Gauge Gravity Dualities at Finite NV

Wandile Mabanga|

School of Physics
University of the Witwatersrand, Johannesburg,
South Africa

ABSTRACT

In this dissertation we compute the anomalous dimensions for a class of operators, be-
longing to the SU(3) sector of the theory, that have a bare dimension of order N. For these
operators the large N limit and the planar limit are distinct and summing only the pla-
nar diagrams will not capture the large N dynamics. Although the spectrum of anomalous
dimensions has been computed for this class of operators, previous studies have neglected
certain terms which were argued to be small. After dropping these terms diagonalizing the
dilatation operator reduces to diagonalizing a set of decoupled oscillators. In this dissertation
we explicitely compute the terms which were neglected previously and show that diagonal-
izing the dilatation operator still reduces to diagonalizing a set of decoupled oscillators.
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1 Introduction

Our current understanding of physics is a patchwork of different theories, each with its own
domain of applicability. Sometimes these descriptions overlap. In such a case the overlapping
theories have to be unified. Unification often teaches us something non-trivial. Some good
examples which illustrate our point include

e When electricity and magnetism were unified into electromagnetism, Maxwell needed
to add the correction term uoeo%—f to Ampere’s law. No experiment motivated this
correction. This term taught us that a changing magnetic field induces an electric field
and vice versa. Consequently, it was understood that electromagnetic waves travel
through empty space at the speed of light. The fact that light is electromagnetic
radiation was a new idea.

e When Einstein unified Special Relativity (SR) with Newtonian gravity into General
Relativity (GR), we learnt that spacetime is dynamical and that light bends around
heavy objects. We can summarize the basic ideas of GR by saying that matter curves
spacetime and spacetime tells matter how to moveE]

e When SR and Quantum Mechanics (QM) were unified into Quantum Field Theory
(QFT), we learnt (among other things) that there exists anti-matter and that the
vacuum is not empty as a result of pair prodution.

In summary we learn that in fundamental physics unification is powerful.

In this dissertation I will study the AdS/CFT correspondence which is a very dramatic
example of unification. The correspondence claims that the A/ = 4 super Yang-Mills theory,
a conformal field theory, is completely equivalent to quantum gravity (realized by type 1B
string theory) on the AdSs x S® background [1]. The correspondence has the potential to
provide answers to a number of currently open problems. These problems are

e We do not have a theory of quantum gravity. For example, to understand certain
aspects of black hole (BH) physics, one needs to unify GR with QM since both theories
make an appearance here.

e Type IIB string theory on AdSs x S° contains gravitons, strings, membranes and new
spacetime geometries. Gravitons and strings are well understood. Membranes and new
spacetime geometries are not well understood.

e Quantum Chromodynamics (QCD) is not well understood. The theory at low energies
is strongly coupled and although numerical results coming from lattice QCD show good

Ford, K., Wheeler, J. A. (2010). Geons, black holes, and quantum foam: A life in physics. WW Norton
Company.



agreement with experiment, there are no simple analytic approaches to understanding
the dynamics.

Non-Abelian Yang-Mills theories are matrix models. A matrix model is a QFT that has ma-
trix valued fields. Denote the dimension of these matrices by N. A very promising approach
to the low energy dynamics of a Yang-Mills theory is in terms of an expansion in % instead
of an expansion in the coupling constant [2]. There are well understood simplifications in the
N — oo limit of matrix models. In particular for operators built using O(1) fields, distinct
multitrace structures do not mix. For this class of operators the large N answer is given by
summing all planar ribbon graphs. This limit is consequently often called the planar limit.

To demonstrate that different multitrace structures do not mix, consider the operatorﬂ
Trz’

which are normalized to have a unit two point function

(0,00) =1 +O<$> (1.2)

in the large N limit. To obtain the leading order term in ((1.2)), we have summed only the
planar diagrams. This is perfectly accurate at large N as long as J? < N. Now consider the
two point function between a double trace structure given by O, O, and the single trace

(OF A

\/—
(04,0,0,.,,) = VARIET) (13)
If we take N — oo whilst holding J; and J, fixed, it is clear that the above two point
function vanishes. There is no conservation law forcing this correlator to vanish - it is a
nontrivial statement about the theory dynamics. The two point function in the planar limit,
between two operators that have different multitrace structures, vanishes. This is a general
property of matrix models. Thus, if we want to compute anomalous dimensions in the pla-
nar limit of the theory, we can focus on single trace operators since these will not mix with
operators that have a different trace structure. This property of the planar limit is a crucial
ingredient in the arguments for the integrability of the planar limit. Indeed, integrability
follows because the planar dilatation operator can be identified with the Hamiltonian of an
integrable spin chain. A single trace operator containing K fields can be identified with a
spin chain state, where the spin chain lives on a lattice that has K sites. The fields in the
single trace operator determine the states of the spins in the lattice. In this way, there is
a bijection between single trace operators and the states of a spin chain. If we scale J;, Jo

2Here J is the number of complex fields. In the dual theory, this is the angular momentum of the giant
graviton.



as IV %, the right hand side of scales as N at large N and different trace structures
start to mix. This mixing sets in even sooner: if we had computed the left hand side of
exactly, we would find that mixing between different trace structures is no longer suppressed
if Ji,Jo > VN [3]. For the case of interest to us J; ~ N and there is uncontrolled mixing.
Consequently, the bijection between single trace operators and the states of a spin chain is
not useful at all and the link to the dynamics of a spin chain is lost.

In this dissertation we will study operators built using O(N) fields. There are numerical
and analytic results suggesting that this limit is also integrable [4-11]. Further, there is by
now convincing evidence that these operators are AdS/CFT dual to giant gravitons [12-20,
4]. Our goal is to compute the spectrum of anomalous dimensions of these operators. We fo-
cus on operators constructed from the six scalar Higgs fields ¢; , [ = 1,2, ..., 6 that transform
in the adjoint of the U(N) gauge group. We can form 3 complex combinations

X = ¢1 + i¢o, Y = ¢3 + iy, Z = ¢5 + i . (1.4)

Our operators will be constructed using X, Y and Z. This is not a consistent truncation of
the theory, but it is consistent at one loop (see for example [21]). The non-zero free field two
point functions are

(Z3(ZN)0) = 0,07 = (V] (Y1) = (XG(XT)P) (1.5)

where the indices run over the values 1,2,... N E| In writing these two point functions
we are not keeping track of spacetime dependence. Conformal invariance determines the
coordinate dependence of the correlator and so we focus on the the combinatorial problem
of summing all possible contractions of the free field propagators. The operators we consider
are constructed using n Z fields, m Y fields and p X fields. We are primarily interested in
the case that n,m, p all scale as N in the large N limit, but n > m + p and % ~ 1. Thus,
the operators that we consider are a small perturbation of a %—BPS operator. The operators
that we study are the restricted Schur polynomials. They are defined by

1 . . . ,
I E __(TR uo Xyt Lyt
XR,(t,S,?")},LV n' m‘ p| Tr(tvsvr)/'”j(r (U))chr(l) Xlo'(p) Y7’0'(P+1> }/;o'(p+m)
0ESntm+p
"L'm+p+1 . Z‘im+p+n ) (16)
Yo (m+p+1) bo(m+p+n)

We call Tr( (I (0)) the restricted trace of T'*(o) [14]. When computing this trace,
we trace over a subspace of the carrier space of R. R is an irreducible representation of
Snt+m+p, that is, it is a Young diagram with m + n + p boxes. We write R = m + n + p.
This subspace we trace over is a carrier space of the subgroup S, x S, x S,. It is labeled
by three Young diagrams ¢t - p, s F m and r F n. [ and U are degeneracy labels; they
are each two dimensional vectors. Their two components resolve different copies of the two

3The matrices X,Y, Z are N x N matrices.



representations s = m and t - p. To properly understand the role of the degeneracy labels
and what they label, we note that the restricted trace can be written as

Tr(t,s,r)ﬁﬁ( : ) TrR(P(t s, v " " ) (17)

where P s, 1s an intertwining map. The degenaracy labels /i and ¥ play an important
role in constructing this intertwining map as we now explain. The first step in constructing
Pit.s,r)i entails constructing a basis for the (¢, s, 7) irreducible representation of Sy, x Sy, x S,,.
To do this start from the Young diagram for irreducible representation R. Remove p boxes
in any order such that everytime a box is removed what remains is a valid Young diagram
and we remove p; boxes from row . Assemble the p; into a vector p; this vector will play
an important role in what follows. Now remove m boxes in any order such that everytime a
box is removed what remains is a valid Young diagram and we remove m; boxes from row
1. Assemble the m; into a vector m; again, this vector will play an important role in what
follows. The boxes are labeled according to the order in which they are removed so that the
first box removed is box 1, the second box removed is box 2, and so onf_f] In this way we
land up with a partly labeled Young diagram R. The unlabeled boxes have the shape r and
each partly labeled Young diagram is a distinct subspace of R that carries the irreducible
representation r under the S, subgroup. Now assemble the vectors with first p boxes labeled
into an irrep ¢ of .S, resolving multiplicities that arise with ;. In this process, the labels of
the next m boxes are simply ignored. For each state in a given .S, irreducible representation
specified by both ¢ and v, one has all possible labelings of the next m boxes. Assemble
these into vectors in an irreducible representation s of S,,, resolving multiplicities with vs.
The two multiplicity labels are assembled to produce the vector 7/ = (v1,15). The result
of this exercise is a set of vectors labeled with two irreducible representations t - p and
s F m each with a multiplicity label 14, and v5, and two state labels, a, b, one for each state
|t,v1,a;8,19,b). The boxes that are not labeled stand for vectors that belong to a unique
irreducible representation r of S,,. Use ¢ to label states in r. We can make this explicit
and write our state as |t,vy,a;s, v, b;1,¢). This gives a basis for the (¢,s,r) irreducible
representation of S, x S, x S,. Now, the intertwining map is a matrix so that it has
both a row label and a column label. We can use different copies of the (t,s,r) irreducible
representation for the rows and columns of the intertwining map. Consequently

P s iz = Z|t, 1, @; S, fo, byry ) (t, vy, a5 8,9, b5 1, € (1.8)

ab,c

Since the S, and S, actions commute it is clear that
|t7 M1, G5 S, HUa, ba r, C> = |t7 M, Cl> ® |Sa M2, b> ® ’7n> C> (19)

where ® is the usual tensor product on a vector space. It then also follows that the inter-
twining maps can be written as a tensor product

t,s,r iV ZH M1, @ t 1/1,(1‘® Z|S :u27 5 V2>b|® 2‘7"7 C><T7C|

4Please see a discussion of an example of this in Section 2.4.1.




= ptmul ®psu2u2 ® 1r (110)

The last factor in this product is always a genuine projector.

The restricted Schur polynomials share many of the nice properties that make the Schur
polynomials so useful. In particular, the restricted Schur polynomials respect the trace
relations and the two point function of the restricted Schur polynomials [17]

( + ) = frhooksg
XB (s ATX (0 )fal hooks, hooks,hooks;

. (1.11)

§RT5rw55x5ty5ﬁ5

again diagonalize the free field two point function. The number hooksy is a product of the
hook lengths in Young diagram R. We will often find it convenient to work with operators
O R,(t,s,r)iz normalized to have a unit two point function. These operators are related to the
restricted Schur polynomials x g (t,s,)7 as

A hooks,hooks,hooks
OR,(t,s,r)ﬁz? = \/ tXR,(t,s,r)ﬁz?- (112)

frhooksg

The key difficulty with working with the restricted Schur polynomials, is in constructing
and working with the intertwining maps P ,,)z7. Convenient methods to accomplish this
have been developed for two rows in [6] and in general in [20]. Using these methods, the one
loop dilatation operator has been diagonalized in the su(2) sector (obtained by setting p = 0)
[6, 11, 12, 20]. In this sector, the one loop dilatation operator reduces to a set of decoupled
oscillators, which is an integrable system. These results provided perfect confirmation of
earlier numerical studies [5, 10]. At two loops the system remains integrable in the su(2)
sector [7]. The one loop results were generalized to p # 0 in [8], but the interactions between
the X and Y fields were argued to be subleading and were neglected. The subleading terms

are of order ™ relative to the leading terms [8]. It is precisely these terms that we will
evaluate in this dissertation.

When interactions between the X and Y fields are neglected, the vectors p and m defined
above are conserved [20]. The dilatation operator only mixes operators that have the same
p and m values. This is not at all surprising - integrable systems are always accompanied
with higher conserved quantities. What makes the interaction between the X and Y fields
so interesting is that they spoil the conservation of p" and m. This can mean one of two
things: either, integrability does not persist beyond the su(2) sector and this large N but
non-planar limit is not integrable, or the dynamics remains integrable but the conservation
of p'and m is not one of the conservation laws of this (extended) integrable system. Our
results are unambiguous - the second case is realized and the one-loop dilatation operator
continues to be integrable when extended to act on operators built using all three complex
scalars. Indeed, we are able to identify the new terms we have evaluated with elements of the
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Lie algebra of a unitary group. Diagonalizing the complete dilatation operator then reduces
to a solved problem in representation theory.

This dissertation is organized as follows: In section 2 we introduce the background and
technology of group representation theory. We then, in section 3, evaluate the action of the
one loop dilatation operator on the fields we study in this dissertation. The description of
the operators (the Gauss operators) that diagonalize the terms in the dilatation operator
that mix X and Z fields or Y and Z fields is reviewed in section 4. In section 5 we compute
the action of the terms in the dilatation operator that mix X and Y, on the Gauss operators.
Section 6 is used to argue that the dilatation operator can be written as an element of the
Lie algebra of a unitary group. Our conclusions are given in section 7. Finally, we review
giant gravitons in appendix A.

The results presented in this dissertation have appeared on the arXiv [21], and have been
accepted for publication in the Journal of High Energy Physics (JHEP).



2 Technology and background

We now introduce and discuss the tools we use. We first discuss the dynamics of a free
single hermitian matrix model. Our primary goal is to explain simplifications that arise in
the N — oo limit. Then, we include interactions and check if our results are modified by
these interactions. With these results in hand we then study multimatrix models using group
theoretic techniques. In this dissertation we study operators constructed using O(N) fields.
For these operators we need to sum a lot more than just the planar diagrams. To accompish
this, new methods have to be developed. These new methods make extensive use of group
representation theory. For this reason we devote the remainder of this chapter to reviewing
those aspects of group representation theory that are relevant to this project.

2.1 Matrix models

We begin with the simplest possible case of a free single, hermitian matrix. We then gener-
alize our discussion to include interactions. Finally, we consider multimatrix models.

