Figure 3.4 : Misfit vs Iteration for some sample boreholes for L, and L, inversion 47
Flgure 3.5 : Kurtosis ... ........ PO e e 4D

Figure 3.6 : Misfit and kurtosis for L, and 1, inversion for a sample barehole .. 49

Figuee 3.7 : L, inversion for a sample borehole for different damping schemes . 51 |

Figure 3,8 . L, inversion for 4 sample borehole for different damping schemes . 53

- Figure 4.1 : Magnetic modei used to illustrate convergence propertles .. 56
* Figure 4,2 ; Misfit as 4 function of body horizontal position for the modef shown in
F[gurﬂ“-‘.] ........... P B T R R O S N A s ... e .. ------- 56

Figure 4.3 : Convergence as a function of body injtial horizontal position for the

model shown in Figure 4.1 .. ... .. R D .58
~ Figure 4.4 : Misfit as a function of body position for the model in Figure 4.1 .. 60_'

Figure 4,3 : Result of inverting the model in Figure 4.1 from_ a grid of different starting

positions_. R PR ERR [ PR 60
Flgﬁre 4.6a : A portion of Figure 4.5 éhown in more detafl ......... o 61
- Figure 4.6b A portion of Figure 4.6a shown in more detail ... - ...... 61 |
- Fgure 4.7 : The Cahfor 5Bl e e e e 63
cigure 4.7b :The_ Mandelbr.ot 1 . e e 63

Flgure 4.8 : Estimation of the fractal dimension of the basin of convergence of the

modef in Figure 4.0 ....... . oo e e 65
Figure 4.§ : Behaviour of inversion trajectories . .......... e 66
Figure 4.10a : The Newton-Raphson method of root finding ............. 68

-Figure 4.I0b : Using the Newton-Raphson. method to find the roots of 22 +1=0 68

X

[ TTE—




LIST OF FIGURES

Figure 1.1 : Example 2.5D gravity model . . . .. SO . e e 2
figure 1.2 : Inversion of one model parameter - local gradients e LB
Figure 1.3 : Misfit surface for the inversion of one model parameter ... ... 6
Figure 1.4 : Example of the genetic coding of a magnetic modef R A
Figure 2.1 :-Exémple magnetic model .. ........ e 17
Figure 2.2 : Mode! geometry e e .. - .. e 7
Figure 2.3 : Body properties dia['og_ i .' ......... O | . .. 24.- |

- Figure 2.4 : Selection of a bo&y ...... AU o 24
Figufe-z.s : Numerical body entry dialog ...l L Y

B Figure 2.6 : Numerical corner modification dialog . .. ... PR L. 27
Figure 2.7 : Dialog for editing thg remanent properties of a hody ... ... .. 29
Figure 2.8 : Bqdy movement dialog . P RRREE e e | 29'

Fizure 2.9 : Bady inversion dialég ............ B 3

_ Figure2.|6:Hardcopyoutputdialog.7.......‘.......' ..... 31
Figure 2.1} : Regicnal and anomaly fields . . . e e 33
Figure 2.12 : Regional fleld removal using Magzde . . ... . [ 33
Figure 2.13 : Data filtering options ... ... ., e e, .35
Figure 3.1 : Robust fitting of a straight line ... ... e 38

* Figure 3.2 : Locatlon of boreholes whose data is shown in Figure 3.3 . ... ... aé

figure 3.3: Sample borehole temperature perturbation cirves . ......... .. 44

Xi



5.6  Inversion of the density contrast of the body ...l .. 103
5.7  Pltacing constraints on the position of the body .. ........... Lo t0d
58  Inversion of multiple parameters simu.lta_neously e ... 108

5.9 - Using chaetic invetsion as an allternatlve to the Monte Carlo inversion

technique .. ......ulens R i 113
5.9 Using chaotic inversion to escape_local minima ..o R PEE
500 CONClUsions ... iiv i i PR I

CHAPTER SIX - PROPERTIES OF THE MISFIT SURFACE -
6.1 Introductlon . ... ... D S T T
'6.2__ Misfit surfaces R ....... P s M

6.3  Improving convergence by fitting quadratic Functions to the misfit surfade2l -

63,1 Choosing astep 5ize . ...oovvvvveveiviiar o, beaa (25
6.3.2 Effectofnolse ............ T . 128
6.4  Extension to higher dimensions .. .............0... e 130
6.5  Avoidance of loeal minima .. ........... ....... P |36
6.5.1 Efect of noise ... ... ..., FTTUE T L4z
6.6 Conclusions ....... PP o2

CHAPTER 7 : CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH . 47

CREFERENGES .. oveeveneene e T 150



CHAPTER FOUR - CONVERGENCE PROPERTIES OF INVERSION:

4.1 Introduction . . ... .. e e 55
4.2 Corvergence ,...... PR o T e 55
4.2.1 Inversion of one paraméter ...... B P o ss
4.2.2 .fnversion of two parameters . ............ O, o, 51 -
423 Fractals .. ..ooiil I PERTTI .59
.4.2_._4 Fractais an_dllnversion e e . e 62
.4,3 E.ffe'ct- of damping the invérsion . e ; ...... . .. ....... 69.
4-_4 Conclusions.....'.'...... ...... USRI 72

CHAPTER FIVE - ASPECTS OF CHAOTIC DYNAMICS IN THE INVERSION OF

GEOPHYSICAL DATA .
S IOUCHON « « v v v v e e e e et e e e e e e e 74
| _5;2 : Chaot_ic dynarﬁlcs and verSioN ... e e e e 75
5.3 Generatio'.n of chaotic inversl_o_n N N | vl 15
54 Inversion of the horizontal position'of the body ... G 77
5.4.1 Elfur;:at[ons ....... e 80
5.4.2 Transient behaviour . .. ... .ovevorn.. .. ............ 87
5.4.3 Fourlér analysis of tﬁe Moton ... 89
5.4.4 Lyapunov expomemLS ... ... .. i.eih i eiei ey 9l
5.4.5 Phase space reconstruction . .............. e 93
5.4 6 Correlation dimension ........ .. e, D
5.4.? Damplng .. ........ e e . N [

5.5  Invession of the angle of rotation of the body ..... PPN L. 102

iX



2.5  Description of Mag2de and Gravzde e 22

2.5.1 Model editing options , ... ... e IR 23
2500 Changing the body properties . . ........... 2
2.5.1.2 ” Adding a new body to the model .. e | .o 26
2513 Changfng the shape of a body ... ......... 28
2.5.1.4 Changing the remanent _rnagr_letisatioh of a b , 28
2515  Options that = .cct the entire body . R .. 28
2.5.2  Inversion o;ﬁtidns e . . .. 30
 2.5.3 Miscellaneous opt_ioné e .. TR 30
2.5.3.1 Model output. . ... . ... e SR 11
2532 . Modifying the regional fleld .. ... ... ..., 32
2533 | B Filte.ring the fl_eid.data ...... TR 32
2534  Changing the way that the model is displayed . . 34

26  Conclusions . .......... P PR 36

CHAPTER THREE - NON-LEAST SQUARES INVERSION

3.l Introduction . ..o oo v v vt e e e et ar

3.2 Borehole temperature data .. ... ..o 38
33 The forward model . ........ e, 41
3.4  Inverslon . ... ... e e 42
3.5 DAMPINE + oo vr ettt in e et i e e . 48
3.6 Conclusions . ........... .. T e 34

ilf



CONTENTS

Page-
Declaration . ....... ...................... i
Abstract ... ... AR AU ST i
...Ded[catiori_.......'.._. ......... ..... v
ﬁcknowledgements.'.............;'.._.- ....... P A vi
List of figures ... .. ..., U U xi
List of tables ........ i ..... e e . N
Philosophy.... ......... ......... il
CHAPTER ONE - INTRODUCTION -
k1. Forward and invérse medelling ..o Lo s e
(.2 Linear and non-linear IVRISION + v v eenns T e 3
1.3 Matrfx inversion tethniqﬁes ..... S U
- 1.4 Ridge-regression . . . R : e '. . 8
1.5 - Local minima problems IRETRTRRO R T L 10
1.6 Qther techniques ....... R PR Lo
[.7  Description of the wark undertaken in this projer_:a. e e 12

CHAPTER TWO - OBJECT ORIENTED GEOPHYSICAL SOFTWARE DEVELOPMENT

Z0 0 IRUOAUCEION « v v et e e e e 14

- 22 Object quented programming phl[o_sophy ....... e 14
2.3 Applihauon' to gravity wnd mag_netic modelling ............. S
2.4 Calculatlon of the forward mod'el. e DI L 20

vil



ACKNOWLEDGEMENTS

| would like to thauk my supervisors, Dr. A. Cichowicz and Professor C,
Wright. 'for their halp, 'assistahbe. and suggestions throughout this projeci. ! would
tke to thank_ Dr. M.Q.W. Jores for suggesting. that | st'udy the inversion of borehole
temperature data #nd for his guidance with this portion of the -prbject. b am also

grateful to Lyn W_h.itﬁeld for doing_some of.t'he draughting work invalved.

i



TO MY PARENTS



ensure that a broad range of possible solutions was exartined hy the inversion, and
“to escape from local minima when these were encountered. Chaotic inversion can be
used as an alternative to the Monte Carto technique, over which it has some

advantages.
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ABSTRACT

Inverse theory provides an irﬁportant tpol that _the geophysicist can use to
explore the structure of the Earth, This thesis examines several new appréaches to the
inverse problem, and suggests Ways of improving the conventional least-squares
technigue. Nan least-sguares inversion was applied to borehole temperature data from
Seuth Aftica, and when the norm of the inversion was'coﬁtrolled-by the statistics of -
~the misflf, it reduced by over 50% the ndmber of [térations _required fﬁr thg invers_ion
to conQerg_é upon a solution. Various dan-ipl‘ng schemes were- also examined, and the
use of the misfit in .controllin'é tﬁé damping Is shown to p.rovide the bés"c éol_ut[bﬁ of

those studied (Cooper and jones, In press}.

I_'mprove.ments'to the efficiency of the inverse process weré also achieved !x:;» :
the fitting of parabolic forms to portions of the misfit surface, using both the misfit
value and the gradilent of the surface, for gravity data. The presence of neﬁrby minima.
| other than the one that the nversion has just converged to can also be deter_:tacl in

~ this manner,

The set of initial models that converged to a particular solution using least-
squares inversion was studied for magnetic data, and It was noted to have a fractal
nature, The _fr_actal'dlrnension of the set was found to be inversely propartional to the

“damping of the inverse probiem.

The inverse process was pushed into a chaotic state by the modification of thé

least-squares inversion equation. The chaotic state was studied, and ekpldite'd' to
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Since the inverse of an orthogonal matrix is [ts transpose. the iniverses of U
and V are calculated trivially. The inverse of a dlagonal matrix Is another diagonal

matrix whoss non-zefo elements are simply the reciprocal of the origi val matrix. 3o

.
-

2z Videgidplu (8
Hence the inverse of ATA may be easilly found once the matrices U.V.I and W .
‘have been -ca!culéted. If ATA 1s singular, then some of the s_rné!_!er yalues.c'af W, will be
incorrect-and will produce an invalid sofution. To counter this .proh_lem, the smallest
values of “v;are sét .to zero, which has the effect of damping the inversion. When
uSIng'single pfeclsion (4 byte word In Microsoft Fortran) variables, the-si_ngular'value
cufoﬂ’ is normally set to | 0® ; that Is, any values of W, that are less thén 107 of the
biggest value of W, are set.to zero. Although this is throwing informétion away. the -
values of W, that are discarded are assumed to be invalid. The basic idea is that the
| _parame'ter change vectar that correspond's to a very small value .af'W'.' will be very

large, and probzbly erroneous,
SVD can additionally be used to counter the numerical inaccuracies that arise
in the calculation of ATA when A is a large matrix Instead of solving aquation 1.3,
* equation 1.9 is used (Lines and Trefte!, 1984);
P £ Ale o (1.9)

| '  Using SVD to calculate the inveise of A gives ;
l | 8



co'nvefge oit the required solution. The solution is reached in an terative manner
'_because the focal gradient of the misfit surfacé is used, which is generally not the
same as the gradient t.hat would optimise the model the most effectlvely. Figure 1.2
shows the situation. in the gravity model shown in Figure [.1, the dens'ity contrﬁst_ -
is a linear ﬁarameter Whila'fhe positi_on o.f the body Is 4 non;linéar pafameter. The
greate.r' the degree of non-linearity that is present in the model, the 'greétef the
| _difﬂculty that inversion schemes such as equation |.3_ will have, sin_cé they assume

lingarity. -

1.3 Matrix lﬁvertzi.on Techniques

The inversion of the-matrixﬂfn can cause problems.. Simple technigues such
as Gauss-jordan elimination (leffrey 1979, p.3_89) can produce unstable solutlions if
A'A is singular, that is one of the rows or columns is a multiple of another. When
rﬂatrices are inverted numerically (using computers, for éxampie), additional problems |
can occur. One row or column may nat bé exactly a multiple of another._ but they
rna? he éo similar that ﬁ.umerica_l roundoff error ma_kes the matrix singular. Another
problem is that roundoff errors can aqculmulate duting the tamputation, and this can
caljse the mattix Inversion to produce the wrbn-g solutions. This is particularly likely -
if the m.atrix A'A is large (Lrnés and Treitel, 1984). One solution to these problems
is to use the procedur'e of Singular Value Decomposition (SVD). This. cah be used to
invert "a square matrix Z by spiiu‘.tir-l.sgr it into three other matrices UV, and W, where

U and V are orthogonal and W is diagonal (Press et al 1992, p.51)..

z = oUWV (.n



Figure 1.2 : Inversion of One Param_etef - Local Gradients
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tn certain sltuations, such as tomography for example, some mndel parameters
. are overdetermined while others are underdetermined. The inversion process also
produces an estimate of the uncertainty with which each parameter is known. For the

overdetermined sitﬁation the covariance of the solution given_' by ;
[cov ] = o (ATR)" e

Where a? ié the variance of the field data (Menké 1989, p.58). Unfortunately,

'the' geo_physical prqhiefn I.'s hot so simply solved In practice, and fheré are many
di'ific'u'lties-(seé section 1.5 for exa_mple). Nevertheless, inversion Is a valuable tool that
is used routinely by the applied geophysicist in his daily work. It has been épplied to
almost all aspects of geophysics, including reflection séismology (.Cohe.n and Bleistein,

1979, Coéke and Schnetdér. ] 98_3). seismice refraction (Ham"psnn and _Russel. |984).
gravity data {Oldenburg, 1974), resistivity (inmlan. 1975), and eleciromagnetic

methods (Qrisiaglio and Worthington, 1978 Constabl_a.' Parker, and Constable,

1987).

1.2 Linear and Non-Linear .inver_sion

In 2 linear system the output scales with the i'npu't. that is , for a system f,
[ = fg » then afy -k (Plppard 1985, p.40). If the geophysical response of the
model to a pararﬁeter is linear, then equations 1.3 and 1.5 will produce the model
parameter values P that minimse the misfit directly. If however the respohse (5 non-
lineat, then equations 1.3 ahd I.5 will at besf produée a set of parameter changes.dP

to the original mode! that result in a reduced misfit, and must be used iteratively to

5



that can fit the data Js estimated Irstuiti-iy by the geophysicist as the madelling is

performed.

In inve.rse model.ling. the field data are analyyud ma'-.tr.-amaticélfy' to produée a
- madel that will fit the data, The parameters that are to be Inv'erted: are selected, and |
.a_n initial vatue (starting guess) for each is provided. The salqtinn that best fits the
data in a least-squares sense, when the madel response Is a linear function of thg

model baraméte’rs '(see.secti;in 1.2), is then given by (Lines and Treitel, s 98_4]'_':
P = (A'A)'Ale _ N ()

- where e is the n point misfit {or error) matrix between the model and the data given
by _ -
& = Q- G .([.4}
and O, and €, are the observed and calculated data value.s at point & The super’scri;ﬁt-
T represents the transpose of a matrix, and the superscript -1 represents the Inverse
~of a matrix. The total misflt (as plotted in Figures 1.2 and (.3 for exampte) is
nY® e’ .Equatio.n |3 deflnes the Gauss-Newtar or Moore-Penrose method, and
| .Js the .solution_ for the ovardetermined case, where there are mbr_eﬂeld data points.
_ than theie are mode.l paraméters (l.e.n>m) . If theré. are more parameters than data

points then the model parameters are underdetermined, and the solution is given by

© (Dimri 1992, p.53)};

P=APAYE | )



situation Is made wors.e.by the fact that the field data are sampled at a finite set of |
- discrete positions, and at these positions the data measur{srﬁents are cuntaminatad
" by noise from many sourc’es._Some form of prior knowfedge about the range of values
- that the mo_clel parameters (such as the sﬁape and position of the bodies, for example)

are allowed to take on can constrain the number of possible solutions (Menke 1989, |

p.49),

in forward modelling, some of the parameters arz varied to determine the eff.
on the model. Eventually the calculated fesponse from the model will match the field-
data, and the model will be deermed to he a possible representation of the physical

structure of the Earth, $o ; _
o= o oy

where O s the m point matrix of observed fleld data, P Is the n point parameter
matrix, and §(P) is the response of the model which is described by the parameters

- P. When the response of she model wo the parameters s linear (see section [.2) then

ap W O - : . (1.2

 where A Is termed the data kernel (Menke, 1989 p.9).

Because of the problem with non-uniqueness, if possible. sevesal different
_geqphyslcal methods would be used together with data -from boreholes and

constrairts from surface geology to minimise errors in the the 'modé[ pardmeters, The fangé. of models

3



Figure 1.1 : -Example 2.5D Gravity Model

“The solid line in the upper partion of the plot shows the calculated gravitational response of the
* polygonal bodies in the lower partion. The chserved field data is shown as 4 serles of asterisks

* and the bady density contrasts (in g.ont®) are shown In the centre of each body.



