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Abstract

The primary purpose of this study is to investigate the asymptotic distribution of
the eigenvalues of self-adjoint second order differential operators. We study the

following differential equation:
—y"+ gy +hy =Xy

on the interval [0, a] where a > 0 and g,h € C*[0,a]. We first analyse the problem
where the functions g and h are equal to zero. To improve on the terms of the
eigenvalue problem for g,h = 0, we consider the eigenvalue problem for general
functions g and h. Here we calculate explicitly the first four terms of the eigenvalue

asymptotics problem.
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Chapter 1

INTRODUCTION AND
RELATED WORK

1.1 Background introduction

Differential equations were initially used to describe fundamental laws in Physics
and are currently used in areas such as Engineering, Economics, Geography and
other areas including Financial engineering. In Financial engineering differential
equations are widely used for pricing derivatives. In modern days differential equa-
tions are also used to study electricity, mechanics, climate changes, economic trends

and population forecasting.

There is an application of differential operators in the study of differential equa-
tions. Differential operators are of extensive scope which covers several topics. The
topics covered among others are eigenvalues, boundary conditions, asymptotics, ad-

joint operators and self-adjoint operators.

1.2 Literature review

In this section we look at papers that are related to the study to be undertaken.

1.



Shibata in [16] considered a two parameter nonlinear Sturm-Liouville equation:

u" () + pu(x)? = Mu(z)?, =€ (0,1), (1.2.1)

where 1 < ¢ < p < ¢+ 2 and pu, A\ > 0 are eigenvalue parameters. The
objective of the paper was to investigate asymptotic properties of eigenvalues.
This problem is not necessarily related to the one under study because of its

non-linearity.

Birman and Solomyak considered in [6] a lower semibounded boundary-value
problem of the form
Az, D)u = Au, (1.2.2)

where A(z, D) is a self-adjoint elliptic operator. Denote by N(\) the number
of eigenvalues of the problem in the interval (—oo, A). A general hypothesis
regarding the form of N(A) consists in the following. Let the real-valued
function a(z, &) be the symbol of the operator A in the domain @ C R™.
Then as A = oo

N(A) ~ (2m) " mes{(z,£) € Q x R™ : a(x,&) < A}, (1.2.3)

where mes denotes a Lebesgue measure.
The more general form

B(z, D)u = pA(z, D)u (1.2.4)

of (1.2.2) used in many cases was also considered.

In equation (1.2.4), the operator A is always considered to be of higher or-



der than B. There is no assumption of the operator B to be of definite sign.
Hence, generally, equation (1.2.4) has eigenvalues of both signs. Denote by
Ny (1), N_(pt), > 0, the number of eigenvalues of equation (1.2.4) in the in-
terval (u, 00), (—00, 1).

The equation (1.2.2) generalizes to the case of problems of form (1.2.4). The
change from A to p~! should not be forgotten and this corresponds to the

asymptotic behavior as p — 0.

Also considered in their paper is an asymptotic estimate for the eigenval-
ue counting function for semibounded elliptic operators of higher order. A
method for finding uniform estimates for the parabolic’s Green function was
developed. The method developed made it easy and possible, particularly to

consider self-adjoint equations of form (1.2.2) in R™, where

A(z, D) = Lo(z, D) + Ly(z, D) + q(z), (1.2.5)

where L is a homogeneous, uniformly elliptic operator of order [ with bounded
Lipshitz continuous coefficients; the function ¢(x) — +oo as |xr| — oo and
satisfies a few conditions common for the Tauberian technique. The operator
Lq(z, D) of order less than [ is subordinate to the operator Lo+q. The following

estimate is obtained:

2m)"T(ml™ + 1)N(X) ~ A{{ . A — q(x)]T/lexp[—ﬁo(I,5)]d§dm. (1.2.6)
m>< m

Ly is the symbol of the operator L.

In their paper, Birman and Solomyak also considered a natural generalization

of the Schrodinger operator,

My = —y" + Q(z)y, (1.2.7)

considered in the space of vector-valued functions Ly(R, H), where H is a sep-
arable Hilbert space, Q(z) is an operator-valued function with behavior which

determines the character of the spectrum operator (1.2.7). Particularly, if for



each z, the operator Q(x) is self-adjoint and has discrete spectrum{\,(z)},

while A\;(x) — 400 as |z| — oo, then the spectrum of M is also discrete.

Under particular restrictions on Q(x) it was shown that

N~ 7t Y / I — ()] (1.2.8)

Equation (1.2.8) may be considered as the translation of

Ne(p) ~ @) [ (e, & p)dede, (1.2.9)

where Q2 C R™ and n4(x,&; p) are the distribution functions of the positive

and negative eigenvalues of the algebraic problem

pae, &) f =b(x,&)f, feC (1.2.10)

and the symbols &,I; are Hermitian k£ X k matrices. We consequently have
equation (1.2.9) from equation (1.2.10) as p — +0.

Here we look at a paper by Faierman, [8]. He considered two simultaneous
Sturm-Liouville systems, one defined on the interval 0 < z; < 1, the second
on the interval 0 < x5 < 1, and each containing the parameters A and pu.
The eigenvalues and eigenfunctions of the simultaneous system are denoted by
(Njk» i) and (21, 22), j,k = 0,1,.... Asymptotic methods are used to
derive asymptotic formulae for these expressions as j + k — oo, when (j, k)

strictly lie in a particular portion of (z,y)-plane.

The usefulness of multiparameter Sturm-Liouville problems in mathematical
physics has led to a revival of interest in this area of study. Faierman investi-

gated the behavior of the eigenvalues and eigenfunctions of the simultaneous



two-parameter systems

yi + (AL (21) — pBi(21) + qi(z1))yn = 0, 2 € [0,1], (1.2.11)

y1(0)cosay —y1(0)sina; =0, «y € [0,7),
yl(l) COS 51 — yi(l) sin 61 = O, 61 S (O,W], (1212)

and

Yy + (Mg (1) — uBo(x2) + q2(22))ya = 0, w5 € [0,1], (1.2.13)

y2(0) cos g — y5(0) sinay = 0, g € [0,7),
yo(1) cos Ba — yp(1)sin By =0, By € (0, 7). (1.2.14)

Faierman stated that by an eigenvalue of the system (1.2.11 — 1.2.14), means
a pair of numbers, (A*, u*), such that when A = A\* and p = p*, (1.2.11) and
(1.2.13) have nontrivial solutions; say y;(z;, \*, *) which satisfy (1.2.12) and
(1.2.14).

Furthermore, the eigenvalues and normalized eigenfunctions of the system
(1.2.11)—(1.2.14) may be represented in the form (\; z, itj ) and ¥ x(x1, x2) re-
spectively, j,k = 0,1, ..., where (\;, 1t %) means that eigenvalue of (1.2.11) —
(1.2.14) for which y;(z1, A\j, ft;k) has precisely j zeros in 0 < 27 < 1 and
Ya(T2, Ajk, f;%) has precisely k zeros in 0 < x5 < 1, while

2
Vin(rr, 22) = Chp [T vi@s, A 1)

i=1

and C;, denotes a normalization constant.



In [17], Shkalikov considered the boundary problem

Uy, A) = 5™ +pi(2, Ny + 4 pu(e, Ny = 0, (1.2.15)

Ea]k 0) + b Ny® (1) =0, j=1,...,n, (1.2.16)

in the interval [0, 1], where ps(xz,\) = >0 _pus(x)N, pss = constant, s =
L ....;n, pom # 0, and a;i(A), bjx(A) are arbitrary polynomials in .

In general, the spectral properties of (1.2.15) and (1.2.16) are mainly deter-
mined not only by the boundary conditions, but also by the highest coefficients
of the polynomial in A, ps(z,\), s = 1,...,n. Hence for the same boundary
conditions, but different functions p,(z, A), the problems can be both regular

and non-regular.

Lastly and most importantly, we look at a paper by Moller and Zinsou. This
is the paper that corresponds mostly to the work carried out in this research
project. Moller and Zinsou, in [13], considered a fourth-order regular ordinary
differential operator on the interval [0, a] with eigenvalue dependent boundary

conditions. The eigenvalue problem considered is,

y D — (g = N2y, (1.2.17)

Bi(\Ny=0, j=1234, (1.2.18)

where a > 0, g € C'[0,a] is a real-valued function and (1.2.18) are separated
boundary conditions where the B;(\) are constant or depend on A linearly.

The quasi-derivatives associated with (1.2.18) are given by

Y=y, M=y, P =y =y gy, =y —(gy).

The boundary conditions (1.2.18) are taken at the endpoint 0 for j = 1,2 and
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at the endpoint a for j = 3,4. Furthermore, it was assumed for simplicity that
either B;(\)y = yP/)(a;) + ie;alyl@l(a;), or Bj(\)y = yPi)(a;), where a; = 0
for j=1,2,a; =afor j =3,4, a >0and ¢; € {—1,1}. They defined

©,={s€1,2,3,4: Bs(\) dependson A}, ©,={1,2,3,4}\ Oy,
6(1) = @1 ﬂ{la Q}a @(f = @1 m{374}

and assumed that the numbers p, ps, q; for j € O and ps, p4,q; for j € O

are distinct.

Moller and Zinsou firstly considered eigenvalue asymptotics for ¢ = 0, and
developed a formula for the asymptotic distribution of the eigenvalues, which

is used to obtain the corresponding formula for general g.

Let
M) = (BN, V) (1.2.19)

where \ = p? and

1 1
y(z, p) = 28 sinh(pz) — 28 sin(px)

we denote
yi(x, ) =y, ), j=1,2,34.

The first and second rows of M(\) have exactly one entry 1 and all other
entries are zero. It follows that det M (\) = £¢(u), where

(1.2.20)

MMzdm<3ﬂﬂ¢m@u)Bmﬂ¢mhm>

By(p®)y "™ (., 1) Ba(p?)y"2 (., p)

where 71 < 19 and {0,1,2,3}\{p1,p2} = {3—72,3—7r1}. In view of p; +ps # 3
it follows that r1 = p; and ry = p».



11

Therefore

d(1) =y (a, )y (a, p) =y (a, 1)y (a, 1)
+iap?[—y" ™ (a, )y ®) (a, 1) + y" 0 (0, )y ® ) (a, )
+yP (a, )yt (a, p) =y (0, p)y" Y (0, )]
+ o’y (a, )y P (a, ) — ¢ (@, )y (@, )] (1.2.21)

The highest p-power of ¢ occurs with

iap? [y (a, )y — 4Pt (0, )y ).
Hence, they first investigated the zeros of
o) = 20° [y (a, )y P =y (a, )y ), (1.2.22)

was done. For the four possible cases, the following were obtained.
Case 1: p1 =0, pp = 1:

¢o(p) = —pcosh(ua) sin(pa) + sinh(pa) cos(pa)].
Case 2: p1 =0, pp = 2:
¢o(n) = —24*[cosh(pa) cos(ua)].
Case 3: p1 =1, pp = 3:
¢o() = 24 [sinh(pa) sin(ua)).
Case 4: p1 =2, py = 3:

¢o(p) = p[cosh(pa) sin(pa) + sinh(pa) cos(ua)).
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We only consider case 1. Then we have that ¢y has a zero of multiplicity 2 at
0, exactly one simple zero /iy, in each interval ((k — 1)Z, (k4 3)Z) for positive

integers k with asymptotics

T
., = (4k — 1)— 1 =1,2,..
20" (k )4a+0()7 k 3 <

simple zeros at —fig, fi_r = ijix and —ifix for k = 1,2, ..., and no other zeros.

