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errors in Peierls’s paper. In the

previous arguments and corrects certain
ation is extended to the case of a pair

| - second part, the solution for a single disloc
H . of dislocations of opposite sign held in equilibrium in the same glide plane by .

" an external shear stress. The energy of this system; which is the activation
energy for the formation of a pair of dislocations in astressed crystal, is determined.
Finally, a brief discussion is given of the relation of the properties of this

idealized model to those of a real crystal.

§2. THE MODEL
s a simple cubic lattice containing a dislocation of
« 4 dislocation of edge type”. It is shown

in figure 1. The slip plane P(z=0) divides the crystal into an upper part 4 and

DISLOCATIONS IN A SIMPLE CUBIC LATTI |
A MHV\HHU.HLM CUBIC v LATTICE a lower part b. 'These.are symmetrical about the vertical plane S(x=0).- The
By F. R. N. Z»PW>WWO., . central plane S lies in 2 lattice plane in the upper half-crystal 4, and half way

Royal Society Warren Research Fellow @ A : between two lattice planes 5@

The model considered 1
the kind which Burgers (1940) calls

a . v .
. Communicated by N. F, Mott, m.wh 3 MS. received 23 September 1946

ABSTRACT. The i alcu
CT. properties of dislocatio:
ABSTRA ¢ L ations are calculated by an i .
Wﬁnnmﬁogmwmu.%.mnwnﬁw@vmmrowm m_b Mwmwwnmams is small, &mb_momgwﬁm Mwmhwﬂwwﬂwﬂﬂﬂwwm
interatomic ¢ 0 o a few atoms. The shear st ired
 disl mMHmMM H an mﬂﬁg_mm perfect Fﬂuom is of the order of a ﬂrocmmbwﬁ-mwwmmm ﬁpﬂwm to q.bo<.m .
e reng .m..a mmuomowbﬂwmmw B&. effective mass of a single dislocation anmmmnmwwmﬂomav m
e e e ot ! ﬂwm_uwuonnum.nﬂ.. ‘> pair of dislocations of opposite sign in \%MNE .
D e cwmnot be in stable equilibrium unless they are separated by a distance omﬁnwm
rmarating ot e e oﬂmmﬁmwwwawmu an MN»MMSMH Mwmmn stress is. applied there is a Q.Eown_ .
separationl of ) ocations. at which they are in unstabl ilibri
ener %.Mnm. Hﬁm QMWMWM@OWH»WMMM M«Wwbwmnwmaob energy for the momhwﬁwommwmr% MMW...% .M_._“n .. i m
p &Mﬂuoﬁ oot oy al shear, and for practical stresses is of the order of , @
e size and energy of dislocations it |
in real cryst: i i ) , . |
rystals are unlikely to differ greatly from . The y axis at right angles to the plane of the figure (L., the fine In e

those calculated : the s i
. ated : tress required to m : . cutter
two dislocations may be seriously in error. ove a &mponmﬂou and the critical separation of the plane S he slio ol ) is called disl i In the neigh
e plane S meets the slp plane P) is called the dislocation line. 1n the neigh-
ose of b are moved.

_“bourhood of this line the atoms of a are moved inwards and th
apart, SO that at great distances from the dislocation line the two planes A and B,
which are immediately above and below the slip plane, are again in correct align-
ment, A containing, however, one 10w of atoms more than B. This type of
dislocation, which may be formed by cutting a. perfect crystal along the half-
plane x=0, 2>0, and introducing a single extra layer of atoms into this half-

assumptions i : .
m.wﬁmmdmvmo SOMmmmo“:MHMMMMW Mﬁw%““ cwoﬁumm moowo.“m Law even under large . plane, can also be n%nommbﬁmummﬂmﬁom &&o.aw.ﬁ@? mogmav%oﬁmum&omﬁbw
in the core of a dislocation in a real omm M_b o ﬁ.ro displacement of the atoms - P oJaﬁpH along the half-plane 2=0, xA.o and mr&.bm &o upper layer of atoms Ato
using suitable approximations it is wmﬁ.mm Peierls (1940) has shown thatby . the E%.ﬁ over the lower F%.S. B d.ubﬁ._ .\%n ._.&mﬁ:\o E.mwwmongwﬂ of the planes at
structure of the crystal in the glide w_ ssible to take account ‘of the periodic ~ . large distances from the dislocation .E.Ho is one ?3.8 spacing AHm.ﬁo.H, Smwc.
location in a simple cubic lattice mw% Mmﬂ,. and to determine the size of a dis- In Burgers’ form, the crystal containing 2 &m_womeob is in .maﬁrvﬁc..ﬂ 4.55
a dislocation across its glide plan ¢ shear stress necessary to move such g 1o external forces, whereas external forces are required to maintain the equilibrium.
: . . plane. The first part of this paper amplifies the - i of a crystal containing a dislocation of Taylor’s form.: -
. . _ . The atoms in the plane 4 are then subject to two forces : (i) the interaction:
with other atoms in the half-crystal a; this force tends to spread the compression.
aniformly over the plane 4, i.e. to extend the dislocation: (ii) the interaction.
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Figure 1. A single dislocation in an unstrained crystal. :

