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Abstract
Let G be a nontrivial connected graph with an edge coloring, and let u, v ∈ V (G). A 
u − v path in G is said to be a rainbow path if no color is repeated on the edges of the 
path. Similarly, we define a rainbow geodesic. A rainbow connected graph G is a graph 
with an edge coloring such that every two vertices in G are connected by a rainbow path. 
Further, a strong rainbow connected graph G is a graph with an edge coloring such that 
every two vertices in G is connected by a rainbow geodesic. The minimum number of 
colors needed to make a graph rainbow connected is called the rainbow connection num-
ber, denoted rc (G), and the minimum number of colors needed to make a graph strong 
rainbow connected is called the strong rainbow connection number, denoted src (G). In 
this paper we determine rc (G) and src (G) when G is a n-dimensional rectangular grid 
graph, triangular grid graph, hexagonal grid graph, and a (weak) Bruhat graph, respec-
tively. We show for all these families that src (G) = diam (G).

Keywords  Rainbow coloring · Rainbow connected · Grid graphs · Bruhat graphs

Mathematics Subject Classification  05C15 · 05C38 · 05C40

1  Introduction

All graphs considered in this paper are simple, implying that the graphs contain no loops, 
direction, multiple edges or weighted edges. Further, all graphs in this paper are drawn in 
color. For any undefined terms and concepts, we refer the reader to [3].

1 3

http://orcid.org/0000-0002-9889-5396
https://doi.org/10.1007/s13370-025-01381-y
http://crossmark.crossref.org/dialog/?doi=10.1007/s13370-025-01381-y&domain=pdf&date_stamp=2025-10-2


L. B. Baker et al.

Let G be a graph with vertex set V(G) and edge set E(G). If u, v ∈ V (G), then the edge 
from u to v is denoted by uv. A u − v path in G is a sequence of non-repeating vertices, 
except possibly for u and v, starting at u and ending at v, such that any two consecutive 
vertices have an edge between them in G. The length of a path is the number of edges on 
the path, and the path graph with length n is denoted by Pn. A shortest path between two 
vertices is called a geodesic. The diameter of a graph G, denoted diam (G), is the length of 
the longest geodesic in G. A cycle graph, denoted Cn, is a path of length n ≥ 3 that starts 
and ends at the same vertex.

An edge coloring of a graph is an assignment of a color from a set of possible colors to an 
edge in the graph, for brevity we will sometimes simply call an edge coloring a coloring. A 
u − v path in G is said to be a rainbow path if no color is repeated on the edges of the path. 
Similarly, a rainbow geodesic is defined as a shortest rainbow path between two vertices. 
That is, for u, v ∈ V (G), a u − v rainbow geodesic is a rainbow path of length d(u, v), the 
distance between u and v.

A graph G is said to be connected if there is a path between every two vertices in G. A 
rainbow connected graph G is a graph with an edge coloring such that every two vertices 
in G are connected by a rainbow path. Further, a strong rainbow connected graph G is a 
graph with an edge coloring such that every two vertices in G are connected by a rainbow 
geodesic. The minimum number of colors needed to make a graph rainbow connected is 
called the rainbow connection number, denoted rc (G), and the minimum number of colors 
needed to make a graph strong rainbow connected is called the strong rainbow connection 
number, denoted src (G).

The rainbow connection number and the strong rainbow connection number of a graph 
was initiated by Chartrand, Johns, McKeon and Zhang in 2008, see [5]. Since then, the 
rainbow connection number and strong rainbow connection number of several graph classes 
have been found. For a dynamic survey of some of these results, see [8] by Li and Sun.

The following results are used later on.

Theorem 1.1  [5] For any nontrivial connected graph G,

	 diam (G) ≤ rc (G) ≤ src (G) ≤ |E(G)|.

Theorem 1.2  [5] For the path graph Pn ,

	 rc (Pn) = src (Pn) = n = diam (Pn),

and for the cycle graph Cn ,

	 rc (Cn) = src (Cn) = ⌈n/2⌉ = diam (Cn).

