
where X denotes the proportionality factor.

A number of values of X are selected and the path of steepest descent 

is followed as long as SCO) decreases. When it does noc, another combination

of levels of 0 ^ 0 2 .....6p is selected and the process is continued until

it converges to the value which minimis*s S(0).

(iii) A method developed by Marquardt .1963),represents a compromise 

between the ’Inearisation method and th: steepest descent method. Marquardt's 

'compromise' develops a maximum neighbourhood method, which performs 

an optimum interpolation between the linearisation method and the gradient 

method, the linearisation being based upon the maxiaum neighbourhood 

in which the truncated Taylor series gives an adequate representation 

of the nonlinear model.

A broad outline of the algorithm used can be described as follows: 

Suppose a certain point in the parameter space is considered. If the 

method of steepest descent is applied, then movement away from this 

initial point will result in a certain vector direction, 6g , being 

obtained. This new direction may be the best local direction in which 

to move to attain smaller values of S*'0) but may not be the best overall 

direction, due to the attentuaticn in the S(0) contours. However, the 

best direction must be within 90° of 6g or else S(0) will get larger 

locally. The linearisation method leads to another correction vector 6.

For a number of practical problems investigated by Marquardt, he found 

that the angle, 0 say, between <$» ?md 5, fell in the range 80<<j><90 .

The two directions are therefore almost at right angles and Marquardt's 

algorithm provides a method for interpolating between the vectors <5g 

and 6, and also for obtaining a suitable step sire.

4.2 Ore of the Jackknife Method in Linear and Non-Linear Models
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In an important paper by Hinkley (1977a), the jackknife method 

is applied to a general linear model of the form:

Y=XB+e (A.2.1)



where the e{s are taken to be i.i.d. random variables with mean zero

2
and variance c  . He considers the quantities:
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W i - x ' u ' x ) * ^  , i=l n (4.2.2)

where x ’ is the i ^  row of the nxp matrix X. In the balanced case where 

the Wj^s are constant i.e. WisP/n for i=l,2,...,n , he shows that the

standard jackknife method produces less biased estiru:tors than the least 

squared method. Hinkley also considers the more interesting non-linear 

case where the model is unbalanced i.e. w^ is not constant. He proposes 

the weighted psudovalue:

Hinkley suggests that the weighted estimator (4.2.4) may have superior 

performance for unbalanced data.

It is also interesting to not nat Miller (1974b). in an earlier 

paper also investigated the performance of the jackknife in the case 

of unbalanced problems. Quenouille originally proposed the jackknife 

to eliminate a bias term of order 1/n. This it does exactly in balanced 

problems (Gray et al, 1972). However, in the case of unbalanced problems 

such as non-linear least squares, it is not at all clear what jackknifing 

does to the bias of0=f(B), where B is the least squares estimator of

“ 8 +  n d - W i )  (B-B-i), (4.2.3)

and the weighted jackknife estimator of 8:

(4.2.4)

with covariance matrix estimator:

V(Q) - (VQ (4.2.5)

n

B Miller shows that from the expansion



one obtains

E(f(B))-f(B) «= ■? tr.f (B)(XTX ) +... (4.2.7)

L n n

After jackknifing, the first order bias term becomes

* 2 ftr. f”(B)(XTX )’1 - (n-1) ? * ^ ) (Xn Xn ) * ̂r  n  n  — ------------------------------------------------------------
l-xi(XTX ) x?

1 n n i

What the second term does to the absolute size of the bias is unknown. 

This provides an important motivating factor for the research topic 

relating to .ion-linear parameter estimation which is investigated via 

Monte-Carlo simulation studies in Section 4.4.

In a paper by Duncan (1978), he examined the jackknife procedure 

for constructing confidence regions in non-linear regression using Monte 

Carlo simulation. Although attempts have been made by Williams (1962), 

Halperin (1963) and Hartley (1964), to determine exact confidence regions 

for the parameters in a non-linear model, the methods proposed are only 

anpiicable to the very simplest of non-linaar models and, when the number 

of parameters is moderate, they produce regions which are very elliptic 

and non-robust if the distribution of errors e is non-normal.

Duncan considered the model

y=f(x,8) +e

where

e,

f(x,9)= -----  { exp(-0 2 x) - exp(-6ix)j (4.2.8)

(8 1 -6 2 )



and the error e followed the standard normal or 'contaminated' normal 

-iistribution. Univariate and joint confidence intervals were determined 

for the parameters and 6 3  • For the jackknife method, successive 

deletions of size 1,2,3 and 6 were considered based on a moderate sample of 

size n=24. The jackknife was found to be untrustworthy in establishing 

joint confidence intervals as larger blocks of observations were deleted. 

For example, based on nominal 95% confidence regions, only a 35.8% and 

3 4 .2 % coverage were obtained for a deleted block size of 6 where the 

error distribution was normal and 'contaminated' normal respectively.

In an interesting paper by Fox, Hinkely and L a m t z  (1980), they 

consider the standard jackknife and two linear jackknife methods in 

the context of non-linesr regression, and also investigate the findings 

of Duncan's paper. The linear jackknife methods could be based on linear 

approximations obtained from estimators of the influence function for 

9, using methods described by Devlin, Gnanadesikan and Kettenring (1975), 

and Hinkely (1977b),or, alternatively, by using a Taylor series expansion, 

i.e. consider a Taylor expansion of the least squares estimating equation 

for 0 -i, assuming this to be a stationary point of

I {if1-f(xj,e)} 2

and pick off the linear term. The result is

_ r ,
0  -e-(ZTZ) Zt { ---- L- }, (i-1,2,...,n) , (4.2.9)

■i 1-wj

where

Z. * V f (x< ,0) - ( i. f(x^J0).....iLf(x,-,9))T »

1 9 6  3 9  0= 9

- 1.29 -

ZT=(Z1.....Zn ), (ZTZ)_1 Z t
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and

ri»yi-f(xi,e)

Substitution of (4.2.9) into the standard formula for jackknife pseudovalues, 

and replacement of (n-1) by n, gives the linear pseudovalues

LP1» ^ n ( Z lZ)"1 Zij.— L1—  } (4.2.10)

1-0^

The linear jackknife estimator of 0 iss

-  -1 "

LP * n V LPt (4.2.11)

1-1

with ifariance-covariance matrix estimate:

—  1  n  —  —  ’

V(LP) » y (LPi-LPjaPi-LP) (4.2.12)

n(n-l) 1 1

An alternative weighted jackknife is also suggested where the 

psudovalues LPj_ are replaced by

lQ<■0+n(ZlZ)"1 Zi.ri (4.2.13)

The weighted jackknife estimatorL^J and variance estimator V(LQ) are defined

LQ “ n*1 I LQt (4.2.14)

i-1

and V(LQ)- ( Z ^ ) * 1 y z.zl r\ (ZTZ)_1 (4.2.15)

j-1

Using the same example as Duncan, the linear jackknife estimators 

LP and LQ  produced similar estimators to the standard jackknife method 

for the parameters 0^ and 02 . In the overlap with Duncan results,



there was general agreement, suggesting that all the jackknife methods 

based on normal approximation are poor for joint confidence regions.

In the most comprehensive simulation study to date, Frangos (1981), 

used seven different estimators of a two parameter non-linear model.

The estimators were the standard least squares and jackknife estimators,

Hinkley's weighted jackknife, the two linear jackknives discussed by 

Fox, Hinkley and Larntz, and two alternative weighted jackknives. The 

weights w^ were functions of the jackknife estimator and Hinkley's weighted 

jackknife, respectively, for these two alternative weighted jackknives.

The non-linear model considered was of the forms

Y -e1exp(e2X) + e, (4.2.16)

where the ej's were assumed to be i.i.d. normal random variables with 

mean zero and variance tr2.

The results of the simulation study indicated that the standard 

jackknife and the three weighted jackknife procedures gave smaller biases 

than the least squares procedure, at the expense of a very small increase 

of the mean square error. The two linear jackknives did not show any 

improvement in terms of bias over the least squares procedures. Also, 

the jackknife procedures were not effective in establishing joint confidence 

regions, which is in agreement with Duncan, and Fox et al.

