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Abstract

The main aim of the study was to develop mathematical flow model of the shale gas at the
Karoo Basin of South Africa (SA). The model development incorporates three systems
(phases) to form a triple continuum flow model, the phases include matrix (m), natural (NF)

and hydraulic fracture (HF).

The model was developed from the continuity equation, and the general equations were

formed.

2 2
(0.0522 = 3.90087 x 10715 222 + 3.90087 x 10715222 — 1.95043 x 1071620 X 10° = pyy),

OPNF _ ~15 6 _ _ —9 6 _ K2 _5 OPNF K _5 OPNF
0.01 228 = 2,00 x 10715(20 X 10 — pyp) = 2.00 X 10~2(20 X 106 — pyg) + == [7.80 x 1075 22| 4 = [7.80x 10 e ]

3 (7T 6_ _ -4 _ Ovur
= |0.1248269 b ] +0.1248269(20 x 106 — pyp) — 4.98 x 107+ = 224

The model was solved using numerical method technique known as Finite Difference Method
(FDM). For each phase a computer program MATLAB was used to plot the pressure
gradient. Hydraulic pressure gradient fractures propagate between the distance of 100m and
500m. The model was verified using the data of Barnett Shale. Sensitivity analysis was also
performed on the hydraulic permeability, drainage radius and the initial pressure of the

reservoir.
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Nomenclature

Item Units Symbol
Natural fracture NF
Hydraulic fracture HF
Matrix to natural fractures mNF
Reservoir thickness m h
Reservoir length, m
Reservoir breadth m
Effective thickness m
Fracture half-length m
Interface area A
Klinkenberg coefficient MPa b
Klinkenberg coefficient (NF) MPa byr
Klinkenberg coefficient (m) MPa b,
Matrix porosity, Om
Natural fracture porosity, o
Hydraulic fracture porosity, bur
Skin Factor S
Compressibility factor, Z
Normal direction n
Fracture spacing m
Wellbore radius, m T
Initial reservoir pressure Pa Di
Bottom-hole pressure Pa Dw
Langmuir pressure Pa DL
Matrix pressure Pa Dm
Natural fracture pressure Pa PNF
Hydraulic fracture pressure Pa Pur
Langmuir pressure Pa pL
Mass flux of the adsorbed gas [kg/(m3s)] Qad
Inter-porosity flow from matrix to natural fracture [kg/(m3s)] Qm
Inter-porosity flow from natural fracture to hydraulic fracture | [kg/(m®s)] qnF
Reservoir temperature K T
Langmuir volume, cm?/ cm? v,
Apparent permeability m? k,
Absolute permeability m? k;
Absolute permeability of matrix m? ki
Apparent permeability of matrix m? kg
Absolute permeability of natural fracture m? knri
Apparent permeability of natural fracture m? Knra
Permeability of hydraulic fracture m? kyr




Molecular weight of gas

Interface area per unit volume of rock

Interface area per unit volume of rock

NF Characteristic length

HF Characteristic length

Gas Viscosity

Gas compressibility

Flow term from HF to the horizontal to the horizontal well
Gas rate (Gas production)

Cumulative gas production

Universal gas constant

Length in direction parallel to the horizontal well
Effective radius of the grid where HF intersects with
wellbore

Matrix to natural fracture

Natural fracture to hydraulic fracture

Length in direction perpendicular to the horizontal well
Gas density

Reservoir boundary

Inter-porosity flow shape factor (m)

Time

Volume of a specific grid

Langmuir volume

Adsorbed gas content

cP

MPa'
[ka/(m3 )]
m3/day

[Pa m3/(kmol K)]
M




CHAPTER 1 INTRODUCTION

More research on the recovery of shale reservoirs (unconventional oil and gas source) is
necessary in this lifetime; the motivation is brought by the gradual declining sources of
conventional reservoirs and high energy demand from global community. Gas production
from shale in the United States of America (USA) and the United Kingdom (UK) has
contributed to the increasing interest in recovering this volatile form of energy. It is becoming
an important form of energy to the rest of the world because it bridges the gap between
demands and supply of the world’s energy (De Wit, 2011). The USA has an annual natural
gas production in the form of shale gas estimated to be 1.0 trillion of standard cubic feet

(TSCF) from 40 000 wells (Renyi et al., 2017).

Technological improvements in horizontal well drilling to recover tight gas and shale gas
have shifted the attention of researchers on recovery of this gas/oil trapped in the source
sedimentary rocks (unconventional sources). Confinement in the form of fine small
interstitial space and low penetration of grained sedimentary rock is defeated by level
penetration and hydraulic fracking (Kudapa et al., 2017). For continued success in exploring
and exploiting the unconventional reservoirs, this research focuses on the shale gas recovery

from the Karoo region in South Africa (SA).

1.1 Overview of local shale gas production and consumption

SA has a declining rate of conventional production of natural gas which is largely produced
from the offshore areas. Referring to Figurel.1, in 2007 the production of approximately 100
billion cubic feet (BCF) was the highest between period 2005 to 2010, and also within the
same period the consumption was highest at about 200 BCF. The shortfall was covered

through importation from Mozambique.
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Figure 1.1 SA natural gas production and consumption (SAMSA, 2011)

From 2008, the production has been declining significantly and consumption has been greater
than the production, the difference between consumption and production has been covered
through import as explained above. In general, Figure 1.1 shows that natural gas demand is
greater than the country’s production since 2006 to 2010. Therefore, it is necessary for SA to
recover shale gas. Gas is cheaper to produce and has a comparatively low carbon footprint
compared to coal and oil (Bo et al., 2017). Another benefit for producing shale gas is that it
can also be used in the industry and domestically for heating which will then decrease the

high rate of imports of oil and gas.

Modelling of gas production is not a new subject in the petroleum industry. The current
knowledge gives a general approach to it, so to accommodate the South African land scape, it
is therefore fitting to model and simulate the gas shale production for SA’s reservoirs.
Industrial application will be for fracking in the Karoo to recover an estimated13-211 trillion
cube feet (TCF) reserves of shale gas (De Kock et al., 2017). This is according to the
carbonaceous shale thickness, depth, area, heat maturity as well as the total organic
compounds (TOC) as determined on the Ecca Group’s Whitehill, (refer to Figure 1.2) (De

Kock et al., 2017).

Page | 2



20°E 25°E

-. Reduced shale gas resource”

Karoo boreholes ( 7,’}( this study)
Drakensberg Group [l Dolerite sills
‘Stormberg’ Group

Beaufort Group

Ecca Group

Dwyka Group

Karoo
Supergroup

ERCCN ©

Cape Supergroup
{including the Msikaba Fm.
& Natal Group)

3075

Kilometers
0 50100 200 300 400

55T

Figure 1.2 The main Karoo Basin showing the position of the three drills cores for the study

by the South African Geologist (De Kock et al., 2017)

The study divulged a down grade of reserves estimated from 485 TCF to 13 TCF (De Kock et

al., 2017).

1.2 The economics of the shale gas

The economics of the shale gas recovery is depended mainly on the actual gas that can be
recovered in comparison to the original gas in place (OGIP) estimation (Cooper et al., 2016).
The total actual gas recovery rate is dependent on the technology, reservoir design, fracture
creation and geology knowledge (functions) (Saliem, 2015). Combination of these functions
to the total actual gas recovery is beneficial to make sure production costs, and operation

costs are reduced overtime.

In later years professional specialists have analysed production data from different reservoirs,

and it can be concluded that the producing reservoirs follow a fairly well known general
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pattern (Tan et al., 2018). Shale gas production in the first 2-3 years shows high decline rates
of production and as years pass by it balances off, meaning that the decline rates are not as
aggressive as the first 2-3 years of production. Referring to the Figure 1.3, decline rates of
shale gas reservoir is more significant than the conventional reservoir. Shale gas reservoir
differs significantly with conventional reservoir because of the steep. Shale gas’s initial

production (IP) and decline rates influence economic limit and profitability.

The trajectory of Figure 1.3 is influenced by geophysical and petro physical characteristics of
the reservoirs, since it is at this stage where gas production profile moves from free gas to
adsorbed gas. Also occurring is the production profile dominated by fractures then changes to

production dominated by the rock matrix.

Arp’s formula has been used since 1945 to estimate the amount of oil or gas that can be
produced and also to estimate as to when production can come to an end for the conventional
reservoir. Recently the formula has also been used, however modifications on the formula are

still on going to improve accuracy in the way it estimates production of the shale reservoir.

