𝑘,𝑖,𝑗=1
𝑢𝑘𝑤𝑖𝑤𝑗

𝜕2𝑓𝑘
𝜕𝑥𝑖𝜕𝑥𝑗

(0, 0) and 𝑏 =
5
∑

𝑘,𝑖=1
𝑢𝑘𝑤𝑖

𝜕2𝑓𝑘
𝜕𝑥𝑖𝜕𝛽∗

(0, 0).

Computing the involved partial derivatives, we have
𝑎 = −2𝑁−2

0 𝛽∗ℎ𝑞𝑢3𝑆10[𝑤3𝑤4(1 + 𝜈𝑠) +𝑤2
3 + 𝜈𝑠𝑤

2
4]

− 2𝑁−2
0 𝛽∗ℎ𝑢4[((1 − 𝑞)𝑆10 + 𝑎3𝑆20)(𝑤3𝑤4(1 + 𝜈𝑠) +𝑤2

3 + 𝜈𝑠𝑤
2
4)]

< 0 by (18)

𝑏 = 𝑢3𝑆10𝑁−1
0 𝑞(𝑤3 + 𝜈𝑠𝑤4) + 𝑢4𝑆20𝑁−1

0 [((1 − 𝑞) + 𝑎3)(𝑤3 + 𝜈𝑠𝑤4)]
> 0 by (18).

Given the three bullets, the assumptions of Theorem  C.1 are met to 
conclude that the unique endemic equilibrium 𝐸∗ for Model (14) is LAS 
when 𝐻

0 > 1, but close to 1, and Model (14) undergoes a trans-critical 
bifurcation at 𝐻

0 = 1. □

5. Model calibration: Case of the USA

In this section, we calibrate Model (2) using the weekly cumulative 
Mpox cases in the USA from the beginning of the outbreak (10 May 
2022) to 09 July 2024 (114 weeks) [43]. Given the population of 
HIV-infected individuals in the USA provided in [44], we set 𝑆2(0) =
1, 200, 000. In 2022, the total population of the USA was estimated 
at 𝑁0 = 341, 534, 046 [45]. On 10 May 2022, only one Mpox case 
was declared and was followed in the hospital. Thus, we set 𝑆1(0) =
341, 534, 046−1, 200, 000−1 = 340, 334, 045. On the other hand, the pop-
ulation of rats in the USA in 2024 was estimated at 150, 500, 000 [46]. 
For simplicity, we take 𝑆𝑟(0) = 150, 000, 000. Due to the difficulty 
in estimating the number of infected rodents, we consider 𝐼𝑟(0) as a 
parameter that will be obtained through the curve fitting. The initial 
conditions used for the calibration are gathered in Table  2.

Using the value of the mortality rate 𝜇 = 1∕(76.4 × 52) given 
in [13], we estimate the recruitment constant 𝛬 as 𝛬 = 𝑁ℎ(0)𝜇 =
(341, 534, 046)∕(76.4 × 52) = 85968.095. Moreover, we assume that all 
PWH are under antiretroviral therapy. This, as in [22], allows us to 
estimate the death due to HIV, 𝛿, and the death or Mpox recovered 
individuals, 𝜂, as 𝛿 = 0 and 𝜂 = 𝜇. According to [19], the Mpox death 
rate is 0.2 per year, thus 𝜏 can be estimated as 0.2∕52 = 0.00385. The 
rest of the parameters are obtained by calibration.

The calibration of the model, using the Nonlinear Least Squares 
fitting method, implemented by the ‘‘fminsearchbn’’ function in Matlab 
11 
Table 2
Initial condition for the calibration.
 𝑆1(0) 𝑆2(0) 𝐼𝑚(0) 𝐼𝑠(0) 𝑅(0) 𝑆𝑟(0)  
 340,334,045 1,200,000 0 1 0 150,000,000 

Table 3
Parameters values and 𝐼𝑟(0) obtained through calibration.
 Parameters Values Units Source  
 𝜇 1∕(76.4 × 52) week−1 [13]  
 𝛬 85968.095 hum.week−1 Estimated 
 𝛽ℎ 2.08856 week−1 Fitted  
 𝛽𝑟 0.03572 week−1 Fitted  
 𝜔 0.3619 week−1 Fitted  
 𝜈𝑠 0.0086 – Fitted  
 𝑝 0.166 – Fitted  
 𝑞 0.913 – Fitted  
 𝜃 0.144 week−1 Fitted  
 𝛿 0 week−1 Estimated 
 𝜎 0.215 – Fitted  
 𝜂 1∕(76.4 × 52) week−1 Estimated 
 𝛾𝑚 0.4656 week−1 Fitted  
 𝛾𝑠 0.0446 week−1 Fitted  
 𝜇𝑟 0.158 week−1 Fitted  
 𝛬𝑟 0.8758 rod.week−1 Fitted  
 𝜏 0.05598 week−1 Estimated 
 𝐼𝑟(0) 80046 rodents Fitted  

Software, is given in Fig.  4(a), and the estimated parameter values are 
provided in Table  3. Fig.  4(a) indicates that Model (2) excellently fits 
the Mpox outbreak in the USA. The parameters used give 𝐻

0 = 0.0018, 
and 𝑅

0 = 0.226. This highlights that Mpox will be overcome, at 
least locally, in rodent and human populations.  The analysis reveals 
evidence of rodent-to-human Mpox transmission in the USA, consistent 
with the findings in [13].

