Afrika Matematika (2025) 36:106
https://doi.org/10.1007/s13370-025-01326-5

®

Check for
updates

First integrals, conserved vectors of nonlinear partial
difference equations

Akhtar Hussain'® - A. H. Kara2 - F. D. Zaman?

Received: 28 July 2023 / Accepted: 18 May 2025
© African Mathematical Union and Springer-Verlag GmbH Deutschland, ein Teil von Springer Nature 2025

Abstract

We conduct a symmetry analysis of the discrete Fitzhugh-Nagumo (FN) and the Kolmogorov
Petrovskii Piskunov (KPP) equations for which the discrete versions are produced using a
formal discretization method. The primary aspect of the procedure is to generate a symmetry
algebra using a technique developed by Hydon. Then, we derive a method for the construction
of conserved vectors or first integral vectors for the discrete equations.
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1 Introduction

Lie groups were developed in 1870 by Sophus Lie to study the symmetry of differential
equations that led to analytical solutions. The study of nonlinear differential equations has
widely utilized Lie groups to find exact solutions. The details of Lie’s approach can be found in
[1,2]. Since then differential equations have been successfully solved, and their classification
and solution have been characterized by using Lie’s theory. Much more recently, the Lie
group theory has been used for discrete equations such as differential-difference equations,
difference equations, or q-difference equations [3]. The literature offers significant works
and applications, [4, 5]. Although it is feasible to determine symmetry groups automatically,
doing so is typically laborious and susceptible to errors. Several packages use symbolic
manipulations in this matter. Here are a few of the works that we have highlighted: Schwartz
[6], Vu and Carminati [7], Herod [8], Baumann [9], and Rocha [10].

The Fitzhugh-Nagumo (FN) and the Kolmogorov Petrovskii Piskunov (KPP) equations
represent the heat equations with cubic and quadratic nonlinearities representing emanating
from some ‘external forces’. In this study, we focus on applying the theory of Lie groups to
the equivalent difference/discrete versions of the equations. In general, difference equations
that are used to approximate the solutions of a differential equation and do not take into
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account the symmetries of the original equation may lead to incorrect mathematical findings.
There are several techniques that have been investigated in the literature that enable one to
develop a scheme while preserving the symmetry of the original differential equation. The
direct examination of the symmetries of difference equations forms the basis of this method.
The direct technique we follow here was introduced by Hydon [11]. We found this technique
to be more useful and adequate for the difference equations. Hydon [12, 13] investigated the
conservation laws for the nonlinear partial difference (PDEs) with two independent variables.
Folly-Gbetoula also followed the technique for some difference equations [14-17]. Some
other techniques exist in the literature that preserve the symmetry algebra [18].

Principally, our approach is motivated by the first integral technique followed by Hydon
[19]. For this investigation, we mainly deal with the shift operator that was introduced in [11].
This operator plays a leading role in the derivation of the symmetry algebra and conserved
vectors as well. If we are dealing with a function g(n), then the forward shift of the operator
is defined as S, : n +— n + 1. In general

S{gm}y=gm+r), Sw=wi.

In contrast, the operator for a reverse shift of the operator is definedas S, : n+—>n —1.Ina
general way,

Sgmt =g —r), S,wi=wi.

This article is organized as follows: The theory of difference equations is introduced in
Sect. 1 together with the Lie symmetry work. Section 2 provides the general strategy for the
symmetry generators and first integral vectors or conserved vectors of the nonlinear PDEs.
The adopted method is used for the discrete illustrations of the considered equations in Sect.
3. There is a conclusion offered at the end.

