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ABSTRACT

- Qua.nirum chaos is assoc;a.ted wzlth t]::u phﬂtmﬁlenon of a.vmded level Crossings on
" & large scale which leads to a statistical Lehaviour similar to that of a Gaussian

Orthogonal Ensemble (GOE) of matrice:. "The same behaviour is sesr in a pure

| _quantum one dimensional system consisuing of a square well containing §-function
- barriers on a Cantor set, For a representative Hamiltonian of the form Hy 4+ AH;, = _
‘avoided level crossings are associated with branch point singularities when they are : -~

continued into the complex A-plane, These are the exceptional points which are

proposed to determine the form of the spectrum and thus the spectral fluctuation

propertits, It is prohibitive to determine the exact positions of the exoeptmnal

~ points but a procedure is given to determine their distribution and its implementa-
tion is demonstrated considering siinple metrix models. By investigating the chaotic’
quartic oscillator the intricate connection hetween the distribution of excaptmna.l_-
points and the particular fSuctuation properties of level spacings and a.ssoclatedé-
- eigenvector statistics is shown, The effect of the coupling matrix elements are also
stressed. This means that a GQE, which has no physical input & pricri, only sim-
ulates the behaviour of a chaotic system but states nothing as to the origin of this .
peculiar behaviour. The actual mderl;ung mathematical muchanism that yields .
the special features of the spectrim is prescribed by the exceptionsl points in. con- -,
junction with the coupling matrix elements. This is called the exceptional point =
method. These results are substanfiated by the cheotic system pur ezcellence: the

hydrogen atom in.n strong uniform magnetic field. It is shown that the behaviour

“of this system only depends on the coupling matrix elements and the density of

exceptional points. A measure is propased that characterises the chaotic behaviour

and it corresponds to the known classical and quantal behaviour: This leads to the

conjecture that we must be able to retrieve the classical unstable periodic orbits and
understand the deviations of Az from GOE and the scarring of the wave functions,
seen when the system is analysed semiclassically, by investigating the density of
exceptional points. We show that results from an exceptional point analysis follow

that from a classical, semiclassical and quantum mechanical analysis, The exeepiio-

nal points are therefore proposed as suitable quantities to build the bridge between
the quantum mechanical and classical regimes. 'The exceptional point approach
may then lead to a cunclusnre theory wherihby quantum chaos can be charactensed
thomugh]y .
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OORSIG

Kwantumchaos word met viakafstotmgs, wat op groat ska.a.l in d1e energiespektnun' _
voorkom, gemssosiger. Dit lei tot 'n statistiese gedrag soortgelyk aan die van 'n
Gauss1we@dogmﬂe Ensémble (GOE) van matrikse. Dieselfde gedrag kom voor in

'n suiwer kwantum, eendimensionale sisteern wat uit ’n potensiaslput, tet §-funksie

versperrings op 'n Cantor versameling, bestaan. 'n Verteenwoordigende Hamiltoni-
aan Hy - AH; se vlakafstohngs word, in die komplekse A-viak, met verta.kpuntsm- '

gulariteite geassosider. Dit is die uitsonderingspunte wat voorgehou word as die

groothede wat die vorm van die spektrum, en dus die spekiraalfiuktuasie-eienskappe,
bepaal. Dit is egter nie moortlik om die spesifieke posisies van die uisonderingspunte -
‘te bepasl nie maar 'n handelswyse word beskryf waardeur die verspreiding bepaal
ken word. Die implementering van die proses word met twee eenvoudige matriks-
modelle toegelig. Die ingewikkelde verhouding tussen die verspreiding van die wit-
‘sonderingspunte en die spesificke fluktuasie-eienskappe, van die vlakspasierings en, |
~ die eievektor statistick, word beskryf deur die kwartiese cssillator te ondersoek. Die
“uitwerking van die koppelingsmatrikselemente word ook omskryf. Dit betekendat'n -
- GOE, waar geen ¢ priori fisiese insette bestazn nie, slegs die gedrag van 'n chaotiese
-gisteem naboots en niksseggend oor die oorsprong van die vreemde gedrag is nie, Die
- eintlike onderliggende wiskundige meganisme, wat tot die spesiale gedrag van die

spektrum aanleiding gee, word deur die uitsonderingspunte, in samewerking met die

koppelingselemente, voorgeskryf, Dit word die uitsonderingspuntmetode genoem. -
Hierdie resultate word verder onderskryf deur die chaotiese sisteem par ezcellence:
. die waterstofatoom in 'n sterk eenvormige magneetveld. Daar word gewys dat die

gedrag ven hierdie sisteem slegs viin die koppelingselemente en die verspreiding van
uitsonderingspunte afhang. ’n Mdatstaf, wat die chaotiese gedrég kenmerk, word
voorgestel en dié stem ooreen met die bekende klassieke en kwamium gedra.g Dit

lei tot die vermoede dat die onbestendige klassieke periodiese bane verkry kan word

deur die nitsonderingspunte te ondersoek. Die afwyking van A; van GOE en die

brandmerking van die golffunksies, gesien wanneer die sisteem halfklassiek onder-

soek word, moet dus ook deur die uitsonderingspuntformalisme beskryf kan word.
Ons toon aan dat resultate van 'n uitsonderingspuntanalise dié van 'n klassieke,

halfklagsicke en kwantummeganiese ondersock onderskryf. Die uitsonderingspunte
word dus as geskikte groothede, om die brug tussen klassicke en kwantummeganika
_ te bou voorgestel. Die uitsonderingspuntmetode kan dan tot 'n omvattende teorie,

waa.rdeur kmtumchaos behoorhk omskryf word, lei, '
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: But the creative principle resides in mathematics.
. In a certain sense, therefore, I hold it true that

- pure thought can gmp real:ty, as the fmc:euta dn:umed
. Albert 'Eill.lldn . .

. God used beautiful ﬁc_tki’enlzgliics in creating the world,

The «ffort to understand the universe is one of
the very few things that lifts human Lfe o

little above ﬂae level of farce, and gives it some
of the grece of iragedy.
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Chapter 1

.mtro ductlon

Accorcﬁng to Newtonian mechanies all systems in nature are regular. This means

that we can integrate the equations of motion and the dynamical system runs along
a prediclable and regular course that ends in some pericdic or steady state. These
systems are called integrable and their trajectories are confined to invariant tori.
The specml exa.mples discussed in undergraduate physics courses create this er-

roneous impression. The general methods for solving more difficult problems are -

prgsented as technical refinements best left to the experts.

“A century ago, however, mathematicians discovered that some apparently simple
mechanical systems can have very complicated motions. Not only is their behaviour
exceedingly sensitive to the precise starting conditions, but they never setile to
any reasonable final state with a recognisable fixed pattern. Their movements look
smooth over short time scales but they seem to jump unpredictably and indefinitely
when we check their positions and momenta over large intervals. Astronomers
became increasingly aware of this problem during the last 60 years but physicists
began recognising it only some 20 years ago. This phenomenon now goes under the

name of chaos that is an extensive reseazch field [De 89].

Chaos denotes the irregular motion generated by nonlinear systems whase dy-
namical laws uniquely detersine the time evolution of a state of a system from a
knowledge of its previous history. Nonlinearity is a necessary but not a sufficient
condition for the generation of chaotic motion. The observed chaotic behaviour in
time is neither due to external sources of noise nor too infinitely many degrees of
freedom. The actual source of irregularity is the property of the nonlinear system
that initially close trajectories separate exponentially fast in a bounded region of
phase space. It therefore becomes practically impossible to predict the long-{ime be-

- haviour of these systems because in practice one can only fix their initial conditions

with finite accuracy and errors increase exponemnally fast [Sc 84}, [LL 83},
Classical chaotic motion is intimately connected to the concept of periodic orbits,

that is, solutions to the equations of motion that return to their initial conditions.

Periodiu orbits of an integrable system have & polynomial growth in contrast to an

1
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exponentzal growth in a chaotic system. As eax]y as 1892 Poincaré pomted out that
periodic orbits are densely distributed amengst all possible classical trajectories
and that a study of them would provide the clue to the general behaviour of any

. mechanical system.

A well established and comprehenmve theor;sf has been set down since Lorentz
rediscovered chaotic motion in 1963. A fundamental theorem is the KAM theorem
that says that the motion in phase space of classical mechanics is neither completely
regular nor completely irregular but the type of trajectory depends sensitively on
the initial conditions. Classical chaos changed our intuition about the harmony and
beauty of the universe. The existence of chaotic motion in classical conservative

systems naturally leads to the question of how this irregularity manifests itself in

the corresponding quantum systems? Will we observe the same irregularity? Thie

regearch field has been named ‘Quantum Chaos’ and started to a.ti;ra.ct attention

some 15 years ago.

* Although much insight has been ga.med into the behaviour of quantum systems -

=na:t‘. have a classical chaotic counterpart, no conclusive theory has been formulated.

* The state of affairs can be summarised by the seven year old resumé of Gutzwiller

which is to a large extent still applicable today [Gu 85]:

The word ‘chaos’ is not a technical term for the time being, in contrast to
words such as ergodicity, mixing and entropy, which can be defined even
if there are different kinds of each. Chaos, at this point, describes rather
a vague feeling of malaise among scientists, an embarrassing state of
affuirs whose precise symptoms are not clear. This applies in particular
to chaos in quantum mechanics; but in any situation, our recourse to
chaos is almost an admigsion of failure about our efforts to find order
and beauty in the descnptxon of nature.

Following this one can ask, what is ‘Quantum Chaos' good for? Where is it
needed? Can it be avoided? The answer is almost contradictory in terms: chaos is
necessary to unify the following four basic areas of physics,

1. newionian mechanics,
2. thermodynamics and equilibrium statistical mechanics,
3. atomic and molecular physics,

4. electromagnetism including optics.

Each of these 'sepa.ré.te fields was discovered and developed independently of the

others. At this stage, nobody has any serious doubts about our understanding of
these four (by now) classical areas based on the undm-lymg mathematical principles.
This situation is quite different from what rrevails, e.g., in hydrodynamics, physucs
of condensed matter, nuclear and elementary particle physics.
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What happens if these classical areas come in contact with one another? Evi-

~ dently we have to tie different ideas, pictures and mathematical structures together.

The process of establishing the connection. works in scme very special circumstances
but generally it runs into great difficulties. With only slight exaggeration, one al-

ways finds some kind of chaotic behaviour at the root of our troubles. Even greater

problems arise when these four fields are quantised. .
The last few decades has seen the emergence of two approaches for mvestxga.ting
the nature of the signature of ‘Quantum Chaos’. The first is due to the belisve

- that classical mechanics is quantum mechanics in the limit where Planck’s constant

vanishes and the second is a statistical approach that began with the study of
nuclear energy levels. The first approach targets one of the most fundamental
problems of physics today [Gu 90): how can the classical mechanics of Newtun,

- Euler and Lagrange be understood as a limiting case within the quantum mechanics

of Heisenberg, Schrédinger and Dirac?

Einstein in 1917 was the first, and for 40 years the only, scientist $o point out -

il1e true dimensions of this problem when the classical dynamical system is chaotic

" [Bi 17). The Bohr-Sommerfeld quantisation rules state

5}»}' fodu=tng i=12,..,N (1)

with N the number of integrals of motion. Einstein was not satisfied with (1.1)

because they were applicable only to the case of completely separable variables of
the systen:. He pointed out that an absence of invariant tori in phase space would
prevent any use of (1.1) on the corresponding classical system so that it is only
applicable to integrable systems. This problem is so fundamental and complicated

that a general quantisation procedure has not yet been established. The main.
- obstacle is our inability to provide an effective quantal description for the chaotic

trajectories in classical Hamiltonian systems,
During the last two decades periodic orbits have turned out to be of special

- significance in the transition from the classical to the quantum regime. Remnants of

the classical unstable periodic crbits are seen in quantum caaotic systems. They are
used as the link between the classical and quantum regimes. Selberg used periodic
orbits to derive an equation that can be used to compare the classical and quantum
representations of special systems [Oz 88). This gave way to the Guizwiller trace
formula. It is today widely used in semiclassical mechanics to attempt to answer the

- question: how can classical mechanics give us any hints about the quantal energy

levels when the classical system is chaotic [Gu 90]? Using the trace formula one

can abtain the unstable periodic orbits from the quantum system and describe the
localisation of the eigenfunctions around the unstable p ~riodic orbits. This is known

as scarring [He 84]. This motivates Chapter 2 which is a brief survey of aspects from
semiclassical mechamnics relevant to quantum chaos and this thesis.
The second approach (statistical analysis of specira) emanated from the expe-
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rimental and theoretical studies of nuclei. In the ground state energy region of the
nuclear excitation spectrum where the level density is low, a detailed description
of the individual levels is possible. However, at excitation energies of several MeV,
because of the high density, microsecopic detail is relinquished. We thus come to
rely on a statistical theory of energy levels that describes the general sppearance

and the degree of irregularity of the level structure. Such studies, whose nature.

is essentially different from the study of individual levels, are of interest because
they reveal new features of the system, In the face of the complexity of nuclear
gystems, and the many degrees of freedom, Wignr turned the problem around. He
wanted the spectrum of an object whose Hami -onian is unknown, or more pre-
cisely, a Hamiltonian that is drawn at random from & large collection, subject only
to the general restrictions of quantum mechanies {Wi 51}, This method is today
known as Random Matrix Theories [BF 81]. There is thus no physical input a

priori yet much success was achieved in describing nuclear spectra with high level
density. Physicists extended this method to other systems where their fluctuation.

properties were compared to those of random matrices. It was found that the lovel
fluctuations of many physical systems are similar to those of randotn Hamiltoniens.
This is unexpected because the agreement cannot be due to a presumed random
character of the matrix elements of the studied systems. '

Random matrix models might have guite different global properties but the lo-
cal fluctuation properties are always the same and determined only by tbe overall
symmetries of the system [BG 86]. These symmetries put important restrictions on
the admissible matrix ensernbles that can be used to deseribe the behaviour of a
system, All the systems described in this thesis are time-reversal invariant so that
the Hamiltonians are real symmetric and the random matrices can be chosen Gaus-
sian Orthogonal. A Gaussian Orthogonal Ensemble (GOE) of matrices exhibits
many features ascribed to chaotic systems [Bo 91]. This gave way to the hypothe-

sis that the relationship between time réversal invariant systerns, whose classical

counterpert is chaotic, and the GOE is universal. Random Matrix Theories and
the relevant statistical measures used in characterising the statistical bebaviour of
a system are outlined in Chapter 3.

The level fluctuations in chaotic spectra are due $o level repulsions (avoided

level crossings) in the spectrnm [BG 84]. To study level repulsion at least one
parameter is required fo visualise the repelling levels [Be 85]. A Hamiltonian of the

form H(A) = Hg + XH,, the starting point of many investigations in all branches -

of physics, is thus suitable. It is assumed that the two Hamiltonians Hy and H,
are regular that i without fluctuations, therefore, us the strength parameter A is

varied between A = 0 and A — oo, & transition from order to order is seen. ¥ the

symmetries relating to Hy and Hy are incompatible or simply if the two operators
do not commute, the mixed problem is usually characterised by many avoided level
crossings. Genuine degeneracies are excluded by assuming that the full Hamiltonian

is irreducible with respect to internal symmetries. Each leve] repulsion is associated
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with a square root bra.nch pomt singularity when the spectrum is continued into
the complex A-plane. These are known as exceptional points and are specific fo the

- particular Hamiltonian under scrutiny [Ka 66]. The definition of exceptional points
is general and applies to operators in an infinite dJmenslonal spa.ce also o spectra

of operators with a continuum contribution.

Globally the exceptional points determine the shape of the specirum and thus
the fluctuation properties [HS 91a). Determining the exact positions of these branch
point singularities is impractical for large systems. It is shown, however, that the
positions of the exoep;ional points in the complex A-plane are determined by Hp

“and H; only. It is also possible to obtain information on their distribution and
density from knowledge of these two operators alone [HS 91], [HK 91]. The connec-

tion batween the distribution of gxceptional points and the emergence of guantum
chaos is seen as the fundamental mechanism that produces quanturm chaos as far
as operators of the form Hy + AH, are concerned.

There are two physical quantities that determine the spectral behaviour of a sys-
tem: the density of states and the coupling matrix elements [GW 90]. In a chactic

 system there is a relation between the density of states and the density of exceptio-

nal points in that the higher the one, the higher the other; the precise theoretical
relation is not' yet known [KH 92b]. The theme of this thesis is to characlerise the

- chaotic behaviour of a system by investigating the exceptional points, that is, the

underlying mathematicel mechanisms and common struciures of quanium mechani-
cal operators that give rise to fluctuations characteristic of quantum chaos. Within
thie investiga.tion, the role of the coupling matrix elements is thoroughly considered.
This is termed ths exceptional point method and is put forward as a third approach
to the study of quantum chaotic systems.

As stated earlier, the exceptional points determme the shape of the specirum
where o chaotic spectrum leads to a GOE statistical behaviour. Exceptional points
are also essential for the occurrence of phase transitions in finite Fermi systems
[He 88], [HK 88b] where Wu, Feng and Vallidrs showed that GOE level statistics
occur in the quantum phase transitional region [WF 90]. The exceptional point
approach thus explains the statistical GOE behaviour well. On the other hand,
the periodic orbits are obtained semiclassically, with the use of Guizwiller’s trace
formula, from hidden periodicities in the quantal spectrum. It is thus conjectured
that the substructure found in the spectrum and the eigenfunctions relating to the
unstable periodic orbits of an associated classical system must therefore be related

to the exceptional points. The fact that GOE behaviour is detected in quantum

chaotic systems is just a fluke of nature and Random Matrix Theories cannot be
used to obtain the origin of this behaviour. This is substantiated by the fact that
the Ag-statistic does not follow the GOE results, exactly, over large intervals. The
deviations can be explained with the Gutzwiller trace formula reinforcing the con-

- jecture that the origin of the behaviour should be sought in the exceptional points.
The aim of this thesis is now twofold: the first is to relate the density of exceptio-
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nal points of the underlying Hamiltonian to the occurrence or absence of spectral
fluctuations characteristic of quantum chaos or regular behaviour respectively. This
will reconcile the statistical approach to the exceptional point method. The findings -
are believed to be generic for quantal spectra even if no classical analogue is avail- -
able. The second aim is to give the first steps into obtaining the periodic orbites and
explain scarring of the wave functions with the density of exceptional points. We

C believe that a thorough investigation will also reconclle the sem.lclassmal approa.ch
e - witk the exceptional point methzd, .

S A detailed introduction to the idea of exceptional pomts and the exceptwnal
point approach is given in Chapter 4. We introduce an efficient method to obtain the
density of exceptional points. Use is made of the conjecture that the chaotic spectra
discussed in this thesis have simple substructures th * can be extracted. This can,

o : however, only be achieved if a representation where Hj is a diagonal matrix is used.

A : Simple mathematical models are used to aid the understanding of these branch point

o : singularities and the associated Riemann sheet structure. Using this knowledge,

. ' - the density of exceptional points of the chaotic quartic oscillator is calculated and
.o ' compared to the known statistical behaviour in Chapter 5. The behaviour of the
eigenvectors is also investigated in the chaotic regime. This investigation is given as
first hand evidence of the connection between the stutistical and exceptional point
approaches.

Chapter 6 is a detailed analysis of the hydrogen atom in a strong uniform mag-
netic field. This is a practical applicatiors where the role of the exceptional points
can be studied. This system has been described as the chaotic system par ezeel-
— Ience because of its experimental significance. In this example the coupling matrix
} _ elements play a significant role. Although this system is complex, the underlying

o simple structure found in the spectrum gave way to the derivation of a measure that
is used to characterise the behaviour. This gives physical impetus to the conjecture
I - that the only quantities relevant in the characterisation of quantum chaos sre the
| o ooupling matrix elements and the density of exceptional points. The last section
i ' is a first attempt to obtain a connection between the se:mclassmal and exceptional

{,,».':e point approaches.

L The second last chapter, Chapter 7, introduces a one dimensional quantal system
P ‘that does not have a classical counterpart. This model was invented in the light of
: G ' the fact that all one dimensional classical systems are integrable and thus . wchaotic

meaning that their quantal counterparts also should net display chaotic uehaviour.
This chapter is slightly removed from the main theme of this thesis, but it ser » 5 to
illustrate the fact that one dimensional quantum systems can display fertu £3 as-
__ cribed to quantum systems having multidimensional classical chaoctic cotuerparts.
i e A thorough statistical analysis of the spectrum does then show a GOE behaviour.
i The eigenfunctions are also investigated and show aspects that are reminiscent of
o scarring. This association must, however, be seen in the Light that this system does
\.. not have a classical analogue. The investigation is seen as evidence in part to the
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"more general conjecture that in quantum niecnamés any multidimensional system -
can be transformed into a one dimensional system. This transformation will, how-

ever, in the end lead to a potential that is oomphcated in nature and will always

- lead to chaotic behaviour [He 88]. It bas also been implemented in one dimensional -
- systems like the Lipkin model which is nonchaotlc but shows chaotic behamour after" '

a rotation of the potential [Sa 91].

Thus being guided by examples that we beheve are relevant and mgmﬁcant, we
conjecture that the exceptional point method gives the underlying mathematical -
mechanism that could provide a bridge between the semiclassical and random matrix -
theory formalisms of quantum chaos, A summary of the conclusions drawn from

this thesis is given in the concluding chapter. The appendwes elucidate some of the
mathematical ngour used in the thesis. _
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Chapter 2 |

Chaos in Class:cal and Quantum

| Mechamcs

y -

Our understanding of the gualitative behaviour of classical dynamical systems has
been improved by the discovery of the so-called ‘deterministic chaolic motion’
[Sc 84], [De 89]. Chaotic motion is characterised by an exponential instability of
almost all orbits with respect fo the initial conditions. In turn this instability leads
to loss of memory of initial conditions, decay of correlations and an approach to
statistical equilibrium [Ca 88]. .

- The question whether the richness of chaotic behaviour persists, in some way,
in quantum mechanics is of primary importance for the foundation of quantum
statistical mechanies as well as for the explanation of several experimental results.

- At first sight the question seems to receive a negative answer because the spec-

tra of classical systems are continuous while, bounded, conservative, finite particle
number systems have discrete quantal spectra, no matter whether the correspon-
ding classical systems are chaotic or not, This implies almost-periodicity in time

_ of the wave functions and therefore an absence of chaotic behaviour. On the basis -

of Ehrenfest’s theorem, however, one expects that, in the semiclassical region, a
narrow wave packet will follow the classical trajectory and one is led to believe that
quantum systems have different qualitative properties depending on whether the
corresponding classical systems are integrable or chaotic.

The subject of ‘Quantum Chaos’ has been an active research field for more than
a decade. Although a lot of experience and understanding has been aceumulated, =
detailed systematic theory is still lacking. It appears that the fascinating properties
of systems that are the quantum mechanical analogues of classical chaat:lc systems
st:lll awaits thorough comprehensmn
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CHAPTER 2. CHAOS IN CLASSICAL AND QUANTUM MECHANICS 9

2 1 Introductlon

There are good reastms for studymg q&antal systems, whose classlcal behamour
~ are chaotic. They are more generic-than the integrable ones. They reveal signifi-

can’ differences in the character of their wave finctions, the distribution of their

energy levels, the response to outside perturbations and related characteristics. Al

though ma=y applications of quantum mechanics have had the primary purpose

of solv’ pecial probleins and comparing the results with experintental data, the
- concern with chaos is based on the hope of gaining come systematis awareness for all - -
- possibilities in quantum mechanics. Quantum mechanics may then become better -

appreciated in all its tremendous, but subtle, variety and some of its mysterious
ambiguities may become better understood.
Since our physical intuition is so firmly grounded in classical inechanics, we have

little choice but to advance es far as we can into the quantum regime along the trails
that can be laid out with the help of classical mechanics. In the semiclassical Jimit
. k- — 0 we can apply our understanding of classical dynamics to the study of wave

functions, energy levels and uther quantum mechanical entities. The behaviour
that emerges must be distinguished from the strict classical limss because of the
nonanalyticity of quantum mechanics at the limit % — 0 [Oz 88]. The semiclassical

behaviour of quantum chaotic systems is currently an importan. research topic. -

This ied to a better comprehension of these systems and many new features were
discovered [Bo 92].