4.3 Confidence Interval Estimation for the Different Procedures in 

Non-Linear Models

Firstly, the non-linear least squares estimate 0“(0^,02••••t0p ) 

of 0, is calculated using the linearisation method. From Hartley and 

Booker (1965), the asymptotic estimate of the covariance matrix of 0=(0x,02 ,...,0p) 

is calculated from the following pxp matrix;
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' i j ̂  " (n 'P) 1 or2-A

(4.3.1)
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where

n

a2« V (Yi-f(xii0)" 

1*1

and

A =* (a. .) » I y afCxk ;0) Jf(xkie)i

ij PXP i.»i --- ^ ---  --- T a ---'

»• 1 9®i 0=*9

The 100(l-a)% least squares confidence limit for component 9^ 

of 0 is given by:

’i t l i n I i.L-. .....p) “ •3 '2)

with

n 2 
ss(e) - y (Yj-f(x< j ©))

i-i

The standard jackknife estimate of 0 is given bys

A .

P-n I Pi (4.3.3)

i-1

and its estimated covariance matri>: is given by the following:

V(P)-(VPij)pxp » { n ( n - l ) } _ 1 y (t*i-P)(Pi-P)' (4.3.4)

The separate confidence limit for the component ©i of 9 is given

by i

pi 1  I vpu  • < i - 0 C4-3-51

>J

Similarly, if the standard bootstrap method is considered for 

estimation purposes, the bootstrap estimate of 0is given by:

0* « 1 (4.3.6)

B



with variance estimate

- 133 -

3

V - I ( e * -  9*)2 } (4.3.7)

k“ 1

wh^re 9*^ are the bootstrap replications and 6 is the number of bootstrap 

replications.

The separate confidence limit or the component 0£ of 9 is given

bvi

9 +  / V x 2 (4.3.8)

1,1-a

Other bootstrap confidence lim methods such as Efron'? percentile, 

the bias corrected, the imcroved method using thf 'acceleration' constant 

(see Section 2.9) as well s Abramovitch and Singn's (1985) stuc-ntizad 

pivotal quantity method (see Sections 2.9 and 4.4) are also available 

for confidence limit estimation in non-linear models.

4.4 Monte-Ca.lo 5 j u l g :  on Studies

This sect.on aescnoes the simulation studies that were undertaken 

regarding the non-parametric estimation of parameters for various non­

linear models. Tour .fferent p.d.fs were used to generate the error 

deviates, naroely the normal, exponential, gamma and long tailed h distributions. 

For each sinulsrion -tm, unless otherwise stated, 1000 samples were 

generated, each :or a given sire of N=20. The parameter values for 

9} and 02 in the non-linear models under consideration were +1.0 and 

-1.0 respectivel . Ei :imators of the value of the ratio -92/9^, were 

also considered. In the case of the non-linear models considered by 

Duncan (1978), (see equation 4.2.8), and Frangos (1981), (see equation 

4.2.16), Xi“-4.0(0.2)-0.2, i=l to 20. The accuracy of the parameter 

estimators were expressed in terms of bias, sample variance and mean 

square error. The 95% and 99% levels were considerec for the confidence 

limits and their robustness was determined in terms of coverage, average 

length and variance of length.



The following simulation studies were undertaken:

(i) a comparison between the least squares and jackknife and bootstrap 

methods using Duncan's non-linear model. The results of the simulation 

study are summarised in Table 4.4.1 and 4.4.2 The conclusions of the 

study are as follows:

a. the jackknife estimator has a smaller ias for the parameter 9 2 

than the least squares estimator, although this is at the expen&e 

of a larger mean squ’ne error. In general, however, the jackknife 

does not consistently outperform the least squares method in terms 

of bias reduction or mean square error.

b. the bootstrap produced the worst bias results although the mean 

square errors were similar to those obtained by the least squares 

method.

c. both the least squares and jackknife methods generally produced 

robust confidence limits in terms of coverage. The least squares 

method did, however, produce only modest coverage results for the 

parameters at the 95% level when the errors were normally distributed.

d. the bootstrap method produced poor coverage results generally for 

the different error distributions and is an unsuitable method for 

establishing robust confidence limits for this area of application.

(ii) a comparison between the least squares and jackknife method using 

Duncan's non-linear model for different error distributions where the 

variance of the errors is not corstant. In particular, for a sample 

size of 20, the variance of the errors is different for each consecutive 

sub-sample of size 5. Eva�uation of the bootstrap method was not considered 

due to its poor performance in the previous study. The results of the 

simulation study are summarised in Tables 4.4.J and 4.4.4. The conclusions 

of the study are as follows:
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Table 4.4.1 : Bias, Sample Variance and Mean Square Eiror for a Two Parameter Non-Linear Model

Least Squares Method Jackknife Method Hootstrap Method

®1
e2 02/8!

01
e2 -e2/0 i

®1
e2 -02/6l

Bias -2.43xl0*5 -4.73x10*3 3.15x10*3 2.72x10*4 -7.90x10*4 -1.32x10*3 1.06x10*4 -7 .92x10*3 6.39x10*3

A
Sample Variance 2.07x10*4 1.62x10*2 1.27x10*2 2.42x10*4 1.84x10*2 1.44x10*2 2.09x10*4 1.65x10*2 1.29x10*2

Mean Square Error 2.07x10*4 1.62xl0*2 1.27x10*2 2.42x10*4 1.84x10*2 1.44x10*2 2.09x10*4 1.66x10*2 1.29x10*2

Bias -1.51x10*4 -3.67x10*3 2.20x10*3 2.20x10*5 1.32x10*3 -3.17x10*3 -2.29x10*4
-7

.04x10*3 5.61x10*3

B Sample Variance 2.07x10*4 1.66x10*2 1.30x10*2 2.37x10*4 1.87x10*2 1.44x10*2 2.11x10*4 1.70x10*2 1.33x10*2

Mean Square Error 2.07xl0*4 1.66x10*2 1.30x10*2 2.37x i 0*4 1.87x10*2 1.44x10*2 2.11x10*4 1.71x10*2 1.33x10*2

Bias -2.lOxlO*6 -1.99x10*3 1.26x10*3 1.24x10*4 8.45x10*5 -1.04x10*3 -5.50x10*5 -3 .42x10*3 2.73x10*3

C Sample Variance 9.60xl0*5 7.29x10*3 5.74x10*3 1.10x10*4 8.23x10*3 6.43x10*3 9.70x10*6 7.42x10*3 5.84x i 0*3

Mean Square Error 9.60xl0*5 7.29x10*3 5.74x10*3 1.10x10*4 8.23x10*3 6.43x10*3 9.70x10*6 7.42x10*3 5.84x10*3

Bias -4.49x10*4 -1.40x10*2 9.71x10*3 -1.49X10*1* -3.50x10*4 -4.74x10*3 -1.90x10*2 -6 .68x10*3 2.08x10*3

D Sample Variance 1.47x10*3 4.08x10*2 3.13xL0*2 1.54x10*3 4.78x10*2 3.69x10*2 2.01x10*2 6 .05x10*2 5.06x10*2

'lean Square Error 1.47x10*3 4.10x10*2 3.14xl0*2 1.54x10*3 4.78x10*2 3.69x10*2 2.05x10*2 6.06x10*2 5.06x10*2

Error Distributions

A Normal s Mean=0.0, S.D=0.2;

B Exponential : Mean=0.2 

C Gamma : Mean=0.2 (k=2)

D Long tailed h i Mean=0.2 (h=0.2)
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Table 4.4.2 s Sampij Confidence Intervals for a Tuo Parameter Non-Linear Model

Least Squares 

Kethod

Jackknife Method Bootstrap Method

01
02 02

»1
02

Coverage

95% 92.1 89.1 95.2 94.5 90.5 90.1

99% 98.2 97.7 98.8 98.8 96.8 96.2

i—  

Average 

Length

95%
4.59xl0*2 3.83x10*1 6.84x10*2 5.93x10*1 5.01x10*2 4.45x10*1

99% 6.27xl0'2 5.23x10* 1 9.35x10*2 8.11x10*1 6.59x10*2 5.85x10*1

Variance of 

Length

95% 7.29xl0*5 5.71x10*3 4.05xl0*4 2.47x10*2 8.30xl0*5
7.70x10*3

99% 1.36xl0*4
1.07x10*2 7.57xl0‘4 4.61x10*2 1.44xl0*4 1.33x10*2

Coverage

95% 95.9 92.9 95.8 95.4 90.2 90.1

99% 99.0 98.0 99.1 99.4 96.7 96.6

Average

Length

95% 6.27xl0*2 5.29x10*1 6.57x10*2 5.74x10*1 4.92x10*2 4.38x10*!