2 Symmetries and conserved vectors

Let k and / be two integers and w,’c be a function that depends on the independent variables
k, . If w is a function of the dependent and independent variables then the partial difference
equation (Type-I) with the above variables is given by

I+1 1 I+1 I
wily = ok, L we, wi L wiyy). (€))]

In this study, we consider a point transformation [11] given by

. [ S B 41 AL ALEL A A1
rl . (kvls wkvwk+ 7wk+lswkj_]) = (k7lvwk5wk+ 7wk+]7wk-_";_])' (2)
If we consider I'y to be a symmetry for Eq. (1), then we obtain
AL+ Al AT+ A
Wity = w(k,l, w, w, ,wk+1)» 3)

whenever (1) holds. We can obtain Lie symmetries by linearizing the symmetry condition
about the identity. We look for symmetry with one-parameter (local) Lie groups of the type

D = wj + €k, [, wp) + 0. )
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In the above equation, Q is the characteristic function of the one-parameter group. We obtain
the one-parameter (local) group transformation as

Wi = wi iy +eQk + 1,1, wi, )+ O(e?),
W = w4 eQh, 141, with + 0P, 6))
Wt = witl + €0k + LI+ 1wt + 0.
We obtain the linearized symmetry condition by expanding Eqs. (4)—(5) to first order in € as
SkS10— Vo =0. (6)

In Eq. (6) the differential function V is a vector field and is given by

V=

™
k+l

A similar situation arises when we have a Type-II partial difference equation is given by

[+1 I+1 I+1

Wil =w(k,l,wk,wk Wi ). (8)
The transformation [11] in this case is as follows
Ty (ko Lowp, wit L we™ withy e kg, o) ot ath. )
If we consider I'; to be a symmetry for Eq. (8), then we obtain
Wit = ok, 1k, 0 dpth, (10)

whenever (8) holds. We obtain the Lie symmetries by linearizing the symmetry condition
about the identity. We look for symmetry with one-parameter (local) Lie groups of the type

W= wh +eQk, 1, wh) + 0. (11)
The characteristic of the one-parameter group is the function Q. Additionally, we have
ol = wlt feQk — 1,14+ 1, with) + 0,
D = Wt L eQk, 1+ 1, wih + 0(€D), (12)
ot = 5;11 +eQk+ 1,1+ 1, with) + 0(éd).

The linearized symmetry condition is obtained by expanding Eqgs. (11)—(12) to first order in
€as
SkS1Q — Vo =0. (13)

In Eq. (13) the differential function V is a vector field and defined by

d d
V=00 + (SuSIO) iy + (510) (14)
k Wiy Wy

2.1 Conserved vectors for nonlinear PDEs

We consider a PDE of Type-I variables given by (1). Let (¢, ) be our required conserved
vector for Eq. (1). Then we define components ¢ and ¥ as

o =¢k Lwk,wh, ), ¥ =yk L w, w™. (15)
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The conserved vector condition that can be imposed is given by

d ad
S+ Sy = ¢+ v, 3ﬂ¢ i%#o (16)
k

Expanded form of the Eq. (16) is
l+1

Sip(k, 1, w, why )+ ey (b, 1wk, wit™y = ¢k, 1 wh, why )+ ¥k, 1L owg, with, (17)
or

Pk, I+ 1w o)+ e+ 1,1 why g, @) = ¢k, L wh, wh, D+ vk, 1 wh, wi™). (18)
Here we define some functions based on components ¢ and i as

d d
ﬂw¢wb=a¢ &w¢wb=aw

I I
Wi Wy
9 oy (19)
Py=— Ry =07
Qw4 owy,
We differentiate Eq. (18) w.r.t. variable w,l<
d 0 a a
2 e+ L )+ @) = 2+ 2L o)
Bwk dwy dw,  dwy
Using the chain rule we get
ow
(Si P2+ SkRo)) — = P1+ R 21
owy,
Using the linear property of differential operators we have
= (% Pz) = (Sk Rz)f- (22)

