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The Direction of Arrival (DOA) is one of the features of propagating waves that is
of interest in sensor array signal processing. Applications such as direction finding
and source location make use of DOA estimation. A number of DOA estimation
methods have been developed over time with special focus on achieving high reso-
lution performance. Subspace-based, also known as eigenstructure-based; methods
such as Multiple Signal Classification (MUSIC) and Estimation of Signal Param-
eters via Rotational Invariance Techniques (ESPRIT) are amongst the excellent
and widely applied methods for DOA estimation. However, the performance of
these methods is highly degraded in the presence of coherent or highly correlated
incident sources caused by multipath propagation and electronic jamming. Con-
ventional techniques such as spatial smoothing have been introduced to better the
performance of these methods by removing correlation between coherent sources.
However, this is attained at the expense of reduced array aperture (degree of free-
dom) and increased computational complexity. Of late, a variation of decorrelation
techniques based on Toeplitz matrix theory gained much interest in overcoming
the drawbacks of conventional decorrelation techniques. Based on a narrowband
signal propagation model and a Uniform Linear Array (ULA) in the presence
of white additive Gaussian noise, this study carried out an algebraic analysis of
two Toeplitz decorrelation techniques. These are, the correlation Toeplitz (CTOP)
and the average Toeplitz (AVTOP) decorrelation techniques. The techniques were

studied for DOA estimation of coherent sources in conjunction with the MUSIC
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algorithm. The goal of the study is to provide an understanding of how and why
these techniques work. Through the algebraic analysis the study found that, DOA
information is perfectly preserved during decorrelation when retained as sums of
individual sources of information (i.e. in a superposition form). This explains why
the CTOP technique perfectly decorrelates coherent sources unlike the AVTOP
technique. This is because decorrelation based on the CTOP technique retains
superimposed sources’ DOA information. Based on the assumption that the exact
signal plus noise array covariance matrix is known, the MUSIC algorithm was ap-
plied algebraically in order to validate the findings from the analysis. A maximum
of four array elements and three coherent narrowband sources were considered.
The algebra becomes intractable when the ULA elements are more than four.
The algebraic results have further shown that when the exact array covariance
matrix is known, the noise variance has no influence on DOA information and
DOA information can be accurately obtained using the MUSIC algorithm. Nu-
merical simulations were also conducted in order to confirm the superiority of the
CTOP decorrelation technique. Through numerical experiments, the performance
of these techniques was evaluated in terms of Root Mean Square Error, standard
deviation and probability of success in DOA estimation. The performance of the
classic MUSIC algorithm was also evaluated to serve as a baseline for comparison.
Regardless of the coherence among the sources, the CTOP MUSIC (CTOP tech-
nique applied in conjunction with the MUSIC algorithm) returns more accurate
estimates even at low levels of SNR and minimum number of array sensors. The
study has been able to provide an understanding of the working principles behind

the two Toeplitz decorrelation techniques.
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CHAPTER 1

Introduction

This chapter presents a brief background of the study, the identified research gap,
research question, objectives and significance of the study. The last two sections
of the chapter present the scope and delimitation of the study as well as the

organisation of this dissertation.

1.1 Background of the Study

The Direction of Arrival (DOA) estimation, also known as direction finding, is a
very crucial area of research in phased array signal processing. DOA estimation
focuses on the acquisition and tracking of the angle of arrival of signals incident
on an array of antennas, transmitted from radiating sources, using sophisticated
array signal processing algorithms [1]. The theory of DOA estimation is applied in
many areas |2, 3| such as astronomy, biomedicine, seismic event prediction, sonar,

radar, wireless communication systems, rescue services and navigation.

Several DOA estimation algorithms have been developed and studied. They are
widely classified into four different categories namely, conventional, subspace-
based (sometimes referred to as eigenstructure based), maximum likelihood
and integrated algorithms [4]. The most prominent algorithms are MUSIC [5],
Root-MUSIC [6], ESPRIT [7], Bartlett and Capon’s minimum variance [8]. The
MUSIC algorithm, a subspace-based method, is the most studied and has been
broadly applied for DOA estimation in applications such as location, radar, sonar
and anti-jamming communications due to its superior resolution and stability |9,

10)].
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Analytical and computer simulation studies have shown that high-resolution DOA
estimation methods like MUSIC have the ability to resolve closely spaced sources
and are a promising solution to the DOA estimation problem. However, as stated
in [11], there are many challenges prohibiting the applications of these methods to
practical systems. These challenges include computational complexity and cost,
model mismatch, robustness to system errors and higher resolution Signal-to-Noise
Ratio (SNR) threshold. A major challenge which this study focused on is degra-
dation in performance due to the presence of coherent (highly correlated) sources
often as a result of multipath propagation of emitted signals [12, 13]|. A description

of coherence and coherent sources is given in Chapter 4.

In this study, the MUSIC algorithm has been used to estimate DOAs. In order
to overcome the problems caused by coherent sources such as degrading of reso-
lution and accuracy of subspace-based methods, several decorrelation techniques
have been suggested for use as pre-processors of the MUSIC algorithm. These
techniques are applied to the received array data before DOA estimation. Spatial
smoothing, a conventional and popular decorrelation technique has been applied
in [14-18] and other studies in literature, as a pre-processor of MUSIC to overcome

the problem of coherence.

Spatial smoothing perfectly decorrelates coherent sources. However, the perfor-
mance of this technique degrades as a result of reduced array aperture. It also
increases the computation complexity and cost, simultaneously, it cannot differ-

entiate signals in low SNR conditions [13, 19].

To overcome the drawbacks of conventional decorrelation techniques such as spatial
smoothing, alternative techniques employing Toeplitz matrix theory have been
proposed in [13, 19-23| and in other studies, for decorrelation of coherent sources.
The techniques are known as Toeplitz decorrelation techniques. Decorrelation
based on Toeplitz techniques does not reduce array aperture and yields better

performance as opposed to conventional techniques.

In order to provide an understanding of the working principle behind these tech-

niques, this study focused on the algebraic analysis of two Toeplitz decorrelation



Chapter 1. Introduction 3

techniques proposed in [22, 23| for decorrelation of multiple coherent sources in
conjunction with the MUSIC algorithm. The first technique is correlation Toeplitz
(CTOP), a technique based on the reconstruction of a new Toeplitz covariance ma-
trix using correlation sequences of the received coherent data. The second tech-
nique uses averages of diagonals of the coherent covariance matrix to reconstruct
a new Toeplitz covariance matrix. It is referred to as average Toeplitz (AVTOP)

technique.

A derivation of the array covariance matrix based on a DOA estimation scenario
of two coherent sources was done. Thereafter, the two Toeplitz techniques were
applied for decorrelation. This formed the basis of the analysis and also enabled
the researcher to get a better understanding of how these techniques facilitate DOA
estimation of coherent sources. The MUSIC algorithm was applied analytically
in order to verify the findings from the analysis. Numerical simulations were
also done to confirm the performance and superiority of the two techniques. The
performance of the classic MUSIC algorithm was also evaluated and used as a

baseline for comparison.

1.2 Problem Statement

The performance of the MUSIC algorithm severely degrades in the presence of
coherent sources. Various studies in literature have proposed decorrelation tech-
niques [13, 19-23| based on Toeplitz matrix theory, which offer a more promising
solution to the coherent source problem. The problem is, many of these studies are
numerically based and hence do not explicitly inform the reader about why and
how these techniques work. A thorough understanding of the working principles

behind these techniques is crucial for implementation in real-life applications.

In order to answer the research question below, this study carried out an analy-
sis of selected Toeplitz decorrelation techniques, namely the CTOP and AVTOP

decorrelation techniques [22, 23].
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1.3 Research Question

o What are the intricacies of the mathematics and working principles behind

the CTOP and AVTOP decorrelation techniques?

The following aspects about the selected techniques are investigated in order to

find a solution to the research question above.
(a) How source DOA information is retained during Toeplitz matrix reconstruc-
tion without introducing spurious information.

(b) Why CTOP decorrelation technique results in better accuracy in DOA esti-

mation than AVTOP decorrelation technique.

(¢) The influence of noise power (variance) on DOA information.

1.4 Objectives

Overall objective:

e To carry out an algebraic analysis in order to develop an understanding of

the working principles behind the selected Toeplitz decorrelation techniques.
Specific objectives:
(a) Derive the expression for an array covariance matrix based on a coherent

DOA estimation scenario.

(b) Algebraically apply CTOP and AVTOP decorrelation techniques and analyse

the resultant matrices.

(c) Develop an approach for applying the MUSIC algorithm analytically in order

to verify the findings obtained from the analysis.

(d) Numerically evaluate the estimation performance of the CTOP, AVTOP and
classic MUSIC algorithms.
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1.5 Justification of the Study

The study provides an in-depth understanding of the Toeplitz methods, enabling

easy use of these methods in real-life applications.

1.6 Scope and Delimitation of the Study

The study is intended to carry out an algebraic analysis of the CTOP and AVTOP
decorrelation techniques in conjunction with the MUSIC algorithm. The DOA
estimation problem considered is based on a ULA model where sources are assumed
to be narrowband and the noise as additive white Gaussian noise. Other types of

sources, array and noise models are not considered for the analysis in this study.

Numerical simulations are carried out to confirm the performance of CTOP and
AVTOP decorrelation techniques. The classic MUSIC algorithm is used as a base-
line for comparison. The numerical simulations are only conducted for scenarios
involving coherent sources and non-coherent (mutually independent) sources. The
degree of correlation between the sources is equal to one and zero for coherent and
non-coherent sources respectively. Scenarios involving partially correlated sources

are not critical or relevant for the purpose of the study.

1.7 Dissertation Organisation

The remainder of this dissertation is organised as follows. Chapter 2 presents a
review of related work with a focus on eigenstructure-based methods. Chapter 3
outlines basic knowledge of DOA estimation and the approach derived for applying
the MUSIC algorithm analytically. Chapter 4 presents a mathematical definition
of coherence in a signal processing context. The effect of coherent sources on the
MUSIC algorithm and a procedural description of the CTOP and AVTOP tech-
niques are also presented in this chapter. Chapter 5 presents and discusses the

results of the algebraic analysis of the CTOP and AVTOP techniques. Chapter 6
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presents and discusses the results of numerical simulations carried out to confirm
the performance of the two techniques. Chapter 7 concludes the study and rec-
ommends the areas of future work. The last part of this dissertation consists of

appendices of additional information and the references list.



CHAPTER 2

Review of Related Work

This chapter consists of three sections. The first section covers a review of subspace-
based methods and the major challenges encountered in the applications of these
methods for DOA estimation. The second presents a review of pre-processing
schemes developed to address the challenge of coherence in DOA estimation with
subspace-based methods. The third presents a review of studies using an algebraic

or analytic approach in analysing DOA estimation techniques.

2.1 Subspace-based Methods for DOA Estimation

2.1.1 Early development

The development of subspace-based methods began with the work of Schmidt
in 1981 [24]| and Bienvenu in 1979 [25]. These methods attracted a lot of interest
because they seem to provide a fundamental approach to the problem of DOA esti-
mation and are a promising solution among all other high-resolution methods [26].
Traditional beamforming based methods like Capon’s minimum variance have a
limitation in terms of resolution which is a result of the inability to fully utilise
the input data model (presented in Section 3.3) structure. Schmidt and Bienvenu
were the first to utilise the structure of a more precise data model for sensor arrays

of an arbitrary form [4].

Schmidt first solved the DOA estimation problem by developing a geometric so-
lution based on a noiseless case. The geometric concept was then extended to

obtain a reasonable approximate solution in the existence of noise. The method

7
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developed by Schmidt is known as the Multiple Signal Classification (MUSIC)
which is defined in [5]. MUSIC involves determining eigenvectors of the array
covariance matrix. The eigenvectors of the covariance matrix can be classified
into two groups: the eigenvectors that span the signal subspace (signal eigenvec-
tors) and the eigenvectors that span the noise subspace (noise eigenvectors). The
principle behind MUSIC DOA estimation is the orthogonality between the noise
eigenvectors and the incident sources steering vectors. The orthogonality results
in a peak in the MUSIC spatial spectrum at an angle corresponding to DOA of
the incident source. The MUSIC algorithm has been widely studied since it was
introduced [27].

Further modifications to the MUSIC algorithm were proposed to improve its reso-
lution and to reduce the computational complexity. One such modification is the
Root-MUSIC algorithm [6]. In Root-MUSIC, the DOA is estimated through the
zeros of a polynomial to avoid spectral search of the conventional MUSIC algorithm
hence reducing the computational complexity. However, Root-MUSIC is only ap-
plicable to uniform linear arrays. Another improvement is called Cyclic MUSIC
proposed by Gardner in [28] which exploits the spectral coherence properties of

the signal in order to better the performance of the normal MUSIC algorithm.

Other primary contributions to subspace-based methods include the Minimum-
norm method by Kumaresan and Tufts [29] and the ESPRIT method proposed by
Roy and Kailath [7]. The Minimum-norm constructs a polynomial (with special
properties) from eigenvectors of the array data covariance matrix. The zeros of this
polynomial give estimates of the DOA of incident sources. The ESPRIT method
exploits the rotational invariance in the signal subspace which contains two arrays
with a translational invariance structure. The DOAs are directly estimated in

terms of eigenvalues instead of a spectrum search.



Chapter 2. Review of Related Work 9

2.1.2 Challenges

The following are some of the challenges faced in the study of DOA estimation
(direction finding) methods, particularly with the high-resolution subspace-based
methods.

(a) Mutual coupling effect between array sensors

The DOA estimation methods based on ideal array response models, yield highly
biased DOA estimates and results in a degraded performance. This is due to the
effect of strong mutual coupling between the array elements. To avoid this, the
methods should either be calibrated or modified in order to compensate for strongly
interdependent behaviour. Ideal models assume that individual sensors responses
can be independently expressed, which in practical sense fails to correctly model

the exact response of the array, especially in circular arrays.

Zeytinogul et al. [30] derived alternative models of the array response based on
array geometry and sensors electromagnetic features and calibrated DOA estima-
tion models using the array output generated by these models. Two models were
developed for a circular array, taking mutual coupling into consideration, based

on the following two scenarios:

(a) The array operating above lossy ground.

(b) The array operating in free space.

The models developed based on the two scenarios above are referred to as the
lossy ground and free space models. The simulated array response data from
these models was then used to calibrate the MUSIC algorithm. The performance
of MUSIC was evaluated in the presence of mutual coupling, and the results have
shown that the calibrated MUSIC algorithm exhibits exemplary performance levels
in resolving the DOA of incident sources as compared to the non-modified MUSIC

algorithm.
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Similar work can be found in [31-34] and many other studies done on DOA es-
timation algorithms in the presence of mutual coupling. Different array response
models and approaches to compensate the effect of mutual coupling have been the

focus of many studies.

(b) Model mismatch

In most DOA estimation applications it is assumed that the transmitting sources
are situated in the array’s far-field region. This assumption is only valid when
the condition d > % is satisfied, where d is the distance between the array and
signal sources, D is the antenna array dimension and X is the wavelength of the

signals [35].

The far-field assumption forms the basis of most DOA estimation array models.
However, signal reflections in the near-field of the antenna array are also received.
As the distance of these reflections get nearer to the antenna array, the array model
of these reflections differ from the far-field array model. When the source is in the
near-field where the condition d < % is satisfied, the EM waves received at the

. . 2
array are spherical and not plane waves as for the far-field assumption (d > %)

Elbir [36] investigated the difference between the far-field and near-field array
models based on a particular ULA DOA estimation scenario. The difference was
obtained by computing the norm difference of the near-field and far-field array
steering vectors for different transmitter range, d, values. The results have shown
that as the source distance d increases, the difference between the models decreases
and the near-field array model converges to the far-field array model. For values
of d less than % the difference between the two models is very large resulting in

a model mismatch between the two array models.

(c) Multipath

Another source of errors in DOA estimation applications with subspace-based

methods is the multipath propagation of the source signal due to reflections from
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surfaces in the transmission path. The original and reflected signals from the
source arrive at the antenna array from different directions. A multipath propa-

gation scenario is shown in Figure 2.1, source [36].

Transmitter

Direct
path

FIGURE 2.1: Multipath propagation.

