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Abstract

In this PhD thesis, we present the modular quasi-pseudometric on a nonempty

set, a concept that generalises modular pseudometrics to the framework of

quasi-metric spaces. We investigate the topological aspects of a set equipped

with a modular quasi-pseudometric. It turns out that a set equipped with

a modular quasi-pseudometric is a bitopological space in the sense of Kelly.

Moreover, we introduce the theory of Isbell-convexity in the setting of modu-

lar quasi-pseudometrics which we shall call w-Isbell-convexity. Furthermore,

we prove that given a modular set, w-Isbell-convexity is equivalent to Isbell-

convexity whenever the modular quasi-pseudometric is continuous from the

right on the set of positive numbers. We also study the boundedness of

a set endowed with a modular quasi-pseudometric and we shall call it w-

boundedness. Consequently, we show that a self w-nonexpansive map in a

w-Isbell-convex modular set has a �xed point and the set of �xed points

is w-Isbell-convex whenever the modular quasi-pseudometric is continuous

from the right on the set of positive numbers.
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Introduction

In 2008, Chistyakov in [19] introduced the concept of a modular metric space

induced by F-modulars. He developed the theory of a modular on an arbi-

trary set and studied the notion of a metric induced by a modular that he

called the modular metric. For more details about the theory of F-modulars

we refer the reader to [17, 19, 44, 54, 68]. He de�ned a modular metric as

follows:

De�nition 0.0.1. [17] Given a nonempty set S, a function

m : (0,∞)× S × S → [0,∞] is said to be a modular metric if it satis�es the

following conditions:

1. m(λ, a, b) = 0 if and only if a = b for all a, b ∈ S and for any λ > 0,

2. m(λ, a, b) = m(λ, b, a) for all a, b ∈ S and for any λ > 0,

3. m(λ + µ, a, b) ≤ m(λ, a, c) + m(µ, c, b) for all a, b, c ∈ S and for any

λ, µ > 0.

If in this de�nition the function m satis�es the weaker condition

4. m(λ, a, a) = 0 for any λ > 0 and a ∈ S
instead of condition 1, then m is called a modular pseudometric.

For any a0 ∈ S, the set Sm(a0) = {a ∈ S : lim
λ→∞

m(λ, a, a0) = 0} is

called a modular set. For simplicity, we shall write Sm for Sm(a0). Fur-

thermore, Chistyakov de�ned the metric dm on the modular set Sm by

dm(a, b) = inf{λ > 0 : m(λ, a, b) ≤ λ} for all a, b ∈ Sm and he called

the pair (Sm, dm) a modular metric space. In recent years, there has been a

growing interest in the studies of electrorheological �uids (other authors pre-

fer to call them "smart �uids" e.g lithium polymethacrylate) because using
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su�cient accuracy, these �uids can be modelled by using classical Lesbesgue

and Sobolev spaces, Lp and W 1,p, where p is a constant. One of the most

interesting problems in this setting is the famous Dirichlet energy problem

(see [28, 29]). The classical technique used so far in studying this problem

is to convert the energy function, naturally de�ned by a modular, to a con-

voluted and complicated problem which involves a norm (the Luxemburg

norm). Afrah in [2] suggested that the modular metric approach is more

natural and has not been used extensively.

Modular metric

The main idea behind this new concept of modular metric is its physical

interpretation. Informally speaking, in the same way that a metric on a set

represents the nonnegative �nite distance between any two points of a set, a

modular metric on a set is generally the average velocity m(λ, a, b) it takes

to cover a distance between points a and point b over time λ > 0.

So a priori, one cannot make any "symmetry assumption" on such dis-

tance and by implication no "symmetry assumption" should be made on

the velocity. For instance in economics, the velocity is the rate at which

money changes hand within an economy. This is a typical natural asym-

metric setting. This is a great motivation for us to introduce the concept

of modular metric that does not satisfy the symmetry axiom of a modu-

lar metric. In this thesis, we focus on some topological aspects of a set

equipped with a modular quasi-pseudometric. We show that a set equipped

with a modular quasi-pseudometric has three topologies, one induced by the

modular quasi-pseudometric, another one induced by the transpose modular

quasi-pseudometric and the third one induced by the symmetrized modular

quasi-pseudometric.

Based on the studies on Hausdor� distance, Chistyakov in [16] introduced

the concept of pseudo-modular on the power set of a nonempty set equipped

with a modular metric in the following sense:

De�nition 0.0.2. [16] Let m be a modular metric on a nonempty set S.

Given A,B ∈ P(S) and λ > 0, then the function
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Wm : (0,∞)× P(S)× P(S)→ [0,∞] de�ned by

Wm(λ,A,B) = sup
a∈A

inf
b∈B

m(λ, a, b)

such that

1. Wm(λ,A,A) = 0 for all A ∈ P(S) and λ > 0,

2. Wm(λ+µ,A,B) ≤Wm(λ,A,C)+Wm(µ,C,B) for all A,B,C ∈ P(S)

and µ, λ > 0

is called Hausdor� pseudomodular.

It turns out that Wm(λ,A,B) 6= Wm(λ,B,A), in general, for all

A,B ⊆ S and λ > 0.

Moreover, the function W de�ned by

W (λ,A,B) = max{Wm(λ,A,B),Wm(λ,B,A)} (1)

for all A,B ∈ P(S) and λ > 0 is a modular pseudometric on P(S).

One observes that the functions

Wm(λ,A,B) = sup
a∈A

inf
b∈B

m(λ, a, b)

and

W t
m(λ,A,B) = Wm(λ,B,A) = sup

b∈B
inf
a∈A

m(λ, b, a)

satisfy all the axioms of a modular metric on the power set P(S) except

the symmetry axiom. So Wm and W t
m are modular pseudometrics on P(S)

which are not symmetric. The symmetrized modular pseudometric W in (1)

is called the Hausdor� pseudomodular induced by the modular metric m.

We study the Hausdor� modular quasi-pseudometric induced by the

modular quasi-pseudometric and its transpose and we show that the mod-

ular quasi-pseudometric generated by the Hausdor� pseudometric induced

by the sum of modular quasi-pseudometric and its transpose modular quasi-

pseudometric has similar behaviour like the Pompéu quasi-pseudometric. It

turns out that this Hausdor� modular pseudometric is just a symmetrisation
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of a Hausdor� modular pseudometric which does not satisfy the symmetry

axiom of a modular pseudometric. Moreover, in [16] Chistyakov introduced

a topology τ(m) on the modular set Sm in the following sense:

De�nition 0.0.3. [16] Let Sm be a modular set and τ(m) be the family of

all w-open subsets of Sm. Then a subset O of Sm is τ(m)-open if and only

if for any λ > 0 and a ∈ O, there exists µ > 0 such that the entourage set

Bλ,µ(a) = {b ∈ Sm : m(λ, a, b) ≤ µ}

is inside the subset O.

We use this de�nition to study the topologies induced by a modular

quasi-pseudometric on a nonempty set S.

Isbell-convexity

A metric space (S, d) is said to be hyperconvex (see [38, De�nition 4.1]) if

for each family (xi)i∈I of points in S and each family of positive real num-

bers (ri)i∈I , the conditions d(xi, xj) ≤ ri + rj for all i, j ∈ I imply that

∅ 6=
⋂
i∈I Cd(xi, ri). In this case, Cd(x, r) denotes the closed ball of (non-

negative) radius r at x. Dress [23] and Isbell [31] independently constructed

the hyperconvex hull of a metric space.

Though using di�erent terminology, Salbany in [65, Proposition 9] ob-

served that in a quasi-pseudometric space the concept of hyperconvexity can

be rede�ned in the following sense:

De�nition 0.0.4. A quasi-pseudometric space (S, d) is called Isbell-convex

if for each family (xi)i∈I of points in S and families of nonnegative real

numbers (ri)i∈I and (si)i∈I the conditions d(xi, xj) ≤ ri + sj for all i, j ∈ I
imply that ⋂

i∈I
(Cd(xi, ri) ∩ Cdt(xi, si)) 6= ∅.

We �nd it important to point out that the set of the reals equipped with

the usual metric is not Isbell-convex (see [34, Example 2]), although it yields

the paradigmatic example of a hyperconvex metric space [38, Proposition
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4.1]. In [34], Olela Otafudu et al. investigated the concept of an Isbell-

convex quasi-pseudometric space. Compared to investigations by Jawhari,

Pouzet and Misane [32], their investigations developed quite naturally in par-

allel with the well-known metric theory of hyperconvexity (see e.g. [24] and

[38]). Though many classical ideas about hyperconvexity can be generalized

properly from the modular metric setting to the modular quasi-pseudometric

setting, these generalizations are not always trivial and sometimes the asym-

metric setting requires interesting new variations of old arguments. Naturally

this has led to the belief that Isbell-convexity on a modular set equipped with

a modular quasi-pseudometric may also be investigated. In this thesis, we

establish that given a modular set, w-Isbell-convexity is equivalent to Isbell-

convexity whenever the modular quasi-pseudometric is continuous from the

right on the set of positive numbers.

More recently in [40], Khamsi and Kozlowski presented a �xed point

result for pointwise nonexpansive and asymptotic pointwise nonexpansive

mappings acting on modular functions spaces. The theory of nonexpansive

mappings de�ned on convex subsets of Banach spaces has been well devel-

oped since the 1960s (see e.g. Belluce and Kirk [8], Browder [12], Bruck [13]

and Lim [50]), and generalized to other metric spaces (see e.g. [26, 27, 42]),

and modular function spaces (see e.g. [39]).

Afrah in [2] studied the concept of one-local retract in the more general

setting of modular metric spaces. He proved the existence of common �xed

points for a family of modular nonexpansive mappings de�ned on nonempty

w-closed and w-bounded subsets of a modular metric space.

In this thesis we also study the boundedness (w-boundedness) of a set en-

dowed with a modular quasi-pseudometric and show that a self-nonexpansive

map (w-nonxpansive map) on a w-Isbell-convex modular set has a �xed

point. Moreover, we show that the set of �xed points is w-Isbell convex

whenever its modular quasi-pseudometric is continuous from the right on

the set of positive numbers.

Organization of the thesis

Chapter 1
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This chapter is devoted to some useful background concepts and de�nitions

that will be used throughout the thesis. In the �rst section, we present a

summary of the theory of quasi-pseudometric spaces and give interesting

examples. We then proceed to revisit the well-known concept of Hausdor�

quasi-pseudometric in the second section. The third section is devoted to

the concept of an Isbell-convex quasi-pseudometric space.

Chapter 2

In this chapter we summarise the results of Chistyakov on modular met-

rics (see [16, 17, 18]). The �rst section of this chapter reviews the de�nition

of a modular metric and considers some examples. In the second section, we

discuss the concept of a modular set. We show that a modular set equipped

with a pseudometric induced by a modular pseudometric turns out to be a

metric space. In the third section, we review convergence in the modular

pseudometric setting. The fourth section explores the usual metric space

terminology in the modular metric setting that characterizes modular open

and modular closed sets in the modular set S∗m. In the �fth section and the

sixth section we look into the notion of modular convergence in a set and

discuss topology on a modular set respectively. In the last section of this

chapter, we discuss the concept of Hausdor� pseudomodular on the power

set equipped with a modular metric.

Chapter 3

In this chapter we start our own investigations on a modular pseudomet-

ric which does not satisfy the symmetric axiom of a modular pseudometric

and we call it modular quasi-pseudometric. In the �rst section, we de�ne and

present the concept of modular quasi-pseudometric and show that a mod-

ular quasi-pseudometric is a nonincreasing function. We de�ne a modular

set in the modular quasi-pseudometric setting, and we show that whenever a

modular set is equipped with a T0-quasi-metric enduced by a modular quasi-

pseudometric, it becomes a T0-quasi-pseudometric space. Since for nonsym-

metric distance functions there are several completeness concepts, the second

section is devoted to discussing Cauchy sequences and left-(right)-Cauchy

sequences. In the third section of this chapter, we study some topological
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aspects on a set equipped with a modular quasi-pseudometric. We show that

a set equipped with a modular quasi-pseudometric has three topologies. In

the fourth section, we generalise the Hausdor� modular quasi-pseudometric

induced by modular quasi-pseudometric and its transpose. We show that

the modular quasi-pseudometric generated by Hausdor� pseudomodular in-

duced by the sum of modular quasi-pseudometric and its transpose modular

quasi-pseudometric has similar behavior to the Pompéiu quasi-pseudomeric.

Chapter 4

In this chapter we present the concept of Isbell-convexity in the modular

quasi-pseudometric setting. The �rst section is devoted to the introduction

and presentation of the theory of Isbell-convexity in the setting of a modular

quasi-pseudometric. We show that on a modular set, w-Isbell-convexity is

equivalent to Isbell-convexity whenever the modular quasi-pseudometric is

continuous from the right on the set of positive numbers. In the second part

of this chapter, we discuss the w-boundedness of a set endowed with a modu-

lar quasi-pseudometric. We eventually show that a self w-nonexpansive map

on a w-Isbell-convex modular set has a �xed point. We consequently prove

that if a modular quasi-pseudometric is continuous from the right on the set

of positive numbers and given a w-nonexpansive map, then the set of �xed

points is nonempty and w-Isbell-convex.

Chapter 5

In this chapter we give a summary of the results we have achieved and

give some open problems for future studies.
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Chapter 1

Preliminaries

In this chapter, we begin by considering some basic de�nitions, properties,

notations and some results that will be useful in the thesis. We will �rst

present the theory of quasi-metric spaces and later look into and summarise

facts about Hausdor� quasi-pseudometrics de�ned on a power set. We refer

the reader for instance to [49] or [22] for further details on quasi-pseudometric

spaces and on Hausdor� quasi-pseudometrics. We shall also recall some

concepts of Isbell-convexity in the latter section of this chapter.

1.1 Quasi-pseudometric

Let us start by recalling some basic concepts from the theory of quasi-

pseudometric spaces as they form a basis for the thesis.

De�nition 1.1.1. [49, De�nition 2.1] Let S be a nonempty set and let

q : S × S → [0,∞] be a function such that

1. q(a, a) = 0 for all a ∈ S;

2. q(a, b) ≤ q(a, c) + q(c, b) for all a, b, c ∈ S
(where q attains in�nite values the triangle inequality is interpreted in

the obvious way).

Then q is called an extended quasi-pseudometric on S. If q is an extended

quasi-pseudometric on S, then we shall call the pair (S, q) an extended quasi-

pseudometric space.
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We shall call q a quasi-pseudometric provided that q is a mapping into

S×S → [0,∞) (meaning the function q does not attain in�nite values). A(n

extended) quasi-pseudometric q on S is called a quasi-metric (or T0-quasi

metric) if for all a, b ∈ S, q(a, b) = 0 implies a = b.

We next give a practical T0-quasi-metric example.

Example 1.1.1. [66, Example 1.1.1] Let q(a, b) be a �distance above sea

level" function such that a is a point at sea level and b is some point vertical

to a. Now, if q(a, b) = 10, it means b is 10 units above a. But if q(a, b) = 0,

it does not necessarily mean that both a and b are at sea level. It could mean

that b is below sea level. So q(a, b) = 0 because the function is de�ned for

above sea level. Hence q(a, b) is a T0-quasi-metric.

Most importantly, we are mainly interested in quasi-pseudometrics in the

following.

Remark 1.1.1. When q is a(n extended) quasi-pseudometric on S, then

q−1 : S × S → [0,∞] de�ned by q−1(a, b) = q(b, a) for all a, b ∈ S is

also a(n extended) quasi-pseudometric of S, called the transpose (extended)

quasi-pseudometric of q. Lastly, q is called a(n extended) pseudometric on

S if q = q−1. As usual, for any T0-quasi-pseudometric q, the function

qs = max{q, q−1} = q
∨
q−1 is a pseudometric (see [49]).

We give the following examples for clari�cation.

Example 1.1.2. [66, Example 1.1.2] Let R be the set of real numbers. The

function

u(a, b) = a
·
− b = max{a− b, 0}

for all a, b ∈ R is a T0-quasi-metric on R. Moreover, the function us = |a−b|
for all a, b ∈ R is the usual metric on R.

Example 1.1.3. [66, Example 1.1.3] Let R be the set of real numbers and

the function q de�ned by

q(a, b) =

{
ea − eb if a ≥ b
eb − ea if a < b

for all a, b ∈ R is a T0-quasi-metric on R and the pair (R, q) is a T0-quasi-

metric space.
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Remark 1.1.2. Let (S, q) be a(n extended) quasi-pseudometric space.

1. For each a ∈ S and ε > 0, the set Bq(a, ε) = {b ∈ S : q(a, b) < ε}
denotes an open ball with centre a and radius ε.

2. The collection of all open balls forms a base for a topology τ(q) and

such a topology is said to be a topology induced by q on S.

3. We also have the set Cq(a, ε) = {b ∈ S : q(a, b) ≤ ε} for all a ∈ S and

ε > 0, which is called a closed ε-ball with centre a and radius ε.

Note that Cq(a, ε) is τ(q−1) closed but not τ(q)-closed in general.

Remark 1.1.3. The topology induced by qs(i.e τ(qs)), is �ner than other

topologies (i.e. τ(q) and τ(q−1)).

A map f : (S, q)→ (X, p) between two quasi-pseudometric spaces (S, q)

and (X, p) is called an isometry (or an isometric map) if

p(f(a), f(b)) = q(a, b) for all a, b ∈ S. Moreover, if (S, q) is a T0-quasi-metric

space, then f is said to be injective if f : (S, q)→ (X, p) is an isometric map

between two quasi-pseudometric spaces (S, q) and (X, p) (see [45, Lemma

4]).

Furthermore, if there exists a bijective isometry f : (S, q) → (X, p) be-

tween two quasi-pseudometric spaces (S, q) and (X, p), then these quasi-

pseudometric spaces are said to be isometric.

Moreover, given two quasi-pseudometric spaces (S, q) and (X, p), such that

there is a map f : (S, q)→ (X, p) between them, then such a map is said to

be non-expansive provided that p(f(a), f(b)) ≤ q(a, b) for all a, b ∈ S.

Example 1.1.4. [56, Example 3.3] Let (S, q) be a T0-quasi-metric space and

let P(S) ≡ 2S denote the family of subsets of S and denote the set of the

nonempty subsets of S by P0(S). Then for any A ∈ P0(S), set

(fA)1(a) := dist(A, a) and (fA)2(a) := dist(a,A) for all a ∈ S. Then for

the function pair fA = ((fA)1, (fA)2), we have (fA)1 : (S, q) → (R, u) is a

nonexpansive map and (fA)2 : (S, q) → (R, u) is a nonexpansive map where

u is a T0-quasi-metric de�ned in Example 1.1.2.
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1.2 Hausdor� quasi-pseudometric

In this section, we recall the well known concept of Hausdor� quasi-pseudometric.

Let (S, q) be a quasi-pseudometric space and let P0(S) be the set of all

nonempty subsets of S. Given B ∈ P0(S), we shall set the distance func-

tion between a point and a set as dist(a,B) = inf{q(a, b) : b ∈ B} and

dist(B, a) = inf{q(b, a) : b ∈ B} where a ∈ S.
For any A,B ∈ P0(S), we set the distance function between sets as

qH(A,B) = max

{
sup
b∈B

dist(A, b), sup
a∈A

dist(a,B)

}
(see [49] and compare [10]). Then qH is called an extended Hausdor� (-

Bourbarki) quasi-pseudometric on P0(S). When qH is restricted to the set

of all the nonempty subsets B of S that satisfy B = clτ(q)B ∩ clτ(q−1)B,

where clτB is the closure of B with respect to topology τ , then qH is an

extended T0-quasi-metric on P0(S) (compare [47, page 164]).