99%
8.57x10*2 7.24x10*1 8.98x10*2 7.84x10‘1 6.47x10*2 5.76x10*1

-------------

Variance of 

Length

95% 3.49xl0*4
3.45x10*2 7.20xl0*4 5.43x10*2 2.44x10*2 2.14x10*2

99% 6.53xl0*4 6.45xl0*2 1.35x10*3 1.01x10*1 4.21xl0‘ 4 3.70x10*2

Coverage

95% 97.9 97.1, 96.1 96.3 91.0 91.0

99% 99.5 99.1 99.3 99.4 96.9 97.2

!Wc i ge 

Len" - h

95%
5.42x10*2 4. 55x10*1 4.63x10*2 4.03x10*1 3.44x10*2 3.04x10*1

99%
7.40x10*2 6.22x10*1 6.33x10*2 5.51x10*1 4. c:.xl0*2 3.99x10*1

Variance of 

Length

95% 1.49xl0*4
1.38x10*2 2.80xl0*4 1.87x10*2 7.30x10*5 5.78x10*3

99% 2.78xl0*4 2.57x10*2 5.24xl0*4 3.50x10*2 1.26xl0*4 9.99x10*3

1 Coverage

95% 94.7 92.7 97.3 97.8 89.0 89.5

«9% 99.1 98.3 99.4 99.7 94.3 95.2

Average

Length

95% 7.48x10*2 6.38x10*1 8.90x10*2 7.92x10*1 6.74x10*2 5.75x10*1

99% 1.02x10*1 8.73x10*1 1.22x10*1 1.08x10° 8.86x10*2 7.56x10*1

Variance of 

i Length 

1

95% 1.87x10*3 1.71x10*1 4.36x10*3 4.39x10*1 2.42x10*3 1.55x10*1

99%
3.48x10*3 3.19x10*1 8.14x10*3 8.18x10*1 4.18x10*3 2.67x10*1

Error Distribution

A Normal i Mean=0.0, S.D.=0.2

B Exponential s Mean“0.2

C Gamma i Mean=0.2 (k=2)

0 Long tailed h s Mean=0.2 (h=0.2);



-e ^ ,4‘3-- »---Bias, Sa»ple Variance and Mean Square Error for a Two Parameter Model

' (errors are not constant)

Leaist Squares Metho•A
Jackknife Method

e l
e 2

"8 2 / 8 1

® 1 e2 -8 2 /8 !

Bias
-4.llxl0* 5 -2.26x10*3 1.43x10*3

-4.37x10*5
1.57xl0* 4 -1.50x10*3

A
Sample Variance

1.18xl0*4 8.49x10*3 6.62x10*3
1.78xl0*4 1.25x10*2

9.68x10*3

Mean Square Error
1.18xl0*4 8.50x10*3 6.62x10*3

1.78xl0*4 1.25x10*2
9.63x10*3

Bias
-7.54xl0* 3

7.45x10*2 -6.83x10*2
-7.26x10*3

7.56xl0*2 -7.01x10*2

B Sample Variance
1.16xl0*4 7.59x10*3 6.04x10*3

1.73xl0' 4 1.14x10*2
8.95x10*3

Mean Square Error
1. "/JxlO* 4 1.31x10*2 1.07x10*2

2.26xl0*4 1.71x10*2 1.39x10*2

Bias
-7.69x10*3 7.70x10*2

-7.03x10*2
-7.40x10*3

7.64x10*2 -7.01x10*2

C
Sample Variance

5.85xl0*5 3.72x10*3
2.96x10*3 8.49x10*5

5.37x10*3
4.25x10*3

Mean Square Error
1.17xl0*4 9.65x10*3

7.90x10*3
1.40xl0*4 1 .1 2 x 1 0 * 2 9.16x10*3

Bias
- 1 .1 2 x 1 0 * 2

C
M

1O

X

C
M

0
0

-7.48x10*2
1.04x10*2

8.08;.l * 2 -7.67x10*2

D Sample Variance 4.05x10*3 1.08x10*2

--

9.63x10*3
4.62x10*3

1.99x10*^ 1.59x10*2

Mean Square Error 4.19x10*3 1.74x10*2
1.52x10*2

4.73x10*3 2.64x10*2 2.18x10*2

Error Distribution

Normal : Mean=0.0;
S.D.=0.20, S.D.

=0.15, S.D.=0.10 , S.D.=0.5 ;

B Exponential t Mean=0.20, 0.15, 0.10, 0.05i 

C Gamma i Mean=0,20, 0.15, 0.10, 0.05; (k=2)

D Long tailed h i Meaa-0.20, 0.15, 0.10, 0.05; (h=0.2)
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Table 4.4.4 : Sample Confidence Intervals for a Two Parameter Non-Linear Model

- (error variances are not constant)

A

Least Squares Method

....... .... ....I

Jackknife Method

01 02 01
0 2

Coverage

957. 81.6 80.4 92.7 93.9

99% 92.5 92.3 97.8 98.3

Average

Length

95% 2.84x10*2 2.37x10*1 5.24x10*2 4.41x10"!

99% 3.88x10-2 3.24X10*1 7.17x10*2 6.02x10*!

Variance 

of Length

95% 3.72xl0-5 2.73xl0*3 4.56xl0*4 2.70x10'2

99%
6.94x10*5 5.10x10*3 8.52xl0*4 5.04x10*2

B

Coverage

95% 74.2 66.7 91.6 88.3

99% 90.1 82.9 98.1 97.6

Average

Length

95% 3.06x10-2 2.43x10*1 5.07x10*2 4.09x10*1

99%
4.18x10-2 3.33x10*1 6.92x10*2 5.59x10*1

Variance 

of Length

95% 9.20x10-5 5.72x10*3
7.43xl0*4 4.62x10-2

99% 1.72xl0*4 1.07x10*2 1.39x10-3 8.63x10-2

C

Coverage

95% 66.6 55.8 83.8 76.5

99% 85.2 74.4 96.3 94.1

Average

Length

95% 2.32x10-2 1.85X10*1 3.58x10*2 2.89x10-1

99% 3.18x10-2 2.53X10'1 4.89x10*2 3.95x10"!

Variance 

of Length

95% 3.00x10*5 1.95x10-3 2.62xl0*4 1.50x10-2

99%
5.61xl0"5 3.64x10-3

4.90xl0*4 2.80x10-2

D

Coverage

95% 87.1 73.8 96.1 93.2

99% 98.9 94.4 99.2 98.7

Average

Length

95% 3.36x10*2 2.59x10*1 5.94x10*2 4.62x10*1

99%
4.59x10*2 3.53x10*! 8.12x10*2 6.32x10*1

Variance 

of Length

95% 1.39x10*3 5.69x10*2 7.27x10*3 2.53x10*1

99% 2.60xl0*3 1.06x10*! 1.36x10*2 4.73x10*1

Error Distributions

A Normal : Mean=0.0; S.D.=0.20, SD=0.15, SD=0.10, S.D.=0.5; 

B Exponential s Mean=0.20, 0,15, 0.10, 0.05;

C Gamma : Mean=0.20, 0.15, 0.10, 0.05;

D Long tailed h : Mean=0.20, 0.15, 0.10, 0.05 ; (h=0.2)



a. the jackknife estimator, in the majority of cases, has a smaller 

bias for the parameters 9^ and 6 3  than the least squares estimate, 

although this is again at the expense of a larger mean square error.

b. the jackknife method produced robust confidence limits in terms

of coverage except in the case where the errors were gamma distributed. 

However, the least squares method produced untrustworthy confidence 

limits in all cases, in terms of coverage, and is an unsuitable 

method for this area of application.

(iii) the previous study was then repeated using a different non­

linear model i.e. the one parameter model Y=exp(0jX)+e , to determine 

whether the least squares and jackknife method performed as before,

in terms of coverage for the parameters. The results of the study are 

shown in Table 4.4.5. Although the jackknife method only produces aedest 

coverage for the parameters, it is again far superior to that of the 

least squares method.

