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Heat transfer in a porous radial fin

Raeesah Jooma

School of Computer Science and Applied Mathematics
University of the Witwatersrand
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ABSTRACT

In this thesis, a time dependent nonlinear partial differential equation modelling heat

transfer in a porous radial fin is derived. The equation considered is nonlinear in na-

ture due to the presence of two nonlinear terms i.e. the bouyancy/natural convection

parameter and the radiation parameter, making obtaining the solution of the equation

via analytical methods challenging. As such, we consider semi-analytical and numerical

methods for the solution of this problem. A semi-analytical method namely, the Differ-

ential Transformation method, is employed to study the behaviour of the heat transfer

described by the partial differential equation. By using the Differential Transformation

method the nonlinear equations are reduced to recurrence relations and the boundary

conditions are transformed into a set of algebraic equations. The solution obtained from

the Differential Transformation method is compared to the work of Darvishi et al. [1].

Computational methods such as the Crank-Nicolson scheme with and without the

Newton-Raphson and Usmani method as well as the Numerical Well-balancing scheme

are used to obtain new numerical solutions which are useful indicators for the exactness

of the semi-analytical solution obtained. Lie Symmetry analysis is conducted to derive

an appropriate initial condition by means of infinitesimal generators, since the equation

under consideration is sensitive to the initial condition when employing the Numerical

Well-balancing scheme. These results are then compared to the solution obtained as
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per the work of Darvishi et al. [1] and the semi-analytical solution. New physical and

mathematical insights are revealed through the numerical methods and steady state

solutions found and the comparisons made between them and other already existing

solutions.

The findings reveal that the results obtained via the Crank-Nicolson scheme and the

Well-balancing scheme match those in the work by Darvishi et al. [1]; the Crank-

Nicolson method, incorporating the Newton-Raphson and Usmani method, and the

Differential Transformation method do not match these results even though the be-

haviour observed is appropriate and comparable. In order to engage with the dynamics

of this scheme we conduct a dynamical systems analysis. In doing so, we obtain an

assessment of the impact of the nonlinear sink terms on the stability of the numerical

scheme employed and on the dynamics of the solutions.
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Nomenclature

Cp,f Specific heat of the ambient fluid

Ff−a Shape factor of radiation heat transfer

Da Darcy number

g Acceleration due to gravity

keff Effective thermal conductivity of porous fin

kf Thermal conductivity of ambient fluid

Kr Thermal conductivity ratio

Nc Buoyancy or natural convection parameter

Nr Radiation parameter

q Base heat flow

r Radial coordinate

rb Base radius

rt Base tip

r̂ Dimensionless radius

r̂∗ Ratio of tip radius to base radius

s Fin thickness

T Local fin temperature

Ta Ambient temperature

Tb Base temperature

θa Dimensionless ambient temperature

θ Non-dimensional temperature

ε Surface emissivity of fin

σ Stefan-Boltzmann condition

ρf Density of ambient fluid

νf Kinematic viscosity of the ambient fluid

βf Volumetric thermal expansion coefficient of the ambient fluid
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Chapter 1

Introduction

A fin is a surface that extends from an object to increase the rate of heat transfer to

or from the environment by increasing convection. Extensions on the finned surfaces

are used to increase the surface area of the fin in contact with the fluid flowing around

it which further increases the rate of heat transfer from the base surface as compared

to a fin without the extensions provided [2]. Fins are used to enhance convection heat

transfer in a wide range of engineering applications where it is necessary to enhance

the heat transfer from a surface to an adjacent coolant so that the fin can perform

within the acceptable temperature limits. These engineering applications range from

considerably large systems such as industrial heat exchangers to smaller systems such as

transistors. These days, fin applications are used in the cooling of computer processors,

air conditioning units, refrigerators, air-cooled engines, and oil carrying pipelines [2].

The geometry of the fin has an important role to play with regards to the efficiency

of the fin as a heat transfer mechanism. This makes the fin geometry a parameter of

importance when we choose to optimize the fin’s efficiency. Over the past decades, nu-

merous studies have been conducted on the use of annular fins [3, 4, 5, 6, 7]. Circular

annular fins are extensively used to increase the rate of heat transfer from a heat source

for a given temperature difference in heat exchange devices or to reduce the tempera-

ture difference between the heat source and the given heat flow rate of heat sink [8].

Radial fins have been conventionally used as a coolant for internal combustion engines,

heat exchanges, compressors and so forth. Due to these extensive practical applications
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this is considered a vibrant field of research; this is true even more so since the models

that describe these problems are nonlinear and hence not always solvable via analytical

techniques.

Many research articles have investigated the use of porous fins. Even though a porous

material fin has low thermal conductivity, a vast area of the material comes into contact

with the cooling agent enabling the porous fin to have superior performance [1]. A study

was conducted by Kiwan and Zeitou [9] to test the performance of rectangular porous

fins mounted around the inner cylinder of a cylindrical annulus. It was concluded that

in comparison to solid fins, porous fins provided higher transfer rates for similar con-

figurations and that the heat transfer rate from the cylinder equipped with porous fins

decreased as the fin inclination increased. Furthermore, Kiwan [10] conducted a thermal

analysis of natural convection porous fins by introducing Darcy’s model to construct the

energy equation governing the distribution of temperature. He further discovered that

by choosing a precise value for the thermal conductivity ratio and the fin length to

thickness ratio, the performance of the porous fin exceeded the performance of the solid

fin. Abu-Hijleh [11] analysed the effects of using permeable fins on the forced convection

heat transfer from a horizontal cylinder. The results obtained where similar to results

obtained as per Kiwan et al. [9] in terms of the permeable fins providing much higher

heat transfer rates. In a similar context, our model takes into account the time rate of

change of internal energy, the heat flow due to conduction, as well as the heat due to

radiation and convection. For this research, we will model the heat transfer in a porous

radial fin.

In order to study the behaviour and performance of heat transfer in the fin as described

by a nonlinear partial differential equation, we investigate the use of semi-analytical

methods to obtain solutions. Semi-analytical solutions have proved to be successful for
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authors such as Darvishi et al. [1, 12] where a solution was constructed to describe

the thermal performance and the effects of radiation and convective heat transfer in a

rectangular porous radial fin. This allowed for natural convection in the fluid saturating

the fin and radiation heat loss from the top and bottom surfaces of the fin enabling a

solid-fluid interaction to occur. They concluded that in a model containing radiation,

more heat is present than in a similar model without radiation. Similarly, this method

of solutions also proved to be effective for Aziz and Rahman [13] when examining a

fin comprising of functionally graded material and analysing the performance of the

radial fin with a continuously increasing thermal conductivity in the radial direction.

They discovered that the heat transfer as well as the fin efficiency and effectiveness

are at their highest when the thermal conductivity of the fin varies inversely with the

square of the radius. To study radial fins, a combination of the Taylor transformation

and finite-difference approximations was implemented by Yu and Chen [14, 15]. They

further performed a study on the optimization of a circular fin with variable thermal

parameters. In the research conducted here, the Differential Transformation Method

(DTM) and a Lie Symmetry Analysis are employed to help us overcome certain numer-

ical difficulties and observe the behaviour of the solution.

The Differential Transformation Method (DTM), which was first proposed by Zhou [16],

is a numerical semi-analytical method applied to linear and nonlinear systems of ordinary

differential equations. This method rapidly provides exact values of the nth derivative of

an analytical function at a point in terms of the boundary conditions. This method con-

structs a semi-analytical solution in the form of a polynomial for differential equations

which is different from the high order Taylor series method, which requires symbolic

computation of the necessary derivatives of the data functions [17]. The DTM is an

iterative procedure used for obtaining Taylor series solutions of differential equations

[17]. This method has been successfully implemented in many engineering applications
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[18, 19, 20, 21, 22, 23, 24]. Recently, Mohsen et al. [25] analysed the radiative radial fin

with temperature-dependent thermal conductivity by implementing the DTM as well as

the Boubaker polynomials expansion scheme (BPES). Ndlovu et al. [26] derived approx-

imate analytical solutions for the temperature distribution in a longitudinal rectangular

and convex parabolic fin with temperature dependent thermal conductivity and heat

transfer coefficients. These authors, for the first time, used a two-dimensional DTM

for the transient heat conduction problem. A study of a radial fin in terms of the fin’s

thickness with convection heating at the base and the convection-radiative cooling at

the tip was conducted by Aziz et al. [27]. They conducted an analysis using DTM and

verified the results by comparing it to an exact analytical solution. Extensive analytical

studies have been done for the solution of problems similar to the one under discus-

sion. However, such studies are at times limited when the problem structure increases

in complexity.

In order to introduce the Lie point symmetries method, we will first proceed with the

attainment of conditions via Lie point symmetries. Symmetries play an important role

in the derivation of exact solutions of both ordinary differential equations (ODEs) and

partial differential equations (PDEs) in mathematical physics. The symmetries admit-

ted by a differential equation transforms dependent and independent variables which

maps the equation or system of equations onto itself. The Taylor series expansions

of the local transformations represented by functions with respect to a parameter in

the neighbourhood of ε = 0 provides us with infinitesimal transformations. Several

advances in the field of symmetry methods (group analysis) of differential equations

[28, 29, 30, 31, 32] have been explored since the Lie symmetry is a well-known subject.

Lie point symmetry techniques were used to analyze nonlinear heat transfer models in

extended fins by Kamogelo [33]. He initially used the method to determine the exact

solutions for heat transfer in fins of spherical geometry. They found that the radiation
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transfers more heat in comparison to a similar model without radiation. In conjuncture

with symmetry analysis Ndlovu et al. [34], the same authors of [26], determined the Lie

point symmetries associated with the conservation laws for the transient heat conduc-

tion problem. Moitsheki and Harley [35] employed symmetry techniques to determine

forms of the source, or sink term, for the steady heat transfer through a pin fin. In a

similar context the same authors [36] studied the transient heat transfer through a longi-

tudinal fin of various profiles by employing classical Lie point symmetry methods. They

observed that for long periods of time the temperature profile becomes unusual for the

heat transfer in longitudinal triangular and concave parabolic fins. This was corrected

by increasing the value of the thermo-geometric fin parameter. As such, we find that

the Differential Transformation Method as well as the Lie point symmetry analysis have

been applied to many different problems relating to heat transfer. Since we noticed that

the problem under consideration is quite sensitive to the initial condition provided, we

attempt to determine initial conditions admitted by the equation under consideration

using infinitesimal generators that leave the form invariant.

In cases where semi-analytical methods fail, we rely on numerical techniques to solve

specifically complex nonlinear differential equations. The Crank-Nicolson method was

developed in the mid 20th century by Crank et al. [37] in order to evaluate numerical

solutions for such nonlinear partial differential equations. The Crank-Nicolson method

is a finite difference method which can be written as an implicit Runge-Kutta method is

implicit time and can lead to unconditionally stable finite different schemes [37]. Gorla

and Bakier [38] investigated natural convection and radiation in porous fins by solving

a second order non-linear ordinary differential equation using the Runge-Kutta fourth

order method. The concept of the Crank-Nicolson scheme combined with the Newton-

Raphson method was implemented by Janssen et al. [39]. The Crank-Nicolson scheme

was used to transform a system of differential equations into two sets of simultane-
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ous linear equations, which were then solved by applying Gauss’s elimination method

whereas the Newton-Raphson method was used to implicitly enhance the model’s ef-

ficiency by improving the poor convergence rate. In a similar context, Qin et al. [40]

used this scheme combination to model the heat flux and to estimate the evaporation in

applied hydrology and meteorology. The Crank-Nicolson method was used to expand

the differential equations whereas the iterative Newton-Raphson method was used to

approximate latent heat flux and surface temperatures. In this thesis, we will be em-

ploying both these methods in a similar fashion.

Another numerical approach used in this research is the Well-Balancing numerical

scheme. It effectively deals with the proper form of the porous radial fin and solves

the problem of heat transfer in such a fin. This scheme has been shown to effectively

and efficiently obtain results for a rectangular fin profile as per the literature [36, 41, 42].

In the work of Rusgara et al. [43], the Well-Balancing scheme was used to solve a nonlin-

ear partial differential equation modeling the temperature distribution in a triangular

fin without requiring any additional assumptions or simplifications of the fin profile.

In order to develop this approach, we use a finite volume method to illustrate how

it reduces the order of differentiation by one. Thereafter, by using volume averaging

and the Taylor series expansion, we establish a numerical balance law. Based on the

balance law and information obtained through a consideration of the steady-state equa-

tion which in turn is incorporated into the transient heat transfer equation, we obtain a

Well-Balancing scheme that maintains steady-state solutions. To the best of the authors

knowledge, the Well-Balancing scheme has not previously been used in the literature to

solve the problem of heat transfer in a porous radial fin as structured in this thesis.

We mentioned the equation under considered has certain numerical difficulties and is

quite sensitive to the initial condition provided. Furthermore, we note that some semi-
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analytical methods fail due to these difficulties and we have to rely on numerical tech-

niques to solve this complex nonlinear differential equation. As such, we investigate the

stability of the partial differential equation using a dynamical system analysis. As far

as we know, there has been no or very little work done regarding a dynamical system

analysis for the problem presented in this research. For that reason, we will conduct a

dynamical system analysis, in an attempt to describe and analyse the limiting behaviour

of the scheme and certain physical insights. A dynamical system is a system that evolves

over time and space, but their evolution is not random. The system’s structure as well

as past conditions determines its current state. Hence, the variables used to determine

the evolution of the dynamical system are time-indexed [44]. Moitsheki and Harley

[36, 45] conducted a small scale dynamical analysis. In order to expand the analysis in

[45], Harley [46] employed an in-depth dynamical analysis to specifically monitor the

behaviour at the fin tip. This dynamical analysis also served as a means of investigating

the role and effect of the thermo-geometric parameter. In this thesis, we will employ a

similar methodology, which will prove to be of immense use in classifying the dynamics

of specific points of the solution and the engagement between parameters.

A substantial amount of work has been conducted on the steady state case of problems

in this field as analytical methods are more suitable for solving these equations. In

this research, a time dependent partial differential equation modeling the heat transfer

in a porous radial fin will be considered. This thesis is outlined as follows. Chapter

2 provides an overview of the physics and construction of the time dependent partial

differential equation. The equation will be derived and nondimensionalised appropri-

ately. In Chapter 3 we employ the semi-analytical approaches namely, the Differential

Transformation method as well as the Lie symmetries analysis. These approaches which

will be used to study the behaviour of the model and assist in structuring an initial con-

dition respectively. The solutions to these analytical approaches will serve as a means
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of comparison to the numerical solutions employed. In order to assess the effectiveness

of this scheme and its limitations we employ a dynamical systems analysis in Chap-

ter 4; in this manner we are able to engage with the limitations placed on parameter

values with regards to obtaining solutions. Chapter 4 further provides insight into the

comparative dynamics and stability of the equation obtained via an alternate means of

nondimensionalisation. In Chapter 5, the partial differential equation is solved numeri-

cally using the Crank-Nicolson scheme combined with the Newton-Raphson method as

a predictor corrector to explicitly cater for the model’s efficiency when dealing with the

nonlinear source terms. Chapter 6 is dedicated to the implementation of the numerical

Well-Balancing scheme which is designed to ensure the steadiness of the numerical so-

lution. In the final chapter, Chapter 7, conclusions are drawn from the work done in

this thesis.

The importance of this work relates to the detailed analysis of the dynamics of the

temperature at the fin tip. Furthermore, we are able to investigate the impact of the

nonlinear source terms on the stability of the schemes employed and the solutions that

can be obtained. This highlights the care that needs to be taken when choosing to solve

equations of this nature, particularly when solving via numerical tools. Parameters of

physical importance are shown to have value limitations due to stability requirements of

the relevant schemes. Consequently, while numerical solutions may have been obtained

here and by other authors it needs to be noted that these do not indicate an ability

to obtain solutions for all relevant parameter values, or that it may be assumed that

solutions that seemed to have converged are indeed dynamically stable and physically

accurate.
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Chapter 2

Model Derivation

The work in this Chapter has been published in Advances in Mathematical Physics [47].

In this chapter we derive the partial differential equation pertaining to the physical

system of a porous radial fin. The geometry and properties of the porous radial fin are

reviewed and a brief theory of constructing the energy balance equation by applying

Fourier’s law of heat conduction and Darcy’s law is presented. This mathematical

analysis has been closely followed as per the work done by Darvishi et al. [1] and Aziz

et al. [27].

Consider a cylindrical porous radial fin with base radius rb, tip radius rt and thickness s

as shown in Figure 2.1. The fin is comprised of an effective thermal conductivity porous

material keff and permeability K. It is assumed that the tip of the fin is adiabatic (i.e.

a process that occurs without the transfer of heat/matter between the system and its

surroundings) and the base of the fin is maintained at a constant temperature Tb. The

internal energy per unit volume with the absolute temperature T is denoted by ρCvT .

In accordance with Darcy’s law, the fin makes contact with an ambient fluid which

infiltrates the fin. The ambient fluid comprises of an effective density of the porous fin

ρf , a specific heat of the porous fin Cp,f , the kinematic viscosity of the ambient fluid νf ,

the thermal conductivity of the ambient fluid kf , and the volumetric thermal expansion

coefficient of the ambient fluid βf . The top and bottom surfaces are presumed to have

a constant surface emissivity and emit radiation to the ambient fluid at temperature Tb.
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This also serves as the radiation heat sink.

Fig. 2.1: Porous radial fin geometry incorporating the energy balance of a cylindrical
cross section.