Unconventional

Conventional

Free Gas

Monthly Rate (Mcf/manth)

Adsorbed Gas

v

Time{month)

Figure 1.3 Decline curves of conventional against unconventional reservoir (Saliem, 2015)
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1.3 The aim and objectives

The main aim of the study is to mathematically model the flow of the shale gas at the
southern Main Karoo Basin of SA (KWV-1). The flow model will be the incorporation of
three systems to form a triple continuum flow model. The system will include matrix known
for very low permeability, natural fracture with low permeability and hydraulic fracture with

high permeability.
Accordingly, the following objectives are to be undertaken:

e Establish triple porosity model for the general shale gas reservoir using data
that is currently available from literature.

e Validate the model by using field data and simulation from (Guo, et al.,
2018)’s literature, which is of multistage horizontal well fracturing.

e Investigate the effect of changing the permeability of hydraulic fracture
against the production rate.

e Investigate the effect of changing the external radius () on the production
rate.

e Investigate the effect of changing the initial pressure (p,, = Pyr = Pur = Pi)

against the production rate.
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CHAPTER 2 LITERATURE REVIEW

Many articles have been published concerning the modelling of gas production from
unconventional resources (Wang et al., 2015). The unconventional oil and gas reservoirs have
challenges which are in the form of low permeability from the source rock which is not a
major problem from the traditional conventional oil and gas. Unconventional gas reservoirs
usually consists of coal bed methane, gas pressurized zones, tight gas sands together with
deep shale gas (Correa et al., 2009). The study will focus mainly on shale gas in South
African context. The bore-hole KWV-1 properties will be used to demonstrate the properties

of the main Southern Karoo.

2.1 Shale reservoir characteristics-Karoo Basin

Shale rocks are an unconventional energy source which contains Kerogen, of which is a
chemical compound that is converted into useful hydrocarbons by pyrolysis (Speight, 2008).
The sedimentary rocks make up the shale formations which are grouped as mudstones and
clay. One of the resource assessments was conducted by Geel et al., (2013) on the Karoo
sedimentary rock deposition. The dropstone was found to lie at the bottom of the Ecca group,
which is also known as the Prince Albert Formation. The Prince Albert Formation is made up

of the mudstone, shale and small units of sandstone.

The Whitehill Formation is characterised as the fine-grained, well-laminated black organic
rich shale which is weathered because of oxidation reactions taking place on the hydrated
calcium sulphate (Johnson et al., 1996). This is the formation that is more important due to it
being able to break down to form gas and oil. The Collingham Formation constitutes of very
dark grey mudstones, inserted between layers with yellowish layers of ash fall which is dated
274-270 Ma (Viljoen 1994, Geel et al. 2013). Generally, mudstones are parallel laminate,
they can undergo nuclear fission and they also contain fossil traces like Planolites (Geel et al.,
2013).
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2.2 Shale gas recovery mechanisms

Shale gas is categorised as unconventional gas, and it is associated with sources such as shale
rock, sand stones and coal seams which possess low porous and permeability characteristics
(Guarnone et al., 2012). To extract shale gas economically, two technologies are deployed

namely horizontal drilling and hydraulic fracturing.

2.2.1 Horizontal drilling

Horizontal drilling begins with a vertical shaft being drilled vertically downwards until it hits
just above the targeted gas/oil reservoir. It then re-orientates and turns into a direction that
will make its path horizontal, see Figure 2.1 its horizontal path will continue until the
required length is achieved. Horizontal drilling increases the production rate of the well due
to its increased contact with the productive layer of the well (Chaoa et al., 2016). According
to (Burwen and Flegal, 2013) initial costs of the directional reservoir construction is two to
three times the cost of conventional recovery of the gas. However the initial production is

three to four times greater than that of the conventional reservoir (Burwen and Flegal, 2013).

MULTI-ZONE DEVELOPMENT
DRILLING OPPORTUNITIES
TYPICALLY FOUND IN THE
WESTERN CANADIAN
SEDIMENTARY BASIN

S i S
- 7 e )
—

i
-

VERTICAL MULTI-ZONE COMPLETION HORIZONTAL MULTI-ZONE COMPLETION

Figure 2.1 Vertical and horizontal drilling (Anon., 2018)
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2.2.2 Hydraulic fracturing

Hydraulic fracturing (HF) famously known as fracking, is a process of stimulating the shale
rock and sand stones with a mixture of high pressured liquid (Belyadi et al., 2017). This
liquid is a mixture of water, proppant, and chemicals injected at high pressure into a well
bored. The gradual accumulation of the pressure causes the formation to crack through where
the proppant keeps cracks open to allow the free flow of natural gas to the well where it will
be extracted (Belyadi et al., 2017). Overtime the cracks self-seal due to natural occurrence,
hence it requires fracturing repeatedly. HF takes place after drilling and it is shown in Figure

2.2 as horizontal cracking takes place.

Production
Well é Mmumﬁi
PrivotoqNoll -'}.':;

Drinking Water
Aquifer

Shale Fractures

Figure 2.2 Hydraulic fracturing process following drilling of the well (Degenhardt, 2011)
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Figure 2.3 Hydraulic fracturing block flow diagram (Ahmed, 2001)

Hydraulic Fracturing Process referring to Figure 2.3

Stage 1. Lowering of the perforating equipment into a target area within the horizontal
portion of the well. The electric charge is travelled down the well to initiate a small explosive

charge.

Stage 2: Creating a network of cracks in the shade rock pumping the fracking fluid.

Stage 3: Experts monitor the process parameters in each stage to ensure safe operation, public

safety and maximise natural gas product.

Stage 4: Drilling out the plugs to remove the restriction in the wellbore, this is to allow the

collection of gas. The collected fracturing fluid is treated and reused again in the process.

Stage 5: Towards completion of removing the fracturing fluid, the gas which is moving up
the well with the fracturing fluid has greater volume than the fracturing fluid. In order not to

cause fire, flaring takes place as a safety precaution.

Stage 6: When the process of removing the fracturing fluid is complete, sand remains which

creates a passage way into the wellbore and eventually to the earth’s surface.

Stage 7: End user, businesses, household, industries.
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2.3 Gas flow patterns and characterisation of fluid flow through the porous media.

Hydraulically fractured well flow pattern is influenced by reservoir geometry (Ahmed, 2001).
In most reservoirs their shapes have irregular boundaries, hence authorises use of rigorous
mathematical analysis. There are 5 well defined flow patterns in hydraulically fractured well,
which are depicted in Figure 2.4; (a) fracture linear, (b) bilinear, (c) formation linear, (d)

elliptical and (e) pseudo radial flow pattern. The first 3 patterns can be grouped as fracture

linear.
¥ 1 < YN wtug | - l — : »Hl”i l
1_533_ Eg] “iﬂ—» "‘[.__4‘5—::«—_;.1_7

(a) (b)

SRR EIRILY.
tretttt ttttttt

—}*4—

T '\

(d)

Figure 2.4 Flow patterns for the hydraulically fractured well. ; (a) fracture linear, (b) bilinear,
(c) formation linear, (d) elliptical and (e) pseudo radial flow pattern (Cinco-Ley and

Samaniego-V., 1981)
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Fracture linear: Is a fluid flow regime that exists because of a hydraulically fractured well.
Its purpose is to examine methodically facts and statistics collected to determine the fracture
half-length. This flow regime does not last long and is often hidden by effects of the well

(Cinco-Ley and Samaniego-V., 1981).

Elliptical flow regime: Is the transitional fluid flow between linear flows and pseudo radial
flow. This flow pattern takes place the moment the fluid has begun to move from the

reservoir at one end of the horizontal well bore.

Pseudo Radial flow pattern: Radial fluid flows into or away from a wellbore in absence of the
reservoir, heterogeneity is assumed to be a cylindrical flow across the formation on the
horizontal (Ahmed, 2001). The fluid flows radically towards the well bore, this assumed

radial flow characterises the flow of fluid into the wellbore.

2.4 Modelling Darcy and Non-Darcy flow in hydraulic fractures

2.4.1 Darcy flow

Darcy’s law (equation 2.1) describes the flow of fluid in a porous medium, according to
(Basniev et al., 2012) this law has an empirical relationship which focuses on experimental
observations that comprised of water flow in one dimension through packed sand at low
velocity. With reference to equation 2.1, the pressure gradient is linearly proportional to the

fluid velocity in the porous media.