§1. INTRODUCTION

o ) . . . . )

owq“nw M wﬂ s ﬁrmom.w of &mm.ﬁo dislocations has been made the basis of a theo

of ﬁrmw ﬂmn.o mm.on«bmﬁob of crystals. This theory has me»E& BmQ :
characteristics of plastic deformation, but Volterra’s o_mmmmoﬂvm :
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with: atoms in b, particularly with those in the adjacent E%@m B; this has 2
tendency to bring as many atoms of 4 as pessible into correct alignment with B,

ie. toyshorten the dislocation. In equilibrium these two forces balance. -

If the extension of the dislocation is large compared with the atomic distance
d, both the horizontal displacement » and the vertical displacement w of the
atoms in A vary slowly from atom to atom. The relative displacement”of
neighbouring atoms within each half-crystal is then much smaller than d. In
these circumstances each half-crystal may-be considered as an elastic continuum.
Moreover, for the sake of simplicity, it will be assumed to be elastically isotropic.
Then the force (i) is simply the force that has to be applied to the plane surface
of an elastic continuum in order to make its. horizontal displacement at the
surface equal to u(x). This force can be obtained by the usual methods. of the
theory of elasticity.

To the same degree of m@@noﬁgmco? it may be assumed that ﬁua horizontal
component of the force (ii) depends only on the horizontal displacement of the
atoms of A relative to the atoms of B immediately underneath. If u(x) and
u(x) are the two displacements, the force acting on a surface element near x is
a periodic function of #—# with the period d. In a first approximation it may
be represented as a simple sinusoidal function of the form

const. sin2z7(u—u)/d. . . ceeenn(D)

1

The probable deviation of the law of force from this form, and the consequences
of such a deviation, are discussed in §7. If the simple sine law is a sufficient
approximation, the constant can be found from the shear modulus, provided
it is assumed that the force arising between two lattice planes in a state of shear
is independent of the displacement of the other lattice planes. This assumption
is not strictly correct, but it is probably a reasonable approximation. By
«considering a small shear of angle (#—%)/d it may be seen that the constant is
— pf2m.

The dislocation is considered to be very long in the &8255 of the y axis,
and the problem is accordingly one of plane strain. Further, it i assumed
that the vertical component of the force (ii) depends only on the relative vertical
displacement in 4 with respect to that in B. Since the tangential forces applied

to 4 and: B are equal and opposite, their vertical displacements are:equal, and the

vertical force (i) vanishes. This assumption again is not actually correct, since in
places.where the atoms in the two planes.are out.of alignment, the equilibriumvalue

" of their vertical distance will obviously be changed. A separate discussiom is

zequired: in: order to take this effect into aceount, and : depends on the detailed
structure of the crystal lattice.

§3. THE GOVERNING EQUATION

It is first necessary to find the integral equation connecting the displacement
u(x')of a. point &’ on the surface 4 with the tangential stress. p,,(x) applied to
this surface, assuming that the strains e, €, &, vanish across the surface 4 in
accordance with. the assumption of §2. :

9

o

[
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The H..ﬁoEmB thay Be solved: by assuming' that ﬁro stresses are mx?dmw&
in terms of a stress function  in the usual form: .

lmmx )
Pea™ G |
o X (2
.»aml - ox0z’ V @
mm
- b= mxi

‘while for plane strain the components of strain can be expressed in terms of the

neBbobgam of stress in the form
Ap(r+ vans =QA+ Nv&%ﬁ& = >Nu§ ete.,

where X and p are Lamé’s &mmao contants. Expressing X in terms of p »bm
Poissor’s ratio o by means of the relation

A_ 2 .
w 1-2¢
leads to . . .
2peze=(1—0)Pss— P e 3)
The Eﬁomg_ equation Sm% be obtained by choosing a stress function
s |N?|§n8m§ -1), ceeee®

where Z=z—4d.
This stress ?bocou is m»mm% mrogB to mmﬁm@ the oe._»sg st =0, and leads to

Pop= —m(2—mZ)e™ cos mx,
Pas=m(1 I.SNvﬁéN sinmx,
Pua= —mPZe™Z cos mx.