The predicting curve plotted in Fig.  4(b) suggests that towards May 
2027, Mpox will be overcome with 35,811 cases.

Because several Mpox cases will be registered in the meantime, it 
is necessary to implement control measures to reduce the incidence of 
the outbreak.

6. Nonstandard finite difference (NSFD) scheme for model (2) and 
numerical simulations

6.1. NSFD scheme for model (2)

As highlighted in [47], the NSFD method was initiated more than 
three decades ago by Mickens. The authors of [47] go on to paraphrase 
Mickens [25] as follows: The NSFD method is becoming an established 
field whose concept of dynamic consistency and associated techniques 
is increasingly and quickly accepted for the construction of reliable 
numerical schemes for differential equations.  More precisely, the ad-
vantage of the NSFD scheme is to preserve the stability of the equilibria, 
the boundedness, and the positivity of solutions. 

Let

𝑋𝑛 = (𝑆𝑛1 , 𝑆
𝑛
2 , 𝐼

𝑛
𝑚, 𝐼

𝑛
𝑠 , 𝑅

𝑛, 𝑆𝑛𝑟 , 𝐼
𝑛
𝑟 )
𝑇 ,

denote an approximation of the solution

𝑋(𝑡𝑛) = (𝑆1(𝑡𝑛), 𝑆2(𝑡𝑛), 𝐼𝑚(𝑡𝑛), 𝐼𝑠(𝑡𝑛), 𝑅(𝑡𝑛), 𝑆𝑟(𝑡𝑛), 𝐼𝑟(𝑡𝑛))𝑇

at the discrete time 𝑡 = 𝑡𝑛 = 𝑛𝛥𝑡, 𝑛 ∈ N, where ℎ = 𝛥𝑡 > 0 is the 
step size. We use the nontrivial denominator function 𝜑 of the discrete 
derivative 

𝜑 ≡ 𝜑(ℎ) = 1 − 𝑒−𝑘ℎ = ℎ + (ℎ2),  with 𝑘 ≥ 𝜇 + 𝛿 + 𝜂, (19)

𝑘



A.J. Ouemba Tassé et al. Mathematical Biosciences 387 (2025) 109499 
where the parameter 𝑘 captures the dynamics of the model. Our NSFD 
scheme reads as 
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑆𝑛+11 − 𝑆𝑛1
𝜑

= 𝑝𝛬 − 𝜆𝑛𝑆𝑛+11 − (𝜇 + 𝜃)𝑆𝑛+11 ,

𝑆𝑛+12 − 𝑆𝑛2
𝜑

= (1 − 𝑝)𝛬 + 𝜃𝑆𝑛+11 − 𝜆𝑛𝑎3𝑆𝑛+12 − (𝜇 + 𝛿)𝑆𝑛+12 ,

𝐼𝑛+1𝑚 − 𝐼𝑛𝑚
𝜑

= 𝑞𝜆𝑛𝑆𝑛+11 − (𝜇 + 𝛾𝑚)𝐼𝑛+1𝑚 ,

𝐼𝑛+1𝑠 − 𝐼𝑛𝑠
𝜑

= (1 − 𝑞)𝜆𝑛𝑆𝑛+11 + 𝜆𝑛𝑎3𝑆𝑛+12 − (𝜇 + 𝛾𝑠 + 𝜏)𝐼𝑛+1𝑠 ,

𝑅𝑛+1 − 𝑅𝑛
𝜑

= 𝛾𝑚𝐼
𝑛+1
𝑚 + 𝛾𝑠𝐼𝑛+1𝑠 − 𝜂𝑅𝑛+1,

𝑆𝑛+1𝑟 − 𝑆𝑛𝑟
𝜑

= 𝛬𝑟 − 𝜆𝑛𝑟𝑆
𝑛+1
𝑟 − 𝜇𝑟𝑆𝑛+1𝑟 ,

𝐼𝑛+1𝑟 − 𝐼𝑛𝑟
𝜑

= 𝜆𝑛𝑟𝑆
𝑛+1
𝑟 − 𝜇𝑟𝐼𝑛+1𝑟 ,

(20)

where 

𝜆𝑛 =
𝛽ℎ(𝐼𝑛𝑚 + 𝜈𝑠𝐼𝑁𝑠 )