—dp W

dx  k (2.1)

Where p is the pressure, x the direction of fluid flow, p is the viscosity, v the superficial

velocity and k is the permeability.
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2.4.2 Non-Darcy Flow

Non-Darcy flow (law) significantly outlines the fluid flow in a porous media whereby there is
a high flow rate and Reynold’s number of gas near the well (Zeng and Grigg, 2006). This
region is in between laminar flow and turbulent flow and eventually transits to the turbulent
flow. The effect of non-Darcy is a rate-dependent skin effect, 40 years later after Darcy’s law
was recognised; Forchheimer observed that as the gas velocity increases, Darcy’s law doesn’t
hold anymore (Crain, 2006). Meaning that it becomes nonlinear as illustrated below by
Figure 2.5 For instance, inside the hydraulic fractures there are significant effects of the
inertia that occur, which then causes further pressure difference to drop in the hydraulic

fracture to maintain the production rate.

Darcy Flow » Non-Darcy Flow

)

0 (P4 -P2)

L

Figure 2.5 Non-Darcy’ law velocity against pressure gradient (Crain, 2006)

In mathematical terms this was explained by Forchheimer by introducing the second constant

(B) into Darcy’s law and is illustrated as equation (2.2) (Crain, 2006):
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Where S is the non-Darcy flow coefficient.

2.5 Basic Reservoir Model Simulation

In accordance with the spatial scale flow of gas in the shale formation it is expected to yield
many different mechanisms. Natural fracture and hydraulic fracture depict huge dissimilarity
for conductivity and connectivity. Hence, dual porosity which mainly focuses on the
simulation of fluid flow for naturally fractured reservoirs and triple porosity model which
focuses on the simulation of shale gas with complicated shale gas flow and production will be

explored.

2.5.1 Dual-porosity model

Dual porosity is mostly used when simulating fluid flow for naturally fractured reservoirs.
Fundamental use of this model was brought forward by (Barenblatt et al., 1960). The model
was modified by (Warren & Root, 1963) and it was introduced into petroleum literature for
the well testing analysis. The modified model governed the matrix-fracture flow; the matrix
block as seen in Figure 2.6 has high porosity and low permeability (Guo et al., 2018). The
fracture criss-cross has low porosity and high conductivity. The model is grouped into two:

pseudo steady-state and unsteady state.
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\Y% Matrix  Fractures v

ues Matrix Fractures

Figure 2.6 Dual porosity model (a) actual reservoir (b) grid model (Warren and Root, 1963)

Pseudo steady state refers to when the flow is between the matrix and fracture system,

meaning that the pressure at the matrix grid is becoming different at time is equal to zero.

The mathematical terms of the two diffusion equations; one from the matrix and the other

from fracture are solved simultaneously resulting equation (2.3) of transfer rate term:

_ pgkmaam—NF(pm - pNF)
Hg (2.3)

dm

Where q,, is the transfer rate, p,is the density of gas, k,,, is the apparent permeability of
matrix «,,_yrtransfer coefficient between from matrix to natural fracture p,, is the matrix

pressure, py is the natural fracture pressure and uis gas viscosity.

Unsteady State Models assumes the transient flow between matrix and fracture, the solution
is found by doing numerical method, however the solution is the same with the pseudo state

model except for the changing period between the matrix-fracture systems.
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2.5.2 Triple-porosity model

Triple porosity model was brought forward by Abdussah and Ershaghi (1986); the model has
undergone great improvement over the last three decades. Al-ahmadi and Ershaghi (1986)
found that this model caters for reservoir heterogeneity. Reservoir heterogeneity refers to
dissimilarities of properties in rock formation (Al-Ahmadi & Ershaghi, 1996). Haghshenas et
al., (2013) predicted shale gas recovery showing the significance of different porosity
configuration. The model was derived from three different triple porosity systems (inorganic
matter, organic matter and natural fractures); the models included the diffusion,

adsorption/desorption and gas slippage (Haghshenas et al., 2013).

Previous triple continuum models were solved using analytical method approach. In this

research numerical methods will be used to solve the model.
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CHAPTER 3 PHYSICS AND FLOW MECHANISM OF SHALE GAS RESERVOIR

3.1 Characterisation of the reservoir

The south Karoo Basin’s first petro-physical characterisation was performed for the deep
borehole KWV-1 which was drilled in 2015 according to the Karoo Research Initiative’s
(KARIN) scope of work. The KWV-1 was drilled in Eastern Cape Province of South Africa
on co-ordinate (32°14°43.10” S, 28°35°08.10” E) (De Kock et al., 2017). The borehole was
deep enough to penetrate three super groups; Dwyka, Beafort and Ecca group with their six
formations, namely: Koonap Formation (0 m), Waterford Formation (189.2 m), Fort Brown
Formation (264.50 m) Fort Rippon Formation (919.20 m), White Formation (2294.95 m) and

Prince Formation (2308.40 m) (Campbell et al., 2016).

3.1.1 Methods and materials (Campbell et al., 2016):

The 32 samples were collected, prepared for lithology, pore space and fractures. Petrographic
analyses were conducted at Keele University, UK and the Geothermal Laboratory

Hydrothermikum was used to do measures of petro and thermophysical rock properties.

Helium pycnometer Accu 1330 and Dry Flo pycnometer Geopyc 1360 were used to measure

skeletal density and envelope density respectively to determine porosity.

Conditionally, compressed air was used to measure permeability, the device used, is known

as columnar- permeameter from Institute of Applied Geosciences in Germany.

The petro physical rock properties of bore hole KWV-1 are given in Table 3.1. The borehole
depth is between 20 m & 30 m for the Ecca Group’s White formation show potential for
exploration. For development of the model Table 3.1, is used on the parameters mostly of
matrix phase and since the parameters determined by (Campbell et al., 2016) are similar to
the parameter used by (Guo et al., 2018). Table 3.2 will be used to develop the equations for

the natural fracture and hydraulic fracture.
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Table 3.1 Petro physical rock properties of the southern Karoo Basin, South Africa

(Campbell et al., 2016)

Sample location

Number of measurements
Density range(kg/m3)
Density mean(kg/m3)
Porosity range

Porosity mean
Permeability (mD) range
Permeability (mD) mean

KWV-1 (Borehole)
32

2570-2770

2700

0.4-2.2

1.3

0.001-0.002

0.05

Ecca pass
76
2630-2730
2670

0-3.7

1
0.01-0.1
0.0014
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Table 3.2 Basic parameters used for the simulation in Figure 5.2 (Guo et al. 2015, Zhang et

al. 2016)

Parameter Symbol Value Units
Reservoir length, 1300 m
Reservoir breadth 600 m
Effective thickness 20 m
Fracture half-length 146 m
Fracture spacing Te 200 m
Wellbore radius T 0,1 m
Initial reservoir pressure D 20 MPa
Bottom-hole pressure P 5 MPa
Initial reservoir temperature T 350 K
Langmuir pressure pL 5 MPa
Langmuir volume v, 1 m3/m3
Porosity of the matrix phase @, 0,05

Porosity of the Natural phase Pur 0,01

Porosity of the hydraulic phase Pyr 1

Matrix permeability Koma 0,00005 mD
Natural fracture permeability ke 0,05 mD
Hydraulic fracture permeability K yr 8000 mD
NF interface area per unit volume of 1
rock Anp 50 m
HF interface area per unit volume of 1
rock Ay 0,5 m
NF Characteristic length, Ly 0,1 m
HF Characteristic length, Lur 1 m
Skin Factor S 1

Gas Viscosity, ” 1.265x10° Pa.s
Standard molar volume Veea 22,414 m3/kmol
Molecular Weight MW 16 kg/kmol

3.2 Shale gas adsorption and desorption

Intricacy of flow in the shale gas reservoir will warrant the incorporation of 2 flow

mechanisms in the triple porosity model: adsorption and Klinkenberg effect (the gas slippage

flow effect) (Cinco-Ley and Samaniego-V., 1981)
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3.2.1 Adsorbed gas

Shale gas has been mentioned early in the literature section that it may be found as free gas in
natural fracture and adsorbed gas in the shale and tight rocks’ pores. Methane is the main
constituent in the composition of the shale gas (£90%), and its molecules are absorbed into
the kerogen which is carbon-affinity (Lu et al. 1995, Zhang et al. 2017). Adsorbed gas
accounts for sufficiently noteworthy amount of gas in place (GIP) in the reservoir. The
adsorbed gas is freed from shale rock surface by drawdown of the formation pressure. This
freed gas now becomes free gas which then contributes to the total production of the shale
gas. The mass flux of adsorption gas on the surface of pore follows the isotherm adsorption

equation (3.1) (Wang et al., 2015):

Pg- MWy
= v
Qads Vstd ads (3 ) 1)