Percival proposed as early as 1973 that in the semiclassical limit, the quantal
energy spectrum should consist of two parts with strongly contrasting properties:
a regular and irregular : -t where the first is associuted with the classical regular
region, and the second w.ah the irregular region in phase space [Pe 73]. Extensive
statistical studies also found that the distribution of eigenvalues of classical chaotic
systems fall into different universality classes depending on the symmetry of the
system. These distributions have the same statistical properties as thoge of random

~ matrices (see Chapter 3) and do not depend on the dynamics of the system nor on

the particular type of mtera,ctmn

It is conjectured that the underlying mathematical mechanism linking the uni-
versal fluctuations, seen both in the semiclassical treaiment and random matrix
theories, are the exceptional points and the coupling matrix elements as far as ope-
rators of the type Hy+ AH, are concerned. We conjecture that there is a link between
the periodic orbits and the exceptional points such that the patierns seen as scars

of periodic orbits will also emerge through the Riemann sheet structure and disiri-

bution of the exceptional poinis (see Chapters 4 and §6.5) [HC 92]. It is the aim
of this thesis to examine the distribution of these singularities, associated with the
rnergy levels and the corresponding spectral fluctuation properties, in correspon-

~dence to the role of the coupling matrix elements, thus providing a bridge between

the semiclassical treatment and the statistical analysis of chaotic systerns.
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In this chapter, a brief survey of a selection of results, relevant to this thesis

will be presented. To render the thesis self-contained, the first part will introduce
a few basic concepts from ‘deferministic chaos’. Becaure classical chaos is such

a vast expanding field of research, the description will be brief and covers only

the relevant quantities, that will be refesred to later on'. The second part briefly

introduces semiclassical mechanics because of its current central mportance to the
study of quantum chaos. Various quantities such as penodlc orbrhs, gcars and the .
Gutzwiller trace formula are outlined. The last part gives an overview of the recent

advances made in the empenmental detec.txon of Quanium Cham .

2.2 Determ.mlstlc Chaos

Eor centuries, after the discovery of Newton’s equatmns of motion, it has been.

essentially impossible to go beyond the two-body Kepler problem and systems of
harmonic oscillators, The main way to analyse the behaviour of many-body sys-
tems, interacting via nonlinear forces, was the use of perturbation theory. It was,
however, soon realised that resonance phenomena ‘rendered {'.he traditional pertur-
baticn methods divergent,

It was in this connection that great significance was attached to $he proof of
Poincaré that, under very general conditions, any perturbation of au integrable
gystem will destroy all the analytical constants of motion, except the energy. This
was considered as a convincing argument in favour of the ergodic hypothesis and of
the justification for equilibrium classical statisticel mechanics. Recently, two major
achievements led to a new and better understanding of the qualitative features of

- classical motion [Ar 80]:

e The Kolmogorov, Arnold and Moser (KAM) theorem states that small pertur-
bations of an integrable system leave the system close to the integrable sy‘steﬁl
-and most orbits remain quasi-periodic. As the strength of the perturbation is
increased, the system undergces a gradual transi'ion from near-integrable to
ergodic motion, :

¢ Classical dynmhica,l gystems, gcvemed by purely determamstzc ls.» 3, may ex- -

hibit a purely random motion deupite the seemmgly contra.dzctlon of these
terms.

Ta quantify classical chaotic behav:lour we outlme a few relevant concepts in the
following subsections.

T3ee the book by Baiim [Ba 90] for reprints of the most important papers in this field.

A
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2.2.1 Classmal Integrablhty

. Integrable dynamical systems are characterised by the austence of constants of
“motion in addition to the energy. We consider Hamiltonian systems with N degrees
of freedom. . If the Hamilton-Jacobi equations wre separable into N independent

equations, one for each degree of freedom, then we say that the Hamiltonian, and

 yesulting motion, is mteymble The separation consﬁants are knovn as 1&01a,tmg

integrals.

A conservative Hamiltonian system, with N deg:ees of freedom, is calied . com-
pletely iniegrable if it possesses N (functionally) independent smgle valued ana-
Iytic first integrals, which commute with respect to the associate Poisson bracket
[SL 86). The energy stays constant so that alt trajectories are confined to a compact
N-dimensional manifold in the 2N-dimensional phese-space. The topology of this
manifold is the one of an N-dimensional torus [Ec 88), [LL 83]

We also say that a time-independent Hamiltonian system is mtegrable. if there
is a canonical transformation S{g,J) to two new variables & and J (the so-called
action angle variables) viz. :

S CE IRV ()

6J
and the Hamiltonian is mdependent of J. The ax:t:on-angle vana.bles glve the com-

. plete solution of the equatjons of motion.
This is in contrast to what happens in nonintegrable systems. Here, an arb:- '

trary chosen piece W of phase space, with an initial simple shape, gets progressively
deformed into a tangle of interwoven arms and branches, while staying simply con-
nected and keeping the same volume {Liouville’s theorem) on a constant energy
surface [Ma 92].

‘The following can be stated: -

e If a classical syétem is integrable, e.g. all the constants of motion can be
found, the motion is always regular and all the trajectories iie on invariant
tort,

¢ If & system is classical and nonintegrable, the motion might not be regular
and the system might be chaotic when the trajectories diverge exponentially
in phase-space, For a fully chaotic system there are no invarian$ tori and a
single generic trajectory covers the whole energy shell uniformly.

2.2.2 Poincaré Surface of Section |
The trajectories in phase space often have very involved glbbal features which are

~ in apparen} contradiction to the locally smooth flow. Poincaré proposed to deal
- with this problem by intersecting the flow at discrete times. The definition of a

T

P St e et



CHAPTER 2. CHAOS IN CLASSICAL AND QUANTUM MECH'}.‘_LNTCS 12

Figure 2.1: Poincaré surface of section for a chaotin. trajectory. The development
of the torus is clearly shown. The system is not {ully chaotic a.nd some trajectories
are still on the torus (from [GI 87]).

Poincaré Surface of Section thus lies at the heart of the treatment of Hamiltonian
flows [LL 83], [GI 87].

" The surface of section is especially useful in systems with two degrees of freedom,
because the surface of section has two dimensions and the map can be visualised

rather easily. For an autonomous system with two degrees of freedom, the phase

space is four dimensional. The trajectory in phase space is then given by

©x(t) = [pa(E), Pa(t) 12), aa(2).

The trajectory lies on a three dimensional energy surface H(ps,pz, ¢1,492) = Hp in
the four dimensional phase space. This equation determines any of the four variables
in terms of the others, say

Pz = po(p1, 01, @2)-

‘We are therefore led to consider the projection of the trajectory onto a three dimen-

sional volume (py, ¢1, ¢2). If the motion is bounded, the plane g; = constant, within
this volume, may be crossed, repeatedly, by the trajectory. This plane, consisting
of a single coordinate ¢;, and its canonical momentum p;, is a convenient choics
for the surface of section. The time evolution and Poincaré section of a particular

chaotic orbit is shown in Fig. (2.1). If a constant of motion exists in addition to Hp,

then p1 = p1(¢1, g2) and the successive crossings with the surface of section must lie
on a unique curve, The existence of constants of motion can thus be determined i in
principle, This procedure is, however, not recommended in practice.

A regular or integrabie system will have a Poincaré map showing a unigue pat-

" tern where only a fraction of the area of the plane is filled with crossing points. A

g
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chaotic system’s chaotic trajectory never meets the starting point and nearly every
single point on the plane is traversed by the trajectory. The surface of section is
used to show how the orderly structure of phase space is lost when an mtegm.ble
System 18 perturbed g0 a8 to undergo & transition to a chaotic one,

- 2.2.3 Classmal Lyaponov Exponent

: -Nonhneanty is a necessary, but not a auﬁment condition for the genera.tmn of\ '

chaotic motion. This chaotic motion is neither due to external sources or noise, nor

to an infinite number of degrees of freedom. The actual source of itregularity is

the property of the nonlinear system of separating inifially close trajectories expo-

-nenlially fast in o bounded region. It therefore becomes impossible to prediet the
long-time behaviour of these systems because, in practice, one can only fix theie . -~
initial conditions with finite accuracy and errozs increase exponentially fast.

The Lyaponov exponent is a measure df the exponential dwergence of matlally

close tra.;ectones where - _
2y d(t))
A=l gh (a(U).

where d(t) is the distance between two initially close orbits and ¢ is the time. I

also measures the average loss of information about the position of a point. This
exponent i zero for integrable systems (no divergence of trajectories) and larger

- than zero for chaotic eystems (divergence of trajectories) which means that almost

all trajectories are random, unpred:ctable and uncomputeble for arbitrary long

' : times.

2.3 Quantisation of Integrable Systems

'I‘he quaut;:sat:on of classical integrable systems rehe.s exphcltly on the invariant
tori that foliate phase space. This was realised by Einstein who modlﬁed the Bohr-
Sommerfeld quantisation rules in {1.1) o read [Pa 90] :

/ pdg=2nhn; X))

where the contour {j can be any tlosed loop on an invariant torus and nj > Oare

integers. This shows that only integrable systems can be quantised in this manner.

If a system ia also separable, (2.1) can agaan be modified such that

f p dg = 2h(n; + ’3’ - . (29)
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where f; 2> 0 are integers. 'The energy spectrum for an mtegra.ble system is now

given exphmtly by the equations
B; = H [h(n: )]

so that the elgenenergles correspond to level surfacey of the Hamiltonian H. ﬁ,
called & Maslov index and can bs understood as the nmmber of conjugate pomts,
or Morse index for the trajectory. The quantisation condition (2.2) has been given
the name EBK quantisation after Einstein, Brillouin and Keller [Oz 88].

If the system is integrable, the motion is confined to a Lagrangian manifold
such that the Maslov index is a topological invariant of this manifold. The Maslov

- index is determined by the topology of this manifold, in phase space, with respect
to position space. This more general perspective is used to define Morse indices for

nonintegrable systems provided that one studies the Lagrangian manifold which is
generated by a particular trajectory and its neighbours in phase space {Gu 90).
Einstein’s objection to the quantisation conditions of Bohr and Sommerfeld went
unnoted for nearly 40 years. After it was ‘rediscovered’ it prompted people to look
for a more general quantisation condition. To get a connection between classical

‘and quantim mechanics use is made of the hypothesis that classical mechanics is

quantum mechanics in the limit & — 0. This procedure is used to search for more
generval quantisation rules and falls under the heading of semiclassical mechanics.

2.4 The Semiclassical Approach

Classical mechanics has served humanity well for three centuries and still does.
1t has been confirmed to very high precision, particularly in celestial mechanics.
The relevance, though, to very small systems like atoms and molecnles has been

severely questioned for about a 100 years. This prompted the advent of quantum
.mechanics which served to explain the problems where classieal mechanics failed.

The boundary between clagsical and quantal behaviour, however, lost some of its
interest after Heisenberg’s decisive results.

Although quantum mechanics has been the ohject of intensive studies, and has
been confirmed by all experimental evidence availabje, it nevertheless remains some-
what a mystery. For this reason it is essential to understand as much of Quantum
mechanics as feasible, and as explicitly as possible, from a classical point of view;

but can classical mechanics be understood as «. Jimiting case of quantum mechanics? .

The trace formula of Gutzwiller for classical chaotic systems, seems to be the only
general fool available, at this time, to establish a quantitive connection between the
clagsical and quantal regimes.
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2 4 1 Semlclassu:al Mechamcs

Sennclassmal mechanics is a wave mechamcs based ﬁnmy on classwal dymimlcs I

focuses all the attention on a quantum system’s classical analogue. It is known that

‘the fundaments] tenets of quantum mechanics can not be derived from classical
mechanics. Once they are known, however, it is natural to look for the opening
that leads from the narrow classical confines to the wide open quantum fields.

This way of thinking was nsed by Van Vleck to write down a classical bropag_a:tor '
[Gu 90], Quantum mechanically the propagator K(¢", ¢/, t) is the value of the wave

function in ¢" at the time ¢ > 0 if :t was concentra,ted in q’ a.t the tnne t= 0 so
that?

K(d, ¢t)= Z_:n ¢:(_9”)¢*(9)exp(—=E O (2-_3) B
_]'.n the .enérg'y representation the Green’s function is defined to be |
| o sl -
o, m =R ELED T e

where the energy levels a.re_ah ordered set such that By £ B, £ ... < E; £ ... to

each of which belongs a well defined normalised eigenfunction ¢;. Van Vieck used .
this knowiedge to obfain a crucial classical propagator, for a single trajectory that

rung from ¢’ to ¢ in time ¢ = ¢ ~ ¢/, where

Ko(d",¢',3) = (@mif)™ ”\/G'(q”, g't) exp[—~R(q"‘ ¢,t) —id] (2.5)

whers (2m?i.)1/ ? is always short for (2n%)1/? exp(m/é:) Further is C the density of
trajectories in phase space which started out in (¢',#') and are observed in (", #"),
after a time t = t¥ — ¢, such that

O d.11) = ] g
and R is the Lagrangian action integral,

RGO = [ drllinm,y f<T<e @0)

with L the Lag:ra.ngza.n, f the number of degrees of freedom and ¢ a phase. The role

of the propagator is to describe the evolution of the dynamical s'ystem at the time
tﬂ'
K, describes a wave which originates at ¢’ and spreads to ¢ such that

K& = [dd R gV -OK{adt—t) @D

This formulation is only valid if the potentisl is time-independent,

Ll
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: where > t > and the integral is evaluated by the statxonary pha.se method.

Jn most situations, there is more than one trajectory going from ¢’ to q"' in fixed
time ¢. The clasmcal propaga.tor is then simply assumed to be '

K= X (m) 15 O, t)exp[ R(d" 7.0~ ] _- (2_-8_)

dnis. traj,

with » the number of conjugate points along the trajectory®. ‘Here, the sﬁpérpo'»

. sition principle of quantum mechanics has been used but the computation of each

individual term is still entirely classical. The result is thus simply the sum of the

- individual waves each following its own, mainly classical, tzajectory. Equation (2.8)

is the semiclassical approximation to the quantum propagator given in (2.3). This
approximation. is related to the sta.tmmry phase a,ppmmmatmn near the classmal
trajectories {Bo 92].

" The contversion. from time to energy is accomphshed by the transformatton tha.t
deﬁnes the Green’s function :

6e'\d, )= [T K@ g ep(Byn)  (29)

where we have omitted the subscript ¢ for K. The mtegral is a Laplace mtegral and

‘G is defined in the whole upper half of the complex energy plane. By inserting Vm

Vieck’s formula (2 5) we obtain the semiclassical Green’s function

et k.

G gt = (—2-%)—&—_2 (VP DexpliS(d, ¢, B) - 5] (2.10)

witk D the density of trajectories defined to be

D(d",,B) = - aEp(q" 4. 1)
.S' is the HamﬂtonJacobz action integral where | | | |
8¢\ 4, E) R(¢",¢»t) + Bt | (2.12)

S(d". ¢\ B) = / pdg= f!r j"1/2b1(E;V)_ idgl - (213)

with the integral taken along the trajectory. Equation (2.10) is the semiclassical
a,pproxuna.tlon (in the energy representation) to the quantum Green’s function given.
in (2. 4) The necessary condition for the applicability of the semiclassical formulae

5 (qﬂy 7}
SPoints along the trajectory where the semiclassical appraximation should be modified.

is
»>1
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a.nd if A — 0, only pomts where §5(q", ¢', ) = 0 will contribute to G. We stress the
fact that equations (2.8) and (2.10) could not have been guessed mthout knowledg;e
of the corresponding quantal relations.

Dirac was the first who thought to break the time mtervai fmm . tp i up mto
N pieces of equal size so that the propagator from ¢ = go to ¢* == gy in (2.7) now
appears as an { N —1)-fold integral over all the intermediate positions ¢1, g2, - .., gn-1.

Feynman recognised that if the path is defined as a polygonal in pos1t10n space to

consist of the sequence of points |
(@',#) = (dorto)s (@1yt2)s - (-1, t-1)s (v, ) = (", ),

then the L_agrangian a.ct_iron for_ea.ch path is well approximated by

RBy= Z(fk ~tp1)L (ﬁ*:fi_}-, -1 tm) (1)
k=1 -_- .

Eejmm&n’s Path Integral for the propagator K(gq",¢',t) is then the expression

& ﬂ (2«5&&? = t;..l))mf dq‘"‘:f daw-exp(iRu/B)  (2:19)

where the (V — 1)-fold integral can be interpreted as adding up, independently, the
contributions from all the possible paths that lead from ¢' to ¢" in the given time
interval ¢ fo ¢,

The path integral i is the ideal tool for investigating what happens when % be-
comes small compared with the prevailing values of the Lagrangian action integral
Ry. If the path is allowed to vary freely, the phase angle of the integrand in (2.15)
goes many times through 2, and the individual contributions destroy one another
[Ec 88]. The destructive interference does not happen in the neighbourhood of those
paths whose Lagrangian action does not change under small variations of the path.
These are exactly the classical periedic orbits because the variational principle de-
mands that the first variation of their Lagrangian actions vanish for any path which
has the same initial and final values q'(t), i.e. which has a displacement such that
&q(t") = 8g(t") = 0. The value of Ry is then well approximated by the second
variation.

In semiclassical mecha.mcs (2 10) is interpreted, as far as feasible, as an appmx-
imation to (2.4). This is very difficult and can only be done for a few exceptional
cases like the hydrogen atom. A reduced version, however, by taking the traces
only, of (2.4) and (2,10), provides the most direct method of conmecting classical
and quanturn mechanics. This leads to the known Gutzmﬂer trace formula which
will be discussed in §2.4.4.

PO R S
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.4.2 Perlodic Orblts

The idea of everythmg returning eventua]]y to its pomt of depa.rture has'a strong L

hold on humanity. Kepler’s discovery of the elliptical orbits for the planets seemed

to give a scientific basis to this predﬂectmn for th.mgs runmng a.long a closed track
. and repeating their history over and over again. -

Poicaré found that exactly periodic orbits, i.e. aolﬁtions of the equations 0f mo-

' tion that return to their initial conditions, are densely distributed among all possible
" classical trajectories. He also suggested that a study of periodic orbits would pro-

vide the clue to the overall behaviour of any mechanical system. Periodic orbits also

~ form continuous families in phase space that can be investigated by verying either
" the energy of the system, or some external parameter. By using the action-augle
~ formalism, i is found that the number of periodic orbits has a polynomial growth
for integrable systems. ‘1his is in sharp contrast to the exponential growth in a

chaotic system. Periodic orbits show up in the surface of section as a finite set of, .. ..

say, n isolated points whose locations line up again on a simply closed curve.
‘To investigate the neighbourhood behaviour of a periodic orbit, we latch onto

~ one particular periodic orbit with starting momentum and position (P,q@). This
- orbit returns to this place after a time T. We also assume that all trajectories
 that start at (¢/,¢'), in some sufficiently small neighbourhood of {5,§), return to

that neighbourhood after some time ¢ close to T and none of the trajectories ever

strays far away from the periodic orbit during time ¢. Now, the action inftegral .

5(q",q', E) is taken along the trajectory that starts at ¢’ and ends up at ¢ after
one, two or more turns while moving at energy E. Note that each energy F has a
full complement of periodic orbits and the actlon integral is a well-defined function

of energy for each periodic orbit.
' The displacements §p = p— p and g =g~ q are given by
5 828 >s
! = s
o = —5ragtd ~ 5700 55890 -
&8 i) '
"o .
&p" = | aq”aq’5q’+ ag”aq”é- . (2.16)

or in abbreviated form _
5y = ~abd —bée"; 8¢ = W6d + cig". @)

In order to understand the geometry of the trajectories in the neighbourhood of the

periodic orbit, one would hke. to have formulas for §p” and 6¢” in ferms of §p' and
- 8¢, such as ' '

6g = Aﬁg +B6p, | 6" = O&q’ +._D_§p . - (218)

' with 4 = —b-la, B=-b, O=b~chla and D = —cb.

T L T

ST L




CHAPTER.2. CHAOS IN CLASSICAL AND QUANTUM MECHANICS" 19

| The beha.vmur of the tyajectories are now described by the linear transforma.tlon .
- (6Y,6¢) = (8p",69") of {2.18). The trajectories can now be clasmﬁed a.ccordmg to

the eigenvalues ) of this transformation to be [Gu 90]

. (a) elliptic for A = e with x real;
(b} direct parabolic for A = 1 or inverse parabolic for ) = ~1;
(c) direct hyperbolic for A = e*" ar inverse kyperbahc for A= —e’hx

with y real; :
(d) lozodromic for A= ko with mdependent signs and real valnes
of u and v. j : S (2.19)

The situation in an integrable system can only be reconciled with the parabolic
case so that integrable sysiems are nongeneric. If a mechanical system, with two
degrees of freedom, is generic, the neighbourhood of a periodic orbit has to be elliptic
(stable) or hyperbolic (unstable). In most cases there is an intimate mixture of
elliptic and hyperbolic behaviour which is called soft chaos in the literatare [Gu 90].

~ An alternative criterion for integrability is found in the multiperiodic nature of
trajectories; The coordinates of a trajectory can be expanded i a Fourier series
with as many frequencies as degrees of freedom. The power spestrum I(w) of the
autocorrelation function r(7) can then be obtained (see §3.7). The power specirum
of an integrable system has sharp peaks in contrast to a noniniegrable system where
broadened lines appear.

The power spectrum can now be used to obiain an accurate classical approxima-
tion to the quantal energy levels. By trying many initial conditions, one will eventu-
ally obtain a function E(twy,t;,...,wy) which gives the the energy of the trajectory
whose frequencies are found to be wy,ws,...,ws. E(w) can now be transiormed to
E; which is the classical approximation to the quantal energy levels [Gu 90]. Ten-
ner ef al found the remaining periodic orbits in the strongly chaotic system of the
hydrogen atom in a magnetic field. They then used this procedure to obtain ac-
curate approximate quantum eigenvalues for this system [TS 91). This is evidence
of a connection between the periodic orbits and energy eigenvalues which will be
indicated by Guizwiller’s trace formula discussed later.,

_Unlike the nearest neighbour spacing distribution. there is a conjecture that the

" periodic orbit formalism is not the ideal probe to study the fine structure of the

spectrum [Oz 88]. The fine structure is, however, governed by the exceptiona! points
of the spectrum (see Chapter 4). The exceptional points also determine the form
of the spectrum so that there must be a connection between the exceptional points
and the remains of periodic orb:l.s found in guantum chaotic systems (see discussion
at end of §2.4.4).

If an integrable system is perturbed strongly enough, the tori with periodic
orbits will break up. The only surviving smooth invariant manifolds, beyond the

energy shell itself, will then be isolated periadic orbits.- The semiclassical limit of

o T
. LT
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sta.iuonary states must therefore bear some rela.non to these mvana.nj; curves. The .

uncertainty principle, though, prevents us from attempting to tighten too closely
the association between a given orbit and a specific state. As a last resort, a state

has to rely on a collection of periodic orbits or at least on a penodlc orbit “dreﬂaed” '

with the local motion around it [Oz 88]. |

The basic instrument for revealing the ztmbutlon of periodic orbits is the' aemJ- '
- clussical propagator (Van Vieck’s forroula ¥ (2.8)) for points that return to their
- 'initial positions. The propagator can also be represented as & sum over the inten-

sities of the stationary wave functions, A local analysis establishes that individual
wave intensities may exhibit strong scars’ along some perindic orbits. The trace of
the propagator gives the density of states as a sum over ali penod:c orblts This is
known as Gutzmﬂer s trace fOrmula. .

2.4.3 Scarring_ of Eigenfun‘ctions ._ | |
. The state of a qué.ntum mechanical system is uniquely described by its complex- -

valued eigenfunctions 1(q). The stationery states can be expected to display what-
ever chaotic features can show up in the framework of quanfum mechanics. These
features will, however, only show up in the highly excited states which brings us back

to the limit of small Planck’s consta.nt, a.nd thug to the mnnectim with classjcal -

mechanics.,

Heller studied the ezgensta.tes of & two dxmens:ona.l classical chaotic system e.g.
the stadium billiard to obtain a detailed picture of the eigenstates [He 84]. In

‘using Gaussian wave packets, he constructed the eigenfunctions so that a graph of

[9(z,y)P is feasible. When a certain threshold is exceeded, |‘!,b|2 is plotted and the
results are striking as shown in Fig, (2.2a).

From Fig. (2 2a) we conclude that some eigenstates has an intensity pattern
showing scars i.e. narrow linear regions with an enhanced intensity which stands
out clearly. The scars coalesce around the unstable periodic orbits ever more closely
‘as A ~+ 0. This is shown in Fig. (2.2b) which shows the major contributing perlodlc
orbit in each case. From Guizwiller’s trace formula it is deduced that scarring is the
localisation of the eigenfunctions around the least unstable classical periodic orbits
(see §2.4.4).