The proof of case 1 will be complete if we show that all zeros of ¢q lie on
the real or imaginary axis. The product-to-sum formula for trigonometric

functions gives

¢o = —pfcosh(pa) sin(pa) + sinh(pa) cos(pa))
- _;/‘[sin((l +i)pa) + sin((1 — i)pa) —isin((1 +i)pa) 4 isin((1 — i)ua)]

_ _;M[u —ysin((1 + 7)) + (1+ ) sin(1 — i) pa)]. (1.2.23)

Putting (14 i)pa = = + iy, z,y € R, it follows for u # 0 that

¢o(p) = 0 = [sin((1 + 1)pa)| = [sin((1 = 7)pua)l
& |sin(x + iy)| = | sin(y — ix)|
& cosh®y — cos® v = cosh? v — cos® y

& cosh?(|y|) — cos?(|y|) = cosh?(|z|) — cos?(|z]). (1.2.24)

Since cosh®z + cos?z = 2 cosh(2z) + 2 cos(2z) + 1 has positive derivative
on (0,00), this function is strictly increasing, and ¢o(u) therefore implies by
(1.2.24) that |y| = |x| and thus y = 2. Then

rt+iy  (l*)z

(I+di)a (1+4+4)a
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is either real or pure imaginary.

Moller and Zinsou improved the asymptotics of the eigenvalues for when ¢
in (1.2.17) is a general function. They established a more precise asymptotics
for the eigenvalues. Again we set A = p?. They showed that equation (1.2.17)
has an asymptotic fundamental system {n;,72,73,74} of the form

N (@, 1) = 8,5(w, p) exp (i) (1.2.25)

where 9, ; have the expansion

d7

5u,j (35, M) = @

(Z(WH)’T%@) exp(z’”‘l’“‘”) exp(—i" M) + o),
. (1.2.26)
d7

j = 0,1,2,3 where {ﬁ} means omission of terms of the Leibniz expansion

which contain a function ¢*) with & > 4 — r. Since the coefficient of y®! in

(1.2.17) is zero, po(z) = 1.

The functions ¢, and o were determined by

op =TV QIMe,, (1.2.27)

where ¢, is the v-th unit vector in C*, V = (i(jfl)(kfl));{kzl and Q" are 4 x 4
matrices given by
Q.M — Qg = Q" =, (1.2.28)

’ 1 _
0,02 — QPq, = Q' — ZngTQjQ[O}, (1.2.29)

A 4 .
0=cel (Qm + > kg_j94geTQg1‘JQ[2—J]> e, v=1,234 (1.2.30)

=1

where ky = —g, ki = —¢', U = diag(1,i,—1,—i), Q) = I, and 7 =
(1,1,1,1). Let G(z) = [y g(t)dt. After some lengthy calculation, it gives
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that . , ,
- =—G" -2 1.2.31
p1=7G p2=5G —2g (1.2.31)
and thus
= (1 F G (1) (G 1g)/~f2> exp(i*” )
Y 4 32 8
+ {o(p7?) Yoo exp (i px) (1.2.32)

for v = 1,2, 3,4 where {o() }o means that the estimate is uniform in x.

Lastly, we state the following theorem from their paper.

Theorem 1.2.1. For g € C*0,al], there exists a positive integer ko such that
the eigenvalues \i,, k € Z, counted with multiplicity, of the problem (1.2.17) —
(1.2.18), where

Bi(y) = y*(0), (1.2.33)

Bsy(y) = y7(0), (1.2.34)

Bs(y) = y"(a) + iaXy'(a) (1.2.35)
and

Bi(y) = y¥(a) — iay(a), (1.2.36)

can be enumerated in such a way that the eigenvalues Ay are pure imaginary
for |k| < ko and A_ = =)\, for k > ko, where ko is a positive integer and for
k > ko, \p = p2, where the uy have the asymptotics

1 = k;g +7y+ % + % +o(k™?) (1.2.37)

and the numbers 1y, 7,7 are as follows:



Case 1: py =0, py=1

= 2 T 4 1
il+a?  a((l—a?)?+a?g(0) N 1 G(a)
Ty = — — —
278 rna 47202 16 =

Case 2: py =0, py =2

Case 3: p1 =1, pp =3

2 T« 4 7
il+ o (1-a?)? 1G(a)
= _ -
72 ra 47202 4 7
Case 4: p1 =2, pp =3
5%
Ty = ——
0 4&7
il+a? G(a)
= 2 ra 1 T
5i14+a”  a((l-a?)?— 2()) G(a)
Ty = — — )
78 ra 4202 16 T

15

(1.2.38)
(1.2.39)

(1.2.40)

(1.2.41)
(1.2.42)

(1.2.43)

(1.2.44)
(1.2.45)

(1.2.46)

(1.2.47)
(1.2.48)

(1.2.49)

In particular, there is an odd number of pure imaginary eigenvalues in each

case.
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1.3 Introduction of the research project

We now turn our focus to the work of this research project. In this research
project, we investigate eigenvalue asymptotics associated with boundary con-

ditions leading to the self-adjoint or non-self adjoint operator representations.

We consider the eigenvalue problem,

By=0 j=1,2 (1.3.2)

on the interval [0, a] where a > 0, h, g € C'[0, a] are real-valued functions and

(1.3.2) are separated and periodic boundary conditions.

In this project, we shall look at two sets of boundary conditions. The sep-

arated boundary conditions given by

Bjy = cosby(aj, A) + sinb;y'(a;, A), (1.3.3)

where §; = o,a; =0 for j =1 and 0; = §,a; = a for j =2 and 0; € (0, 7],

and the periodic boundary conditions given by

Bjy = y(0,A) —y"(a, \), (1.3.4)

where ¢ =0 for j =1 and ¢ =1 for j = 2.



Chapter 2

PRELIMINARIES

In this chapter, we give basic and important definitions and concepts required to
undertake and understand the work to be studied. Notions and notations to be
introduced in this chapter will be used and assumed in the subsequent chapters.

We start with definitions to build up the understanding of the work to be carried out.

2.1 Banach spaces

Here, we let E to be any non-empty set.

The following definitions are taken from pages 1 and 2 of [19].

Definition 2.1.1. A linear space E is a set of elements x1,xo, ... for which linear
operations are defined and the operations are subject to general rules. That is for
which, summation x1 + xo of the two elements x1, xo, and multiplication \x1 of the
element x1 by the complex number X are defined. A zero element is denoted by 0 as

a zero scalar.

Definition 2.1.2. Elements x1,...,x, in E are called linearly independent if their

linear combination A\yx1+- -+ A\,x, 15 equal to zero if and only if \y = --- =\, = 0.

17
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Otherwise these elements are linearly dependent.

Definition 2.1.3. A linear space E is called a linear normed space if each element
x € E is connected to a non-negative number designated ||z||, which is called the
norm of the element x and has the following properties:

a) ||z|| = 0 if and only if v = 0;

b) |z +yll < |l + [lyll;

c) [|Az]| = |Alf|z]].

The following definition is taken from pages 2 and 3 of [12].

Definition 2.1.4. 1. A sequence (Yn)nen in E is called a Cauchy sequence in a
normed vector space E, if for each € > 0 there is a number ng € N such that

Hyn_ymH S eforn,m Z ng.

2. A normed space E is called a Banach space if each Cauchy sequence in E is

convergent to some y € E

3. Let E and F be Banach spaces, then L(E, F') denotes the space of all contin-
uous linear operators on E to F i.e T € L(E,F) if and only if T : E — F is
linear and

|| := sup{||Ty||r -y € E,[lyllp < 1} < o0

L(E,F) is a Banach space with norm ||.||

4. E' = L(E,C) is called the dual space of E. The bilinear form (,) on E x E’
is defined by (y,u) = u(y) where y € E and u € E'. With respect to the norm

[lul| := sup{|[{y, w)| : [lyll <1},

which is the operator norm on L(E,C), E' is a Banach space .

5. For T in L(E,F) there is a unique T* € L(F', E") such that

(Ty,v) = (y,T*y), y€E,veF.
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The operator T™ is called the adjoint of T

2.2 Holomorphic vector valued functions

Here, we let €2 be an open nonempty subset of C. The following definition is taken
from page 6 of [12].

Definition 2.2.1. Let E be a Banach space, y : 2 — E, and g € ). The vector
function y is called holomorphic at \g if there are: a number r > 0 and a sequence
(Yn)nen in E, such that K.(Ag) :={A € C:||A = X|| <71} CQ,

io [yl < 00 (2.2.1)
and .
y(N) = 2 (A= 20)"yn (2.2.2)

for all X € K,.(X\g). Because of (2.2.1) the series (2.2.2) is absolutely convergent in
E and thus y(\) is well-defined. The vector function y is called holomorphic in € if
it 18 holomorphic at each \ € €.

H(Q, E) denotes the set of all holomorphic functions from Q to E; if Ey is any
subset of E, then

H(Q,Ey) == {f € HQE) : f(Q) C Ey}.

Remark 2.2.2. A function f: Q — E is holomorphic if and only if it is (continu-
ously) differentiable.
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2.3 Sobolev spaces on intervals

In this section we assume that a and b are real numbers with a < b. Furthermore

let 1 < p < oco. There is a unique p’ such that 1 < p’ < oo and ]%—f— z% =1.

2.3.1 Function spaces

Let I C R be an interval. C'(I) = CY(I) denotes the space of all continuous functions
on I to C. For a positive integer k, C*(I) denotes the space of k-times continuously
differentiable functions on I.
Let -

C=(I) := () C*(D).

For f € C(I) the set

suppf 1= {z € I : f(z) # 0}

is called the support of f, where the closure is taken with respect to 1. If I is

compact, we set

k
1flley = Y max [|fO@)]| (f € CHD)).
j=0

We define as usual, L,(I), the space of measurable functions f on I such that

171l := ([ |f@)Pdz) <00 (1< p <o),

[[flloc := esssup{[f(2)| : z € I} <00 (p = 00).

Now let I be open. A function f € C°°(I) is called a test function if its support
is a compact subset of I. The space of all test functions on an open interval [ is
denoted by C§°(I) which can be identified with a subspace of C§°(R) by setting
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f =0 outside of I for each f € C§°(I). Thus

= U ),

K I, ,compact

where

Co(K) =={f € C3°(R) : suppf C K7}.

A linear functional u on C§°([) is called a distribution on [ if for each compact set
K C I there are numbers &k € N and a C > 0 such that

k
(e, w| < Czsu[gllw(”(x)lla v € Cg°(K), (2.3.1)

=0 xre

where (p,u) := u(p). The space of distributions on [ is denoted by 2’(I). For
u € P'(I) the support of u, denoted supp wu, is the set of points x € I such that for
each neighbourhood U C I of z there is a function ¢ € C§°(U) such that (¢, u) # 0.
For @ C R", u,v € L,(2), and a a multi-index, we define the a-th distributional

derivative or weak derivative u of v if:

Dad:—1|°“/ d
[ oDt = (1 [ e

for all p € C5°(U).

2.3.2 Sobolev spaces

We now introduce Sobolev spaces. The Sobolev spaces, W]f(l), [7] were introduced
by Sobolev in 1938. They are important because a number of operator estimates are
naturally carried out using them. As k increases functions in W;(I ) become better
behaved locally, so it is advantageous to know that a function lies in W]f(l ) for a
large value of k.

A function f € Ly is said to lie in W (1) for a given positive integer k if the weak
partial derivatives D®f lie in L? for all |a| < k. We then define the Sobolev norm
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of such functions by
11 = > 1D fIf3.

o<k

We formally give a definition of Sobolev spaces. The following definition is taken

from page 55 of [12].

Definition 2.3.3. Let I C R be an open interval and k € N. The space
WHI) = {f € L,(I) :Vj € {1, ...k}, f9 € L,(I)}

is called a Sobolev space. Here the derivatives f\9) are the derivatives in the sense
of distributions. For [ € Wlf(]) we set

k
111 = 32 1

Jj=0

We also note that
WY = L,(I). (2.3.2)

We conclude the section by giving two propositions. The following proposition is

from page 55 of [12].