Notably, in 2011, Chakraborty, Fischer, Matsliah and Yuster [2], confirmed a conjecture 
of Caro, Lev, Roditty, Tuza and Yuster [1] that the problem to compute rc (G) in general 
is NP-hard. Nonetheless, there are specific cases that are amenable to exact computation.

Our contribution in this paper is the computation of the rainbow connection number and 
the strong rainbow connection number of certain infinite families of graphs. That is, we 
determine rc (G) and src (G) when G is a n-dimensional rectangular grid graph, triangular 
grid graph, hexagonal grid graph, and a (weak) Bruhat graph, respectively.
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We proceed as follows. In Sect. 2, we determine an upper bound for rc (G) and src (G) 
when G is the Cartesian product or box product of graphs. In Sect. 3, we determine rc (G) 
and src (G) when G is a n-dimensional rectangular grid graph, while G being a triangular 
grid graph is considered in Sect. 4. In Sect. 5, we determine rc (G) and src (G) when G is 
a hexagonal grid graph, while G being a Bruhat graph is considered in Sect. 6. Finally, in 
Sect. 7, we conclude our work by discussing some related open problems.

2  Preliminary results

The Cartesian product or box product of two connected graphs G1 and G2, denoted 
G1 □ G2, is the graph with vertex set {(u1, u2) : ui ∈ V (Gi), i = 1, 2}, and an edge from 
vertex (v1, v2) to vertex (w1, w2) if and only if either v1 = w1 and v2w2 ∈ E(G2), or 
v2 = w2 and v1w1 ∈ E(G1).

In general, for n ≥ 2 and connected graphs Gi with i = 1, ..., n, we define

	
G1 □ ... □ Gn =

n�
i=1

Gi

as the graph with vertex set {(u1, ..., un) : ui ∈ V (Gi)}, and an edge from vertex (v1, ..., vn) 
to vertex (w1, ..., wn) if and only if vjwj ∈ E(Gj) for exactly one value of j ∈ {1, ..., n} 
and vx = wx for all x ∈ {1, ..., n} − {j}.

Lui and Hu, the authors of [7], reference the following result by Li and Sun which appears 
in the preprint [9]. At the time of writing this paper, the status of [9] has not yet changed. 
Consequently, we provide our own proof here for the following result with the extension to 
the strong rainbow connection number.

Proposition 2.1  [9] For n ≥ 2  and i = 1 , ..., n, let Gi  be connected graphs. Then,

	
rc

( n�
i=1

Gi

)
≤

n∑
i=1

rc (Gi).

Moreover, if rc (Gi) = diam (Gi) for each Gi , then the equality holds.

Proposition 2.2  Let G1  and G2  be connected graphs. Then,

	rc (G1 □ G2 ) ≤ rc (G1 ) + rc (G2 ) and src (G1 □ G2 ) ≤ src (G1 ) + src (G2 ).

Proof  Let G1 and G2 be connected graphs together with associated rainbow colorings of 
rc (G1) and rc (G2) colors, respectively, such that there is no repeat of colors between these 
two graphs. We define a coloring on G1 □ G2 as follows. 

1.	 For an edge from (u, v2) to (u, w2), we assign the same color as of the edge v2w2 in G2.
2.	 For an edge from (v1, u) to (w1, u), we assign the same color as of the edge v1w1 in G1.
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The graph G1 □ G2 now has a rainbow coloring of rc (G1) + rc (G2) colors. To see this, 
consider any two vertices, say (v1, v2) and (w1, w2), in G1 □ G2. Then there are rainbow 
paths v1 = a0, a1, . . . , am = w1 of m colors in G1, and v2 = b0, b1, . . . , bn = w2 of n 
colors in G2. Using these two paths, we construct the following rainbow path in G1 □ G2 
with m + n colors:

	 (v1, v2) = (a0, b0), (a1, b0), . . . , (am, b0), (am, b1), . . . , (am, bn) = (w1, w2).

The upper bound on rc (G1 □ G2) is obtained.
Moreover, if we let G1 and G2 have associated strong rainbow colorings of src (G1) 

and src (G2) colors, respectively, such that there is no repeat of colors between these two 
graphs, then a similar coloring as in the case of rc (G1 □ G2) produces an upper bound for 
src (G1 □ G2). To motivate this, suppose that the above two rainbow paths from v1 to w1, 
and from v2 to w2 are rainbow geodesics within G1 and G2, respectively. All that remains 
to show is that the path between (v1, v2) and (w1, w2) constructed above is a geodesic in 
G1 □ G2.

