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Abstract

The transport of chemicals through soils to the groundwater or precipitation
at the soils surfaces leads to degradation of the resources such as soil fertility,
drinking water and so on. Serious consequences may be suffered in the long
run. In this dissertation, we consider macroscopic deterministic models de-
scribing contaminant transport in saturated soils under uniform radial water
flow backgrounds. The arising convection-dispersion equation given in terms
of the stream functions is analyzed using classical Lie point symmetries. A
number of exotic Lie point symmetries are admitted. Group invariant solu-
tions are classified according to the elements of the one-dimensional optimal
systems. We analyze the group invariant solutions which satisfy some physical
boundary conditions.

The governing equation describing movements of contaminants under ra-
dial water flow background may be given in conserved form. As such, the
conserved form of the governing equation may be written as a system of first
order partial differential equation referred to as an auxiliary system, by an in-
troduction of the nonlocal variable. The resulting system of equations admits
a number of (local) point symmetries which induce the nonlocal symmetries
for the original governing equation. We construct classes of solutions using the
admitted genuine nonlocal symmetries, which include the invariant solutions

obtained via corresponding point symmetries of the governing equation.
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Chapter 1

Introduction

1.1 Background on contaminant transport in
soils

Describing and predicting water and contaminant movements in soils is im-
portant to the theory of soil salinity and underground water pollution. Soil
salinity is the accumulation of salts such as sodium, magnesium and calcium
through contamination of the soil. Among others, the sources of contamination
are movements of agricultural and industrial contaminants such as fertilizers
and pesticides. The effects of soil salinity include the reduction in productivity
of land and the management of agriculture as plants become unable to draw
enough water from the soil. As such, many authors have worked extensively
on the effects and management implementations of saline soils and consider-
able progress has been made. In particular, Bresler et al. [1] made a major
contribution to the theory and literature of saline soils. They have considered
principles and models describing saline soils and classified the causes of salini-
ty. It was worth noting that groundwater is polluted and soil is salinated over
a large time period. As such, it is almost impossible for environmentalists to

manage agriculture. In that regard, computational and mathematical model-
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s have been implemented to predict solute transport. Such methods require
a quantitative understanding of the mechanisms controlling solute transport.
The scope of most mathematical models pertains the fundamental advection-
dispersion equation. This equation also known as the convection-dispersion
equation (CDE) is a partial differential equation (PDE) and is most often
used to model solute transport in porous media by dispersion and convection.
Dispersion and convection are considered to be the most commanding mecha-
nisms in solute transport [2, 3]. Dispersion is a process which results from the
microscopic non-uniformity of the flow velocity in the soil’s conduction pores
while convection illustrates changes in solute concentrations due to water mov-

ing and carrying solutes with it [4].

The CDE can be developed both microscopically and macroscopically by
Brownian motion and Fick’s law respectively. Some solutions are constructed
for constraint assumptions, as such, investigation and study of these problem-
s is extremely difficult and challenging [5], even when the problem is given
in terms of linear PDEs [6]. For this reason, few exact solutions for math-
ematical models describing solute transport exist. A compendium of exact
solutions is given in [7]. Researchers have used different techniques to obtain
exact solutions (see e.g. [8, 9, 10]). In particular, Chen et al. [11] used the
power series method to constructed analytical solutions for two-dimensional
advection-dispersion equation with transverse dispersivities depending linear-
ly on the spatial variable. Yadav et al. [12] constructed analytical solutions for
solute transport in a semi-infinite porous domain. Numerical models are able
to simulate complex reactive transport phenomena but can be time consuming
to construct and subject to numerical discretization errors [9]. Also, available
packages have significant disagreement in their prediction of solute transport
[13]. Therefore, exact solutions are very important because they are needed

both as validation tests for numerical schemes and also to provide insight into
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the water and solute transport processes.

1.2 Aims and objectives of dissertation

In this dissertation we consider models describing contaminant transport in
saturated soils. The objectives are two fold:

Firstly, to derive the Lie point symmetries and classify the group invariant
solutions according to the one-dimensional optimal systems. Wherever possible
we analyze the group invariant solutions.

Secondly, to derive nonlocal symmetries and construct classes of exact so-
lutions using the derived nonlocal symmetry techniques. These solutions may

not be constructed by any other symmetry methods.

1.3 Outline of dissertation

In Chapter 2, mathematical modeling of contaminant transport processes in
soils is provided.

In Chapter 3, we provide a brief account on the symmetry techniques. In
particular, Lie point (local) symmetries and potential (nonlocal) symmetries.

Chapter 4 deals with the classification of group invariant solutions for con-
taminant transport in saturated soils under radial uniform water flows. The
results presented in Chapter 4 have been submitted for consideration to be
published by in the journal Applied Mathematics and Computation and is
under review (see [14]).

Chapter 5 deals with nonlocal symmetries and classes of exact solutions for
contaminant transport in saturated soils under radial water flow background.
The results in this Chapter have been submitted for possible publication in
the journal Quaestiones Mathematicae (see [15]).

The conclusions are provided in Chapter 6.



Chapter 2

Derivation of the contaminant

transport equation

2.1 Introduction

Transport of contaminants in soil results from convection, molecular diffusion,
and hydrodynamic dispersion. The equation we consider in this dissertation
stems from the macroscopic deterministic models based on local conservation
laws [16]. The equation is derived by considering the convection, diffusion, and
hydrodynamic dispersion fluxes of solutes in soil. Solute transport occurs in
solid, liquid, and gaseous phases [17], but our main focus in this dissertation
is the transport of solutes in liquid phase. The theoretical background in this

Chapter is obtained from Hillel [2].

2.2 Convective transport of solutes

We first consider the convective transport of solutes, which is the mass flow of

water. This concept has a convective flux J. given by

Jo=¢V, (2.1)
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where V is the volumetric Darcian water flux. This flux expresses the mass
of the component passing through a unit area of porous medium normal to V

per unit time [17].

2.3 Diffusion of solutes

Diffusion is a movement of solutes from zones where their concentration is high
to where it is lower by means of random molecular motion. Diffusion processes
are of great importance in the study of soil. Hillel [2] showed that diffusion
in gaseous phase such as oxygen, carbon dioxide and nitrogen can have a
significant influence on the soil’s chemical and biological processes. Diffusion
can also be associated with solutes in the soil’s liquid phase. The assumption
that concentration gradients exist in a solute results in a diffusion of solutes
by Fick’s law. Sumner [3] considered the one-dimensional mass flux due to
molecular diffusion.

We consider the two-dimensional mass flux relationship Jq given by
Ja = —0DyVe, (2.2)

where 0 is the volumetric water content, Dy is the diffusion coefficient for a
particular solute diffusing in a bulk water, ¢ is the solute concentration and Ve
is that solute’s effective concentration gradient. Here V is given in Cartesian

coordinates (z,y).

2.4 Hydrodynamic dispersion of fluids

The dispersive flux is a consequence of the fact that both the velocity and the
concentration vary from point to point within a fluid phase that occupies the

entire void space, or part of it. The dispersive flux Jy, is given by [18, 19] as

Jn = —0D.(v)Ve, (2.3)
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where D, is the dispersion coefficient. The dispersion coefficient is found to be
an increasing function of water speed given by v = |V|/#. This function can
be modeled by the power law D, = D;v™ with experiments showing that D,

the proportionality constant is positive and 1 < m < 2 [19].

2.5 Combined transport of solutes

We now combine the three mechanisms of solute transport, i.e. convection,
diffusion, and dispersion by adding their fluxes to get the macroscopic flux.
This is given by
J = Ja+Jc+In
= —0DyVc+cV —0D.(v)Ve. (2.4)

Combining equation (2.4) with the continuity equation describing mass con-

servation
d(fc)
-J = 2.

5 +V-J=0, (2.5)

we obtain

d(bc)
5 V- (0DyVec+ 0D, (v)Ve) — V(eV), (2.6)
where ¢ is time. This equation reduces to

09) _ . (0D(w)Ve) — V(eV), (2.7)

ot
where D(v) = Dy + D.(v) denotes the coefficient of hydrodynamic dispersion
[17]. This is because dispersion predominates molecular diffusion (D, > D)
[2]. Experimental and theoretical observations show that the dispersion coeffi-

cient can take the power law form D(v) = Av? with A being a proportionality

constant and 1 < p < 2 (see e.g. [17]). Note that A # 0.

For flow in saturated soils, the continuity equation is V - V=0. For two-

dimensional steady saturated water flows, 8 = 6,, where 6, is the water content
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at saturation. By Darcy’s law, V = —k,;V®, where ® is the total hydraulic
pressure head, and ky is the hydraulic conductivity at saturation [18], we get

Laplace’s equation V2® = 0. Equation (2.7) then becomes

g—; =V - (D(v)Ve) +kV® - Ve, (2.8)
where k = ks/0s; and v = |kV®|. Note that this problem becomes extremely
difficult to solve exactly when v must be the modulus of the potential flow
velocity field for an incompressible fluid (see e.g. [6]). The key to analyzing
equation (2.8) is to view points in the plane as complex numbers, z = x + iy.
This enables a transformation of the independent spatial variables from Carte-
sian coordinates (z,y) to the streamline coordinates (¢, ). If the analytic
complex potential is given by, ¥ = ¢ + 72, then it is known that the veloc-
ity potential, ¢, is the real part of ¥, where the harmonic conjugate, 1, is

the stream function (see e.g. [20]). The resulting solute transport equation is

given by (see [19])

0 = = 0
a—j = 0?7V - [D(v)Ve] + 1)2&2, (2.9)
where V = (8%, %). The velocity potential ¢(z,y) and the conjugate har-

monic stream function ¢ (z, y) satisfy the Cauchy-Riemann equations ¢, = v,
and ¢, = —1, as well as the Laplace equations VZ¢ = 0 and V?*) = 0. In
radial water flows, the velocity potential is given by ¢ = — (Q/0,) logr and
the stream function ¢ = — (Q/6;) arctan(y/x), where @ is the source strength
(pumping rate). Introducing the normalized concentration, velocity potential
and time given by C' = ¢/cs, ¢ = —logR and 7 = t/t, respectively with ¢,
t, and R being the concentration, time at soil saturation and the distance or

radius from the point source, we may write equation (2.9) as

aa—f =0’V - [D(v)VCO] + UZZ_Z' (2.10)

In this case, the relevant normalized point source, the water velocity and the

dispersion coefficient are given by ¢ = —logR, v = € and D(v) = \eP?,
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respectively (see e.g. [21]). One may simply omit the dependence of contami-
nant concentration on the clockwise polar angle coordinate. As such, a three

dimensional equation is reduced to a two dimensional equation.

2.6 Concluding remarks

In this chapter we have provided models which describe contaminant trans-
port in saturated soils. Equation (2.10) is the governing equation and will be

analyzed given a radial water flow background.



Chapter 3

Symmetries of differential

equations

3.1 Introduction

This chapter presents the underlying theory and notation used throughout
the dissertation. We discuss the key features of the Lie symmetry approach
for differential equations. In brief, a symmetry of a differential equation is an
invertible transformation of the dependent and independent variables that does
not change the original differential equation. Symmetries depend continuously

on a parameter and form a group; the one-parameter group of transformations'.

3.2 Partial differential equations

Definition 3.1. A scalar kth-order (k > 2) system F of s partial differential

equations is defined by

Fo(x,u,uqy,...,um) =0, o=1,...,s, (3.1)

LA discussion on one-parameter group of transformations is given in [22, 23, 24, 25, 26]
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where v = (u',u? ... u™), called the dependent variable is a function of the
independent variable x = (2!, 2% ... 2") and U1y, - - -, Ugy) are the first up to
the kth-order partial derivatives, i.e. uny = {uj'}, uey = {uj;}, ugwy = {ui, _; }

forp=1,...,mandi j,i,...,0.=1,...,n.

Partial derivatives can be represented by the following notation

. Out " O*uH i Puk
U' :_.’ u:—, U" :+7..--
o Oxt Yo 0xtoxd Uk QxiQxi Ok
Solving equations of the form (3.1) implies obtaining a function u = (u!,u?, ..., u™)

verifying (3.1). System (3.1) is said to be form invariant if it can be written
in the form

Fg(j,ﬂ,ﬁ(l),...,ﬂ(k))zo, oc=1,...,5, (3.2)

where 7 and @ are the new transformed variables?.