Proposition 2.3.4. Let I C R be an open interval, v € I and g € L,(I). Set

G(z) = /xg(t)dt (x e 1) (2.3.3)
gl
Then G is continuous on I and G' = g in 9'(I).
More precisely, we should write (G|;)’ = g. But since a continuous function on 7 is

uniquely determined by its values on I, we shall often identify G and G|;.
The following proposition is from page 56 of [12].
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Proposition 2.3.5. [12] Let I C R be an open interval and k € N\ {0}.

1. Let f € Ly(I) and~y € I. Then f € W}(I) if and only if there are g € Wy ~'(I)
and ¢ € C such that

flo) =+ / “g(ydt (ze . (2.3.4)

Y

In this case, g = f', f has a continuous extension to I, which we also denote

by f, and c = f(7).

WE(I) c C*H(T).

2.4 Linear differential operators

The following definition is from page 3 of [14].

Definition 2.4.1. A linear differential expression is an expression of the form:

[(y) = po(x)y™ + p1(x)y™ 4+ - + pa(x)y (2.4.1)

where p()#(x),pl(x),pg(x), .., pn(x) are continuous functions on a fized, finite, inter-
val [a,b] and y € C"[a, b).
The following remark taken from page 3 of [14].

Remark 2.4.2. For every y € C"[a,b] the differential expression l(y) is well defined

and represents a function which is continuous on [a,b].
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The following definition is from page 3 of [14].

Definition 2.4.3. If linear combinations

Bj(y) = agy(a) + a{y/(a) 4ot aiqy("_l)(a)

. . , 2.4.2
+ Bly(d) + By (b) + -+ By IOb), j=1,....m (242)

of the values of functions y and their first n—1 successive derivatives at the boundary
points a and b of the interval [a,b] have been specified and the conditions B;(y) =
0,7 = 1,...,m, are imposed on the functions y € C"[a,b], these conditions which

the functions y must satisfy are called boundary conditions.
The following remark is taken from page 50 of [15].
Remark 2.4.4. If the coefficients py(x),k = 0,...,n of the differential expression

l(y), have continuous derivatives up to the order (n — k) inclusive on the interval

[a,b], then there exists a differential expression *(z), where z € C™[a,b], such that

b b
/ [(y)zdx :/ yl*(2)dz + [y, 2%, (2.4.3)
where
1 §
[y, 2] = 3 (ylFglen = — ylen=kl =1l (2.4.4)
k=1

1s the Lagrange’s form,

[y7 Z]Z = [ya Z”b - [?J, Z”a- (245)

3. (2.4.3) is said to be Lagrange’s identity in integral form.
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The following definition is taken from page 10 of [14].

Definition 2.4.5. The differential expression 1*(z), defined in (2.4.3) is called the
adjoint of the differential expression l(y).

The following definition is from page 10 of [14].

Definition 2.4.6. If [ =[*, then l(y) is said to be formally self-adjoint.

The following remark is from page 8 of [14].

Remark 2.4.7. Any self-adjoint differential expression with real coefficients defined

on an interval [a,b] is necessarily of even order and has the form

where po, P, ..., pg are real-valued functions, I#(x) € (a,b] and p; € C*T|a,b] for
j=1..q.

In the following definition, taken from page 3 and 13 of [14], we define the operator
L, to be the differential operator generated by a differential expression [(y) and the
boundary conditions B;(y) = 0,7 =0,...,m.

Definition 2.4.8. A number X is called an eigenvalue of an operator L, generated
by a differential expression l(y) = Ay and the boundary conditions By(y), ..., Bm(y),
if there exists in the domain of definition of the operator L a function y, not identical
to zero, such that Ly = Ay. The function y s called an eigenfunction of the

operator L for the eigenvalue .
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2.5 Fundamental matrices

Let €2 be a nonempty open subset of C, n € N\ {0} and A € H(Q, M,(L,(a,b))),
where M,,(L,(a,b)) is the set of n x n matrices with entries from L, (a,b). The value
of the matrix function A at A € Q and x € (a,b) is denoted by A(z, ).
We set

TNy =y — A(, Ny, ye (Wi(a,b)" XeQ (2.5.1)

The following definition is from page 69 of [12].

Definition 2.5.1. Let Ay € Q. A matrizYy € M, (W, (a,b)) is called a fundamental matrix
of TP (N\o)y = 0 if for each y € N(TP()\y)) there is a ¢ € C" such that y = Yye. A
matriz function Y : Q — M, (W, (a,b)) is called a fundamental matrix function of

TPy =0 if Y(X) is a fundamental matriz of TP (N\)y = 0 for each \ € Q.

2.6 Asymptotic behaviour of functions

The following definitions are taken from page 76 of [12]. Let U be an unbounded

subset of C and M}, ,,(C) be a set of k x n matrices with entries from C.

Definition 2.6.1. Let f be a function on U with values in My, (C) and g be a
complex-valued function on U. We write
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if f(A) —a=o(1).

Definition 2.6.2. Let f(.,\) € M ,(Ly(a,b)) for X € U, g be a complex-valued

function on U. We write

f(A) = 0(@gN), or f(,A)=0(g(N) in Mn(Ly(a,b))

if there is a C' > 0 such that |f(.,\)|, < C|g(N)| for A € U, and

fGA) = 0(g(N), or f(,A) =ol(g(A) in  Mjn(Ly(a,b))

if 1F(N)]plgN)]™H = 0 as A = oo For h € My, ,(Ly(a, b)), we write

if f(,A) —h=o(1),.
2.7 n-th order differential equations and systems

In this section we again let {2 be a nonempty open subset of C, —oco < a < b < o0,
1 <p< oo, 1§p’§oosuchthat%—l—ﬁzl,andneN,nzZ. By e; we denote

the j-th unit vector in C". We consider the scalar n-th order differential equation
n—1 )
1+ S pi( AP =0 (n € W(a,b),\ € Q), (2.7.1)
=0

where p; € H(Q2, L,(a,b)) (i =0,...,n—1). Together with this differential equation

we consider the differential operator

n—1
LP(A) =" + 3" pi(, An® (n € Wi(a,b), A € Q). (2.7.2)
1=0

We associate the first order system to the n-th order differential equation. The n-th
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order differential system is defined by the operator

TP(Ny =y —A(, Ny, ye (Wy(a,b)" NeC, (2.7.3)
where
0 1
oo 0
A= (bijo1 — dinPj—1)ijo1 = oo : (2.7.4)
0 0 1
—Po - - - —Pn—1

We take the following proposition from page 251 of [12].

Proposition 2.7.1. Let n € W}(a,b), A € Q, and set

n
,’7/
yi=
fr](n_l)
Then y € (W, (a,b))" and
0
TP(Ny =
0
LP(Mn

Proof. The assertions y € (W, (a,b))"” and

el A(LN) =¢l,, i=1,...,n—1 (2.7.5)
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are trivial. From (2.7.3) and (2.7.5) we have that fori =1,...,n —1

e, T°(Ny =e]y —el A(, Ny
Q)

-
— €Y

= 0.

For the n-th entry and from (2.7.2) we have that

n—1

el TPNy =ely + Z (., /\)61119
i=0

n—1
="+ 3 pi(, A"
=0
=LP(\)n.

Thus

LP(M\)n

The following proposition is from page 252 of [12].

Proposition 2.7.2. Let y € (Wpl(a,b))”, A € Q, and assume that e] TP (\)y = 0
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fori=1,..n—1. Thenn :=ely e W) (a,b),

n
77/
y = ' (2.7.6)
77(”_1)
and
LP(\)n =e!TP(\)y. (2.7.7)

Proof. We show the first part of the proposition by induction. Let i € {1,...,n—1}.
Since e/ TP (\)y = 0 and from Proposition 2.7.1 we get

ejy =€y —e]TPy=cly —(e]y —e] A(LNy) =€¢] A(, Ny =¢/1y. (2.7.8)

(2

It proves that n € Wpi(a, b) and e/ y = n~Y for i = 1,...,n. This is true for i = 1.
We now assume that it holds for some 7 < n and show that it is true for 7 + 1. From

the induction assumption, (2.7.8) yields
n = ey = eiT+1y € Wpl(a7 b).

By Corollary 2.1.4 of [12], we have that n € W/ (a,b). Thus n € W}'(a,b) and
(2.7.6) holds. Thus (2.7.7) follows from Proposition 2.7.1 and equation (2.7.6). [

We take the following definition from page 252 of [12].

Definition 2.7.3. Let Ao € Q and n1,...,m, € W] (a,b). Then {n1,...,n.} is called
a fundamental system of L”(Xo)n = 0 if for each n € N(LP()\y)) there are ¢; € C,
3 =1,...,n such that

n=> ¢
j=1

A function (11, ..., ) + 0 — My (W} (a, b)) is called a fandamemtal system function
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of LPy = 0 if {m(N),....,n.(N)} is a fundamental system of LP(\)y = 0 for each
A e

The following lemma is taken from page 253 of [12].

Lemma 2.7.4. Let Ay € Q and Yy € M,(W,(a,b)) be a fundamental matriz of
TP(No)y. Then {e] Yoeq, ..., e Yoen} is a fundamental system LP(\o)n =0, and

(e] Yoe, )07 = e Yoe; (2.7.9)

holds fori=1,...,m and j=1,...,n

The following lemma is from page 253 of [12].

Lemma 2.7.5. Let A\g € Q and ny,...,n, € W} (a,b) such that {m,...,n.} is a fun-
damental system of LP(N\g) = 0. Then (T]y_l));fj:l € M,(W,(a,b)) is a fundamental
matriz of TP (\o)y = 0.

Proof. Let y € N(TP(X\)). From Proposition 2.7.2 we have that n := ejy €
W;(a, b),

77("_1)

and LP(\o)n = el TP (\g)y = 0. Hence by the definition above there is a vector
c=(c1,...,¢,)" € C" such that

n= Z CjT; -
j=1

Thus y = ("""

; ))ijlc is a fundamental matrix of T ()\g)y = 0. O
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The proposition is from page 253 of [12].

Proposition 2.7.6. Let A\ € Q and ny,...,n, € WJ(a,b). Then the following

conditions are equivalent:

1. M1, ...y my are linearly independent, LP(\o)n; = 0 for each j € {1,...,n},and for
each n € N(LP(\y)) there are ¢; € C (j = 1,...,n) such that

n= Z Ciny;
j=1

2. {1, ..., } is a fundamental system of LP(N\g)n = 0;

3. (nﬁi_l))zjzl is a fundamental matriz of TP (\g)y = 0.

The following theorem is from page 254 of [12].
Theorem 2.7.1. There is a fundamental system function (n1,...,m,) of LPn =0
such that n](i*l)(a, A) =6y for X € Q and i,j = 1,...,n. Furthermore, the fun-

damental system function is uniquely determined and depends holomorphically on
A € Q. More precisely, we have n; € H(Q2, W) (a,b)) for j =1,...,n.

2.8 The boundary eigenvalue operator function

We let L* € H(Q, L(W}(a,b),C")) and L” be defined as in (2.7.2). We call

L= (LP L% € H(Q,L(W}(a,b), Ly(a,b) x C")) (2.8.1)

a boundary eigenvalue operator function.