𝑁𝑛
ℎ

+
𝜔𝐼𝑛𝑟
𝑁𝑛
𝑟

and 𝜆𝑛𝑟 =
𝛽𝑟𝐼𝑛𝑟
𝑁𝑛
𝑟
. (21)

Remark 6.1.  Apart from the presence of a nontrivial denominator 
function 𝜑 (Mickens’ Rule 2), the NSFD scheme (22) complies with 
Mickens’ Rule 3 of discretizing the nonlinear terms in the right-hand 
side of Model (2) by nonlocal approximations [24,25], e.g.
𝜆(𝑡)𝑆1(𝑡) ≃ 𝜆𝑛𝑆𝑛+11  instead of 𝜆𝑛𝑆𝑛1  or 𝜆𝑛+1𝑆𝑛+11 .

To be more precise, (22) is a forward–backward Euler NSFD scheme 
whose implementation is done by the following Gauss–Seidel cycle, 
which results from further simplifications of (22). 
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑆𝑛+11 =
𝑝𝜑𝛬 + 𝑆𝑛1

1 + 𝜑(𝜆𝑛 + 𝜙1)
,

𝑆𝑛+12 =
(1 − 𝑝)𝜑𝛬 + 𝜑𝜃𝑆𝑛+11 + 𝑆𝑛2

1 + 𝜑(𝜆𝑛𝑎3 + 𝜙2)
,

𝐼𝑛+1𝑚 =
𝑞𝜑𝜆𝑛𝑆𝑛+11 + 𝐼𝑛𝑚

1 + 𝜑𝜙3
,

𝐼𝑛+1𝑠 =
(1 − 𝑞)𝜑𝜆𝑛𝑆𝑛+11 + 𝜆𝑛𝑎3𝜑𝑆𝑛+12 + 𝐼𝑛𝑠

1 + 𝜑𝜙4
,

𝑅𝑛+1 =
𝜑(𝛾𝑚𝐼𝑛+1𝑚 + 𝛾𝑠𝐼𝑛+1𝑠 ) + 𝑅𝑛

1 + 𝜑𝜂
,

𝑆𝑛+1𝑟 =
𝜑𝛬𝑟 + 𝑆𝑛𝑟

1 + 𝜑(𝜆𝑛𝑟 + 𝜇𝑟)
,

𝐼𝑛+1𝑟 =
𝜑𝜆𝑛𝑟𝑆

𝑛+1
𝑟 + 𝐼𝑛𝑟

1 + 𝜑𝜇𝑟
.

(22)

Hence, though being implicit in form (20), Eq. (22) shows the explicit 
implementation coordinate-wise of the NSFD scheme (20).

The next three results show the power of the NSFD scheme (20). The 
first result is the discrete analog of Theorem  3.1. It reads as follows, the 
proof being a consequence of the representation (22) and the discrete 
Gronwall inequality applied to the discrete conservation 
⎧

⎪

⎨

⎪

⎩

𝑁𝑛+1 −𝑁𝑛

𝜑
= 𝛬 − 𝜇𝑁𝑛+1 − 𝛿𝑆𝑛+12 − (𝜂 − 𝜇)𝑅𝑛+1 ≤ 𝛬 − 𝜇𝑁𝑛+1,

𝑁𝑛+1
𝑟 −𝑁𝑛

𝑟
𝜑

= 𝛬𝑟 − 𝜇𝑁𝑛+1
𝑟 .

(23)

Theorem 6.2.  The NSFD (20) or (22) is dynamically consistent with 
respect to the structural properties stated in Theorem  3.1. More precisely, 
this NSFD is a discrete dynamical system on the same region 𝛺 irrespective 
of the size of 𝛥𝑡.

We will see in the next subsection that Theorem  6.2, and thus 
Theorem  3.1 does not hold for classical numerical schemes.
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The second result is about the qualitative feature of the discrete-
free fixed point (DFF) of the iterative Eq. (22). It reads as follows and 
is proved by the discrete analog of the Hartman-Grobman Theorem or 
the Lyapunov indirect method [30]. 

Theorem 6.3.  For 0 ≠ 1, the NSFD scheme is elementary stable in 
the sense of [48]: that is the fixed points of the scheme (22) are exactly 
the equilibrium points of Model (2); and their stability properties are the 
same as those of the continuous model. More precisely, the DFF is locally 
asymptotically stable whenever 0 < 1 and unstable for 0 > 1.

Finally, the third result is about the global stability of the DFF. 
Its proof, based on the discrete analog of Castillo-Chavez et al. [42] 
Theorem provided in [47], is postponed to Appendix  D. The result reads 
as follows: 

Theorem 6.4.  In the absence of the rodent-to-human transmission and of 
the special group of PWH, the DFF of Model (20) or (22) is GAS whenever 
𝐻

0 < 1 for any value of 𝛥𝑡.

