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Let E be a real 2-uniformly convex Banach space with topo- Received 10 February 2021
logical dual E*. We prove weak convergence of the forward- Accepted 19 March 2022
reflected-backward splitting method to a solution of inclusion KEYWORDS

of sum of two monotone operators. Moreover, we give a vari- Maximally monotone

ant of the method in which the step size does not depend operators;

on the Lipschitz constant of one of the operators. Finally, our Lipschitz-continuous
results extend and complement several existing results in the operator;

literature. We also give some numerical illustrations of the forward-reflected-backward

proposed method in comparison with other method in the lit-  splitting method;

erature to further demonstrate the applicability and efficiency ~ 2-uniformly convex spaces

of our method. 2000 MATHEMATICS
SUBJECT

CLASSIFICATIONS
47H09; 47H10; 49J20; 49J40

1. Introduction

Let E be a real Banach space and E* be its topological dual. A problem of
significant interest in nonlinear analysis is to find

x € (A+B)~0) (1)

with (A + B)~1(0) # @, where A : E — 2E is a maximally monotone opera-
tor and B : E — E* is a monotone and Lipschitz map. Interest in problem (1)
stems from its diverse application in different areas of nonlinear analysis such as
optimization, variational inequality, split feasibility problems and saddle-point
problems with applications to signal and image processing and machine learn-
ing; see, for instance, [1-10] for more treatments of problem (1). Consider, for
instance, the split feasibility problem, introduced by Censor and Elfvin [3], which
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is to find
x € C suchthat Tx € Q, (2)

where C C Hj, Q C H; are non-empty closed and convex subsets of the Hilbert
spaces H; and Hj, respectively, and T : Hy — H, is a bounded linear map. By
setting

A(x) = Nc(x) and B(x) =V (% | Tx — PQTxHZ) = T*(I — Po)Tx.

Then, (2) can be reformulated as (1).
Consider also the following problem in quantum mechanics which is formu-

lated in a more general Banach space, see e.g. [11]. For p > 1, define the operator
T by

Tu = @ Au+ (g(x) + Du(x) + [u@) P u(x) / o 3)

3 [[x =y
where A = Z?:l % is the Laplace operator (Laplacian) in R3, a and b are real

constants and g = go + g1, with go € L°(R?) and g; € L?(R?). The operator T
can be decomposed into the sum of two operators A and B with A as the linear
part of T called the Schrodinger operator and B is the last term. It is well known
that there exists b > 0 such that the operator A becomes positive. Also the oper-
ator B is the gradient of the proper convex and lower semi-continuous functional
@ : [P (R?) — L1(R?) defined by

lu(x)[P|u(y)|P
— " dy, 4
ZP/R%/H@ = @

where 1%+ é = 1. Consequently, the operator B is also monotone. It is well

known that for p = 2, then g(x) = —2|x| 2 and a = % correspond to the case
of the coulomb potential in quantum mechanics. The operator T here describes
the atom of helium in the situation when both electrons are in the same state.
The zeros of the operator T corresponds to the zeros of the sum A + B which
is exactly problem (1). There are several methods of approximating solutions
of (1), see, e.g. [1, 2, 6, 7, 9]. One of the simplest and efficient method is the
forward-backward splitting method introduced by Passty [9], and Lions and

Mercier [7]. The method generates a sequence {x,} iteratively defined by
Xn+1 = ]){ln (xn — AuBxp), n>0. (5)

They proved that if the operator B is y-coercive, that is, there exists 4 > 0 such
that

(x — 7 B(x) — B(») > ulB(x) —B@)II> VxyeE,

andliminf A, > Owithlimsup A, < 2, then the sequence {x,} generated by (5)
converges weakly to a solution of (1). The coercivity requirement imposed on the
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operator B limits the class of operators for which the forward-backward splitting
method is applicable. In fact, there are some important problems in application
where the forward-backward splitting method fails to converge due to the lack
of cocoercivity of one of the operator. For instance, the first-order optimality
condition for the saddle-points problems of the form

min max(f (x) + ®(x,y) — g(»)), (6)
x€Hy yeH;
where f: H — R U {400} and g: H, - RU {+00} are proper convex and
lower semi-continuous functions and ® : H;y x H, — R is a smooth con-
vex—concave function, is given by (1) with

A= <8f<x>)  and B— ( Vi (x,) ) .
3g(») —V,® (%)
Problem (6) arises naturally in different areas of application, such as statistics,
machine learning and optimization to mention but a few. Although the operator
B, in this case, is Lipschitz whenever V® is, B is never cocoercive even when ® is
bilinear. Thus, the development of an iterative method in which the cocoercivity
of B is dispensed with is desirable.