3.3 Lie point symmetries and prolongation for-
mulas

Definition 3.2. The total derivative operator with respect to the independent

variables ! is given by

We seek the one-parameter Lie group of transformations
T o= 2"+ ez, u) + O(?), (3.4)
" = w4 ent(z,u) + O(),

which leave the system (3.1) invariant. These transformations are generated

by the generator

, 0 0
X =& u)— +n'(x,u)—. 3.5
&' (a,u)z 5 + 1z, u) 5 (3.5)
2Transformed variables are given by z° = fi(x,u) and 4* = g*(z,u), i = 1,...,n; a =

1,...,m. See [23] for more on transformed variables.
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The kth-extended transformations of (3.4) are given by

uf = uf +elf (z,u,ua)) + O(),
) = ujs 4 ey, u, uny, ue) + O(?),
ﬂﬁ,iz 77777 b = uf”z 77777 G Z’ilz 77777 ik(x,u,u(l),u(g), CUy) + O(e?). )
(3.6)

Theorem 3.3. The extended infinitesimals satisfy the recursion relations

)

¢ = Di(n") —uiDi(&),
Lo = Dyl —uhDy(gh), (3.7
7571'2 ..... ’ik - le( ’Z,iz,...,ik_1> - uZ,iQ,...,ik,ﬂDik (gl) )
These recursion relations are known as the prolongation formulas.
Introducing the Lie characteristic function given by
W=t — (38)
then we can equivalently write (3.7) as
. )
QM = Dy(W*) + 5’“?1',
5T DD 39
’L'Hl,iz ..... I3 = Dil tee D'Lk(WM) + €ju?llzk )

The kth-extended infinitesimal generator (prolonged generator) is given by

: 4 9 o
XHE = &i(x, w) g (s u) 5 4 G (s, u(l))a—u? +... (3.10)
G,
+ ﬁ’LQZk (x7 u? u(l) ..... U(k))au‘u 9 k 2 1.
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3.4 Determining equations and Lie algebras
Given a system of the form (3.1), the determining equations are given by

X[k]FU(x,u7u(1),...,u(k))‘Fo( =0, o0=12,...,5s. (3.11)

LU (1) 50y U(g) ) =0

This is a set of over-determined linear homogeneous partial differential equa-
tions for the unknown functions £*(x,u) and n*(x,u). An important property
of the determining equations is the determination of symmetries which span
the Lie algebra. A Lie algebra is a vector space L over some field F together

with a binary operation called the Lie bracket. If we consider the generators

: 0 i 0
X1 =§1($,U)%+771 (%U)wa (3.12)
and
X = €40, 4) e + 7 (1) (3.13)
2 — 237,“ axl 772 x’uauuﬂ .
we can write the commutator, [ X7, X5 as
X0, X0 = (Y€)= Xa(€]) - + (X 0) — X))
) 2 1 8LUZ 2 1 Ouk
= X1X2 - X2X1. (314)

We say that X; and X, span the vector space L if the following axioms hold
(a) Bilinearity. If X;, X5, X3 € £ then

[aX; + bXs, X3] = a X1, X3] + b[Xs, X3], a,b€R,

[(X1,aXs +bX3] = a Xy, Xo] +0[X1, X3], a,beR.
(b) Skew-symmetry. If X;, X5 € L then

[Xl,XQ] = — [Xz,Xl] .

(c) Jacobi identity. If X;, Xy, X3 € £ then

[X1, Xof , X5] + [[Xa, X3, Xu] + [[X3, X1] , Xo] = 0.
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(d) Linear combination. If X;, Xy € £ then

aX,+bXo € L, a,beR.

(e) Associativity. If X, X5, X3 € £ then

X1+ (Xo+ X3) = (Xy + Xo) + Xs.

(f) Commutativity. If X, Xy € L then

X1+ Xo =Xy + X5

3.5 Nonlocal symmetries

A symmetry generator of the form

0

+ n“(I, u, U(1)7U(2), e ,U(k))%,

X = §l(x7 Uy U1, U(2)s - - - ’u(k))axi

is known as a local symmetry generator if £ and n# only depend on the inde-
pendent variables x, dependent variables v and and its derivatives evaluated at
2. On the other hand, a nonlocal symmetry generator also known as a potential
symmetry has £ and n* depending not only on the independent and depen-
dent variables but also on integrals of the dependent variables. Bluman et al.
[27] introduced a method for obtaining new classes of symmetries for a partial
differential equation written in conservative form. The method is as follows;
Given a scalar kth-order partial differential equation R{x,u} with independen-
t variable x = (2!, 2% ...,2") and dependent variables u = (u!,u? ... u™).
If R{x,u} can be written in conserved form, it is possible to write the cor-
responding auxiliary system of PDEs S{x,u,v} by introducing the potential

n—l)_

variable v = (v 0% ... v A partial differential equation in conserved

form R{x,u} is written as

szz(xv U, U(1)s - - - au(kz—l)) = 07 (315)
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where D; is the total derivative operator with respect to the independent vari-

ables 2 given by

0 +..., 1=1,...,n. (3.16)

D= — 4+ u—+u;—
ox? u@u “”aui

The corresponding auxiliary system of PDEs S{x, u,v} is given by [28]
ovt

1 —_—
f ([E,U,U(l), s 7“(16—1)) - 8{1’}27

, . v’ Ovi—1
T, wy gy, vy U—1)) = —lj_l( +
bl (1) k-1)) = (=1) T T

n—1
oy OV

axn—l '

), 1< k<n,

fn(l‘, Uy U(1)y - - - >U(k—1)) = (—1) (317)

Local symmetries admitted by (3.17) may induce nonlocal (potential) symme-
tries of R{z,u}. Pucci and Saccomandi [29] presented necessary conditions
for a PDE written in conserved form to admit potential symmetries. A link
between nonlocal symmetries and reduction methods of order two is provid-
ed in [30]. Nonlocal symmetry techniques have attracted interest from many
symmetry analysts (see e.g. [31, 32, 33, 34, 35]). Bluman and Kumei [28] have
shown that it is possible to obtain a new class of solutions using nonlocal sym-
metries. These solutions may not be obtained using local symmetries. Any
solution (u(x),v(z)) of S{z,u,v} will define a solution u(z) of R{x,u} since

R{z,u} is enclosed in S{z,u,v}.

3.6 Invariant solutions

Definition 3.4. [28] A function v = U(z) is an invariant solution of (3.1)

corresponding to the generator

0

X = ¢(x, u)% + n(z,u) (3.18)

Our’

if and only if
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e u = U(x) is an invariant surface of (3.18), i.e

€ (r,U(a)) o0

=" (z,U(x)),
e u = U(x) solves (3.1).

The method for obtaining invariant solutions involves solving the charac-

teristic equations® given by

dat B B dx™ B du! B B du™ 319
o T ewa g ey 0

3.7 Optimal systems of subalgebras

Definition 3.5. [22] An optimal system of [—parameter group-invariant solu-
tions to a differential equation (or system of differential equations) is a collec-

tions of solutions with the properties

(i) Each solution in the list is invariant under some [—parameter symmetry

group of the differential equation (or system of differential equations).

(ii) If there exists another solution which is invariant under an [—parameter
symmetry group, then there is a further symmetry generator admitted

by the equation (or system) which maps this old solution to the new one.

Clearly, an optimal system is a set of elements which lead to invariant
solutions that are not equivalent by any transformation. There are different
techniques used to determine optimal systems. In particular, Ovsiannikov
[36] presented a technique based on finding the matrix of inner automorphism
corresponding to the operators of the adjoint group of a given Lie algebra.
Olver [22] presented a technique which involves representing the adjoint action

as follows
n 2

oo . €
Ad (e”N) X; = Zﬁ (AdX)"X; = X — e[X;, Xj] + o
n=0

(@)

(X, [Xi, X5 —

)

(3.20)

3For more on characteristic equations see e.g. [26, 28].
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where [X;, X;] = X;X; — XX, is the commutator of X; and X;. Equation
(3.20) is used to identify equivalent symmetry generators, i.e. those that give
rise to equivalent invariant solutions in the sense that one solution can be

transformed into another by a point transformation.

3.8 Concluding remarks

In this chapter we have given a brief account on the Lie symmetry methods
which will be utilized in this dissertation. First, we discussed the determination
of Lie point symmetries and the construction of the one-dimensional optimal

system. Furthermore, nonlocal symmetries are briefly discussed.



Chapter 4

Classification of the group

invariant solutions

4.1 Introduction

In this chapter we consider a contaminant transport equation in streamline
coordinates. We consider contaminant transport under steady radial water
flow in saturated soils. In this case, the relevant normalized point source, the
water velocity and the dispersion coefficient are given by ¢ = —log R, v = ¢
and D(v) = A\eP?, respectively (see e.g. [21]). One may simply omit the depen-
dence of contaminant concentration on the clockwise polar angle coordinate v
and seek axisymmetric solutions. We employ Lie point symmetries to reduce
the governing equation into ordinary differential equations (ODEs). This is
primarily done by employing optimal systems, hence, classification of group
invariant solutions. Various cases of p and A\ are considered as the number of
symmetries vary with p and X\. We note that equation (2.10) only admits extra
symmetries when p = 0 or p = 2. These play an important role in determining
the forms of the dispersion coefficient. We consider the constant dispersion

coefficient and the velocity dependent dispersion for symmetry analysis. The

17
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derivation of the Lie point symmetries is given and invariant solutions are

presented.

4.2 Lie point symmetries for a constant dis-
persion coefficient

Given p = 0, then the dispersion coefficient becomes a nonzero proportionality

constant, A\. The equation in question (2.10) is given by

oC 0?C oC
=\ —— ¥ —. 4.1
ar 9 T g (4.1)
The Lie point symmetry generator of equation (4.1) is of the form
8 0
We seek to solve the determining equations given by
oC 0?C oC
X A2 —— — % = 0. 4.
(87 0% 0gb) @1 =0 (43)
Here X2 is the operator:
0 0 0 0 0
X=X 4+¢ - . 4.4
+CaCT+C¢aO¢+< 8C¢¢+<¢8OT¢+C¢¢8C¢¢’ (4.4)
where
G- = D-(n) = C;D-(£") — Cy D+ (€?)
=10 + Cr(nne — &) — O — Cy&? — CyC-E2, (4.5)
Co = Dy(n) — CrDy(€') — CyDy(€?)
=1y + Cy(ne — &) — C368 — Cr&l — CoCree, (4.6)

Crr = D(Gr) = Crr DA (E) — CrD-(E7)
= e + 202000 + Crpnie + Clnee — 2C:467 — Cy&Z, — 2C4C1E2
— E8(CoCrr +20:Cyr) — CyClE e — 20016, — Cr = 207620
—3C,Crrép — Cot, (4.7)
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Gro = Cor = Dy(Gr) = Crr Dy (€1) — Crp Dy (€7)
= e + 20090 + Cyrne + CrCynoc — Crrly — Croll
— £6(CyCrr +2C,Cry) — Cr(&yy + Cr&ie + Cobre + Cr i)
— E6(CrCyp +2C4Cyr) — Cy(&2y + Cr&ic + Colic + CrCuElc),  (4.8)

Cos = Dg(Cs) — CraDy(€') — Cpp Dy (€7)
= g + 2Cynec + Cosne + Conce — 2Ce&5 — Colly — 20565
— £6(CrC +2C4Cr) — Ciélc — 20485 — Crégy — 2C4CrEgc
— 03060 — 3050448 (4.9)

From the determining equation (4.3), we obtain

G — €2%Cy — 2€2PCLE% — Ne?P(y — 20200y E? =0. (4.10)
¢ ¢ folo] olo] )
41

The expressions for (;, ¢, and (4, are substituted into the determining equation

(4.10). We also take into account the following equations
CT = €2¢O¢ + )\62¢C¢¢,

CT¢ = C¢T = 262¢C¢ —f— (62¢ —|— 2)\62¢)C¢¢ + /\62¢C¢¢¢,

to obtain

2P Cyy 4 27267 Cy + Ae*necCl + 206 30 Cy

— A2 0 Cyp 0% — AN2eME 004 Cp — 20261 Cyps Cyp
—2X%e* 6} CysCy — AN €L Cyy — 2X€*ELCipge
—N2€¢},Cos — AL Ch — 206505 — 20e*€2.C50C
—Ae*?&2,Cy — 2X€*E5C 4 + Ae*ELCyp — Ae* 6L CY
—ANMELCE — 2068, CF — 2Xe™ELC o Cy — 4N €L C,
—Ae*€L,Cy — BN E Cy + E2Cy — €2°6Cy + 77610,

—e"&,C + Ae* g — 1 + €% = 0. (4.11)
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Since the functions to be determined £!(, ¢, C), £3(7, ¢, C) and n(1, ¢, C) are
independent of the derivatives of C'; we can equate coefficients of separate

powers of the derivatives of C' to zero.

CyCops + AL =0,
Coss = Ay =0,
CiCss = Moo =0,
CiClhs + A2+ 1)e2el + Ae®el, +€2) =0, (4.12)
Coo = (=26 + (4N +3)e™ ¢} + A, + 28 — £1) = 0,
C3 © M&e+ ) =0,
G5+ A(=nec +4e*°& +2 (e + ™€) =0,
Cp = 262087 + 200 — A€, — (4N + 1)e*¢]
—AeMEL, + & — e+ €¢ =0,

remainder : Ae**n44 — 1, + %14 = 0.

Since A # 0, then £} = 0, &4 = 0 and {4 = 0. Also, from the fourth equation
in (4.12) ¢ = 0. Equations in (4.12) simplify to the following

=10
& =0,
& =0,
nee =0, (4.13)

265 — 26— €, =0,
26*78% + 20e*nyc — Ae¥PE5, + & — €276 4 €7°¢L =0,
)\62¢77¢¢ — Ny + 62¢77¢ = 0.

From the governing equations (4.13) it can be observed that n = A(71,¢) +
B(1,9)C, &' = D(7) and &* = E(7,¢). Here A, B, D and E are arbitrary
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functions of the specified variables. The remaining determining equations are

given below with the prime denoting differentiation with respect to 7.