2.1.1 Gaussian Matrix Model

Define M to be an N x N, hermitian matrix (i.e. M = MT). We require our action to be
invariant under the ‘“‘gauge transformation”

M — M =UtMU,

where U is some N x N, unitary matrix (i.e. UUT = 1y). The unique free, gauge invariant
action (quadratic in M) is
S = <Tr(M?) .

2

The dynamics of the theory are captured in correlation functions. We will use the path
integral to compute the correlation functions. The path integral is given by

Z = / [dM]e™®

where [dM] is our measure. The correlation function of a product of observables, denoted
(0105 -+ - Oy) is given by

<0102 ce Ok> = / [dM]01(92 e Oke_s . (21)



We must integrate over the complete space of hermitian matrices so that
N
i=1 i<j

Since we wish to compute correlation functions, a natural step is to couple a source to the
free action, i.e. we define

210 = / (dM]e=S+THIM) (2.2)

By differentiating with respect to J we will be able to construct any correlation function of
interest. We require that J = Jf. This condition is necessary to ensure that the action is
hermitian. Also, note that

It is useful to re-write the path integral in the form

Z1J] = / [dM]ewﬁ<<M2{J>2>e4ler(J2). (2.3)

To evaluate this integral, we recall that

dre o = T
«

Hence, if we define []
M;; = \/Li(ﬂfzg +iy;;) , i £ ]

we have

5Note that since
My = My,
we have,

Tij =xj; and  yi; = —Yji.

10



Z[J]‘JZO = /IZ_VIdMZZ ﬂdxijdyij exp ( —w Z M. —w Z (3722] + yi))
i=1 g

i<j i>j
N2
_ \/f
- w

where M;; are the diagonal elements of M. We require that

Z[J]‘JZO —1

which can be achieved by rescaling the measure to

s N
[dM] = <\/§>N [T T daijdys;.
=1

i<j

Hence

Z[J) = eas ™),

(2.4)

(2.5)

This form is particularly useful for computing correlation functions. We do not usually think

about doing pertubation theory in a free theory. Pertubation theory uses a small parameter

to develop an approximation scheme. This small parameter is usually taken to be the inter-

action strength. If a theory is free, there is no interaction strength. In a matrix model it is

useful to think of 1/N as a small number and to develop pertubation theory in 1/N. In this

way we obtain a sensible and nontrivial pertubation theory for the free matrix model.

We can compute a large class of correlators for this theory, in the large /N limit. Indeed, one

can show that for large N

(1)) =0

()= () g roo

w (2n +2)!!

11

(2.6)



Here are some examples that illustrate how correlators are computed using equation ([2.5)):

(MgMy) = Zoz0)
= Him (Jj¢5ik5jz + Jij&k&l)eﬁ”’“‘]ﬁ Y (2:8)
_ Ojkbu
- 2w
. d d d _d
<Mz’ijlMqumn> - mmdean[J]‘Jzo
(2.9)

- ﬁ(djké‘iléqmépn + 6jp5iq5lm5kn + 5jm5in5lp5kq> .

We are only interested in correlation functions of traces of M. Traces of M are “gauge
invariant” in the sense that they are invariant under the “gauge transformation” M —
UTMU. Using the results above it is straight forward to obtain

(Te(M)Tr(M)) = (M;iMj;) = 2220 = 20— % (2.10)

(Tr(M?) = (MyMy) = % = 20 (2.11)
<MWWWW=MMMMM=@MWMWL (2.12)

These are all given by a power of w multiplied by a polynomial in N. It is now useful to
define operators that have a finite expectation value in the large N limit. The operators are

Tr(M?2")
OQ’/L - Nn+1

so that, for example, we have

<(92>=% 0y = (202.1)2 [1+0(1/n?)] (2.13)

12



Also, in the large N limit

(0:05) = G |1+ 5] .

(020,0,) = ﬁ [1 + O<ﬁ>} ’

(0:04) = 25 [1 + O<$>] ’
and so on.
Given the correlators we have computed, we can now argue that this theory simplifies con-

siderably in the large N limit. Indeed, using the methods we have developed above we can
verify that in this limit we have

(0,0,) = (0s) <02>+0(#)
(0,0,0,) = (O3 (Os) <<92>+0($) (2.14)

(0:04) = (02)(04) +0(3h).

This illustrates what is called factorization. Factorization states that the expectation value
of a product is the product of the expectation values, i.e.

)

<H Oi> =[] o). (2.15)

This result holds for large N matrix models in any number of spacetime dimensions and
for any theory of matrices. What is the interpretation of factorization? Consider a physical
system which can be in any of a set of states {i}. Populate state i with probability p;. As
usual

D mi=1
Let O,, be an observable. The expectation value of O,, is

(On) = > 1i0n(0) (2.16)

13



where O, (1) is the value of O, in state i. According to factorization

<H Op> = Z 101 (1) O (1) - - - Op (i)

- H (Op) (2.17)

p

== Z ,U’uol(w Z /'LmO?(Z) T Z uip0p<i)

Since this holds for any product of observables H O,, equation ([2.17)) implies that
p

pi; =1, pi=0 foralli#ij

This is a classical limit of the theory in the sense that only a single configuration is con-
tributing. In general, it is a highly non-trivial task to construct the classical theory whose
dynamics will correctly reproduce the correlation functions of the matrix model in the large
N limit. With this insight we could argue that Maldacena [1] conjectured that the classical
theory one would use to study the large N limit of A' = 4 super Yang-Mills theory is type
IIB string theory on the AdSs x S° background.

A very efficient way to compute correlators, in many different situations, is through the
use of Schwinger-Dyson equations. We will review this method and apply it to the large N
limit. First, we note that an exponential vanishes faster than any power so that (don’t sum
i and 7j)

14



Thus, (7,7 are summed as usual)

0:f[dM]ﬁij((Mn_l)ije_mew

and since
L (Mn—l)ij = i (MiaMay .. My M )
= () () (1) (ar2) et (ar) (o)
e K4 17 K4 17 (i 17
= > Tr(M")Te(M™>7)
r=0
we find

0= / [dM]e= T () (nz Te(M")Tr(M™27") — 2w(M”_1),-iji>

r=0

which implies that

(Te(M™)) = ﬁ<n2Tr(M’")Tr<M"—2—T>>
(2.18)



where we have used factorization in the second step. This equation lets us express the cor-
relator of the trace of n powers of our matrix M in terms of products of correlators of traces
of fewer than n powers of M. Since we know that (Tr(M")) = N for n = 0 we can now
recursively construct any correlator we want.

Having illustrated the simplicity of the large N limit in this very simple setting, it is natural
to ask if this simplicity is lost when interactions are turned on. We turn to this question
next.

2.1.2 Interacting Matrix Model

In the free theory, we were able to compute any correlator exactly at large N by simply
evaluating Gaussian moments. In a theory with interactions, we often lose this analytic
structure. The integrals are difficult to evaluate in general. Hence, we use pertubative
methods. In particular, we evaluate the integrals using Feynman diagrams organized by the
interaction parameter(s) of the relevant theory. Using Feynman diagrams, we will argue
that factorization continues to hold in the large N limit of the interacting theory. In fact,
thanks to factorization, we would again be able to compute any correlator exactly at large N.

We consider an interacting matrix model described by the action

S = wTr(M?) + gTr(M*?). (2.19)
Using the methods of the last section, we find
(Tr(M?)) = / [dM]e T T (M) (1 — gTe(M*Y) +..)

5
:N—Z——(g]j)s(2+%+%)+....

2w

Equivalently, we can use Feynman diagrams (also known as ribbon graphs for matrix models).
The Feynman rules (for this model) are:

e draw a pair of dots for each matrix appearing in the correlator.

e join the dots from different matrices in all possible ways, connecting pairs of dots to
pairs of dots using a double line or a ribbon.

e no twisting of double lines is allowed.

e multiply by the factor (1/2w)™ for n propagators.

16



e multiply by the factor N™ for m closed loops/lines.

e multiply by —g for each quartic vertex.

If we require the normalization

(1) = / (M e T ) =g _ (2.20)

a standard argument from quantum field theory implies that we only need to sum the
Feynman diagrams that don’t include vacuum diagrams. For the two point function we
study next, this is equivalent to taking the connected piece. The connected piece, to first
order in g, of (Tr(M?)) is given by

Notice that the first order corrections are not small in the N — oo limit. The problem is
even worse for higher order corrections since they appear multiplied by even higher pow-
ers of N. To resolve this problem, one needs to study the double scaling limit in which
N — oo, g — 0 with A\ = gN fixed. To validate the use of pertubation theory, A has to
be small. The powers in N correspond to the topology of the surface that the ribbon (or
Feynman) graph triangulatesﬁ Hence, in this theory, there exists two expansion parameters:
A and # A is called the 't Hooft coupling. One can also show that in the large N limit
factorization emerges even in a theory with interactions. Let us demonstrate this fact with
a simple example.

Let
Oy = o7 Tr(M) Tr(M)
and
02, = =T (M)Tr(M)Te(M)Tr(M) .

We want to show that in the large N limit, we have

(Oun) (Oun) = (O%).

6The topology associated with O(N?) diagrams is a sphere, O(1) is associated to a torus, O(ﬁ) a

pretzel, and so on. A topology of a genus g is weighted by N2729,

17



There are 25 Feynman diagrams at O(g) for the correlator <(9(21’1)>. Of these 25 diagrams, 9
are disconnected and 16 are connected. Of the disconnected diagrams, 4 are planar and 5 are
non-planar. Of the connected diagrams, 4 are planar and 12 are non-planar. The Feynman
diagrams are

S
=

=
=)

NSy

i
i

Figure 1: The Feynman diagrams of <O(2171)> at O(g).

and there are 30 Feynman diagrams at O(g) for the correlator <(9(1,1)> <(’)(1,1)>. Of these 30
diagrams, 6 are disconnected and 24 are “connected”. Of the disconnected diagrams, 4 are
planar and 2 are non-planar. Of the connected diagrams, 16 are planar and 8 are non-planar.

18



The Feynman diagrams are (the other half are the same as these but the order in each graph

ki
ﬂﬁ s\)ﬂg

Figure 2: Half of the Feynman diagrams of (O 1)){(O,1)) at O(g). The other half is similar
to these.

is reversed)

B

< )

R
P

<

Hence, in the large N limit, we have

(Oun) (Oany) = —(;Tgy; = (Ot) (2.21)

19



i.e. factorization continues to hold. One can verify factorization is obeyed for other correla-
tors as well. Let us now summarize the main ideas/lessons:

e to obtain a well defined pertubative expansion one needs to consider the double scaling
limit that takes N — oo, ¢ — 0 while holding

A=gN K1

fixed. Correlation functions are then expanded in terms of two small parameters, A
and 1/N.

e the expectation value of a product of gauge invariant observables is equal to the product
of the expectation value of each observable in the product, in the large N limit. This
so-called large N factorization is a signal that the dynamics is classical.

e Maldacena’s conjecture implies that the classical theory that governs correlators of the
large N limit of N" = 4 SYM theory is type IIB string theory on AdS; x S5 [1].

There is an implicit assumption in the above analysis. Namely, as N — oo, the number of
fields appearing in the operator we study is held fixed to be O(1). In this case the large N
limit and the planar limit coincide. In other sectors (e.g. if we study operators composed of
O(N) fields), the large NV limit and the planar limit are different. This is because if we allow
the number of fields in our operator to scale with N, the number of diagrams of a given
topology will also depend on N. This extra N dependence can overpower the suppression
of non-planar terms implying that we must sum all Feynman diagrams, both planar and
non-planar.

The next natural generalization is to consider interacting multi-matrix models.

2.1.3 Multi-matrix models

The field content of QCD includes four real, hermitean matrices A,, ¢ = 0,1,2,3. In general
these matrices do not commute. This has dramatic consequences: to fully understand the
dynamics of this theory, we need to study all kinds of local operators, including

Tr(D31Dg2 prs FW> ,

where D, is the covariant derivative. The space of all such operators is often called loop
space. It is because our matrices do not commute that we obtain such a rich space of observ-
ables. Even just parametrizing loop space is a remarkably non-trivial problem. Instead of
proceeding further with QCD we will return to study our simpler but instructive toy model
problem.
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One of the simplest multi-matrix models we could study includes two complex matrix fields,
say X and Y. This case has been studied in detail in [4,5,6,7,9,10,11,13,14, 15,18, 19].
The further extension to the case of three scalar, complex matrices X,Y and Z has not been
considered in as much detail. A central goal of this study is to include interactions that have
been neglected up to now. The theory we study is a sector of N' =4 SYM theory. The piece
of the action relevant for us is given by

= o [ (3(00)(00) + 5l ) o)

where a,b = 1,2,...,6. This action has 6 hermitian scalar fields that transform in the adjoint
of the gauge group. To obtain the model we study, we combine the 6 hermitian scalars into
3 complex fields

Z=¢1+1ipy, Y =¢3+i¢s, X = o5+ igs.

The operators of interest to us are built using X, Y and Z. One of our main goals is to
compute the two point functions of these operators, to one loop, at large N. This will allow
us to extract the one loop anomalous dimensions of these operators. For the computations
that follow, we need the free field propagators which are given by

((Z)T0)ZE (1) = 0i05 = (V)T OYE®) = (XD OXF ()

with all of the other possible combinations, for example ((Y})'(X})T), equal to zero.

2.2 Organizing Loop Space

There are a huge set of possible observables in the theory. To provide some structure to this
set we will use the notion of R-charge and study a smaller special set of operators known as
Bogomol'nyi-Prasad-Sommerfield (BPS) operators. BPS operators are annihilated by some
supersymmetry generators. These are good states to consider because they have features
that are protected by supersymmetry. %—BPS states preserve half of the supersymmetry
generators. Similarly, one can define }L—BPS and %—BPS states. The dynamics of a large
class of half BPS states is captured by single, complex matrix models. To go beyond the
half-BPS sector, we have to study multi-matrix models. Schur polynomials and restricted
Schur polynomials provide a good basis for the local operators of the theory. An importance
of this basis is that it diagonalizes the two point function in the free theory to all orders
in the 1/N expansion. Given the fact that N/ =4 SYM theory is dual to type IIB string
theory, a natural question to ask is

What are the states in quantum gravity dual to these field theory operators?
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The BPS sector of type IIB string theory on AdSs x S contains gravitons, strings, membranes
and new spacetime geometries. For the %—BPS sector it is possible to give a dictionary that
relates N' = 4 SYM with type IIB string theory on AdSs x S°. We organize our dictionary
using R-charge. The dictionary is given by

Table 1: Dictionary

CFT String Theory
use O(1) fields gravitons
O(J) fields, ‘% < 1 fixed strings
O(N) fields membranes
O(N?) new spacetime geometries

In the half BPS sector, the number of fields in the operator is equal to the R-charge of the
operator, which we denote J. According to the above dictionary

o for J ~ O(1) we study operators that are dual to Kaluza-Klein gravitons [22]. Gravi-
tons are point-like in string units.

e for J ~ O(vV/N) we study operators dual to fundamental strings [23]. Fundamental
strings have a fixed size in string units.

e for J ~ O(N) the field theory operators we study are dual to giant gravitons [20].
Giant gravitons have a size comparable to the radius of the space they occupy.

e and for J ~ O(N?) we have operators that are dual to objects whose size diverges
when measured in units of the radius of curvature of the spacetime. The interpretation
of this is that these operators are dual to new spacetime backgrounds. These are the
so-called Lin-Lunin-Maldacena (LLM) geometries [24].