In a multipath propagation environment, highly correlated (coherent) signals are
received at the antenna array [37]. Coherent sources result in failure of several
high-resolution estimation methods like ESPRIT and MUSIC. When the received
signals are uncorrelated, the signal covariance matrix is non-singular and has full
rank. However, when coherent sources exist, the signal covariance matrix suffers
rank degradation and becomes singular. As a result, the performance of MUSIC

and other subspace-based methods is severely degraded [38].

2.2 Addressing Coherence

To solve the problem of rank deficiency of the signal covariance matrix, a pre-
processing technique also referred to as a decorrelation technique is needed to
restore the rank. This study focused on pre-processing techniques, specifically
Toeplitz based techniques. This section gives a review of several other decorrela-
tion techniques including the Toeplitz based techniques. The following are some
of the common techniques applied as pre-processors to DOA estimation methods

in order to overcome the effect of coherent sources on DOA estimation.
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2.2.1 Spatial smoothing

The Forward Spatial Smoothing (FSS) was first proposed by Evan et al. [39] for
the case of a ULA. The purpose of this technique is to overcome the problem
encountered in DOA estimation of coherent signal sources. It splits the array
into overlapping subarrays and finds the averaged spatially smoothed covariance

matrix by taking the mean of the subarray covariance matrices.

The spatially smoothed array covariance matrices are only full rank if the signal co-
variance matrix is non-singular. This is guaranteed when the number of subarrays
is greater than or equal to the number of incident sources. The spatial smoothing
technique guarantees the non-singularity property of the signal covariance matrix
even when the signals sources are coherent. This is the key to successful DOA

estimation with subspace-based methods.

In [40], Shan et al. carried out a complete analysis of the FSS technique and
evaluated its performance in conjunction with the MUSIC algorithm. It was shown
that it is possible to estimate the DOA of coherent sources irrespective of their

degree of correlation.

The drawback of F'SS is the reduction in array aperture. An array of M sensors can
only detect a maximum of M /2 sources compared to a maximum of M — 1 sources
for normal DOA estimation of uncorrelated sources. To circumvent the problem
of reduction in array aperture, Pillai and Kwon [41] proposed an improvement
to FSS. It has been shown that by splitting the array into both forward overlap-
ping subarrays and conjugate backward overlapping subarrays one can detect up
to 2M /3 sources. The technique is called Forward/conjugate Backward Spatial
Smoothing (FBSS) which is also known as Bidirectional Spatial Smoothing (BSS).

Many studies including [10, 17, 42, 43] focused on the modification of the spatial
smoothing technique in order to improve its performance in resolving the DOA
of coherent sources. However, as stated in [16], spatial smoothing does not suc-
ceed in reducing the degree of correlation between sources with finite number of

smoothing operations. It only realises rank restoration of the covariance matrix.
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This results in the smoothed covariance matrix which is only full rank but not
Toeplitz in structure, which degrades the performance of subspace-based methods

like MUSIC.

2.2.2 Singular value decomposition

Most solutions to DOA estimation of coherent sources, such as spatial smoothing,
are based on the modification of the array covariance matrix. Gao and Bao were
the first to propose a method called Data-based Matrix Decomposition (DMD),
which is based on Singular Value Decomposition (SVD) of the data covariance

matrix [44].

Gao and Bao have shown that the singular-value structure of the data covariance
matrix is independent of the correlation between the incident signals. Hence one
can determine the signal-subspace via SVD even when the signals are perfectly cor-
related (coherent). The DMD method has been used in conjunction with MUSIC

and has proven to be efficient in resolving the DOA of highly correlated sources.

Like spatial smoothing, decorrelation of coherent sources based on the SVD tech-
nique is also attained at the expense of loss in aperture size [45]. The SVD tech-
nique loses about half of the number of effective array elements. This results in
reduced stability, resolution and a decline in the maximum number of sources that

can be estimated [10, 46].

2.2.3 Correlated signal direction estimate

A Masters study by Wen Xu [47], proposed a scheme called Correlated Signal
Direction Estimate (CSDE) to address the problem of multipath reflections in
bathymetric sidescan sonar applications. The CSDE scheme is used to estimate
DOAs and amplitudes of highly correlated signals using a multiple-row bathymet-

ric sidescan sonar system configured in a ULA.
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The scheme is specifically derived for a three-row bathymetric sidescan sonar.
The derivation of CSDE is an extension of the conventional Differential Phase
Estimation (DPE) method studied in [48], which only works for cases with a single
directional source. A mathematical derivation of the CSDE estimator enabling
resolution of two or more directional sources is fully presented by Wen Xu in his

Masters thesis.

The proposed method was compared with the ESPRIT-based approaches for DOA
estimation. The simulations results based on different data models and cases with
two directional sources have shown that the CSDE method works well for corre-
lated signals conditions in comparison to the ESPRIT-based methods. However
its performance is limited in uncorrelated signal conditions. Thus the CSDE es-
timator derived its name from the fact that it is optimal for highly coherent or

temporary correlated signals than for uncorrelated signals.

2.2.4 Toeplitz matrix reconstruction

It is known that, for the ideal case (i.e. when incident signals are not coherent),
the received data covariance matrix of a ULA is non-singular and has a Toeplitz
structure. However, in practice, due to a limited number of data snapshots, noise

and multipath interference; the Toeplitz structure is often lost [46].

Toeplitz decorrelation is carried out to reconstruct a new covariance matrix from
the coherent data covariance matrix. As a result, its rank and the non-singularity
property are restored. The properties of an ideal covariance matrix are presented in
Appendix A.1.2. There are different variations of Toeplitz decorrelation methods,

of which some are discussed here.

In order to achieve decoherence, Zhou and Huang [46] used the eigenvectors cor-
responding to the largest two eigenvalues of the coherent data covariance ma-
trix to construct two new matrices of Hermitian Toeplitz. Thereafter, the ES-
PRIT method was applied to estimate the DOA of coherent signals. The pre-
sented method was named T-ESPRIT. The T-ESPRIT was compared against
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SVD-ESPRIT and has shown better resolution and robustness.

Prior to the work of Zhou and Huang, a similar Toeplitz reconstruction technique
was proposed in [20] by Hu et al. This technique achieves decorrelation by con-
structing a new Toeplitz matrix using an eigenvector corresponding to the largest
eigenvalue of the coherent data covariance matrix. The technique was applied with
the MUSIC algorithm to give DOA estimates of highly correlated sources and it
has shown better estimation precision and robustness in comparison to the SVD
and spatial smoothing methods. However, this technique can only resolve DOA of

coherent sources.

The Toeplitz techniques by Zhou and Huang and Hu et al. are both based on the
principle that whether the sources are coherent or non-coherent, the eigenvector
corresponding to the largest eigenvalue can be obtained by linearly combining all

sources’ steering vectors.

Other variations of the Toeplitz technique that do not involve reconstructing a
Toeplitz matrix from the eigenstructure of the coherent data covariance matrix
are also found in literature. These techniques only involve using the physical
structure of the coherent covariance matrix to construct a new and decorrelated

Toeplitz matrix.

One Toeplitz technique involves constructing a new Toeplitz matrix using the first
row of the coherent data covariance matrix. This approach is found in several
independent studies such as the study by Hui et al. [49], Bai et al. [23] and Goian
et al. [22]. In all these studies the aforementioned approach is either referred
to as cross-correlation vectors Toeplitz (CVT) technique, or correlation Toeplitz
(CTOP) technique. Although these techniques are named or explained slightly
different, they all involve reconstructing a Toeplitz matrix from the first row of

the coherent data covariance matrix.

A study by Han and Zhang also constructs a Toeplitz matrix from the physical
structure of the coherent data covariance matrix. In their study in [50], Han and

Zhang mentioned that, any row of the coherent covariance matrix can be used to
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construct a new Toeplitz matrix. Studies mentioned above have however restricted

themselves to using the first row in constructing a Toeplitz matrix.

A different Toeplitz technique, but still involving using the physical structure of the
coherent data covariance matrix, is also found in [23]. This technique constructs a
Toeplitz matrix using averages of the diagonals of the lower triangular part of the
coherent data covariance matrix. It is referred to as average Toeplitz (AVTOP).
The AVTOP technique can decorrelate coherent sources, however there is a great
deviation in DOA estimation. The results of a simulation experiment comparing
CTOP and AVTOP techniques have shown that CTOP yields nearer optimal angle

estimates for both coherent and non-coherent sources.

More work on Toeplitz matrix reconstruction for decorrelation of coherent sources
can be found in |21, 51-55]. In comparison to spatial smoothing and SVD tech-
niques, Toeplitz decorrelation techniques offer powerful decorrelation ability with-
out reduction of the array aperture. They provide highly precise estimates even

at low SNR conditions and are less computationally intensive.

2.3 Analytical Approach to Analysis of DOA Estimation
Methods

Most studies carried out on the analysis of DOA estimation methods and tech-
niques are based on numerical simulations and experiments. Little attention has
been paid to theoretical analysis of these techniques. Theoretical analysis is of
great importance as it provides an in-depth understanding about the working

principles behind these techniques.

A study based on an analytical approach was done by Pillai and Kwon [56]. Pillai
and Kwon derived an expression of SNR threshold required to resolve the DOA
of three sources in the presence of white noise using a MUSIC estimator for both
coherent and non-coherent scenarios. This was made possible by first deriving

parametric expressions for eigenvalues and eigenvectors for the array covariance
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matrix of each three-source scenario, and then use them to derive the required

resolution threshold.

Another analytical study was done by Friedlander [57]. The study employed a first-
order sensitivity analysis of the MUSIC algorithm to system errors. Assuming that
the exact covariance matrix of a two-source scenario is known, a cost function based
on the MUSIC spectrum function was derived in order to give DOA estimates of
the two sources. The DOA estimates are provided by the location of the peaks in
the spectrum. The locations of the peaks are characterised by the fact that the

first derivative of the cost function is equal to zero at the peaks.

As the error is increased, the spectrum transitions from having two peaks to a
flat single peak spectrum. Friedlander performed a first-order Taylor expansion of
the cost function around true DOA to determine the peaks’ shift when errors are
introduced. From this study, a formula for computing the failure threshold of the

MUSIC algorithm was derived and tested by simulation.

Other studies that involve an analytical analysis of DOA methods and techniques

can be found in [58-62].

2.4 Summary

The development of subspace-based methods and challenges faced by these meth-
ods have been discussed. Studies proposing different solutions to the problem of
coherence have been reviewed. A few studies employing an analytical approach
to analysing methods and techniques in DOA estimation have been reviewed. An
analytical approach similar to that in [57] was used in this study to analyse and
understand the working principle behind the CTOP and AVTOP decorrelation

techniques.



CHAPTER 3

Basic Knowledge of DOA Estimation

In this chapter, the basic knowledge of DOA estimation is outlined. The chapter
briefly introduces phased arrays and basic array configurations. A DOA estima-
tion data model based on a uniform linear array configuration is discussed. The
chapter also presents a description of the MUSIC algorithm. The last section of
the chapter introduces and demonstrates an approach for applying the MUSIC
algorithm analytically.

3.1 Introduction to Phased Arrays

A Phased-Array Antenna (PAA) system has two or more radiating and/or re-
ceiving identical antenna elements in a uniform configuration [63|. In a typical
antenna array system, individual or a group of array elements are connected to
phase shifters and/or time delays. The relative phases and amplitudes of the sig-
nals feeding the array elements are electronically adjusted to produce a desired
radiation beam pattern with more sensitivity or reinforced power in a desired

direction, and suppressed in undesired directions (this is called beamforming).

Phased arrays are used to:

(a) Improve overall gain.
(b) Suppress interference from certain directions.
(c) Provide diversity reception.

(d) Increase array sensitivity in a particular direction.

18
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(e) Obtain DOA estimate of the incident signals.

(f) Maximise Signal to Interference plus Noise Ratio (SINR).

The advantage of using Phased Array Antennas is that, they steer the main beam
pattern rapidly (in milliseconds) without having to physically rotate the antennas.
This helps to redress mechanical errors that are experienced when antennas are
physically rotated. In addition, Phased Array Antennas can also be used to elec-
tronically control the array characteristics such as instantaneous beam position,
half-power beam width (HPBW), position of amplitude nulls, level of radiated side

lobes and antenna gain.

Possible Arrangements of Phased Arrays

The following are some of the most popular and simpler antenna array configura-
tions. The detailed analysis and characteristics of each array arrangement can be

found in [64, 65].
(a) Linear arrays

Linear arrays comprise of antenna elements arranged to form a straight line. In
practical situations, linear antenna arrays are often realised with identical radiators

equally spaced in a single dimension.
(b) Planar arrays

A planar array is a two-dimensional configuration where elements are arranged to
lie on a plane. It can be thought of as a linear array of linear arrays. A planar
array provides extra variables that can be used to control and shape the beam of
the array. It is possible to scan the beam of a planar array toward any direction or
point in space. They find applications in communications, searching and tracking

radar.
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(c) Circular arrays

A circular array, has elements arranged to form a circular ring. This type of
configuration is of very practical interest. It is applied in air and space navigation,

direction finding, sonar, radar and underground propagation.

This study is based on DOA estimation of signals incident on a uniform linear
array. In practical systems such as navigation and wireless communication, DOA
estimates can be used to steer the beamformer to capture signals in the direction

of interest while rejecting signals from other directions.

3.2 Background of DOA Estimation

3.2.1 The DOA estimation system

DOA estimation is also known as spatial spectrum estimation. The spatial spec-
trum shows the incident signals’ energy distribution in all spatial directions. Hence,
when the spatial spectrum is known, the DOA of signals can also be obtained. The
entire DOA estimation system consists of three stages: the target stage, observa-

tion stage and the estimation stage (see Figure 3.1 [66]).

Wavefront
% Channel 1
Processor
97 Channel 2 —
D Channel M
Target Observation Estimation

F1GURE 3.1: DOA estimation system structure.
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The three stages are described below :

(a)

Target stage

This stage consists of the incident signals parameters and the complex envi-
ronment. The goal of the spatial spectrum estimation system is to estimate

unknown parameters of the signals in a complex environment.

Observation stage

The observation stage receives radiation signals from the target space. The
obtained data may contain signal features (such as azimuth and polarisation)
and space environment features (such as noise and interference), as a result
of the complexity of the environment. The spatial array elements also have
an effect on the received data due to features such as mutual coupling or

channel inconsistency.

Estimation stage

This is the stage that applies spatial spectrum estimation techniques to ex-
tract the parameters of signals from the received data. Extracting signal
parameters is analogous to restoring the target stage. The restoration is
influenced by several factors like array features and complexity of the envi-

ronment.

3.2.2 Fundamental idea of DOA estimation

The front of the incident wave is taken as a plane if the received wave satisfies

the far-field narrowband assumption. The angle between the array normal and

the vector in the direction of the plane wave is known as the Direction of Arrival

(DOA). It is also known as the Angle of Arrival (AOA) of the signal /wave.

The basic principle behind DOA estimation |66] is that when the signals are far and

broad, there exists a wave-way difference when these signals impinge on distinct

array elements. As a result, the array elements experience a phase difference
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among them. Therefore, the azimuth of the signal is estimated using this phase

difference.

Figure 3.2 shows an array of two elements.

M Wavefront

|

< 'r'/_ 90 90" =

FIGURE 3.2: The theory of spatial spectrum estimation.

As shown, the signal arriving at the element on the left will take a delay T due to
the path difference, the delay is equal to
_ dsin(0)

= (3.1)

where

(a) cis the speed of light.
(b) d is the array elements spacing.

(c) 6 is the DOA of the incident signal.

Therefore the array elements experience a phase difference,

jwd sin(0 12md sin (6
0 = exp(—jor) = exp(- 2D - 20

where A is the wavelength and fj is the centre frequency of the incident wave. For
narrowband signals the phase difference is

b = exp(—j—%diin@ ). (3.3)
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If T (time delay) is known, then 6, the DOA of the incident wave can be found

using Equation (3.1).

3.2.3 Data model assumptions

The data model for DOA estimation in this study is based on a ULA configuration

and relies on the following assumptions [35].

(a)

3.3

Isotropic and linear transmission medium: The transmission medium be-
tween the sources and the sensor array, through which the emitted signals
travel, is assumed to be isotropic and linear. This means that the physical
properties of the medium are uniform in all different directions and linear

superposition of the signals is possible at any particular point.

Far-field assumption: It is assumed that the array is situated in the far zone
of the signal sources. This assumption guarantees that the sources generate
planar wavefronts and each wavefront impinges on all array elements at the

same direction of propagation.