Remark 1.2.1. It is maybe important to point out that the Hausdor� dis-

tance function on C0(S) (where C0(S) is the set of all nonempty, closed and

bounded subsets of a metric space (S, d)) can be "divided" into two non-

symmetric distance functions. Furthermore, if (S, q) is a quasi-pseudometric

space, then the mapping q : P0(S) × P0(S) → [0,∞], is called the upper

Hausdor� extended quasi-pseudometric on P0(S) (see [59]) de�ned by

qq(A,B) = sup
b∈B

q(A, b)

for each A,B ∈ P0(S) . One can e�ortlessly prove that qq(A,B) is a quasi-

pseudometric on P0(S). Similarly the transpose quasi-pseudometric q−1 is

called the lower Hausdor� extended quasi-pseudometric on P0(S) (see [59])

de�ned by

q−1q (A,B) = sup
a∈A

q(a,B)

for each A,B ∈ P(S).

Moreover, the join qsq = qq
∨
q−1q = max{qq, q−1q } is the Hausdor� extended

quasi-pseudometric on P0(S) (see [10, 48]) and Hausdor� pseudometric if q

is a pseudometric itself (see [10]). It is known that that qq, q
−1
q and qsq are

quasi-pseudometric on P0(S) whenever q is bounded.
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Clearly qq({a}, {b}) = q(a, b), hence the upper Hausdor� quasi-pseudometric

qq is an extension of the ordinary quasi-pseudometric q. Now if q is un-

bounded, then qq attains in�nite value because whenever a ∈ S, we have

qq({a}, S) = ∞. Furthermore, the upper Hausdor� quasi-pseudometric is

invariant when sets are replaced by their closures. Particularly, the upper

Hausdor� quasi-pseudometric between a set (say A) and its closure (Ā) must

be zero. Lastly, if we restrict qq to act only on nonempty closed subsets of

C0(S), then qq would satisfy the usual axioms of q. Hence qq de�nes an

extended real valued quasi-pseudometric on C0(S).

Example 1.2.1. (compare [34, remark 4]) Let (S, q) be a T0-quasi-metric

space and let P(S) ≡ 2S denote the family of subsets of S (called power set)

and symbolise the set of nonempty subsets of S by P0(S). Then for any

A ∈ P0(S), set (fA)1(a) := dist(A, a) and (fA)2(a) := dist(a,A) for all a ∈
S. Then for the function pair fA = ((fA)1, (fA)2), we have (fA)1 : (S, q)→
(R, u) is a nonexpansive map and (fA)2 : (S, q) → (R, u) is a nonexpansive

map, where u(a, b) = max{a− b, 0} for all a, b ∈ R. Furthermore,

qH(A,B) = Qq(fA, fB) whenever A,B ∈ P0(S) and qH(A,B) is the extended

Hausdor� quasi-pseudometric on P0(S) and Qq is the extended T0-quasi-

metric de�ned by

Qq(f, g) = sup
a∈S

(f1(a)
·
− g1(a)) ∨ sup

a∈S
(g2(a)

·
− f2(a))

on C(S, q) (set of continuous real valued functions on S) whenever

f = (f1, f2), g = (g1, g2) ∈ C(S, q).

1.3 Isbell-convexity

In this section we recall some concepts on Isbell-convexity and Isbell-completeness

on a quasi-pseudometric space.

De�nition 1.3.1. [34] A quasi-pseudometric space (S, q) said to be Isbell-

convex if for each family of (xi)i∈I of points in S and families of nonnegative

real numbers (ri)i∈I and (si)i∈I , the following condition holds:

If q(xi, xj) ≤ ri+sj for all i, j ∈ I, then
⋂
i∈I

Cq(xi, ri)∩Cq−1(xi, si) 6= ∅.
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Remark 1.3.1. We are mainly interested in T0-quasi-metric space, and for

that we do not only require ri or si (for all i ∈ I) to be positive in De�nition

1.3.1 but also allow them to be zero.

Example 1.3.1. [34] Let the set R of real numbers be equipped with the

T0-quasi-metric u(a, b) = max{a − b, 0} for all a, b ∈ R. Then (R, u) is

Isbell-convex.

Corollary 1.3.1. [34] Let (R, u) be the Isbell-convex T0-quasi-metric space

de�ned in Example 1.3.1. Then the subspace [0,∞) of (R, u) is also Isbell-

convex.

Example 1.3.2. [34] Let the set R of real numbers be equipped with the usual

metric us(a, b) = |a− b| for all a, b ∈ R. Then (R, us) is not Isbell-convex.

De�nition 1.3.2. [34] A quasi-pseudometric space (S, q) is said to be metrically-

convex if for any points a, b ∈ S and nonnegative numbers r and s such that

q(a, b) ≤ r + s, then there exists c ∈ S such that q(a, c) ≤ r and q(c, b) ≤ s.

Example 1.3.3. [34] Let R be the set of real numbers and q be the Sorgenfrey

quasi-pseudometric on R which is de�ned as

q(a, b) =

{
a− b if a ≥ b
1 otherwise

for all a, b ∈ R. Then q is not metrically convex. Indeed, if we let a = 1
2 and

b = 1, then q(a, b) = 1 ≤ 1
2 + 1

2 . But there is no c ∈ R such that q(12 , c) ≤
1
2

and q(c, 1) ≤ 1
2 because such c would have to less than 1

2 and greater that 1.

De�nition 1.3.3. [34] Let (S, q) be a quasi-pseudometric space. A family of

balls

(
Cq(xi, ri), Cq−1(xi, si)

)
i∈I

with ri, si ≥ 0 and xi ∈ S is said to have

the mixed binary intersection property if for all i, j ∈ I, we have

Cq(xi, ri) ∩ Cq−1(xj , sj) 6= ∅.

De�nition 1.3.4. [34] A quasi-pseudometric space (S, q) is said to be Isbell-

complete if for every family

(
Cq(xi, ri), Cq−1(xi, si)

)
i∈I

of balls with the

mixed binary intersection property has
⋂
i∈I

(
Cq(xi, ri) ∩ Cq−1(xi, si)

)
6= ∅.

Lemma 1.3.2. [34] A quasi-pseudometric space (S, q) is Isbell-convex if and

only if it is metrically convex and Isbell-complete.
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Chapter 2

Modular metric

In this chapter, we summarise the results of Chistyakov on modular metric

spaces (see [17, 18]).

2.1 Modular metric

De�nition 2.1.1. [17, De�nition 2.1.] Let S be a nonempty set. A function

m : (0,∞)×S×S → [0,∞] is said to be a modular metric on S if it satis�es

the following axioms:

1. given a, b ∈ S, a = b if and only if m(λ, a, b) = 0 for all λ > 0;

2. m(λ, a, b) = m(λ, b, a) for all λ > 0 and a, b ∈ S;

3. m(λ+ µ, a, b) ≤ m(λ, a, c) +m(µ, c, b) for all λ, µ > 0 and a, b, c ∈ S.

In the following remark we give a few observations from De�nition 2.1.1.

Remark 2.1.1. [2]

1. If instead of axiom (1) in the above de�nition, the function m satis�es

a weaker condition (1') m(λ, a, a) = 0 for all λ > 0 and a ∈ S, then m
would be called a modular pseudometric on S.

2. If instead of axiom (1), the function m satis�es (1') and a stronger

condition (1�) for any a, b ∈ S and λ > 0 with a 6= b, then

m(λ, a, b) 6= 0 and such m is said to be a strict modular metric on S.
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3. A modular metric m on S is said to be regular if the following weaker

version of (1) is satis�ed (1�') given a, b ∈ S, a = b if and only if

m(λ, a, b) = 0 for some λ > 0.

Remark 2.1.2. [16]

1. If we assume m : (0,∞) × S × S → (−∞,∞] in the de�nition of

a modular (pseudo)metric, then the assumption does not lead to any

greater generality. Actually, setting a = b and µ = λ > 0 in the triangle

inequality property axiom of m and also taking into account (1'), we

get

0 = m(2λ, a, a) ≤ m(λ, a, c) +m(λ, c, a) = 2m(λ, a, c)

and so, m(λ, a, c) ≥ 0 or m(λ, a, c) = ∞ for all λ > 0 and a, c ∈ S
hence m is well de�ned in m : (0,∞)× S × S → [0,∞].

2. If m(λ, a, b) = m(a, b) for all a, b ∈ S, meaning m being independent

of λ > 0, then m would just be an extended metric on S and if m was

not de�ned for in�nite values, then m would be just a usual metric on

S.

3. If m(λ, a, b) = m(λ) for all a, b ∈ S and λ > 0, meaning m being

independent of a, b ∈ S, then m ≡ 0 by virtue of (1) and (1') and m

would be a (pseudo) modular on S (see [57] for more details on modular

on a real linear space).

We now explore a few simple examples of modular (pseudo)metrics on a

nonempty set.

Example 2.1.1. [17, Example 2.4 (a)] Let S be a nonempty set. The func-

tion m : (0,∞)× S × S → [0,∞] de�ned by

m(λ, a, b) =

{
∞ if a 6= b,

0 if a = b

for all a, b ∈ S and λ > 0 is a modular metric on S.

Example 2.1.2. [17, Example 2.4 (b)] Given a nonempty set S with a, b ∈ S,
the function m : (0,∞)× S × S → [0,∞] de�ned by

m(λ, a, b) =
d(a, b)

φ(λ)
,
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where φ : (0,∞)→ (0,∞) is a nondecreasing function and d is a (pseudo)metric

on S, is a modular (pseudo)metric on S.

Remark 2.1.3. In Example 2.1.2 above, it is important for the function

φ : (0,∞) → (0,∞) to be nondecreasing because if it is not nondecreasing

then m in Example 2.1.2 would not be nonincreasing (see Lemma 2.1.1).

Example 2.1.3. [17, Example 2.4 (c)] Let (S, d) be a (pseudo)metric space.

The function de�ned by

m(λ, a, b) =

{
∞ if 0 < λ ≤ d(a, b),

0 if λ > d(a, b)

for all a, b ∈ S and λ > 0 is a modular (pseudo)metric on S and the pair

(S,m) is a modular (pseudo)metric space.

Remark 2.1.4. In Example 2.1.3, if we replace the condition λ ≤ d(a, b)

with λ < d(a, b) and condition λ > d(a, b) with λ ≥ d(a, b), it will not lead

to any signi�cant results.

One of the essential properties of a modular (pseudo)metric m on S is

its monotonicity.

Lemma 2.1.1. [17, page 3] Let S be a nonempty set. Given a, b ∈ S, the
function m : (0,∞)× S × S → [0,∞] is nonincreasing on (0,∞).

Proof. Let λ, µ ∈ (0,∞) such that λ > µ. Setting c = a in conjunction to

property (3) of De�nition 2.1.1, we have

m(λ, a, b) = m(λ− µ+ µ, a, b) ≤ m(λ− µ, a, a) +m(µ, a, b). (2.1)

Meaning

m(λ, a, b) ≤ m(µ, a, b)

since m(λ − µ, a, a) = 0 by property (1'). This shows that though λ > µ,

m(λ, a, b) ≤ m(µ, a, b) for all a, b ∈ S. Hence m is nonincreasing.
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Consequently, given a, b ∈ S and λ > 0, the limit from the right exists in

[0,∞] and is given by

m(λ+ 0, a, b) = lim
µ→λ+0

m(µ, a, b) = sup{m(µ, a, b) : µ > λ} (2.2)

and the limit from the left also exists in [0,∞] and is de�ned as

m(λ− 0, a, b) = lim
µ→λ−0

m(µ, a, b) = inf{m(µ, a, b) : 0 < µ < λ}. (2.3)

Now, combining equation (2.3) and equation (2.2), we have the following

inequalities that hold for all 0 < µ < λ

m(λ+0, a, b) ≤ m(λ, a, b) ≤ m(λ−0, a, b) ≤ m(µ+0, a, b) ≤ m(µ, a, b) ≤ m(µ−0, a, b).

(2.4)

Using the monotonicity property of m, for any 0 < µ < µ1 < λ1 < λ, we

have:

m(λ, a, b) ≤ m(λ1, a, b) ≤ m(µ1, a, b) ≤ m(µ, a, b)

and m remain to pass the limits as λ1 → λ− 0 and µ1 → µ+ 0.

2.2 Modular sets

In the previous section, we have explored modular (pseudo)metrics. In this

section, we show that a modular (pseudo)metric induces an equivalence rela-

tion on the set S, and we shall call the quotient set a modular set. Moreover,

we show that if a modular set is equipped with a metric induced by a modular

metric, then the modular set is a metric space.

De�nition 2.2.1. [17, page 3] Let S be a nonempty set and m be a modular

(pseudo)metric on S. We de�ne the binary relation
m∼ on S by

a
m∼ b if and only if lim

λ→∞
m(λ, a, b) = 0 (2.5)

for all a, b ∈ S and λ > 0.

Lemma 2.2.1. [66, Lemma 2.2.2] If S is a nonempty set, then the binary

relation de�ned on S in De�nition 2.2.1 above is an equivalence relation on

S.
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De�nition 2.2.2. [66, De�nition 2.2.3] Let m be a modular metric on a

nonempty set S with an equivalence relation
m∼ de�ned on S. We denote the

quotient set of S with respect to
m∼ as S\ m∼ and de�ne the set Sm(a) as

Sm(a) = {b ∈ S : b
m∼ a} =

{
b ∈ S : lim

λ→∞
m(λ, a, b) = 0

}
of which it is the equivalence class of an element a ∈ S in the quotient set

S\ m∼. If we �x a ∈ S, and set Sm(a) = Sm, then we call the set Sm a

modular set.

We de�ne another type of modular set. For a �xed a ∈ S, we have

S∗m = S∗m(a) = {b ∈ S : ∃λ > 0 such that m(λ, a, b) <∞}.

In the following remark, we give few observations about a modular set.

Remark 2.2.1. [16]

1. Given an equivalence class Sm(a), any other elements that belongs to

equivalence class should be equivalent to a (i.e. y
m∼ z if and only if

y, z ∈ Sm(a)).

2. It is clear Sm ⊂ S∗m but this inclusion may be proper in general.

3. It turns out that the function d̃ : (S\ m∼)× (S\ m∼)→ [0,∞] de�ned on

the quotient set S\ m∼ by

d̃(Sm(a), Sm(b)) = lim
λ→∞

m(λ, a, b)

for all a, b ∈ S is well de�ned and satis�es the axioms of an extended

metric as the function may take in�nite values.

Next we give some examples of modular sets.

Example 2.2.1. [17] Let (S, d) be a metric space and m be a modular metric

on S de�ned by

m(λ, a, b) =

{
∞ if 0 < λ ≤ d(a, b),

0 if λ > d(a, b)

for all a, b ∈ S and λ > 0.

18



In this case, we see that as λ → ∞ we get m ≡ 0, and for that we have

Sm(a) = S for all a ∈ S and d̃ ≡ 0. Therefore, the quotient pair (S\ m∼, d̃)

degenerates.

Example 2.2.2. [66, Example 2.2.1] Let S be a nonempty set and m be a

modular metric de�ned on S by

m(λ, a, b) =

{
∞ if a 6= b

0 if a = b

for all a, b ∈ S and λ > 0. Then the modular set in this case is a singleton

(i.e. Sm(a) = {a}).

Example 2.2.3. [66, Example 2.2.2.] Consider a modular metric m de�ned

in Example 2.1.2. For any a ∈ S, a modular set is given by

Sm(a) =

{
b ∈ S : lim

λ→∞

d(a, b)

φ(λ)
= 0

}
for all λ > 0. Since φ is nondecreasing, then it is either bounded above or

not bounded above. If it is not bounded above, then Sm(a) = S. But if φ is

bounded above, then that would imply d(a, b) = 0. Then Sm(a) = {a}.

Remark 2.2.2. It is worth noting that Sm(a) ⊆ S.

The following theorem is one of the main results of the Chistyakov's paper

[17]. The theorem shows that whenever a modular set is equipped with a

metric induced by its modular metric and then the modular set is a metric

space.

Theorem 2.2.2. [17, Theorem 2.6.] Let S be a nonempty set and m be a

modular (pseudo) metric on S. If dm is a function de�ned on S by

dm(a, b) = inf{λ > 0 : m(λ, a, b) ≤ λ}

for all a, b ∈ S, then dm is an extended (pseudo) metric on S. Furthermore,

the restriction of dm to Sm is a (pseudo) metric on Sm.

Proof. For us to show that dm is a metric on Sm, we have to show that the

function dm satis�es all the properties of a metric. But we start by checking

if dm is well de�ned.
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Suppose a, b ∈ Sm. Then a
m∼ b (i.e lim

λ→∞
m(λ, a, b) = 0). Hence the smallest

value of dm is dm(a, b) = 0.

Furthermore for any λ > 0 we have some λ0 > 0 such that when λ > λ0, we

have m(λ, a, b) ≤ 1.

If we let λ1 = max{1, λ0}, then m(λ, a, b) ≤ 1 ≤ λ1. So we have

dm(a, b) = inf{λ > 0 : m(λ, a, b) ≤ λ} ≤ λ1 <∞.

This implies that dm(a, b) is �nite. Therefore dm(a, b) ∈ [0,∞) for all a, b ∈
Sm. Thus the function dm is well de�ned. We now prove that dm is a metric.

1. If a = b where a, b ∈ Sm, then m(λ, a, b) = 0 for all λ > 0 since m is a

modular metric on S. Then we have

dm(a, b) = inf{λ > 0 : m(λ, a, b) ≤ λ}

= 0.

Therefore dm(a, b) = 0. If dm(a, b) = 0, then

dm(a, b) = inf{λ > 0 : m(λ, a, b) ≤ λ}

0 = inf{λ > 0 : m(λ, a, b) ≤ λ}.

This implies that m(λ, a, b) = 0 since λ 6= 0. This means that a = b

because m is a modular metric on S.

2. We prove the symmetry condition. Since m is a modular metric on S,

then m possesses the symmetry property. Thus we have

dm(a, b) = inf{λ > 0 : m(λ, a, b) ≤ λ}

= inf{λ > 0 : m(λ, b, a) ≤ λ}

= dm(b, a).

Therefore dm(a, b) = dm(b, a).

3. Now we prove the triangle inequality (i.e. dm(a, b) ≤ dm(a, c)+dm(c, b)

for all a, b, c ∈ Sm).
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By the de�nition of dm, for any λ, µ > 0 we have

dm(a, b) < λ and dm(c, b) < µ

and furthermore we have

m(λ, a, b) ≤ λ and m(µ, c, b) ≤ µ.

Since m is a modular metric on S, then

m(λ+ µ, a, b) ≤ m(λ, a, c) +m(µ, c, b)

≤ λ+ µ.

Moreover by the de�nition of dm(a, b) it follows that

dm(a, b) ≤ λ+ µ.

Furthermore

dm(a, b) = inf{λ, µ > 0 : m(λ+ µ, a, b) ≤ λ+ µ}

≤ inf{λ > 0 : m(λ, a, c) ≤ λ}+ inf{µ > 0 : m(µ, c, b) ≤ µ}

= dm(a, c) + dm(c, b).

Therefore we have

dm(a, b) ≤ dm(a, c) + dm(c, b) for all a, b, c ∈ Sm and λ, µ > 0.

Thus dm is a metric on the set on Sm.

We next provide examples of a metric induced by a modular metric.

Example 2.2.4. [17, Example 2.7. (a)] Let m be a modular metric de�ned

in Example 2.2.2. If we set Sm = {a}, then the corresponding metric dm

induced by modular metric is dm(a, b) = 0 for all a, b ∈ Sm.

Example 2.2.5. [17, Example 2.7. (b)] Suppose S is a nonempty set and let

m be a modular metric de�ned in Example 2.1.2 and dm be a metric de�ned

in Theorem 2.2.2.