The heat flow into the volume element of thickness s, circumference 2πr, radial width

dr at position r is constructed as follows,

= 2πrsqr − 2qr+drπ(r + dr)s

= −keff2πrs
dT

dr
(r) + keff

dT

dr
(r + dr)2π(r + dr)s

= −keff2πrs
dT

dr
(r) + keff (2πrs+ 2πdrs)

[dT
dr

(r) +
d2T

dr2
(r)dr

]
= −keff2πrs

dT

dr
(r) + keff

[
2πrs

dT

dr
(r) + 2πdrs

dT

dr
+ 2πrs

d2T

dr2
(r)dr

]
= keff2πs

d

dr

(
r
dT

dr

)
(2.1)

where qr = −keff dTdr is the heat flow per unit area in the r direction.
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Constructing the energy balance of a fin element (Figure 2.1), we obtain,

qr − qr+dr − qconv − qrad = I,

→ d

dr

(
2πrkt

dT

dr

)
dr−ρfv(r)(2πrdr)cp,f (T−Ta)−2εσFf−a(2πrdr)(T

4−T 4
a ) = ρCv2πrs dr

dT

dt
,

(2.2)

where

I = ρCv2πrs dr
dT

dt
, (2.3)

qr − qr+dr =
d

dr

(
2πrkt

dT

dr

)
dr, (2.4)

qrad = 2εσFf−a(2πrdr)(T
4 − T 4

a ), (2.5)

qconv = ρfv(r)(2πrdr)cp,f (T − Ta), (2.6)

where Equation (2.3) is the time rate of change of internal energy in the volume element,

Equation (2.4) is a basis of the application of Fourier’s law of heat conduction, Equation

(2.5) denotes the heat loss due to radiation through the top and bottom surfaces of the

fin and Equation (2.6) denotes the heat loss due to convection due to Darcy’s flow

through a porous fin. At any radiation location r, the velocity of the buoyancy driven

flow v(r) is obtained by the implementation of Darcy’s as follows,

v(r) =
gβf (T − Ta)

vf
. (2.7)

By substituting Equations (2.3) - (2.6) into Equation (2.2),

∂

∂t

[
ρCv2πrsdr

]
= keff2πs

∂

∂r

(
r
∂T

∂r

)
−2εσFf−a(2πrdr)(T

4−T 4
a )−ρfv(r)(2πrdr)cp,f (T−Ta)
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which implies that,

ρCv2πrsdr
∂T

∂t
= keff2πs

∂

∂r

(
r
∂T

∂r

)
− 2εσFf−a(2πrdr)(T

4 − T 4
a )

− ρfv(r)(2πrdr)cp,f (T − Ta).
(2.8)

After multiplying by 1
2πrskeffdr

and substituting Equation (2.7), the following nonlinear

partial differential equation governing the temperature distribution in the fin is obtained,

ρCv
keff

∂T

∂t
=

1

r

∂

∂r

(
r
∂T

∂r

)
− 2εσFf−a

keffs

(
T 4 − T 4

a

)
− ρfCp,fKgβf

keffsVf

(
T − Ta

)2

,

rb ≤ r ≤ rt, t ≥ 0. (2.9)

The boundary conditions are given by,

∂T

∂r

∣∣∣∣
rb

= 0, T (rt, t) = Tb. (2.10)

The fin is initially kept at the temperature of the fluid (ambient temperature) which is

given by,

T (r, 0) = Ta. (2.11)

We introduce the following dimensionless quantities,

θ =
T − Ta
Tb − Ta

, θa =
Ta

Tb − Ta
, r̂ =

r − rt
rb − rt

, r̂∗ =
rb
rt
, τ =

keff t

ρCvr2
t

,

Nc =
ρfCp,fKgβfr

2
t (Tb − Ta)

Vfkeffs
, Nr =

2εσFf−ar
2
t (Tb − Ta)3

keffs
. (2.12)

Firstly, we non-dimensionalise the right hand side of Equation (2.9),

ρCv
keff

∂T

∂t
=
ρCv
keff

∂(θ(Tb − Ta))

∂
(
τρCvr2

t

keff

) =
Tb − Ta
r2
t

∂θ

∂τ
.
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We now consider the conserved term on the right hand side,

1

r

∂

∂r

(
r
∂T

∂r

)
=

1

r̂(rb − rt) + rt

∂

∂(r̂(rb − rt) + rt)

(
(r̂(rb − rt) + rt)

∂(θ(Tb − Ta)
∂(r̂(rb − rt) + rt)

)
,

=
1

(r̂(rb − rt) + rt)(rb − rt)
∂

∂r̂

(
(r̂(rb − rt) + rt)

∂(θ(Tb − Ta))
∂(r̂(rb − rt) + rt)

)
,

=
1

(r̂(rb − rt) + rt)(rb − rt)
∂

∂r̂

(
(r̂(rb − rt) + rt)

(Tb − Ta)
(rb − rt)

∂θ

∂r̂

)
,

=
(Tb − Ta)

r2
t

[ 1

r̂(r̂∗ − 1) + 1

∂

∂r̂(r̂∗ − 1)

(
r̂(r̂∗ − 1) + 1

∂θ

∂r̂(r̂∗ − 1)

)]
,

=
(Tb − Ta)

r2
t

[ 1

(r̂(r̂∗ − 1) + 1)(r̂∗ − 1)

∂

∂r̂

( r̂(r̂∗ − 1) + 1

(r̂∗ − 1)

∂θ

∂r̂

)]
.

Next, we consider the two nonlinear terms on the right hand side. Firstly,

ρfCp,fKgβf (T − Ta)2

keffsVf
=
ρfCp,fKgβf (θ(Tb − Ta) + θa − (θa(Tb − Ta)))2

keffsVf
,

=
ρfCp,fKgβf (Tb − Ta)2(θ + θa − θa)2

keffsVf
,

=
ρfCp,fKgβf (Tb − Ta)2θ2

keffsVf
.

Secondly,

2εσFf−a (T 4 − T 4
a )

keffs
=

2εσFf−a (θ(Tb − Ta) + Ta)
4 − (θa(Tb − Ta))4

keffs
,

=
2εσFf−a (Tb − Ta)4((θ + θa)

4 − θ4
a)

keffs
.

After multiplying through by
r2
t

Tb−Ta
, we find that our original Equation (2.9) becomes,

∂θ

∂τ
=

1

[r̂(r̂∗ − 1) + 1)](r̂∗ − 1)

∂

∂r̂

( r̂(r̂∗ − 1) + 1

r̂∗ − 1

∂θ

∂r̂

)
−Ncθ2−Nr((θ+θa)

4−θ4
a), (2.13)

where r̂∗ is defined as rt
rb

and the parameters Nc and Nr are stated as per Equation

(2.12).
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Employing the non-dimensional transformations given by Equation (2.12) we find that

at r̂ = rb we obtain r̂ = 0 and at rt we obtain r̂ = 1. Thus, we now work on the interval

0 ≤ r̂ ≤ 1 with τ ≥ 0.

As such the non-dimensional boundary conditions are given by,

∂θ

∂r̂

∣∣∣∣
r̂0

= 0, , θ(1, τ) = 1 (2.14)

and

θ(r̂, 0) = 0. (2.15)

Equation (2.13) is a nonlinear partial differential equation comprising of two nonlinear

terms. The first nonlinear term Nc, the coefficient of θ2, refers to the buoyancy or nat-

ural convection transport of energy by the infiltrate whereas the second nonlinear term

Nr, the coefficient of (θ + θa)
4 − θ4

a, refers to the surface radiative heat transfer from

the fin to the ambient fluid. The parameter Nc is a combination of Rayleigh number

Ra, Darcy’s number Da, the thermal conductivity ratio Kr and the ratio of the fin tip

radius to fin thickness. The parameter Nr indicates the role of surface radiation to

conduction in the fin. The parameter θa is the ratio of the ambient fluid temperature

and the difference between the base temperature and the fluid temperature (Tb − Ta).

For the rest of this research we remove the hat on the independent variable r for sim-

plicity. Furthermore, the model employed closely follows the work by Darvishi et al.

[1]; in order to compare the results obtained by those authors we use similar parameter

values for r∗,Nc,Nr and θa. The value of r∗ = rb
rt

is however defined as the inverse of the

r∗ in the investigations of Darvishi et al. [1] (in their work they define this parameter

as R∗ = rt
rb
> 1). To allow for a means of comparison we prescribe values for r∗ as 1

R∗
.
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Chapter 3

Steady State Solutions: semi-analytical
methods

The work in section 3.2 has been published in Advances in Mathematical Physics [47].

3.1 Introduction

In this chapter, we study the behaviour exhibited by the partial differential equation,

Equation (2.13), through the use of analytical solutions. Such solutions are naturally

ideal since they can describe the exact behaviour of the heat transfer for a relevant model.

Analytical solutions have proved to be effective to authors such as Aziz and Rahman

[13] when examining a fin comprising of functionally graded material and analysing the

performance on the radial fin with a continuously increasing thermal conductivity in

the radial direction. They discovered that the heat transfer as well as the fin efficiency

and effectiveness are at their highest when the thermal conductivity of the fin varies

inversely with the square of the radius.

In a similar context to the our work, Kiwan [10] conducted a thermal analysis of natural

convection porous fins by introducing Darcy’s model to construct the energy equation

governing the distribution of temperature. He further discovered that, by choosing a

precise value for the thermal conductivity ratio and the fin length to thickness ratio,

the performance of the porous fin exceeded the performance of the solid fin. Abu-Hijleh
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[11] analysed the effects of using permeable fins on the forced convection heat transfer

from a horizontal cylinder. The results obtained where similar to results obtained as

per Kiwan et al. [9] in terms of the permeable fins providing much higher heat transfer

rates.

In the research conducted here, the Differential Transformation Method (DTM), Lie

Symmetry Analysis and an asymptotic analysis are employed to help us understand the

dynamics of the problem as well as study and observe the behaviour of the solution

specifically related to the fin’s performance of the partial differential equation.

3.2 Differential Transformation Method

3.2.1 Introduction

In this section, we strive to obtain steady state solutions to Equation 2.13, derived in

Chapter 2, modeling the heat transfer in a porous radial fin. The Differential Trans-

formation Method is an approximation method based on the Taylor series expansion

that can easily be applied to several linear and nonlinear problems. It constructs an

analytical solution in terms of a polynomial and is capable of reducing the size of the

computational work.

The predominant advantage of this method is that it can be applied directly to linear

and nonlinear ordinary differential equations without requiring linearisation, discretisa-

tion or perturbation [48]. This method has been used in a similar manner by Ghasemi

et al. [49] to solve the nonlinear temperature distribution equation with temperature

dependent internal heat generation in porous and solid longitudinal fins. Furthermore,

Fidanoglu et al. [50] used the method to construct a general expression for the heat
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distribution profile of a fin with spine geometry. Based on the fin effectiveness, entropy

values and efficiency, it was found that the cylindrical fin had the highest rate of heat

transfer.

In order to implement the method in question, we recall that an arbitrary analytical

function f(x) in the domain D can be expanded via the Taylor series about a point

x = 0 as,

f(x) =
∞∑
k=0

xk

k!

[dkf(x)

dxk

]
x=0

. (3.2.1.1)

The differential transform of f(x) can thus be defined as,

F (k) =
1

k!

[dkf(x)

dxk

]
x=0

, (3.2.1.2)

with the inverse differential transform as,

f(x) =
∞∑
k=0

xkF (k). (3.2.1.3)

The fundamental theorems of the one-dimensional differential transform method - some

of which will be implemented in this paper - are given as follows,

Theorem 1 : If f(x) = g(x)± h(x), then F (k) = G(k)±H(k).

Theorem 2 : If f(x) = cg(x), then F (k) = cG(k), where c is a constant.

Theorem 3 : If f(x) = dng(x)
dxn

, then F (k) = (k+n)!
k!

G(k + n).

Theorem 4 : If f(x) = g(x)h(x), then F (k) =
∑k

k1=0G(k1)H(k − k1).

Theorem 5 : If f(x) = xn, then F (k) = δ(k − n), where δ(k − n) =


1, k = n

0, k 6= n

Theorem 6 : If f(x) = g1(x)g2(x)....gn−1(x)gn(x), then

17



F (k) =
k∑

kn−1=0

kn−1∑
kn−2=0

....

k3∑
k2=0

k2∑
k1=0

G2(k1)G1(k2−k1)×.....×Gn−1(kn−1−kn−2)Gn(kn−kn−1).

3.2.2 Implementation of the Differential Transformation Method

Through the use of these properties of the one-dimensional differential transformation

method, we obtain the following iterative procedure for the steady state case of Equation

(2.13),

Θ[k + 2] =
( −(r∗ − 1)2

(k + 1) (k + 2)

)( (k + 1) Θ[k + 1]

(r∗ − 1) ((r∗ − 1) + 1) δ[k − 1]
−Nc ∗

k∑
k1=0

Θ[k1] Θ[k − k1]

−Nr ∗
(( k∑

k4=0

k4∑
k3=0

k3∑
k2=0

k2∑
k1=0

Θ[k1] Θ[k2 − k1] Θ[k3 − k2] Θ[k4 − k3] Θ[k − k4]
)

+ 4 θa

( k∑
k3=0

k3∑
k2=0

k2∑
k1=0

Θ[k1] Θ[k2 − k1] Θ[k3 − k2] Θ[k − k3] Θ[k − k4]
)

+ 6 θ2
a

( k∑
k2=0

k2∑
k1=0

Θ[k1] Θ[k2 − k1] Θ[k − k2]
)

+ 4 θ3
a Θ[k]− θ4

a

))
(3.2.2.4)

This method requires initial conditions, i.e. we require the values of θ(0, τ) and ∂θ(0,τ)
∂r

since the equation is of second order. We notice that even though we have an initial

value for the first derivative, we do not have a value for θ at r = 0. Therefore we specify

our initial conditions for the iterative procedure (3.2.2.4) as follows,

Θ(0) = Θ0, Θ(1) = 0 (3.2.2.5)

where the initial condition for θ is given an assumed value while the first derivative

condition becomes Θ(1) = 0. Through the use of Equation (3.2.2.4) and the conditions
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given by Equation (3.2.2.5) we are able to obtain,

Θ(0) = −(1/2)(−1 + r∗)2(−Θ2
0Nc −Nr(Θ5

0 + 4Θ4
0θa + 6Θ3

0θ
2
a + 4Θ0θ

3
a − θ4

a)),

Θ(1) = −(1/6)(−1 + r∗)2(Nrθ4
a − (−1 + r∗)(−Θ2

0Nc −Nr(Θ5
0 + 4a4θa

+6Θ3
0θ

2
a + 4Θ0θ

3
a − θ4

a))),

Θ(2) = −(1/12)(−1 + r∗)2(Θ0Nc(−1 + r∗)2(−Θ2
0Nc −Nr(Θ5

0 + 4Θ4
0θa + 6Θ3

0θ
2
a

+4Θ0θ
3
a − θ4

a))− 1
2r∗

((−1 + r∗)(Nrθ4
a − (−1 + r∗)(−Θ2

0Nc −Nr(Θ5
0 + 4Θ4

0θa

+6Θ3
0θ

2
a + 4Θ0θ

3
a − θ4

a))))−Nr(−θ4
a − 5/2Θ4

0(−1 + r∗)2(−Θ2
0Nc −Nr(Θ5

0 + 4Θ4
0θa

+6Θ3
0θ

2
a + 4Θ0θ

3
a − θ4

a))− 8Θ3
0(−1 + r∗)2θa(−Θ2

0Nc −Nr(Θ5
0 + 4Θ4

0θa + 6Θ3
0θ

2
a

+4Θ0θ
3
a − θ4

a))− 9Θ2
0(−1 + r∗)2θ2

a(−Θ2
0Nc −Nr(Θ5

0 + 4Θ4
0θa + 6Θ3

0θ
2
a + 4Θ0θ

3
a

−θ4
a))− 2(−1 + r∗)2θ3

a(−Θ2
0Nc −Nr(Θ5

0 + 4Θ4
0θa + 6Θ3

0θ
2
a + 4Θ0θ

3
a − θ4

a)))),

(3.2.2.6)

which allows us, upon substitution into Equation (3.2.1.3), to obtain,

θ(r) =
n∑
k=0

(r − r0)kΘ(k) (3.2.2.7)

where r0 = 0. However, in order to determine the solution given by Equation (3.2.2.7)

we need to first find the value of Θ0. In order to determine a value for Θ0, we use the false

position method. The boundary condition which has not yet been employed is θ(1) = 1.

Thus we substitute the values obtained as per Equation (3.2.2.6) into Equation (3.2.2.7)

for r = 1. This provides us with the equality W (Θ0) = 1 where W (Θ0) can be written

as v(Θ0)
u(Θ0)

and hence we need to solve the equation Z(Θ0) = v(Θ0) − u(Θ0) = 0. By

plotting v(Θ0) and u(Θ0) we are able to obtain an interval [Θa
0,Θ

b
0], where Θa

0 and Θb
0

are two guesses to Θ0, within which the two functions are equal. Using these values we
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are able to obtain an improved value which satisfies Z(Θ0) = 0 as follows,

Θnew
0 =

Θb
0Z(Θb

0)−Θa
0Z(Θa

0)

Z(Θb
0)− Z(Θa

0)
. (3.2.2.8)

This procedure is iterated until a chosen error tolerance is reached such that Z(Θnew
0 )�

ε. We employed this method as well as NSolve in MATHEMATICA as a means of

verifying the accuracy of the value. As a brief example, we consider a case where

Nc = 10, Nr = 1, r∗ = 1
1.75

, θa = 0.2 and n = 3 for which we would obtain Θ0 = 0.564821

resulting in,

θ(r) = 0.564821 + 0.311221r2 + 0.0444111r3 + 0.0685314r4 + 0.0110162r5. (3.2.2.9)

Fig. 3.1: Plot of solution obtained for DTM with Nc = 10, Nr = 1, r∗ = 1
1.75

, θa = 0.2
and n = 3.
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3.2.3 Results and Discussion

Based on the solution obtained, we look at the convergence as well as the validation

of the DTM series. The convergence is tested by varying the number of terms of the

series whereas the accuracy of the DTM solution is assessed by comparing them with

the solution obtained as per the work of Aziz et al. [27].

In this work, we have employed a polynomial of order n = 10 as our steady state

solution. We are, via this methodology, able to obtain a polynomial of degree n = 16

which compares well to the sufficiently accurate solution produced with n = 15 as per

the work of Aziz et al. [27]. However, for any degree larger we find that limited memory

becomes a stumbling block for MATHEMATICA. Furthermore, as seen in Table 3.1, for

n = 10 we find that our tip temperature θ0 = 0.55725 whereas for n = 16, θ0 = 0.55678;

thus increasing the degree of the polynomial has a minimal effect on the solution in

terms of accuracy.

