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Composite numbers n whose sum of prime factors is prime

Abstract
In this thesis, we estimate the number of composite positive integers

n < x such that S(n) =3, p is a prime.

1 Introduction

In this dissertation, we will look for positive integers n such that

B(n) = Zplnp = P, where P is prime. We write p, P to indicate prime num-
bers. The function 3(n) has already been studied by a few authors. Its first
appearance was in the papers of Pomerance and his co—authors, including
Erdds (see [9], [13], [14]), where the positive integers n with 5(n) = B(n+1)
were investigated. An example of such n is 714, a number which at that
time appeared in the context of a baseball game, and since then such num-
bers have been called Ruth—Aaron numbers. De Koninck and Luca studied
positive integers n with 5(n) | n (see [5], [0]).

This thesis is based on a paper by Luca and Moodley, which estimated
the number of composite integers n < x such that S(n) is a prime. An
example of this is 210 where 5(210) = 17.

We shall now proceed in starting this thesis formally.
The main result of the paper which this thesis is based on is as follows:

Let
B = {n composite : 3(n) is prime}.

For a subset A of positive integers and a real number x > 1, we write
A(x) =AN[1,zl.
We have the following theorem.

Theorem 1.1. The estimates

s < #B(r) <

_r
(log x) log x

hold [12).



We believe the upper bound is closer to the truth. We can prove a lower
bound of the same order of magnitude as the upper bound assuming a uni-
form version of the Bateman—Horn Conjecture.

We will first provide some definitions needed to read the proof of the main
result, motivation for the study of this question, and methods used in an-
swering this question.

2 Background

Most of the results which will be stated if no other citation is given can be
found using the following reference [7].

Throughout this thesis, the Landau symbols O and o as well as the Vino-
gradov symbols < and > are used. The constants implied by them are
absolute. We shall provide definitions below for the notation mentioned
above. We shall denote the natural logarithm of x as logx.

2.1 Preliminaries

Definition 2.1. A prime number denoted p, is a positive integer larger than
1, which is not divisible by any other natural number besides itself and 1.

Definition 2.2 (Fundamental Theorem of Arithmetic). Fvery integern > 1
can be written as a product of primes. This factorization is unique, up to
the ordering of the factors.

Definition 2.3. Given two functions f and g defined on [a, o), where a > 0
and g(x) > 0, we shall write that f(x) = O(g(z)) (Or f(z) < g(x)) if there
exist two constants M > 0 and zqy such that |f(x)| < Mg(x) for all x > xy.
In particular, f(x) = O(1) if f(z) is a bounded function.

It is easy to prove that

r = 0(2?), r+ k)2 =0 =224+ 0(x) (kis fixed),
logz = O(z), x=O0(").



Definition 2.4. Given two functions f and g defined on [a,00) with a > 0,
: G
we write f(x) ~ g(x) to mean that lim —= = 1.
(@) ~ g(a) tim 2
Finally, if we have g(x) < f(x) and f(x) < g(x) simultaneously then we

write f(x) < g(x).

Definition 2.5. Given two functions f and g defined on [a,00) with a > 0,
and g(z) > 0, we write f(z) = o(g(x)) as x — oo if, for each € > 0, there
exists a constant xo = xo(e) such that |f(x)| < eg(x) for all x > xy. We can
then write

Here we provide a small exercise, which will be applied extensively in the
main proof.

Example 2.1. For positive real numbers a and b, the following holds:
(logz)® = o(x?).

Proof. For any fixed a,b let ¢ = b/a, let y = z¢ and let ¢ > 0. Now let us
take the series expansion for e®¥

2
eV =1+ey+ (5;) oo
Thus we get
ey < e
loge +logy < ey
logy < ey—loge
logy < 2ey.



The last inequality follows from the previous one provided that y > (1/)(1/2).
If this is so, then we will have

logy < 2ey (e >0 is arbitrary), so

logy = o(y).
Using y = ¢,
clogx = o(z°)
logx = o(zx°).

Recalling ¢ = b/a, the result follows:

(logz)® = o(z?).



2.2 The Abel summation formula

Proposition 1 (Abel summation formula). Let {ay}n>1 be a sequence of
complex numbers and let f : [1,00) — C. For each real number x > 1,
let A(z) =3 ,<,an and assume that f(z) has a continuous derivative for

x >1. Then .
S anf(n) = A(x)f(x) - / A(t) (1)t

n<zx

Proof. Note we can write a; = A; and a(n) = A(n)—A(n—1), for all n > 2.
We will give the proof when «x is an integer. We put x = N.
Let us expand this summation

S anf(n) = arf(1)+ - +ayf(N)

n<N

1
= ANF(N) — AN — 1F(N) + AN — 1)F(N — 1)+
e AR)FR) - A FER) + AL ()
— AN = AQ)(F(2) — F(1) -
AN = D(F(N) — f(N — 1)
i+1
We see that f(i + 1) — f(i) = f'(t)dt, for i = 1,...,N — 1, and that
A(t) is constant on the interval [2, i+ 1). Therefore,
N-1
Y anf(n) = AN - 3 Al / (o
n<N i=1

Now we shall prove the result when x is not an integer. We set N = |z].
A(t) then is constant on the interval [N, z]. We can now express

A()f(x) / AW £ (1),



as the following:

A@ﬂ@-—/fl @ﬂm—/ﬂwwwﬁ—lﬁwww
AR

_ /fdt

At
— mwﬂ@—waﬂw—ﬂN»—[ A)F (£)dt

N
= AW - [ awf o
= Z anf(n)v

n<N

where the last equality holds since we proved that the result holds when
r = N is an integer. We have > _ anf(n) = > -y anf(n), thus we can
conclude the proof. O

We use Abel’s summation formula to evaluate a number of sums of con-
tinuous differentiable functions in a certain interval. The following results
make use of Abel’s summation formula. We shall provide a quick proof,
which shall demonstrate why this tool is so powerful.

<t — [t
=1- dt.
=1- [

This is Fuler’s constant and is approrimately 0.57721 . ..

Definition 2.6.

dt



Theorem 2.1. For all x > 1,
1 1
g — :logm—&—’y—i—O().
n x
n<x

Proof. Let us choose our a, =1 and f(n) = 1/n.
So A(z Z 1 = |z|, and f'(t) = —1/t2. Applying Proposition 1, we

1<n<z
get

nzqn Tz +/1 tTdt
x— (x—|z]) Tt—(t—[t])
= +/1 dt

x 12

= 1+O( )Hng_(/IOOt_tzw—/:Ot_ﬁm)
_ logx+(1—/Oot_m>+0(31:>+/j75;2w

= 10gx+7—|—0< > / - t
1

= Iogﬂc+7+0(x>+0(/ >
1

= logx+’y+0<$>

Definition 2.7. The Von Mangoldt function is defined as:

An) = {logp if n=p"* for some k > 1,

0 otherwise.

Furthermore, the following functions shall be defined, for x > 0,

= Z log p,

p<w

= Z A(n)

n<x

and



Theorem 2.2. As x — oo, then we have,
0(x) <z, and P(x) ~ 0(x).
A stronger result is

0(x)

- log =

()
and thus, 0(z) ~ x as x — oo.

Lemma 1. Let ey(n!) be the exponent of p that appears in the factorization

of nl. Then
ep(nl) =Y HJ .

k>1 p

Proof. The proof will be done by induction on n. For n = 1, this holds as
no prime appears in this factorization. Assume that it holds for n. We now
show that it is true for n + 1. First we write n + 1 = p“m, where p f m.
Then, by the induction hypothesis,

ep((n+ 1)) = ep(nl) +u = zu: (L:ZJ + 1) +3° L:ZJ :

k=1 k>u
All that is left to observe is that

1 1
V:JZHJHngkgu and V”,; J:HJ if > .
p p p p




Theorem 2.3. As x — oo,
A
3 S R
n<x n

Proof. We shall apply the Abel summation formula, letting a,, = 1, and
f(t) =logt. Then we get that,

Zlogn = ijlogx—/lxt?dt

n<x

= (z—(z— LxJ))logx—/t_(tt_M)dt

= xlogx—i—O(logac)—/ tdt—i—O(/ dt)
Lt Lt

= zlogz+ O(logz) —x + 1+ O(log x)
= zlogx —x + O(logx).

On the other hand, using the Lemma 1, we also have that,

Z logn = log(|lz]!)

n<x

Since



we get that

So we see that
zlogex —x+ O(logx) =« ; Afzn) + O(z),
and we now divide out by z, and get the following:
logz + O (logx> =logz +0O(1) = Z Aln) +O(1).

A n
n<x

This next result will aid us in proving a crucial result.

Theorem 2.4. The estimate

1
Z %8P _ logz + O(1),
p<z

holds as x — oo.

Proof. We observe that,

lo A(n lo
I N

p<e P n<o k2 ph<y T
lo
= logm+0(1)—zz gkp
k>2 pk<ax p

We wish to now show that the double sum is convergent and then we are
done.

S < Y (gt e

k>2 pk<zg p p
1 1
= E <1 1—1—>logp
p T p p
logp
= 57201.
—~p(p—1) W

10



Theorem 2.5 (Mertens’ estimate). There exists a constant B such that the

estimate ) )
Z:loglogx+ﬂ+0( )
P log

p<z

holds as x — oo.
Note: The above estimate implies that as x — oo,

1
Z — ~ loglogx.
p<z p

Proof. Here we will sketch the proof as this is a very important estimate.
We will define
logp/p  ifn=p,
Qn
0 otherwise,

and let f(t) = 1/logt. Then f'(t) = —1/(t(logt)?). Then, by Theorem 2.4,

A) =Y an=Y" lof)p =logz + O(1).

n<x p<lx

So, here if we take

> =2

p<w p<z plogp

then choose a, = logp/p and f(t) = 1/logt, we can then apply Abel’s
summation formula.

Z logp  logz+O(1) /Ilogt—i—O(l)
plogp log x 9 —t(logt)?