If φ is bounded from above, then Sm = {a} and then dm(a, b) = 0 for all
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a, b ∈ Sm. And if φ is not bounded from above (i.e. φ(λ)→∞ as λ→∞),

then

Sm = S and dm = ψ−1[d(a, b)] (2.6)

where ψ is a strictly increasing function de�ned on ψ : (0,∞) → (0,∞) by

ψ(λ) = λφ(λ) for all λ > 0 and ψ−1 is the inverse function of ψ.

For assertion (2.6) to be well-de�ned, we need ψ to be one-to-one (for the

inverse ψ−1 to exist) such that ψ(λ) → ∞ as λ → ∞ and ψ(λ) → 0 as

λ→ 0+.

Example 2.2.6. [17, Example 2.7 (b)] Let S be a nonempty set and m be

the modular metric de�ned in Example 2.1.2. If φ(λ) = λp where p is a

nonnegative constant , then we get that (Sm, dm) is a metric space and

dm(a, b) = [d(a, b)]
1
p+1 .

Example 2.2.7. [17, Example 2.7. (c)] Suppose S is a nonempty set and

m be the modular metric de�ned in Example 2.1.3. If Sm = S, then

dm(a, b) = d(a, b).

De�nition 2.2.3. [63, page 182] A function ψ : [0,∞) → R is said to be

convex if

ψ(λa+ (1− λ)b) ≤ λψ(a) + (1− λ)ψ(b)

for all a, b ∈ [0,∞) and λ ∈ [0, 1].

Example 2.2.8. [17, Example 2.9 (c)] Given a (pseudo)metric space (S, d)

and a convex function ψ : [0,∞) → (0,∞) which has a maximum only at

zero (this means ψ is a strictly increasing, continuous and admits inverse

function ψ−1), we set

m(λ, a, b) = λψ

(
d(a, b)

λ

)
for all λ > 0 and a, b ∈ S. Then m(λ, a, b) is a modular (pseudo)metric on

S.

Proof. We omit the proof for property (1) and (2) of De�nition 2.1.1 since

they follow from non degeneracy and symmetry properties of a metric and
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modular metric. We show the triangle inequality.

m(λ+ µ, a, b) ≤ (λ+ µ)ψ

(
λ

λ+ µ
.
d(a, c)

λ
+

µ

λ+ µ
.
d(c, b)

µ

)
≤ (λ+ µ)

[
λ

λ+ µ
ψ

(
d(a, c)

λ

)
+

µ

λ+ µ
ψ

(
d(c, b)

µ

)]
= λψ

(
d(a, c)

λ

)
+ µψ

(
d(c, b)

µ

)
= m(λ, a, c) +m(µ, c, b)

for all a, b ∈ S and λ, µ > 0. Moreover, if the function ψ is such that

ψ′(0) = lim
λ→0+

ψ(λ)

λ
= 0, then for all a ∈ S, we get that

lim
λ→∞

m(λ, a, a0) = lim
λ→∞

λψ

[
d(a, a0)

λ

]
= lim

λ→0+

d(a, a0)

µ
ψ(µ) = 0

and so Sm = S.

Remark 2.2.3. [17] The type of modular metric de�ned in Example 2.2.8

is not allowed in classical theory of modulars on linear spaces.

The following theorem shows the relations between the parameter λ, the

modular metric m(λ, a, b) and the metric dm induced by the modular metric

m.

Theorem 2.2.3. [17, Theorem 2.2.11.] Let S be a nonempty set and let dm

be the metric induced by a modular metric m on S. On a modular set Sm,

given a, b ∈ Sm and λ > 0, we have

(a) if dm(a, b) < λ, then m(λ− 0, a, b) ≤ dm(a, b) < λ;

(b) if m(λ, a, b) = λ, then dm(a, b) = λ;

(c) if λ = dm(a, b) > 0, then m(λ+ 0, a, b) ≤ λ ≤ m(λ− 0, a, b).

Moreover, given the continuity assumptions of m on (0,∞), we have:

(d) if m is continuous from the right on (0,∞), then

dm(a, b) ≤ λ if and only if m(λ, a, b) ≤ λ;
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(e) if m is continuous from the left on (0,∞), then

dm(a, b) < λ if and only if m(λ, a, b) < λ;

(f) if m is continuous (0,∞), then

dm(a, b) = λ if and only if m(λ, a, b) = λ.

We give examples to demonstrate Theorem 2.2.3.

Example 2.2.9. [16, Example 2.2.12.] Let (S, d) be a metric space and

h : (0,∞) → (0,∞) be a nondecreasing function. We de�ne the modular

metric m on S by

m(λ, a, b) =
d(a, b)

h(λ) + d(a, b)
, (2.7)

where λ > 0 and a, b ∈ S. If we set h(λ) = λp with p > 0 and given

that m is continuous on (0,∞), then by Theorem 2.2.3 (f) above, the value

λ = dm(a, b) with a 6= b satis�es the equation m(λ, a, b) = λ, that is,

λp+1 + d(a, b)λ− d(a, b) = 0. (2.8)

If p = 1, the resulting quadratic equation solution is given by

dm(a, b) =

√
(d(a, b))2 + 4d(a, b)− d(a, b)

2
.

If p = 2, the solution for λ for the cubic equation resulting from equation

(2.8) is given by Cardano's formula:

dm(a, b) =
3

√√√√x

2
+

√(
x

2

)2

+

(
x

2

)3

− 3

√√√√−x
2

+

√(
x

2

)2

+

(
x

2

)3

where x is the value d(a, b).

Example 2.2.10. [16, Example 1.3.3] Let S be a nonempty set and dm be

the metric induced by a modular metric m on S. In general, for any a, b ∈ S,
there exists µ > 0 such that m(λ−0, a, b) < µ for all λ > 0, then dm(a, b) < µ

for all a, b ∈ S.

Since m(λ, a, b) ≤ m(λ− 0, a, b) < µ, if λ = µ then we get dm(a, b) ≤ µ.
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If we assume dm(a, b) = µ for some a, b ∈ S with a 6= b. Then by

Theorem 2.2.3 (c), we have m(λ, a, b) ≥ m(λ+ 0, a, b) > λ for all

0 < λ < dm(a, b) = µ. This implies that

m(µ− 0, a, b) = lim
λ→µ−0

m(λ, a, b) ≥ µ.

This is a contradiction because we assumed dm(a, b) = µ.

Hence m(λ− 0, a, b) < 1 = µ for modular metric m in equation (2.7) to

hold.

2.3 The metric convergence

In this section, we study the metric convergence of sequences in S induced by

a metric in the extended (pseudo)metric space (S, d), (pseudo)metric spaces

(S∗m, dm) and (S∗m, d
∗
m).

De�nition 2.3.1. [16, page 65] Let m be a modular metric on a nonempty

set S. A sequence (xn) in S is said to converge to an element x ∈ S if

dm(xn, x)→ 0 as n→∞ where dm is the metric induced by m.

We shall call this kind of convergence induced by the metric dm, a metric

convergence. Without loss of meaning, we shall denote that a sequence (xn)

converges to an element x in S as xn → x and omit as “n→∞”.

We can also de�ne closedness of a set using metric convergence.

Theorem 2.3.1. [16, Theorem 4.1.1] Let m be a modular metric on a

nonempty set S. Suppose (xn) is a sequence in S with x ∈ S, then we

have

xn → x if and only if m(λ, xn, x)→ 0 for all λ > 0. (2.9)

Proof. ⇒ Let xn → x. Given ε > 0, ∃n0 = n0(ε) ∈ N such that dm(xn, x) < ε

for all n ≥ n0(ε) where dm is the metric induced by m on S.

By inequalities (2.4) and Theorem 2.2.3(a), we have

m(ε, xn, x) ≤ m(ε− 0, xn, x) < ε for all n ≥ n0(ε). (2.10)
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Now, if λ > 0, for any n ≥ n0(min{ε, λ}), by inequality (2.1) we get

m(λ, xn, x) ≤ m(min{ε, λ}, xn, x) < min{ε, λ} ≤ ε (2.11)

and this implies m(λ, xn, x)→ 0.

⇐ If ε > 0, m(ε, xn, x) → 0 means ∃n1(ε) ∈ N such that m(ε, xn, x) ≤ ε

for all n ≥ n1(ε). By de�nition of dm in Theorem 2.2.2, we have

dm(xn, x) ≤ ε for n ≥ n1(ε), which implies dm(xn, x)→ 0.

Theorem 2.3.2. [17, Theorem 2.13 (b)] Let m be a modular metric on a

nonempty set S and (xn) be a sequence in S with x ∈ S. The assertion (2.9)

holds for Cauchy sequences also.

Proof. The assertion for Cauchy sequences (xn) is of the form:

lim
n,m→∞

dm(xn, xm) = 0 if and only if lim
n,m→∞

m(λ, xn, xm) = 0 for all λ > 0.

The proof is similar to that of Theorem 2.3.1 above.

Theorem 2.3.3. [16] Let m be a modular metric on a nonempty set S and

(xn) be a sequence in S with x ∈ S. Then modular sets S∗m(a) and Sm(a)

are closed with respect to the metric convergence.

Proof. Since a sequence (xn) in S and x ∈ S, suppose xn → x. Given ε > 0,

if λ0 > 0, then for n0 = n0(ε) ∈ N, we have

m(ε+ λ0, x, a) ≤ m(ε, x, xn0) +m(λ0, xn0 , a)

by triangle property of modular metric m. Now, as we have seen from

inequality 2.10 that m(ε, xn, x) < ε then we have

m(ε+ λ0, x, a) ≤ ε+m(λ0, xn0 , a). (2.12)

If (xn) in S∗m, then xn0 ∈ S∗m, and λ0 > 0 such that m(λ0, xn0 , a) < ∞.

Therefore, we have m(ε + λ0, x, a) < ∞, which implies x ∈ S∗m since a is

already an element of S∗m as it is the centre. Therefore, by De�nition 2.6.2,

S∗m is closed.
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Suppose (xn) in Sm. Then xn0 ∈ Sm implies m(λ, xn0 , a)→ 0 as λ→∞.

Therefore, there exists some λ0 = λ0(ε) > 0 such that m(λ0, xn0 , a) < ε.

Now from (2.12) and monotonicity of modular metric m, we have

m(λ, x, a) ≤ m(ε+ λ0, x, a) < 2ε

for all λ ≥ ε + λ0. This means m(λ, x, a) → 0 as λ → ∞. Hence x ∈ Sm.
Then by De�nition 2.6.2, Sm is closed.

2.4 The metric topology

In Section 2.2, we have learnt that whenever a modular set is equipped with a

metric induced by a modular metric, then the modular is a metric space. We

labelled dm to be the metric induced by a modular metric. In this section, we

study topologies induced by this metric dm and we shall call such topology

a metric topology and denote it as τ(dm).

De�nition 2.4.1. [16, page 66] Let S be a nonempty set and dm be the

metric induced by modular metric m on S. Given a ∈ S and r > 0, we now

de�ne and denote an open ball of radius r and centre a in modular metric

sense as the set

B(a, r) ≡ Bdm(a, r) = {b ∈ S : dm(a, b) < r}.

De�nition 2.4.2. [16, page 67] Let S be a nonempty set and Bdm(a, r) be

an open ball of radius r and centre a. A nonempty set O ⊂ S is said to be

open if for every a ∈ O, ∃r = r(a) > 0 such that Bdm(a, r) ⊂ O.

Remark 2.4.1. Considering Theorem 2.2.2, we note the following:

1. If a ∈ S∗m(a), then Bdm(a, r) ⊂ S∗m(a) for all r > 0 (i.e. S∗m(a) is

open).

2. A set O ⊂ S is open if and only if the intersection O ∩ S∗m(a) is open

for all a ∈ S.

We give examples of open sets.
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Example 2.4.1. [16]

1. An open ball Bdm(a, r) ⊂ S∗m(a) is open.

2. An open set ∅ ⊂ S∗m(a) is open.

3. The modular set S∗m ⊆ S∗m(a) is open.

De�nition 2.4.3. [16, page 67] Let S be a nonempty set and S∗m be a mod-

ular set. We de�ne the interior of a set A ⊂ S∗m, which we shall denote as

Ao, as the largest open set contained in A.

One can look at Ao as the union of all open sets in A.

Clearly

Ao = {a ∈ S : Bdm(a, r) ⊂ A for some r > 0}

and Ao ⊂ A. Lastly, the set A is open if and only if Ao = A.

De�nition 2.4.4. [16, page 67] Let S∗m be a modular set and dm be the

metric induced by modular metric m on S∗m. A collection or family of all

open sets in S∗m form a topology, which we shall call metric topology on S∗m

and denote it by τ(dm) since it is induced by dm on S∗m.

Remark 2.4.2. [16] If O be an arbitrary set with no assumed structure and

τ(dm) is a metric topology de�ned in De�nition 2.4.4, then it is obvious that

O ∈ τ(dm) (i.e. O is open) if and only if its complement Oc = S∗m\O is

closed with respect to metric convergence.

We give examples of closed sets.

Example 2.4.2. [16] Let S∗m be a modular set. Then in modular sets S∗m.

1. ∅ is closed.

2. A closed ball of radius r > 0 and centre at a ∈ S∗m is closed:

B̄dm(a, r) = {b ∈ S∗m : dm(a, b) ≤ r} = {b ∈ S∗m : m(r + 0, a, b) ≤ r}

3. Modular sets S∗m and Sm are closed.
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For more clari�cation, Theorem 2.2.3 can be consulted.

De�nition 2.4.5. [16, page 68] Let A be a subset of a modular set S∗m. The

closure of A, which we shall denote by Ā, is the smallest closed set containing

A.

This implies that Ā is the intersection of all closed sets F ⊃ A containing

A.

In the following remark we give a few observations.

Remark 2.4.3. [16] Let A be a subset of a modular set S∗m. Then it is

obvious that

1. Ā = ((Ac)o)c is closed.

2. A ⊂ Ā.

3. A is closed if and only if Ā = A.

We can now de�ne the closure of A. Let Bµ,µ be a modular entourage

de�ned in De�nition 2.6.1. Then we de�ne the closure of A with respect to

modular entourage as a set

Ā = {a ∈ S∗m : A ∩Bµ,µ(a) 6= ∅ for all µ > 0} (2.13)

which make sense since Ā is the set of points in S∗m which are not in the set

(Ac)o.

Remark 2.4.4. [16] In general, we have

1. Bdm(a, r) ⊂ ¯Bdm(a, r)

2. Bdm(a, r) ⊂ ( ¯Bdm(a, r))o

We give nontrivial examples by the following lemma.

Lemma 2.4.1. [16] Let S be a nonempty set and m be a modular metric

de�ned on S. If A to be a subset of a modular set S∗m with x ∈ S∗m, then the

following statements are equivalent:

1. x ∈ Ā;
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2. there exists a sequence (xn) in A such that m(λ, xn, x) → 0 for all

λ > 0;

3. for every λ > 0 there is sequence (xn(λ)) in A such that

m(λ, xn(λ), x)→ 0.

Proof. 1 ⇒ 2 We have seen from Theorem 2.3.1 that xn → x if and only if

m(λ, xn, x)→ 0 for all λ > 0. Therefore if there exists a sequence (xn) in A

such that dm(xn, x)→ 0, then x ∈ Ā.

2 ⇐ 3 It is obvious that (2) implies (3) (i.e. xn(λ) = xn for all λ > 0

and n ∈ N).

Therefore, we prove that (3) implies (2).

Given k ∈ N, there exists xn in A such that

m

(
1

k
, xn

(
1

k

)
, x

)
→ 0 as n→∞.

Now, we choose n1 ∈ N such that

m(1, xn1(1), x) < 1.

We pick n2 ∈ N such that n2 > n1 and

m

(
1

2
, xn2

(
1

2

)
, x

)
<

1

2
.

By induction, if k ≥ 3 and nk−1 ∈ N is already chosen, pick nk ∈ N such

that nk > nk−1 and m( 1k , xnk( 1k ), x) < 1
k . Let yk = xnk( 1k ) for all k ∈ N, so

that (yk) is in A.

We claim that m(λ, yk, x) → 0 as k → ∞ for all λ > 0. Actually given

λ > 0, let k0 = k0(λ) ∈ N such that k0 >
1
λ . Then, for all k ≥ k0, we �nd

1
k < λ, and so, by monotonicity of m,

m(λ, yk, x) ≤ m
(

1

k
, yk, x

)
<

1

k

is equivalent to metric convergence in modular set S∗m.
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2.5 Modular Convergence

In this section we look into the notion of modular convergence in a set.

De�nition 2.5.1. [16] Let S be a nonempty set on S. A sequence (xn)

in S is said to be modular convergent (m-convergent) to an element x ∈ S
(denoted as xn

m→ x) if there is λ0 = λ0(xn, x) > 0 such that m(λ0, xn, x)→
0, where m is a modular metric de�ned on S.

From De�nition 2.5.1 above, if such element x exists, it is called a mod-

ular limit (m-limit) of (xn). Since m is nonincreasing on (0,∞) as we have

seen Lemma 2.1.1 and by inequality (2.1), we get that m(λ, xn, x) → 0 for

all λ > λ0.

It is clear that metric convergence induced by metric dm implies modular

convergence. We show this by the following examples.

Example 2.5.1. [16] Let (S, d) be a metric space. For p ≥ 0, let

m(λ, a, b) =
d(a, b)

λp
be a modular metric de�ned in Example 2.2.6. We have

seen that S∗m = S and dm(a, b) = p+1
√
d(a, b), then metric convergence (dm-

convergence) and modular convergence (m-convergence) in S∗m are equivalent

to the usual convergence (d-convergence) in S.

Example 2.5.2. [16] Let (S, d) be a metric space. Let

m(λ, a, b) =

{
∞ if 0 < λ < d(a, b),

0 if λ ≥ d(a, b)

be the modular metric de�ned in Example 2.1.3. We have S∗m = Sm = S and

dm = d.

Remark 2.5.1. [16] Let S be a nonempty set and m be the modular metric

de�ned in Example 2.5.2. A dm-convergent sequence (xn) is bounded in the

metric space (S, d) but not vice versa.

Corollary 2.5.1. [16] Let S be a nonempty set and m be the modular metric

de�ned in Example 2.5.2. The m-convergence of (xn) in S∗m is equivalent to

the boundedness of (xn) in (S, d).

Proof. (⇒) Let (S, d) be a metric space. Now if xn
m→ x with x ∈ S, then

m(λ0, xn, x)→ 0 for some λ0 > 0 according to the De�nition 2.5.1 of modular
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convergence. Therefore, ∃n0 ∈ N such that if n > n0, then m(λ0, xn, x) < 1

since m(λ, a, b) = 0 if λ ≥ d(a, b). Now m(λ0, xn, x) < 1 implies

λ0 ≥ d(xn, x). Hence (xn) is in B̄(a, r0) with r0 = max{d(x1, a), ...., d(xn0 , a), λ0}.
Therefore, modular convergence implies metric convergence.

(⇐) If (xn) is in B̄(a, r) for some a ∈ S and r > 0, then xn
m→ b for every

b ∈ S. By triangular inequality of a metric, we have

d(xn, b) ≤ d(xn, a) + d(a, b) ≤ λ0 for n ∈ N and λ0 = r + d(a, b). Then

m(λ0, xn, b) = 0 for all n ∈ N. Therefore, metric convergence implies modu-

lar convergence.

Now we de�ne some topological aspects of m-convergence.

De�nition 2.5.2. [16] Let S be a nonempty set. Elements a, b ∈ S are said

to be modular equal (m-equal) if there is λ > 0 such that m(λ, a, b) = 0 and

we shall symbolise this by a
m
= b.

Remark 2.5.2. [16] When we consider (1�) in De�nition 2.1.1, we then

de�ne m-equality as: For any a, b ∈ S,

a
m
= b is equivalent to a = b if and only if m is strict.