2.3 Group representation theory

We begin with some background group theory, afterwhich we introduce group representation
theory [25]. Then, we briefly discuss the analysis of representations and discuss the main
ideas when working with a group algebra.

2.3.1 Groups

Definition 1:

Let S be a set with n elements, say 1,2,...,n. One can form a group of permutations, from
S, denoted 5, and called the symmetric group. S, is a finite group of order n!. In general,
S,, is nonabelian.
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O

Permutations are relevant for this dissertation because Wick contractions can be put into
correspondence with permutations. Summing the complete set of ribbon graphs is traded for
a sum over some group of permutations. A generic permutation o of the set S = {1,2,...,n}
is a bijection with {o(1),0(2),...,0(n)} being the same set S, with the elements reshuffled.
After repeated application of ¢ on some integer 1 < ¢ < n, one eventually obtains the initial
integer ¢. This fact motivates the next definition.

Definition 2:
Let 0 € S,,, 1 <i <mn, and k the smallest positive integer satisfying the condition

o (i) = i.
We call the set
{07 (D)}
a cycle of o. This cycle is of length k or equivalently a k-cycle generated by 1.

O

To construct this cycle start with some positive integer i (1 < i < n) and apply o k-times
(to obtain i again). Now, pick another integer j that is not contained in the first cycle and
repeat the process. Applying this process repeatedly yields a set of disjoint cycles whose
union contains all elements of S, with each appearing once. Thus any permutation can be
written as a product of disjoint cycles.

Definition 3:
o €5, is called a cyclic permutation of length k£ if it has exactly one cycle of length k& and
n — k cycles of length 1.

Definition 4:
A cycle of length 2 is called a transposition.

e The transposition (i) switches i and j.
We can decompose a k-cycle (i1, 1, ..., 1) into a product of transpositions.

Proposition 1:
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(ila 7:27 s 7Zk) = H (ilik‘—T’-‘rl)-

This decomposition is not unique.

Definition 5:
If a permutation can be decomposed into an even (odd) number of transpositions, then it is
said to have an even (odd) parity. o is said to be even (odd).

We define the parity homomorphism, denoted sgn(o ), by

() +1, if o is even,
sgn(o) =
—1, if o is odd.

We will see that permutations can also be used to construct observables. Unlike the connec-
tion between Wick contractions and permutations, the connection permutations and observ-
ables is many to one. For example, in the 1/2 BPS sector, many permutations correspond
to the same observable. We will now introduce the notion of conjugate permutations. It is
conjugate permutations that give the same observables.

Theorem 1:
Let o, 7 be two permutations. ¢ is conjugate to 7 if and only if 7 and ¢ have the same cycle
structure. For S, the distinct conjugacy classes correspond to partitions of n.

Define

N=Yu, (2.22)
k=j

where vy, is the number of k-cycles in o. It is not difficult to see that

> Ni=n, (2.23)

with 0 < A\ji1 < A, 0 <@ <n—1. Note that the nonnegative integers
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(A1, Agy ooy )

form a partition of n.

Our discussion has focused mainly on the symmetric group. We also need to know something
about the unitary group, a subgroup of the general linear group.

2.3.2 General linear group and unitary groups

Definition 6:

Let V be a finite vector space. The general linear group of a vector space V is defined as the
set of all homomorphisms from V back to itself, denoted by GL(V). In simpler language,
we consider the set of all invertible matrices acting on V. If ¥V = C", we use the notation
GL(n,C), and similarly, GL(n,R) if V = R™.

O

In particular, we are interested in a subgroup of GL(n, C), the set of unitary transformations,
denoted U(n). We call U(n) the unitary group. The representation theory of GL(n,C) and
U(n) are identical. For certain questions it is easier to study the GL(n,C) problem.

2.3.3 Group representation theory

Definition 7:

Let G be a group and H a Hilbert space. A representation of G on H is a homomorphism
T :G — GL(H). H is called the carrier space of T. The dimension of H is called the
dimension of the representation 7.

O
Since T is a representation, we have

T9192 = Tg1 ng .

We will use a matrix representation of the T}’s.

Every group has an infinite number of representations. However, there are some very basic
representations, called the inequivalent irreducible representations, out of which all other
representations are built. Equivalent representations are related by a change of basis for H.
The concept of reducibility is more involved.

Definition 8:
A representation 7' : G — GL(H) is reducible if it can be expressed as a direct sum of its
subspaces, i.e.
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H=A® B, where A, B are invariant subspaces of H.

Otherwise, H is said to be irreducible. If B is the set of all vectors in H which are orthogonal
to all vectors in A, denoted A*, then B is called the orthogonal complement of A.

O

Our goal is to construct irreducible representations (irreps) of the symmetric group. A well
known result from finite group theory proves that every representation of a finite group is
equivalent to a unitary representation. Moreover, if A is an invariant subspace of H, then
so is At. i.e.

H=Ad AL
In general,
H=AD A p...0 A0 p ... .
For a finite dimensional vector space, V, we have
V=AY
1=1

Hence, if we think of A® as the carrier space of some irrep, then

P
T, = P m.T\ . (2.24)
a=1

In the above equation, equivalent irreps are grouped together, m, counts the number of times
Tg(a) appears and p counts the number of inequivalent irreps. As a matrix representation 7},
is block diagonal for all group elements,

T, = diag(T), T, ..., T{"),Yg € G (2.25)

where some 7 ;l) are equivalent.

Schur’s Lemma’s are powerful results that can be used to derive the fundamental orthg-
onality relation. The fundamental orthogonality relation plays a key role in understanding
how to decompose a reducible representation into its irreducible components, in defining
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projection operators which play an important role in representation theory and finally in
proving that the number of inequivalent irreducible representations of a finite group is finite.
Given their importance, we will now recall Schur’s Lemma’s and then use them to derive
the fundamental orthogonality relation. Let £(V,)’) denote the space of all linear mappings
from the vector space V to the vector space V'.

Schur’s lemmas:
e If T, T are some irreps with
AT, =T;A, Vg€ g,

where A € L(V,V’), then either T'=T" or A = 0.

e In particular, if 7 =T", then

Let us now use these results to derive the fundamental orthogonality relation. Let T T(¥)
be irreps (with carrier spaces A, A respectively) of some group G, and define

A= TOMTY) (2.26)
z€G

=> TN (@)MTP (271 (2.27)
zeG

where M € L(A®), AP) is some operator. Then,

L0A = 3 T T @MTO @ )T (g T g)
el
= > T (ge)MTP)((g2) ") TP (g)
el
= AT

In particular, if 7,*) = 74", then A = AL otherwise A = 0. Hence,

ZT(Q) ()MTP(g7") = A\sdapl . (2.28)

geg

If we now choose M to be the matrix whose only nonzero element is a 1, in the [th row, and
mth column, then we have
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Zj—;(la)( )TT(I’L])( _1) = )‘lmézjéaﬁ

geg

Setting ¢ = j, a = 3, and summing over %, we find
)\lm = %&m 5

where |G| is the order of the group G, and n, is the dimension of the carrier space 7).

Zirzl T(ﬂ)* ) |g| 6lm61,]5a6 ) (229)

mj
geg

where we have used the fact that Tfj) (g71) = T,sfj)*(g) which follows because every repre-
sentation of a finite group is equivalent to a unitary representation. This identity is known
as the fundamental orthogonality relation. It would be nice to have a simple algorithm that
determines whether two representations are equivalent or not. Given the fact that equivalent
representations are related by a change of basis, it is clear that we are looking for a basis
independent quantity. A set of quantities that provide a characterization of a representation
that is basis independent are the group characters that we study next.

Definition 9:
The character of a representation 7' : G — GL(V) is a map

X : G — C defined by x(g) ZT“

Recall that two elements z,y € G belong to the same conjugacy classif 3g € G | x = gyg™*
This same relation holds for the operators representing the group elements: T, = T, T, T, 1.

Tracing both sides, and noting that T;,-1 = Tgfl, we see that, all elements of a group belong-

ing to the same conjugacy class have the same character.

Setting ¢ = [ and 7 = m in equation (2.29) and summing over i, j, we obtain

a _ g
ZX( )(Q)X(’B)@ 1) | ‘ 0ap0jilij = |(5a,825ii = |G|bap
N

geg

or
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> X)X (9) = 160 (2.30)

geg

since the representation is unitary. From the above equation, we learn that one can interpret
characters as vectors, i.e. | X(a)) € C", where in the unitary representation

T

3 ™ = 161605 = (X PN ) = [Gl6as, (2.31)

=1

with ¢ a label for different conjugacy classes, ¢; counts the number of elements in class ¢, and
r is the number of equivalent classes in G. Noting that the vectors are orthogonal, we have

p<r. (2.32)

We now briefly review the representation theory we will need.

2.3.4 Representation Theory

The definition of the trace together with equation (2.24)) implies that

X(g) = max“A(g) .

Using this together with equation (2.30]) we easily find

Mo =— > _x(9)x“(g) (2.33)

where m,, is the multiplicity of the representation 7 in T'. In particular, since

> Ix@)P =161> " m2

geg

if T' is an irrep,

> Ix(g)P =191 . (2.34)

geg
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This is particularly powerful for low cardinality groups. Let

G=A{91,92,--- 9m}

be a group. Then, recalling that multiplying the elements of G by some fixed element
permutes the elements of G, we define the regular representation R : G — GL(m,R) by

Ry (21,22, .-, Zm) = (Toy(1)s Toi(2) - - - » Toy(m)) (2.35)

where o; is a permutation.

The multiplicity of an irrep in a regular representation equals the dimension of the same
irrep, 1.e.

Ma = Ng -

For groups of low order, the Cayley table is a useful way to describe a group. A Cayley
table describes the structure of a finite group by arranging all the possible products of all
the group’s elements in a square table reminiscent of an addition or multiplication table. In
a Cayley table one can easily “read off” the group properties (whether a group is abelian,
the inverses of elements, and so on). A Cayley table for higher order groups has a lot of
elements and takes time to write down whereas one can certainly compute the group algebra
generators (there is a finite number of these) much more quickly. Thus, for groups of high
order, it is better to study the group algebra.

2.3.5 Group algebra

Let G ={g1,92,---,9m} be a group. An element of the group algebra is defined by

a= Z a;gi - (2.36)
i=1

Vector addition is as usual. The product of two vectors is defined by using the group
composition law for vector multiplication. As an example

m

ab = Zazngbjg] = Z CLibj 9:9; = chgk =C. (237)
i—1 =1 ij—=1 \g:’ k=1
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We have shown that p < r. With more work one can show

Theorem 1:
The number of inequivalent irreps of a finite group equals the number of its conjugacy classes.

With this background in place, we can now study the representations of the symmetric group.

2.4 Representations of the symmetric group

Representations of the symmetric group are labeled by Young diagrams. Apart from this,
Young diagrams provide a remarkable description of the states of an irrep and are used in
combinatorial descriptions of characters and dimensions of irreps. In this section we will
review those aspects of Young diagrams that are relevant to our study.

2.4.1 Young-Yamonouchi basis

We will describe a way of labeling Young diagrams. This labeling plays a crucial role in the
representation theory we will use. Completely labeled Young diagrams are known as Young
tableau / Young-Yamonouchi symbols. Use the integers i € {1,2,...,n} to label the boxes
in the Young diagram. Label each box with a unique integer ¢, 1 < ¢ < n. The labeling must
respect a rule which is most easily stated as follows: Imagine dropping the box labeled 1,
then the box labeled 2, and so on to box n. The rule states that each time a box is dropped,
what remains is a valid Young diagram. The Young tableau form a basis for an S, irrep.
We will illustrate this using a specific example.

Consider the S; irrep

L1

There are three possible boxes we can remove first, labeled one below

1]

As an example of an illegal step, we can’t remove say the box labeled a below first

[Is
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Without loss of generality, we pick the box in the first column. The second set of boxes we
can remove are labeled 2 in the figure below

2]

Again for the sake of this demonstration, we pick a legal box and label it. The third box
removed can be any of the boxes labeled 3 in the figure below

2]

Let us pick the box in the third row to be our box labeled 3. Then, there is no choice for
our fourth box. Thus, we now have

2]

We can now label any of the two boxes with 5 filled in

5[2]

[~]eo]en

We don’t have a choice for our sixth label

‘I—\‘C»J (=)

Notice that we are only left with one box. Thus our Young tableau is given by

5[2]
4

[Fe]=]~

This is not the only Young-Yamonouchi symbol for this irrep. There are 34 others for
this irrep. The corresponding standard basis states are thus 35 dimensional. This example
was sufficiently complicated that we were able to describe how Young-Yamonouchi labeling
works. We will now consider a simpler example for which we can record the complete list of
Young-Yamonouchi states. Towards this end, consider the irrep

i)
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The corresponding Young tableau are

1] 3] 2]

4
13]
12]

‘»—A‘N)rb

‘»—t‘w»&

In the Young tableau basis
<E:|l @:‘j> = 51']'

where i, j label the different Young tableau. One may now ask how the group elements

act on the Young-Yamonouchi basis, which we denote by e for a Young diagram R. This
question is answered, in general, in the next section.

2.4.2 Action of group elements on Young tableau

Our main goal in this subsection is to describe how the group elements act on the Young-
Yamonouchi basis. We use this to construct the matrix irreps of S,,. We will make use of
the notion of the factor of a box.

Definition 10:

A factor [20] of a box in row 4, column j is a number N — i + j. The positive integer N
is arbitrary. When the formula for the factor is used for the representation theory of the
symmetric group, the final results are independent of N. Thus, as far as the symmetric
group goes, IV is an arbitrary parameter. The factor also plays a role in the representation
theory of GL(n,C). In this case, N must be set equal to n. The resulting representation
theory depends sensitively on n.