Table 3.1: Temperatures at the tip of the fin for varied values of n for the DTM solution.

n 0 1 2 3 4 5 6 7 8
θ0 0.62034 0.5983 0.56887 0.56482 0.55988 0.55884 0.55778 0.55751 0.55725

n 9 10 11 12 13 14 15 16
θ0 0.55717 0.5571 0.55703 0.55697 0.55692 0.55685 0.5580 0.55678

Parameter values: Nc = 10 Nr = 1 r∗ = 1
1.75

θa = 0.2

We can remark here that many terms are likely to be needed in order for the series

solution to match solutions obtained in [1]. This discrepancy is also not of extreme

concern since this semi-analytical solution is not our only means of comparison to the

solutions obtained by Darvishi et al. [1]. The DTM results will be used as a baseline for

the numerical schemes methods employed namely; the Crank-Nicolson scheme (CN), the

Crank-Nicolson scheme with Newton-Raphson predictor corrector and Usmani method

(CNNR) and the Well-Balancing scheme (WBS).
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3.3 Lie Symmetry Method

3.3.1 Introduction

We noticed that the problem under consideration is quite sensitive to the initial condition

provided when employing numerical schemes, as we will show in subsequent Chapters.

To assist in this regard, we attempt to determine initial conditions admitted by the

equation under consideration using infinitesimal generators that leave the form invari-

ant. We will first proceed with the attainment of conditions via Lie point symmetries.

In this section, we propose initial conditions admitted by the equation under considera-

tion using infinitesimal generators that leave the form invariant. Sophus Lie’s approach

to classical symmetries solves overdetermined systems of linear differential equations for

coefficients of vector fields of infinitesimal symmetries by reducing their computation.

This computation follows a clear algorithm which may appear simple in structure but

sometimes has an enormous volume of calculations with intermediate expressions that

contains numerous terms for higher-order partial differential equations [51]. The main

use for lie symmetries admitted by a given system of differential equations are:

� To reduce or lower the order of the equation to quadrature in terms of ordinary

differential equations and

� To determine the particular solutions also known as “invariant solutions” or to

generate new solutions in terms of an ordinary or partial differential equation

where a special solution is known.

Lie Symmetry analysis have been used by Moitsheki et al. [52] to determine forms of

the arbitrary functions appearing in a steady nonlinear one-dimensional fin problem and
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by Ali et al. [53] to reduce and obtain exact solutions for a nonlinear fin equation in

cylindrical coordinates.

3.3.2 Methodology

In this subsection we will provide an overview of the method to be employed as a

means of obtaining an appropriate initial condition for the numerical schemes still to be

discussed.

Given the nth order ordinary differential equation,

yn = f(x, y, y1, . . . , yn−1) (3.3.2.10)

admits the one-parameter Lie group of transformations with the infinitesimal generator,

X = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
(3.3.2.11)

if and only if,

X(n)[yn − f(x, y, y1, . . . , yn−1)] = 0 (3.3.2.12)

for,

yn = f(z, x, y, y1, . . . , yn−1)

where,

X(n) = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
+ η(1)(x, y, y1)

∂

∂y1

+ . . .+ η(n)(x, y, y1, . . . , yn)
∂

∂yn
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is the extended infinitesimal generator of order n for Equation (3.3.2.11). Thus, we can

write Equation (3.3.2.12) in the form,

η(n) =
[
ξ
∂f

∂x
+ η

∂f

∂y
+ η(1) ∂f

∂y1

+ . . .+ η(n−1) ∂f

∂yn−1

]
= 0 (3.3.2.13)

where yn = f(z, x, y, y1, . . . , yn−1). It can be seen that Equation (3.3.2.13) is a polyno-

mial in y1, y2, . . . , yn−1 whose coefficients are linear homogeneous in (ξ(x, y), η(x, y)) and

their partial derivative up to order n. Furthermore, we can assign arbitrary values at any

fixed point x for each y1, y2, . . . , yn−1 for any nth order ODE (3.3.2.13). It follows that

the coefficient of each polynomial term in Equation (3.3.2.13) must vanish. Thus, we

have a system of linear homogeneous partial differential equations for (ξ(x, y), η(x, y)).

This linear system defines the set of determining equations for the infinitesimals ad-

mitted by the nth oder ODE (3.3.2.13). If n ≥ 2, the set is over-determined since the

number of determining equation exceeds two (i.e. the number of unknowns ξ and η).

Suppose that f(x, y1, y2, . . . , yn−1) is not a polynomial in y1, y2, . . . , yn−1. A correspond-

ing set of determining equations from Equation (3.3.2.13) based on the independence of

the variables y1, y2, . . . , yn−1 can be derived. It can be shown that the second order ODE

admits at most an eight-parameter Lie group on transformations where as an nth order

ODE (n > 2) admits at most an (n+ 4)−parameter Lie group of transformations. Now

we state some theorems on the forms of infinitesimal generators which can be admitted

by ODEs. These theorems simplify the tedious work involved in setting and solving the

determining equations for the infinitesimal (ξ(x, y), η(x, y)).
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Theorem 1

Consider an nth order ODE, n ≥ 3, of the form,

yn = g(x, y, y1yn−1) + h(x, y, y1, . . . , yn−2). (3.3.2.14)

If Equation (3.3.2.14) admits the infinitesimal generator, Equation (3.3.2.11), then

ξy = 0.

Theorem 2

Consider an nth order ODE, n ≥ 3, of the form,

yn = g(x, y)yn−1 + h(x, y, y1, . . . , yn−2). (3.3.2.15)

If Equation (3.3.2.15) admits the infinitesimal generator, Equation (3.3.2.11), then

ξy = 0, ηyy = 0.

Theorem 3

Consider a second order ODE of the form,

yn = g(x, y)yn−1 + h(x, y, y1, . . . , yn−2). (3.3.2.16)

If Equation (3.3.2.16) admits the infinitesimal generator, Equation (3.3.2.11), with ξy =

0 then

ηyy = 0.
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3.3.3 Results

We employ this method in MATHEMATICA using the package "Sym", which computes

the symmetries of systems of differential equations. We recall that r represents the

radial coordinate, r∗ the ratio of tip radius to base radius, Nr the radiation parameter

and Nc the buoyancy or natural convection parameter. In addition, c1, c2, . . . , c8 are

arbitrary constants which will be introduced in this section as necessary.

In terms of our nonlinear partial differential equation, we will only consider the cases

where either Nc 6= 0 or Nr 6= 0 in order to account for the buoyancy/natural convection

transport of energy as well as the surface radiative heat transfer i.e. Case 1, Case 4

and Case 5. Furthermore, we plot the solutions for each case (i.e. 1, 4 and 5) where

Nc = 0.01, Nr = 0.0001, r∗ = 1
1.75

and θa = 0.2. Thus for the steady state case as per

Equation (2.13), we obtain the following classical symmetries from MATHEMATICA:

Case 1 : r∗ = 1 andNr 6= 0 orNc = 0 andNr = 0 and r∗ = 1 or

Nr = 0 and r∗ = 1 andNc 6= 0

We obtain the infinitesimal generator given by,

X =
[
θ(c1 + rc2) + r2c6 + c7 + rc8

] ∂

∂r
+
[
c3 + rc4 + θ(θc2 + c5 + rc6)

] ∂

∂θ
,

with the corresponding coefficients,

ξ(r, θ) = θ(c1 + rc2) + r2c6 + c7 + rc8,

η(r, θ) = c3 + rc4 + θ(θc2 + c5 + rc6).
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which leads to,

X [1] : θ ∂
∂r

= 0,

X [2] : θr ∂
∂r

+ θ2 ∂
∂θ

= 0,

X [3] : ∂
∂θ

= 0,

X [4] : r ∂
∂θ

= 0,

X [5] : θ ∂
∂θ

= 0,

X [6] : r2 ∂
∂r

+ rθ ∂
∂θ

= 0,

X [7] : ∂
∂r

= 0,

X [8] : r ∂
∂r

= 0.

(3.3.3.17)

Next we solve each characteristic equation for (3.3.3.17) and implement the boundary

condition as per Equation (2.14) i.e. θ(1) = 1, such that,

θ(r) = r. (3.3.3.18)

Fig. 3.2: Plot of the solution of Case 1 obtained via a symmetry analysis.

The solution obtained for Case 1 is reasonable as the fin temperature is dependent on
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the radial coordinate which lies within the boundaries of the tip radius and base radius.

We observe that for increasing values of r, θ(r) increases. This means that θ(r) at the

fin base is much larger than at the fin tip, which is to be expected given that heat is

introduced at the base.

Case 2 : (r∗ − 1)(1− r + rr∗) 6= 0 andNc = 0 andNr = 0

We obtain the infinitesimal generator given by,

X =(1 + r(r∗ − 1))
[
θc5 + c7 + (θc6 + c8)Log(1 + r(r∗ − 1)) +

c1Log(1 + r(r∗ − 1))2

(r∗ − 1)2

] ∂

∂r

+
(r∗ − 1)(θc2 + c4 + (r∗ − 1)θ2c6) + (θc1 + c3)Log(1 + r(r∗ − 1))

r∗ − 1

∂

∂θ
.

where the appropriate coefficients have been calculated as follows,

ξ(r, θ) = (1 + r(r∗ − 1))
[
θc5 + c7 + (θc6 + c8)Log(1 + r(r∗ − 1)) +

c1Log(1 + r(r∗ − 1))2

(r∗ − 1)2

]
,

η(r, θ) =
(r∗ − 1)(θc2 + c4(r∗ − 1)θ2c6) + (θc1 + c3)Log(1 + r(r∗ − 1))

r∗ − 1
.

which leads to,

X [1] : (1+r(r∗−1))Log(1+r(r∗−1))2

(r∗−1)2
∂
∂r

+ θLog(1+r(r∗−1))
r∗−1

∂
∂θ

= 0,

X [2] : θ ∂
∂θ

= 0,

X [3] : Log(1+r(r∗−1))
r∗−1

∂
∂θ

= 0,

X [4] : ∂
∂θ

= 0,

X [5] : (1 + r(r∗ − 1))θ ∂
∂r

= 0,

X [6] : (1 + r(r∗ − 1))θLog(1 + r(r∗ − 1)) ∂
∂r

+ θ2 ∂
∂θ

= 0,

X [7] : (1 + r(r∗ − 1)) ∂
∂r

= 0,

X [8] : (1 + r(r∗ − 1))Log(1 + r(r∗ − 1)) ∂
∂r

= 0.

(3.3.3.19)
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Next we solve each characteristic equation for (3.3.3.19) and implement the boundary

condition as per Equation (2.14) i.e. θ(1) = 1, such that,

θ(r) =
[(1 + r(r∗ − 1)2)(r∗ − 1)3]2

[(1 + (r∗ − 1)2)(r∗ − 1)3]2
(3.3.3.20)

Although we are able to obtain a solution for Case 2, we will omit this solution from

our research. The reason for this is that we want a solution that takes into account

the nonlinear terms i.e. the buoyancy/natural convection transport of energy by the

infiltrate Nc and the surface radiative heat transfer Nr.

Case 3 : Nc = 0 and −Nrθa + rNrθa + r∗Nrθa − 2rr∗Nrθa + rr∗
2Nrθa 6= 0 or

Nc Nr(r
∗ − 1)(1− r + rr∗) 6= 0

We obtain the infinitesimal generator given by,

X = 0,

with the corresponding coefficients,

ξ(r, θ) = 0,

η(r, θ) = 0.

Unfortunately, for Case 3, we cannot construct a solution and the buoyancy/natural

convection transport of energy Nc = 0. Hence, we omit such a solution in this thesis.
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Case 4 : (r∗ − 1)(1− r + rr∗) 6= 0 andNr 6= 0 andNc = 0 and θa = 0

We obtain the infinitesimal generator given by,

X =
[
(1 + r(r∗ − 1))c1

] ∂

∂r
+
[
− 2

3
(r∗ − 1)θc1

] ∂

∂θ

with the corresponding coefficients,

ξ(r, θ) = (1 + r(r∗ − 1))c1,

η(r, θ) = −2

3
(r∗ − 1)θc1.

By solving the characteristic equations and implementing the boundary condition as per

Equation (2.14) i.e. θ(1) = 1, we obtain,

θ(r) = r∗
3

2(r∗−1)
[1 + r(r∗ − 1)]

3
2(1−r∗) . (3.3.3.21)

Fig. 3.3: Plot of the solution of Case 4 obtained via a symmetry analysis.
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The solution obtained for Case 4 shows that as r increases, the temperature in the fin θ

decreases. This solution is inconsistent with the physical dynamics of the problem and

does not make sense. Hence, this is not a reasonable initial guess and will be excluded

from this thesis.

Case 5 : (r∗ − 1)(1− r + rr∗) 6= 0 andNc 6= 0 andNr = 0

We obtain the infinitesimal generator given by,

X =
[
(1 + r(r∗ − 1))c1

] ∂

∂r
+
[
− 2(r∗ − 1)θc1

] ∂

∂θ

with the corresponding coefficients,

ξ(r, θ) = (1 + r(r∗ − 1))c1,

η(r, θ) = −2(r∗ − 1)θc1.

By solving the characteristic equations and implementing the boundary condition as per

Equation (2.14) i.e. θ(1) = 1, such that

θ(r) = r∗
1

2(r∗−1)
[1 + r(r∗ − 1)]

1
2(1−r∗) . (3.3.3.22)

The solution obtained for Case 5 is similar to the solution obtained in Case 4 which

illustrates that as r increases, the temperature in the fin θ steadily decreases. Hence,

this is not a reasonable solution.
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Fig. 3.4: Plot of the solution of Case 5 obtained via a symmetry analysis.

3.3.4 Concluding Remarks

In an attempt to overcome the boundary value problem and cater for the nonlinear

terms i.e. the buoyancy/natural convection transport of energy by the infiltrate Nc and

the surface radiative heat transfer Nr which impacts the scheme’s stability, we have

shown how the Lie group method provides a useful tool for obtaining initial conditions.

The solution obtained for Case 1, shows that the fin temperature is dependent on the

radial coordinate which lies between the tip base and tip radius. We observe that the

θ(r) increases with increasing values of r. In terms of Case 2, the solution produced

will not be considered for this research as the solution does not depend on the nonlinear

terms. For Case 3, we are unable to obtain a solution based on the characteristic

equations; hence, we omit such a solution.

The solutions produced for Case 4 and Case 5 illustrates that the temperature in the fin

decreases as the values of r increases. These solutions are inconsistent with the physical

dynamics of the problem and does not make sense. Based on the results in Section
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3.3.3, we can see that only Case 1 provides initial value solutions. This solution may

prove to be useful in terms of a starting value or initial condition for the analytical and

numerical approaches to follow.

3.4 Asymptotic Analysis

3.4.1 Introduction

In an attempt to describe and analyse the limiting behaviour of the physical system, we

will employ an asymptotic analysis. An asymptotic analysis is a useful mathematical

tool which provides analytical insight and numerical information about the solutions of

complicated problems [54]. In some cases obtaining asymptotic estimates are straight-

forward, but in other cases it can be quite challenging and may involve a fair amount of

ad-hoc analysis. There is generally a relatively large diversity of asymptotic methods. A

general strategy used to derive asymptotics is to rely on some explicit formulas in order

to approximate the solution of the problem, in some regions of the space of variables.

Based on the use of an asymptotic analysis, Kimura et al. [55] found three distinctive

regimes depending on the magnitude of the permeability ratio K for the natural convec-

tion heat transfer and flow structure in an anisotropic porous medium. The first regime

stipulates that when the permeability ratio K = 1, the Nusselt number (i.e. the ratio of

convection to conduction heat transfer across the boundary) and the fluid velocity are

scaled with (KRa)
1
2 when either K or the Rayleigh number Ra varies [55]. As K → 0,

the heat transfer across the cavity approaches the conductive state and the convecting

velocity is scaled with (KRa). Lastly, as K → ∞, the average Nusselt number and

the fluid velocity are scaled with Ra which is independent of K [55]. Through the

construction of multi-scale asymptotic expansions for computing temperature fields for
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the transient heat conduction problem, Yang et al. [56] obtained explicit convergence

rates which were termed feasible and valid for predicting the heat transfer performance

of period porous materials. Given the important results obtained in [55] and [56], the

method is a feasible means of investigating the problem under discussion.

3.4.2 Methodology

In this section we consider the steady state case of Equation (2.13). We will assume

that nonlinear terms � ε; i.e the bouyancy/natural convection transport of energy by

the infiltrate (Nc) and the surface radiative heat transfer from the fin (Nc) are much

smaller than some small parameter ε. This will allow us to investigate the nature of the

solutions of the steady state case of (2.13) under particular circumstances.

We assume a solution of the form θ(r) = θ0(r) + εθ1(r) + ε2θ2(r) where ε → 0 and

consider a case where r∗ = 1
1.75

and θa = 0.2 to obtain,

Nc (θ0(r) + ε (θ1(r) + εθ2(r)))2 −Nr

((
1

5
+ θ0(r) + ε (θ1(r) + εθ2(r))

)4

− 1

625

)
=

49 (θ′0(r) + ε (θ′1(r) + εθ′2(r)))

−21 + 9r
+

49

9
(θ′′0(r) + ε (θ′′1(r) + εθ′′2(r))) . (3.4.2.23)
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We expand Equation (3.4.2.23) using a series expansion allowing us to separate Equation

(3.4.2.23) according to powers of ε and obtain the following system of equations:

O(ε0) : − 4
125
Nrθ0(r)−Ncθ0(r)2 − 6

25
Nrθ0(r)2 − 4

5
Nrθ0(r)3 −Nrθ0(r)4

+
49θ′0(r)

−21+9r
+ 49

9
θ′′0(r),

O(ε1) : − 4
125
Nrθ1(r)− 2Ncθ0(r)θ1(r)− 12

25
Nrθ0(r)θ1(r)− 12

5
Nrθ0(r)2θ1(r)

−4Nrθ0(r)3θ1(r) +
49θ′1(r)

−21+9r
+ 49

9
θ′′1(r),

O(ε2) : −Ncθ1(r)2 − 6
25
Nrθ1(r)2 − 12

25
Nrθ0(r)θ1(r)2 − 6Nrθ0(r)2θ1(r)2

− 4
125
Nrθ2(r)− 2Ncθ0(r)θ2(r)− 12

25
Nrθ0(r)θ2(r)− 12

5
Nrθ0(r)2θ2(r)

−4Nrθ0(r)3θ2(r) +
49θ′2(r)

−21+9r
+ 49

9
θ′′2(r),

O(ε3) : −4
5
Nrθ1(r)3 − 4Nrθ0(r)θ1(r)3 − 2Ncθ1(r)θ2(r)− 12

25
Nrθ1(r)θ2(r)

−24
5
Nrθ0(r)θ1(r)θ2(r)− 12Nrθ0(r)2θ1(r)θ2(r),

O(ε4) : −Nrθ1(r)4 − 12
5
Nrθ1(r)2θ2(r)− 12Nrθ0(r)θ1(r)2θ2(r)−Ncθ2(r)2

− 6
25
Nrθ2(r)2 − 12

5
Nrθ0(r)θ2(r)2 − 6Nrθ0(r)2θ2(r)2,

O(ε5) : −4Nrθ1(r)3θ2(r)− 12
5
Nrθ1(r)θ2(r)2 − 12Nrθ0(r)θ1(r)θ2(r)2,

O(ε6) : −6Nrθ1(r)2θ2(r)2 − 4
5
Nrθ2(r)3 − 4Nrθ0(r)θ2(r)3.