(iv) the final case study concerned a comparison between the least 

squares, jackknife, th« standard bootstrap, the 'improved' bootstrap confidence 

limit methods i.e. Efron's percentile, bias corrected and 'improved'

method using the 'acceleration' constant (see Section 2.9) and also 

A b r a m o v i t c h  and Singh's (1985) studentired pivotal quantity method. A 

description of how the studentized pivotal quantity method (see Efron,

1987) is applied in a non-linear regression model is as follows!

Consider the model

Y” 0 ^eS2 x-i-e = g(0 i,0 2 )+e, where g(0^,0 2 )=0ie82X (4.4.1)

and the e^'s are taken to be i.i.d. random variables with mean zero 

and variance <y2 .
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Table 4.4.5 i Sample Confidence Intervals for a One Parameter Non-Linear Model

- (error variances are not constant)

Least Squares Method

«1

Jackknife Method

02

Coverage

957.

997.

80.9

91.8

90.2

95.2

Average

Length

957.

997.

2.57xl0'2

3.51x10*2

4.58x10*2

6.26x10*2

Variance of 

Length

957.

997.

2.86xl0*5

5.34xl0*5

5.33x10*4

9.96x10*^

Coverage

Average

Length

957.

997.

957.

997.

75.1

86.9

3.21x10-2

4.38x10*2

88.2

94.7

4.39xl0*2

6.00x10*2

Variance of 

Length

957.

997.

8.74x10*5

1.63x10*4

8.18x10*4

1.53x10*3

Coverage

957.

997.

71.5

85.9

78.5

87.9

Average

Length

957.

997.

2.73x10*2

3.73x10*2

3.21x10*2

4.38x10*2

Variance of 

Length

Coverage

Average

I.ength

Variance of 

Length

957.

997.

957.

997.

957.

997.

957.

99*4

3.37x10*5

6.30x10*5

75.4

89.5

4.71x10*2

9.27x10*4

1.73xl0*3

3.16x10*4

5.91x10*4

88.2

93.7

5.18x10*2

7.08x10*2

4.18x10*3

7.81x10*3

Error Distributions

A Normal s Mean=0.0, S.D.=0.20, S.D.=0.15, S.D.=0.10, S.B.=0.5; 

B Exponential : Mean=0.20, 0.15, 0.15, 0.05;

C Gamma : Mean“0.20, 0.15, 0.10, 0 05 (k=2)

D Long tailed h t Meati,’0.20, 0.15, 0.10, 0.05; (h=0.2)



Step 1

Step 2

Step 3

>

s Calculate the least squares estimators 0j and 02 using the 

linearisation method such that

0 i-t(X1,...,Xni .....Yn ) for i-1,2 (4.4.2)

t Calculate the bootstrap pseudo estimators 0 ^ k “l,B

(B=120 say)i in the normal manner (see Section 2.4) i from 

the model:

X j " gi(0i) + 6 j * f°r J”1,n ; i“1’2 (4.4.3)

where the bootstrap residuals E * = ( e e * )  are constructed 

by drawing with replacement from the observed residuals e ^..., e ̂ .

: For each bootstrap sample calculate

6* -t(X*.....X*_x ,X*+ 1 ..... X*), for j*l,n; i-1,2 (4.4.4)

then, the estimator of the influence function

(4.4.5)

- 1A1 -

(4.4.6)

(4.4.7)

I* “(n-1) (0*^-0* ,) for k»l,B 

i j 1 i t " J

The bootstrap estimator

B

1 k i l  1
B

and the estimator of the variance of 0* ,

- .  Ifj 

pr(0.)- 1 - L

i n2
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The studentized statistic T,̂  can then be calculated as follows:

k

i 1 

H  = 9 i " 9 i • for K=l>•••.B

7 = ^  i - 1 ' 2 j
J var(0^)

Step 4 i Rank the Tj^'s in ascending order and calculate the T^ value 

at (l-a/2)% and a/2% levels, i.e. T (1.a/2) and T (a/2)'

Step 5 : Calculate the variance estimator of 0^ ucing estimators of the 

first order influence functions of the functionals 0i,i=l,2 

where 0^ is the least squares estimator.

i.e. Bi"t(X]_i ».. iXjj; .* »,Y|j)

®i,-j*t(Xjj • .. .. • , Xn ; Y ^ ,. •. • •. ,Yn )

(4.4.9)

The estimator of the influence function

iiJ«(n-l)(e1-9i,.j) (4.4.10)

Hence,

" -

var(0i)*= I It j (4.4.11) 

j-1

Step 6 t Calculate the confidence intervals for 0£, i=l,2

(«i-T a-«/2) * 0i"T (“/2) y varei}

The different methods were compared in terms of coverage of the 

parameters and the simulations performed were similar to those carried 

out in the first stndy except that the non-linear model considered by 

Frangos (1981), was used instead. Also, due to the large C.P.U. time 

required for some of these iterative methods, the number of simulation



runs was: reduced to 100 in each case. The results of the simulation 

study are summarised in Tables 4.4.6 and 4.4.7.

The conclusions of the study are as follows: 

a. the jackknife and studentized pivotal quantity method consistently

produce robust covera ge results for both parameters. There are

some cases where the studentized pivotal quantity method outperforms

the jackknife method in terms of coverage, ihorter average length

and smaller variance in length, although, in general, both methods

produce ;ery similar results.

b . the other methods, including the least squares, produce poor coverage 

results where :he error deviates are either normal or exponentially 

distributed. The least squares method also produces poor coverage 

results for the parameter 6i in the case of the long tailed h distribution.

4.5 Summary of simulation results

The following conclusions can be made regarding the results presented 

in the previous section:

(points (i), (11) and (ill) refer to the studies where the variance 

of the errors is constant).

(i) the least squires and jackknife method produced similar results 

in terms of bia«< reduction although for the latter method this 

was at the expense of a larger mean square error. The standard 

bootstrap method did not improve on the least squares method 

in terms of bias or mean square error.

(ii) for the two different two parameter non-linear models considered, 

the jackknife produced consistently robust coverage results.

The least squares method produced poor coverage results for 

Frangos' (1981),model for most of the different error distributions 

considered. The standard bootstrap method as well as Efron's 

'improved' bootstrap confidence limit methods generally only 

produced modest coverage results.



Table 4.4.6 : Sample Confldenct Intervals for a Two Parameter Non-Linear Model

A

Parameter -flj Least Squares Jackknife Bootstrap Percentile Bias Corrected Improved Bootstrap 

[using acceleration 

constant)

Studentised 

Pivotal Quantities

Coverage
95% 74.0 94.0 83.0 84.0 83.0 87.0 95.0

99% 93.0 100.0 94.0 93.0 9j . 0 92.0 97.0

Average

Length

95% 7.57x10-2 1.53x10"! 1.14x10-1 1 . 13xlC*l 1.13x10*1 1.14x10*1 1.40x10*!