Applying Langmuir adsorption model V (equation (3.2)):

_ Vip
pL+Dp (3.2)

ads

Where: g4 is the mass flux of the adsorbed gas [kg/ (m®.s)], p [Pa] is the reservoir pressure,
p, and [Pa] is the Langmuir pressure, the pressure proportional to one-half Langmuir volume.
V,[m3kg] is Langmuir volume; this is the great gas volume of adsorption at the unlimited
pressure. pg[kg/m3] is the gas density and V; [m® /kg] is adsorbed gas content. V., is the
standard conditions mole volume (0°C, 101 325 Pa). MW is the molecular mass of the gas.
Methane gas has higher composition so the gas molecular mass will be approximated to 16

kg/kmol.
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Differentiating q,4s from equation (3.2) and applying the Chain Rule

differentiation of composite functions become

aCIads — aQads apm

ot op, Ot

aqads= 0 (ngg Vme ) apm
ot apm Vstd .pL +pm . at

Applying Derivative Product Rule:

0qaas _ ( ViDm d ngg ngg 0 [ Vibm ]) OPm
ot PL + Pm apm Vstd Vstd apm PL + Pm ot
aqads — (O + ngg 0 [ Vme ]) apm

at Vstd . apm pL+ DPm - ot

0qaas _ (ngg 0 [ Vibm ]) OPm
ot Vstd apm pL+pm ot

Applying Derivative quotient rule:

0qaas _ <PgMg l{PL + VL — {VLPm}D 0Pm
ot Vstd . {pL + pm}z . ot
aQads — (ngg [ VLpL ]) apm

ot Vstd . {pL + pm}z . ot

Theorem for

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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3.3 The gas slippage flow effect

Klinkenberg slippage effect is taken into consideration in this work, because of extremely
low permeability and very small pores of the shale gas reservoir. The main use of
Klinkenberg is to alter apparent permeability of the gas as function of pressure in the flow

equation (Wu et al. 2009, Hao et al. 2017)
k, =k (1 + b)
«TU Tp (3.10)

Where: k, is the defined as apparent permeability, k; is the steady permeability, and b is the
Klinkenberg factor; it may change as a result of nature of gas and surface pore sizes (Yao et

al., 2013). In this work b is steady and it is defined (3.11):

& |2,
) (3.11)

b=
2.81708k;

Where: ¢ is the porosity of the rock, R is universal gas constant (8 341 Pa m®kmol.K), T (K)

is temperature of the reservoir,

m3
kmol.K

Where: MW, is molecular weight of gas in (%), R = 8314 Pa is universal gas

constant and T is the reservoir temperature in K.
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3.3 Viscosity
Calculation procedure for viscosity in this research is based on correlation of temperature of
the reservoir and the reference temperatures of the methane since it is the highest constituent

of the shale gas.
Calculating viscosity using equation (3.12):

3
2

=0 (5) ()
Ho = Ho g\, (3.12)
Where:
0 = 0.555T + w
B = 0.555T, + w

uy = 0.01265 cP

Where: u, is the viscosity of gas in cP at temperature T of the reservoir. y, is the reference

viscosity at reference temperature T,. w is the Sutherland constant (Weast, 1984).

3.4 Compressibility factor
Redlich-Kwong-Soave (RKS) correlation is the most accurate state equation and for

convenience the procedure to compute follows.

Calculating compressibility factor using equation (3.13):

p= RT aa
V—-b V(I -b) (3.13)
Where:
R2T? RT,
a=042748——, b=008664—=,  a=[1+(0.48157w —0.176w?)(1 - T*)]*
C Cc
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According RKS80 equation 3.13 is used to find A (equation 3.15), and B (equation 3.16)
which represents the thermodynamic properties. Define as equation (3.14), (3.15) and (3.16)

7 = PV
" RT (3.14)
a=LY 042748007
T@®DE T2 (3.15)
A=Y 042748007
G R

B = Pb_ 0.08664 b
RT T, (3.16)

then equation 3.13 is changed to equation with compressibility factor (Z) by substituting
equation (3.14), (3.15) and (3.16) to form equation (3.17)

Z3-72+Z(A—-B-B?)—AB=f(2) (3.17)
(Da-yu et al., 2015)

Equation 3.18 is polynomial, so the equation is solved with iterative method of (Newton-
Raphson iteration method).

f(@)

Zk+1 = Zk - fI(Z)
Where Z,,, Z, ., are initial and iterated values of compressibility factors.

~ Z =10.849
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CHAPTER 4 MATHEMATICAL MODEL DEVELOPMENT

4.1 Model Assumption (Gholami and Talaie 2010, Guo et al. 2015)

1. Model is constructed as triple-continuum model, namely: Matrix, Natural Fracture
and Hydraulic Fracture and Continuity equation will be the basis and the momentum
law in the form of Darcy’s law for flow in the porous medium.

2. The flow is assumed to be consecutive meaning from one medium to the other, hence
from matrix —> natural fracture —> hydraulic fracture.

3. Assume porosity of the shale rock to be steady.

4. The shale rock is incompressible.

5. Klinkenberg factor is accounted for in matrix and natural fracture flows.

6. Adsorbed gas is considered only at matrix.

7. Hydraulic fracturing is one dimensional and the two-media matrix and natural fracture
are two dimensional.

8. Assume constant viscosity of the shale gas.

9. Assume no gravity effects.

Using the law of mass conservation of flow for fluids in porous medium, the shale gas flow

will be modelled with reference to Figure 4.1.
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Figure 4.1 Mass flux through a differential control volume
Law of conservation of mass into control volume:

(Mass flow out of) (Mass flow into ) (Rate of accumulation

) = source term
control volume

control volume into control volume

(Welty et al., 2008)

In symbols:

ff p(v.n) +% fff pdV = source term 4.1)

[ p(v.n) is the rate of mass per unit area passing into and out of the control volume as

illustrated by Figure 4.1 therefore, the net mass flux out of the control volume is:

(Pxlesar = pUel)8yAz + (pvy| L\ = pvy| ) AXAZ + (00,100, — pUsl, )AXAY

Mass in the control volume is given as¢ppAxAyAz, the cross-sectional area is constant

throughout and hence change is:

% f f f pdV = %(qprxAyAz) (4.2)

Page | 25



Summing the net mass rate flux out of control volume and change of mass within control
volume. Volume is controlled, meaning there is no change of volume with respect to time.

Dividing by ¢ AxAyAz, and taking the limit as Ax,Ay,Az,— 0.

0 0 0 0(pp) _

a—x(pvx) + @(pvy) + EP (pv,) + 5~ source term 43)
d(pp)

V.pv + Fra source term (4.4)

Equation (4.4) is the general equation for the continuity; this equation will be fundamental
basis for deriving the flow equation at matrix continuum, natural fracture and hydraulic

fracture.

4.2 The continuity equation in matrix phase
The physical model of the reservoir is drawn below, and the mathematical flow systems of

the gas will be derived based on the schematics below, Figure 4.2 and 4.3.

/L‘ X Main Hydraulic
z /// Fractil.rmg

Well Hydraulic Fracturing

Horizont
iéééé’iéi é‘éééé‘éééi‘ Network
Natural Fracturing

Network

Matrix System

Figure 4.2 Proposed physical triple porosity model (Zhang et al., 2017)
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an|_ = °
o
=
Production well d_p _ dp
dn|_ anl = 0
S
=
fracture pressure =y, t)l = Pw
200 m
) 400 m R ap|
N ! dn|_
Figure 4.3 Two dimension simplified well simulation model (Guo et al., 2015)
From Equation (4.4),
d(¢p)
V.pv + Fraie source term (4.5)
In the matrix system, gas exists in 2 forms which are the free gas and adsorbed gas:
Mass of gas in matrix = free gas + adsoberd gas = pypm, + pyVi (4.6)
Hence the mass accumulation term is as follows:
Jd (pM d
—(pqV
at(pg¢m+ng5) (zRTq5 >+at(pg &) (4.7)
Substituting equation (3.9)
M ( ¢m)pg g VLpL ) apm
+p,V Om + :
(p sbm + PaVs) = ( RT Vea  Upw+ P (4.8)
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Assuming 2-Dimensional as stated in the assumption 7

0 9]
V.pv = [a (pgvs) + By (pgvy) ] (4.9)

Velocity flow vector term in the matrix:

1
v=——K.(Vp+py9.Vz)
Hg

(4.10)
Assuming no effects of gravity due to low density fluid (assumption 9):
kma
U = — (V
" Hg vp) (4.11)
Simplified for x and y direction
= fma (%)
m Hg \ 0x (4.12)
= fma (f’ﬁ)
m tg \ 0y (4.13)
0 0 0
g(pg‘pm +pgVe) = - [& (pgva) + ay (pgvy) ] ~dm (4.14)