Let {n,...,n,} be the fundamental system function of L”n = 0 given by Theorem
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2.7.1 and set Y := (n](-ifl))“ Define

i,j=1"

Zr(N)e = (m(,A), (L N))e=¢e Y (., Ne (ceC", e Q) (2.8.2)

and

ULV f)(@) == €] Y (z, \) / "YW tenf(D)dt (f € Ly(a,b)). (2.8.3)

From Lemma 2.7.5 we know that Y is a fundamental matrix function of 7%y = 0.
Let A € Q and U()) be the right inverse of T7()\) given by

OLNN@) =Y (@A) [V N ()t (2.8.4)

for A€ Q, f € (L,(a,b))” and x € (a,b).
Then
Ur(A\) =e] UN\)ey. (2.8.5)

The characteristic matrix function of L is defined by

M) = LEN)Zp(N). (2.8.6)

The theorem is from page 259 of [12].

Theorem 2.8.1. The boundary eigenvalue operator function L given by (2.8.1) is
holomorphically equivalent on Q to the L,(a,b)-extension of M more precisely, for
A € Q we have

(0 idr,(a,b) M(\) 0 y
L(A) = (id@ LR(/\)UL()\)> < 0 ide(a,b)> (Zr(N),Ur(N\) ™,
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and the operators

0 ZdL (a,b)
P € L(C" x Ly(a,b), L,(a,b) x C"
<id((:n LR()\)UL()\)> ( X p(a ) p(a ) X )

and
(Zp(N),UL(XN)) € L(C™ x Lp(a,b),W:(a, b)))

are invertible and depend holomorphically on X.

2.9 Two-point boundary eigenvalue problems in
Lp(aab)

In this section, we let p < oo and

LP(\)n =" +sz

n(a) n(b)

LN = We(\) + W)

n"~1(a) 0" (b)

for A € Q and n € W}'(a,b), where p; € H(Q, Wy, r,n(a,0) (1 <i<n—1)and
We, Wb e H(Q, M,(C)). From equation (2.7.1) we know that py € H(Q, L,(a,b))
and this is substantiated by equation (2.3.2).

We suppose that rank(We(\), W°()\)) = n for all A € Q.

Apart from L” we consider LP" € H(Q, L(W(a,b), Ly(a,b)) defined by

n—1

L () = (=17 + 3 (=) (pi(, A)m)©

=0
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for A € Q and n € Wji(a,b). We define Ly(A) in L,(a,b) by

D(Lo(N) = {n € W)(a,b) : L"(\)np =0} C Ly(a,b) (2.9.1)

and
Lo(Nn=LP(N)n, 1€ D(Lo(N)). (2.9.2)

The following definition is from page 275 of [12].

Definition 2.9.1. Let n € H(Q, W} (a,b)) and p € Q. n is called a root function
of Lo at p if and only if n(n) # 0, (LPn)() = 0 and W*(u)(n® (a, u))iz +
Wo(u)(n® (b, )=y = 0. The minimum of the orders of the zero of LPn and
Wen®(a, )=y + Wo(nW(b,.)iy at u is called the multiplicity of 7.

From L%y = We(n®(a, )= +Wo(n@(b,.)) - we obtain the following Proposition,
taken from page 275 of [12]

Proposition 2.9.2. Let n € H(Q, W) (a,b)), p € Q and v € N. Then n is a root
function of Lo of multiplicity v at u if and only if n is a root function of L of
multiplicity v at .

Canonical systems of root functions of Ly are defined in the same way as for L.
Hence a system of root functions is a canonical system of root functions of Ly at u

if and only if it is a canonical system of root functions of L at pu.



Chapter 3

ASYMPTOTICS OF
EIGENVALUES FOR ¢, h =0

In this chapter we consider the eigenvalue problem (1.3.1)-(1.3.2) with g,h = 0. As
shown in [13], putting
M) = (Bas(, \)? (3.0.1)

ij=1>

the eigenvalues of the eigenvalue problem (1.3.1)-(1.3.2) are the eigenvalues of the
analytic matrix function M. For g,h = 0, (1.3.1) reduces to y" + Ay = 0. Let
y = €. Then the equation becomes (p? + \)e’* = 0. Hence the characteristic

function, (see, page 280 of [12]) of the differential equation for g,h = 0 is

w(p, p) = p* + (3.0.2)

where A = p?. The zeros of (3.0.2) are iy, —ip and thus a fundamental system of
Y’ + Ay = 0is {e#® e~} if 4 # 0 and the fundamental matrix is

eiuw efiux
Z({L‘,,u) - <Z'[L€i‘uz _iuemx> ’

Let y;,j = 1,2 be the fundamental system of the differential equation (1.3.1) which
is analytic on C with respect to A with I, = Y(0, 1), (see Theorem 2.5.3 of [12])

36
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where YV = (y(lifl))2 Then there is C' € My(C) such that Y(x,u) = Z(z, u)C,

i Jig=1-
(see Definition 2.5.1) and hence C' = Z(0, 1) . From the above fundamental matrix

we have,
1 1
Z(0,p) = < . )
i —ip
Thus
C__L —ip =1\ _ (3 3
a 200\ —1 1 S\ L
H 2 %n
Therefore

. » L
ethe e~k 1 1
— 2 2ip
Y(x,p) = et _jpge-ine | \ 1 _ 1
H H 2 %p

eiuw_i_ef'iuw eiu:l;_efiu:l;
— 2 ] o 20ip
’L‘/Le”‘zf’iueil‘uz 'L',LL@’L‘LI+7;/,L€72MZ

2 2ip

and it follows that,
eiux + e—i,ux

3/1(35, M) = 5 = COS [T
and , .
(2, 1) = et — e ™t 8in px
Yo\, ) = 22# - 1 :
We have that det M = ¢o(p), where
By (0 By (0
bo(p) = det | Pro1(O:1) - Buya(0:p1) ) (3.0.3)
Bayi(a, ) Baya(a, 1)

In the next section we perform the analysis of the first set of the boundary conditions,

that is the boundary conditions in equation (1.3.3).
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3.1 Estimates of the eigenvalues with the bound-

ary conditions cosay(u,0) + sinay/(u,0) = 0 and
cos By(p, a) + sin By’ (p, a) = 0

We calculate the determinant ¢ of the matrix M. The entries of the matrix M are

computed as follows:

By (0, 1) = cos ayi(p, 0) + sinay; (1, 0) = cos a,

Bun(0, 1) = cos ag(y1,0) + sin ag (s, 0) = sin a,

Bays(a, pr) = cos By (1, a) + sin By (1, @) = cos B cos pa — psin fsin pa,

Bayo(a, ) = cos Bya(p, a) + sin Bys(u, a) = — cos B sin pa + sin S cos ua,
and thus

¢o(p) = cos a— cos fsin pa + sin f cos pa) — sin a(cos 5 cos pa — psin fsin pa)
u

=psin pa(—; cos avcos f + sin asin B) + cos pa(cos asin B — sin a cos 3).
i

(3.1.1)

We shall equate ¢g(u) to zero, to get the zeros of ¢o(n) on the positive real axis.
We can see that the zeros of ¢y cannot be determined explicitly, hence we find ¢,

implicitly. We start by the following proposition.
Proposition 3.1.1. Let o, 5 € (0,7). Then & = % cosacos S+ sinasin g # 0 for
sufficiently large p.

Proof. We prove this proposition by contradiction.
Suppose & = 0.



39

Then for «, 5 € (0,7) and large p

1 sinasinf
2 cosacosf
9 cos a cos 3
W=
sin asin 3

= —cot acot 3.

Hence a contradiction, since p is sufficiently large and cannot only be two (complex)

numbers. O

Proposition 3.1.2. Let o, f € (0,7) and ¢o be as defined by (3.1.1).
Then cos pa # 0 when ¢o(pn) = 0 and p sufficiently large.

Proof.

The proposition is proved by contradiction.
Suppose cos pa = 0.

Then p # 0 and ¢o(p) = 0 implies that

1
psin pa(—; cos acos f + sin asin ) = 0.
0

However, cos pa = 0 implies that sin pga # 0 since sin® pa + cos? ua = 1. Therefore
¢o(p) # 0, which is a contradiction. Hence ¢o(p) = 0 implies that cospa # 0. O

Proposition 3.1.3. Let o, € (0,7) and ¢y be as defined by (3.1.1). Then there is
one simple zero fu, = Tk+0(1),k = 1,2,... of ¢ in each interval (k—3)=, (k+3)%)

for sufficiently large positive k € 7Z.
Proof.

Since cos pa # 0 from Proposition 3.1.2 above, the positive zeros of ¢o(u) are those

i > 0 for which
cos asin f — sin acos 3 sinpa

cos acos 3 + p? sin acsin COS f1a
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that is,
€L

. — =0
cos a cos f + p? sin acsin 3

¥(p) = tan pa +

where € = cos a:sin § — sin « cos 5.

We know that tan pga has period = with asymptotes at y = - 4+ kZ. Since
tan'z > 1 for x € ((k—3)Z, (k+ 3)T), k € Z, the function p — tan pa is increasing
with positive derivative on each interval ((k — )=, (k + 3)%),k € Z.

The derivative

e(cos acos 8 — p? sin asin 3)

Py (p) =

(cosacos B+ p? sin asin 3)2
e(ﬁ cos acos f — sin asin f)

#—12 cos? o cos? B 4 2 cos v cos Bsin asin B + 2 sin? acsin? 3

where .

¢1(p) = 5

écosacosﬁ%—sinasinﬁ

tends to 0 as g — oo. Hence ¢’'(u) > 0 for large p and for large k on each of the

intervals ((k — 3)Z, (k + 5)Z), thus the function ¢) moves from —co to co on each

a’

of the intervals ((k — 3)=, (k + 3)T). Thus there is exactly one simple zero fy, of
¢ in each interval ((k — 3)Z, (k4 1)Z), for sufficiently large positive k € Z. From

a’

Proposition 3.1.1 we know that ﬁ cos acos f + sinasin 4 is non-zero for large u,
thus ¢1(p) — 0 as p — oo and we have that arctan(¢;(p)) — 0 as pp — oo. Thus
we have

iy = gk+o(1), k=1,2,....
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Theorem 3.1.1. For g, h = 0, there exists a positive integer ko such that the eigen-
values Ay, k € Z, of the problem (1.3.1)-(1.3.2), where Byy = cos ay(0) + sin ay/(0)

and Bay = cos By(a) +sin By’ (a) can be enumerated in such a way that A = iz, for
k > ko, where the fi have the following estimates:

T
0. = —k 1).
= +o(1)
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3.2 Estimates of the eigenvalues with the

boundary conditions y(u,0) — y(u,a) = 0 and
Y (1, 0) =y (p,0) =0

We now look at the second set of the boundary conditions, that is the periodic

boundary conditions (1.3.4). The entries of the matrix M are as follows:

Biyi(p, @) = y1(p, 0) — y1(p, @) = 1 — cos pa,

Boyi(p, a) = y1 (1, 0) — 1 (1, @) = psin pa,
sin pa

Brya(p, a) = ya(p, 0) — yo(p, @) = — L

Bays(k, a) = y5(1,0) — ya(p,a) = 1 — cos pa

and from equation (3.0.3) we have that,

sin pa

do(11) = (1 — cos pa)(1 — cos ja) — (~ %) (sin pa)

=1 — 2cos pa + cos? pa + sin? pa

= 2(1 — cos pa).

Thus the zeros of ¢y are double zeros given by

2
Ty kel
a
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Theorem 3.2.1. For g,h = 0, the eigenvalues j\k, k € Z, of the problem (1.3.1)-
(1.3.2), where Byy = y(0) —y(a) and Byy = y'(0) —y'(a) can be enumerated in such
a way that 5\0 =0 and 5\k = ,&%, where the [i;, are the following:

The estimates of the eigenvalues under the separate and periodic boundary con-
ditions conclude the chapter. We therefore in the following chapter compute the
asymptotics of eigenvalues for general functions g, h, that is calculating the first

four terms of the eigenvalue asymptotic.