Example 2.5.3. [16] Let S be a nonempty set and let m be a modular metric

de�ned in Example 2.5.2. Considering modular m in Example 2.5.2, then

a
m
= b for all a, b ∈ S.

De�nition 2.5.3. [16] Let S be a nonempty set and m be the modular metric

de�ned on S. A set A ⊂ S is said to be closed with respect to m-convergence

if for any sequence (xn) in A such that xn
m→ x with x ∈ S, then x ∈ A.

Theorem 2.5.2. [16] Let S be a nonempty set and m be a modular metric

de�ned on S. Modular spaces S∗m(x0) and Sm(x0) are closed with respect to

m-convergence.

Proof. Suppose a sequence (xn) is in S such that xn
m→ x with x ∈ S. Then

we have m(λ0, xn, x) → 0 for some λ0 > 0 by de�nition of modular conver-

gence. Given ε > 0, there exists n0 = n0(ε) ∈ N such that m(λ0, xn, x) ≤ ε

for all n ≥ n0. By the triangle inequality of a modular metric, if λ1 > 0,

then we have

m(λ0 + λ1, x, a) ≤ m(λ0, x, xn0) +m(λ1, xn0 , a) ≤ ε+m(λ1, xn0 , a) (2.14)
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Let a sequence (xn) be in S∗m. Since xn0 ∈ S∗m, thenm(λ1, xn0 , a) <∞ for

some λ1 > 0, therefore inequality (2.14) implies m(λ0 +λ1, x, a) <∞, which

means x ∈ S∗m. Hence S∗m is closed with respect to modular convergence.

If a sequence (xn) is in Sm, then xn0 ∈ Sm, therefore m(λ1, xn0 , a) → 0

as λ → ∞. Let λ1 = λ1(ε) > 0 such that m(λ1, xn0 , a) ≤ ε. Therefore, if

λ ≥ λ0 +λ1, then inequality (2.14) means m(λ, x, a) ≤ m(λ0 +λ1, x, a) ≤ 2ε

which implies m(λ, x, a) → 0 as λ → ∞. Therefore x ∈ Sm. Hence Sm is

closed with respect to modular convergence.

Theorem 2.5.3. [16] Let S be a nonempty set and m be a modular metric

de�ned on S. An m-convergent sequence in S∗m is bounded (in metric dm

sense) and all its m-limits are equal. Furthermore, if m is a strict modular

metric on S, then its limit point is unique.

Proof. We shall �rst show that an m-convergent sequence in S∗m is bounded

then later show that its m-limits are equal. Let (xn) be a sequence in S∗m

such that xn
m→ x and x ∈ S. From the above Theorem 2.5.2, we have seen

that x ∈ S∗m and also that, and there is n0 ∈ N such that m(λ0, xn, x) ≤ λ0

for all n > n0. This implies dm(xn, x) ≤ λ0. By Theorem 2.2.2, dm is an

extended metric if its points are elements of S∗m, therefore a sequence (xn)

is in ¯Bdm(x, r) where

r = max{dm(x1, x), ....., dm(xn0 , x), λ0}.

Therefore an m-convergent sequence in S∗m is bounded.

We now show that m-limits of m-convergent sequences are m-equal. If

xn
m→ a and xn

m→ b, then m(λ, xn, a) → 0 and m(µ, xn, b) → 0 for some

λ, µ > 0. Using the triangle inequality property of a modular metric, we

have

m(λ+ µ, a, b) ≤ m(λ, a, xn) +m(µ, xn, b)→ 0

hence m(λ+ µ, a, b) = 0. Thus a
m
= b.

Furthermore, if m is strict, we have a = b.
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2.6 Modular topology

In this section we discuss a topology induced by a modular metric on a

modular set. We shall call such a topology a modular topology.

De�nition 2.6.1. [16, page 67] Let S∗m be a modular set and a be an element

in S∗m. Given λ, µ > 0, we de�ne a modular entourage (m-entourage) with

centre a and relative to λ and µ as the set

Bλ,µ(a) ≡ Bm
λ,µ(a) = {b ∈ S∗m : m(λ, a, b) < µ}.

In the following remark we give a few observations from De�nition 2.6.1.

Remark 2.6.1. [16]

1. It is obvious that a ∈ Bλ,µ(a).

2. If 0 < µ1 < µ2, then Bλ,µ1(a) ⊂ Bλ,µ2(a)

3. If 0 < λ1 < λ < λ2 and µ > 0, considering inequality (2.4), we have

Bλ1+0,µ(a) ⊂ Bλ−0,µ(a) ⊂ Bλ,µ(a) ⊂ Bλ+0,µ(a) ⊂ Bλ2−0,µ(a).

4. The mappings λ 7→ Bλ,µ(a) and µ 7→ Bλ,µ(a) are non-decreasing.

5. For λ > 0, using Theorem 2.2.3 we have Bdm(a, λ) = Bλ−0,λ(a).

6. Consequently, if 0 < µ < λ we have

Bµ,µ(a) ⊂ Bµ,λ(a) ⊂ Bdm(a, λ) = Bλ−0,λ(a) ⊂ Bλ,λ(a).

In the next remark, we show how observations in Remark 2.6.1 give

characterization of open sets induced by a modular metric m on a modular

set S∗m.

Remark 2.6.2. [16] Let O be an arbitrary set with no assumed structure

and let τ(dm) be the metric topology. Then

O ∈ τ(dm) if and only if ∀a ∈ O,∃µ > 0 such that Bµ,µ(a) ⊂ O (2.15)
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and the interior of a set A ⊂ S∗m is

Ao = {a ∈ A : Bµ,µ(a) ⊂ A} for some µ > 0.

We de�ne closed sets as follows.

De�nition 2.6.2. [16] Let A be a subset of the modular set S∗m. A is said

to be closed if its complement Ac = S∗m\A is open.

This implies that the interior of a complement is the same as the com-

plement itself (i.e. (Ac)o = Ac), meaning A is closed with respect to metric

convergence.

De�nition 2.6.3. [16] A nonempty set O ⊂ S is said to be modular open

(m-open) if for every a ∈ O and λ > 0 there is µ = µ(x, λ) > 0 such that

Bλ,µ(a) ⊂ O.

We can compare the following remarks with Remark 2.4.1.

Remark 2.6.3. [16]

1. If a ∈ S∗m(a), then Bλ,µ(a) ⊂ S∗m(a) for all λ, µ > 0.

2. Similarly to Remark 2.4.1(2), O ⊂ S is m-open if and only if the

intersection O ∩ S∗m(a) is m-open for all a ∈ S.

As we have seen in Section 2.4, where we discussed a topology induced

by metric dm. Now we will be considering modular open subsets of S∗m.

We denote the family of all m-open sets of S∗m by τ(m). Obviously τ(m)

is a topology on S∗m. This implies that τ(m) contains the empty set ∅ and
S∗m, and this family is closed under arbitrary unions and �nite intersections.

We shall call this family τ(m) the modular topology and abbreviate it with

m-topology on S∗m.

Lemma 2.6.1. [16] Let Oψ(a) =
⋃
λ>0

Bλ,ψ(λ)(a), where a ∈ S∗m and

ψ : (0,∞) → (0,∞) is a nonincreasing function on the set of positive num-

bers. Then Oψ(a) ∈ τ(m) (i.e. Oψ(a) is open).
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Proof. We want to show that Oψ(a) is open.

Meaning we want to show that given b ∈ Oψ(a), there is a positive

number µ = µ(b, λ) > 0 which depends on b and λ such that

Bλ,µ(b) ⊂ Oψ(a) for any λ > 0.

Now since b ∈ Oψ(a), there exists λ0 = λ0(b) > 0 such that

b ∈ Bλ0,ψ(λ0)(a), which implies m(λ0, a, b) < ψ(λ0).

Let µ = µ(b, λ) = ψ(λ0+λ)−m(λ0, a, b). Since µ ≥ ψ(λ0)−m(λ0, a, b) >

0, then ψ, µ are well de�ned.

Let c ∈ Bλ,µ(b), then we have m(λ, b, c) < µ. By the triangle inequality

axiom of a modular metric, we have

m(λ0 + λ, a, c) ≤ m(λ0, a, b) +m(λ, b, c) < m(λ0, a, b) + µ = ψ(λ0 + λ),

so we have c ∈ Bλ0+λ,ψ(λ0+λ)(a) ⊂ Oψ(a). Therefore Oψ(a) is open. Which

implies Oψ(a) ∈ τ(m) since Bµ,µ(b) ⊂ Oψ(a).

Remark 2.6.4. [16] We can see that from Lemma 2.6.1 above that

Oa,ε =
⋃
λ>0

Bλ,ε(a) ∈ τ(m) for all ε > 0.

Comparing Remark 2.6.4 with Remark 2.6.2, we see that Remark 2.6.4

is more general.

Remark 2.6.5. [16] The family {Oa,ε : ε > 0} may not form a neighbourhood

base for τ(m) at the point a ∈ S∗m.

Let us now look at some examples.

Example 2.6.1. [16] We will denote Bd(a, r) as the usual open ball in a

metric space (S, d) and B̄d(a, r) the usual closed ball in a metric space (S, d).

We recall that from Example 2.5.1, for r > 0 and λ, µ > 0 we have

Bdm(a, r) = {b ∈ S : dm(a, b) < r}

= {b ∈ S : [d(a, b)]
1
p+1 < r}

= {b ∈ S : d(a, b) < rp+1}

= Bd(a, rp+1)
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and we also have

Bλ,µ(a) = {b ∈ S : m(λ, a, b) < µ}

= {b ∈ S :
d(a, b)

λp
< µ}

= {b ∈ S : d(a, b) < µλp}

= Bd(a, λpµ).

Since Bλ,µ(a) = Bdm(a, r) with µ = rp+1

λp ,we get that τ(m) = τ(dm).

In Example 2.5.2, for r > 0 and λ, µ > 0, we have Bdm(a, r) = Bd(a, r)

and Bλ,µ(a) = B̄d(a, µ).

Hence,

∅ 6= O ∈ τ(m) if and only if B̄d(a, λ) ⊂ O for all a ∈ O and λ > 0.

This equivalent to O = S. Therefore, we have that the m-topology τ(m) =

{∅, S} is a nonmetrizable (antidiscrete) topology on S∗m = S, which is a

proper subfamily of the metric topology τ(dm) = τ(d).

Remark 2.6.6. [16]

1. The m-convergence xn
m→ x implies the convergence xn

τ(m)→ x in the

topology τ(m) but not vice versa.

2. Considering Example 2.5.2, only bounded sequences in metric space

(S, d) are m-convergent whereas all sequences in (S, d) are convergent

in the nonmetrizable topology τ(m).

Example 2.6.2. [16] Suppose m(λ, a, b) = ψ(d(a,b)λ ) where the function

ψ : [0,∞) → [0,∞] is nondecreasing and such that ψ(0) = 0, ψ 6≡ 0 and

ψ 6≡ ∞, meaning the function can attain zero value and in�nite values, but

not be constant at zero nor at in�nity. Let (S, d) be a metric space and we

have S∗m = S for all a, b ∈ S∗m and λ > 0, and the modular entourages for m

are given by

Bλ,µ(a) =

{
{a} if λ > 0 and 0 < µ ≤ 1,

Bd(a, λµ) if λ > 0 and µ > 1.

37



Since

dm(a, b) =

{
max{1,

√
d(a, b)} if a 6= b,

0 if a = b,

then the open balls induced by modular metric m in (S∗m, dm) are of the form

Bdm(a, r) = {b ∈ S : dm(a, b) < r} =

{
{a} 0 < r ≤ 1,

Bd(a, r2) if r > 1.

Hence τ(m) = τ(dm) = P(S) is the discrete topology on S.

Theorem 2.6.2. [16] Let S be a nonempty set and τ(m) be a modular

topology induced by a metric modular m on S and τ(dm) be a metric topology

induced a metric dm. Then we have τ(m) ⊂ τ(dm).

Proof. We want to show that every m-open set is open.

Let O ∈ τ(m). This means for any a ∈ O and λ = 1, there is

µ0 = µ0(a, 1) > 0 such that B1,µ0(a) ⊂ O. If µ = min{1, µ0} then
Bµ,µ(a) ⊂ B1,µ0(a) ⊂ O.

By characterization of open sets in S∗m in terms of m in assertion (2.15),

we get O ∈ τ(dm). Hence τ(m) ⊂ τ(dm).

Theorem 2.6.3. [16] Let S be a nonempty set and S∗m be a modular set.

The modular topology τ(m) is the �nest topology among all topologies τ on

S∗m such that, whenever given a sequence (xn) in S∗m and x ∈ S∗m, xn
m→ x

implies xn
τ(m)→ x.

Proof. We start proving �rst that xn
m→ x implies xn

τ(m)→ x and then later

we prove that τ(m) is the �nest topology among the topologies τ .

Let O ∈ τ(m) be such that a ∈ O. Since xn
m→ x, then m(λ0, xn, x)→ 0

for some λ0 > 0. Now since O ∈ τ(m), then O is m-open, which implies

there exists µ0 = µ0(x, λ0) > 0 such that Bλ0,µ0(a) ⊂ O.

Let n0 = n0(µ0) ∈ N such that m(λ0, xn, x) < µ0 for all n ≥ n0. Then

we have (xn) is in Bλ0,µ0(a) ⊂ O for n ≥ n0, which implies xn
τ(m)→ x.

Now we show that τ(m) is the �nest topology among the topologies τ .

Which means that we want to show that if τ is a topology on S∗m such that

xn
m→ x implies xn

τ→ x then τ ⊂ τ(m). We shall prove this by contradiction.

38



Assume that O 6∈ τ(m) for some O ∈ τ . Then there is a ∈ O and λ0 > 0

such that for every n ∈ N there exists (xn) in Bλ0, 1n
(a0) with (xn) not in O

(i.e. (xn) is in Oc). This means we have m(λ0, xn, a0) <
1
n . We get that

xn
m→ a0, and so by the assumption xn

τ→ a0. Since O ∈ τ and a0 ∈ O, there
exits n0 ∈ N such that (xn) in O for all n ≥ n0, which is a contradiction

with the condition (xn) is in Oc = S∗m\O. Hence τ(m) is the �nest topology

among all topologies τ on S∗m.

2.7 Hausdor� pseudomodular

In this section, we discuss the concept of the Hausdor� pseudomodular on

the power set of a nonempty set S equipped with a modular metric m.

We start by �rst recalling the construction of Hausdor� distance then later

introduce a modular pseudometric on the power set induced by the modular

pseudometric m.

De�nition 2.7.1. [6] Let (S, d) be a metric space. We de�ne Hausdor�

distance between any two nonempty subsets A and B of S as

Hd(A,B) = max{sup
a∈A

d(a,B), sup
b∈B

d(b, A)}.

We give a few observations of the above formula in the following remark.

Remark 2.7.1. [6] Let Hd be Hausdor� distance de�ned above.

1. It is clear that Hd({a}, {b}) = d(a, b), so the Hausdor� distance is an

extension of the usual metric d.

2. When the metric d is unbounded, then one can obtain in�nite Hausdor�

distance. For example, given a ∈ S, then we have Hd({a}, S) =∞.

3. We notice that Hausdor� distance is invariant under replacing sets by

their closures induced by d. In fact, the Hausdor� distance between any

nonempty set and its closure must be zero.

4. If we restrict the sets to be nonempty closed sets, then Hd would satisfy

the usual properties of a metric and since Hausdor� distances assumes

in�nite values then it would de�ne an extended real-valued metric on a

set of nonempty closed subsets of S.
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The Hausdor� distance has been studied in [7, 9, 43, 53].

We adopt the convention that sup ∅ = 0 and inf ∅ =∞.

De�nition 2.7.2. [16, page 15] Let m be a modular metric on a nonempty

set S. We de�ne a function E : (0,∞)× P(S)× P(S)→ [0,∞] as

E(λ,A,B) = sup
a∈A

inf
b∈B

m(λ, a, b) (2.16)

for all λ > 0 and for any set A,B ∈ P(S).

Moreover, we set

E(λ, ∅, B) = 0 for all λ > 0 and for any B ∈ P(S)

and

E(λ,A, ∅) =∞ for all λ > 0 and for any nonempty set A ∈ P(S).

Proposition 2.7.1. [16, Proposition 1.3.11.] Let S be a nonempty set andm

be a modular metric de�ned on S. The function E : (0,∞)×P(S)×P(S)→
[0,∞] is well-de�ned and satis�es the following properties:

1. E(λ,A,B) = 0 for all λ > 0 and A,B ∈ P(S);

2. E(λ+ µ,A,B) ≤ E(λ,A,C) + E(µ,C,B) for all µ, λ > 0 and A,B ∈
P(S).

Proof. We will provide the proof in more general settings. See Proposition

3.4.1.

De�nition 2.7.3. Let m be a modular metric on a nonempty set S. Suppose

E is a function de�ned in De�nition 2.7.2, then we de�ne a Hausdor� pseu-

domodularM induced by m as a functionM : (0,∞)×P(S)×P(S)→ [0,∞]

de�ned by

M(λ,A,B) = max{E(λ,A,B), E(λ,B,A)} (2.17)

that satis�es the following properties:-

1. M(λ,A,A) = 0 for all λ > 0 and A ∈ P(S);

40



2. M(λ,A,B) = M(λ,B,A) for all λ > 0 and A,B ∈ P(S).

3. M(λ+µ,A,B) ≤M(λ,A,C)+M(µ,C,B) for all µ, λ > 0 and A,B ∈
P(S).

Remark 2.7.2. [16] From the convention we adopted, we get M(λ, ∅, ∅) = 0

and M(λ,A, ∅) = 0 for all λ > 0 and for any nonemptyset A ∈ P(S).

It turns out that there are two ways of obtaining a distance function

(induced by a modular metric m) on the power set P(S) which we show in

the following de�nitions.

De�nition 2.7.4. [16] Let M be a Hausdor� pseudomodular on P(S). We

de�ne a function dm : P(S)× P(S)→ [0,∞] as

dM (A,B) = inf{λ > 0 : M(λ,A,B) ≤ λ} (2.18)

for all λ > 0 and for any A,B ∈ P(S).

De�nition 2.7.5. [16] Consider the metric dm de�ned in Theorem 2.2.2.

Suppose P(S) is the power set of a nonempty set S, then we de�ne a function

Hdm : P(S)× P(S)→ [0,∞] as

Hdm(A,B) = max{sup
a∈A

dm(a,B), sup
b∈B

dm(b, A)} (2.19)

for all A,B ∈ P(S).

Note that the distance functions dM and Hdm which are de�ned in the

above de�nitions, coincide on the power set.
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Chapter 3

Topologies on modular

quasi-pseudometric spaces

In this chapter, we start our own investigations on a modular metric that

does not satisfy the symmetric axiom of modular pseudometric and we shall

call it modular quasi-pseudometric. Then, we study topologies induced by

a modular quasi-pseudometric. We later study Hausdor� distances induced

by modular quasi-pseudometrics.

3.1 Modular quasi-pseudometric

The following de�nition can be compared to De�nition 2.1.1.

De�nition 3.1.1. Consider a nonempty set X. A function

w : (0,∞)×X ×X → [0,∞] is said to be a modular quasi-pseudometric on

X if it satis�es the following conditions:

1. w(λ, x, x) = 0 whenever x ∈ X and λ ∈ (0,∞),

2. w(λ+ µ, x, y) ≤ w(λ, x, z) + w(µ, z, y) whenever x, y, z ∈ X and

λ, µ ∈ (0,∞).