(3.4.2.24)

Next, we use NDSolve in MATHEMATICA to obtain the values of θ0, θ1 and θ2 in order

to obtain the relevant solution.
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3.4.3 Results and Discussion

The solutions obtained for the equation under consideration interpolate polynomials

and as such cannot be displayed here. Figure 3.5 represents the solution obtained for

Nc = 0.01,Nr = 0.0001, r∗ = 1
1.75

and θa = 0.2.

Fig. 3.5: Plot of the temperature obtained via an asymptotic solution.

The solution derived for the problem was not deemed useful in terms of providing deeper

insight into the dynamics observed. The solution provides appropriate behaviour only

but the value at the origin is not accurate. This is likely due to the assumption that

the nonlinear terms have minimal impact, represented by the assumptions that Nr → 0

and Nc → 0.
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Chapter 4

Dynamical Systems Analysis

The work in this chapter has been published in Advances in Mathematical Physics [47].

4.1 Introduction

In order to ascertain whether a simple linearisation of the steady state equation may

be used as a means of analysing the dynamics of the nonlinear system, we need to

determine what this linearised system and the relevant equilibrium points are. It must

be noted that we consider the case where r = 0; this is due to the physical relevance

placed on the dynamics at the fin tip. In an attempt to investigate the stability; that is

whether or not a system is stable or will be stable if perturbed; of the partial differential

equation we consider in this thesis, especially with respect to the initial condition, we

conduct a local analysis of solutions in the vicinity of what are called critica points. To

do this however, we use a linearisation approach in order to investigate the impact of

the nonlinear terms on the nonlinear non-autonomous system.

4.2 Consideration of viability of the linearised system

In this section, we expand our stability analysis to consider the nonlinear terms and

the degree to which they impact the scheme’s stability. This analysis has been used by

Mojtabi et al. [57] in the study of Soret-driven convection in a horizontal porous layer.
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Furthermore, Patel et al. [58] performed a stability analysis via the fixed point theorem

method when solving a solid and porous fin with temperature dependent internal heat

generation while solving the problem via the Adomian decomposition sumudu transfor-

mation method.

As explained in [59], we restructure our steady state partial differential equation into a

system of ordinary differential equations as follows,

θ̇ = f(θ, r) (4.2.1)

so that

θ̇1 = θ2

and

θ̇2 =
(1− r∗)θ2

r(r∗ − 1) + 1
+Nr(r∗ − 1)2((θ1 + θa)

4 − θ4
a) +Nc(r∗ − 1)2θ2

1. (4.2.2)

We can use a linearisation approach to study the linear stability of this nonlinear non-

autonomous system [60]. In order to do so we consider a Taylor series expansion of f[•]

near the equilibrium point θ ≈ 0 (the reason for considering this equilibrium point will

become apparent later in this thesis). This may be constructed as follows,

θ̇(t)
∣∣∣
θ≈0

= f(θ, r)

= f(θ, r) +
∂f(θ, r)

∂θ

∣∣∣∣
θ≈0

θ + higher order terms.

where we need to ensure that the higher order terms (h.o.t.) are small enough for θ
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close to 0, the equilibrium point, and for all r. A commonly used criteria based on the

L2-norm is,

sup
||fh.o.t.(θ, r)||
||θ||

∣∣∣∣
|x|→0

≈ 0 for all r (4.2.3)

which specifies that the higher order terms (h.o.t.) of the Taylor series expansion are

approximated by zero at the relevant equilibrium point; this allows us to approximate

the nonlinear non-autonomous system by a linearised system.

In order to consider the higher order terms we recall that,

f i(x) = f i(x0) +
∂f i

∂xj

∣∣∣∣
x=x0

+
1

2

∂2f i

∂xj∂xk

∣∣∣∣
x=x0

(xj − x0)(xk − x0) + · · · (4.2.4)

which for our system (4.2.2) provides us with the following higher order terms 1
2!
θTHθ+

· · · where H is the Hermian matrix,

H(f1) =

 ∂2f1

∂θ2
1

∂2f1

∂θ1∂θ2

∂2f1

∂θ2∂θ1

∂2f1

∂θ2
2

 =

0 0

0 0



H(f2) =

 ∂2f2

∂θ2
1

∂2f2

∂θ1∂θ2

∂2f2

∂θ2∂θ1

∂2f2

∂θ2
2

 =

12Nr(r∗ − 1)2(θ1 + θa)
2 + 2Nc(r∗ − 1)2 0

0 0

 . (4.2.5)

Now as |θ| → 0, we have,

12Nr(r∗ − 1)2θ2
a + 2Nc(r∗ − 1)2 0

0 0

 (4.2.6)

which implies that, 12Nr(r∗ − 1)2θ2
a + 2Nc(r∗ − 1)2 = (r∗ − 1)2[12Nrθ2

a + 2Nc] should

tend to 0 or be approximately 0 in order for us to consider the dynamics of the linear

system as a guide for those of the nonlinear non-autonomous system. Thus, given that
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r∗ 6= 1 we need 12NrU2
a + 2Nc ≈ 0 such that,

Nr ≈ −
Nc
6θ2

a

(4.2.7)

which is unrealistic. The only manner in which (4.2.7) could hold is if both parameters

were to approximate zero, i.e. Nc,Nr ≈ 0. Thus, we conclude that the higher order

terms have an influence on the stability of the system and cannot be ignored. Were we

to choose to engage with the linear system as a means of analysis then we can only do

so for small values of Nc and Nr. It is for this reason that the phase portraits presented

are for Nc = 0.01, 0.1 and Nr = 1. In the next section we consider the system with

these points in mind.

4.3 Nonlinear dynamical systems analysis

It must be noted that we consider the case where r = 0; this is due to the physical

relevance placed on the dynamics at the fin tip.

Firstly, as per [59], we restructure our steady state partial differential equation into a

system of ordinary differential equations as follows,

θ̇ = f(θ, r) (4.3.8)

so that,

θ̇1 = θ2

and

θ̇2 =
(1− r∗)θ2

r(r∗ − 1) + 1
+Nr(r∗ − 1)2((θ1 + θa)

4 − θ4
a) +Nc(r∗ − 1)2θ2

1. (4.3.9)
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We now turn to equilibrium solutions with the intention of investigating the dynamics of

the system [61]. In the case of this nonlinear, non-autonomous system the fixed points

(or equilibrium points) are defined by the vanishing of the vector field; that is,

f(θ, r) = 0. (4.3.10)

Theorems for the stability of fixed points of the system,

θ̇ = Aθ + f(θ, r) (4.3.11)

are presented by Coddington and Levinson [62], where A is a constant matrix (upon

substitution of the relevant equilibrium points and parameter values) and the vector

function f is continuous in θ and r. In order to employ these theorems we write our

system of Equations (4.3.9) in the form (4.3.11),

θ̇ =

 0 1

4Nr(r∗ − 1)2(θ1 + θa)
3 + 2Nc(r∗ − 1)2θ1 0

 θ +

0 0

0 1−r∗
r(r∗−1)+1

.

 (4.3.12)

As per equation (4.3.12) we obtain the equilibrium points (θ1, θ2),

(0, 0) (4.3.13)

and

 3

√
18NcN 2

r θa − 10N 3
r θ

3
a + 5.19615

√
N 3
cN 3

r + 14N 2
cN 4

r θ
2
a − 12NcN 5

r θ
4
a + 4N 6

r θ
6
a

3Nr

− 3NcNr + 2N 2
r θ

2
a

3Nr 3

√
18NcN 2

r θa − 10N 3
r θ

3
a + 5.19615

√
N 3
cN 3

r + 14N 2
cN 4

r θ
2
a − 12NcN 5

r θ
4
a + 4N 6

r θ
6
a

− 4θa
3
, 0

 .

(4.3.14)
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In considering the eigenvalues of A from Equation (4.3.12), we can write them with

general parameter values as follows,

λ1 = −
√

2(r∗ − 1)
√
Ncθ1 + 2Nrθ3

1 + 6Nrθ2
1θa + 6Nrθ1θ2

a + 2Nrθ3
a,

λ2 =
√

2(r∗ − 1)
√
Ncθ1 + 2Nrθ3

1 + 6Nrθ2
1θa + 6Nrθ1θ2

a + 2Nrθ3
a,

to be evaluated at the equilibrium points in order to classify them. From the form they

take we can see two possible cases (depending on whether the term inside the square

root is positive or negative): a saddle point or a centre.

Case 1: Equilibrium point (4.3.13)

The eigenvalues of A at equilibrium point (4.3.13) are

λ1 = −2
√
Nr(r∗ − 1)θ3/2

a , λ2 = 2
√
Nr(r∗ − 1)θ3/2

a .

We can see that this equilibrium point (given the ranges for the relevant parameter

values) represents a saddle point which is unstable - see the plot on the right of Figure

4.1.

Coddington and Levinson [62] have shown that if at least one eigenvalue of A has a real

part which is positive, then upon f(θ, r) satisfying the requirement that given any ε > 0,

there exists a δ and T such that,

f(θ, r) 5 ε|θ| (|θ| 5 δ, t = T ) (4.3.15)
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then the solution θ = 0 of (4.3.11) is not stable. In our case, we find that for the

equilibrium point (0, 0) at least one eigenvalue of A is positive and furthermore,

f(θ, r) =

0 0

0 1−r∗
r(r∗−1)+1


θ1

θ2

 . (4.3.16)

We need to show that
∣∣∣ 1−r∗
r(r∗−1)+1

θ2

∣∣∣ 5 ε|θ2|. In an attempt to do so, we maximise the

term on the left of the inequality, i.e. we consider r = 0 such that,

∣∣∣∣ 1− r∗

r(r∗ − 1) + 1
θ2

∣∣∣∣ 5 ∣∣∣∣ 1− r∗

r(r∗ − 1) + 1

∣∣∣∣ |θ2| 5 |1− r∗| |θ2| = ε |θ2|

where, given that 0 < 1 − r∗ < 1 we define 0 < ε < 1. This proves our requirement

(4.3.15), confirming that the equilibrium point (4.3.13) is not stable.

Case 2: Equilibrium point (4.3.14)

The eigenvalues of A at this equilibrium point are lengthy for arbitrary values of

Nc,Nr, r∗ and θa. However, as pointed out above, the second case needs to be for

Ncθ1 + 2Nrθ3
1 + 6Nrθ2

1θa + 6Nrθ1θ
2
a + 2Nrθ3

a < 0. A variety of values were considered for

the parameters Nc,Nr, r∗ and θa, all leading to eigenvalues of the form expected, which

are,

λ1 = µi, λ2 = −µi, where i2 = −1,

providing us with a stable centre - see the plot on the left of Figure 4.1. At this stage

we note that this case requires θ1 = θ < 0 which is not physically relevant.
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Fig. 4.1: Phase plots indicating the trajectories around the equilibrium points (4.3.13)
and (4.3.14) for θa = 0.2, r∗ = 1

1.75
and Nr = 1. The plot on the left has Nc = 0.1

whereas the plot on the right has Nc = 0.01. The plot on the left is a closer view of the
second equilibrium point.

4.3.1 Conclusion

We find that for θ1 = θ2 = 0, equilibrium point (4.3.13), we are in fact referring to the

point where θ = θ′ = 0, which is a point that would be located at the origin r = 0 (see

the boundary conditions). We find that as Nr → ∞ that θ → 0 at the point where

θ′(0) = 0. Thus as Nr increases we would have a situation which reflects this equilibrium

point; albeit a rare case.

This behaviour of the solution makes physical sense since Nr serves as the radiative sink

and as such large values thereof would mean that the surface radiation heat transfer

is large which decreases the temperature unrealistically. Thus, the instability of the

equilibrium point (0, 0) is confirmed by our numerical results. In fact, our results from

the previous subsection with relation to the higher order terms are confirmed: only if

we assume that Nr (and also Nc in fact) is small, will the linear system approximate
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the nonlinear system.

4.4 Steady State Analysis: Alternate Nondimensionaliza-

tion

In order to support our findings in the sections above, we consider the nondimensional-

isation introduced in Darvishi et al. [1]. We employ a similar analysis, and show that

our results are consistent irrespective of the construction of the dimensionless equation.

Of interest, would be any additional insights which we may obtain.

The nondimensionalisation employed in Darvishi et al. [1] is given as follows,

θ =
T

Tb
, θa =

Ta
Tb
, r̂ =

r

rb
, r̂∗ =

rt
rb
, Nc =

ρfCp,fKgβfr
2
bTb

Vfkeffs
, Nr =

2εσFf−ar
2
bT

3
b

keffs
.

(4.4.17)

Given that we are considering the time dependent case we also incorporate,

τ =
keff t

ρCvr2
b

providing the following equation for consideration,

∂θ

∂τ
=

1

r

∂

∂r

(
r
∂θ

∂r

)
−Nc (θ − θa)2 −Nr

(
θ4 − θ4

a

)
, (4.4.18)

where r̂∗ > 1 is defined as rt
rb

and the parameters Nc and Nr are stated as per Equation

(4.4.17).

Employing the non-dimensional transformations given by equation (4.4.17) we obtain
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the following boundary conditions,

θ(1) = 1,
dθ

dr

∣∣∣∣
r=r∗

= 0. (4.4.19)

4.5 Dynamical System Analysis: Alternate Nondimension-

alization

In order to consider the dynamics of the system we structure the equations as before,

θ̇1 = θ2,

θ̇2 = −θ2

r
+Nc(θ1 − θa)2 +Nr

(
θ4

1 − θ4
a

)
. (4.5.20)

It must be noted that we consider the case where r = r∗; this is due to the physical

relevance placed on the dynamics at the fin tip. We now structure this system as per

the work of Coddington and Levinson [62],

θ̇ = Aθ + f(θ, r) (4.5.21)

so that we may employ theorems for the stability of fixed points of the system by

considering the eigenvalues of A. We obtain the equilibrium points (θ1, θ2):

(θa, 0) (4.5.22)

and


2/3

√
5.19615

√
N3
cN3

r + 14.N2
cN4

r θ
2
a − 12.NcN5

r θ
4
a + 4.N6

r θ
6
a + 18.NcN2

r θa − 10.N3
r θ

3
a −

(
3.NcNr + 2.N2

r θ
2
a

)
3Nr 1/3

√
5.19615

√
N3
cN3

r + 14.N2
cN4

r θ
2
a − 12.NcN5

r θ
4
a + 4.N6

r θ
6
a + 18.NcN2

r θa − 10.N3
r θ

3
a

−
θa

3
, 0

 . (4.5.23)
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In considering the eigenvalues of A from Equation (4.5.21), we can write them with

general parameter values as follows,

λ1 = −
√

2
√
Ncθ1 + 2Nrθ3

1 −Ncθa,

λ2 =
√

2
√
Ncθ1 + 2Nrθ3

1 −Ncθa,

to be evaluated at the equilibrium points we want to classify. Again as per the work

conducted above we have two cases: a saddle point or a centre.

Case 1: Equilibrium point (4.5.22)

The eigenvalues of A at equilibrium point (4.5.22) are,

λ1 = −2
√
Nrθ3/2

a , λ2 = 2
√
Nrθ3/2

a ,

which represent an unstable saddle point - see the plot on the right of Figures 4.2 and

4.3 corresponding to the saddle point obtained for the equilibrium point (0, 0) for the

previous nondimensionalisation.

Next, we consider the impact of the higher order terms as done before. We obtain the

following

H(f1) =

 ∂2f1

∂θ2
1

∂2f1

∂θ1∂θ2

∂2f1

∂θ2∂θ1

∂2f1

∂θ2
2

 =

0 0

0 0

 ,

H(f2) =

 ∂2f2

∂θ2
1

∂2f2

∂θ1∂θ2

∂2f2

∂θ2∂θ1

∂2f2

∂θ2
2

 =

12Nrθ2
1 + 2Nc 0

0 0

 . (4.5.24)
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Now as |θ| → (θa, 0), we have,

H(f2) =

12Nrθ2
a + 2Nc 0

0 0

 , (4.5.25)

which means that for the linear system to approximate the nonlinear dynamics of the

system we now require Nc ≈ 0 and either Nr or θa to ≈ 0.

Given the fact that we obtained an unstable saddle point at this equilibrium value, we

can now via the analysis conducted here, confirm that for this problem structure there

are certain values of θa for which limitations are placed upon Nc, Nr in order to obtain

solutions. We note here, that the behaviour of this equilibrium point matches that of

(4.3.13) considered for the original nondimensionalisation. Once more, it comments on

unstable behaviour at the fin tip under very specific values of θ and θ′.