6.2. Numerical simulations

In this section, we perform some simulations for Model (2) using 
the parameters provided in Table  3.

In Fig.  5, we compare the NSFD scheme with ODE 45 and ODE 
15s. The first row of three figures, plotted using ODE 45 and ODE 
15s, produces the same graphs. They highlight that the solution of the 
model can be negative, a fact that is not realistic. On the contrary, 
irrespective of the value of the time size 𝛥𝑡, the NSFD scheme used in 
the bottom row of three graphs preserves the positivity of the solutions 
in accordance with Theorem  3.1 and Theorem  6.2. This shows the 
superiority of the NSFD scheme over Runge–Kutta of order 4.

In Fig.  6, we illustrate the global asymptotic stability of the DFE. 
In the top row, we consider the case where 0 <  < 1 while in the 
bottom row, we consider the case where 0 < 1 < . This figure shows 
that all the trajectories converge to 0, meaning in both cases that the 
DFE is GAS. This suggests that the condition in Theorem  3.6 for the 
global asymptotic stability of the DFE can be relaxed as 0 < 1.

In Fig.  7, we illustrate the global asymptotic stability of the frontier 
equilibria for Model (2). In the top row, we consider the case where 
𝑅

0 < 1 and 𝐻
0 > 1. These figures highlight that the disease is 

eliminated in the rodent population, while it persists in the human 
population in accordance with the principle of competitive exclusion. 
This suggests that reducing the spillover event from rodents to humans 
is not enough to overcome the disease; human-to-human transmission 
alone can sustain the Mpox in the human population.

In the case where the rodent-to-human transmission rate, 𝜔 = 0, 
it can be easily seen that when 𝑅

0 > 1 and 𝐻
0 < 1, Model (2) can 

have a frontier equilibrium where the disease circulates in the rodent 
population only. The global asymptotic stability of this equilibrium is 
illustrated in the bottom row of Fig.  7. Fig.  7 shows that Model (2) 
obeys the competitive exclusion principle.

Under the spillover event from rodents to humans, Theorem  3.4 
shows that when 𝑅

0 > 1, Model (2) has at least one positive equi-
librium. Fig.  8 suggests that the endemic equilibrium is GAS whenever 
𝑅

0 > 1, meaning that whenever the disease is endemic in the rodent 
population, it is endemic in the human population as well, regardless 
of the value of 𝐻

0 .
In what follows, we investigate the influence of some parameters on 

the dynamics of the infected humans. The top row of Fig.  9 focuses on 
the variation of the HIV infection rate, 𝜃. We choose for 𝜃 the values. 
𝜃 = 0.1, 𝜃 = 0.4, 𝜃 = 0.8 (this set of values will be assumed for the other 
change of parameters unless otherwise specified). The results show that 
when 𝜃 increases, the number of severe cases increases as well, while 
the number of moderate cases decreases. Considering that only severe 
cases may die from the disease, the latter observation shows the need 
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Fig. 9. Influence of the parameters 𝜎 and 𝜃. The values of 𝜎 and 𝜃 are on the legend. The other parameters are as Table  3.
Fig. 10. Influence of the parameter 𝑞. The values of 𝑞 are on the legend. The other parameters are as Table  3.
to reduce HIV transmission to mitigate the number of deaths due to 
Mpox. In the bottom row of Fig.  9, we investigate the influence of 
the modification parameter, 𝜎, of the susceptibility of the individuals 
in 𝑆2 as compared to those in 𝑆1. This figure shows that increasing 
the value of 𝜎 does not influence the number of moderate cases (left 
plot) but increases the number of cases of severe Mpox (right plot). 
This underscores the need for intervention such as quarantine [38] 
or vaccination for HIV-susceptible individuals to prevent them from 
infection.

In Fig.  10, we vary the probability 𝑞 for individuals in 𝑆1 to develop 
a moderate form of the disease. As expected, when 𝑞 increases, the 
number of infected with moderate symptoms increases, while those 
with severe symptoms decrease, showing that increasing the value of 
𝑞 will help decrease the number of deaths due to Mpox. To achieve 
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this, one should strengthen the immune system of individuals in 𝑆1 (by 
vaccination, for instance).

The low value of the modification of the contact rate 𝜈 between 
susceptible in 𝑆1 and severe cases obtained through calibration suggests 
that most severe infected cases are isolated or self-isolated and so do 
not transmit much of the disease. In the top row of Fig.  11, we see 
that if Mpox severe infected cases mix in the population as the other 
individuals, the burden of the disease will increase in the 𝐼𝑠 and 𝐼𝑚
compartments.