In [12], Tseng introduced the forward-backward-forward splitting method for

approximating solutions of (1). The method generates a sequence {x,} iteratively
defined by

Yn = ])[}n (xn — AnB(xy))

(7)
Xn+1 = )Yn — )\nB()’n) +AuB(xy) VneN

with A, € (0, %), where L is the Lipschitz constant of B. Tseng was able to dispense
with the cocoercivity of the operator B at the expense of its evaluation twice per
iteration. Very recently, Malitsky and Tam [13], introduced the forward-reflected-
backward splitting method generated iteratively by

Xng1 =T (n — AnB(xn) — An_1(B(x4) — B(xu—1)) VneN,  (8)

with A, € (e, 1;56) and € > 0. The forward-reflected-backward splitting method

requires only one evaluation of the operator B per iteration. Thus, improving on
the computational cost when compared to forward-backward—forward method
which requires two evaluations of the operator B per iteration.

It is worth mentioning that all the results mentioned above are done in the
settings of Hilbert spaces. There are few results regarding the forward-backward
method and its variants in Banach spaces, see, e.g. [14, 15]. As far as we know,
there is no any result concerning forward-reflected-backward splitting in the set-
ting of Banach spaces. One of the difficulties, perhaps, is the fact that the operators
A and B go from the Banach space E to its dual E*. The tools available in Hilbert
spaces are not readily available in general Banach spaces. In this paper, we prove
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weak convergence of the forward-reflected-backward splitting method in real
2-uniformly convex Banach spaces. Our results extend, unify and complement
many existing results in the literature.

2. Preliminaries

In this section, we give some basic definitions and lemmas that would be used in
the proof of our main results. Let E be a real normed linear space. Let Sg and Bg
denote the unit sphere and the closed unit ball of E, respectively. The modulus of
smoothness of Epg, : [0,00) — [0, 00) is defined by

lx+yll + llx — pll
2

pp(t) == sup{ —1:x€ 8|yl = t} .

A real Banach space E is said to be 2-uniformly smooth, if there exists a fixed
constant ¢ > 0 such that pg(t) < ct?. The space E is said to be smooth if

t —
i 1 27l = lIx]

t—0 t

9)

exists for all x, y € Sg. The space E is also said to be uniformly smooth if (9) con-
verges uniformly in x,y € Sg. It is well known that every 2-uniformly smooth
space is uniformly smooth. A real normed space E is said to be strictly convex if

(x+y)
2

H<l forallx,y €e Sg and x#y.

E is said to be uniformly convex if ég(€) > 0 for all € € (0,2], where &g is the
modulus of convexity of E defined by

x+y

8g(€) := inf {1 —

‘IX,)/GBE) IIx—yIIEE} (10)

for all € € [0,2]. The space E is said to be 2-uniformly convex if there exists
¢> 0 such that 8g(e) > ce? for all € € [0, 2]. It is obvious that every 2-uniformly
convex Banach space is uniformly convex. It is known that all Hilbert spaces
are uniformly smooth and 2-uniformly convex. It is also known that all the
Lebesgue spaces L, are uniformly smooth for 1 < p < 0o, and 2-uniformly
convex whenever 1 < p < 2 (see [16]).

Let E be a real normed space. The normalized duality mapping of E into E* is
defined by

o= {x* € B* 1 (x%,x) = [Ix*]12 = |x]1%)

forall x € E. The normalized duality mapping J has the following properties (see,
e.g. [17]):

o IfEis reflexive and strictly convex with the strictly convex dual space E*, then
J is single valued, one-to-one and onto mapping. In this case, we can define



OPTIMIZATION 2205

the single-valued mapping J —1. F* - E and we have J~! = J*, where J* is
the normalized duality mapping on E*;

e If Eisuniformly smooth, then J is uniformly norm-to-norm continues on each
bounded subset of E.

Recall that a map T is said to be weakly sequential continuous if and only if for
any sequence x, € E such that x,, converges weakly to x we have Jx, converges
to Jx. The following example provides an infinite-dimensional non-Hilbert space
for which the normalized duality mapping is weakly sequential continuous.

Example 2.1 (see [18]): Consider the space
X=H+YV
endowed with the norm

lxll = VIRI>+lvI* x=(hv), heH, veV,

where H is a Hilbert space and V is a finite-dimensional smooth normed space
with a norm not induced by an inner product. Then X is non-Hilbert; however,
its normalized duality map is weakly continuous.

For more information on normalized duality mapping, please see ([18] and
the references therein).

Definition 2.2: Let E be a real normed space with dual E*. A map A : E — 2F
is called monotone if for each x, y € E,

(n—v,x—y)zo, VneAx, veAy. (11)
If A is single-valued, the map A : E — Eis called monotone if
(Ax—Ay,x—y)ZO, Yx,ye€LE. (12)

Then the mapping A : E — E* is called

e y-strongly monotone if there exists y € (0,1) such that
(Ax — Ay, x —y) > yllx —y||2, Vx,ye€E.
e Cocoercive if there exists 8 > 0 such that if
(Ax — Ay, x — y) > BllAx — Ay|? Vx,yeX;
e Lipschitz continuous if there exists a constant L > 0 such that

[Ax — Ayl = L|x—yll Vxy€E.
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It can be easily seen that every cocoercive operator is Lipschitz.