Qm (%) is the inter-porosity flow term gas from matrix to natural fracture which takes place

in the form of diffusion (Shusheng et al., 2017). The term is expressed as follows by Darcy’s

law of flow in a porous medium:

_ pgkmaam—WF(pm - pNF)
Kg (4.15)

m
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Am—>NF
Lnr (4.16)

AmoNF =

Where a,,f is the shape factor, from a matrix (m) to natural fracture (NF), Ap,_nr is the
interface area from matrix to NF and Ly is the characteristic length of NF. The spacing is

generally in the range of 0.05 to 10 metres (Bustin et al., 2008)

The flow term in the matrix media is derived from the general Darcy’s equation derived from

Naiver-Stokes Equation is given below:

b
kma = Kmi [1 + _m]
Pm

(4.17)
MW. P_

Substituting equation 4.8-4.13 into the matrix system continuity equation (4.14):

pmMg (1 ¢m)pg g VLpL apm _ pmM kma apm pmM kma% _ pgkmaam%NF(pm - pNF)

<ZRT Pm + Vita "Up, + pm 2 ) ot < X[ZRT Uy ] 0y ZRT * g, Oy ]) Uy (419)
Simplifying taking p,as constant:

<¢ + (1 - ¢m)Mg [ VLpL ) apm _ kma azpm + kma azpm _ kmaam—WF(pm - pNF)

" Vsta . {pL + Pm}? ot Ug 0x? Ug dy? Ug (420)

Referring to Appendix A, parameters in equation (4.20) were substituted from data collected
by (Guo et al., 2015) to determine equation (4.11). Table 3.2 is also used to substitute some

of the parameters.

Page | 29



d 92 92
0.0528™ — 390087 x 10-15 ZP™ 1 390087 x 10-15 ZPm
ot 0x? 0x

Initial boundary: Pm =DPi = 20 MPa;t =0

0Pm

anp=0;t>0

Boundary condition:

4.3 The continuity equation of natural fracture phase

General equation form:

0(¢p)
ot

V.pv + = source term

Due to free gas only in the natural fracture system, hence for accumulation term:

d
ot (Pg¢NF)

Flow vector term:
d d
Ix (pgvx) = ay (pgvy)
For interporosity term from matrix system to natural fracture system:
dm — 4nF

Continuity equation of the natural fracture

9m — 4nNF

4 d d
E(pg"bw) = dm =~ Anr a(pgvx) - @(ngy)

> —1.95043 x 10716(20 x 10° — pyr)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)
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Where gy is the inter-porosity flow term of gas from the natural fracture to the hydraulic

fracture

Pg knra®nr—ur(Pne — Dur)
Hg (4.28)

gNF =

Where ayris the shape factor from natural fracture to hydraulic, interface area of natural

fracture and hydraulic per unit volume divide by characteristics length of hydraulic.

ANF-HF

ANFoHF = Lir

Applying differentiation product rule, therefore natural fracture flow general equation:

2 (pg bur) =2 maamﬁ;:(pm Pwi) pgkNFaaNFaZ‘:(pNF = Par) % pNFkH_ILF %] + % [ ”F%agy] (4.29)
Klinkenberg factor in natural fracture
knra = Knri [1 + zl% (4.30)
by = 4kyri 72TI}§/IT
2.81708k \/% g (4.31)
Substituting equation (4.29) and (4.30) into equation (4.28):
B agztvp ﬁkmaameNFZZF (Pm —pwr) l?kzvpaaszplz::p(pw —Pur) | [ Bour IZLF szvp] [ Bpur IZLF Bg;F] 4.32)
e OPnr _ kma@monrPnePm = Pur) _ Knpa@nronrPurPue = Pur) | 0 - knr apw] 9 [pNF knp api]
at Hy Hy ax pg ox | ay py 0y (4.33)
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OpnrF
0x

Opnr

0.01 a

a201\11«‘]

a
= 2.00 X 1075(20 X 10° — pye) = 2.00 X 10720 X 10° = pyp) +5-|7.80 x 1075 3y

]+ai[7.80>< 1075 (4 34)
y .

Initial boundary:
pnr =Di = 20 MPa;t =0
Boundary condition:

OPNF
an['

=0;t>0

4.4 The flow equation for the hydraulic fracture phase

Hydraulic fracturing is quite different from matrix and natural fracture because they are
discretely distributed on the field of the reservoir (Zhang, et al., 2016). The flow of the
hydraulic fracture is considered as 1 dimensional flow. The desorption and Klinkenberg
effect do not form part of the flow equation. Natural fracture, thus the continuity equation

reduces to;

dp 0
THF (pgq)HF) = 4qNF — QHF-w — @ (ngy) (4.35)

Where qyr_y [%] is the flow parameter from hydraulic fracture to the horizontal well. It is

applied where the grids of HF intersect with horizontal well, assuming steady production
(Zhang et al., 2016). The flow in hydraulic fracture is modelled as radial flow, which is

depicted by Figure 4.4
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Pw

'y

Radial flow

Figure 4.4 the radial flow schematic diagram

2np kyp_ ij — Pur-
Qur—w = Vi _ SPgur a(Pur iy A Pur-w) (grid intersect with well bore)
ij AxAyugIn r— (4.36)
qur—w = 0(other HF grids) (4.37)

Where q [k?g] is the gas production rate, V; jvolume of the grid of which the HF intersect with

the well bore.

2mhk i,j — PHF-
= ”F(f”" L — PHF W), 1, = 0.14y/Ax? + Ay?
g In—=°

(Dake, 1978)

q

NF—-w
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qur 1S the interporosity flow parameter from natural fracture to hydraulic fracture, applied at
the grids HF since HF receives feed from the natural fracture system (Zhang et al., 2016).

Substituting equation (4.4), (4.12) and (4.20) into equation (4.19) yield:

“9y| ZRT

i PurMW (_ kurp-a apHF)] i pgkNFaaNF(pNF — Pur) _ anngF—a(pHF ij pHF—w) _ [¢HFMW Opur
ug 0y ZRT ot (439)

Hg AxAypgIn

re
TNF-w

0 [purMW ( kur apHF)] " PurMW . kypa@npnr Onr — Pur) _ 21purMW . kypa Pur — Prr-w)

dy| ZRT "\ wu, 0y ZRTu, ZRT.AxAyugIn r
P TNF-w
_ [PurF HF
“| zrr ] at (4.40)

Simplifying:
4 kp—q Opur Pur-knra@ne(One — Dur)  2TPhF kHF—a(PHF ij — pHF—W) _ OPur
_E PHF-\ — o ay + u - Axh . 7, =[ HF]T
9 9 XAypg In-=— (4.41)
i kup_aPur ODuF " Pur-Knra@nrour OnF — Dur) _ 2mpyr.-kyr-o @ur — Prrow) = [pur] Opur
ay| & dy u _Te T
g g AxAyug In — (4.42)

Appendix C shows how basic parameters from the literature were substituted and calculations

were carried out on the excel spreadsheet to determine equation (4.27)

oPuF

a 6 4 oPuF
@ 0.1248269 5 +0.1248269(20 X 10° — pyr) —4.98 X 107™* = ——

ot (4.43)

Initial boundary:

pur(0 < x <1300m,t =0) =20 X 10° Pa

Outer boundary condition:

pur(x =0m,t > 0) =p; = 20 X 10° Pa
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OPm
on r

Inner boundary condition:

pHF(x=1300m,t>0)=5><106Pa

q 27TngHF (Pur — Pur-w)
Qur-w =, =

ij AxAyuyg [ln( -~ W) + S — —]
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CHAPTER 5 SOLUTION TO THE MODEL USING MATLAB CODING

The derived triple-continuum mathematical model (equation (4.43), (4.33) and (4.21)) is
solved by a numerical method known as the finite difference method (FDM). The equations
are solved explicitly because of discretisation of the partial differential equations (PDES).

Discretisation is placement of many nodes using grid generation techniques.

The equations (4.43), (4.33) and (4.21) are second order linear PDEs and are generically
classified into 3 types: Elliptic, parabolic and hyperbolic. Equation (4.43) is a one-
dimensional (1D) diffusion equation meaning that it is a time dependent pressure distribution
along a pressurised (hydraulic fracking) 1D area. Equation (4.33) and (4.21) are 2-D diffusion
equations meaning that they are also time dependent - pressure distribution.