On the surface \r. Z=0, and p,, vanishes across this surface, as has been

assumed. The tangential stress is given by
D o =msinm, : ceennn(3)
while . D= —2m COSM.
Tt follows from (3) that
Ueyy= —(1 —o)mcosmx

and by integration that o .
pu(x)=— (1 —o)sinmx. T ai(6)
A Bcaw general displacement u(x) may now be expressed as a Fourier integral
of the form

u(x) = W%”‘—Ma cos §Ax\l x). ﬁ?@&%iﬁ. , e (7)

17-2
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Since the equations of elasticity are linear, the components of displacement -
oon.nowvob&nm to each value of m may be considered separately. .A typical
component is of the form

W .% as cosm(x’ —x) . u(x")dx’
1

s .
== cosmx’ . u(x')dx’ . cosmx
TJ -0

s .
+ L ‘_. sinmx’ . u(x")dx’ . sinmx.
-

Each term is of the same form as (6) or the corresponding Gmwnommhoz B<&<Bm
cosmx, and the corresponding ﬁmzmgn& stresses are, therefore, given by (5)
and the corresponding expression. The resultant tangential stress is given
formally by

Das=— Q.Nﬁhll&_.”%wsSoOmas@\laV.:Q@N&m&S‘ veee i (8) | . B

Integrating by parts, and presupposing that :ASV H:A. — 0)=0, gives

a.ﬁ —0)pulp= % Mu,l sinm(x’ — xvl dx'dm.

A second formal integration by parts leads to . , e
5 T G oOmSAx —x) duw
%-a?.\?hﬁﬁ T 7 e )
and if du/dx’ is 2 sufficiently regular function, the term involving cosm(x’ —x) : g

tends to 0 as m tends to c0. (For a rigorous discussion of this type of trans-
formation see Titchmarsh, 1937.) The general relation now becomes

o=t S Zaw, L (10)

m(1=0)
where the Cauchy principal value of the integral is taken.
This equation may be compared with that derived from equation (1), which is

o —x dx'

‘ ?m:_,ulm_%i: @)/d]. . . 9

Writing ¢ = u —%=2u, elimination of p,, yields
, R ! \&& dx'=(1- quENﬂ&

—wX—x dx’

(1)

This equation differs slightly from that previously given.

) . ’ -

§4. THE SOLUTION FOR A SINGLE DISLOCATION

.Hra mo_ﬁ:E which moﬁwmmmam a single &muoomﬁob with its centre at the oEw.E °
as 5 figure 1, is )
¢
d

wN‘ 1-o ..
o~ ﬁl&nv. ,_ e (12)

1
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This solution was given by Peierls. It may be verified by substituting in (11),
resolving the integral into partial fractions, and taking the Omﬁor% principal
value of the divergent term, .

. The width; of the dislocation is small, the displacement falling to half-its
extreme value at a distance d/2(1 — ) from the central plane S. The original

assumption that the dislocation is spread over a large number of atoms has thus

led to a contradiction and, if the sinusoidal law of force (1) is valid and the neglect
of vertical forces is justified, a dislocation must be oobmnon_ to a region om linear
dimensions only a few atomic radii.

The components of &mEmnoBmE in parts of the crystal away from ﬁrn slip
plane may be obtained by expressing (12) as a Fourier integral in the moa

0

u=%p=— Ia._.o N%na

sinmox
m

Comparing (13) with (6) and (4) shows that the stress function is

—__pd (P . e ™icosmx—1- ,
X= Ii=a)), e T VN|§| m. ... (14)

The displacements corresponding, to (4) are given (Love, 1944) by

2pu=[mZ —2(1 —o)je ™% sinmax,

(15
2pw=[(mZ —1)+2(1 —a)]eZ cosmx+1—2(1 <o), )
and the ,&mEmomBowﬂm ooﬁmm@ob&bm to 33. follow _immediately. The
singularity at the origin, which is represented in elastic dislocation theory by
a factor [#2+ 2] in the denominator, now disappears, and this m»nﬁon is replaced

by [« + (24 {)%], where { =d/2(1 ~o).

The energy of unit length of such a dislocation in an infinite crystal is
infinite, for the shearing strain at a large distance 7 from the axis is of the form
Bjr. The energy density is of the order 1/7%, and the total elastic energy of. order

‘_. (1/r®)27r dr, which diverges. A finite energy is obtained only by con-

sidering a pair of dislocations of opposite sign. :
A dislocation has an effective mass, for as it moves across the mrao plane

" the displacements of all points in the body alter. If the dislocation moves across

the glide plane with velocity ¥, the components of velocity of any other point
in the body are ¥ 0u/0x, V dw/dx. If the density of the crystal is p, the kinetic
energy associated. with unit length of dislocation is -

i f[[Ge) + () Jas

This is of the same form as the elastic energy, and diverges logarithmically.