The intensity is obtained by noting that there is, usually, an infinity of periodic
orbits, with arbitrary long periods, on the energy shell. The sum of the successive
repetltlons of a single periodic orbit supplies the total intensity of Jts scar. The
intensity is thus determined by i« parameter

2

I~ | - (2.20)

A'r_

 with X the Lyaponov exponent and 7 the period. A periodic orbit will show ﬁp in

5
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""i’:'--l;‘ - Figure 2.2: (&)_Scaa:rec't eigenstates of thel stadium with (b) the corresponding clas-
R sical unstable periodic orbits (from [He 84]). .
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this manncr prmnded it is ng-,‘ to unstable 'T.‘he sta.blhty is gwen by

E 211':\
X=

- (23'1)

- w:th w the frequency of the periodic orbit. Periodic orbits are stable if y is amall e
and unstable if x is large (A large compared to w). Sears of periodic orbits will -
appear if x < 27. The total contribution of an unstable periodic orbit is absolutely
convergent and tends to zero as A — oo. It is, therefore, the orbits with a srnall

Lyaponov exponent that will have strong scars; but even in the limit A — 0 the

intensities will have broad peaks denoting unstable penodic orbits that are not tied
to a single eigencnergy. Between the peaks the fotal cqntnbutmn of the scars is o

destructive, so that for these energles, the orbits ooni;nbute wea.k antiscars.

2.4, 4 The Gutzwﬂler 'I‘race Formula

The Gutzwiller trace formula. connects & ﬁmctmn of time or of eniergy, computed fu
quantum mechanics, to another such function calenlated in classical mechanics. This

equality is only valid in the limit of & — 0. The exact forreal classical expressions
depend on the behaviour of the classical dynamical system, whether regular, sofily
or harshly chaotic but the quantum expressions are independent of this classical

predicament. The main idea is to use the knowledge of the classical bekaviour, to

compute the classical expressions, and then switch sides so as to draw conclusions
about the guantum mechanics of the system. The trace formwla relies on knowledge
of the classical periodic erbits to understand the quantal spectrum,

Vaz Vleck’s formula, (2.5) and the classical Green’s fimction G, (2.10) are as-
sumed to be valid Lpproximations for chaotic Hamiltonian systems. The difficulty
lies in finding all the classical trajectories from the stzrting point ¢ to the end
point ¢”, either in the given time ¢ or at the given energy E, for a chaotic dynami-
cal system. Up to now it was only possible to take the trace of G.. Each term in
the sum over classical periodic orkits is treated separately and remaivs separate in
all further developments. There is no simple way to compare differént {rajectories
and the presence of the sharp spikes in the dens1ty of states will remain a problem

- without & general soluticn..

‘Gutzwiller was able t. carry out the sym over classical tragectorles using Feyn-

man’s path integral in (2.15) as well as a phase space representation such as Wigner’s

function [HO 84]. In calculating the sum Guizwiller obtained a semiclassical ap-
proximation ¢.(E) to the trace g(#) of the quantal Green s funiction in (2 4) where
1Gu 71]

9(E)= / dg’ G(¢',¢", B) = gﬁ f}'-'-”"E';?‘ . (22

4l
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and

gc(E) - Tr Gc(q,q",E) mzm exp[ ( %)] ' (223) )

with x deﬁned in (2 19) eand (2.21). Each term in the sum over periodic orbits
consists of an amplitude A = T/[2ihsinh(x/2]] and a phase factor with § the
Maslov index of each orbit. The primitive period g, the instability exponent x and
the sction integral S are continuous functions of the energy £ where the energy is

- assumed to be z complex number in the neighbourhood of the real axis {Bo 92). The

superposition of the smooth ¢lassical functions of E is expected to yield at least an
approximate spectrum for the quantum mechanical energy levels.
The quantal density of energy levels of a particular system is given by

(D) =T E-B)=-lvym). @) .

which can be separated in a smooth and fluctuating part (see §3.4)

P(B) = p(E) + paue:
Sexmclass:cally pis gwen by Weyl’s rule in (3.8) a.nd the ﬂuctua.tmg pa.ri; by

P = ~;53‘9=(E)

o(E) = p(E)w{ wAmexp[n (%-p7 )]} (2.25)

Equation (2.25) is the density of states in terms of the trace formula. The label
» runs over all primitive orbits and j = 1,2,8,... counts the number of traversals
of the perzodm orbit. For integrable two dJmensmna.l systems A, ; falls off as j~/2
for large j; for isolated stable orbits A, ; oscillates us a function of j whereas it is
exponentially damped in j for isolated unstable orbits. This means that fulfillment
of the condition in (2.2) for isolated unstable periodic orbits does not lead to sharp
peaks, but only to smooth mexima in the fluctuating part of the level density.
Therefore, the power spectrum of the fluctuating part of the level density of 2
chaotic system will show sharp peaks. Each peak can be associated with a classieal

periodic orbit and for each periodic orbit there is a corresponding pesak in the Fourier

transformed spectra. The locations of the peaks agree with the directly calculated
acaled action of the classical orbits. The trace formula thus prowdes a simple but

powerful way of, quantitatively, explaining quantum spectra in the low frequency .

domain (see §6.8) [Wi 87a], [FW 89].
"The trace formula has been used by Bogomolny {Bo 92), Wmtgen et al [Wi 87a),

[WF 87), [WH 89] and Eckhard et al [EHP 89] to a.na.lyse the scars in the quantum

e m e s e s —
e - P R .

P

e e et A e e £ A 1A et e e 72 e i A e = i

N “.I. o .




-

CHAPTER 2. CHAOQS IN CLASSICAL AND QUANTUM MECHANICS %4

eigenstates using the semiclassical level density given.iﬁ (2.25). They show explicitly

how the scars are associated with classical periodic orbits i.e. how the eigenstates

localise around the isclated least unstable periodic orbits in the quantum system
(also see §5.8 and §6.8). Rost et al studied the nodal styucture of the wave functions

 of the Helium atom [RG 91] while Eara et al calculatefl the energy of doubly excited

states for Helium [ER 91].

Though of great theoretical interest, the trace formula in itself merely relates
our ignorance of the density of states to the even more mysterious tmaze of periodic
orbits. We can only attempt to explain the semiclassical fluctuations of the density
of states by supplying further information about the distribution of periodic orbits
[Oz 88]. This might be possible by obtaining a connection betwesn the periodic

orbits and the exceptional points. The distribution o exceptional points can, for
certain systems, be obtained relatively easily (see Chapter 4) so that the necessary
information on the distribuiion of penodm orbits are available, This important
point is dealt with, in greater depth, in Chapter 6.

2.5 Expei*imental Evidence of Quantum Chaos

The most profound experimental evidence of quantum chaos is shown in the hydro~
gen atom in a strong uniform magnetic field [HM 88] [MW 86]. The experimental
spectrum has also been tested ageinst the theoretical spectrum and found to be ex-
tremely accurate [WH 86). ‘The results, from a statistical analysis, thus show Gaus-
sian Orthogonal Ensemble (GOE) fluctuations, By analysing the Fourier transform
of the experimentally obtained spectrum, periodic orbits have been associated with
the relevant peaks. These also coincide with theoretical calculations [WF 87].

GOE fluctuations have alsc been shown to occur in the spectra of NO; [ZK 88]

- molecules'and AI?® [MB 88]. The iast example was subsequently explained by using

a random matrix model involving the GOE [GW 90]. The theoretical spectrum of
NO; has been calculated by Lu et al and found to be accurate when compared with

~ the experimental spectrum [L7 91). The hydrogen atom in a strong eleciric field

can, theoretically, be associated with the periodically kicked rotor which is ¢lassi-
cally, and quantally, chaotic. The quantum kicked rotor shows dynamical localisa-
tion (which is globally similar to Anderson Jocalisation) of the eigenfunctions and
suppression of chaotic behaviour in contradiction to the classical behaviour [¥Fi 92],
[Iz 90], [Ko 92]. The same features are observed experimentally for the microwave
ionisation of highly excited hydrogen and Rubidium atoms [JS 91]. Experiments on
disordered conductors (mesoscopic systems) show the localisation of the eigenfune-
tions and GOE fluctuations [Pi 92] which can be described using Random Matrix
Theories [MF 91}, [We 92]. Haake et al studied the spectrum of a microwave re-
sonator, which corresponds to a pseudo-integrable billiard, which also shows GOE
type fuctuations [HL 91). Experiments with electrons in. quantum wells are also
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- Figure 2 3: Experimental cigenstates of the stadium with the corresponding classical
- periodic orbit. These eigenstates correspond to the theoret:ca,l states shown in Fig.
: (2 2) (from [SS 92]).

proposed

An astonishing conﬁrma.txc n oi quantum chaos, and the senuclassxcal approach, '
_was given by Stdckmann and Stein. They analysed the two dimensional stadium
billiard which is known to be chaotic both classically and quantum mechanically
[0z 88], [Gc 84], [Za 85], [BG 84]. They first measured the spectrumn experimentally
and showed that it correlates with the theoretical prediction and thus shows GOE

fluctuations [SS 80]. The wave functions were also measured experimentally which

resemble the results of Heller (see §2.4.3) exactly. The experimental results are
shown in Fig. (2.3) (compare with Fig. (2.2)) [SS 62).  The first experimental

~observation of scarred eigenfunctions was actually given by Sridhar [Sr 91} He
- gtudied microwave cavities shaped in the form of two dimensional Sinei billiards -

consisting of a circular disc inside a rectangle. The experimental and.theoretical
results are in good agréement and some unstable periodic orbits, associated to the
scarred ejgenfunctions, were obtained.




Chapter 3

Statlstlcal Behavmur of’ Chaotlc

Systems

The quantum mechanics of a dynamical systFra in a compict tpace yields a set of
discrete energy levels rather than the continuum obtained in classical mechanics.
Detsils of the spectrum change from system to systeny but certain properties are
quite general, and some seem to be directly correlated with the nature of the chaos
in the corresponding classical system. These genera! properties of spectra are ex-
tracted and described through a thorough statistical analysis which shows stnkmg

_ sumlantles to results from Random Maitrix Theories.

3.1 Introduction

The statistical analysis of the behaviour of a system gives useful information on
the properties of the system. A remarkable property of universality has been es-
tablished for the spectral fluctuations of quantum systems with classical chaotic
counterparts [BG 86]. The spectral fluctuations were found to depend only on ge-

‘neral space-time symmetry considerations and are the same as those of Random

Matrix Ensembles [FMP 78]. In contrast, integrabl: systems do not display the
same spectral fluctuation behaviour as chaotic systems. These systems give rise
to mainly Poissonian fluctuations which are characterised by a complete absence
of level correlations whereas random matrix spectra are typically very rigid with
strong level correlations. Therefore by studying the level fluctuations of & quantum
system we learn about the dynamics of the classical analogue or vice versa.

- The richness of behaviour of quantum systems is not exhausted by their spectral
properties but an enormous body of information is encoded in the eigenfunctions.
Because of their multidirensionality, eigenfunctions are technically more difficult
to study than the spectrum. Such an analysis focuses on concepts like scarring

(described in the previous chapter) and localisation of eigenfunctions [He 84], [Iz 90]..
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In this chapter, a survey of the relevant statistical measures, used in the study of
‘Quantum Chaos’; are highlighted and briefly discussed. In the first part, Random
Matrix Theories are introduced and their relevance to quantum chacs outlined.

- The second part describes the level repulsion in chaotic systems and the unfolding |
- of spectra with the help of Weyl's rule. The third part features the level correlations

in spectra and introduces the Nearest Neighbour Spacing Distribution and the As-
statistic. The fourth part describes statistical functions taken from Time Series

- Analysis which are used to enhance our knowledge about the system itself. These

functions include the autocorrelation coefficients and power spectrum. The last part
presents the concept of localisation of eigenfunctions making use of the mformatmn

- entropy.

3.2 Statlstlcal Analyms

It is often taken for granted that one resorts to sta.tlstlcal stuf.hes of certain systems '

because detailed properties of the spectrum are net really open to calculation. This
is one of the reasons but not the main one. Such studies, whose nature is essentially
different from the study of individual levels, are of interest because they reveal new
features of the system, and they can be essential for a more complete understanding.

- Thirty yesrs ago, Dyson made an eloquent resumé of the situation [Dy 62] (reprinted

in [BG 84])

“Recent theoretical analyses have had impressive success in interpreting
the detailed structure of the low-lying excited states of complex nuclei.
Still there must be a point beyond which such analyses of individual
levels cannot usefully go. It is improbable that level assignments based -
on shell structure and collective or individual particle quantum numbers
can ever be pushed as far as the millionth level. It is therefore reasonable
to inquire whether the highly excited states may be understeod from the
diametrically opposite point of view, assuming as working hypothesis
that all shell structure is washed out and that no quantum numbers
other than spin and parity remain good. The results of such an inquiry
will be a statistical theory of energy levels. The statistical theory will
not predict the detailed sequence of levels in any one nucleus, but it
will describe the general appearance and the degree of irregularity of
the level structure, that is expected to occur in any nucleus which is too
- complicated to be understood in detail,

In ordinary statistical mechanics a comparable renunciation of exact
knowledge is made. By assuming all states of a very large ensemble to
be equally probable, one obtains useful information about the overall
behaviour of a complex system when the observation of the states in
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all its detail is impossible. This type of statistical mechanics is clearly
" inadequate for the discussion of nuclear energy levels. We wish to make

statements about the fine detail of the level structure and such state-
ments cannot be made in terms of an ensemble of states. What is re- -

~ quired is a new kind of statistical mechanics in which we renounce exact -
knowledge, not; of the state of a system, but of the nature of the system
itself,. We picture a complex nucleus as a ‘black box’ in which a large
number of particles are interacting according to unknown laws, The -
problem is then to define in & mathematical precise way an ensemble of
systems in which all possible laws of interaction are equally probable,”

Accc_:rding to Dyson, in order to study a highly dense spectrum, an ensemble of
systems must be defined. There is a strong logical expectation, though no rigorous.

mathematical proof, that an ensemble average will correctly describe the behaviour

of one particular system which is under observation. The appropriate language to

define such an ensemble is provided by Random Matrix Theories (RMT). With this

theory the physlca.l laws that govern the statistical behaviour of systems can be

extracted.

3.2.1 Randoin Matrix Theories

'Random Matrix Theories have their origin in the following physical problems:

o Hamilionians of heavy nuclei are either unknown, or too comphcated to be
solved, and

~ » whilst most of the low energy states can be described, using appropriate nu-
clear models, the level density increases rapidly with the excitation energy #

stich as
p(B) ~ exp(VE).

In the region of the neutron threshold (E ~ 8 MeV), the number of levels
is so high, and the intermixing so strong, that a detailed descnptmn of the
individual levels is impossible, When the complications, however, increase
beyond a certain point it is only necessary to explam the average properties
of the levels which is much simpler,

For theoretical studies it is thus impossible to integrate the equa.t:lons of motion

and the introduction of ensembles of operators are essential. Through a Random_

Matrix Theory (RMT) analysis of systems [Bo 91)

1. simplicity may emerge in situations whmh initially appear as despera.tely com-

plicated and random, and
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2. pwbbaﬁi]istzé and statistical arguments may be fruitfully applied to systems
where no external randomness nor stochastlclty has been introduced from the
outside..

To avoid the dxfﬁculty of working with an infinite d1mensmnal Hilbert space, we
muake a.ppromma.tmns amouriting to a truncation, keeping only the part of Hilbert
apace that is relevant to the problem at hand'. We are also only interested in
the discrete part of the energy level schemes of various’ guantum systems so that
we approximate the Hilbert space by one having a finite, though large, number of
dimensions. By choosing a basis in this space, we represent the Hamilionians by
finite dimensional Hermitian matrices. The elements of these matrices are random
variables whose distributions are restricted only by the general symmetry properties
we might impose on the ensemble of operators. The eigenvalues and eigenfunctions

 of these ensembles are then studied statistically.

Wigner was the first to propose the hypothesis that the local statistical behaviour
of levels in & simple sequence? is identical with the behaviour of the sigenvalues of

. an ensemble of random matrices {Wi 51}, [Me 91]. This discovery of the similarity

of the level statistics of RMT and quantum Hamiltonians was striking because this
agreement can not be due to a presumed ra.ndom character of the matrix elements
of the latter.

The following method is employed when studymg RMT: one considers an en-
semble of Hamiltonian matrices H; such that H; are N x N stochastic matrices i.e.,
all the individual matrix elements are independent random variables. According o
Dyson a proper ensemble of random matrices should fulfill the following require-
ments [Dy 72] (revised by Bokigas and Giannoni [BG 75)):

¢ If should predict a global level-density in agreement with observations.

» It should pred.lct a local statlstxcal behaviour of energy levels a.lso in agreement
-with observation. . _

» Its definition should be physically plausible and
o the mathematical problems mvolved should be tractable,

"This means that with RMT there is no physical input ¢ priori but, the statistical
behaviour of real physical systems are simulated. The power of RMT have not
only been demonstrated in describing the behaviour of nuclear systems, but also
in describing the behaviour of mesoscopic systems [We 92], [ITW 90], [MF 91] and a
variety of mathematical model systems like quartic oscillators [Bo 92a].

1The effects of the truncation have to be taken mto sccount.
- %A simple sequence i one whose levels all have the same spin, parity and other strictly conserved

qlism;mtms whmh result; framn the aymmetry of the system e.g. the eigenvalues of a heavy nucleus kike
U
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Random matrix mode]s might ha.ve quite different global properties, however,
the astonishing thing about them is that Jocal fluctuation properties are always the
same and determined only by the overall symmetries of the system. This shows
that the behaviour of ergodic systems is universal, i.e. the statistics do not depend
on the ﬁne details df the system [CGR 90]. :

3.2 2 Gaussmn Orthogona.l Ensembles

The underlymg space-time symmetries obeyed by the syst put mportant Te-

strictions on the admissible matrix ensembles. I the Hamiltoniaz is time-reversal
inveriant and invariant under rotations the Hamiltonian matrices can be chosen

-real symmetric; if A has time-reversal, but no rotational symmetry the matrices

can be chosen self-dual Hermitian and if H has no time-reversal symmetry, the
maitrices can be chosen Hermitian. For a system of real symmetric matrices the
Gaussian Orthogonal Ensemble (GOE) would be an a.ppropnate choice [.BG 84},
[BF 81], [Me 91].

Definition 3.1 GAUSSIAN OR:[‘HOGONAL ENSEMBLE
The GOF is defined in the space Tyg of real symmetric matrices with Hime-reversal
an.’ rotational invariance with the following two reguiremends:

1. The ensemble is invariant under every tfansfomation
H —WIHW _
of Tic onto itself, where W is any real orthogonal mairiz.

2. The various elements Hy, ¢ < j, are statistically independent mndom vari-
ables which are Gaussian distributed.

The Gaussian Qrthogonal Ensemble can describe the sta.tistical properties of

many-particle systems, in which all the particles interact simultaneously with each
~ other, with astounding success. Such a system is believed to be a truly chaotic one.

It is therefore extensively used in the study of nuclear and atomic spectrs.
A GOE of matrices describes the statistical properties of nuclear spectra very
successfully in the higher energy regions (> 5-10 MeV) where the nuclear system

is complex and there are many degrees of freedom, Invest:ga.tmns of the energy -

levels of neutral and ionized atoms in the rare-earth region shows good agreement
between experiment and the GOE predictions [CG 83).
A GOE of matrices exhibit many features ascribed to chaotic systems [BF 81).

- It is tendered that the relationship between time reversal invariant systems, whose

classical analogues are chaotic, and the GOE is universal. Because of this, the
results obtained from & statistical analysis of & GOE, will serve as a standard to
which other ensembles would be compared in order to see whether they show any
properties of chaotic behaviour.

T
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Figure 3.1: Segments of complex spectra, each containing 50 levels and rescaled to
the same spectrum span. The arrowheads mark pairs of levels with spacmgs smaller
than one quarter of the average spacing D (from [BF 81]).
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3.3 Level Repulsion in Spectra
Regular (linear) systc.ms like the harmonic oscillator have completely rigid discrete

spectra. The whole spectrum is analytically known and uniformly distributed. If, - |

however, the quantal spectrum of a classical nonlinear system is calculated, it is
found that analytical techniques do not suffice and the analysis must be done nu-
merically. The energy levels are also not umiformly distributed but fluctuations
occur. With energy-level fluctuations, we mean the departure from uniformity in
the spectrum. The problem is to find what systems give rise to GOE fluctuations
and to find when deviations may be expected [SVZ 85].

In order to understand the behaviour of level sequences, having very different

origins, the stochastic laws governing them have to be unraveled [BG 84]. A star-

ting point for such a study would be to consider spectra of different systems. In
Figure (3.1), six spectra are displayed, each conta.uung 50 levels rescaled to the
same spectrum span and each with the same (J,7) i.e. total angular momentum
and parity.

Although the spectra. have very different origins, they are similar in their general |

nature, for example, the number of spacings much smaller than the average spacing
is statistically the same for (2), (b) and (c}. This has been made evident by marking
all average spacings D smaller than /4. The similarity of the spectra is made
meore obvious in Figures {3.2 a~c), which give histograms of the nearest neighbour
spacings® for each spectrum From Figures (3.2 a-c) we observe that the three

3For a description see §3 5.1

/




6

CHAPTER 3. STATISTICAL BEHAVIOUR OF CHAOTIC SYSTEMS 82

ruisson

Number of Spacings per Bin

3 D B z 5w ,
F:guxe 3 2: Nearest neighbour spacing histograms for the six cases of Figure (3.1),
constructed by considering all the available levels instead of the 50 shown (ﬁnm
[BF 81)).

- spectra in Figures {8.1 a—:) have the same nearest neighbour spacing distribution,
~ thus exhibiting ths same statistical nature, though the spectra themselves differ in

the three examplss. The continuous curve (ngner s distribution) fits them quite
well. :

Int the spectra of Flgures (8.1 a~¢) small (and large) spacings have stall prok-
bility of occurrence. Figures (3.1 d) and (3.2 e) show a Poisson spectrum where the
energy levels form a complete random sequence. The spacings distribution is then
a Poisson type in which small spacings predominate. If we compare Figures (3.2

‘a~c) to Figures (3.2 d)} and (e} we discern that the spectra in Figures (3.1 a—c) dis-
play level repulsion. The spectral fluctuations are governed by the level replﬂsmns‘

which were first discussed by Von Neumann and Wigner [VW 29].

F:g;ure (3.1 £) shows an equally spaced sequence of levels or the so-called picket
fence® spectrum. Figures (3.1 d) and (f) represents two limiting cases: maximum
randomness and no randomness at all, respectwe]y For the system, giving rise
to spectrum (f), the correlations between the spacings are maximum and it shows
perfect short and long range order. However, the Poisson spectrum shows no cor-
relations between s) scings. The knowledge of a stretch of the spectrum puts no
restriction on the behaviour of the spectrum beyond the interval considered. In
intermediate situations between Poisson snd ihe picket fence the degree of speciral
rigidity will depend on the nature and sirength of the correlations between spacings.

1A detailed am.lytmal discussion of this phenomenon is gwen in Chapter 4
5This spectrum is totally rigid
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Before any sﬁat:stmal test can be undertaken, the secular behaviour of the spec~

trum has to be removed. This will ensure that the statmtmal measures on different

spectra. can be oompared dxrectly

s, 4 Unfold.mg of Spectra and Weyl’s Ru.le

T fte level ,ﬂuctunttom are the mscroacop:c ﬁuctuatwm of the level demsty Expe- .