99% 1.03x10*1 2 .09x10"1 1.50x10*1 1.49x10*1 1.44x10*1 1.39x10*1 2.08x10*1

Variance in 

Length

95% 4.39x10"^ 1 .48xl0"3 4.79x10*4 5.06x10*4 5.20x10*4 5.71x10*4 1.41x10*3

99% 8.20x10*4 2.76x10-3 8.28x10*4 1.06xl0*3 9.81x10*4 8.75x10*4 4.34x10*3

P

Coverage
95% 80.0 94.0 84.0 86.0 86.0 88.0 93.0

99% 90.0 99.0 91.0 92.0 92.0 90.0 98.0

Average

Length

95% 9.85x10-2 1.53X10"1 1.14x10*1 1.16x10*1 1.15x10*1 1.17x10*1 1.37x10*1

99% 1.35x10-1 2 .09X10"1 1.50x10*1 1.50x10*1 1.45x10*1 1.40xl0'l 1.96x10*1

Variance in 

Length

95% 1.22xl0-3 3.27xl0"3 1.39x10*3 1.65x10*3 1.54x10-3 1.73xl0'3 2.65x10*3

99% 2.29x10-3 6 . llxlO‘ 3 2.40x10*3 2.71x10*3 2.46x10-3 2.55xl0 '3 8.36x10*3

C

Coverage
95% 93.0 98.0 94.0 93.0 95.0 93.0 98.0

99% 96.0 100.0 97.0 97.0 97.0 97.0 99.0

Average

Length

95% 8 . S2x 10"2 1.07x10'! 7.79x10*2 7.74x10*2 7.77x10-2 7.80x10*2 9.96x10*2

99% 1.16x10' 1 1.46x10-! 1.02x10'! 1.02x10*1 9.76x10-2 9 . 39xl0 '2 1.40x10*1

Variance in 

Length

95% 5.56xl0-4 1.19x10-3 3.88x10-4 3.98x10*4 4.11x10*4 3.90x10*4 1.08x10*3

99% 1.04x10-3 2 .22x 10"3 6.69x10*4 8.30x10*4 7.53x10*4 6.27x10*4 2.38x10*3

D

Coverage
95% 88.0 99.0 95.0 95.0 94.0 97.0 97.0

99% 95.0 100.0 99.0 99.0 99.0 99.0 100.0

Average

Length

95% 1.27xlO_1 2.02x10"! 1.72xlO'l 1.76x10*1 1.77x10*1 1. 82x10*1 1.78x10*1

99% 1.73x10'1 2.76x10*1 2 .26x10'! 2.39x10*1 2.29x10*1 2.23x10*1 2.51x10*1

Variance

length

95% 9.16x10-3 1.74x10-2 2.30x10-2 2.74x10*2 2.94x10*2 3.04x10*2 1.34x10*2

99% 1.71x10-2 3.25x10-2 3.97x10*2 5.33x10*2 4.58x10*2 4.61x10*2 2 .77xl0*2

Error Distributions

A Normal i Mean=0.0, S.D.=0.2 C Gamma s Mean=0.2 (k=2)

B Exponential : Mean“0.2; D Long tailed h i Mean=0.2 (h=0.2)



Table 4.4.6 i Sample Confidence Intervals for a Two Parameter Hon-Linear Model

A

Parameter -Bj Least Squares Jackkni fe Bootstrap Percentile Bias Corrected Improved Bootstrap 

(using acceleration 

constant)

Studentised 

rivotai Quantities

Coverage

95% 74.0 94.0 83.0 84.0 83.0 87 0 95.0

99% 93.0 100.0 94.0 93.0 93.0 92.0 97.0

Average

Length

95% 7.57x10-2 1.53x10* *• 1.14x10*1 1.13x10*1 1.13x10*1 1.14x1c*1 1.40x10*1

99% 1.03x10*1 2.09x10*1 1.SOxlO*1 1.49x10-1 1.44x10*! 1.39x10-1 2.08x10*!

Variance in 

Length

95% 4.39x10*4 1.48x10*3 4.79x10*4 5.06x10*4 5.20x10*4 5.71x10*4 1.41xl0'3

99% 8.20x10*4 2.76x10*3 8.28x10*4 1.06x10*3 9.81x10*4 8.75x )0"4 4.34xl0*3

B

Coverage
95% 80.0 94.0 84.0 86.0 86.0 88.0 93.0

99% 90.0 99.0 91.0 92.0 92.0 90.0 98.0

Average

Length

95% 9.85x10*2 1.53X10*1 1. 14x10*1 1.16x10*1 1.15x10*1 1.17x10*1 1.37x10*1

99% 1.35X10*1 2.09x10*! 1.50x10*1 1.50x10*! 1.45x10*! 1.40x10*1 1.96x10*1

Variance in 

Length

95% 1.22xl0*3 3.27x10*3 1.39x10*3 1.65x10*3 1.54x10*3 1.73x10*3 2.65x10*3

99% 2.29x10*3 6.llxlO*3 2.40x10*3 2.71x10*3 2.46x10*3 2.55x10 3 8.36x10*3

C

Coverage
95% 93.0 98.0 94.0 93.0 95.0 93.0 98.0

99% 96.0 100.0 97.0 97.0 97.0 97.0 99.0

Average

Length

95%
8.52x10*2 1.07x10*! 7.79x10*2 7.74x10*2 7.77x10*2 7.80x10*2 9.96x10*2

99% 1.16X10*1 1.46x10*1 1.02x10*1 1.01x10"! 9.76x10*2 9.39x10*2 1.40x10*1

Variance in 

Length

95%
5.56x10*4 1.19x10-3 3.88x10*4 3.98x10*4 4.11x10*4 3.90x10*4 1.08x10*3

99% 1.04x10*3 2.22x10*3 6.69x10*4 8.30x10*4 7.53x10*4 6.27x10*4 2.38x10*3

D

Coverage
95% 88.0 99.0 95.0 95.0 94.0 97.0 97.0

99% 95.0 100.0 99.0 99.0 99.0 99.0 100.0

Average

tength

95% 1.27X10*1 2.02x10*1 1.72x10*1 1.76x10*1 1. '7x10*1 1.82x10*1 1. 78x10 ’ 1

99% 1.73x10*1 2.76x10*! 2.26x10*1 2.39x10*1 2.29x10*1 2.23x10*1 2.51x10*1

Variance

Length

95% 9.16x10*3 1.74x10*2 2.30x10*2 2.74x10*2 2.94x10*2 3.04x10*2 1.34x10*2

99%
1.71x10*2 3.25x10*2 3.97x10*^ 5.33x10*2 4.58x10*2 4.61x10*2 2.77x10*2

Error Pl8trlbutlor.B

A Normal i Mean»0.0, S.D.-0.2 C Gamma i Mean"0.2 (k=2)

B Exponential i Mean=0.2; D Long tailed h i Mean“0.2 (h=0.2)



Table A.4.7 » Sample Confidence Intervals for a Two Parameter Non-Linear Model

A

Parameter-02 Least Squares Jackkni fe Bootstrap Percentile Bias Corrected Improved bootstrap 

(Using acceleratior 

constant)

Studentised 

Pivotal Quantities

Coverage
957. 83.0 93.0 84.0 84.0 83.0 37.0 94.0

99% 95.0 99.0 93.0 91.0 91.0 9ft. 0 96.0

Average

Length

957. 2.08x10-2 3.90x10*2 2.85x10*2 2.81x10*1 2.80x1 I*2 2- 10*2 3.61x10-2

99% 2.85x10-2 5.33x10*2 3.74x10*2 3.65x10*2 3.56xlir2 2.43x10*2 5.33x10*2

Variance -*n 

Length

95% 3.16x10*5 1.20x10*4 2.80x10*5 2.90x10*5
3.00xi:-5 3.50x10*5 1.20x10-2

99% 5.90x10*5 2.24x10*4 4.80x10*5 6.20x10*5 5.60x10-5 5.20x10*5 3.55x10-4

B

Coverage
95% 83.0 94.0 84.0 87.0 87.0 »7.0 93.0

99% 91.0 99.0 91.0 91.0 91.1 89.0 9b.0

Average

Length

95% 2.74x10*2 3.88x10*2 2.84x10*2 2.89x10*2 2.89x.:*2 2.90x10*2 3.48x10-2

99% 3.74x10*2 5.31x10*2 3.74x10*2 3.74x10*2 3.61x 3.47x10*2 5.05x10-2

Variance in 

Length

95% l.llxlO*4 2.39x10*4 8.50x10*5 1.00x10*4 9.70* 9.90x10*5 1.96x10-4

9°% 2.07x10*4 4.47x10*4 1.47x10*4 1.72x10*4 1.45x10* 1.52:tl0-4 6.71x10*4

C

Coverage
95% 94.0 98.0 94.0 93.0 95.0 95.0 97.0

99% 97.0 100.0 97.0 97.0 97.0 97.0 99.0

Average

Length

95% 2.36x10*2 2.73x10*2 1.96x10*2 1.92x10*2 1.9 4x. 1.94x10-2 2.56x10*2

99% 3.22x10*2 3.73::10*2 2.57x10*2 2.54x10*2 2 .46s It" 2.34x10*2 3.66x10*2

Variance in 

Length

95% 4.77x10-5 9.34x10*5 2.40x10*5 2.50x10*5 2.50*1C 2.50x10*5 8.60xl0*5

99% 8.91x10*5 1.75x10*4 4.10x10*5 5.20x10*5 5.- 3.70x10*5 1.78x10*4

D

Coverag®
95% 92.0 ''J.O 95.0 95.0 *2.0 96.0 97.0

99% 97.0 100.0 99.0 99.0 99.il 99.0 100.0

Average

Length

95% 3.50x10*2 5.llxlO*2 4.28x10*2 4.38x10*2
4.41xHT~ 2

4.41x10*2 4.51x10*2

99% 4.79x10*2 6.99x10*2 5.62x10*-
5.95x10*2 5.77xlC~2 5.54x10-2 6.38x10*2

Variance in 

> n gth

95% 6.62x10*4 1.22xl0*3 1.29x10*3 1.52x10*3

- . . . .