We shall say that w is a modular quasi-metric provided that w also

satis�es the following condition: whenever x, y ∈ X and λ ∈ (0,∞),

3. w(λ, x, y) = 0 and w(λ, y, x) = 0 imply x = y.
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Remark 3.1.1. Let w be a modular quasi-(pseudo)metric on a set X, then

the function wt : (0,∞)×X×X → [0,∞] de�ned by wt(λ, x, y) = w(λ, y, x)

whenever x, y ∈ X and λ ∈ (0,∞) is also a modular quasi-pseudometric on

X that we call the transpose modular quasi-pseudometric of w.

Moreover, note that for any modular quasi-pseudometric w on X, the func-

tion ws(λ, x, y) = max{w(λ, x, y), wt(λ, x, y)} whenever x, y ∈ X and λ ∈
(0,∞) is a modular (pseudo)metric on X (see [16, 18, 19]). In addition, we

observe that the function

wm : (0,∞)×X ×X → [0,∞] de�ned by

wm(λ, x, y) = w(λ, x, y) + wt(λ, x, y) whenever x, y ∈ X and λ > 0

is also a modular (pseudo)metric on X.

For any modular quasi-pseudometric w on a set X, if w = wt, then w is

a modular pseudometric on X.

We give a few remarks concerning De�nition 3.1.1.

Remark 3.1.2. 1. The assumption w : (0,∞)×X×X → (−∞,∞] (that

w assumes negative values) does not lead to any great results. Actually,

setting y = x and µ = λ > 0 in (b), we get

0 = w(2λ, x, x) ≤ w(λ, x, z) + w(λ, z, x) = wm(λ, x, z)

which implies wm(λ, x, z) ≥ 0 or wm(λ, x, z) = ∞ for all λ > 0 and

x, z ∈ X. Which just implies w is non-negative.

2. If w(λ, x, y) = w(λ) does not depend on x, y ∈ X, then by (a), we get

w ≡ 0, which is just a pseudomodular on X.

3. If w(λ, x, y) = w(x, y) is independent of λ > 0, then w is an extended

quasi-pseudo metric on X and w would be quasi-pseudometric on X if

it does not assume in�nite values.

It is obvious that on a nonempty set X endowed with a modular quasi-

pseudometric w we have

w(λ, x, y) ≤ ws(λ, x, y) (3.1)
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and

wt(λ, x, y) ≤ ws(λ, x, y) (3.2)

whenever λ > 0 and x, y ∈ X.

Lemma 3.1.1. (compare Lemma 2.1.1) Let w be a modular quasi-pseudometric

on a set X and let x, y ∈ X. De�ne a function ψ : (0,∞) → [0,∞] by

ψ(λ) = w(λ, x, y). Then ψ is noninincreasing.

Proof. Let x, y ∈ X and λ, µ ∈ (0,∞) with µ < λ. Since λ− µ > 0, we have

ψ(λ) = w(λ, x, y) = w(λ− µ+ µ, x, y) ≤ w(λ− µ, x, x) + w(µ, x, y)

by De�nition 2(b). It follows that

ψ(λ) = w(λ, x, y) ≤ w(µ, x, y) = ψ(µ)

since w(λ− µ, x, x) = 0 as w is a modular quasi-pseudometric. Therefore ψ

is a nonincreasing function.

The following remark is just the consequence of Lemma 3.1.1 above and

it can be compared to the essential property of a modular pseudometric (see

[16, page 6]).

Remark 3.1.3. If w is a modular quasi-pseudometric on a nonempty set

X. Then for any x, y ∈ X and λ > 0, the following inequalities hold:

sup{w(µ, x, y) : µ > λ} ≤ w(λ, x, y) ≤ inf{w(µ, x, y) : 0 < µ < λ}, (3.3)

inf{w(µ, x, y) : 0 < µ < λ} ≤ sup{w(γ, x, y) : γ > µ} ≤ w(µ, x, y) (3.4)

and

w(µ, x, y) ≤ inf{w(γ, x, y) : 0 < γ < µ}. (3.5)

Let w be a modular quasi-pseudometric on a nonempty set X. Then for

any x ∈ X, we de�ne the set X0
w(x) by

X0
w(x) = {y ∈ X : lim

λ→∞
w(λ, x, y) = 0 = lim

λ→∞
wt(λ, x, y)}.
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Consider an element x0 ∈ X. We set Xw = X0
w(x0) and call the set Xm a

w-modular set.

Let us �x an element x0 ∈ X. The set

X∗w ≡ X∗w(x0) = {x ∈ X : w(λ, x, x0) <∞ and w(λ, x0, x) <∞ for some λ > 0}

is also a w-modular set (around x0) and x0 is the center of X∗w. It is easy

to see that Xw ⊆ X∗w. This is not new since it has been observed in the

symmetric case (see [17, Section 3.1]).

Remark 3.1.4. If w is a modular quasi-pseudometric on a nonempty set X

and x0 ∈ X, then we observe that X∗w(x0) = X∗ws(x0).

Proof. (⇒) If x ∈ X∗ws , then ws(λ, x, x0) < ∞ for some λ > 0. From in-

equalities (3.1) and (3.2) we have w(λ, x, x0) < ∞ and w(λ, x0, x) < ∞ for

some λ > 0. Thus x ∈ X∗w(x0).

(⇐) If y ∈ X∗w(x0), then we have w(λ, y, x0) < ∞ and w(λ, x0, y) < ∞ for

some λ > 0. Since

ws(λ, y, x0) = max{w(λ, y, x0), w(λ, x0, y)},

we have ws(λ, y, x0) <∞ for some λ > 0. Hence y ∈ X∗ws(x0).

Theorem 3.1.2. (compare Theorem 2.2.2) Consider a nonempty set X and

a modular quasi-metric w on X. Then the function qw on X de�ned by

qw(x, y) = inf{λ > 0 : w(λ, x, y) ≤ λ}

whenever x, y ∈ X, is an extended T0-quasi-metric on X. Moreover, the

restriction of qw to Xw (or X∗w) is a T0-quasi-metric on Xw (or X∗w).

Proof. The proof is similar to that of Theorem 2.2.2. The only di�erence

here is the symmetry axiom of a metric is not satis�ed by qw because

w(λ, x, y) 6= w(λ, y, x) whenever x, y ∈ Xw.

Remark 3.1.5. If w is a modular quasi-metric on a set X, then we observe

that for any x, y ∈ Xw we have

qwt(x, y) = inf{λ > 0 : wt(λ, x, y) ≤ λ}
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= inf{λ > 0 : w(λ, y, x) ≤ λ}

= qw(y, x) = (qw)t(x, y).

Furthermore, if x, y ∈ X, then qw(x, y) ∈ [0,∞] and in this case qw is an

extended T0-quasi-metric.

Example 3.1.1. Let (X, q) be a quasi-pseudometric space. If p ≥ 0, then

the function w(λ, x, y) =
q(x, y)

λp
whenever λ > 0 and x, y ∈ X is modular

quasi-pseudometric on X. It is readily checked that Xw = X∗w = X and

qw(x, y) = inf{λ > 0 : w(λ, x, y) ≤ λ}

= inf{λ > 0 :
q(x, y)

λp
≤ λ}

= inf{λ > 0 : q(x, y) ≤ λp+1}.

Now taking the in�mum we get qw(x, y) = [q(x, y)]
1
p+1 .

The following lemma is a nonsymmetric version of Theorem 2.2.3 and

it does not need to be proved again in our context, because the symmetry

axiom of a modular metric does not have an e�ect on the proof of [16, The-

orem 2.2.11]. Therefore, this result still holds in our context.

Lemma 3.1.3. (compare Theorem 2.2.3) Consider a nonempty set X and

w a modular quasi-metric on X. If λ > 0 and x, y ∈ Xw, then we have:

1. if qw(x, y) < λ, then inf{w(µ, x, y) : 0 < µ < λ} ≤ qw(x, y) < λ and if

inf{w(µ, x, y) : 0 < µ < λ} < λ, then qw(x, y) < λ;

2. if qw(x, y) > λ, then sup{w(µ, x, y) : µ > λ} ≥ qw(x, y) > λ, and if

sup{w(µx, y) : µ > λ} > λ, then qw(x, y) > λ;

3. qw(x, y) = λ if and only if sup{w(µ, x, y) : µ > λ} ≤ λ ≤ inf{w(µ, x, y) :

0 < µ < λ} < λ.

3.2 Convergence in modular quasi-pseudometric spaces

In this section we study convergence in modular quasi-pseudometric spaces.

We study convergence induced by a quasi-metric that is induced by a mod-
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ular quasi-pseudometric and also study convergence induced by a modular

quasi-pseudometric.

The following de�nition can be compared to De�nition 2.3.1.

De�nition 3.2.1. Let w be a modular quasi-pseudometric on a set X. We

say that a sequence (an) in Xw is qw-convergent to a ∈ Xw if

lim
n→∞

qw(an, a) = 0.

In the same way as in modular metric settings (see for instance [16,

Theorem 4.1.1]), one can show by analogy that

lim
n→∞

qw(an, a) = 0 if and only if w(λ, an, a) = 0 whenever λ > 0.

It is well-known that for nonsymmetric distance functions there are sev-

eral completeness concepts. Here, we are going to discuss the case of (qw)s-

Cauchy sequences and left (qw)-Cauchy sequences and right (qw)-Cauchy

sequences.

From [16, Theorem 4.1.1 (b)], it is easy to see that if (an) is a sequence

in Xw, then for all λ > 0, we have:

(an) is (qw)s−Cauchy if and only if lim
n,m→∞

ws(λ, an, am) = 0 whenever λ > 0.

If (X, q) is a quasi-pseudometric space, then a sequence (xn) in X is called

left q-Cauchy if for every ε > 0, there exist x ∈ X and n0 ∈ N such that for

all n ≥ n0, q(x, xn) < ε and similarly a sequence (xn) in X is called right

q-Cauchy if for every ε > 0, there exist x ∈ X and n0 ∈ N such that for all

n ≥ n0, q(xn, x) < ε (see for instance [22]).

Proposition 3.2.1. Let w be a modular quasi-pseudometric on a set X

and (xn) be a sequence in Xw. Then (xn) is left qw-Cauchy if and only if

for any ε > 0, there exist x ∈ Xw and n0 ∈ N such that for all n ≥ n0

lim
n→∞

w(λ, x, xn) = 0 whenever λ > 0.

Proof. ⇒ Let λ > 0 and for any ε > 0. Suppose that (xn) is left qw-

Cauchy. Then there exist x ∈ Xw and n0 ∈ N such that qw(x, xn) < ε.

Since qw(x, xn) = inf{λ > 0 : w(λ, x, xn) ≤ λ}, we have two cases

(0 < ε < λ or ε ≥ λ).
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Case 1. If 0 < ε < λ, then w(λ, x, xn) ≤ ε whenever n ≥ n0.
Moreover,

w(λ, x, xn) ≤ w(ε, x, xn) < ε < λ whenever n ≥ n0. Hence

lim
n→∞

w(λ, x, xn) = 0 whenever λ > 0.

Thus, for arbitrary ε > 0, there exist x ∈ Xw and n0 ∈ N, such
that for all n ≥ n0,

lim
n→∞

w(λ, x, xn) = 0.

Case 2. If ε ≥ λ. Suppose λ = ε
2 . It follows that

w(λ, x, xn) ≤ w
(
λ

2
, x, xn

)
≤ λ

2
< λ ≤ ε

whenever λ > 0. Hence, for an arbitrary ε > 0, there exist x ∈ Xw

and n0 ∈ N such that for all n ≥ n0 such that

lim
n→∞

w(λ, x, xn) = 0.

⇐ Let ε >0 and lim
n→∞

w(ε, x, xn) = 0 for some x ∈ Xw. Then there exists

n0 ∈ N such that w(ε, x, xn) ≤ ε whenever n ≥ n0. Thus qw(x, xn) < ε

whenever n ≥ n0. Hence (xn) is left qw-Cauchy.

Corollary 3.2.2. Let w be a modular quasi-pseudometric on a set X and

(xn) be a sequence in Xw. Then (xn) is right qw-Cauchy if and only if

for any ε > 0, there exist x ∈ Xw and n0 ∈ N such that for all n ≥ n0

lim
n→∞

w(λ, xn, x) = 0 whenever λ > 0.

Proof. The proof follows by duality from the proof of Proposition 3.2.1.

De�nition 3.2.2. (compare De�nition 2.5.1) Let w be a modular quasi-

pseudometric on a nonempty set X and (xn) be a sequence in X∗w. We say

that the sequence (xn) is w-convergent to x ∈ X∗w (denoted by (xn)
w−→ x) if

lim
n→∞

w(λ, xn, x) = 0 for some λ > 0.
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Using the transpose modular quasi-pseudometric wt of the modular quasi-

pseudometric w, one de�nes the wt-convergence in the similar way.

Proposition 3.2.3. Let w be a modular quasi-pseudometric on a set X and

(xn) a sequence in X∗w.

1. If (xn) is w-convergent to x ∈ X∗w and (xn) is wt-convergent to y ∈ X∗w,
then w(λ, y, x) = 0 for some λ > 0.

2. If (xn) is w-convergent to x ∈ X∗w and w(λ, x, y) = 0 whenever λ > 0,

then (xn) is also w-convergent to y ∈ X∗w.

Proof. 1. Suppose that (xn) is w-convergent to x, then for some µ > 0,

we have

w(µ, xn, x) → 0 as n → ∞. Moreover, for some ν > 0, we have

wt(ν, xn, y) = w(ν, y, xn) → 0 as n → ∞ since (xn) is wt-convergent

to y. Then we have

w(ν + µ, y, x) ≤ w(ν, y, xn) + w(µ, xn, x).

For some λ > 0 such that λ > µ+ ν. It follows that

w(λ, y, x) ≤ w(ν + µ, y, x) ≤ w(ν, y, xn) + w(µ, xn, x). (3.6)

Thus w(λ, y, x) = 0 by letting n→∞ in the inequality (3.6).

2. Suppose (xn) is w-convergent to x ∈ X∗w and w(λ, x, y) = 0 whenever

λ > 0. Then w(µ, xn, x) → 0 as n → ∞. For some ν such that

ν > λ+ µ, we have

w(ν, xn, y) ≤ w(µ, xn, x) + w(λ, x, y) = w(µ, xn, x)→ 0 as n→∞.
(3.7)

Therefore, the sequence (xn) is w-convergent to y.

Corollary 3.2.4. Let w be a modular quasi-pseudometric on a set X and

(xn) a sequence in X∗w. If (xn) is wt-convergent to x ∈ X∗w and w(λ, y, x) = 0

whenever λ > 0, then (xn) is also wt-convergent to y ∈ X∗w.
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3.3 Topologies

In this section, present our investigations on topologies induced by a modular

quasi-pseudometric w on a nonempty set X. We extend ideas from

Section 2.6 to our general context.

Consider a modular quasi-pseudometric w on a set X . Let λ, µ > 0 and

x ∈ X∗w. Then the set Bw
λ,µ(x) de�ned by

Bw
λ,µ(x) = {y ∈ X∗w : w(λ, x, y) < µ}

is called the w<-entourage about x relative to λ and µ and

Cwλ,µ(x) = {y ∈ X∗w : w(λ, x, y) ≤ µ}

is called the w≤-entourage. Moreover, wt<-entourage and w
t
≤-entourage are

de�ned dually.

Example 3.3.1. Let R be equipped with modular quasi-metric w de�ned by

w(λ, x, y) =

{
∞ if x > y,

0 if x ≤ y

for all x, y ∈ R and λ > 0.

It is readily checked that Xw = Xw(x0) = {x0}, where x0 ∈ R and qw(x, y) =

0. Moreover, for any r > 0, we have

Bqw(x0, r) = {y ∈ Xw : 0 = qw(x, y) < r} = {x0}

and

Bw
r,r(x0) = {y ∈ Xw : w(r, x0, y) ≤ r} = {x0} = Bws

r,r (x0) = Cwr,r(x0).

Lemma 3.3.1. Let w be a modular quasi-pseudometric on X. Then for any

x ∈ X∗w and λ, µ > 0, we have

Bws

λ,µ(x) ⊂ Bw
λ,µ(x) (3.8)

and

Bws

λ,µ(x) ⊂ Bwt

λ,µ(x), (3.9)
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with similar inclusions for the w≤-entourages.

Proof. Let y ∈ Bws

λ,µ(x). Then w(λ, x, y) ≤ ws(λ, x, y) < µ by the inequality

(3.1). Hence y ∈ Bw
λ,µ(x). The other inclusion is obtained by duality and

inequality (3.2).

Remark 3.3.1. Let w be a modular quasi-pseudometric on X and let x ∈ X.

1. For all λ, µ > 0, x ∈ Bw
λ,µ(x) and

Bws

λ,µ(x) = Bw
λ,µ(x) ∩Bwt

λ,µ(x). (3.10)

2. If 0 < λ1 < λ < λ2, then we have

Bw
λ+1 ,µ

(x) ⊂ Bw
λ−,µ(x) ⊂ Bw

λ,µ(x) ⊂ Bw
λ+,µ(x) ⊂ Bw

λ−2 ,µ
(x)

where,

Bw
λ+,µ := {y ∈ Xw : sup{w(ν, x, y) : ν > λ} < µ}

and

Bw
λ−,µ := {y ∈ Xw : inf{w(ν, x, y) : 0 < ν < λ} < µ}.

3. If 0 < µ < λ, then

Bw
µ,µ(x) ⊂ Bw

µ,λ(x) ⊂ Bqw(x, λ) = Bw
λ−,λ(x) ⊂ Bw

λ,λ(x) (3.11)

where Bqw(x, λ) denotes an open ball (with centre x and radius λ)

induced by quasi-pseudometric de�ned on a modular set X∗w.

The following properties of w<-entourages are not new since they have

been already observed in [16] for modular metrics. Therefore, we omit to

prove them and because their proofs do not depend on the symmetry axiom

of a modular pseudometric.

Lemma 3.3.2. (compare Remark 2.6.1) Let w be a modular quasi-pseudometric

on X and x be in X∗w. Then we have:

1. If 0 < µ1 ≤ µ2, then Bw
λ,µ1

(x) ⊂ Bw
λ,µ2

(x) whenever λ > 0.
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2. If 0 < µ < λ, then Bw
µ,µ(x) ⊂ Bw

µ,λ(x) ⊆ Bqow(x, λ) ⊂ Bw
λ,λ(x).

Example 3.3.2. Let us consider the quasi-pseudometric w(λ, x, y) =
q(x, y)

λp
whenever λ > 0 and x, y ∈ X in Example 3.1.1 where (X, q) is quasi-

pseudometric space. If x ∈ X and λ, µ > 0, then let us compute Bw
µ,λ(x)

and Bqw(x, r) with r > 0.

Indeed,

Bqw(x, r) = {y ∈ X∗w : qw(x, y) < r} = {y ∈ X : [q(x, y)]
1
p+1 < r}

= {y ∈ X∗w : q(x, y) < rp+1}

= Bq(x, r
p+1)

and

Bw
µ,λ(x) = {y ∈ X : w(λ, x, y) < µ} =

{
y ∈ X :

q(x, y)

λp
< µ

}
= {y ∈ X : q(x, y) < µλp}

= Bq(x, µλ
p).

If µ =
rp+1

λp
, then Bw

µ,λ(x) = Bqw(x, r).

Example 3.3.3. Consider a quasi-pseudometric space (X, q). If we equipped

X with the modular quasi-pseudometric w(λ, x, y) =
q(x, y)

λp
for all x, y ∈ X

and λ > 0, where p is strictly positive constant. Then it follows that Xw = X

and qw(x, y) = [q(x, y)]
1
p+1 .

Furthermore, for any λ > 0, we have

Bqw(x, λ) =

{
y ∈ Xw : [q(x, y)]

1
p+1 < λ

}
=

{
y ∈ Xw :

q(x, y)

λp
< λ

}
= {y ∈ Xw : w(λ, x, y) < λ} = Bw

λ,λ(x).