A multivalued monotone operator A : E — E* is said to be maximally mono-
tone if A = B whenever B : E — 2E" is monotone and G(A) C G(B), where
G(A) = {(x,x*) : x* € Ax} is the graph of A.

Let E be a real reflexive, strictly convex and smooth Banach space and let A :
E — 2F" be a maximally monotone operator. Then for each 7> 0 the resolvent
of A,J4 : E — Eis defined by

JAx) = J + rA) " Vx,

where J is the normalized duality mapping on E. It is easy to show that A~10 =
F(JB) for all r > 0, where F(J4) denotes the set of fixed points of JA. Let E be a
smooth real Banach space with dual E*. The functional, ¢ : E x E — R, defined

by
o y) = x> =206, ) + Iyl> VYxyeE, (13)

where ] is the normalized duality mapping on E will play a central role in the
sequel. It was introduced by Alber and has been studied by Alber [19], Alber
and Guerre-Delabriere [20], Kamimura and Takahashi [21], Reich [22], Chidume
et al. [23, 24] and a host of other authors.

Lemma 2.3 ([19, 25]): Let E be a real uniformly convex, smooth Banach space.
Then, the following identities hold:

@ ¢y =¢x2)+¢(zy)+2(x—=2,]Jz—]Jy), Yx,y,z € E.
(i) ¢y +o(x) =2(x—yJx—Jy), VYx,y€E

Lemma 2.4 ([25]): Let E be a real 2-uniformly convex Banach space. Then, there
exists ;0 > 1 such that

1
;Hx—yll2 <¢(xy VxyeX

Lemma 2.5 ([26]): Let A: E — 2E be a maximally monotone mapping and
B : E — E* be a Lipschitz continuous and monotone mapping. Then the mapping
A + B is a maximally monotone.

Lemma 2.6 ([11]): Let E be a uniformly convex Banach space. Then, the normal-
ized duality mapping, ], is uniformly monotone on every bounded set. That is, for
every R> 0 and arbitrary x,y € E with ||x|| < R and ||y|| < R there exists a real
non-negative and continuous function Y : [0,00) — [0, 00) such that Yr(t) > 0
fort> 0, Yr(0) = 0 and

(Jx =Jy,x —y) = Yr(llx = yID-
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Lemma 2.7 ([21]): Let E be a uniformly convex and smooth Banach space, {x,}
and {y,} be two sequences of E. Iflim,,_, oo ¢ (X, y») = 0 and either {x,} or {y,} is
bounded, then lim,_,  ||x, — ynll = 0.

3. Main results
In this section, we state and prove a weak convergence result for a For-

ward-Backward Splitting Method in real 2-uniformly convex Banach space.

Theorem 3.1: Let E be a real 2-uniformly convex and uniformly smooth Banach
space. Let A : E — 2F" be a maximally monotone operator and B : E — E* be
monotone and Lipschitz. For xo,x_1 € E define the sequence x,, iteratively by

Xnp1 = Jp 0] Jxn — AyBxy — Ayo1(Bxy — Bx,—1)), n=0  (14)

where X,, C ¢, IZLZLE]forsomee > 0and pu > 1. Suppose (A + B)~1(0) # 0, then

the sequence {x,} is bounded.

Proof: Let x* € (A + B)~1(0). So that
— Bx* € Ax™. (15)

From (14) we have that

1
A_(]xn — AnBxy — Ay 1(Bxy — Bxy—1) — JXny1) € Axpqq (16)

n

Using (15), (16) and the monotonicity of A, we obtain
Jxn+1 — Jxn + An(Bxn — BX*) + Ap—1(Bxn — Bxp—1),x" — xnt1) 20 (17)
By Lemma 2.3(i), we have
2(Jxns1 — Jn, X — Xng1) = ¢ (6", x0) — P, Xnp1) — @ (K1, x0)  (18)
Also

(Bxy, — Bx*, x" — x41)

= (Bxps1 — BX", 5™ — xuq1) + (Bxy — Bxpy1, X — xpy1) (19)
and

(Bxy — an—bx* — Xpt1)

= (Bx, — an—l:x}i< — Xp) + (Bxy — Bxn—1,%Xn — Xn41) (20)
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Substituting (18), (19) and (20) in (17) we have:
G (X", Xpy1) + 2hn (Bxpy1 — Bxp, X* — Xpq1)
= ¢(X*, Xn) + 2Apy—1(Bxy — an—bx* — Xn)
+ 2An—1(Bxy — Bxp—_1, %4 — xn-i—l) - ¢(xn+1)xn)
+ 200 (Bxp+1 — Bx*,x* — Xn+1) (21)