CHAPTER | : INTRODUCTION

The determination _of the structure of the _Earth has been a problem central to.
~ geophysics for sb'me time. There are many different geophysical me_thod‘s_available.
~ such as seisrho_ldglcal (e'arihquake and controlled éourée}, magnetic, - gravity, |
_electro_magnetic, and others {see Telford et_ai. E990).. All the methods explolit: thé
contrasting physical properties of different types of rocks in such a way as to yield
- jnformation about tﬁe-geolo_gy of the subsurface. Measurements are. made of some
quantity, such as the strength of l_;hé, geomagnatic' .ﬂeld. and thes_e measurements are
| | then analysed, é process which generafly involves the use of a computer ta reduce the '
data (for examplg.. to correct for kniown factors such as i'ns.trumént drift), to filter the
“data (to"ré.m_ove or suppre's's unwanted noise}, and then to derive a model of earth

stricture,

(.1 Forward and Inverse Modelling
Figure 1.1 showé an ekarﬁple of a gravity model. The up'per portion of the
figure shows a line of asterlsks * which show the valie of the gravitational fleld as.
measured In the field (after data reduction and regional field removal), .and a solid line.
The latter is the theoretical gravitational anomaly proditced by fhe polygonal hodies

in the lower half of the figure. The density contrasts of the bodles (in g.cm™) are

superimposed upon them, Details of the mode! geometry and the calculation of the - |

ano'maiy are given in section 2.4, The object of modelling is to find a body which will
cause an anomaly that fits the observed field data. Unfortunately, gravity modelling
(and geophysical modelling in general) is non-unigue i.e. there will be a range of

| different models that will fit the data equally well (Lines and Treitel. 1984), The

1
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CEnd; = ' '
If Body[BodyT}.Hidden=False then For Polnt:=l to
NoChsPts do MagC”[Point] :=MagC*[Point]
~Body [BodyT] .Magnetics [Point};
- Calculate (BodyT) #
End: C
- End;

The method checks to see if any corners of the body are tled to any corners
of other bodies, If a corner of a body is tied to that of anothet body, then movement
of_ elther will cause the movement of both. This allows the easier modification of

'reginns where anomalous bodies abut onto one another. This code performs the
.movement_ of the tied tﬁorner and thé recalculatidn of its anomaly. The BreakLinks
‘method In the body oblect breaks all such links assaciated with the body when -
required. The total rﬁagnatlc anomaly for éll of the bodies that make up the model is
stored in the array MagC. It is considered bad prog’raumr. ing practice to access the |
data fields of an object directly, without using thé; methnds associated with that

object.

Each dialog that is used in Mag2dc and Gravide to request infbrm'ation ofany -

~kind from the userIs also an object. They will be discussed in detail below.

| 2.4 Caleutation of the Forward Model

Both Mag2de and Gravade use a 2.5D algorithrﬁ .L'o caleulate the magnetie ..
figld -énomaly.. produced by the causative bodles. The profile direction is assumed to.
cut the bodies being modelled at 90 degrees, the bodles themselves being represented
by pulygonal shapes of up to 50 sldes. The profile bisects the bodles, which e_xl_:end'

along strike an equal distance. Flgure 2.2 shows the mode! geometry,
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Body [1] .Move (10, 20);

The code for the Move method is shown below :

Procedure TBody.Mova(Dx,DyiReal);.

Var
. 1 Integex;
Begin . ) _ :
For I:=1l to NoCorners do
Begin '

1f Corners'l].Ypos + Dy <0.0001 then Dy:=
" ~Cornerg (1] .¥pos + 0.0001; .
_ nd; - . e

Fgr T:=] to NoCorners do Cornerg[l].Move(Dx,Dy);
End; ' : .

.Thé method checks that the movement will not bring the body above the
surface of the ground, a.d If this Is the case then It reduces the vertical movement
accordingly. Then it calls the Move method of the Corners object to perform the

actual movement. The Mave method code for the corner object is ;.

Erocedure TCorner.Move(Dx,Dy:Real) ;
ar
TempC, Point 1" Integer:

Begin
Apos iwXpogDR
Ypos:=Ypos+Dy;
If Tied=True then
Begin _ ' - :
Body [BodyT] .Corners [CornerT] .Move (bx, 'y} ;
If Body[BodyT].Corners(Corner?],¥pos < 0.0 then
Body [BodyT] .Corners [CornerT] . Ypos:=0,0001;
If CornerTs]l then
Begin
TempC s =Body [BodyT] JNoCorners;
Body [BodyT] . Corners [TempC] .Xpos;=
Bory [BodyT! .Corners [1] ,Xpos;
Body [BodyT} .Corners (TempC) . Ypos:=
Rody [BodyT] .Cotners[l] .Ypos;
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End;

The body is an object of type Toblect (f.e. Tobject is its ancestor type), which

Is the most primitive type of objéct available In Turbo Pascal. The variables that
| describe the body are listed first. As well as details describing the s_usc‘eptlbui_ty.
remanence, $triké length and the a.nomaly produced by thé'body. information |
pertinent to inversion Is also stored (such as whicﬁ parameters of the body ére to be
K inverted, and the lim_fis that are 'to.. be set upbn theif valdés). The procedures (knd_wn
© a8 methods) are. listed last, and aré used to move and 'rot_ate”the 'body. The pﬁrpose
of the Const_ructor init 1 to allocate any memofy. reﬁulrad by tne body and to
' i_nitfailsé all of the varlables that are used by the body. H necessa;y.. 2 Destructor coud
also be used, to release the mémory used by the body when the body was deleted
from thie model, The definition of the body makes use of another object type called
TCorner, which describes the behaviour of the verﬂces of .the body. The code for this

abject s listed below ;

PCorner="TCornexr; _
Teorner=Qbject (TObject)
¥pos,Ypos - t Real;
Tied _ . 1 Beolean;
Body?, Corner? i Integern
InvHG, InvVe ' : Boolean; -

Constructor Init;
. Procgedure Move (Dx,Dy:Real):
End;
As an example of how this object is used, suppose it is required to move body

| 10m horlzontally and 20m deeper. Then the program statement would look Iike ;



Figure 2.1 : Example Magnetic Model
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‘Figure 2.2 : Model Geometry
| y

Zy

A sample body Is shown superimposed on the model geometry, It Is of po[ygoﬁél cross-section |

and has corners (4, z;). It lies at 80 degraes 1o the X axis, and extends to & limlted extent on gach
side of it. The cther terms are described in the text
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OOP has proved useful when applied to a wide varléty of different problems,

such as control systems (Bricker 1990 ; Gowan 1'991). voltage network deslgn

~ (Nicolson, 1v.3), real-time software (Baas, 1993), and many others, Studies have

been performed that show the superlority of the OOP approach over more traditional

structured programming technlques in marty _situations ( Meyer 1988 ; Nitch 1992).

- 2.3 Application to Gravity and Magnetic Modelling

- An e#camr}le model is shown in figure 2.1 , Mag2dc uses a Talwan algorithm

(which Is described in section 2.4) to calculate the 2.5 dimenslonal anomaly over a

number of bodles of polygonal cross-section which lie at 90 degrees to the profile

direction. These bodles are shown in the lower portion of Flgure 2.}, The upper
portion shows the r.al_cu]ated magnetic anomaly from the mode! (the solid |ine} and

the fleld data ({the Ilne'_of asterlsks *).

The bodles that make up the model are shown in the lower poftion of figure
2.1. Each body In the model is desctibed by an object, which cont_ai-ns'déta about the
body (such as its susceptlbillty or strike length) and proi:edures that act upon It (to

mave or turn it, for example). Sample code descrlbtng a body Is shown below ;

PBod y="TRody;
_TbodyHObject{TObject)

Suscept, Inten, Inc, RemAng, Strike ! Real;

Smin, Smax, Huin, Enax, Vinln, Vinax : Real:

RotMin, RotMay 1 Realy

NoCorners ¢ Integenr:

Remanent, Hidden, Invs, InvH ¢ Boolean;

Invv, Ierot ! Boolean;

Corners : Array[l,.Machnrners] of TCorner;

Magnetics i+ Arrayll..MaxPts] of Real;:
Constructor Init; _

" Procedure Turn (Bngle;Real};
Procedure Move (dx,dy:Real);
Procedure BreakLinksy
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These alms are achieved by tightly integrating the data and the procedures that .
~act upon_lt. In the form of an abject, This is known as encapsuEatIoﬁ. Objects can be
used to build other objects (known as the desce'ndmrts of the original ancestor object)

which have access to the data and procedures of the original objedt.

Pascel is a strongly typed language, meaning that the nature (Integer, r'eal.: etc)
of all variables. must be defined in each procedure. This helps preverrt problems with
varlables of different types being mistakenly assigned to each other. or variables of
Incarrect (in the sense that the type Is different to that expected) type being passed
to a procedure or funcion. Languages such as Fortran and Basic do not tequire that
the type of a variab!e is explicltly specified befo_re It .is used, Turbo Pascal for Windows
adds OOP functionality to the P_ascel' Jangtiage. As well as a_ncapduiati_on and
inherftance, it also supports pofymorhpfsm. whereby several dtfferent coples of a
procedure can exist, and the decision as to which is cafled depends on the I:ype of the
data that [s passed to it. Because the data type may not be-known untll the program

s run, the decislon as to which procedure to call cannot be made until this time,

Other OQP compllers that are commerciafly available Inciude C++ (which is
C with QOP enhancements, avai. sble from Microsoft, Bor[arrd. and Zortech. amongst
others), Delphi (from Borland - which became avallable In late 1995 after most of the
software used in this project had been written), as well as older languages such as
Smalitalk. LISP, Prolog, Modula-z. and Ada, Not all of these Ianguagee previde full
QOP functionality however, and the use of OOQFP facilitles rs not ahways made -

compulsery by the cempller



CHAPTER 2 : GEOPHYSICAL MODELLING SOFTWARE DEVELOPMENT
USING THE OBJECT ORIENTED PROGRAMMING PARADIGM

- 2.1 Introduction

| Software to model and invert gravity and rﬁagnetic data was developed as an
._ integral ba'rt of tﬁis -'prdject. The software made extensive use of object orfented
-tachnlques whic.h proved well sulted to geophys[cal problems T urbo Pascal 1.5
(Borland 1992) for MICI‘OSOﬂ: Windows 3. l Wis used as the development language '
~ because of its impiemen_tatlon of the abject orlented programmmg philosophy, and the
speed of execution of the resulting code. Commercial geophysical software cbuld not

~ have been used In this project because the source code Is not made avallable to us'ers_.

2,2 Object Oriented Programming Philosophy

| Softwaré development Is an extremely labour Intensive process, Software costs
-can_' easily exceed hardware costs In a project, particularly s[ncé ha_rdxkare (such as
processors, memory; and disk space) becomes cheaper and more ‘powerfil as
techinology Improves, Object orlented programming (OQP) is a way of wrlting and
debugg!ng. structured programs that are easier to test and maintain (and are thereforg
cheaper to produce) than non-QOP programs, OOP al_so'attempts to make cotle mors
reusable, tht.xs. red_l.icing development costs further, Since malntenance of software can
make up as miuch as two-thirds of the total software development costs (Steward, |
1979), strategies that alm to make the maintenance of code as slmple as possible are

particularly useful,
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considerably, Chapter 6 describes the use of knowledge of the shape of the misfit

surface for the sanmie purpose.

. ¢ Tolook a_t.local minima oroblems in detall and to see what strategles could be used
to get around th.er_n_. Chapter 4 exam[.nes' the nature of the set of models that
_ converge eo'e glven minimum for magnetic data. C-hapter 5 uses chaotlc dynamics Lo
" ensure that a large range of possible rnodels is sampled during the irlversion. so that
the probabillty of convergence toa tocal mifitmum rather than the global mlnrmum |
s reduced Chapter 6 dlscusse¢ usrng knowledge of the shape of the misfit surface to
determine whether anothes mlnimum exists adjacent to the one that the Inversion has

just converged to.

Throughout this project the alrn has been to enalyse_ mathematical 'aspects of
. Inverse theory. It was not the alm of the project to perform any kind of geological
Inrerpretation of geaphysical data using inverse methods. The concept was Lo develop
tools that would be of use to.others'_ sueh as geophyslc_lsts or geologlsts, in their
work, The demonstrailon of the technigues presented here has mainly been performed
an synthetic data, slnoe_l_t [5 easy to construct .problems (such as local minima) that
are bath difficult or lnsoloble for standard.lnverse metheds, and which simultaneously '.

allow the principles of the new rnethods to be clearly seen.

In this thesis the standard procedure of referencing work by other guthors
where it has been used has been followed All non- referenced materlal is the wark of
the author, or Is considered common knowledge (e g the equatlon far the roots of

. a quadratic equation).
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random mutationis have pfoduced a benefit to the model {i.e. improved the fit) are
retained, while_ the models that have been harmed (j.e. that have made the fit worse)

- are discarded.

| OOEECREECNC SCMRCCCECR COOR

X Y - susceptibility

- Figure 1.4  The horizontal and vertical position of a body, and it sds_ceptii;ility. are encoded as 'I:h_ree
pottions of & binary string, A solid square M represents a binaty |, and an empty square C1 & binary
zera, The more bits that'are assigned to store a particular parameter, the greater the resolution with

which that paramétgr can be known,

- 1.7 Description of the Work Undertaken in this Project
The aim of this project was o att.ack the problem of the inversion of
geophysical data from several different éngies. and it (s therefore split fnto se.veral _

distinct portions ;

a. The magnetic and gravity modelling ptograms required for chapters 4, 5, -and 6
necessitated the writing of large quantitles of software (slnce the source code of
commercial software was hot availahie). and a description of the software and_ the

object-orfented methodologies used [s glven in chapter 2 S

b. To find ways to Improve the efficlency l.e. improve the. speed of convergence, of
inversion. Chapter 3 describes the appli_ca_tion of non least-squares inversion toa set

of bor_ehdle temperature data collected in South H‘friéa,_whlch i'mprove_d fhe efficlency
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simultaneously, then the gravity (with anomalies of the order of tens of mgals) will
_be dominated by the magnetics (with anomalies of up to several thousand nT} unless

some form of scaling is performed (see section 5.8).

1.6 Other Techniques -
Psn mversmn method that is often used when the model response is too non-
linear for the Gauss-Newtun method to work effectwely is the Monte Carlo techn]que.

_ This mvolves running hundreds or thousands of forward modeis with parameters

chosen random!y and then selecting the ones that gfve the best it (Press, !969) Thls' '

'_ method Is no‘t llable to local minima problems, since each model that is run s

independent of the pr_evidu_s models. 1t hag the disadvantage that it requires large

amounts of computer'processing time to run the forward models. Anderssen et al -

(I 972). applied the technique to modei]'ing the density of the Earth, and modifled it

statistically to ensure that only physically realistic models were generated.

A vartation on the Monte Carlo method, cafled genetic algorithms, has been

used succgssfully- with geophysical data (Horne and MacBeth, 1994, Sambridge and. '

Drijkoningen, 1992). In this method the models are encoded into binary strings in an
analogous manner to human DNA (see Figure 1.4). The models are theh bred

together, and the ones whose response fits the data best are retained and bred further

{'survival of the fittest’). In addition a random element is added to the process by the

'swttching of a single bit in a certain proportion of the models. This simulates random

mutations caused In DNA by radittlon, The 'radiation level' can be varled by

controlling the rate at which random bits are swapped. The: mode[s in which the
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1.5 Local Minfma Problems

The ridge-regression and Gauss-Newton methods are both prone to local
miﬁima prqblems. The ot_:jéctive of the inversion is to find the model whose response
has the best fit to thg data, blut it frequently happens that instead of reaching the set.
of pa'ra.meters that prdduce the srﬁallest misfit possible (the global'mintmum). the
inversion bacomes stuck In a Jocal minima on the misfit surface. Figure | 3 shows the
problem for the case When ther.e.is only one 'mod_et parameter being ih\{erted. From
- the starting point 1 fhe inversion _-reduces'thg'misfit at first, until the parameter
'reacﬁes the pdint P.. The globai minfrnUm at Py cannof be reachad from F,, since small
perturbat.i'ons to the valué of P about P, result ih a wdrse misfit, IF hoWeQer the
inversion had beeh st’érted fr.om point 2 then it would have éonverged suc;essfully to
the global minimum Pg. In general, if a'podr initial mode} is used then theré is a

greater Jikelihood that the inversion will become trapped in a local minimum.

Qne use of inverse theory that can. 'partiall-'y hélp in solve the local minima
proﬁtem is the joint inversion of two geophysical datasets thai ve. - the same
- geology. For example, rhaﬁnetlc and g.ravity profiles over an ore bady cin be inverted:
simﬁttaneouély (Menichett! and Guillen, 1983), Such joint inversion can be useful,
since ihe inversion may take one parameter out of a lotal minimum of ong data type
in t.he course of modifying another. In addition, since the noise present in the two
_data'sets will be uncorrelated (depending on the typas of data used), its effect will be
reduced, C.are must be taken whén_ applying j__oin_t i.nversion to scale the datasets .
carrect_ly. or the data with the greatest numerical values will tend to dominate (Vozofi

and Jupp, 1975). For example, if gravity and magnetic data afe to be inverted
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P = -V[diag(ifwi)IU"e - (1.10)

(.4 Ridge-Regression
Despite the use of SVD, the inversion of the matrix ATA may s_till-_cau_se'
problems i.e, generate invalid models. One solution is to use the techmque of

Marquadt Levenburg {Marquadt, 1963, Levenburg, }944} sometimes referred to as

' r.dge—regression (inman, 1975), Equation 1.3 is modified to become ;

P= (WA + kYA BN

where k is a constant ahd I is the identity matrix. The factor k acts ta damp the

inversion, preventing P from assuming arbitrarily large values when ATA s singular,

It works by placing an upger limit on the parameter change vector. However if the

- model response is a non-linear function of the parameter's values and hence the

inversian process [s iterative, then the greater the value of &, the slower the inversinn _
will converge to the minima. Even if the Inversion is linear with respect to all of the
model parameters (see section 1.2} more than one iteration wiil be required for

convergence to the minima If the value of k is non-zero.