Case 2: Equilibrium point (4.3.14)

The eigenvalues of A at this equilibrium point are lengthy for arbitrary values of

Nc,Nr, r∗ and θa. However, as before we realise that the eigenvalues would have the

form,

λ1 = µi, λ2 = −µi, where i2 = −1,

providing us with a stable centre - see the plot on the left of Figurse 4.2 and 4.3. In this

instance we find that since θ1 = θ > 0 we indeed have a physically relevant equilibrium

point. We can in this fashion confirm that the boundary dynamics at the fin tip, i.e.

for θ < 1 and θ′ = 0, we indeed have stability.
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Fig. 4.2: Phase plots indicating the trajectories around the equilibrium points (4.5.23)
for θa = 0.6, r∗ = 1.75, Nc = 0.001 and Nr = 0.1. On the left is a closer view of the
second equilibrium point for the alternate nondimensionalisation.
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Fig. 4.3: Phase plots indicating the trajectories around the equilibrium points (4.5.23)
for θa = 0.6, r∗ = 1.75, Nc = 100 and Nr = 100. On the left is a closer view of the
second equilibrium point for the alternate nondimensionalisation.
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4.5.1 Conclusion

This comparison to the equilibrium point (0, 0) obtained is important given the numeri-

cal solutions we obtain for certain values of θa. While for the initial nondimensionalised

equation considered, we were able to obtain solutions (whose behaviour provided sensi-

ble insight into the problem) for a range of values of θa, we were unable to do so in this

instance. For θa > 0.4 we found that the numerical solutions blew up numerically.

Next, we find that once we have defined the nonlinear parameters i.e. Nc and Nr, to be

relatively small we were able to obtain solutions for the equation under consideration

(4.4.18) without any difficulty. In fact for the case Nc ≤ 5, we were able to obtain

solutions for all values of the other parameters. Once θa > 0.4, we found that there

were values for Nc and Nr for which we could not obtain solutions.

In particular we noticed that as Nc →∞, we needed Nr and θa to decrease in value in

a comparative fashion: for Nc = 100 with Nr = 0.5, we could not obtain a solution to

θa = 0.8 but we could do so for θa = 0.1. As such, rather than Nr being the dominant

influencing factor with regards to instability as in the previous case of nondimension-

alisation, we find that the value of Nc plays a more prominent role. It must also be

noted that the intricate interaction between these three parameters makes it difficult to

always isolate whether solutions can be obtained or not, unless they are all chosen to

be small.

4.6 Conclusion

Upon investigating the dynamics of the system, we find that the equilibrium point (0, 0)

is an unstable saddle point, a result which also matches the behaviour of our numerical
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solutions. We find that for θ1 = θ2 = 0 we are in fact referring to the point where

θ = θ′ = 0, which is a point that would be located at the origin r = 0 (see the bound-

ary conditions). We find that as Nr → ∞ that θ → 0 at the point where θ′(0) = 0.

Thus as Nr increases we would have a situation which reflects this equilibrium point.

The numerical solutions to both schemes verify the instability of this equilibrium point,

which only occurs for Nr →∞: both schemes’ solutions blow up numerically, producing

negative temperature values at the origin and exaggerated negative temperature values

at r = 1. As such, the impact of the nonlinear sink terms, in particular the term for

which Nr is a coefficient, are not negligible.

Furthermore, via our analysis, we could ascertain the impact of Nr, showing that as

Nr →∞ we observe erratic and unstable behaviour at the equilibrium point in question

(θ → 0, θ′(0) = 0) which represents the fin tip. This is sensible given that the relevant

sink term in structure can lead to blow up were either the temperature in the fin or the

ambient temperature to increase too drastically. The dynamics at the fin tip can be

said to be stable in general however, since this instance would rarely occur.

We also compared the dynamics between the nondimensionalised equation introduced

here and that considered in [1]. Considering the second form of nondimensionalisation,

the equilibrium point (θa, 0) is found to be unstable as well. This case would correspond

to an instance where the tip temperature is equated to the ambient temperature (to

compare to the alternate case: we previously had an ambient temperature which cor-

responded to zero so this equilibrium point is equivalent to the one mentioned in the

paragraph above). As such the dynamics at the fin tip can again be considered to be

unstable under certain circumstances. We found that the buoyancy force had a more

dominant role to play in the scheme’s ability to obtain solutions. This seems reasonable

given the nature of the higher order terms obtained where the terms tend to zero or are
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approximately 0.

The interesting additional insight with regards to the latter nondimensionalisation was

that since θ1 = θ > 0 we obtained a second physically relevant equilibrium point. The

dynamical analysis conducted assisted us in confirming that the boundary dynamics at

the fin tip, i.e. for θ < 1 and θ′ = 0, are indeed stable. Given the other equilibrium

point, it would seem however that for cases where θ = θa we would revert to unstable

behaviour at the fin tip. An interesting finding to note is that since in the latter nondi-

mensionalised equation θa engages with both the buoyancy force/convection parameter

and the radiation parameter in the equation, the dynamics are more intricate. As the

convection increases, small values of the radiation parameter lead to no solution. Then

as the latter increases the solution will achieve the ambient temperature at the fin tip.

As Nc → ∞ with small values of Nr leads to no solution. As Nr increases the tip

temperature hits the ambient temperature. More complex dynamics since the θa and

Nr engage in the situation for case 1; in the second Case Nr and Nc are both related

to terms with θa. As such the values of θa has an impact creating a more intricate

relationship. For both nondimensionalised equations we discovered that under certain

circumstances there could be unstable behaviour at the fin tip; the convection and ra-

diation parameter as well as the ambient temperature have a role to play regarding the

stability and effectiveness of the numerical scheme employed. Future research will aim

to establish the distinct manner in which these parameters interact, so that we may

more fully understand the impact of the parameters on solution accuracy and stability.

52



Chapter 5

Crank-Nicolson Method

The work in this Chapter has been published in Advances in Mathematical Physics [47].

5.1 Introduction

Most differential equations cannot be analytically solved as these solutions are obtained

through the simplification of the model, which are often physically unreasonable. Under

such circumstances, we turn to numerical techniques to solve these differential equations.

In the numerical investigation conducted here, we employ an efficient, accurate, exten-

sively validated and unconditionally stable Crank-Nicolson method. This method was

developed in the mid 20th century by Crank et al. [37] in order to evaluate numerical

solutions for nonlinear partial differential equations. This method is implicit in time,

often provides unconditional stability and has a high order of accuracy. The complexity

of our problem lies in the nonlinear source terms and this will affect not only the sta-

bility of the scheme, but also the order of accuracy that the scheme can achieve.

We will then extend the scheme through the incorporation of a Newton-Raphson correc-

tor given the pesence of the nonlinear sink terms. The concept of the Crank-Nicolson

scheme combined with the Newton-Raphson method was implemented by Janssen et

al. [39]. The Crank-Nicolson scheme was used to transform a system of differential

equations into algebraic equations whereas the Newton-Raphson method was used to

implicitly enhance the model’s efficiency by improving the poor convergence rate. In a
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similar context, Qin et al. [40] used this scheme combination to model the heat flux and

to estimate the evaporation in applied hydrology and meteorology. The Crank-Nicolson

method was used to expand the differential equations whereas the iterative Newton-

Raphson method was used to approximate latent heat flux and surface temperatures.

Both these methods proved to be successful.

5.2 Crank-Nicolson Scheme

In all numerical solutions, the partial differential equation is replaced with a discrete

approximation which is a finite number of points in the physical domain. Based on our

partial different equation under consideration, we will reduce our problem to a discrete

problem which we are able to solve by approximating all the derivatives using finite

differences. We divide the domain in space using a mesh r0, r1, r2, . . . , rN and in time

using a mesh τ0, τ1, τ2, . . . , τm. First, we assume a uniform partition both in space and

time, so that the difference between two consecutive space points will be ∆r and between

two consecutive time points will be ∆τ i.e.,

ri = r0 + i∆r i = 0, 1, . . . , N ;

τj = τ0 + j∆τ j = 0, 1, . . . ,m.

In terms of the finite difference schemes, we approximate ∂θ
∂τ

using the forward time

difference approximation at τm which gives,

∂θ

∂τ
≈ θm+1

n − θmn
∆τ

, (5.2.1)
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where ∆τ is the step size in the time domain τ ≥ 0. Furthermore, we approximate the

spatial terms ∂θ
∂r

and ∂2θ
∂r2 using the central difference approximations at rn giving,

∂θ

∂r
≈
θmn+1 − θmn−1

2∆r
, (5.2.2)

and,

∂2θ

∂r2
≈
θmn+1 − 2θmn + θmn−1

∆r2
, (5.2.3)

respectively, where ∆r is the step size in the spatial domain r ∈ [0, 1].

The Crank-Nicolson scheme makes use of approximations to values halfway between

nodes by taking averages over two time points. Thus the finite difference approximations

on the spatial terms are given by,

∂θ

∂r
≈
θm+1
n+1 − θm+1

n−1

4∆r
+
θmn+1 − θmn−1

4∆r
, (5.2.4)

and,

∂2θ

∂r2
≈
θm+1
n+1 − 2θm+1

n + θm+1
n−1

2∆r2
+
θmn+1 − 2θmn + θmn−1

2∆r2
. (5.2.5)

Given our non-dimensional boundary conditions (2.14) and the finite difference approx-

imation given by Equation (5.2.1) we find that,

∂θ

∂r

∣∣∣∣
r0=0

=⇒ θm1 = θm−1 ∀m, (5.2.6)

and,

θ(1, τ) = 1 =⇒ θmN = 1 ∀m where rN = 1. (5.2.7)

The initial condition is given as,
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θ0
n = 0 ∀n. (5.2.8)

Having employed the Crank-Nicolson scheme on spatial terms and a forward difference

approximation for the time derivative on Equation (2.13), we have,

θm+1
n − θmn

∆τ
=

1

(rn(r∗ − 1) + 1)(r∗ − 1)

[θm+1
n+1 − θm+1

n−1

4∆r
+
θmn+1 − θmn−1

4∆r

]
+

1

(r∗ − 1)2

[θm+1
n+1 − 2θm+1

n + θm+1
n−1

2∆r2
+
θmn+1 − 2θmn + θmn−1

2∆r2

]
−Nc (θmn )2 −Nr ((θmn + θa)

4 − θ4
a).

(5.2.9)

It should be noticed that we have not applied the Crank-Nicolson method to the non-

linear terms. At present, this is for simplicity sake, however this will be revisited in the

next subsection. From Equation (5.2.9) we obtain,

θm+1
n − θmn =

∆τ

(rn(r∗ − 1) + 1)(r∗ − 1)(4∆r)

[
θm+1
n+1 − θm+1

n−1 + θmn+1 − θmn−1

]
+

∆τ

2∆r2(r∗ − 1)2

[
θm+1
n+1 − 2θm+1

n + θm+1
n−1 θ

m
n+1 − 2θmn + θmn−1

]
−∆τNc (θmn )2 −∆τNr ((θmn + θa)

4 − θ4
a).

(5.2.10)

For the sake of simplicity we define,

γn =
1

(rn(r∗ − 1) + 1)(r∗ − 1)
.

Thus the partial differential equation can now be written as,

θm+1
n − θmn =

∆τγn
4∆r

[
θm+1
n+1 − θm+1

n−1 + θmn+1 − θmn−1

]
+

∆τ

2∆r2(r∗ − 1)2

[
θm+1
n+1 − 2θm+1

n + θm+1
n−1

+ θmn+1 − 2θmn + θmn−1

]
−∆τNc (θmn )2 −∆τNr ((θmn + θa)

4 − θ4
a),

(5.2.11)

56



For further simplification we define,

αn =
∆τγn
4∆r

+
∆τ

2∆r2(r∗ − 1)2
, σ =

∆τ

∆r2(r∗ − 1)2
, βn = −∆τγn

4∆r
+

∆τ

2∆r2(r∗ − 1)2
,

which allows us to write Equation (5.2.11) as follows,

− αn θm+1
n+1 + (1 + δ) θm+1

n − βn θm+1
n−1

= αn θ
m
n+1 + (1− δ) θmn + βn θ

m
n−1 −∆τNc (θmn )2 −∆τNr ((θmn + θa)

4 − θ4
a).

(5.2.12)

This equation can be given in the following matrix notation,



(1 + δ) −α0 − β0 0 0 . . . 0

−β1 (1 + δ) −α1 0 . . . 0

0 −β2 (1 + δ) −α2
. . . 0

...
. . . . . . . . . . . .

...

0
. . . . . . −βN−2 (1 + δ) −αN−2

0
. . . . . . . . . −βN−1 (1 + δ)





θm+1
0

θm+1
1

θm+1
2

...

θm+1
N−2

θm+1
N−1



=



(1− δ) α0 + β0 0 0 . . . 0

β1 (1− δ) α1 0 . . . 0

0 β2 (1− δ) α2
. . . 0

...
. . . . . . . . . . . .

...

0
. . . . . . βN−2 (1− δ) αN−2

0
. . . . . . . . . βN−1 (1− δ)





θm0

θm1

θm2
...

θmN−2

θmN−1


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+



−∆τ Nr((θm0 + θa)
4 − θ4

a)−∆τ Nc (θm0 )2

−∆τ Nr((θm1 + θa)
4 − θ4

a)−∆τ Nc (θm1 )2

−∆τ Nr((θm2 + θa)
4 − θ4

a)−∆τ Nc (θm2 )2

...

...

−∆τ Nr((θmN−2 + θa)
4 − θ4

a)−∆τ Nc (θmN−2)2

−∆τ Nr((θmN−1 + θa)
4 − θ4

a)−∆τ Nc (θmN−1)2 − 2αN−1



.

5.3 Crank-Nicolson scheme: Newton-Raphson and Usmani

Method

In numerical computation, a predictor-corrector method is an algorithm that implements

two steps. First, the prediction step calculates a rough approximation of the desired

quantity whereas the second step refines the initial approximation using other means.

The Crank-Nicolson with the Newton-Raphson method has been used to determine the

solution of a nonlinear diffusion equation by Kouhia [63], which proved to be efficient as

per the numerical results obtained. Furthermore, Habibi et al. [64] used the numerical

method to model the electron heat transfer process in laser inertial fusion for the energy

transport mechanism from the region of energy decomposition into the ablation surface.

In this research we will require such a technique given the presence of the nonlinear sink

terms, known as the Newton-Raphson method. In this manner the nonlinear term on

the m + 1th level will be dealt with through an implementation of the Newton method

[65] in an iterative fashion as done by Britz et al. [66] and discussed in [67]. This
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method has been known for its fast convergence to the root as well as its dependence

on the initial condition. Furthermore, in order to find the explicit inverse of a general

tridiagonal matrix, we shall implement Usmani’s method [68].

5.3.1 Implementation

In this section we employ the Crank-Nicolson method for the nonlinear source terms as

well. As such we rewrite our scheme Equation (2.13) as follows,

θm+1
n − θmn

∆τ
=

1

(rn(r∗ − 1) + 1)(r∗ − 1)

[θm+1
n+1 − θm+1

n−1

4∆r
+
θmn+1 − θmn−1

4∆r

]
+

1

(r∗ − 1)2

[θm+1
n+1 − 2θm+1

n + θm+1
n−1

2∆r2
+
θmn+1 − 2θmn + θmn−1

2∆r2

]
− Nc

2
(((θm+1

n )2) + (θmn )2)− Nr
2

((θm+1
n + θa)

4 − θ4
a + (θmn + θa)

4 − θ4
a).

(5.3.1.13)

Again we define the following,

γn =
1

(rn(r∗ − 1) + 1)(r∗ − 1)
, αn =

∆τγn
4∆r

+
∆τ

2∆r2(r∗ − 1)2
,

σ =
∆τ

∆r2(r∗ − 1)2
, βn = −∆τγn

4∆r
+

∆τ

2∆r2(r∗ − 1)2
.

Thus the partial differential equation reduces to,

−αn θm+1
n+1 + (1 + δ) θm+1

n − βn θm+1
n−1 +

∆τNc
2

((θm+1
n )2) +

∆τNr
2

((θm+1
n + θa)

4 − θ4
a)

= αn θ
m
n+1 + (1−δ) θmn +βn θ

m
n−1−

∆τNc
2

((θmn )2)−∆τNr
2

((θmn +θa)
4−θ4

a). (5.3.1.14)
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In matrix notation,



(1 + δ) −α0 − β0 0 0 . . . 0

−β1 (1 + δ) −α1 0 . . . 0

0 −β2 (1 + δ) −α2
. . . 0

...
. . . . . . . . . . . .

...

0
. . . . . . −βN−2 (1 + δ) −αN−2

0
. . . . . . . . . −βN−1 (1 + δ)





θm+1
0

θm+1
1

θm+1
2

...

θm+1
N−2

θm+1
N−1



+



∆τ Nr
2

((θm+1
0 + θa)

4 − θ4
a) + ∆τ Nc

2
((θm+1

0 )2)

∆τ Nr
2

((θm+1
1 + θa)

4 − θ4
a) + ∆τ Nc

2
((θm+1

1 )2)

∆τ Nr
2

((θm+1
2 + θa)

4 − θ4
a) + ∆τ Nc

2
((θm+1

2 )2)

...

...

∆τ Nr
2

((θm+1
N−2 + θa)

4 − θ4
a) + ∆τ Nc

2
((θm+1

N−2)2)

∆τ Nr
2

((θm+1
N−1 + θa)

4 − θ4
a) + ∆τ Nc

2
((θm+1

N−1)2)



=



(1− δ) α0 + β0 0 0 . . . 0

β1 (1− δ) α1 0 . . . 0

0 β2 (1− δ) α2
. . . 0

...
. . . . . . . . . . . .

...

0
. . . . . . βN−2 (1− δ) αN−2

0
. . . . . . . . . βN−1 (1− δ)





θm0

θm1

θm2
...

θmN−2

θmN−1


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+



−∆τ Nr
2

((θm0 + θa)
4 − θ4

a)− ∆τ Nc
2

((θm0 )2)

−∆τ Nr
2

((θm1 + θa)
4 − θ4

a)− ∆τ Nc
2

((θm1 )2)

−∆τ Nr
2

((θm2 + θa)
4 − θ4

a)− ∆τ Nc
2

((θm2 )2)

...

...

−∆τ Nr
2

((θmN−2 + θa)
4 − θ4

a)− ∆τ Nc
2

((θmN−2)2)

−∆τ Nr
2

((θmN−1 + θa)
4 − θ4

a)− ∆τ Nc
2

((θmN−1)2) + 2αN−1



.