7
dwy

Differentiating Eq. (18) w.r.t. variable w,l{ 410 We get

d d d il
Dl 1wt ) + w k+ 1,1 wi,, . 0) = f‘p }” S(@3)
8wk+1 wk+1 dwp g dwpy,
By writing the expressions in the form of shift operator, we obtain
Ba) 8a)
P, =8P ——— + SkRy——— 24)
dw k+1 dw k+1
Now we differentiate Eq. (18) w.r.t. second variable w,l("'1
0¢ I+1 oy I ¢ Y
ke, 1+ 1, w0+ k+1,Lwp, ,0) = — + —7 (25)
Bw,l('H aw,lj'l kol Bwffl 8w,i+]
We simplify the above relations as
dw w
Ro=S1Pr—p5 + SkRo—7 (26)
owy, owy,
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Inserting Eq. (24) in Eq. (26) and then repeating the converse process, we get

ow dw ow
PhP=—[SSPh+SPh———F ) +SkR2 l+1]
ow k+1 ow Wy dw Wy
27
Jw 5 Jw
Ry, = T [SkR2 + Sk R> ; + 87 P> 7 ]
dwy Wi 4y Wit1

The Eq. (27) leads to a way of defining characteristic functions P> and R; given by

w Jw
P, = [S; P + S Pp——— T -I—Ssz l+1]
k+1 dwy dwy (28)
dw > dw
Ry = — 7 [Sk Ry + Sk Ro—— + S Ro——1,
dwy Wit Wit1

such that 512 P, = S,f R> holds. By critically examining Eq. (19), we can define the integrability
condition for the conserved vectors as
P P 0R| 0R>

=—7, =— (29)
awiﬂ dw,, awl“ Bw,I(

Then, by following the above integrability condition one can define the conserved vector
(¢, ¥) in the following way

¢ = / Pidw} + Pywi | + G(k, 1)
(30)
V= /mm%+&w“+ﬂwn

where the functions G(k, ) and H (k,[) can be determined by integrability condition (29).
Now, we consider for the PDE of Type-II given by (8). On similar lines, we consider here
the conserved vector (¢, ) for Eq. (8). Then we define the components ¢, i as

¢ =k Lwp, wih), Y=y Lw,wh. (31)
The first integral condition that can be imposed is given by

3
Sio+ Sy =+, a¢ # 0, %7&0. (32)
k

Expand form of the Eq. (32) is

SEpk, 1, wh, wi'D) +Sew (k, 1, wh, wit™y = ¢k, 1 wh, witH)+ vk, 1 wh, with, (33)
or

k42,1, 0k, ) Y k1,1 wh g, @) = ¢k, [ wh, wh™) F e, 1 wh, wit™). 34)

We specify a few functions like previously

0 d
Pk Ly =22 Rkl = 2L
dw,, owy, 35
2= it 2= awl+1
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We differentiate Eq. (34) w.r.t. variable w,lC

¢ oy d¢ 1/f
(k+2,1, 049, 0) + —7 (k+ 1,1, wp,y, @) = +— (36)
YA k+2 a. 1 k+1 a. 1
owy, dwy, dw, dw
Using the chain rule we get
> ow
(Si P2+ SkRo)) — = Pr+ Ry 37
owy,
Using the linear property of the shift and differential operators we get
2 ow ow
P =S8 (P)—, Ry = Si(Ry) —- (3%)
dwy, dwy,
Differentiating (34) w.r.t. second variable w,lC 41> We get
d a a d
k2t )+~ Ll 0) = —t— e Y (39)
Wy dwp g dwpyy  dwpy,
Now writing the expressions in the form shift operator, we obtain
= [Si1(P2) + Sk(R2)l —— (40)
dw k+1
Now we differentiate Eq. (34) w.r.t. w,l( 4o to obtain
d d a a
D k200 )+ b Ly )= 2
Uiy L/ Wyyy Iy
We simplify the above relations as
Ry = S}H(P2) + S_iSi(R2) 42)
k+2
Inserting Eq. (40) in Eq. (42) and then repeating the process in converse, we get
ow
P = o [Sz(Pz) +— {Sk(Pz) + S/(Rz)”
o k+1 k-§-2a (43)
Ry, = [S SI(R2) + —— {Sk Si(P) + Sk(Rz)”
Vir2 dwp
This Eq. (43) leads to a way of defining a characteristic function p; and R; as
w ow \ » 5 dw
Py = Sk SI(P) + SE( — ) St (P) + SE( — ) Si(P2)
8wk dw,, dwy 44)