Using the monotonicity of B on the last term of Equation (21) and rearranging
the equation we have

¢ (6™, X 1) + 200 (Bxnt1 — Bxns X — Xp1) + @ (nt1, %) < @ (X", x)
+ 2An—1(Bxy — Bxp_1, 5™ — xp)
+ 2An—1(Bxn — BXn—1,Xn — Xn41) (22)
Using the Lipschitz property of B and Lemma 2.4 we have
2hn—1(Bxy — Bxy—1,Xn — Xn+1)
< 2Ap—1lBxn — Bxu—1llllxn — Xpt1l
< 2hn—1ll%n — xXn—1llllxn — Xpt1l
< At L% = X1+ 120 — X1 [1%)
< An—1 0 L(@ (X Xn—1) + ¢ (Xn+1, Xn)) (23)
Substituting (23) in (22) we have
¢ (X", xn11) + 24n(Bxpg1 — Bxp, X — xuy1)
+ (1 = A1 L)@ (X115 Xn) < P (X", x)
+ 2An—1(Bxp — BXp—1,%" — xn) + An—1 0L (x™, X —1). (24)

Now, A, € [e, IZ_MZLE] implies A,ul < % and %+ € <1—iyuL. So that (24)

becomes

& (X", Xn1) + 200 (BXpy1 — Bxn, X — Xpp1)
1
+ <£ + 6) ¢(xn+1axn) S d)(x*)xn)

* 1 *
+ 2An—1(Bxy — Bxp—1,x" — xu) + E(p(x » Xn—1) (25)
Thus, we have

€0 (Xn+1>Xn)

= [¢(x*axn) - ¢(x*axn+1)] + [Z)Ln—1<an — Bxy—1, X" — xp)

1
—2An(Bxpt1 — Bxn, " — xn+1)] + 5 [ (xn> Xn—1) — @ (Xnt1,x0)]  (26)
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Telescoping the terms in (26) we have

€ Pkt Xk

k=0
< [¢ (" x0) — (" xn41) | + [2hn—1(Bxo — Bx_1,x* — xo)

1
—2hn(BXnt1 — Bxn, X — xpy1)] + > [¢ (x0, x—1) — @ (xn+1,X0)].  (27)
Hence we have

¢(X*, Xn+1) + 240 (Bxpt1 — Bxy, x* — Xn+1)

1 n
+ 56 Gongr, ) + € ; b (Xkt1> Xk)

< ¢ (x*,x0) + 2An—1(Bxo — Bx_1,x" — xo) + %¢(xo,x,1) (28)

Again, Using the Lipschitz property of B and Lemma 2.4 we obtain
— A L(P (Xnt1, Xn) + @ (X*, X 41)) < 200 (BXnt1 — Bxn, x* — xu11.) (29)
Setting M = ¢ (x*, x0) + 2Xn—1(Bxo — Bx_1,x" — x0) + ¢ (x0,x—1) and substi-

tuting (29) in (28), we obtain

1 00
1- )\nﬂL)d)(x*axn—i—l) + (5 - )\nl'LL> D (Xnt1,%n) + € Z(l)(xk—i—l)xk) <M.

k=0
Since
1 1
2 <1—Xiyul and E—AnuL> 0,
we have
1 n
SO ) + €Y Ok <M V>0, (30)
k=0

Hence, the sequence {¢ (x*, x,+1)} is bounded and consequently, the sequence
{x,} is bounded. |

Theorem 3.2: Let E be a real 2-uniformly convex and uniformly smooth Banach
space. Let A : E — 2F" be a maximally monotone operator and B : E — E* be
monotone and Lipschitz. For x,x_1 € E defined sequence x, by

Xni1 = Jp o] Uxn — AuBxy — An1(Bxy — Bxy—1)), n>=0  (31)

where A, C [e, Zfi]for some € > 0 and ;> 1. Suppose (A + B)~1(0) # @ and

that the normalized duality mapping J is weakly sequentially continuous, then the
sequence {x,} converges weakly to an element of (A + B)~1(0).
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Proof: From Theorem 3.1, we have that the sequence {x,} is bounded. Let x* be
a weak sequential cluster point of {x,} i.e. there exists a subsequence {x,, } of {x,}
such that x,, — x*. We show that x* € (A + B)~10).