Since ws(λ, x, y) = qs(x,y)
λp , it follows that

Bws

λ,λ = B(qw)s(x, y) ⊆ Bqw(x, λ) = Bw
λ,λ(x).

Lemma 3.3.3. Let w be a modular quasi-pseudometric on X and x ∈ Xw.
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Then, for all λ > 0 we have

1. Bqw(x, λ) ⊆ Bw
λ,λ(x),

2. Cqw(x, λ) ⊆ Cwλ,λ(x).

Proof. Let z ∈ Bqw(x, λ), then qw(x, z) < λ. By de�nition of the quasi-

pseudometric qw, it follows that w(µ, x, z) ≤ µ < λ for all µ > 0. Since

λ− µ > 0, then

w(λ, x, z) = w(λ− µ+ µ, x, z)

≤ w(λ− µ, x, x) + w(µ, x, z)

= w(µ, x, z) ≤ µ < λ.

Hence z ∈ Bw
λ,λ(x).

The other inclusion follows by a similar argument.

Note that in Lemma 3.3.3, Bqw(x, λ) denotes a qw-open ball with centre

x and radius λ and Cqw(x, λ) denotes a qw-closed ball with centre x and

radius λ .

Every modular quasi-pseudometric induces a topology denoted by τ(w) on

X∗w and it is de�ned exactly as in modular metric (see and compare Section

2.6).

De�nition 3.3.1. (compare De�nition 2.6.3) Let w be a modular quasi-

pseudometric on X. We say that a nonempty subset V ⊆ X belongs to

τ(w) (or V is τ(w)-open) if there exists µ(x, λ) > 0 such that Bw
λ,µ(x) ⊂ V

whenever x ∈ V and λ > 0.

Remark 3.3.2. For x ∈ X and λ > 0, we point out that the w<-entourage

Bw
λ,µ(x) is not τ(w)-open in general. This fact has been observed in the case

of modular pseudometrics by Chistyakov.

Lemma 3.3.4. Let w be a modular quasi-pseudometric on X. Then V ∈
τ(w) if and only if for any x ∈ V , there exists µ = µ(x) > 0 such that

Bw
µ,µ(x) ∈ V .

Proof. This follows from (3.11).

53



Theorem 3.3.5. Let w be a modular quasi-pseudometric on X. Then we

have

1. τ(w) ⊂ τ(qw),

2. τ(w) ⊂ τ(qtw).

Moreover, we have τ(w) ⊂ τ(qsw).

Proof. We only prove (1). The proof of (2) will follow by similar arguments.

Let V ∈ τ(w) and λ = 1. Then for any x ∈ X, there exists µ0 = µ0(x, 1) > 0

such that Bw
1,µ0

(x) ⊂ V . Let µ = min{1, µ0}. Then by (3.11) we have

Bw
µ,µ ⊂ Bw

1,µ0
⊂ V and by Lemma 3.3.4, it follows that V ∈ τ(qw).

Furthermore, since the topology induced by qsw is �ner than the topologies

induced by τ(qw) and τ(qtw), we then have τ(w) ⊂ τ(qsw).

Using the transpose modular quasi-pseudometric wt, one obtains another

topology τ(wt) generated by the transpose modular quasi-pseudometric wt.

The third one is the topology τ(ws) generated by the modular pseudometric

ws and it is called modular topology in X∗w in the sense of De�nition 2.6.3.

Remark 3.3.3. The w-modular set X∗w is a space with two topology τ(w)

and τ(wt). Then X∗w can be seen a bitopological space in the sense of Kelly

[33]. Therefore, any result related to a bitopological space can be applied to

(X∗w, τ(w), τ(wt)).

Proposition 3.3.6. Let w be a modular quasi-pseudometric on X. Then

the topology τ(ws) is �ner than the topologies τ(w) and τ(wt). This means

that:

1. any τ(w)-open set is τ(ws)-open, similarly any τ(wt)-open set is τ(ws)-

open,

2. the identity map (X∗w, τ(ws)) to (X∗w, τ(w)) and to (X∗w, τ(wt)) are

continuous,

3. a sequence (xn) in X∗w is τ(ws)-convergent to x ∈ X∗w if and only if

(xn) is τ(w)-convergent to x and τ(wt)-convergent to x.
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Proof. We prove assertions 1 and 3 and we leave the assertion 2 since it

follows from 1.

1. Let U be a τ(w)-open. Then for any x ∈ U and λ > 0, there exists µ >

0 such that Bw
λ,µ(x) ⊆ U . By inclusion (3.8), we have Bws

λ,µ(x) ⊆ U .

Hence U is τ(ws)-open. Analogously, one shows that any τ(wt)-open

is τ(ws)-open.

3. Suppose (xn) is τ(ws)-convergent to x. Let x ∈ U ∈ τ(w). From 1

it follows that U ∈ τ(ws). Then there exists n0 ∈ N such that (xn)

in U for all n ≥ n0 since (xn) is τ(ws)-convergent to x. Thus (xn) is

τ(w)-convergent to x. By similar arguments (xn) is τ(wt)-convergent

to x.

Conversely, let x ∈ U = A ∩B ∈ τ(ws) with A ∈ τ(w) and B ∈ τ(wt)

since A and B belong to τ(ws). Then there is n
′
0 ∈ N such that (xn)

in A for all n ≥ n0 since (xn) is τ(w)-convergent to x.

Similarly, we have that there is n′′0 ∈ N such that (xn) B for all n ≥ n′′0
since (xn) is τ(wt)-convergent to x. Let n0 = max{n′0, n′′0}. Then for

all n ≥ n0 with have that (xn) in A ∩ B = U ∈ τ(ws). Hence (xn) is

τ(ws)-convergent x.

Proposition 3.3.7. If w is a modular quasi-metric on a set X, then the

topologies τ(w) and τ(wt) are T0 on X∗w.

Proof. Let x, y ∈ X∗w with x 6= y. Since w is a modular quasi-metric, we

have max{w(λ, x, y), w(λ, y, x)} > 0 whenever λ > 0.

If w(λ, x, y) > 0. Then suppose that x ∈ U ∈ τ(w). It follows that Bw
λ,µ(x) ∈

U for some µ > 0 and whenever λ > 0. Moreover, 0 < µ′ < w(λ, x, y) < µ,

where µ′ =
1

2
w(λ, x, y).

Thus w(λ, x, y) > µ′ whenever 0 < µ′ < µ and λ > 0. Hence by Lemma

3.3.2, we have

y /∈ Bw
λ,µ′(x) ⊂ Bw

λ,µ(x) ⊂ U.

If w(λ, y, x) > 0. Let y ∈ V ∈ τ(w). Then Bw
λ,µ(y) ∈ V for some µ > 0 and

whenever λ > 0. By duality we have

x /∈ Bw
λ,µ′′(y) ⊂ Bw

λ,µ(x) ⊂ V
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whenever 0 < µ′′ < µ and λ > 0 where, µ′′ =
1

2
w(λ, y, x). Therefore,

the topology τ(w) is T0. Using similar arguments, one can show that the

topology τ(wt) is T0.

3.4 Hausdor� quasi-pseudometric modular

Let w be modular quasi-pseudometric on a nonempty set X. Let P(X) be

the power set of X. We assume that sup ∅ = 0 and inf ∅ =∞.

If A,B ∈ P(X) and λ > 0, then we set

Φw
λ (A,B) =: sup

x∈A
inf
y∈B

w(λ, x, y).

It follows that Φw
λ ∈ [0,∞].

In general Φw
λ (A,B) 6= Φw

λ (B,A) and since w(λ, x, y) 6= wt(λ, x, y) whenever

x, y ∈ X and λ > 0. These are a motivation to de�ne the function Φwt

λ in

the following way

Φwt

λ (A,B) =: Φw
λ (B,A)

whenever A,B ∈ P(X) and λ > 0.

Moreover, we set

Φw
λ (∅, B) = 0 whenever λ > 0 and B ⊂ X

and

Φw
λ (A, ∅) =∞ whenever λ > 0 and ∅ 6= A ⊂ X.

Remark 3.4.1. We observe that Φwt

λ (∅, B) =∞ whenever ∅ 6= B ⊂ X and

λ > 0 and Φwt

λ (A, ∅) = 0 whenever A ⊂ X and λ > 0. Note for any λ > 0,

we have Φw
λ (∅, ∅) = 0 = Φwt

λ (∅, ∅).

Proposition 3.4.1. (compare Proposition 2.7.1) Let w be a modular quasi-

pseudometric on a set X. Then the function Φw : (0,∞)×P(X)×P(X)→
[0,∞] de�ned by Φw(λ,A,B) = Φw

λ (A,B) whenever λ > 0 and A,B ∈ P(X)

is well de�ned and satis�es the following properties:

1. Φw(λ,A,B) = 0 whenever λ > 0 and A ⊆ B ⊂ X;

2. Φw(λ + µ,A,B) ≤ Φw(λ,A,C) + Φw(µ,C,B) whenever λ, µ > 0 and

A,B and C are subsets of X.
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Proof. 1. Case 1. If A = ∅, then from the assumption that sup ∅ = 0, we

have Φw(λ, ∅, B) = 0 for all λ > 0 and B ⊂ X.

Case 2. Suppose that A 6= ∅. Given x ∈ A, then x ∈ B since A ⊆
B ⊂ X. Then we have 0 ≤ inf

y∈B
w(λ, x, y) ≤ w(λ, x, x) = 0. Now since

x ∈ A is arbitrary, then Φw(λ,A,B) = sup
x∈A

inf
y∈B

w(λ, x, y) = 0 for all

λ > 0 and A ⊆ B ⊂ X.

2. Case 1. If atleast one of the sets A,B or C is empty, we have the

following:

(a) if A = ∅, then we have

0 ≤ 0 + Φw(λ,C,B).

(b) if B = ∅, then we have

∞ ≤ Φw(λ,A,C) +∞.

(c) if C = ∅, then we have

Φw(λ+ µ,A,B) ≤ ∞+ 0.

Case 2. We assume that none of the sets A,B and C is empty. Given

x ∈ A, z ∈ C and λ, µ > 0, then by triangle inequality we get that

inf
y∈B

w(λ+µ, x, y) ≤ w(λ+µ, x, y1) ≤ w(λ, x, z)+w(µ, z, y1) for all y1 ∈ B.

Taking the in�mum over all y1 ∈ B, we get

inf
y∈B

w(λ+ µ, x, y) ≤ w(λ, x, z) + inf
y1∈B

w(µ, z, y1)

≤ w(λ, x, z) + Φw(µ,C,B).

Now taking the in�mum over all z ∈ C, we get

inf
y∈B

w(λ+ µ, x, y) ≤ inf
z∈C

w(λ, x, z) + Φw(µ,C,B).
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Now taking the supremum over all x ∈ A, we get

sup
x∈A

inf
y∈B

w(λ+ µ, x, y) ≤ sup
x∈A

inf
z∈C

w(λ, x, z) + Φw(µ,C,B)

hence

Φw(λ+ µ,A,B) ≤ Φw(λ,A,C) + Φw(µ,C,B)

whenever λ, µ > 0 and A,B and C are subsets of X.

De�nition 3.4.1. Let w be a modular quasi-pseudometric on a set X. Then

we de�ne the function Ww : (0,∞)× P(X)× P(X)→ [0,∞] by

Ww(λ,A,B) = Φw
λ (A,B) whenever λ > 0 and A,B ∈ P(X).

Corollary 3.4.2. If w is a modular quasi-pseudometric on a set X, then

the function Ww in De�nition 3.4.1 satis�es the following properties:

1. Ww(λ,A,A) = 0 whenever λ > 0 and A ⊂ X;

2. Ww(λ+ µ,A,B) ≤Ww(λ,A,C) +Ww(µ,C,B) whenever λ, µ > 0 and

A,B and C are subsets of X.

Proof. Follows from Proposition 3.4.1.

De�nition 3.4.2. If w is a modular quasi-pseudometric on a set X. Then

with respect to Lemma 3.4.2 the functionWw is a modular quasi-pseudometric

on P(X). Thus we call Ww the w-Hausdor� modular quasi-pseudometric in-

duced by w.

Let Ww be the w-Hausdor� modular quasi-pseudometric induced by the

modular quasi-pseudometric w on a set X. Then the function W t
w : (0,∞)×

P(X)× P(X)→ [0,∞] de�ned by

W t
w(λ,A,B) = Φwt

λ (A,B) whenever λ > 0 and A,B ⊂ X

is also a modular quasi-pseudometric on P(X) that we call wt-Hausdor�

modular quasi-pseudometric induced by wt. Furthermore, we note that the
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function W s
w de�ned by

W s
w(λ,A,B) = max{Ww(λ,A,B),W t

w(λ,A,B)}

whenever A,B ⊂ X and λ > 0 is a modular pseudometric on P(X). Note

that the function W s
w coincides with the Hausdor� modular pseudometric in

the sense of De�nition 2.7.3.

Remark 3.4.2. Let w be a modular quasi-pseudometric on a set X. Then

it is easy to see that for any λ > 0 and any A,B ⊂ X, we have

W t
w(λ,A,B) = Wwt(λ,A,B).

Furthermore, Ww(λ,A, ∅) = 0 whenever ∅ 6= A ⊂ X and Ww(λ, ∅, B) = ∞
whenever B ⊂ X.

If w is a modular quasi-pseudometric on a set X and Ww is the w-

Hausdor� modular quasi-pseudometric induced by w, then we denote by

Q−qw the lower Hausdor� quasi-pseudometric of qw on P0(X) and Q+
qw the

upper Hausdor� quasi-pseudometric of qw on P0(X).

Theorem 3.4.3. Let w be a modular quasi-pseudometric on a set X andWw

be the w-Hausdor� modular quasi-pseudometric induced by w on X. Then

we have that

Q−qw(A,B) = qWw(A,B) whenever A,B ∈ P0(X).

Proof. ⇐ Suppose that

qWw(A,B) = inf{λ > 0 : Ww(λ,A,B) ≤ λ} <∞ and qWw(A,B) < λ

for any A,B ∈ P0(X). Then by Lemma 3.1.3(1), we have

Ww(λ,A,B) = sup
a∈A

inf
b∈B

w(λ, a, b)

≤ inf{Ww(µ,A,B) : µ < λ} < λ.

It follows that whenever a ∈ A, there exists ba ∈ B such that w(λ, a, ba) < λ.

Hence qw(a, ba) ≤ λ by Theorem 3.1.2.
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Moreover, inf
b∈B

qw(a, b) ≤ qw(a, ba) ≤ λ whenever a ∈ A and then

Q−qw(A,B) = sup
a∈A

inf
b∈B

qw(a, b) ≤ λ,wheneverλ > 0.

Thus Q−qw(A,B) ≤ λ for all λ > qWw(A,B). So

Q−qw(A,B) ≤ qWw(A,B). (3.12)

⇒ Let λ > 0 and suppose that Q−qw(A,B) < ∞ and Q−qw(A,B) < λ. Then

we have that

sup
a∈A

inf
b∈B

qw(a, b) < λ

It follows that whenever a ∈ A, inf
b∈B

qw(a, b) < λ. Moreover, whenever a ∈ A,
there exists ba ∈ B such that qw(a, ba) < λ.

Since by de�nition of qw, we have w(λ, a, ba) ≤ λ and inf
b∈B

w(λ, a, b) ≤ λ

whenever a ∈ A, then

Ww(λ,A,B) = sup
a∈A

inf
b∈B

w(λ, a, b) ≤ λ.

Thus by de�nition of qWw we have

qWw(A,B) ≤ λ for all λ > Q−qw(A,B).

So

qWw(A,B) ≤ Q−qw(A,B). (3.13)

Therefore, from (3.12) and (3.13) we have

Q−qw(A,B) = qWw(A,B) whenever A,B ∈ P0(X).

The following result follows by similar arguments of the above proof and

Remark 3.1.5.

Corollary 3.4.4. Let w be a modular quasi-pseudometric on a set X and

Ww be the w-Hausdor� modular quasi-pseudometric induced by w on X.
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Then we have that

Q+
qwt

(A,B) = qWwt
(A,B) = (qWw)t(B,A) whenever A,B ∈ P0(X).

Theorem 3.4.5. Let X be a nonempty set. If we equip X with a modular

quasi-pseudometric w, then for any A,B ∈ P0(X) we have

Q−qw(A,B) +Q−qwt (A,B) = qWwm
(A,B)

where wm is the modular pseudometric in Remark 3.1.1.

Proof. (⇐) Suppose that qWwm
(A,B) is �nite and qWwm

(A,B) < λ for any

λ > 0. Then Wwm(λ,A,B) < λ by de�nition of qWwm
(A,B).

Hence whenever a ∈ A, there exists ba ∈ B such that

wm(λ, a, ba) = w(λ, a, ba) + wt(λ, a, ba) < λ.

Furthermore, whenever a ∈ A,

inf
b∈B
{qw(a, b)}+ inf

b∈B
{qwt(a, b)} ≤ qw(a, ba) + qwt(a, ba) ≤ λ.

So

sup
a∈A

inf
b∈B
{qw(a, b)}+ sup

a∈A
inf
b∈B
{qwt(a, b)} ≤ λ for all λ > qWwm

(A,B).

Moreover,

Q−qw(A,B) +Q−qwt (A,B) ≤ λ for all λ > qWwm
(A,B).

Thus

Q−qw(A,B) +Q−qwt (A,B) ≤ qWwm
(A,B). (3.14)

(⇒) By similar arguments as in the proof of Theorem 3.4.3 we have

qWwm
(A,B) ≤ Q−qw(A,B) +Q−qwt (A,B). (3.15)
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Chapter 4

On w-Isbell-convexity

In this chapter, we continue our investigations on a modular quasi-pseudometric

spaces. We introduce the theory of Isbell-convexity in the setting of mod-

ular quasi-pseudometric spaces and we call it w-Isbell-convexity. We then

study some �xed point theorems on self nonexpansive map on a modular set

equipped with the structure of Isbell-convexity that are w-Isbell-convexity.

4.1 Isbell-convexity on modular quasi-pseudometric

spaces

De�nition 4.1.1. Let w be a modular quasi-pseudometric on a nonempty

set X. We say that Xw is w-Isbell-convex if for any family of points (xi)i∈I

in Xw and families of points (λi)i∈I and (µi)i∈I in (0,∞) such that

w(λi + µj , xi, xj) ≤ λi + µj , for all i, j ∈ I,

then ⋂
i∈I

[Cwλi,λi(xi) ∩ C
wt

µi,µi(xi)] 6= ∅.

Remark 4.1.1. Let (X, q) be an Isbell-convex T0-quasi-metric space. If we

equip X with the modular quasi-metric wq de�ned by wq(λ, x, y) = q(x, y)

for all x, y ∈ X, then its modular set Xw(x0) = {x0} is w-Isbell-convex.

Example 4.1.1. For any T0-quasi-metric space (X, q). If X is equipped with

the modular quasi-metric w(λ, x, y) =
q(x, y)

ψ(λ)
for all x, y ∈ X and λ > 0,

62



where ψ : (0,∞) → (0,∞) is a bounded nondecreasing function. It follows

that the modular set Xw(x) = {x} for all x ∈ X is w-Isbell-convex. Indeed

for any λ, µ > 0 such that 0 = w(λ + µ, x, x) ≤ λ + µ. It follows that

x ∈ Bw
λ,λ(x) ∩Bw

µ,µ(x) ⊂ Cwλ,λ(x) ∩ Cwµ,µ(x).