_53x1 " 3  1.53x10*3 8.53x10-4

99% 1.24x10*3 2.27x10*3 2.22x10*3 2.96x10*3 :.93x I'3 2.91xl0*3 Ij M x H T 3

Error Distributions

A Normal i Mean“0.0, S.D.“0.2 C Gamma i Mean®0.2 (k*2)

B Exponential i Mean“0.<i| D Long tailed i Mean“0.2 “0.2)
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(lii)

(iv)

>

the studentized pivotal quantity method produced very promising 

coverage results and the method was comparable to that of the 

jackknife. Ir. this case, although the simulation study was 

rather limited due to the excessive computer C.P.U. time required 

for the method, there was sufficient evidence to sufe ;st that 

the studentized pivotal quantity method might be a realistic 

competitor to the jackknife method.

(This is a very important result and it suggests that further 

application of the studentized pivotal quantity method in non­

linear confidence interval estimation would be a very worthwhile 

research topic - see Section 2.11).

for the one and two parameter non-linear models considered, 

when the variance of the errors is not constant, the jackknife 

outperformed the least squares method in terms of coverage. The 

jackknife also produced a smaller bias for the parameters although 

this was at the expense of a larger mean square error.



CHAPTER 5

NON-PARAMETRIC ESTIMATION IN TIME-SERIES MODELS

5.1 Introduction

A discrete univariate time-series is a sequence of observations 

ordered and equally spaced in time. Any continuous time-series may 

be converted into a discrete one by sampling at equal time intervals.

There are two major approaches to the study of time-series processes, 

namely time-domain and frequency-domain analysis. The former may be 

considered as an approach generally lied B x-Jenkins modelling and 

the latter as an approach involvir two techniques - periodogram analysis 

and spectrum analysis.

Generally speaking, time-series analysis has an important role 

to play in many practical situations which usually involves some type 

of forecasting activity. In Government as well as industry, time series 

analysis has a major contribution to make, in terms of planning and 

decision taking. An example of the consequences of poor forecasting 

involved the spot price for chartering oil tankers for the four year 

period 1968-71.

Choosing the correct time-series model and deriving accurate estimators 

of the parameter value is thus essential in producing accurate forecasted 

results. This latter area will be discussed in some detail in section

5.5 of this chapter.

5.2 Models for Time-Seriea Data

Time-series models which were formalised by Box and Jenkins (1970,

1976) can be categorised into three classes.

(i) autoregressive (AR) processes

(ii) moving aveiage (MA) processes

(iii) mixed AR-MA processes (ARMA)
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Consider an eauation of the form

Yt=a+biY t_ 1+ . ..+bkY t.k +et ,
(5.2.1)

where Y t = value of dependent variables at time t 

and e t = error term at time t

The variables Y t_^,...,Yt.k are simply time-lagged values of the 

dependent variable, and therefore the name autoregression (AR) is used 

to describe equations of the form (5.2.1).

In a similar manner, equation (5.2.1) can be written in terms 

of past error terms, as follows s

Here explicitly, a dependence relationship is set up among the successive 

error terms, and the equation is called a moving average (MA) model.

Autoregressive (AR) models can be effectively coupled with moving 

average (MA) models to form a very general and useful class of time- 

series models called autoregressive/moving average (ARMA) schemes or 

processes. ARMA models can also be integrated which refers to the 'differencing' 

of the data series. For example, consider the AR process

Yt=*a+b1f!t._1 +... +b-ce t.k +e t
(5.2.2)

(5.2.3)

where the coefficient of Yt .^ is unity.

The equation can be rewritten as s

Yt * Y t-1 " e t
(5.2.4)



to show that the first differences of the Y,. series form a random model.

It is often convenient to redefine (Yt-Yt-i) as W t , the first-difference 

series, so that r.Jt can be considered as a stationary series, whereas 

Y t is nonstationary. Consequently, ARMA models which include a differencing 

of the data series, are referred to as autoregressive integrated moving 

average (ARIMA)models. The three numbers following an ARXMA model i.e. 

ARIMA(p,d,q) refer to the degree of the AR process, the degree of differencing, 

and the degree of the MA process.

5 . 3 Estimation of Parameters

Having a tentative model identification, the AR and MA parameters 

have to be ditermined in the best possible manner. For a simple AR 

model only, the standard least squares algorithm can be used to derive 

tha parameter estimators. This method cannot be used for an MA model 

since the values of the e^, 1=1,...,n terms are unknown. Generally 

speaking, for the more complicated ARMA models, the first step is to 

determine preliminary estimates and then to optimize these values using 

a ron-linear, iterative search technique.

Preliminary estimators for an AR model can be derived by using the Yule- 

Walker equations, which are defined as follows s

°1 = *1 +  ®2°1 +••••+ <*pPp-l

I
\  , (5.3.1)

' /

°p “ ^lPp-l + *2°p-2 +•••+ 6p j

where oi,...,Pp i:ve the theoretical autocorrelations for laps 1, 2,..., 

p respectively, and 0^, 02,...,0p are the p AR coefficients of the AR(p) 

process. Since the theoretical values of p are cot known, they can 

be replaced by their empirical counterparts, and then solved for the ^,1*1,..., 

p values. For example, considere an AR(2) process. Rewriting the Yule- 

Ualker equations for p=2, yields:

- 149 -
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P 1'4>1+*2P1

(5.3.2)

P 2*4>1pI+$2

Replacing anc? P 2 with the autocorrelation coefficients rj and r2 

and solving for ^  and ^2 gives preliminary estimates:

A

4l “ rl(l-r2>»

(5.3.3)

A 2
and 42 - r2-ri

For an MA model, the theoretical autocorrelations for the process 

can be expressed in terms of the MA coefficients, as follows :

Since the theoretical values, p^, are unknown, preliminary estimators

of the coefficients 0^, 02 .....0q can be obtained by substituting empirical

autocorrelations, r^, in equation (5.3.4), and solving. However, these 

equations are by no means easy to solve. In the case of a MA(2) model,

Box and Jenkins (1976), offer tables and charts to handle preliminary 

estimators for 0^ and 02 .

Having obtained preliminary estimators for the AR and MA paramters, 

the next stage is to use an iterative search method such as the Marquardt 

compromise (1963), to select new coefficients which produce a smaller 

'sum of squared residuals' (SSR). In choosing new coefficients, this 

method not only moves in the right direction towards a smaller SSR, 

but also chooses a good coefficient correction size, to ensure rapid 

convergence to a minimum SSR.

0

-9 ^ +  8 1 0 ^ + 1  +...+ 0 g.it eq , k=l......

k >  q

(5.3.4)



3 .4 Jackknifing in Tiaae-Series

The application of the jackknife does cause some difficulty in 

time-series, due to the inter-dependence between successive values. The 

first application of the jackknife method in time-series vas the jackknife 

estimator which was obtained by dividing a sequence of observations 

into two groups. This was considered by Quenouille (1949), and was the 

original application ol the jackknife method. In particular, Quenouille 

jackknifed the partial correlation coefficient of a series of observations. 

He stated that, if r is the partial correlation coefficient calculated 

from a series, and r^ and r2 are the corresponding coefficients from 

the first and second halves of the series, then

R - 2r - I(ri+r2) (5.4.1)

2

will be free from bias to the order 1/n2 . This result was validated 

using some simple numerical examples.

An interesting paper by Davis (1977), considers various methods 

for setting confidence intervals for the error variance in an ARMA model, 

which are robust against non-normality. As suggested by Box (1953), 

the fourth moment must be studentized for inferences about variances 

just as the second moment is studentized when making inferences about 

means. Davis considered a standard error procedure which was c. ji^ment 

estimator of the kurtosis, an analogue of Box's (1953) simple split 

azta and the jackknife technique, and showed that all these methods 

for studentizing the kurtosis in the i.i.d. >.ase were valid for a non­

normal ARMA time-series model.