The value of the constant k affects the size of the model (where the size s
given by P'P) as well as the dampihg (Menke, 1989 p.52). The larger k is, the smaller
wil} be the resulting model In general, but setting k too large can sesult in too slow

convergence of the inversion. This is investigated in detall in chapter 3.



Figure 2.5 : Numerical Body Entry Dialog
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checked,

2.5.1.3 Changing the Shape of a Body
~ This can be peft‘o_rmed by <licking wlith the mouse. on the corner that is to be
~ moved, then 'r:licking on the new position, which will cause the model to .be
fecalculate_d and updated, Alternatively, the new coordinates can be entered
'numeriéal!y.' Bod'y corﬁérs tﬁn be added or deleted by clicking upon them with the "
mou  Flgure 2.6 shows the numerical corner modification d[ﬁlbg. This method Is |
neceslsar.y_if bedy corners are to _be_ rﬁoved off the ends pf the profile {to prevé_ﬁt edge

effects), sin.c the mouse cursor obviously cannot be moved offscreen.

) 2.5.1.4 Changing the Remanent 'Mdgneusa_tfan of a Body
Remanent magnetisation is the magnetisétion that the body would possess
In 'th_e absence of any external magnetic flelds (Blaket., 1995 p.sé). It is a vector
quanti_ty. but rarely has sufficlent magnitude to alter_t_he resultant _field' direction frdm_
that of th_e- geomagnetic ffe[d by a significant amount, In Mag2de (t is described by. |
_ "three parameter§ ;an Intené.ity {in nT), an .Inc'linat!'on from the horizontal plane
[ppsitive downwards}, and a horlzorntal plane angle (degrees clockwise fmm.magnet:c '
- Narth). The diateg Is shown In Figure 2.7, Inversion of thé remanent parameters cah

alsa be performed from this dialog.

2.5.1.5 Options that Affect the Entire Body
Available editing optfons that affect the whole body (as opposed to just the

pasition. of a corner} Include moving, ro_tating. and copying:[t. The move dialog (s
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projected from the cursor position to a point outside of the model, Fach side of the

polygon making up each body In the rhod_el is then checked to see If it Intersects this

line. If there are an odd number of intersections then the point lies within the body
currently béing tested and this b_ecames the c'u_r'rent body. If there are an even number -
 of Intersections then the point lles outside the body, and the next body [s checked.

_This pfocess works no matter whether the body Is concave of convex. _Figure' 2.4

fllustrates the process, .

“The calculations involved are computationally trivial and the user is aware of

no d_elay between double-clicking on a bedy and the pro- “rifes dialog appearing:

~ All dialogs used in Mag2de and Grav2dc are moddl. L& the user Is u_nablé to
perform any ottier action with the 'program {except putting it into the hackground)

until the dialog is closed,

2.5.1.2 Adding @ New Body to the Mode

This can be done either by clicking onscraen at the desired (ocatlons of the
body corriers in 4 clockwise manner (the cur.sor'positioh Is shawn onscreen, and in
addltion the corners can be made to snap to a user-defined grid If desired), or by

entering the body corners numerically onscreen In a diaiog, or by reading in the body

" caordinates from an ASCI fle on disk, The latter is saful If the Initial model has been

digitised from a selsmic section, for example. The numerical entry dlalog is shown In

~ Figure 2.5, After each corner's coordinates are entered, pressing the + and - buttons .

wili enable the next corner to be entered or the previous corner's coovdinates to be
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' where G is the g_ra#itational constant and p is the density contrast {In g.cm?) of the
Iﬁ_o‘dy. fyIs the normal to the ith side of the body, and « denotes the scafar product.
The gravit_ﬁtioﬁal or magnetic response of the. _body to. a change of density or
magnetisation Is iihear. as can be senn fro__m; equations 2. | --2.4, The body po_sitlén
Is described by tﬁe coordinates (x..ii). and hence the geophyéical 're'_spons_:e of the body |
fo operations such as rotation or translation s non-lihear.. This fact becomes relevant.

“In chapters 4,5, and 6.

2.5 Déécription of Mag2dc and Gravde
The programs are similar In many respects and will therefore be discussed
together, Turbo Pascal |.5 for Windows does not allow any data §tructure (inchuding
quet_:ts) to be greater than 64Kb In size, and this has restricted the maxifnum number
of data points that can be modelled to 650. There can be up to 16 bodies In a mude,
each with ub to 50 corners. Any computer capable of running Microsofﬁ Windows 3.1
- has sufficient memory and processing power to run th_ese prograrﬁs. but an 80586
._based or better machine [s prefe_rrad-.The source code for the software consists of over
10000 fines per pfogram. and it is therefore nbt_llsted In this work. There are almost
50 niemj options évailable within both Mag2dc and CGravade ; only the mu’si
Important ones will be discussed here. A full -'Wihdows Help’ faciilty has been written

_ for each prqg'ram.' The _hc'ip file was written using Microsoft Word, then compiled into -
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output to ASCII, HP-GL, or DXF file formaté. It may aiso ©  copled to the Windows
c!i'pbcard for ease of importation into other packages. The hardcopy 'output dialog is

shown in Flgure-2.10 ,

2.5.3.2 Modifying the Regional Field

Selection of the carrect regional fietd is critical to the whole modelling process.
Separation of the regionai.field from the obsefved data wili leave the residual anomaly
caused_ by the target stfucture (Blakely, 1993 p | 28).' and If an Incorrect reglonat fleld
Is chasen then an'incor_rect anomaly WI[I remain; Figure 2.1 shows the concept. Both
- Mag2de and Grav2de allow a linear reglonal field to be subtracted from the observed
" data. Clicking with the right mouse button sets the regional field value at the right.
side of the proflle, while ¢licking the left button sets It on the left side, Figure 2.12
shows a regioﬁai field being selected for sbme magnetic data. Tne equation of the.

regional field removed is displayed after it has been removed,

2.5.3.3 Flltering the Fleld Data

Noisy data can be smoothed using simple welghted moving av_er#ge filter,
as shown in Figufe 2.13 . The amotnt of smoothing can be increased by Increasing
~ the filter size - that Is a five point filter with weights (3, 1, 1, 1, 1), Will preduce
more smoathing than a three point filter ([, 1. ). The result of the fltering zan b»
previewed by pressing the Test Filter button. The welghts can be éet to produce
highpass (E.g. <1, 2, =1 and edge detectlon filters (1., 0, -}) (See Richards, 1993 p.
- 118-130 for more detalls on space domain filtering techniques). While the output

from these latter fliters rannot be modelled directly by Mag2dc or Gravade, It can be
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Figure 2.9 : Body Inversion Dialog
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shown in Figure 2.8, In addition to movihg a body by préssing the + and - buttons
(_whlc_h. operate In a similar manner to those descr_ibéd above) a body may also be
moved by holding the mouse down Lipon it, then dragging it to the n.ew location,
When the mouse button is rele_ased- the bddy-posttinn is_. flked and.the anomaly ié

- updated.

©2.5.2 \nversion Optlons

. The body pqs_itlon. shape, angle of rot: tjon, density 'and'susqeptib_ility may be
inverted ﬁsing the options in the Tnveett .m'enu. Body cb?ner- positions méy be Ihve'r"ted-
In'.'.etthef a ho.r'lzontal of a vertical plane, or in both.'f’-\_niaxiﬁwm of IIO body
parameters may be inverﬁed simultaneousty due to. the rne.mnry rastr[ctibns ofTurbo
_Paéca[ mentioned previously, The body parameter selection dlalog Is's.hown in Figure
2.9. S_election of bodf corners for Inverslon Is done by clicking on them : once for
inversgion in a horizontal plane, t_wicé for vertically, three ttrﬁ_es for both -horizontally
and vertlcally,: and four times to deselect the corner for inversion, The current status
of the corner with .resp'ect to Inversion Is shown by & double-headed arrow that

points [n the directions of Inversion that are currently selected.

The mathematical detal_ls of the Inversion process ltself is discussed in detajl

in thapters 4 and 5.

2.5.3 Miscellaneous Options .
2.5.3.1 Model Qutput |

The model can be printed on any Windows supported prfnter (to scale), or
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Figure 2 7 Dialog for Edltmg the Remanent Propertles
~ ofa Body

':Figure 28 Bo’dy Movement Dialog
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PProPerties =ApProperties;

Properties = Obzject{TDialog}

Procedure SetUpWindow; virtual; :

Funection CanClose: Boolean; wirtusl:

Procedure Plus(Var Msg:TMessage); virtual id first +
1d Plus;

Procedﬁre Minus{Var Msg:TMessage) ; vmrtual
1d_first+id Minus;.

Procédure Calc(Var Mazg: TMessage), virtual id first +
©id calo:

Procedﬁre SusPlus(Var Msg:TMessage); virtual id first +

'-_:id SusPlus;

Procedure SusMinustvar Msg: TMessage), virtual id_ first
+ id_SusMinus;

Procedure DepthPlus(Var Msg: TMessage)} ; virtual id _first
+ id DepPlus;

Procedure DepthMinus(Var Msg: TMessage), virtual
1d first + id DepMinus; : _ :

Procedure WiEthPlus(Var Msag: TMessage) virtual id_first
+ id Wplua; -
Procedure WidthMinusg (Var Msg: TMessage} virtual
id _first + id_Wminus; -

Procedure InvSuscept{Var Msg TMesgage) ; virtual

id_first + id_InvSus; _ _
- PFocedure InV¥Depth(Var Msg:TMessage) virtual id_first
+ éd InvDepth, : ' :
- End;

There are two melhods present In addition to the ones that respongd to th’e'
oressing of buttons on the dialog, 'Th'esa. are 'Procedure SetUpWindow', whi_ch.
initialises the IdIaIOg with the current data that describes the body, and 'Function
CanClose’, which reads bat:k the final s'ettilngs of the varfables when the QK button
Is pressed, and ul.:d'ates the m.odel accordingly.-The keyword' uirtual after each
procedure name Indicates that the program wlill determine at runtime which object
has called the proﬁedura-. This Is knowrt as Iaté binding (Swan,199% p.1t9), and is

necessary since it Is not known until runtime whizh object has called the procedure.

The body propertles dialog can be called up eithér from the inai-n menu or by

-double-clicking on a body. To detiermine' which_body has been selected, a line Is
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Fi.gure'2.3 : Body Properties Dialog

| -Figu're 2.4 : Selection of a Body

Polnt ot nfinlty
ntat Body
RS e e
. \gﬁ\h‘“‘ ""“"'\--.._‘I-...'-\-.._M-‘ ““““““
N‘”“““““A e S
| e B

Polnts A and B are positions where the mouse has besn clicked.
Point A lles Inside the body, and the line from It to ‘lnﬂnHy‘ In’rersecrs

the body only once.

Point B lles outside the body, and the line from It 1o *lnﬂnﬂy' Interseafs the
body twice.
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“.hlp format using the RohoHeip compiter (Blue “y Software, 1991).

2,51 Model E_dit_i'ng Options
2.5.?.1 Changing the Body.Froperties |
The susceptibllity, width, strike !én'g_th. and_depth' can be changed In Mag2dc -
us_ing the dialog shown In Figure 2'.3 The number of the current bo_dy_is sh'own_.in the -
uppef left, of _tﬁe dialog. Afl actions are carrled out on the curreh’ﬁ body. which Is -
~displayed.[n a bo]der outline than the other bodies A body can be mada current by
‘clicking on |t with the mouse. Cllcklng on the small +/ buttons next to the body
number wll! rause the next/prewous body to become current. To change the
susceptibility of the body, enter the new value then press the ’Calcula_te' button, The
_ _anomal).;.will_then be recalculated and updated Hiternatively', presslrig the srna.il k-
buttons next to the susceptibility will cause th_é increment shown In the adjacent box
to .be added or subtracted respectively, and the model will be recal.ﬁulated and
redrawn. The user may set the Incfemeﬁt at will, A similar process applies to the body
depth-and width. The depth is the distance from the surface to the shallowest body
corner, The width Is the méxlmum horlzontal separation between two body cornérs.
| When the Width {s chariged the body is expanded or ﬁontracﬁed about a vertical line

through its centre,

The code for the body propertles dialog 1s given below as an example of the

style used In the rest of the dlalogs.
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~ The components of the anomaly at a point outside the c_ausative body in the

magnetic case are glven by (Rasmussen and Pedersen, 1979) ;

' ' - . AXy ) Ti{Rysy + ¥)
2y = 20 By [ U + Jand) 18 2 ey
_ _ ' v u Y
. -1 .1'.-1-1 -1, o
+ (Fazg ~ 3A%) (tan W_{Rm il Wiﬂi)l

: . . A% ’ri(Ri*i + Y}
. A-Bx-(ru) ZJrim[ {Jxﬁxi + Jxézi} 109' .‘L’_{ﬂ (Ri T
g wY
+ z, - tan ot - g A
(J,A g = T %) B TR )]
(z.2)
Bylzo) = =27 5,5, (bant 2nT . oyt DT ) (2.3)

where the profile [s in the x plane, z is down, and y s orthogonal ta both (see Figure
2.7). The corners of the body are located at (x.z) and are ordered in 2 c!ocﬁwlse
maﬁner. J1s the magnetisation of the body. R, - Y + WY+ Yi).'r“.,- = \f(uzm +
'wzi). W = - & singy + X cosdy y; = .xmcos:h- + zsind, . The body has a ﬁtrike_ "
length of Y on each side of the proﬁle.The angle ¢ s shown In Figure 2.2, if the strike

length of the body Is made infinlte ther equatlon (2.3) will become zero.

For the gravity case the anomaly Is glven by (Rasmusseh and Pedersen, 1979} :
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Figure 2.1 3 : Data Filtering Options
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{see ac}uation_s' .3 and [.11 for an explana{iﬁn of the terms in equation 3.6). The |
stanmg. model used for all the boreholes éonsldered consisted of zero surface
temperatu.re pecturbations at all past times. Because the resolution attainable_ by e
_moc’[e[l[;ig decreases .with Increasing _time. of the temperature step from t_hé'pregent,
larger time width stéps were Qsed further back' in time (Béltfami aﬁd Mareschal,
1_995]. Ridge-regression was u'sed_ rather than eguation 1.3 because the soiution of
the heat equation backwards in time ié unsra_blg {Beitrami and Mareschal, IJ 295), énd
solutions Wi_th large, unphysical, ground -s;J_rface 'temperat_ure changes. wére not

- wanted,

_ Figure 3.3 shows the observed- temperature per.turbat[on from several |
‘horehales, which was estimated by subtracﬁt‘ng the deep linear increase in temperature
from the actual observations. Most of the boreholes show a decrease in temparature
with'. depth over the first few hundred metres, foliawed by an increase in temﬁerature
at gieater depths, Boreholes 4 and 8 h'ave bgen disturbed, and have noisy profiles.
Such disturbances ¢an be caused by changi_ng groundwater flows _which-wiil alter the .
teck temperature, or by the rerﬁoval_ or planting o_f trees in the area around the
borehale, since this will affect the heat flux on the ground surface that is received

from the Sun.

The data were Initially inverted using the L, norm technigue, and Figure' 1.4
shows the misfit as a function of the inversion iteration for several typical borehales.
- The inversion process was termi'nated when ft_p_roduced no further decrease In the

misiit.
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surface temperature To(t) Is then given by (Carlslaw and Jaeger, 1950); |

-gz

- _mz) = -ﬁv(—fﬁjzwﬁm pr3ag WE gy (3.4)

 The surface temperature history can be approximated by a series of N
~ Instantanec s changes of surface temperature T, at past times t, in which case the

o temperature.dlsturbancé_ s given by ;
aTla) = S, 0 -erfc(m) L aLE

Forward calculation is therefore relatively simple if the surface temperature hist_o'ry is

knowr,

3.4 Inversion -
The sutface temperaturs hlstory Is not generally known,.and patt of the.vai.ue'
~of Inversion {s the constr'ai'nt.s that 'It can place on this parameter. A starting .model
i$ thosen which conststs of a serles of Instantaneous surface temperature changes at
different times tn the past, An inftlal subsurface temperature distribution is calculated,
then the inversion generates a new series of surface temperalures which progressively
“better match those that were actually rn.easure.d down the borehole, For L, Invél'sion

the parameter change vector dP was calculated from :

dP = (AA -+ ki)'A'e | (3.6)
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Measure_d temperature_'perturbatians ¢an be interpreted using forward
maodelling and Inversion. The forward mode!ling involves & sofution of the diffusion

equation In one dimenslon for given surface temperature models, and the results can

" then be compared with observed borehole temperature data.

inversion permits an independent estimation of the surface temperature.

history. It haé been performed using both the L, and L; nofrr approadhes
- Modificatlony to both the L, and the L. methods can be made that significantly

increase their effectivenass

The borehole temperature data were collected using a thermistor probe three

- core cable Wheatstone bridge apparatus (see Richardson and Oxburgh, 1578), 'which

was capable of measuring absolute temperatures to within 0.05°C, and temperature
differences to within 0.005°C. The locations of the boreholes USéd are shown In
figure 3.2 ..
3.3 The Forward Model |

Assuming that the earth is homogenous and Isotfopic. .an.d that heat
gereration s neglible, then the subéu_rface tem.perature distribut!on Is & solution to
the diffusion equation (slnce the curvature of the Earth can be neglected. the cartesian

coordinate system is used),

aam oAT {3;3)

T3 v

ozd -FE-

whér_e z Is depth. & is time, T Is temperature, and x Is the thermal diffusivity of the

rock. The present temperature perturbation aT(Z) for 4 semisinfinite solid with past
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The temperature distribution in the Earth's crust is controfled by the heat flux
from the interlor, the'-thermél properties of crustal rocks._ end a number of
_ 'enQi'_ronmentaI factors including past surface temperature changes. Vériations In the
surface temperature propagate as temperature waves '_Into the Eafth. such that the -
amplitude of the perturbations decreases thh depth, and that the higher frequency
oscillatlons are attenuated more rap[d[y..The. dépth at which a temperature wave's
amplitﬁde deéfeases' fo I/e of that at the surface (the 'skin depth) varies with the
rock's thermial propertles, but is typically_'abdut 0,2m for dlurnal variations, 3m for
annual variations, and_}'om for osclllations with a period of' 500 years: Vajues of the
| relevant physical properties of some South African rocks and.skin depths for-a 500
year'surfac_e_ tempefature os_cmatlon are shown .in Table 3.1 .tc Illﬁstrate the range of
pafamefers e.nco(mteré'd. Climatically' ihduced pertutbations aré superimposed on tha
normal Iricrease of temperature with depth, Qbse_rvations_ made down boreholes can.
- thereft  be used to model past surface temperature c.hénges (e.g. Pollack 1993, Lewls
and Wang 1992). | | |

Table 3.§ :. Rock Propertles'(M,Q.W. j'onés, unpublished data, (996)

1 rosk Typs |- '_Dunait}f g :'Sp'éuifi'n hewt Tharmal - Thersal :Skln depth
AR Kg._t_n" | ompmeity | Conduetivity | Diffusivity | m
_ o Lkg'k® b owam'kY | 0%

Karoo Basalt | 2740 930 185 4 om | e
Bushveld | 2830 900 2.24 . 0.88 66
Complex ' '

_Norite | . - _ _ 1 _
Bushveld 3220 910 388 1.23 T
Complax '
Pyroxenits S _ _

Witwatersrund | 2710 850 6.09 2,64 13
Quarizite - 1
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| temperature data upon the number of iteratlons required by the Inversion. It also
considers various ways to ensure that the data are fitted by the model with the
~ minimum size while increasing the number of iterations required by the inversion as

*little as possible (See Cooper and jones, 1997)

- The data Interpretation performed using the software based on the
methodology described here Indicated an increase of [-2°C over the last two hunc_lréd
years of the ground surface temperature in S'outhe_rn- Africa. The details are presented

I jones, Tysan, and Cooper, {1 297) along with corroborating climatologleal evidence.

3.2 Borehole Temperaiui‘e Data _ |
 Measurement of the temperature dlstribution_ in the top few Kilometres of the
- 1.'5 interior has largely been aimed at determining the heai flux from within the
Eﬁrth for stUdies of geodynam_!_c procésses * ich measurements have a_num'ber of _ '
' préctlcal'-applicat-ions including estimation of virgin rock temperatures and heat {pads _.
on deep mining and tunneliing operations (for example Sﬁeer et al., 1984),_ heat .
transfe_r studies-asso;latgd with radioactive wéste disposal (Cralg, 198%), modelling
of thermal maturﬁ'tidn pracesses In hydrocarbon depesits (Royden et al, 1980 :'
Pollack and Cefcone, 1994), and _ understanding the reglonal distribution of
R diamondiferous kimbeslltes and their genesis {lones, 1988.: Thompsan et af., 1995),
A relatively new appilcation of gedthermal research [s the s'tudy of glchaI climatic

thange.
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Figure 3.1 : Robust Fitting of 3 Straight Line

A ' Ly nomn

Figure 3.2 :.Loc'atioh of Bo'rehole's Whose Data are Shown in Figure.3.-3
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CHAPTER 3 : NON LEAST-SQUARES INVERSION
3.1 Introduction | | _

The Gauss-Newton inversion discussed in chapter { was destgﬁed to minfmise
the sum of the squares of the residuals between the observed data and the mode[_
(esponse, This fs the 1, rorm caé.e. The general_cése is given by (Menke |989; p.37)

L, norm || €l = e Jm : (3.1)

where ¢, s the misfit between the model reéponse and thé data at the {th datapoint.
| -Use of the L, norm s appropriate i_f the data obey Gaussidn _statis'tics. while the L,
norm should be used if the misfit follows the exponential disttibution (Menke 19809,

p.133). This is given by,

' . - - (ol
P(d)‘?é'? e a (3.2}

Where the data d has }nean o) énd variance o, Since the .L. norm weights
the data accordlﬁg to the absolu.'te 'va_iu'a of the distance from the mean, it is less
sensitive (fnore- r'obust) to outlers than the L, norm, which would welght therm -
according to the squaré_ of that distance. Fig'ure 3.1 shows the difference between an
L, fit of a straight line to data and a robust fit (Press. et al 1992, p.6935). The robust

fit Is less affected by the outlylng data points and gives a more reasonable lodking fit

(in this case).

This chapter studies the effect of varylng the norm of the Inversion of bocehole
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2.6 Conclusions

Thé modelfing and _inversfon of magnetic and gravity data can be performed in
- the Microsoft Windows environment with reiative ease using'the prﬁgrams Mag2de
and Grav2dc, The u.se of objec_t’-orlented technology greatly facflitated the wiiting of

the programs, on which the work In chapters 4, 5, and 6 was based.
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useful in the detection of subtle features In smooth data.

2 5.3.4 Changing the Way that the Model Ls Dispfayed

The bodies in the model can be ]abelled thh thelr humbers “or
susceptiblities/densities. The bodies can 1 be colour coded using thelr -susceptibillti_es
- O'r_.de:nsiti_e_s using either a grey or a co'lou_r scale, Dark shades_ of grey are assigned to
low 'va]ue's_and [igﬁt'shades to (felatl\(ély) high values. The colour scale uses cold
colours (blué to.nes) for IO\'Q Qalues. warm colﬁurs (red"tone.s} .fa.r'hlgh Qa!ues, and
_green tones for Intermediata values, The bodies +an also be displayed in plan v:ew.

' 'which shows the different strike lengths of the bodles.

The calculated anoma]y. curves may be sthn as individual anom.anes fbr each
body, ar as the total anomaly for all of the b es. leternativély. the difference
between the total anomaly and the observed data can be pilotted. The misfit between
the observed and calculated data s calculated and displayed onscreen during the

modelling.
?-\- pbttlon of the model can be zoomed In upon either by entering numerically
the coordinates of the new horizorital and vertical display fimits, or by drawing a

'tubber band' box with the cursor around the reglon of Interest,

If borehole information exists, then this can be read in from an ASC1 file and

the borenole plotted on the model. Up to three horeholes may be read in to a model,
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| Figuré 2.11 : Regional and Anomaly Fields

~ (3ecphysical anarraly

Reglonai fleld

JUOPTL Ll

The solid line shows the geophyslical response measured
along the profile. The dotted line shows the (geophysicist-
selected) regional field (after Blakely 1995, p.128).

Figure _2.'l 2 : Regional Field Removal Using Magzdc-
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Figure 4.2 : Misfit as a Function of Body Horlzontal
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CHAPTER 4 : CONVERGENCE PROPERTIES OF INVERSION

4.1 introduction
| ‘When the misfit surface for a model parameter has more than one minimum

it is generally assumed that the Gauss-Newton inversion process will converge to the

ofie that Is niearest to the starting model, This hypothesis is studied for some one ard

two parameter magnetic models.

4.2 Convergence

4 2.1 Inuersfon of One Modef Parameter

Consider the magnetic model shown in Figure 4.1, The hody has the correct

shape, susceptibility, and depth to ﬂt efther of the two anomalies on the profile

- {equation 2.3 gives the magnetic anomaly caused by the model), The misflt between

the observed and calculated anomalles is plotted out as a function of the position of
the body on the proﬂle_ in F-igur'e 4.2, As can be seen, there are two main minima

cbrresponding to the positions of the two anomalies, @ much shallower intermediate

‘minfmum between them, and a reductlon in the misfit at the edges of the profile.

Given a particular starting point on the profite, the model will converge to either one

~ of the two maln minima, or to neither, The:[atter possibility corresponds to moving

the bddy to either e'ncl of the profile, which alse redut:_es the misfit. The minimum In
the middle of the profile proved too shaliow to capture the body. Figure 4.3 shows -
a plat of the position that the inversion converges to as a function of the starﬁing

position on the profile. As expected. the Inversion converges to the position of the

* pearest minimum {located at gither 200km or 700km) as the misfit surface Indicated.



~ model or the smalfest misfit or both. However, In some cases when the starting guess

for the model was too far from the solution the inversion was found to converge -
extremely stowly. This was because e was very large and ae was very small. The fina)

misfit and model size were sati_sfactory. but 10-20 times as many iterations were

 requlred to reach it.

Figure 3.8 shows a simllar plot for the same borehole data, this time using L,

~ Inversion, In this case the resuits of L, Inversion were mirrored in that method [) gave -

- the smalfest misfit (shough again, not by much) and the: largest model, Method 3)

again produced the smallest model, and no problems were encountered with slow
(mprovement of the inversion misfit. For all methods except method ( the model size

p'roduced' by L, inversion was slightly farger than for L,

3.6 Conclusions

The inversion of borehole temperature data can be greatly improved by the use

of technlques other than the standard least-squares approach, The choice of which

norm to use ﬂ\:pends _ori the statistics of the data. If the damping of the inversion is
adjusted using the misfit between the observed data and the calculated curves, then
improvements can be made In the resulting model size with min_imal effect on the
ﬁn“al fit reached, If this Is not done then the model sizes became large and conflicted

with data from other sources, such as average air tempesature data (Tyson et al, -

. 1997). The best results were obtained by combining the L, Inversion with the

improved damping method.'
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‘Figure 3.8 : L} Inversion for a Sample Borehole using Different Damping Schemes -
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-~ Af ks refatively iarg'e (compared to the values in t-He matrix ATF\] then the misfit will
decrease slowly with each iteration, whereas If kis relatively small then the misfls can
be reduced more rapldly; Unfortunately, If ATA is singular or near singular then a small
value of k cannot prevent the Inversion process from diverging and causing the misfit
- to get w::rse. A cofnfnon procedure |s to reduce k at each [te-ation that the misfit
decreases._ and to increase k If he misfls inc:eases_(Lines and Treitel, 1984). |

The baramet'er_k' performs 2 second function. The lafger the value of k, the
more the Inverslon will try and minimise the size of the rhnd_el (w_he_re.the mocdel slze
_Is given by P™2, and P is the n point parameter matr_ix)_. at tha_ expense of fikting thé
data (Menke, 1984, p.52). If k Is zero then 't'he inversion wifl produ_ce the model with

the smallest misfit, regardless of the model slze (providing It converges). -

- There are of course an [nfinite number of possible methods for controt!ing the
damping of the inverse prdcess. for example.. the damping can be based on the model
slze, or. on the rate of change of the rﬁodial Mth lteration (Constable, Parker, and
Constable, 1987 ; Leshie, 1993), Here we focused on using the misfit as the basis for
determlning' the damping. Three different methods of selecting & were examined : 1)
k was increaged by 509 if the misfit became wqrée from one {teration to the next,
and decreased by a similar amount If the misflt decreased, 2) k was calculated from
e'efeq'e, (where e, Is the matrix of the initfal misfit vaiues 2), which fésu'lts In the misflt
belng reduced gradually at first, then faster later as @ decreases, and 3} k was calculaced ftom
ae'ae, where ae is the change in the misfit from one iteration to the next. Since this will have

a large value if the misfi either increases or decreases, equation 3. 12 was used
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Figure 3.7 * L Inversion for a Sample Borehole for Different Damping :Schemes
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if k is refatively Jarge (compared to the values in the matrix AA) then-thé misfit will
decrease slowly with each [teration, whereas if k (s refatively smalt then the misfit can
be reduced more rapidly. Unfqrtunately. if ATA is singular or near singular then a small
value of k cannot prevent the inversion pror_:ess from diverg_ing a'nd causing the misﬁt |
- to get woise. A common procedure is to reduce k at each iteration that the misfit

decreases, and to increase k if the misfi increases (Lines and Treite!, 1984),

._ .The.paramet.er k perfoffns a second ‘function. The larger the value of k. the
more the inversion will try and minimise the size_of the model (where the niodel size
s given by P™P, and P 1s the n polnt parameter matrix), at the expense of ﬁttlng the
data (Me_nké, 1984, p.52). If kié zgr'o' then the inversion will produce the morde! with

the smalfest misfit, regardiess of the modet size {providing it converges).' '

_ Thete are of course an inflnite number of possible methods for con.trolling the
| damping of the Inverse pfoce*‘s. For example, the damping can be based on the model..
size, o1 6n the rate of change.uf the model with iteration (Const'a'ble.- Packer, and
Constable, [987 :. Leélie. 1995). Here we focused on using the misfit a5 the basis for
“determining the _da_rnping. Theee different methods of selecting k were examingd )

k was ihcrea_sed by 30% if the tmisfit became Wnrse_ from one lteration to the next,
and décre'aséd by a similar amount {f the misfit decreased, 2) k was caleulated from
eTefe"e, (wh.ere.e[J is the lnltiﬁl misflt), which sesults In the misfit béiné reduced
gradually at first, thert faster later as e decreases, and 3) k was calculated from ae’se,
where ae is the change in the misfit from one iteration to the next. Since this will

~have a [arge value (f *he mistit either Increases or decr_eases. equation 3.12 was used
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Figure 3.5 : Kurtosis

Negative (Platykurtie) — ——— =~

Pasitive (Leptokurtlc) o
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-

Distributions showlng positivs and negatlve Kurtos:s {com pared {o & Normal dlstnbutlon)

are shown

rigure 3. 6. Mssﬂt and Kurtosis for Ly and Ly Inversion

fora Sample Borehole

_ - . —80
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- The two horizontal lines at values of the kurtosis of 2.2 and 3.8 show the suggested range
of values within which Ly inversion should be used, _ _
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- where i, is the second moment of the distribution, and is given by ;

T ‘El:i‘ Yha (z; =~ (Zh? {3.10)

and ‘i, is the fourth order moment, given 'by '

= {n® ~2n-3) 5 (p, Ay
“}_ (=) Ta - 2) {)”(2_,]31 f“* tz; ~e) (3.22)

n{n ~ 2) (1 = 3) b

‘where {r} Is the mean of the residuals {1} (Kijko, 1994). _l:f_arter (i 9?2)_ proposed the
following empirical ¢elation : if kur > 38 usel, riotm, If 2.2 <kur < 3.8 then use
‘the L, norm, and {f kur<2.2 then use the .L., (Cheﬁyéchev) no.'rm. For the b’orehq[e '
teniperatﬁre proﬂles'analysed. these criterla proved accurate, with kur varying as the
inversion proceeded, but generally exéeeding 3.8 initially. When kur falls below 3.8
then the invérslqn can switch to L, norm to achieve the final minimis_atlon of the
misfit, Flgure 3,6 shows the variation of the kurtosis with iteration for borezhola 2
"~ from Figurels_.zl It can be seén thaf the kurtosis is above 3.8 tntil the third lteration
and the L, inversion Ireduces the misfit more rapidly than the i, inversion up to, this
point. F-'sfter the thtrd iteratmn however the kurtosts remalns in the range 2.2 - 3.8
and the LJ (nversion then prcduces the most Improvement. The kurtesis should
therefore be monitared durlng the Inversion, and the norm of the inversion changed

according to its value.

. 3.3 Damping
The parameter k in eguation 3.7 controfs the damping of the inversion process.
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- Table 3.2 : Efflciency of L, Inversion compared to L, Inversion

A R 0.50

3 T R
# | v b o ] oss
5 Y 6 0.55

6 10 4 0.40
7 7 3 043
B 13 7 054
9 9 4 0.44

Boreholes marked by an asterisk * reached final misfits with L, Inve_:sién that were smaller than reached

byl

W’ﬁy_ does the L, inversion perform more effectivéiy than the b f It'car"l be
shown that the choice of the o.rder n of the inversion L, depends on the statlstics of
the residuals, When there are many outliers in the distribution L, is superior to the
[ (Kijko, [994), The chcfce of norm n to be used can be estimated from the kurtosis
.of the residuals, This in tﬁrn depends on the fourth order rnome.nt of the data
distribution, and Is a measufe of the peakedness or .f.latness of the distribution
compared to a Gaussian distribution, as shown in Figure 3.5 (Press et al., 19232

p.606), The kurtosis is given by ;

=l (39)
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Equation 3.6 ‘can be adapted to allow the data points to have di'fferent

weigﬁtings. in which case {Menke, 1989 p.54) :
dP = (AWA +K ) ATWe | 3.7

Qh'ere W is the n polnt diagenal weighting matrix. The weighting matrix can be used - -
to place constraint_s upen the solutions produced by the in\rersion-._if W; {s
proportional to.the absolute value of the differences betweer the observed and
calculated curves at point l‘ then L, inversion {s being used (Gersztenkof_n etal, .l.986) -
: e N : . _

Wi_”. | ei. |+ ' ' | 3.8

This performed much better, with the misfit being minimised iﬁ about half the
_number qf iterations compared \&_fith the L, method. Thfs is {llustrated in l-.‘igu.re 3.4 for
several boreholes, The finai misfit reéched for the L, (nversion was .sometimés lower

than that for.Ll. In _'whtch case the inversion should _start with L, theh ur._el 1, later,
Table 3.2 compares the number of iterations required'_for the L. inversion ta reach its
minimum misfit value, a_hd the number of iterations taken by the L, inversion to reach

the same value,
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Figure 4.!0a : The Newton-Raphson Method
of Root Finding |

)

J—

“The initial guess for the value of the root is x1, which is improvad by the Nawtor-Raphson
method to a value x2, This in tum is lmprovecl further until the root Is reached with the
required accuracy,: _

Figure 4.10b : Using the Nev/ton- Raphson Method to hnd
the Roots of Z°-1 =
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The reglon colourad black shows the vaiugs

that converge to the root at z=1, The upper - _ :
reglon shaded white shows the values that DRl /285, /2l | o
canverge to the root at z=exp(2ni/3), and  © S ONEP NI R

- the lower region shaded white shows the
values that converge to the root at

zrexp(-271/3) (Press et al 1992, p. 360)
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the right. so it is forced deeper until the gradient of the misfit surface fattens out and

then it is drawn into the mintmum at a horizontal position of 700km. -

The misfit at the two trajectory starting pe-sitions used differed by only 2%,
and the focal gradient of the misfit surface at those positions is shown on the lower

righ’i of figure 4.9,

Note that model parameters can only possess fractal regions in parameter

Space that :onvergé to a particular parameter value If the model response to those

parameters is n~n-linear, since @ linear paraméter will converge to the optimum value

in one iteration from any starting value.