If the dislocation is situated in a finite crystal of linear dimensions L, the
elastic energy of unit length of the dislocation is of order t&ﬁom L/d, and its
effective mass per unit length is of order pd? logL/d.
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§5. THE SOLUTION FOR A PAIR OF DISLOCATIONS

It has been suggested that plastic flow may be initiated by the simultancous
production of a pair of dislocations of opposite sign moving in the same glide
plane. The form of a crystal under external shear stress, and containing such
a pair of dislocations, is shown in figure 2. It is similar to' the Verhakung.
discussed by Deblinger (1929). Such a system cannot be in stable equilibrium.
The external stress causes the dislocations to mnvmnmﬁp and their separation
leads to a shearing motion of the upper and lower parts of the crystal which
yields to the external stress. The stress field surrounding each dislocation
opposes the .external stress in the neighbourhood of the other dislocation, and
gives rise to an attraction between the dislocations. For a given applied stress T

® 2 9 # & 9 * o ls e s v e o » e o e 2 s
e s s o a0 e o $ %30 00 000000
0'0.0......00..%.0.0-
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Figure 2. A pair of dislocations in a sheared crystal. The angle of shear shown is ten times
as great as that required to maintain equilibrium in the planes 4 and B.

there is a critical separation #(T') at which the dislocations are in unstable equi-
librium, and it is this state of unstable equilibrium which is calculated. )

In the case of figure 1 it was convenient to measure # and % from positions
such that =0 represented the greatest possible misfit of the lattices above
and below the glide plane: for the double dislocation of figure 2 it is more
convenient to represent this misfit by ¢ =4d and exact registration of the lattices
by =0 or $=d. This changes the sign of the sine function in equations (1)
and (11). - . :
" The solution for two dislocations is then

25i :
m HW oo\ﬂlﬂ_uﬁ IqﬁWmmEm xml, no%.”_ + 2. ¢ ()

where 0 is a parameter defining the separation of the dislocations and that value
of cot™ is taken which lies between 0-and 7. This solution may be verified

by substitution. ) .

s

s

5l
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The displacements in.rows 4 and B in figure 2 correspond to 4 =/10.
Substituting in (10), the tangential stress required to maintain this displace-

, -ment is

e (17)

whereas the force produced by the atoms in the other half of the crystal is

. .
P&st.m_n 7 e (18)

The dctual tangential stress (18) exceeds thé stress (17) required to maintain
the displacement (16) by a constant quantity (u/27)sin . The upper and lower
halves of the crystal can only remain in equilibrium if external stressés of this
amount are applied to them. - If 8 is small, this stress, u6/4s, produces a uniform
shearing strain of §/4w, which agrees with the strain between rows 4 and B
given by (16) for large values of x. :

If 6 is small the two dislocations are widely separated. = Their centres may
be defined as the pointsx = + d(cos 8)#/(1 — o) sin §, or for small §, x= + /(1 —o)f.

It is now possible to-¢calculate the energy of this pair of dislocations. Since
the dislocations are embédded in an infinite crystal under a uniform shear stress
u0/4m, the total energy of the system is infinite. The energy which it is important
to calculate is the activation energy required to produce the equilibrium con-
figuration of -figure 2 when the crystal is already uniformly stressed. Once
this energy is supplied, further separation of the dislocations releases energy.

The energy of the crystal in figure 2 differs from the energy of the uniformly
strained crystal by three contributions: .
(a) the forces acting across the boundary ‘P do work on each half-crystal;
(b) the potential energy of attraction between the atoms in rows 4 and B
is increased ; .
(c) the separation of the dislocations represents a shear of one half-crystal
over the other, and in this motion work is done by the external

shearing forces. .
These contributions may be evaluated separately.
(2) Work done by forces acting across P

Each half of the crystal is assumed to obey Hooke’s -Law, aad its elastic
energy may be expressed in terms of the work done by the forces acting across

‘the plane P by integrals of the form ﬁ.&s?&&a. If the energy is referred to the
crystal under uniform shear as zero, the total energy is :
2 Hupu(e) - u()pu( )] d

= I\mﬂ Is_Hﬂmmbth _® mmbmu_&x.

T ceeren(19)

where ¢ is given by (16).
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The expression (19) may be evaluated by Sﬂasm x=d Ano,w 0)*y/(1 —0)sin 6,

-and becomes

__pd(cos)t
4n*(1—0)sinf) _»
-cot(x—40)=(y*—1) cotd.
It is easily shown that the integral in (20) is equal to the integral of

[x sin2x — 10 sin 3] dy, O/ 1))

where

1 2(y2—1)cotfcos 16+ [(y2—1)%cot2d — 1] sin 30 o (y2—1)cotf+:
% T (P—1Rcorf+1 & (P —T)cotd—s
0 Q 1) cot §cos 30 —sin 36
2 (¥2—=1)2cot20+1

taken anti-clockwise round the contour of figure 3. This function has essential
singularities of the form (logz)/ at the.points P, Q= + (cosf)te¥6, If cuts
are made joining P and Q to the point #, where 7 is real and very small, and

v\\ . //
-~ ~

.ﬂmﬁm 3. Cuts and contours for the integration of .Anov.