[l

Let 0 € S,,. Any element of the group can be written as a product of adjacent permutations
(¢i+1). For example,

(13) = (12)(23)(12) .

Thus, we only need to understand the action of adjacent permutations on the Young tableau.
Young’s orthogonal representation formula gives a formula for the action of adjacent permu-
tations on the Young-Yamonouchi state. If I' is some matrix representation of S,,, R is an
irrep, ¢; a factor of a box labeled i, eg a Young tableau corresponding to the irrep R, and
€R,.., the same Young tableau as e but with boxes 4,7 + 1 swapped, then

Lr(i i+ 1)[er) =

Ci—Ciy1 |/€\R> /1= (ci—cliH)Q ’é\Ri,i+1> .

We will use this formula extensively in this dissertation.
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2.5 Example of how the symmetric group is used

Given this background, it is useful to return to the model we introduced in section 2.1.3.
and to explain how we use the symmetric group. We build our operators using p Xs, m Y's,
and n Zs. Obviously, X,Y,Z which are matrices, carry a pair of indices. One could use
upper indices only, lower indices only, or a mixture

X4 . X, o, or X;

where ¢ is a row index and j is a column index. Under the action of the unitary group we
know that

X > UTXU.

Thus, the row and column indices transform differently. We will reflect the difference in how
the row and column indices transform by using upper indices for rows and lower indices for
columns. This is precisely what we do in special relativity. Just like for single matrix models,
we must have gauge invariance. We achieve this by studying trace operators. Examples of
trace operators one could study are

O, = Te(XP)Tr(Y™)Tr(27)
Oy = Tr(X?)Tr(XP~2)Tr (V) Tr(Y Z2Y32) T (Y™ 5 273)

Op = Te(XP3)[Te(XY Z)2 Te(Y) - - Te(Y) Te(Y X Z) Te(Z) - - - Te(2)
(mff;)rtimes (n73;rtimes

where, writing the indices out, we have
(XYZ); = X,iY}k’ZJl» .

The complex matrices X! , Y* Zjl- are operators acting on some N dimensional vector
space V'

X:V-=Vv Y. V=V | Z:V=V
By tensoring p copies of X with m copies of Y and n copies Z, we obtain an operator

X®p®y®m®z®nE\){@...@XL@}/@...@Y@Z@...@ZI
pt?;les m?irmes na?nes

which acts on the vector space
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V®p+m+nEV®V®,”®‘/j.

TV
p+m-+n copies

The vector space VP admits a natural action of the symmetric group Sp4m4n Obtained
by allowing o € Sp4p4n to permute the factors of V' in
V@prtmtn  Jsing the notation

<X®P ® Y®m ® Z®n)J - X“ cee XZPYZP-H .. sz+lep+m+l e Z?P-Fm-»—n

Jp = Jp+1 Ip+m "~ Jp+m+1 Jp+m+n

we have, for ¢ € Spimn, the action

=64 LS gt gl gletmin gl 2.38
( ) .747(1) Jo(p)  Jo(p+1) Jo(p+m)  Jo(p+m+1) Jo (p+m+n) ( )

The enlarged vector space VPT™ " provides a unified way of thinking about arbitrary mul-
titrace structures. In particular, a general operator takes the form

(X®’p RYO & Z®n) — XU L X oyl Ly etm gietmat | giptmen
I io(1) to(p) ~ lo(p+1) Go(p+m) o (p+m+1) io(p+m-+n)

which can also be written as
Tr(o - X®P @ Yo" @ Z®")

with 0 € Spimin. A particular choice of o would correspond to a specific trace operator.
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3 Dilatation Operator

The one loop dilatation operator in the sector we consider, is given by [26]

d d d d d d
— _ 2 - - .
To be completely explicit, the index structure is
d d - , d d d d
T (Y, X] | ==, o= | | = (VX! - XjY! - — | 3.2
r([ ’ ][dY’dXD (VX = XiY3) (dyjkdx,g dedY,;) (3:2)

Our first task is to consider the action of D on restricted Schur polynomials. In what follows
we will often need the identity [17]

Tr(cY®" @ Z9") =

Tt

drn!m! .
dd Xtz T wi(Z,Y 3.3
G, o b X7 (Xl 2 ) (3.3)

where if 7 = (v1,15) then U* = (15,11). With a suitable choice of o, the right hand side
above gives any desired multitrace operator. Thus, the above equation expresses an arbitrary
multitrace operator as a linear combination of restricted Schur polynomials. The sum above
runs over all Young diagrams 7'+ m + n, t = n and v = m as well as over the multplicity
labels /. dr denotes the dimension of the irreducible representation 7" of S,,1,,. Similarly, d;
denotes the dimension of irreducible representation ¢ of .S,, and d,, the dimension of irreducible
representation u of S,,. Finally, xr w7 (07") is the restricted character obtained by tracing
Lr(o™!) over the (t,u) subspace, i.e. xrww(07") = Trguws(Cr(c™!)). The multiplicity
index 7* = (v, 14) tells us to trace the row index over the v, copy of (r,s) and the column
index over the vy copy. We will consider in detail the subleading term which mixes ¥ and X.
The remaining terms can be evaluated in an identical way. A straight forward computation
gives

(d 4 d d
Y, X]! L .
¥ X; (de’f dxj ~ axk dY,g) XR,(tsir)i

L d o d d d 1 . o -
:D/aX]j< ) N T CRO)XE - X Yy

YEdXi  dXFdYi ) nlmlp! o) Vo T Hiorm)
d J k d N k p UGSn+m+p
XZ?”L+Z}+1 - ?77L+p+n
to(m+p+1) lo(m+p+n)
mp R ipt1 i i i1
= E Tr a(T(0) (6,21 [Y, X -4 Y, X"
n'm'p| (t,S,T),LLD( ( ))( 10(1)[ ’ ]Zo(erl) za(erl)[ ) ]ZU(I))
TESntm+p
w« X2 ...x ipt2 | ylptm imiptl | lmdpin
1o (2) to(p) Yo (p+2) lo(p+m)  to(m+p+1) Lo (m+p+n)
mp n - )
= S Trge (TR p+1),0)))80 | X2 o X[
n!m!p! od sz ([(1Lp + 1), 0])) io(1)" o (2) to(p)
0ESntm+p
x[Y, X]ierl Yip+2 L yiptm Z’im+p+1 . Flmaptn
’ iU(P+1) iU(P+2) iO’(]J‘Fm) io(m+p+l) ia(m+p+n)

The delta function in the summand will restrict the sum over S, 1,,+, to a sum over the
Sntm+p—1 subgroup. The S, 44,1 subgroup is obtained by retaining those elements that
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hold 4 inert, i.e. o(1) = 1. To see how this happens, introduce the notation p; = o(i,1) and
rewrite the above sum as a sum over S, 1m,4+,—1 and its cosets. The result is

- d d d d
Y, X] ¢4 o
[ ) ]] <d§;—k d):]lc d)y]k d]z) XR,(t,s,r)fi

n+m-+p
_ mp R 7 7 7
= almipl SZ Zl Tr(t,s,mar (T ((Lp+ 1), p ]))@i IR O O
oESn+mtp—1 ¢
Ipt1 ip+2 . ylptm Imtp+l | lmiptn
x[Y, X]Zz (p+1) z,:<p+2) ippmwm) ipi<v:+p+1) p;(mtptn)
mp n+m+p
= nlm!p! Z TT(tsr) (FR([(17P+1)7{N+ Z (171)}]))
’ P aeSnerer,l =2

XTrV®'rL+7rL+p71(U . X®p—1 X D/, X} X Y®m_1 X Z®n)

:n.m.p.ZcRR/ Y T (TR p +1).T7 (o))

oc Sn+7n+p71

XTryenimip-1(0- XEP 1@ [V, X]@YEm g Zo")

The sum over R’ runs over all irreducible representations R’ of the S, 4y, +,—1 subgroup that
can be subduced from the irreducible representation R of the S, 4, subgroup. As a Young
diagram R’ is obtained from R by dropping a single box. A prime on a letter denoting a
Young diagram will always indicate that we drop a box. To obtain the last line above, use
the fact that N + > """P(4, 1) when acting on any state within the subspace R’ subduced
by R gives cgr:. This is proved by noting that Z?:Qm” (i,1) is a Jucys-Murphy element; see
[14] for the details.

(d 4 d d
Y, XJ R o
¥ Xl (de’f dxj ~ axt dY,g) XR,(tsir)i

_n'm'pvchR’ Yoo Trgemm (1L p+1),T% ()

TESntm4p—1

XTryenimir—1([(1L,p+1),0]- XBPRY®™ @ Z28™)
mp drn!m! p! ,
== > = Zcm > Trpsma(PR((1Lp+1)),I% (o))

n!m/! p! dydzdy(n+m+
P o wawyas p)! S

Tr(y,z w)&ps (FT([(Lp + 1)7 O'D)XT7(y,w,w)ﬁ@(X7 Y, Z)

SDICIIDS i
T dydydy(n+m+ p)dp

T,(y,z, w)aﬂ
TrR@T([PR,(t,s,T)/Iﬁa FR(Lp + 1)]IR/T’ [PT7(y7£,w)5;§7 FT(l,p + 1)]IT’R’)XT,(

y,fc,w)E&(X’ }/’ Z) .
To get to the last line sum over Sy, 4p—1 using the fundamental orthogonality relation.
Now consider the second term, which is treated in exactly the same way

(d 4 4 d\ 1 . |

? % ip p+1  yletm

na (de’“ dz, ~ dz} dYé) nlmlp! SZ T ONX Ly o X Vil Yidg
TESntm+tp

Imtptl | lmtptn
Yo (m+p+1) Yo (m+p+n)

= M Z Tr(t7s7,,.)ﬁl7(FR(J))(5?”*1 [Y7 Z]?PerJrl 5 i p+m1 [Y, Z]l:pﬂ )

n!m!p! Yo (p+m+1) Lo (p+1) to(p+1) Yo (p+m+1)
Uesrz+nz+p
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iyl ip+2 . ylptm imtp+2 | lmiptn

to(1) fa(p) " lo(p+2) o (ptm) Tlo(mtpt2) G (m+ptn)
__mn Z Tr, (I‘R((l p+1o(l,p+ 1)))(511 [y, Z]?mmﬂ 5 p+m+1[Y Z]?l )
n!'m!p! (t,s,r)fd ) s lo(ptmt1) b FPlig(ry o (1) 2L pma 1)
TESntm+p
ng e ,ip+1 4iP+2 L ‘ip+m ?m+p+2 . ?m+p+n
to(@) to(p+1) " to(p+2) to(ptm) " lo(m+pt2) fo (mtptn)
mn R i1 Tptm+1
= Toig] > Tremm T (Lp+ Do, (Lp+m+1)](Lp+1)))d LYzl
TESntm+tp
X0 o Xy Ly i i
to(2) to(p+1) " to(p+2) lo(p+m)  to(m+p+2) Lo (m+p+n)

= g e Y T (Lo DI (). DL p mot DIE(Lp 1)

o'esni»'m«i»pfl

XTryenimir-1([o,(p+1,p+m+1)]- XOPY®" 1oy, 2] @ 29" 1)

= nlmip! 2 dudydy( ntmip) ZCRR’ 2
T,(y,x w)aﬁ 0ESntmitp—1
Tr(1,,a(TR(L,p+ DT (0), TR (1, p+m + 1)TR (1, p+ 1))
(FT((LP + 1)[07 (1>p +m+ 1)](1,}7 + 1)))XT,(y’m’w)§a(X7 Y, Z)

drmn
=2 err ), dwdydy(n+m + p)dg
T, (y,z,w) &5
TrREBT([FR(lap + 1)PR,(t,s,r)ﬁ17F (Lp + 1)7F (lap +m+ 1)]IR/T’
P+ VP magl (Lo + 1T p 4+ m A+ D r)Xop () 2y ja (X0 Y Z)

XTr(y z,w)dp

Finally, consider the third term

i d d d d 1 i ip ip+1 lp+m
2k (dX]de;i - dZ]kdX;i> n!m!p! Z Tr (g, s,y (T (0 ))Xllm X Yiagen T Yigtam)

TEShtm+p

Imtptl | lmaptn
Lo (m+4p+1) o (m+ptn)
=2 ST T (TR 0) (62 X, Z)7et — s X 20 )
n'm'p' (t,s,r) A7 Yo (p+m+1) Yo (1) 2o(1) P e (prmr)

UGSn+m+p

w X2 ...x ipt+l | ylptm Imtpt2 | lmtptn
Yo (2) Yo(p) "~ Yo(p+1) Yo(p+m)  lo(m+p+2) Yo (m+p+n)

pn 3 i m—+1
=i 2o MmNl (Lp+m+ D)) X212

UeSn+r7z+p

XZ2 . ip ip41 L 4ip+m ?mr+p+2 . ?m+p+n

io(2) io(p) ~ lo(p+1) i (p+m) “lo(mtp+2) i (m+p+n)

pn
:WZCRR’ > Trgemas(TF (0). TR (1L p+m + 1))
Ul pl &

TESntmtp—1

xTryemintp-1(0- XOP @Yo @ [X, Z]@ 29" 1)

. pn drn!m!p!
_n!m!p!;cRR’ > dwdydy(n+m+p)!