The Inversion process was repeated using both the Pascal real typé and double
precision type for arithmetic operations, to see if any of the behaviour of the
trajectories was the result of numerical instabilities in the computations. Changing to
double precision was found not to alter the resu!té described above. As a further

check, matrix inversions from sample peints on a trajectory were performed bnth with

the Turbo Pascal routines and with Matlab 5.1(MathWorks. 1997} and the same

tesults were achieved.

The inversion process uses the local gradlent to calculate and improve the

value of the parameters, and is therefore similar to the Newton-Raphson method of

~ finding roots of equations. Figure 4.10a shows the principle behind the Newton-

Raphson method. It requires an initial guess for the \?alu_e of the root, and assumes
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Figure 4.9 : Behaviour of I_nxkerSion Trajectbriés
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Figure 4.8 ; Estimation of the Fractal Dimension of Basin of Convergenc.e
for the Model in F:gure 4,1
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The fittad line Indicates a fréctal dimension of 1.8 +/- 0.1 fér the basin of convergance.
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fractal characteristics, namely seif-shinifaris; and complexityQ The grid of starting points
used was 15km apart, To calculate the fractal dimension; the box counting method
described in 4.2.3 was used, which yielded a fractal dimensi-n of 1.8 = 0.1 tor the

magnetic model (see Figure 4.8),

Why does the fractal pattern exist 7 The sensitivity of the inversion solution
_ to the initial model parameters chosen occurs because neighbouring péths over the

' misflt surface are controlled at each iteration by the local gradient. Nearby paints will

have similar gradients, but over many iterations the differences between trajectories |

will acculmulate and the result will be convergence to a different solution. Figure 4.9
shows two inversic’:m'irajectories fromnearby starting pqints that converge to different
minﬁna._The first trajectory (shown as a .sequence of + symbols), which' starts at a
horizontal position of 0.0km, initially moves déeper and to the rigﬁt.'This Is hecause

the miisfit increases If the body moves a smali distance ur_'\w'a.rd. and movi'ng the body

downwatd reduces the anomaly amplitude and hence also the misfit. The body Is then

almost vertically below the minimurn at a horizontal position of 200km, to which it
moves in the next féw itér_at[ons. The second I;rajectory (shown as @ seq[jenc_e-of
dots), starts at the same depth as the first, but I(}O.km_further to the right.' The body
initially moves up and to thé_ 'right to bring it closer to the minlmum at 200km, but
because the.misﬁt surface is almest flat there (compared to positions closer to the
minimumy) the reduction fti the misfit {4 relatively Insensitive to the direction in which
the body maves_(compared té when the body is cloéer to the surface), The body

overshoats the minimum at 200km and ends up at a harizontal position of 61 Skm,

At this position the r_nisﬂt will Increase If the body moves a small ﬂlstance further to
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Figure 4.7a : The Cantor Set
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T
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Figure 4.7b : The Mandelbrot Set
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~ when measured In this way {Kaye, 1589 .p.39). This is known és the ‘box-counting’
| dimension. Many othe'r aspects of nature have fractal attributes, such as. somé ferns
and trees (B.arnsley, 1986), gold collold aggregatés (Weisz and Oiiveilra. | 984), lunar

- dust particles (Kaye and Clark, 1985), Turcotte I99?) describes 2 wide range of

geoioglcal and geophysmal phenoma that have fractal characteristics,

Fractals can be constru_cted. mathématically. such as the Cantor set, wzhi'ch_ is |
generated by' iteratl . ly removing_'the middie third from a line segment (see Figure
- 4.7a). The inltial line segmenf Is one unft jong, and after ope iteratiﬁn the I:wo.
remaining segments are 1/3 uniﬁ In length. The fractal dimension of the remainder
after an infinite number of suCh Iterations have been performed is (log 2)/{log 3) =
-0;6309.;5. (Hilbarn, 1994, p.397). Another such entity is the Mandelbrot set, wﬁich

Is constructed by lterating the function (Hitborn, 1994, p.4'06) H

| Zosl = Zi + € _ 42

Where zand ¢ are c_:ompiex humbers an'd 7 = (0.0,0.0). if repaated iterations |

of this function yield a value that increases towards Infinlty, then the Qal_ue of ¢ lies
outslde the Mandelbrot set, otherwlse the point is inside the set. This simple equation
produces an inicredibly cormplex structure, as shown In Figure 4.7b . The Mandelbrot

set is self-similar - enlargements of small portions fook much lke the whole set.

4.2.4 Frar-tals and !nuersion
The set of posmons from which the model converges to a given minimum -

the basin of attraction (Hllborn. 1994 p.22) for that minlmum - appears to have
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Figure 4.4 Misfit as a function of Body Position for the Model
in Flgure 4.

0.0 0 2000 3000 4000 5000 6000 7000 8000
Position (Km) |

Figure 4.5 : Result of Inverting the Mudel in FigUre'4, |
from a Grid of Different Starting Positions
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¢! - 45 .
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' Black indicates that the body converged to the minima at a position of 260Km and white
indicates that it converged to the minima ata position of 700Km, Intermedlate shades are

interpolated between the two.
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Hence the body encounters different conditions at eéch end of the profile.

© 4.2.3 Fraetals
The s.et of initial rﬁode[s that converge upon a particular mirﬂmum shown in
Figu’ras 4.5 3and 4.6 suége‘s’ts a fractal i..e..an an entity whl.ch is a subset of S who's
Hausdoff_f—.Besicovitch dimension exceeds [ts topological diriension (Mﬁndetbrot; 1982
) p.31). Fractalé are mathematical models fﬁr Qery irregular, very detailed sets (Stoyan
- and St'dyan, 1994 p.3). Théy are .t_:haracters.-:ed by self-similarity over a range of le_ngth
_ .scales.' The coastline of the UK. is én example. It's Iength depends up.on h’ow'it.is
measured, If a NOAA (National Oceanic and Atmospheric Adfninistration) satellite
- image (Richards, 1993 p.8) of resolution (.1 km is used to map the couhtry. and_éll'-'
the pixels that make up thé &u_astllne are count_ed._ then a certain length will be
obtained. If howeve_r.the same procedure is.repgated using LandSat data of r.esolu.tion
30m then a greater length will be obtalned. This is because the higher resolution.
pixels of Landsét'wilf-map the twists and turns of bays and coves Ehat are miseed by |
the larger NOAA pixels. If data of higher resolution were available then a greater
length again would be measured. (f the number of pixels required to cover the

coastline was N; when a pixel size of r, was used, then (see Turcotte 1997, p.16)
N, =C/hP : - 4.1)

Where D js termed the fractal dimensien, and C 1s a constant of
proportionality. A plot of log N against log r should be a straight line (for a range of

values of r) of gradient -D. The coastline of the UK has a fractal dimension of 1.25
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4.2 2 Inuers fon of Two Mode! Parameters

lf the depth of the body In the mudel shown in Flgure 4.1 is Inveru.ed as well
as its horizontal positien, ‘then the mlsﬁt surface becomes a contour map wh[ch is
shown in Figure 4.4 . A dark tone indicates a small m|sﬁt and a lrghter tone indlcates
a larger mis_ﬁt. P.s_ can be seen, there are minima around the locations of the two

anomalies.

The initial guess of the model parameters i.e. the body startlng loca*
now vanzd across 4 grid of positions and depths, then the mode| inverted and the
resultant. body po_sitlon recorded, The possibi lities were a) that it woutd converge to
~ the anomaly at a position of zookm. b) it would convergé to the anomaly at a
po:.;i'tion of _?Odkm, or ¢ it v.vould.converge to nefth_er. If case a) occurred then the
result was given a value of 0. If case b) occurred t_hen;a value of {00 was assigned.
lfcase ¢) ocu.rred then a value of 50 was assigned. The.values are arbitrary, but enable
the results of the inversion to be clearly seen. The values'were contoured énd

displayed in Figure 4.5. .

As expected., the bedy converged to the closest anomaly in general, b'ut the

pattern is complex and certainly not &..0oth. Zooming into portions of the subsurface

- shows more detall, as is shown in Figures 4.6a and 4.6b. The pattem is not .

completely symmetrical with respect to the_location's_ of the two mininja ecause of
the conditions at the edges of the profile were not identical for the two anomalies
shown I.e. the anomaly on the left has a negﬁtlve value at the left side of the profite.

while the ahomaly on the right has a positive anom'aly on the right'side of the proflle.
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the behaviour of the system until T=2.5, At this bcint the boﬁy_dld not sgttle down
te arty single position, but alternated betweert two different positions repeatedly. As
T was increased further the distance between the positions incfeased._ Figure 3.4a
shaws a plot of the misfit as a function of iteration for T=4.0, 'ancl.th_'e iteration
scheme for this sttuation is shown In Figure 5,4b. When T .réache_d 442 the body
began os‘ci!lﬁting between four positions, and when T' became 4.6 the body never -
returned to the same position again, but kept moving back and forth between dffferent |
pusitions. Figure 5.5a shaws a plot of the misfit against iterakion when I'=35.0, and

Figure 5.5b shows the iteration scheme.

540 Bi;uréation’s

The values of the.misfft that the inversion con?erged "'pon were plo.tte_d aga!nét
the parameter I' in Figure 5.64, and the bady'positiun wﬁ..; plotted n Figure 5.ab.
when I" was small only one point is shown on the graphs. This corréspohds to the
situztion in Figﬁre 5.1 wherein a satisfactory fit to the data was achieved. 'At I'=2.48
there are now two points oh the graph : a per.ind-dmubling bifurcation has occurred
(Marek and Schreiﬁer. 1981 p.59, Tan et .al. 1995). Because af.'the symma&y of the
shape of the gravity anofnaly in Figure 5.1 there are puints on each side of the
anomaly peak that have similar values ('because the anomaly was caleulated at discrete
positions | knx apart, the gravity values are rtdt idensical). The horizontal positfonsthat -
the hody oscillates between are on oppesite sides of the peak, hehce the.bifurcaticns
are of greater magnitude when plotted as 'a function of body position rather than
mi.f:fit. AsI'is increaséd. mo.re a.'nd.r'nore points are p_Intted as the t'he'hody oscillates

between more and more different positions, then finally"' becomes chaotic.
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Figure 5.3a : Misfit against Inversion Iteration for the Model
in Figure 5.1 (T = 1.0) |
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Figure 5.2 : Misfit Surface for Inversion of the Model in Figure 5.1
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where all terms are as given In chapter 1, except C , which is an m. point diagonal

matrix given by 5

C=rl | 52

where T'{s a scalar constant. The result of using the matrix € is to cause chaotic

behaviour in the system (depending on the value of I), as is shown below.

5.4 Inverslon of the H_orlzontal Position of the Body

The gravity model shown in Figure 5.1a had its horizontal position inverted

using the software described in section 2. The body had the correct depth, shape, and

density contrast, and was in the horizontal poéition shown. Figufé 5.1b shows the
position of the body that minimised the least-squares misfit. Figure 5.2 shows a plot
of the misfit surface for this situation. When = | .0 the body moved steadily towards

the:optimum position and the misfit de‘crease_d smonth]y. Figure 5.3a shows a plot of

* the misfit against the [nverston [teration, The iteration scheme for these conditions is

plotted in Figure 5.3b, along with the line F(x) = x . The value on each a_x'is is the
misfit, and eath iteration can be seen as a step. The misfit at each iteration is plotted
against the value at the next jteration. The trajectory starts with a Jarge misfit value

which decreases to a minimum value, As the minimum is reached, the improvement

-~ in the misfit becomes less at each Iteration, and the trajectory converges to the line

F(¥) = x.

The model ih Figure 3,1a was then reloaded, 'I‘ was increased in [ncrements' aof

0.1 and the inversion process was repeated. There was no change [n the character af

X



Figure 5.1 Gravity Mode!l Used to Demonstrate Chaotic Inversion
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been achieved otherwise.

5.2 Chaot!c Dy‘.amucs and Inversion -

There are many slmilaritles between inverse theory and chaos theory Some

* parameter of the system, not necessarity one of the parameters under inversion, can

be pluttéd as a function of the inversior_;_i_teratlon to give a trajectory (Cooper, i995j.
This_ traléc_tory Wit! hopefully converge ontog pbsition torrespnnding to a minimum
of the mlsﬂt surface, which can .be considered as an. attractor. Tﬁe reglon of model
parameters that invert to a particu!ar minimum form the basin of attraction (which |

may he t‘ractal in nature, as d[scussed in chapter 4) for that mln[mum

If the dynamics of the inversion process can be made chaotic, and the chaos

can be controlled, then this can prove advantageous. The chaos can be used to ensure

that the [nversion process samples a large amount of the space of passible model

parameters, thus reducing the likelihood of the inversion 'becoming trapped In a Jocal
minimum of the misfit surface. In addition, If the inversion does become so trapped,

then chaos can be used to force the trajectory out of the local minimurm,

5.3 Generatlon of Chaotic 'nversion
The gravity modelling program described in chapter 2 was used to perform
least-squares Inversion, in an overdetermined situation. The inversion process used

equation. 5.1 below :

dP = (A"A + K)"AeC . G.0)
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CHAPTER 5 ; ASPECTS OF CHAOTIC DYNAMICS IN THE INVERSION OF
© GEOPHYSICAL DATA

5.t Introduction. _
| The time evo!utron of many systems can be described by sets of differentldl
_ equatlons which cannot be solved explicitly The behaviour of such systems cah be
analysad by finite_difference methods, given a set of inltial conditions. In many- cases,
 small differenées in the initia['é:on_df-tions can -give rise to farge differe-nc.es: in the
subsequent behaviour of the system. This is not due to the accumulation of round-off
errors in the tomputer caicﬁlations. but is an inherent property of the system that i3
caused by fhe presence of non-lﬂnearities in the differential equations. As a p_a_ranieter :
.of the system s varied, the behaviour of the system can mové.-frorn a steady state to
i Iperiodlc s.tate. Further changes to the parametér can cause the syﬁtern toactinan
‘anpparently random manner. However, analysis of thls motion shows that there is
'hidden* order within it. There are many exarﬁptes of such systerﬁ_s. which zire termed
chaotic, including turbulence (Bergé, Pomeau, and Vidal, 1984 p.4), chewmical reactions
(Scott, 1992), poputation dynamics (May, 1974 : May and Oster, 1978}, the motion
of the pendulum (Tritton, 1986} and electrical circults {(Madan and Wu. 1993). fven
the value of shares an the stack market can be analysed In this manner (Beresford,

1996 ; Savit, 1988).

This chapter fooks at paraliels between chaos theory and the dynamics of the
~ inverslon process, and suggests a method for exploiting chaos to feach better

solutions (in the sense that they have a smaller least-squatas misfit) than would have
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Figure 4.13 : Convergence to Minima as a Function of Position for Magnetics
(Maximum X change allowed per iteration = 100km, ¥ change allowed 50km)

200.(

- Depih (Kl‘Tl).

00 1000 2000 3000 4000 500.0 6000 7000 8000 900.0
' Position (Km)

Black indicates that the body convei"ged te the minima at a position of ZOOKm and white

indicates that it converged to the minima at & position of 700Km. Intermediate shades mdicate
convergencs to neither,
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startiﬁg positiohs [eft of the poéit[on midway between the tWo anomalies (i.e. 450km)
" would cdnverge to the minimum at 200km. Figure 4.12h éhows the percentage of
| inversion starting points as a funttlpn of k for w'hich'this_was true. This is .only 20.9%
| when k Is 0.1, but rises to 92.9% when k was increased to 10.0 (recall that
tfa]ect_n_r[es can also cohverge u'pon the minirﬁa at the very edgéé of thé profile m

addition to those at 200km and 700km - see Figure 4.2).

- An_alﬁernatlve method of_dam_p.ing is to Hinit the amount that the parameters

can change by at each iteration, The result of limit!ng'the change_ in position pér
| iteration to: 100m and the change In depth t’o. 50m (with km | .d} is sho§vn in Figure '
4.1 3 The fractal p_a-tté.rn' can still be seen. Obviously. the ailowéd parameter change
cannot be miade too small at each iteration or :t'he inversion will take a large number

of Iterations to converge.

4.4 Con'cflusions
* The set of Initlal models that converge. to a particufar sofution using the
| Gauss-Newton methed of inversibn is a fractal, providing that there are at Ieasi two
parameters under Inverslon for which the model tesponse is non-linear, Sihce this is
undesirable, because it makes the selec“tion of the initial mudél ﬁarameters difficult,
two .'wa){.s of cbntrof!ing the Inversion hehaviour were examined. Increasing the
damping coefficient k proved effective in reducing the fractal dimension of the set o.f
models that converged to a particular solution, but restricting the parameter change

allowed per inversion iteration did not.
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Figuré 4.11 : Convergence to Minima as a Function .o_f Position for
- Magnetics (Damping Factor k = 10.0)

903.0 1000.0

1000 2000 3000 400.0 500.0 6000 700.0
' Position (km}

" Black Indlcates that the body conveigad to the minlma at a position of 200K, and white
inciicates that it converged to the minima at a position of 700Km.
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“that it is dealing w.ith a linear fuﬁctian. When it is nbt {the usual case) it provides
an impraved value for the root, and the process then proceeds iterativel.y un_.til the
root is found within the required liraits of error. Howeve'r; when multiple roots exist,
the sef of Initial guesses that converge to a particular root can have a fractal nature.

Consider the equation ;
A= S o {4.3}

Th:s has three roots : ', &%, and e”. The set of which startmg gilesses !n_
I:he complex plane converge to Wthh of the three possible roots iS a fractal (Press et

‘at 1992, p.360), and is shown in Figure 4.10b.

4 3 Effect of Damping the Inversion
The damping of the inverse pracess Is controlled by the factor k in equation
4.4 below ;
dP = (A'R + Kl)7A'e _ _ 44

where all terms have the same mean.!ngs as deﬁnéd in chapter 1.. Flgure 4.11 shows
the cunvergence pl_ot for the rhagnetic mode! in Figure 4.1 with the value of k
Increased from 0.] (the value used previousiy) to 10.0. It can be seen that the effect
| of Increasing the damplng has been to smooth the basin of convergence. The fractal |
di_mension has been reduced to 1.6, Figure 4.i2a's'h_ows the fractal f:l[mension a5 @
fun_ctioh. of K, and It can be seen thét {as expected) the fractal dimension décreases

as the damping is increased. inituitively it might have been expected that alf invetsion
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Figure 5.7 : A Period - Doubling Bifurcation Event in Phase Space
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' 5.4.4 lyapunoy Exponents
The presence' of chabs can be tested for by chécking for the.divergence of
nearby trajectories (Hilborn 1994, p.27). The extreme sensitivity_of chaotic systefns _
to initial conditions is terrﬁed the hutterfly efféct‘ (Gleick. IQE? n.20) Tﬁé difference
between the trajectaries should (on the a\'rerage)' diverge exponentially, and the rate
of the dive.rgence_ Is-given by the Lyapunov exponent A, which is deﬂned frdm (La Salie |

_ahd Lefschetz, 1964) :
Veetvg) . 59

Whese the arbitrary function V is measured as a continuous function of time t, and
has initial parameters X, . The misfit was measured at discrete intervals, so a discrete
~ form of equation 5.7 v 1s used (Hilborn 1994, p. 372) ;

A= (/1) In(d/dy ) | (510

wh_ere dy is the absolute value 6f th.e difference between two points on nearby
trajectories, and d,; Is the diffe.rence n iterations away. Tht_’.' number of iterations used
_ td éstima_te A must not be too farge because there (s a maximum value of the misfit
possible. Hence the situation must be avoided where thé difference between. the
trajectories 15 of similar size to this maximum .p'ossib'le_ misfit. |f the system I[s
dlsplaylhg periodfc motion then A i zero, since the trajectory wilf return to the same

points at regular intervals,
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settling down to & perfodic motion. This lengthening of the period of transient
 behaviour serves as an Indlcation that change In the. behavious of the system (5

about to oceur,

5.4.3 Fourler Analysis of the Motion |
Analysis of the power spe_ctrurh of the data from a trajectory can be useful in
showing the presence of any periodic motions. The Fourier transform F{f) of a dataset

F(x) is given by (Blakely, 1995 p.262) ;

FE = [T eweax G

Where K = 25/}’ is thé wavenumber, and A' [s a wavelength present in the
data. The. powef spectrum sHows Ehe a’mouht of energy P(f) present at _a' .glven
frequency [, and is given by ; |

| PO = YRO? + 1) 58

'W_here R(f) and 1{f) are the real and iméginary parts of the complex amplitude
F at a given frequency f. A fast Fourier transform algorithm (Press et al 1992, p.5C1)
was applied to 8192 points from a trajectory correspanding to I=35.0 and k=0.5 of
the body horizontal position data, then the power spectrum was then calculated from
equation 3.8 . The power spectrum is shown in Flgure 5.10, and It can be seen that
theré are no well defined pe.ﬁks corresponding to a mbtio’n.dominated by a few
frequencles, Fourier analysfs cannot dlscriminate.betweeh random and chaotic motion

‘owever, ant other methods must be applied to achleve this
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wtaFn=8 O 6)

Substituting for &=2.9 in equation 5.5 gives a value n'_f & of 5.5, which is
higher than that measured. However the relation is only approximate, since using

a=2.5029 gives & as 3.76, lower than the expected value of 4.66.

The Feipenbaum numbers are only appllcabie o unimadal functlnns that are
' quadratic int form near their maximum, as mentloned above. The values of o and 8
vary accnrdmg to the form of the functlon near its maimum. For functions of the'

form :
| o) = 1-alxlz ' (5.6)
~they vary smootily with z, with & decreasing toward (.27 and & increasing linearly

as z becomes large (Hilborn 1994, 3.221).

5.4 Tranﬂent Behauiour

The duration of the transient behaviou that occurs bafnre the model sattles

| down to periodic motion varles et idersl-.y. The nearer the periodic behaviour is to
a value of T corresponding tu 3 bifwivation, the Ibnger the transient behaviour exists.
This is shown in Figure 5.%a. Figure 5.90 shows the misfit plott_ed against iteration for
several values o? T cldse to a petlod doubling bifurcation event. As I" approachas the
value at which period-2 beh?'-rio.ur is séen. the system displays almost periodic
osciltations v)hose .amplitude gradually decreases to zero. Similarly, I chaos Is soon

to appear, then the model will display apparently chaotic behaviour for 2 while before
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behaviour, but returns to period-2 behaviour for 4.44 < T' < 4.53. In addition, as T

 was increased from 2.48 the amplitude of the uscn[atlon af the body-positlon_l
Increése.d also, uhtil r rea_c.‘hed 4.0, when the iower _Ilmb of the bifurcation diagram'.
turned upwardé suddenly (see Figure 5.6b). Tht_a "gradient of the upper limb also -
changed at thi_s pdint. The overalt pattern of the bifurcation dlagram is consistent with
2 bifurcation occ.ring at I'== 3.9, which would yie.ld 8 = 3.62 . This is in reasonable
agreement with the asymptotlc \.ra[ue. of4 67.. statéd above. which is'or.ziy valid in the
-Iimit when n = o However it implies that portlons of the chactic motmn are
_unstab[e and are hence not seen, Sarkovskil's theorem states that there can ba an -
infinite number of unstable perlodic trajectories at - given parameter value [Hilborn

1995, p.205).

The Feigenbaum o is the ratio between the size of the largest period-n
segment to the size of the Jargest period-2n segm'ent. It is given by (Hilbérn 1994,

p_54):
¢ = My djd,,, = 2.5020.. ' (5.4)

Figure 5.-8 shows the parameters d, . where g = di/d, . The period-2 behaviour
and period-4 behaviour that occur from 2 5 < I'< 4.5 were examined, and although
it was difficubt to read the values accurateiy a vaiue for o of 2 9 was obtained for the

inversion of the horizontal position of the body.

o and & are related approximately by {Hilborn _1994. P 22'0) :
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| Figure 5.6a : Bifurcation Diagram for the Misfit in the Inversion of the

Horizontal Position of the Model in Figure 5.1a
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At each hlfurgat'io_r.] poiﬁt. the current'perlod.ic motion becomes unstable and
a 'ffequency double the current frequency becomés stable. Figure 3.7 showé a
schematic frequency doubling trajectory in state space. A state space 'plot' depicts
model parameters _piotted against each other, and a set. of points on the plot at :
different times make up a trajectory that shows the evolution of the system (Hilborn

1995, £.33).

The _Fe[gehbaum 8 characterises the rétib between the parameter values at
.whic'h-different' hifurcation eVents-Oc;ur_in chaotic systems that are based 'upon 3
| unimodal map function (I;_é, a function -th.at posseéses a single maximum or minimum

.in the range of parameters used) of quadratic form. and is giveﬁ by {L.auwerfer | 988,

p.44)
8= Myl Ao * Bt )/ ( Prusy - Ay ) X

‘where A, is the valug of T at which a blf_urcétlon oceurs, Ay, is the value of T at
which the next blfurcatlon. occﬁrs, and A, is the vaiue of T at which the previous
bifurcation accurred (see Flgure 5.8). This ratio should be appréxlmately the sa.rn'e for
. all values of n, and for large values of n it shouid approach a value of 4.66970161..
The first bifurcation event occurred at T' = 2.48 {period-2) axd the second at T' =-
4.42 (period-4). No' period 8 beEziviour was observed, but the system was-behaving'
chaotically by I' = 4.6 . Using these values gives & = 10,7 (which will be an
underestimate, since A, < A.). However the behaviour is more complicated than it -

_-_first appears. The period-4 behaviour does rot blend smoothly Into the chaotle
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maximum giobal embedding dimension required to unfold the attractor, but the
- dimension .actually required in this case is 5 (as determined from the FNN analysis

ab{_.we). (F_%barbanei. 1996 p.46)

5.4.7 Damping |

" To demonstrate the effect of damping on the chaotlc Inversioh process, the
mode! was In\?erted with three different vatueq of the démping ‘pacameter k (see
_equat[on 5.1} and T'=6.9. Figure 5,15 shows 30 lteratmm of thv mmﬁt in thv
Inversion proc.ess I’or each vaiue. Whenk . 5.0 the inversion is huwlly dampou and
no si[{ns'of chaos are present. When k is decrcased 10 2.5 the inversion dtsmaya_
period 2 oscillatory behaviour. When k Is decreased still further to 0.5 chaotic
behaviour ¢an be seen. Hence the démping can be used to contro! the nature of the

“behaviour of the system.

Two blfurcation diagrams ate shown In Figures 5.16 and.5.17, and they can
be tompared Wl_th Flgure 5.64. The damping parameter k has values of 2.5, 5.0, and
0.5 In the three figures respectively. As expected, the higher the damping, the gréater
the value of I requlred o pmduce.chaos. Figure 5,17 appears stretehed out alot ¢ the

Taxis compared to Figure 5.16. The windows of periodic behaviour that emerga_from.
the chaos are present for [arger ranges of I' The overall pattern, that is to say

bifurcatlohs. periodic hehaviour, and ¢haos 1§ the same for all three figures.

5.5 Inversion of the Angle of Rotation of the Body

The model shown In Figure 5,12 was used again, but this time the body was
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against log R. Figure 3.14a shows the result of applying this technique. It is not

~ possible to take the limit R~0 since the dataset conslsts of a finite n_u'mbef of

- datapoints, and so C(R) falls to scale with R as given in equation 5.18 for small values -

of R. The straight pdrtl'on of the curve where R is la'rge is known-as the scaling region,-

and the slope here is used to estimate D.. The scaling'region can be diffieult to
- estimate, since the curve may not be exactly straight anywher_e,_ The uncertainty In the

value of D, can be estimated by vatying the size of the scaling region.

.Th_e measured value of D,,.'is a function of the embedding dim'e.nsion (Ruelte,
| 1992 p.80), because the trajectory will not be corréctly unfolded _unieéﬁ the
embeddihg dimenslon used Is targe enough. The upper curve of Figure 5.14a, wherein
the data 'points making up the trajectory were used indi_viduélly. cotresponds 1o an
'em_bé_dding dlinenslon of one. The pfoblem of C(R) falling to scale with R fo.r small
values of R gets worse the higher the embedding dimension used, since the boints on

the trajectory are effectively scattered throughout a greater volume.

A plot of correlation dlmension against Embédding'dimensfbn is shown In
Figure 5.14b. Takens ( I'_QBI] 'has.shown theoretically that If the state space_of a
- system has d, dimensions, then the'émbedding. spak:e needs 2d,+ 1 dimensions to
describe the attractor adequately. waever In practice it_is often sufficient to.use an
embedding dimeision that Is about twice the dimensian of the attractor. From Figure
© 5.14b il can be s.een that ihe correlation dimenslon becomes independent of the
embedding dimenr~ion when the latler reaches a value of about 8, The attractor

dimension can then be seen.to be approximately 3.9, Note that the value of 8 is the
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represent, but Figure 5_.'1 3a shows a plot of the trajectory In two dimensions alongside
- 2 simifar plot for a random number sequence (Figure 5.13b). The structure in the

former can clearly be seen, indicating its non~random nature.

5.4.6 Correlation Dimension
* The fractal dimension of the chaotic attractor can bé measured in different
' Wé)}s. such as fhe box-counting method (se'e section 4.2.3) or the. ruler method
(Turcotte, | 997 p.I 12), Hawevera more suitable method computatlonall'y for mea.suring
the c'llme'nsio.n of an attractor that.l"s scattered throughout-a many dim'en'sliona[' space
Is the correlation sum method. This codnts how many points on .E.! trajectory in state

space lie within a distance R of a particular point.

1000 Data points from the chaatic regime of body horizontal position
tnversion (I‘ = 5.0) were analysed. The correlati: sum is given by (Hifborn, 1994

- pR. 409);

CR = UNN-) LR O(R- k%) (5.1

il j= L

Where x; and x; are data points on a trajectory which consists of N points, and @ is

the Heaviside step function. The cortelation dimension D, is then defined as (Ruelle,

1992 p.79)

D. = “mu-nlog C(RVLQE(R) . ' (5. i 9)

The correlation dimenslon can Lhen be estimated from a plo* of log C(R) -

D9
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P = Spkmn S 649

and it dimension d+ 1 is (Abarbanel 1995, p.41};

Ranli= S Isr 1) - SNk )T
=R+ | s(ordT) SWGk T2 (5.16)
and hence the distance between points seen in diménsion d+ 1 ra.latiye to that in -

dimension d is ;

| Baalk) - By | glkeadD) - SWerdT) | 5.1y
Ri{k)? S Rylk)

Wwhen this disténce exceeds t'he emplsically determin'etl value of 15 the

neighbour is taken to be false (Abarbanel 1995, p.41).

A plot of the percentage of false nea.rest .neighbours (FNN) agafnst dlménsion
indicates what dimension should be used fof the phase space. embedding. When tHe
nurnber of FNN falls to zero _thé altractor is takcn to be completely unfolded. Figure

5.12b shows the F-NN analysis for the chaotic trajectory discussed ahove using a defay
of 22 samples, The number of FNN's-never falls to zero but has a minimum at d=5
aned increases thereafter with the dimension. This behaviour Is charécteristlc uf. the.
presence of a high dimensicnal signal ('noise Ir1 the system (ﬁbarbanel t995.. p;ZI 1.
The analysis was fepeated using a delay of 7 samples, and this produced an almost-

~ identical curve to that of Figure 5.12b, as experted.

A plat in five dimensions of the trajectofy fn phase spéce _is'difﬂcult to
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The fiest minimurr of the AMI Indicates which multiple T of =, is to be used. -

The AMI plat based on 70000 points of the body position from the trajectory when

T=5.0 {s shown in Figure 5.12a, and the first minimum value is at T=222, indlcating

that data polnts 22 samples apa'rt are éomplete[y uncorreflated (the AMI can increase

again at greater values of T due to the presence of random noise). However the curve

decreases very slowly for delays greater than about 7, and'thé value of the AMI s

) al_ready only about- 0% of the initial value, This indlcates that there s in bractic_e little

to be gained by using a delay greatef than 7.

The number of dimensions to use whan efnbgdding the data is found by
determining when the geometrical structure of the trajectary has been completely
unfold.e&. .i;e. all points '!ie cJos'e to one ancther becasse of the dynamics of the
trajectory, not b_eca_use of the profection (Abarbanel, {995 p.5}. The data are #nalysed
in dimensions of 1, 2, ..., N '.to determln.e whiéh points neighbour which. .F\ true
nheighbour will remain a nelgtibour regardiess of the dimension that it is projected in,
hut a false nelghbour will nbt Constder a vector in a state space with d dimensions ;

yik) = 5(k+T) " s(k-l- (d~ I)T] (5.13)

where T is the time dejay estimated from the AMI. Its nearest neighbour in this state
space Is then ;

yWER) =[S SN ET), L sYN kR (d13T] {5.14)

The Euclidean distance squared batween the nearest neighbour polnts as seen

in dimension d [s
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be useful in revealing their structure (Savit, 1992). The one dimensional t_ima series of |
mlsﬂ.t values contains sufficient Inforfnat[on to allow the reconstruction of a d
dimensional vector space of trajectorles beca_ﬁse all the vaﬁables that describe a non-

lihear sysiem are connécted {ﬁharbanel. 1995 p.21). To enable thg correct Unfolding |
of the chaotic trajectory the average mutual Information (AMI) and tﬁe number of
dimensions in which to view’ thg_ dataset, must be established. The AMI gives the
amount of information {In bits) learned about a parameter x(t + T<,) at a time Tx,
from the measurgmant of x(t -+ (T<1)zy). ﬁvht:re T 15 the sampling interval. of the data.
The amo'unt iearned about a measur.ement b, drawn from a set B from the

measurement a, from the set A is {Abarbanel, 1995 p.28) ;

Byplay, byl _
P‘q(ai) Pa(bj) ’

- Mutual Information = 1.1, | (5.11)
whare Pag(a.b) is the joint probability density for m_easurenients A and B resulting in
values a and b. Pa(a) and Pq(b) are the individual probability densities for the
measucements of A and B. The probabilities can be estimated from a histogram
'showing the variations of a and b, If the value a; is independent of the value b, then

the mutuat information is zero. The average & this measurement over A and B is the

average mutual information ;

_ _ ' Poglag, b
AMT = Ea;,.b, PAB(E;J by)  log, ‘“pa?;i“"—‘““%;{%};)* (.12}
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~ Figure 5.112 shows the misfit plotted against the inversion iteration for I =

5.0, which Is in a reglon where chaos is apparently present. The two curves show the

_ misfit for two trajectories whose (nitial values differ from each other by about 1%. The

trajectories start off very close to one another, hut diverge rapidly. After ~aly sbout

14 iterations the two trajectories are over 34 mGal® apart.

Figure 5.1 1b shows an example Lyapunov exponent calculation. The log of the- |

absolute value of the difference betweeh the two traje@tories shdwn in Figﬂre 5'.1 la
-' has been piotted. and én exponential function fitted to it. In this 'casé the vélue of A
calculated was 0.2:0.1 . A positive value of A indicates the presence of chaos, since
-i.t indiﬁates the exponential divergence of néarby trajectories, A negative value of A
would mean that frajectories would get closer together after each iteration. The .valué.
~of J.-depe'nds slightly on which points are selectad from the attractor, and the actual
value of A for the system is take}a to be the average of many measurements

_throughout the system. .