2F + D' —2E, =0, (4.14)
20 E 4+ D' — >’ Ey + 20e** By — X\e**Eyy + E, = 0, (4.15)
€2¢ (A¢ + OB¢) + )\62¢ (A¢¢ + OB¢¢) — (ATT + CBTT) = O (416)

Equation (4.16) may be separated into two equation by considering powers of

C. These are given by
62¢A¢ + )\62¢A¢¢ - AT = O, (417)

and

e’ By + A\e** By, — B, = 0. (4.18)

The solution of (4.14) given by D(7, ¢) = e? F(7)— D'/2 substituted into (4.15)

yields an expression for B(T, ¢) given by
1 672(;5
B(T, gb) = a (2()\ — 1)€¢F + 2€_¢F/ — TD”) + G(T), (419)

where F' and G are arbitrary functions of 7. This expression is substituted

into (4.18) to give
4N = 1) F — 8\ G 4 2e** D" — 4Xe®* D" — 4e’F" + D" = 0.  (4.20)

Since the functions D, F' and G are independent of ¢ we can separate (4.20)

to obtain
(N —1)F =0, (4.21)
2(1 —2\)D" — 8)AG' =0, (4.22)
D" =0, (4.23)

F" =0. (4.24)
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From (4.23) and (4.24) we obtain D(7) = ky+T7ky+7%ks and F(7) = ky+7ks re-
spectively. We note that from (4.21) three cases for A arise since F' # 0. When
A =1then G(7) = —(k3/2)7+ ks. When A = —1 then G(7) = —(3k3/2)7 + k.
When A is neither 1, —1 nor 0, then the G(7) = (1/2)) (7(ks — 2)k3)) + kqy.

The expressions for &1, €2 and 1 are given below

Case 1: )\ =1.

51 — kl —|—T(l€2 +7'l{73)7 (425)
k
52 = —52 —Tk3+6¢k4+7'€¢/€5, (4.26)
k —2¢
n==C_ (—% + 2 1 (—ks + 2¢ks) + ke‘) + A(7,9), (4.27)

where A(T,¢) is an arbitrary function satisfying equation (4.1) and ky, ..., kg
are arbitrary constants. The resulting one-parameter Lie point symmetries

0
besides the infinite symmetry generator, X, = w(7, ¢)—, are

ac’
Xlzg’ \
Xy = C’%,
Xy = 6¢8%’
X4:%£_%7 (4.28)
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Case 2: A= —1.
fl = k’l —+ T(kg + Tkg), (429)
k
52 = —32 — Tk3 +6¢]€4+T€¢k’5, (4.30)
n= % (e7*ks — 67k — 2¢ ks + 4e” (ks + Ths) + 4ke)
+u(r,d), (431)
where w(T, @) is an arbitrary function satisfying equation (4.1) and ky, ..., kg

are arbitrary constants. The resulting one-parameter Lie point symmetries

0
besides the infinite symmetry generator, X, = w(r, gb)%, are

oo 2
L

X; = e¢a%—e¢c%,

X, = T%+(T—6_22¢) %,

Invariant solutions for the negative dispersion coefficient, i.e.

explored in the next Chapter.

3\

0

ac" )

(4.32)

A = —1 are
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Case 3: X #1,—1,0. Arbitrary \.

51 = kl +T(k2+7'k’3), (433)
2 ko ks, (4.34)
2
C
n= _ﬁ (6_2¢k3 + 2(2)\ — 1)7‘/{53 — 4)\]'{34)
+w(T,9), (4.35)
where w(T, ¢) is an arbitrary function satisfying equation (4.1) and ki, ..., k4

are arbitrary constants. The resulting one-parameter Lie point symmetries

besides the infinite symmetry generator, X, = w(r, gb)%, are
a 3
X, = —
1 87_7
0
X, = (—
2 Cacn
(4.36)
0 0
X3 = 21— — —
3 Tor ~ 0¢’
0 o 1 T e 0
X, = P —r1———(M—= —.
S =P ¥ A(T 2+4)060)

4.3 Group invariant solutions for a constant

dispersion coefficient with A =1

4.3.1 Optimal system for symmetry generators in (4.28)

We adopt the method in [22] to construct the one-dimensional system of sub-
algebras of the algebra spanned by the base vectors. To construct the optimal
system we first need to determine the commutators of the admitted symme-

tries. We consider symmetry generators (4.28). Given a general operator

X = CL1X1 + a2X2 + a3X3 + CL4X4 + a5X5 + CLGXG, (437)
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where ay,...,aq are arbitrary constants. We aim to simplify as many of the
coefficients aq, ..., ag as possible using the adjoint action. We first construct
the commutators of the admitted symmetries in (4.28). For illustration we

show calculations in the following examples:
(X1, Xo] = X4 Xy — XX,y

_ 09N 9 (0

~or \oC oC \ ot

=0, (4.38)

(X1, Xu] = Xa Xy — Xu Xy

_9(, 0 0 LAY ES
_aT(TaT_a¢)_<TaT_a¢> <(97')

0
_25

= 2X], (4.39)

and so on.

All the calculations are summarized in Table 4.1.

Table 4.1: Commutators of the admitted symmetries (4.28).

(X, X X4 Xy Xj X4 X5 Xe
X 0 0 0 2Xy,  2Xs 4X,—2X,
Xs 0 0 0 0 0 0
X3 0 0 0 X3 —=X5 2X5
Xy —2X5 0 —X; 0 X5 2Xs
Xs —2X3 0 Xo - X5 0 0
Xe 2X,—4Xy, 0 -2X; —-2Xg O 0

Furthermore we construct a set of one-dimensional subalgebras which are
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equivalent to a unique element of the set under some element of the adjoint
representation given by

n 2

D = (AAX)"X; = X, — €[ X, Xj] +
n=0

@)

X

J

TL' 2'[X’L) [X’L?X ]] Y

(4.40)
where the commutator of X; and X is defined above. For illustration we show
calculations in the following examples:

2

€
Ad (eex‘*) X1 = Xi—€e[Xg, Xq] + o [ Xy, [ Xy, Xy)] = -+

2!
= X; +2eX; + 22X + - -

= exp (2€) Xy, (4.41)

2

€
+ 5 [X57 [X57X3H -

1
= Xz —eXo+ 562 (X5, Xo]

Ad (€€X4) X3 = X3 — € [X5, Xg]

= —€X2 +X3, (442)

and so on.

All the calculations are summarized in Table 4.2.
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' X WTHTX XTI X XV IOV - Y X

' X XOHTXY I HO— Y X — EXT+ Y D'

X g2 X2 X DI X5 X

X7 — X + X X+ Y O D' ' P D'

' X ' D' ' P'e °X

X XV - XTI T X X X+ YT D' ' P X
' DY X D' ' P Py

"(8¢'F) s10300A aseq a1} 10J uoryeIuaselder JuIolpy g o[qR],
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It remains to use the adjoint table to simplify as much as possible the

constants in equation (4.37). If X is given as in (4.37), then

X = Z@Xi = Ad(exp(aX3)) o Ad(exp(SXs))X. (4.43)

i=1
This means referring to Table 4.2, we firstly act on (4.37) by Ad(exp (aXi))

to obtain

X' = (a; — 2aay + 402ag) X, + (ay + 20a)) X

+(a3 — 2(1@5)X3 + (a4 — 40[&6)X4 + CL5X5 + CLGXG, (444)

and acting on (4.44) by Ad(exp (5Xg)) we obtain

X = (a1 —20ay4 +40”ag) X1 + [ag + 2aag — 26(a; — 2aay + 4042@6)} X,
+(az — 2cas) X3 + [a4 — doag + 46(a; — 2aay + 4a2a6)} Xy
+ [28(a3 — 2aas) + as)

+ [as + 2B(as — 4aag) + 45% (a1 — 204y + 40”ag)] Xs. (4.45)

This has the coeflicients

a = a —2aay + 40’ag,
ay = ay—4aag + 46(a; — 2aay + 4a2ag), (4.46)

as = ag+ 2B(as — daag) + 45%(a; — 2aay + 4aag).

The key here, is the recognition of the function n(X) = aj — 4a1a¢, which
is invariant under the full adjoint action [22]. To begin the simplification we
concentrate on the constants aq, a4, ag.
Three cases arise.

Case 1: If (X) > 0, then we choose « to be a real root of a; —2aas+4a’ag = 0
and 5 = ag/(8caag — 2a4). This implies a; = ag = 0 and a3 = \/m £ 0.
Thus, X is equivalent to the vector X = X4+ a3 Xs + a3 X3 + a5 X5. Acting
on X by adjoint maps generated by X5 and X3, namely Ad (exp (—a5X35)) and
Ad (exp (@3X3)), as such X5 and X3 in X vanish. No further simplifications
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are possible, therefore X is equivalent to a multiple of X, +aX5 for some a € R

provided n(X) > 0.

Case 2: If n(X) < 0, we set « = 0 and 8 = —ay4/4a; so that a; = 0.
For the simplification process, one may then assume both the coefficients of
X1 and Xg to be unity. Thus, X is equivalent to the vector X = Xi+ Xe +
s Xs + a3 X3 + a5 X5. Acting on X by adjoint maps generated by X5 and X3,
namely Ad (exp ((—as3/2) X;5)) and Ad (exp ((a5/2) X3)), as such X5 and X3 in
X vanish. No further simplifications are possible, as such X is equivalent to

X1+ X+ aXo, a € R given n(X) < 0.

Case 3: 7n(X) = 0. Two subcases arise.

(i) If not all the coefficients ay, a4, ag are zero, then we are free to choose
a and [ such that a3 # 0 and ay = ag = 0. In this case X is equiva-
lent to a multiple of X = X1 + asXs + a3 X3 + a5 X5. Acting on X by
adjoint maps generated by X; and X3, namely Ad (exp ((a3/2a5) X5))
and Ad (exp ((—az/ds) X3)), @ # 0, as such X, and X3 in X van-
ish. This means we now have X/ = Xi + as. If we further act on X’
by any group generated by X, namely, Ad (exp (eXy)) then we obtain
X' = X, + ase*X;5. Therefore, depending on the sign of a5 find that X
is equivalent to a multiple of X; + Xj5. If on the other hand a5 = 0, then
acting on X by Ad (exp (— (@3/2) X5)) we find that X is equivalent to a
multiple of X7 +aX5, a€R.

(ii) If all the coefficients aq, a4, ag are zero, and assuming as # 0 (say ag = 1),
then acting on X by Ad (exp (a2X5)) and Ad (exp ((—a5/2) X5)) yield X3,
a multiple of X. If a3 = 0 but a5 # 0, acting by any group generated
by X1, namely, Ad (exp (eX;)) gives a nonzero coefficient in front X3

implying that this case is similar to the case when as # 0. Thus, the
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only remaining vectors are multiples of X5.
The set of one-dimensional optimal system is given by
{X4+CLX2,X1+X6—|—CLX27X1:]:X5,X1+CLX2,X2,X3}, (IGR. (447)

If we admit a discrete symmetry so that X; + X5 is mapped to X; — X5, then

the number of the elements in the optimal system is reduced by one.

4.3.2 Symmetry reductions and group invariant solu-

tions

We construct group invariant solutions for equation (4.1) with A = 1. This is
done by the use of symmetries by reducing a PDE to an ODE. We use members
of the optimal system to perform the reductions and solve the equation, hence
we classify the group invariant solutions by the optimal system. Wherever they
appear k; and ky are arbitrary constants, 1F;(b,c;z) and U(b,c;z) are the
confluent hypergeometric functions, Ai(z) and Bi(z) are the Airy functions,
while J,(z) and I'(z) represent the Bessel function of first kind and Euler
gamma function respectively and erf(z) represents an error function. A well
documented review of such functions is presented by Abramowitz and Stegun
[37]. Some of the solutions are given in terms of complex numbers, i.e. we

have an imaginary unit satisfying ¢ = /—1.
(i) Invariance under X, + aXo:
Xo+aXy=21—— — +aC—.
T

The corresponding characteristic equation is given by

dr  d¢ dC

Solving the characteristic equation (4.48) gives the following integrals

I, = 1%, (4.49)
C

]sz.

(4.50)
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Equation (4.49) is obtained by solving the first two terms in (4.48) while
(4.50) is obtained by solving the first and the last term in (4.48). This

gives rise to the group invariant solution
C =r1:G(y), (4.51)

where v = 7€2? denotes the similarity variable. Upon substitution of
(4.51) into (4.1) we obtain the following second order ordinary differential
equation

VG + ;17(67 —-1)G — éaG =0, (4.52)
where a prime denotes differentiation with respect to the similarity vari-
able 7. The solution to (4.52) varies depending on the sign of a. This

gives rise to three cases, i.e. a <0, a =0, a > 0.

(a) a < 0. The solution of (4.52) is given by

1 /1 a+1 3 1 a 1 1
G(y)=z\/— ke 1 B0 | ——; = —— ki1Fy | == ——
() 2\/; 21 1( 5 iy 47) + Rk (272, 47>7

(4.53)

and consequently the group invariant solution is given by

1 1 a+1 3 1
a2 = L2
C<T7 ¢> =T |:2 7—62¢ k? lFl( 2 bl 27 4T€2¢)
a 1l 1
kv 1B == ——= | |- 4.54
+ 11 1(2727 4T€2¢>:| ( i) )
(b) a = 0. The solution of (4.52) is given by
1

G(V) =ky — 2T k erf(—), 4.55
() =k et (5 (4.55)

and consequently the group invariant solution is given by

1

C = ko — 2¢/m ky erf . 4.56
(TJ(b) 2 \/7_T 1 €r <2m) ( )

(¢) a> 0. The solution of (4.52) is given by

1 /1 l1—a 3 1 a 1 1
Gy)==y/— ka1 FA | ——; 55— ki By —= = ——
(7) 2\/; 2 1 1( 5 g 47) + k11 1( 55 47>7
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and consequently the group invariant solution is given by

1 1 1—a 3 1
_ _a/2 ..
C(TJ ¢) =T / |:_ 7_€2¢ k2 1F1( 75 >

2 2 72 dre
a 1 1
kv 1 Fil — =25 — . 4.
+ K11 1< 2727 4762¢):| ( 58)
(ii) Invariance under X; + aXo:
0 0
X X9 = — C—.
1rade = g Tt e

The corresponding characteristic equation is

dr dé  dC
T=0 = (4.59)

Solving the characteristic equation (4.59) gives the following integrals

C
L=—. (4.61)

This gives rise to the group invariant solution
C=e"G(y), (4.62)

where v = ¢ is the similarity variable. Substituting (4.62) into (4.1) gives
the ODE
G"+ G —ae™G =0, (4.63)

where prime again denotes differentiation with respect to the similarity

variable . The solution for (4.63) will also depend on the sign of a.