Chapter 4

THE DIFFERENTIAL
EQUATION K7 = \Hn

4.1 The eigenvalue problem and general

assumptions

In this short section we consider the general eigenvalue problem and important
assumptions from [12] that are the fundamental building blocks of our work. We
will apply the results later in the dissertation for our particular case.

Letlgpgooandp’suchthat]%—i—;l]:l. Let —oco < a <b< oo and n € N,

n > 2. We consider the differential equation

Kn=MXHn, neW](a,b), (4.1.1)
where ,
Kn=n" 43 k", (4.1.2)
=0
no .
Hn=>" hin®, (4.1.3)
i=0

with 0 < ng < n — 1 and k;, h; € W) (a,b). We shall always assume that hy,, > 0

44
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and that h, ' € Ly(a,b).
We associate the differential operator

LP(\)n = Kn—XHn, n€ W (a,b) (4.1.4)

with the differential equation (4.1.1).

4.2 An asymptotic fundamental system for
Kn=1'Hn

We start this section with the following important theorem from [12] (see Theorem
8.2.1, page 326). The results and assumptions of this theorem are used later in our

particular case.

Theorem 4.2.1. Suppose that h,, = 1, set | = n —ng, and let k € N. Suppose
that k > max{l,ng — 1} if no > 0. Suppose that

a) kj € Ly(a,b) forj=0,...,n—1—k and k,—1_; € Wﬁ_j(a,b) forj=0,..., min{k—
I,n—1} if ng =0,

B) hoy oo hing—1 € Wh(a,b), ko, ..., kny—1 € WE(a,b), and k,_1_; € W}’ (a,b) for
jg=0,..,0—1ifng > 0. Let {my,...;m,} C W;,’L”O(a,b) be a fundamental
system of Hn = 0.

For sufficiently large T the differential equation Kn = 7'Hn has a fundamental
system {n(7), ..., (7))} with the following properties:

i) There are functions m,, € W;J“”O_lr(a, b), 1 <v <mng, 1 <r <[5 such that
(%]
nW () =7+ 3 77 r W 4 {o(7M) e, v =1, ngi =0, ..ong — 1,
r=1
(4.2.1)
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k—ptng—1
[—Ere—]

koptno=L
nW( ) =aW 4 N Tl g fo(rR et
r=1
v=1,..,n0 4 =mng,...,n—1 (4.2.2)
ii) Set ko= min{k,k + 1 —no}. Let w; = exp{%}, j =1,...,1. There are

functions p, € Wj“’”(a,b), r=0,.. k, such that oq is the only solution of

the initial value problem

, 1
Yo — Z(hno—l —kn-1)0 =0, ola) =1, (4.2.3)
and
W (z,7) = & {f:(m) )" (x) e o @)}
nl/ Y dl’/”’ o rv—no 907'

+ {0(7_—];+M)}0067wy—n0($—a)7 V=ng+ ]_, LNy = O’ vy TV — 17
(4.2.4)

where [d%] means that we omit those terms of the Leibniz expansion which

contain a derivative @) with j > k—r.

The proof of the above theorem is not given out here. We give the general assump-
tions required to carry on with the section that follows. Most of the assumptions

are part of the assumptions given in the proof of the above theorem.

We shall denote the i-th unit vectors in C"*, C", C! by e, €;, &;. Fori € Z\{1,...,n}
ori € Z\{1,...,no} ori € Z\{1,...,1} weset e; :=0, ¢ := 0, ¢; := 0, respectively.
We set

a; (1) .= 7" (ho, oo, hng—1) — (o, ooy kng—1) =: T'a{, + ajs, (4.2.5)

where

airl - (ho, e hnofl)’ alT2 = _<k07 "'7]{;“0*1)'



Also set

and

When observing that

(7 ¢ +—
Ol iwf _ il if 7 =0mod(l),
i=1

0 if Jj#0mod(l),
we obtain that V is invertible with

1 & 1
V= 7 S e/
i=1

Also,
g V=e"Q i=1,.,1

47

(4.2.6)

(4.2.7)

(4.2.8)

(4.2.9)

(4.2.10)

(4.2.11)

(4.2.12)

(4.2.13)

(4.2.14)
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and
(Jl + €I€I)V = VQl (4215)
We set QZ} := 0 for r < 0 and consider the following equations:
= (T — €0@l)Q =0, Q1i(a) = L, (4.2.16)
o1
[202] - 7(hn071 n 1) [202] - [202](CL) = [a (4217)
Qi =0, Qza (4.2.18)
Q[lTl} — (Jng — Enoall) [1r1] (€ng—1 = (Png—1 — kn—l)eno)gTQl_lQ[zrl]
l .
+5 k1 jens QN — 6 alb QN =1,k (4.2.19)
j=1
r r— 1 T 1 T
21] = Q[ b 7 a11 [11 ! —7<hno—1 kn— 1)55 Q 1Q[ !
1{ To-1-ior-1-4 _ 1 r—i-1]
72 n—1-j€€ §Y @ _75 12@11 ;o r=1.,k, (4.2.20)
Q 12 = Q[T Ta + (Jng 6noall) [1T2 1Q !
+<en0 1—<h,m 1= kno1)eng)e Q1 Q5y N0y
=1,..,k,

+an —j—1€ng€ TQZ _JQ[T - ]Ql _EnoamQ[r o Z]Ql_ , T
J=1
(4.2.21)
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r r r—1] 1 r— 1 - r—
QZQ[22} - [22}91 = [22 v legalTlQ[lz " j(hno—l — k1) Cuee " O IQ[QZ .
1

+ - an Qe T -

] 1

0= < {QH — 72ual, QM — (s — k)OO

N‘}—\

l .
Z n— 1,leasTQf1*]Q[2g_J] 7nga12Q[k MNe,, v=1,.,1. (4.2.23)

The above equations are used in the calculation of the functions ¢, in the sub-
sequent section which are used in the calculation of the asymptotic fundamental
system. From equation (4.2.22) for r = 1, we can conclude that the diagonal ele-

ments of the matrix Q[ZOQ] satisfy the differential equation

1
77/ - j(hno - knfl)n = 0.

We also observe that the diagonal elements of QlQ QQQ] (), are zero, that is Q12 =
by (4.2.18), and the diagonal elements of ;ee 7€), have the value 1.

4.3 Asymptotics of eigenvalues of self-adjoint

second order differential operators

In this section we now consider the differential equation in (1.3.1),

-y + gy + hy = \y.



50

4.3.1 The asymptotic fundamental system of
—y"+ gy +hy = Ay

For this case, we establish an eigenvalue asymptotics which is very precise. As
before we set A = p?. The differential equation (1.3.1) is a special case of (4.1.1)
with n =2, ny =0, [ =2 and

Ky=vy"—gy —hy

and

Hy=1y

It can be written as Ky = —AHy. Now, by matching the parameters we get that,
—X = 72 Since A = p?, therefore we put 7 = iu. From equation (4.2.4) we have
that (1.3.1) has an asymptotic fundamental system {yi,y2} of the form

()

Yyl ()

(:p,p,) =Ty (SE,T)

=09 (z,ip)

@1 (5~ - n(z—a)
= {daﬂ} <Z(wwy_no) "o () e otk a>

r=0
+ {O(M_k+j) }ewufnoi:u‘(m_a)

= [ (S s )e ) ol e
@l )

dl’j r=0

=0, (m,ip)e (4.3.1)

where

&’

2
d:z:} <Z<w%>wx)e“”“‘”)e“”” +o(p ), j=0,1 (43.2)
r=0

busasin) = |

27i(v—1) ﬂ'i(V—l)
where w, = e~ 2 =e , v=1,2.
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We will calculate g, ¢1 and ¢ and compare with the literature. Finally, we will use
computer algebra to generate a code which explicitly allows automatic generation
of the functions ¢1,ps and the corresponding asymptotic expansions as in Theorem
1.2.1.

Observe from (4.1.2) and (4.1.3) that ng = 0 and [ = 2, hence n = 2. From
equation (8.2.45) in [12], we know that

©r =&, VQey, (4.3.3)

where ¢, is the vth unit vector in C2, QU := Q[QTQ] are 2 X 2 matrices and V, as a

special case of equation (4.2.11), is

1 1 1 1
V= = 7
<w1 wQ> (1 —1)
= exp{27rz I} = exp {mi(j — 1)} = (-1, j = 1,2,

By assumption we know that h,, > 0,79 > 0. In our case ng =0, [ =2 and n = 2,

we therefore have that h,,_; = 0 and from equation (4.2.17) we have that

P |
QLI 1 5/{1@[0] =0, Q[O](O) — T (4.3.4)

For r = 1 in equation (4.2.22) we have that

r 1
Q,QM — Qllg, = QL + §k192€€TQZ_1Q[O]‘ (4.3.5)

From equation (4.2.17) we know that Q[IOQ] = 0 and from equation (4.2.5), a, =

(hoy .., hny—1) = 0 since hy,,—1 = 0, hence the disappearance of the second term on
the right hand side. By assumption we know that QM = 0 for r < 0, hence the

disappearance of the last two terms on the right hand side.
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For r = 2 in equation (4.2.22) we have that

| 1
0,Q2 — @B, = QM + 51@1925592—1@[” + 5%925592—2@[(’1, (4.3.6)

The second term on the right hand side disappears using the same argument above
about a{,. From equation (4.2.5) we have a/y, = (ko, ..., kn,_1) = 0 since k,, 1 = 0,

hence the disappearance of the last two terms on the right hand side.

For k = 2 in equation (4.2.23). Using the same arguments as above for equations
(4.3.5) and (4.3.6), we therefore have that

,o 1 1< g
0= 82—(@[2} + §]€19268TQQ_1Q[2] + 5 Z k-l_jgbggTQQ—l—jQ[Q—]})gV

=1

;1 1
=&/ QP + §k1§2255TQ2‘1Q[Q] + 51{092559;2@[”)@, v=12 (437

In equations (4.3.4) to (4.3.7), Qy = diag(wy,ws) = diag(l,—1), kp = —h and
k1 = —g. Set
Q[O} _ Q?l q(1)2 .
qgl qu
From (4.3.4) we have that
aty — 390 42— 394\ _ (0 0
03 — 5999 4% — 5999 00

;1
¢ — §gq?1 = 0.

and thus

It is a first order linear differential equation in ¢?, with integrating factor, e’%G,

where

G(z) = A " g(t)dt. (4.3.8)
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We now have that

Similarly
0 ig
1o = Kye? ’
1
Q% = K3€§G
and
0 iag
Qoo = Kye2™,

where K, j =1,2,3,4 are constants. From (4.3.4) we have that

Kle . Kl K2 . 10
K3€ B Kg K4 B 01 ’

K1:K4:1andK2:K3:0. Thus

[STEE ST

GO K,e3G0)
G(0) K4€%G(O)

Now, we set

Qo= (10 M G\ _ (@ G
0 -1 (J%l Q%z _Q%l _Q%Q
Q[I]Q2: Qh Q%Q 10 _ Qh _Q%2
Q%l Q%z 0 -1 Q%l _Q%z

and
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Thus

1 1 1 1

q q q —q
QQQ[I] . Q[I]QQ _ 111 121 . 11 12
—q31 —q 21 —Y422

It can be checked that

0 245 (4.3.9)
gy 0 )

and thus we have

and

| lge%G 0 lge%G —lge%G
0 To-1nlol —_ [ 2 2 2
Q[ I 599286 QQ Q[ ] - < G - 1 a 1 %G
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It results from (4.3.9) and (4.3.10) that ¢{, = ige%G, g3 = —ige%G and
[1] a1 iQ@%G
QY = EEU I (4.3.11)
1

Set
Q[z}: Q%l Q%z .
qgl qu
It follows from (4.3.6) that QP —QPIQ, = QU +1k; Qe T Q5 QW 4+1 ko Qaee "Q5 2 QU

and similarly as in (4.3.9) we have that

0 2
0,08 — Qi2l0, — , ) (4.3.12)
—2¢5 0

Hence from (4.3.6) we have that

;1 1

QW — §gQQa€TQ§1QM — ihQQgsTQQQQW
’ 1

al 1<gezG>'>

1 lays 1
—1(ge2?) 029
1.1 1 2 1a 1.1 1.2 1a
1 —59911 — g9¢€2 29920 — gg €2
1.1 1.2 1a 1.1 1.2 1a
29411 T z9°€2 —59q2 + gg-e?
1

/ 1 _1 1
@ — 59911 — 5(9% + 4h)ez® H(ge™29) + 1943, — 2(9* + 4h)62G>

—i(9e2%) + Sgaby + (g% + 4h)ex® a3y — S9ak + (97 +4h)exC
(4.3.13)
By comparing (4.3.12) and (4.3.13) we get that
T Loy 1G
T~ 5991 — g(g +4h)e2™ =0, (4.3.14)



1 1 1 1 1
1(9629) + 590, — glo’ + 4h)e>“ = 2q3,,
1 1 1
_1(9650)/ + 5941 + 59" + 4h)es® = —2¢3
and
v 1o Loy ia
Q22 — 59922 + g(g +4h)ez” = 0.

o6

(4.3.15)

(4.3.16)

(4.3.17)

Equations (4.3.14) and (4.3.17) are first order linear differential equations in g{,

and qi, respectively and can be written as

’ 1 1 1
a1y — §gqh = g(g2 + 4h)e2®

and ) )
’ 1
G — 590 = —5 (9" +4h)e>".