T, (y,2,w)&8
O p 4+ m+ D r)Xo 2 ja (X0 Y Z)

LD
fR dydydy(n+m + p)dp
T,(y,z,w)dp

Tt por ([Pr.(t,s,mr D (Lp+m+ Drr [Pr, o oas
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’I\I‘R@T([PR,(t,s,r)ﬁf/‘a FR(l,p +m + 1>]IR’T’ [PT,( )&57 FT(l,p +m + 1)]IT/R')XT,(y,w,w)§&(X7 Y, Z)

Y,z,w

o d 4 d d\ A
Y, X]i - “
¥ X <dek dXj — dx} dY,g) OR.(t.s:r)iw

B Z . Z drmp frhooksrhooks,-hooksshooks;
o = RE ( - dydzdy(n+m+ p)dr \| frhooksghooks,,hooks;hooks,
T,(y,z,w)a
Trror ([Pr (¢, (L p + D] p [Pr () cw)ad I (1,p+ D r)Or (4 0w -

(3.4)
Using identical methods it is straight forward to find

(d 4 d d) .
Y, 2 |~ — === | O -
¥4l (dek dzj  dz¥ dY,;) Rl

B Z . Z drmn frhooksrhooks, hooksshooks;
o = RR ( - dywdzdy(n +m+p)dr \| frhooksghooks, hooks;hooks,
T,(y,z,w)&
Trrer (71, p + 1) Prsmal T (Lp+ 1), TR (1 p + m+ D] Ir
x[IT(L,p+1)P, I0(1Lp+1), T (Lp+m+ DIrr)Or ) o e

(y,zw)af

(d d 4 d),
X, 20 | =~ — == —— | Ot
X 2l; (dXJ’.“ dzj  dz* dX,g) Folbem)i

_ Z o Z drpn frhooksrhooks,hooks hooks;
R/ i = dwd-L dy(

- i n+m+p)dr \| frhooksghooks,hooks,;hooks,
(Y, r,w) o

Trrar([Pr,(t5,m L (L, p +m+ DIpr [Py I (1L,p+m+ 1)HT’R/)OAT7(

(y,x,w)df y,x,w)Ba *

(3.6)

The next step in the evaluation of the action of the dilatation operator entails computing
the traces over R @ T that have appeared in our results above. Our results for the action
of the one loop dilatation operator given above are exact. From this point on we assume
the displaced corners approximation so that our answers for the traces are only valid in the
large N limit. The reader wanting to follow all of the details in this section should consult
[20] for background. For the term in the one loop dilatation operator that mixes X and Y
the trace that needs to be computed is

T = Trrer ([Pr s mims UL+ D rrr [Py as T (Lo + D) (3.7)

To ease the notation we will use the following shorthand

PT,(y,m,w)d’/; =Dy @ Pz & 1w . (38)

Consider the case that R’ is obtained from R by dropping a box in row 7 and that 7" is
obtained from T by dropping a box from row j. The intertwiner is only non-zero if 7" = R'.
In this case the intertwiners are

Ipp = B

ij

Irp = E](Zl) : (3.9)
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Since the trace T is a product of two commutators, when we expand things out we get a
total of four terms. Since both the swaps I'®(1,p + 1) and I'"(1,p + 1) have a trivial action
on the Z indices, we know that the result will be proportional to d,,, and that the trace over
the Z indices produce a factor d,. Thus, after tracing over the Z indices we have

T = (Tr(pt @ p (L p+ D)ESp, ® pI T (1p+ DEY)

~Te(pr ® p I (L p+ DES T (1,p + 1)p, @ p. EJ)

~Te(PR(1,p + Vpe ® p BY p, @ p,TT(1,p + 1)E(1))

FTH (L p+ 1oy @ p BT (1 p 4+ Dy @ 0o E) ) Gy (3.10)

Allow the swaps to act on the intertwiners

(Lp+1EY =EYE™,  (Lp+1EY = BV EG (3.11)

to obtain

T — ({54, vasal B 17y, 003 0) (8, B3 D ER 5, o 0)
><<77”L,s,V2;0|E§f+1)|m’,x,a2;d>( T ﬁg,d!EpH |7, s, pao; €)
—(p,t,vi;alp’,y, 13 0) (0, 5175| 1Dt s a)
X (i, s 1/2,c|Eerl |, @, oo )(ﬁb’,x,ﬁg;dlnﬁ,s,ug;c)
_<ﬁ,taV1a@| ij |p7y’a17b><p Yy, Bu; b|pit, pa; a)
X (M, s, va; c|m/ x, ag; d) (M, Bg,d|E’p+1 |73, 8, po; €)
+(]7,t,u1;a]E§ll)]ﬁ',y,a1, bY(P', . B; D] EL ik JIpot, s a)
X (M, s, l/g;c|El(j’.)+1)|m LT, oy dY (MY, x, Bo; d| By (p+1) |71, s, o c>>5mdr
(3.12)
= (5t v al BB v 0 00y, B3 BB 1 s )
EPYV ;o )( T ﬁg,d]EpH 7, 8, o )
— 055 OytOu1 i O Vs O By (D Z/»ﬁbby i ’pata,ula a)
X (i, s u2,0|Ep+1)|m T, Qo d)
057 Oyt Ot Osa s (B, 13 A B |y, 015 0)
x(rﬁ’,m,ﬂg;d|E§f+1)|T?L,s,u2;c)
(0, t, v al B |7y, 003 0) (7, ﬁl;bwﬁ’mt s a)
X (M, s V2,0|E(p+1)|m x, s d) (M x ﬂg,d!EpH |ﬁi,s,u2;c>>5rwdr.

X (M, s, va; ¢

In a similar way we obtain
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Trrer([T*(1,p+ 1) Pg, (tw)WFR(l p+ 1), TE(1, p+m+ 1)]p
<[ (L, p+ 1) Py gyl (Lo + 0, T7(Lp -+ m 4 1))

= 5tydt5151575V1a1551M1dTi(Sr;w;6ﬁl7ﬁ' [<m z 52’d|Ep+ )|m S, H2; € ><777L, 57/2;0|
—l—(rﬁ’,x,ﬁgd|E§§+1)\m,s,u2; cy(m, SVQ,C\EP+ |m, z, ag; d)

_5ij5tydt5ﬁ’ﬁ’5u1a1 551,u1 drgarwfssx&frlﬁi’ |:5V2a2 <m7 x, 527 C‘E](er ‘T?L, S, H2; C)

E§§+1)|T?Ll, T, Qg; d>

+0855 (111, SV2; c|Ei(f+1) |7, 2, ag; c>]

(3.13)
relevant for the term in the one loop dilatation operator that mixes Z and Y and

Trrer ([Pr ,smmm D (L0 +m + D rpr [Pry pag U (L +m 4 1))

= 0ualsG7D s s ooty e | (B, B3 Al B 1Bt pns o) (5, v | B 17y, s d)
(09, B dI B 5 s o) (5t s o] B |y, s )

—0ij0ty 505 Ouscrs O p1z At OpewOsa O [51/1@1 (0.y, br; C|E§;) )¢, pas c)

080y (Bt 15 | BB,y a5 C>] (3.14)

which is relevant for the term in the one loop dilatation operator that mixes X and Z.

This completes our discussion of the action of the one loop dilatation operator.

41



4 Gauss Operators

The problem of diagonalizing the terms in the dilatation operator that mix the X and Z
fields and the terms that mix the Y and Z fields has been solved [6, 7, 12, 20]. The operators
that have a good scaling dimension are the Gauss operators. Our ultimate goal is to write
the action of the terms in the dilatation operator that mix X and Y fields, on the Gauss
operators, which amounts to a change of basis from restricted Schur polynomials to Gauss
operators. Towards this end we describe how to construct Gauss operators for operators
built from three complex scalar fields and develop the tools we will need to change basis.
The results of this section are a simple generalization of [12].

Natural hints for the construction of the Gauss operators come from the AdS/CFT cor-
respondence. Indeed, the correspondence implies an equivalence between quantum states in
the quantum gravity and operators in the N' = 4 super-Yang-Mills theory. In particular, the
restricted Schur polynomials x g s ),z7(X, Y, Z) are dual to multiple giant graviton systems
27, 28, 29] consisting of large branes in the AdS; space when R has order one rows each of
length order NN, or to systems consisting of large branes in the S® space when R has order one
columns each of length order N. A giant graviton has a compact world volume so that the
Gauss Law forces the total charge on the giant’s world volume to vanish. Since the string end
points are charged, this gives a constraint on the possible open string configurations that are
allowed: the number of strings leaving the giant must equal the number of strings arriving at
the giant. The matrices X and Y generate two species of 1-bit strings [30, 31, 32, 33]. Each
row of R corresponds to a giant graviton. Each open string configuration corresponds to a
pair of graphs - one for each open string species. We will refer to these as the X graph and
the Y graph. The vertices of the graph represent the branes and the directed links represent
the (oriented) strings. Motivated by [34] a useful combinatoric description of these graphs
is to divide each string into two halves and label each half. Using the orientation of the
string, label the outgoing ends with numbers {1,---,p} for the X graph or {1,---,m} for
the Y graph and the ingoing ends with these same numbers. A permutation o € S, x S,
is then determined by how the halves are joined. We will often decompose ¢ = 0% o o¥
with 0* € S, and ¥ € S,,,. Given a permutation, we can reconstruct the graphs. A graph
is not associated to a unique permutation because the strings leaving the ¢’th vertex are
indistinguishable, and the strings arriving at the ¢’th vertex are indistinguishable.
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Figure 3: Any open string configuration can be mapped to a pair of labeled graphs. The
black graph describes the X matrices and the red graph the Y matrices. The two bold

horizontal lines are identified. The graphs determine a permutation, so each open string
configuration is mapped to a permutation. For the graph shown the permutation in cycle
notation is o = (2,4)(5, 3,6)(8,10,9). The figure shows a configuration for a three giant sys-
tem with ten open strings attached. Equivalently, this is an operator whose Young diagram
describing the Z fields has 3 long rows/columns and p = 7, m = 3. The vectors p and m
describe the number of strings leaving each node. Thus, p'= (3,2,2), m = (1,1,1).

We will make use of two subgroups in what follows
Hy:Sm1><'-'><Smg HX:SPIX'-'XSpg. (41)

Hy acts on boxes in the partly labeled Young diagrams that are labeled with an integer
1 < p+1,ie. on the boxes associated to Xs. Hy acts on boxes associated to Y's. These
two subgroups leave all partly labeled Young diagrams invariant. Consequently, the partly
labeled Young diagrams belong to S, x S,,,/Hx x Hy. The Gauss graphs themselves are in
one-to-one correspondence with elements of the double coset

HXxHy\prSm/HXxHy (42)

Introduce the states (these states span V&™)

[0, 7,770) = o™ @ vy ® U @ T @ UGE ® - upg™) (4.3)
There is an action of the S, x S, group defined on this space by
O-|U'Ll ® e ® vim+l7> = |Uio(1) ® e ® Uia('rrL+p)> : (44)
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This can trivially be enlarged to obtain an action of S,.,,, but we want to consider only
permutations that mix X indices with each other and Y indices with each other, but not
X and Y indices. Introduce the notation |v,) = o|v, p,m). Invariance under the Hyx x Hy
subgroup can be written as

Vs) = [V5y) v € Hx x Hy (4.5)
or even
1
I S o). 46
YEHx XHy

Recall that the operator that projects onto representation r of a group G is given by [35]

P, ol ZX?" (4.7)

geg

By the identity representation we mean the representation for which all the elements of
Hx x Hy are represented by 1. We want to project onto the identity representation of
Hyx x Hy within the carrier space (s,t) organizing the Xs and Y's. Recall that ¢ - p and
s = m. The characters in the identity representation are of course all equal to 1. The identity
representation may appear more than once in (s,¢). Resolve these different copies with a
multiplicity label fi. The multiplicity label has two components, one that refers to s and one
that refers to t. Introduce branching coefficients that resolve these projectors into a set of
projectors onto each of the one dimensional spaces labeled by [

1 (s,t)—1 s—1
- (st Hyx xH Hy xH
o I > T l,ﬁE BT ety gertitoty (4.8)
yEHx xHy

&t la B(St 7 brojects onto the copy vy of the identity representation

Thus, for example, B
of Hx in s and onto the copy s of the identity representation of Hy in t. The branching

(3 t)‘ﬂH X H
coefficient B, ; XY

copy of 1y, «xm, inside the carrier space of (s,t)

can be understood as the one dimensional vector that spans the v/

‘17)1 _ Bi(;’t)—AHXXHY ) (49)
Vector orthogonality says
(i) = 0 = Y B BT ey (4.10)
whilst vector completeness says
> 1Yl = Ly (4.11)
i
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or, displaying all indices,

Z B (8,;)=1Hy x Hy B( )=1Hy xHy — (1HX><Hy)ij . (412)

‘m

B(S’t)_)lHX X Hy

Together (4.10)) and (4.12)) allow us to think of the branching coefficients
matrix that implements a change of basis

ZB _>1HX><Hy| > ZB _>1HX><Hy| > (413)

as a

We are now ready to argue that the Gauss operators are simply an alternative basis to the
restricted Schur polynomials. First, following [12], we will show that the number of restricted
Schur polynmials is equal to the number of Gauss operators. Towards this end consider

e id) = Y. T (0)olv, i) . (4.14)

0ESm XSy

Above we have projected onto the representation (s,t) of S, x S,. You can think of j as a
label for different vectors and of i as the components of the vector. According to [20] this
space is organized by the Schur-Weyl duality between S, x S, and U(m) x U(p). Concretely,
we can trade the index j for a Gelfand-Tsetlin pattern. Thus, using [20] we know that we
can decompose this space as

U m)xU() Vsm xS

“ptm == skm
Vg 69&:(5);21@)59 (s,t) (s,t)
g g
- @skm tkp @ﬁp“ (8,5)9)—?([:7‘1(7%_)(](1) XU(l) ® VS XS (415)

c1(s)<g c1(t)<g

The first factor in the last line above is the space of Gelfand-Tsetlin patterns. Now, lets
consider a different decomposition of this space, as follows [12]

Ve 10) = Yogesins, T ()0, 5, 17)

=Y vesins, T (0)|vs)

= mX—iHﬂ D €S xSy Dty x Hy LD (07)i5]v0) (4.16)
m ZUES xS Z’YGH)(XHY re t)( )i kr(s t)( )kJ|UU>
= Y ess, DED ()i X2, Br 7ty gl =iy

As we have already discussed, the branching coefficients provide a natural change of basis
from one space to the other

e G— — . (Svt) 1 X S,
i, 7, (s, ), iy = 3 B e N T (0)alu,) (4.17)

J 0ESm X Sp
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This decomposition is [12]

U(p) SmXS
yeptm = Dsrm - V U(m)x ®V i
g fsil (Tz)tégpq(t)ég (s:1)
Sm xS H H Sm XS,
= @isrm trp D5 Viurmy o XX YRV (4.18)

e1(5)<g c1(H)<g (st) 2Ly xcrry

Comparing (4.15) to (4.18) we conclude that

U U(1)9xU(1)9 Sm Sp—H H
VXU s | |y xSyl xily | (4.19)

Using the idea that the branching coefficients provide a transformation between two bases,
we easily write the Gauss operators

ORW(O')(,O'y) |HX i HY| ZZZZZ d th O'X o O'y) ik

jk skm tkp [ v
XB( )—>1HX X Hy B]iﬁ )—>1HX x Hy OR7(t7s,7")ﬂﬁ' (420)

Ji

Note that the factor v/dsd; can not be determined by group theory alone. It is chosen so
that the group theoretic coefficients

s, Hy x H S X s X
O;S )(Uxotfy) | a Yl ZZZ dyd, T UXO(Ty)]kB]( R HYB( D Loy
jk skm tkp
(4.21)

provide an orthogonal transformation between the restricted Schur polynomials and the
Gauss graph basis. Indeed,

Z Z ZC% ox 0 O'y)C( )<TX oTy) = Z S(yiox ooy yaTxlomy ). (4.22)

(St ﬁ yEHx XHy

There is an important point that is worth stressing here: Our Gauss operators are normalized
as

(Orr(0x,0v)Or,(1x,7v)") = Z S(noxooy Ty oty l). (4.23)

yeEHx xHy

These operators certainly do not have unit two point function. For example, if we set
both ox,0y and 7x, 7y equal to the identity permutation, the right hand side evaluates to
|Hx x Hy|. Our final answer is simplest when expressed in terms of normalized operators

A 1
OR,T(OX,UY) = N OR7T(Ux,O'y) , (424)
oX,0Y
N(fx oy <OR,T(UX7 UY)OR,T(UXy UY)T> . (4.25)

We will not obtain or need the explicit form of Ny, ;. .
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5 Dilatation Operator in the Gauss Graph Basis

We will now write the term in the dilatation operator that mixes X and Y in the Gauss
graph basis, i.e. we will write this term in the basis provided by (4.20). We already know
that the other two terms are diagonal in this basis and we know their detailed form [12, 20].