Narrowband assumption: The signals amplitudes and information-bearing
phases change gradually with regard to the time required for the signals to
propagate from a single sensor to the other. The narrowband assumption

ensures that all array elements capture the signal at the same time.

AWGN channel: The channel consists of additive white Gaussian noise with

a common variance of o2 and uncorrelated at all array elements.

ULA System Data Model

The data model described here is applied to subspace-based algorithms for the

estimation of DOA of signals incident on uniform linear array.

The following notation is used:



Chapter 3. Basic Knowledge of DOA Estimation 24

(a) Boldface uppercase letters are used to denote matrices, e.g. R.
(b) Boldface small letters are used for column vectors, e.g. a.
(c) Non-boldface letters represent scalar quantities, e.g. s.

(d) The superscripts (.)%, (.)* and (.)7 denote conjugate transpose, complex

conjugate and transpose respectively.
(e) The operator E{a} denotes the expected value of the data represented by a

vector a

Wavefronts

5,(1) s2(1) sy(t)

ﬁz\\ 6y
8,
— d — Uniform Linear Array
< /290" 00",
Ce s M

2

x(t) = [x4 (t) xz(t_) -+ -, Xp(t)] Array output data vector

FIGURE 3.3: Data model.

Based on Figure 3.3, consider a ULA of M homogeneous omnidirectional elements,
separated by an equal distance d. The sensors receive narrowband plane waves
sp(t), 1 <n < N, centered at frequency wy. If there are N, (N < M) plane waves
incident on the array from different DOAs 6,,, the data x(t) received by the array
at any time t is obtained as a linear combination of the N received signals and

noise [22, 67|. That is,
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where

x(t) = [x,(t), 2,(t),....,z,,(t)]" M x 1 column vector;

s(t) = [5,(t), 8,(), ..., 5, (1)]" N x 1 column vector;

n(t) = [n,(t),n,(t),...,n,, (t)]" M x 1 column vector;
A=la(9,),a(0,),...a(®,)] M x N Matrix.

The quantity z_ (t),(m = 1,2,..., M), is the combined output signal of the mth

element, a(6,), 0,, s,(t), (n =1,2,..., N) are the steering vector, DOA of the nth

n?
source, and complex amplitude respectively. The additive white Gaussian noise
at the mth element is represented by n,_ (t). The power of all signals is assumed

to be uniform.

The M x 1 steering vector is expressed as

a(f,) = |1, ...,exp(—jQW(M —;)dsin(én)) . (3.5)

From Equation (3.5), the array steering matrix is therefore given by

1 1 e 1
e_j'h e_j'YQ e e_.j'YN
A = e—jQ’Yl 6_.7272 e e_jQPYN y (36)
e_j(M_l)’yl e_j(M_l)’YQ “ .. e_j(M_l)'YN
where 7, = w is the electrical angle and 6, is the mechanical angle (angle

of arrival) of the nth source. It can be observed that the steering matrix A is of

the form:
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1 1 1
v, U, Uy
_ 2 2 2
V(”U”z? ,UN> - (% 1)2 ?}N y
M-1 M-1 M-1
_U1 v, vy i

hence A and V' are Vandermonde matrices. The M x M covariance matrix of the

data vector (t) in Equation (3.4) is derived as

R =E[x(t)z (t)]
=AFE[s(t)s" (t)]A" + E[n(t)n" (1))
=AR, A" + 1. (3.7)

The matrix R, is the signal covariance matrix, while I and o2 denote the M x M
identity matrix and variance of the additive white Gaussian noise respectively. In
practice the covariance matrix R is approximated by taking K samples of data
vector x(t) and averaging. The approximate covariance matrix is denoted by R

which is given as

1 H
% x(t;)x(t;)". (3.8)

i=1

R:

The subspace-based algorithms utilise the eigenstructure of the data covariance
matrix derived in Equation (3.7) and (3.8) in order to estimate DOAs of the re-
ceived signals. These algorithms are also referred to as eigenstructure-based algo-

rithms. Important properties of covariance matrices are given in Appendix A.1.2.

3.4 The MUSIC Algorithm

The method was first put forward by Schmidt [5], to determine the parameters
of multiple wavefronts impinging on an array of antennas by using the data mea-

sured from the signals captured at the array elements. MUSIC algorithm can
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be implemented to give a fair estimate of signal parameters such as direction of
arrival, number of signals, signal strengths and cross-correlations among incident

wavefronts, polarisation and strength of interference/noise.

These capabilities made MUSIC algorithm more suitable for applications such as

(a) Conventional interferometry,
(b) Monopulse direction finding and

(c) Multiple frequency estimation.

A full derivation of the MUSIC algorithm is given in Appendix A.3. The algorithm

can be summarised into the following steps:

(a) Approximate the covariance matrix by taking K samples of the input data

x(t) as given by:
LK
H_ H
R = % ;:1 x(t;)x(t;)". (3.9)

(b) Carry out the eigendecomposition of R

RV =VA (3.10)

where A is a diagonal matrix whose diagonal elements are the eigenvalues,
that iS, diag{/\l,/\g,...,)\M}, (/\1 Z )\2 Z Z )\M) and V = ['171,'02,...,’01\/[],

is a matrix whose columns are the corresponding eigenvectors of R.

(c) Evaluate the number of incident signals, N, by using the multiplicity K of

the smallest eigenvalue and the relation

N=M-K. (3.11)
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(d) Form the matrix V,, = [v,,,v,,,,...,v,,] using the eigenvectors correspond-

ing to the M — N smallest eigenvalues and compute the MUSIC spectrum

as
1

Pyusic(0) = af (0)V,VHa(6)

(3.12)

(e) Find the estimate DOAs of the incident signals by locating #s corresponding
to the N largest peaks in the MUSIC spectrum.

The working principle behind the MUSIC DOA estimation is that the eigenvec-
tors that form the matrix V;, (known as noise eigenvectors) are orthogonal to the
sources steering vectors. Allowing the MUSIC spectrum to be expressed as in
Equation (3.12). The orthogonality between V; and a(f) results in peaks in the
MUSIC spectrum at 6s corresponding to DOAs of the incident sources.

In this study the MUSIC algorithm has been employed for DOA estimation of
incident signals. The MUSIC algorithm is also frequently used in the field of spec-
tral estimation to determine frequencies of multiple signals [68]. Other subspace

based methods such as the ESPRIT method are also used in spectral estimation.
The spectral estimation problem

The spectral estimation problem can be stated as follows [69]: From a finite-length
record {y(1),...,y(N)} of a second-order stationary random process determine an
estimate QAﬁ(w) of its power spectral density ¢(w), for w € [—m, 7). The desired

result would be having ¢(w) as close to ¢(w) as possible.

The DOA and spectral estimation problems have the same formulation and solu-
tion. A formulation of the spectral estimation problem as well as the derivation of
the MUSIC algorithm for frequency estimation is given in the textbook on “Spec-
tral analysis of signals” [69] by Stoica and Moses. The book also presents other
state-of-the-art spectral estimation methods and cases of frequency estimation of

correlated and uncorrelated sources.

Other studies such as |68, 70| also investigated the application of MUSIC algorithm

in the field of spectral estimation.



Chapter 3. Basic Knowledge of DOA Estimation 29

3.5 Applying MUSIC Analytically

Most studies involving the application of MUSIC algorithm are based on numerical
simulations. This study however has analytically applied the MUSIC algorithm
in order to verify the findings or observations made from the algebraic analysis in
Chapter 5. This section thus describes the analytical application of the MUSIC

algorithm.

Consider the MUSIC spectrum given in Equation (3.12) which is presented here

again for the purpose of explanations:

1
OV, V. a(6)

PMUSIC(9> = (313)

As previously mentioned, a(f) is the array steering vector and V,, is the matrix
of noise eigenvectors. According to the MUSIC algorithm, for all § corresponding
to DOA of the incident signals the denominator a” (6)V, V.2 a(f) = 0. Based on
this knowledge, the analytic approach involves algebraically deriving the following

cost function

J(¢,7) = w () Va(7)VH (v)w(9), (3.14)

where + is the electrical angle of the incident signal. Note that v = 27(d/A)sin(6),
where 6 is the DOA or mechanical angle. The vector w(¢) has the same form
as a(0). Hence, w(¢) is a continuum of all possible steering vectors. The only
difference between the two vectors is that, the variables ¢ and # denote any possible

direction in terms of electrical and mechanical angles respectively.

The objective of this approach is to find the values of ¢ for which w(¢) is orthog-
onal to the matrix V, (). In the case of a single incident source, this occurs at
a point where the cost function J(¢,~) has a global minimum. When there are
multiple incident sources, J(¢, ) has multiple global minima corresponding to the

number of incident sources.
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As shown in this section, the global minima occur at points where ¢ = ~; for
1 = 1,..., N where N is the number incident signals. The minimum points are
found by the minimisation of J(¢, ) as shown in the following equation

9J(¢.7) —0. (3.15)

d¢

Assuming that the exact array covariance matrix is known, the DOA of incident
sources can be analytically estimated by deriving the cost function J(¢, ). Then
by minimisation of the cost function, find the values of ¢ for which the cost func-
tion has global minima. These values of ¢ corresponds to the electrical angles
of the incident sources. A similar method of estimating DOAs analytically by
cost function minimisation has been used by Friedlander [57] in his study on the

sensitivity analysis of the MUSIC algorithm.
Construction of matrix V,(v)

In order to come up with an expression of the cost function J(¢,~) for a par-
ticular DOA estimation scenario, the eigenvalues and eigenvectors of the array
covariance matrix are algebraically derived. The matrix V;,(7) is then constructed
from eigenvector(s) corresponding to the smallest eigenvalue(s) (also known as the
noise eigenvalues). Since the exact array covariance matrix is known (not approxi-
mated), the noise eigenvalues are exactly equal to noise variance o. This is simply
a single eigenvalue repeated K times. Where K is its algebraic multiplicity. The

value K is given by:

K=M-N (3.16)

where N is the number of signal sources and M is the array size.
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3.5.1 Analytic MUSIC demonstration

In order to appreciate the analytic approach for DOA estimation with MUSIC, a
single source DOA estimation problem is used to demonstrate the approach. For

this purpose, consider the following scenario:

(a) Assume a narrowband plane wave s(k,t) = pe? @t 9(%) with electrical angle

~ is incident on a ULA.

(b) The noise at ULA is an additive white Gaussian with variance 0.

To simplify the problem, consider the signal amplitude p to be unity. The above
scenario is used in the following three examples to demonstrate the analytic DOA
estimation approach. The first example uses a ULA of two elements, then three
and four array elements for the second and third examples respectively. For these

three examples, the signal covariance matrix R, is given by:

R,, = E{s(,,t)s(.,t)"}
_ {0t H9R)) it +9()y

— 6j(wo—wo)tE{ej(ﬂ('i)—ﬂ(f’i))}

=1

Example 1: Two elements ULA
The array covariance matrix for a two elements ULA is derived as

R = ARSSAH + 0'2I2><2

1 ; 2
= ‘ [1} [1 eﬂ} + 019
6_]7
1 e o? 0
= A +
e 7 1 0 o?
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1402 e
= (3.17)

e 1402

where the array steering matrix A is a 2 x 1 column vector. The noise eigenvalue
and corresponding eigenvector of R are derived as

=02 v=
1

The eigenvector v forms the matrix V() and for a two elements ULA, w(¢) =

1, e‘jﬂT. Therefore using the V,(v) and w(¢) the cost function is derived as

Jo1(6,7) = w ($)Va(y) V! (7)w(9)
— (ejv _ ejqﬁ)(efjv _ efﬁb)

=2 —2cos(y — ¢). (3.18)

By taking the partial derivative of the cost function Jo;(¢,~y) with respect to ¢

and equating to zero, it follows that

0
8—¢J21(¢a’>’) = —2sin(y — ¢)

— 2sin(y — ¢) = 0. (3.19)

It can be observed from Equation (3.19) that J2; (¢, v) has a global minimum when
¢ is equal to the target direction . In order to graphically visualise the cost func-
tion and its derivative, assume that the electrical angle v = 0.6981 radians (40°)
(the same assumption is used in the next examples). The cost function and its

derivative are plotted for values of ¢ from 0 to 27 radians as shown in Figure 3.4.
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FIGURE 3.4: One source and two elements ULA.
Example 2: Three elements ULA
For this case the array covariance matrix is a 3 x 3 derived as
R = ARSSAH + 0'213><3
1
= | e [1} [1 eI ejm] + 02155
e_j2’7
1 e e a2 0 0
=ledr 1 | +1]0 o2 0
eI e 1 0 0 o?
-1 +02 e e
= 67.7")’ ]_ _I_ 0-2 ej'y (320)

The noise eigenvalues

e~ 727 e~ 14+ o2

and corresponding eigenvectors of R were derived as,
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—elv

2
AN =07, v = 1

2
Ao =07, vy = 0

The noise eigenvalue has an algebraic multiplicity of 2 and the two noise eigenvec-

tors v and vy form the matrix V() as shown below

—elr  —ei2y
Vi) =1 1 0
0 1

For a three elements ULA the vector w(¢) = [1, e™?, e‘jz‘ﬂT, therefore the

expression for the cost function is derived as

J31(¢,7) = w (@) Va(n) VI (7)w(9)

— (&7 — ) (e7TT — e7IP) 4 (&2 — (320 (eI _ 20

=4 —2cos(y— ¢) —2cos [2(y — ¢)].. (3.21)

The following result is obtained by taking the derivative of the cost function with

respect to ¢ and then equate to zero,

S5 6:7) = ~4sin[2( — 9)] - 2sin(s — 0)

—4sin[2(y — ¢)] — 2sin(y — ¢) = 0. (3.22)

It is evident from Equation (3.22) that when ¢ = ~, the cost function Js1(¢, ) has
a global minimum. Assuming that the source has an angle of arrival of v = 0.6981

radians, the cost function and its derivative are plotted as shown in Figure 3.5
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J(#, )

electrical angle ¢ [rad]

Cost function
————— Derivative

FIGURE 3.5: One source and three elements ULA.

Example 3: Four elements ULA

The array covariance matrix for a four elements ULA and one source is derived as

follow

R = ARSSAH + 0'2I4><4

1
efj'y 9
= , [1} [1, e, eI, 3| + 07 Iyny
e~ 727
e I3
1 v eI el o2 0 0 0
eI 1 el eIy 0 o2 0 0
= . 4 |t
eI eI 1 el 0 0 o2 0
eI T2 emiv ] 0 0 0 o2
1+02 & e eI®
e_j’y 1 + 0-2 e]’y 6327
= . . ‘ . (3.23)
e—J2v eI 14 g2 el
eI eI e 1407
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The derived noise eigenvalues and eigenvectors for the covariance matrix R are as

given below,

[ i [ 2] [ i3]
2 1 2 0 2 0
)\120'7 V) = ) )\2:0', Vo = and /\3:0',’03:
0 1 0
0 0 1

In this case, the noise eigenvalue has an algebraic multiplicity of 3 and the matrix

VL(7) is a 3 x 3 matrix whose columns are the noise eigenvectors as shown below

(i _ei? _gi®]
1 0 0
Vi) =
0 1 0
0 0 1

Using w(¢) = [1, e™7¢, e7%, e‘j3¢]T and V() the cost function is derived as:

Ju1(9,7) =w (¢) Va(1) V' (1)w(9)
:(em _ ejab)(e—jv _ e‘”’) + (6j2v _ ej2¢)(6—j2'y _ 6—j2¢)

+ (ej?w — 6j3¢)(6—j37 _ 6—j3¢)

=6 — 2cos(y — ¢) —2cos [2(y — ¢)] — 2cos [3(y — ¢)] . (3.24)

The cost function is minimised by taking the partial derivative with respect to ¢

and then equate to zero. The following result is obtained:

%w, 7) = —65in [3(y — 6)] — 4sin [2(y — ¢)] — 2sin(y — 6)

—6sin[3(y — ¢)] —4sin[2(y — ¢)] — 2sin(y — ¢) = 0. (3.25)

It is again evident that when ¢ = -, Equation (3.25) goes to zero, meaning the

cost function Jyi(¢,~y) has a global minimum at ¢ = ~. This is confirmed by
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plotting the cost function and its derivative. Assuming that the target direction

~v = 0.6981 radians, the plot in Figure 3.6 is obtained.