Jw Jw 0
Ry = Sk(aw )[s kSz(Rz)+sk<aw )SA&H&(%)S&S;(&)”,
k k k

such that S;(R») = S,%S;(Pg) holds. By critically working over Eq. (35), we can define the
integrability condition for the conserved vectors in this case as

oP 0P, oR oR
1-51-1 = 7? 1-41—] = 712 45)
dw, " ow, ow,, owy
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Then, by following the above integrability condition one can define the conserved vector
(¢, ¥) in the following way

¢ = /Pldwk + Powi ™ 4+ Gk, D),
(46)
V= / Ridwl + Row™ + H(k, D),

where the functions G (k, /) and H (k, [) can be determined by integrability condition (45).
Now we follow the method adopted here to some nonlinear discrete PDEs, particularly to
discrete FN equation and the KPP equation.

3 Derivation of partial difference equations
3.1 Discrete Fitzhugh-Nagumo equation

For the derivation of the PDEs, we first consider the discrete FN equation given by
w = wyx —w(l —w)(p —w), (47)

where w(x, t) is an unknown function depending upon the temporal ¢ and spatial x variables
and0 < p < 1.Eq. (47)is acrucial nonlinear reaction-diffusion equation used to simulate the
transmission of nerve impulses [20, 21] and is also employed in biology, population genetics,
circuit theory [22], and other fields. For p = —1 this Eq. (47) becomes the Newell-Whitehead
equation that represents the dynamical features of the Rayleigh Benard convection of binary
fluid mixtures near the bifurcation point [23]. On the right hand of this Eq. (47), the term
w(1l — w) indicates the reaction or growth term. We begin with an implicit finite difference
scheme, which is a backward difference in time and a central second-order difference in space,
for the discretization of a single-domain diffusion equation. When implicit discretization is
used, the approximations for the derivatives are defined as
wit! i
Wi  — W
wr ~ At ) (48)

1+1 I+1 H—l
wply — 2w+ wy

~ 49
wxx 2(Ax)2 ( )
The Eq. (47) in the form of first and second-order differences becomes
I+1 l I+1 I+1 I+1
W T wp Wi T 2w +wly I I
~ ~ TINSE —w, (1 —wp)(p —wp). (50)
Truncating the error terms and simplifying, we get
witt —wi = vt = 2wt + wit) — (Anwh (1 — wi) (e — wp). (51)
where v = 2((21 ))2- Arranging the expressions in terms of indices we get an implicit formu-
lation

w,l(ill = Aw[+1 + Bwk w,lfll + C(w]l{)2 - D(w,l()3.

The parameters appearing in above equation follow as A = 2 -|- , B = %(pAt), C =

%(1 —-p), D= %- Here, we will calculate the symmetries of the discrete FN equation,
which is the equation mentioned above.
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3.1.1 Symmetries
For this study, we consider the discrete FN equation

with = Awit™ 4+ Bwl — wit| + C(wp)? — Dw})?. (52)
In our classification, the above equation is of Type-II given by (8)

I+1 1 I+1 I+1
Wi =k, I w, w,, w,")). (53)

Note that in the above equation the w (k, /, w! . w,lfl w,[fl] ) is a smooth function. We consider

0= Q(k,I, w,l() alower order possible characteristic for the Eq. (52) and then the symmetry
condition (13) simplifies to

Qk+1,14+1,w) — Vo =0. (54)

The symmetry generator in the above equation is given by (14)

d
V= Q +(SkQ) ,+,+(SJQ)7
Wi wk—l

We further simplify the symmetry condition (54) to have the following form

Ok + 1,1+ 1, ) — (B +2Cwk —3Dwh)?) Ok, I, wh) — AQ(k, 1
+Lwt™ 4+ 0tk — 1,14+ 1,with =0. (55)