In the bottom row of Fig.  11, we investigate the influence of the 
rodent-to-human transmission rate, 𝜔, on the disease dynamic. We take 
𝜔 = 0.001, 𝜔 = 0.002, and 𝜔 = 0.004. This figure highlights that 
the number of infected individuals increases rapidly as 𝜔 increases, 
potentially leading to the disease becoming endemic. This explains the 
endemicity of Mpox in certain African countries, such as the DRC and 
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Fig. 11. Influence of the parameters 𝜈 and 𝜔. This first row is plotted with 𝜏 = 0.1 (the other parameters are as in Table  3).
Fig. 12. Local sensitivity indices of 0.
Nigeria, and supports the findings in [49]. In these regions, controlling 
the disease in the rodent population and educating people about the 
dangers of handling and consuming rodents is an essential step towards 
combating the disease spread.

Furthermore, we address the local sensitivity analysis (LSA) of 𝐻
0

to identify parameters that mostly drive the dynamics of Mpox within 
the human population. This analysis is important for designing control 
strategies against Mpox. The LSA of 𝐻  can be measured using the 
0
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forward normalized sensitivity index of 𝐻
0  with respect to the model 

parameters. The LSA, 𝜀
𝐻
0

𝑎 , of 𝐻
0  at a parameter 𝑎 is defined as [50,51]

𝜀
𝐻

0
𝑎 =

𝜕𝐻
0

𝜕𝑎
𝑎

𝐻
0

.

A positive (negative) value of 𝜀
𝐻
0

𝑎  means that 𝐻
0  is increasing (de-

creasing) with respect to 𝑎. The results of the LSA of 𝐻  are represented 
0
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in Fig.  12. This figure highlights that 𝛽ℎ, 𝜈𝑠, 𝛬 and 𝜎 are the parameters 
that rapidly rise 𝐻

0  whenever they increase. Thus the importance of 
reducing close contact with infected individuals, the migration rate, 
and strengthening the immune system of PWH (through vaccination, 
for instance). On the other hand, 𝜇, 𝛾𝑠, and 𝜏 are the most influential 
parameters that lead to a decreasing number of infected whenever they 
increase. This highlights the urgent need to develop a treatment against 
Mpox.

7. Conclusion

Mpox was declared a Public Health Emergency of International 
Concern (PHEIC) following the 2022 outbreak, which continues to 
progress. Several researchers report that the disease initially spread 
through contact with rodents, and subsequently through human-to-
human transmission [3,4,13]. The latter transmission occurs during 
contact with skin lesions or other bodily fluids of infected individuals. 
Current reports on the ongoing outbreak show that the transmission 
and severity of Mpox are significantly influenced by whether the sus-
ceptible individuals are HIV-infected or not [6,12]. This has led us to 
focus on the spread of the disease with an emphasis on people living 
with HIV (PWH).

Hence, in this work, we proposed a model that allows individuals 
without HIV to develop either a severe or moderate form of Mpox, 
while individuals with HIV only exhibit the severe form of the disease 
when infected. From a mathematical perspective, we demonstrated the 
existence of at least one interior equilibrium when the disease is en-
demic in the rodent population. Additionally, we proved the existence 
of one or two positive frontier equilibria for the human-only sub-model 
when the basic reproduction number, 𝐻

0 , is less than one. This result 
indicates that even without considering rodent-to-human transmission, 
𝐻

0 < 1 does not guarantee the elimination of the disease in humans, 
emphasizing the need for more extensive efforts in disease control.

In this context, we identified two threshold values 0 and  , 
which, when kept below one, ensure the elimination of the disease in 
both the human-only and human-rodent populations. Given the high 
risk of Mpox for individuals with HIV, a targeted control strategy can 
focus on reducing transmission among this group. This strategy, termed 
𝑆2-control, can involve quarantining PWH or vaccinating them. We 
computed the threshold value that should be controlled to manage the 
disease by focusing on PWH specifically [36,37].

Furthermore, we calibrated our model using reported data from 
the USA [43]. This calibration indicated that our model closely aligns 
with the observed spread of the disease in the USA and suggested that 
human-to-human and rodent-to-human transmission of the disease are 
present in the population; however, the disease is not endemic. Projec-
tion estimates indicate that the disease is expected to be controlled by 
May 2027, with a projected total of 35,811 cases. This situation has 
prompted us to identify the factors that contribute to the burden of the 
disease within the human population. A local sensitivity analysis of the 
basic reproduction number 𝐻

0  highlighted the critical need to reduce 
human-to-human transmission, develop effective treatment protocols, 
and strengthen the immune systems of people living with HIV (PWH).

The NSFD scheme we proposed supported the theory and revealed 
that rodent-to-human Mpox transmission is highly sensitive to the 
number of Mpox cases.