corresponding cuts in the lower half-plane, the function is single-valued and
thelogarithm changes by + 4w on crossing the boundaries OP, 0Q. The term in-
dependent of the logarithm is always single-valued, and has only simple poles at
Pand Q. The residues are equal and opposite, and this term makes no con-
tribution to the integral. The contribution of the other may be evaluated by

taking the loops round P and Q to be equal circles of small radius e. - The sum
of the integrals round these circles is )

arsin 6 sinf -

— 1 - o

(cos Sw._u 8 Tcos O (cos ) log m”_ @1)

On the straight contours OP, PO write y =p(cos §)—#®, and the limits of P

are 0 and 1—e(cos6)t.
The integrand on OP exceeds the integrand at the Dﬁmvvocﬂbm @o_bﬁ
on PO by

&p)=
Nmoo%+ ip%/(p2—1)] cos $0 + [(p2 —1) noﬂm¢+N€ cot§ —(pt+1)/(p2 —1)] m_bpm
(p®—1) cot?0 + 24p2 cot § — (p2+ 1)

et

et
G
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and the sum of the mbnam.n&w.&obm these two contours OP, PO is
. A0 l-s(cos ot ' .

dp.
?8 va &(p)dp

The sum of the integrals along OQ and QO is the ooBEoN oou_:mmno of this.
In the limit of small e the sum of these four integrals is «sin 6 (cosf)* times
H+~om$=mm+Homm+wwom8mml\_omm. e (22)
On adding to this the contribution of the small circular contours, the terms in
uom € cancel, and the integral in (20) becomes  sin 6 (cos §)*F, where
F=1+ logtan18 + logsin b log2. .. (23)

The contribution to the total energy of the forces »oﬂdm across the Emnn P
is now . S .
—ud?Fl4n(1 —o0). coee24)

?v W&%&& energy of attraction between A and w o .
The potential energy, referred to the homogeneously strained crystal, is
B e0s 30— cos 2mg/d] ds.
A.ﬂL...s [cos 36 — cos 2md/d] dx.
On.m:vmmgmbm for ¢ and again changing the variable, as in equations’(19)

and (20), this becomes

ud?(cos )t *
4n%(1—o)sinf) _,
The integrand has simple poles in the upper half-plane at y= + (cos§)*e#s,

On evaluating the residues the integral is easily shown to be 2 sin8/(cos 8,
and the contribution of the attraction between 4 and B to the energy is

ud?2m(1~0). - ceeeen(27)

As was to Yw expected, this contribution remains finite when 6 tends to zero.

ceeee (25)

[cos 36 —cos 2] dy. eoeeea(26)

(c) s.\e} done by external forces

If a uniform shear stress (u/27)sin 0 is maintained on the external surface
of the crystal mE.Em the formation, of the pair of dislocations, the external forces

do work
S;i _H%Tl ©(28)
As wmmoaw this may be written
ud?sin }0(cos Ot (© LHae 9
i1 —o)sinf R.lsooﬁn [(y2—1)cotbldy.  ......(29)

Integrating by parts, the integral in (29) becomes
=
mssi P DA 1) +tante],

which may be evaluated from its residues as 2w cos 36/(cos6). . The work done
by the external forces, which is to be subtracted from the internal energy of the
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crystal in order to obtain the activation energy for the monawﬁos of a pair of

&m_oomaobﬁ is, therefore, . . ' A
221 - o). e (30)

This is finite for small §, because it represents the work done by forces of ordér ¢
acting through distances of order 1 /6. . o
The total activation energy is (24)+(27)~(30). - For small 6 this is approxi-
mately ud?log (2/0)/27(1 —0). - Tts dependence on the distance- between - the
dislocations agrees with that obtained by Koehler (1941). . o
. To estimate the order of magnitude of this quantity, take =44 x QU
dynes/cm?, 0=4, and for d take the distance of closest approach of two ‘copper
atoms, 2:5x 10~® cm. Then the coefficient pud?/2x(1 —0) is 6x 10-5 erg/cm.,
or 1-5x 1012 erg per atom-pair. - This is-1 electron volt for each atomic plane
even for large strains of the order f =1, For the practical elastic limits of metallic
single crystals =~ 10~3 and the energy is 7 electron volts per atomic plane,

"§6. THE SHEAR STRESS REQUIRED TO MOVE
A SINGLE DISLOCATION

In the previous section, the energy of a pair of dislocations has been calculated
by treating the two halves of the crystal as elastic continua, and integrating over the
interfaces 4 and B. To this approximation the energy of a single dislocation
in a crystal free from external stress is independent of the position of the dis-
location in the crystal. The dislocation is in neutral equilibrium, and will movye
under the smallest external shearing stress, since its motion causes a relative dis-
placement of the half-crystals 2 and b in the x-direction.  On the other hand if the
atomic structure is taken into account, the energy of a dislocation must, in the
absence of a stress, depend on its exact position, i.e. on whether the plane of
Symmetry passes through a row of atoms or not. Hence the dislocation will
have a number of positions of stable equilibrium, and these will persist even under
a stress until this exceeds a certain mmagnitude, .