. rimental densities have of course a “secular” variation i.e. a long range vatiation
with energy. The operation between secular variation and spectral fluctuations is =~

emphasised by introducing a new energy variable which maps the secular density
to a constant. Such a mapping is known as an unfoldmg (or rectifying) of the
spectrum. It results in a sequence of emergy levels that is invariant of the secu-

lar variation of different types of specira, Spectra with very different origins, and
~ average behaviours, can then be compared statistically. -

Let the spectrum of a Hamilfonisn operator H be discrete such tha.t

{Bi<B <. . <Ei<..}

are the eigenvalues of the system, Tb get a visual impression of the overall regularity

of the level series we may define a staircase function which repregents the experi-
mental level distribution graphically by a plot of N(E) against E where N(E) is the

-number of levels having energy between zero and E [DM 63]. A typical staircase

is shown in Fig. (3.3 a). It is also customary to measure the average level spacing
by drawing a line heving the same average slope as the staircase representing the
average or uniform behaviour of the spectrum. Fluctuaticns in the level series then
appear a8 deviations of the staircase from the smooth line. _
The staircase function N{E) can thus be separated in a smooth part N.,,,(E)
and a fluctuating part Ny{E) [BG 84] such that ' _ _

N(B = No(B)+Nu(B) @Y

where
N(E) E@(E E)—Zl:trG(E -~ H) (32)

- with © the unit step funci:xon and H the Hamlltoman under eonsideration. The

level density (density of states), p(E), is given by the derivative

(E)~—ily~-_.26(E ~E)=t§(BE~H)  (3.3)

i=1 ) _
The secular variation with energy is depicted by the smooth part N.o(E). To
get rid of N,,(B), the spectrum is “unfolded” through the map & ~+ z so that

= NuB)y i=1,2.. ENEY)
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'Flgure 3.3 (a) A staircase funct.;on .N (E) and its appmpna.te smooth ﬁmc‘t:on

Neo(E). (b) The resultant level ﬂuctuatmna. '

- The effect of Eq. {3.4) is that the sequence {z,} has on. the average a cons‘h;nt }&nea.n e
- spacing (or a constant density) equa.l to unity, irrespective of the particiila¥ form =~
~of Noy(E). The spectral average is equal to the ensemble averag “fter unfolding,

The fluctuating part of {x;} corresponds to the departures from uniformity. As a

by

Nﬂ—:&';-—(zw—), i=1,2,. o (35)

whmh will fluctuate around zero. Level ﬂuct.ua.tmns of a sPectrum thh level mpul-.
sion are shown in Fig. (3.3 b). .
'The simplest estimate of Nw(E), for & d—d:mansmnal system, can be obtained

by applying the semiclassical rule that each quantum state is associated with a -
_ phase—spa.ce volume k¢ with k Planck's constant. One therefore has [Bo 91] '

Nu(E) = I‘(d/; n 1)_.. (éwaz)di fu(q;wIE U(q)]mdq B9
If the potential U(q) is homogeneous of degree 4,
U(aq) = o*U(q)a e R
and o .
Nuu(E) (E”':'l’")-d- an

If V(E) is the volume of the classical phase space, (3 6) can be rewnbten to g.we.
Weyl’s rule [Oz 88] ( )
V(E

w(E) P vyd (2 h)gp

V(E)= ./;v fw dp dq G(E - H(p,a)

function of ¢, the deviation of the a-th “Jevel” ﬁ'om the average beha.\rtour is given.

E- | (3.8)
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_where @ rrmis from the ground state Eo to B < U (q) w:th U the potentza.l H

the Ht ©  alan and f the number of deg;'tees of freedom of the system. Weyl’s

 mulejs . etely general and no distinciion is made as to the dynamical nature

. of the system, whether integrable, ergudic or otherwise. Because Weyl’s rule is
- m.semziwe to the nature of the clusosical motion, it is only the more subtle properiies
" of the specirum (fluctuations of the density about the metm) that may distinguish

the dynemical nature of the corresponding classical motion. In the limit of lacge B,
N,,(E) is the approximate number of states with energy less or equal to B which is
determinied by the volume within the correspondmg energy shell measured in units -

_ | of { 'Zir‘h)f The a.vera.ge denmty of states is gwen by

)= e B~ Gy f [, dp dq s(E H(p,q)) _'(3.9\

wh.lch is cons:stent wuth Liouville'’s theorem and the adlaba.tm pnncxyd. For a more |

-ﬂlabora.te description of this method see Appendix C.

3.5 Level Correlahons

To study the statistical properties of sequences of eigenvalues one defines smtabie-

functions such as level spacings or correlation and cluster functions, or a statistic

such as the Az [Bo 91].
'The n-level correlation and cluster functmns are defined as follaws lem -

_ Ly Loy 830 ey EN
be the positions of N points on the real ad:is, with average density unity, and let
(:51, ,a:N)d:cl «odzy

be the probability of hamng one point at 21, another at Ty o+ another at zy within
each of the intervals [z;, z; + dz;]. The density of states is then given by '

plz) = Nj- fPN(m, T3y ey BN )dTg --d::m. _ (310)

and the statietical properties of the &quence {x;} are chara.ctensed by the set of
n-level correlation functzom R,‘(a:l, TayeeerTn)

R,,(a:I, Lhyesny :t:ﬂ) = m / da:;.+1 e dxm.&(xh $§, vang zN). ' (3.11)
R, is the probability density of ﬁndmg a level around each member of {.} where

the pomtmns of the other levels remain unobserved. R, will g‘wve the overali level
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For practlca.l pusposes it is convement to work with the n-level cluster functaons
Y, defined by _ -
) Ifn(:cl, L P ' (3.12)

,a:,.) Z(----)‘TI "‘(m ! I{R@ (a:,, w:th tin G;)
1=

with G any dri:smn of the indices [1,2,...,n] into m subgroups [Gy, Gz, vy Gil

[BG 86], [Me 91] The advantage of the clustel: functions are that they wuush when

any one (or several) of the separations |e; — z;| becomes large in comparison to

the local mean level spacing. The function Y, describes the correlation properties

of u gingle cluster of n levels, isolatéa from the more trivial effects of lower order

which are in common use are described.

3.5.1  The Nearest Neighbour Spacing Distribution

_ The nearest neighbour spacing diStﬁbution is a measure of the correlation hetween

adje.sent levels in spectra i.e. it is a short range level correlation measure.
In order to obtain this measure, the distances (spacings) between the spectral
points {#;} (after unfolding) must be calculated

Now, let P(.S')dS be the probability that a spacing .5' lies between S and S 4 dS,
From Eq. (8.3} we know that after unfolding -

(8) = j P(5)8dS =1.
The fluctuations of an unfolded spectrum ¢an be revealzd by plotting the distribu-

tion P(S) in the form of a histogram.
For a set of random numlyers, arranged in ascending order, P($) = 5. A

- spectrum with such a distribation will have a large probability of level clustering

(P(0) = 1) and a small probability of level repulsion: so that for intermediate velues
of §, P(S) « 1. This spacing distribution is termed Poissonic and can be seen in

Fig. (3.2).

The distribution of & spectrum with level repulsion has the form of a Wigner
surmise derived by Von Neumann and Wigner [VW 29]. Metha and Ga.udm IMG 60}

- gave the following result for & GOE of matrices

P(8) = -é-ae-"s“f*.' (3.14)

A GOE of systems avoids level clustering hecause P(0) = 0 and for intermediate
values of §, P(S) > 0. The levels are, Luwever, still close {0 one another so that

In the following subsections, the correlation and cluster measures.
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P(S) § s '
ers
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gy S— — e, =
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Figure 3.4: The nearest neighbour spacing distribution for Pmsson (dashed curve),
Wagner (sohd) and Picket Fence (dotted) distributions.

P(S5) vanishes for large §. This shows that level repulslon is a dzstmct fea.tu:e of
this distribution and of any chaotic system® (see Fig. (3.2)) [CCG &s].
For a totally rigid, picket fence, spectrum the distribution is simply a delta.
funetion at 5 = 1 so that _ _
P(8)=86S5-1). (3.15)
"The distributions for the aforementioned ceses are shown in Fig. (3.4).
Eq. (3.13) can be generalised to higher moments of this correlation functiorn.
Define the spacing between the i-th and (¢ + k)-th spectral point to be

Sp=aup =z i=1,2..,N; 0<k<N. - (3.16)

P, (S%) is then the k-th moment of the distribution o spacmgs between energy levels
and -

Esk(m) Ry(z) = 1-Yi(x)

with Rz and Y3 the two pmnt correlation and cluster functione, respectively, as
defined above.

3.5.2 The Brody Parameter

The degree of leve] repulsion can be measured by the Brody parameter w (also known
as the repulsion parameter). This parameter fits P(5) to the Wigner distribution
with the only fitting parameter w. It is besed on a generalization of the Wigner

Jistribution given by Bq. (3.14) and may be written [Br 73] '

R() = ABep(-as™), z=3 (310

S All symmetries must be reduced out and there should be ro quantum aumber mixing.
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~ with D the average level spacing; D is unity for an unfolded spectrum The para-
meters A and w are found from the condifions that the averages of z and the area
- under the curve must be unity. *"he resultant values are

A=(1+w)a :

e Here T is the Gamma function and the value of w is found by fitting (3. 17) to the
data (or a theoretical distribution) by least squares, It is found that w varies in the

el '~ range 0 £ w < 1. The Brody parameter is zero for the uncorrelated spacings of a
o - Poisson spectrum, unity for a W:gner type spectrum and w = 0.953 for the GOE

' 3.5.3 The Ag-statistic I N A
_ The Ag-statistic measures the rigidity of the Bpectmm i.e., the departure from ' :
~ uniformity of an observed run of levels.
"This measure is obtained by noting that, after unfolding, the staircase function
‘described in §3.4 has an average that is a straight line. For a GOE of systems (or
chaotic systems) the steps of the staircase will, however, not be of equal length, This -
leads to deviations between each step of the staircase and the averaged straight line.
Dyson and Metha thought it possible to construct a statistical measure from the
deviations between the staircase and the best straight line fitting it. This measures
the overall irregula-ity of the calculated level series and will show to what extent the - R S
results are in agreement with the pattern associated with the results obtained from :
the spectra of GOE Hamiltonians [DM 63]. It is convenient to take the observed .
energy interval as [(, ¢ + L], starting at ¢ and of length L.
The problem is {o analyse the deviation of the staircase graph

| y=N= (3.18)
. /;-_*-__a ] . : . -
;1 from a. suitable straight line
1 y=Az+B | (3.19)
: - over a suiteble length L of the staircase where A and B are constants to be deter-
mined. This can be achieved by fitting (3.19) to (3.18) by a least squares criterion.
The mean-square deviation of the staircase from the averaged straight line is given
by :
A = N(z)~ Az — Bl dz 3.20)
o ~~I§u§Lf[(m)z]} (3.20)
i The quantity A mensures the irregularity of the level series in an interval between
A [¢, ¢ +L] and of length L. With A we study the long range correlations of the 'vels,
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a:nd consequently is meamngﬁxl only when the mterval contains & suﬁcaently large

number of levels. . .
There are three possible ways of ﬁttmg the straight 11ne to the stmrcase, w]:uch

give rise to three different statistics A;, Az and Aj. For Ay, B =0 and for A; the

line is constrained to pass through the fixed point y = N({). We only Iook at the_' o

Ag-statistic in which case A and B may vary independently.
By minimizing” (3.20) with respect to 4 and B, the fo]lomng measure is obtained

m kg [N b ol NP - S Naedal.  (s2)

'To rewrite (3.21) in a usable manner, use is made of the geometnc interpretation |
of the integration over N(z). N(z) is a step function so that [N(z)dz is the; ;
evaluation of the area under the stepfunciion curve. The unfolded eigenvalues are’
aleonrderedfromlowesttolargestauchthat{C<m1<32< <:s,,,,<_C+L}-
with n the number of eigenvalues in this interval, :cn+1 = { 4 L Eq (3.21) can
he tzansformed to the following snnple form

L 30 s
Af((s I) = ﬂi - ﬁ[? &’ + -m[}; £f] -
: gy _ ) .
—-ﬁ[zzk]? + gﬁ{Z(n o+ 1 - 2k)E)) 3.22)
h .
where ) R
| Ep=z—((+35) o
The long-range character of Ay is reflected in the Iac.f that the summat:on goes
from 1 to n [BG 75].
A meaningful statistical measure is obtained by taking the mean of A; denoted
by As. The mean is calculated by taking many non-overlapping adjacent segments

of length L of the spectrum, compute Az with (3.22) for each segment and by
performing the average. For a Poisson spectrum one obtains

- L . .
T | - (3.23)

" and for a picket feng:e _ . a .
Bl)=%. NCER

As for the GOE was calculated by Haq, Pandey and Bohigas viz. [HPB 82]

AFOH(L) = %_[, (L - 2L +7%)8%(r)dr (8.25)

We peck the extrermm i.e. 't.he point where the variation of A and B vanishes sitnulianesusly.
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Figure 3.5: As for Po:sson (dasheti lme), GOE (sohd) and p1cket fence (dotted)
spectra :
where : : _ _ _
L) = 3‘-—{1;1(2@) P+ 14 SS(RD)? ~ SnSi(nL)
— cos(2rL) — Ci(2rL) + sz[l - -S;(ZWL)]}
Here 2% is the variance of the number n of levels in a given interval of length L. Si
and Ci are the sine and cosine integrals respectively. In terms of the cluster function
L : .
GOE Y . & _ W YBOT2 AT — nd o
ASOE(L) = 1P 15L4f (L—rP(a? —9Lr — 4" )Hr)dr  (3:26)
which is a pure fwo point measure. Al three cases are depicted in Fig. (3.5). The
large L asymptotic of Ag is given as [DM 63]
As(L) ~ --lnL 0.007, L > 18.

In summary we corclude that tk,e. departure of the average value of Ag(L) from
the linear increase with L characieristic of the Poisson spectrum will give, in in-
termediale situations between Poisson and picket fence, information on the corre-
lutions between spacings and on the speciral rigidily or speciral stiffness. From this
and (3.25) (which becomes essentially straight for large L) we conclude that & GOE
and therefore a chaotic spectrum exhibits long range order.

3.6 Spectral Analysis
To complete a statistical study of spectra, use is made of concepts from the theory
of Spectral Analysis, Time Series Anabrms and Stochast:c Theory [Pr 76), [OE 78],
[Pa. 65], [Ch 84].
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At:mesenes X(t) is the reSult ofaprooess that varies with a.paramﬁert e 7?..
t is usually taken as time. In studying such series we ask the fo]lomng questions:

1. Is there a certain periodlclty in the senes"
2.1s the series a, random senes"' o
3 KHa senea is known for t<a can it be pred:ctad for va.lues > a‘?

Senes which are not t1me dependent but wlnch have n. ele.ments and are charac-
terised by a parameter m such that m € {my,mg,...,m,} where the ‘distances’
between elements my; = m; — m; are constant, can be seen as a certain class of -
time series. Series of discrete eigenvalues, sets of eigenfunctions or amplitudes of

~ eigenfunctions are all elements of this class of *Jme series. The theory of Spectral

Analysis can thus be applied to analyse such senes. The autocorrelation coefficients
give an estimate to the correlation between different levels of a specific time series
whilst the spectral denmty functmn isa mea.sure of the periodicity in a sequence of
levels,
Through studmng the time series of a certain process, a better comprehension
of the process itzelf comes to the fore. A much *i tter insight into the behaviour of
quantum systems can be exgected through such an analysis of the eigenvalues and

- eigenfunctions [HK 90b), [Tz 90], [Ec 88]. The concepts from this theory, relevant to
* the study of quanturm chaos, are outlined in the following subsections. The spectral

density function is subsequently used to detect the remaining classical motion in
the quantum systemn, This is done by obtaining the classical perigdic orbits from
the quantum spectra where use is made of the Gutzmller trace formula [Gu 90,
[0z 88]. : ._

'3.6.1 - The Autocorrelatlon Coeﬂic;ents

Suppose we have a random sample of N pairs of ohservatwns on (X(t), Y(t)) in -

~which the pair of values (z;,y;) ocours Ny; times (i = 1,2,...4% j=1,2,...0), 80

that E,_I =1 Vig = N.: A measure of the relation between the elements of two
time series X{t) and ¥'(t) is given by the sutocorrelation coefficient.
The linear or Pearson correlation coefficient is deﬁned by

cov{X _(t)s Y}

") = X vy (0]

with cov and var denotm.g the covariance and variance respectzvely Fbr discrete
processes .

(N )__ _usml{"'t W!)(us“yi) o -(3.2?).

v‘lm(m. - J;)‘\/E.- (v~ 52
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Figure 3.6: The ~tocorrelation coefficients for a. GOE series.
or more convénieﬁﬂy |
S y ) NI Bili — 2oim1 Ci 2oi=1 Ui | .
r(N) = ot~ R o Tt o (3.28)
N .2 - e, \2
{[N 2':1 = (E.=1 @ ) ] [N Syl - (E;=1 yi) ]}

with N the number of points and

A 1 X
; = L% and §; = wz Yi-
. =1 . =1

If we put y; = 2 f:vith E=12,..,n (1 < n £ N) the autocorrelation
coefficient will be 2 measure of the mmﬂnnty between a realisatic 1 of X{£) and the
same realisation shifted to the left by & units. The corre]a.tmn coeﬁic;lent'. ie then

- given by
rk(N) N Eﬁ:l x!mi-f-k Ezﬁk & Esn:r:]_k T4k

\/ (N 25" «f - (EN1 z:)*|[N PRy zhpy — Py “’t+k)2]

As k increases we would expect the correlation between X(t) and X(¢ + &} to
decrease. The rate at which rx(N) decays to zero ma.y be interpreted as & measure
of the ‘memory’ of the process. For a harmonic series 7 is a delta function at each
value of k i.e., perfect correlation between series points. For a Poissonic series ry
is zero so that there are no correlations between levels and for a GOE of systems,
s, decays exponentially for incressing k, showmg long range correlation and erder,
This is shown in Fzg (3.6). , .

3.6.2 'The Spectral Density Function

One of the main aspects of Time Series Analysis is the search for periodicity in a
real time series X (£}, This is done with discrete Founer Analysis because X (%) is a
d:screte functiern,
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.

" With

~ To do thls a function G(w) is defined w'hzch is the Founer transform of X (t) 80
that we ha.Ve the Fourier pa,u' : :

Glr) = %gxw coé(w;,t) |
x® = 1 f@(ws,) o) @2

mth wy; the a.ngular ﬁ-equency such that —r < wg S @

The total energy used over the interval (—oo, oo) is given by Parseval’s rela{uon
for Founer tra.nsforms e.g.

S X = 3 el

te=—og Ir---oo

Flo)= IG(wk)l’ )
the term f(ws) is the contribution, to the total energy, of each component of X (%)
with frequency between w; and wi -+ dcug f(wg) is called the spectral density
function. A graph of f(wk) a.gamst wy, is termed the Power Spectmm of the series
X(t). _
- A regular series will then give a power spectrum conmstmg of discrete Iules

- (sharp peaks) for the correspondmg frequencies, whereas a Poissonic (or tcta.lly
‘random white noise) series will have a horizontal straight line (every frequency can

‘appear with equal probability). A pure GOE series has a broad continuum in f{uw)
while the power spectrum of a chavtic system contains a few pronounced peeks
which can be correlated to the remaining unstable periodic orbits of the classical
system (see §2.4.4 and §6.8) [WF 87), [MWH 86]. The actual energy spectrum
and corresponding power spectrum for a chaotic system is shown in Fig. (3.7).
Also shown are some closed periedic orbits which can be correlated to the peaks
(resonances} of the power spectrum. Contrary to the universality hypothesis of
Wigner, there is thus a distinct difference between the behaviour of a GOE matrix
and a chaotic system which is explained in §3.8.

There 15 a relation between the autowrmla.tmn coefficients and the spectral
density function such that

Flww) = —+ Zn cos(wkt) o (3‘.31)
= .
The a.utocorrelatzon and spectral dens1ty functions are used tb analyse the fluctu-

ation patterns (N ﬂ(E) in (3.5)) that are obtained when the e1genva.1ues of a gysterm
are unfolded.
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]

F:gure. 3.7 (2) Experimental spe&mﬁn for Hydrogen in a magnetic'ﬁeld (b) The

- corresponding power spectrum with closed orbits correla.ted to the raspectwe reso-

nances (from [HM 88]; also see Chapter 8).

3.7 Elgenfunctmn'Statlstlcs and Localisation

Unlike spectral statistics, little is known about the structure of the eigenfunctions -
for quantum systems which are strongly chaotic in the classical regime, On the
other hand, localisation of quantum weve packels in cases where classical mechanics
predicts diffusive behaviour is a well known phenomenon in solid-state physics, The
time-independent Hamiltonian of & particle in a random potential on 2 line has a
puré point spectrum with eigenfunctions exponentially localised in epace. This is
known as Anderson localisation (see [Fi 92] and references therein).

By the localisation of eigenfunctions, we mean that a finite number of unper-

turbed states, less than N, are essentially occupied by each eigenfunction, This is

depicted in Fig. (3.8) which shows some localised and some fully extended {delo-
calised) eigenstates, The eigenfunctions of a GOE matrix, however, are completely
delocalised and the fluctuations of the components have & Gaussian distribution as
predicted by RMT [Bo 92a]. The eigenfunctions of a fully chastic system shows the
sampe random character and delocalisation when the dimension N ~+ oo [Iz 90]. Lo-
calisation of eigenfunctions was, however, found in quantum chaotic systems like the
kicked rotor where the classical system is strongly chaotic [Ca 88]. This localisation
is related to Anderson localisation and strongly suppresses the chaotic behaviour in
the quantum system compared to that found in the classical model [Fi 92].

The localisation length (see Fig. (3.8)) of the eigenfunctions can be obtained

. by making use of the stendard definitions in statistical mechanics and information

theory. Let ¢ be the k-th eigenvector of the system, u; = Ry and wy = u? so that
TN, wi = 1. The information entropy is defined as follows

HN(Ul,.ﬂg, - ,.HN) = — Zw;,lnwk R (3.32)

k=1 °
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Figure 3.8: Some localised and delocalised ezgenfunct:ons for the kicked rotor. The
probability w, == |¢,| is drawn on the vertical axis with the number of unperturbed
states n on the horizontal axis. Iy is the localisation length (from [Iz 90}). L

Here Hy is essentially the logarithm of the number of sites significantly populated
by the given eigenstate ¢(F). If all the sites were equally populated, then Hy would

~be In(N). If, on the other hand, u; were exponentially localised around some site

ko with localization length 1 < I < N, then
HN =1+1nl4+O(1/1).

In general, the guantity exp(Hy) is proportional to the effective number of
nonzero components uy of the eigenfunctions, and can be taken as a measure of

localisation =o that . .
I = exp(H). o (333)

Here, I is the effective number of components of ¢, with not too small a value.
I will be N for a totally extended eigenfunction and unity for a totally localised

eigenfunction. For a GOE we have

HE = AN + - m(g) ~ 1n(048N) + O(1 /N)

with ¥ the Digamma function.
To take the chaotic structure of the elgenfunctloms into account, the eniropy

“localisation length Iy is defined where

Iy = exp(Hy — HEF*). R € %)

lzr is normalised so that a completely chaotic state has a value of unity. An N-
dimensional sys <m will lead to NV values for Iy in (3.34). The distribution of the
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Figure 3.9: (i) Distribution of ‘.ocalwa.tmn lengths for (a) regular, (b) chaotm and
(c) Poissonic systems. (11) Mean localisation length [y for the kicked rotor (From
[z 90)). |

localisation lengths can thez be calculated. The cases for a regular, chaotic and
Poissonic system are shown m Fig. (3.9 i).

The distribution of the localisation lengths indicates that Iz has large fluctua-
tions from one eigenfunction to another. The normalised mean Ioca!:saiwn length

.!d is therefore defined to be
la=(ly) =exp({Hn) ~H§®. (335

"The averaging is done over all eigenvectors uf the same matrix (or over an ensemble
of similar matrices). With the definition in (3 35), ls will be zero for & Poissonic
system and unity for a fully chaotic system®. I for the kicked rotor is shown in
Fig. (3.9 ii) and that for the quartic oscillator is obtained and shown in §5.6.2.
Fig. (3.9 ii) shows that the kicked rotor is nonchaotic for small values of the para-

meter k& and becomes increasingly chaotic as k increases.

A question that needs to be answered deals with the chosen basis in position
space when we study the structure of the eigenfunctions. There is a basis in which
all the eigenfunctions of the system are completely localised, namely, the basis where
the Hamiltonian is diagonal. However, the probability in having such a basis in a
physical setting in N-dimersional Hilbert space is negligibly small. It is thus very
unlikely to have such a special basis from the outset and these apema.l bases can be
seen ag exceptional ones. Still, the choice of the basis has to be kept in mind when
studying the eigenfunctions of physical systems.

8Tn literature this is a.‘;so denoted as hard chaos,
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It should be noted that the randbm character of the mgenfunct-:ons ofa chaotlc
system, in position space, seems to comizadict the ‘wears as studied by Heller (see

' $2.4.3). These scars appear for some eigenfunctioss in the coherent state basis (or

Wigner representation) in the form of intreased density in the regions of phase

- space where unstable periodic frajectories of low periods are situated {He 84]. The

structure of the exgenfunctmns in: the coherent state basis can thus not be treated
as random since the regions of increased density are well predicted by the periodic

- orbits of the classical system. There is thus no contradiction and an interesting

quesf.lon is whether the scars can be detected in the dlstnbut:ou of wn?

3.8 Breakmg of the Umversanuy Regime

The universality hypothesis of Wigner stated that the spectral ﬁuctuatmns of Bys-

tems which ars chaotic classically are similar to GOE fluctuations (see §3.2.1).

- However, distinci differencs are observed when comparing the fluctuating part,

Ny, of the specirum of a system th. is ¢ - stic classically and that obtained from a
pure GOE matzix. Cl.aoti systems ke the Laplacian on a compact smooth surface
of negative curvature [Gu 90}; the anisotropic Kepler probiem [WM 88]; the zeros
of the Riemann ¢ function [Be 85]; the Hydrogen atom in a stvong magnetic field
[Wi 872] and the quartic oscillator [ZM 86] all show such departures.