5.4.5 Phase Space Reconstruction

When the trajectory was not chaotic it either converged to a fixed point

(Figure 5.6, 1.0 < I' £ 2.49) or displayed periodic behaviour {for example, 2.5 < T' <

4.5). The chaqttt:_ behaviour of the misfit trajectory is caused by [ts attempts to

converge to an attractor of non-integral dimension ; a strange attractor (Ruelle and

-~ Takens, 1971}

The viewing {or 'embedding") of chaotlc systems in higher dimensions can often
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many parameters, and selecting a suitable starting position in parameter space is more
difficult. This model was chosen for its illustrative capabilities in demonstrating the

principles involvel.

The model is initially Inverted using T'=-1.0, then when the decrease in the
misfit stops or becorﬁes.gnacceptedly low, I' 15 steadily increased. Once escape from .
a Ioca!. m!n:i'ma has been achieved, then T is 'réset to 1.0 again and fUrther :
con\}ergenc'e can oceur. This procedure ﬁan be répeated until.nt.i _further improvemeni
is seen‘. Figure 5,27 sh.o.ws the misfit as a function of iteration' for this pr'oblem..The'
misfit decreases rapidly at first, but then levels out at a value of 92.3 mGals? after 15
iterations. After another 15 iterations no further improvement has been achieved, so
I was Increased until the motion became chaotic. When the chaotic trajectory -
esca.ped the local mini_mum and a misfit less than 92.3 mGals? was measured I' was
set to 1.0 again and the budy cbnverged upon the global minimum in one furth_er
iteration, This procedure could be repeated as desired until no further minima were

located,

5.10 Conclusions

A mei:hod of inr_lucing ¢chaos Into the least-squates inversion method was
introduﬁad. and the chaos was studled and quantlfted. The presence of chaos during
inversion f:an be a beneflt rather than a drawback, Chaotic Inversion can be used as |
| an élternative to the Monte-Carlo technique, wherein the chaotic trajectory is used
instead of a random ﬁu_mber generalor for calculating parameter values. 1t hés thé

additional advantage that some parameters can be _Inverted‘usiﬁg ridge-regression
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“Figure 5.25 : Misfit Surface as Reconstructed from a Chaotic Trajectory for the
- Inversion of Body Position and Angle of Rotation ':

Each point on the trajectory is plotted as a + on the reconstructed misfit surface, The misfit
cen be sean to be much less sensilive to the angle of rotation of the body than to its position.
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ihat parameter for some other reason, then I must be set to 1.0 .

5.9 Using Chaotic Inversion as an Alternative to the Monte Carlo Inversion Techrique

'Chaotic inversion can be used aé an alternati#e to Monte Carlo inversion {see
sec_tioh [.6), since the chaotic tr_aj_ectories replace the random numbers used to
determine the parameter values In that method. Figure 5.24 sho_ws.a chaotic trajacfor?
fram the model In Figure 5.22, and both model parameters can be seen to trav.arse

~ roughly equivalent amounts of parameter space (d'ue to the aforementioned scaling

having been perfofmed).-Figure 5,25 shows a plot of the misfit of the points on the

trajectory plotted against the parameter values. The misfit is much less sensitive o

- the angle of rotation of the body than it is to the pasition of the body. Note that

when chaos is occurring both solutions with a very small and a very large misfit will

be generated. The data quality does not a‘ffeét the chaotic behaviour at all. but the

larger the (:aussian noise present then the farger the minimum achievable misfit will

be. This is true of ridge-regression alsa,

5.10 Using Chaotic Inversion to Escape Local Minima

The motel shown in Figure 5.26 shows two gravity anomalies, oné at a

position of 300Km and another at 800km. The body shown wil! move to the anomaly =

at 300km when its horizontal position is invérted from the stariing position of 100km
showi. However a lower misfit would be-achieved if it was at a position .af BOGkm.
One route to get around this problen is to induce chaos into the inversian. In this
dEmonstfatioh situation It would have been easy for the geophysicist ta seiect an

improved starting model compared to that shown. However teal problems ofter have
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| Figure 5.23 ; Bifurcation Diagrafn for the Inversion of Body Position

and Angle of Rotation
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Figure 5.23 . Bifurcation Diagram for the Inversion of Body Position
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| Figure 5.22: Model Used to Demonstrate Simultaneous Chaotic
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p.53), which is a measure of the ill-posedness of the splution-of the set of linear
equa'tions being solved I(Dimri 1992, p.126). If the misfit functlon Is much more
~ sensitive to changes in ane ;ﬁarameter than in another then the condition number will
be Iarge.. and problems can oﬁcur if its reciprocal approaches the floating ppint"
precision of the computer performing the Invers?cm.' The scaling process ihtrbduees "
aécaiing_matrix S, such that ; | | |
o, = s e
where dP [s the parameter change'matrix (see equation 5,1), § can be caiculate_d_ from

2 = dlagl(¥" al)t, (YO al) (s.21)

and then the correct value of dP [ recovered from the scaled value by (Gibowicz and.
Kitro 1994, p.56): _
o = sy (5.22)

The starting model shown in Figure 3.22 was inverted with respect to the body
position and angle of rotation. Figure 5.23 shows. the bifurcation diagram as a
funetion of the body position, angle of rotatlon and misfit, The scaling has been
success_ful' in thét bifurcations and chaos occur at almdst exactly the same Qa!ue of |
I* for the three variables. Without it, it is ﬁnss!b]e that the body would (say) behave
periodicatly with respect to body position while maintalning a fixed angle of rutatior,

-0 move bet_ween twa positlons of equal misfit on either side of .thg anomaly pezk. If

the model respone to a parameter ( is linear, or it is not g{esired ko induce chaos In
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Figure' 5.21a : Constrained Inversion of Body Horizontal Position
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- but was not allowed to exceed the limits shown by the dotted lines.

The 'effect of the constraints was to prevent the chaotic behaviour of the
[nvérsion. A plét of the misfit aga.linst.I" is shown in Figure 5.2 l.t.. As I'was increased,
period-2 behaviour o_ccurfed, but chaos was prevented and the hody moved béck and
For'fh betWeen the two iirﬁiting positions. If chaos Is to be used té ald In the inversion
~ process, then any constraints must be sufficic. .ty selaxed to permit .it to occur. The |
| constraint§ can be reduced as the inversion proceéds » if it is seen that chaos is not |
pceurring a_nd.that the parameteré 'bein'g inverted are altérna_ting between tﬁe UIi{.JE[..
- and lower bounds set for thém. then this indicates that the bounds must be thanged.
~ This could result.in. the bo_unds moving outside the geologically preferred constraint_s. _
hut this Is no.t a problem since any such solutions that are generated can sifnply be

ignored.

5.8 Inversion of Multiple Parameters Simultaneously

When the horizontal position of the body alone waus inverted, the first
bifurcation event occurred at T=2,5, and chaos occurred when T'=4.5 , However,
when the angle of rotation of the hody waé inverted, the first bifurcation event only
ocourred at I'=12.5, and chaos only when I'=27.0 (both gfaphs were produced with
the same valﬁe of the damping constant k - seé equation 3.1). If it Is desired to
induce chaos simultaneously in a system of muitiple par_arnetars_ then the matrix A
must first be centred and scaled co'rrectly. Centerlng involves subtractiﬁg the mean
value of each row of the matrix from each element of the row (Gibowicz and Kijko.

1994 p.35). Scaling can reduce the condition number of & matrix (Press et al 1992,
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Figure 5.18: Model Used for Body Rotation Inversion
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placed in the correct position on the profile and at the cortect depth. The body was
hav}ever rotated by 45 degrees from the correct orientation (as shewn in_Figure 5.1 8.
and inversion was perfbrmed with respect to its angle of rotation (the damping
coefficient k was set to 0.5). Bifurcations and chaotic b.ehavi.our were observad, énd
the bifurcation diagfa_rns for both the misfit and the angle of cotation of the body are

shown in Figure 5.19 and 5.20. |

- 5.6 Inversion of' the Density Contrast of the Body

The chaotic behaviour described above was possible because of the non-

: liriearity of the geophysical response of the model with respect to the barameters

- under inversion, The density contrast of the bedy is.a linear parameter (see equation -

2.4), since doubling it will double the anomaly produced by the body at every paint
along the profile. Thert_afore inverston of the model in Figure 5.1b using equation 5.1,
with respec.t to the density contrast, was not expeéted to produce chaos. The density

contrast was set to an initial value of 0.01g.cm, which was lower than the correct

~ . value, then the inverslon was performed, No bifurcations or chaotic behaviour were

~ seen, and when I'22.0 the misfit rose without limit at each iteration.

5.7 Placing Constraints on the Position of the Body
Normally there w il be constraints placed on any Inversion process by a priori
information. In a geologicai/geophysical situation, the maximum and minmurmdepths

for a body may be known, as might be its maximum and minimun lateral position,

In the model used abave the body parameters under inversion were not constrained -

at all. In the model of figure 5.21a the horizontal position of the hody was inveried
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Consider the gravity meodel shown In Figure 6.5 . The application of this
method aftet one i_nveréion iteration of thé hdrlzdntal position 6f the body protlunles
an initial est'_lmate fdr the body's optimum position of 376km compargd to the carrect
* position of 400km. Using the model of Figure 6.7 and inverting the body in a vertical
plane _fram a dept'h of 2ookm pl‘Odl"..d an estimated dépth of 38.7km compared to
the cofrect depth of 44km. ¥ P, .-id P, are close together (compared :.o the distance
"t the solution), and hence .é] and e, are simiiar, then thé accur.af:y of the estimates

of a, b, and ¢ will be reduced.

[t can be seen that th'e knowledge of th form of the misiit function can

greatly enhance the efficlency of the inversion urocess,

- 6.3.2 Effect of Noise

| Any no!se.present will distort the misfit surface and will make the calculation
of the correct quadratic function more di_fficu!t.' However It will also affect the ridge-
regrassion adversely, To test the sensitivity of both methods to noise, the hodei used
above had 50% of unn‘orm!_y distributed random nolse added to each data point,
which prodiced th.e model shown in Figure 6.8, The same Starting positions were
used us before, and a vomparison of the efficiency of the two technigues is shown in
Figure 6.9 for inversinan ln_ hiorizontal and vertical pt=mes. As can be seen, the efﬁ_ciency
of the quadratic function method was unaffected by the noise, whife the feast-squares
| inversion took slightly more Jterat'ons to converge than In the noise-free case. |

fitting quadratic functions to portions of the isilt surface (ra_thér than 1o the
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the step size to choose. Given two points on the inisfit surface and the gradient at

cne point, then there is a set of three simulitaneous equations describing the

quadratic function ;

aP?, + bP, + ¢ ' f6.2)

i

._.e.l

{:

g, abP?, 4+ bP, + ¢

B

de/dP |p,= dt 2P + b

then a, b, and ¢ can be found by solving the simultaneous equations in matrix form

P4, P 1| |al e o (63)
'|P?'z P, ! | b = | e
125, 1 0] J|cf (di |

Once a, b, and c are found then the quadratic equation ran be solved to give the
values of the parameters P for which the misfit ¢ is zero. These are obtained from the

familkar ;

By, = b % v (zb:. = 4.at.’) : (6,4)

It two iterations of ridge-regression inversion are performed then the gradient
information need not be used, _but this has a greater computaiional cost. Note that
the misfit need never actually reach zero - the value P,,, obtained will merely he used
to provide an approximation to the actual P.,,.-'n. and will be used in the quadratic
inversion method de.scribet.l abave, If the roots are cdmplex then their real part will

give the position of the minimum.
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Lomparlson of Parabollc Inversion and the Ridge-Regression Techmque in the

Frgure 6.6
lnvers.lon of Gravity Data
_aj inversion of the body in & hotizentaf plane (see Figure 6.5) -
120 o |
. N N
N
-
8.0 \
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. A
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fteration

Misfit (mGat 2 )

b) Inverslon of the body In a vertlcal plane (sea Figurs €.7)
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regres'sion method and for the parabolic ihve_réion far the inversion of the body ina
'h_orizontal '. plane. The superiorlty. of .the.latter. can be élearly seen, reaching the
minimum in under_half the number of iterations of the farmei.- In addition, since all
\;xcept'the initial iteration require anly a forward model to be run., .th_:e parabolic -
method is compufatibnally r_nﬁch less demanding. Figure 6;6b shows & compa;_ison.of
| the guadratic approach and ildge-regression invefslon when the same model was
inverte_d ina vertica_l plane (Figure 6.7 shows the starting model used). Agaln, the'
quadratic method reached the minimum misfit (n under half the humber of iterations

required'by the ridge-regression aporoach.

6.3.1 Choosing a Step Size | _ |
As stated above, after the first least-squares iﬁversion iteration the model
parameters were : inanged by 3 mﬁltiple of the initial ch_ange; The siza of the.s.tep to
use can ba determined by considering the range ofva.lues that the parameter {s likely
to have. For example, it may be known from borehole infurmatiuh that the depth ﬁf
the body Heé_bétween two depths. of Lthat it cannot lie outside a range of I_wrizontal_
positions. The size of the step must ﬁe chosen such that the range of possible values
is covered by sufficient points so &s Not o miss the minimum of the misfit surface.
For the models used above, a step slze doubling at each iteration was used. Since the
step size is based on the parameter change at the first iteration, if several parameters

are being inverted at once then the step sizes wit! be different for each parameter.

- Alternatively, the fact that the flanks of the misfit surface are quadratic in

naturé can be used as a guide to both the position of the minimum and therefore of
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. caleulated and the inversios ue:, this as the next _Improvement to the model. This
process cﬁn be repeated using the new position on the misflt surfaf:_e. If necessary, a
final ridge-régression inversion itération can be used o ‘tidy up’ the parameter value,
since the assumption t.hat the'surfa_cg ié of a auadratic 'folrm'.wlli not be com.plletety_

accyrate (particuarly in the presence of noisy data).

To gain more information ahduf, the shape of the misfit surface, and to reduce
furthar the computational effort feq.uired- it is not necessary ta parforfn_ a full inv_érsion _.
.a; each iterétion. After the first fteration the pafar’neter is c':ﬁanged by 3 muitiple of
the previous changa; unitll the _mi‘sfil: increases, At this point the minimum has been
overshot. The quadratic fc.:.rm CAn now he fﬁtted to these data points. The technique

I8 slmzlar to the Inverse parabuhc interpolation approach used in the minimisation of

l’unctlons. and wIII be termed paraholic inverslon here. Given three points on the

misflt surface. with ey>e; then the position of the minfmum is given by (Pressetal

]992 p.396) ;
P (Pm\ - Pi} {eﬂ - eﬂ) - (PB = P‘ (93 - ei} (Snl}

= P
W T TR TR S B (8~ 8y) = (B, =B (8, ~ &)
Where there is 2 misfit & at ‘a parameter value P,

 Flgure 6.5 shows a gravity model consisting of a single anomaly. The body has
the correct shape and other parameters %o fit the data but the horizantal position Is

incorrect. Figure 6.6a shows the misfit as a function of iteration for the rldge-
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| 'Figure 6.4 : Quadratic Fit to a Schematic Misfit Surface

i
g Starting position
1 e
Misfit | | L
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- . Quadratic 4
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i quadratic ;
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Thé Inversion starts ct’r'po'in’r 1, then é)rc:ceeds fo point 2 by the use of ddge-regzession lnversion
The dlsiunce from point 2 fo point 3 Is & muliple of this Infflal move, os Is point: 4, which
overshoots the min’lmum. _

* Polnt 5 Is af the parameter vaiue coresponding to the minimum of the quadratic generated

from polnts 2, 3, and 4, Motlon from point 5 to polnt 6 procesds elther vig a another quc:draﬂc
fli or o fincd dge-regresslon Inversion ferafion,

F|gure 6.5 : Gravity Model Used for Body Horlzontal
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thure 6.3 Example Misfit Surfaces for Three Parameters in the Inversion

of a Gravity Model
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quadr:ﬁ.ic fit, which, although matching the limbs of the misfit surface badly, -

nevertheless has a minimum In the same position as the surface does.

Figure 6.3b _s_hcwé the misfit surface for the situation when the ﬁorizontal
position 6f the body is be[ng inverfed. Quadratic functioﬁs have been fittéd to thé left
limb of the curve and to the wholé curve. The Iatte'r, while being é-bac_l_ fit to the

: .surfacé. again has a minlmum in approximately the correct position an tlje profile. The
former function is-a good fit to th.e data .(cor_rel.ation coefficient R?=0,98), and could - |

~ therefore be used to estimate the position of the minimum, If it could be determined.

Figure - 6.3¢ shows the misfit surface for the situation when the verl;icai.
position of the body is being inverted. Quadratic functiﬁns have been fitted to both
limbs of the curve and to _the curve as a whole. The latter, while again beihg a poot |
fit to the surface_.'a_gain' has 2 minimum close to the correc_t.dgpth. The Ihdlvidual

Iimbs' of the. surface are well approximated (R’_=0.999} by the quadratic functions.

6.3 Improving Con\)ergence by Fitting Quadratic functions to the Misfit Surface
Consider the inversioh of a single model parameter. as shown.in Figure 6.4 .'
If the inverslon starts at'th_e_posit.ion shown then it will creep its way down the
“surface, eventually reaching the minimum after a number of iterations. However if the
form of the suiface was known then the position of the minimum _coﬁld be found at.
once. Therefore .'the procedure fs to use the information from each iteration - namely
the value of the fn[stﬂt for a givan:v;a.lue of the parameter » to reconstruct the form

of the surface. The parameter value that corrésponds to the min'mum is then
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- Schematic Misfit Surface for the Cas'e When Two
Model Parameters are Inverted

 Figure 6.1

The lnvérsion can get trapped _in_ the minimum at A, but the minimum at B is deeper. '_

Figure 6.2 EXam'plé Gravity Model
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The rectangular body is shown In the lower half of the plot, and the calculated anomaly
Is the solid line in the upper half. The observed field data Is the line of asterisks shown.
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CHAPTER 6 : PROPERTIES OF THE MISFIT SURFACE
6.1 tntroduction
. The inversion methods despribed p_rév[ously (such as Gauss-Newton and ridge-

regression) seek to improve the model iteratively, given a parameter whose response

Is non-linear, The calculation improvement at each stﬁg_e is based on the local gradient

“of the misfit surface {see equation 1.2), 8na uses no information at all from the

prévious iterations. This information can be exizomely useful, however, since if the
shape of the misfit surface was khown then..the inversion_ problem would be solved.
Whi_le the enisfit surface Cah_ be arbitrarlly complicated, it._ca*.n in practice be well
éhproximated locally by a quadratic form, (Menke, 1989 p.154). When sev'er.a_l..

parameters are being inverted then the surface as a whole can be approximated by a

set of interconnected parabolotd regions. Figure 6.1 shows a schematic misfit surface

for the situation when two madel parameters are being inverted..