We obtain an approximation for the nonlinear vector at the (m + 1)th time level in an
iterative fashion as done by Britz et al. [67]. The system Jδu = −F(u) given by,



(1 + δ) + ∆τNcθm+1
0

+2∆τNr(θm+1
0 − θa)3

−α0 − β0 0 . . . 0

−β1
(1 + δ) + ∆τNcθm+1

1

+2∆τNr(θm+1
1 − θa)3

−α1 . . . 0

.

.

.
.
. .

.
. .

.
. .

.

.

.

0
.
.
.

.
.
.

(1 + δ) + ∆τNcθm+1
N−2

+2∆τNr(θm+1
N−2

− θa)3
−αN−2

0
. .

.
. .

. −βN−1

(1 + δ) + ∆τNcθm+1
N−1

+2∆τNr(θm+1
N−1

− θa)3





δS0

δS1

δS2

.

.

.

δSN−2

δSN−1



=



(α0 + β0) θm1 + (1− σ) θm0 −
∆τNc

2
(θm0 )2 − ∆τNr

2
((θm0 + θa)4 − θ4a)

α1 θm2 + (1− σ) θm1 + β1 θm0 −
∆τNc

2
(θm1 )2 − ∆τNr

2
((θm1 + θa)4 − θ4a)

.

.

.

.

.

.

αN−2 θmN−1 + (1− σ) θmN−2 + βN−2 θmN−3 −
∆τNc

2
(θmN−2)2 − ∆τNr

2
((θmN−2 + θa)4 − θ4a)

(1− σ) θmN−1 + βN−1 θmN−2 −
∆τNc

2
(θmN−1)2 − ∆τNr

2
((θmN−1 + θa)4 − θ4a) + 2αN−1


,

is solved where F is the set of difference equations created as per Equation (5.3.1.14)

such that F(u) = 0. The starting vector at t = 0 is chosen as per the initial condition
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(5.2.8) such that u = 0. The Newton iteration converges within 2-3 steps given that

changes are usually relatively small.

The computational time required for the convergence of the Crank-Nicolson method

incorporating the Newton-Raphson method was found to be extremely slow, making

the method impracticable and infeasible. We discovered that this was due to the fact

that the Jacobian J is either close to being singular or badly scaled. As such, we

decided to implement Usmani’s method, which is a simple algorithm for finding the

explicit inverse of a general Jacobi tridiagonal matrix [68]. This provided the results

which we expected, however we still found that the computational time taken by the

method to reach convergence proved inefficient.

5.4 Results

In Section 5.4.1, we compare the results we obtained via our two numerical methods

i.e. the Crank-Nicolson scheme (CN) and the Crank-Nicolson scheme incorporating

the Newton-Raphson predictor corrector and Usmani method (CNNR). The results

obtained via these two numerical schemes is also compared to the solution obtained as

per the work of Darvishi et al. [1] and the Differential Transformation Method discussed

in Section 5.4.2.

5.4.1 Comparison of numerical schemes

It is important to note that in comparison to the solution observed in Darvishi et al.

[1], only the Crank-Nicolson scheme matches the results and behaviour obtained of the

solution. The Crank-Nicolson scheme with the Newton-Raphson and Usmani method

provides appropriate behaviour, however, the value at the origin cannot be accurately
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evaluated so as to compare to [1]; this inability is attributed to the length of computa-

tional time required for convergence. We provide values which indicate that the method

can converge appropriately, but in conclusion the second method is not efficient in terms

of running time.

In order to make a comparison between the two numerical schemes we have employed,

we allow our numerical schemes to iterate for large time - termed T - so that we al-

low for convergence to a steady state. In this instance we find that convergence has

occurred for the Crank-Nicolson scheme at T = 1, however this is not the case for the

Crank-Nicolson method with predictor corrector. To maintain our CFL number as less

than one for stability purposes, we choose 4r = 0.1 and 4t = 0.0001. As can be sur-

mised, the consequence of this is that the Crank-Nicolson scheme, which employs the

Newton-Raphson method as a means of updating the nonlinear terms, requires a lot of

computational time.

The two numerical schemes produce solutions similar in shape and behaviour but there

are discrepancies when we consider the errors between the methods. The temperature

at the origin, i.e. θ(0), is often not the same across the two methods - see Tables 5.1 -

5.4. Taking into consideration the temperature at the fin tip, we find that the solutions

do not converge to the same value of θ0 for set parameter values, nor do these solutions

converge at the same rate. In the figures which follow we employ the Crank-Nicolson

method without the predictor corrector method due to the speed with which it is able

to reach convergence, and its accuracy upon comparison with the work by Darvishi et

al. [1].
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Fig. 5.1: Plot of the temperature with Nr = 1, Nc = 10 and r∗ = 1
1.75

for T = 1 and
varied values of θa.

Table 5.1: Maximum error computed between the respective numerical solutions obtained,
where E = Max

∣∣CNsol − CNNR
sol

∣∣ and their respective temperatures at the tip of the fin
for varied values of θa.

θa E θCN0 θNR0

0.2 0.12845 0.54482 0.67327
0.4 0.13031 0.51860 0.64891
0.6 0.16803 0.48088 0.61438
0.8 0.13723 0.43321 0.57044
Parameter values: Nc = 10 Nr = 1 r∗ = 1

1.75
T = 1

While there are discrepancies we can see behaviour patterns emerging from the different

solutions. In Figure 5.1 as well as Table 5.1 we observe that an increase in the dimen-

sionless ambient temperature, leads to a decrease in the tip temperature; however this

can be misleading. We note, as before, that the dimensionless ambient temperature θa

is defined as Ta
Tb

in the work of Darvishi et al. [1]. In this work we altered our nondi-

mensionalisation to define θa as Ta
Tb−Ta

, as above. This change in ratio impacts on the

behaviour observed by the solution with regards to changes in the value of θa. Instead
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of a linear relationship between Ta and θa we have a nonlinear one given by Ta = θaTb
1+θa

,

such that the behaviour inversely corresponds to that of Darvishi et al. [1]. Hence, our

results are consistent with the physical dynamics of the problem.
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Fig. 5.2: Plot of the temperature with θa = 0.2, r∗ = 1
1.75

and Nr = 1 for T = 1 and
varied values of Nc.

Table 5.2: Maximum error computed between the respective numerical solutions obtained,
where E = Max

∣∣CNsol − CNNR
sol

∣∣ and their respective temperatures at the tip of the fin
for varied values of Nc.

Nc E θCN0 θNR0

1 0.07624 0.79980 0.87604
10 0.12845 0.54482 0.67327
50 0.11453 0.27244 0.38697
Parameter values: θa = 0.2 Nr = 1 r∗ = 1

1.75
T = 1

A consideration of Figure 5.2 and Table 5.2 shows the effect of the natural convection

heat loss (Nc) on the temperature distribution in the fin for set parameter values. As

the buoyancy effect increases, i.e. Nc, the local temperature in the fin θ decreases.
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Fig. 5.3: Plot of the temperature with θa = 0.2, r∗ = 1
1.75

and Nc = 1 for T = 100 and
varied values of Nr.

Table 5.3: Maximum error computed between the respective numerical solutions obtained,
where E = Max

∣∣CNsol − CNNR
sol

∣∣ and their respective temperatures at the tip of the fin
for varied values of Nr.

Nr E θCN0 θNR0

5 0.10318 0.62343 0.72661
10 0.10698 0.52686 0.63384
50 0.09496 0.30490 0.39982
Parameter values: θa = 0.2 r∗ = 1

1.75
Nc = 1 T = 100

Similarly, for Figure 5.3 and Table 5.3 the increasing surface radiative heat transfer from

the fin to the ambient fluid, i.e. Nr, leads to a decrease in the local fin temperature

θ. This in indicative of the effect of natural convective heat loss on the temperature

distribution in the fin when the radiation heat loss, the environment temperature, and

the ratio of inner to outer radius are kept fixed. Since buoyancy is principally a macro

scale effect we see that the buoyancy force (Nc) influences the velocity and temperature

fields. Furthermore, the impact of radiation (Nr) influences the temperature field by

increasing the heat transfer rates from the surface. We find that when the convection
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parameter (Nc) and the radiation parameter (Nr) are allowed to vary, the local fin tem-

perature decreases because of the increasing strength of radiative heat exchange between

the exposed surface of the fin and the ambient [1].

Table 5.4: Maximum error computed between the respective numerical solutions obtained,
where E = Max

∣∣CNsol − CNNM
sol

∣∣, and their respective temperatures at the tip of the
fin, given as θ0, for varied values of r∗.

r∗ E θCN0 θNR0

0.2 0.10849 0.27903 0.38752
0.4 0.12751 0.40088 0.52840
0.6 0.12615 0.57382 0.69998
0.8 0.07434 0.81944 0.89379
Parameter values: θa = 0.2 Nr = 1 Nc = 10 T = 1

Table 5.4 displays the heat transfer rates versus the ambient temperature with the ratio

of the tip radius to base radius (r∗) as a parameter. We observe that the heat transfer

increases with increasing (r∗) which is due to the increased heat transfer area as (r∗) in-

creases. Furthermore, it should be noted that as the ambient temperature increases, the

heat transfer rate decreases. This is expected as the driving force for the heat transfer

decreases as θa increases.

5.4.2 Comparison of the numerical results to semi-analytical solution

In this section, we compare the results we obtained via our two numerical methods

against the series solution obtained for the steady state. We calculate a polynomial

of degree n = 10 via the DTM, and also consider the work in [1] to be a benchmark.

We find that all three solutions perform well, however only the Crank-Nicolson scheme

performs as accurately and efficiently as required.
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Table 5.5: Numerical solutions obtained for DTM and the maximum error computed
between the DTM solution and the respective numerical solutions obtained, where ECN =
Max |CNsol −DTMsol| and ENR = Max

∣∣CNNR
sol −DTMsol

∣∣ for varied values of Nc.
θa θDTM0 ECN ENR
0.2 0.55725 0.01284 0.11602
0.4 0.54037 0.02087 0.10919
0.6 0.51752 0.03561 0.09758
0.8 0.49348 0.06028 0.07696
Parameter values: Nc = 10 Nr = 1 r∗ = 1

1.75
T = 5

It can be seen in Table 5.5, for increasing θa, that both the DTM solution and the

error produced between the DTM and the Crank-Nicolson scheme increases, whereas

the error between DTM and the Crank-Nicolson with the Newton-Raphson predictor

corrector decreases.

Table 5.6: Numerical solutions obtained for DTM and the maximum error computed be-
tween the respective numerical solutions obtained, where ECN = Max |CNsol −DTMsol|
and ENR = Max

∣∣CNNR
sol −DTMsol

∣∣ and their respective temperatures at the tip of the
fin for varied values of Nc.

Nc θDTM0 ECN ENR
1 0.81615 0.01635 0.05989
10 0.55725 0.01284 0.11602
50 0.27747 0.01177 0.10950
Parameter values: θa = 0.2 Nr = 1 r∗ = 1

1.75
T = 5

Table 5.7: Numerical solutions obtained for DTM and the maximum error computed be-
tween the respective numerical solutions obtained, where ECN = Max |CNsol −DTMsol|
and ENR = Max

∣∣CNNR
sol −DTMsol

∣∣ and their respective temperatures at the tip of the
fin for varied values of Nc.

Nr θDTM0 ECN ENR
1 0.81615 0.016720 0.04911
5 0.66993 0.047281 0.03450
10 0.59043 0.06465 0.01524
Parameter values: θa = 0.2 r∗ = 1

1.75
Nc = 1 T = 100

Tables 5.6 indicates that the temperature at the tip of the fin for both the Crank-

Nicolson and the Crank-Nicolson with the Newton-Raphson method agree to the first
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decimal place only. Furthermore, it can be seen that for increasing values of Nc, the

error between the DTM and the Crank-Nicolson method decreases when T = 5; in turn

Table 5.7 indicates that for increasing values of Nr at T = 100 we obtain an increase in

the error. These relationships are inverted when considering the comparison between the

semi-analytical solution and the Crank-Nicolson scheme with the predictor corrector: it

increases for increasing values of Nc at T = 5 and decreases for increasing values of Nr

at T = 100.

Table 5.8: Numerical solutions obtained for DTM and the maximum error computed be-
tween the respective numerical solutions obtained, where ECN = Max |CNsol −DTMsol|
and ENR = Max

∣∣CNNR
sol −DTMsol

∣∣ and their respective temperatures at the tip of the
fin, given as θ0, for varied values of r∗.

r∗ θDTM0 ECN ENR
0.2 0.30038 0.05459 0.07799
0.4 0.41843 0.02504 0.09325
0.6 0.58528 0.01230 0.08572
0.8 0.82286 0.00361 0.02814
Parameter values: θa = 0.2 Nr = 1 Nc = 10 T = 100

It can be seen in Table 5.8, for increasing r∗, that the DTM solution increases but the

error produced between the DTM and the Crank-Nicolson scheme decreases. The error

between DTM and the Crank-Nicolson with the Newton-Raphson predictor corrector

initially increases for r∗ = 0.2, 0.4 but thereafter decreases for r∗ = 0.6, 0.8.

5.5 Conclusion

We employed the Crank-Nicolson method via the Usmani method, with and without

the Newton-Raphson predictor corrector, to solve a model describing the heat transfer

in a porous radial fin. We compared the results we obtained via the two numerical

schemes, and also contrasted them with the steady state solution. Furthermore, we

show that the results obtained match those in the work by Darvishi et al.[1]; the Crank-
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Nicolson method, incorporating the Newton-Raphson and Usmani method, does not

match these results even though the behaviour observed is appropriate and comparable.

As mentioned, this is due to the fact that the Jacobian required for the predictor-

corrector method is heavily influenced since it is close to singular or badly scaled.

Given the solutions obtained in Darvishi et al. [1] the error we obtained when comparing

our numerical solutions to the DTM may be due to a poor approximation of this series

solution. Due to computational limitations we are able to obtain a limited number of

terms before a lack of memory becomes an issue; n = 10 are very few terms if one

considers the work of other authors such as Darvishi et al. [1] and Aziz et al. [27] for

instance.

The results obtained by Darvishi et al. [1] confirm that the Crank-Nicolson scheme

produces accurate solutions efficiently. Unfortunately the addition of a Newton-Raphson

predictor corrector slows the scheme down excessively. By increasing T one can see

that the scheme does tend to the values obtained by the Crank-Nicolson method alone

however, in terms of computational efficiency, the Crank-Nicolson with Newton-Raphson

predictor corrector has shown itself inappropriate.
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Chapter 6

Numerical Well-Balancing Scheme

6.1 Introduction

By making use of numerical schemes as a solution method, it is crucial to identify that

the proper numerical treatment of the source terms may eliminate possible spurious

steady-sate numerical solutions. In this chapter we will focus on the appropriate treat-

ment of the source terms and provide a numerical approach that effectively deals with

the proper form of the porous radial fin and solve, via the Well-Balancing numerical

scheme, the problem of heat transfer in such a fin. In order to develop this approach,

we use a finite volume method to illustrate how it reduces the order of differentiation

by one. Thereafter, by using volume averaging and the Taylor series expansion, we

establish a numerical balance law. Based on the balance law and information obtained

through a consideration of the steady-state equation, which in turn is incorporated into

the transient heat transfer equation, we obtain a Well-Balancing scheme that maintains

steady-state solutions.

This scheme has been shown to effectively and efficiently obtain results for rectangu-

lar fin profiles - see [41, 36, 42]. In the work of Rusgara et al. [43], the Well-Balancing

scheme has been used to solve a nonlinear partial differential equation modeling the tem-

perature distribution in a triangular fin without requiring any additional assumptions

or simplifications of the fin profile.
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6.2 Numerical Approach

6.2.1 The Finite Volume Method and Numerical Balance Law

In this section, we introduce the finite volume method (FVM) and stipulate the ad-

vantages of this method within the context of the heat transfer problem posed in this

thesis. In this scenario, the FVM reduces the order of the spatial derivative by one

which motivates its use for the equation under consideration given the presence of the

nonlinear source terms. We consider a partial differential equation of the form,

∂θ

∂τ
− c(r) ∂

∂r

(
Q(r, θ)

∂θ

∂r

)
= R(θ), (6.2.1.1)

where c(r) is a function of r and Q(r, θ) is a function of r and θ. According to the

framework of the finite volume scheme, we divide the domain in space using a mesh

r0, r1, r2, . . . , rN and in time using a mesh τ0, τ1, τ2, . . . , τm. In the following, we will

assume, for simplicity, that all the cells have the same lengths ∆r = ri+ 1
2
− ri− 1

2
for

i = 0, 1, . . . , N and ∆τ = τj+ 1
2
− τj− 1

2
for j = 0, 1, . . . ,m.

In order to reduce the order of the spatial derivatives by one, we integrate Equation

(6.2.1.1) over the grid cell [ri− 1
2
, ri+ 1

2
] to obtain,

∫ r
i+ 1

2

r
i− 1

2

∂θ

∂τ
dr −

∫ r
i+ 1

2

r
i− 1

2

c(r)
∂

∂r

(
Q(r, θ)d(r)

∂θ

∂r

)
dr =

∫ r
i+ 1

2

r
i− 1

2

R(θ)dr.

Implementing cell averaging, we have,

∆ri
dθ̃i(τ)

dτ
−
∫ r

i+ 1
2

r
i− 1

2

c(r)
∂

∂r

(
Q(r, θ)d(r)

∂θ

∂r

)
dr =

∫ r
i+ 1

2

r
i− 1

2

R(θ)dr, (6.2.1.2)
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where,

θ̃i =
1

∆ri

∫ r
i+ 1

2

r
i− 1

2

θdr, (6.2.1.3)

is the cell-averaged quantity of θ over the grid cell [ri− 1
2
, ri+ 1

2
]. Based on the above, it

can be seen that the order of the partial differential equation has been reduced by one.