Towards this end, transform the intertwining operator used to construct the restricted Schur
polynomial

Rt —Z |77, 7, (s, 1), i1; ) (1, 7, (s, 1), 73 8| @1, (5.1)

to the Gauss graph basis. Of course, it is only

that we need to consider. The transformation is a simple computation

Dmp,st )07, B, (s, 1), 74| By oy Bl ety pled) ()

mji
(s5t)

'Z Z ddt B( )ﬁlHXXHYF(St)( )|U¢7><U7—|F st)( )B’(;t)ﬁlexHY
b

Ji

’HX X Hy‘m'

(s,t) 0,7€ESMm X Sp

B(S D)=Ly xHy BS:)‘)IHXXHY 1—‘(s t) (02)

( t)—=1H, x (s,t)=1py x
O 2 e )T BT g

(s,t) 0,7€ESm X Sp

’HX X Hy‘m'

Bl(y )—>1HX><HYB( )—>1HX><HY1—\lm(0_2)

1 (5:8) (o A5 (D)
| |Z Z 2 Z dsdtrjm (7)) (72)F (02)
]HX X Hy\m P s, |Hx x Hy| Tty

T (07 17) [vg) (v

1 _ p— J—
- m!p!|Hx x Hy| Z Z |Hx x HY_‘Q Z dodixu(7105 Y5 T 0)|0g) (07 ]

t) 0,7€ESm XSy T,y2€Hx XHy

1 . Y dnogty o)) (v (5.3)

|HX X Hy|3
O',TESmXSp ’71,’)’2€HX XHY

Notice that up to normalization this is a sum over all o,7 € S, x S, of |v,)(v,| with the
condition that 7710 belongs to the same coset as o does. With this result in hand, we easily
find

(O} ,(02) Dxy Op 1 (01)) =

S

jk stm tbp gp lm o abmoybp gF

47



B(_‘t)ﬁlHXxHYB(S t)%lexHYB(fvy)_)lH%ng,B(xf/)_ﬂH%xH"Y< +
Ji la mp

-‘DXYOR,(t,s,r)ﬁ17>

T,(y,z,w)ap

12 !/
e S S S S S S S VA A ol e

jk stm tkp gy Ilm xbm ybp a,B

B(.s;t)—onxHYB( )_>1HX><HYB (@)= 1p xm, (me)_)ng(ng/
I mp

d hooksrhooksshook
XZCRR Tmp \/fT ooksrhooks;hooks;

l dydy(n +m + p)dr \| frRhooksghooks,hooks, "

< ({5t al BNy, 0 0) (8w, B BB 15, s )
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B(S t)HIHXxHYB( )ﬁlHXxHYB

x (M, s, va; ¢ )
—5ﬁﬁ5yt5ula15mm'5m5ﬁw2(17,9751;b|EJ(-Z~1)|ﬁ,t,,u1, a)(m, s, V2,0|Ep+1 Im/, x, g d)
=057 0yt0 1 1 O O 0cupy (P t, 115 G| E -(.1)|]5" y,al, by (m’, x,ﬁg,d|E(.f+1)|7ﬁ,s,u2;c>

(0t v al B 7y cns0) (5 g, Bus DB Bt s a)

X (M, s, l/g,c]ElpH |, og: d) (i, x, Bo: d| EXTY |7”T7,,s,u2;c)).

There are four terms in the above expression. We will deal with each term, one at a time.

5.1 First term

Focus on the first term for now

S e )3 3)3) 3 3 3 BRI

jk skm tkp gv Im axbm ykp aﬂ

B(s t)—)lHXxHYB(s t)alHXxHYB(f,y)%le(ngfB(w,ﬂy)—ﬂHS(X]{g/
JH la mj

drmp | frhooksp _x 1) -
/ 1) t E b ;OB |p, t, ua;
;CRR (n+ m+p)dR’ thOOkSR Tw<p7 Vlva’ ’p Y, a; ><p 1y7517 | ki |p7 7,“170‘>

X (m, s,v2; c| ;) (p+1 )\m T, o d) (i x B2 d|Egy (p+1 )\m,s,ug;@
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" |Hx x Hy|?[HY, x H],>m!p!

Jr
Z ¢rrrhooks g/ mp\/f ‘rhooks phooksy oru Z Z Z Z

R/

- 1) _— . “1(p4+1) ,— _ -
(v, 7', [E], TV (L p 4 1) Ba0By o, Bt (v, i B PTG (1,p + 1) Taeoryy o, i

==/

Now, lets study the case that ¢ = j. To find a simple condition on p,m’ and p, m that tells

us when this matrix element is non-zero, focus on
(p+1 1
(or BTV (1 p -+ 1) [og) (0] (Lp + 1) B} [vg) - (5.4)

If i = j, the matrix element (v,ﬁ,rﬁ’h"lE](-fH) (1,p+ 1)%|v, p,m) forces p+m = p + nv'.
Indeed, Eff) 1 is one if the vector in the first slot of Ylv, p,m) is vy and it is zero otherwise,
so it clearly does not change the identity of any vectors. The remaining elements between
the two states (i.e. 771 and (1,p+1)) can swap vectors around but not change the identity
of any vector. Thus, the identity of the collection of vectors used to construct |v, p, 77i) must
match the identity of the collection of vectors used to construct |v, 7", m'). This then proves
that p'+ m = p’ + n’. We can argue for this conclusion in a second way: recall that we
obtain R’ from R by dropping box in row ¢ and we obtain 7" from T by dropping a box in
row j. Thus, if i = j, since R’ = T" we are saying that R = T. We already know that » = w.
P+ m tells us the collection of boxes that needs to be dropped from R to get r and p’ + m/
tells us the collection of boxes that needs to be dropped from T" to get w. Since R =T and
r = w, this then again proves that p'+ m = p’ + m/. We can say a bit more. Consider

(0,7, )¢ (1,p+ 1) EV oo, 7, ). (5.5)

This tells you that if you take the state |v,p’,m’) and shuffle some of the X slots amongst
each other and some of the Y slots amongst each other (o does this shuffling) keeping only
states with vector v; in their first slot, and then swapping the vectors in slots 1 and p + 1,
we can get the vector |v, g, m) by shuffling (according to ¢ 1) what we have. Thus, to get
lv,p,m) from |v,p’,m') we removed v; from an X slot of |v,’,n’) and inserted it
into a Y slot of |v, p,m).

Now consider
(w, 7,7 [T BT (1,p + 1) lv, 7o) (5.6)

This tells you that if you take the state |v,p,7i) and shuffle some of the X slots amongst
each other and some of the Y slots amongst each other (i does this shuffling) keeping only
states with vector v; in their first slot, and then, swapping the vectors in slots 1 and p + 1,
we can get the vector |v,p’,n’) by shuffling (according to 77!) what we have. Thus, to
get |v,p’,m') from |v,p,n) we removed v; from an X slot of |v,p,7) and inserted
it into a Y slot of |v, 7, m).
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Thus, the two vectors we are swapping have the same identity. This implies that we must
have p'= ¢’ and m = m’. Since we must have p'= p’ and m = m' we find

1 fr
_ ‘hooks w S )
|Hx x Hy|*m!p! %; CRR/NOOKSR mp\/thooksRhooksT

TGSmXSp ¢ES7nXS '71772751 7ﬁ2€HX ><}IY
Lo “Lp+1) — _ Lo . “p+1) ,— — .
X<v7p)m|E;-i (p )T ! (17p + ]-) QZ)BQO’Qﬁl 1|U7pa m><v,p, m’Ez] (P )¢ ! (]-ap + 1) 7—720-1’71 1|Uapa m>

1 Jr
- /hooks o
|Hx x Hy|*m!p! ;cRR OOKSR mp\/thooksRhooksT Z Z Z

TESMm X Sp ¢ESm X Sp V1,72,01,02,p1,02€ Hx X Hy
x8(r ! qmzaﬁ;lpl)a(qs-l 20171 p2)
x> S+ 1), k)6, D60 o+ 1), )8 (¢ (1), 7).

kyqesi,m lyTGS'L,p

Now, set 7 = a7 and [ = oz@ with o € Z,,, X Z,, with Z,, X Z, a product of cyclic groups.
The above expression becomes

1 fr
= /h k /
|Hy x Hy [*m!pl %:CRR CORSRITIP \/ Frhooks ghooksy 2. 2

TESm X Sp $ESm X Sp

X > (7 @Boafy p1)d(¢ Tr201y p2)
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k,qES; m L,reS; p

1 Jr
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k,q€S;.m 1,rES;

1 Jr
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kvqesi,m lyresi,p

1 I
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PESm X Sp
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Y1,72,81,02,p1,p02€Hx X Hy k,q€S; m ,r€S; p
1 fr
g S entooton D S
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1

fr
= CRR/hOOkSR/ 5rw E
H H 22 \/ hooksghook
| 2 Y’ R’ Jrhooks ghooksy Y1,72,81,82€Hx X Hy

x8(2017;  Bao2 By )Ny (o1)n; (o1)

= Z CRR’hOOkSR’\/ It Orw Z 6(015202ﬁf1)ng§(0'1)n5(01) .

= frhooksghooksy By o Hy

(5.7)

Now, return to the case that ¢ # j. The matrix element

(v, 7, n_i’|T*1E§f+1) (Lp+ 1) 9|v, p,m) forces p+ m # p' + m'. Indeed, (1,p + 1)1 shuffles

EP+Y
71

vectors, removes v; and inserts v; and 77! does some more shuffling. Thus, using an

obvious notation, we have
PHm—i=p +m —]. (5.8)

We can also see this by noting that since i # j we know that R # T. We still have r = w so
that the collection of boxes that needs to be dropped from R to get r (described by p'+ i)
and the collection of boxes that needs to be dropped from 7" to get w (described by 7 + /)
can’t possibly be equal.

Again, we can say more. Consider
(0.6~ (Lp+1) By oo, 7, ) (5.9)

This tells you that if you take the state |v, p’,m’) and shuffle some of the X slots amongst
each other and some of the Y slots amongst each other (¢ does this shuffling) keeping only
states with vector v; in their first slot, replacing this vector v; with another vector v; and
then swapping the vectors in slots 1 and p + 1, we can get the vector |v,p,mi) by shuffling
(according to ¢ ') what we have. We can summarize this as

P—j=p-a.
m—a=m—i. (5.10)
Now consider
(o, 7,7 | LB (1 p + 1), 7,77 - (5.11)

This tells you that if you take the state |v,p,m) and shuffle some of the X slots amongst
each other and some of the Y slots amongst each other (i does this shuffling) keeping only
states with vector v; in their first slot, replacing this vector v; with v; and then, swapping
the vectors in slots 1 and p + 1, we can get the vector |v,p’, ) by shuffling (according to
771) what we have. We can summarize this as

F—i=¢ —b

o1



m—b=m—]. (5.12)

The equatlons and 1’ only have two solutions. If we choose @ = 7, we must have
b= 7 and then

p—i=p —7. (5.13)
If we choose @ = j, we must have b =1 and then

P=r A
;=

= (5.14)

m—
Thus, only 7 or p’ can change - but not both. In fact, only one of the Gauss graphs (there
is one graph for the X's and one for the Y's) change - but not both.

It is now rather simple to write the relation between |v,p’,n') and |v,p,m). Consider
for example, . Let S, denote the collection of slots that
(i) are X slots and (ii) are occupied by v;. There are similar definitions for Sj,,, S}, and
S’ m- To go from p'to p', we want to remove a v; and replace it with a v; and then reorder
the slots into the order prescribed by . We can do this as

o, 7/, 1) = CE\|v,7,m) g € Sip CE S xSy (5.15)

Consequently we can again write a definite relation between |v, ', m') and |v, p,m). This
allows us to simplify the matrix element expressions to the structure of elements we have
already evaluated. Now, consider

1

4= |Hx x Hy|?|HY x Hi,|*m!p |ZCRR’hOOkSR/mp

fr
\/f rhooks RhOOkST Z Z Z Z

TGSmXSp ¢eSm><Sp ’Yly'YQEH/ ><H§/ B1,82€Hx X Hy

T_1 J— —_ - —

(v, 7y | B PTr (1, p 4 1) ¢ BacaBy o, B 1)
—1

(v, gy m|EY PV (L p + 1) mye0yy o, 7L )

1
~ [Hx x HyP[Hy x HyPmlpl ;VCRR’CTR’

hooksp
% vhooksrhooksp mporu Z Z Z

T,0€ESm X Sp v1,72€Hy x H{, B1,82€Hx X Hy
xv@%ﬁw;@“>*up+w¢m@@|vn )
(v, 5, M| B T o (1, p + 1) rya0177 o, 7, 1) | (5.16)

To start, study
(v, 77| Bl P (1, p + 1) ¢Ba0a B o, 5,17
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= (0,7, @[T EYTY (1,p 4 1) ¢BacaBy o, 7, 170) (5.17)

and consider a matrix element for which 7 = 7/ and 7= p' — j + ¢. In this case, we know
that we can write
—/’ —»/>

lv,p/,m’) = CE](-?)]v,ﬁ, m) ces, q € Sip (5.18)

We can choose any basis for the vectors |v, p,m), |v,p’,m’) that we like - the result will be
independent of the choice we make. In choose the ¢ and j vectors to sit in adjacent
slots, and always choose ¢ to lie on the border between the two. In this case we can always
choose (, to be the identity. With this choice understood, we have