De�nition 4.1.2. Let w be a modular quasi-pseudometric on a nonempty

set X. We say that Xw is w-metrically convex if for any points x, y ∈ Xw

and positive numbers λ and µ such that

w(λ+ µ, x, y) ≤ λ+ µ,

there exists z ∈ Xw such that w(λ, x, z) ≤ λ and w(µ, z, y) ≤ µ.

Example 4.1.2. Let the Sorgenfrey T0-quasi-metric u on R de�ned by

u(x, y) =

{
x− y if x ≥ y,
1 if x < y

for all x, y ∈ R.

If we equip R with the modular quasi-metric w(λ, x, y) =
u(x, y)

λ
for any

x, y ∈ R and λ > 0, then Xw = R is not w-metrically convex. Indeed, we

have w(1,
1

2
, 1) =

u(12 , 1)

1
= 1 ≤ 1

2
+

1

2
but there is no z ∈ R such that

w(
1

2
,
1

2
, z) =

u(12 , z)
1
2

≤ 1

2
and w(

1

2
, z, 1) =

u(z, 1)
1
2

≤ 1

2
, if such z exists it

would satisfy z ≤ 1
2 and z ≥ 1.

Remark 4.1.2. It is easy to see that if (Xw, qw) is metrically convex, then

Xw is w-metrically convex too.

Proof. Let x, y ∈ Xw and λ, µ > 0 such that w(λ+µ, x, y) ≤ λ+µ. It follows

that qw(x, y) ≤ λ+µ. By metrical convexity of (Xw, qw), there exists z ∈ Xw

such that z ∈ Cqw(x, λ)
⋂
C(qw)t(y, µ) ⊆ Cwλ,λ(x) ∩ Cwtµ,µ(y).

Hence there exists z ∈ Xw such that w(λ, x, z) ≤ λ and w(µ, z, y) ≤ µ.

Therefore, Xw is w-metrically convex.

De�nition 4.1.3. Let w be a modular quasi-pseudometric on a nonempty set

X. A family (Cwλi,λi(xi), C
wt
µi,µi(xi))i∈I of double w≤-entourages with λi, µi >

0 and xi ∈ Xw for all i ∈ I is said to have the mixed binary intersection

property provided that Cwλi,λi(xi)
⋂
Cw

t

µj ,µj (xj) 6= ∅ for all i, j ∈ I.
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De�nition 4.1.4. Let w be a modular quasi-pseudometric on a nonempty set

X. The modular set Xw is called w-Isbell-complete if every family (Cwλi,λi(xi), C
wt
µi,µi(xi))i∈I

of double w≤-entourages, where λi, µi > 0 and xi ∈ Xw for all i, j ∈ I, having
the mixed binary intersection property satis�es

⋂
i∈I

[
Cwλi,λi(xi) ∩ C

wt

µi,µi(xi)

]
6= ∅.

Proposition 4.1.1. If w is a modular quasi-pseudometric on X, then Xw

is w-Isbell-convex if and only if Xw is w-metrically-convex and w-Isbell-

complete.

Proof. (=⇒) Suppose that Xw is w-Isbell-convex. Let x1, x2 ∈ Xw and

λ1, µ2 > 0 such that w(λ1 + µ2, x1, x2) ≤ λ1 + µ2. Then, we set λ2 = µ1 =

w(λ2 + µ1, x2, x1). By w-Isbell-convexity of Xw, there exists

a ∈ Cwλ1,λ1(x1) ∩ Cw
t

µ2,µ2(x2).

It follows that w(λ1, x1, a) ≤ λ1 and w(µ2, a, x2) ≤ µ2. Hence Xw is w-

metrically convex.

Consider the family (Cwλi,λi(xi), C
wt
µi,µi(xi))i∈I of w≤-entourages having mixed

binary intersection property.

For all i, j ∈ I, there exits

z ∈ Cwλi,λi(xi) ∩ C
wt

µj ,µj (xj).

In this case we have

w(λi + µj , xi, xj) ≤ w(λi, xi, z) + w(µj , z, xj) ≤ λi + µj .

Thus
⋂
i∈I

[Cwλi,λi(xi)∩C
wt

µi,µi(xi)] 6= ∅ by the w-Isbell-convexity of Xw. There-

fore, Xw is w-Isbell-complete.

(⇐=) Let Xw be w-metrically convex and w-Isbell-complete. If (xi)i∈I is a

family of points in Xw and (λi)i∈I and (µi)i∈I are families of points in (0,∞)

such that

w(λi + µj , xi, xj) ≤ λi + µj for all i, j ∈ I.

By w-metrical convexity ofXw there exists z ∈ Xw such that w(λi, xi, z) ≤ λi
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and w(µj , z, xj) ≤ µj for all i, j ∈ I.
Then the family (Cwλi,λi(xi), C

wt
µi,µi(xi))i∈I has the mixed binary intersection

property. Since Xw is w-Isbell-complete, we have

⋂
i∈I

(
Cwλi,λi(xi) ∩ C

wt

µi,µi(xi)

)
6= ∅.

Proposition 4.1.2. Let w be a modular quasi-pseudometric on a nonempty

set X. If (Xw, qw) is an Isbell-convex quasi-pseudometric space, then Xw is

w-Isbell-convex.

Proof. Suppose (Xw, qw) is an Isbell-convex quasi-pseudometric space. Let

(xi)i∈I be a family of points in Xw and (λi)i∈I and (µi)i∈I be families of

points in (0,∞) such that

w(λi + µj , xi, xj) ≤ λi + µj for all i, j ∈ I.

Then

qw(xi, xj) = inf{λ > 0 : w(λ, xi, xj) ≤ λ} ≤ λi + µj for all i, j ∈ I.

By Isbell-convexity of (Xw, qw) we have

⋂
i∈I

[
Cqw(xi, λi) ∩ C(qw)t(xi, µi)

]
6= ∅.

Since by Lemma 3.3.3, Cqw(xi, λi) ⊆ Cwλi,λi(xi) and C(qw)t(xi, µi) ⊆ Cw
t

µi,µi(xi),

It follows that

∅ 6=
⋂
i∈I

[
Cqw(xi, λi) ∩ C(qw)t(xi, µi)

]
⊆
⋂
i∈I

[
Cwλi,λi(xi) ∩ C

wt

µi,µi(xi)

]
.

Therefore, Xw is w-Isbell-convex.

Example 4.1.3. Let (X, q) be an Isbell-convex quasi-metric space. If we

equip X with the modular quasi-metric wq(λ, x, y) =
q(x, y)

λp
, where p ≥ 1.

Then Xw is w-Isbell-convex but (Xw, qw) is not Isbell-convex quasi-metric

space.
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Proof. Let a family (xi)i∈I of point in Xw and two family of positive real

numbers (λi)i∈I and (µi)i∈I such that

w(λi + µj , xi, xj) ≤ λi + µj whenever i, j ∈ I.

Then
q(xi, xj)

K
≤ λi+µj , where K = λi+µj whenever i, j ∈ I. Furthermore,

whenever i, j ∈ I, we have q(xi, xj) ≤ Kλi + Kµj . Since (X, q) is Isbell-

convex, then it follows that there exists z ∈ Xw such that q(xi, z) ≤ Kλi

and q(z, xj) ≤ Kµj whenever i ∈ I. Hence

w(λi, xi, z) =
q(xi, z)

K
≤ λi

and

w(µi, z, xj) =
q(z, xj)

K
≤ µj

whenever i, j ∈ I. Thus Xw is w-metrically convex. Moreover, one shows

that Xw is w-Isbell-complete. Therefore, Xw is w-Isbell-complete. But the

quasi-metric qw(x, y) = (q(x, y))
1
p+1 is not Isbell-convex.

De�nition 4.1.5. Let X be a nonemptyset and w be a modular quasi-

pseudometric on X. Given x, y ∈ X, we say that w is continuous from

the right at each point λ > 0 whenever

lim
µ→λ+0

w(µ, x, y) = sup{w(µ, x, y) : µ > λ}.

The following has been observed in [16, Theorem 2.2.11] and its proof

does not depend on the symmetry axiom of a modular pseudometric.

Remark 4.1.3. Let w be a modular quasi-pseudometric on X. If w is conti-

nous from the right on (0,∞), then qw(x, y) ≤ λ if and only if w(λ, x, y) ≤ λ
for any x, y ∈ Xw and positive number λ.

It is natural to wonder about the converse of Proposition 4.1.2 above.

Lemma 4.1.3. Let w be a modular quasi-pseudometric on X. If w is con-

tinuous from the right on (0,∞), then Xw is w-metrically convex if and only

if (Xw, qw) is metrically convex quasi-pseudometric space.

Proof. (=⇒) Suppose that Xw is w-metrically convex. Let x, y ∈ Xw and

λ, µ > 0 such that qw(x, y) ≤ λ+ µ.
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Since w is continuous from the right on (0,∞) we have w(λ+µ, x, y) ≤ λ+µ.

It follows that there exists a ∈ Xw such that w(λ, x, a) ≤ λ and w(µ, a, z) ≤
µ. Then qw(x, a) ≤ λ and qw(a, y) ≤ µ by the right continuity of w. So

(Xw, qw) is metrically convex.

(⇐) Follows from Remark 4.1.2.

Lemma 4.1.4. Let w be a modular quasi-pseudometric on X. If w is con-

tinuous from the right on (0,∞), then Xw is w-Isbell-complete if and only if

(Xw, qw) is an Isbell-complete quasi-pseudometric space.

Theorem 4.1.5. Let w be a modular quasi-pseudometric on X. If w is

continuous from the right on (0,∞), then Xw is w-Isbell-convex if and only

if (Xw, qw) is an Isbell-convex quasi-pseudometric space.

Proof. Suppose thatXw is w-Isbell-convex. Then, by Proposition 4.1.1Xw is

w-Isbell-complete and w-metrically convex. Thus (Xw, qw) is Isbell-complete

and metrically convex quasi-pseudometric space by Lemma 4.1.3 and Lemma

4.1.4. Therefore, (Xw, qw) is an Isbell-convex quasi-pseudometric space by

[34, Proposition 1]. The converse follows by similar arguments.

4.2 Nonexpansive maps

In this section we study boundedness of a subset of a modular set. This con-

cept was introduced in [2], where the authors were studying the existence of

�xed points of modular contractive maps in a modular metric space. In our

studies we generalise this concept to our context.

Let w be a modular quasi-pseudometric on X. We say that a nonempty

subset A of Xw is w-bounded if there exists x ∈ Xw such that

A ⊆ Cwλ,λ(x) ∩ Cwtµ,µ(x) for some λ, µ > 0.

Remark 4.2.1. If w is a modular quasi-pseudometric on a set X, then

boundedness on (Xw, qw) implies w-boundedness. This observation follows

from the fact that Cqw(x, λ) ⊆ Cwλ,λ(x) and C(qw)t(x, λ) ⊆ Cw
t

λ,λ(x) for all

λ > 0 and x ∈ Xw.
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De�nition 4.2.1. Let A be a w-bounded subset of Xw. Then we de�ne the

w-diameter of A denoted by diamw(A) by

diamw(A) = sup{w(λ, x, y) : x, y ∈ A}

for some λ > 0.

Lemma 4.2.1. Let w be a modular quasi-pseudometric on X. If A is a

w-bounded subset of Xw, then diamw(A) <∞.

Proof. Suppose that A is w-bounded. Then for some x ∈ Xw, we have

A ⊆ Cwλ,λ(x) ∩ Cwtµ,µ(x) for some λ, µ > 0.

If z, y ∈ A then

w(λ, x, z) ≤ λ and w(µ, z, x) ≤ µ

and

w(λ, x, y) ≤ λ and w(µ, y, x) ≤ µ.

It follows that

w(µ+ λ, z, y) ≤ w(µ, z, x) + w(λ, x, y) ≤ µ+ λ

and

w(µ+ λ, y, z) ≤ w(µ, y, x) + w(λ, x, z) ≤ µ+ λ.

Hence for λ′ = µ+ λ > 0, we have

sup{w(λ′, z, y) : z, y ∈ A} ≤ λ′.

Therefore, diamw(A) <∞.

Lemma 4.2.2. Let w be a modular quasi-pseudometric on X. If w is con-

tinuous from the right on (0,∞), then boundedness on (Xw, qw) is equivalent

to w-boundedness.

Proof. We only prove the su�cient condition since the necessary condition

follows from Remark 4.2.1. Suppose that A is a w-bounded subset of Xw.
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Then there exists x ∈ Xw such that A ⊆ Cwλ,λ(x)∩Cwtµ,µ(x) for some λ, µ > 0.

Let y ∈ A. Then w(λ, x, y) ≤ λ and w(µ, y, x) ≤ µ. By the right continuity

of w on (0,∞), we have

qw(x, y) ≤ λ and qw(y, x) ≤ µ

for some x ∈ Xw and λ, µ > 0.

Thus A ⊆ Cqw(x, λ)∩C(qw)t(x, µ). Therefore, A is bounded on (Xw, qw).

Proposition 4.2.3. Let w be a modular quasi-pseudometric on X. If Xw

is a w-Isbell-convex and (xi)i∈I is a family of points in Xw and (λi)i∈I and

(µi)i∈I are families of positive real numbers such that w(λi + µj , xi, xj) ≤
λi + µj for all i, j ∈ I. Then the set A :=

⋂
i∈I

[Cwλi,λi(xi) ∩ C
wt

µi,µi(xi)] is

nonempty and w-Isbell-convex.

Proof. Observe that the set A is nonempty by w-Isbell-convexity of Xw.

Now we show that the set A is w-Isbell-convex. Let (xα)α∈Γ be a family of

points in A and (λα)α∈Γ and (µα)α∈Γ be families of positive real numbers

such that w(λα + µβ, xα, xβ) ≤ λα + µβ for all α, β ∈ Γ . We have to show

that the family of w≤-entourages

((Cwλα,λα(xα)α∈Γ , (C
w
λi,λi

(xi))i∈I ;C
wt

µα,µα(xα)α∈Γ , (C
wt

µi,µi(xi))i∈I)

satis�es the hypothesis of w-Isbell-convexity.

Then, in particular, for all α ∈ Γ and i ∈ I, we have that

w(µi, xα, xi) ≤ µi < λα + µi

and

w(λi, xi, xα) ≤ λi < λi + µα

since xα ∈ A.
By w-Isbell-convexity of Xw it follows that

∅ 6=
⋂
α∈Γ

[Cwλα,λα(xα) ∩ Cwtµα,µα(xα)] ∩
⋂
i∈I

[Cwλi,λi(xi) ∩ C
wt

µi,µi(xi)]

= A ∩
⋂
α∈Γ

[Cwλα,λα(xα) ∩ Cwtµα,µα(xα)].
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Hence A is w-Isbell-convex.

De�nition 4.2.2. Let w be a modular quasi-pseudometric on X. A nonempty

and w-bounded subset A of Xw is called w-admissible if A = bicovw(A).

In the sequel, we will denote by Aw(Xw), the set of all w-admissible

subsets of Xw.

Remark 4.2.2. Observe that a w-admissible subset of Xw can be written as

the intersection of a family of the form Cwλ,λ(x)∩Cwtµ,µ(x), where x ∈ Xw and

λ, µ > 0.

Lemma 4.2.4. Let w be a modular quasi-pseudometric on X which is con-

tinuous from the right on (0,∞). Then

Cqw(x, λ) = Cwλ,λ(x)

and

C(qw)t(x, λ) = Cw
t

λ,λ(x)

for all λ > 0 and x ∈ Xw.

Proof. We only prove the equality Cqw(x, λ) = Cwλ,λ(x) and the equality

C(qw)t(x, λ) = Cw
t

λ,λ(x) will follow by duality.

Since we know that Cqw(x, λ) ⊆ Cwλ,λ(x), then we only prove the reverse

inclusion.

If a ∈ Cwλ,λ(x), then w(λ, x, a) ≤ λ which is equivalent to qw(x, a) ≤ λ by

the right continuity of w. Thus a ∈ Cqw(x, λ).

Corollary 4.2.5. Let w be a modular quasi-pseudometric on X which is

continuous from the right on (0,∞) and A ⊆ Xw. Then A is w-admissible

if and only if A is qw-admissible.

For a w-bounded subset A of Xα, we set

cov(A)w :=
⋂
{Cwλ,λ(x) : A ⊆ Cwλ,λ(x), x ∈ Xw, λ > 0} (4.1)

and

cov(A)wt :=
⋂
{Cwtµ,µ(x) : A ⊆ Cwtµ,µ(x), x ∈ Xw, µ > 0}. (4.2)
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Moreover, we de�ne the w−bicover of A by bicovw(A) := cov(A)w∩cov(A)wt .

Moreover, we set:

rwx,λ(A) := sup
y∈A
{w(λ, x, y) : for some λ > 0}, where x ∈ Xw

and

rw
t

x,µ(A) := sup
y∈A
{w(µ, y, x) : for some µ > 0}, where x ∈ Xw.

Then, let

rx(A) := rwx,λ(A) ∨ rwtx,λ(A), where x ∈ Xw.

Proposition 4.2.6. Let w be a modular quasi-pseudometric on X and A be

a w-bounded subset of Xw. Then we have:

1. bicovw(A) =
⋂
x∈X

[
Cwrwx,λ(A),r

w
x,λ(A)

(x) ∩ Cwt
rw
t

x,λ(A),r
wt
x,λ(A)

(x)

]
.

2. rx(bicovw(A)) = rx(A).

Proof. 1. We �rst prove that

bicovw(A) ⊆
⋂
x∈X

[
Cwrwx,λ(A),r

w
x,λ(A)

(x) ∩ Cwt
rw
t

x,λ(A),r
wt
x,λ(A)

(x)

]
.

Let x ∈ Xw. For any y ∈ A with x 6= y and some λ > 0, we have

w(rwx,λ(A), x, y) ≤ sup{w(rwx,λ(A), x, y) for some rwx,λ(A) > 0}.

Then w(rwx,λ(A), x, y) ≤ rwx,λ(A) which implies that y ∈ Cwrwx,λ(A),rwx,λ(A)(x)

for all x ∈ Xw. So A ⊆ Cwrwx,λ(A),rwx,λ(A)(x) for all x ∈ Xw.

Hence

cov(A)w ⊆ Cwrwx,λ(A),rwx,λ(A)(x) for all x ∈ Xw. (4.3)

By analogue arguments one has A ⊆ Cwt
rw
t

x,λ(A),r
wt
x,λ(A)

(x) for all x ∈ Xw.

Moreover,

cov(A)wt ⊆ Cw
t

rw
t

x,λ(A),r
wt
x,λ(A)

(x) for all x ∈ Xw. (4.4)
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Combining (4.3) and (4.4) we have

bicovw(A) ⊆
⋂
x∈X

[
Cwrwx,λ(A),r

w
x,λ(A)

(x) ∩ Cwt
rw
t

x,λ(A),r
wt
x,λ(A)

(x)

]
.

For the reverse inclusion, let A ⊆ Cwλ,λ(x) and A⊆ Cwµ,µ(x) with x ∈ Xw

and λ, µ > 0.

Then w(λ, x, y) ≤ λ and w(µ, y, x) ≤ µ for all y ∈ A. It follows that

rwx,r(A) = sup
y∈A
{w(r, x, y) for some r > 0} ≤ λ.

Furthermore,

Cwrwx,r(A),rwx,r(A)(x) ⊆ Cwλ,λ(x) for all x ∈ Xw.

Hence

Cwrwx,r(A),rwx,r(A)(x) ⊆ cov(A)w for all x ∈ Xw. (4.5)

By duality one has

Cw
t

rwtx,r(A),r
wt
x,r(A)

(x) ⊆ cov(A)wt for all x ∈ Xw. (4.6)

From inclusions (4.5) and (4.6) we have

⋂
x∈X

[
Cwrwx,r(A),rwx,r(A)(x) ∩ Cwt

rwtx,r(A),r
wt
x,r(A)

(x)

]
⊆ bicovw(A).