It is important to note that the model presented in this study did 
not account for the possibility of Mpox-infected individuals contracting 
HIV, nor did it explore the likelihood of co-infection by both diseases 
simultaneously.  The latter aspect, which we are currently investigating, 
may be significant since both diseases share similar sexual transmis-
sion pathways. This would prevent the linear progression from the 
HIV-uninfected susceptible compartment to the HIV-susceptible one 
assumed in our model. Furthermore, Mpox has been reported in the 
15 
USA following interactions with imported pet animals from Africa [13]. 
Therefore, it is also essential to examine the impact of human migra-
tions and animal importation on Mpox transmission dynamics. More 
precisely, our future work on this topic includes the following.

1. The development of an HIV-Mpox co-infection model to investi-
gate how the dynamics of one disease influence the dynamics of 
the other.

2. Investigating how human migration and animal importation 
drive Mpox spread.

3. Analysis of spatial and climate influences on disease transmis-
sion.

4. Identification of cost-effective control interventions to contain 
the disease transmission in both human and rodent populations.
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Appendix A. Notational parameters

𝜙1 = 𝜇 + 𝜃, 𝜙2 = 𝜇 + 𝛿, 𝜙3 = 𝜇 + 𝛾𝑚, 𝜙4 = 𝜇 + 𝛾𝑠 + 𝜏, 𝑎1 = 𝑝𝛬,

𝑎2 = (1 − 𝑝)𝛬, 𝑎3 = 1 + 𝜎, 𝑎4 = 1 − 𝑞; 𝑎5 = 𝑎2𝜙1 + 𝜃𝑎1, 𝑎6 = 𝑎1𝑎4𝑎3 + 𝑎2𝑎3,

𝑎7 = 𝑎1𝑎4𝜙2 + 𝑎3𝑎5, 𝑎8 = 𝛾𝑚𝑞𝑎1𝑎3𝜙4 + 𝜙3𝛾𝑠𝑎6, 𝑎9 = 𝛾𝑚𝑞𝑎1𝜙2𝜙4 + 𝜙3𝛾𝑠𝑎7,

𝑎10 = 𝑎8 + 𝑎6𝜂𝜙3 + 𝑞𝑎1𝜂𝜙4𝑎3, 𝑎11 = 𝑎7𝜂𝜙3 + 𝑎9 + 𝑞𝑎1𝜂𝜙2𝜙4 + 𝑎2𝜂𝜙3𝜙4

+𝑎1𝜂𝑎3𝜙3𝜙4,

𝑎12 = 𝑎1𝜂𝜙2𝜙3𝜙4 + 𝑎5𝜂𝜙3𝜙4, 𝑎13 = 𝛽ℎ𝑞𝑎1𝜂𝜙4𝑎3 + 𝑎6𝜂𝜙3𝛽ℎ𝜈𝑠,

𝑎14 = 𝛽ℎ𝑞𝑎1𝜂𝜙4𝜙2 + 𝑎7𝜂𝜙3𝛽ℎ𝜈𝑠,

𝑏1 =
((1 − 𝑞)𝑆10 + 𝑎3𝑆20)

𝜙3
, 𝑏2 =

((1 − 𝑞)𝑆10 + 𝑎3𝑆20)
𝜙4

,

𝑏3 =
((1 − 𝑞)𝑆10 + 𝑎3𝑆20)

𝜇𝑟
,

𝑏4 = ((1 − 𝑞)𝑆10 + 𝑎3𝑆20), 𝜙5 = 𝜙4𝛾𝑚𝑞 + 𝜙3𝛾𝑠(1 − 𝑞),

𝜙6 = 𝑞𝜙4𝜇 + (1 − 𝑞)𝜙3𝜇 + 𝜙5,

𝑁0 = 𝑆10 + 𝑆20; 𝑐1 =
𝑆10 , 𝑐2 =

𝑆20 ; 𝑐3 =
(1 − 𝑞)𝑆10 + 𝑎3𝑆20 .
𝑁0 𝑁0 𝑁0
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Appendix B. Proof of global asymptotic stability of the DFE for 
model (14) in the absence of special group of PWH (Theorem  4.3)

Without the account of PWH, Model (14) becomes 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑆̇1 = 𝛬 − 𝜆𝑆1 − 𝜇𝑆1,
𝐼̇𝑚 = 𝑞𝜆𝑆1 − (𝜇 + 𝛾𝑚)𝐼𝑚,
𝐼̇𝑠 = (1 − 𝑞)𝜆𝑆1 − (𝜇 + 𝛾𝑠 + 𝜏)𝐼𝑠,
𝑅̇ = 𝛾𝑚𝐼𝑚 + 𝛾𝑠𝐼𝑠 − 𝜇𝑅,

(B.1)

where 
𝜆 =

𝛽ℎ(𝐼𝑚 + 𝜈𝑠𝐼𝑠)
𝑁ℎ

,

and under this assumption, 

0 =
𝑞𝛽ℎ
𝜙3

+
𝛽ℎ𝜈𝑠(1 − 𝑞)

𝜙4
, 𝑆10 =

𝛬
𝜇
.