0,7, ) = E\P|v, 5,)  q € Siyp. (5.19)
In a similar way
(v, 07 (1L p 4+ 1) ro o, )
= (v, 7|~ B (L p + 1) ryp015y o, 7o) (5.20)
and, from we have
o, 7,y = B o, 5, ') . (5.21)
Consequently
1 A hooksg/
A= |Hx x Hy |2|H x Hy[2m! p! ; CRECTH \/hooksRh}:)oksTmp(srw %we%(xﬁy

x> S w T EE Y (1p+ 1) ¢Baca B v, B )
B1,B2€Hx x Hy T,0€Sm X Sp
(v, B mle ESY (Lp+ 1) 7017 o, )
1 hooksp
= VCRR CTR MPOyy
|Hx x Hy|?|HY% X H§,|2m!p! Z FIETR /hooks ghooksy b Z

v1,72€HY X HY,
< Y S vp7m|E<q TETY (1,p+ 1) 42065 v, 7
B1,82€ Hx x Hy T,p€Sm XSp
(v, 7,17 |EP o EE D (1, p 4+ 1) oy Ho, 7, 1)
1

hOOkSR/
= \/CrRRICTR MPOrw
|Hy x Hy|2[HY x Hiy[Pmlp! ; RRCTR Mhooksghooksy T 2

'yhygeH’ ><H/

X Z Z <U7ﬁ7 m’TilEsz(Q)E(p—l—l) (1 P+ 1) ¢620251 |U p7 >
B1,82€Hx xHy T,¢€Sm xSp

x (v, 7, |6 B EYTY (1,p 4 1) mya017y o, 7, )

1 hOOkSR/
pu— !/ ! 67»/[1}
[Hx x Hy|?|Hy x Hj[>ml p! ; YRR TR ok ghooksy T 2

m,72€H Y x HY,
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Z Z UT|E p+1) (1,p+1) ¢B098, ' 77 0y))

B1,82€Hx X Hy T,0€Sm X Sp
< (| ESOEE (1,p + 1) Tya0171 ool
(5.22)

We need to understand <vT|EZj(Q)E](-f+1) (1,p+1) and (v¢|E¢(q EPTY (1,p+1) better. Consider
(v |ET(Q)E P+ (1, p + 1) first. Turn this into a ket state

(1,p+1) E(p+1)ET(q vy = (1,p+1 )TET”(HI)E( )l )
=7(r (1), 7 p+ 1)) E], <+1>E< Dp) (5.23)

Now, there are a few things we should note. First, recall that i # j. In the matrix element
(W B[V EEY (1,p + 1) ¢paoaB 7 ) (5.24)

we know that ¢By08; '7~! is an element in S, x S, and thus it is not able to swap vectors
between the Y and X slots. The product Eij(Q) Ej(f i makes an X slot change as (imagine
acting to the right) 7 — i and a Y slot change as ¢ — j. This amounts to exchanging an i
vector from X with a j vector from Y. The only way that the above matrix element can be
non-zero, is if (1,p + 1) is able to swap these two back again. Thus, we can write

T—l
(D (p+ 1) By PTVED )
_ TEiTj (I)E;i (p+1) EzTg (p+1) E(q‘ )

= Yies,, 0+ 1), 07 B WED )
= Yies,, 0 (p+1)0) (5( H1),.0) + Lyes,, 0D (7)) 7o)

(5.25)

Now, each of the terms in round brackets for which index r belongs to a string that loops
back to node j above makes the same contribution so that we have

(Lp+1) EPVE D v,) =n¥(02) Y o(r 1), D8(r7(1), ¢)|v) . (5.26)

1€S;,m

The above equation is not exactly true (certain terms on the RHS have been dropped) but
it gives the correct result when plugged into (5.22). A very similar argument implies that
we can replace

(1,p+1) EYVESY Dy = nf (1) Y 667 (p+ 1), w)d(¢7 (1), Cla))vf)  (5.27)

wesS;
We can now use these results to compute

nX(al)nX (0'2

A= i < By Pl < 5 Pl Z VERRCTR

hOOkSR/
vhooksghooksp

MPOry
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D SEEEED SRS DI DD D DI el R WL G RN
Y1,72€HY x HY, B1,f2€ Hx X Hy TESm X Sp ¢€Sm X Sp I€Sj,m weS!
§(m7 (1), q)8(d (1), Co(q)) (vrldBaoa By 7 ur) (Ul 20177 L W))
;i (91)n55(02) hooks g/

vV / 5rw
|HX x Hy|?|H% x H{|*>m! p! Z CRECTR \/hooksRhooksTmp

x 2 )IEEED DD DD Z 5 (p+ 1), 03(67 (p+ 1), w)
V1,72, Y€ H X HY, B1,82,8€ Hx X Hy TESm X Sp $€Sm X Sp lE€Sjm weS]
5171 (1), q)0(¢7 1 (1), Q)O(r ¢Pa0afBr ' B) (¢ Tya01y: )
ni; (a1)n35(02) hooksp/

= JJ \/CRR' CTR' m 57’w
|Hx x Hy||H% x Hy|m!p! Z TR vhooksrhooksy b

x ) DD DD DS Zé Hp+ 1,007 (p+ 1), w)

'71,72€H"x XHg, B1,82€Hx X Hy TESm ><S d)ESmXSp ZGS] m wES

5(r71(1),q)0(0~ (1), (])5(7_1615520251_1) §(¢~ TR0 )
(5.28)

Now, we do the same trick as before, setting ¢ = ozgz; and 7 = a7. After performing
manipulations just like we did before we find

ni (o1)n(02) hooks g/

V CRR'CTR rw
|Hx x Hy||HY X H§/|m'p' Z TR vhooksghooksy

DS S 2D 3

Y1,v2€H Y X HY, B1,82€Hx x Hy TESm X Sp $€Sm X Sp

X Z Z (" o(w), (77 d(q), Q)3 (™ $B20257 ") (6~ T2y )

A=

nji (o1)ng; (02

hooksg/
5rw
= [Hy x Hy|[H, % Hg/] Z VERR TR ks phooksy 2 2 2

’Y],’YQGH;( XH{, B1,82€Hx xHy TESm X Sp

x> a(rHw), Da(rH(q), )5 (T BaoaBi ) 6(Ty00171 )

leS] m weS;

n (o1)n} (oo hooks g/

/ 5rw
= |Hy x Hy||H, % H’ ] Z VERR TR ook ghooksy 2 2

m1,v2€HY x HY, B1,82€Hx XxHy

X Z Z 8(y20177 (), )6 (20171 (), @) 0(Ba02 By a0y ) -

l€S),m wes] .,

(5.29)

Consider

> D d(porn t(w), ) = nlt (o) (5.30)

where nY+( 2) = n}fr(al) is the number of strings going from 4 to j in the Gauss graph
associated to the Y's. The fact that this n}}*(@) appears suggests that the strings stretching
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between ¢ and j in the Gauss graph associated to the Y's are participating, even though it is
the X Gauss graph that undergoes the transition. Thus

A nX(Ul)TlX( Z hooks g 5 Z Z
; S V CRR'CTR rw
|Hx x Hy||HY x H}| v hooksrhooksy 1 y2€ Hy x HY, B1,B2€Hx x Hy
ni; " (02)8(v20171 1 (9), ) 0(B2021 720171
(5.31)

Next, consider the role of §(v2019;(¢),q). This tells us that a single string, which loops
back to the same brane, is plucked from brane i (or j) and reattached to brane j (or ¢). This
follows because the string which is plucked has startpoint ¢ and end point v2017; *(q). So
the delta function is setting the start point equal to the end point. Another way to say it is
that states with different values for the n% or nf]( don’t mix - and this is why the terms in
the dilatation operator that mix X and Y commute with terms that mix X and Z and the
terms that mix Y and Z. The role of this delta function is also easy to interpret in terms of
the Gauss graph: the two Gauss graphs that mix, o; and o9, are related by peeling a closed
Y Y

)

loop from node i of ¥ (or ¢} ) and reattaching it to node j of 05X (or o3 ). This implies

that, as permutations, oy and o, are identical (recall that closed loops are 1 cycles).

If we peel a string from node i of o7* and reattach it to node j of o', the factor n;; (o1)n;(02) =
n (01)(nj;(01) + 1) = (n;; (02) + 1)nj5(02) is the number of strings starting and ending at
node ¢ before we peel a string off, multiplied by the number of strings starting and ending

at node j after we have attached the string.

Notice that the delta function §(12017; *(¢), ¢) reduces the full sum over 4; and 7, to those
elements of HY x H{ that leave ¢ inert. This is a subgroup of (H% x Hy, ) N (Hx x Hy) that
we will denote G, ,. Consequently, the size of this matrix element is

i (

o1 )55 (02)n5;" (02)1Goy 4 (5.32)

Notice that

—%{?’q’ = (01) 9214l =n(09). (5.33)

o1
These two formulas follow because N, counts the number of symmetries of the Gauss graph,
while |G, ,| counts the number of symmetries that don’t include permutations of the closed

loop corresponding to ¢q. Thus, we finally see that the normalized matrix element is nothing
but

hooksg
vhooksphookst

VCRR' CTR/

57"10 nff(al)nj-g(@)n};*(@) . (534)

The evaluation of the fourth term is practically identical and will not be discussed.
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5.2 Second Term

Now consider the second term

HX Hy HX HY (st Y
e 5)5)5) 5 5 9 9) SR ML

jk skm tkp gy Ilm abFm ybp ap

B(S t)%lHXxHYB(S t)%lHXXHYB(f’y)*)lHS(XHgf (Qi,ﬂy)ﬁng(XHgf
JH la mp

drmp Jrhooksy o ” (1))~
CRR’ 57“11} 7ta1/;a ) ,O[;b _,7 ) abE at7 y @
%:“m+m+mm”mmwm (Bt vz aldsy, aas ) (0 y, Bus BLEG |5t s @)

X (i, s Vg,c]Ep+1)|m T, Qo dY () Bo; d|mh, 8, ;)
1
 |Hx x Hy|2|H% x Hi|?>m!p!

drmp fThooksT
> cnm DD VDS >
R (n +m+ p)dR/ thOOkSR TESym X Sp ¢pESm X Sp y1,y2€ HY x Hy, B1,82€ Hx X Hy
xammfépp (w7 *’|T—1 E“) OBaoa B v, B, 170)

(5.35)
For the above result to be nonzero it is clear that we need
p=7 m—itj=n (5.36)
as well as
p=7 m=m'. (5.37)

Consequently, this term is only non-zero when ¢ = j. In this case

1
|HX X Hy\4m'p'
dTmp fThOOkST
> _crm w DD > >
R (n +m +p)dp thOOkSR TE€Sm X Sp GESm XSy a,mmeHX X Hy B1.82,8€Hx X Hy

x> S(rH 1), k)S(T ¢Bhoa By B)

kESjm

x Y 667 (p+1),0)6(¢7 01 )

leSi,m

B =

1
~ |Hx x Hy|>m!p!

drmp fThooksT
D> crm DD VDS .
R (n+m+p)dp thOOkSR TE€Sm X Sp HESm X Sp 'yl,’ygeHXXHy B1,B2€Hx x Hy

x> SN, k)S(r ¢Bhoa )

k€S, m
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x> 8¢ p+1),10)6(¢ o )
lESlm

1
B |HX X Hy|2m!p!

ClT fThOOkST
Z CRE (n+m+p)dp thooksR Z Z Z Z

R TESm X Sp ¢ESm X Sp 11,72€Hx X Hy p1,B2€Hx x Hy
m p+m
X Y Y o m) k) Yo Y 867 (9),DS(r 98028, )66 T )
k€S m r=1 1€S; m s=p+1
B 1
N |HX X Hy|2
drp frhooksp
S Y Y Y
2 (n+m+p)dR/ thOOkSR TESmXSp’Yl,')QEHXXHY ﬁl;ﬁZEHXXHY
><n;r’Xn;r’Y(S(T_1/320251_1)5(772617171_1)
- |HX X I{y|2
dT fThOOkST
S e e Yy
R/ (n +m p)dR/ thOOkSR Y1, 2€Hx X Hy 1,82€Hx xHy
><n;r’an’Yfg(Bz@ﬁfl%UWfl)
dT fThOOkST —
- ZCRR/ (n+m+ p)dr \| frhooks Oru Z nZX +Y5(520261 ‘1)
R P)Gr R R B1.B2€Hx xHy
(5.38)

In summary, and perhaps writing it a bit more clearly, we have

M X1 55555 g 0

jk skm tkp g Ilm abm ybp aE

« B t)ﬂHXMYB(s t)alexHYB(ﬂ%y)—’lH%ng,B(%y)—ﬂHg(ng,

Jil la mp3

dTmp fThOOkST - —y — (1)) >
CRR! 67"11) 7t,l/;a 3 7Oé;b » Y JbEz 7t7 ;@
; RR (nt+m+p)dn \ / Frhooksg (p 1;alp’s y, oa; b)(P', Y, Bi; bl j Dt ;)

X<m S V270’Ep+1 |7772',:E,ag;d)<m’,x,ﬁ2;d\?ﬁ,s,/@;c)

dT fThOOkST +X +Y -1
= OO > CRR! S D 0T 8(Baoafiy o)
. (n+m+p)dg \| frhooksg Ty

(5.39)

Notice that this term is already diagonal in the Gauss graph basis. Notation: n is the
number of strings ending on node i of the X Gauss graph; n is the number of strings
starting on and then looping back to end on node 7 of the X Gauss graph.

The evaluation of the third term is practically identical and will not be discussed.
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5.3 Final Answer

In this section we will summarize the action of the term in the dilatation operator that mixes
Xs and Y's on the Gauss operators.

ni(c,) no,
i i nyoy) i i, Nil%)

j j j :

Figure 4: The Gauss graph on the left is described by oy, while the Gauss graph on the
right is described by 0. To make a transition between the two pairs of Gauss graphs shown,
we pluck a string from node i of the X graph on the left and attach it to node j of the
X graph on the right. The numbers which participate are (i) the number of strings n};
stretching between nodes i and j of the Y graph, (ii) the number of strings attached to node
i of the X graph before a string is removed nZ (1) = ni (02) + 1 and (iii) the number of
strings attached to the node j of the X graph after a string is attached n: (o1)+1 = n (o3).