The stress required to move a dislocation may be estimated by assuming
that each half-crystal « and & retains its form as the dislocation moves, so ‘that

the contribution analogous to'(a) in §5 is independent of the position of the
dislocation. The contribution analogous to (b) is to be evaluated by replacing
the integral (25) by the .oonﬁ%o:&bm sum over all atoms in the planes 4 and B.
(It is not sufficient to sum over the atoms of plane 4 alone, for this would yield
an interaction energy which was a periodic function of the displacement of the
dislocation with period 4. The geometrical form of the dislocation, and therefore
its energy, is in fact restored by a displacement of only 44.) Since the energy
is an energy of interaction between the atoms of 4 and the atoms of B, the sum
must be halved to obtain the energy. Taking ad as the displacement of the
centre of the dislocation from the position shown in figure 1,5the energy becomes
ud?

o >3 [const. + cos 2 {tan-1 mm 1—o)(a+in)}]. X

JASTRTY

s

S
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"This may be transformed by using the relation

3 \?vu 3 N S() cos Nﬂ s doc enea(32)
into : -
mh&. [const. + cos2{tan"1 2(1 ~ o)(at 4+ 4)}] dx .
T -—0 ) - ‘
e % " Jconst. + cos 2{tan-1 2(1 — o)(o-+ §2)}] cos 2 xsd.
A e
Writing

: g=2(1—0o)(x+4x)
reduces this to

pdt t. + cos {2 tan 2}] dz
&R =0) ls,_”oob.m cos {! 1
+ z mw.\s [const. + cos {2 tan—! z}] cos 2ms Am IN&V dz.
4n%(1 —0)gm1t —0 } o )

The first term is an infinite constant independent of a, and the second reduces to-

pd? m OOmfﬁsﬁ.‘., nOmAWHIan dz ceeeea(33)

g 1=c) T2

©

The integral in (33) is equal to g. é*2dz[(1 + 2?), which is readily shown.
. B o

by contour integration to be me—%, where k= 2ms/(1—0). The energy is then

2n
U= pdt mWJllwoOm%E? e (34)

s e

The work done in an infinitesimal displacement § of the dislocation is

. Y o
m@ =— W@ > se” 1=0 sin4msa.
d do l—0oey
The term in s=1 dominates this sum, and has a maximum value
| 2pdd 5 e (35)
1-¢ P

The work done by an external shearing stress T in this displacement is &..mmv
and by comparison with (35) it follows that the mh.;m&omﬁ external stress which:
will cause a single dislocation to move continuously through the lattice is given by-

veeenn (36)

M 2n
2 ¢ 1=v

T=

1-o ’

‘whereas the shearing stress at which one lattice plane moves rigidly over mﬁoﬁ..vmw
is u/2m.  The ratio of the stress required to move a dislocation to. the theoretical:

shear strength of a perfect lattice is
4 B
— ¢ 1—%,

l-»

e (37)
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Since the width of the dislocation given by (12) is only half that given by (3)
in the original note, the energy of a dislocation is more sensitive to its position
in the lattice, and the ratio (37) is of a ldrger order of magnitude than the original
-estimate. ~ Values are: . .

Poisson’s ratio 0-2 0-3 . 04
“Ratio of stresses 6x 102  2x10-3  6x 10~

-Expression (37) differs from Peierls’s expression not only in replacing (1-o)
by 2(1—o0), but also in the form of the coefficient.
replaces the integrals (19) and (25) by the corresponding sums, whereas in 37)
-only (25) has been replaced by a sum. The order of magnitude of the result
is the same. on each approximation, the exponential factors agreeing. Any
«calculation of the effect of atomic striicture which is based on the result (11) of
the theory of a continuous medium is really inconsistent, and the answer is
‘therefore undefined. : ’

The shear stress T given by (36) would cause a-uniform shear of the lattice
through a small angle § = T/u, and this stress would just equal the mutual attraction
-of a pair of dislocations of unlike sign in the same glide plane ata distance apart
-of 2d[(I'—¢)8. 'To this approximation, a pair of dislocations in an unstressed
«crystal will coalesce if they are close together, but their attraction will not over-
-comie the forces anchoring them to their places in the latticé if their separation
-exceeds

dei—s, e (39)

Numerically this implies :—
Poisson’s ratio 0-2 0-3 0-4
Critical separation 25004 80004 350004

§7. DISCUSSION

To the approximation considered here, dislocations in a lattice have the
following properties. The width of a dislocation is small, displacements com-
Pparable with the interatomic distance being confined to a few atoms. The

-energy required to form a pair of dislocations in a crystal under moderate shear