The model will be solved by firstly the solving hydraulic fracture (4.43) to find pyr (on
section 5.1) and secondly substituting it into the natural facture equation to find pyr (0N
section 5.2). Then thirdly substitute pyr and pyr into the matrix equation (4.21) to obtain p,,
(section 5.3). The above solving algorithm is applied on the MATLAB program (see section
5.4).

5.1 Hydraulic fracture phase

_ Opur

oot (4.43)

d OPuF
—10.12482
ay[O 8269 3y

+0.1248269(20 X 106 — pyp) — 4.98 x 1074

Initial boundary:
pur(0 < x < 1300m,t = 0sec) = p; = 20 X 10° Pa
Outer boundary condition:
pur(x = 0m,t > 0 sec) = p; = 20 X 10° Pa

d
ZPm =0;t > 0sec
an['

Inner boundary condition:
pyr(x =1300m,t > 0sec) =5 % 10° Pa

Equation (4.43) is of the general diffusion equation in 1 D:
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op d%p
E—Ka—yz-FF(y,t)

e p (y, t): the unknown function we want to find
e «: the known constant
e F (y, t): the known pressure source distribution

Derivatives approximated by finite difference method:

41 _ 1

a_P ~ b; p;
at At

0%p N Pi_1 = 20 + Pl
dy? Ay?

Therefore, the approximation of the finite difference method:

pi* —pf _ Pi_1 — 2pi + Pisy + F(y;, t)
AL Ay2 Vil (5-1)
Explicit method:
At At
pi™h = pi+ g (Pl = 200 +pisa) + AF (i, 1); 0 <5 <05 (5.2)
At
pi*t = pl gz (bl — 200+ plaa) + 8¢[0.1248269(20 x 10° — pf) — 498 x 107¢] (5.3)

5.2 Natural fracture phase

Opnr
0.01
at

=200x104500x106—mw)—200x10”@0x106—mn)+g%780x1049%§]+g;P80x104§%¥] (4.33)
Initial boundary:

Pm(0 < x < 1300m,t = 0sec) =20 X% 10° Pa
Outer boundary condition:
pm(x =0m,t > 0sec) =p; =20 X 10° Pa

d
IPm =0;t > 0sec
an['
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Inner boundary condition:
pm(x =1300m,t > 0sec) =5 X% 10° Pa
Equation (4.11) is of the general heat equation in 2 D:

op %p 9%p
g—}(<ﬁ+a—yz +F(y,t)

e p (y, t): the unknown function we want to find

e «: the known constant

e F (y, t): the known source distribution
Derivatives approximated by finite difference method:

op _pi"t—p"
at At

0°p _ Pi_y = 2D{ — Pl
dy? Ay?

Therefore, the approximation of the finite difference method:

m+1

pit —pi; (Pl = 2P0+ Pl | Pl — 2P0+ Pl
At B Ax? Ay?

> + F(YijyXijtm)

Explicit method solution:

mEl — pm oy ﬂ(?”- —2p + ) + ﬂ(’-"- —2p" + pl 1) + AF (v, xi it
pl,] _pl,] Ksz pl,]—l pl,] pl,]+1 KAyz p],l.—l pl,] pz,]+1 (yl,]'xl,] m)

At At
Py =l + kg (P — 297"+ pla) + KA—yz(p;f;_l —2p% + plliyq) + AL[2.00 X 10715(20 x 106 — p) — 2.00 X 107(20 x 10° — p{**)]

5.3 Matrix phase

0Pm

9? 92
O.OST =3.90087 x 1071° P + 3.90087 x 10‘15&

dx? 0x?

—1.95043 X 10716(20 x 10° — pyr)

Initial boundary:

pm(0 < x < 1300m,t = 0sec) =20 x 10° Pa
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Outer boundary condition:
pm(x=0m,t > 0sec) =p; =20 x 10° Pa

0Pm
an r

=0;t > 0sec
Inner boundary condition:

pm(x =1300m,t > 0sec) =5 X% 10° Pa

Equation 14.1 is also 2 D; it follows the same derivation of the Equation 20.1 to be the finite

difference equation:

At At
pij " =iy + xg (Pl = 200 + Pl + KA—yz(p;fi_l — 2pf; + pls1) + At[1.95043 x 10716(20 x 106 — p™)] (5.10)

5.4 MATLAB code

After solving Equation (4.43), (4.33) and (14.21) using the finite difference method
(explicitly), the code was developed to show the reservoir pressure in hydraulic fracture,
natural fracture and matrix phase, the MATLAB code is on Appendix D (hydraulic fracture),
E (natural fracture) and F (matrix phase). Figure 5.1 simulates hydraulic fracture, 5.2 natural

fracture and 5.3 matrix phase.
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Figure 5.1 Pressure distributions along the reservoir according to the hydraulic fracture

Figure 5.1 illustrates fracture propagation and simulation of the shale gas flow in the
reservoir as depicted by Figure 4.2 and Figure 4.3 This propagation of fractures is due to the
pressure gradient of hydraulic fracturing, which is prompted by convergence between the
hydraulic fractures and the porous rock medium (natural fracturing). This is a strain

concentration at fracture tips meaning that the strain increases with increasing pressure
gradient (Santillan et al., 2018).

Hydraulic fracturing propagates at the straight-line path on the pressure profile which is
between 100m and 500m. At this stage (length between 100 m and 500 m) of hydraulic
fracking, propagation is at steady length. This is at this length, where production can take

place, after 500m the pressure decreases, and propagation stops.
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Pressure within the explicit method
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Figure 5.2 Pressure diffusion along the reservoir in the natural fracture

Figure 5.2 illustrates the natural fracture pressure profile. Before hydraulic fracture takes
place there is little propagation, the flow of shale gas is insignificant as compared to the
hydraulic fracturing. In this phase (natural fracture), propagation is due to the permeability of
the rock. Hence at this phase Figure 5.2 displays a cuboidal shape containing trapped gas.

When propagation takes place the fluid fracture decreases.
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Figure 5.3 Pressure distribution in the matrix phase

Figure 5.3 shows the pressure profile of reservoir. This profile displays pressure of well using
grid model (matrix). This model depicts the gas on the rocks. The gas on the rocks is the
absorbed gas. During fracking this is the gas that travels from the rock to the opening of the

rocks (hydraulic fracture system) which then makes up the original gas in place.
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CHAPTER 6 MODEL VERIFICATION

Currently South Africa’s Karoo region does not have field data and hence the model is
treated as a theoretical case. In general, the method followed to verify the validity of the
model is the comparison of the field data from the Barnett shale reservoir. The Barnett shale
reservoir field data is compared with the model. This validation is done to ensure that the
model developed in this report gives reliable results which will be explored in the sensitivity
and results analysis section. The field data used comes from (Grieser et al., 2009) publication.
This data was used to develop the multistage hydraulic fracturing of the horizontal well of
Barnett, Figure 6.2 (Guo et al., 2018). The multi stage of the horizontal reservoir is shown in
Figure 6.1 and the parameters employed in the simulation are given from Table 3.2. The basic

reservoir parameters are collected from the literature randomly (Zhang et al., 2016).

Figure 6.1, a physical model of the reservoir, characterises and simulates the gas flow in the
matrix phase, natural phase and to the hydraulic fractures. The physical model simulates the
reservoir with the length of 1300 m, the width of 400 m and the thickness of 20 m (De Kock
et al., 2017). The mesh grid size is 200 mx200 mx1m dimensions in the direction of X, y and
z, respectively. Figure 6.2 is the simulation of the developed model in this report, and it is
compared to the field and the simulated model by (Guo et al., 2018). The model is
comparable with minimal deviation, at the less than 400 days the production rate is still
approximately greater than or equivalent to 1.5 Million standard cubic feet of gas per day

(MMSCEFD). For this validation the Hydraulic fracture phase is employed.
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Figure 6.1 Physical model of the reservoir, bore hole KWV-1 (Main South Karoo)

Daily gas production over certain time interval

—o—q (MMSCF/day)

a1

Field data of Barnett
4 Shale (Grieser, 2009)

Daily Production ratef MMSCF/day]
w

Tt B B o SN
1
0 S
0 200 400 600 800 1000 1200 1400
Time (days)

Figure 6.2 Field data of Barnett Shale and simulation data developed

Statistical test for the model
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The model was further validated using the t-test method to establish the 95% confidence
interval; Table 6.1 shows important variables that statistically validates the method. The
calculations were performed using Microsoft Excel Spreadsheet tool called Data Analysis.