A further paper by Davis (1979X studies robust methods for detecting 

a shift in variance at a specified point of a time series. The likelihood 

ratio test of equality of variance is the F test, but the test statistic 

is dependent on the assumption that the data are normally distributed. 

Shorack (1969), for the i.i.d. case, compared several robust criteria 

on the basis of Pitman asymptotic relative efficiency (a.r.e.) and Monte
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Carlo studies of power functions. The Box-Andersen permutation test 

(1955), and the jackknife procedure were found to be the most satisfactory.

Davis considered robust procedures for detecting a variance shift 

when the observations were correlated. He found that analogs of the 

Box-Anderson procedure and the jackknife had identical asymptotic properties 

to the i.i.d. case. Uniform, normal and double exponential distributions 

were considered in the Monte-Carlo studies, and while the Box-Anderson 

procedure did a better job maintaining the stated significance level, 

it lagged slightly behind the jackknife in power.

5.5 Monte Carlo Simulation Studiea

This section describes the simulation studies that were undsrtaken 

in new areas of research regarding the non-parametric estimation of 

parameters for stationary autoregressive models of order one and two 

respectively.

i.e. Y t - ^ Y t - x  + p + e t ^  ARMA(1,0,0)

and Yt = 4l^t-1 + ^2^t-2 + P et ARMA(2,0,0)

where

Y t 1 value of the dependent variable at time t 

et = error term at time t 

p = mean value 

and ^ 2  are t*le parameters

Four different p.d.f.s. were used to generate the error deviates for 

each simulation run, namely the normal, exponential, gamma and long 

tailed h distribution. In these cases, the e's satisfy the assumption 

of serial independence. Other simulation ru.'s were also carried out 

where the error term was serially correlated, 

i.e. consider the simple model

- 152 -

(5.5.1)

(5.5.2)

Y f < h Y t-l + P + Pt

(5.5.3)



where u t = opt-x + e t 

and |a|< 1

(The e's are defined in the same manner as before)

For each simulation run, 1000 samples were generated. The accuracy 

of the parameter estimators was expressed in terms of bias, sample variance 

and mean square error. The 957, and 99% levels were considered for the 

confidence limits and their robustness was determined in terms of coverage, 

average length and variance in length. It shou�d be noted that, for 

the jackknife method, the number of groups g=2, due to the inter-dependence 

between successive values.

The following simulation studies were undertaken:

(1) a comparison between the least squares method and the jackknife 

and bootstrap methods in the one and two parameter linear model using 

either normal, exponential, gamma or long tailed h distributions for 

the error deviates. A sample size of 30 and 60 was considered for the 

one and two parameter linear models respectively. The results of the 

simulation study are summarised in Tables 5.5.1-5.5.4.

The conclusions of the study are as follows:

a. the jackknife estimator has the smallest bias in all cases although 

the least square estimator is better than either the jackknife or 

bootstrap estimator in terms of mean square error

b. the jackknife method produces untrustworthy confidence limits in 

terms of coverage. This result is expected due to the restriction 

of using only two different groups i.e. g=2, in the method

c. the least squares method outperforms the bootstrap method based 

on the criteria of better coverage, shorter average lengths and 

smaller variances of length,

(the bootstrap method was not considered in the two parameter linear 

models due to the excessive C.P.U. time required and also the generally 

disappointing results which were obtained in the one parameter linear 

model).
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Table 5.5 1 : Bias, Sample Variance and Mean Square Error for a One 

Parameter Linear Model
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Least

Squares

Method

Jackknife

Method

Bootstrap

Method

Bias -0.0796 0.0062 -0.1555

A Sample Variance 2.89xl0‘2 4.58x10*2
2.34x10*2

Mean Square Error 3.52xl0'2 4.58x10*2 4.75x10*2

Bias -0.0656 0.0088 -0.1292

B Sample Variance 2.19x10-2 3.63x10*2
1.97xl0*2

Mean Square Error 2.62x10*2
3.63x10*2 3.64x10*2

Bias -0.0714 0.0039 -0.1257

C Sa-nple Variance 2.22xl0*2 3.43x10*2 2.12x10*2

Mean Square Error 2.70x10*2 3.43x10*2 69x10*2

Bias -0.0629 0.0017 -0.1297

D
Sample Variance 1.72x10*2 5.92x10*2 1.51x10*2

Mean Square Error 2.12x10*2 5.92x10*2 3.19x10*2

Error Distributions

A Normal i Mean = 0.0, S.D ■ 0.5 

B Exponential s Mean = 0.5 

C Gamma i Mean = 0 . 5  (k=2)

D Long tailed h i Mean = 0.5 (h“0.3)

Starting Value Sample Size Mean

Y o«0.1 N-30 jj"0. 7
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Table 5.5.2 : Sample Confidence Intervals for a One Parameter Linear 

Model

Least

Squares

Method

Jackknife

Method

Bootstrap

Method

Coverage

957. 93.7 66.5 88.3

997. 97.6 74.0 96.2

Average Length

957. 6.57x10" *■ 5.54x10'! 6.62x10*1

997. 8.63x10"- 7.28x10*1 8.71x10*1

Variance of Length

957. 4.49xl0‘3 1.71x10*1 2.73x10*3

997. 7.75x10*3 2.96x10*! 4.72x10*3

Coverage

957. 95.1 66.2 92.5

99% 98.1 74.2 97.7

Average of Lenth

957. 6.19x10*1 5.03x10*1 6.00x10*1

997. 8.13x10*1 6.61x10*1 7.87x10*1

Variance of Length

957. 5.50x10*3 1.59x10*1 4.17x10*3

997. 9.51x10*3 2.74x10*1 7.19x10*3

Coverage

957. 93.6 68.3 90.7

997. 98.3 74.7 97.4

Average Length

957. 5.76x10*1 5.01x10*1 5.68x10*1

997. 7.57x10*1 6.59:;10*1 7.47x10*1

Variance of Length

957. 5.10x10*3 1.61x10*1 5.76x10*3

997. 8.81x10*3 2.79x10*1 9.96x10*3

Coverage

957. 97.2 67.1 94.6

997. 99.1 75.5 98.5

Average Length

957. 6.48x10*! 5.03x10*1 5.90x10*1

99% 8.52x10*1 6.61x10*! 7.75x10-1

Variance of Length

957. 2.55x10*2 5.01x10"! 4.53x10-3

99% 4.40xl0*2 8.64x10*1 7.82x10-3

Error Distributions

A Normal : Mean“0.0, S.D=0.5 

B Exponential s Mean=0.5 

C Gamma i Mean=0.5 (k”2)

D Long tailed h i Mean“0.5 (h“0.3)

Starting Value Sample Size Mean

Yo-0.1 N-30 H“°*7
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Table 5.5.3 s Bias, Sample Variance and Mean Square Error for a TVo 

Parameter Linear Model

Least Squares Method Jackknife Method

........... 01 *2
01

02

--“-J-"— Jl —  ....

Bias -0.0313 -0.0469 0.0092 -0.0014

Sample Variance 1.74xl0*2 1.52x10*2 2.20x10*2 2.02x10*2

Mean Square Error 1.84x10*2 1.74x10*2 2.20x10*2 2.02x10*2

Bias -0.0342 -0.0549 0.0101 -0.0048

Sample Variance 1.74x10-2 1.57x10*2 2.39x10*2 2.24x10*2

Mean Square Error
1.85x10*2 1.87x10*2 2.40x10*2 2.24x10*2

Bias -0.0313 -0.0501 0.0120 -0.0037

Sample Variance 1.49x10*2 1.40x10*2 2.59x10 2 2.31x10*2

Mean Square Error 1.59x10*2 1.65x10*2 2.60x10*2 2.31x10*-

Error Distributions

A Normal i Mean"0.0, SD=0.5 

B Exponential « Mean=0.5 

C Long tailed h s Mean“0.5 (h“0.3)

Starting Values Sample Size Mean

Y o«0.35 N-60 pi—  0.4

Y-i“- 0 .15
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Table 5.5.4 : Sample Confidence Intervals for a IVo Parameter Linear 

Model

-------------

Least Squares Method Jackknife Method

01 * 2 •1
6 2

Coverage

957. 93.4 94.1 71.5 67.5

997. 98.8 99.2 78.2 74.3

Average Length

957. 5 . 11x10"1 4.98x10"1 4.55x10"! 4.09x10"!