Let (u, v) € Graph(A + B). Thatis v — Bu € Au

Also, from (42) we have that

i([xn — Jxn+1, —AnBxn — An—1(Bxy — Bxp—1)) € Axpy1.
Monotonicity of A implies
(U — Xny1,v)
> <u — Xn+1, Bu + /\i(]xn — JxXn+1 — AuBxy — Ap—1(Bxy — an—l))>

n

An—l

1
= A—<u — Xnt 1, JXn — JXng1) — (u — Xpy1, Bxy — Bxp—1)

n n

+ (u — xpt1, Bu — Bxy)

An—1
> — (U — Xpt1, Jxn — Jxn41) — —— (U — Xp1, By — Bxy—1)

An An
+ (4 — Xut1, Bxp1 — Bxy) (32)

where in the last inequality we have used the fact that (u — x,,+1, Bu — Bx,41) >
0. Now from (30), we have that ¢ (x,41,x,) — 0asn — o0o. Thus by Lemma 2.7,
we have ||x,41 — x,|| = 0asn — +00, and consequently, Lipschitz of B implies
that || Bx,+1 — Bxu|| — 0asn — oo. We also have, by uniform continuity of ] on
bounded sets that, Jx, — Jx,+1 — 0 as n — +00. Hence we have

lim(u — xp+1,v) > 0.

So that (u — x*,v) = limg_, { oo (U — x4, v) > lim(u — x,,,v) > 0. Since A + B,
by Lemma 2.5, is maximally monotone, we have x* € (A + B)~1(0).
Now set

1
an = ¢(x*)xn) + 2Ap—1(Bxy — Bxp_1,x" — Xn) + Ed)(xnrxn—l)«

We see from (25) that
any1 <a, VYn=0.

Also, by Lipschitz property of B and Lemma 2.4 we have

1
ant1 = ¢ (X", Xpt1) + 2An(BXpg1 — Bxp, X* — xp1) + Eﬁb(anrl,xn)

v

1
(1— )\nILL)qb(x*’xn—H) + (E — At L)@ (X1, Xn)

v

1 >k
§¢(X s Xnt1) = 0.
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So the limit limy,_ ~ a, exists. Now, since the limits: lim,_, oo ¢ (X441, %)
and limy—s oo (Bxpt1 — Bxy, x* — x,41) exist and equal 0. It implies that
lim,,_s 50 ¢ (x*, x,,) exists.

Now Let x* and y* be two weak cluster points of {x,} Then

b (x*, %) = (11> = 2(x%, Jxn) + llxnll?

and
O, xn) = Ily* 117 — 200", Jxn) + llxnll*.
So that
20" — ¥ Jxn) = @O, xn) — P, x0) + ¥ — [ly*]|?

So the limit lim,,_, oo (x* — y*, Jx,,) exists.
Using the fact that ] is weakly sequentially continuous, we have

(x" = y*, Jx") =j£n;o(x* =y Jn) = lim (27 =y Jn) = (7 =y )
For some {x, } and {xn;} such that x,,, — y* and Xy — x*.
(x* =y Jx" = Jy*) =0.

Using Lemma 2.6 we conclude that x* = y*. The proof is complete. Now, if we
fix A, = A forall n > 1 in Theorem 3.1 we obtain the following corollary.

Corollary 3.3: Let E be a real 2-uniformly convex and uniformly smooth Banach
space. Let A : E — 2F" be a maximally monotone operator and B : E — E* be
monotone and Lipschitz. For xo,x_1 € E defined sequence x, by

Xnt1 = J§ o T (Jxy — 2ABxy + ABxy_1), n >0 (33)

where A C ¢, lz_uzf]for some € > 0 and > 1. Suppose (A + B)~1(0) # @ and

that the normalized duality mapping ] is weakly sequentially continuous, then the
sequence {x,} converges weakly to an element of (A + B)~1(0).

We now state Theorem 3.1 in a real Hilbert space.

Corollary 3.4: Let H be a real Hilbert space. Let A : H — 2H be a maximally
monotone operator and B : H — H be monotone and Lipschitz. For xo,x_; € H
defined sequence {x,} by

Xnp1 = T (Xn — AuBxy — An_1(BxXy — Bx,_1)), n>0 (34)

where A, C ¢, %] for some € > 0. Suppose (A + B)~1(0) # 0. Then {x,}
converges weakly to an element of (A + B)~1(0).
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Remark 3.5: In the implementation of Algorithm (42), we assume that the
resolvent (J + A,A) '] is easy to compute and the duality mapping J is easily
computable as well. On the other hand, one has to obtain the Lipschitz constant,
L, of the monotone mapping B (or an estimate of it). In a case when the Lips-
chitz constant cannot be accurately estimated or overestimated, this might result
in too small step-sizes A,. This can be a drawback of Algorithm (42) One way to
overcome this problem is to introduce linesearch rule in Algorithm (42).