By multiplying each term of (4.3.14) by the integrating factor, e~3 ot =

have
1 1
(ahe59) = Lg7 +4h)
1 1
qhe 26 = 3 /(92 + 4h)dz
a1, = Se%G/(g2 + 4h)dx
1
q11 = gle%G,
where

G

1
e 27, we

(4.3.18)
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Similarly, for equation (4.3.17) we have

1
(430 29) = —5 (" +4h)
1 1
Gape 2% = 3 /(92 +4h)dzx
1
Gay = —ge%G/(g2 + 4h)dx

1. 1
1 =G
— _*] 27,
q22 8 €

Thus substituting ¢, in equation (4.3.15) we get that

Gty = ;(965(’)’ + igqég - 116(92 +4h)ex®

— ST 220 4 Jg(= gTed) - S(g? 4 Al

_ ;g’e_éa + 116926;6* _ 312916;G _ 116g26;G _ ihG;G

= ;QeéG(Zlg' — gl —8h)

and by substituting ¢;; in equation (4.3.16) we see that
o ;(9650)’ igqu - 116(92 +4h)ex®

= (g1 4 Jge%) — Lg(LTe®) — (g + An)el
= ;g’eéG + 1169265G — 312g1'e§G 116“(726% leheéG
- 3126§G(4g' — gl —8h)
= C]%2-

Hence

11e3G lge%G
Q[”=<_81 e B (4.3.19)
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and 1
2 1 7.la
QY= | C]an 32J262 7 (4.3.20)
ez b))
where
J(z) = 4g'(z) — g(x)I(x) — 8h(z). (4.3.21)

We now set
3 3
431 422

3 3
QB = <q“ q12> . (4.3.22)

For r = 3 in equation (4.2.22). Using the same arguments about a{, and a{, as in
equations (4.3.5) and (4.3.6) we then have,

;1 1
0,QP — QPFl, = QP + ik’lQﬁaTQ;lQ[Q] + §k09255TQ;2Q[”. (4.3.23)

Similarly as in equations (4.3.9), (4.3.12) and (4.3.13) we have

0 24
0,01 — QBIQ, — , ) (4.3.24)
—2¢» O

1 ~ 59 =39\ (G @
59925592 Qe = B o
2 g 2 g 421 G2

_ ( 39(ah — @) —59(a3, — qu)>

—39(a — 1) 39(03, — di)

1 1 17 1a 1, 1a
Ligyeemagrqi = 31 3h) [(§130 dgek

_ < 16he%G(I —29) —11—6he%G(I - 29))

—LhezC(I — 2¢9) %Ghe%G(I —29)
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and

2Q" - QPa,

| 1
= Q% — gnee 0 QP — S hiyeeTO;2QU

(it ah\ [ seldh —ad)  —59(ak — i)
B Gy —39(ah — a31)  39(03, — d3)
1 1
B he2(I —2g)  —1che29(1 — 2g)
1 1
—+he2%(I —2g)  Lhex¥(I —2g)
’ 1 / 1
B (q% —29(qh — 431) — £he2(I —29) iy + 39(43, — afy) + 75he2(1 — 29))
- 1 % .

/ 1 /
@y + 39(at — a31) + 5he2“ (I —29) 43, — 59(03, — ¢3a) — 15he2(1 — 2g)

(4.3.25)
By comparing the diagonal entries of (4.3.24) and (4.3.25) we get
g 19 2 L, 1a
i1 — 59(%1 — 1) — Ehw (I —29)=0 (4.3.26)
and . )
’ 1
qu - 59(‘]32 - Q%Q) - TGhGQG(I —2g) = 0. (4.3.27)

Equation (4.3.26) is a linear first order differential equation in ¢}; with integrating
factor e~2¢ and can be written as,

1 1

1

;1 R .
ai = 590t + 59(55e2%) = S hez€(1 — 2g) = 0
;1 1 1
0 — 5961%1 = (Eh(f —2g) — agj)€2G

Multiplying each term with the integrating factor e_%G, we get

1 1
(gre 29) = 514 = 29) = g7)
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B 1
Ge 2 = a1 | (4l = 29) = gJ))dx
1. .
0 = @KQEG

and similarly, since g3, satisfies the same differential equation as ¢2, we have that

1 1
q%Q = @K62G7
where
K(z) = A (4h(t)(1(t) —2g(t)) — g(t)J(t))dt. (4.3.28)
Thus
LKesG L JesC
2] — [ 64 32
Q <;2J€§G 614K65G> . (4.3.29)

We now compute the functions g, ¢; and ¢y. For r = 0 in equation (4.3.3) we have
that

Yo = EIVQ[O]&

o[ ) () G)

e26. (4.3.30)

For r = 1 in equation (4.3.3) we have that

e29(I — 2¢). (4.3.31)
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For r = 2 in equation (4.3.3) we have that

2= 1 —1 %Je%G éKe%G 0

= —e29(2] + K). (4.3.32)

Thus from equation (4.3.2) we have

. dj Wy tUT . — Wy LT . - Wy tUT ,—Wy T UT
Ouj(wsip) = [=1(po(@)e ™™ 4 (ipw,) " pr(w)e ™ + (ipw,) o () )em
+o(u*), j=0,1, (4.3.33)

where

Ov0 = (poe™ ™ + (ipuw,) " Hpr e 4 (iptw,) % pae™ )™M + o(u™%)

1 1 1
= (1 (i) (T = 29) + (g 22T + K))ed 4 o), v =1,2
(4.3.34)

and

d ; . _ ; . _ N — Wy _
B = [ 0e™ 7+ (14, ) 1€ + (i, )2 pac #)e™ 7 4 o(y~!)

dx
= (10, o™ + e M 4 (i) " g, 1€ 4 (i, ) gl e hE

+ (1pw,) 2w, o T (i, ) "2phe ) e T I 4 o)
= g0 + 4 + @1 + (ipw,) TH o) + (Tpw,) e +o(p)
1 1
= ipuw, ez’ + gge%G + §(I — 2g)e%G
1 1
+ g(wwu)_l(§9€
+o(u™)

11, 1 ,
= (ipw, + yartis Gq(wwy)—l(zj + K +4gI — 8¢ + 8I' — 16¢'))ez®

G

N
N|=

1
I —2g)+ (I' - 2g’)e%6) + &(iuwy)_l@bf + K)e
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+o(p™), v=1,2 (4.3.35)

Thus from (4.3.1) we have

Yy = 51/,0 i

1 1 .
= (€37 + g (ipwn) (I = 29)ex 4 (i) 22T + K)ex? 4 o(pu2) e
1 1 1 )
= (1 5 (i)™ (1 = 29) + o (ipae) (27 + K))eaCes v

+o(p ey =1,2. (4.3.36)

In this section we have computed the asymptotic fundamental system {y;,y2} of
—y" + gy + hy = p?y and this concludes the section. We now have the tools
to calculate the asymptotic eigenvalues of the eigenvalue problems, cosay(u,0) +

sinay’(p, 0), cosay(p, a) + sinay'(p, a) and y(u,0) — y(u, a), y'(p,0) — y'(u, ) for
general g, h.

4.3.2 Asymptotics of the eigenvalues for By = cosay(0, u) +
sinay'(0, 1) and Byy = cos By(a, i) + sin By’ (a, )

Here we investigate the asymptotic eigenvalues of the eigenvalue problem (1.3.1) —
(1.3.3) with g, h # 0. By using equation (4.3.33) and the set of boundary conditions
Bjy = 0,7 = 1,2, we denote the entries of the characteristic matrix M (u?) =
(Biy;(1*))7; (the equivalence of equation (3.0.1)) by

ik =k XP(En), ik =1,2,

where

ek =0, &gk = wripa,
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Y1k = €08 g 0(0, ) + sin ady 1 (0, )
Yo,k = 08 B0y 0(a, 1) + sin By 1 (a, 1) (4.3.37)

for the first set of the boundary conditions, that is the boundary condition in equa-
tion (1.3.2).

In this section we compute the asymptotic eigenvalues for the first set of the bound-
ary conditions. The characteristic determinant of matrix M for general g, h is given
by

D(u) = det(v;x eXp(éfj,k))jz',k

— det 71,1 71,2
Yo 11T g e

o —iua ua
= V1,172,268 " — Y2171 20"

= e — qhyethe, (4.3.38)

Let D, as defined above be the characteristic function of the problem (1.3.1)-(1.3.2)
with respect to y;, j = 1,2 with yU) =6, for j = 0, 1. The asymptotic distribution
of the eigenvalues for g, h = 0 are known already as estimated in chapter 3. We
denote by ¢g the characteristic determinant of the eigenvalue problem for g,h = 0
as discussed in chapter 3. The functions g and A have an influence on terms of the
lower order in D. D and ¢q are asymptotically close to each other. The eigenvalue
problem for general functions g and h has the same leading terms as the eigenvalue
problem for g, h = 0. The eigenvalue asymptotics along the positive real axis will be
determined since the problem is symmetric. From Theorem 3.1.1 we know that the
zeros of ¢ satisfy the asymptotics p, = Tk + po +0(1) as k — oo. The asymptotics
can be improved by letting,
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[y = gk +ok), plk)=3 pk ™" 4ok, k=1,2,... (4.3.39)

m=0

We then find the terms pg, p; and p, in the expansion of p(k). The exponential func-
tion in equation (4.3.38) can be expanded using the second order Taylor expansion
of the function x — e* in the neighborhood of 0 for large k, and we get
iuga _ itk jip(k)a _ imk Jipoa . Pl & 2
et =e"e = """ exp(ia(— p + 12 +o(k™?)))
1

| 1
—(—1)keie(1 +m% + (iaps = 5p7a%) o + o(k ™)), (4.3.40)

and

e ke —pmimkomip(k)a — —ink,—ipoa exp(—ia (P1 + 2 +o(k™?)))

ko k2
—ipoa P1 1 1 —
=(—1)kePo(1 — za? - (2,01@ +m'02)k:2 o(k™?%)). (4.3.41)
From (4.3.38) we can write D(ug) =0 as
Pre” PR _ gy eirha — (4.3.42)

Where 11 = 71,1722 and ¥y = Y12721. From (4.3.34), (4.3.35) and using (4.3.8),
(4.3.18), (4.3.21) and (4.3.28) we get the following

51000, i) = 1 — (i) g(0) + o (ipix)"2J(0) + o(ui?).