The eigenvalues of a chaotic system can show periodic components which are
not visible in the spectrum of the vandom matrix, This is clearly seen when the
power spectrum of a GOE matrix and that of a chaotic system is compared. The

power spectrum of a quantum chaotic system can have distinct peaks which can be

identified with the periods of the short periodic orbits whose instability is relatively
weak (see Fig. (8.7)). These orbits are the classical orbits still rexnaining in the
quantum system. A GOE of matrices only simulates a quantum chaotic system, it
has therefore no relevance to an actual system and will thus not show the existenca
of any orbits.

Berry also pointed out that systema.tlc dewatmns from RMT predictions for
the Ag-statistic can occur and were due o the existence of cla.smcal periodic orbits
[Be 85]. Berry argued that there are two scales in any p.c™~ n. "The first is the
inner scale provided by the mean level rpacing N,, where:

(see (8.6) and (3.9)) where & is Planck’s constant and f the number of degrees of free-
dom. The second is the ouler scule provided by k. All discussions so far concerned
the inner scale [Bo 91]. The spetiral properties with inner-scale resolution are de-
termined by the very long classical periodic orbits whereas the ones with outer-scale
resolution are determined by the short ones. The properties of the latter depend

on each particular system and give rise to the nonuniversal features of the spectral
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. fluctuations, features which are not contained in RMT d\é.sm-iptidné In investigating

the zeros of the Riemann (-function, Berry used the Guizwiller trace formula to
explain this nonuniversality knd found excellent agrecment between the measured
number variance and hiz semiclassical deseription [Be 85], [Bo 92]. Wintgen studied

the hydrogen a.om in a strong magnetic field and also found the deviations between

the measured As-statistic and that of the GOE to be due o the classical periodic
orbits which can be accounted for by a semiclassical analysis [Wi 87a], This is taken
as evidence that the fact that the statistical behaviour of a quantum chaotic system

. follows the GOE behaviour is just a fluke of nature, Random Matrix Theories can -

therefore not lead to a conclusive description of the orlgin of the behaviour. The

~origin of quantum chaotic behaviour should be sought in the exceptional points

discussed in the next chapter.

 The Guizwiller trac' ‘ormula has thus been very successful in predicting spectral
Auctuations at the outer scale energy resolution. Problems still remain to achieve
inner-scale resolution. As stated in the last paragraph of §2.4.4, more incrmation
on the distribution of the periodic orbits is necessary to be a.ble to obtaif, such a
description. QOzorio de Almeide even stated that the petiodic orbit formalism may
not be the ideal probe for the study of such fine scales of the specirum [(z 88). A
promising method for investigating the spectrum at very fine scales is by studying
the exceptional points. The exceptio; -} point approach might be the bridge between
the semiclassical treatment and the RMT description at the inner-scale. It is the
aim of this thesis to build that bridge and the subsequent chapters deal with this
problem in detail. '

3.9 Summary

All the meam:res described in this chapter serve to analyse the spectrum and: mge:o.—
functions of chaotic systems. A thorough statistical analysis of any spectral series
and eigenfunctions will lead to a better understanding of the quantal system under
consideration.

A comparison between the statistical results from a GOE of matrices and that
of quantum chaotic systems led to the conjecture that GOFE statistics are universal
for systems with classical chaotic co'mterparts, Departures from this universality
were, however, found in several systems. The departures from GOE is due to the -
fact that the GOE results only mimics the level fluctnations but it does not provide
any information on the origin of the behaviour of the system. On the outer-scale
(see §3.8) these deviations are thoroughly described with Guizwiller’s semiclassical |
anslysis. A description of the spectrum on the very fin. scale is not yet vialuo by the
semiclassical formalism. An understanding is, however, amenuble by investigating

- the exceptional points of the spectrum. This method is described in nha following -

chapters.
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Chapter 4

| - Analytlc Propertles of the
‘Spectrum |

Avoided level crossings play an important role in quantum mechanics such as nu-
clear physics, quantum electrodynamics and quantum chromodynamws [SW 72},
[GH 86] A distinct feature of a quantum chaotic system is the many avoided level
crossings evident in the spectrum. The universal spectral behaviour of quantum
chaotic systems (as was shown in Chapter 3) is directly linked to these avoided
level crossings.

In this cha.pter. the properties of the spectrum of a matrix representation of

a quanturn chaotic system, pertaining to w. Hamiltonien H(A) = Hp + AEfy, ace
analysed analytically. All work is done in an irreducible subspace so that actunl
degeneracies of the selfadjoint problem can e excluded. The repulsion of energy
levels governs all the spectral fluctiiations, In turn, they are associated with the
exceptional points of the operator. Exceptional points are a distinet property of tke
Hamlton operator. From this we note that if Hamiltonians in quantum mechani- s
are distinct from others by their spectral behaviour, such properties must reside
with the intrinsic operator properties of the Hamiltonian.

The exceptional points determine the specific shape of the spectrum. An analysis
of the distribution of these points will shed light on the intricate statistical bebaviour
of the spectrum. It is also conjectured that the scars of periodic orbits can be
obtained from an exceptional points analysis. The exceptional point method thus
provides a link between & semiclassical and. spectral analysis.

4.1 Introduction

The approach used in this thesis is to investigate quantum chaos from the following
point of view: if & matrix representation of a Hamiltonian, which is the quantised
version. of a classical chaotic system, is given, what is the mathematical mechanism

- that yields the special features of the spectrum within the particular range of the

49
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parameter where classical chaos is discerned? The answer lies in what is known as
the exceptional poiuts of an operator [Ka 66]. h

The first part of this chapter describes the form of the Hamﬂtomans used'
throughout this thesis. The second part introduces &% . concept of avoided level
crossings and describes how level repulsion comes about in a spectrum. The third

- part defines the exceptional points of a spectrum and shows how these points effect
the form of the spectrun. The fourth part defines the line spectrum of a system and -

shows how the distribution of the excephona.l points can be obtained confirming the
statement that a high level deasity is a necessary condition for chaotic behaviour
[AK 91}, To illuminate this point and to show the influence on the statistical be-
haviour of the eigenvalues and eigenvectors, the last part introduces two simple
(though relevant) modeI Hamlltomans as demonstration. _

4.2 The Form of the I—Iamlltoman

To elucidate the concept of excrptlonal points and to study quanium chaos, we
investigate matrix Hamiltonian systems of the form

H = Hy+ \H | (41

w1th Hy and H, Hermztmn matrices in Hilbert space £3(N ) The parameter A can
play the role of a perturbation parameter; it may serve to effect & phase transition
or it may steer the system, under variation, from an ordered into a chaotic regime.
Tt is assumed that the eig.nvalues of both Hy and H; are readily available and that
Hp is the matrix representavion of a classical integrable system.

A plot of the energy levels Fi(X) pertaining to H, against the strength para-

- meter A, will show multiple jsolated degeneracies if the system is regular and near

degeneracies if the system i& chaotic. If the symmetries relating to Hy and H are
incompatible or simply if the two operators do not commute, the mixed problem
is usually characterised by many avoided level crossings. This will lead to a region
where the level statistics may, or may not, display the characteristics of quantum
chaos. The precise potterns, such as the energy ranges for which the GOE statiatics
are established at a particular X value vary strongly from case tu case — & general
description is not at hand.

From the vicwpoint followed in this thesis a representation where Hyisa dmgomzl
matriz will always be wsed. If a suitable analytic basis is not available, an orthogonal
transformation is carried out such that

H=Do+ )\ DU | 42

with Dy and D, the diagonal representations of Hy and Hy respectively, U is
an orthogonal matrix that diagonalises H; in the basis of diagonal Hy. Such a
representation will facilitate the analysis in obtaining a suitable method for the
calculetion of the distribution of exceptional points as described in §4.5..
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B (
B . : . P
A

K - A :
Figure 4.1: Two sheets representing energy levels as functions of the parameters
A and & with a degeneracy P at A* «* and energy E*. A is a path missing the
degeneracy and B is a path enclosing it (from [Be 81]). '

4.3 | Avoided Level Crossings

In Chapter 3 it was shown that a universal feature of quantum chaotic systems is
the many near degeneracies in their spectra. Because we work in a subspace where
all degeneracies have been reduced out, actual degeneracies can not occur. This
theorem was proven by Von Neumann and Wigner [VW 29] and states:

In order to prodﬁce level degeneracies in a generic real Hamiltonian |
system without symmetry, not one, but two parameters must be varied.

It can be stated differently: among all selfadjoint Hermitian matrices, those with a
degeneracy have co-dimension three. When the system has time-reversal invariance,
it has co-dimension two and no real degeneracies can oceur,

To illustrate this theorem, let the system depend on two parameters A and x
such that both can be varied. The two degenerate levels correspond to two sheets
of an elliptic cone in the (A, k, E) space near the degeneracy which occurs at a point
P = (A*, x*, E*) called a diabolical point. This is shown in Fig. (4.1} {Be 81},

'If only one parameter is varied () for instance) this corresponds to traversing a
path in (A, k)-space that misses (A*,x"} so that the energy level curves are hyper-
bolas cutting the cone. It seems as though the levels repel each other — they move
closer together and then suddenly bounce away from one another as shown in Fig.
(4.2). The wave functions, however, interchange their association (with an accom-
panying sign change) at the near degeneracy at Ag: if ¢ and ¢,, are associated with
levels By and By, respectively for A < A (see Fig. (4.2)), ¢x would be associated
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' Flgure 4.2: A near degeneracy at interaction strength )g. Although the levels do
not cross, their correspondmg wave functions interchange association at Ao (from :

[Be 81)).

with By 20d $y, with By for A > Ao [HK 90b]. The following question naturally

- arises: hc. 1o we know when the point (A%, x*) on Fig. (4.1) is & true degeneracy

rather thaw & very close approach of the two separate eigenvalue surfaces? The
answer is that moving on a small circuit B in (A, k)-space, surrounding (A*, &*),
each of the two wave functions changes sign if (A*, x*) is a degeneracy of two levels,
and the wave functions do not change sign if (A", ¥*) is not a degeneracy.

The phenomenon of “repulsion of levels” is very different from what happens
in separable and mtegra.ble systems. In these cases a degeneracy typically occurs
when just one parameter ) is varied which can be seen by considering s separable

two dimensional s} ¢tem [Be 81}, 'I‘he energy levels are labelled with two quantum

numbers n and m

E = E(m,n; ). (4.3)

For & given quantum state (m*,n*), in the {m,n) phase space, the enexgy corre-
sponds to a contour of (4.3) that passes through (m®,n*). If this contour does
not pass through any other states, (m®,n*) is nondegenerate. When, however, A is
varied the slope of (4,3) changes so that the contour crosses other states producing
“one-parameter” degeneracies. Such a degeneracy occurs near a point called an
exceptional point and not a diabolical point as indicated above. Dxabo]:cal points
refer to selfadjoint operators whereas exceptional points do not.
All the systems that we discuss can be represented by Hermstian mairices with
time-reversal invariance end are functions of one parameter only () in (4.2)). We

thus have exceptional points and not diabolical points in the complex energy plane. -

There should not be any actual degeneracies in the spectrum bacause we work in
the irreducible subspace of the system. Accidental degeneracies can, however, occur
and the studied range of the spectrum has to be mvestlga,ted to see whether this is
the case.
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From the discussion above we see that diabolical poinis are points in the real
(A, x)-plane where degeneracies occur. When the system only depends on one pa-

rameter A, there are no real values of X for which the eigenvalues coalesce. Two
eigenvalues can, however, still coalesce in the complex E-plane corresponding to
complex values of A. The complex A-plane thus contains important information on

‘the behaviour of a system. By enalysing the ¢omplex A-plape a connection between
the operators and the spectral fluctuations is cbtained. For m\rﬁ B0 *nveshgatmn

we now define the concept of exceptional pomts

44 E'Jiceptiohal Pdints

_The definition of exceptional points is general and applies also to operators in an
- infinite dimensjonal space, even when the spectrum of the operator has a continuum :
part [Ka 66], [Sh 88]. From the viewpoint taken in this thesis, we restrict onrselves -

to finite dimensional matrices Hy and H, as in this case the role of the exceptio-

- nal points and the associated Riemann sheet structure is thoroughly understood

[HS 90]. We do not believe that restricsion to matrices has a major impact on our

conclusions since virtually all the practical work, even in connection with quantum

chaos, is done in & truncated finite dimensional matrix space.

The physical significance of the exceptional points is due to their relation with
avoided level crossings for real A-velues. The spectrum Eix(A), ¥ = 1,...,N has
branch point singularities at the exceptional points, in fact, any two of the N levels
are connected via a square root branch point [BHS 74]. If this happens near to the
real A-axis, & level repulsion will accur for the two levels for real A-values. There
is an #nalogy to the more widely known connection between the pole singularities
of the scattering function and the resonance structure (shape) of the cross section:
in a similar way as the positions of the poles, including their statistical properties,
determine the measurable cross section, the ezceptional points defermine the shupe

of the spectrum and in particular the occurrences of avoided level crossings. This -

comparison r st, however, be taken with care because the exceptional points are
square root branch points and thus produce a Riemann sheet structure [HS 91].
The distribution of the exceptional points will therefore determine the ﬂuctuat:on
properties of level spacings.

We exclude gem.une degenera,caes of the selfa.d_]o:nt problem®, The exceptmnal |

points then occur in the complex A-plane. The positions of the ezceptional points are
fized und are determined solely by Hy and H,. For large matrices it is prohibitive
to determine the positions of the exceptional points. However, is it possible to

determine the distribution reasonably well from lmowledge of the two operators
alone. This is shown in the following sections.

" INote i:]mt the opera.tor is not selfaﬂjoint for conrplex A-values,

gy
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4.4, 1 Deﬁmt:on of Exceptmnal pomts

Let the Ha.nultoman H ha.ve the form given in (4.1) or (4. 2) The eigen valtiss E,,(A)' o
of Hi (}U are the roots of the cha.ra.ctenstm equation '

GE-EN=0. (44
'I‘he exceptzonnl points of a Hamiltonian are deﬁned as the complex values of A for

~which two different eigenvalues coincide [BW 69), [ZVW 883], [Ka 66]. To ensure

that the root in (4.4) is a double zero, {Le fulfillment of an adﬁttmnal mmultaneous
equa.t.zon i

'—&-E-det[E —H()) 1_ - | (45)

is necessary. Equations (4.4) and (4.5) are $wo polynomials of order .V ar:d (N —1),

both in £ and A, respectively. Their simultanecus solutions will give rize to N{N-1)

‘crossing points of the energy trajectories in the complex E-plane. These correspond .

to the exceptional points found in the complex A-plane and they occur in N (N —1)/2.
complex conjugate pairs because (4.4) and (4.5) have real coefficients [HS 90}.

If we assutse that H{\) is irreducible with respect to symmetries, fulfillment of
the two equations (4. 4) and (4.5) simultaneously, is generically excluded for real A -

~ a8 this implies a genuine degeneracy of the two levels (see §(4.3)). When solving

{4.4) and (4.5) the real and imaginary parts are taken separately resulting in four
real equations for four real solutions RE, SF, R\ and S\ with the latter two giving
the positions of the exceptional points, A ¢ 1lescence of the two roots of {(4.4), as
enforced by (4.5), will not allow an additional condition. We exclude coalescence of
three roots of (4.4), in other wnrds, genenca.lly, it is expected that

Tz Cet(E — (V)] #0, | - (9)
and ' :
d 2 det[E - HQN)| A0 @)

at the pomts where (4.4) and (4 5) are obeyed. Consequently the polynomial
115~ 5] = delm — H) (@8)

vanishes linearly in A at the branch points [HS 91]. A more complicated branch
point of E()) would require (4. 4) to have & multiple root which is viewed as an
artificial and nongeneric situation.

Wken & level Ej shows level repulsion with a level Ek:t-_n the roots of (a4
coalesce in the complex plane viz,

Ek()‘c) Ek:l:l(le) o . '(4.9)
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Ek(hc)'“Ek(Ac) o (410) o

An altezm.twe method for finding the exn..eptmnal pcnnta is by ehmma.tmg E
in (4.4) and (4.5). This leads to a new equation in A only where the roots of

[Co 74]: -
Let _f{:c,y) and h(:c, y) be two polyrsoﬂuuk such that

Foh) = o) +m(y) + ..+ 0aly) a0 0
bz,y) = bo(0)e™ + b)e e+ baly); B A0

With certuin linear combinations of these equations, the 'cl'égree in z can be reduced
such that & new equation g(y), which is enly ¢ function of Y ss jound. The degree
in-y of g{y) és n(n — 1), If however, h = f' = df [dz, g(y) is the discriminant of
F(z,y) and g(y) = 0 will lead to n(n, -1) common faclors of f and f'.

From this theorem, the zeros of the discriminant of (4.4) will then result in the

i

exceptional points of H(A). The, solutions of the discriminant come in N(N —1)/2 -

complex conjugate pairs and are denoted by A and X..
Equat:ons (4.4) and (4.5) can analytically be scived only for N = 2,8, Nu-

| the discriminant are the exaeptmnal pomts Use is ma.de of the fo}lowmg theorem

i A

meriently it is very time consuming for large values of NV because the number of

eingularities to be searched for is N(N — 1)/2. On a main frame computer N < 30

was experimentally found to be practical [HS 91]. Problems also arise because the -

‘numerical procedures usually need guess values for all four quantities £, )., RE

and S as input. In our situations we work in infinite dimensiona! Hilbert space
which we truncate for practical purposes. We thus need N as large as possible
and the m>thods described above are impractical. To overcome these problems,
§4.5 describes a method for determining the distribution of exceptional poma‘.s ap-
proximately. Thls prooedu:e is possible for va.lues of N up to 3000 on a minisuper

computer

4.4.2 Rlemann Sheet Structure

Equation (4.8) implies that if levels E;,(A) and E,,(A) are connected at the complex
value A, (exceptmnal point) and assume there the co:nplex value E., they must ha.ve
the form .

B = Ec+gd¢(+ )

BN = BaLa(-A-x) @
' =1 E - -
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for a particular m = k& 1. Similar expansions exist about A.. Only in this way -
- can the determinant have a simple zero ip A and a double zero in E and be regular

in B and ). These expansions bave a finite radius of convergence determined by

the next nearest singularity and the two cigenvalues Ej and E\, are connected by '.
- square root branch pomts at A=A, and A = A

The expansions in (4.11) indicate that £ and E,, are the same. analytxc fimctmn

‘on: two different Riemann sheets [HS 91]. Since N(N — 1),’2 complex eomuga.te pairs

of exceptional points connect, analytically, all possible pairs of eigenvalues 7 and
Ep (k # m) in a similar way, generically the N elgenvalues are the values of one
analytic function on N different Riemann sheeis (for an in deta.ft descnptmn gee

[Sa. 91]).

' 4.4.3 Parametrlc Dependenc\e of Exceptmnal Pomts and

the Line Spectrum

'I"he previous discussion can be ﬂlumnated b]* oonsxdermg a two d:mensmnal matrix
problem where Dy iz dmgoual with eigenvalves ¢; and e, while Hj is repmsented in
the form Hy = U+ D, - U~? as given in (4.2). Here, the diagonal matrix D, contains
the eigenvalues w; and w; of the matrix Hy. U can be represented by the rotation

r-(0F m) 0 eo
where the angle ¢ is detem:nmed by the eigenvector matrix U cbtained by d:a.gona—
thTghflelgenvalues of the problem .Dg + AH; are | _
By =atat ’2‘(‘”‘ tedys (4.13)
where

S = { (53-—;—63)2 + (ﬂ-"’i-z_'—"”iz)2 + %k(q — &a)(w1 —w) cos %}m-. (4.14)

Clearly, when ¢ = 0 the spectrum is given by the two lines

B =g+l k=12 (418)
which intersect at the peint of degeneracy _
" {a—e) ; .
Ap = ————, _ 18
°= " lor —un) | (21

'I‘hls may be termed the unperturbed problem because there is no couphng betwe
the two levels, The spectruum obtained from {4.15) is called a line specirum because
it consists of two lines crogsing one another as depicted in Fig. (4.3a).

b 3
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Figure 4.3: (a) Line spectrum of the unperturbed problem with & real degeneracy
at Ao. (b) The degeneracy is lifted when ¢ is switched on and the wave functions
interchange association.

When the coupling between the +~o levels is turned on by switching on ¢ the

degeneracy is lifted and an avoided ievel crossing occurs as shown in Fig. (4.3 b).

The two levels now cozlesce in the complex A-plane where § in (4.14) vanishes and
Ey(A:) = Bx(A.), which happens at the complex conjugate points

do = — 2L axp(2ip) ol < 5 N4
wy ~— Ly

At these points, the two levels E; and B, are connasted by a square root branch point
(exceptional point), in fact the two levels are the values of one analytic function on
two different Riemann sheets connected at the square root branch point singularity
at A = A.. Under variation of ¢, these exceptional points lie on a circle whose radius
is determined by u point of degeneracy of the unperturbed problem given in (4.16).
The Riemann sheets are only disconnected for values ¢ = 0 and ¢ = 7/2 where the
two branch point singularities coalesce on the real A-axis.

It is instructive to examine the eigenvectors of the problem which are the column
vectors of the matrix B( A) that diagonalises H{A). We let B(0) be the unit matrix
and B(oo) equal to U given in (4.2). B(A) can be para.metensed by the angle ()
which is given by

1 Mws —w;)sin2p g
e =3 [Ez(f\) —~ €1~ Awy cos* p + w, sin® w)] (.19

so that (0) = 0 and p(co) = . It is also found that p(—00) = p(o0) + /2. In
the vicindty of avoided level a'ussmgs () decreases by /2 indicating interchange
of the positions of the eigenvectors as described in §(4.3).

These considerations carry over {o an N-dimensional problem {HS 90]. The di-

agonal matrix D, contains the elements e; and D; the elements wy, k = 1,...,N;
the matrix U iz now an N-dimensional rotaiion which ~an be parameterised by

N(N 1)/2 angles. The spectrum of H()) = Dg + AD; consists of N' unperturbed
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lines given by E{)) with intercepts €; on the energy axis and gopes of w;. Gene-
r.ca]ly, these lines have N(V — 1)/2 intersection points. As before, the degeneracy
iz lifted by switching on the coupling terms in H; using the N-dimensional rotation
‘matrix U. This rotation matrix is determined by N(N —1)/ 2 angles wlnch may ‘be
defined in many different ways.

A general rotation in N-dimensional space is a product of N (.N ~1)/2 Jacobi

.-_(prmutwe) rotations of the form .
1
COs g, U 0 —singim
| 0 1 0 |
B = : LY : . : (4.19)
singgm 0 0 cosprm
' 1

This rotation only affects the k-th and m~th axes because cos ¥m and sin g, occur
only in the k-th and m-th row and column. In the special cesc. where U = R,
a level repulsion occurs between the the two levels Ef = e + Aw; and B, =

€m ++ My, that crossed previoui'y, when the angle ¢ is varied from zero. The

primitive rotations are therefore chosen to be precisely the ones which have a one-
to-one correspondence to all the crossings of the unperturbed lines.

A possible choice is {0 represent a general rotation by the product of N(IV ~1)/2
primitive rotations Ry, where k = 1,2,..., N—landm=k+1,k+2,...,N.
Each of the angles (s, thus controls the level repulsion of exactly one crossing of

- the unperturbed lines labelled k and m. As long as the angles are infinitesimally

small, the order of the product of primitive rotations, which is a lecond order effect,
is immaterial [HS 90]

4.4.4 Definition of the Angles

Heiss and Sannino presented an algorithis for defining the angles, of an arbitrary
orthogonal matrix, unambiguously [HS 90]. The angles provide a tool for numerical
experimentation whereby the effects of chang s in angles size (coupling) on the
spectrum can be examined (see §4.6).

Let U be the matrix that diagonalises H; in the basis of diagonal Hy. The angles

 km Of U is uniquely determined by noting that the order of the Jacobi rotations

i i X
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in (4 19)is mportanf. Theorder is fived as foliaws
- U=BiBe Bm ; ]

where | o
Bm = -Rm,m+1 -Rm,m-i-E b Rm,.l\" L

- and R_., k18 Jusﬁ the Ja.ooba rotatmn in (4.19) mvolm,g only the Jj-th and k- th axes.
" The set of angles ¢13,%1.35..-,91,v ace determined by identifying the first column

of U with the first column vector of matrix By; the angles @25, P24, - . -, P2, can be

- found in the same way from the second ¢ slamn of the matrix By U (the first column

of this matrix has zeros eVerywhere'ex'cept for the 141 position which is unity); .. .;

o1,y is determined by Byt,- 31 U For N = 3\ the a.n,gles 8o deﬁned are not
- -equal to the Euler a.ngles [BS 90]. :

.4.4.5 Eﬂ'ect of the Exceptmna.l Pmnts on the Spectrum o

: Globally the Riemann sheet structure can be explmne& in the following manner:
- assume that two levels B} and By, coaleace at the pomts Ac a.nd Ao Two functlons

may be deﬂned

9_(.3) = .§(Ek('\) "1_' Ek-l—;('\_)) .