:stress is large, of the order of 10 electron volts for each ‘atomic plane. The
-energy required to form even a short dislocation far exceeds the thermal energy
-of an atom at room temperature. A single dislocation will not move freely
“through a lattice under very small stresses, but will do so under shear stresses
of the order of a thousandth of the theoretical shear strength of,the perfect lattice.
“This figure is of the same order of magnitude as that commonly accepted as the
-elastic limit of a real single crystal. Two dislocations of opposite sign in the
-same glide plane attract each other with a force which at large distances is
[inversely proportional to the distance between them, and they will run together
-and coalesce unless they are separated by a distance of the order of 10000 lattice
:spacings. This spacing is of the same order as the size of the mosaic blocks
-of which real crystals are usually composed, and may represent the reason for the
-appearance of this characteristic length in the growth of real crystals.

This is because Peierls

et/

b

- corresponding to (1).
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It is, however, necessary to consider how far this approximate treatment.
of a simplified model can be expected to represent the properties of a real crystal.
The first approximation is the use of a simple cubic lattice. Glide processes
are best understood in face-centred cubic and hexagonal metals.  In both
cases glide takes place in a close-packed direction over close-packed planes, but
the actual geometrical form of the dislocation in such lattices is not known or
easy to visualize. It seems unlikely that this approximation should greatly
affect the width or the energy of a dislocation, but the stress required to move a
dislocation, and the critical separation of two dislocations, which depend very
sensitively on the width of a dislocation, might be entirely different.

The next approximation is the assumption that the crystal is isotropic. Itis
easy to show (cf. Appendix) that the elastic modulus for shearing a cubic crystal
in the directién (110).across a (111) plane is 4540+ ¥(511 —510—254)]. The
anisotropy term §(sy; —$;, — 2544) is only 209 of s, for Cu, Ag and Au, so it seems -
likely that anisotropy will not be of great importance. Here again the stress
required to move a dislocation depends critically on its width. )

* Probably the most serious assumption is the sinusoidal law of force (1). In
the majority of ‘metals, the ionic shells are in contact, and for‘many purposes it
is satisfactory to regard their lattices as composed of hard spheres in contact.
Dr. Orowan has pointed out in discussion that such an extreme model does not
have an elastic modulus in the usual sense, because a finite force is required to

.produce an infinitesimal displacement of two neighbouring layers of atoms.
- If this crude picture is refined somewhat by considering the spheres to be held
‘apart by forces which vary very much more rapidly with distance than the

attractive forces, the work required to slide one layer of atoms a distance 3d
over the next layer is still much less than pud?, which is the order of magnitude .
It follows from the discussibn of §1 that if in fact the
surface energy is. much less than that corresponding to a sine law, the width
of a dislocation . will be greater than that calculated,- since an increase in the
width reduces its elastic energy without a’corresponding increase in its surface
energy. Its total energy is less (but could hardly be so much reduced that pairs
of dislocations could be forméd by thermal agitation) and it moves more easily.

The following argument, due to Professor Mott, shows that this correction
is not large. - Consider a two-dimensional model, which in its equilibrium state
consists of close-packed cylinders (figure 4a). In the dislocated state the
cylinders are arranged as in figure 4 5. ‘

"Let the distance between the layers of atoms on either side of the slip plane
be 2, while each atom in the upper row is displaced horizontally a distance ¢ from

-its neighbour in the lower row. It is assumed in the argument that the only

forces acting are a long-range force, the potential of which depends only on the .
volume of the crystal, and short-range repulsions bétween neighbouring ions.
This is not correct, for the alkali metals, in which the short-range repulsion is .
small, have rigidities comparable with their bulk moduli. These neglected
forces are such that the configuration ‘of figure 4 is one of stable equilibrium
when the magnitude of the other forces is estimated from the observed rigidity
of the crystal under small displacements it is therefore over-éstimated. The
neglected-forces depend on long-range interactions alone, and are consequently



Dislocations in a simple cubic lattice . 27%:

270 " F. R. N._ Nabarro
. . “This gives - i :

~Smoothly varying functions of ¢ which cannot depart far from a sinusoidal form. aw —2p¥= P T el
"The estimate of the departure of the law of force from a sinusoidal form: which N& h R |
is made by neglecting these forces must exceed the true departure. : - which vanishes for ¢ =4d, and when ¢=14d ,

It will-be convenient to represent the energy of the cohesive forces Eﬁ.»ﬁ S 42w R
expression of the form Bz? that is to say, proportional to 172, where ¥ is the o —75 =B(pd-2). RO (42)
atomic volume. In fact the electrostatic energy. is proportional to V¥, and is % .