1 5 T T T T T T

-15 L I L L L L
0 1 2 3 4 5 6 7

electrical angle ¢ [rad]

Cost function
————=- Derivative

FIGURE 3.6: One source and four elements ULA.

3.5.2 Discussion

The cost functions and their derivatives plotted in Figures 3.4, 3.5 and 3.6 were
derived. This was done in order to demonstrate the ability to estimate target
directions by applying the MUSIC algorithm analytically. The results in each plot
show that the cost function has a global minimum only at a point where ¢ = v =
0.6981 radians which corresponds to the electrical angle of the incident source.
The cost function and its derivative intersect at this point. This is indicated by a

dot on each plot. The following insights are worth taking note of:

(a) Global minimum

The value of the cost function at the point where a global minimum occurs is zero,

that is J(¢,~y) = 0. This is because when ¢ = v, V,,(7) is orthogonal to the vector
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w(¢). Thus, w(¢)V,(y) = 0. This corresponds to an infinitely high peak in
the MUSIC spectrum because the denominator is zero. In general, the number of
global minima is always equivalent to the number of signal sources and occurs at

¢ = 7, the electrical angle of the signal source.

(b) Local minima

The cost functions in Figures 3.5 and 3.6 have local minima. The number of local
minima is determined by the number of signal sources and the size of the array. It
has been observed that in a scenario of N signal sources and M array elements the
cost function can have a maximum of (M — N) — 1 local minima. In addition, the

position of a local minimum around the global minimum is always deterministic.

The local minimum observations from the above Figures (3.4, 3.5 and 3.6) are

presented below

Figure 3.4: The cost function has zero minima, since there are two array elements

and one source, (M — N)—-1=(2—-1)—1=0.

Figure 3.5: In this case, there is one signal source and three array elements.
Hence, there is one local minimum, (M — N) —1 = (3 —1) —1 = 1. For this
particular scenario, it was found that for any target direction, v, the local minimum

always occurs at

p=7v+T7 (3.26)

for v = 0.6981 radians the local minimum is at ¢ = 0.6981 + 7 radians.

Figure 3.6: There are four array elements and one source in this case. Therefore,
the maximum number of local minima is (M — N) —1=(4—1) —1 = 2. The two
local minima are always 0.587 radians apart. It was found that one of the local

minima occurs at

6=+ % (3.27)
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and the second local minimum occurs at

b=+ % +0.587 (3.28)

3.6 Summary

The chapter introduced and discussed phased arrays and basic array configura-
tions. A DOA estimation system and a ULA data model, on which this study is
based, have been presented. In addition, the MUSIC algorithm has been intro-
duced and an approach to applying MUSIC analytically was derived. Based on a
single source DOA estimation scenario, three examples were used to demonstrate

the ability to estimate source directions using the derived approach.



CHAPTER 4

Coherence and Decorrelation

This chapter provides a mathematical definition of the degree of coherence between
two coherent sources in a signal processing context. The effect of coherent sources
on the performance of the MUSIC algorithm and the procedures of the CTOP and

AVTOP decorrelation techniques are also discussed.

4.1 The Concept of Coherence

According to Marple and Marino [71], the concept of “coherence” and coherent
signal originated from literature on electromagnetic spectrum of light. It was later
introduced in the signal processing community. However, it was only defined for
narrowband EM waves. The term is now common in modern signal processing yet

it is not clearly defined for the broadband case.

Coherence is a two-signal metric which, according to the current literature, is
given as a cross spectral density between the signals normalised by the product
of the individual signals auto spectral density. However, this is only applicable
to narrowband stochastic processes. This motivated Marple and Marino in their
work to provide various coherence definitions and metrics to handle the more

sophisticated broadband (wideband) case.

Marple and Marino disagree with researchers who believe that coherence can also
be defined as a single-signal attribute, such that, if a signal preserves its phase and
amplitude, it is said to be coherent. They argue that this definition is erroneous.

A simple condition for coherence states that for two signals to be coherent, their

40
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phase must either be identical or must have a constant difference. From the signal
processing literature, the phase is the most common attribute associated with

coherent signals.

In this study, the signal sources are assumed to be narrowband stochastic pro-
cesses. Hence, the mathematical definition of coherence based on a narrowband
assumption is considered. To be more specific, a general mathematical definition
of coherence by Gardner |72] in terms of probabilistic definition of the correlation
coefficient between two zero mean random variables is used as the basic definition
of coherence in this study. Advanced key concepts on coherence and coherence

metrics can be found in Gadner, and Marple and Marino’s studies.

4.2 Degree of Coherence

Based on a statistical theory, the degree of coherence of two zero-mean, random

variables  and y is given by the magnitude of their correlation coefficient p, where

P N E{zy*} _ R,

S VE{zPYE{[yP}  BuBRy,

(4.1)

and F{.} is the expectation. By the Cauchy-Schwarz inequality it is true that
0<| £| < 1. In practice, the actual degree of coherence is computed using an

ensemble of the random sample values [n| and y[n| as

A B
P = —F——, (4.2)
R R
Tz ™y
where
. 1 X
R, 2> ehlylr] (1.3
n=1

and n is the ensemble index.
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In a multiple signals environment, the following three different signal source sce-

narios may exist |73]:

(a) The sources may be uncorrelated (mutually independent), where |p| = 0.
(b) The sources can also be partially correlated, where 0 < |p[ < 1.

(c) The last scenario occurs when the sources are coherent (highly correlated),

where |p| = 1.

In general, the degree of coherence is a measure of a degree of linear dependence.
The variables that are less linearly dependent exhibit a low degree of coherence

and vice-versa.

4.3 The Coherent Source Scenario

As mentioned in the subsequent sections, the coherent scenario is a result of mul-
tipath propagation, where a direct path signal and a reflected path signal from
the same source arrive at the array from different directions. The exact type of
coherence on which this research work is based is referred to as “Phase-coherence”.

Two signals are said to be phase-coherent when they:

(a) have the same frequency and

(b) a constant relative phase i.e phase difference is constant at all instances in

time |74, 75].

The phase-coherent signal data model based on two multipath components is given
in Section 5.1 and it is shown that when the above conditions are satisfied, the
correlation coefficient between the two signals is equal to one, ie |p| = 1. It
should be noted that having the same frequency does not qualify two signals to

be phase-coherent.
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The concept of phase-coherent signals is described in the Application Note on
“Signals Source Solutions for Coherent and Phase Stable Multi-Channel Systems”
[74] by Agilent Technologies. Many studies on DOA estimation of coherent sources
can be found in literature (of which some are cited in this thesis), but they do not
explicitly describe the exact type of correlation considered, except that it is due
to multipath propagation. Hence the term “phase-coherent” is not popular in this
particular area. However the terms “constant relative phase”, “same phase”, “fixed

phase difference” etc., as the main factor causing coherence (100% correlation) in

multipath signal scenarios has been highlighted in some studies such as [22, 75-77].

4.4 MUSIC in the Presence of Coherent Sources

In a real-life environment, the problem of coherence occurs as a result of multipath
propagation and electronic jamming. The detection and estimation of coherent
sources became a very crucial research direction of DOA estimation [17]. The
performance of MUSIC and other subspace-based methods degrade severely in a

coherent or highly correlated signal environment.

It is required that for the MUSIC algorithm to successfully estimate DOAs of
incident signals, the signal covariance matrix R, should be non-singular. The
non-singularity property of R, is only guaranteed if the incident signals are not
coherent (highly correlated) [4]. Under non-coherent signal conditions, the rank of
R, is equal to the number of sources N. Coherence among incident signals results

in a rank degradation of the signal covariance matrix, where rank(R,s) < N.

When eigendecomposition of the coherent data covariance matrix R, is performed,
the number of large eigenvalues will also be fewer than the number of sources
N. This means that, the signal subspace dimension will be smaller; resulting in
the noise subspace being not orthogonal to the array steering vector of coherent
sources. As a result, the MUSIC algorithm fails to produce peaks at the DOA

location of the highly correlated sources in the spatial spectrum. To compensate
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for rank deficiency in the signal covariance matrix caused by coherence interference,

a pre-conditioning scheme is needed for decorrelation (decoherence) purpose.

Various types of pre-conditioning schemes have been reviewed in Section 2.2 of
the literature review. The next section is dedicated to the CTOP and AVTOP

decorrelation techniques.

4.5 Decorrelation using CTOP and AVTOP Techniques

The CTOP and AVTOP decorrelation techniques are of much interest in this study.
Therefore, it is important to explain and understand the decorrelation procedure
of each technique before further investigation is done. For this purpose, assume a

M x M coherent array covariance matrix denoted by R, which is given as:

r[1,1]  r[1,2] r[1, M]
R, — r[2,1] 7"[2., 2] r[2, M] (4.4)
(M 1] r[M.2] --- r[M, M]

The matrix R_ is used to explain the decorrelation procedure of each technique.

4.5.1 Average Toeplitz(AVTOP)

This technique is presented in [23]. To reinstate the rank of the covariance ma-
trix, the AVTOP technique constructs a new Toeplitz matrix R, using a vector
Tavrop = [T, 7[2], ..., F[M]] whose elements are obtained by taking an aver-
age of the entries in each of the slanting diagonals of the lower triangular part of

the correlated array covariance matrix R_. The procedure is summarised in the

following equation

M
Y rlmom—i+1], i=1,2,. M (4.5)

m=i

il 1
Tl = —m—
M—-i+1
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The Toeplitz matrix constructed using 7 is of the form

AVTOP

a2 e M|
Ry — (2] 7[1] s T M — 1] (46)
_f[M] M -1 --- 7[1] |

Subspace-based methods such as MUSIC can then be applied to Ry to estimate
DOA of the coherent signals.

4.5.2 Correlation Toeplitz (CTOP)

The correlation Toeplitz technique is presented in [22, 23, 49]. The technique
uses the array received data vector x(t) = [z1(t), x2(t), ..., p(1)] to form a vector

r = [r[1], 7[2], -+, r[M]], by taking the cross-correlation between each sensor

CcTOP

output and the reference sensor output. Taking the first element of the array as

the reference, the cross-correlation sequence is generated as

rli] = v ()2 (t) i =1,2,..., M. (4.7)

The vector r is basically equivalent to the first row of the coherent covariance

CTOP

matrix R, thatis, r ., = [r[l, 1], r[1,2], -+, r[1, MH The correlation-sequence

r is then used to construct a new Toeplitz matrix of the form

CTOP

o) [ r(M] ]
Ry — 7“*.[2] r[.l] . r[M'— 1] | (48)
_r*[M] r*[M — 1] r[1] |

where the MUSIC algorithm or any other subspace-based method can be applied

to estimate DOA information of the incident sources.
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The correlation Toeplitz technique can be summarised as follows:

(a) Obtain the received data vector x(t) = [z1(t), z2(t), ..., xa(t)] and the first

array element response x, (t).

(b) Compute the cross-correlation sequence using z,(t) and x(t) to form vector

IrCTOP .

(c) Construct the Toeplitz matrix Rr using the correlation sequence vector

rCTOP :

(d) Find DOAs of coherent sources by applying MUSIC algorithm to Ry.

According to Bai et al. [23], the CTOP method provides more accurate estimates.
Whereas, the averaging of the diagonal elements of the coherent matrix results in

deviation from the true DOA.

4.6 Summary

This chapter presented a mathematical definition of coherence in a signal process-
ing context. The chapter also explained the exact type of coherence on which this
study is based and also outlined the effect of coherence on the MUSIC algorithm
and other subspace-based methods. The last section presented the decorrelation

procedures of the CTOP and AVTOP decorrelation techniques.



CHAPTER 5

Algebraic Analysis

This chapter presents an algebraic analysis of the CTOP and AVTOP decorrelation
techniques. Based on a given coherent signal data model a symbolic expression of
a coherent array covariance matrix was derived and the two Toeplitz decorrelation
techniques were applied to reconstruct new Toeplitz matrices from the coherent
covariance matrix. From the investigation of the structures of the derived coherent
array covariance matrix and the Toeplitz reconstructed matrices, a claim is made
about the principle behind the performance of the two techniques. This provides
an understanding of why the CTOP technique has an unbiased and more accurate
estimation performance and why the AVTOP technique results in deviations from
true DOA. The results from this analysis were verified using scenarios involving
up to a four element ULA and a maximum of three narrowband sources, based on

the assumption that the noise at the array is additive white Gaussian noise.

5.1 Coherent Signal Source Data Model

Consider a multipath propagation scenario caused by reflective objects in the trans-
mission path. In this scenario the signals from the same source become coherent.
Assume that sq(k, t) is a direct signal and sy (k, t) is a reflected signal emitted from

a narrowband source, and

so(k, t) = Bsi(k, 1), (5.1)

47
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where 3 is a scalar relating the gain of the two signals. Let s (k,t) = p, el (@ot+0(x)

wot+9(k

and sy(k,t) = p,el )) where p, = fp,. The two signals have a randomly

changing phase J(k), constant amplitude and an operating frequency of wy.

The signals s1(.,t) and sy(.,t) have the same phase and frequency. The phase
difference between the two signals is a constant, in this case zero, i.e., ¥(k)—9(k) =
0, hence they are phase-coherent. Using Equation 4.2 it can be shown that when

two signals are phase-coherent the degree of coherence is equal to 1 [74]:

_ E{s1(.,t)s5(.,t)}
VE{si G OPYEs: (L 0P}
Dy, el o)t BP9}
~ VE{lp, OB} E{[p, el 0T}
P

\/ P?p?

=1. (5.2)

P

Therefore s(.,t) and sa(.,t) are 100% correlated or simply coherent.

5.2 Coherent Covariance Matrix Derivation

Assume a DOA estimation problem where the two coherent signals s;(.,¢) and
so(.,t) described in Section 5.1 impinge on a 3-element ULA. The signals are
arriving from the directions 7; and -5 respectively and the array elements are
separated by a distance d = A/2. The estimation problem assumes a noiseless

case.

The two signals form a signal vector s(.,t) = [s1(.,t) sa2(.,¢)]" and the signal

covariance matrix denoted by R__ is given as:

R,, = E{s(.,t)s"(, 1)}
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j(9(.)—=9(.)) F(9()=9(.))
pEETY pp, BT

—ed(wo—wo)t
j(9(.)—9(.)) j(9(.)—9(.))
p.p, E{e b opE{ }
_| 7o (5.3)
Dip, D2

A coherent array covariance matrix is derived for this problem and two Toeplitz
matrices are reconstructed from the coherent covariance matrix using the CTOP
and AVTOP decorrelation techniques. Based on the DOA estimation data model

presented in Section 3.3, the array covariance matrix is given as

R = AR A" + 01, (5.4)

which reduces to

R=AR,A" (5.5)

for a noiseless case. For the given case, the array steering matrix is a 3 X 2 matrix

1 1
A= eIm e 972 , (56)
e_jz'yl e_j272
where vy, = w and o = w are the electrical angles of s1(., ) and ss(., t)

respectively. The angles ¢ and 6y are the respective DOA (mechanical) angles.
Substituting the expression for R, and A into Equation (5.5), the coherent array

covariance matrix is obtained as follows

R, = AR, A"

1 1 A A

, ) p? p1p2 1 6]’71 6.7271

= |eIm eI (5.7)
) o

=271 o—i272 PPy P Loem ™2

e e
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where the subscript C' denotes coherence. The final and simplified algebraic ex-
pression for R which was obtained through re-parameterisation of the original

matrix is given as

R, =
a+20 (u+0)ed M 4+ (n+o)el 72 (u+0)el? M 4 (n+o)el?72
(uto)e M +(nt+o)e=I72 a+00 ped4neir2 4o (e’ +elv) | (58)
(pto)e 32N +(n+0)e=I272  pe=IM4ne I2+40(e IV +e~IV) atod

The significance of re-prameterising the variables of R is highlighted here.

5.2.1 Re-parameterisation

It is emphasised that, re-parameterisation of variables of the original expression of
R was a very crucial step in this analysis. The process simplified the procedure
of interpreting the structure of R,. Before re-parameterisation it was difficult to
make any useful observation or interpretation from the original structure of R,,.

This is because its unsimplified expression is cumbersome and not manageable.