) = _EBA) = Bryal(A) ' o (420) '

| 2;()\ -Xc)(t‘\ i\c) | | o

Both are regular at ). and A, wh.:le they have s are root .b.ra.nch points at the |
exceptional points where Ej and Fyyq are conneche. y to levels with labels different
from k41 and %, respectively. Rearrangement of the equations in {4.20) shows the

: connectedness of the two levels. Since both functions § and f are regular at A and

Aey the mngﬂanty structure is dmplayed, namely. -

BO) = s+ (ea)
Boa(d) = 90—y =2 =2, o

The gap between the energy levels is gwen. by A == B — Ek+1 T e the effect
of the mngulanty upon the spectrum for neal ). '

dA

_'_0

e
must be solved This leads to the equa,txon : 1\
2F(AA - ®Ao)+ (A - )tclzf’(,\) o (a3
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The value of (4.22) in the vicinity of the exceptional point A, can be found. The

- second term of (4.22) is small under two conditions: Firstly f" is expected fo be

staall if the riearest smgulantyoffmnontoocloaea.ndsecondly(;\ Ac) is small

if A is close to the real axis. H either one of the two conditions (or. bofh) holds we -

have .
' min /5 R, o . (4 23)

which means that an avoided level crossmg occurs Just at 92)\,, The value of the .

gapis
. A 2)“'(3% ) %‘A

Note tha.t these relations become exact for N = 2 as f is constant in thw case,

The important conclusion to he drawn from the previous dlSC‘L.JB!OIl is that isolated

singularities behave locally like a two dimensional problem.

For N > 2, f(RA.) can be ld.rge due to a near singularity. This could invalidate
the approximate relati~ given in (4.23). In this context one must be aware of the
Riemann sheet struct:  if two singularities lie close to one another, or are equal,
there mutnal influen:e wiii regard to the spectrum will depend on whether they
lie in the same Riemann sheet. If the exceptional points lie in different sheets,
even if they coincide, there is no effect on the avoided level crossing and (4.28)
holds. If they closely neighbour one another, or coincide, on the same sheet, Ay /5
#A: is invalidated. It is then necessary and generally sufficient to study the three
dimensional system which is locally equivalent [HS 91a].

By choosing in the A-p'»ne the path of least distance irom the real A-axis o a
particular exceptional point, it is possible to determine which peir of energy levels
(B, Ey) is connected at that branch point. The shape of the speci.um is thus
determined. This shows tha* the exceptional points, and the corresponding sheet
structure, determine the statistical properties of the spectrum [ZVW 83].

The level repulsion and corresponding wave functions are very sensitive to any
motior of the singularities (under variation of ) since the derivative dB/dX of the
anti-crossing levels in (4.11), is infinity at A, and very large in the neighbourhood
of the exceptiona: points. It is conjectured that this high local sensitivity, of many
exceptional points, under perturbation is a signature of quantum chaos [Sa 91]. The
global statistical properties, however, remain stable under perturbation.

4.5 Density of Exceptional Points

The previous section described how the distribution of the exceptional points de-
termines the fluctuation properties of the level spacings. It was also mentioned in
§4.4.1 that the calculation of the exceptional points is difficult and time consum-
ing. In this section an effcient method to determine the distribution of exceptional
points will be introduced. This is done by using the concept of unperiurbed lines
described in §4.4.3.
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The line spectrim preconcézveé the conjecture that the spectrum of evéry chaotic -

LS " - —rE

system of the form Ho + AH; has an underlying simple structure. T]:us structurs. o
is imposed on the system through the symmetries of Hy and Hy, even when the =

S ' symmetries are mcompa.tlble [HC 92]. When caleculating the line spectrum we thus

AT . keep the following in mind: the definition of the kne spectrum should be kept as
Coe :  simple as posslhle, prefem.bly, usm, quantxt:es calculated from H and B, slone:.

only. ) B

. 451 ‘Line Specfm_m: N@-;}degenerate Systems
- We mns{&erﬁénﬁltoﬁim'oftheﬁ-om(séeﬁz) -
Lt . H=Dy+N.RU @

mth Dy and D, the dza.g,onal representa.tlon of Hp and Hy respect.wely a.nd U# 1
c : The eigenvalues of H, are. given by €, and that of H; by wy. We assume that there

Vi © are no degeneracies in the upectrum of H. I U is the unit ma.tnx: the spectrwn. of

o - H is'given by the line specirum of (4.15) with % = 1,2,...,N. The N(N — 1)/2_

N / : intersection points of the & jines can be calculated w1th ease,

A The intersection points, however, depend on the relative order of the elgemm.lueﬂ _
€ and wi. I both sequences are in a.scmdmg order, all intersections occur at
negative A-values; conversely, if ono sequence is ascending and the other descending.
all intersections accur at wnsitive A-values. In general the appropriate order for the
actual problem is expecte& to lie between the two extremes. . .

The appropriate order is given by the asymptotic behaviour of Ekv\) of thefull
problem. The eigenvalues of Hy are known for all the systems that we analyse. I
A is large in (4.24), H; is seen as the dominant part of the Hamiltonian and Hy =~

_ as a perturbation. The eigenvalues Ex(A) of H are therefore approximoted with

A _ perturbation theory. Because the singularities occur in the complex energy plane at

o ' finite values of A, Ex{]) is expanded in a La=rent series outside the annulus which -

. contains all the smgula.nt;es where '

e O B = e+ AEP + B FOEMY); A1 (4.25)
F P There are uo exceptional points (singularities) near to A = 00 50 that the series is
0 convergent. The exceptional point furthest from the origin, however, disturbs the -

'. ' convergence for that specific k. E ( are then the elgenva.lues of H; i.e. wi. oy are
Lo the expectation values of Hy in the basis of dlagonal Hy 1.e. the d.lagonal elements
o - of the “backwards” rotated Hy viz.

. .‘“ (U*-Hy- U)H, (4.26)
- - Because ) is la.rge, we neglect higher order ferms in :\4 a5) to give the line spectrum
- \\\u | . Ek()‘) = oy + Awki:. . o (4-27)
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Figure 4.4: Asymptotic line spectrum for & system that has aystema.tlc degeneracies.
Shown here is B} = ¢; + AS; (sohd lines), By = ay, + Mwy (da.shed ines) and the
dotted lines represent the joining a.lgebrmc equa.tmns

This is shown as the dashed lines in Fig. (4.4) where a;, are the F-axis intercepts
and w; the slopes. The two quantities oy and wy are calculated from knowledge of

- Hy and H, alone so that Ej in (4.%47) are easily calculated. The method described

above is applied in Chapter § to the chaotic quartic oscillator. .
Another procedure for obtaining the order of the unperturbed lines was given
by Hejss and Szanino [HS 90]. They used the angles ¢ in their proposal, but the

-procedue proposed here is more efficient to implement and, in fact, the lines as

defined here are nearer to the a.ctua.l spectmm

4.5.2 Line Spectrum: ‘Degenerate Systems

If either Hy or H, is degenerate, the number of exceptional points is less than
N(N —1)/2 depending on the degree of degeneracy. If the procedure in the previous
section is used however, the degenerate points will appear as intersection points
thus giving rise to N(¥ —1)/2 crossing points. The procedure above thus sisnulates
exceptional points at the points of degeneracy. This problem is overcome by taking
the reducibility of the underlying Hilbert space into account.

Let us suppose Hp has systematic degeneracies and that the underlying space £
is reducible into p subspaces so that (the hydrogen atom for example)

. £=£1$£?$---'®EP‘
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where each subspace has dimension g,; 4 = 1,2,...,p. Each subspaces Sp is thus
~ g,-%old degenerate with elgenvaluu ey We aga.m sssume that the eigenvalues of
Hy are known and that \H, is a perturbation. ¥ the perturbation is small, the
eig.nvalues of H in (4. 24) can also be r.pprmnmated by perturbation theory In the
subspace £,, the energy is expanded in a Thylor series a.rouud A=0+to gnre

E =e,+ E® + ,\"‘E(z) OO A<l

where I =1 1250any g,, The second term in the expansion, E , BTe the e:genvalues
of H; and e,,thoseongmS,, Because)umsmallweh&ve, up to a first ¢rder
a.ppro:nmatlon : '
Evd =¢,+ Ab} _ 2 (4- 28)

with 3; the eigenvalues of H1 in &,, ordered ascendingly. This is sho'm as one bunch -
of levels originating at ¢, with siopes §; in Fig. (4.4). There is thus a line spectrum
in the form of (4.28) for each subspace. -

The asymptotic line spectrum for the system as 2 whole is obtmned by taking
all the different line spectra for each subspace together so that -

Bi=¢+Mj; j=1,2..,N. (4.29)

This is shown as the solid lines on the left side of Fig. (4.4). Note that ¢; are
ordered in ascending order. The order of §; is obtained by noting the following: let
& be the lowest eigenvalue of H; in the subspa.ce &». The order of the §’s is then
8 = 64,63,...,68,8%,. N LAY (4.30)
N is the dimension of the system where N = ¢1 + ga + ... + gp. Note that the line
spectrum. is again obtainable from quantities easily available from Hy and Hj alone.
 If H, is nondegenerate (4.27) still holds when A 3> 1 and (4.29) and (4.27) are
approximations of the actual spectrum at the asymptotic values of A. The total line
spectrum is obtained through joining (4.28) and (4.27) with an algebraic equation
that only depends on the fo.:r quantities e, 6y, o and wg. The form of this equation
is determined by the specific form of the spectrum and is represented by the dotted
lines in Fig. (4.4). Care has to be taken to connect the appropriate Ej in (4.27)
with the appropriate Ej in (4.29). A general procedure iz not at hand and the
association is determined by the systr m and the form of the spectrum. The method

above is applied in Chapter § to the hydrogen atom in & strong uniform ma.gneh:c
field.

4.5.3 Distribution of Exceptional Points

The significance of (4.27) and (4.29) lies in the er=r ~vzilability of the pafa.metérs of
the unperturbed lines from the knowledge of Hy and H; alone. The line specirum
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approximates the real spectrum so that the except:onal points of the full problem
are expected to lie neat to the intersection points of the unperturbed lines (for the

. two dimensional problem the real parts of the exueptxonal points comcxde with the

point of intersection).
Recause the unperturbed line spectrum consists of a set of lines ha.vmg actual

. crossings, the intersection pom.ts can easily be calculated. If the system is nonde-

generate the line spectrum is gwen by (4.27) and the A-values of the N (N 1)/ 2

'_ mi;ersactlon points are

er -
wf‘

= ,J>tn~12,.,N k=12 N(N-1)/2. (4.31)
By choosing & certain bin lengl'.h in ), the densivy of the intersection points (ﬁumber
distribution) can be calculated and this is taken to be statistically equivalent to the
density of the actual exceptional points. Now, because the exceptional points deter-

_mine the form of the spectrum, and hence the finctuations, the number distribution -

is a measure of the chactic behaviour of the system.

. Gubr and Weidenmiiller argued that there are iwo physical qua,ntztws that play
an important role in the occurrence of quantum chaos: the density of states, d, and
coupling matrix elements, C. The fluctuations are dependent on the product, C - d
[GW 90]. From the arguments above the size of the coupling matrix elements are

. essentially determined by the angles ¢ defined in §4.4.3. The density cf states is -

inversely equal to the average level spacing in the system i.e.

L 1 -
g P e | (4.32)

In working with the line spectrum of a nondegenerate system, the density of cros-
sings monotonically increases with the density of atates. In fact, the exceptional
points of a chaotic system are esaentxa]ly distributed in the range of A-values where
chaos is discerned, Likewise, the crossings of the lines are seemingly randomly
distributed in that region which is attained if the lines are themselves randomly
distributed. The line spectrum then has a Poissonic nearest neighbour spacings dis-
tribution (after unfolding). This is further evidence that the density of ezceptional

points (or density of crossings) is a measure of the chaotic behaviour of the system.

From this discussion it is conjectured that the higher the density of exceptional
poinis, the more likely chaotic behaviour is to pccur. The coupling matrix elements
play an important role which is evident from the aforementioned arguments: The
nearest neighbour spezing distribution of the lines, without coupling, is Poissonic
but, by turning on the interaction (¢ > 0) we uhtain 2 spectrum obeying GOE
statistics. It is noted that situations can occur where the density of intersection
points is high, but the coupling is minute so that chaotic behaviour is suppressed
(see Chapter 6). Hence, knowledge of Hy and H, alone enables us to predict for-
which values of A strong fluctuations of the energy levels are expected to occur and -

M -2



P T

O

CHAPTER 4. ANALYTIC PROPERTIES OF THE SPECTRUM  es

where they certainly do not occur. This will be shown with the help of two simple
examples in the following section and also in model Hamiltonians introduced L.
subsequent chapters.

4.6 Simple Examples

- In order to elucidate the concepts introduced in the previous sections, we discuss

two very simple matrix models which can be considered as the extreme ends of a
variety of intermediate possibilities. Through the simplicity of these mathematical
models the concepts of unperturbed lines and exceptional points will be exemplified
to obtain a better comprehensicn of the various structures involved in the study of

- quantum chaos.

These examples generate typical GOE—type level statistics as well as the associ-
ated expected statistical properties of the state vectors [HS 91}, The ons example
produces & maximum density of exceptional points within a small window of real

‘A-values while the other example produces a d.:luted density over a wide ra,nge of
real ,\-va.lues '

4.6.1 High density of exceptional points
Consider 2 Hamiltonian of the form {HX 91, [HS 91]
Here, Hy and H; are chosen to be diagonal matrices where (N even)

Hy=how a0d Hi=Di= (-, - k)s,, v k=1,..,N. (438
The spectrum is given by the hnes :

B =+ XF -8

which all intersect at A = 1 as shown in Fig. (4 5). The fact that we have chosen
a harmonic spectrum for both Hamiltcnians is immaterial for the following. We
now rotate I, by an orthogonal matrix U constructed as described in §(4.4.3). It is

expected that N(V—~1)/2 complex conjugate pairs of exceptional points will emerge
from the common intersection point. Clearly the result will depend on the specific

. choice of the rotation. By choosing the angles random from an interval (—o, o),

U can be seen as a random orthogona! matsix so that the strength of the coupling
is determined by the length of the intetval (~y, wg).

It turns out that for N = 400 the nearest neighbour spacing distribution of
the energy levels matches the Wigner surmise for angles as amall as g = 0.003
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-

N

F:gure 4.5: Unperturbed spectrum of the exsmple discussed i in §4 6. 1 with a.ll lines

. intersecting at A =1 (from [HS 91]).

where U is still very close to a unit matrix. Likewise, the Az(L) curve, which was
investigated for 1 < L < 12 moves up from the constant value Az = 1/12 to its
GOE prediction with increasing (v in a correspornding way, We stress the rather
sudden change from 2 harmonic spectrum to a GOE type situation. For yp = 0.003
these results hold only in the immediate vicinity of A = 1 while the harmonic nature
of the spectrum is left virtually unchanged for A-values further away from umty
The level statistics are based on unfolded spectra.

The behaviour of the eigenvectors is in accordance with the observations for the
spectrum. The eigenvectors are almost identical to the unperturbed ones for X s 1.
In other words, when ordering the eigenvectors according to an ascending order of
the engenvalues, they form for A < 1 essentially & unit matrix while for A > 1 their

‘order is simply reversed (up to possible minus signs). Note the for A — oo the exact -

form is

+1 0 -

[o +1
P(oo):U[ } (434)

where U = 1,

For A =2 1 the eigenvectors change dramatically. The strong mixing of the states,
brought about by the immediate vicinity of a high density of exceptional points,
effects a drastic delocalisation as shown in Fig. (4.6). In the vicinity of A = 1,
the average delocalisation length (see §3.7), Iy, is nearly unity while otherwise it is
virfually zero corresponding to the localised eigenvectors which are essentially of
the form (0...1...0) [HK 91]. The width of the be. shaped curve increases with

the maximum angle . It is of interest to look at the fluctuations of the individual

lengths. Their distribution is plotted for A = 1 in Fig. (4.7) showing that a few
eigenvecto. 5 are localised while others are completely spread out [HK 91},
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These results are significant for a number of reasons. We note the extremely :

high sensitivity under variation of the maximal angle ¢y, I another set of random
numbers is used for the angles, the local values of the spectrum and the eigenvectors
are strongly affected, yet the statistical properties are left unchanged. The sawme
holds under variation of @y > 0.003 at A = 1. -

Because (g is so small, U is still close to a unit matrix so that Ho = U - Dn U“‘1

- is still close to a diagonal matrix. All the intersection points of the unperturbed

lines then occur in the close vicinity of the original crossing point at A = 1. This
corresponds to a high density of exceptional poinis neer A = 1. This model shows

that even though the coupling is small, the parameter C-d is large to ensure chaotic

behaviour in the vicinity of A = L.

_ H ¢y is increased further and further, U will no ]onger be close to & umt matrix
and H; will become a full matrix. The intersection points are then diluted through-

out the whole of the admitted A range. This ensures that the unperturbed lines
form a seemingly vundom set in that the intercepts are randomly distributed and so
also the actual exceptional points. This is the starting point for the second model

* whoare we have a set of lines randomly distributed. Here again U7 = 1 so that ¢ is

4.6.2 Diluted density of exceptlonal pomi:s

~ We start with the Hamilton matrices

H(l:k‘skk' “and H1=.D=‘P(Né--k)6k;,: k=1, ..,N (435)

where P(n) is a random permuta.tmn of the natural numbers n. The spectrum is
given by the lines '

B = k+XP(—--k)

and is drawn in Fig. (4 8). The correspondmg nearest nelghbou. spacing distribu-
tion is a Poisson distribution for a large range of A-values (A = 0 excluded). The
eigenvectors are all of the form (0...1...0) but their sequence (the column vectors)
in the dmgonallsmg matrix is randomly distributed. Only for A > Apay are they
ordered as in the previous example; by Ansx We denote the right most intersection
point of the levels.

When rotatmg H, to produce level repulsion it now furns out that a considerably

_ larger value g is needed to change the Poisson distribution into s Wigner curve.
Only for wo = 0.05 is the transition about to take place (N = 400). The Ag(L)

curve, when plotted for 1 < I, £ 15, has moved down nicely with increasing g from

- the straight line L/15 to its GOE prediction. In this example the change from the
~ordered to the chaotic situation is much less dramatic than in the previous example.

The value ¢y = 0.05 implies that U is no longer close to a unit matrix. Asa
consequence, when comparing with the lines for ¢g = 0 the unperturbed lines are
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B

Flgure 4.8: Unperturbed spectrum of the e.xample discussed in §4 6.2. The lines are

randomly distributed (from [HS 91])

reshuffled since the order of the a; is different from the order for & = k. However,
while this substantially affects the individual positions of the intersection points,

it does not change their distribution and thus the distribution of the exceptional

points. As a consequence, the level statistics hold now for a large range of A

values, The consequence for the eigenvector statistics is of a similar nature in that.
delocalisation is found for all A > 0. From Figs. (4.9) and (4(.1{]) we see that

for e = 0,06 the delocalisation is not as strongly pronounced as in the previous
example. The reason for this is because the exceptional points are spread over the
whole of the X range so that the density all over is much less than for the previous

example. Note that the distribution in Fig. (4.10) shows virtually no contribution .

for Iy > 0.6. The delocalisation does become stronger when ¢y is ﬁ;rther_increasad.

It is interesting to note the pattern in Fig. (4.9): as indicated by the maximum

the miixing for finite A-values brings about a more pronounced delocalisation than

the one enforced by U for large' A-values, Here we refer to an important difference
to the previous example in that delocalisation persists even for A ~+ ¢o. The
eigenvectors appear in a matrix like the one in (4.34) but now with a U that effects

 delocalisation. The levels, however, become equidistant for A 3> Auax (up to (1}’)))

‘In this model the density of -exceptional points is considerably less (and more
spread out) than that of the previous example. In order to achieve chaotic be-
haviour, the coupling has to be much larger to obta.m a sufficient la:ge value for
C-d.
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Figure 4.10: Individual delocalisation length distribution of the diluted density of -

exceptional pomts at A = 2. The qualitative pattern persists for a hrge range of A
velues,



i @

CHAPTER 4. ANALYTIC PROPERTIES OF THE SPECTRUM 11

47 Summary

Thzs cha.pter mbroduoed and ﬂlumna:ted the concepta ﬂf avmded level crossings a.nd. o

. exceptional points. We described how the exceptional points determine the form of
“the spectrum and the subsequent fluctuation patierns. To understand the chaotic

behaviour of a spestrum it is thus essential to understand the substructure that

-~ . brings about the specific form of the spectrum e.g. the exceptional points. An-
. efficient method to determine the dens;ty of the exceptional points was introduced

using the concept of ‘unperturbe :ines’. It was shown that the distribution is

: - .primarily governed by the intersection points of these lznes and secondax:tly by the
values of the angles associated with U (the coupling),

Itis oongectured that the higher the density of exceptional points, the more hkaely

- chaotic behaviour 3s to oceur. It was also shown that th.. ixceptional points have a
. high local sensitivity under perturbation which was conjectured to be a signature of -
. quantum chaos. These conjectures were substantmted with the help of two simple
* - model Hamiltonians.

 From the results given in this shapter it seems that, if the H armltoman is of

' ﬁe form Hy + AH,, a possible characlerisalion of guantum chaos hinges on the

distribution of the esceptional points, The concepts introduced in this chapter will
now be used to investigate model Hamiltonian systems to be introduced in the next
chapters. These concepts will help o get a better comprehension of the behaviour

of 'the sys‘tgms which have classical chaotic counterparis,
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The uartlc Oscillator

B 5. 1 Introductlon

Ceeam -

The fascinating propertles of systems that are the quexntal anauogue of classical
chaotic systems still awaits thorough comprehension. In order to underst;.\d the
common propertlea of the quantal operators that give rise to such intacate be-

~ haviour, it is instructive to investigate model systems.

In this Chapter we turn to the quartic oscillator. This gystem haa been tho-
roughly investigated by many authors (see text for references) from various view-
points. We will ask the question: if a matrix representzation of a Hamiltonian, that
originates from a classically chaotic analogy is given, what is the mathematical
mechanism that yields the special features of the spectrum? This question will be
answered through an investigation of the exceptional points of the matrix problem
and their effect on the spectrum and eigenfunctions. ' -

In the first part we introduce the system and then list the results from the clas-
gical analysis. The system is then quantised and the reduced matrix representation
given. A thorough statistical investigation of the eigenvalues and eigenfunctions will
lead to the known conclusion that this system shows features ascribed to quantum

chaos. In the second last part the exceptional points are studied, and the relation to

quantum chaos stated. The last part elaborates on a possible eonnect:on between
the exceptlona.l points and the semiclassical results.

5. 2 The Model
The Hamﬂtoman we study is ngen by [ST.JK 88]

c.(p,q)—w-(p* A N T
Via) = 5 (Q1+Q§)+quqz, <1 - (32

72

|

%ﬂ'
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There are iwo reasons -for'studying this system: firstly, b:,; varying the parameter

a the system can be changed continuously from an integrable case towards one

regarded as “completely chaoctic” in the sense that almost all trajectories explore o

the entire energy surface [CP 84]. Secondly, the fact that the potent:al V(q) is
homogeneous implies scaling properties for H and the classical analysis is needed
only on a single energy surface. The contours for the poten:blal are illustrated in

- Fig. (51)forvauousvaluesofaa.ndenergyE 1.

W'henm 1

This Hanultoma.n has been suggested as a mmpll.ﬁed zero dimensional modf'.l of
the classical Yang-Mills field and has been studied by Steeb et al [SVK 85] and

' Martens et al MWR 89). Savvidy showed that this system is a Kolmogorov system

(K-system) and it can be viewed as the simplest Hamiltonian showing real chaotic
behaviour! with equations of motion [Sa 84}, [Ar 80]

= . 2 : LY 2 .
Iy = —F) 2y, Iy = —IP3.

An mterestmg aspect is the fact that even though the classical phase space of
the system in (5.3) is noncompaci and the energy surfa.ce infinite, quantally the
spectrum is discrete [Si 83], [Ec 88].

5.3 Classical Analysis

The classical system has been thoroughly investigated by Carmegie and Percival
[CP 84] while Pullen and Edmonds studied a related system [PE 81]. H in (5.1} is
integrable when a = 0 but Carnegie and Percival found that the motion is always
irreguler for @ > 0. This system shows a transition from a completely integrable
system to a K-system with increasing . The proof is found through the Lyaponov
exponent [Ko 88b] drawn in Fig. (5.2) and the Poincaré surface of section drawn
in Fig. (5.3) for a few values of a. This shows that at o = 0.8 there are still two
obvious regular regions (outlined in Fig. (5.3 c)) but beyond o = 0.93 there seem
to be no regular regions left and the system is fully chaotic.