We define the differential operator for the above equation as

o w9
Lo=— . 56
0 Bwll< 8wk Bw,lfl 0)
By applying the differential operator to the above equation, we get
(B +2Cwl —3DwH)*) Q' (k, I, w}) + 2C — 6Dwh) Q(k, I, wl)
— (B +2Cwk —3DwHH Q' (k, 1 + 1, with =0. (57)
We solve the above equation for the required characteristic, and we obtain
; (Bwj + C(wp)* = D(wp)?) ca(k, )
Ok 1, wh) = ci(k, D) , - , - (58)
(B +2Cw!, —3D(w})?) (B +2Cw! —3D(w!)?)
For simplicity we take ¢ (x, ) = 1 = ca(x, t). Thus we get
C (5Cw} + BC) 1
Q(klwk)—gk oD " Ny T ] 2y’
9D(B +2Cw; —3D(wp)?) (B +2Cw —3D(wy)")
(59)
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The symmetry algebra for the discrete FN Eq (52) then follow as

=y 0,0 Vom0t 0 0
aw/l( 8wi+l w 11(+11 ’ kawi k 9 i+1 Wy — law/l(tll >
Ve Cow,+B) CGw™+B) 9 cGwh +B)
9D(B +2Cw, dw,  9D(B +2Cw ™ gwl™  9D(B +2Cwit! dwiT!’
3 1 d 1 d
~ (B+2Cw, —3Dwh)?) Bwk (B +2Cwi™ —3Dwl™)?) dwi!
1 d
+ (B+2Cwl“ —3D(w 1+1)2) Jw 1+1
(60)

3.1.2 First integral vectors

This section deals with the results related to the first integral vectors derived in the above
subsection. We first consider the discrete FN equation given by

wit| = Awg™ + Bw) — wit| + C(w))? — Dwp)?.

This equation is of type-II given in Eq (8)

l+l I+1 l+1
wily = w(k, 1, w, wit!, D

Note that in the above equation the w(k, [, wk, wffl wffll) is a smooth function and it
indicates the right side of Eq (8). For this smooth function, the characteristic function is
defined by P, = Py (k, |, wi). Then we follow the first integral vector condition (28) for P,
as

— Py(k, 1, wh) + (B +2Cwh, —3D(wi, ))[Pak, 1+ 1, wi™h

+ (B +2Cv},y — 3D ) Pok + 2,1, v} ) + Pak, 1+ 1w} = (61)
We apply the operator (56) to simplify above in different arguments
— Py(k, 1, wh) — %(B +2Cw}, — 3D(w)H) (B + 2Cw)_ | — 3D (wj, NHI[1 + (B )
+2Cv) 1, — 3D )Pk, I+ 1, with = 0.
When we differentiate this equation with respect to wi and simplify it, we obtain
Py(k, 1, wh) = i (k, (Bw}, + C(wi)* — D(wh)?) + ca(k, ). (63)
Inserting the characteristic through Eq (61) and (62), we get
Py(k, 1, wp) = (=D (Bwj + C(w))* = D(wp)®) + (=D, (64)

We define P; by Eq (22) as

Pi(k—1,14+1, wi™hy = (B+2Cv P =3D P HH (=D B+2Cwi ™) -3D Wi HH).
(65)
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The relations for the integrability condition (28) follow as

—aP' = (B + 20t 3D D) (-1 (Bwlt!
ow k+1
+ Cit™H? = DWitHH) + (—DF, (66)
P
—= = (=B +2Cw, —3Dwh)?.
Bwk

The component ¢ of the conserved vector is given by
¢ =B(—D'v}_wi[l — (B +2Cv "} — 3D )]
+ O wlw ! [wl — (B + 200, —3D0HH Dl
+(— 1)1wkwl+1[(wk) _ (B+2Cvl+1 — 3D l+1) )w /+1) 1
+ (=DFfwit)) + (B + 200 = 3D ) wh] + Gk, D).

(67)

To obtain the second component i of the conserved vector we proceed now. We take the
characteristic Ry = R»(k, [, w,l() and by using (28) we get

— Rak, 1, wh) + (B +2Cv, 5 — 3D, ) H[Ratk — 1,1+ 1, with)
+ (B +2Cw), — 3D Wi DH{Ra(k + 1,1, wh, ) + Ro(k + 2,1+ 1, vt )} = 0.