6.2.2 Implementation of the Well-Balancing Scheme

In this section, we employ the numerical approach mentioned above for Equation (2.13)

in order to construct a numerical balance law of (6.2.1.2). In this fashion, we are

able to obtain a Well-Balancing scheme which preserves specific non-trivial steady state

solutions and reduces some of the oscillations that occur around steady state solutions

[69]. Hence, for a more general equation (6.2.1.1), the Well-Balancing scheme will

provide a solution that must satisfy for steady states,

c(r)
∂

∂r

(
Q(r, θ)

∂θ

∂r

)
= R(θ),

where c(r) = 1
(r(r∗−1)+1)(r∗−1)2 and Q(r, θ) = (r(r∗− 1) + 1) is a function of r only in our

case with R(θ) = −Ncθ2 −Nr((θ + θa)
4 − θ4

a) the nonlinear source term. Furthermore,

it should be noted that this methodology may be extended for higher order equations.

Based on the equation under consideration (2.13), we rewrite our scheme in the form of

the one dimensional steady state,

1

(r(r∗ − 1) + 1)(r∗ − 1)

d

dr

(r(r∗ − 1) + 1

r∗ − 1

dθ

dr

)
= Ncθ2 +Nr((θ + θa)

4 − θ4
a)

dθ

dr

∣∣∣
r=0

= 0, θ(1) = 1, 0 < r < 1. (6.2.2.4)
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matching the form of Equation 6.2.1.1. Integrating over the grid cell [0, r+ ∆r
2

] with the

use of the Finite Volume Method, as mentioned in the previous section, we obtain,

∫ r+ ∆r
2

0

1

(r(r∗ − 1) + 1)(r∗ − 1)2

d

dr

(
(r(r∗ − 1) + 1)

dθ

dr

)
dr

= Nc
∫ r+ ∆r

2

0

θ2dr +Nr
∫ r+ ∆r

2

0

((θ + θa)
4 − θ4

a)dr, 0 < r < 1.

which is equivalent to,

1 + Log((r + ∆r
2 )(r∗ − 1) + 1)

(r∗ − 1)2

dθ(r + ∆r
2 )

dr
= Nc

∫ r+ ∆r
2

0
θ2dr +Nr

∫ r+ ∆r
2

0
((θ + θa)

4 − θ4
a)dr,

(6.2.2.5)

for 0 < r < 1. Similarly, by integrating over the grid cell [0, r − ∆r
2

],

1 + Log((r − ∆r
2 )(r∗ − 1) + 1)

(r∗ − 1)2

dθ(r − ∆r
2 )

dr
= Nc

∫ r−∆r
2

0
θ2dr +Nr

∫ r−∆r
2

0
((θ + θa)

4 − θ4
a)dr,

(6.2.2.6)

for 0 < r < 1. Based on the Mean Value theorem, we have,

Nc
∫ r+ ∆r

2

0
θ2dr +Nr

∫ r+ ∆r
2

0
((θ + θa)

4 − θ4
a)dr =

(
r +

∆r

2

)(
Ncθ2(ϕ) +Nr(θ(ϕ) + θa)

4 − θ4
a

)
,

(6.2.2.7)

For 0 < ϕ < r+ ∆r
2

. Next, a Taylor series approximation of θ2(ϕ) and (θ(ϕ) + θa)
4− θ4

a

around r provides,

θ2(ϕ) = θ2(r) + 2(ϕ− r)θ(r)dθ
dr

+O((ϕ− r)2),

(θ(ϕ) + θa)
4 − θ4

a = θ4(r) + 4(ϕ− r)θ3(r)θa
dθ

dr
+ 6(ϕ− r)2θ2(r)θ2

a

d2θ

dr2
+ 4(ϕ− r)3θ(r)θ3

a

d3θ

dr3

+ (ϕ− r)4θ4
a

d4θ

dr4
− θ4

a +O((ϕ− r)4),

(6.2.2.8)
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where O((ϕ− r)2) and O((ϕ− r)4) are the error terms.

For 0 < ϕ < r + ∆r
2

we have,

Nc
∫ r+ ∆r

2

0

θ2dr +Nr
∫ r+ ∆r

2

0

((θ + θa)
4 − θ4

a)dr

=
(
r +

∆r

2

)[
Nc
(
θ2(r) + ∆rθ(r)

dθ

dr

)
+Nr

(
θ4(r) + 2∆rθ3(r)θa

dθ

dr
+

3

2
∆r2θ2(r)θ2

a

d2θ

dr2

+
1

2
∆r3θ(r)θ3

a

d3θ

dr3
+
(∆r

2

)4

θ4
a

d4θ

dr4
− θ4

a +O(∆r)4
)]
.

(6.2.2.9)

Similarly, for 0 < ϕ < r − ∆r
2

we obtain,

Nc
∫ r−∆r

2

0

θ2dr +Nr
∫ r−∆r

2

0

((θ + θa)
4 − θ4

a)dr

=
(
r − ∆r

2

)[
Nc
(
θ2(r)−∆rθ(r)

dθ

dr

)
+Nr

(
θ4(r)− 2∆rθ3(r)θa

dθ

dr
+

3

2
∆r2θ2(r)θ2

a

d2θ

dr2

− 1

2
∆r3θ(r)θ3

a

d3θ

dr3
+
(∆r

2

)4

θ4
a

d4θ

dr4
− θ4

a +O(∆r)4
)]
.

(6.2.2.10)

From Equations (6.2.2.9) and (6.2.2.10), the series can be written as,

Nc
∫ r+ ∆r

2

r−∆r
2

θ2dr +Nr
∫ r+ ∆r

2

r−∆r
2

((θ + θa)
4 − θ4

a)dr

= 2Nrrθ4(r) + 2Nrθa∆r2θ3(r)
dθ

dr
+ rθ2(r)

(
2Nc + 3Nrθ2

a∆r
2d

2θ

dr2

)
+ θ(r)

(
Nc∆r2dθ

dr
+

1

2
Nrθ3

a∆r
4d

3θ

dr3

)
+

1

8
Nrrθ4

a

(
∆r4d

4θ

dr4
− 16

)
(6.2.2.11)

6.2.3 Balance Law

As mentioned in the previous subsection, we have

∫ r+ ∆r
2

0

1

(r(r∗ − 1) + 1)(r∗ − 1)2

d

dr

(
(r(r∗ − 1) + 1)

dθ

dr

)
dr
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= Nc
∫ r+ ∆r

2

0

θ2dr +Nr
∫ r+ ∆r

2

0

((θ + θa)
4 − θ4

a)dr,

which is equivalent to,

1 + Log(r(r∗ − 1) + 1)

(r∗ − 1)2

dθ(r)

dr
= Nc

∫ r+ ∆r
2

0
θ2dr −Nr

∫ r+ ∆r
2

0
((θ + θa)

4 − θ4
a)dr. (6.2.3.12)

By the Mean Value Theorem and Taylor series expansion we have,

1 + Log(r(r∗ − 1) + 1)

(r∗ − 1)2

dθ(r)

dr
= Ncr

(
θ2(r) + 2(ϕ− r)θ(r)dθ

dr
+O((ϕ− r)2)

)
+Nrr

(
θ4(r)

+ 4(ϕ− r)θ3(r)θa
dθ

dr
+ 6(ϕ− r)2θ2(r)θ2

a

d2θ

dr2
+ 4(ϕ− r)3θ(r)θ3

a

d3θ

dr3

+ (ϕ− r)4θ4
a

d4θ

dr4
− θ4

a +O((ϕ− r)4)
)
.

(6.2.3.13)

For 0 < ϕ < r − ∆r
2

and ∆r we have,

1 + Log(r(r∗ − 1) + 1)

(r∗ − 1)2

dθ(r)

dr
=
(
r − ∆r

2

)[
Nc
(
θ2(r)−∆rθ(r)

dθ

dr

)
+Nr

(
θ4(r)

− 2∆rθ3(r)θa
dθ

dr
+

3

2
∆r2θ2(r)θ2

a

d2θ

dr2
− 1

2
∆r3θ(r)θ3

a

d3θ

dr3

+
(∆r

2

)4
θ4
a

d4θ

dr4
− θ4

a +O(∆r)4
)]
.

(6.2.3.14)

After re-arranging terms, Equation (6.2.3.14) can be written as,

dθ

dr

[1 + Log(r(r∗ − 1) + 1)

(r∗ − 1)2
+
(
r − ∆r

2

)(
∆rNcθ(r) + 2∆rNrθ3(r)θa

)]
=
(
r − ∆r

2

)(
Ncθ2(r) +Nr

(
θ4(r) +

3

2
∆r2θ2(r)θ2

a

d2θ

dr2
− 1

2
∆r3θ(r)θ3

a

d3θ

dr3
+
(∆r

2

)4
θ4
a

d4θ

dr4

− θ4
a +O(∆r)4

)
.

(6.2.3.15)

After simplification, we obtain

dθ

dr
=(r∗ − 1)2(2r −∆r) +O(∆r)4

×
(16Nrθ4(r) + 8θ2(r)(2Nc + 3Nrθ2

a∆r
2 d2θ
dr2 )− 8Nrθ3

a∆r
3θ(r)d

3θ
dr3 ) +Nrθ4

a(∆r
4 d4θ
dr4 − 16)

32(1 + Log(1 + r(r∗ − 1)))− 16(r∗ − 1)2(2r −∆r)∆rθ(r)(Nc + 2Nrθaθ2(r))
.

(6.2.3.16)
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Substituting Equation (6.2.3.16) into Equation (6.2.2.11), the source term for the bal-

ance law can be established as follows,

Nc
∫ r+ ∆r

2

r−∆r
2

θ2dr +Nr
∫ r+ ∆r

2

r−∆r
2

((θ + θa)
4 − θ4

a)dr

= 2Nrrθ4(r) + rθ2(r)
(

2Nc + 3Nrθ2
a∆r

2d
2θ

dr2

)
+
r

8
Nrθ4

a

(
∆r4d

4θ

dr4
− 16

)
−∆r2θ3(r)θaNr(r∗ − 1)2(2r −∆r)

×
[16Nrθ4(r) + 8θ2(r)(2Nc + 3Nrθ2

a∆r
2 d2θ
dr2 )− 8Nrθ3

a∆r
3θ(r)d

3θ
dr3 +Nrθ4

a(∆r
4 d4θ
dr4 − 16)

16(1 + Log(1 + r(r∗ − 1)))− 8(r∗ − 1)2(2r −∆r)∆rθ(r)(Nc + 2Nrθaθ2(r))

]
−Ncθ(r)(r∗ − 1)2(2r −∆r)∆r2

×
[16Nrθ4(r) + 8θ2(r)(2Nc + 3Nrθ2

a∆r
2 d2θ
dr2 )− 8Nrθ3

a∆r
3θ(r)d

3θ
dr3 +Nrθ4

a(∆r
4 d4θ
dr4 − 16)

32(1 + Log(1 + r(r∗ − 1)))− 16(r∗ − 1)2(2r −∆r)∆rθ(r)(Nc + 2Nrθaθ2(r))

]
+

1

2
θ(r)Nrθ3

a∆r
4d

3θ

dr3
.

(6.2.3.17)

Hence, integrating over the grid cell [r+ ∆r
2
, r−∆r

2
] and incorporating Equation (6.2.3.17)

we obtain,

∂θ

∂τ
=

1

(r∗ − 1)2

[
Log((r +

∆r

2
)(r∗ − 1) + 1)

dθ(r + ∆r
2 )

dr
− Log((r − ∆r

2
)(r∗ − 1) + 1)

dθ(r − ∆r
2 )

dr

]
+ 2Nrrθ4(r) + rθ2(r)

(
2Nc + 3Nrθ2

a∆r
2d

2θ

dr2

)
+
r

8
Nrθ4

a

(
∆r4d

4θ

dr4
− 16

)
−∆r2θ3(r)θaNr(r∗ − 1)2(2r −∆r)

×
[16Nrθ4(r) + 8θ2(r)(2Nc + 3Nrθ2

a∆r
2 d2θ
dr2 )− 8Nrθ3

a∆r
3θ(r)d

3θ
dr3 +Nrθ4

a(∆r
4 d4θ
dr4 − 16)

16(1 + Log(1 + r(r∗ − 1)))− 8(r∗ − 1)2(2r −∆r)∆rθ(r)(Nc + 2Nrθaθ2(r))

]
−Ncθ(r)(r∗ − 1)2(2r −∆r)∆r2

×
[16Nrθ4(r) + 8θ2(r)(2Nc + 3Nrθ2

a∆r
2 d2θ
dr2 )− 8Nrθ3

a∆r
3θ(r)d

3θ
dr3 +Nrθ4

a(∆r
4 d4θ
dr4 − 16)

32(1 + Log(1 + r(r∗ − 1)))− 16(r∗ − 1)2(2r −∆r)∆rθ(r)(Nc + 2Nrθaθ2(r))

]
+

1

2
θ(r)Nrθ3

a∆r
4d

3θ

dr3
.

(6.2.3.18)
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Next we substitute the finite difference approximations for a particular time tj and for

the spatial domain r ∈ [r − ∆r
2
, r + ∆r

2
] giving,

∂θ

∂τ
|i ≈

θj+1
i − θji

∆t
,

∂θ(r + ∆r
2

)

∂r
|j ≈

θji+1 − θ
j
i

∆r
,

∂θ(r − ∆r
2

)

∂r
|j ≈

θji − θ
j
i−1

∆r
,

∂2θ(r + ∆r
2

)

∂r2
|j ≈

θji+2 − 2θji+1 + θji
∆r

,
∂2θ(r − ∆r

2
)

∂r2
|j ≈

θji − 2θji−1 + θji−2

∆r
, (6.2.3.19)

∂3θ(r + ∆r
2 )

∂r3
|j ≈

θji+3 − 3θji+2 + 3θji+1 − θ
j
i

∆r
,

∂3θ(r − ∆r
2 )

∂r3
|j ≈

θji − 3θji−1 + 3θji−2 − θ
j
i−3

∆r
,

∂4θ(r + ∆r
2

)

∂r4
|j ≈

θji+4 − 4θji+3 + 6θji+2 − 4θji+1 + θji
∆r

, and

∂4θ(r − ∆r
2

)

∂r4
|j ≈

θji − 4θji−1 + 6θji−2 − 4θji−3 + θji−4

∆r
,

Hence, our Well-Balancing scheme is given by,

θj+1
i = θji +

∆t∆r

(r∗ − 1)2

[
Log(ri+ 1

2
(r∗ − 1) + 1)(θji+1 − θ

j
i )− Log(ri− 1

2
(r∗ − 1) + 1)(θji − θ

j
i−1)

]
+ 2r∆tNr(θji )

4 + r∆t(θji )
2
(

2Nc + 3Nrθ2
a∆r

2d
2θ

dr2

)
+
r∆t

8
Nrθ4

a

(
∆r4d

4θ

dr4
− 16

)
−

∆t∆r(θji )
3θaNr(r∗ − 1)2(2r −∆r)

16(1 + Log(1 + r(r∗ − 1)))− 8(r∗ − 1)2(2r −∆r)θji∆r(Nc + 2Nrθa(θji )2)

×
[
16Nr(θji )

4 + 8(θji )
2(2Nc + 3Nrθ2

a∆r
2(θji+2 − 2θji+1 + 2θji−1 − θ

j
i−2))

− 8Nrθji θ
3
a∆r

3(θji+3 − 3θji+2 + 3θji+1 − 2θji + 3θji−1 − 3θji−2 + θji−3)

+Nrθ4
a∆r

4(θji+4 − 4θji+3 + 6θji+2 − 4θji+1 + 4θji−1 − 6θji−2 + 4θji−3 − θ
j
i−4)− 16∆r4

]
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−
∆tNc(r∗ − 1)2θji (2r −∆r)∆r

32(1 + Log(1 + r(r∗ − 1)))− 16(r∗ − 1)2(2r −∆r)∆rθji (Nc + 2Nrθa(θji )2)

×
[
16Nr(θji )

4 + 8(θji )
2(2Nc + 3Nrθ2

a∆r
2(θji+2 − 2θji+1 + 2θji−1 − θ

j
i−2))

− 8Nrθji θ
3
a∆r

3(θji+3 − 3θji+2 + 3θji+1 − 2θji + 3θji−1 − 3θji−2 + θji−3)

+Nrθ4
a∆r

4(θji+4 − 4θji+3 + 6θji+2 − 4θji+1 + 4θji−1 − 6θji−2 + 4θji−3 − θ
j
i−4)− 16∆r4

]
+

1

2
Nrθji∆t∆r

4θ3
a(θ

j
i+3 − 3θji+2 + 3θji+1 − 2θji + 3θji−1 − 3θji−2 + θji−3),

(6.2.3.20)

where a linear interpolation is used to determine ri+ 1
2

and ri− 1
2
.

No-flux at the origin

In order to implement our Well-Balancing numerical scheme, we need to incorporate

the boundary conditions. As per the work of Kraus et al. [70], it is noted that some

fin’s shapes need to be interpreted in a specific manner and cannot be characterized by

linear transformation. As such, since the fin profile at the tip has zero thickness, we

shall have no-flux at the fin tip. Due to the physical relevance placed on the fin tip as

well as the dynamics of the fin tip profile as discussed in Section 4.3 where r = 0 we

have at the origin,

1

(r(r∗ − 1) + 1)(r∗ − 1)2

∂

∂r

(
r(r∗ − 1) + 1

∂θ

∂r

)∣∣∣∣
r=0

= 0,

=⇒ ∂

∂r

(
r(r∗ − 1) + 1

∂θ

∂r

)∣∣∣∣
r=0

= 0. (6.2.3.21)

Implementing a time forward discretisation at the origin and employing the no-flux

condition given by (6.2.3.21), we have

θj+1
i = θji + ∆tNc(θji )2 + ∆tNr((θji + θa)

4 − θ4
a). (6.2.3.22)
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As per Equation (6.2.3.22), if we were to apply the no-flux condition based on the zero

temperature initial condition, the temperature will always be zero which does not make

sense. As such the dynamics at the fin tip can again be considered to be unstable under

certain circumstances. In order to address this concern, we employ the Well-Balancing

principle at the origin i.e. i = 0 by incorporating θj0 into Equation (6.2.3.22). Thus, the

steady state solution can be established as follows,

∫ r0+ ∆r
2

r0

1

(r(r∗ − 1) + 1)(r∗ − 1)2

d

dr

(
r(r∗−1)+1

dθ

dr

)
dr =

∆r

2

(
Ncθ2(r0)+Nr((θ(r0)+θa)

4−θ4
a)
)
,

=⇒ 1

(r∗ − 1)2

(
Log((r0 +

∆r

2
)(r∗ − 1) + 1)

dθ(r0 + ∆r
2

)

dr
− Log((r0(r∗ − 1) + 1)

dθ(r0)

dr

)
=

∆r

2

(
Ncθ2(r0) +Nr((θ(r0) + θa)

4 − θ4
a)
)
.