Dabhlgvist and Russberg, however, found that even when @ = 1, there are some

stable periodic orbits giving rise to tiny regular islands [DR, 80]. The investigation
is only necessary for « € [0, 1] because & € [—o0,0) can be mapped into the range
[{} 1} with @ = —oo corresponding to a =1 [Bo 92a).

1Quart1c oscll]a.tors a.vmd the nongeneric properties of ham_mmc oacillatore, -

=4ﬁ+ﬁ+¢f} o (53)
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| Figure 5.1: The potential in (5.2) for E' = 1 and (a) a =0, (b) a=0.25 (c)a=08
and (d) a =1 (from [CP 84])
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- F1gure 5.2: The Lyaponov exponent for the quart:c osm]la.tor From this it is evxdent
i o that chaos sets in at @ =~ 0.15.
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Pigure 5.3: Poincaré surface of section for the quartic oscillator for (&) a =
(b) @ = 0.25, (c) o = 0.8 (the two obvious regular regions are outlmed) and (d)
a = 0.93 (from [CP 84).
5.4 Matrix Representation of Quantum Sys“em

For our purposes H,, is rotated to new variables (§; 5) and then scaled to ba in the :
following form (see Appendix A)

H(ﬁhﬁﬂ: 613'62) = Hﬂ(ﬁl?ﬁz! ﬁl‘a 62) + AHI(&I: 62) ] | (5'4)
where
Hy = —[p1 +p=] + [q1 + 9“3]
1.

Hl = SQIQT

The matrix representation we use is obtained by introducing Bose creation and

annibilation operators defined as follows

) L) b= + 25 ).
f(qk ifk); by vr(-?k Pk)_
With the two dimensional Harmonie Oscillator basis

1
Iy a) 1= ey (5™ (8)™|0)
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in the infinite dimenmonal H:llbert space £5(N) (m number representa.tmn), we ob-
tam the matrix representations of Hy and H1 viz, _

.H

[ .
= \/(ml + 1)(7"'1 "I" 2)571.m1+361'21m3 + 2 \/(m2 + 1)(m2 + 2)6!'1,"!1 brapmat

. — " .__2
ZEEE-:?. (1 — Dby oy abragms + -1/mz(m2—° Vb maramss

+'+'.+ + + +

(mx +m3) + ‘(ml + W)]‘sfx.m rama

V((ml + 1)(’"‘1 + 2)("‘1 + 3)(m1 + 4)‘-"1'1;m1+45m.m
fm‘-’ + 1)(m2 + 2)(m9 '+' 3)(m2 + 4)6&;!“1 61’3,'31:-]-4

' -24\/’7‘1(”‘1 - 1)("‘1 = 2)(m1 - 3)57'1@1-451*: M2

'ﬁ\/mz(mz - 1)(??32 - 2)(“"2 «~3) ‘sr:,m radna—4 | -(5'5)

Y = %}{[(m; + 1)(@ma ot Diframbrama
(2my + 1)\/("31 F 1)(rmy 4+ 2) &y g 428ra,ma
(2my + 1)\/("‘3 +1)(m; + 2) b1y ms Sraymaa
(2ma + 1)/ma(ms ~ 1) bry myabrams
{(2my + 1)\/ ma{mg = 1) &y my 6 raymg 2 | .
+ \/ (ma + 1)(my + 2)(ma -+ 1)(ma -+ 2)6;, m1+26rz.mz+2
o+ Vo F 1)(ma + 2)(m3 — 1)(1Miz — 2) Bpy my2bramans
+ \/ml(ml —1)(myz + 1)(ma + 2) ér, my—20ra mat2
+ \/m1mg(m1 1)(rm 1) 6,,,,,,,_36},,,,.,_3} (5.6)

+ + + F

Here ml,mg =0,1,2,....N-1 where we choose the order of the number pairs

(m1, m:g) to be

(0,0),(1,0),(0,1), (2,0, (1, 1) 0,2),(5,0), (2= 1,(1,2), (0, 8)y---» (0, N = 1),

N is the number of energy shells considered. Remember that we work in 2n infinite
dimensional space and are thus forced to truncate the matrices in (5.5) and (5.6).

The dJmeus:lon of the truncated matrices, with the a:[’orementmned ordering of the
number pairs, is

M= 3
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znd the subscnpts of the matrices are k 1=1,2, | M.

The spectrum of H in (5.4) contains degeneracms due to the symmetric character
- of H. The symmetries are the same as those for the Cy; point group. AJlthe'_ e
- gymmetries have to be reduced out before the spectrum can be studied, This is

dotie with Group Theoretical techniques ugsing the symmetries of the Cy, point
group as outlined in Appendix A. We consider. the poaltwe parity steies and of
those the states symmetric under parmutation of f; — $, and § ~» §». This is
given b‘y the Ay subspace with the basis® (see (A.28))

lmh m2) [2 + %mltmaluz(lzmh 2m2) + Izmﬂ': 2m1))

We note that, by' using this basis, the number pairs (m;,m,) and (m,,m;) will lead
to the same state. To achd t}us, the order of the number pairs (ml,mg) is taken
to be - S

(N -1, 0)? :(N2 I:L) N odd

©,0),(1,0),20 (1,1, (3,000, |
| - (N =1,0),.. el -—-1) ~ Neven

_ (5.7)
where the dimension of the truncated matrices is now given by
NN
S (3+1) Mo
M= . (5.8)
B2 o |

The number pairs in (5.7) and the dimension M in (5.8) will always ensure that the
last energy shell is coptained completely.

With the order in (5.7), the matrix representations of Hy and I'I;l in the 4
subspace is given viz., _

Hy = 24[(1 + 5m1.m)(1 + Gy M2 X _

X {[24(m.1 md) + 36(m1 + 172) + 18] 61 m1 s ma - Gre.m Sryms)
+ 8may/(2my + 1}(2m1_ +2) (611 my+18eamz + Gra maBra imet1]
+ 8my v/ (@ma 4 1)(2mg + 2) [6ry my es mart1 + Ory ma+16ramal

+ -S(m1 - I)V 2"'*"‘1(27""'1 -1) [61"1:“‘1*16"2:“‘2 “+ 'smmzaramz—ﬂ +

3Bo}ugas nsed semiclassical logic to introduce another basis set that gives better sccurar~ and

~ ensures exponential convergence of the énergy levels {Bo 92a]..
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S(mg - 1)\/ 2m,(2m3 - 1 [smm fz,m—l + Jra.m—isn.m]

+
| + y@m+1)@m + 2)(2my + 3)(2m; +4) (63 ms-+26ra,ma + brsima 6u.m+zl
o+ \/(2"7'2 + 1)(2""2 + 2)(2""-! + 3)(2ms -+ 4) [Era,m: ramata T 5u,m+25n,m1]
.
+

v’2m1(2m1 - 1)(27"'1 2)(21731 - 3) [ r:,m1—26rn,mz + 6, .m;af:,mi—ﬂ]

[(1 +a,,.,,.,,)(1 + 6P x _
{[4(m1 + ma) + 16"3“1"*""':3 + 1][5u.mx rymy + 6*1.1'1&2 rz,m]
(1 + 4ma)y/(2ma + 1)2my + 2) [5 ra,m1+1‘ vavmz 1 rg,ma By my 1]
(1+ 4m1)\/(2m2 +1)(2mg +2) [61': e rmmz-{-l + amma+15mm]
(14 4my ) /2 (2my — 1) {8y my16rg iz + Org o Grgmy—1] -
(1+ 4y ) /2ma(2msz ~ 1) 16cy mySrama—1 F Ery g =16maimg |

v/ (2my + 1)(2my + 2)2ma(2my — 1)[6r, g 416rm3-1 + og mai Sragmy]
1/2m1(2m1 ~ 1)(2ma + 1)(2my + 2)[65s s —16r2ma+1 + bry b ifra my 1]
2y/mym(2ma — 1)(2ms — 1) my-18rama1 + Erumg -15ra,m1—1]} . (5.10)

+"+++_++-++-><

In this representation Hpy in (5.9) is not a diagonal matrix. As explained in
8§4.2 we need a diagonal HJ; (from now on referred to as Dy). This is obtained
by dmgona.hsmg HY, through the orthogonal transformation U - HY; - U~! and by
rotating H} viz. U-!. Hy «U. We mention here that Appendlx B descnbol a simple
method to calculate the matrix representation of H,y in the basis of diagonal Hp.
The difference with the aforementioned procedure is that knowledge of the basis
where Hy, is diagonal is unnecessary and the calculations are carried out in infinite
dimensional spac: arnd not in the truncated matrix space used above [KH 92a).

5.5 Spectrum of the Quartic Oscillator

"To obtain the spectrum we used truncated matrices of dimension 1482 where N =
76. An appropriate numerical routine is used to obtain the speetrumfor —1 < A < 1.
It is actually only necessary to study the spectrum in the range 0 < A <1 (see the
last paragraph in §5.3). The reason for the range shown will become apparent when

\/2”32(2_"?2 - 1)(2""3 - 2)(2’"’2 = 3) [bryyms b -rzgmz—'a‘ + 591,’1_1_2—-26!'3:2“1]} (59) '

v (@my + 1)(2my +2)(2my + 1)(2m; + 2)[6y mi 1662 matr + Eryyma 16y 4]
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we apply the exceptional point formalism in §5.7. The lower part of the spectrum

is drawn in Fig. (5.4). Owing to the truncation the higher energy levels are not

accurate enough, Numerical studies (by varying the besis size) show that for A=0
- the first 450 levels have the required accuracy [SLK 88], [MWR 89]. This accuracy

decreases with incressing ) so that for A = 1 only the first 150 l_evels are stable.
The spectrum in Fig. (5.4) contains numerous avoided level crossings which are
clearly discernible. The spectrum is a function of one perameter ) only so that the
avoided crossings will lead to exceptional points, and nnt diabolical points, in the
complex A-plane {see §4.3). The Hamiltonian matzix has time-reversal invariance
and thus has co-dimension two, Due to the theorem by Voa Neumann and ™" yuer
discussed in §4.8, we conclude that there are no degeneracies in the spectrum.
Accidental crossings can, however, ocecur. From our numerical studies described
above we conclude that there are no accidental degeneracies in the studied range.

5.6 Statistical Analysis

Before the statistical analysis can be done, the spectrum has to be unfolded. This

can be achieved by using the semiclassical limit method described in §(8.4). With

this procedure one obtains the smoothed integrated level density [SLK 88], [Bo 92a]
No(B) = CE} | | '

where C is calculated to be unity, When X = 1, however, the constant C is infinite
reflecting the classical unboundedness of this case. Simon proposed [Si 83]

Noo(B) = C'Etn B,
Tomsovic refined this expression to read [To 91]
NulB) = B3I E + E%~(2qr+ 5ln2 - 4)
“ o 3

where 7 is Euler’s constant,

5.6.1 Spectral Statistics
The rigidity of the spectrum hes been investigated with. the nearest neighbour spa-

cing distribution and the Aj-statistic. These results are dra.wn in Figs. (5.5) and

(5.6) respectively.

From the graphs it is evident that when A = 0 the system nges rise to Poisson
statistics and the levels are strongly correlated revealing the classical integrability
of the system. As A — 1 this correlation decays until the system is fully chaotic at

e
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Figure 5.5: The nearest neighbour spacing distribution for (a} A = —1, (b) A = = 0, ..
(¢) A = 0.8 and {d) A = 1 where a bin size of 0.28 was used. Thedashed curves
relate to the Pmsson and GOE results o
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Figure 5.7: Average delocalisation length for t.he quartxc oscillator. Id is shown for
—3 <A<

A= 1. Similar results were obtained by Steeb et al [SLK 88] and Zimmermann et
al [ZM 86]. The quantal system thus follows the behaviour of the classical system.
- From Figs. (5.5 a) and (5.6 a) we see that the system has intermediate cor-

relations when A = —1 with the nearest neighbour spacing distribution and As

curves lying between Poisson and GOE. This is evidence of the fact that the region
A € [—~00,0) can be mapped into the region A € [0,1] so that A = —oo corresponds
to A = 1. The reason for listing these redundant results will be discussed in §5.7.

5.6.2 Elgenvector Statistics

The average delocalisation lengths and dJstnbutmn of individual delocalisation

lengths of the eigenvectors have been calculated and are drawn in Figs. (5.7) and
(5.8) respectively [HK 91}, These graphs show that the eigenvectors become more
spread out as A — 1. But even at X = 1, where the classical system is fully chaotic,
the eigenvectors are not delocalised as much as in the example discussed in §4.6.1.
This fact will be explained by the distribution of the exceptional points discussed
in the next section. The eigenvectors for negative values of ) are also delocalised
although not fully delocalised showing intermediate correlations. The chaotic be-
haviour of the quartic oscillator thus also manifests itself in the behaviour of the
eigenvectors.

5.7 Exceptional Points |
We characterise the behaviour of a system by analysing the underlying mathematical

mechanisms of the matrix operators HY) and HY (see Chapter 4). This is done
by studying the exceptional points of the mixed matrix problem given in (5.4).
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Figure 3.8: The distribution of individual delocalisation lengths for (a)} A = —1, (b)
A=0,{c) A=08and (d) A =1.

Application of the exceptional point formalism to this system is very interesting
because this system is known to be regular at A = 0 (both classically and quantally)
and then transforms into 2 fully chaotic system at A = 1, From our viewpoint, the

classical counterpart is not of primary concern, yet it is instructive to compare our

findings with the available knowledge of the problem.
To investigate the distribution of exceptional points, we ca.lculated the line spec-

- trum and the distribution of intersection points P(N) [HK 91}. The system does

not contain any degeneracies and (4.27) of §4.5.1 can be used. The line spectrum
iz then given by
B(M)=op+dwy; k=1,2,...,.M

with a; obtained as described in (4.26) and w; are the eigenvalues of H;. The
line spectrum for the quartic oscillator is drawn in Fig. (5.9) and the number

~ distribution of the intersection points in Fig. (5.10). To see the correspondence

between the line and actual spectrum, Fig. (5.11) shows both spectra for N = 4.
'The two spectra coincide when A — koo,

¥or resolution purposes Fig. (5.9) is shown with V == 50 only. Still it is clear
that most intersections occur in the vicinity of A = 1. For small dimensions, Fig.
(5.11) clearly shows that most avoided crossings in the actual spectrum and hence
most crossings in the line spectrum occur near A = 1. This is substantiated by
the number distribution drawn in Fig. (5.10) which distinctly shows & pronounced
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F:gure 5.9: Pattern of the unperturbed lines of the quartic oscﬂla.tor For the sake
of clanty only & section of the spectrum for N = 76 is shown.
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for X-values beyond the range displayed.
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Figure 5.11: Actual spectrum (full lines) and kine spectrum {dashed lines) for N =4
(M = 6). The similarity between the two spectra when ) — oo is evident.

maximum at A =1 (Here N =76 and M = 1482). This is intuitively expected: the
largest eigenvalues of H}, increase steadily with increasing N, hence the steepest
(negative) slopes of the unperturbed lines increase with increasing &V; further, the
ratio of the largest eigenvalues of HY to those of H} tends tcwa.rds unity Wlth
incressing N which indicates an accumulation of intersection points at A = 1 with
corresponding energy values near to zero. Intersection points beyond A =1 are
inherent to the finite dimensional matrix problem.

In §5.3 and §5.6 we showed respectively that the classical system tends more
to a K-system and the quantum resulis tend more to the GOE results when )
is increased from zero. Both the classical and quantum systems are known to be
fully chaotic at A = 1. From Fig. (5.10) we see that the density of crossings also

~ increases with increasing A up to its maximum at A = 1. Note that at ) = 0 thsre

are no intersection points and therefore no exceptional points expected (classical
system integrable and quantal spectrum Poissonic). This is not visible due to the

" resolution of Fig. (5.10) but was confirmed by numerical studies. Fig. (5.10) thus

shows that there is an accumulation oi-exceptional points in the region where chaos
is discerned and that maximum chaos occurs at the maximum of the density of
exceptional points.

From the spectrum in Fig. (5 4) and the line spectrum in Fig. (5.9) we note
that there is less avoided crossings and hence less crossing points when A < 0
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than when A > 0. This is also recﬂected in the. denmty of crossings which shows

that, although most exceptional points occur in the vicinity of A = 1, there is 2
~ considerable amount distributed over the whole allowable range where A < 0. This

means that the exceptmnal points are not so densely distributed as those in the

" example discussed in §4.6.1. This is refiscted in the statistical behaviour of the

system. The Ag-statistic and nearest neighbour spacing distribution drawn in Figs.
(5.6 1) and (5.5 a) respectively are between Poisson and GOE. It is also reflected in

~ the delocalisation lengths of the eigenvectors drawn in Fig. (5.7). The eigenvectors -
for the quartic oscillator are riot as delocalised as those of the example in §4.6.1 and

seem to resemble those of the example discussed in §4.6.2 more.

From §4.5.3 we, however, know that the oouplmg matrix elements are crucisl
in determining the behaviour of a system. The size of the coupling C is given by
the angles ¢ that can be obtained from the orthogonal matrix U that diagonalises
H}, (see §4.4.4 and §4.4.3). The diagonal matrix [y can now be rotated to the
original metrix H}, by increasing the angles from zero to their full values and thus
transforming the line spectrum to the actual spectrum.,

To see the effect of the coupling we note that the density of exoeptxonai pmn{:s
{which corresponds to the density of states d) is rather small in the region where
A < 0; the system is not fully chaotic. To evoke chaor in this region, the coupling
matrix elements have to be enlarged so that the parameter C - d is large enough
to ensure chaotic behaviour. This is accomplished by increasing the angles of U,
for A < 0, by a factor of two. Note, however, that all contact with the classical
problem is lost as the coupling matrix elements are now, on average, larger than
the ones prescribed by the original problem. The effect of this operation fulfills all
expectations: the emergent level statistics is in agreement with the GOE results
and the delocalisation of the eigenvectors is enhanced.

The findings of this section is taken as evidence thui the density of e:cceptmna!
points is strongly correlaied to the classical and quanial behaviour of the system.
From this we conciude that the higher the density of exceptional points, the more

likely chaotic behaviour is to occur. We now conjecture that the exceptionsl point

formalism will provide the bridge that connects the classical and quantal behaviour
of a system. The next section elaborates more on this point but it will be discussed
in more detail in the next chapter.

5.8 Periodic Orblt Analysis

Eckhardt et al studied the periodic orbits an'l scarring in tI:us system [EHP 89].

The densities (|¥[?} of some eigenfunctions for the 4; syrametry class are plotted -

in Fig. (5.12). Here the potential energy contours are rotated by 7 /4 so that the
(G, &) coordinates lie alrng the diagonals and A =0.99. There are uo nodal lines
on the axes or the diagonals but it is obvious that many of the wave functions are

S —
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Figure 5, 1.2 Densities |¥|? of some eigenstates in the ".4'4..1 ﬂ‘r' 1'51;1'} class where :
A = 0.99. The upper nusnber is the number of the eigenstate «i the lower number_ S %
a scaled energy (see [EHP 89]) _

loca.hsed in oonﬁgura.tlon space. These localisations are scars of unstable penodlc
orbits which are obtained from Guizwiller’s semiclassical analysis (see §2.4).

Eckhardt et al also obtained some unstable periodic orbits for this system and
stated that for X = 0.99 all the periodic orbits that were found, were unstable.
Dablqvist and Russberg, however, showed that even when A = 1 there are some .
stable periodic orbits [DR 90}, Fig.' (5.13) shows the orbits correspondmg to the
same energy as the eigenfunctions plotied in Fig. (5.12). A comparison of the orbits
in Fig. (5.13) and the wave functions plotted in Fig. (5.12) shows that many of
the wave functions have scars of unstable periodic ‘orbits wl'ﬁch 18 a feature of 2 3
quantum system having a classical chaotic counterpart [He 84], ' . i

The periodic orbits are due to an underlying periodic structure in the quantum '
chantic spectrum [HC 92). We conjecture that this underlying structure is obtain-
able through the exceptional point method and will be seen in the distribution of
exceptional points. Preliminary results show that the origin of these unstable orbits

and the scarring of the eigenfunctions around them can be understood through the i
exceptional point approach. This is discussed in more detail in the next chapter
which elaborates more on the point that the exceptional points seem to be the ra- ok
tural quantities to help built" the bridge between classical and quantum mechanics.
The exceptional point formuiism will thus help to obtain a sound ma.thema.tmal o :
description of the correspondence principle. ' :

5.9 Summary

In this chapter the quantised version of a classical chaotic system was studied. The = L
first two sections listed the classical results to show that when A D the system

P
T ——— T T
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Figure 5. 13: Unstahle penodic orb:ts for the same exgenstates shom in Fzg (5 12}
~ where A =0.99 (from [EHP 89]) _

is integrable and tends to 2 K—syatem when A -+ 1. ‘We also retrieved the known
statistical results from the guantsal spectrum: the system is Poissonic when A = 0
and becqmea the more chaotic the larger . The A; statistic, nearest neighbour
spacing distribution and delocalisation length of the eigenvectors all reproduce the °
GOE results for A 22 1. Scarring of the eigenfunctions was also found to be in line
with the results stated above,

By studymg the density of intersection points we found that the denswty increases
when ) is increased from zero up to & maximum at A = 1. This thus follows g
the quantal and classical results and we conclude that there i a relation between S
the density of exceptional points {whiv is related to the density of states) and [T
the behaviour of the system: the higher the density of exceptional points the more
chaotic the sysiem. The role of the counling matrix elements was also discussed.
We found that in regions where the density of exceptional points is low, chaos
can be evoked by enlarging the coupling watrix elements. This is evidence of the
fact stated by Guhr and Weidenmiiller that the coupling and density of states
are crucial quantities in characterising the behaviour of a chaotic system [GW 90).
Some preliminary and general arguments were given in relation to the idea that the
exceptional points might be used to help obtain a mathematical description of the
correspondence principle.

£
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Chapter 6

‘The Hydrogen Atom in an

Uniform Magnetic Fielﬁi_

Since the discovery, by Zeeman in 1896, of the splitting of spectral lines when a light
source was placed between the poles of an electromagnet, the study of the behaviour
of atoms in the presence of a magnetic field was undertaken. This splitting is
known as the linear Zeeman effect whilst the splitting of the spectral lines in strong

~ magnetic fields is known as the Paschen-Back effect. In 1897 Lorentz developed the

classical theory of the motion of an electron undergoing simple harmonic motion in
the presence of a superimposed magnetic fieid,

The hydrogen atom is among the simplest bound state systems in na.ture that can
be solved analytically. By imposing a magnetic field onto the system the behaviour
and the solution of this simple system become more complex, For very strong
fields the classical system is known as the diamagnetic Kepler problem which is
nonintegrable. Quantum mechenically it also behaves chaotically. The conceptual
importance of this problem follows from the fact that the two limiting cases of zero
and infinite field strength (the Coulomb and the Landau problems respectively)
which have very different symmetrics, are the only three dimensional problems
which are exactly soluble, classically and quantum mechanically. A thorough study
of this system is interesting also because this model is a real physical system that can
be studied experimenta]ly. 1t was one of the first systems where quantum chaotic
effects were seen in the laboratory. This has prompted many people to investigate
this seemingly simple sysiem. Jn undertaking o theoretical study of this system, we
are thus doing recl physics and are not just playmg mathematical games.