By applying the operator (56) we get o9
%(B +2Cv},, — 3D (v}, »)*)(B + 2Cw),
—3DWHHRy(k — 1,1+ 1, withy (69)
— Rh(k, 1, w})}] = 0.
We simplify the above equation to get
Ry(k, 1, wy) = c1(k, D{Bw} + C(wp)? — D(vh5)*} + ea(k, D). (70)

Further, using (68) and (69), we have

k1 -1
I _ A I N2yl 23 1
RotkLowf) = Ci( 25 ) (Buf+C@p? = D +Co(5—) - (D

On the other hand the relation for R; (22) follows as

k—1
Ri(k, 1+ 1, wit™h) = (B +2Cwit) —3Dwit)HHI(C, (—2) {Bw}
(72)

1 l
+ C(wp)? — D(vpy») ) + Cz(B — ]> 1.

The relation for condition (29) becomes

R k—1
zL (B +2CwiT —3Dwlth)? )[c1< ) {B +2C(wi™ — 3Dy,
Wy
R _ ¢ <A )k 1{B+2C I 3Dl )% (73)
— =Ci| Wi = 3P W) -
dwy B
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From Egq. (30), we follow the second component s of the conserved vector as

k—1
v =c1<—> Bwiwi 1+ (B +2Cvit, = 3Dwi)?)]

k—1
+C1<ﬁ> kawl+][w,’(+(B+2Cwl+] —3D(w I+1) Yw 1+1]
. (74)
+C1<ﬁ> Dwiw T [(wh)? + (B +2CwiT = 3DwiMH?) wi ™))
1 -1
+ CZ(E - 1) [wi™) + (B 4+ 2Cwi™ — 3Dt )Hwh] + Hk, D).
By using condition (32) we get the following conserved vector (¢, V) as
¢ =B(—D'v}_wi[l — (B +2Cv."} — 3D )]
+ C(=D'wiw [w) — (B +2Cu s = 3D HHwit]
+ (=D whwi P [wh)? = (B 4+ 2Cvis — 3D DD (wi )]
+ (=Dt + (B +2Cvith = 3D ) wh] + (k — D,
A k—1
" =c1<7) Bwiwi 1+ (B +2Cvit, = 3Dwi)?)]
B (75)

A k—1
+C (?) Cujowi™ [wf + (B +2Cui ) — 3D Mut]
A k—1
+Ci (ﬁ) Dwlw wh)? + (B +2Cul) — 3D @) )]

1 -1
+ C2<E - 1> [wi™) + (B +2Cwi ™ = 3D HHwil + (1.
Consequently, we have the following theorem.

Theorem 3.1 The conserve vector for the discrete FN Eq (52) has components given by (75).

3.2 Discrete Kolmogorov Petrovskii Piskunov equation

Consider the one-dimensional KPP equation [24]
Wy = Wyy +aw + bwz, (76)

where w(x, t) represents the propagation of the dominant genes and x, ¢ are independent
variables. To characterize the evolutionary model for the propagation of dominant genes
across populations, Kolmogorov, Petrovsky, and Piskunov proposed a nonlinear PDE known
as KPP equation. Later, the KPP equation has been used in a variety of scientific disciplines,
including physics as it relates to combustion, biology as it relates to nerve impulse propaga-
tion, chemical kinetics as it relates to concentration wave propagation and plasma as it relates
to development of a group of duffing oscillators. We begin with an implicit finite difference
scheme, which is a backward difference in time and a central second-order difference in
space, for the discretization of a single-domain diffusion equation. When implicit discretiza-
tion is used, the approximations for the derivatives are defined in Eqs (48) and (49). The Eq
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(76) in the form of first and second-order differences becomes

I+1 i I+1 1+1 1+1
we W Wiy 2w twy I 12
= Lt awl + bwh)?. 77
At 2(Ax)2 kb 77
Truncating the error terms and simplifying, we get
witt —wi = vt = 2wt + w4+ (A @w) + b(wp)?), (78)
where v = 2((2;))2 - Arranging the expressions in terms of indices we get an implicit difference
equation

1+1 1+1 1+1 112
wily = Aw — Bwk —w, = C(wy)”.