Since dθ
dr

(r0) = 0, the solution simplifies as follows,

Log((r0 + ∆r
2

)(r∗ − 1) + 1)

(r∗ − 1)2

dθ(r0 + ∆r
2

)

dr
=

∆r

2

(
Ncθ2(r0) +Nr((θ(r0) + θa)

4 − θ4
a)
)
.

Through the use of the central difference approximation we obtain,

θj0 = θj1 −
∆r(r∗ − 1)2

2Log(r 1
2
(r∗ − 1) + 1)

Nc(θj0)2 +Nr(θj0 + θa)
4 − θ4

a). (6.2.3.23)

Equation (6.2.3.22) and (6.2.3.23) provide a numerical Well-Balancing scheme for the

fin profile at the origin.

Flux at the origin

The flux at the origin for the fin is non-zero and are governed by the boundary conditions

adiabatic (i.e. a process that occurs without the transfer of heat/matter between the
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system and its surroundings). At the origin,

∂θ

∂τ
− 1

(r∗ − 1)2

∂2θ

∂r2
− 1

(r(r∗ − 1) + 1)(r∗ − 1)

∂θ

∂r
+Ncθ2 +Nr((θ + θa)

4 − θ4
a)

∣∣∣∣
r=0

= 0.

Since 1
(r(r∗−1)+1)(r∗−1)

∂θ
∂r

(r0) = 0 we have,

∂θ

∂τ
− 1

(r∗ − 1)2

∂2θ

∂r2
+Ncθ2 +Nr((θ + θa)

4 − θ4
a)

∣∣∣∣
r=0

= 0.

Implementing the forward difference and central difference approximation for time and

space respectively, we have

θj+1
0 = θj0 −

2∆t

∆r2(r∗ − 1)2
(θj1 − θ

j
0) + ∆tNc(θj0)2 + ∆tNr((θj0 + θa)

4 − θ4
a). (6.2.3.24)

Similarly, for the steady state equation of the fin we obtain,

θj0 = θj1 −
∆r(r∗ − 1)2

2Log(r0(r∗ − 1) + 1)
Nc(θj0)2 +Nr(θj0 + θa)

4 − θ4
a). (6.2.3.25)

The discretisation at the origin of the profile is given by Equation (6.2.3.24) and (6.2.3.25).

6.3 Results

In Section 6.3.1, we compare the results we obtained via the Well-Balancing scheme

(WBS) and our two numerical methods i.e. the Crank-Nicolson scheme (CN) and

the Crank-Nicolson scheme incorporating the Newton-Raphson predictor corrector and

Usmani method (CNNR). The results obtained via these numerical schemes are also

compared to the solution obtained as per the work of Darvishi et al. [1] and the Differ-

ential Transformation Method discussed in Section 6.3.2.

81



6.3.1 Comparison of numerical schemes

The Well-Balancing scheme in comparison matches the shape and behaviour of the

solutions observed in Darvishi et al. [1]. Similarly, to make a comparison between the

numerical schemes we have employed, we allow our numerical schemes to iterate for large

time T in order for convergence to a steady state. We find that convergence has occurred

for the Well-Balancing scheme and Crank-Nicolson scheme at T = 1. As previously

mentioned, this is not the case for the Crank-Nicolson method with predictor corrector.

Once again, to maintain our CFL number as less than one for stability purposes, we

choose 4r = 0.1 and 4t = 0.0001.

As seen in Tables 6.1 - 6.4, the numerical schemes produce solutions similar in shape and

behaviour as solutions observed in Darvishi et al.[1]. However, there are discrepancies

when we consider the errors between the methods. The temperature at the origin, i.e.

θ(0), is often not the same across the methods. In terms of the solutions for the Well-

Balancing scheme and the Crank-Nicolson scheme agrees to the third decimal for the

same value of θ0 for set parameter values as well as converge at the same rate. However,

for the Crank-Nicolson method with the predictor corrector method, we find that the

solutions do not converge to the same value for θ0 for set parameter values, nor does the

solution converge at the same rate. Due to the speed with which the Well-Balancing

scheme is able to reach convergence, and its accuracy upon comparison with the work

by Darvishi et al. [1] and the Crank-Nicolson, as seen in Section 5.4.1, we illustrate the

solutions obtained in the figures to follow.

In Table 6.1 we observe a similar trend to the Crank-Nicolson scheme which may be

misleading; that is, an increase in the dimensionless ambient temperature leads to a

decrease in the tip temperature. As mentioned, in this work we altered our nondimen-

sionalisation to define the ratio θa as Ta
Tb−Ta

which impacts the behaviour observed by
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Table 6.1: Temperature at r = 0 for varied values of θa.

θa θWBS
0 θCN0 θNR0

0.2 0.54424 0.54482 0.67327
0.4 0.51898 0.51860 0.64891
0.6 0.48011 0.48088 0.61438
0.8 0.43374 0.43321 0.57044
Parameter values: Nc = 10 Nr = 1 r∗ = 1

1.75
T = 1

the solution with regards to changes in the value of θa. Instead of a linear relationship

between Ta and θa we have a nonlinear one given by Ta = θaTb
1+θa

, such that the behaviour

inversely corresponds to that of Darvishi et al. [1]. Once again, our results are consis-

tent with the physical dynamics of the problem.

Table 6.2: Maximum error computed between the respective numerical solutions obtained,
where EWBS

CN = Max |WBSsol − CNsol|, EWBS
NR = Max

∣∣WBSsol − CNNR
sol

∣∣ and their
respective temperatures at the tip of the fin for varied values of Nc.

Nc EWBS
CN EWBS

NR θWBS
0 θCN0 θNR0

1 0.00012 -0.07605 0.79992 0.79980 0.87604
10 0.00329 -0.12516 0.54811 0.54482 0.67327
50 0.00242 -0.1121 0.27487 0.27244 0.38697
Parameter values: θa = 0.2 Nr = 1 r∗ = 1

1.75
T = 1

Table 6.2 illustrates the effect of the buoyancy or natural convection parameter (Nc)

on the temperature distribution in the fin for varied values. As the buoyancy effect

increases, i.e. Nc, the local temperature in the fin θ decreases.

Table 6.3: Maximum error computed between the respective numerical solutions obtained,
where EWBS

CN = Max |WBSsol − CNsol|, EWBS
NR = Max

∣∣WBSsol − CNNR
sol

∣∣ and their
respective temperatures at the tip of the fin for varied values of Nr.
Nr EWBS

CN EWBS
NR θWBS

0 θCN0 θNR0

5 0.00519 -0.09798 0.62863 0.62343 0.72661
10 0.00224 -0.10474 0.5291 0.52686 0.63384
50 0.00046 -0.09445 0.30537 0.3049 0.39982
Parameter values: θa = 0.2 r∗ = 1

1.75
Nc = 1 T = 100
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For Table 6.3, we look at the effect of the radiation parameter Nr on the fin tempera-

ture. An increase in the surface radiative heat transfer from the fin to the ambient fluid,

leads to a decrease in the local fin temperature θ. This is representative of the effect

of natural convective heat loss on the temperature distribution in the fin when there is

a loss of radiation heat. However, the environment temperature and the ratio between

the inner and outer radius are kept constant. As previously mentioned, we see that the

buoyancy force (Nc) which is principally a macro scale effect influences the velocity and

temperature fields where as the radiation parameter (Nr) influences the temperature

field by increasing the heat transfer rates from the surface. Once again, we find that

when the convection parameter (Nc) and the radiation parameter (Nr) are allowed to

vary, the local fin temperature decreases because of the increasing strength of radiative

heat exchange between the exposed surface of the fin and the ambient [1].

Table 6.4: Maximum error computed between the respective numerical solutions obtained,
where EWBS

CN = Max |WBSsol − CNsol|, EWBS
NR = Max

∣∣WBSsol − CNNR
sol

∣∣, and their
respective temperatures at the tip of the fin, given as θ0, for varied values of r∗.

r∗ EWBS
CN EWBS

NR θWBS
0 θCN0 θNR0

0.2 0.00108 -0.1074 0.28012 0.27903 0.38752
0.4 0.00067 -0.12684 0.40156 0.40088 0.5284
0.6 0.00453 -0.12163 0.57835 0.57382 0.69998
0.8 0.00028 -0.07407 0.81972 0.81944 0.89379
Parameter values: θa = 0.2 Nr = 1 Nc = 10 T = 1

Table 6.4 presents the heat transfer rates versus the ambient temperature with the ratio

of the tip radius to base radius (r∗) as a parameter. We observe that with increasing

(r∗), the heat transfer increases. This is due to the increased heat transfer area as (r∗)

increases. Furthermore, it should be noted that as the ambient temperature increases,

the heat transfer rate decreases. This is expected as the driving force for the heat

transfer decreases as θa increases.
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6.3.2 Comparison of the Well-Balancing scheme to the semi-analytical

solution

In this section, we compare the results we obtained via the Well-Balancing scheme

against the series solution obtained for the steady state. As previously stated, we

used the calculated polynomial of degree n = 10 obtained via the DTM, and also

consider the work in [1] as a benchmark. We observe that the Well-Balancing scheme

performs as accurately and efficiently as required. It can be seen in Table 6.5, that an

Table 6.5: Numerical solutions obtained for DTM and the maximum error computed
between the DTM solution and the Well-Balancing scheme solution obtained, where
EWBS = Max |WBSsol −DTMsol| for varied values of θa.

θa EWBS

0.2 0.01301
0.4 0.02139
0.6 0.03741
0.8 0.05974
Parameter values: Nc = 10 Nr = 1 r∗ = 1

1.75
T = 5

increase in the dimensionless ambient temperature θa, leads to an increase in the error

produced between the DTM and the Well-Balancing scheme. In this case, we have a

linear relationship between Ta and θa and the behaviour corresponds to that of Darvishi

et al. [1].

Table 6.6: Numerical solutions obtained for DTM and the maximum error computed
between the DTM solution and the Well-Balancing scheme solution obtained, where
EWBS = Max |WBSsol −DTMsol| for varied values of Nc.

Nc EWBS

1 0.01623
10 0.00914
50 0.00259
Parameter values: θa = 0.2 Nr = 1 r∗ = 1

1.75
T = 5

Tables 6.6 indicates that for increasing values ofNc, the error between the DTM solution
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Table 6.7: Numerical solutions obtained for DTM and the maximum error computed
between the DTM solution and the Well-Balancing scheme solution obtained, where
EWBS = Max |WBSsol −DTMsol| for varied values of Nr.

Nr EWBS

1 0.01752
5 0.04083
10 0.08506
Parameter values: θa = 0.2 r∗ = 1

1.75
Nc = 1 T = 100

and the Well-Balancing scheme decreases when T = 5; in turn Table 6.7 indicates that

for increasing values ofNr at T = 100 we obtain an increase in the error. As mentioned in

the previous section, we see that when the convection parameter (Nc) and the radiation

parameter (Nr) are allowed to vary, the local fin temperature decreases because of the

increasing strength of radiative heat exchange between the exposed surface of the fin

and the ambient [1].

Table 6.8: Numerical solutions obtained for DTM and the maximum error computed
between the DTM solution and the Well-Balancing scheme solution obtained, where
EWBS = Max |WBSsol −DTMsol| for varied values of r∗.

r∗ EWBS

0.2 0.02026
0.4 0.01687
0.6 0.00692
0.8 0.00314
Parameter values: θa = 0.2 Nr = 1 Nc = 10 T = 100

It can be seen in Table 6.8 that as the ambient temperature ratio of the tip radius to

base radius r∗ increases, the DTM solution increases, but the error produced between

the DTM and the Well-Balancing scheme decreases. As previously mentioned, this is

expected as the driving force for the heat transfer decreases as θa increases.
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6.4 Conclusion

We employed the numerical Well-Balancing scheme to solve a model describing the heat

transfer in a porous radial fin. We compared the results we obtained from the Well-

Balancing scheme to the two numerical schemes i.e. the Crank-Nicolson method and

the Crank-Nicolson method incorporating the Newton-Raphson and Usmani method as

well as compared it to the steady state solution. We show that the results obtained

from the Well-Balancing scheme only match the shape and behaviour of those solutions

in the work by Darvishi et al.[1]. Furthermore, we show that the Well-Balancing scheme

solutions match the solutions produced by the Crank-Nicolson scheme; agreement is up

to three decimal places. However, the Well-Balancing scheme does not match the results

obtained by the Crank-Nicolson method with the Newton-Raphson predictor corrector.

As previously stated, given the solutions obtained in Darvishi et al. [1] the error we

obtained when comparing our numerical solutions to the DTM may be due to a poor

approximation of this series solution. Due to computational limitations we are able to

obtain a limited number of terms before a lack of memory becomes an issue; n = 10 are

very few terms if one considers the work of other authors such as Darvishi et al. [1] and

Aziz et al. [27] for instance.
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Chapter 7

Conclusion

A time dependent nonlinear partial differential equation modeling heat transfer in a

porous radial fin was considered for its extensive practical applications [1, 27]. The

equation comprises of two nonlinear terms of which the first nonlinear term Nc refers

to the buoyancy or natural convection transport of energy by the infiltrate and the sec-

ond nonlinear term Nr refers to the surface radiative heat transfer from the fin to the

ambient fluid. These terms play a crucial part in this thesis as it has an impact on the

schemes stability. In an attempt to overcome the model’s sensitivity to the initial con-

dition as well as cater for the nonlinear terms we have employed the Lie group method

which proves as a useful tool for obtaining an initial condition [51].

The Differential Transformation (DTM) was useful in obtaining semi-analytical steady

state solutions which provide a guide for the numerical solutions obtained [27]. In this

work, we have employed a polynomial of order n = 10 as our steady state solution. We

are, via this methodology, able to obtain a polynomial of degree n = 16 which compares

well to the sufficiently accurate solution produced with n = 15 as per the work of Aziz

et al. [27]. We note that in order to obtain the relevant accuracy for this method a large

number of terms would need to be employed (as per the work by Darvishi et al. [1] and

Aziz et al. [27]); however the required memory to do so becomes a limiting factor.

As per the literature [37, 39, 43], we employed the Crank-Nicolson method with and

without the Newton-Raphson predictor-corrector (employing Usmani’s method for the
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former) and the Well-Balancing scheme to solve a model describing the heat transfer in

a porous radial fin. We show that the results obtained via the Crank-Nicolson scheme

and the Well-Balancing scheme match well in comparison to the results obtained in

the work by Darvishi et al. [1]; the Crank-Nicolson method, incorporating the Newton-

Raphson and Usmani method, and the DTM do not match these results even though the

behaviour observed is appropriate and comparable. The accuracy of the Crank-Nicolson

scheme and the Well-Balancing scheme when compared to the work by Darvishi et al.

[1] meant that they were the most appropriate methods to consider in terms of an anal-

ysis of the scheme’s stability and the dynamics of the steady state system.

The presence of nonlinear sink terms necessitated an investigation into the impact they

may have on the stability of the scheme and hence the validity of the solutions obtained.

We find that the only manner in which the linearisation of the system of first-order ordi-

nary differential equations (obtained from the steady state equation) is able to describe

the dynamics of the nonlinear system is if Nc and Nr approximate zero, that is, are

very small [4]. Thus, we conclude that the higher order terms (and hence nonlinear sink

terms) have an influence on the stability of the system and cannot be ignored.

Furthermore, via our computational investigations, we could ascertain the impact of Nc

and Nr, showing that as they tend to infinity, erratic and unstable behaviour may be

observed at the equilibrium point which represents the fin tip (θ → 0, θ′(0) = 0). More

interestingly, we were able to show that the convection parameter Nc has a more promi-

nent impact on the stability of the solutions obtained via the Crank-Nicolson scheme,

whereas the radiative parameter Nr and the ambient temperature impact more severely

on the stability of the Crank-Nicolson scheme with Newton-Raphson method. This be-

haviour is sensible given the nature of these sink terms. Hence, the dynamics at the fin

tip can be said to be stable in general since an instance where the parameters would
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obtain such values leading to a case where the equilibrium point is representative of the

values of the necessary temperature and temperature gradient is rare [4].

We also compared the dynamics between the nondimensionalised equation introduced

here and that considered in [1]. Considering the second form of nondimensionalisation,

the equilibrium point (θa, 0) is found to be unstable stable point corresponding to the

saddle point obtained for the equilibrium point (0, 0) for the previous nondimensionali-

sation. This case would correspond to an instance where the tip temperature is equated

to the ambient temperature. As such the dynamics at the fin tip can again be con-

sidered to be unstable under certain circumstances; our numerical solutions i.e. the

Crank-Nicolson scheme and Well-Balancing scheme confirmed this and displayed the

intricate interactions between the relevant parameters. We found that the buoyancy

force had a more dominant role to play in the schemes’ ability to obtain solutions [4].

This seems reasonable given the nature of the higher order terms obtained.

The interesting additional insight with regard to the latter nondimensionalisation was

that for larger values of Nc and Nr we find that θ1 = θ > 0, which provided a second

physically relevant equilibrium point. The dynamical analysis conducted assisted us in

confirming that the boundary dynamics at the fin tip, that is, for 0 < θ < 1 and θ′ = 0,

are indeed stable. Given the other equilibrium point (4.5.22), it would seem however

that for cases where θ = θa we would revert to unstable behaviour at the fin tip. An

interesting point to note is that since in the latter nondimensionalised equation θa en-

gages with both the buoyancy force/convection parameter and the radiation parameter

in the equation, the dynamics are more intricate. As the convection increases, small

values of the radiation parameter lead to no solution. Then as the latter increases the

solution will achieve the ambient temperature at the fin tip. For both nondimension-

alised equations we discovered that under certain circumstances there could be unstable
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behaviour at the fin tip; the convection and radiation parameters as well as the ambient

temperature have a role to play regarding the stability and effectiveness of the numerical

scheme employed. In general, this is a concern as the fin efficiency can drop drastically

which cannot be economically justified.
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