For a sinusoidal Iaw of force of the form
W =P+ Qcos2nd|d
the relations corresponding to (41) and (42) are

opposed by the Fermi enérgy, which is proportional to V-*, The constant B
s determined by the condition that the long-range force should equal the short-
range repulsion at the equilibrium interatomic distance, It may be shown
that for larger values of ¥ the deviation of the true energy from that m?.ob, by the

ﬁumno&jmﬁm expression Bz? is greatest when the Fermi energy is neglected, Wy-W,=20 -~ ... (43)
and \&»\n if the Fermi energy is neglected the approximate formula over-estimates EW _47%Q
the difference of the energies of figures 44 and 45 by less than 20%. The gt T & e (H)

repulsive potential, which falls off rapidl ith dist: is taken to b : . - ) A
form 4 mlum...“ where Bd?> 1. ¢ pidly with distance, is taken to be of the If now Q is determined by a comparison of (42) and (44), which is the method

used in §2, its. value is found to be
Q= Bd}(Bd*—2)/4=2,

and the energy of each atom in the &&08\8&,@?5@ exceeds that of a normal
atom by the amount given by (43), namely,

Wy — W, =Bd*Bd?—2))2x2. . (45)
This value (45) exceeds the true value (41) by a factor

2 BdP-2 _
) Bl —4log’ ‘

For very hard ions fd*>1 and the. factor (46) is large. The value of (46)
for copper may be estimated from the values of dW/dr and d2W/dr® given by
Fuchs (1935). Here W is the repulsive energy, which in this calculation is
assumed to be given by W=Ae=#". It follows that

a1 AW [, dW
Br SETTgE A
and Fuch’s numerical values lead to f72=20°3 at the equilibrium distance r=d.
The value of the factor (46) is then 4:25. The sinusoidal law (1) therefore over-
estimates the energy of a surface of misfit by a factor of less than 4'25. The
corresponding errors in estimating: the size and energy of a disloeation are at
most factors of about 2. ) '

It seems unlikely that the purely mathematical approximations .should
greatly influence the result. The most dangerous. assumption seems. to be that
of §6, which is that the displacements of the individual atoms are given exactly
‘by (12) for all positions of the dislocation in the lattice. A more detailed investi-
gation might show that the second approximations for the displacements of the
atoms in the extreme positions of the dislocation in the lattice (corresponding
to a=0and a=4% in (31)) lead to differences in the energies of these two positions
‘which cannot be neglected in comparison with the very small difference calculated
by using (12) in each case. It is difficult to see how to obtain such a second

Figure 4a. A normal crystal (¢ =3d). Figure 4. ‘A dislocated- crystal (g=0):

ce..(46)

The energy per atom is then .
W=Bzit 4 5 eflod+drss s Qov
o , -+ (39)

For each value of ¢, the equilibrium value of # is given by 0W/dx =0, which

leads to )
B A 2|
| nw_wiomﬁmm.mwnaﬁgm_. ceee..(40)

For figure 44, $=1%d, and, neglecting the repulsions between: all except
nearest neighbours,

W, = w_w iom% I%%H_,.

_— B 4
Similarly Wy = m _.n.H +log %M. .
The energy: difference is
Wy—W,=5[8d*—~4log2]. eeen.(41)
. 4
Near the position of stable equilibrium (40) may be written approximately

S\H W_HH +yom ml% ,+ Nomﬁmlmalée+ ml.%.w.l._,.
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mﬁﬁoﬁﬁmﬁo? or to decide on general grounds whether the reduction in-energy
corresponding to the second’ approximation would be greater for the wamv_w

position (x= 0) or the unstable position (= 1)
-
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,Hrm writet’s thanks ‘are due to. m;.omommg. Peierls for an explanation of the .

;Bmgo% used in deriving the Hamc:m previously published, and for permission
to quote Sections of his paper. Heis also indebted to Professor Mott for valuable
discussions, mum to Dr. E: H. Linfoot for pointing out some of the o?mmﬂozw.
of oobﬁﬁabom involved in the derivation om m@dmﬁon (10).

>wmeUHN : :

- * - THE CONTRIBUTION. OF ANISOTROPY TO THE mmm; MODULUS-
IN THE SLIP UHwMOHHOZ :

Oobmaon &5 $tress system which,. refetred to the ?Eo%& axes om a cubic
crystal, is represented by - :
270 o ‘ :
b0 -2 -1 X5 . <o (ALY
1 -1 0 , L
,Hw:m is easily shown to naﬁnmmgﬁ a mrmmgm stress S across the v_mbm (111)

in the direction (110).
SO H.rm oo«nommoz&:m strain in a material of ‘cubic symmetry is

e [ 2s—s0) 0 2544 A ,m.. .
S 0 lm?plfv =254 X 5 ceeeno(A2)
- § N.mfm : INVNP . S0 . . - CLom

Hrw component of shear strain in the direction oo_.uowwoa&pm to the ma.omm is.

28544+ m%?ﬁ - ﬁm - N@EY

mbm the angle of mvomn is twice 35.

- - N
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