The re-parameterisation of matrix R, was not just carried out by trial and er-
ror but based on the knowledge of the DOA estimation data model presented in
Section 3.3. The objective of re-parameterisation was to isolate the complex ex-
ponentials e/, e/72, /21 and €/22 and their complex conjugates. These are the

elements of the array steering matrix A which contains DOA information.
The parametric variables used to simplify the matrix R are defined as:

Electrical angles

(b) Ay =y — 7

(C) V=2 —"7, V=27 —"7
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Signal amplitudes

(&) p=p2, n=p
(b) a=p+n, o=/
(c) g=2p+o0, r=2n+0

Complex exponentials

(a) © =27 47927

5.2.2 Toeplitz matrix reconstruction

The CTOP and AVTOP decorrelation techniques were applied to the coherent
array covariance matrix R, to reconstruct two new decorrelated Toeplitz matrices.

The decorrelation procedure of each Toeplitz technique is given in Section 4.5.

Let R, be the CTOP reconstructed Toeplitz matrix which is derived as:

at20 (nto)e? M+ (nto)el2  (uto)el* N +(n+o)el*72
RcT = (u+o)e I 4(n+o)e 72 a+20 (p+o)ed 14 (n+o)ei 2 , (59)
(nto)e P2 4 (n+o)e™7272 (uto)e M+ (n+o)e 972 at20

according to the CTOP reconstruction procedure and the AVTOP reconstructed

Toeplitz matrix be R, ., where:
R, =
%[304—}—0(2—}—@—}—@)} %[qe’j'yl +re=I72 +U(e’j"+e’j“)] (ut+0)e 727 +(n+o)e 7272
%[qeﬂl +rel 2 +a(ejl’+ej”)] %[304—&-0(2—&—9—&-{))] %[qe’j'yl +re 2 +J(e’jl’+e’jv)]
(u+0)ed?M +(n+0)el272 %[qej'yl +redr2 +U(ej"+ej“)] %[3@—}—0(2-{—@—}-@)]

(5.10)

The parametric variables contained in matrices R_, and R, . are as defined in

AVT

Section 5.2.1.
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5.3 Investigation and Findings

The investigation of the derived matrices R, R_, and R focused on the

AVT
distribution of complex exponentials /71, €727 777 and e/ associated with
source 1 steering vector as well as €72, €722 7972 and e727 associated with
source 2 steering vector. These complex exponentials are treated as phasors (DOA

phasors) that store DOA information.

5.3.1 Coherent array covariance matrix

As highlighted in the introduction of this chapter, the findings from this study
provide an understanding as to why the CTOP decorrelation technique results in
a more accurate DOA estimation and why the AVTOP decorrelation technique
results in deviations from the true DOA. The following important observations
were made by examining how the DOA phasors are organised in the entries of the

rows and columns of R_.

Independent components

Each entry in the 1st row is made up of a sum of independent DOA phasors for
sources s1(.,t) and so(.,t). Note that the 1st column is a conjugate of the 1st row.

Therefore, the same observation applies to its entries.

Figure 5.1 is a snapshot of the 1st row. Taking the first array element as a reference
element, the first entry in this row is the autocorrelation of the reference element
output. There are no DOA phasors present in this entry, thus all its terms are

constants.
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Amplitude terms

FIGURE 5.1: Row 1 observations.

The second entry is the correlation between the output of the second and the
reference array elements and the third entry is the correlation between the output
of the third and the reference array elements. The first row entries in expanded

form are:

rn =a+ 20 =p, +p,+ 2p1p2a
T2 = (M + O-)ejfyl + (77 + O-)ejw = (pl +p1p2>6j71 + <p2 +p1p2>6j727

ris = (p+0)e’™" + (1 +0)e”” = (p, + pip,)e’™" + (p, + pupa)e’™”,

where the amplitude of each DOA phasor is a linear combination of the source
powers p, and p,. It can be seen that in each entry of the first row (and column)

the DOA phasors occur in a “superposition” form, that is, as independent sums.

Biased components

Apart from the 1st row and 1st column, every other column or row of R, has
an entry which is a sum of both independent DOA phasors and extra dependent
terms. The extra terms are a result of the interaction or dependence between the
two sources’ DOA phasors. An example of this is entry 7,, in the 2nd row and 3rd

column, where

Ty, = ,uej’Yl + nej'yz + O—(ej’/ + ejv)

= plej'” + p2€j72 + PP, (ej(272771) + 61(271*72))_
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The terms e/’ = e/(27271) and /¥ = /@172 are referred to here as “biased
components” because they are a result of an interaction between the DOA phasors

e=Im, e?n e=i72 and €272 and are considered to cause bias in DOA information.

In a nutshell, a coherent array covariance matrix’s first row and first column have
entries in which DOA phasors occur in a superposition form without any biased
components present. The remaining rows and columns have one entry, which is a

linear combination of both independent and biased components.

The superposition claim

From the observations made on the algebraic structure of the coherent array co-

variance matrix, the following claim is made:

“The DOA information is preserved when the DOA phasors of the
sources occur in a superposition form. That is, they occur as sums of
the individual sources’ information, in each of the off-diagonal entries

of the array covariance matrix.”

5.3.2 Toeplitz reconstructed matrices

It is evident that the CTOP reconstructed matrix contains undistorted DOA in-
formation due to the fact that it is constructed from the first row of R_. The first
row contains the sum of DOA phasors in a superposition form, meaning there is
no interaction between the DOA phasors. Thus, the reconstructed matrix’s row
space is equivalent to that of the ideal array covariance matrix. Recovering DOA
information, free of interaction between the individual source information, is the

principal behind successful decorrelation with the CTOP technique.

The problem of deviation in DOA estimation associated with the AVTOP tech-
nique is caused by the biased components in the information recovered during

Toeplitz matrix reconstruction. Although the DOA information is recovered in a
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superposition form, extra dependent terms (biased components) are observed in

the superdiagonals of matrix R This causes bias in the DOA information.

AVT*

5.4 Verification of the Superposition Claim

In order to verify the “superposition claim”, a multiple sources DOA estimation
scenario is assumed. The array covariance matrices due to each source are derived
independently and then summed. The noise is added in order to obtain the overall

array covariance matrix.

The overall array covariance matrix is therefore given as a sum of the individual
source array covariance matrices and the noise covariance matrix. Let the overall

array covariance matrix be denoted by Ry which is given as:

N
Roy =) Ri+0°1, (5.11)

i=1

where R; is the array covariance matrix due to the ith source and oI is the
noise covariance matrix. The verification was done using three DOA estimation
scenarios described in Table 5.1.

TABLE 5.1: DOA estimation scenarios

Scenario | No. of array elements | No. of sources
1 3 2
2 4 2
3 4 3

For this purpose, consider three narrowband signal sources s;(k,t) = eJ(«ot+7i(x)
(1 = 1,2,3), each with a unity amplitude and a randomly changing phase J(k).
The noise is assumed to be AWGN with a variance of 0. In each of the scenarios,

the matrix Roy is derived according to Equation (5.11).

The derivation of the individual source array covariance matrices (i.e. R; =
AR, A" i =1,2,3) follow the same procedure as in Section 3.5, where an array

covariance matrix based on a single source scenario was derived. For each scenario,
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the MUSIC algorithm is applied analytically as demonstrated in Section 3.5. In
order to estimate the DOAs of the multiple sources, derivation and minimisation

of a cost function need to be done.

Scenario 1: Three elements ULA and two sources

For scenario 1, the overall array covariance matrix is derived as

ROV = R1 + RQ + O'2I3><3

= AleslA{I + A2R352A2H + U2I3><3

1 eI ei2m 1 eIz i1
= | e=m 1 e | + | eI 1 ed2 | + 0“I343
e~ %2 e—im 1 e i%v2 =i 1

2+ g2 eI 4 iz ei?n 4 ei2n

= | e IMN 4 eI 2+ o2 eIn 4 eiv2 ||

e I2N 4 e7I272 emIM 4 eI 2+ o2

where R; and R, are the individual array covariance matrices for sources 1 and 2

respectively and A; = [1,e77 77247 (for i = 1,2).
The derived noise eigenvalue-eigenvector pair for R is as given below

ej’ylej'YQ
A= 0'2, v = _ej'Yl — 6.7"7/2

1

The matrix V,(v) has one column formed by the noise eigenvector v. Take note

that in this case v = [y1, 7.
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Based on V;(v) and the vector w(¢) = [1, e7?, e*jzd)]T, the cost function for

this scenario is derived as:

T32(0,7) = w () Vu(m) V! (V) w(9)

= (ej(71+72) — edm+e) _ pilv2+e) + ej2¢)(€—j(vl+72) — e~ in+e) _ o=i(r2+9)

+ e_j2¢)

=4 —4cos(y — @) —4cos(ye — @) + 2cos(y + 72 — 2¢) + 2cos(y1 — 72)

(5.12)
and the minimisation of Js5(¢,~) yields
0 . : :
8_¢J32<¢’ ¥) = 4sin(y1 + 72 — 2¢) — 4sin(y1 — ¢) — 4sin(y2 — @)
4sin(y; + 72 — 2¢) — 4sin(y; — ¢) — 4sin(ye — ¢) = 0. (5.13)

Equation (5.13) is satisfied when ¢ is equal to any of the target directions y; and
v2. This confirms that the cost function Js3(¢, ) has two global minima, one at
¢ = 7, and the other at ¢ = 5. Assume that v; = 0.6981 radians and v, = 2.6180

radians, the cost function and its derivative are plotted in Figure 5.2.

In Figure 5.3 the cost function Jso(¢, ) is plotted as a surface using contours,
where source 1 direction traverses the whole angular space and source 2 direction

is held constant at v = 2.6180 radians.
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FIGURE 5.2: Two sources and three elements ULA.

Source 2 vy = 57/6 rad
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FIGURE 5.3: J32(¢,~) surface plot.
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Scenario 2: Four elements ULA and two sources
The algebraic expression for Roy is derived as
2
ROV = R1 + R2 +o I4><4
H H 2
= A1R351A1 + A2R332A2 +0o I4><4
1 el ei?n eidm 1 el ei2rz oi372
e_j’yl 1 ej’YI 6.7 271 e_j'YQ 1 ej'YQ ejz'YQ
2
= ‘ I . | F oL
e I2n  emim 1 eim e I%2v2 i 1 el
e~ I3 e=i2m e—im 1 e~ I3 e=i2v2  o—iM2 1
2 _I_ 0‘2 ej'yl _I_ ej'YZ ej271 + €j272 6.]371 _I_ 6.7372
e_j'yl _'_ e_j’YQ 2 _'_ 0-2 6.771 _|_ ej’Y? €j271 + €j272
eI 4 eIz o=IM 4 eI 2 4 g2 eI L ed72
eI 4 eI omI2N 4 emI22 omIM 4 eI 2+ g2

where A; = [1,e ™ e =33%|T (for i = 1,2).

The derived noise eigenvalues and eigenvectors for the matrix Roy are as follow

eI pi2
—eImn _ i
2
)\1 =0, V1 =
1
0
eIMei2vz | eI27 iz
) —ei2m _ pi272 i1 ed72
Ay =07, vy =
0
1

The matrix V,(v), in this case is a 4 x 2 matrix whose columns are the noise

eigenvectors v; and vy as shown below
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eI pi2 eI gi2v2 + eI2M giv2
_ej’yl _ ej'y2 _ejQ'Yl _ 6j272 _ ej’Ylej’Y2
Valy) =
1 0
0 1

where v = [y, 72]. The cost function is derived using w(¢) = [1, eI, eI, e*j3¢]T
and V, () as shown below

Jia(¢,7) =w™ (9)Va(1) VI (7)w(9)
:(ej(71+72) — In+e) _ gilr2te) 4 ej2¢)(e—j(vl+v2) — e im+d) _ o—i(et+9)
+ e—j2¢)(ej(’71+272) + eI Cnt+r2) _ pi(mte) _ pi(2v24d) _ pi(nitr2+e) + 6j3¢)

(efj(71+2’72) + e ICnty2) _ o=iCmtd) _ o—i2v2+9) _ o—i(nitazte) + e*j3¢)

=10 — 8 cos(y1 — ¢) — 8cos(y2 — @) — 2cos [2(71 — @)] — 2cos [2(72 — @)]
—2c0s(271 — 2 — @) — 2¢08(279 — 1 — @) + 2c08(272 + 71 — 3¢p)+

208(271 + 72 — 3¢) + 2cos [2(71 — 72)] + 8cos(y — 72) (5.14)

The minimisation of Jys(¢, ) yields

%J@ﬁ) = 6sin(27; + 72 — 3¢) + 6sin(272 + 1 — 3¢) — 8sin(y1 — @)

—8sin(yy — @) — 4sin [2(y1 — @)] — 4sin [2(y2 — @)] — 2sin(2y — 72 — @)
—2sin(2ye — 1 — ¢)

6sin(2y; + 72 — 3¢) + 6sin(2y2 + 71 — 3¢) — 8sin(y; — ¢) — 8sin(yz — @)
—4sin [2(y1 — ¢)] — 4sin [2(72 — ¢)] — 2sin(271 — Y2 — @)

—2sin(2y, — 1 —¢) =0 (5.15)

It is observed that substituting 7, or 75 for ¢ in Equation (5.15), the result is zero.
This confirms that Jyo(¢,y) has two global minima at ¢ = 7, and ¢ = ~,. Again
assuming that v; = 0.6981 radians and 7, = 2.6180 radians (as in scenario 1), the
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cost function and its derivative are plotted and the two global minima can be seen
at the target directions indicated by the dots in Figure 5.4. The cost function
Ji2(¢,7y) has also been plotted as a surface, with source 1 direction scanning
through the entire angular space and source 2 held constant at v, = 2.6180 radians

as shown in Figure 5.5.

1 5 T T T T T T

-15 1 1 1 1 1 1
0 1 2 3 4 5 6 7
electrical angle ¢ [rad]
Cost function
———— Derivative
FIGURE 5.4: Two sources and four elements ULA.
Source 2 y = 57/6 rad -

6 135

130

I

source 1 v [rad]
w

o
_

2 3 4 5 6
electrical angle ¢ [rad]

FIGURE 5.5: Jya(¢, ) surface plot.
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Scenario 3: Four elements ULA and three sources

The expression for the array covariance matrix for this scenario is derived as

Roy =R, + Ry + Rz + 0’1,

= A1R581 A{I + A2R852 Ag + A3R533A§I + U2I4><4

1 eI ei2n eidm 1 el ei2v2 ei3y2
e~ Im 1 eI ed2m eIz 1 eIz ed272
= A A |t A , _
eI emim 1 eIm e 9272 oI 1 eln2
e~ Idm  e=i2n e—im 1 e I3z o=I272 o2 1
1 eI ei2v3 i3
67].73 1 6.7”73 6] 2’73 9
+ '2 ) ] + 0o I4><4
6_.7 Y3 6_373 1 6.7’73
e~ I313 =327 oI 1

3402 eI 4-e372 4973 €271 47272 49273 I371 47372 47373
e IV feIV2 4T3 3+02 eIV feIV2 46973 eI271 4T272 47273
= e I2M 472724679273 ¢TIV 4e"IV2 47973 3402 eI 4-eI72 4973
e I3 479372 4679373 ¢7I2V1 47 I2V2 467278 eIV feIV2 4T3 3402

where A; = [1, e e792% =33%]T (for i = 1,2, 3) are the array steering matrices

for each source.

The derived noise eigenvalue and eigenvector pair is given below. The noise eigen-
vector has an algebraic multiplicity of one. As a result, there is one corresponding

noise eigenvector.

eI eIz 1 eI eIV | eIV2I73
A=o02 wv=
—eIM _ o2 _ eI
1
The eigenvector v forms the matrix V,(7) where in this case v = [y, 72, 73]

Using the vector w(¢) (same expression as used in scenario 2) and V() the cost

function is derived as follows:
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Jis(8,7) = w (@) Va(v) VI (v)w(9)

= (e—j3¢ + €—j¢(e—j(v1+vz) + e~ (m+7s) + e—j(w-ﬁ-%)) _ 6—j2¢(6—j71 eI 4 e—j%)
_ e—jme—jwe—jvs)(ej% + ejsb(ej(%ﬂz) 4 edntrs) ej(72+73))

—_ €j2¢>(€j'n 4+edz 4 ejvs) —eim ejwejvs)

=8 —8cos(y — @) — 8cos(y2 — @) — 8cos(y3 — @) + 4cos(y1 + Y2 — 29)
+4cos(v1 + 73 — 2¢) +4cos(y2 + vz — 2¢) — 2cos(y1 + 72 + 73 — 39)

—2cos(m +72 =73 —¢) —2cos(mi + 73— 72 — @) —2cos(r2 + 3 — 1 — @)

+ 4 cos(yy —72) + 4cos(y1 — y3) + 4cos(ye — v3) (5.16)

The cost function is minimised by taking taking a partial derivative with respect
to ¢ and equating the result to zero as shown below:
0

8_¢J43(¢’ ) = 8sin(y; + y2 — 2¢) + 8sin(y1 + 3 — 2¢) + 8sin(y2 + 73 — 29)

— 8sin(y — @) — 8sin(ys — ¢) — 8sin(ys — ¢) — 2sin(y; + 72 — 75 — )

—2sin(n + 93 =72 — @) — 2sin(y2 + 73 — 71 — @) — Gsin(y1 + 72 + 73 — 39)

8sin(y; + 2 — 2¢) + 8sin(yy + 3 — 2¢) + 8sin(vy, + 3 — 2¢)
— 8sin(y1 — ¢) — 8sin(ye — @) — 8sin(yz — @) — 2sin(y1 +92 — 73 — @)

—2sin(y1 + 793 — 72 — @) — 2sin(ye + 93 — 1 — @) — 6sin(y1 + 2 + 3 — 3¢) = 0.
(5.17)

It has been confirmed that Jy3(¢,~y) has three global minima at ¢ equal to the
electrical angles 1, 72 and 3. Assuming the three sources have electrical angles
v1 = 0.6981 radians, v, = 2.6180 radians and 3 = 4.3633 radians, the plot of
Ju3(¢,7y) and its derivative is generated in Figure 5.6.

Using contours, the cost function is plotted as a surface in Figure 5.7. In this case
sources 2 and 3 directions are held constant at v, = 2.6180 radians and 3 = 4.3633

radians respectively while source 1 direction traverse the whole angular space.
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FIGURE 5.6: Three sources and four elements ULA.

Source 2 y = 57/3 rad and Source 3 v = 257/18 rad
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FIGURE 5.7: Jy3(¢,~) contour plot.
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5.5 Discussion

From the scenarios studied above it has been verified that when the signal sources’
DOA information is stored in a superposition form, their directions are indepen-
dent of each other and can be estimated without any deviation from the true
direction. Further observations made from the plots of cost functions and their
derivatives presented in Figures 5.2 to 5.7 and from the derived expressions are

discussed.

5.5.1 Line plots observations

(a) Global minima

In general, it has been observed that the cost function in each scenario has a
unique solution at ¢ = . It is unique in a sense that the cost function is only
equal to zero i.e. J(7v,¢) = 0, at ¢ = v and has a global minimum at this point

and not anywhere else.

In Figures 5.2 and 5.4, each cost function has two global minima, one at ¢ = v, and
the other at ¢ = ~,, which are the electrical angles for sources 1 and 2 respectively.
The cost function in Figure 5.6 has three global minima at ¢ equal to the electrical
angles v; = 0.6981 radians, v, = 2.6180 radians and 3 = 4.3633 radians for the

three signal sources.

At each global minimum both the cost functions and their respective derivatives
have a value of zero. As mentioned earlier, J(7, ¢) = 0 at ¢ equal to the electrical

angle due to the orthogonality between the matrix V;(y) and the vector w(¢).

(b) Local minima

The cost functions in Figures 5.2 and 5.6 have no local minima. In Figure 5.4,

which represents a scenario of two signal sources and an array of four elements,
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the cost function has one local minimum. In the case of multiple signal sources,
the number of local minima may be equal to the maximum number of possible
local minima or less depending on the direction 7 of each source and the angle of

separation between the sources.

In scenario 3, if the local minimum is present, it is either on one side or sandwiched
by the two global minima. If it is sandwiched by the two global minima it was

found that it always occurs at

Y1+ Y2
¢:

. (5.18)

and if the local minimum is on one side as shown in Figure 5.4, the position of the

local minimum is given by

¢ = 1.53. (5.19)

5.5.2 Contour plots observations

In each contour plot the axes represent the parameters v and ¢ of the cost func-
tions. On the y-axis of each plot the source 1 direction ~; is varied from 0 to 27
and on the x-axis the parameter ¢ which represents all the possible source direc-
tions is also varied from 0 to 27. The sources 2 and 3 directions are held constant

at 2.6180 radians and 4.3633 radians respectively.

It can be seen that all the contour plots confirm the existence of unique global
minima at all values of ¢ corresponding to the true DOAs of the sources. Take
note that in this case a global minimum is not a single point but a narrow plane
stretching across the entire plot. Each global minimum traverses the contour plot
along a straight line going through the points where ¢ and v are equal and the

global minimum is also symmetric about this line.

The global minima are shaded with a violet colour on each contour plot and are

at a zero elevation as indicated on the colour bars. This confirms the observation
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that the cost functions have a unique value of zero at the global minima and not

anywhere else.

(a) Diagonally traversing global minima

In each of the Figures 5.3, 5.5 and 5.7 a global minimum traverses along the
diagonal of the contour plot. This global minimum is a narrow plane symmetric
about a straight line v; = ¢ which is joining the points (0,0) and (2, 27). Take

note that for each point on this line the values of v, and ¢ are equal.

(b) Vertically traversing global minima

Each of the contour plots in Figures 5.3 and 5.5 has one vertically traversing
global minimum. This global minimum is a narrow plane that vertically traverses
along the vertical line ¢ = 2.6180 corresponding to the direction of source 2. The
contour plot in Figure 5.7 has two vertically traversing global minima one along
the vertical line ¢ = 2.6180 and another one along the vertical line ¢ = 4.3633

corresponding to the sources 2 and 3 directions.

(c) The merger of global minima

A very insightful observation from all three contour plots is that, when two or
more sources are closely spaced, their global minima merge. In a practical sense
this would result in a DOA estimator being unable to resolve the DOA of the

sources and these sources may be identified as a single source.

A good scenario is in Figure 5.7 where there are two vertically traversing global
minima corresponding to the sources 2 and 3 directions. If the two sources are
moved any further towards each other the two global minima will completely
merge. The MUSIC estimator would detect them as a single source with a direction

v = KQW radians, where 7; and 7, are the individual sources directions.
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(d) Peaks and Saddles

The yellowish peaks on the contour plots represent the global maxima of the cost
functions and do not provide any useful or relevant information to this analysis.
However, what is worth noticing is a saddle sandwiched by two peaks as appear-
ing in Figure 5.5. The saddle is a local minimum which would correspond to a

secondary (false) peak in the MUSIC spatial spectrum.

5.5.3 Noise influence on DOA

Through the analytic application of the MUSIC algorithm, it has been observed
that if the exact array covariance matrix is known and the noise at the ULA
is additive white Gaussian noise, the noise has no influence on the directions of
the sources. This has been deduced from the fact that, the noise eigenvector
expressions, which are crucial in the derivation of the MUSIC spectrum function

do not contain any noise component.

5.6 Summary

This chapter explained the principle behind the performance of the CTOP and AV-
TOP decorrelation techniques. The findings show that the accuracy of the CTOP
technique is attributed to retaining the source DOA information in a superposition
form. The deviation in DOA estimation associated with the AVTOP technique is
a result of retaining biased DOA information. The superposition form claim was
verified using specific DOA estimation scenarios where the MUSIC algorithm was
applied analytically in order to estimate the DOA of the sources based on each

scenario.



CHAPTER 6

Numerical Simulations

In this chapter, the performance of the CTOP and AVTOP decorrelation tech-
niques applied with the MUSIC algorithm is investigated through numerical sim-
ulations for DOA estimation of coherent and non-coherent sources. The per-
formance of the classic MUSIC algorithm is also investigated for benchmarking
purposes. In the first section, the simulations’ background information is given.
The second section presents the simulation results for the performance of each
technique. The performance is evaluated in terms of spatial spectrum, average
standard deviation, probability of success (POS) and the Root Mean Square Er-
ror (RMSE) in DOA estimation. The performance metrics were computed for
different levels of SNR and number of array elements. In the last section, the
spatial spectra of the CTOP MUSIC derived from different rows of the coherent

covariance matrix are investigated.

6.1 Simulations Background

The simulations were conducted in order to assess the performance of the CTOP
and AVTOP decorrelation techniques. Each technique was applied in conjunction
with the classic MUSIC algorithm to estimate the DOA of two sources for both
coherent and non-coherent scenarios. The performance of the classic MUSIC al-
gorithm was also evaluated for the same conditions in order to provide a baseline

for comparison.

69
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After combining each decorrelation technique with MUSIC, the resultant algo-

rithms were referred to as

(a) AVTOP MUSIC: the classic MUSIC algorithm applied with the AVTOP

decorrelation technique.

(b) CTOP MUSIC: the classic MUSIC algorithm applied with the CTOP decor-

relation technique.

The simulations were implemented and run in MATLAB based on a ULA DOA

estimation data model described in Section 3.3.

Coherent scenario

In order to emulate coherence of the signal sources, a multipath propagation sce-
nario was assumed. For simplicity, consider a narrowband signal s, (t) = e/“°" with
unity amplitude and a DOA (mechanical angle) of §; = —40° as a direct compo-
nent and the reflected component as s,(t) = €/“°! arriving from direction 6y = 30°.
The direct and reflected components have the operating frequency wy and a phase

of 0°.

Non-coherent scenario

In the case of a non-coherent scenario, assume that the two narrowband signals
s1(t) and so(t) are emitted from different sources with different operating frequen-
cies. The signal s;(t) = e/t is arriving from direction #; = —40° and signal
so(t) = €/*?! is arriving from direction 6y = 30° and they are mutually indepen-

dent.

The classic MUSIC, AVTOP MUSIC and CTOP MUSIC algorithms were applied
for the estimation of sources s;(t) and sy(t) directions in the two scenarios. In

comparison to the algebraic analysis where the exact array covariance matrix is
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known, in the numerical case a sample array covariance matrix is approximated

by taking 1024 snapshots of the received data.

The following simulation parameters were fixed for all the simulations:

(a) Number of data snapshots K = 1024.
(b) Coherent scenario: operating frequency wy = 800 KHz.

(c) Non-coherent scenario: Operating frequencies w; = 800 KHz and w, =

300 KHz.

(d) Array element spacing d = 3.

6.2 Performance Results

The first part of the results presents the spectra of the CTOP MUSIC, AVTOP
MUSIC and the classic MUSIC algorithms for the estimation of s;(¢) and so(?)
DOAs. The second part presents the performance results of the three algorithms
obtained by varying the number of sensors while the third part presents the perfor-
mance results obtained by varying the SNR. The performance is evaluated in terms
of Root Mean Square Error (RMSE), average standard deviation and probability
of success (POS).

6.2.1 Performance metrics definition

The following are the definitions of the metrics used to evaluate the performance

of the three algorithms.

The definition of RMSE is given by [21, 67, 78|, defined as

=l

T
1 N
RMSE = \| = > "(0; — 0,)? (6.1)
=1
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while the standard deviation in the estimates of each source is defined as

SD =, w (6.2)

=1

and therefore the average standard deviation in the estimates of both sources is

given by
SDy + SD,

; (6.3)

average SD =

In the case of the probability of success, an event is defined as a success if it satisfies
the condition mazx(|0; — 6;]) < ¢, for i = 1,..., N [79]. For this study, e was chosen
to be 0.8 degrees for comparison versus SNR and the number of sensors. For a
particular simulation trial or event, the absolute value of the difference between
the DOA estimate and the actual DOA of each source is obtained. If the largest
of these absolute values is less than 0.8 degrees, then that particular event is

considered to be a success. The probability of success is therefore given as,

number of times “success” happens

POS = 7

(6.4)

The parameters used in Equations 6.1, 6.2, 6.3 and 6.4 are defined as

(a) 6 =actual DOA,

(b) 6 = estimated DOA,

(¢) 04, = mean estimate,

(d) T = number of independent trials,

(e) SDy, SDy = standard deviation in sources 1 and 2 DOA estimates and

(f) N = number of sources.

6.2.2 Spatial spectrum

The spectra of the three algorithms were generated for a 4-element ULA in the

presence of two coherent sources (due to a multipath propagation effect) and also
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in the presence of two non-coherent sources. The SNR was fixed at 10 dB and the

other simulation parameters were as described in Section 6.1.

The CTOP MUSIC, AVTOP MUSIC and classic MUSIC spectra were plotted on
the same plot as shown in Figures 6.1 and 6.2 below. The simulations were run ten
times repeatedly and the spectra for each algorithm were generated and plotted

on top of one another for both signal scenarios.
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FIGURE 6.1: Typical spectra: non-coherent scenario.
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FI1GURE 6.2: Typical spectra: coherent scenario.

Discussion

The results for the non-coherent scenario in Figure 6.1 show that when the two
sources are mutually independent all the three algorithms are able to resolve the
DOASs of the two sources. This is indicated by the sharp and narrow peaks at —40°
and 30° in the spatial spectrum of each algorithm. However the three algorithms

have different levels of accuracy in estimation as investigated in later sections.

When the signals are coherent, the classic MUSIC algorithm completely fails to
resolve DOAs of the two signals as shown in Figure 6.2. The results in the same
figure also show that the CTOP and AVTOP MUSIC algorithms are able to resolve
DOAs of coherent sources as indicated by the two peaks in the spectra of each
algorithm. The peaks occur at around 30° and —40°, corresponding to DOA of
the direct and reflected paths respectively.

The CTOP MUSIC yields nearly accurate estimates of the incident angles com-
pared to the AVTOP MUSIC, confirming the conclusion drawn by Bai et al. in [23].
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By observing the position of the peaks, it is clear that the AVTOP MUSIC DOA
estimates greatly deviate from the true DOA of both the direct and reflected com-
ponents. This agrees with the findings of the algebraic analysis in Section 5.3,
where it was found that the cause of the deviation in estimation was due to the
biased components which are a result of the interaction between the two sources’

DOA information.

The CTOP MUSIC has high accuracy in estimation because during Toeplitz decor-
relation, the DOA information of the coherent sources is retained as independent
sums without any interaction between the individual sources information, as ob-
served from the algebraic analysis. It was shown via applying MUSIC analytically
(Section 5.4) that if the DOA information is retained as independent sums or sim-
ply in a superposition form (the case of CTOP decorrelation), then accurate DOA

of the coherent sources can be obtained regardless of coherence.

Sections 6.2.3 and 6.2.4 present the performance evaluation results for the three
algorithms at different number of sensors and different levels of SNR. The RMSE,
average standard deviation and the probability of success (POS) values were com-
puted for each scenario. In order to compute each performance metric value, 200

independent trial simulations were run.

6.2.3 Performance at different number of sensors

In this test, the SNR was fixed at 2 dB and the number of sensors was varied from
3 to 13 sensors at an interval of one. The performance results obtained for each

signal scenario are presented in Figures 6.3 to 6.8 below.
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Discussion

RMSE: Figures 6.3 and 6.4 show the RMSE in DOA estimation versus the number

of sensors for individual sources and algorithms.

The results for the non-coherent scenario presented in Figure 6.3 show that all the
three algorithms exhibit a low RMSE in DOA estimation. The highest recorded
RMSE value is 0.47 degrees at 3 sensors with the CTOP MUSIC algorithm. While
the AVTOP and classic MUSIC algorithms have the RMSE values of 0.33 degrees
and 0.34 degrees respectively at the same number of sensors. In general, the RMSE

for all the algorithms tend to decrease with increase in the number of sensors.

It can be seen that there is a low RMSE in the DOA estimates for source 1
throughout, in comparison to source 2 for each algorithm. This phenomenon

requires a thorough investigation in order to get an insight of why this happens.

The performance results for the coherent scenario shown in Figure 6.4 confirm the
superiority of the CTOP MUSIC algorithm over the AVTOP and classic MUSIC
algorithms in resolving the directions of coherent sources. The CTOP MUSIC
algorithm is superior because during the decorrelation stage, the CTOP technique
retains superimposed DOA information of coherent sources. Which according to
the “superposition claim” made in Chapter 5, is the reason behind recovering DOA

information of coherent sources without any spurious information.

With the least number of sensors, 3, the CTOP MUSIC algorithm has a RMSE
of approximately 0.2 degrees, while the AVTOP MUSIC has a RMSE of about 5
degrees and the classic MUSIC has the highest RMSE of approximately 23 degrees.
The RMSE for all the three algorithms slowly drops with increase in the number
of sensors. Take note that these results were obtained at SNR=2 dB. This means
that the CTOP MUSIC algorithm yields nearly accurate estimates even under
low SNR conditions and minimum number of sensors, making it a more robust

algorithm.
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The high RMSE in the AVTOP MUSIC estimates is attributed to retaining of
biased DOA information during decorrelation as it was found in the algebraic
analysis, which leads to deviations from the true DOA. The classic MUSIC al-
gorithm has the highest RMSE because its performance and resolution severely
degrade in a coherent source environment due to the rank deficiency of the signal

covariance matrix.

Although the RMSE for the classic MUSIC algorithm is decreasing with an increase
in the number of sensors, the resolution is very poor as shown in Figures 6.9 to 6.12
below. The spectra for the classic MUSIC algorithm do not have high and sharp
pointed peaks as in the case of the CTOP and AVTOP MUSIC algorithms. As
the number of sensors increases, the classic MUSIC spectra peaks become more

definite but still dome shaped (blunt) and with low power.

O_
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F1GURE 6.9: CTOP, AVTOP and classic MUSIC spectra at 3 sensors.
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F1GURE 6.11: CTOP, AVTOP and classic MUSIC spectra at 9 sensors.

Spread: The plots in Figures 6.5 and 6.6 present the spread among the DOA

estimates of each algorithm by means of average standard deviation versus the
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FI1GURE 6.12: CTOP, AVTOP and classic MUSIC spectra at 13 sensors.

number of sensors.

In a non-coherent scenario all the three algorithms have a very low spread in
the DOA estimates as shown in Figure 6.5. At 3 sensors an average standard
deviation of 0.43, 0.30 and 0.31 degrees has been recorded for the CTOP, AVTOP
and classic MUSIC algorithms respectively. After 8 sensors the average standard
deviation in the DOA estimates of all the algorithms dropped to below 0.15 degrees
and remained almost constant throughout. It can be seen that in a non-coherent
scenario the average standard deviation for the CTOP MUSIC algorithm remained
approximately 0.1 degrees higher than that of the AVTOP and classic MUSIC

algorithms.

In the coherent scenario (Figure 6.6) the classic MUSIC algorithm has a very
high spread in DOA estimation. An average standard deviation of 22 degrees was
obtained at 3 sensors and sharply dropped to 10 degrees at 6 sensors. After 6
sensors the average standard deviation for the classic MUSIC algorithm gradually

dropped with increase in the number of sensors in a rise and fall pattern. The



Chapter 6. Numerical Sitmulations 83

observed pattern in the results is due to the inconsistency or randomness in the
position of peaks in the spectra of the classic MUSIC algorithm when the incident

sources are coherent.

At a small number of sensors, a few random peaks positioned away from the true
DOA can be observed in the classic MUSIC spectra as shown in the results in
Figures 6.9 and 6.10, leading to a high spread from the mean DOA estimate. The
spread in the CTOP and AVTOP MUSIC DOA estimates is very low and close
zero degrees as in the case of a non-coherent scenario. Figure 6.13 gives a magnified
view of the graphs at the bottom of the plot in Figure 6.6. The graphs are for the
CTOP and AVTOP MUSIC algorithms results.

07 T T T T T T T T T
—+&— CTOP MUSIC
—+&— AVTOP MUSIC

06 ——8— CLASSIC MUSIC

Average Standard Deviation [degree]

No of Sensors

FIGURE 6.13: Magnified view.
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Probability of success: The Figures 6.7 and 6.8 show the results of the proba-
bility of success versus the number of sensors. The knowledge of the definition of
probability of success given in Section 6.2.1 is required in order to understand the

interpretation of these results.

The non-coherent scenario results presented in Figure 6.7 show that all the algo-
rithms attained a probability of success of 1 after 5 sensors. This means that after
5 sensors for each simulation trial, the highest of the absolute values of the differ-
ence between the DOA estimates and the corresponding actual DOAs for the two
sources is less than 0.8 degrees. According to the criteria defined in Section 6.2.1,
this indicates that all the algorithms have a high probability of detection when

the sources are independent.

The coherent scenario results in Figure 6.8 show that the CTOP MUSIC algorithm
has a probability of success of 1 throughout. The AVTOP MUSIC algorithm
attained a probability of success of 1 at 7 sensors. At 5 sensors and lower, it has a
probability of success of 0, this is due to a great deviation from the true DOA at
a lower number of sensors associated with the AVTOP MUSIC as shown by the

spatial spectra plot in Figure 6.9.

Figure 6.8 shows that the probability of success for the classic MUSIC algorithm
is approximately 0 at 5 sensors and below. After 5 sensors it gradually increased
with increase in the number of sensors to until 0.8 at 13 sensors. However the
increase is not monotonic, as indicated by the rise and fall pattern in the curve.
The rise and fall pattern in the curve is due to the inaccuracies in the estimates

as a result of coherence among the sources.

6.2.4 Performance at different levels of SNR

In this set of results the performance of each algorithm was evaluated at different
levels of SNR. The number of sensors was fixed at 4 and the SNR was varied from
—25 dB to 25 dB at an increment of 5 dB. The performance results are presented

in Figures 6.14 to 6.19 below.
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Discussion

RMSE: The results in Figures 6.14 and 6.15 show the extreme case where the noise
power is significantly higher than the signal power. In a non-coherent scenario, at
the SNR of —25 dB the algorithms have a RMSE between 24 and 27 degrees. As
the SNR increases, the RMSE for all the algorithms gradually drops almost at the

same rate to below 1 degrees after —5 dB as shown in Figure 6.14.

The results for a coherent scenario presented in Figure 6.15 show that at —25 dB,
the RMSE values of approximately 26, 25 and 29 degrees were obtained for the
CTOP, AVTOP and classic MUSIC algorithms respectively. After —15 dB the
RMSE in the CTOP MUSIC estimates gradually dropped with increase in the
level of SNR to below 0.2 degrees after 0 dB.

The RMSE for the AVTOP MUSIC algorithm remained constant at around 3 de-
grees after —15 dB irregardless of the increase in the level of SNR. This means
that 4 array sensors are not sufficient for an improved accuracy with the AV-
TOP MUSIC algorithm. Hence, to achieve a better accuracy both the SNR and
number of sensors should be high enough. The RMSE associated with the classic
MUSIC algorithm dropped to about 20 degrees at —15 dB and remained constant
throughout. The high RMSE in the classic MUSIC algorithm estimates is due to

the degraded performance as a result of coherence among the incident sources.

Spread: As the SNR increases the spread in DOA estimates of the CTOP and
AVTOP MUSIC algorithms exponentially drops at almost the same rate to ap-
proximately 0 degrees after 0 dB in both the coherent and non-coherent scenarios.
There is minimal variability in the position of the peaks in the CTOP and AVTOP
MUSIC spectra as it be seen in Figures 6.9 to 6.12, hence the low spread in the
DOA estimates.

The classic MUSIC algorithm has the same performance as the CTOP and AVTOP
MUSIC algorithms in a non-coherent scenario. However, in a coherent scenario it
exhibits a very high spread in DOA estimation which does not tend to improve

with the increase in SNR. On average the average standard deviation in the DOA
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estimates fluctuates around 20 degrees after —15 dB. The high standard deviation
is due to the inconsistency in the DOA estimates of the classic MUSIC algorithm

when subjected to coherent sources.

It has been observed that in a non-coherent scenario the average standard deviation
curves flatten out for the SNR values above 0 dB as it appear in Figure 6.16. In the
coherent scenario the same is only true for the curves of the CTOP and AVTOP
MUSIC algorithms as shown in Figure 6.17. The average standard deviation goes
to 0 degrees after 0 dB. This is because for the SNR values high than 0 dB, the
incident signals have more power than the noise. As a result the effect of noise
power on the signals is minimal hence there is less spread or error in the DOA

estimates.

Probability of success: The results of the probability of success at different
levels of SNR are shown in Figures 6.18 and 6.19 for the coherent and non-coherent
scenarios respectively. In a non-coherent scenario the probability of success of each
algorithm exponentially increases with increase in SNR. All the three algorithms
attained a probability of success of 1 at 5 dB as shown in Figure 6.18. In a coherent
scenario (Figure 6.19) the same trend is only true for the CTOP MUSIC algorithm

where the probability of success of 1 was attained 0 dB.

The AVTOP and classic MUSIC algorithms have a probability of success of ap-
proximately 0 throughout. This is because with a number of 4 array sensors,
regardless of the level of SNR the deviation in DOA estimation associated with
the AVTOP MUSIC algorithm is significantly high. Hence the DOA estimates
merely satisfies the probability of success criteria given in Section 6.2.1. The clas-
sic MUSIC algorithm too has a poor probability of success due to a high RMSE
and spread in the DOA estimates of the classic MUSIC algorithm in a coherent

source environment.
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6.3 CTOP from Different Rows

It has been stated in [50] that any row of the coherent covariance matrix can be
used to construct a new Toeplitz matrix for decorrelation of coherent sources. It
is shown here that although any row can be used, it is only from the first row that
one can accurately decorrelate coherent sources and achieve a better accuracy in

DOA estimation.

Based on the coherent scenario and simulation parameters described in Section 6.1,
a simulation was done to generate different CTOP MUSIC spectra. The spectra
were obtained by carrying out CTOP decorrelation using different rows of the
coherent covariance matrix. The SNR was fixed at 10 dB and the number of

sensors was 4.

Figure 6.20 shows four CTOP MUSIC spectra generated based on CTOP decorre-
lation using each row of a 4 x 4 coherent array covariance matrix. The two sources

have DOAs of —40° and 30°.
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Ficure 6.20: CTOP MUSIC-using different rows.
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The results in Figure 6.20 show that decorrelation based on the first row yields
more accurate estimation compared to other rows of the coherent covariance ma-
trix. Decorrelation based on the first row also yields high power spectra with sharp
pointed peaks. In this particular case, row 4 resulted in the most deviation from
the true DOA. Again, these results confirm the findings and observations from

Section 5.3 of the algebraic analysis.

6.4 Summary

The numerical simulations conducted have confirmed the robustness and accuracy
in the DOA estimates of the CTOP MUSIC algorithm for coherent sources. The
performance evaluation results have shown that the CTOP, AVTOP and classic
MUSIC have high accuracy in DOA estimation of non-coherent sources, however
only the CTOP MUSIC algorithm maintains the same level of accuracy in a co-
herent scenario. It is again emphasised here that CTOP decorrelation using the
first row of the coherent covariance matrix yields more accurate DOA estimates in
comparison to using other rows. This is because, the first row has DOA informa-
tion of the individual sources organised as independent sums in each entry of the
row. This independence is the key to preserving DOA information in a coherent

scenario.



CHAPTER 7

Conclusion and Future Work

In this chapter, the conclusions and recommendations of this study are given.
The research objectives and the analysis approach taken to answer the research
question are summarised. The chapter also highlights the major findings of the
algebraic analysis as well as the performance evaluation of the two decorrelation
techniques that the study focused on. The recommendations for future works are

given at the end of the chapter.

7.1 Conclusion

The direction of Arrival estimation of coherent sources has been widely studied
in literature. The existence of coherent sources results in a rank deficiency of the
received signals covariance matrix, causing failure of the subspace-based methods
such as MUSIC. A pre-processing technique is applied on the coherent data in
order to alleviate the effect of coherence. Techniques based on Toeplitz matrix re-
construction offer a promising solution, however, the studies that employ Toeplitz
techniques do not provide more information on the working principles behind these

techniques.

Therefore, the main objective of this study was to carry out an algebraic analysis

in order to develop an understanding of the working principle behind the selected

Toeplitz decorrelation techniques, namely the correlation Toeplitz (CTOP) and

averaging Toeplitz (AVTOP) techniques. It has been stated in the literature re-

view that the CTOP technique has better accuracy than the AVTOP technique,

and that the AVTOP technique has deviation in DOA estimation. In order to
92
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meet this objective, an algebraic analysis approach was taken. Firstly, a coherent
array covariance matrix was derived based on a scenario of a 3-element ULA and
two coherent sinusoidal narrowband sources in a noiseless environment. The two
sources corresponds to a direct and reflected components of a multipath propaga-
tion effect. The CTOP and AVTOP decorrelation techniques were then applied
to reconstruct two new decorrelated Toeplitz matrices from the coherent array

covariance matrix.

The analysis focused on investigating the algebraic structure of the coherent and
the Toeplitz reconstructed matrices. Knowing that the signals DOA information is
contained in the array steering matrix elements, referred to as the “DOA phasors”
in the study, the analysis focused on the distribution and interaction between the
DOA phasors in the derived matrices. The following is a summary of the most

important observations made from the structure of the derived matrices:

(a) Coherent covariance matrix: In each entry of the first row or column of
the coherent matrix, the DOA phasors occur in a “superposition form” (as
independent sums). Every other row or column has one entry which is a sum
of independent DOA phasors and extra “biased” (dependent) terms, which

are a result of the interaction between the two sources DOA phasors.

(b) CTOP reconstructed matrix: All the off diagonal entries are a sum of inde-

pendent DOA phasors without any biased term.

(¢c) AVTOP reconstructed matrix: The superdiagonal entries are a sum of the
independent DOA terms and biased terms. This means that every column

or row has one entry containing biased terms.

It is concluded that the accuracy of the CTOP decorrelation technique is attributed
to retaining the DOA information in a superposition form. This is because the
CTOP technique reconstructs a Toeplitz matrix from the first row of the coherent
covariance matrix, where there are no interactions between the DOA phasors. This

is referred to as the “superposition claim” in the study. The deviation in DOA
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estimation associated with the AVTOP technique is a result of additional biased

terms in the superdiagonal entries of the reconstructed Toeplitz matrix.

In order to verify the “superposition claim” the MUSIC algorithm was applied
analytically, taking noise into consideration. It was confirmed that if the DOA in-
formation is organised in a superposition form in the array covariance matrix, the
“exact” angle of arrival information of the sources can be obtained using the MU-
SIC algorithm. It was also found that if the exact data covariance matrix is known,
the AWGN has no influence on the source direction’s information. Further analy-
sis of the symbolic MUSIC results have shown that the MUSIC spectrum can have
secondary peaks around the main peaks (peaks at the source directions) depending

on the scenario and the positions of these secondary peaks are deterministic.

Numerical simulations were also carried out to verify the robustness of the CTOP
MUSIC algorithm over the AVTOP MUSIC in both coherent and non-coherent
scenarios. The performance of the classic MUSIC algorithm was also evaluated to
provide a baseline for comparison. The results have shown that the CTOP MUSIC
has more accurate estimation performance compared to the AVTOP MUSIC even
under low SNR conditions and minimum number of sensors. The CTOP MUSIC
algorithm maintains its accurate estimation performance irregardless of whether

the sources are coherent or non-coherent.

The AVTOP and classic MUSIC algorithms can only match the performance of
the CTOP MUSIC when the incident sources are not coherent. In a coherent
scenario, although the AVTOP MUSIC has a low spread in DOA estimation, the
method is less accurate and has a poor probability of success due to deviations
from the true DOA. The estimation performance of the classic MUSIC algorithm
is severely affected by the coherence among the sources. The peaks in the classic
MUSIC spectra are dome shaped and have a very low power in comparison to high
power and sharp pointed peaks associated with the CTOP and AVTOP MUSIC

spectra. This is an indication of a poor resolution in DOA estimation.
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Further simulations were also done to verify that CTOP decorrelation based on the

first row of the coherent covariance matrix results in a more accurate estimation

compared to the decorrelation based on using other rows.

7.2

Future Work

This study recommends the following:

(a)

The noise model was assumed to be AWGN and it was found that it does
not have an influence on the source directions provided that the exact data
covariance matrix is known. The same analysis should be carried out using
other noise models such as colored noise to investigate how it influences the

directions of the sources.

The analytic MUSIC approach was only studied for up to a maximum of four
elements ULA due to the algebraic limitation that polynomials of degrees
of five or higher cannot be solved. The study recommends that the analytic
MUSIC results for a 2x 2, 3x 3 and 4 x4 array covariance matrices should be
used to generalise the analytic MUSIC approach in order to enable analysis

of ULAs of sizes lager than four elements.

Future studies could also investigate the impact of array covariance matrix
approximation on the peak heights in the MUSIC spectrum and as well as

on the target directions (peak positions).