Next we give an alternative method in which the step size {A,} does not
depend on the Lipschitz constant. Let A and B be as in Theorem 3.2. For arbitrary
x0,x—1 € X, define the sequence {x,} by

Xn41 = Jo 0 J ' Uxn — AuBxy — An_1(Bxy — Bxy_1)), n>0,
where {1, } is the largest A € {y, yL, y[%,.. .} satisfying

AnllBxpt1 — Bxull < Ollxnq1 — Xull (35)

with 8 € (0, 1556), 1€ (0,1) y > 0and some € > 0.

We first observe that {x,} defined above in (35) is well defined and
min{y, %l} < A, < y where L is the Lipschitz constant of B. Indeed, By Lipschitz
property of B we have

|Bxnt1 — Bxull < Lllxn+1 — xull.
so that
0
Z||an+1 — Bxpl|l < Ollxpt1 — xaull.
Hence, (35) will be satisfied whenever A, < % So it is well defined. Also, from

definition of A, we have that 1, < y. Now, Suppose A, < y. Then AL—" will not
satisfy (35), thus,

n
T||an+1 — Bxyll = 0lxut1 — xull.

That is

Lllxp4+1 — xull > [1Bxpy1 — Bxyll > lxnt1 — xull.

/L

Hence, A, > %, and thus A, is bounded and below if non zero.
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We now establish the weak convergence of {x,,} with condition (35). From (22),
we have that

& (", Xpg1) + 220 (Bxpg1 — Bxp, x° — xpp1) + @ (Xng1, %)
= ¢(x*)x1’l) + 2(Bx, — Bxy_1,x* — Xn)
+ 2Xp—1(Bxy — Bxp—1, %0 — Xn—1) (36)

Using (35) and Lemma 2.4 we have
2hn—1(Bxy — Bxn—1,Xn — Xnt1) < 0@ (Xp, Xn—1) + @ (Xnt1,%n)) (37)

Substituting (37) in (36) we have:

& (X", Xnt1) + 2hpn (Bxpg1 — Bxp, x* — x11) + (1 — 16)P (X111, X5)
S d)(x*) xn) + 2)\';’171(an - Bx?’l*l’-x;(< - xn) + :ue(p(xnaxn*l)

1—2¢
2u

Using the fact that 6 € (0, ) we have

1
& (", Xn11) + 2An(Bxnt1 — Bxp, X — Xpy1) + (E + 6) & (Xn+1, Xn)

1
< (&, %) + 2hn—1(Bxn — Bxy—1,x" — xn) + Ed)(xnaxn—l)
Telescoping as in Theorem 3.2 we have

¢ (X", Xn11) + 2Xn(Bxps1 — Bxp, BX® — x11)

1 n
+ S8 Cong1, x0) + € ; ¢ (i1, X5) < M, (38)

where M := ¢ (x*, x0) + 2A,_1(Bxg — Bx_1,x* — x¢) + %qS(xo,x_l).
Using condition (35) and Lemma 2.4, we have

10 (¢ Ctng1s xn) + @ (X%, Xu41)) < 2hn—1(Bxps1 — B, X — xpq1)

So that

n
(1 — pn0)p (x*, xn41) + (% - l/ﬂ) B (Xnt1,%n) + € Z¢(xk+laxk) < M"
k=0 (39
Observe that 1 — w6 > % and % — u6 > 0 So that {¢p (x*, x,,+1)} is bounded and
¢ (Xn+1,%,) — 0as n — 4o00. Consequently the sequence {x,} is bounded and
|Xn+1 — xu|l = 0 as n — 4-00. The rest of the proof follow exactly as that of
Theorem 3.2. n
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4. Application

In this section, we apply our results to the minimization of composite objective
function of the type

min f (x) + g(x), (40)
x€E

where f : E — R is proper, convex and lower semi-continuous functional and
g : E — Ris convex functional.

Many optimization problems from image processing [27], statistical regres-
sion, machine learning (see e.g. [28] and the references contained therein), etc.,
can be adopted into the form of (40). In this setting, we assume that g represents
the ‘smooth part’ of the functional where f is assumed to be non-smooth. Specif-
ically, if we assume that is Gateaux differentiable with derivatives Vg which is
Lipschitz-continuous with constant L. Then by [29, Theorem 3.13], we have

1
(Vg(x) = VgO,x =) = 71IVg(x) — Ve l?, VxyeE.

Therefore, Vg is monotone and Lipschitz continuous with Lipschitz constant L.
Observe that problem (40) is equivalent to find x € E such that

0 € f(x) + Vg(x). (41)

Then problem (41) is a special case of the inclusion problem (1) with A := df
and B := Vg.

Next, we obtain the resolvent of df. Let us fix > 0 and z € E. Suppose ]ff is
the resolvent of df. Then

Jz € JGI) + rof g,

Hence we obtain

1 1 1 1

0 8fU!) + 10 — ~Jz =1 <f+ 017 - —JZ) 7.

r r 2r r

Therefore,
of _ . i 2 l
J;"(2) = argmin {f(y) + == <y,JZ>} :

We obtain the following weak convergence result for problem (40).