997. 6.71x10" 1 6.55x10"! 5.98x10"! 5.38x10"!

Variance of Length

957. 3.53xl0*4 5.14xl0"4

r—
i

1o■ 4X

m<N

9.36xl0"2

997. 6.10xl0"4 8.88xl0"4 2.12x10"! 1.62x10*1

Coverage

957. 94.2 93.9 68.6 66.4

997. 98.6 98.7 75.0 74.0

Average Length

957. 5.15x10"! 5.17x10*’ 4.50x10"! 4.09x10"!

997. 6.77xl0-1 6.79X10*1 5.92x10"! 5.38x10"!

Variance of Length

957. A.98x 10"A 6.93xl0"4 1.27x10"! 1.05x10"!

99'/. 8.60xl0"4 1.20xl0"3 2.20x10"! 1.81x10"!

Coverage

957. 95.2 95.3 68.3 65.3

997. 99.2 98.8 76.7 73.1

Average Length

957. 5.16x10"! 5.20x10"! 4.16x10"! 3.89x10"!

997. 6.78x10"! 6.83x10"!
5.47x10"! »—*

 
►—*

 
X
 t—
* 

o
 1 »-

; Variance of Length
95% 1.7ixl0"3 3.49xl0"3 1.26x10"! 1.13x10"!

........... j

997. 2.96xl0"3 6.02x10*3 

L........- ....
2.17x10"! 1.95x10*1 j

Krror Distributions

A Normal : Mean“0.0, S.D=0.5 

B Exponential > Mean=0.5 

C Long tailed h i Mean“0.5 (h“0.3)

Starting Values Sample Size Mean

Y o«0.35 N-60 p--0.4

Y. i * 0 . 15



(ii) a comparison between the least squares method and the jackknife 

and bootstrap methods in the one parameter linear model where the error 

terms were serially correlated. For the bootstrap method, the number 

of bootstrap repetitions was varied froir 20 up to 120 in steps of 20.

The results of the simulation study are summarised in Tables 5.5.5- 

5.5.6 for the lea«it squares and jackknife method and Tables 5.5.7-5.5.14 

for the bootstrap method.

The conclusions of the study are as follows s

a. the bootstrap method outperforms the least squares and jackknife 

methods in terms of bias and mean square error. Also the values 

of the biaf and mean square error are relatively insensitive to 

the number of bootstrap repetitions that were considered

b. the least squares and jackknife methods product untrustworthy confidence 

limits in terms of coverage

c. the bootstrap methods produces good confidence limits in terms of 

coverage where the exponential and long tailed h distributions were 

considered for the error distributions, at the expense of slightly 

longer average lengths. The bootstrap produces only modest coverage 

in the case of the normal and gamma distributions but this coverage 

is still far better than that obtained by the other methods

d. A large number of bootstrap iterations was not required to obtain

the best results in terms of coverage. Only marginal, if any, improvement 

was attained by increasing the number of bootstrap iterations over 

100.

(iii) the final simulation study was based on the previous study and 

concerned two non-parametric methods for estimating standard errors

and confidence limits, related to tie bootstrap method, namely the percentile 

method and the bias corrected percentile method. A description of these 

methods is given in Chapter 2. The bias corrected percentile method 

produced very disappointing coverage results and are not presented.

- 158



Table 5.5.5 : Bias, Sample Variance and Mean Square Error for a One 

Parameter Linear Model

(Errors are serial_v correlated -a=0.5)
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Least

Squares

Method

Jackknife

Method

Bias 0.222 0.3115

Sample Variance 1.42x10"2
2.81x10*2

Mean Square Error 6.36x10-2 1.25x10-1

Bias 0.1951 0.2552

B Sample Variance 1.13x10-2 2.30x10-2

Mean SQuare Error 4.9AxlO"2 8.81x10-2

Bias 0.1643 0.2114

C Sample Variance 1.10x10-2 2.27x10*2

Mean Square Error 3.80x10-2 6.74x10-2

Bias 0.2200 0.2893

D Sample Variance l.OOxlO'2 3.46x10-2

Mean Square Error

1......... ..................................... .

5.84x10-2 1.18X.0-1

Error Distributions

A Normal i Mean“0.0, S.D“0.5 

B Exponential : Mean=0.5 

C Tairana ! Mean=0.5 (k“2)

D Long tailed h : Mean=0.5 (l>“0 .3)

Starting Value Sample Size Mean

Y o= 0 . 1 N-30 u-0.7
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Table 5.5.6 ; Sample Confidence Intervals for a One Parameter Linear 

Model

(Errors are serially correlated - a=0.5)

Least

Squares

Method

Jackknife

Method

Coverage

957. 54.0 29.4

90% 72.0 40.9

Average Length

957. 5.10x10"! 4.43x10"!

997. 6.70x10"1 5.82x10-!

Variance of Length

957. 7.22:'.10'3 1.23x10-!

997. 1.25xlO"2 2.13x10"!

Coverage

957. 52.6 31.2

997. 71.9 44.1

Average Length

957. 4.36x10"! 3.90x10"!

997. 5.72x10-! 5.12x10"!

Variance of Length

957. 5.63xl0'3 9.93x10-2

997. 9.72xlO-J 1.71x10' 1

Coverage

957. 53.2 40.4

997. 72.8 51.6

Average Length

95% 3.85x10"! 3.96x10-1

997. 5.06x10"! 5.20x10-1

Variance of Length

957. 4.39xl0"3 1.03x10-1

997. 7.59xl9"3 1.78x10-1

Coverage

95% 50.9 24.7

99% 75.3 34.2

Average Length

95% 4.72x10"! 4.03x10"!

09% 6.21x10"! 5.30x10-1

Variance cf Length

957. 1.40xiC"2 2.86x10"!

997. 2.41xl0"2 4.94x10"1

Error Distributions

A Normal : Mean=0.0, S.D=0.5

B Exponential i Mean=0.5

C Gamma i Mean=0.5 (k=2)

D Long tailed h = Mean=0.5 (h=0.3)

Starting Value

V o - 0 1

SaL^le Size

N=30

Mean

u=0.7



Table 5.5.7 « Biar., Sample Variance and Mean Square Error for a One Parameter Linear Model using the Boo* strap 

Method

(Errors are serially correltated - a=0.5)

Number of Bootstrap Replications

20 40 60 80 100 120

Bias 0.1363 0.1361 0.1355 0.1351 0.1353 0.1351

Sample Variance 1.84xl0'2 1.79x10-2 1.77x10*2 1.76x10*2 1.76x10*2 1-74x10-2

Mean Square Error 3.69x10-2 3.64x10*2 3.60x10*2 3.58xl0*? 3.59x10*2 3.56x10*2

Error Distribution Sample Size

Normal : Mean-0.0, S.D=0.5 N=30

Starting Value Mean

Yo=0.1 ji*=0.7

1
6
1



Table 5.5.8 » .Sgffile Confidence Intervals for a One Paraater Linear Model using the Bootstrap Method

(Errors are serially correlated - a=0.5)

Number of
Bootstrap Replications

-------------------- --------------- -------  . . .

20 40 60
80

100 120

Coverage

957.
72.2 74.1

74.3 74.5 74.4
73.6

997.
79.0 79.5 80.0

80.2 80.0 80.6

Average Length

957.
5.17x1c'1 5.21x10"!

5.21x10"! 5.23x10'!
5.25x10-! 5.24x10'!

997.
6.80x10"!

6.84x10"! 6.85x10"! 6.87x10'1
6.89x10-1 6.89x10*1

Variance of Length

957.
2.99x10"! 2.47xl0*2 2.35x10-2 2.29x10-2

2.26x10-2 2. 17xl0"2

99% 5.16xl0"2 4.26xl0"2 4.05xl0"2
3.95x10-2

3.91x10-2 3.76x10-2

Error Distribution

Sample Size

Normal t Mean=0.0, S.D.=0.5 

Starting Value

Yo=0-l

N=30

Mean

U”0. 7

N
)
 
I
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