1 v v
= 14+0(— —dt+0 ——_dt
i <logw>+/z tlogt" </2 t(logt)? )

1 o0 1
= 140 — log1 —loglog2 + O —dt
" <1og:c>+°g 08T~ 08l08 S E </ i(log 1)? )

([ o)
)0 )

1 1 o0
= loglogx+ 8+ O +0(—
log x logtlz
1
logz )’

11

p<w

1
= loglogz+ 58+ O
log

= loglogx + B+ O




where

& 1
=1 —loglog?2 ——dt ] .
poi-ioz 0 ([ )
Theorem 2.6. Let 2 <n < xz. Then the following holds:

0% 1
(0] .
log 2 + (logx>

=loglogx + 8+ ——

Proof. Let us take note of

ot
(tlogt)2 t(logt)2 )~
Using Theorem 2.1, we have that
1 1
Z — zlogac—i—'y—l—O(),
n x
2<n<zx

and thus we apply the summation formula again, choosing A(?) = > o<, 1/,
and f(t) = 1/logt.

1 log x ~y 1 /m logt
= O — dt
Z nlogn log x + log © + <xlog1‘> * 5 t(logt)?

2<n<z
dt + O ——dt
+/2 Hlogt2™ * (/2 2(log1)? )

1
= 1+ 7 (0] + log log x — log log 2
log x xlogx
v | vo|oe z 1
s (@] St
log 2 i </ £2(log t)? >

= 1+ 7 + loglog x — log log 2
logw xlo

v
+log2 logx </ logt >
< 1
—dt
o </z t(logt)2 >

1
= logloga:—i—O( > B8+ % (logm)

= loglog:r—i—ﬁ—i—i )

g2

12



O]

Note 2.1. It can be shown that the constant 8 appearing in the estimate
Theorem 2.5 is given by

1\ 1
B=v+Y <log (1 - > + ) ~ 0.26149.
> p) »p

13



Note 2.2. Let’s take a set A(x) and let us say that #A(x) < z/logx for
2 < n < x. Now we wish to evaluate the following

> .
o
2<n<x
neA(x)

Proof. We shall make use of the Abel summation formula Proposition 1.
Letting a, = 1 and f(t) = 1/t, we have

> L e, e,

x 12
2<n<zx
neA(z)

< — +/x L g
zlogx [y t2logt

~ logx o tlogt

1
= —loglog2 + loglogx <« (
log

1
log log x log x

+ 1> log log x.
Taking the limit when z tends to infinity. We get

1
Z — < loglog z.
2<n<zx n
neA(x)

14



Theorem 2.7. We have the following equality, referred to at times as
Mertens’ formula (a very useful result).

H <1 - 119> - lf)g; <1+O (10;15)) (x — o).

p<z
Proof. Let
U = [ <1 - 1>
p<z p
Then
logU(z) = logH (1—) Zlog (1_>
P<$ p<z
= - Z + Z <10g <1 — 1) ) (now apply Theorem 2.5)
p<x p<lzx p
1
= _ O _ 2 1
—loglogz — 8 + ( ) +) <10g <1 > p)

p<zx
We now make use of the result

1 1 1
log(1—— + -1 <K< =,
b p b

so let us sum through all these primes so we get

1 1
S = log<1—>+).
Z < p p
P
This then results in

S(es(15) 05) = o (ee() )

1
= S+O< ) S+O<Zn2>
P>x p>x

B <L1J1t2>
svofg-sioft)

15




Combining these and then applying exponentiation, we will get the following

1
logU(z) = —loglogz — B+ S+ O (bgaz) ,

now exponentiate
U([B) — e~ log log;re—,B—Q—SeO(l/log;:(:)7

having § — S = =, we can conclude the proof. O

2.3 The Prime Number Theorem
Definition 2.8. Let w(x) be the number of primes p < x that is given by
the following notation:

m(x) = Z 1.

p<z

Theorem 2.8 (Prime Number Theorem). As x — oo,

m(x)

X

~ logz”
The Li—function denoted Li(x), and defined as the following

odt

Li(z) = —
i(@) 5 logt

The Li—function is a good approximation for 7 (z). We have
mw(x) ~ Li(xz), asz — oco.

The French mathematician Legendre conjectured, in the year of 1798, a
relatively accurate approximation for 7(x). It was conjectured that
x

m(@) ~ Alogz + B’

Later in 1808 he then proposed that A =1 and B = —1.08366. It was later
found, that he was not far off as it can be shown that m(z) ~ z/(logx — 1).
It is also true that 7(z) ~ x/(log x — 100).

A proof to show that 7(z) ~ x/(logx — 1) will be given.

Theorem 2.9. .

16



Proof. We first take

Todt
Li(z) = / dr
5 logt
integrating by parts we get:

O
5 logt logtlz * Jy t(logt)?
x t oz T t(2logt)
Loty [F,
log +Oo)+ (logt)2 12 +/2 t(logt)*
Ve
x x
= o)+ 0 ——dt
log x * (logx) +O()+ (/2 (logt)? )

0 mr)

In the smaller range 2 < ¢t </, we have that logt > log 2, so that

/ (IR / V< Vo< —
— — L —.
o (logt)3 = (log2)3 Jo (log z)?

In the larger range \/x < ¢t < z, we have that logt > log(y/z) = (logz)/2,
so that

/11 dt< 5 /mdt< B —O(x )
vz (logt)3 ™ = (logx)? J sz (log )3 (logz)3 )~

Hence, we have that,
Todt x x x
= @) .
/2 log ¢ log x * (log x)? * <(log1:)3>

Now we take

T _ T 1
logz —1  logz \1—(1/logx)
T 1 1
= 1 o ——
logw< Tloga ((logw)2>)

= 10y
~ logz  (logz)? (logz)? )

Comparing the two results and making use of w(x) ~ Li(x), we conclude
that Li(z) and x/(logx — 1) coincide at the first two terms. O

17



Some remarks in showing that m(x) ~ z/(logz —1). The result holds for
m(x) ~ x/(logz — k) with k as a constant s.t 1/(logx — k) < 1/(log ).

Chebyshev proved that if the function w(x)/(z/log x) has a limit as x — oo,
then this limit has to be equal to 1. He also proved very accurate lower and
upper bounds namely

i <m(z) <co x

“ log logx’

where ¢; = 0.9212... and ¢cg = 1.1055. ..

The year of 1896, Hadamard and De la Vallée Poussin independantly proved
the Prime Number Theorem using complex analysis. They showed that

m(x)

00 x/logx -

18



2.4 The Divisor function

Definition 2.9. Let 7(n) be the number of divisors of n. Then,

T(n) = Z 1.

din
Theorem 2.10.
Z T(m) = L%J =nlogn + (2y — 1)n+ O(n'/?).
m=1 m=1

Proof. Let D, be the region in the upper right hand quadrant not containing
the x and y axis and under (and including) the hyperbola zy = n. That is

D, ={(z,y) eR?: >0,y >0,zy < n}.

Every point with integer coordinates in D, is contained in a hyperbola
xy = m for some postive integer m < n. Thus, > " | 7(m) is the number of
points with integer coordinates in D,,. Note that if x = m is fixed, then the
number of points in D,, having this value of x is L%J . Hence, the number

of points in D, is also > [Z].

To estimate how many points are in D,,, we first observe that the num-
ber of points above the line y = x is the same as the number of points below
it. Thus,

2] = 23 (2] tel) + i

wal
= 23 (T -k+0Q)+IVnl
k=1

Lvn]
6> 1, (L\/ﬁJ(LgﬁJ +1>) O

We apply Theorem 2.1 to the sum in the above step,

L\/ﬁjl 1
; k—logL\/ﬁJ—&-’y—i-O(\/ﬁ).

19



Plugging this back into our original workings we get,

12 - (mfzml) <W<Lgﬁj+n>+0m

m=1

= 2n<lgfj+’y+0<\1f >

= 2n<1gfj+y+0<\1f > (n+O0(Vn Vn).

We rework the log|y/n].

log(lvn]) = log(vn+0(1))

(5110 ()

log(v/n) + log (1 +0 (}))

— log(vn) 4+ O (%) |

Plugging this back into

il | 2] =20 (loglvil +9-+0 (72 ) ) = 0+ O(vi) + O

Si-

ilm — 20 (logtv + 0 (=) +9+0 () ) - (n+ Ol
= nlogn+ (2y — n+ O(Va).

Thus concluding the proof. O

20



Definition 2.10. Let w(n) be the number of distinct prime factors of n.
w(n) = Z 1.
pln
Definition 2.11. Let o(n) be the function which sums the divisors of n.
o(n) = Z d.
dln
Note 2.3. The mazimal growth rate of o can be expressed by
lim sup ﬂ =e.
n—oo \nloglogn
Thus, we have
@ < loglogn,
n
asn — oo [L1].

Proof. Let n € Z* and n be composite, by the Fundamental Theorem of
Arithmetic we can write n = pfpt2 ... pfm We get

o(n) (Ltpit -t p) (Lt Pt +Phr)

-y Loy L

J1
0<ji<ki P 0<jm<km P1

If we fix p such that p | n we have that

Thus, we get
o(n) <TI(x N (2.1)
S p ) .
pln
Let m = w(n) from Definition 2.10. We have 2™ < p;---p, < n.
Applying logarithms, we get

1
m < osn < 2logn.
log 2

21



Thus, n has at most 2logn prime factors. The right hand side of (2.1)
m -1
1
11 <1 - > (2.2)
i=1 pi

is maximal when we replace pi, ..., p,, by the first m primes (but keep the
value for m). By the Prime Number Theorem (Theorem 2.8),

Pm
log pm

L 7(pm) = m.
We can now write
log pm + O(1) < logm + loglog pi,.

Since loglog p,, = o(logpm), it follows that logm > (1 + o(1)) log py,. In
particular, logm > (1/2)log pm, 80 pm < m? for sufficiently large enough m.
We want to see what the most number of primes that can be counted in a
somewhat accurate way.

We can obtain something slightly stronger than p,, < m? namely

P < mlog pm < mlogm? < mlogm.

Since m < logn, we have p,, < (logn)? holds for sufficiently large n.
Applying Theorem 2.7 to (2.2) we get

(1) = 1

1\ L
<1 — > < log((logn)?) < loglogn.
i=1 bi p<(logn)? P

Thus, we conclude the proof. ]

22



2.5 Sieves

In this section, we make use of the inclusion-exclusion technique. Let us
look at a basic sieve, the Sieve of Eratosthenes. Say we take the list of num-
bers from 1 to 100. Taking p < /100, we can then remove (sieve out) any
n <= 100 s.t p | n where p < v/100. The numbers which were not removed
will be the prime numbers p > v/100.

Some quick results shall be mentioned to aid, with the mission of expressing
the sieve, in a more desirable form.

We let P denote the product of primes less than x :

P:Hp.

p<w
Definition 2.12. The Mobius function is defined by

1, ifn=1,
p(n) =<0, if p? | n for some prime p,
(—=1)wm), otherwise.
Theorem 2.11. If
1 ifn=1
E(’I’L) = { ’ lf n ’

0, otherwise,

then

S u(d) = B(n).

dn

Proof. If n =1, then condition holds. Asumme that n > 1.
Let n = p{*---pdr, and p; # pj, for any ¢ # j, and where «;, are positive
integers. Let m = p1 ---p,. Then it is clear that

> uld) = 3 nld).
dln dlm

Since for each integer j € {1,...,r}, there are (;) divisors of m with j prime
factors, we have

S n(d)=1- <71“> + (;) —'-.+(—1)T<:> —(1-1) =0.

dlm

Thus we conclude the proof. ]
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If 2 is any positive real number, then an integer n, in the interval (y/z, x)
is prime if and only if ged(n, P) = 1. Thus we can write

(@) —n (VB +1 = Y E((n,P) =33 u(d)

n<z n<z dln
dP
=Y u@)| 3] (2.3)
d|p

We have
T

x
—-1==+0Q1
3 =G +om,
and plugging the above into equation 2.3, we obtain

m(o) = n (Vo) +1 = > u(d) | 7]

d|lpP

= > u(d (S +0)

d|P

= > (ud)% +0Gu(d))

d|P

We end up counting an O(1), every time d | P, and since P has 7(y/z)
distinct prime factors, we will have the following amount of divisors

() (7)o ()
Therefore we are left with,

w(@) — (Vo) +1 = 3 (u@)5 +0)

d
d|P

LT (D) o

p<\x
Thus we will end up with an error term which grows exponentially and is
larger than the main term, which is not the most pleasing sight.

Definition 2.13. A function f : N — C is said to be multiplicative if
f(1) =1 and f(nm) = f(n)f(m) for all postitive integers n and m such
that ged(n,m) = 1.
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Definition 2.14. Let a,b € Z. We say that n = b (mod a) if there exists
k € Z such that n = ak + b.

Let A C{1,...,x}. For a prime p we write
A,={a€ A a=0 (modp)}.

In the case of the Sieve of Eratosthenes we can clearly see that we had
A={1,...,z2} and we sieved out

A,={a€eA a=0 (modp)|p<z}
We can generalize this notation, and work with numbers in the following set
Ag={a€e A a=0 (modd)}.

We use p(p) to denote the number of distinct residue classes modulo p we
wish to sieve out. In the case of the Sieve of Eratosthenes, we had 1 distinct
residue class modulo p namely 0 (mod p), and thus p(p) = 1. So, we can
now generalize the Sieve of Eratosthenes and write the following:

Ay = :cgf) +O(u(p)).

Assume that v(d) as a multiplicative function when d is square-free (We
will show that v(d) is multiplicative in the proof of Proposition 3). For d
square-free Ag = My|4Ap. Then, putting v(d) = [],4v(p) we have

|Aq| = :cv(j) + O(v(d)).

Furthermore, we denote P(y) =[], p, and we will look at

Py

SAPy) = A\ | Al

peP(y)

as the number of elements in A that are not in any of the distinguished
residue classes modulo p.

We now want to expand

S(A,Py) = Y u(d)|Ad
d|P(y)

=Y ) (x“(dd)w(v(d))-

d|P(y)
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The Brun sieve

The Brun pure sieve is a technique for estimating the cardinality of sets
where we have applied a sieve on the positive integers, which satisfy a set
of congruences. Here are some results.

Proposition 2. Let f,g : N — C be two multiplicative functions. Define

(f+9)(n) =>_ f(d)g(n/d).

djn
Then f x g is multiplicative.
Definition 2.15. Let f : N — N then we denote the kernel of f to be
ker(f) = {z € N|f(z) = 1n},

where 1y is the identity element of N. (Under multiplication the indentity
element is 1).

The Sieve of Eratosthenes satisfies the identity
uxl=F

where E is the characteristic function mentioned in Theorem 2.11. Brun’s
idea was to introduce two auxiliary functions p; and po satisfying

,ul*lgEqu*l

and vanishing often enough so that the number of non-zero terms in the
resulting formula analogous with

d|P(Vx)

is not overwhelming. Brun’s initial choice led to what is now called Brun’s
pure sieve and is comprised of the following.
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Theorem 2.12. Denote by x:, the characteristic function of the set of inte-
gers n such that w(n) < t. Then for each integer h > 0, the functions defined
by

pi(n) = p(n)Xxont2—i(n) (i=1,2)
satisfy the inequalities p1 x 1 < B < pg * 1.

Proof. Since p; * 1(n) depends only on the kernel of n which is the product
of the distinct primes dividing n, we may assume that p(n) # 0. If w(n) = k,
then, for each r with 0 < r <k, it is clear that n has exactly (f) divisors d
with w(d) = r. For any given t > 0, we can thus write

wei = 3w = ¥ v (h).

dln 0<r<t
w(d)<t

Finally, we have that

S ()= ()

We shall prove this by induction on ¢t. For ¢t = 0 this is obviously true. Now
we assume for ¢t > 0, and we test for ¢ + 1.

> (—1)’"<l:> - Z<‘1)r<f>+(_1)t+l<tf1>

0<r<t+1
- (_1)t<k ; 1> + (=) <t—]|i 1)

(—1)t(k —1)! (—1)t+LE!
k—1-0ltl  (k—t—DI({t+1)
. (t+1)—k
= (k- 1>!(1<; —1-D)l(t+ 1)
(—t—1)+k
k—1-t)(t+ 1)
(=D (k —1)!
(k—1—(t+ 1)t +1)!

- o (3)

thus concluding the proof. O

= (=) (k—1)!
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Corollary 2.1. Let A be a finite set of integers and let P be a set of prime
numbers. Write

-Ad —_ #{aGAZCLEO (mOdd)},
Ply) = Hpa

p<y
peEP

S(APy) = #acA:(a,Ply) =1}
Then, for each integer h > 0,

Y. wdA < SAPY < D p(d)Aa
d|P(y) dP(y)
w(d)<2h+1 w(d)<2h

We now use the above result to obtain an upperbound for m(x).

We shall begin by letting A = {n : n <z}, P = {p prime} and
P = P(y) = [[,<,p- Then S(A,P,y) is the number of positive integers
n < x having no prime factor p < y, so that

SAPY) < Y u(d)EJ:x > “(dd)+o Yo

d|P d|P d|P
w(d)<2h w(d)<2h w(d)<2h

1 1
:xH<1_p)+o RETIETE (2.4
p<y d|P d|P
w(d)<2h w(d)>2h

and similarly

S(A,Py) > > ,u(d)EJ:x > “(dd)+o Yoo

dp d|p d|p
w(d)<2h+1 w(d)<2h+1 w(d)<2h+1

:1,‘H<1—]19>+O Yootz ) %. (2.5)

p<y d|P d|P
w(d)<2h+1 w(d)>2h+1
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The first two error terms in (2.4) and (2.5) do not exceed y?'*! since this

is an upperbound for all integers d such that d | P and w(d) < 2h + 1.
The sums over d that appear in the second error term are bounded by the

following

d|P k>2h
w(d)>2h+1

1
< ) p;(loglogy +co)".

ISHN

We make use of the weak form of Stirling’s formula
n\n
nl > (—) :
e
We also make use of the fact that y < x, and get that

1 i e(loglog z + o) \*
Z < Z H(logloga@—i—co) < Z . .

d|P k>2h k>2h
w(d)>2h+1

S

Choosing the smallest integer h > e(loglog = + ¢p), we obtain

3 1 _ <1>2hZ <1>j<< 1 o1
7a=\9 9 2elog 2 27
9P d 2 = 2 (log x)2e (log x)
w(d)>2h+1

because 2elog2 = elog4 > e > 2. For this choice of h, we force y?'*1 <
z/(log ¥)?, which for h > 1 is implied by

21/(2h+1) log z
log

y < - loglogx> ,

2eloglogx 4 c1

where we can take ¢; = 2ecy + 1. Since 1/2e > 1/10, it follows that we may

choose
o log x
= X —_—mm
Y P10 loglogx )’

in which case the inequality y?"*! < z/(logz)? holds for all z. With this
choice of y, we have that

H(l 1)\/ 1 loglogx
<y P logy log

while the error terms in (2.4) and (2.5) are O(x/(log x)?). Thus, we obtain

the following
1 1
S(A,P,y) = 1—- 1+O< ))
( v) xH< p)< logy

p<y
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Since,
S(A,P,y) > m(x) — n(y) > n(z) —y > n(x) + O(a"/?),

we can deduce that

1 log 1
a) <ot o [T (1-1) < TRELET
< P log

We notice this is quite an improvement compared to the upperbound of ()
obtained by the Eratosthenes sieve.

We will demonstrate the use of Brun’s pure sieve again with the mention of
a few powerful results which will aid us in the quest of proving the desired
result whose proof makes use of Brun’s pure sieve.

We want to count primes such that they are of the form p’ = p + h where
0 < h <d, and h is a fixed even number. We look at the set

A={n(n+h):n<z}
For square-free d we have
v(d)=#{0<n<d—1 n(n+h)=0 (modd)}.

We see that for ¢ > 2 we have 2 solutions to the congruence

n(n 4+ h) = 0 (mod p), namely n = 0 and n = g — h except if ¢ | h, in
which case v(q) = 1. Furthermore, v(2) = 1. So if d is square-free and is
odd v(d) = 2@ and if d is even v(d) = 2¢¥~1. Now we have to sieve out
the following residue classes 0 (mod p) and —h (mod p).

Theorem 2.13 (Chinese Remainder Theorem). Let my, ..., my be positive
integers with ged(mi,m;) = 1 for all 1 < i < j < k. Let ai,...,a; be
arbitary integers. Then there is an integer a such that

a=a; (modm;) foralli=1,... k.

Theorem 2.14. For each real number k, there exists a positive constant cy

such that
11 <1 + ;) — cp(log z)" (1 +0 (1023:)) (= o0).

p<z
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Definition 2.16. If p and q both be primes such that ¢ = p + 2. Then we
say p and q are a pair of twin primes.

The Twin Prime Conjecture states that there are infinitely many twin
primes. Hardy and Littlewood ’conjectured’ the following:

Let my(z) denote the number of primes p < x such that p + 2 is also prime.
Define the twin prime constant co as

1
p=>3

Then a special case of their Conjecture is

T roodt
g~ 2 2.
“llog z)? CZJQ (logt)? )

This is known as the “First Hardy and Littlewood Conjecture.” We can see
if this were proved, then we would already have a better lower bound to
Theorem 1. Now finally the next result which makes use of Brun’s sieve.

TFQ(.’L') ~

Proposition 3. Let J = {p: p and p + 2 are both primes} and set
J=#{p<:pe T} Then

z(loglog )?
(log z)?

Proof. We set A = {n(n+2):n <z} We also recall P(y) = P =[], p
we shall choose our y at a later stage. Understand the following number of
residues classes satisfying a given congruence:

J <

pd)=#{0<n<d—-1: n(n+2)=0 (modd)}.

It will first be shown that p(d) is multiplicative. If u and v are coprime
and ¢ (mod wv) is some congruence class modulo uv such that n(n+2) =0
(mod uw), then certainly ¢ (mod u) (¢ (mod v), respectively) is a congru-
ence class modulo v (modulo v, respectively). Conversely, if a (mod u)
and b (mod v) are congruence classes for n modulo u and v which are so-
lutions to n(n + 2) = 0 (mod u) and n(n + 2) = 0 (mod v), respectively,
then by the Chinese Remainder Theorem (Theorem 2.13), there exists a
class ¢ (mod uv) (which is unique) such that ¢ = a (mod u) and ¢ = b
(mod v). Hence, n(n+2) =0 (mod u) and n(n+2) =0 (mod v), and since
u and v are coprime, we get that n(n +2) = 0 (mod wv). This shows that
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p(uv) = p(u)p(v), therefore satisfying the properties of being multiplicative.
As mentioned before p(2) = 1, but in addition to this p(¢q) = 2 for all odd
q > 2 since h = 2 so it has no odd prime factors. Since there are precisely
p(d) solutions to n the congruence n(n +2) =0 (mod d) in any interval of
length d, and since the interval [1, z] is made up of |x/d| intervals of length
d and (maybe) one shorter interval, we now get that

Ay = #{n<z:d|n(n+2)}=pd) (EJ + 0(1))
””’)éd) +0(p(d)) = mpcgd) +O(2¢@),

Note that if p, p+ 2 are twin primes, then either p < y or p € S(A, P, y), we
have by Corollary 2.1, that

J@) < 7))+ > uld)Ag

d|P

w(d)<2h
xp(d

= X @ (0 00 + o)

d|P

w(d)<2h
o :U’(d)p(d) w(d
=z Y A0y > e
d|P d|P

w(d)<2h w(d)<2h
_ p(d)p(d) 2%h 2w(d)
=z Y Oyt Zlﬂch

d|P d|P d|P
w(d)<2h w(d)<2h w(d)>2h
w(d)

= xH(l—p(p)>+O y+2°" > 14z Y 2d

P<y p d|P d|P

w(d)<2h w(d)>2h
x 2 ow(d)

= 3 I1 <1—p>+0 y+ @)+ Y

3<p<y d|p

w(d)>2h
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Using the combinatorial fact that

2w ok 1 2
> <2 2 7S Z a2z
d|P k>2h  d|P h p<y

w(d)>2h w(d)=Fk

together with Theorem 2.5, we get

gw(d) (2loglog = + 2co)* 2eloglogx + 1 b
2. < Kl <2 ( k > :

P k>2h k>2h
w(d)>2h

where ¢; = 2ecy. Hence, we see that if we choose h = 2hg where hg is the
minimal positive integer with hg > 2eloglogx + ¢1. We then get

ow(d) 1 1 1 1

R — | =212k . (2.6
2 Tt < logmyeez < (iogzyz. 20
w(d)>2h B

Choosing y = exp(logz/(20loglog z)), we obtain that
2h 1
(2y)2h — 22hexp ( 0g T )

20loglogz
(14 o0(1))4elogz x
= . 2.
exp < 50 < (log 2)? (2.7)
Inserting Equations 2.6 and 2.7 into our initial estimate, we get that
2 x
J) <z [] (1—) el
sopey p)  (logx)
Finally we use Theorem 2.14 with k = —2, we have that
2 c2 201log log .\ 2
[T (1-2) = 2ptom) = (EE) (o)
3<p<y D gy g
400co(log log x)?
= (1 1
(1 o(1) T F B
so that finally we get
z(loglog x)?
J(x) < (logz)?
thus concluding the proof. O
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This sieve was later refined by partitioning the interval [1, y] into suitable
subintervals [y;,yj+1], where 1 = yop < y1 < ... < y, = y and selecting for
i=1,2, pi(d) = p(d)x}(d), where x;(d) is the characteristic function of the
set of those positive integers n having exactly 2h; + 2 — i prime factors in
[yj,yj4+1) for j=0,1,... .k —1.
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The following are basic results from the Brun combinatorial sieve.

Theorem 2.15. Assume that there exists a non-negative multiplicative func-
tion w, some real number X (Where we say #A = X) and some positive
constants k and A such that

0 A=x"D i @ PE),

.. _@ -1 log €\ * y

. ﬂél:lﬂ(l p> <<10g77) <1+10g77> (2<n<9).
log

Then uniformly for A, X,y,u > 1, where u = .
logy

-1
SAPy) = X]] (1 - ”(1’>> {1+0@w™)}+0| > IR
p<y p a<y*
peEP d|P(y)

Definition 2.17. The Euler Phi function denoted as
d(n) = #{1 <m < n:(m,n) =1}, counts all the positive integers m < n
that are relatively prime (coprime) to n.

One of the few known applications of the Euler Phi function and prime
numbers can be explored in the field of Cryptography. The importance of
having ged(a,n) = 1 implies that a has an inverse mod n. This will imply
that if one applies a (mod n) to encrypt a message then due to the fact that
there exists an inverse, one can then decrypt (reverse the transformation) to
obtain the original message. The Euler Phi function will tell you the number
of possible keys that one can have to encrypt a message with such that the
original message can be recovered. We also note that ¢(p) =p — 1.

Note 2.4. Let w(z;a,b) = #{p <z :p=0b (mod a)}.

Theorem 2.16. Brun-Titchmarsh theorem: Let 1 < a < b be integers with
ged(a,b) = 1. Then the inequality

z

m(x;a,b) —m(xr — 2;a,b) < m,

holds uniformly for 1 <a < z < z.

We make use of Mertens’ formula for the following note: Let us denote
P(m), as the highest prime factor of m.
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Note 2.5.

Z %<<logw.

m<x
P(m)<w

We add more terms to the sum, in such a way as to sum over all the numbers
where the highest prime factor P(m) < w. We can sum all the numbers
which have this property and by the Fundamental Theorem of Arithmetic,
we get that the only numbers which are counted have to have factors of
p < w. Now we see that

1 11 11 1\ !
Yoo o<1t —+ 5+ ) (=54 ) =] (1) -
P(m)<w m p1 P Pk Pk p<w p

Applying Mertens’ formula (Theorem 2.7). We have that

1\ L
H (1 — ) < logw.
p

p<w
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2.6 The Bateman—Horn Conjecture

Definition 2.18. We say that a system of non-constant polynomials
fi(X),..., fr(X) € Z|X] each having positive leading coefficient is accept-
able if the following conditions hold:

(i) fi(X) is irreducible for alli =1,..., k.

(ii) there exists no prime number p such that p | fi(n)fa(n)--- fx(n) for
allm > 0.

Given a system of acceptable polynomials, the Bateman—Horn Conjec-
ture (see Section 2.10 in [7]) is a heuristic statement addressing the frequency
of the positive integers n such that

fl(n)v fQ(n)v R fk(n)

are all prime numbers. The actual statement is as follows.

Conjecture 2.1 (Bateman, Horn [3]). Let fi(X),..., fx(X) be an accept-
able system of polynomials. For each prime number p let

wp) =#{0<n<p-1: fi(n)f2(n)--- fr(n) =0 (mod p)},

and set

o @) =#{n<x : fi(n), ..., fr(n) are all primes}.

Then

1 T
1+ dy (logx)*

T (@) = (L4 0(1)C(f1, - fr) d as x — 00, (2.8)

where d; ;= deg(f;), and where the constant C(f1,..., fx) is given by

_ T iow@)/p
C(fl’m’fk)_zg(l—l/p)k' (2.9)

37



2.7 Chudakov

In this section we refer to the following reference [2].

Let a and b be two-dimensional integer vectors and 7(x; a, b) be the number
of positive integers n such that an + b < x. The probability that a;n + b1
and asn + bo are both prime is
1 1
log(ain + b1) log(agn + ba)

So,we would now like to count through all of these numbers of the form
an +b < x. Let

T(z;a,b) = Z !

l<antb<w log(am + bl)(log(agn + b2) .

We now let h, be an even positive integer and we set (a1,a2) = (1,1) and
(b1,b2) = (0, h). Having done this, we shall get the following:

1
T(a; (1,1), (0, 2)) = Ta(z) = néx lognlog(n +h)

Chudakov proved that almost all even integers h < x are the difference of
two primes. The equation for T} (z) is the expected order of magnitude of

7(x,h), and
x
Th(z) ~ cp s
h(x) Ch (log I’)Q ’

as ¢ — oo. In fact we take note that T} (z) < x/(logx)? uniformly for
h = o(z) as x — co. We denote

plp—2) yyr—1
a=2]] (p—1)2Hp—2'
pF2 p;l\éd2
p

Chudakov then proved that

3
> |rte.my 2] p(p 125 p 1Th(x))2 <
m pin P =200 p—2 (log )

p#2

for any A > 0. We observe that the sum over h is finite, as for large h > =,
we have 7(z, h) = Tp(z) = 0. For most even integers h < z, the number of
prime pairs 1 < p <z, 1 <p<p+ h <z is equal to the expected number.

However this does not imply that 7(x, h) tends to infinity for some fixed h.
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2.8 Smooth numbers and the Dickman—de Brujin function

Definition 2.19. Let P(n) be the largest prime factor of n. Then the number
n is said to be y-smooth if P(n) < y.
We use the following function to denote the counting of y-smooth numbers,

Y(z,y) =#{n <z:P(n) <y}

Definition 2.20. The Dickman—de Brujin function p(u) is a continuous
function that satisfies the delay differential equation

up' (u) + plu—1)=0 (u>1)
with initial conditions p(u) =1 for 0 <u < 1.

In number theory the Dickman—de Brujin function is used to estimate
the proportion of smooth numbers up to a given bound.

Theorem 2.17.
x
by =@ - 3 v (p) (£>1,2>y>0).
y<p<z b
Proof. We use the fact that
x
(wz) =) > 1=> 1 (p) .
p<zn=pm<z  p<z P
P(m)<p

Now we see that we have to take out the multiples where there is a prime
factor bigger than z. So, we subtract

x
Z w <p7p> ) where 2z Z Y,
y<p<z

from 9 (z, z) and thus we get the desired result, therefore we can conclude
the proof. ]

Theorem 2.18. For each y > 2 and x > 2, set u := logx/logy. Then,

P(z,y) = (1 +o(1))zp(u)

as z tends to infinity in such a way that u is fized, where p(u) is the Dickman—
de Brujin function given by Definition 2.20.
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Proof. Say we want to count all the smooth numbers when y > z, then it is
easy to see that

U(z,y) = =] +O(1).
We now take the case when /x <y < x, this will be v = logz/logy. Thus,
y = /%, So, we will be looking at the case when 1 < u < 2. To count these
smooth numbers we will have

sew) = L= ¥ Si=ll- ¥ |

zl/ucp<gnlx zt/u<p<z
pln
1 x
= z4+0(1) —x Z -+0 Z —
xt/u<p<lay xt/u<p<lay p

1
= z—=x(loglogz+ O —— ) +loglogz'/* + O Y
log log

ol Y 2

zl/u<p<lz

1 1 1
= z—x|log uose + 0 + O | log uost + ‘
log log log log
x
= x<1_10gu)+0<logx>'

We have thus established that, for 0 < u < 2,

b,z = (14 o(1))ap(u)  (x— o0),

where

1, ifo<u<l,
p(u) = .
1 —logu, Hfl1<u<2.

We shall compute the Dickman—de Brujin function for u € (1, 2] using Def-
inition 2.20. Due to u € (1,2], p(u — 1) = 1.

up'(u) = —p(u—1)
_ [t
plu) = /1 dv+C

v

If u = 1 then integral above will equate to 0. Since p(1) = 1 this implies
that C = 1.
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Now we need to show
P(a, 2"y = (1+o(1)zp(u)  (z — o),

for each v > 0. We will use an induction type of approach. So, we assume
that ¢(z,z"/") = (1 + o(1))zp(u) as  — oo, holds for all u € [0, N], we
must now show that it holds for all v € [N, N 4+ 1]. We will now apply
Theorem 2.17, and we see that

Yla,y) =14 4 (xp) .
p<y p
We obtain

baa) = YNy — Y w(‘”,p>.

r1/u<p§$1/N p

Since p > z!/* and u € [N, N + 1], we have

log(x/p) _ logz 1< log x @ l—u—_1<N
log p log p log(z1/) -

so this satisfies our assumption that 9 (z, z'/*) = (1+o0(1))zp(u) as x — oo,
holds for all u € [0, N], say with v’ = log(z/p)/logp instead of u. Now we
can make the appropriate substitutions to arrive at the following:

baal) = M- Y w(ﬁ)

xl/u<p<gl/N
= (toep(N) — Y w(:”,p)
2/ <p<al/N p
= (+oapM) - (o) 3 ;pGii _1).
i/ v<p<lx

We shall now apply Proposition 1 to the last outer sum above. Choosing
an, = 1 when n is prime and a,, = 0 when n is composite. Thus we take

£(t) = 1/t.

1/N

SRR S B . (1)

21/ ucp<gl/N p
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Just comparing 7(z"/N) and 7(z'/*) and v € [N, N + 1] with N > 2.
The difference between 7(z'/") and 7(z'/*) can be at most O(1) as we know
7(x)/x = O(1). Taking the limit as  — oo, we apply Theorem 2.9 to get

1/N

- = o S — ) dt
$1/u<zp;x1/1vp o )+/xl/u t2logt +0 <t2(logt)2>
o O<1>+/M Lo )a
B s/e tlogt tlogt
z/N

1+ 0(1)
= 1
ot )+/x1/u tlogt dt

Letting t = v and combining it with above we get:

dla, 2™y = (1+o0(1)zp(N) = (L+o(1)z Iljp<10gg; 1)

logp
al/ucp<gl/N &P

xT

1/N
- s [ (250

= (L+o()z <p(N)—/]:p(tt_1)dt>
= (1+o(1))zp(u).

Therefore we get a consequence of Definition 2.20, where p(N) is a con-
stant as we compute in intervals of length 1.

pla) = p() - [ 2=

dv (N<u<N+1),
N v

we have then shown that ¢ (z, /%) = (1 4 o(1))zp(u) as & — oo, holds for
we[N,N+1]. 0

Definition 2.21. Let z € C with Re(z) > 0. The Gamma function denoted
['(z) is defined as

F(z):/ ¥ e % dr.
0
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Lemma 2.

[(z+1) =z2I(2).

For Lemma 2 integration by parts is used to prove the result.
We can now solve for I'(1) = 1. We also see that that I'(2+ 1) =21, we
can prove by induction that

I'(n) =(n—-1),
for all positive integers n.

Theorem 2.19. The Dickman—de Brujin function p(u) is a continuous
function that has the following four properties:

(1)  p(u) = p(N) /: P(ZMU (uw e [N,N +1], and N > 1);

(i) p(u) >0 (u> 0)

(i13) p'(u) <0 (u>1);

} 1

(iv)  p(u) < Tt (u=0)

Proof. (i) Let u > 1. Let f(u) = p(u), and let g(u) = p(N) — [* | p(vv)dv.

f'(u) = p'(u) where by Definition 2.20,
p'(u) — _p(uu_ 1)
g = 0- D

So, f(u) +¢c=g(u) + k, but f(1) =1, and since v € [N, N + 1] with u =1
g(u) =1. So, c=k = 0.

(73) It is clear from (i).

(31) It is clear due to

pl(u) — —p(u — 1)7

and the fact from (i) that p(u) > 0 (u > 0).
(tv) We will use induction on k = |[u]|. The property is satisfied for £ = 0,
since p(u) =1 for 0 > u > 1. On the other hand, for all u > 1, we have

plu) = pl) - [ AR =)

-1 v u




due to (i) and p(u) decreases from (iii).
Therefore by the induction hypothesis, if K = |u| > 1, we have

1 1

plu) ul’(u) - Tu+1)

Theorem 2.20. (Stirling’s formula) As n — oo,

n

n! ~n"e " 2mn.

Note that Stirling’s formula can be applied to I'(z) as well. Using prop-
erty (iv) of the Dickman-de Brujin function (Theorem 2.20) as well as Stir-
ling’s formula (Theorem 2.20) we can show the following:

Theorem 2.21.

IN

1
plu) T([u] + 1)
1
|

Lu]!
= m(l +0(1))

= u_(l_‘_o(l))u'
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2.9 DMotivation for this Thesis

2.9.1 Composite numbers n such that the sum of its distinct di-
visors divide n.

Luca and De Koninck studied composite integers which are divisble by the
sum of their prime factors. They applied sieve methods to count sets with
different properties to ascertain which set these composite integers can be
found, thus enabling one to count these integers [5].

Recall, that for a subset A of positive integers and a real number = > 1, we
write

Alz) = ANL,z].

Theorem 2.22. Let A = {n < x : n is composite and (n) | n}. For x
sufficiently large,

z(exp{—ci(1 +0(1))(2)}) < #A(x) < z(exp{—c2(1 +o(1))l(z)}),

where £(x) := \/logxloglogz and c; and cy can be taken as c; = 3/v/2 and
co =1/v/2.

Before the current paper which this thesis is based on, I wished to study
another property which in the end led to the writing of this current thesis.
Let us first define the set we initially aimed to work on:

C(z) ={n <z : nis composite and B(n) | ¢(n)}.

This along with another property inspired the question: How many positive
composite integers n < x such that 3(n) | ¢(n)?
2.9.2 Product of twin primes
The formula for the Euler Phi function is as follows:
o(n) =[P '(p-1).
piin

One of the special sets which satisfy the conditions to be in the set
C = {n < z : nis composite and 5(n) | ¢(n)} is the product of the twin
primes.
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Let’s say we have a a pair twin primes, say p,q = p + 2. Put n = pq.
Then

Bn) = 2(p+1)
and ¢(n) = (p+1)(p—1).

It is clearly seen that 3(n) | ¢(n).

2.9.3 Vinogradov’s theorem

Theorem 2.23. Every odd integer n > 7 can be written as a sum of 3 odd
primes.
n = p; +pj + Pk,

where i, 7,k do not necessarily have to be distinct [1].

In 1923, Hardy and Littlewood [10] showed the number of ways n can
be written as a sum of three primes denoted as D3(n) grows asymptotically

as follows:
D - -
3(n) ~ logn3H< p? —3p+3>

1
where c3 = H <1 + 13> .
s (p—=1)
2.9.4 [(n) being prime

When we look at 3(n) we notice that if w(n) > 1 and (n) is prime then we
clearly see that if p; divides n then, p; 1 5(n). We can now construct a new
number N such that N = nf3(n)?. Clearly 8(N) | ¢(IN). We need to see how
often B(n) is a prime when n is composite or not a power of a prime. This
was one of the main reasons that led to the research of this thesis.

BN) =28(n) | B(n)p(nb(n)) = ¢(N).

We will now begin with the proof of the main result.
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3 Composite numbers n whose sum of prime fac-
tors is prime: The upper bound

The proof for the main result begins. Theorem 1.1

@ < #B(.I) < i

logx’

We carve off a finite number of slices of B(x) denoted B;(x) for i = 1,2
each of cardinality O(x/logx). Then we will study the condition §(n) is
prime on the left-over subsets of n < x, for Bs(z), B4(z), Bs(x).

3.1 Eliminating smooth numbers from 5(z)

We let P(n) be the largest prime factor of n. We put y := exp(log =/ log log z)
and let

Bi(z) ={n <z :P(n) <y} (3.1)
In classical notation, and in our range of y versus x, we have
1
#B1(z) = U(z,y) = p(u)(1 + o(1))z = zu~ oY where w = loix’
ogYy

where p(u) is the Dickman-de Brujin function. Since

log x

lo Togy
u“:( ga:) y, we have

logy
log log
ulogu = log
logy logy

ulogu = log log z(loglog x — loglog v)
1
ulogu = loglog = | loglog x — log 08T
loglog x
ulogu = loglog z(log log x — loglog = + log log log x)
ulogu = (loglog log x) loglog x

¥ = IOg xloglog log z

So, we have that u~(He()% = (Jog )~ (I+e(t)logloglogz a5 4 o it follows

that
x x

(log x)(l—I—o(l)) log log log = <K log @ .

#Bi1(x) =

(3.2)
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Here we showed that n € Bj(x) (with the property P(n) < y) may or
may not contain composite numbers n that fufill the property of 5(n) being
prime. Despite this we have shown that the cardinality of this set cannot

grow faster than O (10;6) .

3.2 Eliminating numbers divisible by the square of a large
prime

We put z := (logz)'? and let
Bo(x) = {n < x: p? | n for some prime p > z}. (3.3)

Given a prime p, the number of n < z divisible by p? is |n/p?| < z/p®.

Thus,
x 1 > dt x
#Bz(w)§22<x22<<x/ = <=
p>z p m>z m z U z
In particular,
x
B —_— 3.4
#Bs(z) < g e (3.4)

Here we notice that for not too large values of x, z > y. When x is sufficiently
large y > z.
3.3 Applying the sieve

Assume n € B(x)\ (Bi(x) U By(z)). Then n = Pm, where P = P(n) >y (as
we have eliminated the smooth numbers from Bj(x)). Thus, 2 < m < z/y.
For large =, we have P > y > z, so P {m. Fix m. Then

B(n) =P+ B(m) = P,

where P is also a prime. We apply Theorem 2.15, with v(p) = 2 if p 1 B(m)
and v(p) = 1 otherwise. By this sieve the number of primes P < z/m with
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the property that P + S(m) is a prime is
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Now we sum up over m. Note that since n = Pm < x and P > P(m), it
follows that the m’s under scrutiny satisfy mP(m) < x. Thus,

T a(B(m))
# (B(x)\ (Ba(x) U Ba(x))) < mZ/ m(log(x/m))2< B(m) >

mP(m)<z

If most of the sum over such m is concentrated on m’s that are not too
small, say log(x/m) < logz and if in addition o(5(m))/B(m) = O(1) “on
the average” over such m, then we win since the sum of the reciprocals
of m introduces at most another logarithm. Hence, we have to deal with
log(x/m) and with o(8(m))/B(m). We first deal only with o(8(m))/B(m)
when m is not too small as a warm-up example, and deal with the general
case later.

3.4 Eliminating smooth m’s

Let w := exp(log z/(loglog z)?). Let

Bs(z) = {n € B(x)\ (Bi(xz) UBa(z)) and P(m) < w}. (3.5)

z a(B(m))
#B3(x) < Z m(log(x/m))2< B(m) >

m<x/y
P(m)<w

Then

Since x/m > y, we have log(z/m) > logy = logz/loglogz. Further, since
B(m) < m < z, it follows, by the maximal order of the sum-of-divisors
function, that o(8(m))/B(m) < loglog z. Hence,

#Byz) < Y z (U(ﬂ(m»)

2
2 mlloa(e/m)? \(m)
P(m)<w
<
< =z Z logy (loglog x)
m<z/y
P(m)<w
z(loglog x)3 1
e
(log x) oy ™
P(m)<w
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We have

z(loglog )3 1 z(loglogx)? ( A
N i
(log x) ol m (log x) ot P
P(m)<w

Next we use Theorem 2.7 to get

1\ !
11 (1—-> < logw.

p

p<w

Hence, we get

z(loglog )3 H (1 1)_1 < z(loglogz)?logw =

(log x)2 ot T p (log )2 ~loga’

Therefore we have: .
#B3(r) < ——. (3.6)

log z

The next trick we use is to note that if d is a divisor of s, so is s/d.

o(s) 1 11 1

7 — < 4+ )< Z.

SEDIED N (R RO
d<y/s d<y/s

We apply this with s = (m) and change the order of summation getting
that

# (B(x)\ (Bi(z) UBa(z) U Bs(x))) <& Y é > m(bg(lgm))a
SVl s

B(m)=0 (mod d)
where
M :={m < min{z/y,z/P(m)};Q = P(m) > w, p>tm for p > z}.
3.5 The case m < z9/10
We write My = M N [1,2%1°] and

Bi(z) = {n € B(x)\ (Bi(z) U Ba(z) UBs(z)) : m € M;}. (3.7)
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When m € M;, we have z/m > 2'/19 so log(z/m) > log(z'/%) > log z.
Thus,

T 1 1 T Sq

#Ba(x) < (log z)? Z d m%\:/l m (logz)? Z d’
d<\/z/y asig d<\/z/y

B(m)=0 (mod d)

(3.8)
We further separate variables in m. Namely we write m = Q¥¢, where @ =
P(m). Since @Q > w and w > z for large z, it follows that for large =, P(¢) <
Q. Now (m) = Q + (¢) > Q. Further, since w(m) < logm/loglogm <
log x/loglog = holds for all our m, and @ > z, it follows that

B(m) < Q(logz/loglogz), therefore B(m) < Qlogz = Qz/10 < Q!

holds for all large x. Since d?> < B(m), it follows that Q > 2/t > s,
So, we fix d and ¢. Then S(m) = Q + 5(¢) = 0 (mod d) puts @ into the
arithmetic progression d — 3(¢). which depends on /.

Also, Q € [max{P(¥),d"®},x]. By Theorem 2.16, the counting function of
primes @ <t in this arithmetic progression is

t t

m(t,d, —B({)) < 6(d) log(t/d)) < o(d)logt

for t € [max{P(f),d"®}, ].

(3.9)
Fixing ¢ and summing up over all m with the fixed ¢ and the prime P(m) = @
in the above progression modulo d, we get

1 1
Sd’g < Z Z —.
max{P((),d'/3}<Q<zx
Q=d—p(¢)

Here we use Abel’s summation (Proposition 1) to evaluate the sum.
> 5
max{P({),d/8}<Q<x @
Q=d—p(¢)

We choose f(n) = 1/Q thus f'(t) = —1/t2. And we choose our

{1 n=Q,
an, =

0 otherwise.
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Hence,

S b0, sl s,

2
max{P(6),d!/*}<Q<z v PO !
Q=d—B(0)

Applying (11) we get the next line and then simple integration follows.

1 1
Sd,g <K 7 Z a

max{P({),d/8}<Q<z
Q=d—p(¢)

< 6( T +/P(€) £ dt)

< 1 1 +/x dt
¢(d)e \ logx p() tlogt

< (1) <1 + (loglog x — log log P(E))) (3.10)

Summing up the first terms ¢ < m < 2% and over d < z, we get at most

integers n € By(x). We use the fact that the last series is convergent be-
cause ¢(d) > d/loglogd, so dp(d) > d?/loglogd > d*?. The sum of the
recipricol of d®?2 is convergent another value could have been chosen. We

now look at 1 1
Z Z < Z Z < IOg Z.
£<20-9 <z

So, summing up the first terms ¢ < m < z%? and over d < z, we get a
contribution of at most

10gm3 Z qub logx)

(<209  d>1
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Summing up the second terms in (3.10) over ¢ then over d < x, we get

T logloga:—loglogP
#i < ot T @t

d>1

Z loglog x — loglog P(¢)
7 )

2
< Toe) 35

In the above, we discarded the cases ¢ = 1, 2 since then m = PQ, 2P(Q with
P and @ large primes, for these cases we have f(m) =P+ Q, P+ Q +2
which results in f(m) being even and large. We also absorbed the second
term z/(logx)? into the first term (say for £ = 3). To continue, we may
assume that P(¢) > y. Indeed, the part of the above sum for P({) < y gives
a contribution of

zloglog x Z 1 z(loglogz)logy T

2 2 :
(log x) POy (log x) log x
i log1 loglog P(¢) log1 1
oglogz — loglog xloglogx
2 Z < 2 Z v
(log x) S5 1 (log x) POy 14
And

L < H <1— 1)_1 < logy
2 P ’
P(£)<y P<y

which is acceptable for us. For the rest, we put P(¢) € [¢V/G+D 21/7] for
some integer j € [1,1loglog z]. Note = > log P({) > logy, thus we have
logx > log P(¢) > logx/loglog z. Thus we can set j as we have done. Also
note it is okay to count additional terms as long as we have covered our
desired intervals.
For such ¢, we have

loglog P(¢) = loglogz + O(log(j + 1)),

S0
loglog x —loglog P(¢) = O(log(j + 1)).
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For such an ¢, we write ¢ = R{;, where R = P({). We then get

x loglog z — loglog P(¢)
Bulr) < (log x)? Z l
3<0<x09
x log(j +1)
< TGogeF 2 > ;
1<j<loglogz 3<0<209
xl/(j+1)<p(g)§x1/j
<«
(log 2)?
. 1 1
DT o
1<j<loglog el/itl<R<zl/i  P(y)<zl/i !
x
< (loga)?

X Z log(7 +1) <loglogm1/j —loglog 27+ + O ( J ))

. log
1<j<loglog x

X <log 27 4 0(1)) (Apply Theorem 2.5)

< (10;)2 Y log(j+ 1) (log <1 + j) +0 <1z;>>

1<j<loglog =

X <1°§ + 0(1))

z(log x) Z log(j + 1) <« =

<

2 2
(log x) = j log =
z(log x) log(j + 1) x
. A1
Bi(@) € Gogay2 ; 7 <iogz (3.11)

We have By(x) < z/logx, which is what we wanted for By(x). In the
above, we used the fact that the series ., (log(j + 1))/42 is convergent.
Moving to the inequality from step 3 to step 4 for Bs(x) Mertens’ Estimate
Theorem 2.5 is applied to the following sum:

1
Z B loglogb — logloga + O(1/log a)
a<R<b
with @ = 20U+ and b = 21/7.
With these choices, loglogb — logloga = log(1 + 1/5), and we also have,

lim jlog(1+1/j) =1,
Jj—00
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therefore log(1 4+ 1/j) = O(1/j), and this is much larger than

O(1/loga) = O(j/log x) since j < loglogz < logz = 2%,

3.6 The case m large

Here, we put

Bs(x) = B(x)\ (Ulel’)’i(x)) . (3.12)
We put My = M\M; and then, by the argument leading to (3.8), we have
1 1 Ty
d<\/z/y 5’?5)252 d<\/z/y

B(m)=0 (mod d)
(3.13)
Every m participating in T satisfies m > 2910, We split the sum over
m according to x/m € [z'/**+1 £/*]. For such m, we have log(z/m) >
(logz)/(k + 1). Further, m € [z~ 1/ z!=1/*+D] and since m > 2910, it
follows that k& > 9. Further, w < P(m) < P < z/m < z'/F, therefore
k < (loglogz)? = 13—0 log z < 293. As here we have

log

1
logw S %logx, where logw = W

Taking reciprocals and solve for k we get k < (loglogz)3. Hence,

1 1
T k+1)>
‘ (log z)? 2 Gkt 2 m
9<k<(loglog z)3 211k << gt =1/ (k+1)
P(m)<xzl/k
B(m)>d?
B(m)=0 (mod d)
1

= k+1)°Typ.
9<k<(loglog )3

For each inner sum, we apply the argument used when bounding By(z).
Namely, f(m) = Q + S(¢) = 0 (mod d), which puts, for a fixed ¢, the
prime @ = P(m) into the arithmetic progression —3(¢) modulo d. Further,
Q > max{P({),d'8} so the count (3.9) applies. Fixing ¢ and summing up
over all ), we get, by the argument used at (3.10), that

Z 1 loglog x — loglog P(¥)

=< el . (3.14)

1
Tore < 7

max{P(£),d/8}<Q<z
Q=-p(¢) (mod d)
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For the last estimate above, we used the fact that P(¢) < pl/k < 2110 50
loglog z — loglog P(¢) > loglog z — loglog /19 >> 1. Thus

1 1 (loglogz —loglog P(¢)) (1 +logx
——— | —— 4 (log — loglog P(¢
o) (loga: + (loglog ~loglog P( ”) < o) gz )’
where (1 +logz)/logz = O(1). Hence,
1 log log x — log log P(¢)
i< s > (k12 .
qb(d)(log .le) 9<k<(loglogx)3 Lely, ¢

Here L}, is the set of positive integers m such that m = Q/ for some prime
Q > P(¥), and m satisfies the conditions that m € [z'~1/k z1—1/(k+1)]
B(m) =0 (mod d?). Therefore,

T loglog z — loglog P(£ 1
b < 3 (k:+1)22( glog Eg g ())chﬁw)'

9<k<(loglog x)3 LeLy d>1

The last sum is O(1) as noted on page 53 after (3.10). We may assume that
P(¢) > wy := exp(log z/(log log z)'?),

since for P(¢) < w;, we have

T loglog = — log log P (¢

9<k<(loglogz)3 P(0)<w;

z(loglog x)° loglog =

< (log 7)2 Z Z /
3<k<(loglogz)3 P(£)<w:

z(log log x)19 1

< SR Dl g
(log x) POz L
< z(loglog 2)'%log wy z
(log z)? log z

So, we have

#B5(x) < z Z (k +1)? Z <loglog:n —loglog P(E)) |

2
(log l‘) 9<k<(loglog z)3 LeLly, ¢
P(£)>w;
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and we may concentrate on the case P(¢) > w;. Note that since @ < zl/ k,
it follows that £ = m/Q > z'72/F. We now let j > 0 and assume that
P(¢) € [xV/ 541 g1/ (k+3)] . Since P(£) > wy, it follows that

j < j+k< (loglogz)™.

Write £ = Rfy, where R = P({). Then ¢; = (/R > z'=2/k=1/(+i) >
z173/k > 21/3 is not too small. We easily verify this by showing

7+ P B . P
k k+j5 k(k+j) = k(k+j) 3

since k > 9 and j > 0. Since P(¢;) < P({), it follows that such numbers ¢;
are quite smooth, namely their u = log¢;/log P(¢1) is at least

2 1 Bk+j _3(k+j) _1

- log ¢4 S log(z'/?) _k+y
~log P(¢6y) ~ logzt/(k+3) — 3

For such numbers ¢, we also have loglogz — loglog P(¢) = O(log(k + j)).
We thus get that

T 2 . 1
Bs(z) < (g 22 > ,(k:+1) Zlog(k—l—j) | > N
9<k<(loglogz)3 7>0 21/ (k+i+1) < R<g1/(k+37)
1
<y L
£ €[xt/3 1)
u>(k+5)/3

The last inner sum is
< p((k+7)/3)log .

As we get a logx from summing (1/¢;) from 1 to x and we count all the
smooth numbers using the Dickman—de Brujin function. The sum prior to
it is

) . 1
1/(k+35) _ 1/(k+j+1) -
log log(z log log +0 <logm1/(k+j)>

1 kE+j 1 log 1 10 1
- log<1—|—.>+0< +]> <<.+O((Ogog$)> < —.
k+3j J log x k+3

Thus,

85(1') < v Z (k;_|_1)2 Z p((k—i—j)/3)log(k+j).

log k+j
& 3<k<(loglogx)3 0<j<(loglog z)10 J
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Since p(u) = u~ o) a5 4, — oo, it follows that p((k+7)/3) < (k+7)~%
This is true as

log(u™) = (=(k+4)/3)log((k+j)/3) < —(k+7)log(k+j) < —4log(k+j),

as (k + 7) > 4. Hence, the inner sum above is bounded by

T p((k +4)/3)log(k + j) < Zlog(kﬂ') <y log K

; N5 = 5
0<j<(log log )0 Rt = k) T s K
* log tdt 4logx 4 1|
< /k 1624 ‘k
log k
< S

and so, we have the following;:

Z (k+1)%logk

B < s =
9<k<(loglogz)3

T log k x

< .
2
log = k log

Which is want we wanted to prove.

Recall the upperbound which we aimed for in Theorem 1.1.

X

#B(x) <

logz’

We have #B(x) = #(B1(z) U Ba(z) U Bs(z) U Ba(x) U Bs(x)). Where

ey

z) = {n<z:Pn) <y}

X

=
I\

(2)

() = {n<z:p?|n for some prime p > z}

Bs(x) = {n e B(x)\ (Bi(x)UBy(r)) and P(m) < w}
(x) = {neB(x)\ (Bi(zx)UBy(z)UBs(zx)):me My}
Bs(x) = B(x)\ (Ui Bi(x)) .

Namely equations (3.1), (3.3), (3.5), (3.7) and (3.12). Where all

Bi(z) < z/logx.
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4 Composite numbers n whose sum of prime fac-
tors is prime: The lower bound

4.1 A conditional lower bound

We start with the conditional proof since it is easier. For all even positive
integers h, let ma(x, h) be the number of primes p such that p+h < z is also
prime. We refer to Section 2.6. For all positive integers h, let 7(x, h) be the
number of primes p such that p+ h < z. The Bateman—Horn Conjecture for
the acceptable system of polynomials X, X + h implies that

z p(p—2) p—1

h) < h =2 | | — | | —_—

ma(z, h) < cp (logx)2 where  cp o (p— 1)2 n p—2
p

p>

as © — oo. This follows from the Bateman-Horn Conjecture (Conjecture
2.1). Assume that mo(h) > cpz/(logz)? holds for all even h < 29 for some
small § > 0. We may assume that § < 1/3. Consider numbers m < z%/2
which are odd and for which w(m) is even. Then B(m) is even and

B(m) <m < 2% < (x/m)°.

Thus, by the above assumption, with h = 3(m), we have
x

(log(w/m))? ~ m(logz)?"

We may assume that the primes counted by mo(z/m, h) exceed the amount
z/(m(logz)?) > x(1-C/3) 5 2(1=00/2)=(9/2) » 51-20 a5 (logz)? <« z!/*
(choosing § < 1/3), since the number of primes p < z/(m(log z)?) is

h
mo(x/m, h) > chm

" <<m<logx>2>> = (m(log2)2)(l0g Grytaysy) - (mloga)?

so we can ignore such primes from the count of mo(x/m,h) and still keep
> z/(m(logx)?) primes p < z/m with p + B(m) prime. We now sum up
over m < z9/2 getting a count of

z 1
> (log z)? Z m

m§x5/2
m=1 (mod 2)
w(m)=0 (mod 2)
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pairs (m,p) with m < 22, p < 2/m and p + B(m) is prime. Thus, n =
pm < z. Further, p > x/(m(logx)?) > m for large x, this will imply that
p t m, so given n, we have p = P(n) is uniquely determined. Thus, this
construction produces distinct integers n € B(x). It is enough to show that
the sum over m’s is a positive proportion of logx. Well, assume further
m < 29/ /3 and that m is coprime to 6 (Note: we can write numbers which
are congruent to 1 (mod 6) in the form of 6¢ 4+ 1) and write

3 1 > L S > Loto i/2—1 > log ©
m = 60+ 1 AT s
m<z%/2/3 < |28 /18] —1 <25 /18] -1

ged(m,6)=1

Write the sum in the left as Sy + S1, where S; denotes the contribution
to the sum of m with w(m) = ¢ (mod 2) for i« = 0,1. If S; > Sy, then
S1 > (So 4+ S1)/2 > log z, and we are through. Otherwise, Sy > log z and

1 1 So
— > —_— > — 1
Z m = Z 3m ~— 3 > l0g T,
m<ad/? m<x%/2/3
m=1 (mod 2) ged(m,6)=1
w(m)=0 (mod 2) w(m)=1 (mod 2)

so we are done with the conditional lowerbound.

4.2 An unconditional lower bound

We use an average version of the Bateman—Horn Conjecture due to Chu-
dakov. Recall the following from Section 2.7 Chudakov, that

1
Th (SU) == Z )
i lognlog(n + h)

and that T} (z) < z/(log 2)? uniformly for h = o(z) as z — co. Now we use
the following estimate:
23

Z |7T2($,h) - ChTh(x”2 <A W

2lh
To apply this result, we take A = 10 and let H be the set of even h < x/20
such that m(z, h) < (cp/2)Th(x). Then

3

Z (chTh(a:))2 < W

heH
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Note we could have taken any A > 0, but a smaller A results in a larger
amount of numbers which we remove. Since T}, (z) > z/(log z)? for h < 2/20
and ¢p, > 1, it follows that the left—hand side of the above sum is

X 2 .732
> (w) > gyt

Thus,

z? z3

(logz)? < (logz)10’

implying that #H < z/(logx)8. Thus, the set of even integers h < 2/20
such that mo(x,h) > c,Th(x) is of cardinality z/20 — O(z/(logx)%). In
particular, this set contains most numbers of the form h = @ + 3, where
Q € (x/40,2/20] is a prime. Consider pairs of numbers of the form (Q,p),
where @ is prime, h = Q + 3 € (2/40,2/20]\H and p is a prime counted by
ma(x, h). The number of such pairs is

#H

> Yo m(z.Q+3)
x/40<Q+3<x/20
Q+3¢H
> Z CQ+3TQ+3 (LU)

x/40<Q+3<x/20
Q+3¢H

x
>
2 (logz)?
x/40<Q+3<x/20
Q+3¢H

oz o <” (35) ~ (35) —© <<1o§x>6>> > <1oic>3‘

Here we used Y y
(ﬂ- (y) = (5)) > logy

For each one of these pairs, n = 3pQ < 22 satisfies that B(n) =p+Q +3 =
p + h is a prime. Thus, n € B(x?). Further, since P and @ are large, it
follows that each n can appear at most twice in the above count (once from
mo(z, Q@ + 3) and once from 7a(x, p + 3)). Thus, the number of such distinct
n < x?is > 22/(log x)3 > 2%/(log(x?))3. Replacing x by 1/ in the above
argument we get the desired lower bound. This finishes the proof of the
lower bound in Theorem 1.1.
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4.3 A further conjecture on the count of 5(z)
In this section, we offer the following conjecture.

Conjecture 4.1. We have
#B(x) = e’(1+o(1))

as T — 0.
log

In the previous sections, we already proved that #B(z) < x/logz un-
conditionally, and #B(x) > =/ log z conditionally under the Bateman—Horn
Conjecture for all pairs of polynomials X, X + h for even positive integers
h < z° for some § > 0. So, it is natural to conjecture that

#B(x) = (14 o(1))cz/logx holds as T — 00 (4.1)

with some constant ¢ > 0 and it remains to offer some guess for c. We will,
assume that (4.1) holds. We shall estimate the sum

> % (4.2)

neB(x)

in two ways, as follows. In the first way, by estimate (4.1) and the Abel
summation formula (this can been seen in Note 2.2), expression (4.2) should
be asymptotically ¢(1 + o(1)) loglogz as @ — oo. Secondly, let us assume
that 5(n) is “randomly distributed” and as such the probability of it to be
prime is 1/log 3(n). Then the sum w.r.t. primality (4.2) should be

1
> nTog B (4.3)

2<n<zx

We have not seen the above sum evaluated in the literature, but we have
seen the one for which 3(n) is replaced by P(n). So, let compare them.
We have P(n) < 3(n) < P(n)w(n). Let s(n) := logf(n) —log P(n). If py
denotes the kth prime, then py > k, so P(n) > p,,) > w(n) holds for all
n > 2. Thus, s(n) < logw(n) <log P(n). Hence,

1 1 ! ( 1 >
B(n)  logP(n)+s(n) logP(n) \1+s(n)/logP(n)

B 1 n s(n) B 1 L0 logw(n)
~ log P(n) (log P(n))2)  log P(n) (log P(n))2 )"
In the above, we used the fact that

1
1+ 2

=1+0(2) for |z] <1,
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with z := s(n)/log P(n). Thus,

Loy logw(n)
2 o 2 wlogPl + O | 2 alos Py

2<n<zx

The first sum above was evaluated in [8]:

1
E ——— =¢"logl O(1).
nlog P(n) ¢ loglog z+ O(1)
2<n<zx

It remains to bound the sum inside the O term. For this, we break it into
two parts, namely the part for which w(n) is large and the part for which
w(n) is small. Let

Ay ={n:w(n) > 10loglogx}.

Recall that A(t) = ANJ1,t]. Put 7(n) for the number of divisors of n. Since
7(n) > 29 > gl0loglogz ~ (166 1)6 we have that

#A(t)(log z)® < Z 7(n) < tlogt < tlogz.
neA(t)
The last inequality above we used Theorem 2.10. Thus,
t
#A() < (loga)? holds for all t <.

By the Abel summation formula, we have that
t=x
THA(t)dL 1 / Tdt 1
1 — .
e b S loaap U 1) (logay?

Since w(n) < logn/loglogn, a estimate mentioned already during the proof
of the upper bound for #B,(x), we have that logw(n) < loglogzx holds for
all n < x once z is sufficiently large. Thus,

logw(n) 1 loglog
— log1 — < ——==0(1
T; n(log P(n))? < (loglogr) % n < (log z)* o(1)

ncA neA

1 #A()
; ST

neA

as x — 0o. Assume now that n < z is not in A. We then have that
w(n) < 10loglog z, so logw(n) < logloglogz. Thus,

logw(n) 1
g ————— < (logloglog ) E _ .
2 2
o n(log P(n)) Wats n(log P(n))

ngA
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The last sum on the right is O(1). This follows easily by the Abel summation
formula and the fact that

! €T
2<nz;x (log P(n))* ~ (er+o(1)) (log z)? as T — 00,

which is a result of Wheeler from [15]. Further, ¢1 = [;° p(£)(t+1)dt, where
p(t) is the Dickman—de Brujin function mentioned in the upper bound for
#B1(x) (for this, make u := 1, a := —2 on the last display on page 516 in
[15]). Tt thus follows that

zg;gz n(log P(n))* _n;cn(logp<n>2+ Zmn(logP(n))Q < logloglog,

n€A ngA

SO

Loy L logw(n) _
ngnéxnlogﬁ(n) B r%;: log P(n) O 7%;Cn(logP(n))2

= ¢e’loglogz + O(logloglog ).

Since the sums (4.2) and (4.3) should asymptotically be the same under the
assumption that 5(n) is “randomly distributed”, we conclude that if (4.1)
holds, then we must indeed have c = €7.

We tested this computationally. We computed r(x) := #B'(x)/m(x),
where B'(z) = {n < z : w(n) > 2 and B(n) is prime} for z := 10¥, and
k=3,4,5,6,7,8,9 getting the values from the table below.

’ k \ x = 10F \ #B'(z) H m(x) \ r(x) ‘

3 [10° 130 168 0.77381
4 [ 10% 1196 1229 0.973149
5 |10° 11698 9592 1.21956
6 | 10° 107315 78498 1.3671

7 107 961924 664579 1.44742
8 | 10% 8641491 5761455 1.49988
9 |10° 78304633 || 50847534 | 1.53999
10 | 100 714962670 || 455052511 | 1.57117

This sequence {r(10¥)};>3 in the right-most column above seems to increase
with k& and it is anyone’s guess whether by continuing the calculations one
would get a limit of €7 = 1.78107 ...
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Here is a list of some of the composite numbers which have this property of
B(n) with w(n) > 1 being prime: 6, 10, 12, 18, 20, 22, 24, 34, 36, 40, 44, 48,
50, 54, 58, 68, 72, 80, 82, 88, 96, 100, 108, 116, 118, 136, 142, 144, 160, 162,
164, 165, 176, 192, 200, 202, 210, 214, 216, 232, 236, 242, 250.

5 Remarks

It is found that 210 is the smallest n such that 5(34) = 19, which takes 2
primes to write 2 and 17. If n = 165, then 5(165) = 19 takes takes 3 primes
to write namely 3,5 and 11. A further study can be done to see how many
primes it takes to write a prime as a sum of primes such that their product
is the smallest possible n, where n is composite. Another possible study is
to count the number of integers n such that S(n) | ¢(n) where ¢(n) is the
Euler Phi function of n.

There is room for other studies which this canidate plans to pursue in the
near future.
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