(a) a < 0. The solution for (4.63) is given by

G(7) = ky cos (Vae ) — kysin (Vae ™), (4.64)

and the group invariant solution is given by

C(1,¢) = € (ki cos (vae™®) — kysin (vae™?)) . (4.65)
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(b) @ = 0. The solution for (4.63) is given by
G(y) = —e ki + k, (4.66)
and the group invariant solution is given by
C(r,¢) = —e ki + ks. (4.67)
(¢) a > 0. The solution for (4.63) is given by
G(v) = ky cosh (vae™) — i kysinh (vae™), (4.68)
and the group invariant solution is given by
C(1,¢) = € (ki cosh (vae™?) — i kysinh (vae™?)) . (4.69)

(iii) Invariance under X; + X5 has the characteristic equation given by

dr  d¢  dC

e 4.
1 2?1 e oC (4.70)
Solving (4.70) yields the group invariant solution
6, 2 3
C=exp|Te?+ 37 G(7), (4.71)

where v = 72 + ¢ is the similarity variable. Substituting (4.71) into
(4.1) gives the ODE
G" —~+G =0, (4.72)

where prime again denotes differentiation with respect to the similarity

variable v. The solution to (4.72) is given by
G(7) = Ai(y)k1 + Bi(7)ke, (4.73)
and the group invariant solution is given by

C(r,¢) = exp (7’6“ZS + §T3> (Ai(T2 + e )k +Bi(r? + e‘¢’)k‘2). (4.74)
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(iv) Invariance under X; + Xs + a X, has the characteristic equation

dr do dc
—_— T — — T 4;
1+ 472 47 (a—21 — e 2)C’ (4.75)
and this gives the group invariant solution
C(r,¢) = T 44+ Larctan(2n) )G
(,6) = exp (s — 3 10 (1 +47) + & actan (27) ) G(),
(4.76)

where v = e?v/1 + 472 is again the similarity variable. Upon substituting
the group invariant solution (4.76) into (4.1) we obtain the ODE

VG + 27°G" + (1 — ay?)G = 0, (4.77)

where prime denotes differentiation with respect to the similarity variable

7. The solution for (4.77) will also depend on the sign of a.

(a) a < 0 The solution for (4.77) is given by

, 1 3+1ta 3 1
_ —i/29? L2,
G(y)=e ™ o2 ko 1F1< TEREL 2>

o [ 1 3+ia 3 i
+e P — k U( L % i), (4.78)
gl

and the group invariant solution is given by

T 1
C(T, ¢) = exp (—m — Z_l In (1 + 4T ) - arctan 27'

) ‘
. 1 3+ia 3
—i/(2e2®(14+472) [+~ ko + F.
[6 2e26(1 + 472) 21 1( 4 2 e 1+4T2)
(4.

+e

Cij@ee(aarry) | L 3+ia 3
2e29(1 + 472)

|

79)

4 e2%( 14—47'2

(b) a =0. The solution for (4.77) is given by

1 1 3 1 1 5
== J. (= )ET(2 — T = ko (=2
¢) 2y = <272> ! (4>+ 2y /) (W) ? <4>’

(4.80)
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and the group invariant solution is given by
C(r,¢) = ! L1442
(T,¢)—6Xp —m—z H( + 7') X
1 1 3
—— J i ———— | [ | -
{ 2e20(1 + 472) "1 <ze2¢>(1 +4T2)) ! (4)
1 1 5
J1 kTl =) |-
2e20(1 + 472) "1\ 2e20(1+472) ) "* \4 }
(4.81)
(¢) a > 0. The solution for (4.77) is given by
, 1 3—ia 3 1
_ —i/292 2.
G(y)=e /2 2—72/43211?1( 1 757?)
o2 |1 3—ia 3 1
I kU = — 4.82
+e 272 1 < 4 ) 27 72> ) ( )
and the group invariant solution is given by
C(r,0) =e R — 11 (1+42)+aacta (27) | x
7 d) = exp [ — ——In T — arctan (27
’ P\T (1142 1 2
; 2 2 1 3—1a 3 1
—i/(2e2?(14+472)) ko 1 F. Lo
[‘3 2¢26(1 + 472) "2 11 ( 42 (1 +472)>
; 2 2 1 3—1a 3 1
—i/(2e2?(1+472)) ko U Lo
e 220 (1 1 4r2) ( 12 +4T2)> }
(4.83)

4.4 Invariant solutions for a constant disper-

sion coefficient with A # 0,1, —1

4.4.1 Optimal system for the generators in (4.36)

Given a general operator

X = (Zle + a2X2 + CL3X3 + CL4X4, (484)
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where ay,...,a4 are arbitrary constants. We aim to simplify as many of the
coefficients aq, ..., a4 as possible using the adjoint action. We construct the
commutators and the adjoint representation of the admitted symmetries in

(4.36). These are given in Table 4.3 and Table 4.4.

Table 4.3: Commutators of the admitted symmetries (4.36).

(X, X X X, X, X,
X, 0 0 2X;  4AMX3+ (2—4NX,
X, 0 0 0 0
X; —2X; 0 0 2X,
Xi  —AAXs+(AA-2)Xy 0 —2X, 0
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4.4.
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15° PXPZT+EX XY X AXTHEXONT XXy —2) + X X

VX 5p_? ' 5' e '

w»vm‘ mvm mvm ﬁvm Nvm

TX +EXOXT — eX2(XF — ) — XA EX 4+ TX9C—  AX 5% 5%
5% ' 5% 5% PV

"(9€'¥) s10300A aseq o1} 10J uoryRIUaseldor JuIolpy :F'§ O[qR],
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We can simplify the constants aq,...,as in (4.84) by applying the adjoint
maps to it. If we first suppose that a4 # 0, we can take ay = 1. From (4.84)
we have

X = ale + CL2X2 + a3X3 + X4. (485)

Acting on (4.85) by Ad (exp ((az/(2 —4X))X1)), we obtain

X =@ X, +@Xs + X, (4.86)

where a; and a3 are the constants given by a1 = a3 + 4A (ay/(2 — 4)\))2 —
(2aza3/ (2 — 4)\)) and @3 = as — 4\ (ag/ (2 — 4\)). If we further act on X
by the group generated by X3, i.e. Ad (exp(eX3)) we obtain X' = are* X, +
aze* X3+ X,4. Depending on the signs of @; and as we can make the coefficients
of X7 and X3 to be either +1, —1 or 0. No further simplifications are possible
from the entries in the adjoint table, therefore X is equivalent to a scalar
multiple of a X + X5+ Xy, with a and 3 being either +1, —1 or 0. If we now

suppose ay = 0, we have
X = a1 X1+ asXs + a3 X5. (4.87)
We can now assume ag # 0 and suppose az = 1. This gives
X =1 Xq + a Xy + X5. (4.88)

Acting on X in (4.88) by Ad (exp ((a1/2)X1)) gives X = @3 X5+ X3. No further
simplifications are possible, so X is equivalent to a scalar multiple of a X5+ X3,

a € R. If we now take az = 0, we have
X =a1 X1 + a: Xo. (4.89)
We can now assume as # 0 and suppose ay = 1. This gives
X =a1 X7+ Xs. (4.90)

Acting on X in (4.90) by the group generated by X3, i.e. Ad (exp(eX3))

we obtain X = a1e*X; + X,. Depending on the sign of a;, we can make
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the coefficient of X; to be either +1,—1 or 0. Therefore X is equivalent to
Xo+ X, Xo — X, or X5. The only remaining case is if as = 0. This means X

is equivalent to X;. The set of one-dimensional optimal system is given by
{aXi+ X3+ Xy, aXo + X3, Xo £ X1, X5, X1, }, a€R, (4.91)

where « and [ are either +1, —1 or 0.

4.4.2 Symmetry reductions and group invariant solu-

tions

We construct group invariant solutions for equation (4.1) with arbitrary A.
Invariance under X; and X5 is trivial and hence not considered. However, a
linear combination of these form part of the one-dimensional optimal system
and will be used to seek a group invariant solution. Wherever they appear
ki and ko are arbitrary constants, 1 F(b, ¢; z) is the confluent hypergeometric
function, I'(z) and T'(b, z) represent the Euler gamma function and an incom-
plete gamma function respectively. I,,(2) is the modified Bessel function of first
kind. A well documented review of such functions is presented by Abramowitz

and Stegun [37].

1. Invariance under X5 + X :

0 0

The corresponding characteristic equation is given by

dr _d¢ _dC

=0 =G (4.92)

Solving (4.92) we find the group invariant solution

C=eG(y), (4.93)
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where v = ¢ is the similarity variable. Upon substitution of (4.93) into

(4.1) we obtain the following second order ordinary differential equation
MG+ G — e PG =0, (4.94)

where a prime denotes differentiation with respect to the similarity vari-

able v. The solution of (4.94) is given by
—2v 1
o—1/20y—1/4\ [ —2v\1/4) € b
G(y) =2 A (e™) {12& ( S ) kL (1 2)\)

, e~ 1

and the group invariant solution is given by

*”5( €;¢> ( 1)]} (4.96)

We mention here that invariance under X, — X; is similar to that of

X5 + X7 by means of the discrete transformations.

2. Invariance under aX, + X3 :

0 0 0
CLX2+X3—2T§—8—¢+CLC%

The corresponding characteristic equation is given by

dr  d¢ dC

ik 4.
2T 1 aC (4.97)
Solving (4.97) we find the group invariant solution
C = 12G(y), (4.98)

where v = 7€?? is the similarity variable. Upon substituting (4.98) into

(4.1) we obtain the following second order ordinary differential equation

1
MG+ 7 21+ 207 — 1) G - %G =0, (4.99)
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where a prime denotes differentiation with respect to the similarity vari-
able . The solution for (4.99) is considered for three cases, i.e. a < 0,

a=0anda>0.

(a) a < 0 he solution for (4.99) is given by

1 1
G(v) =k 1F1(2;1+—' )

2 2N 4\y
1
1\ = a 1 1 1
271/)\ - )\71/2)\16, = — 1 .=
N (7) 2 g T TN Ty )
(4.100)

and the group invariant solution is given by

—24
— a, 1. _¢
C(r,p) =1 {k’11F1<2,1+2/\7 4/\T>

1
20\ X a 1 1 e 2
2—1/)\ € )\—1/2>\k, = ] . .
* (T 2 g o TN Ty

(4.101)

(b) a = 0. The solution for (4.99) is given by

1
1\ 2 1 1
= ky + VA2 [ T B, T — — 4.102
G(7) 2 + Y vy 1 N Thy ) (4.102)

and the group invariant solution is given by

—2¢\ T 2x 1 —2¢
Clr,0) = ky + 21/ (7€) "1/ <6A—T) ko T (ﬁ ZT) .
(4.103)

(¢) a > 0. The solution for (4.99) is given by

a 1 1
G(’Y) =k 1 [ <—§7 1— ﬁv —m)

1\ 2 a 1 11
2—1/)\ - /\—1/2)\k )2 7 1 e
* <7) 2 Ty T T Ty )

(4.104)
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and the group invariant solution is given by

—2¢
_ _af2 a1 e
C(Ta¢) T {]ﬁ 1F1< 2,1 o\ 4)\7)

1
—20\ 22 1 1 e %
oA ()T o, R (=S e )
N <r A R ) Sy
(4.105)

3. Invariance under aX; + bX3 + X, :

In this case, a and b are either 0, —1,1. Considering the characteris-
tic equation corresponding to aX; + bX3 + Xy given by

dr do AdC
at+2br+472  b+dr (e 2 —2r +AAT)C (4.106)

We obtain the group invariant solution

b(2\ — 1) arctan <ﬂ>

C=exp|— = ’ — fat?
- o A\ e??(a + 2bT + 472) 2v/4a — b2
22 —1
In (a + 207 + 47‘2))] G(v), (4.107)

where v = \/a + 27(b+ 27) e is the similarity variable. Upon substitu-
tion of (4.107) into (4.1) we obtain the following second order ordinary

differential equation
NG + 20 (L + M)y = b) G' +aG =0, (4.108)

where a prime denotes differentiation with respect to the similarity vari-
able 7. From (4.108) we can let a and b to be either 0, —1 and 1. As an

example, if we make both a and b to be 0, then we obtain an ODE
MG+ (1+ NG =0, (4.109)
with a solution given by

G(y) = =My Yy + ks (4.110)



4.5. LIE POINT SYMMETRIES FOR A VELOCITY DEPENDENT
DISPERSION COEFFICIENT 43

The group invariant solutions is therefore given by

C(r,0) = (—A(Te?) ks + ky) exp B G - 2) In(r) — @} .
(4.111)

The other cases follow in the same way from (4.108) by considering all

possible values of a and b.