Here is the final answer for matrix elements of D taken with normalized operators. The
diagonal terms are

(Oke(0)DxvOns(0)) =23 T (ne) (@) n@) (@) (5.40)

Now, consider an off diagonal term. One possible non-zero matrix element corresponds to

the case that the X Gauss graph changes, by detaching a loop from node i of the o;* Gauss

graph and reattaching it to node j. The matrix element describing this process is (recall
Y X

that we only ever get a non-zero matrix element if n)j(01) = n};(02) and n;} (01) = n;j(02))

(Ohey (1) DxyOnyl)) = = [ nt o)y /o (o) (o) + 1) (5.41)

Another non-zero matrix element is obtained when the Y Gauss graph changes, by detaching

a loop from node i of the o Gauss graph and reattaching it to node j. The matrix element
describing this process is

C 1 C /
<ORT(O-1)DXYORT 0'2 «/ RJ;ZTR ”\/ i 0'1 ]] 0'1) + 1) (542)

This gives a complete description of the action of the term in the dilatation operator that

mixes Xs and Y's on the Gauss operators.
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6 Diagonalization

To understand the structure of the diagonalization problem, lets start off with a warm up
problem. This will also be an example of the use of the formulas , and ,
which will allow the reader to test her understanding of our result. Consider the Gauss
graphs shown in figure 5.

Figure 5: The 10 states that appear in our first example are defined in the figure above.

Using the formulas from the previous section, there is a transition between |1) and |2).
To understand how we have labeled the dots, we must detach a loop from black node 3 of
|1) and attach it to black node 2 of |2). Denote the Gauss graph correspodning to |1) by oy
and the Gauss graph of |2) by g,. We have nig(0;) = 1 (read from the red Gauss graph),
ndy(o1) +1 = 2 read from |1) and nl;(o;) = 1 read from [1). Thus, in total the matrix
element is

_\/(N T l2z>z(N +l) 5 6.1)

As a second example, the matrix element for the transition between |2) and |3) is

_\/(N+l1)(N+l3) (62)

lils

For the 10 states shown, we have the off diagonal piece of the dilatation operator given by

(N +11)(N + 1) (N +15)(N +13) (N +11)(N +13)
_ \/ l1l2 M12 - \/ l2l3 M23 - \/ l1l3 M13 (63)

where
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(6.4)

e}

0

0 0

-1

-2 0

0

N

[a) ]

=}

Q\

(6.7)

N +1
Mo + ( ] 3)]\413
3
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(N +15)

)Mll +
L

(N+14

and we have the on diagonal piece of the dilatation operator given by



where

(6.8)

(6.9)

(6.10)

200000O0O0O0O
0200000O0O0O0O
000O0O0O0OOO0OTO0O®O

000400O0O0O0O®O

0000400000

000O0O02¢00¢O00®O0

000O0O0O0OOO0OTO 0O
000O0O0O0OOO0OTO0O®O
000O0O0OO0OOO0OTO OO® O
00 0O0O0O0OO0®O0®OG®6

200000O00O0©O00O0

04000O0O00O0O0O0

004000O00O00O0

000200O0O0O0O®O0
0000O0O0OO0O0OO0OO
000O0O0O0OO0OO0OO0ODO

000O0O0O0Z2°¢O0O0O0

000O0O0O0OOO0OTO0O®O
000O0O0OOO0®G6O0
0000O0O0OO0O0OO0ODO

200000O00O0©O00O0
000O0O0O0O0OO0OTO 0O
0020000O0O0O0O0
000O0O0OOOO0OO0O®O
000O02O0O0O0O0O®O0
000O0O04000O00
00 00O0O0O40QO00
000O0O0O0OOG®G6O0O0
000O0O0O0OOO0OTO0O®O
000O0O0OO0OOO0OTO OO®O

Mll =

M22 =

M33 =

To get some insight into the structure of these matrices, note that the matrix

(6.11)

My + Mag + M3z + Mg + Moz + M3

M=

has eigenvalues 0,3,3,6,6,6,9,9,9,9. The even spacing and the degeneracy of the eigen-

This strongly

values matches the weights of the symmetric representation [T11 of SU(3).

62



suggests that, we can understand the off diagonal pieces of the dilatation operator as rais-
ing /lowering operators of some SU (k) representations, with k& < g. Recall that ¢ is the
number of rows in our restricted Schur polynomials. This guess turns out to be correct as
we now explain.

First, we need to define a bijection between the Gauss graphs that mix and the states
of a particular unitary group representation. Lets start by considering a situation for which
the Y Gauss graph is fixed and we have transitions between different X Gauss graphs. We
can only have transitions of closed loops between nodes ¢ and j in the X Gauss graph if
nl (o) # 0. Denote the number of connected components of ¢ by C. Each connected com-
ponent is a set of directed line segments running between nodes. Let ¢ denote the number
of connected components that have more than a single node. Let the number of nodes in
each of these connected components be n;, i = 1,...,c. The irreducible representation that
organizes the o graphs is an irreducible representation of the group

SU(ny) x SU(ng) x -+ x SU(n,) (6.12)

Focus on one of the connected components, say the j™ connected component. Assume that
there are a total of 7 closed loops attached to nodes of o that belong to this connected
component. The irreducible representation of the SU(n;) factor in the above group that
plays a role is labeled by a Young diagram that has a single row containing n boxes. We now
want to give the map between different X Gauss graphs and states of this representation.
Number the nodes in the j* connected component from 1 up to n;. Consider an X Gauss
graph that has nq; strings attached to node 1, nss to node 2, and so on up to n,,,; attached
to node n;. The Gelfand-Tsetlin pattern for this state

mM1,n; ma,n; e Mn;—1,n; My

Min;—1 m2n;—1 Mp,;—1,n;—-1

| M)

has m, , = 0 for p > 1 and
q
miq = Z Njj (6.13)
i=1

This completes our discussion of how the Gauss graphs are organized, for a fixed o¥. To
complete the discussion note that there is a completely parallel argument with the roles of
X and o switched.
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As a concrete example, the Gauss graph in figure [6] corresponds to the Gelfand-Tsetlin
pattern
n11 + nog + N33 0 0
|M ) = ni1 + N2 0
ni1

This map between Gelfand-Tsetlin patterns and operators labeled by Gauss graphs turns
out to be useful because we know the matrix elements of the Lie algebra elements in the
Gelfand-Tsetlin basis. For example, let us consider the lowering operator E;;,;. This will
shift n; — n; — 1 and 141,41 — Niy1,41 + 1. The net effect of these shifts in the Gelfand-
Tsetlin pattern is to replace m;j;, — m;;, — 1; we will denote this pattern by M,”. The
Gauss graph corresponding to M, is obtained from the Gauss graph corresponding to M by
peeling a closed loop from node ¢ and reattaching it to node ¢ + 1. We have already studied
the matrix element of the dilatation operator that mixes these two Gauss graphs and have

C 'CT R
- R],%, - nz,/iJrl(U)\/ngg(a)(ni)—(i-l,i—f—l(o-) +1) (6.14)
lzlz—l-l

where o describes the state with Gelfand-Tsetlin pattern M. According to [36] the matrix
element for the lowering operator, written in terms of the entries of the Gelfand-Tsetlin

found

pattern, is

(M |Eiyia| M) = el e — g + k= K 4 1) [Ty (maoa — myg + k= )
i it = IT (m —my+k—K+1)(m e+ k— K
k/=17k’7ék k' I+1 k,l K +1 k.l

(6.15)
N4 %@
Nyy ; ;
N33

Figure 6: The Gauss graph is shown in black. Closed loops can detach from a node and

reattach to another node.

Plugging in the patterns for the two Gauss graphs that mix, it is straight forward to see that
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(6.15)) evaluates to

V@) () + 1) (6.16)

Comparing to (6.14]) we see that the off diagonal term of the dilatation operator that we are

R (0) B (6.17)
Lilign " ’

We will state the result for the general case, for which loops move on both the X and Y

considering is in fact

Gauss graphs, using an example for illustration. The Gauss graph relevant for this example
is show in figure 7.
2 2
1
4

Figure 7: The graph on the left is oX. The graph on the right is ¢¥. Each node label
in the above diagrams corresponds to a row number of Young diagram R in the restricted

Schur polynomial X g (5,7 The Gauss graphs shown correspond to an 2 with 6 long rows.

Note that ¢ has two connected components, one which has 2 nodes and one which has
4 nodes. Consequently the group relevant for the organization of the Ys is SU(2) x SU(4).
Counting closed loops on the nodes in oY grouped by the connected components of o
we find that the representation of SU(2) we need is [T while the representation of SU(4)
we need is [CTTT1J. Also, 0¥ has three connected components, each of which has 2 nodes.
Consequently the group relevant for the organization of the Y's is SU(2) x SU(2) x SU(2).
Counting closed loops on the nodes in 0% grouped by the connected components of o¥ we
find that the three representations for the three different SU(2) groups we have are (117,
[1T1] and [TJ. Denoting the groups that appear with a superscript

GY x G? x GB) x GW x GO = SU(2) x SU(4) x SU(2) x SU(2) x SU(2)  (6.18)

we can write the off diagonal terms in the dilatation operator as (the superscript on the Lie
algebra element tells you which group it belongs to)
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(WHNH) (@) | p@)y _ [N (B0 | p)y

Doﬁ diagonal — I3la 1 2 4l5

N+I5)(N+L 2 2 N+Ilg)(N+L 2 2
WaelNtte) (B 4 BR) — |/ Sl (D pD)

N+I11)(N+I 1 1 N+13)(N+I 3 3
2 /(N+ }3[(2 +l2) (E£2) + Eél)) —9 ( +§,3§4 +l4) (E£2) + Eél))

2/ SR (B + Byy) — 20/ SHEANH (B 4 EiY)

I3ly I3l

(6.19)

The specific representation we should use for each Lie algebra has been spelt out above.
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7 Conclusions and Discussion

In this dissertation we have evaluated certain subleading terms in the action of the dilatation
operator in the SU(3) sector. The operators we have studied have a classical dimension that
scales as V. Consequently, even at large N, non-planar diagrams need to be summed and
the limit we study is quite distinct from the planar limit. There is by now growing evidence
that the dilatation operator in the large N but non-planar limit can be mapped into the
Hamiltonian of a set of decoupled oscillators and hence that this limit of the theory continues
to enjoy integrability.

In the SU(2) sector, a new conservation law has been found [20]. The corrections that
we have evaluated spoil this new conservation lawﬂ and consequently, these terms may be
the first indiactions that the limit we consider is not integrable.

Our results clearly show that although the new terms do spoil the old conservation law,
the system that emerges continues to be integrable. Indeed, the terms in the Hamiltonian
that mix X and Z or Y and Z commute with the terms that mix X and Y, so that we
simply need to change basis inside eigenspaces of fixed anomalous dimension. This change
of basis has been reduced to the problem of diagonalizing certain elements in the Lie algebra
of a well defined representation of a definite product of special unitary groups (the specific
representation and product can be read off of the Gauss graphs as we explained in the last
section). This is a solved problem in group theory.

The term in the dilatation operator that mixes X and Y does not act on the Z labels.
The eigenproblem in the Z label, after moving to the Gauss operator basis, reduces to an
oscillator problem [11, 20]. The eigenvalues of the term in the dilatation operator that mixes
X and Y sets the ground state energy of these oscillators. Note however that the BPS oper-
ators, which correspond to Gauss graphs with loops that start and end on the same node but
no directed segments between nodes, are annihilated by the term in the dilatation operator
that mixes X and Y, so that these operators remain BPS even when the corrections we have
computed are included.

Finally, it will be interesting to extend our analysis to the SU(2|3) sector (and beyond)
and to see if integrability persists. We leave these projects for the future.

"See equation (5.8).
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A Giant gravitons

In this appendix we will first review the behaviour of a dipole moving in a uniform magnetic
field. Then we review giant gravitons moving in the bulk in the presence of a non-zero
Ramond-Ramond five form field strength and compare these two pictures. This appendix
relies heavily on [27].

A.1 Dipole moving in a uniform magnetic field

Suppose we have a dipole (made of a positive charge and a negative charge) moving through
a uniform magnetic field, B , with a velocity v. Suppose the B field is pointing towards
the page, and the dipole is moving south in the page. The positive charge experiences a
magnetic force F = lq| v x B and the negative charge experience a force equal to —F. We are
interested in the case where the B field is constant and uniform. In this case the dipole gets
bigger the faster it moves. A dipole moving perpendicular to the magnetic field is stretched
to a size [27]

R = my|v|/B (A1)

where my is the mass of the dipole and |v| is its speed. However, if we switch off the magnetic
field, the charges attract and snap together. Hence, we can imagine a spring connecting the
two charges, with a spring constant k. This is summarized in the figure below

T
Ml

<l

Figure 8: A permanent dipole moving through a constant and uniform magnetic field with
a speed v.
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Let us now imagine a dipole moving on the surface of a sphere of radius R. Suppose +|q| is
located at the coordinates (R, 0, ¢) and —|q| is located at (R, 6, —¢). Here 0 is the azimuthal
angle and ¢ € [0, ¢|. Let us suppose a flux magnetic N leaves the surface of the sphere. The
Lagrangian of this system is [27]

L=—Nsing 0 — ER*sin® ¢.
Thus, the angular momentum is given by
L =—Nsing¢

which is bounded above by N.

A.2 Giant gravitons

The bulk (i.e. the AdS x S background) has a non-zero Ramond-Ramond five-form field
strength switched on. This flux couples to D3-branes. Gravitons carry a D3 dipole charge
and are hence polarised by the background flux [37].

A graviton moving on the S° of AdS x S expands into a spherical D3-brane [27]. The
D3-brane wraps an S® which moves in S°. The size of the membrane increases with increas-
ing angular momentum until it has a radius equal to the radius of the S at which point it
can’t grow any further [27]. At this point (R = Rgs), the angular momentum is maximal
and equal to the number of five-form flux units on the S°, N | These are called sphere giant
gravitons. Sphere giant gravitons are identified with Schur polynomials [22] with completely
antisymmetric irreps, i.e.

Irreps can have at most N rows, where N is the dimension of the gauge group SU(N). If
we have ¢ columns, then we have ¢ sphere giant gravitons. Hence, there is no upper bound
on the number of sphere giant gravitons. For example, the Young diagram

8

/Fawpc, dx® Ndx? Ndx¥ Ndx® Ndx® = N (A.2)
55

where Fi 00 is the Ramond-Ramond five-form flux and A denotes the wedge product.
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can be identified with a system of four sphere giant gravitons, two having the same angular
momentum L and there other two with different, smaller angular momentum. One can
also have a graviton moving in the AdSs of AdS x S. In this case, the gravitons can
expand to an arbitrary size. As a result, AdS giant gravitons have no upper bound on their
angular momentum. However, one can only have at most N AdS giant gravitons. AdS giant
gravitons are identified with Schur polynomials with completely symmetric irreps, i.e.

Completely symmetric irreps can have an arbitrary number of boxes. If we have g rows, then
we have g AdS giant gravitons. For example, the Young diagram

can be identified with a system of four AdS giant gravitons, all with different angular mo-
menta.
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