In this regard, suppose, to the contrary, that there is another path from (v1, v2) to (w1, w2) 
in G1 □ G2 of length less than m + n. Since each edge on this path involves either a change 
in the first coordinate of the vertex labels, or in the second coordinate of the vertex labels, 
and not both, we either have a path in G1 from v1 to w1 of length less than m, or a path in G2 
from v2 to w2 of length less than n. Both of these conclusions are a contradiction to the fact 
that the two rainbow paths v1 = a0, a1, . . . , am = w1 and v2 = b0, b1, . . . , bn = w2 
are geodesics. The result then follows. � □

Using mathematical induction with Proposition 2.2, the following result is obtained.

Corollary 2.3  For n ≥ 2  and i = 1 , ..., n, let Gi  be connected graphs. Then

	
rc

( n�
i=1

Gi

)
≤

n∑
i=1

rc (Gi) and src
( n�

i=1
Gi

)
≤

n∑
i=1

src (Gi).

3  Grid graphs

In this section, we determine rc (G) and src (G) when G is a rectangular grid graph in Rn.
A rectangular grid graph, or in short a grid graph (also known as a lattice graph or mesh 

graph), is a graph G whose drawing forms a regular tiling when embedded in some Euclid-
ean space Rn. That is, G =

n�
i=1

PNi  for positive integers Ni.

Let G be a grid graph. For i = 1, . . . , n and positive integers Ni, we label each of the 
vertices in G with an n-tuple (x1, . . . , xn) where 0 ≤ xi ≤ Ni. Further, two vertices in G 
are connected by an edge if and only if the two vertex labels differ by one for exactly one 
value xj  of j ∈ {1, ..., n}. To determine diam (G), note that the longest geodesic in G is 
from the vertex with label (0, ..., 0) to (xN1 , ..., xNn ), giving
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diam

(
n�

i=1
PNi

)
=

n∑
i=1

Ni.

Theorem 3.1  Let G =
n�

i=1
PNi  for positive integers Ni . Then,

	
rc

( n�
i=1

PNi

)
= src

( n�
i=1

PNi

)
=

n∑
i=1

Ni .

Proof  Let G =
n�

i=1
PNi . From Theorem 1.1, 

src (G) ≥ rc (G) ≥ diam (G) =
∑n

i=1 Ni. For the upper bound, note that src (PNi ) = Ni 
from Theorem 1.2. Hence, src (G) ≤

∑n
i=1 src (PNi ) =

∑n
i=1 Ni from Corollary 2.3. The 

result then follows. � □

4  Triangular grid graphs

In this section, we determine rc (G) and src (G) when G is a triangular grid graph [11], also 
known as a tetrahedral grid graph or one of the higher dimensional analogs of these. These 
higher dimensional analogs are equivalent to those defined in [10], however, we define our 
own notation here for our proofs to flow more naturally.

We define a triangular grid graph G = T k
n  by labelling the vertices of G with the k-tuples 

(x1, . . . , xk) where all xi are non-negative integers such that 
∑k

i=1 xi ≤ n. Furthermore, 
two vertices in G are connected by an edge if and only if either (i) the two vertex labels differ 
by one for exactly one value xi with i ∈ {1, ..., k}, or (ii) for i ̸= j and i, j ∈ {1, ..., k}, the 
two vertex labels differ by one for exactly two values xi and xj  in opposite directions, that 
is, one of xi and xj  increases by one and the other decreases by one.

To determine diam (T k
n ), note that a longest geodesic in T n

k  is from the vertex with 
label (0,  ...,  0) to the vertex with label (x1, . . . , xn) such that 

∑k
i=1 xi = n. Hence, 

diam (T k
n ) = n.

Theorem 4.1  For positive integers n and k,

	 rc
(
T k

n
)

= src
(
T k

n
)

= n.