Appendix A

Background Theory

In this appendix, basic definitions and properties of Toeplitz and covariance matri-
ces are given after which the spectral theorem of Hermitian matrices is presented.
These concepts are very important for understanding the full derivation of the

MUSIC algorithm presented in the last section of this appendix.

A.1 Special Matrices

A.1.1 Toeplitz matrix

A Toeplitz matrix is a matrix with a specific characteristic that is, all elements
in each of its diagonals are equal. Let T represents a (N + 1) x (N 4 1) Toeplitz

matrix, which is modelled as [21],

N b |
t_q to t1 ty ,
T=1\t, t, ¢t (A1)
151
[ o |
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If the Toeplitz matrix is conjugate symmetric, it is called Hermite Toeplitz matrix

and has the form

[t tot et ]
tv o to tp et
To= |ty t, to - . (A.2)
&
ety bt |

A.1.2 Covariance matrix

Given that DOA estimation with subspace-based methods is solely dependent on
utilising the eigenstructure of the array data covariance matrix, it is worth noting
the following important properties of covariance and correlation matrices in general

as discussed in [80].

Definition: Let a stationary discrete-time stochastic process be represented by an
observation vector x(n) of size M x 1 where M is the total number of observations.
Vector x(n) is composed of zero-mean time series elements z(n), z(n—1),..,z(n—

M + 1) as given by

x(n) = [z(n),x(n —1),...,2(n — M + 1)]. (A.3)

The expectation of the outer product of the observation vector (n) with itself
generates what is called the covariance matrix. Let R represent the M x M

covariance matrix which is given by

R = Elz(n)z (n)]. (A.4)

Substituting Equation (A.3) into Equation (A.4) the expanded form of the covari-

ance matrix is given as follows
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r(0) r(1) r(M —1)
R_ r(—1) r('O) r(M —2) (A5)
_r(—M +1) r(-M+2) --- r(0) |

The main diagonal element 7(0) is always real. In a case where the vector (n) is

complex-valued, R has complex off diagonal elements.

Properties of Covariance Matrices

The following are properties of the covariance matrix R:

(a) Hermitian

The covariance matrix is equal to its conjugate transpose also known as Hermitian
transpose. Complex-valued matrices of this nature are called Hermitian matrices.

The Hermitian property is expressed as R = R,

(b) Toeplitz

The structure of the covariance matrix R in Equation (A.5) is such that the main
diagonal has all of its elements equal and each of the diagonals below or above
the main diagonal also has equal elements. Hence the wide-sense discrete time

stochastic process has a covariance matrix of a Toeplitz structure.

(c) Almost always positive definite and always nonnegative definite

Assume a complex-valued nonzero vector a. The expression a’’ Ra is called Her-
mitian form. If the Hermitian form satisfies the condition a” Ra > 0 then R is

nonnegative definite and R is positive definite if a Ra > 0.
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(d) Nonsingular

The covariance matrix of a wide-sense stationary process is nonsingular, i.e. det(R) #

0, due to the presence of additive noise which cannot be avoided.

(e) Equivalence of backward rearrangement and transposition

If &(n) is an observation vector of a stationary discrete-time stochastic process,
transposition of the covariance matrix of &(n) is equivalent to backward rearrange-

ment of the elements of x(n).

(f) Concatenation

The covariance matrices Ry, and Ry, of a discrete-time stochastic process for

M and M + 1 observations respectively, are related by

Ry = |- e (A.6)

where r(0) is the autocovariance of the process for lag of zero and v = [r(1),7(2), ..., 7(M)].

A.2 Spectral Decomposition

The following definition of the Spectral theorem is taken from [81]. If R € CM*M

(CMXM

is a Hermitian matrix, there exists a unitary matrix U € and a diagonal

matrix A € RM*M gych that

A =U"RU, (A7)

where the columns of U are the eigenvectors and the main-diagonal entries of A
are eigenvalues R. From this theorem, the spectral decomposition of R is therefore

given by
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R=U"AU. (A.8)

The eigenvectors of R are orthonormal and linearly independent, and the asso-
ciated eigenvalues are real. Let w and A be the eigenvector and corresponding
eigenvalue of R respectively. If one multiplies columns by rows in Equation (A.8),
then R can be written as a combination of one-dimensional projections, which are

special matrices uu? of rank 1 multiplied by A [82]:

M
R = Z AluluZH = Muul + )\nguf + o Auyultl (A.9)

=1
A.3 Derivation of the MUSIC Algorithm

Assume the data model presented in Section 3.3, where a ULA of M elements is
used to capture data from /N incoming signals and the data captured by individual
array elements is linearly combined to give a vector @(t) where additive noise is
assumed to be of Gaussian distribution and is uniform at all array elements. As

given earlier in Equation (3.7) «(t) has a covariance matrix

R= AR, A" + 0’1, (A.10)

where the equation parameters are as described in Section 3.3. The main principle
of the MUSIC algorithm is based on exploiting the eigenstructure of the covariance

matrix R. The following derivation of the MUSIC algorithm is borrowed from [4].

Eigendecomposition of R

Let Ay, Ao, ..., Aps be the eigenvalues of the M x M matrix R such that

IR-M\I|=0 for (1<i< M) (A.11)
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Using Equation (A.10), Equation (A.11) can be rewritten as

|AR, A" + 02T — \,I| = |AR, A" — (N — o2)I| = 0. (A.12)

Consequently, it can be seen that the eigenvalues of AR, A" are

Matrix A has a full column rank since it is composed of linearly independent
steering vectors and the signal covariance matrix R, is non-singular matrix as
long as the incoming signals are not coherent. This guarantees that if the number
of sources is fewer than the number of elements in the array, that is N < M,
then the rank of the M x M matrix AR, A" is equal to N, which is a positive
semidefinite matrix. Since AR A is of M dimension this creates a null space

in the eigen-spectrum.

From linear algebra it is clear that M — N of the eigenvalues, ¢, of AR, A are
equal to zero, that is
vi=x;+0 for e =1,.... M
i +0, for i=1,..,N : (A.14)

0, for i=N+1,..,M

From Equations (A.10) and (A.11), this too implies that R has M — N eigenvalues

identical to the noise variance O’i, that is
)\i :@Z)z—f-O'IQl for + = 17...,M
Y+ o2, for i=1,..,N . (A.15)

o for i=N+1,...M

n?’

If the eigenvalues of R are sorted in a descending order such that \; is the largest

eigenvalue and \j; is the smallest eigenvalue, then the following holds
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)\N+1,...7/\M 20'2 <A16)

n°

Estimation of number of incoming signals

Practically, the covariance matrix R is approximated by taking samples of the
input data vector (see Equation (3.8)), this means that not all the M — N eigen-
values corresponding to noise variance are exactly similar. Instead they occur as
a closely spaced cluster where their spread has a variance that decreases with the
increase in the number of samples taken. By using the multiplicity K of the small-
est eigenvalue and the relation M = N + K, an estimate of the number of incident

signals, N, can be given by

N=M-K. (A.17)

Orthogonality of subspaces

The eigenvalue \; has a corresponding eigenvector v; such that

(R— \I)v; = 0. (A.18)

For the eigenvectors corresponding to M — N smallest eigenvalues in Equation (A.16),

Equation (A.18) becomes
(R— \I)v; = AR, A" v; + (021 — 02I)v; = 0, (A.19)

hence

AR, A"y, = 0. (A.20)

Since A is full rank and R, is nonsingular, the product AR, cannot be equal to

zero, for Equation (A.20) to be equal to zero it implies that
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Ally; =0 (A.21a)
[ a (6,)v; ] -O-
H(y)v; 0

¢ (_2>v -1 |. (A.21D)
CLH(QN)’Ui 0

From Equation (A.21) it can be seen that the N steering vectors of matrix A are

orthogonal to the eigenvectors corresponding to the M — N smallest eigenvalues,

{a(®h), . a(®x)} L {v, . .v,}. (A.22)

Important Observation

This means that the steering vectors associated with the incoming sources can
be estimated by identifying steering vectors that are almost orthogonal to the

eigenvectors corresponding to the eigenvalues of R which are nearly equivalent to

2

o5

From the above analysis, it can be seen that the eigenvectors of R belongs to either
of the two orthogonal subspaces: these are the non-principal eigen subspace (noise
subspace) and the principal eigen subspace (signal subspace). The DOA steering
vectors form part of the signal subspace thus orthogonal to the noise subspace.

An alternative proof is presented by Van Wyk in [83].

Search function and DOA estimation

The DOAs of the incoming signals are determined by locating steering vectors
that are orthogonal to the noise subspace in a continuum of all possible steering
vectors. Let the matrix containing the noise eigenvectors be

(A.23)

V,=1[0y, Uy, ¥

N+1 " N+2? M]
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Because the steering vectors corresponding to the DOAs of the incident signals

are perpendicular to the noise subspace, then

a (0)V,Via(h) =0, (A.24)

this is true for all 6 corresponding to DOA of the incident signals. The fs are
obtained by finding N largest peaks in the MUSIC spatial spectrum which is

given by

Pusicl)) = o Q)anVnHa 7 (A.25)
or, alternatively

Pyusic(0) = aH(C;;I‘(z)%Sfiw)' (A.26)

The peaks in the spectrum are generated as a result of the orthogonality between
a(f) and V,, as indicated in Equation(A.24), which minimizes the denominator of

the spatial spectrum.
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MATLAB Codes

The following are MATLAB codes used in generating numerical simulation results

presented in chapter 6.

%SUNIVERSITY OF THE WITWATERSRAND, JOHANNESBURG SOUTH AFRICA

%Name: Frans Shiwovanhu Shafuda

%MSc in Engineering (field: Sensor Array Signal Processing)

%Date first created: 12 February 2017

% In this program we simulate CTOP and AVTOP decorrelation
techniques with MUSIC for DOA estimation of highly correlated (
coherent) sources

close all

clc;

clear variables;

iteration=10;

for loop=1l:iteration

%6%%°%%%%%%%% OBTAIN DATA COVARIANCE MATRIX S%%%%%%%% %% %% %% %%

doa=[—40 30]/180%pi; %Direction of Arrival of incident signals

N=1024;%Number of Snapshots

f=[800000 800000]'; %Frequency Hz

w=2xpixf; %frequency in radians

M=4; %Number of array elements

c=3e8; %speed of light in m/s

D=length(w); %The number of incident signal

lambda=c/max(w) ;%Compute average wavelength: Wavelength = c/w

105
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d=lambda/2; %Element spacing, half of wavelength

snr=10; %Signal to Noise Ratio

A=zeros(D,M); %Form a matrix with D rows and M columns

for h=1:D

A(h, :)=exp(—1ix2*pixd*xsin(doa(h))/lambdax(0:M—1)); S%steering matrix
end

A=A'; % MxD Array Steering Matrix

s=1xexp(li*(wx(1:N))); %Simulate signal

XX=A%S;

xn=awgn (xx,snr) ;%add AWGN to data

Rxx=(xn*xn')/N; % MxM covarivance matrix of xn

[VO,Dia0]=eig(Rxx); %Find the eigenvalues and eigenvectors of Rxx

[Dia®,Index0]=sort(diag(Dia0®),1, 'descend');%Sort the eigen values in
descending order

VO=VO(:,Index0);%Sort the eigenvectors

VOs =VO(:,1:D);%Get signal eigenvectors

VOn=VO(:,D+1:M);%Get noise eigenvectors(associated with M-D smallest

eigenvalues)

©.0.0.0.00000000000000000000000000000000000000000000000000000
7676676600600 6600060006060 0060006060006000600°0060006000060006060°0060°00600°006

%%%%%CORRELATION TOEPLITZ (CTOP) MATRIX RECONSTRUCTION %%%

rc= Rxx(1,:);%row one of covariance matrix

RT= toeplitz(rc);%reconstructed Toeplitz matrix

[V1,Diall=eig(RT); %Find the eigenvalues and eigenvectors of RT

[Dial,Index1l]=sort(diag(Dial),1, 'descend');%Sort the eigen values in
descending order

V1=V1(:,Indexl);%Sort the eigenvectors

V1s =V1(:,1:D);%Get signal eigenvectors
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Vin=V1(:,D+1:M); %Get noise eigenvectors(associated with M-D

smallest eigenvalues)

©.0.000.0000000000000000000000000000000000000000000000000000000000
“676"°6"6°6"°0°0°60"0°0°0°0°000 000600006000 000060006000060006000006006000600600600060606°000°00

%%LOWER TRIANGLE AVERAGE TOEPLITZ (AVTOP) MATRIX RECONSTRUCTION %%
m=1;
k=1;
r= zeros(1,M); %Allocate size of vector to store averages of
elements in each diagonal
for i =1:M
m=i—k;
r(i)=sum(diag(Rxx,m))/(max(size(diag(Rxx,m))));
k=k+2;
end
% CONSTRUCT NEW TOEPLITZ MATRIX USING r
RTav= toeplitz(r);
RTr1=flip(RTav,1l); %flip rows of RTav
RTavl=flip(RTrl,2); %flip columns of RTav
[V2,Dia2]=eig(RTavl); %Find the eigenvalues and eigenvectors RTavl
[Dia2,Index2]=sort(diag(Dia2),1, 'descend');%Sort the eigen values in
descending order
V2=V2(:,Index2);%Sort the eigenvectors to put signal eigenvectors
first
V2s =V2(:,1:D);%Get signal eigenvectors
V2n=V2(:,D+1:M); %Get noise eigenvectors(associated with M-D

smallest eigenvalues)

©.0.0.000000000000000000000000000000000000000000000000000000000
“676"°6"6"6"6°0°0°0"0"6"0°0°0°0°0°0°0°000 0000000060006 00006060060600060000606°00000600°06060°00

theta=—90:90/1000:90; %Peak search
%GENERATE SPECTRUM SEARCH FOR CLASSIC MUSIC

Pmusic_specO=zeros(length(theta),1);
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for zz=1:length(theta)

Svec=zeros(1l,length(M));%Create a steering vector to multiply the

noise subspace
for yy=0:M—1
%Create a DOA search vector(continuum of all possible DOA)
Svec(l+yy)=exp(—1lix2*xyy*pixdxsin(theta(zz)/180xpi)/lambda);
end
PoO=Svecx* (VOn*xVOn')*Svec';%A single point in the spectrum
Pmusic_specO(zz)=abs(1l/ Po0);
end
%GENERATE SPECTRUM SEARCH FOR CTOP MUSIC
Pmusic_specl=zeros(length(theta),1);
for zz=1:length(theta)
Svec=zeros(1l,length(M));
for yy=0:M—1
%Create a DOA search vector(continuum of all possible DOA)
Svec(l+yy)=exp(—1lix2xyy*pixdxsin(theta(zz)/180xpi)/lambda);
end
Pol=Svecx*(V1nxV1ln')x*Svec';%A single point in the spectrum
Pmusic_specl(zz)=abs(1l/ Pol);
end
%GENERATE SPECTRUM SEARCH FOR AVTOP MUSIC
Pmusic_spec2=zeros(length(theta),1);
for zz=1:1length(theta)
Svec=zeros(1l,length(M));
for yy=0:M—1
%Create a DOA search vector(continuum of all possible DOA)
Svec(1+yy)=exp(—1i*2xyy*pixd*sin(theta(zz)/180*pi)/lambda);
end
Po2=Svec*(V2n*V2n')*Svec';%A single point in the spectrum

Pmusic_spec2(zz)=abs(1l/ Po2);
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end

%Normalised Spatial spectrum function

Pmusic_spec0=(10*x10ogl0 (Pmusic_specO/max(Pmusic_spec0))); %CLASSIC
MUSIC

Pmusic_specl=(10*1ogl0(Pmusic_specl/max(Pmusic_specl))); SCTOP MUSIC

Pmusic_spec2=(10*x1ogl0(Pmusic_spec2/max(Pmusic_spec2))); SAVTOP
MUSIC

%Plot the spectra

axis([—100 100 —80 1])

plot(theta,Pmusic_specO, '—k', 'linewidth',1.2)

hold on

plot(theta,Pmusic_specl, '—b', 'linewidth',1.2)

hold on

plot(theta,Pmusic_spec2, '—r', 'linewidth',1.2)

ylabel('Spectrum function P(\theta) /dB')

xlabel('Angle \theta/degree')

title('Spatial Spectrum estimation—CTOP, AVTOP and CLASSIC MUSIC')

legend('CLASSIC MUSIC','CTOP MUSIC', 'AVTOP MUSIC', 'Location','
SouthOutside')

grid on

end
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