4.5 Lie point symmetries for a velocity depen-
dent dispersion coefficient

The case p = 2, is in agreement with solute transport theory. This implies
that the dispersion coefficient is now given in terms of the water pore velocity.
In this case, the equation in question with arbitrary proportionality constant

A, is given by

aC 1602C 4, e
— = - 1+ 2Xe?) —. 4.112
5 Ae a¢2+€ (1+2Xe )8¢ ( )

We seek to solve the determining equations given by

2
Xt (80 — )\e4¢8—0 — (1 + 2>\e2¢)a—c>

o= 55 5 = 0. (4.113)

(4.112)

The operator X2 is as given in (4.4). From the determining equation (4.113),

we obtain

(G — €%9C, — 26*7CuE” — 2Xe™(, — 8Ae™ Ty — Xe' P4y

—4Ne*?Cy8?) = 0. (4.114)
(4.112)
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Upon substituting expressions for (., (s and (4 given by (4.5), (4.6) and (4.9)

respectively we then obtain the following expression

2N2EPEL O + NePPELCE + Ne €L CF + 16X2e*¢LC
HANELCE — Ne*nec Ol + Ne¥ €L CoC 0 + AN, C
+2XPEL,C2 + 2065, C3 — 26062 Cy — 8A*E2C
+12X%e*6LC 3O + 20826 LC 1Oy + 22%€226LC 3 C g0
F2XMELCyCyy + €*76,Cy + 2002€*E [ Cy + BAP?ELCl
+6*&5C 4 205 C — 206 50 Cy + 202 CyClpg
F2X%€E Oy + NP5, Cyp + A€, Cy — €261 Cy — 20e*E1Cy
—E2Cy — AN Cyy — €%y — 2Xe™ 1y, + 14X7€¥E Cyy
+3X%E,Cys + 2X72€*E L Copge + 2)\e4¢§;0¢¢ — Ae*n4,

FA?€*E,Cop + nr — Ae™ELCyy = 0. (4.115)
The separation of the monomials gives rise to

CoCass = Ao =0,
Cops = A =0,
CiCsp : Mo =0,
CoCup = A((6A™ +€*) L+ A€l +&2) =0,
Cos + A =4+ € (1AN® +3) &) + Ae™P€), + 28 — &) =0,
Co o M(2X0e" + €*) &b + E8c) = 0, (4.116)
Co o A —noe +4€* (4Xe® + 1) &6+ 2( (20 + €*) &l
+§zc>) =0,
Cyp 2¢%? (4/\e2¢ + 1) £+ 2)\e4¢n¢c — 2/\268(;55;@
—e'? (200%™ + 8Ae® + 1) &) — 2Xe™E5 — NeE]
F2XMEL — NOEL 4 €2 — 2065 + €6 = 0,

remainder (2/\e4¢ + 62¢) Ny + )\e4¢n¢¢ —n,=0.
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Since A\ # 0, the over-determined system simplifies to

& =0,
& =0,
& =0,
nee =0, (4.117)

487 — 265 + &, =0,
262 (4N + 1) € + 2™ 0 — 20e™E5 — Ae™E0 ) + 22e™E) + &2
—e*?¢5 4 ¢ = 0,
(2)\e4¢ + 62¢) Ng + )\e4¢77¢¢ —n, = 0.

From the governing equations (4.117), it can be observed that n = A(T, ¢) +
B(1,9)C, &' = D(7) and & = E(1,¢). Here A, B, D and E are arbitrary
functions of the specified variables. The remaining determining equations are

given below with the prime denoting differentiation with respect to 7

AE + D' —2E, =0, (4.118)

262%(1 4+ ANV E + €2%(1 4+ 2X0e?) D’ — *°Ey — 20e*E, + 2)\e*’B
(o] ¢ ¢

— A Ey+E, =0, (4.119)

e**(1+2Xe*?) (Ay + CBy) +Ae™ (Apy + CByy) — (Arr + CByy) = 0. (4.120)

Equation (4.120) may be separated into two equation by considering powers

of C'. These are given by
e* (1+2Xe™) Ay + Ae"?Ayy — A, = 0, (4.121)

and

e*? (1 + 2Xe*®) By + Ae**Byy — B, = 0. (4.122)
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The solution of (4.118) given by D(7,¢) = €2**F(1) — D'/4 substituted into
(4.119) yields an expression for B(r, ¢) given by
—4¢

B(r,¢) = 8% <e—2¢(D’ +oF) - S

7 D”) +G(7), (4.123)

where F' and GG are arbitrary functions of 7. This expression is substituted

into (4.122) to give
8e'* D' +16e*F' + 320e™ G’ + 8\’ D" + 8e**F" — D" = 0. (4.124)

Since the functions D, F' and G are independent of ¢, we can separate (4.124)

to obtain
D'+ 2F" + \(D" +4G") = 0, (4.125)
D" =0, (4.126)
F"=0. (4.127)

The solution of (4.125) to (4.127) is

D(T) = ]{31 + T]{PQ + 7'2]{?3, (4128)
F(T) = k’4 + T]C5, (4129)
k k k
G(r) = —ﬁ’f — 337 (1 + %) - iT + k. (4.130)

The expressions for &%, €2 and 7 are therefore given by

51 = ky + (ks + Tk3), (4.131)
1
& = —7 (ko + 2ks7) + e*®(ky + ks7), (4.132)
e~ 0 2 4¢ 2
n=—- 16\ [1{33 — 2e (k’g —+ (k?gT + k5)) + 4e (/{337'
+ 7 (ks + 2Xks + 2ks) — 4)0kg) | + A(7, 9), (4.133)

where A(7,¢) is an arbitrary function satisfying equation (4.1) and ky, ..., kg

are arbitrary constants. The resulting Lie point symmetries including the
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0
infinite symmetry generator, X, = A(T, qb)%, are

a 3
Xl — E?
)
X, = C—
2 aCa
)
_ 20 Y
X3 e a¢,
(4.134)
X — 2_{_1 ﬂ_Te_% i
T T a1 2 Blok
0 10 1 (e 20 r 0
X5 = Ta?‘@*}( 5 7)0%’
—2¢ —4¢ 2
X, = 22 7O LT et M TN L0
or 200 A\ 4 16 2 4) aC )

Note that the admitted symmetry structure and number is not affected by the

constant A, that is we obtain the same symmetries up to the specified A value.

4.6 Invariant solutions for a velocity-dependent

dispersion coefficient

4.6.1 Optimal system for generators in (4.134)

Repeating the calculations as in section (4.3.1), we construct the one-dimensional

optimal system for the Lie point symmetries in equation (4.134) and obtain
{X5+aX2,X1—i—XG—I—aXQ,Xl:|:X4,X1—|—aX2,X2,X3}, a € R. (4135)

If we admit a discrete symmetry so that X; + X5 is mapped to X; — X5, then

the number of the elements in the optimal system is reduced by one.
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4.6.2 Symmetry reductions and group invariant solu-
tions

(i) A solution invariant under X5 + aXy assumes the form

e 7 a

C =exp ( oD + gln (T))G(v), (4.136)

where v = e?/7 is the similarity variable and G is an arbitrary function

satisfying the ODE
1
NG — (1= 129" gG —0. (4.137)

Upon solving (4.137) and taking into account (4.136), we obtain the group

invariant solutions
(a) a <O0.
e 2 7 a
C’—exp< o 5—1-8—)\111(7'))

kye2¢ AN+a 3 e a 1 e
X 1F1 ymy T +hki P oo ) |-
ANt A 727 16AT 8\ 27 16AT

(4.138)
(b) a =0.
e 2 7 =20
= - — — f . 4.1
C exp( 75) 4)\> [kg VAT ky er (4\/E>} (4.139)
(c) a>0
e 2 1 a ke 2% AN—a 3 e
= ——+ =1 F = —
¢ =exp ( I8 ”(T)) {4\/77 o ( 8\ 2 16/\7‘)
a 1 e
+ k11 F1 <_8_)\’§7_m>} (4.140)
(ii) A solution invariant under X; + X, assumes the form
8AT3
C =exp ( T e 72) G(v), (4.141)
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(iii)

where v = 472 + ¢72? is the similarity variable and G satisfies

i 1 ! /y
_—a-Lg=o. 4.142
G =G =G =0 (4.142)

The group invariant solution is given by

)\ 3 24029 ]_ 4)\ 4: 2 —2¢
C =exp (837' +Te_2¢—r2) x{e4 Fh [kl Ai( * ((4)64;26 ))

+ ks Bi (1 i M&;Z e—2¢))1 } (4.143)

The invariant solution under X; + aXs is given by

C =e"G(y), (4.144)
where 7 = ¢ and G satisfies
e 2% a
G" + (2 +— ) G' — Xe*‘*‘ﬁG = 0. (4.145)

Upon solving (4.137) and taking into account (4.144), we obtain the group

invariant solutions
(a) a <O0.
1
C =e" {exp ( I (—1 i 4a/\> 6_2¢) k1

+exp (—ﬁ (-1 + m) e—2¢) 1@} . (4.146)

e 2¢

)
+ exp (i (1 n m) e—2¢) kg} . (4.148)



4.7. SOME PHYSICAL EXAMPLES 50

(iv) A solution invariant under X; + X4 + aXs assumes the form

T€74¢

1 1 T

= L CI(14167Y) 4+ e - o

¢ eXp( R R G R L

1
—l—E(l + 4a) arctan (47’)) G(7), (4.149)
where v = e?+v/1 + 167 is the group invariant and G satisfies
1

YOG + 377G + (1 — Z<1 - 4a)’y4) G =0. (4.150)

Equation (4.150) is difficult to solve exactly. However, one may solve
(4.150) by specifying a. For example, if a = —1/4 then (4.150) reduces

to a simpler form. We omit such a solution in this dissertation.

4.7 Some physical examples

4.7.1 Given constant dispersion coefficient

Example (a)

Suppose a concentration Cj of a solute is supplied to a single point, in an
instant of time. We require to determine the subsequent concentration of the
pollution at various distances from where it was released (see e.g. [38]). We

would expect concentration to vanish at large distance, that is
C(op,7) — 0, as ¢ — —oc. (4.151)

The generator X, in equation (4.28) (also, an element of the one dimen-
sional optimal systems given a = 0) leads to an invariant solution in functional
form given by

C=Gly), (4.152)

where 7 = y/7e? and G satisfies the equation

2v3G" + (49 — 1)G' =0,
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and hence
1
G = 1 + cqerf (—) .
2y

2 z
erf(z) = NG / ¢ dv is the error function [37]. In terms of the original
0

variable and subject to the boundary conditions, we obtain

e~ ?
C= C’gerfc <ﬁ> . (4153)

Here, the erfc(.) is the complement error function defined by (1-erf(.)). Solu-
tion (4.153) is depicted in Figure 4.1.

N == =1
4a5RNC =5 N
1 1=10
4 e\" - — —1=20]

-
~ -~
-~ -

Figure 4.1: Contaminant concentration profile along the radius. Here Cy = 5.

Total flux across R = R, is given by

19C R, Coe T/
S et - . 4.154
“* Ror . Coerfe (2\5) JiR, (4.154)

The contaminant flux (4.154) is depicted in Figure 4.2. Total flux across

R, = 4, increases and flattens at large time.
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10 20 30 40 50 60 70 8 90 100
Figure 4.2: Solute flux across a fixed radius. Here R, = 4 and C; = 10.

Example (b)

The Xg-invariant solution is given in functional form as

C= %exp (—64?) G(v), (4.155)

where

vy=7e? and G satisfies the ODE ~G” + G =0.

We impose the boundary conditions
C—0, ¢——00 and C=w(r), ¢— 0.

Infinite concentration at the origin implies that there is a high supply of con-
taminants at this point. Furthermore, contaminant concentration vanishes
when time evolves. In terms of the original variables we obtain the exact

(group-invariant) solution given by

1 e2¢
C= Fexp <— ym > : (4.156)
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Solution (4.156) is depicted in Figures 4.3 and 4.4. In Figure 4.3, a sharp
peak of concentration is observed shortly after 7 = 0 and decreases at later
stage. This may be interpreted as an injection of contaminants at a single
point, that is, the concentration at a single point increases but due to diffusion
at larger time it smoothed out. Note that here we have restricted our analysis
using symmetry generator Xg. This symmetry generator leads to simpler and
realistic exact solution. In Figure 4.4, we observe that concentration at the
origin decreases with time. Furthermore, this concentration vanishes at large

distances.

0.4

0.35F

0.3

0.251

0.15F

0.1

0.05

Figure 4.3: Contaminant concentration profile as time evolves.
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‘N, —
N == 1=1
091 \, """" =2 |1
N =5
0.8 Y i
AV

0.7F ., RN

0.6

Figure 4.4: Contaminant concentration profile at various fixed times.

4.7.2 Given velocity-dependent dispersion coefficient

Example (a) Steady state solution

The time translation leads to the analysis of the steady state contaminant
transport. Steady state solutions may be constructed subject to the following

imposed boundary conditions;

C =y, R=0 (4.157)
and
1dC
- — R 4.1
C + TR 0, R =R, (4.158)

The boundary condition (4.157) implies that pollutants are supplied at the
origin, and boundary condition (4.158) correspond to the assumption that
pollutants are not carried though at some distance R,, rather it accumulates

here. We obtain the exact solution

c=af(1-1)+ Len ()], s
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where A is given by

Rr-2 R
A=1—(1+2 o)
(15) e (5)

The solution (4.159) is depicted in Figures 4.5, 4.6 and 4.7. We observe in
Figure 4.5 that concentration starts decreasing and converge to some value at
large distance for p = 2 than for lower values of p, whereas A has an opposite

effect as shown in 4.6.