Theorem 4.1: Let E be a real 2-uniformly convex and uniformly smooth Banach
space and the solution set Y of problem (40) be non-empty. For xo,x_, € E defined
sequence x, by

X1 = Iy 0 T otn — 1nVg0n) — dne1(Vg(xa) — VEGn_1)))s 1= 0
(42)
where A, C |e, 12;25 | for some e > 0and > 1. Suppose ' # () and that the nor-
malized duality mapping ] is weakly sequentially continuous, then the sequence {x,}

converges weakly to an element of Y.
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Next, we now give an application in the framework of Hilbert spaces. We
assume that C is a non-empty closed and convex subset of a Hilbert space H and
P¢ stands for metric projection from H onto C.

4.1. Variational inequality problems

A monotone variational inequality problem (VIP) is formulated as the problem
of finding a point x € C with the property:

(Ax,y —x) >0, VyeC, (43)

where A : C — H is nonlinear monotone operator. By Rockafellar [30], VIP (43)
is equivalent to finding a point x so that

0 € (A+ B)x,

where B is the normal cone operator of C. In other words, VIPs are special case
of the inclusion problems.
We shall denote by S, the set of solution of (43) and assume S is non-empty.
If we denote the normal cone of C as N¢c. Let A = N¢ in Corollary 3.4, we
find that J,, = ]fn = (I+ *,N¢)~! = P¢c. The following result can be obtained
immediately

Theorem 4.2: Let H be a real Hilbert space. Let B: H — H be monotone. Define
a sequence by the iterative scheme,

Xnt1 = Pc(xn — AnBxy — Ay—1(Bxy — Bxy—1)), (44)

where A, C [e, %] for some € > 0. Then the sequence {x,} generated by (44)

converges to a solution of problem (43).

5. Numerical experiment

To show that the proposed method in Section 3 is efficient and easily imple-
mentable, we consider two examples in £,([0,1]) and give numerical example
of the proposed Algorithm (3.1). Numerical experiments were carried out on
Matlab R2020a version. All programs were run on a 64-bit OS PC with Intel(R)
Core(TM) i5-1035G1 CPU @ 1.00GHz 1.19 GHz and 3GB RAM. All figures were
plotted using the loglog plot command, while integrals were approximated using
the trapz command on MATLAB over the interval [0, 1], being partitioned into
1000 subintervals.
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Example5.1: Let H = £,([0, 1]), with norm and inner product function defined
by

1
1 2 1
x|, = (/ |x(t)|2dt) and (x,y) =/ x(t)y(t)dt, respectively.
0 0

Observe that the normalized duality map, for 1 <p <2, 1/p+1/9=1, J:
Ly([0,1]) —> L£4([0,1]) and its inverse J1 : L4([0,1]) —> L£,([0,1]) can be
defined by (see, for instance, Alber [31])

I = A PAAP2 forallf € £,((0,1]), (45)
TN = ligll; glgl?™® forallg € £4([0,1]), (46)

respectively. Setting p, g = 2 implies that J and ] ~1 defined in (45) and (46), are
identities. Now, define the operator A, B : £,([0,1]) — L2([0, 1]) by

1 t+s t
Bx(t) = /0 <x(s) — (621‘52;1) cosx(s)> ds + e\/%) x € L5([0,1)]),

o2 —
Ax(t) = max{0,x(¢)}, ¢t e [0,1].

Then B is monotone and Lipschitz continuous with a Lipschitz constant, L = 2,
while A is maximally monotone on £, ([0, 1]) (see e.g. [32]). Given the definition
of A given above, the resolvent operator, for r >0, ];4‘ : L£5([0,1]) — £5([0,1]),
becomes

x(t), Ax(t) =0,

]fx(t) = 1
x(t), Ax(t) = x(1t).
_ (® (1) = x(t)
Let ¢ € H be a continuous linear functional. By Riesz representation theorem,
there exists a unique fy, € H such that (Y, x) = (fy,x) forall x € H. Since (A +
B)~1(0) = 0, we show that x, — 0 as n — oc. This implies showing that

1
(fyr>xn) = (¥, %) = / Y(O)x,(H)dt > 0 as n— oo.
0

In this example, ¥ is chosen arbitrarily in £,([0,1]) as seen in Table 1. From
this table and Figures 1-3, it can be seen that the number of function evalua-
tions (NIFE) reduces as the fixed power, j € N, of ¥ (t) = t/, t € [0,1], increases.
As illustrated in the aforementioned figures, the present algorithm generates a
sequence that converges to zero using a loglog plot. It can also be inferred from
Table 1 that it takes a less computational time to compute 1 as a monomial of
higher degree j.