The calculations are shown in Appendix G.

Table 6.1 t-Test: Two-Sample Assuming Unequal Variances

Variable 1 Variable 2
Mean 1.86533333 1.502708333
Variance 1.0474401 1.304007402
Observations 48 48
Hypothesized Mean Difference 0
df 93
t Stat 1.63836521
P(T<=t) one-tail 0.05236229
t Critical one-tail 1.66140367
P(T<=t) two-tail 0.10472458
t Critical two-tail 1.98580181

Two-tail test (inequality) was performed. 1) t Stat < -t Critical two-tail or 2) t Stat > t Critical
two-tail, therefore the null hypothesis is rejected. This is not the case, -1.985< 1.638< 1.985.
Therefore, the null hypothesis is not rejected. The observed difference between the samples
means (1.865 - 1.503) does have enough evidence that the average production rate between

field data and model data differ significantly.
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CHAPTER 7 SENSITIVITY ANALYSIS
In the sensitivity analysis the model used was a combination of the radial flow equation

(Equation 4.27) and the Arp’s equation for general decline in a well (Equation (7.1)).

3

A (g) = ——

1+ bDit)% (7.1)

Whereby g; is the initial production rate (volume/day), q(t) is the production rate at time t

(day), b is the nominal exponential decline rate, and D; is the rate of initial decline.

In this study 3 parameters are studied. This includes:

e the permeability of hydraulic fracture (kyr)

e the drainage radius (r;)
e the initial pressure (p;, = Pnr = Pur = Di)

For each parameter 3 stages of changes were compared to the production rate and the total

cumulative gas production rate.

7.1 The effect of changing the permeability of hydraulic fracture (k) against the production

rate

Figure 7.1 and Figure 7.2 shows the relationship of various rates of gas production against
time and total cumulative gas production rate, respectively. This comparison is made for
different hydraulic permeabilities. The comparison is made from 3 permeabilities; at the

permeability of kyr = 60 mD, kyr=80 mD and kyr = 100 mD (Zhang, et al., 2016)
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Figure 7.1 Comparison of hydraulic permeability on gas production from the shale reservoir

Figure 7.1 shows that increasing the hydraulic fracture permeability will results in an increase
in daily production rate. Figure 7.2 shows the total cumulative gas production and the same
relationship as the daily production rate. The relationship is that, increasing hydraulic fracture
results in an increase in total cumulative gas production. This is significant because it will be
useful to the economy. Meaning that if the demand is high then increase production by

increasing the hydraulic fracking permeability.
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Figure 7.2 Comparison of hydraulic permeability on total cumulative gas production from
the shale reservoir

Page | 47



7.2 The effect of changing the drainage radius (r,) against the production rate.

Drainage radius parameter is varied from 100 m to 300m in the interval of 100m; the effects
are shown in Figure 7.3 and 7.4. Increasing drainage radius decreases the production rate
(Figure 7.3). In addition, this relationship is also shown in the total cumulative daily
production (Figure 7.4). By Figure 7.3, the increase of radius has little significance in the
production rate and the cumulative production, hence it can be deduced that drainage radius

has little significant in gas production as compared to hydraulic permeability.
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Figure 7.3 Comparison of drainage radius on gas production from the shale reservoir
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Figure 7.4 Comparison of drainage radius on total cumulative gas production from the shale

reservoir

7.3 The effect of changing the initial pressure (p,, = pnr = Pur = p;) against the production

rate.

The initial pressure is an extremely important parameter in the reservoir production rate; the
reservoir production rate is dependent on this parameter more than the other driving forces.
Figure 7.5 and Figure 7.6 shows the graphical mathematical relationship of various rates of
gas production against time and the total cumulative gas production rate, respectively. The
comparison is made for different initial pressure (s) that are equivalent to 10, 20 and 30 MPa;
for both the daily and cumulative production rate. From the curves it can be deducted that
initial pressure is very significant in the production rate. From 10 MPa pressure to 20 MPa,
there threefold increase in production rate. From 20 to 30 MPa there is approximately two
times an increase in production. The relationship between pressure and gas production is

directly proportional.
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Figure 7.5 Comparison of initial pressure on gas production from the shale gas reservoir
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Figure 7.6 Comparison of hydraulic permeability on total cumulative gas production from
the shale reservoir
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CHAPTER 8 CONCLUSION

In this study the mathematical model for a multi fractured reservoir was established which
incorporated adsorption and desorption of shale gas as well as gas slippage flow effect, which
were manipulated by using Calculus’s rules for differentiation. These rules include the chain
rule, the derivative product rule and the derivative quotient rule. The model accounts for the
flow in the matrix phase, natural fracturing and hydraulic fracturing. The model had to be
developed as a theoretical case due to no official field data for the Karoo basin of South
Africa, hence laboratory data will be recommended to fully verify. The main aim was to
derive the shale gas mathematical flow model and validate the model. The model was
established and validated with the field data from Barnett shale and simulation by (Guo et al.,
2018). The model was simulated to test for the three parameters, the permeability hydraulic
fracture, the drainage radius and the initial pressure. Therefore, the specific conclusions are as

follows in accordance to the objectives:

1. The triple continuum flow model of the shale gas was established by using physical
laws: The continuity equation and the Darcy’s law. Mathematics which was used is
calculus.

2. The model is suitable to be used in any reservoir, following the validation by the
Barnett shale and simulation by (Guo et al., 2015).

3. The natural fracture are primary permeable channels for the flows of free gas in shale
gas reservoir, hence increasing the permeability of the hydraulic fracture will result in
higher production rate of the shale gas. This type of mathematical relation is known
to be direct proportionality between hydraulic fracture of permeability and
production rate.

4. Drainage radius increases with a decreasing production rate. In the study it can be

concluded that the effect of ranging 100m to 300m is insignificant in comparison to
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the hydraulic fracture permeability effect on the gas production rate and the total
cumulative gas production rate.

The initial pressure has greater impact on the production rate of gas compared to the
other two parameters (permeability of the hydraulic fracture and the drainage radius).
It is also concluded that as the initial pressure increase, the production rate will
follow the same trend and increase as well. The same will apply to the total

cumulative gas production.
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Figure A.1 derivation of the general equation of the matrix phase

After deriving the general equation (4.20) of the matrix phase, the equation was further
simplified by putting capital letters A, B, C and D to denote the parameters. (Equation (4.20)
Parameters). To determine A, B, C and D the following calculation is performed in excel

spread sheet by substituting data from (Guo et al., 2015).

A=y +EEme [ TPL )= (BO+((1-BO)*(BL0)/B11)*((B12*B13)/(B13+B14)2))=0.05
Vstd {pL+om}

B = fma _ B15/817=3.9X105

Hg

C = kma - B15/B17 = 3.9X105

Hg
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D= "m‘:ﬂ = (B15*B16)/B17=1.95X10%,

g

Then equation (4.21) is determined.

0*pm 15 9%Pm 16 6
+3.90087 X 10715 — == — 1.95043 X 1071¢(20 X 10° — pyp) (4.21)

d0x2

4]
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Figure B.1 derivation of the general equation of the natural fracture phase

After deriving the general equation (equation 4.33) of the natural fracture phase, the same
procedure is followed as in Appendix A. Capital letters E, F, G, H and | is denoted to the
parameters (Equation 4.33 Parameters). To determine E, F, G, H and | the following

calculation is performed in excel spread sheet by substituting data from (Guo et al., 2015).

E = ¢yr =B32=0.01

F = fnetnonebueuine) = (B36*B35)/B37= 1.95X10°
g

G= kmanZ;F(pw—pm) = (B38*B39)/B37= 1.95X10?
H= pNF’% = B33*(B38/B37) = 7.8 x 10°

| = pNFku—N; = B33*(B38/B37) = 7.8 x 10°®

Then equation (4.32) is determined.
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Figure C.1 derivation of the general equation of the hydraulic fracture phase

After deriving the general equation (equation 4.42) of the hydraulic fracture phase, same
procedure is followed as in Appendix A. Capital letters J, K, L and M is denoted to the
parameters (Equation 4.42 Parameters). To determine J, K, L and M the following calculation

is performed in excel spread sheet by substituting data from (Guo et al., 2015).

J= ’%ﬂ: (B57*B56)/B63 = 0,124826877
g

K = PARINFaCNEoREONEDHE) = (B56*B57*B65))/B63= 0,124826877

Hg

L Zmearknr-a@rr—pirow) (oxp|()*B57*B56)*(B56-B58)/(B59*B60*LN(B64/B61))= 0,000498311

AxAyug 1nm

M =¢,=B55=1
Then equation (4.43) is determined.