4

3
02,0(0, i) =1 — jl<_iﬂk)_19(0) + 312(—wk)—2j(0) +o(p;?),
Oro(a, p) = (1+ ;(iuk)‘l(f(@ —2g(a)) + 614 (i) "2(K (a) + 2 (a)))e2 ¢

+ o(u; %),

Saolas ) = (14 5 (=ip) ™ (I(a) — 29(a)) +

+ o(p?),

614( i) 2K (@) + 2J(a)))ezC@
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51000, ) = i+ 79(0) + i) (27(0) = 86%(0) + 87'(0) — 169 (0)) + o).
S0, 16) = i+ 39(0) + (i) " (27(0) — 89(0) + 8T'(0) — 16/(0)

+ oy, t),

1 1

On(a, ) = (ippe + 9(a) + 21(a)

+ o)™ (27(a) + K (@) + dg(a)T(a) — 8¢%(a) +81'(0)

— 169'(a))e= + o),
do1(a, ) = (=i + i9<a) + é](a)

1

+ o7 (i) (27(a) + K(a) + 4g(a)I(a) — 8g%(a) + 8I'(a)

— 16¢'(a)))ez%@ + o).

We now apply the second order Taylor expansion of the function x ? in the

neighborhood of 0 to - where k is large, and get that

1 a 1 a ap(k)
= ()= —(1
Lok k??T(1_|_C”Z(:)) k:ﬂ( * km

2
—1_ @ apo )
)= P +o(k™7). (4.3.43)

For k = 1,2 in equation (4.3.37) we have the following

= (c0s @) (1= 5 (6me) " 9(0) + o (i) T(0) + o)

+ (sina) e+ 9(0) + (i) (27(0) — 86°(0) + 8I(0) — 164'(0)) + o(s"))
122 = (c0s B)((1 + (=)™ £(1{a) = 29(a) + o (—ip) (K () + 27(a)))e 30

+ o) + (50 ) (—ipe + 79(a) + 51(@)

614( i) "1 (27 (a) + K (a) + 4g(a)I(a) — 8¢%(a) + 8I'(a) — 164/ (a)))e2®
+o((ip) )

M2 = (cosa)(l+ i(—wk)‘lg(()) o

a5 (i) 2T (0) + o(ii?))
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+ (sina) (=i + ig(O) + él(—iuk)—l(zJ(O) — 8¢%(0) + 81'(0)

—164'(0)) + o(p;, 1))

a0 = eo )1+ i) (1) = 29()) + (i) (K (@) +27(a)) 2O
+olp?)) + (sin ) (i + 79(a) + 5T(a)

* (Slzl(w’“)l(zj(a) + K(a) + 4g(a)I(a) — 8¢*(a) + 8I'(a) — 164/ (a)))e2°®

+o(uy))-

Finally we substitute vy 1, 722, 71,2 and 72 in equations (4.3.42) and (4.3.38). We
compare the coefficients of £, k=1 and k=2 to get the values of py, p; and py, hence

the eigenvalue asymptotic.

We will use a Computer Algebra (Sage) to generate a code which allows auto-
matic generation of the eigenvalue asymptotic expansions. We follow the following
algorithm. We divide 1)y and 15 by the highest p-power. Then apply a second order
Taylor expansion thereafter. We then extract the coefficients of k= and &2 and
solve for p; and p, respectively. From Theorem 3.1.1 we observe that py = 0. The

results are populated in the following theorem.

Theorem 4.3.1. For g,h € C'(0,al, there exists a positive integer ko such that the
eigenvalues of the problem (1.3.1)-(1.3.2), where By = cos ay(0) + sinay/(0) and
Byy = cos fy(a) + sin fy'(a) can be enumerated in such a way that e = iz, for
k > ko, where the [, satisfy the asymptotics

~ Tl P1 P2 -2
= “k+po+ =+ 4ok

where the numbers py, p1 and ps are given by

/)0207
11(a 117(0 1¢(0 lg(a lcosa 1 cos
@ 110 190) 1g() | leosa  Lcoss
8 m 8 m 4 7 4 7 msina  7wsinf
117 1¢9(0 1 1 1
_ 1) | Lg( )_79(a)+7098a+7c'os5’
8 w 4 7 4 7 msina  wsinf
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|
e

P2

The above theorem concludes this subsection. We have now computed the terms of
the eigenvalue asymptotic expansions for the boundary conditions considered. The
terms are depended on the functions g and A which was somehow expected since in

this case we considered the differential equation under study with g, h # 0.

4.3.3 Asymptotics of the eigenvalues for By = y(0, u)—y(a, )
and Byy = y'(0, 1) — y'(a, 1)

In this section we compute the asymptotic eigenvalues for the second set of the
boundary conditions. Most of the calculations relevant for the computation of eigen-
value asymptotic terms for this case were performed in the section above. From
equations (4.3.34) and (4.3.35) we deduce the equivalence of equation (4.3.37) for

this case as

By i, = 61.0(0, 1) — Sp.o(a, p)er*e
Bo g = 011(0, ) — 0p1(a, p)es (4.3.44)

where By 1, B2,k = 1,2 are given by

Buy = 1= (i) g(0) + =5 i) 2T(0) + o(pi?)

(Ut i)™ (T a) — 29(0)) + o ) () + 27 (@) 20D 4 o),
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Buo =1~ 3(=im) " 9(0) + o (~im) 2I(0) + o)
— (U (i)™ (T a) = 29(0)) + gy (i) (K a) + 2()e 200 4 ofpi?),
Boy = ipe+ 9(0) + oy i) (27(0) — 86%(0) + 8(0) ~ 164'(0)) + o)
~ (i + 39(a) + S 1(0) + o (i)™ (27(a) + K (a) + dg(a) I (a) — 8°(a) + 8T'(a)
— 16g'(a)))e2 e+ o(yi ),
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Bos = —ip+ 19(0) + o (—iue) ™ (27(0) — 897(0) +81'(0) — 166/(0)) + o{ss;")
~ (i + goa) + T(a) + 614<—mk>1(2J<a>+f<<a>+4g<a>f<a>—892<a>

(a
+81'(a) — 164/ (a)))ezC@e ¥ 4 o(1; ).

We then compute the characteristic determinant, D of the matrix M (equivalent to

the matrix in equation (3.0.1)) as

D(pi) = Byy1 Bays — B1y2Batn

Since the zeros of ¢y are double zero, we have the eigenvalue asymptotic of the form

P+ | P2+
—k P2t
e = + po+ + k% + 3
Thus here we have
ek = i3k eiaro exp (ja p1 + p2))
k2 k

NE ia . . 1
— (z)ke Po(1 + zal':g + (iaps — T)%)

and
e~ — gTizkg—iapo exp(—m('o—l + %))
2
2 92
1
= ( z)ke_wpo(l ia— — (iapy + 4 pl)—).
5 2 'k

As in the above section, we deduce the terms py, p1 and ps by comparing the
coefficients of k°, k=2 and k™' in equation (4.3.45). Since it is difficult to compute
the above terms analytically, we also make use of the Computer Algebra to calculate

the eigenvalue asymptotic expansion. We follow the same algorithm as in the above
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section.

Since the zeros in this problem are double zeros, we have a quadratic equation
when extracting the coefficient of k° using Sage and equating it to zero. Human
intervention is needed to solve for p, since it appears in both sides of the equation

when using Sage. The extracted coefficient of k¥ is

—((—QieG(O) — QieG(a))ewpo + 9je(2iaro+3G(0)+3G(a) | 2@6(%G(O)+%G(a)))e—iapo_ (4.3.46)

By multiplying each term of equation (4.3.46) by z = €'%° and equating to zero we
get
26360 _ (1 4 @) 4 £36@ — g,

hence a quadratic equation in z. Thus using the quadratic formula we get

1+ %@ £ (1 4 6@ — 236(@)3(] 4 C@) 4 2626(@))3
p— 1 .
26§G(a)

z

Therefore after solving for py we get

2In(1 + %@ £ (1 4 %@ — 2626@)3 (1 4 ¢F@ 4+ 23%@)2) — 2In2 + G(a)
2ia '

Lo+ =

We then substitute py + back into the coefficients of k=3 and k~! and solve for P11+

and ps 4 respectively. The results are populated in the theorem below.
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Theorem 4.3.2. For g,h € C'[0,al], there erists a positive integer ko such that
the eigenvalues of the problem (1.3.1)-(1.3.2), where By = y(a) — y(0) and Byy =
y'(a) — 4/ (0) can be enumerated in such a way that A = iz, for k > ko, where the
[ satisfy the asymptotics

Plj: P2,+ 2
S —= k™
e = ook pos + 7T = + +o(k™)

where the numbers py 1+, p1+ and pa 4 are given by

2In(1 4 eC@ + (1 + %@ — 236@))3(1 4 G 4 2626@)3) — 2In2 + G(a)

0,4+ = .
Po,+ %2ia )

P+ = Oa
L(a)(1 — e?iaro)
P2+ = 2ia
4(m — me2iaro)
1 .
= (167 + WG(a)4 +16m(In2)* 4 8(2me%@ — 71n2)G(a)?
— 8(7 + 127 In 2% — 37(In2)? — 127> )G (a)?
— 32(r(In2) + 127 In 2e2%@ — 87e3%@ 1 2(7 — 37(In 2)?)e% @ — 71n2)G(a)
— 128(7 — 37(In2)?)e2¢@ — 128(7(In 2)* — 7 In 2)e%@
— 5127 In 2e3¢@ — 327(In 2)? + 2567e'“ @) I(a),

or
2In(1 + %@ — (14 6@ — 236@)3(1 4 5@ 4 2¢36@)3) — 2102 + G(a)
o= 2ia !
P1,— = 07
1
P2 = 6—4(1447? + 7G(a)* + 167 (In2)* + 8(27 — mIn2)G(a)? — 1287 (In 2)*

+ 8(117 4 37(In2)* — 127 In 2)G(a)? + 3527 (In 2)? + 32(67 — 7(In 2)?
+67(In2)* — 117 In 2)G(a) — 3847 (In2))I(a).

The above theorem concludes the sub-section. We have now computed the first four

terms of the periodic boundary conditions.
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CONCLUSION

The dissertation studies the asymptotic distribution of the eigenvalues of a sec-
ond order differential operators. We computed the estimates of the eigenvalues by
considering the differential equation with ¢ = 0 and h = 0. To improve on the
asymptotics we then considered the differential equation with g, h # 0 and comput-
ed the asymptotic eigenvalues.

The study becomes complex when one studies higher order differential operators,

that is for fourth and higher order differential operators.

5.1 Further Reading

For further reading and understanding of boundary eigenvalue problems and most of
the work carried out in this dissertation one can consult the book [12] by Mennicken
and Moller. There are several papers and books related to this study that were
published for further reading and consultation. One can also refer to the work of
Binding, Browne and Watson ([3], [4] and [5]) for further reading on topics similar

to the one under study.

In [3], Binding et al. considered the regular Sturm-Liouville equation

—y"+qy=2Ay on [0,1], (5.1.1)
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subject to the boundary conditions

y(0)cosa =y'(0)sine, « € [0,7), (5.1.2)

and

(' /y)(1) = f(N) (5.1.3)

for a class of functions f.

Binding et al. continued the work of [3] in [4] with ¢ € L'[0, 1] and where f()) is a

rational function of the form

N

fA=arx+b-Y be (5.1.4)

k=1 A — Cr

There are other several publications that one can consult in relation to the work
carried out in this dissertation.