Ce e
" -
C—,
-

0.9
0.8
0.7F

0.6

0.4

0.3

02t |7 p=1 3
""""" p=1.5
01f |——p=2

Figure 4.5: Steady contaminant profile for concentration given in equation

(4.159). Here A = 1.
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Figure 4.6: Steady contaminant profile for concentration given in equation

(4.159). Here R =R, = 2.

Figure 4.7: Effects of A and p on concentration profile for solution given in

equation (4.159). Here R = R, = 2.



4.7. SOME PHYSICAL EXAMPLES 57

Example (b) Transient state solution

It is quite difficult to construct exact solutions for transient contaminant trans-
port subject to these boundary conditions (4.157) and (4.158). However, if one
assumes that at an initial time, say 7 = 1, the concentration at the point source
is given by a constant and that this concentration vanishes at large distances
and prolonged periods, then using the symmetry combination X; + a X, from
Table 4, the group invariant solution is given by

1 —+v1—4aX

C = Cpoe""exp [( o

)Rﬂ, V a<0 and A>0. (4.160)

Solution (4.160) is depicted in Figures 4.8 and 4.9.

‘‘‘‘‘ =0.1
0.9 "’\l\ """" 1=0.5 |7
0.8} RN =
RN
0.7t N E
‘\

0.6""':," N 4

Figure 4.8: Concentration profile for solution given in equation (4.160). Here

R=R,=2 Cy=1land \=1
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0.02

Figure 4.9: Effects of A on the concentration profile for solution given in equa-

tion (4.160). Here R=R, =2, Cy =1 and 7 = 2.

In his work, Philip [39] considered the instantaneous point source for con-
taminant dispersion during radial water flow in porous media. Exact solutions
were constructed for the two- and three- dimensional models with dispersion
coefficient depending on Péclet number defined by Pe = vL/D(v), L is the
length of the soil column. Here, we consider models in stream functions co-
ordinates. Exact close-form (similarity) solutions are constructed using the
elements of the one dimensional optimal systems. These new solutions may be
viewed as representing the continual supply of contaminant at a point (source)

which are dispersed radially.

4.8 Concluding remarks

We have focused only on the two dimensional solute concentration field within

water from a single injection well. The considered problem is a significant
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improvement in the study of solute transport under radial water background
since we analyze the convection dispersion equation in stream functions. We
have observed that extra Lie point symmetries are admitted when the dis-
persion coefficient is a constant or when it is given as a power law function
of velocity, with exponent being given by two. We have classified the group
invariant solutions by the elements of the optimal systems. In fact, new exact
solutions are constructed. The symmetry (invariant) solutions are obtainable

when dispersion coefficient is constant or is dependent on the velocity.



Chapter 5

Nonlocal symmetries and classes

of exact solutions

5.1 Introduction

In this Chapter, we consider a form of a convection dispersion equation given
in terms of the stream functions. The governing equation R{t, ¢, C'} describ-
ing movements of contaminants under radial water flow background is given
in conserved form. As such, the conserved form of the governing equation may
be written as a system of first order partial differential equations referred to
as an auxiliary system, say S{7, ¢, C 9} by an introduction of the nonlocal
(or potential variable). The resulting system of equations admits a number of
(local) point symmetries which induce the nonlocal symmetries of the original
governing equation. We construct a class of solutions using admitted genuine
nonlocal symmetries which includes the invariant solutions obtained via cor-
responding point symmetries of the governing equation. We will consider a
method presented in [29] for symmetry reductions using nonlocal symmetries.
The method finds families of solutions Sy and Sj;. We point out here that the

solutions Sy are enclosed in the solutions Sg. As such, we refer to Sj; as a wider
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class of solutions obtained by nonlocal symmetries.

In brief, a point symmetry of S{7, ¢, C, ¥} has the characteristic system
dr d¢ dC Y

&g gt g

and the invariant surface conditions [28§]
(7,0, C,0)Cr + (1,6, C,9)Cy — ' (1,9, C,0) = 0, (5.1)

&, ¢, C, )0, + (1,0, C,9)0y — (1, ¢, C, ) = 0. (5.2)

We mention here that the general solution of the invariant surface conditions
is obtained by solving the characteristic system. The general solution of the

characteristic system assumes the form

Il = ()01(7-7 ¢7 C, 19)7 (53)
I, = 902(7_7 ¢> Ca 19)7 (54)
]3 = 903(7-7 ¢7 Ca 19)7 (55)

where I, I, and I35 are the constants of integration. If we define the similarity
variable as I} = z and the similarity functions as Iy = hy(z) and I3 = ha(z),

then we can rewrite (5.3), (5.4) and (5.5) as

C'=F(1,6,C,0,hi(2), ha(2)), (5.6)
V= G(1,0,C 09, hi(2), ha(2)), (5.7)
H(r,¢,C,9,hi(2), ha(2)) =0, (5.8)

where F', G and H are arbitrary functions. The functions hi(z) and hy(z)
are determined by substituting (5.6), (5.7) and (5.8) into the auxiliary system
S{r,¢,C,9}. These lead to a class of solutions Sp. To find the solutions Sj,
we impose (5.6) into R{7, ¢, C}.

The model R{T, ¢, C} to be investigated is given by

%a_c_g( ac) oC

— jZohding i
or 9o\ TS

5 A 0. (5.9)
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R{7,¢,C} can be written in conserved form as

D, (e7**C) = D, ()\ep¢’g—i + C) : (5.10)

0 0 . . . . .

where D, = 9 and Dy = 0_(;5 By introducing an auxiliary potential vari-
T

able J(7,¢) as a further unknown function, we obtain the auxiliary system

S{r, ¢, C, ¥} given by

19¢ = 672(1)0,
oC (5.11)
_ o
9, e 3 + C.

Point symmetries of the system S{r, ¢, C, ¥} are the nonlocal symmetries of
R{7,¢,C}. Two cases of p are considered. When p = 0 the equation has a
constant dispersion coefficient and when p = 2 the equation has a velocity-
dependent dispersion coefficient. The outline of the derivation of the Lie point

symmetries of (5.11) is presented in Appendix A and Appendix B.

5.2 Nonlocal symmetries for a constant dis-
persion coefficient

Given p = 0 in (5.9) and (5.11), the dispersion coefficient D(v) becomes a
nonzero proportionality constant A. It turns out that A must satisfy three
cases for the system (5.11) to admit local symmetries which induce nonlocal
symmetries of (5.9). These cases are A = —1, A = —1/3 and the general case
with A # 0,—1,—1/3. The local symmetries of (5.11) including the infinite

0 0
symmetry generator, X,, = e*?w(r, gzﬁ)% + wd)ﬁ_ﬁ’ are presented below

Case 1: A= —1.
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8 )
Xl - 57
o 9
X, = L 192
2 = Cga %
P B
_ —2¢ _
X3 90 + 080’
x, = ;2 12 90 > (5.12)

0 e~ 91 9 e 0
X5 = Ta—f[( 5 —7)0—5}%— 2 Va9

o 9 e 5 91 9
_ 2- _ = _ 2 =
Xo = T "o T K 1 27)0 2} aC

4 20%’

J
In all the symmetries above, X5 and X are the only genuine nonlocal symme-

tries.
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Case 2: A= —1/3.

w2 |
% = o102
Xy = (%+(20+62¢19)%+19%, (5.13)
X -l (T )0
X5 = Ta% —%(36;% 67)0( +e2¢r> ﬂ]a—c

_(362 _T>19819’ )

The only genuine nonlocal symmetries of (5.9) with p = 0 are Xy, X5 and X.
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Case 3: A\ # —1,—1/3,0. Arbitrary A.

8 )
Xl - Ea
d
XQ — C%,
_ 0 19 0 (5.14)
Xy = 75 200  9C"
0 0 e2 1 1 0
_ 2= _ 2 = - - - .
Xy = 5 Ta¢ /\[<2/\T+ 1 2)C+20]8C’
L P
A\ 4 2) "oy

The only genuine nonlocal symmetry is X,. Here w(7, ¢) is an arbitrary func-

tion satisfying equation (5.9) with p = 0.

5.3 Invariant solutions for a constant disper-
sion coefficient

We apply nonlocal symmetries to find solution the family of solutions. We

point out that the solutions Sg are contained in solutions Sg.

5.3.1 C(Case 1: A= —1

We consider the nonlocal symmetries X5 and Xg.

(a) For the nonlocal symmetry X5, the corresponding characteristic system

related to the invariant surface conditions:

27Cy + (7% —27)C — 9 = 0, (5.15)

2704 — e 2% = 0, (5.16)
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is given by

dr  do dd dC

i — — . 1
0 21e® —e %9  —e=?C + 2e?7C + e®) (5.17)

Solving the characteristic system (5.17) gives the following three integrals

L=, (5.18)
Iy=1 i
2 = Vexp <—?> s (519)
—2¢
I; = (C + i) exp (—gb — e_) : (5.20)
2T 47

If we define the similarity variable as Iy = z and the similarity functions
as Iy = hy(z) and I3 = hs(z), then the solutions of the invariant surface

conditions are

C' = hy(z) exp (gz5 + 6472_¢) - %hl(z) exp <€472_¢,> (5.21)
—2

¥ = hy(2)exp (647_ ) : (5.22)

Y= (5.23)

The elimination of ¥ in the invariant surface conditions leads to the PDE
T* : 4A7%e*Chy — AT Cy — (21 +72%) C = 0. (5.24)

The family of solutions for (5.24) is given by (5.21). In order to find the
family of solutions Sj;, we substitute (5.21) into the PDE (5.9) to reduce
it to an ODE. This is given by

42%e?hly — 2z + 22ehy — hy = 0. (5.25)
This gives rise to two ODEs

22h 4 hy = 0, (5.26)

2Ry + hy = 0, (5.27)
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which have the solutions

k
hy(z2) = 715 (5.28)

k
ha(z) = \/_257 (5.29)
where k; and ko are arbitrary constants. The solutions Si are therefore

given by
= Lt (2t — y) exp [ (5.30)
= — — X . .
" C\STE M T RO T

The family of solutions Sy are obtained by substituting (5.21), (5.22) and

(5.23) into the auxiliary system (5.11) with p = 0 to obtain the system

hy =0, (5.31)
2zh + hy =0, (5.32)
with solutions
hy =0, (5.33)
k1
hi =— 5.34
1 \/27 ( )
where k; is an arbitrary constant. The solution Sg is therefore given as.
1 s e 20
C=—gr 2k, exp( - ) . (5.35)
These are also solutions of the PDE
T : 27Cs+e*°C =0, (5.36)

(b) For the nonlocal symmetry Xg, the corresponding characteristic system

related to the invariant surface conditions:

47Cy — AT*Cr + (72 —107)C — 20 =0 (5.37)

ATy — AT%04 + (€72 — 27)9 = 0 (5.38)
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Has three integrals given by

I = 7e?, (5.39)
_ ¢ e
I, = Yexp < 5" ) (5.40)
¢ 3 e 2
_ (.9 € _%,_&
I3 (e C+ o ﬁ) exp < 2¢ i ) . (5.41)

If we again make the assumptions that Iy = z, I, = hy(2) and I3 = ho(2),

then the solutions of the invariant surface conditions are

C = hy(2) exp (;p + e_w) CTCI . (? + 6_%) L (542)

4t 2T 2 4t
e 2
¥ = hy(2) exp (% + ) ) (5.43)
z=rTe’. (5.44)

The elimination of ¥ in the invariant surface conditions leads to the PDE

T* 1 167%e*Cyy + 167*°C,, — 327%*°Cy, + 87(1 — 87€*)Cy
—87(1 — 107%e**)C; + (e72? — 207 4 607%e**)C = 0. (5.45)
The family of solutions for (5.45) is given by (5.42). In order to find the

family of solutions Sj, we substitute (5.42) into the PDE (5.9) to reduce

it to an ODE. This is gives rise to the system

42°RY + 42k + 8hy — hy = 0, (5.46)

42°hy + 20zhy + 15hy = 0, (5.47)
which upon solving gives

ho(2) = = + —, (5.48)

—2k —2k 1 ks +1 — 1k
h(z) = 9 + 32[—2k; + z(62—g|— 2)ks +1i z(z —1) 4]. (5.49)

The family of solutions Sy are therefore given by

73 e 2¢ 3gz5>
C= ex —— | p, 5.50
o O ( )" (5.50)
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where
P :2]€2 + 3T6¢ [(2 + 4T€2¢)]€1 + €¢ (4/€2 — T(k’g + T€¢(l€3 +1 k4) —1 k4>)] s

and kq, ..., ks are arbitrary constants. The family of solutions

The family of solutions Sy are obtained by substituting (5.42), (5.43) and
(5.44) into the auxiliary system (5.11) with p = 0 to obtain the system

2zhl + 3hy =0, (5.52)
with solutions
k1 ko

hhf=——+— 5.53
1 Z% + \/z ( )

k
hy = —5 (5.54)

z2

where k; and ko are arbitrary constants. The solution S is therefore given

as.

1 —2¢ _
C = 57'73\/ Te?d (kl + 27e*ky — Te¢k’2) exp (%) . (5.55)

These are also solutions of the PDE

T o 47C, +47%(2e*7 — 1)C; + (672 — 47 +12e*72)C = 0. (5.56)

5.3.2 Case 2: A\=—-1/3

Considering the nonlocal symmetries X4, X5 and Xg.