6.1 Introduction |

When the mgnet;ic fields available in the laboratory are small, their action on the
atom is well explained by perturbation theory. Some thirty years ago, however,
astronomers found evidence showing that there are strong magnetic fields present
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in white dwarfs and extremely strong fields are assumed to exist in neutron stars
[Ga 7T]. This discovery led to laboratory experiments that imituted the extraordi- -
nary conditions in these stars in that strong magnetic fields are imposed on hydrogen
_atoms. Under these conditions the quadratic, or diamagnetie, term plays the do-
minant role and perturbation theory breaks down. This is known as the guadratic
_Zeema.n effect.. Olasmca.lly the motion is chaotic and quantum mechamcally it leads
Voo ~ The Ham:ltoman for the Hydmgen atom in a strong uniform magnet:c ﬁeld
S B =PBzis (usmg atomic unite and sphencal eoordmates)

S | H=——-—+1'I +fr’sin28 (6.1)

His dmved in §D 1. Herevis 2 d:mensmnless parameter depictm,g the ﬁeld strength' _
B mz '

o _— . = - _7.-—_'-5; By = 2.35 x 10°T

L ‘ S ‘Bﬂ ' : '

R -and [, is the z-component of +he angular momentum. In this representation rela-
tivistic corrections to the sim ie model are negligible for fields with y < 104 In
(6.1) the effects of spm—orblt rupling has been neglected which is permissible for
strong fields where yn® > 10 with »n the principle quantum number and 'yna the
ratio of the diamagnetic to the Coulomb energy [Ga 77)-

 In the first part of this chapter the classical Hamiltonian is scaled in such a way
that the system is only dependent on one parameter, the scaled energy. Results from
a classical Poincaré surface of section are then listed depicting the chaotic behaviour,
The second part describes two methods to obtain a matrix representation and the
oo : results from a statistical analysis of the eigenvalues, showing GOE behaviour, are
K given. The third part is an in depth study into the exceptional point analysis of
o this system showing thet the spectrum consists effeclively of a set of curves which
can easily be reproduced. Heze we have a high density of exceptional points even in
the nonchaotic regime, The fourth part looks st the role that the coupling matrix

e _ elements play in the behaviour of chaotic systems. This gives way to the definition
. of a measure that characterises the spectral behaviour of this system, This messure
- is only dependent on the coupling strength, the density of exceptional points and

P o . the interaction strength X. The last part shows that results from the exceptional

o point formalistm are consistent with those from a semiclassical analysis. We outline
the mechanism which aliovm tne penodxc orbits to be retrizved with the exceptional
point me{'.hod ; ;
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6 2 The Classmal System -

6.2 1 Gonstants of Motmn

R Cla.ss:ca]ly the pure Coulomb problem has lngh syminetry, in fact seven constants
~of motion. For instance & itself, the angular momentum vector L =r x P and the
Runge—Leuz vector [En 72] _ '

R-—-—-—(pr LXp)——

The Coulorb system is called overmtegra,ble since the scalar prodﬁct (—2B)" VYL,

R) = 0, in other words, the Runge-Lenz vector lies in the plane of the Kepler
orbit. The symmetry group of the Hydrogen atom (y = 0 in (6.1)) is SO(4) =

- §0(3) ® SO(3). This leads to the high degeneracy when 7 = 0. For very large

values of 7 & behaviour similar to a two d,lmem.nn& oacﬂ.ator preva.:ls [DG 84].

6.2.2  Scaling of the Hamlltonlau

In order to esiablish a connection between the claaslca.l and the quantal regime the
structure of the classical trajectories in phase space hzs o be freed of all incidental
featurea. Using cyhndnca.l coordinates, {(p, ¢, %), H can be written (Jeaving out the -
term linear in +y) '

R.E 1 B |
H____+2 W 2+ s : (62)

"The problem of clastical motion has now been reduced to the study of orbits in

a four dimensional phase space (p, p,, 7, ;). The classical equations of motion are
invarjant under the following transformations [Ro 81]

—

5 = M s=o f=v -
B = 77V, f=t, L=y, (83)

1/3

and are governed by the scaled Hamiltonian

ﬁ'=§+p§— Lk + 17 = Eyole (6.4)

22 VPIE 278 '
which no longer depends explicitly on the field strength. The Hamiltouian in (6 4)
shows that the classical dynamics depend on the scaled energy :

e—Efy"zfs o - (6.5) |
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Flgure 6. 1: Eqmpotentml hnes of the potentml in (6 6) in ihe p + £ plane (from o

[FW 89)).

only, and not on the energy F snd field atrength 7 mdependently [WF 87]. The

Hamiltonian (6.4) describes a point particle moving in the 5- # plane in a nonsepa-

- rable two dimensional poteatial consisting of the attra,ctxve Gcmlomh potentml a.nd
the dlama.gnetlc interaction where .
-1

which is shown in Fig. (6'.1). Near the origin the potential is essentially the singular
Coulomb potential and the trajectories resemble narrow Kepler ellipses,

V) =% - (6)

6.2.3 Classical Poincaré Surface of Section

With the scaled energy in {6.5) and, I, =0, the Poincaré surface of section can be
obtained (for a review see [FW 89]). Use is made of sem:pambohc coordinates

= p-—-z’ p=pt 422 ' (6.7)

Ata ﬁxed scaled energy ¢ the classical motion is conﬁned to the energy shell, which
is a three dimensional subspace of the four dimensicnal phase space spanned by
the coordinates (v, 1) and the corresponding conjugate momenta (p,,p,). This is

shown in Fig. (6.2) with coordinates (p,, ).
For ¢ = —0.8 the motion is essentially reglﬂar_(system almost integrable) and

virtually all the trajectories lie on invariant tori. There are three fixed points visible

from this section. The fixed points in the lower and upper paris of the section are
independent of ¢ and aze located at (0,:v/2). The separatrix separating these two

~ regions of motion accumulates in a hyperbolic fixed point located at (£v2,0) for

£ = oo. . _
As the scaled energy is increased, irregular motion appears, first near the sepa-
ratrix. It is clearly visible for ¢ == —0.5 and the separatrix is replaced by & stochastic
layer which fills a finite region in the section, With a further increase, the separatrix
layer increases in size uniil, for & == —0.1, no regular structure is visible and the




)
L
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Figure 6.2; Poincaré surface of section at £ = ~0.8, —0.5, —0.4, ~0.3, ~0.2, —0.1
(from left to right and top to bottom [WH 89]). . : o
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cla.ss:cal motion is dominated by global chaos S:mﬂaa: results are. obtamed for the

- Lyaponov. mcponmb [Fr 88], [Wi 87h].

6.3 The Elgenvalue Problem

 The azimuthal quantum number m, panty 7.and (for high fields) I; are good quan-
' tum numbers. The underlying Hilbert space can therefore ba divided into irreducible
" subspaces denoted by m™ and we let I, == 0. For the remainder of this chapter the

matrix representation will be obtained in the m = 0 and positive parity subspace.

We use the principle quantum number n = 1,2,3,... ,Npx (B 18 the maximum

n considered) and the angular momentum quantum number ! = 0,2,4,...,n—1.
The Hamiltonian in (6. 1) is now of the form

| H = Hy+ Ay - (68)
with (scaled by & factor 2) '
. _ o,
= 92 _=Z
H =r-7
H = ir” sin® @ - . (6.9)
A= 72. '

In (6.9) Hp is just the expression for the ordinary Hydrogen atom, A is the
dimensionless interaction parameter corresponding to the strength of the magnetic
field B and H; describes the qua.drat:c Zeeman effect. The Schrédinger equution.
reads 1 _

[—-A - ; + zh?' IilIl2 9]1{! = Eﬂ,’). (6.10)

Attempts to solve the Schrodinger equation in (6.10) have a long history. Near |

the ionisation threshold the density of states and coupling strengths are high and
a perturbative treatment ceases to be useful. To overcome this problem a group
theoretical approach has been given by Delande and Gay [DG 84] while Clark and
Taylor used Sturmian functions [CT 82]. At very high fields (A > 1) a Landau basis
set is practical [Fr 82]. For a review of these methods see Friedrich and Wintgen
[FW 89], Garstang [Ga 77) and Taylor [Ta 90] and references therein.

H in (6.8) is in a form appropriate to our investigations as outlined in §4.2.
To characterise the behaviour we want to determine the exceptional points for this
system. This is achieved through the line spectrum which is obtained from a matrix
representation of H with H, diagonal (see §4.4.3). The most natural way of achie-
ving this is to use the Coulomb basis set. This method is, however, not amenable
to accurate numerical calculations. To overcome this problem Sturmian functions
are then used. This leads to an Hp which is not diagonal. The diagonalisation is
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then done numen_cally with the ass‘ocw.t_ad rotn.tmn of .H1 Both methods using
~ the Coulomb basis set and using Stutmian functions are described below. Only the -~

Sturmian function method is, however, implemented throughout this chapter. The

_best method to compare the classical and guantum behaviour is due to Wintgen
and Friedrich. They showed that the behaviour of the quantum system also depend
on the scaled energy £ introduced in §6.2.2 only. This method iz consequently used
to mvestlgatf- the statistical behaviour of the quantal spectrum for fixed values of
¢ and is outlined in §D.5.

6.3.1 The Coulomb Basis | . - .
The Goulomb basis for the ordinary unperturbed Hydrogen atom in sphencal coor-

dinates is .
ln,f m) = RnrYim o (ﬁ 11)
where . ' — : .
- (n—1—-1)1 72\3r2r\} _ 2r |
=~ S () @) e (E) em
o a0, )= 1| CEIE gy e (039
o with Yjm known as the spherical harmonics. LZF(2r/n) are the generalised La-
L guerre and P (cos §) the generalised Legendre polynomials.

Using this basis leads to a Hy which is a diagonal matrix given by
(0,7, n'|Holn, 1,0) = _;;1'56”:'6“'&‘ =B, - . (6.14)

so that E is n/2 times degenerate for # even and (n + 1)/2 for n odd (recall:
m = 0). With the help of the Clebsch-Gordon coefficients a selection rule

| - | - Pl 142 - (6.18)
¢ is obtamed for Hy. The matnx representation for Hj is given by
19 (0,1, Eilm 0) = -<z' 'l 2|, (0, Vsin? 5}t 0)
= f Rh,,,r”R,,; r3dr j j Ypsin? 0% 42 (6.16)
_ with df) = sin 9d6d¢ the angular volume element. ‘The angula.r integral is obf.mned _
: o viz. [BS 57]

2AP+1-1)
@482 -1

(0, | sin? 6/4{1,0) = %[ g —
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a+pa+2p  F.
[(21 + 3P0+ DR+ 5)] 6u,z+z} :

‘The ra.dlal mtegral H, = {l, ’]r"‘jn, l)is evalua.ted w1th the help of Schrodmger s

_formxﬁag:vanm§(D22)equatzon(D25)wz | | w0

g - |E==U [@=r- 1 .z:)“"'.('z\m
n - (SRR L ) () ()

. R I L 4- f , !( 1) ] vie
* i;n E 4+ +l+v+#) i) (,,,+n) |
* "'l'l'-"-i-ﬂ( 1)!!#!‘““"‘“‘"""'1' 3+r _1+F' . 3+I_P+1’ ..
n—l-l-v—r )\ 0=l -lop—1
. -(5+I'_+fl+#.+.'.’) )]} (6.18)
~ where

(3)

isa b:nomml coefficient. Z""' means the sum runs to the smailer of p or p. From

the binomial coefficients (or by applying the recurrence relation onto the Laguerre _
polynomial under the m’hegml) the selection rule

ln-ni<8 - (6.19)

is deduced The derivation of (6.18) is shown in §(D 2.2) and was evalua.ted by
Schrédinger [Sc 26] and also vsed by Kupper [Ku 29]. '

When n = n' the radial integral coniributes if v = b= 0 so that the summation
over v and p falls away to obtam .

2 | |
iy 2ir2fn, ) ---[5n3 +1 =311+ 1)]

(o1 = 2,1y = 5”’2\/[n2—12][n2 T~

{n, I+ 2]r2|n,ll) = 5n3 \/ [:rav.2 - (I + 1)2][n? — (l + 2)2]

These equations were also dedviced by Schiff and Snyder [SS 39].
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L ' Using, (6 17) and (6 18) the matrix representa.tmn and cor:respondmg spestrum

o -+ for H were calcvlated by Zimmerman et al [ZKK 80] and tested by Kotzé and Heiss

S - [KH 92b]. Both found the method sccurate for principle quantum number n < 20.
‘While the diagonal terms (n = n') for H; are easy to calculate, the off-diagonal -

‘terms, as depicted in (6.18), are not amenable to numerical implementation for

n > 21. The reason being differences of the huge factorials and binomial coefficients

. i - under the summations of v, u and 7 which lead fo accuracy problems {even when

P ' extended accuracy is used). This basis is also undesirable because it only takes the

o discrete states of hydrogen into account which is only permissible for weak magnetic

fields.

6. 3 2 Sturm.lan Functmns

Sturmian functions were mtroduced hy Rotenberg [Ro '?'0] and first applied by Ed-
monds [Ed 73] to the hydrogenic problem (see Appendix (D}). Although the eigen-

functions of the Schrédinger equation form a complete set, the fact that the con-

tinuum forms part of that set often reduces the completeness property to formal

R . importance only. The continuum ierms are then usually ignored because the en-

o suing equations are imposr*hle to deal with. This is the case with the discrete

. Coulomb basis described ir the previous subsection. This basis is incoraplete in the

: sense that the positive energy of the atom (the continuum part) has been ignored.

Y Sturmian functions, on the other hand, form a complete set of functions and can

. J ' represent the Coulomb functions efficiently at small radial coordinate r. Clark and

L Taylor generaltsed the method of Edmonds in'which case the Schrodmger equation
~ can be written in the form of a generalised eigenvalue problem [CT 82]. _
Wunner et al proposed the following orthonormal and complete set of Stunman
functions as the radial eigenfunctions’ [WKR 86)

(ﬂ*—l-_— 1)!
{n+1+ 1Y

' /;?a ' with LZ4?,(¢r) denoting the generalised Laguerre polynomals with ¢ a positive
y
O

68y =ct 20 (6:20)
real parameter. The basis for the Hamiltonian in (6.1) is now taken to be |
In,{,0) = n,D{l,0) = G ¥ S (3 21)

o - which is the most efficient approach close to the jonisation threshold [Ta 90{. The.

!*- power of this basis lies in the freedom of choice for the parameter (. ¢ can be
SRR : chosen to improve conirol over convergeace: and accuracy. It is appropriate to choose
i different values of { when examining different regions of the spectrum CIa.rk and

j Taylor showed that when choosing ¢ such that '

(=2/n" n"=12038,... fin _ (6.22)
' Waunner et al used the radial quantum nuciver n while, here, 7 is the principle quantum number.
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the eigenvalues are most accurate in the vmlmty of n* [CT 82]. Va.lua.ble computmg .
time is thus saved when extremely accurate eigenvalues have to be computed. The

" range of accurate eigenvalues can be extended by choosing n,.,, considerably larger

than n*. The correspondmg computmg time and memory used are, however also -
drastwa.lly increased.

6.3.3 Matrix Representation with Sturmianrfunctions'

Using the basis in (6.21) leads to a representation of Ho which is given by

i

o
"% Snbpy

TSI [ —r—1p S *'-1(21+r)!'
'_+C (r+I1+I (@ +V+1)- ;;, T

* [(n--l—l)(n I—-r)n'=1-")+(n- 2/()(23-{-7‘+13 ._

- I+ -1-1- ) =1=7) by (628)

The matrix representation of Hy is diagonal in  but there is no restyiction on n or

r!. The radial integral using these genera.]ised Laguerre polynomials is caleulated in

§D.2.1 (equation (D.21)) and (6.23) is derived in §D.4.2 (equation (D.47)) which is
also given by Zeller {Ze 80]. Equation (6.23) can be evaluated numerically for large
values of n and n’ bec.use the terms under the summation are always of the same
order.

The matrix elements for Hy in the basis given by (6.21) can be expressed in
closed analytmal form. They give rise to a banded matrix. The selection rule in
(6.15) is unaffected and ratrix elements w1t11 respect to the radial functmns in
(6.20) vanish unless

\
i

_;-'-n']sz | | 6.24
I X

which can be obiained from the binomial coefficients in Schrodinger’s radial integral.
Using Schridinger’s radial integral, the radial matrix elements, r = {I,7|r3n, 1},
are found (see §D.4.1)):
When ¥ =1

n = n—2: H,= C_'z\/(nml—-?,)(n - I%l)(n-}- I)(ﬁ +1+1)
W=n—1: H=-4n{/n-1-1)n+1+1) |
n=n : Ho=2%"8n(n+1)-l(+2)] _ (6.25)
W=n+l s He=—4(n+ 10 n-Dn+1+2) |
W=n+2 : -C“g\/(n—l+1)(n “Nn+1+2)(n+1+3)
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andforl’—l+2

We=n-2: H=(fn-l-n-1-2n—1-3)n-1-4)
n=n-1: H=-4"%fn- :-1)(",-:..z)(nnz-s)(n+r'+z)

H =6 -I—1)(n—1-~2)(n+1+2)(n+!+3) (626)
W=n+1: =—4C'2-‘/(n-—~! Din+i+2)n+1+3)n+144)
n=nt2 : C"’\/(n+l+2)(n+l+3)(n+3+4)(n+1’+5)

and for I' =12

nl=n :

n=n-—-2

S N S J v o
W=n=1: H=—¢"fn+1-1)mn+)n+1+1)n-1)

n=n :

n=n+l: H = —-4(‘"2\/(n+1+1)(n ~Dn—1+ 1)(n.-— I+2)
n=n+2 : Ho=¢n-Dn—1+1)(n—1+2)(n—1+8)
These equations are eagy to implement numerically.

The Hy and H; matrices can be constructed in different wa,ys Zelfer ordered
the quantum numbers as foliows [Ze 90]

(D) = (1,03 0);(3 8),.
(3,2),(4,2),(5,2),..
(5,2),(6,2),(7,2),.

er(omass 0),
vy (nmuﬂz)! |
3 (nm: 2):

(n'm: - 1: ez — 3}? (nma:! Npoax — 3):

(Peaxs Pmax ~ 1) ]

This representation leads to an Hy which is in block diagonal form and the under-
lying space is then reducible into irreducible l-subspages. Hj has block matrices

on the diagonal and second diagonal only because I = ! & 2. Each block matrix is
banded according to |n' —n| < 2.
For calculating the line spectrum, and determining the density of exceptional

points (see §6.5.2), the following order is appropriate for (n, 1) (also see the discus-

sion at the end of this paragraph)

(1,0),2,0) (3,00, (3,2), (4,01, (4,2), 5,0, (5:2) (5,8, . (s P = 1. (628

Reasons for the pre.ferénce of this order hecome obvious in §65 Using this order will
lead to a representation where Hy is a full matrix. The size of the elements, however,

H=62fnt+Dn+i+)n-Dn—1+1)  (6.27):
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decrea.sq' ' oving further away from the diagonal. H; is in semiblock form where
therow. . ¢olumns consist of blocks which are indexed by n=1,2,..., i, a0d
=19, 0., zespectively, Taking the selectmn rule |n’ — n| < < 2 mto account
mllleadtoanH;mthefollowmgfcrm _

((0) (o) (02) o O )

¢

) (

0
2

) (

0 2
2

) (

(o) (0)_'(-” 2) (0-_2) | i

0 2 .-'I
2

]
- _
o
- .‘-\
%
}
X

¢ O

(6.29)

\ | | AT .
Ench block in (6.29) is a squave matrix |

(0 2 4 o i
2 .
4

iﬂ .
indexed by (I, I') shown as the values for the rows and columns respectwely where
a =n—1 ands r=yf - 1.

All calculations should be done in an infinite dimensional Hilbert space. For
practica: purposes, however, the space is truncated to the dlmeﬂmon of the matrix
H given: by :

n’nnx n’mm .
5 (5 ) meeem .
M= : (6.30)

(l(nm, + 1)) 2; Ny 0Cd.

" The full matrix representation of H = H'o -+ AH, is now

{0,,n'|H|n,1, O) = {0, 1, n'|Hy|n, 1,0) + M{I', n'|r®|n, )(0 U|sin® ¢/4t, 0) (6 31)
and can be constructed using (6. 17), (6.28) and (6.25)~(8.27).
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The order used for (n,!) in (6.28) is different than the order gmera.l!y used
in the literature. The leads to a different truncation with different effects on the
eigenenergies of H. The aforementioned procedure thus has to be tested against the

procedures described in the literature. This is done by comparing the eigenvalues -
80 obtained to that obtained by Fredrich and Wintgen [FW 89)], Delande and Gay

[DG 86], Killingbeck [Ki 79] and Clark and Thylor [CT 82]. The eigenvalues were
found to be very accrrate under variation of the parameter (. The eigenvalues of Hy
can be tested against the éxact values gwen in (6.14) and was found to be extremely
accurate under variation of ¢.

A part of the spectrum for this system is drawn in Fig. {6.3) forn = 34, 35,...,42

with energy measured in Rydbergs. Here n,,, = 50 and { = 2/40 so that H is a
650 » 650 matrix which can easily be evaluated and diagonalised on a minisuper

- computer. The strength parameter ) is taken between 0 and 10~% which corre-

sponds to a field strength of between 0 and 7.43 Tesla, At A = 0 the degeneracies
of the pure hydrogen atom are seen while the lines do not actually cross one an-
other for A > C bat they undergo avoided level crossings. Fig. (6.4) shows another
part of vhe spectrum where avoided level crossings are clearly discernible. Here the
spectrum 15 drawn for the strength parameter A between 0.5 X 1078 and 0.13 x 107
corresponding to magnetic ficlds of between 16.62 and 26.8 Tesla using n..,. = 50

and ¢ = 2/46. The spectrum shown here and that obtained by Delande and Gay |

using the group theoretical approach? is identical.

6.4 Statistical Analysis

In calculating the Ags-statistic and the nearest neighbour spacings distribution, the
quantal spectrum was obtained using the scaled energy method of Winigen and
Friedrick described in §D.5. The statistical results now only depend on tha scaled
energy & through (6.5) namely the statistical behaviour will be the same for fixed &
even if E and A are changed.

This system is not time reversal invariant aud we therefore expect GUE rather
than GOE fluctuations. Berry and Robnik, howsver, replaced the concept of time
reversibility by & more general concept of antiunitary symmetries [BR 86]. Now,

because H in (6.3) is invariant wnder a combination of time reversal and reflection

through the (2, y)-plane, GOE fluctviations would prevail [HW 89]. Fig (6.5) shows
the nearest neighbour spacing distribution and Ag-statistic for a few values of &,

- The transition from Poisson to GOE behaviour is seen to happen at £ =2 —0.35 o

that the system is fully chaotic at € = —0.1. In the transitional region {from a

- Poisson to & Wigner distribution) the histograms can be approximated by a Brody

distribution (see §3.5.2). We also say that the system behaves more chaotically for
& = —0.1 than for € = —0.5 in the sense that the statistical results resemble more

3The spectrum of Delande and Gay was not printed by them but by Bohigas et al [BGS 86).
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Figure 6.3: The spectrum for the hydrbgm stom in a umform magnetic field, The
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part shown he;e has n = 34, 35,...,42 with energy measured in Rydbergs., o
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Flgure 8.5: (a.) Nearest nmghbour spacings distribution fo: a few values of the scaled
energy showing the transition from Poisson to GOE behaviour, The solid line is the
Brody fit. (b) Ag-statistic for a few values of £ (from [FW 89]).

| the GOE, results for the first than the latter case.

These results correspond to the classical behaviour seen through the Lyaponov
exponent and Poincaré surface of section (see §6.2). The As-statistic is seen to
deviate from GOE behaviour for large values of L. ‘This is due to unstable periodic
orbits in the system and can be explained using Gutzw.tﬂer s semiclassical analysis
(see §2.4.4) [FW 89], [Gu 90].

6.5 Exceptional Point Analysis

In order to characterise the bebaviour of this system, we now determine the distri-

bution of exceptional points as discussed in Chapter 4 [HK 91]. This is achieved by
uging the line spectrum which was discussed in §4.5. All calculations are done for
constant scaled energy ¢ which presarves the classical behaviour,

6.5.1 Line Spectrum

By scrutinising the spectrum in Fig. (6.3) globally we observe that H; has syste-

matic degeneracies and it seems as though the whole spectrum consists of & set of
curves originating at the eigenvalues of Hy. Note that at A = 0 the crossings are the
actual degeneracies of Hp; all other crossings are avoided but enly look like actual
crossings because of the resolution used. By inspecting the spectrum for negative A
values (which is not physical but can be done for our matrix problem) we conclude
that the curvature of the curves is negative for all values of A, in particular for the

R SR g~ @@ug —

"l
&
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pomtwe ones. From Flg (6.3) xt is a.!so evident that the curves start o repel one- -
~another to an increasing extent with increasing \. The murmg regune begins, up to .
& ﬁrat order a.pproxxmatlon, at values gwen by [WF 86] :

Bt

Globally, the smphatm and structured form of the spectrum is expected since

S

~ the symmetries relating to Hp and H; impose a particular structure on the full

problem Hy + AH;, Here we have O(4) symmetry when ) = and symrmetries

- relating to the two dimensional oscillator when X is very large (see §6.2.1). When
“looking at the spectrum the structure prevailing in the vicinity of A = 0 can be”

discerned over a fairly la.rge range of A-values when the actual level repulmons are
intexpreted as level crossings. In other words, while the detailed structure of the
spectrum looks rather complex, an underlying simple s'ructure is discernible. This

" simple structure is-depicted through the line spectrum and is used to characterise

the behaviour through the distribution of exceptional points [KH 92b].

In order to calculate the line specirum we transform to a representativn with -
H; diagonzl. In doing so we actually obtain numerically a representation ir: the

Coulomb basis with features described in §6,3.1. