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As a result, the measurement system was applied to ascertain the real time
motion, and hence the frequency content of the motion, as a function of shaft
depth, based on a single or dual camera measurement. This information could
then be employed to identify the natural frequencies of the catenary, and the
location of maximum modal response relative to shaft. depth.

1.5 Commissioning Tests

During the commissioning tests, a total of three test H1~(.surenJems were per-
formed at Elandsrand Gold Mine. The purpose of tho measurements was
primarily directed at commissioning an ! evaluating the performance and ver-
satility of the video system. The first tv,o tests were performed on the Siemens
Rock Vent Shaft catenaries, whilst due to availability problems, the third test
was performed on one of the adjacent rock winders. The test configurations
are listed below.

1.1).1 Measurements Performed

(i) Test 1 - This consisted of simultaneously measuring the overlay and un-
derlay motion of the catenaries on t!:.,· Siemens RV winder. The cameras
were positioned vertically below each catenary.

(ii) Test 2 - This consisted of focussing one camera 0'1 the underlay catenary
of the Siemens RV winder, whilst the other camera was focussed on its
corresponding vertical rope at the shaft collar.

(iii) Test 3 - The purpose of this test was to evaluate the feasibility of mon-
itoring the 2D motion of the rope by locating each camera at a base
distance from the vertical plane of the catenary, and aiming the cameras
at the same portion of rope, as illustrated in figure 1. The cameras were
inclined at approximately 40° from the horizontal plane. The test was
performed on an adjacent rock winder as the SIemens RV winder had
stopped winding due to a bin blockage.

I.S.2 Measurement Results

The results of the measurements for each test are presented graphically in
figures I.3,I.4,I.7. These figures present the displacement time traces, which
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clearly illustrate the gross motion across the drum, followed by a layer change
at the end of a traverse. The vertical scale on all plots represents pixels;
One rope diameter is approximately 20 pixels. Thus, the system measures to
well within one rope diameter of motion. In addition, the higher frequency
components of the motion lie within the bandwidth of the system". Figure
1.9(a,b) represents a section of the data trace extracted from figure 1.7(a), and
illustrates the consistency of the measured data.

The time traces presented in figure 1.3 for test 1, indicate a difference in the
dynamic behaviour of the underlay and overlay catenaries. This arises as a
result of the different catenary lengths of the underlay and overlay ropes. The
overlay rope exhibits a lower overall amplitude of vibration during the winding
cycle, whereas the underlay rope clearly experiences dynamic amplification.
Consequently this measurement illustrates the sensitivity of the system to
small changes in physical parameters. This behaviour complicates the process
of defining the optimum hoisting speed, such that lOW amplitude vibration
is achieved for both the overlay and underlay catenaries during ascent and
descent.

Cascaded autospectra of the data captured in test 2 was constructed for the
catenary and vertical rope, during the ascending and descending cycle. The
cascade Was constructed by applying a moving data window with a 50% over-
lap, and calculating the autospectrum for each window sequentially" This data.
is presented in contour form in figures I.5,1.6. It is evident that the natural
frequencies of the catenary increase when the skip is descending, and decrease
on ascent. This is to be expected, as the natural frequencies are directly re-
lated to the rope tension in the catenary, which increases with depth due to
the increasing rope mass.

In order to construct the in and. out-of-plane motion as measured in test 3, a
transformation was applied to the measured data2, to obtain data in a carte-
sian co-ordinate system, aligned with the vertical and horizontal axes. At the
same time the data was calibrated to physical dimensions by measuring the
rope diameter in each frame for each camera independently". By assuming an
average rope diameter of 48mm, the motion was converted to a displacement
measurement. The physical motion of the rope in the in-plane (vertical) and
out-of-plane (horizontal) directions is presented in figure L8. A number of ob-
servations can be made concerning the transformed data, During an ascending

IOn typical mine hoisting installations, the first catenary mode occurs at approximately
1 Hz. Thus the measurement system should track up to the twentieth mode without aliasing
problems.

2Each camera. was inclined ~Lt an angle of 40° from the horizontal plane.
3This process accounted directly for the differing amounts of zoom on each camera.
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cycle the rope tension decreases with shaft depth due to the changing mass
of the vertical rope. Consequently the catenary sag increases, which would
represent a downward drift of the mean position of the catenary. The opposite
would occur during a descending cycle. This behaviour is clearly evident in
figure I.8(a,b). It would also be expected that d ie to rope curvature, the rope
would rise as it approached the maximum mol ..n in the out-of-plane direc-
tion. An expanded plot of the in plane and but-of-plane motion as presented
in figure 1.8, presented in figure r.9(c,d) confirms this behaviour. The change
in mean position at the end of the descending cycle and at the beginning of the
ascending cycle, as illustrated in I.8{b) 1 occurs due to loading the conveyance.

1.6 Discussion

The data obtained during test 2 was considered the most pertinent for discus-
sion, since it contains information concerning the catenary and vertical rope
motion, and reflects the coupling between the two systems. Figures 1.5,I.6
present the frequency content versus depth records 01 the catenary and verti-
cal rope respectively.

I.S.l Catenary Response

Test 2 consisted of monitoring the catenary motion with a full skip ascending,
and subsequently an empty skip descending. A number of features are evident
in figure L5, and are noted below.

(i) On ascending, the catenary frequencies decrease as the catenary tension
decreases.

(ii) On reaching the shaft collar, the skip is emptied, thus the catenary ten-
sion decreases over a short time interval; consequently a discontinuity is
evident between the corresponding harmonics.

(iii) The natural frequency lines exhibit a higher slope on decent than on
ascent.

(iv) Closer scrutiny of the initial and final ascent and descent regions, where
the skip is accelerating to constant speed or decelerating from the wind-
iug speed until it is stationary, reveals that a local change in slope of
the frequency lines occur. This is consistent with an increase/decrease
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in catenary tension due to inertial loading during acceleration and decel-
eration respectively.

(v) The Lebus coil-cross over excitation frequency is evident at approxi-
mately 1.8 Hz. This compares favourably with the calculated value of
1.73 Hz.

(vi) Harmonics of the Lebus coil-cross over excitation frequency are evident
at various stages of the wind. For instance the second harmonic appears
continuously, whilst the fourth and fifth harmonics of the coil cross over
frequency are evident in the first phase of ascent.

Accurate data pertaining to the winder and catenary configuration was not
available, and correlation of the natural frequencies with analytically calculated
values was not attempted. However, excellent correlation between measured
and calculated natural frequencies was achieved at Wildebees South 9 shaft,
where the physical parameters of the system were accurately measured.

1.6.2 Lateral Response IOf the Vertical Rope

A cascaded spectral contour plot of the lateral response of the vertical rope
is presented in figure 1.6. The behaviour of the vertical rope, as reflected in
figure 1.6 is related to the motion of the catenary.

Possible sources of excitation to the vertical rope consist of:

e Parametric longitudinal excitation due to the coil-cross over excitati 'Ill

at the winder drum.

to Autoparametric excitation due to the lateral response of the catenary.

Q Lateral excitation at the skip due to guide misalignment at the buntons.

e Lateral response of the sheave and supporting structure due to the lateral
forces applied by the catenary.

On examination of figure 1.6, the following observations are made:

(\)Vibration levels are higher on ascent, where the lateral motion of the
vertlcal rope at the shaft collar rises to an amplitude of approximately
0.25 m peak to peak.
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e Frequency trends are apparent which correlate with the catenary re~
sponse. Namely, on ascent, the contour plot reflects a band of response
spanning the second and third catenary natural frequencies, and narrower
bands corresponding to the fourth and sixth catenary natural frequen-
cres,

o There is no clear indication of the Lebus coil-cross over excitation fre-
quency, or the bunton passing frequency.

Dimitriou and "Whillier[1973]proposed that parametric response of the vertical
rope would be induced by lateral motion in the catenary. The existence of
lateral response at frequencies related to the natural frequencies of the catenary
tends to support such a relationship. However, it is also possible that this may
be caused by lateral response of the sheave and its supporting structure to the
catenary forces, and hence direct excitation of the vertical rope. Thus it is
probable that both parametric and direct excitation apply simultaneously.

Pursuing the hypothesis of Dimitriou and Whillier[1973], the lateral response
of tbp. vertical rope spanning the second and third catenary frequencies would
represent main parametric resonance of the vertical rope due to the lateral mo-
tion of the catenary in the second and third mode. Since response of the fourth
catenary mode is not evident, the response of the vertical rope at a frequency
related to the fourth catenary mode may represent a secondary parametric
resonance region where the lateral natural frequency of the vertical rope tunes
to the parametric excitation induced by lateral response of the second lateral
ca.tenary mode. This argument may be applied to explain the response at the
sixth catenary mode. For instance if iF represents the parametric excitation
frequency induced by the catenary motion) the following relationships may
hold.

(: _ 2jcatenary _ J.catenary _ r=:
Jp - 2 - 4 - n

f - 2jCaienary - fcate ...ary _ jllertical
p - 3 - J6 - n

Wl- - ._ "esponse occurs at the nth lateral natural frequency of the vertical rope
tr=:n •

In fact the presence of the fourth catenary mode in the lateral response of
the vertical rope, presents the most convincing evidence of eutoparametric
response. Since the lateral motion of the fourth catenary mode is not evident,
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the support structure cannot be excited cut this frequency, and thereby provide
direct excitation to induce lateral response of the vertical rope. Since no other
explanation describes the presence of the fourth mode in the lateral response
of the vertical rope, it 1$attributed to autoparametric excitation by the second
catenary mode, which excites the second region of main parametric resonance,
as described above.

loT Summary

The results 01-+ .Ined whilst commissioning the system confirmed the success
of the mea-sur: .g technique. The system was passive and did not interfere with
production, aud its resolution was well within one rope diameter. Although
two dimeriaional measurement of the rope was not considered practical for
highly accurate measurements, the transformed time traces presented in figure
1.8 indicates that the approximate motion of the response call be successfully
extracted. Two cameras were applied to capture the motion of two ropes
simultaneously. This provided evidence of autopararnetric excitation of the
longitudinal rope due to lateral response of the sheave, thus emphasising the
coupling between the catenary and vertical rope. The simultaneous measure-
ment of the underlay and overlay catenaries indicated that small differences in
catenary length can result in appreciable differences in the response.



282

Figure 1.1: Video camera configuration

Figure 1.2: Mixed video image of the rope
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Figure I.3: Test 1: Time trace

Siemens £tV winder, Elandsrand Gold Mine
(a.) Overlay Catenary - Descending Conveyance. (b\ Overlay Catenary - Ascending Conveyance.
(c) Underlay Catenary - Ascending Conveyance. \I!j lJnderlay Catenary - Descending Conveyance.
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Figure I.4: Test 2: Time trace

SIemens RV winder, Elandsrand Gold Mine
(a) Underlay Catenary - Ascending Conveyance. (b) Underlay Catenary - Descending Conveyance.
(c) Vertical Rope - Ascending Conveyance. (d) Vertical Rope Catenary - Descending Conveyance,
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"G'igure1.5: Cascaded spectral contour plot

::':iemenoRV Winder Underlay Catenary, Elandsrand Gold Mine
In - nth lateral natural frequency of the catenary.nrc - nth coil cross-over excitation frequency.
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Siemens RV Winder I Vertical Rope at Shaft Collar I Elandsrand Gold Mine
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Figure 1.7: Test 3: Time trace

Rock winder, Elandsrand Gold Mine
(a) Camera 1- Ascending Conveyance. (b) Camera 1 - Descending Conveyance.
(c) Camera 2 - Ascending Conveyance. (d) Camera 2 - Descending Conveyance.
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Figure 1.8: Test 3: Transformed time trace

Rock winder, Elandf1rand Gold Mine
(a,e) Descending Conveyance. (b,d) Ascending Conveyance,
(a) In-plane M(ltion. (b) In-plane Motion.
(c) Out-of-plane Motion. (d) Out-of-plane Motion.
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Figure 1.9: Expanded time trace: T~st 3

Rock winder, Blandsrand Gold Mine
(a) Camera 1 ...Ascending Conveyance. (b) In-plane Motion « Ascending Conveyance.
(c) Camera 2 - Ascending Conveyance. (d) Out-of-plane Motion ...Ascending Conveyance,



Appendix Jf

Stationary Stability Analysis ...
Further Considerations

In Chapter 4 the stability of the first approximation to the planar steady state
motion was examined. The stability of the the motion was investigated as a
criterion to identify areas where nonlinear coupling could be expected. The
analysis confirmed the existence of regions of simple and combination paramet-
ric resonance related to the lateral catenary and longitudinal system modes.
It is important to note that the steady state solution which was applied as
the basis for the stability analysis, represents a linear solution. This solution
is only valid aw.1Yfrom regions of primary external resonance of ,',hecatenary.
Normally, the steady state solution is approximated via a harmonic balance or
perturbation technique, and results in an approximate nonlinear description
of the response, which ma~ be multi-valued. The stability of the approximate
nonlinear steady state solution then dictates which branch of the solution is
physically realisable. This leads to the identification of the jump phenomenon,
and suhcritical stability where more than one stable solution occurs simulta-
neously. Although this aspect was appreciated, the linear steady state solution
was purposely applied as a datum for the stability and-lysis. The rational for
this was dictate,' .Jy the need for a practical design tool in industry, and it was
considered that a nonlinear steady state solution would introduce complexities
beyond the scope of a typical design team. It is also likely that a condition of
external resonance of the catenary will occur during the winding cycle. The
system parameters can be chosen to shift the condition of resonance with re-
spect to shaft depth, and thereby change the tuning between the lateral and
longitudinal modes. Thus by utilising the linear solution as a datum for the
stability analysis, the eigenvalue exponent provides a direct indicator of the
severity of the region, reflecting the compliance of the lateral to longitudinal

290
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system tuning.

Although the approach adopted in Chapter 4 is practical for industrial needs,
and this constitutes the primary motivation for its adoption, a more conven-
tional approach where the nonlinear steady state solution is constructed could
provide further insight into the system behaviour. This appendix presents a
discussion regarding the potential nonlinear behaviour of the system. This is
achieved by considering studies of similar nonlinear multi-degree-of-freedom
systems presented in the literature. In the process, techniques applied in non-
linear studies are briefly discussed. Finally, by applying the method of multiple
scales, system tuning which may induce conditions of secondary resonance and
internal resonance in the system, are identified. Such conditions confirm the
results of Chapter 4 concerning simple and combination resonance. However,
the steady state analysis is not attempted. Such an analysis would require the
study 0; a series of tuning conditions, the development of which is presented
as an incentive for further study and res. irch.

J ,,]. Nonlinear Equations of Motion

The nonlinear partial differential equations of motion for the mine hoist system
were ,teveloped in Chapter 3. These equations were simplified in Chapter 4,
where the lineal' steady state stationary nature of the system was examined,
in the absence of catenary curvature and transport velocity. In Chapter 5 the
nonlinear partial differential equations of motion of the system, as developed in
Chapter 3, were transformed into nonlinear ordinary differential equations via
a normal mode expansion. A numerical simulation was applied to account for
the non-stationary nature of the system as well as steady state and transient
excitation. The nonlinear ordinary differential equations of motion considered
in Chapter 5 are reproduced below:
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where Pi(t), qi(t), ri(t) represent the ith principal co-ordinate in the longitu-
dinal, in-plane and out-of-plane lateral directions respectively, !. ..oupling
coefficients contained in these equations are described in Chapter 5,

Although it may be possible to conside- equations by means of analytical
techniques, the purpose of this appenr better served by simplifying the
equations at hand. Pir=tly the analysis presented will consider the planar
stationary system in the absence of rope curvature. In this regard only the
Pi(t); l~i(t) co-ordinates will be considered, and in the absence of curvature
and rope velocity the equations of motion reduce to:

.. ,)1' • 2 (v(O,t)UU r n()
Pi+ .,.,uWiPi +WiPi + --lc- ij rj -I- ijkf} flo == .rj t (J .4)
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+3-/c-6ijkfjfk + tlijkPjfl; + 'if3ijklfjfkfl == R,(t) (j .5)

These equations form the basis for the ensuing discussion, and will be con-
sidered further with regard to the possibility of secondary resonances, and
conditions of internal resonance.
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J.2 Nonlinear Methods of Analysis

The purpose of the analysis presented is to extract salient features of the
equations of motion developed. Existing r nalyses in the literature are discussed
where pertinent. A brief discussion concerning a few of the available strategies
for analysing weakly nonlinear systems are 'presented. These strategies can
be found in detail in Nayfeh and Mook[1983J , Nayfeh[1973bJ, Schmidt &
Tondl[1986]' Hagedorn[1988J.

Weakly nonlinear systems are characterised by periodic oscillations occurring
in the region of a stable focus or centre. In essence perturbation methods
attempt to approximate the nonlinear solution by perturbing its linear COUI1~

terpart, and thus periodic expansions are developed about a ce-itre or equilib-
rium position to approximate the nonlinear oscillations occurring in the neigh-
bourhood of the centre. Current methods comprise of the straight forward
expansion, the Lindstedt-Poincare' method, the method of multiple scales, the
method of harmonic balance, and averaging methods. It is established that
the straight forward expansion is not uniformly valid, however the latter pro-
cedures can be designed to overcome this problem. Nayfeh and Mook[1983J,
briefly discuss these methods with regard to the nonlinear oscillator:

N

x +Eanxn = 0
n==l

The straight forward expansion

In this method, the solution is sought as an expansion with respect to a small
parameter e in the neighbourhood of the linearised solution Xl.

Substituting the expansion into the equation of motion and equating powers
of e, leads to a sequence of linear equations) each containing terms from the
preceding order. The method successively solves the equations to obtain the
solution to order en. However, the expansion may not be uniformly valid, since
as the expansion progresses, secular terms appear in higher order equations
These terms result in a non-periodic solution, as well as being unbounded
with respect to time. Thus the situation arises whereby higher order terms Xn

contribute to the solution more significantly than lower order terms.
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The Lindstedt-Poincare' Method

In this method, it is assumed that the frequency and amplitude of the motion
interact, a phenomenon. commonly associated with nonlinear systems. By
introducing a new independent variable r = wt, where w is an unspecified
function of e, an expansion for w can be devised such that the secular terms
are eliminated. By assuming expansions of the form:

r =wt

and ensuring that the secular terms vanish, (I, uniformly valid expansion can be
achieved. This method results in periodic expressions for the motion, as well
as a frequency amplitude relationship, higher order harmonics in the higher
order expansions, and drift or streaming terms.

The Method of Multiple Scales

Nayfeh[1965] proposed the method of multiple time scales as an approach to
analyse the periodic solutions of weakly nonlinear systems. In this method,
the solution is considered to be a function with multiple independent variables,
or time scales, where the number of scales is determined by the order of the
expansion required. Thus in general the expansion is sought as:

It follows that:

d a; a dTl a- = ----+ --+ ... = D +€Dl+ ...dt dt aTo dt aTl 0
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Back substitution into the equation of motion, and equating powers of to leads
to the definition of solvability conditions, dependent on eliminating secular
terms from the higher order equations. Satisfaction of these conditions leads
to the approximate nonlinear solution.

The Method of Harmonic Balance

Unlike the previous methods, the method of harmonic balance does not depend
on the concept of a small parameter. In this method the periodic steady state
nonlinear solution is assumed to be represented by a trigonometric expansion
of the form:

M
x = .2: AMcos(mw + {Jm)

m:::O

The trigonometric expansion is substituted into the equation of motion, and
the harmonics are equated to zero, resulting in a set of nonlinear algebraic
equations in terms of the amplitudes An ) and frequency w. Thus a frequency
amplitude relationship is implicitly conained in the method. Nayfeh and
Mook[1983J show. that unless a sufficient expansion is assumed in the initial
solution, erroneous results may result. Thus either adequate knowledge of the
solution is required a priori, or sufficient terms are required in the expansion for
the method to work adequately. Schmidt and Tondl[1986] support this view,
however consider that if the methor' is correctly applied, superior results may
be achieved. Mickens[1984, 1986J discusses the application of the method, not-
ing that providing certair; conditions are satisfied, the method gives superior
results. Mickens notes that if multiple equilibrium states exist, the method
should be applied in the neighbourhood of each state separately. Handy[1985]
generalises the method, by combining the harmonic balance method with the
method of slowly varying phase and amplitude (Kryloff Bogoliuboff), broad-
ening the range of the harmonic balance method to include transient response.
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Methods of Averaging

The iuethods of averaging are based on the concept of slowly varying phase
and amplitude. Thus the solution is assumed to be:

x = a(t)cos(wo"t + <p(t)~ = a(t)cos<P(t) ,

Since the phase and amplitude are assumed to vary slowly:

dx = -asin,( <I»
dt

Thus the condition of slowly varying phase and amplitude requires that:

a' cos <I> - a<I>'sin<I> ;:= 0

By applying these relations, the equation of motion is transformed into differ-
ential equations in terms of a, <I> It. Since the phase and amplitude v~r.yslowly
with respect to the period, they are assumed to be constant over a period. By
averaging the equations over a period, the variable t is eliminated, resulting in
linear autonomous equations defining the steady state amplitude and phase.

Other methods such as the integral equauon, and the Van der Pohl method
are discussed briefly by Schmidt and Tondl[1986]. It appears that a popular
method currently applied to analyse weakly nonlinear systems is that of mul-
tiple scales. This method results in uniform expansions, and will be applied
for the purpose of discussing the nonlinear equations of motion developed.
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J.S The Analysis of Nonlinear Systems with
Quadratic and Cubic Nonlinearit ies.

The equations of motion for the mine hoist system result in a set of coupled
nonlinear equations with quadratic and cubic nonlinearities, subject to multi-
frequency parametric and external excitation. A general analysis of the ensuin ~
motion will require the study of a b~l;P.S of special cases. Analyses exist in the
literature, but usualJy restrict attention to the interaction between two modes,
or specific cases of multi-degree-of-freedom systems. In the mine hoist system,
the natural frequencies of the lateral modes are integer multiples of tne funda-
mental, and repeated frequencies occur with respect to the in and out of plant.
lateral modes. Longitudinal modes may tune to pro-note internal resonance, a
condition which may occur simultaneously with secondary resonance regions
involving the longitudinal and lateral modes, or with external resonances, or
combinations of these". Note that any number of these conditions may occur
simultaneously. Thus where a description of the amplitude of the motion is re-
quired, an intensive study would be necessary to examine these possibilities for
a particular hoist configuration. Although such an approach would be beyond
the capabilities of design teams in industry, an appreciation of the potential
interaction in a region where nonlinear effects are dominant is essential. With
this in mind, it is considered important to examine the behaviour of nonlinear
systems presented in the literature, as a datum for discussion, prior to any
examination of the equations at hand.

Although the subsequent section will examine existing analyses for nonlinear
systems with finite degrees-of-freedom, many analyses examining the behaviour
of single degree of freedom systems exist in the literature. Efstathiades[1974]
examined the occurrence of combination tones generated in a system with cubic
nonlinearities, as a consequence of multi-frequency excitation. It was shown
that it was possible to generate single mode response at combination tones of
the excitation frequencies of a two degree of freedom system. Nayfehjl sc Jd]
examined the response of a single degree of freedom system to subharmonic
excitation, which identified regions of sub critical stability dependent on t!J.e
excitation amplitude, where both trivial and finite ampltude steady sta! c mo-
tion ensues depending on the initial conditions. Nayfeh[1984b] re-examined
combination tones in ti,e response of SDO.F systems with quadratic and cu-
bic nonlinearities, due to dual frequency external excitation. Applying the

IInternal resonance refers to tuning between the natural modes of the system, such as
W2 = 2WI, external resonance refers to lineal' resonance of the system which occurs when the
frequency of an external excitation coincides with the linear frequency of a mode. Secondary
reso.iance regions refer to regions where a combination of the linear frequencies tune to the
frequency of the external excitation ie 11= W2 ± WI etc.
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method of multiple scales, the solution to second order was developed, show-
ing that the combination tones arise in the solution to both first and second
order, and that the natural frequency of the system changes, and thus a jump
phenomenon may arise. Nayieh[1984cj examined the interaction between a
fundamental parametric resonance and a subharmonic resonance of order one
half, and defined conditions leading to quenching or enhancement of the mo-
tion. Nayf h[1984a, 1984d] furthered this analysis by considering the quench-
ing of a primary resonance by a superhamonic resonance and a combination
resonance of additive or difference type. Zavodneyand Nayfeh[1988] examined
the response of a C:DOF system with quadratic and cubic nonlinearities to a
fundamental parametric resonance. The aspects of subcritical stability, combi-
nation tones in the case of dual-frequency external excitation, and quenching
of a fundamental parametric resonance by a subharmonic resonance induced
by external excitation, represent a few features extracted from weakly non-
linear SDOF systems by applying a perturbation method such as the method
of multiple scales. These analyses clearly demonstrate the complexity of the
potential response, (IS well as the consistent and systematic application of the
method of multiple seal J. Numerous analyses exist, which examine different
orders of subharmonic and superharmonic resonant These will not be dis-
cussed, as the primary interest with respect to the mine hoist system lies in
analyses dealing with multi-degree-of-freedom nonlinear systems, 'iere ill ad-
dition to the features mentioned, a ndition of internal resonano, .nay arise
when the natural frequencies of the system are commensurable, or nearly so.
In the absence of internal resonance, where intermodal coupling does r.ot arise,
the results of the SnOF analyses are pertinent.

Nayfeh and Mook[1983] discuss the analysis of a, two degree of freedom system
of equations with quadratic nonlinearities, v,hich "I.resimilar to those applie-i
by Nayfeh, Mook and Marshall[1973a] in a study of ship roll pitch motion.
Since these equations are similar in form to those of the mine hoist system,
the behaviour of system is discussed below. The eqnations discussed by Nayfeh
and Mook[1983] are reproduced below:

The free and forced response of this system is considered, where the behaviour
of the system is studied under various conditions of external, internal) and
combination resonance.
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This system is similar to a truncated form of equations (J.4,J.5) which repre-
sent the planar stationary mine hoist system, where the parametric excitation
and the cubic nonlinearity in the lateral equation of motion has been neglected.
In this context U1, U2 represent the lateral (r;(t))and longitudinal (Pj(t)) modes
respectively, The salient features of Nayfeh and Mook's[1983] discussion of this
set of equations is presented, to illustrate the potential behaviour of the system.

With regard to the free oscillations of the system, Nayfeh and Mook show
that behaviour of systems with quadratic nonlinearities is the same as the
linear system to second order, unless an internal resonance exists, coupling
the modes. In the absence of an internal resonance the frequencies of free
vibration are independent of amplitude, and the modes are uncoupled. When
an internal resonance arises such that Wi = 2wj, Wn = Wm ± Wk, the modes
are coupled through the internal resonance, and the first order approximation
differs from the linear solution, in that a continual exchange, and dissipation
of energy results between the modes. Figure J.1 illustrates the results of the
free oscillation, for an internal resonance W2 = 2Wl, where the first mode has
been excited.
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Figure J.1: Nayfeh & Monk (1983): Figure 6.8 p 386

The forced response of the system, due to single frequency excitation, is consid-
ered for a number of cases. Firstly the case were n is near to w?, is considered.
This would be analogous to the situation where a longitudinal mode is reso-
nant, whilst the lateral 1110de is detuned from the excitation. It is shown that in
the absence of an internal resonance, the first approximation is not influenced
by the nonlinear terms. However when a condition of internal resonance ex-
ists, W2 = 2Wl, dramatic differences in the behaviour arise. A similar situation
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occurred on the upwind of the Kloof Mine, where the second harmonic excites
the fourth longitudinal resonance, which is tuned to approximately twice the
second lateral mode of the catenary. The behaviour of the Kloof system is far
more complex however .. On further examination of the Kloof system, it is evi-
dent that the first harmonic of the excitation tunes closely to the second lateral
mode and the second longitudinal mode, as well as being twice that of the first
lateral mode. Although the system discussed by Nayfeh and Mook[1983] is a
substantial simplification of a realistic hoist system, the discussion presented
is instructive. Nayfeh, Mook and Marshall[1973a] illustrated the character of
the ship roll-pitch response by arbitrarily choosing parameters. Figures J.2,J.3
are reproduced from Nayfeh and Mook[1983]. In these figures the steady state
modal amplitudes all a2 represent the Ul, U2 degrees of freedom, or in the con-
text of the mine hoist system, the lateral and longitudinal modal amplitudes
respectively/, In order to assess the behaviour according to the degree of tun-
ing between the external excitation frequency n and the condition of internal
resonance in the system, detuning parameters 0'1,0'2 are introduced as:

In figures J.2,J.3 the amplitude of the excitation applied to the longitudinal
mode U2 is varied, and the steady state modal response of the system is con-
structed. In Joth figures the internal resonance is perfectly tuned, ie 0'2 = o.
Figure J.2 represents the case where the external resonance is not perfectly
tuned, ie 0'1 #- 0, whilst figure J.3 represents perfect tuning of the external res-
onance, ie 0'1 = O. It is evident in both figures that a saturation phenomenon
arises in the U2 (longitudinal) mode, whereby increasing the magnitude of the
excitatio» irduces no further increase in amplitude. At the point of satura-
tion, the trivial solution for the U1 (lateral) mode become.' unstable, nonlinear
effects become dominant and thus the lateral mode increases in amplitude.
As noted, the longitudinal mode U2 provides parametric excitation for the Ul

mode, which becomes unstable once the amplitude of U2 exceeds a threshold
value. Figure J.2 illustrates the presence 01 a jump phenomenon, where mul-
tiple stable solutions co-exist for the lateral mode when (1 < h < (2' The
arrows guide the progression of the response as !2 is slowly increased from a low
level to a high level an visa versa. If a sufficiently strong disturbance is applied
to the system in the region (1 < h < (2 , then the jump phenomenon may be

2These amplitudes relate to the modal system response at frequencies Wl, W2 respectively.
In the absence of nonlinearity, such response would only occur as transient motion, or due
to linear resonance.
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induced resulting in a sudden increase in the modal amplitudes, even though.
a stable trivial solution may have existed prior to the disturbance. This is
pertinent to the mine oist system, where a substantial disturbance occurs at
each layer cross-over, The large amplitude whip observed in the Kloof system
was preceded by such a layer change.
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Figure J.2: Nayfeh & Mook (1983): Figure 6.13 p 406
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Figure J.3: Nayfeh & Mook (1983): Figure 6.14 p 407

The case where n is near to Wi is also considered. In the absence of an internal
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resonance, the solution corresponds closely to that of the linear solution. Once
again the condition of internal resonance is examined where W2 = 2W1. This
condition relates to the situation in a mine hoist system, where the lateral
mode is in resonance, whilst !1. longitudinal mode is tuned to twice the lateral
mode. Once again this applies to the condition arising ill the Kloof system,
where the second lateral mode was in resonance due to the excitation of the
first harmonic of tLe coil cross-over frequency, whilst the fourth longitudinal
mode was tuned to twice the second lateral mode. Under these conditions, a
saturation phenomenon does not arise. Figures JA,J.5 are reproduced from
Nayfeh and Mook[1983]. In figure .lA, the external resonance is perfectly
tuned, 0"1 = 0, whilst the tuning of the internal resonance is varied. In figure
J.5 the internal resonance is not perfectly tuned, 0"1 > 0, whilst the external
resonance is varied.
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Figure JA: Nayfeh & Mook (1983): Figure 6.17 p 410

A jump phenomenon is evident in both these figures. Also, a region exists
where no stable steady state solution occurs. III this region, a continuous
shuttling of energy occurs between the modes.

The non-resonant case is also examined. In this case, the excitation frequency
does not coincide with a linear resonance frequency. Nayfeh and Mook[1983]
sh ,w that secondary resonance regions exist where n ~ 2W1, n ~ tWll n ~
tW2, n ~ W2 ± W1 as well as an internal resonance when W2 = 2.:...11. Nayfeh and
Mook[1983] discuss the second and fourth cases.

In the case of 20 ~ W1, where the system does not possess an internal reso-
nance, the modes are uncoupled and a superharmonic response occurs for the
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Ul mode alone''. When the system possesses an internal resonance U,'2 ~ 2Wl

, Nayfeh and Mook[1983] show that the response is of a similar form to that
illustrated in figures J.4,J.5. Consequently for some parameters, regions occur
where steady state periodic motion does not exist.

In the case of n ~ W2 ± WI, in the absence of internal resonance, Nayfeh and
Mook[1983] show that the solution to first order is either stable and equivalent
to that of the linear system, or unstable in the homogeneous part of the first
order solution, and consequently the response grows without bound. In the
lp.~ter case, in reality the response does not grow without bound, but rather
the system is ::10 longer weakly nonlinear, and the analysis is no longer valid.
However, Nayfeh and Mook point out that one could expect to observe a
marked change in the response behaviour. A laboratory model confirmed the
existence of this region. It ",'as evident that the system could be tuned to a
condition of neutral stability, by ad, usting the excitation level. A disturbance
resulted in growth in response at the natural frequencies of the respective
modes. This response represents the homogeneous term in Nayfeh and Mock's
analysis".

3Thus although the catenary is excited <lota frequency at half its linear resonant frequency,
response occurs at both the excitation trequency and close to its resonant frequency WI or
2f2, which is a super harmonic of the excitation.

41n the laboratory model, the tuning WI ~ 35Hz,W2 ~ 20Hz,n ~ 55Hz existed. Thus
at low excitation, response occurred at 55Hz, 1l0H z due to the forced excitation, wt.ilst
beyond the point of neutral stability, the dominant response occurred at 20, 30N z in the
longitudinal and lateral modes respectively.
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When an internal resonance W2 ~ 2WI co-exists with a combination resonance
n ~ Wz ± WI, the first order solution can be either: the equivalent linear
response, or may differ from the linear solution due to the existence of fractional
harmonic pairs. In this case Nayfeh and Mook[1983] give the solution to second
order as5:

Since Wz ~ 2(.ch and n ~ W2 ± WI, ~n,~n are equivalent to WI, W2 respec-
tively. Thus forced response will result at the excitation frequency, combined
with response frequencies clos= to the linear natural frequencies of the system.
The modal amplitudes aI, a2 are dep, .ent on the modal damping factors,
the system tuning, and the excitation amplitude Fl. Figure J.6 depicts the
modal amplitudes as a function of the excitation amplitude FI = f./I. It is
evident that a critical excitation amplitude exists beyond which aI, a2 differ
from zero. A form of saturation occurs with respect to the longitudinal mode,
whilst the lateral mode increases with increasing excitation. At a sufficiently
high amplitude, steady state motion no longer occurs and energy may be shut-
tled continuously between the modes. Note that although a critical excitation
amplitude exists, progression to non-trivial modal amplitudes is not as a con-
sequence of multiple solutions, and thus cannot be induced via a disturbance,
Furthermore, beyond the critical poinr, the response amplitudes are related to
the excitation level. This result contrasts with that obtained in the absence
of an internal resonance, where the first order approximation grew without
bound for certain system parameters.

According to the equations of motion deri ved, the mine hoist system contains
external and parametric excitation, as well as quadratic and cubic nonlinear-
ities. If one considers the linearised problem, where the parametric excita-
tion is retained, then in regions of parametric resonance, the trivial solution
grows without bound. Hsu[1963] analysed the regions of parametric resonance
of linear systems with multiple degrees of freedom and multi-frequency ex-
citation, obtaining expressions for the transition curves between stable and
unstable motion. To achieve this, Hsu[1963] applied a straight forward ex-
pansion, and a method of averaging. Hsu[196:1] identified that in addition
to the normal sum and difference parametric resonance regions, anomalous

,--------
5Fractional harmonic pairs were discussed qualitatively by Eller[lg7~1.
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regions may exist where these resonances interact simultaneously, a feature
which may easily arise in the mine hoist system. Nayfeh and Mook[1977]
applied the method of multiple scales to investigate the regions of paramet-
ric resonance of lin.ear systems with many degrees of freedom. Their anal-
ysis confirmed tl.at the method of multi le scales correctly predicted estab-
lished parametric resonance regions and expressions for the transition curves,
ie pO ~ Wn,± Wn where n,m are integers. The anomalous cases mentioned by
Hsu[1963] were analysed, ie simultaneous combination Rumand difference reso-
nance n~Wn±wn ~ ws±wr with m, n being different from 7', s. Nayfeh[1983a]
extended this analysis by focussing on the aspect of simultaneous resonance
in the response of a two degree of freedom linear system to multi-frequency
parametric excitation. Nayfeh[1977] considered the case of two simultaneous
parametric resonances, namely simultaneous resonance of the sum and dif-
ference tYPf' ie 51 ~ W2 - Wt ~ (,c)2 + Wl, and simultaneous main resonance
and sum or di'ference combination resonance ie n ~ 2(.(h ~ ~2 - Wl, and
n ~ 21.1h ~ W2 + Wl. In these cases, the equations describing the modulation
of the phase and amplitude could be transformed into four real nrat order au-
tonomous equations. By solving these equations, the characteristic exponent
of the system could be defined, and hence where this exponent becomes posi-
tive, the transition curve of stability is attained. Nayfeh[1983a] concludes that
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when three or more simultaneous resonances exist, it is not possible in general
to transform the the modulation equations into an autonomous form, and thus
numerical analysis may be required .

Nayfeh[1983c] consider. the response of a two degree of freedom system with
quadratic nonlineariti ,r;o a parametric excitation. The behaviour of the sys-
tem is examined in the presence of an internal resonance W2 ~ 2Wl. Two condi-
tions of tuning to the parametric excitation are considered, namely; n = 2(Jh,
a fundamental parametric resonance of the first mode; n = 2W2, a fundamen-
tal parametric resonance of the second mode. The analysis demonstrates the
phenomena of saturation in a directly excited mode, as well as the existence of
subcritical stability, In the case, n = 2W2l Nayfeh[1983c] shows that a satura-
tion phenomenon arises in the higher mode v.. hich IS directly excited, where the
amplitude of the response is independent of the level of excitation", whereas
the lower mode which is indirectly excited through the internal resonance, in-
creases in amplitude with increasing excitation. In the case where n = 2wI,
a saturation phenomenon does not arise, and beyond a threshold excitation
level, both modes increase in amplitude with an increasing amplitude of ex-
citation. In both cases, depending en the system parameters, a sub critical
stability may arise, where below a certain excitation amplitude F < (1, the
trivial motion is stable, and disturbances decay, F > (2 the trivial solution
is unstable and the motion grows in both modes to a steady state amplitude.
When (1 < F < (2, the trivial solution is stable and. the motion decays to zero
according to the linear analysis, whilst according to the nonlinear analysis,
the solution may either be trivial or achieve a nontrivial stable steady state
motion depending on the initial conditions. This condition is referred to as
subcritical stability. Nayfeh[1983e] extends this analysis in a later publication
to examine the response of a multi-degree-of-freedom system with quadratic
nonlinearities to a harmonic parametric resonance. In this case, an internal
resonance of the combination type is examined ie W3 = WI + W2. Under this
condition of tuning, the response to a fundamental parametric resonance of
the third mode is examined ie n ~ 2W3. Nayfeh[1983e] shows that the third
mode exhibits a saturation with respect to the excitation, whilst the first and
second modes grow in amplitude. The system also exhibits suhcritical reso-
nance. When the first or second mode is excited by a fundamental parame! ric
resonance, ie n ~ 2wt, or 51~ 2w:;),and when F < (2, the trivial response is
the only steady state condition. When F > (2 the trivial solution is unstable
r"sulting in amplitude growth according to the linear analysis, however ac-
cording to the nonlinear analysis the motion is non-periodic. Plaut et al.[1983]
examine a similar system under two frequency excitation, where a natural fre-
quency is cl~se to the sum of the two excitation frequencies ie. Wn = n1+O2,

6The response is similar to that described previously, where the longitudinal mode was
externally excited at resonance.



307

whilst an internal resonance such as Un = 2wj tunes that frequency to another
frequency. It is shown that a saturation phenomenon arises in the directly
excited mode, when the natural frequency of that mode Wn is higher than
the other mode coupled through the internal resonance Wj. Mook et al.[1985]
consider an analysis of a multi-degree-of-freedom system with quadratic and
cubic nonlinearities, with a fundamental parametric resonance n~ 2W2 as well
as internal resonance W2 ~ 2Wl. The analysis demonstrated "hat the internal
resonance Ji,ves rise to saturation in the directly excited mode, whilst the indi-
rectlyexci .d mode behaves in a manner similar to that of the directly excited
mode in the absence of internal resonance, and thus a behaviour described as
mode reversal occurs. Since the amplitudes may be significantly reduced III

the presence of an internal resonance, it is suggested that this may lead to a
passive vibration control strategy. The analysis also demonstrates that under
the condition of internal resonance, in certain regions of the parameter space,
interaction occurs between the modes, resulting in a non-periodic solution, and
a continual intermodal exchange of energy. Plaut et aL[1986] consider a series
of cases involving two simultaneous external resonances of a system subjected
to two-frequency excitation. The cases presented consider two simultaneous
conditions of combination, subharmonic, superharmonic and primary external
resonances. It is demonstrated that quenching can occur for cei tain combina-
t.ions of the resonances. Nayfeh[1987J examined tho parametric excitation of
a double pendulum, under the condition of internal resonance and a funda-
mental parametric resonance. Saturation was observed when the higher mode
was directly excited by the parametric excitation n~ 2W2, whereas the lcwer
mcde which was indirectly excited through the internal resonance increased
in amplitude. Due to the nature of the equations analysed, it was found that
in certain regions of the parameter space, both Poincare'? and Hopf bifurca-
tions existed. When the lower mode was excited by a, principal parametric
resonance, the periodic solutions exhibited period doubling, leading to chaos.

Tezak, Nayfeh and Mook[1982] considered the case of a parametrically excited
nonlinear multi-degree-of-freedom system with repeated natural frequencies.
A study of panel flutter illustrated the nature of the solutions. Nayfeh[1983b]
considered the linear parametric resonance of a multi-degree-of-freedom system
with three repeated natural frequencies, for the case of fundamental resonance
of the modes with the repeated frequency, and combination resonance involving
the repeated modes and one other. Conditions of stability of the motion were
then derived for these cases.

Bux and Roberts[1986] examined the vibratory interactions in systems of cou-
pied beams. The method of multiple scales was successfully applied to examine

7A Poincare' bifurcation arises where the number of fixed points increases as a control
parameter changes.
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the system respon, ~in the case of three mode interaction, where a combination
internal resonance and an external resonance of one of the modes existed simul-
taneously ie n ~ W2 ~ WB+WT. This is similar to the analysis by Nayfeh[1983e],
where the system was tuned to a combination internal resonance and a funda-
mental parametric resonance simultaneously. Bux and Roberts[1986] obtained
stationary solutions for this condition, showing that multi-modal response is
possible even though the modes may not be directly excited. The four mode in-
teraction was investigated, where in addition to the tuning n~ W2 ~ WE +wT,

an additional internal resonance Wi ~ 2WB occurs. Stationary solutions were
not obtained from the perturbation analysis, however experimental results pre-
sented illustrated violent interactions between all four modes. Ashworth and
Barr[1987) extended Bux and Roberts[1986] analysis in an investigation of
the resonances of structures with quadratic inertial nonlinearities under direct
and parametric harmonic excitation. A combination of an harmonic balance
and perturbation method was successfully applied. This analysis discusses the
concept of cascading behaviour of a multi-mode structure, where either the
response of the structure to the external excitation or the parametric exci-
tation, autoparametrically induces further excitation of other modes of the
structure through internal resonance, thus achieving a multi-modal response.
Ashworth and Barr[1987J demonstrate this behaviour on a four mode beam
structure, where one parametrically excited combination resonance interacts
through a combination of internal resonances providing autoparametric excita-
tion of the two remainine modes. Consequently modal response is obtained in
all four modes due to ;; single parametric excitation frequency, Cartmell and
Roberts[1988] consider a similar problem of interacting beams, in the vicinity
of a simultaneous combination sum and difference internal resonance, where
one mode is externally excited at resonance. In this analysis the method of
multiple scales was applied, and a set of autonomous first order differential
equations defined the modulation of the modal amplitudes and phases. The
resulting equations for the steady state amplitudes could Hot be solved analyti-
cally, and consequently an integration procedure was attempted. Experimental
results were employed to demonstrate the rnulti-modal response of the system.
The difficulty encountered in analysing three or more simultaneous resonances
was considered by Nayfeh[1983a], where it was shown that in '1egeneral case,
it may not be possible to reduce the equations to an autonomous form, and
numerical analysis may be required. Multi-Modal interaction, and simultane-
ous resonance as discussed above, is pertinent to the mine hoist system and
clearly defines the potential complexity of a thorough dynamic analysis of a
mine hoist system. Note that in these analyses, a single excitation frequency
was applied, resulting in a multi-frequency response. In the mine hoist system,
multi-frequency external excitation co-exists with multi-frequency parametric
excitation, and simultaneous parametric and external resonances may arise in
the presence of simultaneous internal resonance between various modes of the
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system, complicating the potential response further. HaQuang et al.[1987bJ
examine the response of a single degree of freedom system with quadratic am'
cubic nonlinearities to primary external and secondary parametric excitation.
Applying the method of multiple scales, asymptotic solutions for small motions
were developed. The steady state amplitudes were investigated with increas-
ing amplitude of the parametric excitation, and different parameters dictating
the strength of the quadratic and cubic noniineB,rities. It was shown that as
the parametric excitation increases, multiple solution branches develop. The
asymptotic solutions were com, ared with numerically integrated solutions, il-
lustrating that additional large amplitude solutions exist. which lie beyond the
realm of approximation of an asymptotic method. These large amplitude solu-
tions exhibit period doubling leading to chaos. HaQuang et al.[1987aJ extend
this analysis to a multi-degree-of-freedom system where one mode is involved
in the external resonance, and demonstrate tha.t multi-modal response can be
generated in the first order solution, even in the absence of internal resonance.
Plaut et al.[1990aJ considered the resonances in a multi-degree-of freedom sys-
tem with quadratic and cubic nonlinearities subjected to external excitation at
frequencies .01, .02, in the absence of internal resonance. When there is more
than one excitation frequency, response may arise at combination tones of the
excitation frequency, which may be further complicated by simultaneous res-
onances. The analysis considers conditions which arise at 2wn ~ 01± fh and
Wn ~ 12.01± fhl. Plaut et al.[1990b] extended the previous analysis to include
multi-frequency parametric excitation in addition to multi-frequency external
excitation. The analysis examined the condition of resonance involving both
the parametric and external excitation frequency ie Inf ± .oj ± .ok1~= Wq, and
IfZi ±n~±n~1~= Wq, where superscripts e, p refer to external a.nd parametric
excitation, and Wq refers to the natural frequency of the qth mode. The analysis
considered these conditions in the absence of any other resonance. Thus the
more pertinent case of simultaneous resonance involving other modes, or in-
ternal resonance was not considered, and consequently a 'lingle mode response
occurred.

Nayfeh and Asfar[1988] consider the case of a single degree of freedom system
with cubic nonlinearities to a non-stationary principal para' 'ri,C excitation.
In this instance the system natural frequency remains constanv, .rhereas either
the frequency of the parametric excitation, or the amplitude of the parametric
excitation was allowed tc change slowly' lith respect to time ie either the para-
metric excitation frequency was assun ed t.J be n = no + rT1,or the amplitude
of the parametric excitation was assumed as f = fo + rTl, where r represents
the sweep rate, and Tl the slow time scale. The mine hoist system could be
considered to be the inverse of this case, where the natural frequencies of the
system change with time, whilst the excitation frequency and amplitude re-
main constant. Research to date has treated the mine hoist system in a quasi
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static form, where the axial velocity and hence the rates at which the natural
frequencies vary have been neglected. The primary motivation for this assump-
tion is two fold, namely the analysis would become protracted and is VieWLG
as a future research incentive, and geuerally the rate of change of the natural
frequencies becomes significant close to the shaft head, where the longitudinal
modes change rapidly with respect to depth, In practice whip has been ob-
served at greater depth. Nayfeh and Asfar[1988] show that the rate of change
of the parametric excitation frequency or amplitude can significantly alter the
response, in that the nonlinear resonance curves for the stationary case are
penetrated and become smudged as the late increases. Thus if the excitation
is initiated at a frequency where the stationary trivial response is stable, and
progresses into a region where this response is unstable, then the depth of
penetration into the unstable region is related to this rate; this penetration
is then followed by a jump to the nonlinear stable solution, which may result
in overshoot and oscillation. Miyasar and Barr[1988} consider the response of
a linear oscillator under parametric excitation with fluctuating frequency. In
their analysis, the parametric excitation is assumed to vary about a mean ie.
cos[2Dt + o:cos,Bt]. Although this study is of interest, it is not particularly
relevant to the mine hoist system.

It is evident that the mine hoist SJ tern represents an extremely complex d,,-
namic system. A thorough understanding of the behaviour would prescribe a
consistent study of the possible mechanisms of interaction. These interactions
will be parameter dependent, and thus may vary in severity for different In-
stallations. Although the industry currently attempts to ensure the dynamic
integrity of a system by simply avoiding regions of external resonance of the
lateral catenary modes, this is clearly not sufficient. The neglect of the longi-
tudinal interaction in current design procedures is clearly highlighted by the
foregoing discussion. The dynamic integrity of the system with resp-ect to
the catenary response has not been considered significant with respect to the
fatigue life of the rope. This assumption has no theoretical basis, and one
surmises that it is linked to the neglect of longitudinal and lateral coupling be-
tween the lateral and longitudinal motion in the linear wave equations. Thus
the behaviour of mine hoist dynamics as perceived by the industry is severely
limited by linear assumptions.

As it is the purpose of this study to consider the potential. dynamic behaviour
associated with mine hoist systems, it is pertinent to examine conditions which
may lead to resonant conditions other than those predicted by a linear analysis.
Thus if the system is correctly designed to avoi -mditions leading to external
resonance of the catenary, the dynamic integnty of the system may be com-
promised by regions of secondary resonance, Although the method presented
in Chapter 4, where the stability of the steady state planar motion is exam-
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ined, leads to a design methodology capable of avoiding regions of r.onlinear
interaction; a more direct approach is desirable to confirm that such regions
exist, as well as to jay the foundation and flavour of future research incentives.
A perturbation analysis utilising the method of multiples scales is presented in
the following section. The conditions necessary to induce secondary resonance
are determined. The steady state perturbation solution for the condition of
secondary resonance i.:; not developed further, as this is viewed as a future
research incentive.
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J.4 Secondary Resonance Conditions

The intention of the following analysis is to demonstrate the potential existence
of secondary regions of resonance by applying the method of multiple scales.
Secondary resonance regions are identified by the occurrence of secular terms
in the perturbation expansion, which would induce unbounded growth in that
component of the solutions expansion. This leads to the formulation solvabil-
ity conditions, ensuring that the secular terms in the expansion are identically
zero. These solvability equations define the steady state response of the sys-
tem. Multiple solutions may exist, requiring further analysis to determine the
stability of the various solutions.

In the following analysis, the method of multiple scales is applied up to second
order expansion in 62, where small response of the order of 6 is assumcu. Ie:

Pi(t,6) = 6Pio + 62Pil
n(t, c) = 6rio + 62ril

a
Do + cDI=at

a2

D~ + 2tl )D1 (J.6)8t2 -

Where 6 introduces the normal notion of a small parameter about which the
solution is expanded. The equations are ordered by ensuring that the damp-
ing, parametric ann nonlinear terms appear in the second order expansion.
Equations (J.4,J.5), may be presented ass:

2

Pi + 2f(iWiPj ..j.. W;pj + f{E Vncos(nfU + f3'11)}Ujjrj + rij/crjrk = fFj(t) (J .7)
'11=1

2

rj + 2f.(jWjri +w-;rj + E{I: Vncos(nnt + lJn)U;'jpj +
'11=1

4 2

:z::: Vncos(nnt + lfn)} Yijrj + llijkPjr): + {EVncos(nnt + f3n)}Cjjkrjr/e
~=O '11=1

+f3jj kITj7'''r, = fRi(t) (J .8)

8The constants in equations (J .4,J .5) have been factored into the coefficients of equations
(J.7,J .8). The lateral excitation at the drum is represented as: 1:- = E~=1 Vncos(nnt+f3n) =
'<;'""2 1 V. inOTo + hil t (4)2 - '<;'""4 V (nt + -8- ) - '<;'""4 1 V inOTo +L..m=1 '2 'lie CC, W 1 S Ie - L..m=O nCOS nu . 'II - L..m=O '2 n~ cc.
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By substituting relationships (J.6) into the equations of motion (J.7,J.8), the
first and second order expansions are obtained as:

First Order : €

4

D~Pio +WfPio =LPncos(nnt)
71::::1

2
D~ri(j +wlno ::::E Rncos(nnt)

71.=1

The solution to these equations is:

4
pio ::::Ai(T1)eiwjTo +E AineinliTo + CC

71.::::;1

(J.9)

2

rio = Bi(Tl)eiWiTv + 2: Xineinl17'o + cc
71.::::;1

(J.IO)

where cc represents the complex conjugate, and:

1 Rn
Xin ::::2" (w~ - n2n2)
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The second order expansion of the equations of motion are:

Second Order i €2

2

D;Pil +WfPil = -[2(jWjDo + 2DoD1]Pio - EVncos(nnt + !3n)U;'jrjo
n...1

(J.ll)

- 2-[2(iWiDo + 2DoDlho - 2:n"'1 Vncos(nnt + !3n)U;'jPj~
4 - -- 2:,.,nO Vncos{nnt + !3n)Vi.Fjo - AjjkPjofko +
2:;'",1 Vl'1cos(nnt + 13,.)8ijk1'jo1'ko = 0 (J .12)

substituting PiOl rio from equations (J.9,J,10) into equations (J.11,J.12), and
employing complex algebra, where * represents the complex conjugate, leads
to:

4
D~pi1 +WlPil = -2iWi[A; + (iwiA;jeiw,T" _. 2i(jwj L :nQAirlein07'.

nm1
2-~ '-"{v. WI,B'ei(wj+nfl)To + v."U"B.e,(Wi-nfl)To}2 L...J n '.' ; n I) J

n",1

1 2 {2 2}-'22.: VnUij E Xjmei(m+n)HT. + V;Uij L Xjmei(n-m)HTo
nm1 m,.,! m""!

-rijl: {BiBkei(Wj+Wk)To + BjB'kei(w,-Wk)To + t[BiXknei(Wj+nfl)To +
n",1

BjXhnei(Wj-VlO)To + BkXjnei(wh+nO)To + BZXinei(nn-wk)To +

Xin i:{Xkmei(m+n)02'o + Xkmei(n-mlOTO}]l.J + cc = 0 (J.l3)
Tn"'!
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Do2r:l+wrr"
1 2'-[B'+-(-B] usa: 2'-(- ,,2 ,... innT'. = - tWi i jWj ie' ~- 1 ,Wi Lm",l n~~Xine °

_1,,2 {v. U)1,[A'ei(wj+nn)To + ",4 A, ei(n+m)OTo]\
2 .Lm""l n IJ J Llm"'l Jm J

_1",2 {v..tn.[A 'ei(wj-nO)T. + ",4 A. "i(m-n)OTo]}
2 LI""'l n IJ J Llm"'l Jm-

_1 ",4 {v l/;'[B'ei(wj+nn)To + ",2 X' ei(n+m)OX.] +
2 Lln"'O n 'J J Llm ....l Jm

11" V... [B'ei(wj-nO)Xo + ",2 -~. ei(m-n)OXo]}
n IJ J LIm"'! "Jm

-D.ijk {AjB/cei(Wi+Wk)T. + AjBA;ei(WJ-Wk)To

+B,. ",4 [A, e'(wdnn)Xo + A~ eitwk-nO)ToJ'
'" Lln"'l In In

+Aj E~""dXknei(w;+nO)To + Xknei(wj-r.O)X.j

+ ",2 ",4 Xk [A, ci(n+m)OTo + A~ ei(n-m)nTo]} +
LIn"'! LIm"'! 71 Jm Jm

16"k [",2 V. {B,Bkei(wj+Wk+nn)To + B'B*ei(Wj-wk+nn)T. +
2 '1 LIn ....I n J J k

",2 [B'Xk ei(wj+(n+m)n}To + B'X" ei(wJ-(m-n)O)To +
LIm""! 1 m J km

BkX;mei(wk+(n+m)n)T. + BZX;me·«n+m)n-wk)T. +

+ Xjm L~ml[xklei(l+n)n'l'o + Xk/ei(n-l)OT.]}} +

",2 IT. {B'B ei(Wj+Wk-nO)To + B.B·ei(wj-wk-nO)To +
LIn ....1 n 1 A. 3 k

",2 [B'X' ei(Wi+(m-n)O)To + B'X. ei(Wj-(m+n)O)To +
Llm""l J A:m J km

BkXimei(wk+(m-n)O)To + B:Xjmei«m-n)O-wk)To +

+ Xjm Ef"" [xk/ei(l-n)OTo + Xkle-i(n+l)nTo]]}] + CC = 0 (J .14)

It is clear from the preceding equations, that secular" terms may arise if any
of the following conditions are satisfied.

Wi= nO n = 1,6
Wi= nO n = 1,6
nO= Wi ±Wj n = 1,4
n!1= Wi ±Wj n = 1,6
(J)j = Wj ±Wk

Wi=': Wi ±Wk

(J.15)

9ie If any complex exponent on the right hand side of the equality is equal to the natural
frequency of that equation, the corresponding term is secular, as it induces a resonant
condition.
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The first two conditions represent the case of external resonance, the second
two conditions represent secondary resonance conditions arising at the sum
and difference frequencies between the lateral and longitudinal modes, whilst
the remaining conditions represent the case of hternal resonance between the
longitudinal and lateral modes. This analysis was primarily concerned with
identifying regions of secondary resonance, and thus the first two conditions
are excluded. Note that the latter cbndition~ may be satisfied simultaneously
for a number of combinations of the modes. Also, since the internal resonance
arises at sum and difference combinations of the lateral modes, and because
the lateral modes are integer multiples of the fundamental, a number of in-
ternal resonances arise simultaneously. This gives rise to additional coupling
between the modes) which generally results in multi-modal response. The anal"
ysis required to determine the steady state response will be significantly more
complex, to the extent where it may not be possible to determine the steady
state solution analytically.

In the absence of secular terms, the solvability conditions for the amplitudes
Ai, B; reduce to:

Since these equations are damped first order equations, the steady state am"
plitudes Ai, Bi, OJ are trivial, and consequently the solution is governed by the
first order solutions Pia, Tio.
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J.5 Conclusion

Secondary resonance regions may arise when the excitation frequency tunes
to a sum or difference combination of the lateral and longitudinal modal fre-
quencies. In addition, it has been demonstrated that the condition of internal
resonance arises when a longitudinal mode 'is tuned to a sum or difference
combination of the lateral natural frequencies. Since the lateral frequencies
are related by integer numbers, the difference condition introduces an internal
resonance when a longitudinal natural frequency is equal to a lateral natural
frequency. Also, the system is always internally resonant with respect to the
lateral modes. By accounting for the in-plane equation of motion, it can be
shown that similar conditions of secondary resonance exist with respect to the
longitudinal and in-plane lateral modes. An additional condition of internal
resonance however couples the in and out-of-plane lateral modes. Since the
in-plane and out-of-plane linear natural frequencies are nearly identical, this
condition is always approximately satisfied. In this analysis, excitation fre-
quencies were assumed to be harmonic, and the first. and second harmonic. of
the Lebus drum frequency WaSaccounted for. As a result of the nonlinear
coupling between the lateral and longitudinal modes, external excitation was
induced to excite the system up to the sixth harmonic of the Lebus drum
frequency.

The general nonlinear analysis of the mine hoist system by means of an analyt-
ical technique is probably an intractable mathematical problem. The studies
presented regarding nonlinear multi-degree-of-freedom systems illustrate the
potential response of the system. Namely, the possibility of a quenched re-
sponse and mode reversal, non-periodic solutions, sub critical stability, and the
effect of internal resonance. Although the inherent features of the mine hoist
system dictate to a large extent the need for a direct numerical simulation of
the nonlinear equations of motion, the theoretical discussion presented pro-
vides a necessary basis to interpret the numerical results.



Appendix K

Stabilicy of Liner OD]Fjt)swith
Pe:riodUl.cCoefficients

K.l Parametrically Exited Systems

In the linear analysis of mechanical vibration, it is usual to arrive at a causal
relationship between the system response and excitation, where this relation-
ship may be expressed as a set of non-homogeneous differential equations with
constant coefficients. The systems behaviour reflects the paradigm of a single
degree-of-freedom oscillator, and thus the concept of free and forced response,
and resonance is introduced. When considering realistic conditions, where
positive damping exists, the response is always bounded and stable.

Parametrically excited systems arc described by differential equations with
time dependent coefficients. In this context the system parameters such as
mass, stiffness and damping which are normally deemed constant, vary with
time, and thus the term parametric excitation refers to the excitation of these
parameters, rather than the existence of an external forced excitation", The
term excitation rrnplies that a system response can be achieved in the absence
of th.enormal notion of an external excitation. This concept is well established,
where the salient feature of a parametrically excited system, namely instability,

1Although parametric excitation is induced by a forcing function, as in the case of the
lateral parametric resonance of a string as presented in Appendix B, the resulting equation
of iotion is homogeneous, and devoid of an external excitation.
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is reflected by the behaviour of the single degree of freedom Mathieu equation.

x + w2(1 + aCo.sOt)x = 0

The behaviour and analysis of the Mathieu equation is presented in many
sources, such as Stoker [1950], Bolotin [19641,Mclachlan [1947], Nayfeh and
Mook [1983], Newland [1989]. In essence thi. 1uation exhibits regions of in-
stability for certain combinations of the natu .1 frequency w, the parametric
excitation frequency 0, and the parametric excitation amplitude a. It IS im-
portant to note that the equation is linear and homogeneous. Unlike systems
with constant coefficients, where a causal relationship exists between the exter-
nal forcing function and the amplitude, in the case of a parametrically excited
system, the, .mplitude grows ill an unbounded fashion as a result of dynamic
instability. The growth of the motion thus depends only on the existence of
an infinitesimal disturbance or initial condition. Although damping generally
exerts a stabilising influence, instability may still arise for a sufficiently large
parametric excitation. With respect to the Mathieu equation, regions of insta-
bility occur in the neighbourhood of the ratio of the natural to the parametric
excitation frequency such that 0 = 2:, where the span of the region is de-
pendent on the degree of damping and the amplitude of parametric excitation
a. The primary or principal parametric region ocr-irs when n = 1, with a
sequence of higher order regions existing for n = 2 These regions become
successively narrower, and more difficult to excit. .'l"ewland[1989]considers
the response of the Mathieu equation in a region of instability, and demon-
strates that on the boundary of stability, the dominant response frequency is
always close to the linear natural frequency of the system. The primary re-
gion of parametric resonance, where 0 = 2w, is thus often termed subharmonic
resonance, since the dominant response occurs at half of the parametric excita-
tion frequency. The shaded areas in FIgure K.l represent regions of instability
related to simple parametric resonance of the Mathieu equation, where the
response grows in an unbounded manner. This figure reflects the fact that on
the boundary of regions of instability, the solution is periodic of period T or
2T, where the period T refers to the period of the parametric excitation.

In reality, the growth in a region of instability is contained by nonlinear restor-
ing forces, and is ultimately bounded. Thus although the initial phase of
growth within a region of parametric resonance may be described by a linear
differential equation, ultimately nonlinear effects must be included to obtain a
description of the final motion. In nonlinear dynamic studies, the linear notion
of single valued response and of the principle of superposition no longer ap-
plies, and thus multiple dynamic states may arise. Thus a nonlinear solut-ion
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Finure I. RI:~ of Jimple I'arllmelrj,. inolnhllUy fot IIMlIlh~u eqllnllnn.

Figure Kl: Takahashi (1982): Figure 1 - Regions of simple parametric reso-
nance

where w = ()jw.

requires that a stability analysis is performed for each solution branch, in or-
der to determine whether that branch is physically realisable. By considering
small perturbations to the nonlinear steady state motion, the stability of the
motion may be defined in terms of a variational equation. Linearisation of this
equation generally results in a differential equation with periodic coefficients,
or a parametrically excited system. If the variational equation is stable, then
a perturbation or small disturbance applied to the motion results in a tran-
sient motion, which dissipates if damping is present. The converse indicates
divergence of the motion to an alternative solution. This is commonly asso-
ciated with the jump phenomenon in a nonlinear system with cubic stiffness.
However, this technique is limited to determining the stability of the motion
to small disturbances, and consequently fails to indicate the dependence of the
final steady state motion, where multiple stable steady state solutions exist,
on large disturbances. This reflects the global stability of the system, where
large disturbances or initial conditions may result in the system response be-
ing attracted from one stable solution branch to another. The determination
of the influence of initial conditions on the final steady state motion results in
the definition of domains of attraction of the fixed points in the phase plane.
Guttalu and Hsu[1984] discuss three techniques to accomplish a global study,
and present the cell mapping technique as a computationally economic alter-
native. This technique is applied to determine the domain of attraction of
asymptotically stable periodic solutions of an impulsively excited pendulum.

This thesis is concerned with the stability of linear parametrically excited
systems, 01 conversely the stability of the nonlinear steady state motion sub-
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jected to small disturbances. Particular attention is directed to multi-degree-
of-freedom systems with periodic coefficients. Thus, consideration is given tc
a set of equations of the form:

m

Xi + 2(iWjXi +W;Xi + L: Pi,jncos(nDt --l:- 4>n)Xj = 0
71.=1

where Pi,jn represents the parametric excitation coefficient of the nth harmonic
of the parametric excitation frequency D. Such a system was examined by
Hsu[1f,63]' by applying a perturbation technique. Hsu[1963] demonstrated that
in addition to regions of simple parametric resonance at D = 2~, regions of
combination resonance of the sum and difference type could arise at n == Wi±W].n
The existence of the sum type combination resonance is dependent on the
magnitude of the terms Pi,jn' Pj,in and on Pi,]n X Pj,in > O. Difference type
combination resonances exist when Pi,jn X Pj,in < C. The technique applied by
Hsu[1963] is examined III detail in Appendix B. Hsu's analysis considers the
primary parametric regions for each harmonic of the parametric excitation,
neglecting higher order regions and anomalous regions, where conditions of
simultaneous parametric resonance may arise. The method is also restricted
to the concept of a small parameter, and hence small parametric excitation.
Nayfeh and Mook[1977] examined the same system, confirming Hsu's[1963J
results by applying the method of multiple scales. Nayfeh and Mook[1977]
also considered a number of anomalous regions. In the context of the mine
hoist system, it was considered that a more general approach was required
which accounted for all regions directly, without requiring the study of special
cases. Consequently techniques involving the harmonic balance method werp
considered.

Szemplinska-Stupnika[1978] considered the application of the harmonic bal-
ance method to determine regions of combination parametric resonance in
which the notion of a small parameter was not introduced. It was demon-
strated that although perturbation techniques can be applied to examine re-
gions of combination resonance for small parametric excitation, they inher-
ently constrain the motion to the normal co-ordinates involved in that region,
and therefore neglect all other coupling coefficients. Bolotin[1964] appli d. ~J...

harmonic balance method to examine simple regions of parametric resona c.to

of multi-degree-of-freedom systems. Szemplinska-Stupnika[1978] notes l at in
this solution, the direct and indirect parametric. coup ling terms of the paramet-
ric excitation are inherently accounted for, and thus unlike the perturbation
techniques, the solution is not constrained to the normal co-ordinate involved
in the resonance. Bolotin's method can be applied successfully to examine
regions of simple parametric resonance, since the solution can be shown to be
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of period T or 2T on the boundary of stability, where T is the period of the
parametric excitation. This method cannot be applied to regions of combina-
tion resonance, since on the boundary of stability of these regions, the system
is not periodic. It is almost periodic consisting in the first approximation of
two harmonic components, with uncommensurable frequencies (Szemplinska-
Stuprika[1078]). Since the Fourier expansion applied by Bolotin [1964] can-
not accommodate this requirement it is not applicable to regions of combina-
tion resonance. Szemplinska-Stupnika[1978] developed a method utilising the
method of harmonic balance, and imposed the condition that on the boundary
of instability of a primary combination resonance, Wi + Wj = 20. Ultimately
the method led to a system of nonlinear algebraic equations for ~he definition
of the boundary of stability. Also the method did not account for higher order
regions of combination resonance which may be of period T rather than 2T.

Takahashi[1981a, 1981b, 1982J proposed an alternative implementation of the
.nethod of harmonic balance, and considered a system of equations of the form:

[CHi} + 2(C][H]{j} + ([1]- a(Aj){f} - fJ[B]coset{f} == a (K.1)

where [C1 = diagC)2, [H] == diag((i), [I] = diag(l), [A] represents an initial
stress matrix, and [B] represents the parametric coupling matrix, a is the non-
dimensional initial force, fJ is the non-dimensional parametric excitation, and
() is the parametric excitation frequency. The solution to this equation was
sought as:

• 00

{f(i)} = eAt{ ~ho + L:(ansinnOt + bncosnet)}
2 n=l

(K.2)

Direct substitution of equation (K.2) into equation(K.1), and applying the
harmonic balance method leads to a relationship defining the response of the
system in terms of the exponent A, and the coefficients hOl an, b.,; Takahashi
demonstrated that this relationship could be formulated in matrix notation as:

(K.3)

where [Mo], [Mj] , [M2] represent coefficient matrices of the powers of A, and
{X} represents a column vector containing the coefficients of the expansion
hOI an, hn. Equation (K.3) may be transformed into an eigenvalue equation
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in ). by introducing the transformation {Y} = ),{X}. Thus equation (K:3)
becomes:

(K.4)

Equation (K.4) represents an eigenvalue extraction for the exponent >.. The
stab.lity of the system is thus dependent simply on real().) < O.

It is important to note that the expansion assumed in equation (K.2) is of
period T. As Takahashi[1982] demonstrates, the requirement for the solution
to accommodate solutions of period T and 2T and thus higher order regions
of instability, is satisfied by accounting for the imaginary part of the exponent
>. in the expansion. Since). is a natural consequence of the solution process, it
enables the solution to assume a periodicity of either T 'or 2T on the boundary
of stabilitj With regard to regions of combination resona+ce, the imaginary
component of the exponent introduces side-band ,- .cies in the expansion
such that additive or difference combinations of these components equate to
the parametric excitation frequency. Thus the method satisfies the conditions
required on the boundary of simple and combination. parametric resonance.
Takahashi[1981aJ demonstrates that this technique yields similar results to
those obtained by Szemplinske-Stupnikaj.ls'[S] for a two degree of freedom
parametrically excited oscillator. Takahashi[1982] also demonstrates that the
method accounts for the potential destabilising influence of non-uniform damp-
ing on regions of combination resonance. This is illustrated in figure K.2, which
is reproduced from Takahashi[1982], for three different cases of damping.

The method is easily to coded, and applies a general approach to the problem
without introducing the concept of a small parameter; most importantly the
method does not require the analyst to identify special or anomalous cases
as in the perturbation techniques. The disadvantage of the technique is that
it is computationally intensive, however in light of the rapid developments
in computational resources, this is not viewed as a serious limitation. With
regard to this study, the technique was coded using Matlab, and accounted for
systems of the form:

2

[CHj} + 2[C][H]{j} + ([1]- a[A]){.f} - L {[Sn]sinn9t + [Cn]cosn9t} if} = 0
n",l

The parametric coupling matrices are defined for the mine hoist system in
appendix F. During the eigenvalue extraction process, the real part of the ex-
ponent was stored, enabling the regions of instability to be complimented by
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Figure K.2: Takahashi (1982): Figure 2 .. Regions of parametric instability for
coupled Mathieu equations.
(a) hl = 0.15, h2 = 0.02j (b) hl = 0.063, h'l. == 0.02j (c) hl = 0..01, h2 = 0.02;
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contour plots of the maximum exponent. This exponent indicates qualitatively
the degree of severity of the region, as it is indicative of the exponential growth
of- a disturbance. In. the context of the mine hoist system if it is necessary to
traverse a region of instability, then it would be desirable to traverse a region
where this exponent is minimal. It is also important to consider that the stabil-
ity analysis of the mine hoist system as presented in chapter 4, only considers
stationary steady state response. Thus the 'influence of the transport speed
which induces non-stationary system behaviour is not accounted for. This lim-
its the applicability of the analysis, since in the case of catenary resonance,
the maximum steady state amplitude will not be reached) and furthermore it
will be delayed with respect to the resonant condition. In addition, once the
system passes. through a region of instabilitv, the response may be substan-
tially different from the steady state condition, Thus although the steady state
stability analysis may indicate that the motion may be stable in the context of
the stationary steady state response, transient or residual response induced by
a layer change or by the earlier traverse of a ,rt ~ion of instability may induce
further regions of instability, and hence a bifurcation to alternative dynamic
state. It is emphasised that in the context of this study, the purpose of the
stability analysis was two fold. Firstly, to demonstrate a mechanism describing
the potential nonlinear interaction inhered in the system, and confirmation of
this mechanism with respect to a laboratory experiment. Secondly, h) provide
an approximate method to asses the dynamic characteristics of the system
for the purpose of avoiding regions of nonlinear interaction, prior to a more
sophisticated nonlinear numerical simulation of the system. In this context
the objective of the analysis was fulfilled; clearly, substantial scope exists for
refinement J~ the stability analysis to accommodate the non-stationary nature
of the S,:"S tern.



Appendix L

Numerical Sensitivity Study

Since the system parameters on a realistic hoisting system will not be known
precisely, and may change during the lifeof the rope, the quasi-static simulation
was applied to investigate the sensitivity of the system. In this study, the
winding velocity was changed from 14 ta]« to 16 mls in 0.2 mls increments.
This was conducted for the ascending and descending cycle of the Kloo± hoist
system. The numerical results are presented in figures (L.1 - 1.22). Each figure
is headed by the linear system characteristics, where the first four longitudinal
(dotted lines) and lateral modes (solid lines] are presented, and the first two
Lebus groove excitation harmonics (dashed lines). The layer-change locations
are represented by vertical lines.

Since the lateral frequency lines have a low slope, a small chanse in the winder
velocity can shift the resonant location. Since the layer layer change locations
remain fixed relative to the shaft depth, the effect of a change in winding veloc-
ity is to shift the resonant locations relative to the layer change location. This
is an important effect, which was evident in the simulations. As the lateral
excitation changes phase after a layer change to accommodate the change in
the traverse direction across the drum, the location of the layer change relative
to a resonant condition changes. In this regard a layer change may be located
such that the motion which has increased on approaching resonance, is atten-
uated by the change in phase of the excitation. Since the in-plane motion is
dependent on the amplitude of the out-of-plane motion, such an attenuation
can retard the growth of the in-plane motion. This effect is evident in the
ascending and descending cycle. Consider the difference in the response on
the ascending cycle at 14 ta]» and 14.2 mis, illustrated in figures (L.1,L.3)
respectively. In the latter condition, the layer change is located close to the
linear resonance This location attenuates the growth in the out-of-plane mo-
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tion, and as a result the in-plane motion doee not grow to the degree that
it would at 14rn/s or 14.4 m/s. This pattern is repeated with respect to fig-
ures (L.15,L.17). Similar trends are evident in the results of the descending
simulation, for instance in figures (L.2L.4L.16L.18).

The results of this study confirm that the system is sensitive to its overall state
of tuning. It is also evident that in the Kloo! mine hoist system, the response
i8 caused by primary external resonance of the catenary. With regard to the
descending cycle, the natural frequencies are lower, and thus as the winding
speed increases, higher lateral modes are excited. For instance above a winding
velocity of 15.4 m/s the third lateral mode is excited by the first harmonic of the
Lebus excitation. Since the higher modes are stiffer and more difficult to excite,
the response and tension fluctuations are lower. This tends ~,v indicate that an
appropriate technique to design the winder would be to locate resonances on
the descending cycle, and to increase the winding so as to avoid the resonance
011 the ascending cycle, Although winding speeds of 18 ro/ s are employed, this
approach is counter-intuitive, and usually the winding speed is lowered. In the
case of Kloof, the speed was lowered to below 14 m/s to overcome rope whip.

On the Kloof winder, no clear indication exists of secondary regions of reso-
nance, where large amplitude motion is observed in the absence of external
resonance of the cat~l.1lary.Further simulations on different installations, com-
bined with experimental correlation is required to ascertain if this observation
is generally consistent.



o ....•.•.; ~ +..-.- -- - ,.~-,...,.,-- c::::::::::::::::::::::::::::
o 500 1000 1500 2000

Depth (m)

I
11111JLu>~!l";IIt!H~'~_' ..._'''_.''l_'.'''''........)','I.~_.lW_!~_'~.'''I'~.'''~W_'""''_.''''_'''_.J~....UJ_I'!IJ.:..b_' ~~~___..Lj'~",,~w."''i'I~m'11l1rit)lllmll1mliinillll1~'''';ilI.\in\'I'''''."w;..."-. ~ •

-1,__------'-
o 500 1000

Depth (;11))
1500 2000

(e)

600 1000
Deptb. (m)

1500 rnuo

-200~--------~~------·~~------~~~-------~·~o 500 1000
Depth (m)

1500 2000

Figure L.1: Ascending cycle - Kloof Mine hoist system: 14 m/s
a) Linear Frequency Map.
b) In-Plane Motion - 8 = lc/4.
c) Out ..of-Plane Motion .. 8 = [c/4.
d) Dynamic Catenary Tension.

328



5

g
~
d
"g.
~

00

(tl) ;. ...........;- - -."":..~..~.=..:.:.~.- f:·· ·~·::::;:..:·.:. ~ - - :;""'--:.",.:::.:.; ~ :":.:.~ : ..~ ,: , _':_ - --=----._.~.,_.,-~,~,.-..
...... , :"....... -- _,..,. - .

r.....'····_·..·_,..··.....·..,....·...........·i.
L- ~~~-4~~ . - _ ; ,,; ,""' ,.""

1500lIlOO

Depth (In)

500 2000

(b) . . . I
.1Ir. • .<1~U~_,.J~m,.~.:.t::$"~"'.,~~~ '~"'f~~:,.,"m#~., i"j.:'.:'r;:w,wmllrtl1iP: : :

: : :
-1L......---~- ....: : ~

a SGO 1000 1500 2000
Depth [m)

200

!
1'1 ()Q.~
E-t

-200
0

(d)

1000
Depth (m)

2000500

Figure 1.2: Descending cycle - Kloof Mine hoist system: 14 m/s
a) Lineal' Frequency Map.
b) In-Plane Motion - s == 1c/4.
c) Out-of-Plane Moti,...··- s = le/4.
d) Dynamic Catenary Iension.

329



5
~~
~~
1'>'
d
illg.
~

0
0

~q.) .....: ....... :~~~~··~::::~32~;.::::===:
::::z."", ': .:.. ..

. ' .. • ·' •..~ - _ ••~.fo.'.;'__ _, _ ••_~ ~ i _ _ ; j _ ..

1000
Depth (m)

1500500 2000

1 (b)

U,"·",j·· : :
'.I~..-':~..i ..·t.I, .•·i:::,'!1..~~f4-l.lUJlllI..UW.,..' •.u,........, ••1.V~.u.1lw..o.t..~~
't;~~~l'hTrfrtft:nm\'T ••.i.urtm~~

, .· .· .· .-1~--------~~·-----------._----~----~~· ~--I
o 500 1000

Depth (m)
2000IG()O

-1
o

_ _.... -'-'~ ...L-.:,._ ~_.

20001000
Depth [m)

1500500

-200~--------~~--------~----------~~--------~~
o 500 1500 20001000

Depth (m)

Figure L.3: Ascending cycle' Kloof Mine hoiss system: 14.2 mls
a) Linear Frequency Map.
b) In-Plane Motion - s := lc/4.
c) Out-of-Plane Motion - 8:= lc/4.
d) Dynamic Catenary Tension.

330



5~~--·----~~----~~~~~~--__~__--------~~
~.~~.:.·..~d~~=-··~
::..;:..=- . -.... ~_.~_ _ _ _ I!....h';"...;: ..~.::.:_:.

•••••• ~.··-····"····1'''·····'''··''''''''''''''"""j••,..i.."......,.....,..................... ~:;:::::!!==---=:;::::j
o I-- ~_~.-La.:...;~ _.-~._..'.._.•_'.;.._~~~.:..- ~ , j " __ .

o 500 1000

Depth (m)
HiOO 2000

500 1000
Depth (m)

a 1t~~\Urt~~""""*'.,...J,""""' ....""ln,,~, """il:'\~.'\~I'Y.II"'l.,I]Jf~"·",.."',"'"',.."')"' "'.,.,.,"'" """'"' "''''',",._ :
-l~--------~~--------~~--------~~ ~-J

a 500 1000
Depth (m)

1500 200U

~200~----------~----------~----------~-----------~~o 500 1500 20001000
Depth (m)
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d) Dynamic Catenary Tension.



Appendix M

Equations of Motion Jncluding
Sheave Whee! Constraints

The equations of I!l\J.. voter 3 apply if the lateral motion
of the rope at the she " . . is constrained. This boundary
condition is satisfied if a friction, which is aligned to the tangent
of the equilibrium profile 0.' "i" ~e sheave end. The rope is
attached to this guide, such that nlO,,! Hi _ .angential direction is admitted"
whilst lateral motion is restrained. This constraint is a realistic approximation,
since small longitudinal motion is generated at the sheave for realistic lateral
deflections. Consequently the lateral movement which does exist in reality
is not considered significant. However, the case where the geometry of the
sheave is accounted for, and such an assumption is not made, is presented in
this appendix. Since the curvature of the catenary, and the transport velocity
of the rope add unnecessa.ry complexity, they are neglected in the subsequent
analysis. To further simplify the analysis, only the planar system is considered.

In order to develop the equations of motion without prescriptive boundary con-
ditions at t:re she-ve, the kinematic relationship between the movement of the
rope and sheave requires consideration. Figure M.l illustrates the equilibrium
configuration of the rope, and the final configuration due to lateral and longi-
tudinal motion of the station which was initially in contact with the sheave.
Figure M.2 presents the geometric relationship between tL.e rope and sheave
rotation. A massless chord passes over the she ve wheel and attaches to the
vertical rope. Thus the catenary, sheave and vertical rope are considered as
separate sub-systems, which are combined via constraint equations developed
to account for the kinematic relationships between the three subsystems.
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Since the geometric relationship defining the interface between the end of the
rope and sheave requires the definition of the displacements u(l, t), 'Il(l, t), the
spatial derivative v,x(l, t), and the sheave rotation, three independent kine-
matic constraint equations involving these variables are required. An addi-
tional constraint rel.ztionship is required to couple the vertical subsyatem to
the sheave rotation. 'I'hc c--nstraint equations necessary to account for the
sheave geometry are th.:"3: .

It = VI - (Rtan 'Il;1 + ul)ianv:r:t

h = R() - (tt~ + vn1
/
2

h = foil (1+ Ux + ~'1J;)8in~Vx - vxJdx + (l1 - Rtan V;l )sinvXl

It = 110 - RO (M.1)

where ul! 'Ill represent the displacement at t'ie interface between the rope and
chord. VX1 represents the slope of the rope at the interface between the rope
and chord. 0, Uo represent the sheave rotation, and the displacement of upper
boundary of the vertical system.

The first equation defines the constraint relationship ensuring that the chord
between the end point of the rope and the point of contact with the sheave, is
tangential to the rope and the sheave. The second equation relates the total
displacement of ths end point of the rope to the sheave rotation. The third
equation requires that the profile of the catenary is geometrically related to
the distance between the drum and sheave, it, and the slope 'UX1' The fourth
equation couples the sheave rotation and the vertical system.

The equations of motion may be obtained by introducing Lagrange multipliers
Ai and applying Hamilton's principle", Following Craig[1981], the potential
energy V is modified to account for the constraint forces by utilising V" where:

o
V* = V - EAdi

i=l

and C represents the number of constraint equations Ji.
lThe constraint equations are holonomic and thus the motion at to and tl is considered

defined, hence the variation of the motion at these times is zero ('vleirovltch[1970J).
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Following the development in chapter 3, and accounting the constraint via the
potential energy of the rope, the Lagrangian is defined as;

c = lit {~m(.u2 + v~)- (PI + ~AE.f.)€ + )..313} dx

+ c {~m172- (P + ~AE€)€ +mgu} dy
1 '2 1 . 2+ "2IB + "2MU2 + MgU2

+ )..11t t )..2j~ + '\313 + )..4/4

where x, y refer to the spatial domain of the catenary and vertical rope;
PI, P{y) represent the static tension in the catenary (constant). and in the
vertical rope respectively:

Hamilton's principle requires stationarity of the action integral, for arbitrary
variations in the generalised co-ordinates, vanishing at the limits to, tl•

The Lagrangian function contains continuous and discrete terms, Through
appropriate integration by parts, and accounting for the equilibrium configu-
ration, the resulting equ.ations of motion are:



353

2 2{ } 1 { a a13 }U,tt = C U,XX + C V,XV,XX -- -A- ..\3"Q( -a )p. (.IX U:n
(M.2)

-2 2{( 3 2 } 1 {) 813V,tt = C V,XX + C u,Xv,x),x + -21),xV,xx - -A..\3-{) (-()-)
p . x Vx

(M.3)

(M.4)

- 2-Utt = C U,YY (M.5)

(M.6)

~
E!h. 81

1 08uI 11] (ll,t)

~ ~ aUI 081!; (Il,t)
j}jJ._ ~ 813 0
1;)'11"'1 a'll",I 8'11"'1

8 •0 0 0 mt
(M.7)

Equations (M.7) are functions of the unknown variables ul], t), v(l, t), v:r.(I, t).
Thus equations (M.2)-(M.7) represent eight equations in twelve unknowns ie
the variables u(x, t), v(x, t), u(l, t), v(I, t), vx(l, t), 0, u(O, t), u(y, t), >'11 "\2, "\3, "\4'
The four additional equations required to define the system are provided hy
the four equations of constraint M.l. This results in a set of mixed ordinary
and continuous differentia'! and algebraic equations, which must be satisfied si-
multaneously, In addition, the constraints may be redundant at various times
during the motion. The solution of these equations will present a difficult task.
It may be possible to transform the equations into a mixed set of ordinary dif-
ferential equations and nonlinear algebraic equations. This would require the
application of an expansion for the continuous variables. If such a transfer ..
mation is possible then standard numerical techniques exist to integrate the
equations with embedded nonlinear algebraic equations of constraint. Such
methods are discussed by Amirouche~19921, Nikravesh[l988]. Further consid-
eration was not giver, to the equations presented in this appendix, since the
boundary condition assumed at the interface between tne catenary and sheave,
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as implemented in chapter 3, was considered sufficiently accurate. An accurate
representation of the sheave interface would be necessary if very large catenary
motion and sheave rotation occurred. In the context of the mine hoist system
the rotation of the sheave is of the order of 2v2 jl(;R ~ 0.01.

H.I

TX1TUo

lu

Figure M.l: System configuration with geometric conetrainta

x8 Equilibeium ccnflguration
x.' Final configuration
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Figure M.2: Geometric constraint relationshipa

{It tI
Jo dl/d:c = (11 - RtanT)8inv~,
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