Chapter 6

APPENDIX

In the appendix, we present the Sage code used to calculate the first four terms of

the eigenvalue asymptotics given in Theorem 4.3.1 and Theorem 4.3.2.

6.1 Code used for calculation of p; and p

in Sub-section 4.3.2

The code for calculation of p; and py for the separated boundary conditions By =
cos (0, 1) + sinay’ (0, ) and Byy = cos Sy (a, ) + sin By (a, p) is given below.
#Definition of variables used in the calculations
var(’x,mu,alpha,beta,p,p0,pl,p2,2a’);

#Definition of functions g,h,G,I,J and K

function(’g’,x);

function(’h’,x);

function(’G’,x);

function(’I’ ,x);

73



function(’J’ ,x);

function(’K’ ,x);

#Definition of deltalk] [0] and deltalk] [1]

deltal0d = (1+1/8x((i*mu)”(-1))*(I(x)-2*g(x))

+1/64* ((ixmu) = (-2) ) * (2% J (x)+K(x) ) ) *e” (1/2*G(x))

delta20 = (1+1/8x((~i*mu)~(-1))*(I(x)-2*g(x))

+1/64% ((-ixmu) = (-2) ) * (2*xJ (x) +K (%) ) ) *e~ (1/2*G (x) )

deltall = (i*mu-1/4*g(x)+1/8*%I(x)+1/64*((i*mu)”~(-1))*(2*J(x)+K(x)
+4xg (x)*I(x)-32xh(x)-16*diff (g(x))))*e” (1/2*G(x))

delta2l = (-i*mu-1/4*g(x)+1/8*I(x)+1/64*((-i*mu)~(-1))*(2xJ(x)+K(x)
+4xg (x)*I(x)-32xh(x)-16*diff (g(x))))*e” (1/2*G(x))

#Definition of the boundary conditions
cos (alpha)*y(0)+sin(alpha)*y’ (0)

gammall = ((cos(alpha))*deltall).substitute(x=0)
+((sin(alpha))*deltall) .substitute(x=0)
gammal2 = ((cos(alpha))*delta20) .substitute(x=0)
+((sin(alpha))*delta21) .substitute(x=0)

#Definition of the boundary condition

cos(beta)*y(a)+sin(beta)*y’ (a)

gamma2l = ((cos(beta))*deltall) .substitute(x=a)
+((sin(beta))*deltall) .substitute(x=a)
gamma22 = ((cos(beta))*delta20).substitute(x=a)
+((sin(beta))*delta2l) .substitute(x=a)

#Taylor expansions of e {i*mu_k*a}, e {-i*mu_k+*a} and 1/mu_k
#With pl = rhol and p2 = rho2.

rho0 = p0 = 0
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f1 = taylor(exp(ixp0*a)*exp(i*a*(pl*p+p2*p~2)),p,0,2)
2 = taylor(exp(-i*pO*a)*exp(-ixa*(pl*p+p2*p~2)),p,0,2)
£3 = taylor((1+a*(pO+pl*p)*p/pi)~(-1),p,0,1)

invmu = f3%ax*p/pi

#Computation of psil. The syntax expands and simplifies Psil.
#Thereafter, it expands the simplified equation again since

#Sage cannot expand and simplify in one line.

psil = (gammall*gamma22) .expand().simplify_full() .expand()

psi2 = (gamma2l*gammal?) .expand().simplify_full() .expand()

#Finding the highest mu-power in psil and psi2
#That is, finding the degree of psil and psi2 in mu.

degl = psil.degree(mu)

#Here we divide psil and psi2 by the highest mu-power

#to reduce the order of the equations in mu.

psidivl = psil/mu”degl

psidiv2 = psi2/mu”degl

#Substituting Taylor expanded 1/invmu for mu

#in simplified psil and psi2 from above.

psilsubsl = psidivl.substitute(mu=1/invmu)

psilsubs2 = psidiv2.substitute(mu=1/invmu)

#Now we simplify and expand the above equations

#and use the syntax like above for psil and psi2.

psill = psilsubsl.expand().simplify_full().expand()

psi22 = psilsubs2.expand().simplify_full() .expand()
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#We now do the second order Taylor expansions of the above
#equations to reduce the equations to second degrees, that is

#highest p-power of 2.

taypsill = taylor(psill,p,0,2)
taypsi22 = taylor(psi22,p,0,2)

#Computation of psil*e”(-i*mu_k*a) and psi2+e” (i*mu_k*a)

#Thereafter, we expand and simplify like above.

D1
D2

(taypsill*f2) .expand() .simplify_full() .expand()

(taypsi22xf1) .expand() .simplify_full() .expand()

#Computation of the characteristic function.
#Again we do the second order Taylor expansion

#of the characteristic function.

D11 = (D1-D2).simplify_full() .expand()
tayD11 = taylor(D11,p,0,2)

#Computations of rhol and rho2 by comparing the coefficients
#of p and p~2. We then get rhol and rho2 by
#equating the extracted coefficients of p and p~2 to zero

#and respectively solving for pl and p2.

coefl = tayD1l.coefficient(p,1)

rhol = expand(solve(coefl,pl) [0].right())
coef2 = tayDll.coefficient(p,2)

subcoefl = coef2.substitute(pl=rhol)

rho2 = expand(solve(subcoefl,p2) [0].right())
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6.2 Code used for calculation of py ., p1+ and ps 1

in Sub-section 4.3.3

The code for calculation of p; and ps for the periodic boundary conditions By =

y(0, ) — y(a, ) and Bay = ¢/'(0, 1) — v/ (a, p) is given below

# Definition of variables used in the calculations

var(’x,mu,ph,p0,pl,p2,a’);

#Definition of functions g,h,G,L,J and K
function(’g’,x);

function(’h’ ,x);

function(’G’,x);

function(’L’,x); #Here L stands for function I
function(’J’,x);

function(’K’ ,x) ;

#Definition of deltalk] [0] and deltalk] [1]

deltal0 = (1+1/8x((I*mu) " (-1))*(L(x)+2*g(x))
+1/64* ((I*xmu) = (-2) ) * (2% J (x) +K(x) ) ) *e™ (1/2*G(x))
delta20 = (1+1/8*((-I*mu) " (-1))*(L(x)+2*xg(x))
+1/64% ((-I*mu) " (-2) ) * (2+xJ (x) +K(x) ) ) *e~ (1/2*G (x))
deltall = (I*mu-1/4*g(x)+1/8*L(x)

+1/64x ((I*xmu) = (-1) ) * (2% J (x) +K (x) -4*g (x) *L (x) -4*h (x)
+16xdiff (g(x))))*e” (1/2*G(x))

delta21 = (-I*mu-1/4x*g(x)+1/8*L(x)

+1/64*% ((=I*mu) " (-1) ) * (2% J (x) +K (x) —4*g (x) *L (x) -4*h (x)
+16xdiff (g(x))))*xe” (1/2xG(x))

#Taylor expansion of e”{I*mu_k+*a} and e”{-I*mu_kx*a}
with pO = rhoO, pl = rhol and p2 = rho2
#Here ph =sqrt(p) (see p in the Separate boundary conditions

code above)
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flp
f2p

taylor (exp (I*pO*a)*exp (I*a*x (pl*ph+p2*ph~2)),ph,0,2)
taylor (exp (-I*pO*a)*exp (-I*a*(pl*ph+p2*ph~2)),ph,0,2)

#Definition of the boundary conditions y(0) - y(a) =0

B11
B12

deltal0O.substitute(x=0) - deltalO.substitute(x=a)*flp
delta20.substitute(x=0) - delta20.substitute(x=a)*f2p

#Definition of the boundary conditions y’(0) - y’(a) = 0

B21
B22

deltall.substitute(x=0) - deltall.substitute(x=a)*flp
delta2l.substitute(x=0) - delta2l.substitute(x=a)*f2p

#Computation of xil and xi2.

xil = (B21%B12) .expand() .simplify_full() .expand ()

(B11%B22) .expand () .simplify_full() .expand()

xi2

#Computing the degree of xil and xi2, the highest mu-power.

deglp = xi2.degree(mu)

#Dividing xil and xi2 by the degree of mu to reduce the order

of the equations in mu

xidivl = xil/mu~deglp

xidiv2 = xi2/mu”deglp

#Computing Taylor expansion of 1/mu_k

f3p = taylor((1+a*(pO+pl*ph)*ph~2/2/pi)~(-1),ph,0,1)
invmup = f3p*a*2*xph~2/pi
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#After expansion of 1/mu_k, we substitute mu_k

in simplified xil and xi2

xisubsl = xidivl.substitute(mu=1/invmup)

xisubs2 = xidiv2.substitute (mu=1/invmup)

#Expand and simplify xil and xi2 to read better

xill
x1i22

xisubsl.expand() .simplify_full() .expand()

xisubs2.expand() .simplify_full() .expand()

#Take second order Taylor expansion in ph to omit higher order terms

expll = taylor(xill,ph,0,2)

taylor(xi22,ph,0,2)

exp22

#Then expand and simplify again (Note: We always expand and

simplify for equations to read better

xi_1 = expll.expand() .simplify_full() .expand()

xi_2 = exp22.expand() .simplify_full() .expand()

#Computing the characteristic determinant

D= (xi_1 - xi_2).simplify_full() .expand()
Dexp = taylor(D,ph,0,2)

#Here we compute rhoO, rhol and rho2 by comparing the
coefficients of ph”0, ph~1 and ph~2
#We then equate the coefficients to zero and

solve for pO, pl and p2
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coef0 = Dexp.coefficient(ph,0)

#rho0 after manually solving for it from coefO
rho0 = (1n(1l+exp(G(a))
+(1+exp(G(a))-2%exp(1/2xG(a))) " (1/2)

*(1+exp(G(a))-2%exp(1/2%G(a))) " (1/2))-1n(2)+1/2xG(a)) /i*a

#The syntax to calculate for rhoO
#expand (solve(coef0,p0) [0] .right())

coefl = Dexp.coefficient(ph,1)

temp = coefl.substitute(pO=rho0)

rhol = expand(solve(coefl,pl) [0].right())
coef2 = Dexp.coefficient(ph,2)

templ = coef2.substitute(p1=0)

rho2 = expand(solve(coef2,p2) [0].right())

As indicated for the periodic boundary conditions, a human intervention is needed
to solve for py+ and ps 1.
Below is a small code used to calculate for p, . after some intervention. pg . is

calculated manually in Sub-section 4.3.3.

var(’a’);
function(’G’,x);

function(’L’,x); #L stands for function I

#Defining rhoO as calculated manually in Sub-section 4.3.3

for different signs.

PO = ((In(1l+exp(G(a))+sqrt(l+exp(G(a))-2*exp(G(a)/2))
*sqrt (1+exp(G(a))+2*exp(G(a)/2))-1n(2)+G(a)/2)))/(I*a)
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p0 = ((In(1+exp(G(a))-sqrt(1l+exp(G(a))-2*exp(G(a)/2))
*sqrt (1+exp(G(a))+2*exp(G(a)/2))-1n(2)+G(a)/2)))/(I*a)

#Defining rho2 that is calculated in the code above
#(Note that it is in terms of pO, hence a need to substitute

and simplify)

p2 = L(a)*(1l-exp(2xI*a*xp0))/4*(pi-pi*exp(2*xI*a*xp0))

#Simplifying for rho2 to get rho2 (i.e. not in terms of pO)

p2s = p2.expand() .simplify_full()

The above codes conclude the appendix section. A reader who is interested in the
results can plug the code step by step in Sage to get the numbers py, p; and ps

for the separated and pg +, p1+ and p, 1 for the periodic boundary conditions. The

package Sage is also available online for convenience.
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