(a) The nonlocal symmetry X, has the invariant surface conditions

Cy— 20 — 9 = 0, (5.57)
Wy — 1 = 0. (5.58)
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The characteristic system related to X4 has three integrals, i.e.

I =, (5.59)
I, = ve?, (5.60)
Iy = (C —)e . (5.61)

If we define the similarity variable as I; = z and the similarity functions

as Iy = hy(z) ans I3 = hy(z) we then obtain the following

C = hy(2)e* + hy(2)e*?, (5.62)
¥ = hy(2)e?, (5.63)
Z=T. (5.64)

In this case, (5.62) is the family of solutions of the PDE
T C¢¢ - 5C¢ + 6C' = 0. (565)

The substitution of (5.62) into the PDE (5.9) gives the system

ha(z) =0, (5.66)

K (z) =0, (5.67)
with solution

ha(z) =0, (5.68)

By (2) = ki. (5.69)

The family of solutions S} are consequently
C = ke*. (5.70)
This is similar to the family Sg.
(b) The nonlocal symmetry X5 has the invariant surface conditions

47Cy — 47°C, + (3e7%? — 147)C — 609 = 0. (5.71)

AT94 — A7%9, + (372 — 67)0 = 0. (5.72)
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The characteristic system related to X5 has three integrals, i.e.

I = 7e?, (5.73)
3 —2¢
I, = dexp [Z (—2¢ - eT )} : (5.74)
B 30 T 3e

These can be rewritten in terms of the similarity variable z and similarity

functions hq(z) and hy(z) as

76 3e7% 3e? 5¢ 3e %
= h — —_— — .
C = hy(z) exp < 5 + ym ) 5 hi(z) exp 5 + ) (5.76)
3 e 2%
¥ = hy(z)exp {— (Q(b - —)} , (5.77)
4 T
z = Te®. (5.78)
The substitution of (5.76) gives the system
42°hYy + 20zhly + Thy = 0, (5.79)
42°h) 4 42h) 4 8hy — Ry = 0, (5.80)
with solution
kv ko
h _m 5.81
2(2) \/E + Z% ) ( )
—2ky + 52222k + k Sky + (23 — Dk
ha() = o + 52°[22k1 + 3ng 5 +i(z )4]. (5.82)
1022
The family of solutions Sj are consequently
()
C= exp |— -2 ) 5.83
e it L (5.83)
where
p =6ky + 51 (4ky 4 7(—3ks + Te?(—6k, (5.84)
+ 7% (4ky — 37(ks +iky))) + 3iky)). (5.85)

The solutions Sy are

-2

3e %
— [Te?(27e*® — 3)k; — 3ko] exp (% - 647 ) (5.86)
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(¢) For Xg the solutions Sy and S}, are given by

1 —2¢
C = 57*%(27(32@5 — 3) exp <¢ + 3647 ) (5.87)

5.3.3 Case 3: General case A # —1,—1/3,0

Considering the nonlocal symmetry X,. We obtain the solutions

% O=gr e (_i ) _> " [QT<T€¢>‘23(k1 + (re?) k)

L (_;(2(76%—5)\2((1 — 2\)k1 + (7€) 3 (1 + 2)‘)’{2))

+ (A(kg + k1) + i 72¢*?k,) sinh ( 5 ) } (5.88)

and

27'_3<T€)_$ e 2¢ )
Sp 0= T2 (- 42 1o
§ ML+ 20 eXp< o ¢)X

A1+ 207 — Dky + (1 + 20) (7€) 3 k) (5.89)

5.4 Nonlocal symmetries for a velocity depen-
dent dispersion coefficient

Given p = 2 in (5.9) and (5.11), the dispersion coefficient is now given in terms

of the water pore velocity v. In this case (5.11) with arbitrary proportionality
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constant A admits the point symmetries given by

a \
x, = Z
1 87_7
0
— 20
X2 (& a¢,
0 0
Xy = 02 4192
2 = Coe gy
9 1[[fe* re2 e 29 0
X4:T?¢X[4_2)0_20}%
_|_l ﬂ_Te_% 193
A 4 2 o’

2706 A\ 2 T 16 1 1)V
13 N ¢ B Te 2¢ N 7'_2 o e 2% AW J
A 2 16 4 4 4 2 oC” )

The only genuine nonlocal symmetries are X4, X5 and Xg.

5.5 Invariant solutions for a velocity depen-
dent dispersion coefficient

By applying the same procedure as in section (5.3) we obtain the solutions for
a velocity dependent dispersion. We note again here that the solutions Sy are

contained in Sf.

(a) The nonlocal symmetry X, gives the family of solutions
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w

T 2 e~ e~ T
St C= E(lﬁ + 4\Te*?ky) exp (— et ot 2¢> (5.91)
and
T_g —4¢ e~ 20 .
Se o O= T (=2rehexp <_16>\T Tt 2¢) - (5:92)

(b) The nonlocal symmetry X5 gives the family of solutions

s . c=1 TN [ b et — ) g
oY TSP T T ) TR ogets )

e~ 49 1
+ 2¢ — ) (k’l — 4\/ )\7'(' k’Q erﬁ —¢>
(5

2
ex
vV retd P ( 167 4V et

|
)

and

1 e 2% T 2 ky e~
Sp @ C=— - — 20 —
F g P ( 1\ 4/\) 8 [\/_Tew P ( ¢ 16)\7')

Here, erf and erfi are the error function and the complex error function,

respectively [37].

(c) The nonlocal symmetry X gives the family of solutions

T

4 o4 2
St 1 O=—V7eXexp |—T¢ — (1—27€2¢) 0, (5.95)

24\ 16AT

where
p = [=37*%ky — ko + 67 (4\ky + Th3) + 6725 (4Nky + Thy)],

and
5

T 2

e~4¢ 2
Sy C= ]\e5o exp [(b - 1677 (1 - 27—62¢) ] p; (596)

where

p = [27€*?(ky + ky) — 47€* (Thy — 2Xky1) — K1)



5.6. CONCLUDING REMARKS 75

5.6 Concluding remarks

We have successfully applied the nonlocal symmetry techniques to a model
describing contaminant transport in saturated soils under radial water flow
background. The nonlocal symmetry analysis resulted in a number of exotic
and rich array of symmetries being admitted. As far as we know, nonlocal
symmetry techniques have not been used for these models and as such, we
have constructed new exact solutions. These solution are not obtainable by

any other symmetry techniques and are not yet recorded in literature.



Chapter 6

Conclusion

This dissertation is a body of new exact (group invariant) solutions for a model
arising in contaminant transport theory.

Firstly, models describing contaminant transport under radial water flow
background are analyzed using Lie point symmetry techniques. We have ob-
served that extra Lie point symmetries are admitted when the dispersion co-
efficient is a constant \ or when it is given as a power law function of velocity
AP, with the exponent being given by two. In our case v = e?. When the
dispersion coefficient is constant, the Lie point symmetries of (2.10) vary ac-
cording to three A cases. In particular, we have A = 1, A = —1 and a general
case where \ is just arbitrary. When the dispersion coefficient is velocity de-
pendent, we observe that the Lie point symmetries of (2.10) depend on A. We
note that the admitted symmetry structure and number is not affected by the
constant A, that is we obtain the same symmetries up to the specified A value.

The optimal system of one-dimensional subalgebras of the admitted sym-
metry Lie algebra is constructed. Furthermore, group-invariant solutions are
classified according to the elements of the optimal systems (see e.g. [22]).

On the other hand, in chapter 5 we analyzed the governing equation using
nonlocal symmetry techniques. It is possible to construct exact solutions using

nonlocal symmetries. These solutions may not be obtained using any other
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symmetry techniques. We have constructed families of exact solutions by the
method of reduction of order (see e.g. [29]). The method finds the exact
solutions Sy which are always contained in S;. As such, we refer to S} as a

wider class or family of exact solutions.



Appendix A

Nonlocal symmetries for a

constant dispersion coeflicient

The derivation of nonlocal symmetries of the contaminant transport equation
with p = 0 will be outlined. The model R{7, ¢, C} to be investigated is given

by
oc  *C  aC
207~ _ I < =
oy T o T 9

Equation (A.1) can be written in conserved form as

A 0. (A.1)

oC
D (e72°C) =Dy | A\ +C |, (A.2)
d¢
0 : . . . .
where D, = 9 and Dy = 8_¢ By introducing an auxiliary potential vari-
T

able ¥(7,¢) as a further unknown function, we obtain the auxiliary system
S{r,¢,C,9} given by
19¢ = 6_2¢C,

oC (A.3)
9, = /\%JrC.

The Lie point symmetry generator of the system (A.3) is of the form

0 0 0 0
X = 51(T7¢7 C? 19)5 + 52(7-7 ¢7 C, 19)a_¢ + 771<7-7 (b? Ca ﬁ)% + 772(7-7 (b: C7 19)8_79

(A.4)
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We seek to solve the determining equations given by

XM (9, —e72C) =0, XU (19 P C) =0. (Ab5)
(43) 9% (43)
Here X! is the operator‘
0 0
XU =

f 58@5 +77 alg—l—naao +77b80¢
(9 0

+ 59 — (A.6)

where

Ne =mr+ (ne+ &) Cr — ELC2 — 20 — £.C.Cy + ny,

Ny = 77¢ (né: f¢) §¢ — £6CyC- 5002 + 10
- 51907'1%7 - §§C¢19¢, (A8)

Mo =1 = (15 + &) - = &7 + 06 Cr — £6C-0, — £,
= §6C04 — £50-0s, (A.9)

e =1, + (5 — &) Vo — §505 + 1eCo — §50- — £CoVr
— £, — E2Cy05. (A.10)
From the determining equations (A.5) we obtain
e 2t — 27220 + e YO + ey CF — e 2EC — 2Oy
+ A GO + A4 Cy + e722E2000 + 722620 + €10 CCy + £14C
+ e 2 CCy — 3 =0 (A.11)
and
m 4 e 2262,C% + 1407 + )\nlcC¢ - T]%CT + \e 20 nyC — )\nﬁCd,
— 30 = A0C0% — N30y — MO + A Cy + €227 CC, + e72%¢%.C
+ & cOC, + &.C + N0y — Ae 2¢O C, 42X yCCy + M)y — 2 = 0.
(A.12)
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The separation of the monomials, viz., the coefficients of separate powers of

the derivatives of C' gives the following over determined system
NG =0,

Mt — A&y) =0,
AEGC + €*%€) = 0,
Mg +265C —my — & + &) =0, (A.13)
& — NGO — €2 + €600 — Xe*E, =0
2e%%nt — 2e*2¢2C + 0% + e2¢§11902 —e®niC + 62¢§(125C + e4¢§d1)C’ — e4¢n§ =0,

262020 + Ny C +E2C — 20620 +X€1C — €L 0+ A2l — €22 + 402 = 0.

Since A # 0, the first two equations in (A.13) give &' = A(7,¢,9) and &% =
B(1,¢,9) + MAyC. Here A and B are simply arbitrary functions of 7, ¢ and
Y. The fifth equation in (A.13) gives n* = D(1,¢,9). Here D is an arbitrary
function of 7, ¢ and ¥. If we now consider the third equation in (A.13), we
note that A is simply a function of 7 since Ay = 0 and Ay = 0, as such, we have
¢! = A(7). The overdetermined system simplifies into the following equations

with prime denoting differentiation with respect to 7
A'— Dy — By +nt =0, (A.14)
e’y —2e** B C + ByC? — €**DyC + e**B,C — ** Dy = 0, (A.15)
2¢*°B C + e** A'C—e**ByC + €Dy + B,C — ** D,
+AnsC + )\e%’né = 0. (A.16)
Equation (A.14) gives

n' = E(1,¢,9) — (A’ = By — Dy)C, (A.17)
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where E is an arbitrary function of 7, ¢ and ¢J. Substituting (A.17) into (A.15)

gives
2B C — > E + * A'C — ByC? — 2¢**ByC + ¢**Dy = 0. (A.18)

The functions A, B, D and E are all independent of C'. Hence equating the

coefficients of powers of C' to zero gives

C?: By =0, (A.19)
C:2B(1,¢,9) + A'— 2B, =0, (A.20)
C: B(1,¢,9) — e**Dg = 0. (A.21)

Substituting (A.17) into (A.16) gives

2¢*°B C + e** A'C + A\EyC + ADyyC? — €** B,C + e** Dy + \e*’ E,

+ABygyC? + Ae** DyyC + Ae** ByyC + B,C — e**D, = 0. (A.22)
Equation (A.22) separates as follows

c?. B@g + Dyy = 0, (A23)
C:2e¥B+ > A" + \Ey — 62¢B¢ + >\€2¢D¢19 + )\62¢B¢¢ + B, =0, (A.24)

C°:e*Dy+ \E, — D, = 0. (A.25)

Equation (A.19) shows that B is an arbitrary function independent of ¥, there-
fore from now on we will take B as a function of 7 and ¢. If we realize that
D = G(1,¢) + H(1,¢)¥ with G and H being arbitrary functions of 7 and ¢,

it remains for us to solve the following system of equations

2B+ A’ — 2B, =0, (A.26)
E —¢* (Gy+9Hy) = 0, (A.27)
Gy + e Hyd — G, — H 9+ A\Ey = 0, (A.28)

26?8 + e* A" — ** By + A\e**Hy + \e** Byy + B, + A\Ey = 0. (A.29)
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Equation (A.26) gives

Al
Sy
where K is an arbitrary function of 7. Substituting (A.30) into (A.29) leads

B(1,¢) = e*K (1) (A.30)

to the following equations
21+ N)e* K (1) +2e? K" — A" +2Xe** H,, + 2\Ey = 0, (A.31)

and

Gy +e*Hyd — G, — H9 + AE4 = 0. (A.32)

If we also substitute an expression for F found in (A.27) the we are only left

with the following equations to solve

(1+20)Gy + Ae** Gy — G, = 0, (A.33)
(1+2\)Hy + \e**Hyy — H, = 0, (A.34)
2(1 + N)e** K (1) + 2K’ — A" + 4 e* Hy = 0. (A.35)

From equation (A.35) we obtain

1 1
H(r,¢) = Y (—2(1 + Ne?K (1) +2e K’ — 56_2¢A”> + L(7). (A.36)
Substitution (A.36) into (A.34) gives

43N 4+ 4N+ 1) K (1) 4+ 8Xe?? L — 2e* A" + 4’ K" — A” = 0.  (A.37)

This separates as follows

e (14+N)(1+3\)K(r) =0,

(A.38)

e?? AL — 24" =0, (A.39)
e K" =0, ( )
(A.41)

remainder : A” = 0.
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Therefore we have

A(T) = kl + T(kz + Tkg), <A42)

K(1) = ka + 7ks, (A.43)
1

L(T) = ﬁTkig + kﬁ. <A44)

From (A.38), we note that since K(7) # 0, then we have three conditions
arising, i.e. A = —1, A = —1/3 and A # 0,—1,—1/3. As such, We have the

following cases for symmetries of (A.1).