We rewrite the model (B.1) as 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑑𝑋
𝑑𝑡

= 𝐹 (𝑋, 𝑌 )

𝑑𝑌
𝑑𝑡

= 𝐺(𝑋, 𝑌 ), 𝐺(𝑋, 0) = 0

(B.2)

where 𝑋 = (𝑆1, 𝑅) ∈ R2 and 𝑌 = (𝐼𝑚, 𝐼𝑠) ∈ R2, with the components 
of 𝑋 ∈ R2 denoting the non-infected population, and the components 
𝑌 ∈ R2 denoting the infected population.

The DFE 𝑄0 of Model (B.1) can be denoted as 𝐸0 = (𝑋∗, 0), 𝑋∗ =
(

𝛬
𝜇
, 0
)

.
The DFE is globally asymptotically stable if the following two 

conditions are satisfied [52]:
1. For the system 𝑑𝑋

𝑑𝑡
= 𝐹 (𝑋, 0), 𝑋∗ is GAS.

2. 𝐺(𝑋, 𝑌 ) = 𝐵𝑌 − 𝐺̂(𝑋, 𝑌 ), 𝐺̂(𝑋, 𝑌 ) ≥ 0 for (𝑋, 𝑌 ) ∈ 𝛺, where 
𝐵 = 𝐷𝑌𝐺(𝑋∗, 0) is a Metzler matrix and 𝛺 is defined in Theorem 
3.1.

From the System (B.1), one can easily see that, 

𝐵 =
(

𝑞𝛽ℎ − 𝜙3 𝑞𝜈𝑠𝛽ℎ
(1 − 𝑞)𝛽ℎ (1 − 𝑞)𝜈𝑠𝛽ℎ − 𝜙4

)

,

𝐺̂(𝑋, 𝑌 ) =

⎛

⎜

⎜

⎜

⎝

𝑞𝛽ℎ(𝐼𝑚 + 𝜈𝑠𝐼𝑠)
(

1 −
𝑆1
𝑁ℎ

)

(1 − 𝑞)𝛽ℎ(𝐼𝑚 + 𝜈𝑠𝐼𝑠)
(

1 −
𝑆1
𝑁ℎ

)

⎞

⎟

⎟

⎟

⎠

.

Clearly, 𝐺̂(𝑋, 𝑌 ) ≥ 0  for (𝑋, 𝑌 ) ∈ 𝛺. Moreover, it is evident that 𝑋∗ is 
GAS for the system 𝑑𝑋

𝑑𝑡
= 𝐹 (𝑋, 0). Therefore, following the Theorem of 

Castillo-Chavez et al. presented in [52], the DFE of model (B.1) is GAS 
when 𝐻

0 < 1.

Appendix C. Theorem of Castillo-Chavez and Song [42] (theorem 
4.1)

Theorem C.1.  Consider the following general system of ordinary differen-
tial equations with a parameter 𝜙
𝑑𝑥
𝑑𝑡

= 𝑓 (𝑥, 𝜙), 𝑓 ∶ R𝑛 × R ↦ R𝑛 and 𝑓 ∈ C2(R𝑛 × R) (C.1)

Without loss of generality, it is assumed that 0 is an equilibrium for system 
(C.1) for all values of the parameter 𝜙 that is 𝑓 (0, 𝜙) = 0 ∀ 𝜙. Moreover, 
let us assume
A1: 𝐴 = 𝐷𝑥𝑓 (0, 0) =

(

𝜕𝑓𝑖
𝜕𝑥𝑗

(0, 0)
)

 is the linearization of system (C.1) 
around the equilibrium 0 with 𝜙 evaluated at 0. Zero is a simple 
eigenvalue of 𝐴 and all other eigenvalues of 𝐴 have negative real 
parts;
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A2: Matrix 𝐴 has a right eigenvector 𝑤 and 𝑎 left eigenvector 𝑣 correspond-
ing to the zero eigenvalue.