1+AI C = At

The parameters appearing in above Eq (78) follow as A = % +2, B=
Here, we will calculate the symmetries of the discrete KPP equation, which i 1s the equatlon
mentioned above.

3.2.1 Symmetries

For this study, we consider the discrete KPP equation derived above

wit = Awt' = Bw) — wi) — C(wp)? (79)

In our classification, this above equation is of Type-II given by

wit = ok, 1wy, wit with). (80)

Note that in above equation the w(k, [, wk, wffl w,lfll) is a smooth function. We consider
0 =0(,1, w,i) a lower order possible characteristic for the Eq (79) and then the symmetry
condition (13) simplifies to

Qkk+ 1,1+ 1,w) — Vo =0. (81)
The symmetry generator in the above equation is given by (14)
d
V=0 4 (kO + ($10) ey
wp Wi wk—l
We further simplify the symmetry condition (81) to have the following form

Qk+1,14+1, @)+ Qk—1,1+1, witH—AQKk, I+1, wi™)+(B+2Cwh) Ok, 1, wh) = 0.
(82)
We apply the differential operator (56) to the above equation to get

— (B42Cwh) Q' (k, 1 + 1, wk™) 4+ (B +2Cwh) Q' (k, I, wh) +2C 0k, I, w}) = 0. (83)

By solving the above equation for the required characteristic, we obtain

2
00,1 wl) = ey, (B +2Cul) + ——2 g+ —2ED gy
B ToR ¥ lacB 420wl B +2Cw,

To determine the values of constants, we use Eq (82) and Eq (83) to have the final form of
the characteristic.

— 1y —1)+2 (=122 +4Ce; (- L)
ok 1wy = S g E Ty 2 1(1 D)
(B —2Cwy)

4C 2 (85)
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The symmetry algebra for the discrete KPP Eq (79) is given by

o0 9 9
= 8wk 8wl+l 8w,l::ll '
0 d d
Vom0 w0 i ’
kawllc k awiﬁul k=1 ]1{+11 (36)
1 0 1 0 1 0

" (B+2Cw) owl (B+2Cw1+1) dwit! (B+2Cw’+‘) qw 1“

3.2.2 First integral vectors

This section deals with the conserved vectors of the discrete KPP equation (79) given by

Wit I+1 I+1 12
wity = Aw = Buj —with — Cp)’.

This equation is of type-II given in Eq (8)
with = ok, 1wk, wit wit).

Note that in the above equation the w(k, [, wk, wffl wffll) is a smooth function and it

indicates the right side of Eq (79). For this smooth function, the characteristic function is
defined by P, = Py (k, |, w,l(). Then we follow the first integral vector condition (44) for P,
as

Py(k, 1, wh) + (B — 2Cwi N[ Pak, 1 + 1, with

(87
— (B —2C0, ) Pa(k + 2,1, v} 5) — (B —2Cv} ) Pk, 1 + 1, with] = 0.

We apply the operator (56) to simplify the above equation in different arguments
1
Pk, 1, wh) + < (B —2Cwh)(B—2Cwi,)(1—B+2Cv}_,) Ps(k, 1+1, w;t") = 0. (88)
When we differentiate this equation with respect to w{‘ and simplify it, we obtain

Py(k, 1, wh) = Bey(k, w), — Cey(k, D(wh)? + ca(k, D). (89)

Inserting the characteristic through Eq (87) and (88), we get

-1 -1 2 -1
Py(k, 1, wh) = ¢y B(L> w,i+clc(L> (w,ﬂ)2+cz<A27_l> :
A(B—1) (B -1 A(B+1)
(90)
We define P; by Eq (38) as