Case 1: )\ = —1.

£1Ik1+7'(k2+7'/€3),

k
52 = —52 —Tk?3+€¢k74—|-7'6¢l{5,

1 C
771 = —§§</€3 - €¢k5) + 1 ( — 4ko + 6_2(%3 — 107k3 — 2€_¢k5

+ 4e? (ky + Ths) + 4k6) + e*w(r, ¢),

) T e 20 s
0 =1 —§k3+ 1 (k3 — 2e%ks) + ke | + w(T, ),
where w(7, ¢) is an arbitrary function satisfying equation (A.1) and ky, ..., ke

are arbitrary constants. The resulting Lie point symmetries including the
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9, 0
infinite symmetry generator, X,, = **w(r, gb)% + Wo g aTe

X, = %, )

X, = C%Jrﬁ(%,

X3 = _2¢%+0%,

x, = ;2 12 9 (A.45)

—26 —2¢
R S G ER

96 2 2lac~ "2 Vo
o 9 e 5 9] 8
_ 27 _ _ 2=
o = 75 Ta¢+K 1 27)0 2} aC
+ 62¢_Z 192
1+ 2) %

J
In all the symmetries above, X5 and Xg are the only genuine nonlocal symme-

tries.

Case 2: \=—1/3.

51:k1+7<k2+7k3),

k
&= —52 — Thy + kg + Te%ks,

24
n' = eT 2¢2%99 (—3k3 + 3e%ks 4 2e3%(ky + Tk5))

+ (3ky — 6e%ks + 86 (ky + Ths) — 26*%(2ky + Tk — 2ke)) C'| + €*%wy,
¥
n = 1 (3¢7*%ks — 67ks — 6e ™%k + 4e® (ks + Ths) + dks) + w(T, ¢),

where w(7, ¢) is an arbitrary function satisfying equation (A.1) and k1, ..., ke

are arbitrary constants. The resulting Lie point symmetries including the
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9, 0
infinite symmetry generator, X,, = **w(r, gb)% + Wo g aTe

a )
X, = —
1 87_7
0 0
Xy, = C%jtﬁ%,
o 10 0
Y = 7o 208 Yoo
_ 2 2¢ i 2 (A.46)
X, = 8¢+(20+€ 19)80+q9819,
0 0 e % 71 3 0
% = Pr-rmt () e
9, 3e~2 3 9 9]
Xs —Ta—¢— 5 —T)C’—(§+e 7')19}%
(3N ,0
2 )"

The only genuine nonlocal symmetries of (A.1) are X4, X5 and X.

Case 3: A\ # —1,—1/3,0. Arbitrary A.

flzkl—FT(lﬁQ—f‘Tkg),

k
§2 = _32 - Tk?n

1
n' = - (—20ks + ((e72* — 27)ks + 4\ (ko + 27ks — k4)) C) + e*wy,

1
7]2 — _4— (672(;5]{}3 — 27']{?3 — 4)\/{?4) Y + w<7—7 ¢>7

where w(7, ¢) is an arbitrary function satisfying equation (A.1) and ky, ..., k4

are arbitrary constants. The resulting Lie point symmetries including the
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9, 0
infinite symmetry generator, X,, = **w(r, gb)% + Wo g aTe

X5

Xy

9
or’
)
O
9 19 9
Tor 286 C8C”

Ll 1V, 0
A 4 2 oY’

(A.47)

The only genuine nonlocal symmetry of (A.1) is Xj.



Appendix B

Nonlocal symmetries for a
velocity dependent dispersion

coeflicient

The derivation of nonlocal symmetries of the contaminant transport equation

with p = 2 will be outlined. The model R{r,¢,C} to be investigated is given

by
oC oC oC
T = [N —— —, A#NO. B.1
Equation (B.1) can be written in conserved form as
D, (e7%C) = D, <A62¢g—i + C) , (B.2)
0 : . . . .
where D, = 7 and Dy = 8_¢ By introducing an auxiliary potential vari-
T

able ¥(7,¢) as a further unknown function, we obtain the auxiliary system

S{r, ¢, C, ¥} given by

19(75 = 6_2¢C,
oC (B.3)
_ y209Y
U, A€ 90 +C.

87
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The Lie point symmetry generator of the system (B.3) is of the form

0 0 0
X = . 2 i 1
€10, C,0) 5 + €7, 0.C0) 30+ 110, CO) s + (6, Co ) 3
(B.4)
We seek to solve the determining equations given by
1] —2¢ (1] 2¢ oc
X (9, —e7?°C) =0, XU|{9,=r¥—-C =0. (B5)
(B.3) 9¢ (B.3)
Here X[ is the operator:
8 8 a 2 0 0 0
xH = —
8 0
2 2
— B.
g5 (B.6)
where
e =17 + (e +&;) Cr = &6CF = €C — &.C:Cy + 139
- 511907'197 - Sgc’qﬂ?ﬂ (B?)
77i = 77¢ ( §¢) §¢> fcqﬁ fccqs + 77197%5
— §Cr04 — £5C49,, (B.8)
e =17 — (05 + &) 07 — §97 + 0g.Cr — E6Cr9- — €20,
- gécfﬁqﬁ - 51%19719@ (Bg)
e =15+ (15 — §5) Vs — §505 + neCo — £597 — ECoVr
— &3040, — E2C05. (B.10)

From the determining equations (B.5) we obtain
et — 2670 + e + 670 — e P50 + MO Cy
— 0 Cy + ANPELCE + NeE[Cy + e 262 CC, + e 27630 + £6CCy

+60C —n =0, (B.11)
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and

2X*°€2Cy +1' =12 +1eCr + ELCC, + 610 = NGO Ty — Ae*€ 0

+ APPELCy 4+ e ELCC, + e 2020 + £5C7 + e 2E2C% + Ay C — n3C

— \e¥niC, + )\264%}90; + 20e*¢5CCy + Ne*ntCy — /\62¢§%O¢2)

— Ae*?&5C + Ae*Pny = 0. (B.12)
The separation of the monomials leads to

Mg =0,

A (&0 + e*¢)) =
A (€8 = Ae5) = 0,
A28+ & +nb+260 -5 — &) =0, (B.13)
§C — Ae*&5C — €ng + 27650 — Ae*?E), = 0,
e2¢n1 — 2e22¢62C + 5302 + 62¢5$02 - 624)771290 + ez‘z’f;C + €4¢§;§C — 64%2 =0,

262¢§20+§30+62¢$C e2? 2+)\62¢ 1C’ 62¢£¢C e4¢’§¢0+)\e4¢ 1y 4‘]57735:().

Since A # 0, the first two equations in (B.13) give £! = A(7). Here A is an
arbitrary function of 7. The third and fourth equations give £ = B(r, ¢,9)
and > = D(1,¢$,9). Here B and D are arbitrary functions of 7, ¢ and 9.
The overdetermined system simplifies into the following equations with prime

denoting differentiation with respect to 7
2B+ A" — Dy — By +nt =0, (B.14)
2pt — 2e* B C' + ByC? — €’ DyC + e**B,C' — ** Dy = 0, (B.15)

2B C 4 ** A'C—e*B,C + e** Dy + B,C — e**D

+AnyC + Ae*ng = 0. (B.16)
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Equation (B.14) gives
n' = E(1,¢,9) — (2B + A" — Dy — By)C, (B.17)

where F is an arbitrary function of 7, ¢ and ¢. Substituting (B.17) into (B.15)

gives
4e**B O — e E 4 e** A'C — ByC? — 2¢**B,C + e* Dy = 0. (B.18)

Since the functions A, B, D and E are all independent of C, we can equate

the coefficients of powers of C' to zero. This gives

C*: By =0, (B.19)
C:2B+ A —2B; =0, (B.20)
C°:E—e*Dy=0. (B.21)

Substituting (B.17) into (B.16) gives

2¢**B C + e*? A'C — 20e** ByC? + \e** EgC + Ae** DyyC? — e** ByC
—2>\€4¢B¢O + €4¢D¢ + )\64¢E¢+)\62¢B¢1902 + )\64¢D¢gc + )\€4¢B¢¢O

+B,.C—e* D, = 0. (B.22)
Equation (B.22) separates as follows

02 : 2B19 - B¢19 - D1919 = 0, (B23)
C:2e*B + A + X Ey — e** By — 2)e* By + Ae* Dyy + Ae*® By,
+ B, =0, (B.24)

C°:e*Dy+ \e?Ey— D, = 0. (B.25)

Equation (B.19) shows that B is an arbitrary function independent of 1, there-
fore from now on we will take B as a function of 7 and ¢. From (B.23) we
note that D = G(7,¢) + H(1, ¢)¥ with G and H being arbitrary functions of
7 and ¢. We also note that from (B.20) that

A

B=e*H(r) — T (B.26)
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Equation (B.21) leads to
E= €2¢ (F¢ + G¢19) . (B27)
From equation (B.24), we now have

2e*°B C + e** A'C — e**ByC — 20" ByC + ¢’ Fy + G 40

+ A G yC+Ne* ByyC + B,C — e F, — e*°G,0 + A\e** EyC + N\ E4 = 0.

(B.28)
This separates as follows
C:2e*B +e* A — By — 20e™ By + Ae'®Gy + \e? By
+ B, + \e*?Ey = 0, (B.29)
C°: e Fy+ Gyl — F, — G,9 + \e*Ey = 0. (B.30)
Substituting (B.26) and (B.27) into (B.29) gives
2e*° A’ + 4e**H' — A" +8Xe™Gy = 0. (B.31)
This suggests that
1 —2¢ " ! 1 —4¢ AN

where K is an arbitrary function of 7. Substituting (B.27) into (B.30) leads

to the equations
e* (14 2Xe*) Gy + Ae'?Gyy — G, = 0, (B.33)

and

e*® (14 2Xe*?) Fy 4+ Ae'?Fyy — F, = 0. (B.34)

Substituting (B.32) into (B.33) gives

8e* A + 16" H' + 32Xe™ K’ + 8)\e* A" 4 8e** H" — A" = 0. (B.35)
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This separates as follows

e A 2H + NAK + A”) =0, (B.36)

e’ H" =0, (B.37)

remainder : A" = 0. (B.38)

Therefore we have

A(T) = by + 7(ka + Ths), (B.39)

H(T) = k’4 + Tk5, (B40)
K(r)=—"hy— 2N+ 7)ky — — ks + k (B.41)

RS S T T ‘

Therefore we have the following coefficients

51:]{1+T(k2+Tk’3),
1

€2 = 1 (kg + 27ks) + €2 (ky + ks7),
e 4
171 = ﬁ |:262¢(219k‘3 + (kg + 2(7‘/€3 + k’g,))c) - ]{?30

— 4e"(T2k3C + (kg + 2k5)0 + (20k3 + (ka + 6Mks + 2k5)C)T

+ 2\ (ky — 2k;6)0} + e*wy,

2 e 2
n = |:(k’3 — 2e ¢(k52 + 2(7’]{?3 + k’5))

16\

+ 46" (7%ky + (ky + 2\ks + 2ks)7 — AMks))D | +w(T, 0),

where w(7, ¢) is an arbitrary function satisfying equation (B.1) and ki, ..., kg

are arbitrary constants. The resulting Lie point symmetries including the
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9, 0
infinite symmetry generator, X,, = **w(r, gb)% + Wo g aTe given by

0
X, = —
1 87_7
)
1
X2 (& a¢,
0 0
X; = O— +9—
2 = U 5
0 1 et e e~ 0
X4:Ta_¢X{4_2>0_2’9]%
_|_l ﬂ_Te_% 192
A\ 4 2 oY’
0 10 1 A e 2 1 1 0
X = 77— -~ _ = 2 4L 9 =
° 9o 400 AKQ 8 +4>C+4ﬁ}80’
Lle? 1V, 9
A\ 8 4) oy
v o_ 20 10 1A e e 7\ 0
7 Tor 2796 A\ 2 ' 16 4 1) 00
L3 e ret* 7 o e_2¢+z 9
2\ 2 16 4 4 4 2

The only genuine nonlocal symmetries are X4, X5 and Xg.
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