The aim of using informatian about the misfit surface was twofald ; firstly to

improve the speed of convergence of the inversion, and sccondly to determine

whethar there might be znother minimum (possibly 3 deepef one) adjacent t0 the one |

that the inversion has just converged to.

6.2 Misfit Surfaces :
The misfit surface for the gravity model shown in Figure 6;2 Is shown in Figure
6.3a for the situation when the body density contrast is being inverted, The surface

ls seen to be almost linear, although Menke (1989, p.154) states that the misfit for

the linear case is always & paraboloid. Superimposed on the misfit surface is 2
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while others are simultaneously in a chaotic state. This is acer mplished by setting I}
= |.0 for the former parameters and adfusting It.to produce chaos fdr_ the latter
parameters. This can be performed with one simple algorithm (equation 5.1}, and does

not require a ﬁomplicated integration of equation 1.9 and a Monte-Carlo scheme.

Chaus_ can élso be used to help soive.]ocal minima proulems. f_)nce ridge-
regression has.ceﬁsecl to pro\}ide an? furthe: reduction In thé mi.sfit. fhe- inversion £an ..
be _nﬁade chaotic, théreby pushing it out ot the 'm'ir';'ima. If it reaches a péslltion'in
parameter space of lower misfit than- that reached previously then T' s set to_t[_'ia
identity matrix and ri_dge-mgresésion tékes over again. This procedure can be _repe'ated

until no further improvement s achjeved.
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Figure 5.27 : Using Chaos to Escape a Local Minimum Problem
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F_Egu_re 6.16 shows the solution of th_ese equations for three data points and .
two gradients from the Inversion of the moﬂel In Flgure 6. 13, and while the shape of
the polynomia[ is not 2 corﬁp[etely aceurate representation of.'the misfit surface. the
presence of anothe: minimum has been correctly predicted and _-an apprn.xirna'te
jocation. given (Just over 600km). Since the fnisﬂt_ cénnot he ne_gatlve the position at
which it bécomes zero is used as an approximation to the po_sltion of the mlnimuiﬁ._
The inversion then converged from this point to the global mfn!mum at. a position of
750k, The points used and the fitted quartic are shown It was found beneficlal to
'use. the data points at the beginning, end, ahd atan [hterm’ediate polrit; fogéther wltﬁ_
gradlents measured at both ends. However If the_model starting posiflon_ié too close
to the posltion of the local minimum then the polnts on the misfit surface will
contain little Information on the othér mfnlmum. and .ény estimate of its hﬁsitlon Is

“likely to be Inaccurate,

As a second example, the model shown in Figﬁre 6.17 was used. All of the
motiel parameters were correct except for the angle of rotation of the body. The misfit
surface .for the angle of rotation is shown.in Figure 6.18, and it can be seen that
tﬁere are two minlma, one at 360.0 degrees an.d the other at 180.0 degrees. Due_ to
the asymmetry In the shape of the body, the minima are __nbt eqﬁa_liy deep however.
The body angle was inverted from a stérting positlon of 2600 degrees, from which
it moved to the Iocai minimum at 180.0 dég‘rees. Three polnts (the beginning, the
end, and an intermediate point) together with two gradients (measured at the

- beginning and the end) were used, and a quartic fitted through them. The fitted -

guartic had a predicted global minimum at 323.7 degrees. Rldge-régre_sslon inversion
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©and given 5 or mora points then ;
Y = g+ bx, 4+ ex? +dx? +ex) - 6.7
Va = Ak b b O e d? - oex?

Vs = gk by b o? 4did + oex?t

\which can be placed in matrix form and solved to give the coefficients ab.cde .

| 1 Ry xlz x,,a Xl‘ | |'a ! . | b8 I (6.8)
|1 2 % x' x| | b | = | ¥ | '
[ 1 X, K;: 33:‘ K;: | e[, | ¥a |
1Y owmrowe owe | fal |
| 1 %y X X xg' | | e | [ _Y.') l

However this can prove_unsatisfactory. as shown in Figure 6.15, where no
second (and deeper) minimum |s predicted, Use of the Information of the gradient at - -
each position can remedy this problem. Differentlating equation 6.6 with respect to -

X gives ;
dy/dx = b o+ 20% + 38 + 4ex? : o (6.9)

.and some of the rows in the matrices in equation 6.8 can be replaced (in this case

[

the last two) with terms frorﬁ equation 6.9

Lox oxoxd x! a : {6.10)
1 x x,’ xf 5:34 ke - ?:

1 % xox % ¢ ¥

0 1 2%, xS 4% d Ay /A% |

0 2 2xy 3% A’ e dy/dx |
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of the body being inverted together with Its horizontal position. The comparison of
rIdge-regréSsioh inversion and parabolic interpolation for this case is shown In Figure
6,12, Again parabolic interpolation can be seen to out perform the ridge-regrésslon'

-""Inversion, particularly when the -'fact that each iteration of the _fo'rmer is

computationaily -'f'ar [ess demanding than that of the fatter, requiring only a fdr_ward-

modgl to be run and. (for the_iatter_ iteration) a parabola to be fitted, is taken into

account,

6.5 Avoidance of Local Minima |
 The optimisation scheme described In 6.3 is as likely to become trapped by

local miniima as any of the inversion techntqués described In chapter | (apart from the

Monte Carlo meshed). However, [f the assumption of the quadratic form of the rrilsﬂt o

surface around a n.nimum I5 correct, then the general form of any neighbouring
minimum s also known, Figure 6.13%a shows a situation where the body. when
“Inverted in a horjzontal plane from the starting poslition shown, wil convarge on the

local minimum at a position of 250km rather than on the global minimum at 750k,

The model used to geherate the observed data used is shown In Figure 6.13b, and the

~ misfit surface Is shown 1 Flgure 6,14 .

It both minima have a quadratic form, then thelr combination produces a

quartic equatlon ;

| ¥ = .8+ bx o+ ox? ded v oext ' - {6.8)
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Figure 6.12 : Comparisan of the Ridge—RegrésSion and Parabolic Inversion Techniques
in the Inversion of Body Horizontal Position and Angle of Rotation for a Gravity Model
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Figure 6.11 : Comparison of Parabolic Inversion and Ridge-Regression Inversion
for the Inversion of Body Position and Depth in a Gravity Model
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 than attempts to ft n dimenslonal paraboloids to the misfit susface.

The strategy used In sectioh 6.2 musf be maodified to. cope with the
| mﬁl-tlparafﬁeter ih?erslbn s'it'uation.:ﬂs in 6.2, the first change tﬁ: the parameter yalues
Is _ar:complishe.d via an iteration of ridge-régression inversion. Each parameter is then )
| multipled by a constant value on successive .i_terations. untl the misfit inéreases_
_ compal_'ed to the previous It.erationk Flgure 6.10 shows a schematic path acro’ss.t_he.
m[sflt sur’f_acé fbr. the two parameter case, Thfe' n dimensional misfig trajectory is then
pfojec“ted onto n Ind[vidﬁai’parébo]aé. onhe for each pa'rameter. Thé .improvéd values

for cach parameter are the. established via parsholic inversion, as before.

~ This is demonstrated using the gravi:. model in Figure 6.2 . The f:os_ition'and
“depth of the body were simditan’eously Inverted, and the misfit was plotted as &
function of iteration for ridge-regression inversion and the parabolic inversion methed
In Figure 6.11a, Fighre 6.11b shows the trajectory of the misfit for the horizontal _I
position and Figure 6.11¢ shows the misfit trajectory for the depth, The improveméht
i the rate of convergence of the parabolic invession method can be seen, since it
reached the minimum tn under half of the number of lterations of the r!dge-regreésion
technigue. Note however that its su.ccv.ss depends on both the parameters under _
inversion rnovln.g toward the minima on the first iteration : If ejther does not, then
it will not be possible to. construct a parabola around the minimum 'fof that.'

parameter,

- The model In Flgure 6.2 was used agaln, this time with the angle of rotation
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FIgure 6.10 : Misfit Surface for the Model in F:gurc 6.2 for the Parameters of
Depth and Honzontal Position

A schematic misit tra]ect'ory is plotted on the misilt surfaca; starting at the p.otnt marked 1
:ar;c!i progeeding to the paint marked 4, Farabolic lntarpolatlnn Is then used to taka It to the
minimum, : _
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Figure 6.9 : Comparison of parabolic Inversion and the Ridge- Regressmn Technique
in the Inversion of Gravity Data - 50% Noise Added
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wﬁoie surface in-.the vicinity -of the minimum}) .w.es however found to be more
' .sehsltive to the noise level. The nolse results in the .minimum'achievable risfit being

= _no'n-iero. In addition, the use of the gradient to determine the form o_f the -qUadratie

susface 1s not recomrnended' If the data are noisy, since _the gradient is much hore

Sensitive to nolse than the misf t itself. Tnvertlng the model in Figure 6.8 from the

~ same starting ‘positions as before produced an estlmate of 645km for the horzzontai

positlon (compared to 400km) and a depth of 26.9km [compared to- 35. Skm)

6 4 Extensmn to Higher Dlmensions
Pss the number-of parameters being inverted increases so does the number of
_dlmensions of the misfit surface, and the problert becomes carrespondingly more
d[fﬂcult_ to solve, for 1 ﬁarameters. the problem becomes that of fitting an n-
»'mensional parabolold on the n+ dimees[onal .rnisﬂt surface, The misfit setrface .for. '
| the modef ih.Flg.'ure 6.2, when' both the pqsltien and the body depth are inverted. is
'sh'OWn in Figure_.ﬁ.lo , fhe_equatlon for a general conicold in three dlmensions
_(co;resp’ondln_g to the ¢ase where two parameters are belng invert~ " - (Blakey. J.,

1952 p.88) ;
o+ by? + 2+ Uyz o+ 2gx o+ They + X+ 2y F 2wz + d =0 (6.5)

The large number of coeffic!e_nts {a,bcdfghuyvw) I8 a2 measure of the
difficulty invalved in the Inverse p'rocess. As the number of parameters belng inverted
increases, the number of coefficients to be determined by the parabolic technique

-becemes unmanageable and the ridge-regression method will pesform maore efficlentty
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F:gure 6.7 : Gravxty Model Used for Body Vertical Posntlon Inversmn
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to the inversion of one or two parameters.
In summary. the Gauss-Newton method of inversion is an excellent general
puspose tool for geophysical data, but other methods can improve upon it under

‘particalar circumstances, depending on the nature of the problem under investigation.

7.2 Suggestions for Further Work -

The next steps that can be taken with the chaotic inversion of chapter 5 are

the predtctfon and control of the inverse process. Firstly, cat the trajectory of the -

© Inverse process thruugh parameter_spam. be predicted a few iterations ahead of the

durrent position'? if so, (s do[ng'.this cbmputationally less dg‘manding _than Just

performing the itératlons anyway ? Secondly, can thé_ trajectory be forced into a region

- of parametet space correspanding to a smalf misfit value 7 This would be done by

modifying a mode] parameter value at a partlcular position in parameter space; and.

hence altering the trajectory, The problem with both of these Ideas is that current
methods of control of chaotlc trajectories require the trajectory to have visited the
desired tegioh of phase (parameter) spaée’ many times previously, to enable a picture
of the dynamics therta to be bullt up (Abarbanel, ¥.D.l., 1993), However for an.invers_e
prablem once a minimum (local or othertvlse). has been established nathing further

would be gained by forcing the trajectory back to that position In parameter space.

So a new approach to these portions of the current théory of chaotic systéms would

" be required, bui it is felt that such a change Is not infeasible.
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inverse process reduced the fractal dimenslon of the set. -

in Chapter 54 mo'dlﬁcation to the Gauss-Newton Iﬁv_ersion Method WS
introducéd wﬁich _caused_the inverse process o become chaotic, for parameters v}hich
hada noh-linear geophysical response. The chiactic motion was studied in detall, and
it .was found that it waﬁ_ poss_lb'le to move the .system' from a chaotic state to 2
p_e_nodlc state or to 8 constant parameter value b_y increasing the _damping c_:f the
inverslon, The chaotic Inverse'proc.ess was ﬁsed asan alternative 10 the Monte Carlo
Inverse method "_for 2 two pararﬁete’r gréﬁty’ model, whére It was able to reconstruct
the 'rﬁisﬁt Surface: successfully, It was also used to force the inverse process out of a
locat minimum to other reglons of parameter space wheré other.' deeper minima were

- encountered..

Cha.p'ter 6 examined the use of knowledge of the form of the misfit surface as
" an ald to the lnverse process, The fitting of quadratic furictions proved useful in that
'Jt was.computatlon_aliy unintensive and allowed more rapid convergence to the.
minimum tha'n would .hava' been achieved by the Gauss-Newtan method. IF minima
are of quadratjc forrﬁ, then It proved pussible tb detect other m-i:ﬂnﬁa that |le adjacent
te the current one by fitting quartic functions to the misfit surface, The fitting of
‘uadratic and quartic functions was insensitlve to small amounts of nolse [n the data,
- The main drawback of the method was that the largﬁ number .nf terms required to
define the misflt surface when many parameters were being inverted could only be
determined after a farge nurnber of inversion iterations, and this could be greater than

the riumber of iteratlons required by the Gauss-Newton method. Mence the method
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' CHAPTER SEVEN : CONCLUSIONS AND SUGGESTIONS FOR FURTHER
RESEARCH )

7.1 : Conclusfons

| In or'tief to perform the investigations described above, a'_l.arge quantity of
computer software had t.o be written. The magnetic and gravity modelling software
" - used in chapters 4-6 was written using the object-orlented approach;_whlch made the -

code easfer to debug and maintain.

In this project several dlfferent approaches o the geophysical inverse problem
were considered. Chapter 3 looked at the zpplicalion of L, rather than L, Inversion to.
borehole temparatufe data, and fouhd nhat-varylng thé norr of the Inversion during
.ihe inverse process could reduce by 50% the number of iterations required for the
inversion to converge to a suitable model. The selectlon of which norm to use was
based on the statlstics of the residuals. Chapter 3 also considered various damping
schemes, and found tiat the use of the misfit In co.ntrolllng the damping could
-producé the smailest-rﬁodel that g’ave. 1 good fit to the data, in the least numbef of

iterations. Such medets «aticata an increase in ground surface tétﬁperature of {+2°C

over the last 125 vears, which agreed with other known climatologice’ data.

Chapter 4 investlgated which initlal medel parameter configure"'ons convérged
to which minima, for magnetic data, using the Gauss-Newton method. This set of
'inltia'.- models had a fractal nature, providing at [east two model parameters which had

& non-linear geophysical response were belng inverted. Increaéing the damping of the
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Figure 6, 20 Quartlc f:t to Misfit Surface using Data Points and Surface Gradlent
for the Model in Figure 6.19 .
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the fitting of the quadratic functions themselves, The parabollc Intér-polatlon method

is best suited to Inversion problems with small numbers of parameters, sice the

difficulty of fitting polynomials to the misfit surface increa-éés rapidly as the number '

‘of parameters Increases, The number of inversion iteratlons required to provide

sufficient data to fit an n dlmensibnal polynomial car become greater than the

wmber of lter tlons required by the ridge. 2gression Inversion technique to fit the

data when n is large.
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 Figure 6.18 : Misfit Surface for the'Rotatioﬁ'of the Body in Figure 6.17

Initial position of the model
in Figure 6,17 :

00 qo00 2000 . 3000
- : Angle of Rotation (degrees) '

Figure 6.1 : The Model In Figure 6.13 with Noise Added

251 o : _
Kn -
2
15!

-

3

S I




from this point reached the global minimum in three fterations.

© 6.5.1 Effect of Nolse | |

The data in the hodel in Figure 6,13 had .50% uniformly distributed noise
added 1o it to produce the model in Figure 6.1 9; This was inverted as dest:rihed._a.bwe .
and & quartic polynomiat fI¢ to three nclnts and two gradfents from the misfit surface,
The results are shown In Figure 6.20, fr_orﬁ which it can be seen that position of the

- predicted minimum moved from 800km (the noise-free solution) to 580km. Hence

" even the addition of 50% random nolse only changed the result_ by 3% (i this case). - -

The gravity model in Figure. 6.17 also had 50% normally distributed réndom_ "

noise adde to t, to praduce the model shown in ngure‘ 6.21, and this was inverted '.

- as before, The predicted minimum position 1s at.352 degrees, thch Is actuafly claser _
to the correcﬁ _pos;tloh of 360 degrees than was obtained above for the noise free

model, The fit is shown In Figure 6.22 ,

6.6 Conclusions
Knowledge of the form of the misfit surface can be uséd to optimise the
inverslon process, The misfit, surface was assumed ¢ be quadratic I form in the
regions surrounding 'a'minirnufn. and this enabled the position of thé ﬁintmum to
bé estimated. In addition, the position of other nearby minima can be estimated
providing the gradient of the misfit surface is used and & quartic pdlynomial Is fitted
to the mlsfit surface. The technique proved Insensitive to nolse in the data, although

calculations of the gradient of the misflt surface were more affected by noise than was
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Figure 6.16 : Quartic fit to Misfit Surface using Data Points and Surface Gradient
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