Example5.2: Let H = £;,([0, 1]), with norm and inner product function defined
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Weak convergence in £5([0,1])

100

o 107F

P(t)zn(t)d

1
0

Number of iterations n

Figure 1. Example 5.1 when x;(t) = e’ and ¥ (t) = t.

. Weak convergence in £5([0,1])
10 , - ———

103 :
109

Number of iterations n

Figure 2. Example 5.1 when x; (t) = e’ and v/ (t) = t2.
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Weak convergence in £5([0, 1])

N
N
N
N
N
N
\ — — — —

- 101 F —""\'\, R
2\ S ~ < \\
;g L N
= N
= ~
Hi —e—my(t) = sin (t)e! N

——1x5(t) =t cos (t)

—_-— _xZ(t) = (1 + tg)_l

102 oo xo(t) = cos (t) e

100
Number of iterations n

Figure 3. Example 5.1 when x; (t) = €' and v/ (t) = £.

Table 1. Computational results for Example 5.1 when 11 = 9/64,¢ = 1/8,and u = 1.1.

TOL X2 (t) NFE Time (secs)
le——=2 x1(t) =€t Yt =t sin(t) et 15 1.2890e—002
t cos(t) 17 3.1139e—003
A+)77 15 1.5174e—003
cos(t) et 13 1.3567e—003
Y(t) =t sin(t) et 12 7.7586e—003
t cos(t) 13 2.8121e—003
1+)71 1 1.1553e—003
cos(t) et 10 1.0490e—003
Yt =86 sin(t) et 10 1.0675e—002
t cos(t) 12 3.5905e—003
1+)77 10 1.6049e—003
cos(t) et 8 1.3017e—003
by
1
1 2 1
x|, = ( / |x(t)|2dt) and (x, y) = / x(t)y(t)dt, respectively.
0 0

The feasibility set in consideration is given by the hyperslab C:={v e H: ¢ <
(a,v) < b}, where 0 # a € H and b € R. Suppose that N¢ is the normal cone
of C and let A = N¢. Then, for r> 0, ]f = (I + rN¢)~! = Pc. Moreover, the
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Weak convergence in £([0, 1])
1007 P ' ————————— .
[ /// \‘\‘ —e—xg(t) _ (t2 + 1)—1
e \ —#— x2(t) = cos (t) exp(—t)
) = sin (t) exp(—t)
————— )=t(t*+4)- (1+¢°)" |

s
= 107 ]
IS
=
= N
\
\
\\
1072 \ ]
\
\
, \
10° 10
Number of iterations n
Figure 4. Example 5.2 when x; (t) = (1 +t3)""and y (t) = t.
Weak convergence in £([0, 1])
‘/,/.\ T T T T T
PG —o—uy(t) = (P + 1)
//’ ‘.\ —#—15(t) = cos (t) exp(—t)
- v ———x5(t) = sin (¢) exp(—t)
----- Yy =t(t3+4)- (1+3)71
T
E 107 ]
g
=
= S
== NN
ANAN
\‘ \
‘.\ \
10 “-_\\ 1

Number of iterations n

Figure 5. Example 5.2 when x; (t) = (1 + t3)~"and v (t) = t2.
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Weak convergence in £5([0,1])

Kl

10°
Number of iterations n

Figure 6. Example 5.2 when x; (t) = (1 4+ t3)~"and v (t) = 3.

10’

Table 2. Computational results for Example 5.2 when 11 = 9/64,¢ = 1/8,and u = 1.1.

TOL X2 (t) NFE Time (secs)
le—2 xi(t)=(1+)7" V() =t a+6)"" 9 1.1987e—002
cos(t) et 8 3.9848e—003
sin(t) et 13 1.4970e—003
tE+6H0+6)77 13 3.2559e—003
() =1+)7" Y(t) = t? A+t 5 1.2753e—003
cos(t) et 5 5.8930e—004
sin(t) et 9 8.2250e—004
tE+4H0+6)77 8 7.7780e—004
x(t) =1+ Yt =t A+t 3 3.4430e—004
cos(t) et 4 4.7810e—004
sin(t) et 7 8.6690e—004
tEB+4H0+3)77 6 9.0960e—004

projection map Pc : H — Cis defined by
c—{a,v) .
v+ (—; )a, if (a,v) <,
llall
Pc(v) = v ifc<(a,v)<b, (47)
b—{a,v)
v+ (—” ”2’ a, if {a,v) > b,
a

see, for example, [33, p. 419]. Setting c = —100 and b = 100,leta: [0,1] — R:
t — t. All other maps except the projection map have been inherited from the

previous example.
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From Table 2 and Figures 4-6, it can be observed, as well, that when ¥ is a

monomial, i.e. for a fixed power, j € N, of ¥/ (¢) = t, t € [0,1], the algorithm con-
verges faster. As illustrated in the table and figures, the method works for even
rational functions.
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