OPuF

at (4.43)

Pur

9 )
$[0.1248269 5o-| +0.1248269(20 X 10° — pyr) — 4.98 X 107" =
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Appendix D

Hydraulic Fracture

Matlab Program 5: Diffusion in one dimensional Stimulated Gas Reservoir
within the

Explicit Method
clear;

o° o° oP

% Parameters to define the HYDRAULIC FRACTURE PHASE’s equation and the
range in space and time
L = 1300.; % Length of the Stimulated Gas Reservoir (SGR) (m)

% Parameters needed to solve the equation within the explicit method
timek = 2500; % Number of time steps
dt = T/timek;

nn = 50; % Number of space steps

dx = L/nn;

cond = 1/4; % Conductivity

b = 0.1248669; % Stability parameter (b=<1)

0000000000000000000000000000 0000000000000

[

% Initial pressure of the SGR: a sinus.
for i = l:nn+l

x (1) =(i-1) *dx;
p(i,1) =sin(pi*x(i));
end

[

% Pressure at the boundary (P=0)
for k=l:timek

p(l,k) = 0.;

p(nn+l,k) = 0.;

time (k) = (k-1)*dt;

89090000

[

% Implementation of the explicit method

for k=l:timek % Time Loop

for i=2:nn; % Space Loop

p(i,k+l) =p(i, k) + b*(p(i-1,k)+p(i+1,k)=-2.*p(i,k))+dt*(0.1248269* (20*10"6-

p(i,k))-4.98*10"(-4));

9900000000000000000000000000000000000000000000000000000000000000000000000000
000000000000 000000000000000000000000000000000000000000000000000000000000O00

o)

% Graphical representation of the pressure

figure (1)
plOt(le(:ll)l'_'lep(:ISOO)I'_'lep(:ISOO)I'_'IXIp<:11200)I'_')
title ('Pressure behaviour)

xlabel ("y(m) ")

ylabel ('Pressure (Pa) ")
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Appendix E
Natural fracture

% This is Diffusion in 2D space for the Stimulated Gas Reservoir.
% The eXpllClt flnlte difference method is used for Natural Fracture Phase
0 0 0 0 o) o QO o) 0000000000000000000000000000000000000000000000000000000000

clear;

L = 1300; % length in the x-direction (m)
W = 600; % length in the y-direction
Tend = 1300.;% final time (Days)

maxk = 2500;

dt = Tend/maxk;

n = 50.; % Number of space steps

% initial condition and part of boundary condition
u(l:n+l,1:n+1,1l:maxk+1l) = 20*10"6.;

dx = L/n;

dy = W/n; % use dx = dy = h

h = dx;

b = dt/ (h*h);

cond = .002; % Coefficient of the partial derivative function
spheat = 1.0; % Constant

rho = 1.; % density

a = cond/ (spheat*rho) ;
alpha = a*b;

c = 7.8*10"(-5);

for i = 1l:n+l

x (i) =(i-1)*h; % use dx = dy = h
y(i) =(i-1)*h;
end
[elge) 00 0000 0000000 00 0000 00 0000 00 0000 0000000 00 0000 00 0000 00 0000 0000000

[

% boundary condition
for k=1:maxk+l
time (k) = (k-1)*dt;
for j=l:n+l
u(l,j, k) =300.*(k<120)+ 70.;
end
end

000000000000000000000000000000000000000000000000000000000000000000000000o0
C0000000000000000000000000000000000000000000000000000000000000000000000G00

o\°
o\°

3 Explicit finite difference method computation
for k=1:maxk
for 3 = 2:n
for i = 2:n
u(i,j,k+1)= alpha* (u(i-1,3,k)+u(i+l,j,k)y+u(i,j-1,%k)+u(i,j+1,%k));
end
end
end
% Pressure versus space at the final time
mesh (x,y,u(:, :,maxk) ")
title('Pressure within the explicit method')
xlabel ("y(m) ")
zlabel ('Pressure (Pa) ")
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Phase

Matrix

(Matrix Phase).
The explicit finite difference method is used for the Matrix phase the

behaviour is expected to be the same as natural fracture since they are

Appendix F
This is diffusion in 2D space
both in 2 D space.

o3
°
I°3
°

oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
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oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe
oe

(m)
(m)

(Days)

length in the y-direction

length in the x-direction
final time

’

o)
©°
I3
°
I°3
°

’

’

1300.
2500
Tend/maxk

50.

’

’

clear

L 1300
W 600
Tend =
maxk =
dt =

Number of space steps

%

o~

o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
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o©°
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o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o©°
o

’

= 20*10"6.

maxk+1)

n+l,1

n+l,1

initial condition and part of boundary condition

dx = L/n;

u(l

o

use dx = dy = h

W/n;
h = dx;

dy

thermal conductivity

specific heat

density

cond/ (spheat*rho) ;

%

use dx = dy = h

°

’

%

°

o

’

’

1.0;
:n+1

1
= (i-1) *h;

=(i-1)*h;

a*b
c = 7.8*¥10"(-5);

for i

3.9%10(-15)

dt/ (h*h)
1.;

x (1)
y (1)

spheat
rho

a
alpha

b
cond
end

o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
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o\
o\
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o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\

’

’

300.* (k<120)+ 70.

(k-1)*dt
n+1

maxk+1
1

1
time (k)

for j
u(l,j, k)

boundary condition
for k
end
end

%

o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
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2:n
2:n
:, ,maxk) ")

u(i,j,k+1)= alpha*(u(i-1,3j,k)+u(i+l,J,k)+u(i,j-1,k)+u(i,j+1,k));

maxk

1
for 1

for j
end

finite difference method computation

end
temperature versus space at the final time

for k
end
mesh (x, y,u(

N
°



figure (3)

mesh (x, time,p")

title('Pressure within the explicit method')
xlabel ('y(m) ")

ylabel ('pressure (Pa) ")
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Appendix G

Table G.1: Model and field data comparison

tfday)
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Show Detail | || = Data Analysis

arg €
O = =

2 B
5P g TE % &

. Hide Detail
What-If Forecast | Group Ungroup Subtotal
Analysis = Sheet o 2
Farecast Outline Fa Analysis
T-test

1. Data Analysis tab was tabbed to releases option of the test.

-

Analysis Tools

Data Analysis @g1

Histogram -
Maving Average Cancel
Random Mumber Generation
Rank and Percentile
Regression Help
Sampling

t-Test: Paired Two Sample for Means

t-Test: Two-Sample Assuming Equal Variances

t-Test: Two-Sample Assuming Unequal Variances
z-Test: Two Sample for Means 57

2. ‘t-test: Two-Sample Assuming Equal Variances’ was selected

( e — D[]
t-Test: Two-Sample Assuming Eqﬁl Variances

Input

Variable 1 Range: | SPS9:5P556 EoS E]

Variable 2 Range: | E089: 80556

Hel
Hypothesized Mean Difference: ICI
[ Labels

sora

QOutput options
@ Qutput Range: |$D$‘92 e
() Mew Worksheet Ply: | |

() Mew Workbook

| — — =
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-

Data Analysis I. ? ﬁ]
Analysis Tools
Histogram -
Moving Average m
Random Murmber Generation -
Rank and Percentile
Regression
Sampling

t-Test: Paired Two Sample for Means
t-Test: Two-5ample Assuming Equal Variances
t-Test: Two-Sample Assumi

z-Test: Two Sample for Means

Data in Table G.1 was selected ‘Field Data’ was put into ‘Variable 1 Range’ tab and model
was put into ‘Variable 2 Range:” ‘Hypothesized Mean Difference:” was set to 0. ‘Output
Range:” was selected to be on grid 092. T test: t-test: Paired Two Sample for Means table is

generated

t-Test: Two-Sample Assuming Unequal Variances

Variable 1 Variable 2
Mean 1.865333333 1.502708333
Variance 1.047440099 1.304007402
Observations 48 48
Hypothesized Mean Difference 0
df 93
t Stat 1.638365208
P(T<=t) one-tail 0.052362288
t Critical one-tail 1.661403674
P(T<=t) two-tail 0.104724576
t Critical two-tail 1.985801814

Two-tail test (inequality) was performed. If t Stat < -t Critical two-tail or t Stat > t Critical
two-tail, therefore the null hypothesis is rejected. This is not the case, -1.985< 1.638< 1.985.
Therefore, the null hypothesis is not rejected. The observed difference between the samples
means (1.865 - 1.503) does have enough evidence that the average production rate between

field data and model data differ significantly.
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