Proof  Let G = T k
n . The lower bound follows from Theorem 1.1, 

src (G) ≥ rc (G) ≥ diam (G) = n.

To show that src (G) ≤ n, define the following coloring on G. Consider any edge in G, 
say edge st where s = (s1, . . . , sk) and t = (t1, . . . , tk). For 1 ≤ j ≤ n, let j be the largest 
value such that sj ̸= tj . Then, color edge st with the color min(sj , tj) +

∑k
i=j+1 si. This 

color is equal to min(sj , tj) +
∑k

i=j+1 ti since si = ti when i > j.
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This coloring is illustrated in Fig. 1 with the graph T 2
5  using actual colors to represent the 

colors of the edges on the graph. Note that the coloring used in Fig. 1 is a strong rainbow 
coloring with diam (G) = 5 colors.

To show that this coloring is in fact a strong rainbow coloring, consider any two vertices 
in G, say x = (x1, . . . , xk) and y = (y1, . . . , yk). Without loss of generality, assume that ∑k

i=1 xi ≤
∑k

i=1 yi.

As x and y are arbitrary vertices, we need only find a rainbow geodesic from x to y hold-
ing the above coloring as fixed. In this regard, classify each of the k coordinates that are used 
on the x − y path into three types:

	● flat when xi = yi,
	● ascents when xi < yi, and
	● descents when xi > yi

for i = 1, ..., k. Notably, these types depend on x and y. The below conditions are sufficient 
for a path from x to y to be a geodesic: 

1.	 No flat coordinate is ever changed.
2.	 No ascent is ever decreased.
3.	 No descent is ever increased.
4.	 Whenever there are both unresolved ascents and unresolved descents, a move both 

increases an ascending coordinate and decreases a descending coordinate.

We shall now construct a rainbow path as follows.
First, ignore all flats. Second, bundle the remaining coordinates into blocks of consecu-

tive ascents and descents. For specificity, these blocks are chosen after ignoring the flat 
coordinates. We shall resolve each block sequentially from the right. That is we shall resolve 
the block with the highest index coordinates first, and progress to blocks of lower index.

In order to ensure that our constructed path is indeed rainbow, we shall require the two 
conditions listed below, these are trivially sufficient to ensure that the path is rainbow. 

i.	 The same color is never used while resolving any particular block.

Fig. 1  The triangular grid graph T 2
5 
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ii.	 For blocks A and B, where B is to the left of A, that is, B is resolved later in the process 
than A, every color used to resolve B has higher index than every color used to resolved 
A.

To resolve an ascending block where no unresolved descending blocks remain, begin from 
the rightmost unresolved coordinate within the ascending block and increase the coordinate 
until that coordinate is resolved. To resolve an ascending block where unresolved descend-
ing blocks still occur, begin from the rightmost unresolved coordinate within the ascending 
block and increase the coordinate until that coordinate is resolved. Simultaneously, decre-
ment the leftmost (lowest indexed) descending coordinate.

Move then to the next rightmost unresolved coordinate and repeat the previous step until 
the block is resolved.

When resolving a descending block, begin from the leftmost unresolved coordinate 
within the block and decrease the coordinate until that coordinate is resolved. Move then 
to the next leftmost unresolved coordinate and repeat the previous step until the block is 
resolved. If an unresolved ascending coordinate still exists, then we increment the rightmost 
such coordinate.

Our algorithm satisfies the two conditions (i.) and (ii.) above. Trivially, within each block 
resolution, no color is repeated. To see that the smallest color used in each block exceeds the 
largest color used in any previous block, observe that all descents have been used to incre-
ment the rightmost unresolved ascent. Thus, the sum associated to the moves after resolving 
this coordinate is still increasing. It is easy to see that ascents increase the value of future 
colors used. � □

To illustrate, consider the path from (2, 3, 4, 5, 6, 7, 8, 9, 10) to (12, 3, 24, 5, 4, 5, 8, 6, 7) 
in T 9

n  where n ≥ 74. Here, the second, fourth, and seventh coordinates are flats, that is, 
(2, 3, 4, 5, 6, 7, 8, 9, 10). We proceed as follows where the changed coordinates are made 
bold:

	

(2, 3, 4, 5, 6, 7, 8, 9, 10)
−→ (2, 3, 5, 5, 5, 7, 8, 9, 10) uses color 5 + 7 + 8 + 9 + 10 = 39
−→ (2, 3, 6, 5, 4, 7, 8, 9, 10) uses color 4 + 7 + 8 + 9 + 10 = 38
−→ (2, 3, 7, 5, 4, 6, 8, 9, 10) uses color 6 + 8 + 9 + 10 = 33
−→ (2, 3, 8, 5, 4, 5, 8, 9, 10) uses color 5 + 8 + 9 + 10 = 32
−→ (2, 3, 9, 5, 4, 5, 8, 8, 10) uses color 8 + 10 = 18
−→ (2, 3, 10, 5, 4, 5, 8, 7, 10) uses color 7 + 10 = 17
−→ (2, 3, 11, 5, 4, 5, 8, 6, 10) uses color 6 + 10 = 16
−→ (2, 3, 12, 5, 4, 5, 8, 6, 9) uses color 6 + 9 = 15
−→ (2, 3, 13, 5, 4, 5, 8, 6, 8) uses color 6 + 8 = 14
−→ (2, 3, 14, 5, 4, 5, 8, 6, 7) uses color 6 + 7 = 13

The next block is the descending block given by the first and third coordinates, currently 
occupied by 2 and 14. As we are out of active descents, just simply increase these.

1 3
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5  Hexagonal grid graphs

In this section, we determine rc (G) and src (G) when G is a hexagonal grid graph.
Let G = Hn denote the hexagonal grid graph which is the hexagonally shaped triangu-

lar grid graph with n edges on each of the sides of the hexagon. That is, G is a subgraph of 
some two dimensional version of the triangular grid graph covered in Sect. 4. The graph H4 
is illustrated in Fig. 2.

Although G is a subgraph of some two dimensional version of the triangular grid graph, 
note that Theorem 5.1 below does not follow trivially from Theorem 4.1 as the diameter of 
G is only two thirds of the diameter of the smallest triangular grid it can be embedded in. In 
particular, Hn is embedded in T 2

3n and, using the triangular coloring of T 2
3n as in the proof 

of Theorem 4.1, all 3n colors are assigned to Hn while only 2n colors are required.
We label the vertices of G with the integer valued 2-tuples (x, y) where −n ≤ x ≤ n and 

−n ≤ y ≤ n such that −n ≤ x + y ≤ n. Furthermore, two vertices in G are connected by 
an edge if and only if either (i) the two vertex labels differ by one for the x or y coordinate 
while the other coordinate stays the same, or (ii) both vertex labels differ by one but in 
opposite directions, that is, one of x and y increases by one and the other decreases by one. 
Trivially, diam (Hn) = 2n.

Theorem 5.1  For positive integer n,

	 rc (Hn) = src (Hn) = 2n.

Proof  Let G = Hn. From Theorem 1.1, src (G) ≥ rc (G) ≥ diam (G) = 2n. We proceed 
to show that src (G) ≤ 2n.

In this regard, consider the following coloring. 

Fig. 2  The Hexagonal Grid Graph H4, and the same graph displayed in Cartesian coordinates. The colors 
used for respective changes to the x and y coordinates are displayed numerically on the right and bottom 
sides
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i.	 For all edges that alter a y coordinate, irrespective of whether or not the x coordinate is 
also changed, between y = a and y = a + 1, apply the color a + 1 when a ≥ 0 and the 
color 2n + 1 + a when a < 0.

ii.	 For all remaining edges, that is, the edges that affect only the x coordinate between 
x = b and x = b + 1, apply the color n − b.

Note that: 

1.	 Color c ∈ {1, 2, .., n} is used when the y coordinate changes from c − 1 to c.
2.	 Color c ∈ {n + 1, n + 2, .., 2n} is used when the y coordinate changes from c − 2n − 1 

to c − 2n. This is equivalent to the above case when colors are considered modulo 2n.
3.	 Color c is used when the y coordinate is unchanged and the x coordinate is changed 

between n − c and n − c + 1.

All that remains to show is that this coloring is in fact strong rainbow. Therefore, con-
sider the two vertices u = (xu, yu) and v = (xv, yv). Without loss of generality, assume 
that xu ≤ xv . Thus, we consider only paths which travels towards the right, paths that trav-
els towards the left are simply the same paths reversed. � □

Fact 1. The graph automorphism (x, y) → (−x, −y) does not preserve the coloring, but 
the graph automorphism does preserve whether or not two edges have the same color.

We proceed by considering cases on the y coordinate.
Case 1: yu ≤ yv .
For yu ≤ yv , note that all geodesics from u = (xu, yu) to v = (xv, yv) are moving up 

and to the right. A geodesic then consist of a path whereon only one of the coordinates are 
incremented while the other stays the same. Also, every geodesic between u and v use an 
identical collection of colors as both u and v are incremented through the same ranges.

Note that the colors used to increment the y coordinate from yu to yv  are given in the set 
Y = {yu + 1, yu + 2, . . . , yv} (mod 2n), and the colors used to increment the x coordinate 
are given in the set X = {n − xu + 1, n − xu + 2, . . . , n − xv}. The colors within each of 
these sets are consecutive and so distinct. All that remains to show is that X ∩ Y = ∅. To 
see this we proceed with a proof by contradiction.

Assume, to the contrary, that X ∩ Y ̸= ∅ and that a repeating color occurs on the edge 
which starts with the vertex (x∗, y∗) on the u − v geodesic. Then, xu ≤ x∗ < xv  and 
yu ≤ y∗ < yv  with y∗ + 1 ≡ n − x∗ (mod 2n). Hence, x∗ + y∗ = n − 1 (mod 2n), and 
so, x + y = n − 1 from the boundary conditions. The equation, x + y = n − 1, describes 
a valid set of coordinates along a diagonal path which is a single move away from the 
x + y = n boundary. As both x∗ and y∗ do not increase at the same time, see above, the ver-
tex (x∗, y∗) cannot be the start of two different edges on the u − v geodesic. The assumption 
is then false, and the result follows.

Case 2: yu > yv .
For yu > yv , note that in this case all geodesics from u = (xu, yu) to v = (xv, yv) are 

moving down and to the right.
We begin by finding a rainbow geodesic in the case where xv − xu < yu − yv .
Here, all u − v geodesics are moving down and to the right with the restriction that the 

geodesic has more downward moves than moves to the right.
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Consequently, all u − v geodesics are a combination of vertical and diagonal moves. 
These moves all make mutually distinct changes to the y coordinate and are therefore of 
different colors.

The remainder of the proof deals with the case where xv − xu ≥ yu − yv . With 
xv − xu ≥ yu − yv , more movement towards the right is made than down, and the u − v 
geodesic is a combination of horizontal and diagonal moves.

The colors associated to the horizontal moves are affected by when the horizontal moves 
are made and this affects which geodesics are rainbow under our coloring.

We proceed by investigating sub-cases.
Case 2.1: yv ≤ yu ≤ 0.
For yv ≤ yu ≤ 0, note that we are below the x-axis on the Cartesian Plane. We consider 

the u − v geodesic begins by moving diagonally down and to the right until the y = yv  line 
is reached. Thereafter, the geodesic moves horizontally towards v.

The diagonal moves on the geodesic from (xu, yu) to (xu + (yv − yu), yv) use 
colors {yu − 1, yu − 2, .., yv}, while the horizontal moves on the geodesic from 
(xu + (yv − yu), yv) to (xv, yv) use the colours {yu − 1, yu − 2, .., yv}. At each step along 
the geodesic the value of the color used decreased by 1 except possibly at the change of 
direction where xu + yu − n − 1 colors are skipped. This is sufficient to show that this 
geodesic is rainbow.

Case 2.2: 0 ≤ yv ≤ yu.
The case for 0 ≤ yv ≤ yu is equivalent to Case 2.1 under the involution (x, y) → (−x, −y) 

with the geodesic from (xu, yu) to (xv, yv) replaced by (−xv, −yv) to (−xu, −yu).
Case 2.3: yv ≤ 0 ≤ yu.
For yv ≤ 0 ≤ yu, the u − v geodesic is moving down and to the right while moving more 

right than down and crossing the y = 0 line.
Case 2.3.1: xv ≤ xu ≤ 0.
For the rainbow u − v geodesic, begin with diagonal steps from (xu, yu) to 

(xu − yu + yv, yv), followed by horizontal steps to (xv, yv). Note that the horizontal steps 
use colors of index at least n + 1 and form part of a path dealt with in Case 2.1 above.

Case 2.3.2: 0 ≤ xv ≤ xu.
The case for 0 ≤ xv ≤ xu is equivalent to Case 2.3.1 under the involution 

(x, y) → (−x, −y) with the geodesic from (xu, yu) to (xv, yv) replaced by (−xv, −yv) to 
(−xu, −yu).

Case 2.3.3: xv ≤ 0 ≤ xu.
Let xv ≤ 0 ≤ xu and recall that yv ≤ 0 ≤ yu. Note that any u − v geodesic in this case 

consist exclusively of horizontal and diagonal moves.
Consider the u − v geodesic that moves diagonally from (xu, yu) to 

(xu − yv, yu + yv), then horizontally to (xv − yu, yu + yv), and then diagonally again to 
(xv, yv). Assign colors to this geodesic whereby diagonal moves above the x-axis uses all 
the colors in the set A = {1, 2, ..., yu}, and diagonal moves below the x-axis uses all the 
colors in the set C = {2n + yv + 1, 2n + yv + 2, ..., 2n}. Lastly, use all the colors in the set 
B = {n − (xu − yv), n − (xu − yv) + 1, ..., n − (xv − yu) + 1} for the horizontal moves.

If sets A, B and C are pairwise disjoint, then the u − v geode-
sic described above is rainbow. To see this first note that A and C are trivi-
ally disjoint. Further, note that max A = yu < min B = n − (xv − yu) + 1 and 
max B = n − (xu − yv) < min C = 2n + yv + 1. These two inequalities reduce to the 
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trivially true statements xu < n + 1 and xv < n + 1. Hence, A, B and C are pairwise dis-
joint, and so, the u − v geodesic described above is rainbow. � □

6  Bruhat graphs

In this last section, we determine rc (G) and src (G) when G is a (weak) Bruhat graph.
The Bruhat graph Bn is a graph with n! vertices, each uniquely labelled with a permuta-

tion of all the numbers in the set {1, 2, . . . , n}. An edge occurs between two vertices if their 
vertex labels differ by a transposition.

Graphs B3 and B4 are drawn in Fig. 3 and Fig. 4, respectively, with a strong rainbow 
coloring of the edges. Note that the number of colors used for the strong rainbow coloring 
is equal to the diameter of each graph. Also, graph B3 is isomorphic to graph C6, and graph 
B4 is isomorphic to the Truncated Octahedral Graph. In general, graphs Bn are the Cayley 
graphs of the symmetric group Sn generated by adjacent transpositions [6].

Trivially, diam (Bn) =
(

n
2

)
= n(n−1)

2 .

Theorem 6.1  For positive integer n ≥ 2 ,

Fig. 4  The Bruhat Graph B4 

Fig. 3  The Bruhat Graph B3 

1 3

Page 11 of 13    165 



L. B. Baker et al.

	
rc (Bn) = src (Bn) =

(
n
2

)
.

Proof  Let G = Bn. From Theorem 1.1, src (G) ≥ rc (G) ≥ diam (G) =
(

n
2

)
. We pro-

ceed to show that src (G) ≤
(

n
2

)
.

As stated above, an edge occurs between two vertices if their vertex labels differ by a 
transposition. Color an edge in G with the color denoted by the two numbers that transposed 

between the two vertices incident to that edge. In total, 
(

n
2

)
 colors are then used to color 

G.

Consider now a u − v geodesic where vertices u and v have vertex labels σ and ρ, respec-
tively. Let Nσ,ρ be the number of pairs in different orders within the two permutations σ 
and ρ. Observe that a transposition decreases Nσ,ρ by at most 1. In particular, if σ ̸= ρ, 
then there is always a transposition that decreases Nσ,ρ by exactly one. Otherwise, σ = ρ. 
Finally, observe that on a u − v geodesic, the same two numbers are never transposed twice. 
� □

7  Conclusion and further work

In this paper, we showed that rc (G) = src (G) = diam (G) when G is a n-dimensional 
rectangular grid graph, triangular grid graph, hexagonal grid graph, and a (weak) Bruhat 
graph, respectively. Similar families may also be investigated.

A natural generalization to these results is to determine the rainbow k-connection num-
ber for each of these graphs G. Let G be a l-connected graph and k an integer such that 
1 ≤ k ≤ l. The rainbow k-connection number of G, denoted rck(G), is defined as the small-
est integer r for which there exists a r-coloring of G such that every two distinct vertices of 
G are connected by k internally disjoint rainbow paths. For more on the rainbow k-connec-
tion number, see [4] and [8].

Funding  Open access funding provided by University of the Witwatersrand.

Data availability  No new data were created or analysed in this study. Data sharing is not applicable to this 
article.

Declarations

Conflict of interest  The authors have no Conflict of interest to declare that are relevant to the content of this 
article.

Open Access   This article is licensed under a Creative Commons Attribution 4.0 International License, 
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as 
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons 
licence, and indicate if changes were made. The images or other third party material in this article are 
included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. 
If material is not included in the article’s Creative Commons licence and your intended use is not permitted 
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the 
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

1 3

  165   Page 12 of 13

http://creativecommons.org/licenses/by/4.0/


The rainbow connected number of several infinite graph families

References

1.	 Caro, Y., Lev, A., Roditty, Y., Tuza, Z., Yuster, R.: On rainbow connection. Electron. J. Comb. 15(1), 
R57 (2008)

2.	 Chakraborty, S., Fischer, E., Matsliah, A., Yuster, R.: Hardness and algorithms for rainbow connection. 
J. Comb. Optim. 21, 330–347 (2011)

3.	 Chartrand, G., Lesniak, L., Zhang, P.: Graphs & Digraphs. CRC Press, United States (2015)
4.	 Chartrand, G., Johns, G.L., McKeon, K.A., Zhang, P.: The rainbow connectivity of a graph. Netw. Int. 

J. 54(2), 75–81 (2009)
5.	 Chartrand, G., Johns, G.L., McKeon, K.A., Zhang, P.: Rainbow connection in graphs. Math. Bohem. 

133(1), 85–98 (2008)
6.	 Hurlbert, G.: A linear optimization technique for graph pebbling. Preprint. (2011)
7.	 Liu, T., Hu, Y.: The 3-rainbow index of graph operations. Preprint. (2013)
8.	 Li, X., Sun, Y.: An updated survey on rainbow connections of graphs - a dynamic survey. Theory Appl. 

Gr. 1, 3 (2017)
9.	 Li, X., Sun, Y.: Characterize graphs with rainbow connection number m-2 and rainbow connection 

numbers of some graph operations. Preprint. (2010)
10.	 Machacek, J.: Unique maximum independent sets in graphs on monomials of a fixed degree. Proceed. 

Comput. Sci. 195, 289–297 (2021)
11.	 Triangular Grid Graph. ​h​t​t​p​s​:​​​/​​/​m​a​t​h​w​o​r​l​​d​.​w​o​​l​f​r​a​​m​​.​c​​o​m​/​​T​r​i​a​n​​g​u​l​a​​r​G​r​i​d​G​r​a​​p​h​.​h​t​m​l. Accessed 19 Aug 

2024

Publisher’s Note  Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

1 3

Page 13 of 13    165 

https://mathworld.wolfram.com/TriangularGridGraph.html

	﻿The rainbow connected number of several infinite graph families
	﻿Abstract
	﻿1﻿ ﻿Introduction
	﻿﻿2﻿ ﻿Preliminary results
	﻿﻿3﻿ ﻿Grid graphs
	﻿﻿4﻿ ﻿Triangular grid graphs
	﻿﻿5﻿ ﻿Hexagonal grid graphs
	﻿﻿6﻿ ﻿Bruhat graphs
	﻿﻿7﻿ ﻿Conclusion and further work
	﻿References