2. Indeed,

rwx,λ(bicovw(A)) = sup

{
w(λ, x, y) : y ∈

⋂
x∈X

[
Cwrwx,λ(A),r

w
x,λ(A)

(x)∩Cwt
rw
t

x,λ(A),r
wt
x,λ(A)

(x)

]

for some λ > 0

}
.

In particular y ∈ bicovw(A) implies that

w(rwx,λ(A), x, y) ≤ rwx,λ(A) ≤ rx(A)

and

w(rw
t

x,λ(A), y, x) ≤ rwtx,λ(A) ≤ rx(A).
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It follows that

rwx,λ(bicovw(A)) ≤ rx(A)

and

rw
t

x,λ(bicovw(A)) ≤ rx(A).

Hence

rx(bicovw(A)) ≤ rx(A).

We obtain the reverse inequality since A ⊆ bicovw(A).

De�nition 4.2.3. Let w be a modular quasi-pseudometric on X. Given a

subset A of Xw, we de�ne for λ, µ > 0 the λ, µ-parallel set of A as

Pλ,µ(A) =
⋃
a∈A

[Cwλ,λ(a) ∩ Cwtµ,µ(a)].

Observe that for any λ > 0, we have that

Pλ,λ(A) =
⋃
a∈A

Cw
s

λ,λ(a).

Proposition 4.2.7. Let w be a modular quasi-pseudometric on X. If Xw is

w-Isbell-convex and A is a w-admissible subset of Xw, that is A =
⋂
i∈I C

w
λi,λi

(xi)∩
Cw

t

µi,µi(xi) with xi ∈ Xw and λi, µi > 0 for each i ∈ I 6= ∅, then

Pλ,µ(A) =
⋂
i∈I

[Cwλi+λ,λi+λ(xi) ∩ Cw
t

µi+µ,λi+µ
(xi)] (4.7)

for all λ, µ > 0.

Proof. Let y ∈ Pλ,µ(A). Then, for some a ∈ A we have w(λ, a, y) ≤ λ and

w(µ, y, a) ≤ µ. Furthermore, for each i ∈ I,

w(λi + λ, xi, y) ≤ w(λi, xi, a) + w(λ, a, y) ≤ λi + λ,

and

w(µi + µ, y, xi) ≤ w(µ, y, a) + w(µi, a, xi) ≤ µi + µ.
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It follows that y ∈ Cwλi+λ,λi+λ(xi) ∩ Cw
t

µi+µ,λi+µ
(xi) for all i ∈ I. Hence

Pλ,µ(A) ⊆
⋂
i∈I

[Cwλi+λ,λi+λ(xi) ∩ Cw
t

µi+µ,λi+µ
(xi)].

We now suppose that y ∈
⋂
i∈I [C

w
λi+λ,λi+λ

(xi) ∩ Cw
t

µi+µ,λi+µ
(xi)]. Hence, for

any i ∈ I,
w(λi + λ, xi, y) ≤ λi + λ,

and

w(µi + µ, y, xi) ≤ µi + µ.

For any a ∈ A and i, j ∈ I we have

w(λi + µj , xi, xj) ≤ w(λi, xi, a) + w(µi, a, xj) ≤ λi + µj

by de�nition of A and the triangle inequality. Thus the family of w≤-

entourages [(Cwλi,λi(xi))i∈I , C
w
λ,λ(y); (Cw

t

µi,µi(xi))i∈I , C
wt
µ,µ(y)] satis�es the hy-

pothesis of w-Isbell-convexity of Xw. Then

∅ 6=
(⋂
i∈I

Cwλi,λi(xi)

)
∩ Cwλ,λ(y) ∩

(⋂
i∈I

Cw
t

µi,µi(xi)

)
∩ Cwtµ,µ(y)

=
⋂
i∈I

[Cwλi,λi(xi) ∩ C
wt

µi,µi(xi)] ∩ (Cwλ,λ(y) ∩ Cwtµ,µ(y))

= A ∩ (Cwλ,λ(y) ∩ Cwtµ,µ(y)).

It follows that w(λ, y, a) ≤ λ and w(µ, a, y) ≤ µ for some a ∈ A.
Therefore, y ∈ Pλ,µ(A).

The following de�nition is motivated from [10, Theorem 5.1] and [10,

Theorem 5.2] since their proofs do not involve the symmetry axiom of a

modular metric. Therefore, we keep the same de�nition in the asymmetric

setting.

De�nition 4.2.4. Let w be a modular metric on a set X. Then we say that

a map T : Xw → Xw is a w-Lipschitz if there exists a k > 0 such that

w(kλ, T (x), T (y)) ≤ w(λ, x, y) for all λ > 0 and x, y ∈ Xw.

If k = 1, then the map T is called w-nonexpansive map.
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Remark 4.2.3. In light of [10, Theorem 5.1] and [10, Theorem 5.2], one

can easily prove that for a w-Lipschitz map T : Xw → Xw, where w is mod-

ular quasi-pseudometric on X. We have that w(kλ, T (x), T (y)) ≤ w(λ, x, y)

implies qw(T (x), T (y)) ≤ kqw(x, y) for some k > 0 and for all λ > 0 and

x, y ∈ Xw.

Theorem 4.2.8. (compare [55, Lemma 5.3]) Let w be a modular quasi-

pseudometric on X which is continuous from the right on (0,∞) and Xw

be w-Isbell-convex. If A is a w-admissible subset of Xw, then there is a w-

nonexpansive retraction R of Pλ1,λ2(A) onto A such that w(λ2, x,R(x)) ≤ λ2
and w(λ1, R(x), x) ≤ λ1 for all x ∈ Pλ1,λ2(A) and λ1, λ2 > 0.

Proof. Suppose that A is w-admissible. Then

A =
⋂
i∈I

Cwλi,λi(xi) ∩ C
wt

µi,µi(xi) with I 6= ∅.

Since Pλ2,λ1(A) is an intersection of w≤-entourages from Proposition 4.2.7,

then Pλ1,λ2(A) is w-admissible in Xw. Moreover, from Proposition 4.2.3 we

have that Pλ1,λ2(A) is w-Isbell-convex. Let us consider the family Ω de�ned

by Ω = {(D,RD) : A ⊆ D ⊆ Pλ1,λ2(A) and RD : D → A is a nonexpansive

retraction such that w(λ2, x,RD(x)) ≤ λ2 and w(λ1, RD(x), x) ≤ λ1 for all

x ∈ D}.

If the map IA is the identity on A, then (A, IA) ∈ Ω. Hence Ω 6= ∅.
Furthermore, one can partially order the family Ω by (D,RD) ≤ (E,RE)

if and only if D ⊆ E and the nonexpansive map RD is an extension of the

nonexpansive map RE .

It follows that every chain in (Ω,≤) is bounded above. Thus by Zorn's

lemma, Ω has a maximal element. Suppose that (D,RD) is the maximal

element of (Ω,≤). We now prove that D = Pλ1,λ2(A). Suppose that there

exists an element x ∈ Pλ1,λ2(A) with x /∈ D and we consider the set

C =

[ ⋂
d∈D

Cwλ′,λ′(RD(d)) ∩ Cwtµ′,µ′(RD(d))

]
∩
[⋂
i∈I

Cwλi,λi(xi) ∩ C
wt

µi,µi(xi)

]

∩[Cwλ1,λ1(x) ∩ Cwtλ2,λ2(x)],

where λ′ = w(λ′, d, x) and µ′ = w(µ′, x, d) for all d ∈ D.
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We �rst show that the set C 6= ∅. To achieve this we only need to show

that the family

[(Cwµi,µi(RD(d)))d∈D, (C
w
λi,λi

(xi))i∈I , (C
w
λ1,λ1(x)); (Cwλ′,λ′(RD(d)))d∈D,

(Cw
t

µ′,µ′(RD(d)))i∈I , (C
wt

λ2,λ2(x))]

of double w≤-entourages has the mixed binary intersection property in light

of Proposition 4.1.1.

If d1, d2 ∈ D, then

w(λ′ + µ′, RD(d1), RD(d2) ≤ w(λ′ + µ′, d1, d2)

≤ w(λ′, d1, x) + w(µ′, x, d2)

= λ′ + µ′.

Thus by the w-admissibility of A, we have

Cwλ′,λ′(RD(d))∩Cwtµ′,µ′(RD(d)) 6= ∅. From the de�nition of A as w-admissible

set in Xw, for any i, j ∈ I it is easy to see that Cwλi,λi(xi) ∩ C
wt
µi,µi(xi) 6= ∅ .

Moreover, for each d ∈ D,RD(d) ∈ A =
⋂
i∈I C

w
λi,λi

(xi) ∩ Cw
t

µi,µi(xi). It

follows that

Cwλ′,λ′(RD(d)) ∩ Cwtµi,µi(xi) 6= ∅

and

Cwµ′,µ′(RD(d)) ∩ Cwtλi,λi(RD(d)) 6= ∅,

for any d ∈ D and i ∈ I.
Furthermore, since

x ∈ Pλ1,λ2(A) =
⋂
i∈I

[Cwλi+λ1,λi+λ1(xi) ∩ Cw
t

µi+λ2,λi+λ2
(xi)]

by Proposition 4.2.7, there exists y ∈ A such that x ∈ Cwλ1,λ1(y) ∩ Cwtλ2,λ2(y)

and, therefore, we have

(Cwλ1,λ1(x) ∩ Cwtλ2,λ2(x)) ∩ (Cλi,λi(xi) ∩ Cµi,µi(xi)) 6= ∅

for all i ∈ I.
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However, if d ∈ D, then from the assumption on RD we have

w(λ1 + λ′, RD(d), x) ≤ w(λ1, RD(d), d) + w(λ′, d, x) ≤ λ′ + λ1

and

w(µ′ + λ2, x,RD(d)) ≤ w(µ′, x, d) + w(λ2, d, RD(d)) ≤ µ′ + λ2.

Thus by w-metric convexity of Xw, we have

Cwλ′,λ′(RD(d)) ∩ Cwtλ2,λ2(x) 6= ∅

as well as

Cw
t

µ′,µ′(RD(d)) ∩ Cwλ1,λ1(x) 6= ∅.

Obviously, we have Cwλ1,λ1(x)∩Cwtλ2,λ2(x) 6= ∅. Therefore, we just proved that

the family

[(Cwλ′,λ′(RD(d)))d∈D, (C
w
λi,λi

(xi))i∈I , (C
w
λ1,λ1(x)), (Cwλ′,λ′(RD(d)))d∈D,

(Cw
t

µ′,µ′(RD(d)))i∈I , (C
wt

λ2,λ2(x))]

of double w≤ -entourages has the mixed binary intersection property. There-

fore, ∅ 6= C ⊆ A. We now suppose that z ∈ C and we de�ne map

R′ : D ∪{x} → A by R′(d) = RD(d) if d ∈ D and R′(x) = z. Then, we have

for any d ∈ D

w(µ′, R′(x), R′(d)) = w(µ′, z, RD(d)) ≤ µ′ = w(µ′, x, d)

and

w(λ′, R′(d), R′(x)) = w(λ′, RD(d), z) ≤ λ′ = w(λ′, d, x).

So R′ is nonexpansive.

Moreover,

w(λ1, R
′(x), x) = w(λ1, z, x) ≤ λ1

and

w(λ2, x,R
′(x)) = w(λ2, x, z) ≤ λ2

since z ∈ C.
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Hence (D ∪ {x}, R′) ∈ Ω which contradicts the maximality of D. Therefore,

D = Pλ1,λ2(A).

Theorem 4.2.9. Let w be a modular quasi-pseudometric on X and Xw be w-

Isbell-convex. If w is continuous from the right on (0,∞) and T : Xw → Xw

is a w-nonexpansive map, then the �xed point set Fix(T ) is nonempty and

w-Isbell-convex.

Proof. Since T : Xw → Xw is a w-nonexpansive map, then T : (Xw, qw) →
(Xw, qw) is a nonexpansive map.

Hence for any λ > 0, we have w(λ, T (x), T (y)) ≤ w(λ, x, y) for all x, y ∈ Xw.

Then from Remark 4.2.3 when k = 1, we have qw(T (x), T (y)) ≤ qw(x, y) for

all x, y ∈ Xw.

Observe that (Xw, qw) is an Isbell-convex quasi-pseudometric space by The-

orem 4.1.5. Moreover, we have Fix(T ) is nonempty and Isbell-convex by [49,

Theorem 3.3]. Therefore, Fix(T ) is w-Isbell-convex by Theorem 4.1.5.

De�nition 4.2.5. Let w be a modular quasi-pseudometric on X and T :

Xw → Xw map. For λ1, λ2 > 0, we de�ne the set Fλ1,λ2(T ) by

Fλ1,λ2(T ) = {x ∈ Xw : w(λ2, x, T (x)) ≤ λ2 and w(λ1, T (x), x) ≤ λ1}.

Corollary 4.2.10. Let w be a modular quasi-pseudometric on X and Xw

be w-Isbell-convex. If w is continuous from the right on (0,∞) and T :

Xw → Xw is a w-nonexpansive map, then the set Fλ1,λ2(T ) is w-Isbell-

convex whenever Fλ1,λ2(T ) is nonempty.
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Chapter 5

Conclusion and open problems

5.1 Conclusion

In this thesis, many aspects of a modular metric that does not satisfy the

symmetry condition have been de�ned. In this chapter, we discuss the con-

clusion of our investigations and point out some open problems encountered

throughout this present work. These open problems may comprise the topics

of future research.

In the �rst part of our investigations, we introduced a notion of modu-

lar metric that does not satisfy the symmetric axiom of a modular metric.

We called this a modular quasi-pseudometric. We proved that a modular

quasi-pseudometric is a nonincreasing function. We de�ned a modular set

around a point which in essence is an equivalence class. In Theorem 3.1.2,

we showed that a modular set equipped with T0-quasi-metric induced by a

modular quasi-pseudometric is a quasi-metric space. It is well-known that for

a nonsymmetric distance functions there are several completeness concepts.

Hence we explored convergence in a set in the modular quasi-pseudometric

setting. We studied topologies induced by a modular quasi-pseudometric

on a nonempty set and it turns out that a set equipped with a modular

quasi-pseudometric has three topologies, one induced by the modular quasi-

pseudometric, one by transpose modular quasi-pseudometric and the third

one induced by the symmetrized modular quasi-pseudometric. We showed

that both topologies are T0 on the modular set and the third topology, which

is called the modular topology generated by the modular pseudometric is
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�ner than the topologies induced by the modular quasi-pseudometric and

its transpose. We also studied the Hausdor� modular quasi-pseudometric

induced by the modular quasi-pseudometric and its transpose. We showed

that the modular quasi-pseudometric generated by the Hausdor� pseudo-

metric induced by the sum of modular quasi-pseudometric and its transpose

modular quasi-pseudometric, has similar behaviour to the Poméiu quasi-

pseudometric.

In the second part of this work we introduced the theory of Isbell-

convexity in the setting of modular quasi-pseudometric. We called this con-

cept w-Isbell-convexity. We studied the connections between Isbell-convexity

and w-Isbell-convexity on a modular set and realised that they are actually

equivalent whenever the modular quasi-pseudometric is continuous from the

right on the set of positive numbers. We studied the boundedness of a

set endowed with a modular quasi-pseudometric and proved that w-Isbell-

convexity implies w-metrical-convexity and w-Isbell-completeness and that

the converse is also true. We consequently studied a self-nonexpansive map

on a w-Isbell-convex modular set and show that it has a �xed point. We

showed that the �xed point sets of self-nonexpansive map is nonempty and

is w-Isbell-convex.

5.2 Open problems

Our conclusion leads us to list some open problems that we came across

throughout our present investigations. We would like to study these prob-

lems in future work.

One-local retract in modular quasi-pseudometric spaces.

In [36], Khamsi introduced and studied one-local retract on metric spaces.

His paper was inspired by Baillon's results [5] on hyperconvex metric spaces.

He de�ned one-local retract as: a subset A of M is said to be one-local re-

tract of M if for every family {Bi; i ∈ I} of closed balls centered in A with

non-empty intersections (i.e. A ∩ (
⋂
Bi) 6= ∅). It is immediate that each

nonexpansive retract of M is a one-local retract (but not conversely). He
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also remarked that A ⊂ M is a nonexpansive retract of M if there exists a

nonexpansive map r : M → A such that r(a) = a for every a ∈ A.

Not long ago, in [3], the authors introduced the concept of one-local in

modular function spaces and proved the existence of common �xed points

for commutative mappings.

About six years back, Abdou in [2] introduced the concept of one local

retract in a more general setting in modular metric spaces and proved the

existence of common �xed points for a family of nonexpansive modular map-

pings de�ned on nonempty w-closed w-bounded subsets in metric modular

spaces.

Problem 5.2.1. How can we introduce the theory of one-local retract in

modular quasi-metric spaces to extend the results from [55] to the context

of modular quasi-metric spaces.

Problem 5.2.2. Let w be a modular quasi-pseudometric on X. If a subset

A of X is one local retract in X, is A one local retract in (Xw, qw)?

Problem 5.2.3. If w is not continuous from the right on (0,∞), under what

conditions will the Theorem 4.2.8 hold?

Bornology of modular quasi-pseudometric spaces.

The well known concept of bornology has been investigated by many au-

thors. For instance in [6], a bornology on a set X is de�ned as:

De�nition 5.2.1. Let X be a non-empty set without any assumed structure.

A family B of subsets of X is called a bornology on X provided the following

conditions are satis�ed :

1. B form a cover of X, (i.e. X =
⋃
B),

2. whenever B ∈ B and A ⊆ B, then A ∈ B and

3. B is stable under �nite unions (i.e. if B1, ..., Bn ∈ B, then
⋃n
i=1Bi ∈

B).
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Condition (2) implies that a bornology on a set is a hereditary family,

meaning a bornology must contain the empty set. The smallest bornology

on a set is the family of its �nite subsets and the largest is the power set

P(X). If (X, d) is a metric space, then its bornology of bounded subsets

is denoted Bd(X) and it is called metric bornology determined by d. So we

would like to investigate bornologies of modular quasi-metric spaces. This

is inspired by [56] as they generalised Beer's results in [6] on bornologies of

extended metric spaces to the framework of quasi-metric spaces. Hu in [30]

investigated bornologies de�ned on a metric space that correspond to the

bornology of bounded sets, for example, compact metric spaces. Over the

years as the concept continued to be investigated, Borwein [11] used bornolo-

gies to develop a uni�ed theory of di�erentiability for functions de�ned on

general normed spaces, characterizing various geometric properties of spaces

in terms of the relationships between di�erent bornological derivatives on

various classes of functions.

Problem 5.2.4. How one can de�ne a bornology induced by a modular

quasi-pseudometric spaces?

Problem 5.2.5. What are the connections between the bornology induced

by a modular quasi-pseudometric w on a set X and the quasi-metric Bornol-

ogy induced by qw?

Common �xed points of nonexpansive mappings on modular quasi-

pseudometric spaces.

In many cases, particularly in applications of integral operators, approx-

imation, and �xed point results, modular type conditions are much more

natural as modular type assumptions can be more easily veri�ed than their

metric or norm counterparts. In recent years, there was a strong interest in

studying the �xed point property in modular function spaces after the �rst

paper [39] was published in 1990.

In [58], Penot presented an abstract version of Kirk's �xed point theorem

[41] for nonexpansive mappings. Many results of �xed point in metric spaces

were developed after Penot's formulation. Using Penot's work, the author

in [37] proved some results in metric spaces with uniform normal structure
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similar to the ones known in Banach spaces.

Problem 5.2.6. It is natural to wonder if does there exist a common �xed

point of family of commutative w-nonexpansive mappings on a modular

quasi-pseudometric space.
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