Let 𝑓𝑘 be the k𝑡ℎ component of 𝑓 and set

𝑎 =
𝑛
∑

𝑘,𝑖,𝑗=1
𝑣𝑘𝑤𝑖𝑤𝑗

𝜕2𝑓𝑘
𝜕𝑥𝑖𝜕𝑥𝑗

(0, 0),

𝑏 =
𝑛
∑

𝑘,𝑖=1
𝑣𝑘𝑤𝑖

𝜕2𝑓𝑘
𝜕𝑥𝑖𝜕𝜙

(0, 0). (C.2)

The local dynamics of System (C.1) around 0 are determined by 𝑎 and 𝑏.
(i) 𝑎 > 0, 𝑏 > 0, when 𝜙 < 0 with |𝜙| ≪ 1, 0 is locally asymptotically 

stable, and there exists a positive unstable equilibrium; when 0 < 𝜙 ≪
1, 0 is unstable and there exists a negative and locally asymptotically 
stable equilibrium;

(ii): 𝑎 < 0, 𝑏 < 0, when 𝜙 < 0 with |𝜙| ≪ 1, 0 is unstable and there exists 
a positive unstable equilibrium;

(iii): 𝑎 > 0, 𝑏 < 0. When 𝜙 < 0 with |𝜙|≪ 1, 0 is unstable, and there exists 
a locally asymptotically stable negative equilibrium; when 0 < 𝜙 ≪ 1, 
0 is stable, and a positive unstable equilibrium appears;

(iv) 𝑎 < 0, 𝑏 > 0. When 𝜙 changes from negative to positive, 0 changes its 
stability from stable to unstable. Correspondingly a negative unstable 
equilibrium becomes positive and locally asymptotically stable.

Appendix D. Proof of Theorem  6.4

Without the account of PWH, the human-to-human discrete Model 
(22) is equivalent to 

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑆𝑛+11 =
𝜑𝛬 + 𝑆𝑛1

1 + 𝜑(𝜆𝑛 + 𝜇)
,

𝐼𝑛+1𝑚 =
𝑞𝜑𝜆𝑛𝑆𝑛+11 + 𝐼𝑛𝑚

1 + 𝜑𝜙3
,

𝐼𝑛+1𝑠 =
(1 − 𝑞)𝜑𝜆𝑛𝑆𝑛+11 + 𝐼𝑛𝑠

1 + 𝜑𝜙4
,

𝑅𝑛+1 =
𝜑(𝛾𝑚𝐼𝑛+1𝑚 + 𝛾𝑠𝐼𝑛+1𝑠 ) + 𝑅𝑛

1 + 𝜑𝜇
.

(D.1)

The discrete dynamical system (D.1) on 𝛺 ⊂ R2
+ × R2

+ of the form

𝑋𝑛+1 = 𝐹ℎ(𝑋𝑛, 𝑌 𝑛), (D.2)
𝑌 𝑛+1 = 𝐺ℎ(𝑋𝑛, 𝑌 𝑛), 𝐺ℎ(𝑋∗, 0) = 0 (D.3)

for 𝑋𝑛 = (𝑆𝑛1 , 𝑅
𝑛), 𝑌 𝑛 = (𝐼𝑛𝑚, 𝐼

𝑛
𝑠 ) and 𝑋∗ = (𝛬𝜇 , 0).

Further computation of (D.2)–(D.3) can lead us to

1. For the subsystem (D.2), 𝑋𝑛+1 = 𝐹ℎ(𝑋𝑛, 0) =

[ 𝜑𝛬+𝑆𝑛1
1+𝜇𝜑
0

]

=
[

𝛬
𝜇 + (𝑆0

1 − 𝛬
𝜇 )
(

1
1+𝜇𝜑

)𝑛

0

]

, the fixed equilibrium point 𝑋∗ is glob-
ally asymptotically stable.

2. The second sub-system, (D.3), can be decomposed into
𝑌 𝑛+1 = 𝐺ℎ(𝑋𝑛, 𝑌 𝑛) = 𝐴ℎ𝑌

𝑛 − 𝐺̃ℎ(𝑋𝑛, 𝑌 𝑛),

where

𝐴ℎ =

[ 1
1+𝜑𝜙3

0

0 1
1+𝜑𝜙4

]

and

𝐺̃ℎ(𝑋𝑛, 𝑌 𝑛) = 𝛽ℎ(𝐼𝑛𝑚 + 𝜈𝑠𝐼𝑛𝑠 )
( 𝜑𝛬 + 𝑆𝑛1
𝑁𝑛
ℎ + 𝜑(𝛽ℎ(𝐼

𝑛
𝑚 + 𝜈𝑠𝐼𝑛𝑠 ) + 𝜇𝑁

𝑛
ℎ)

)

𝐵 ≥ 0,

with 𝐵 =

[ 𝑞𝜑
1+𝜇𝜙3
(1−𝑞)𝜑
1+𝜑𝜙4

]

.

Here 𝐴  is a Metzler matrix with spectral radius 𝜌(𝐴 ) < 1.
ℎ ℎ



A.J. Ouemba Tassé et al. Mathematical Biosciences 387 (2025) 109499 
Using Theorem 5.3 in [47], we obtain 𝑌 𝑛 ≤ (𝐴ℎ)𝑛𝑌 0 and infer that the 
fixed point (𝑋∗, 0) is globally asymptotically stable in 𝛺.

Data availability

Data will be made available on request.
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