A 1
Ptk — 1,1+ 1, wit) = (=B +2Cvi L {c B<7) witl
1( ) =(— )¢l A%(B—l) k—1

_ L wit! <)‘%_])l}
Clc(k%(B—l))( Ve W2(B + 1)

€2V
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The relations for the integrability condition (45) is given by

P A Y Ay
= (= B+2Cvl+l){clB<27> —2c1c(27> wl+l},
owit M3(B—1) 3B - 1)

k—1

92)
9P, A -1 A -
—F =Bl 77— —cC| 59— wy -
dwl A3(B —1)

k
MB(B-1)

The component ¢ of the conserved vector we obtain using Eq (46)

A (B —1)

A o I I+1 A wit!
1C<)L%(B_l)) w, " 1wk{wk—(3—2Cvk3)()%(8_1)) fal 1} 93)

+c2<k%_1 )H{ Ly —(B-2C ’“)(2 1 )w’}+G(k D
3B+ 1) 2B-1) " o

-1
o) -0 )
-

To obtain the second component ¥ of the conserved vector we proceed now. We take the
characteristic R, = Ry (k, [, w,lc) and by using (44) we get

Rok, 1, wh) + (B — 2Cvl  )[Rotk — 1,1+ 1, wi™)

— (B =2Cwj, DRa(k + 1,1, wj ) — (B —2Cwj DRa(k +2,1+ 1, v;t})] = 0.
(94)
By applying the operator (56) we get

Ry(k, 1, wh) — (B — 2Cwh) (B — 2C v} )Ry (k — 1,1+ 1, wi™) = 0.

95)
We simplify the above equation to get
Ra(k, 1, wh) = Bey(k, Hwh — Cey(k, D(wh)* + cak, 1). (96)
Further using (94) and (95), we have
Ro(k, 1, wh) = e1(B)?~'wh — c; C(BY 2 (wh)? + 2 (BBH)H 97)

On the other hand, the relation for R; is as follows

B+1Y
Ri(k, I+1, wi™) = —(B— 2CU’+2){C (B)?+1 Il€+]—c1C(B)21(wi+l)2+62( )}

98)
The relation for condition (45) becomes
IRy I+2 2+1 20, I+
ST = ~(B-20yT DB —2e10(B) wi
wy
99)
oR
22— (B —2e10(B) 2w
Bwk
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From Eq (46), we obtain the second component ¥ of the conserved vector as

Y =c1 (B wlwi™H{1 — (B —2CviT3))3)

— 1 CB? Pwlwf k- 238 —2Cu 2wl (100)

B+1\"!
+ Cz(T> {w ™ — (B =20y wi} + Hk, D).

Consequently, we arrive at the following theorem.

Theorem 3.2 The conserved vector for the discrete KPP equation (79) has components

¢:CIB(A)l—]wlwl+l{1_(3_2c l+l)<L>}
2B —1) k=1 2B —1)

A -t 1411 o A Wit
: (A%(B—l)) kol "{ et Ve 3)<A§(B—1)) k- 1}

+ (A%_l>l_l{ (B —2Cv ’“)(Az_l) l}+(—1)k 101
“\2e+ Y=\ G2y )Mk (101)

¥ =1 (B wlwi T {1 — (B — 200153}
— 1 C(B) 2wl wi ™ wh — 23(B —2CvHHwit)

-1
+c2(BTf1> {wit — (B —2CviHwh) + (1.

4 Conclusions

The symmetry analysis of the PDEs related to the FN and KPP equations was done in this
work. Independent of the underlying symmetry characteristics, we constructed the first inte-
grals. The interplay between symmetries and first integrals usually lead to double reduction
of the system as far as differential equations are concerned but for discrete equations, this
study is its infancy and it is highly likely that this exists for discrete equations. Furthermore,
the notion of a discrete manifold has not, to the best of our knowledge, been pursued but the
methods of the study here may contribute to a better understanding of this novel concept.
Hydon has, in papers cited here, discussed the ideas of a discrete Lie algebra-this is important
as the symmetry generators of symmetry form a closed Lie algebra.
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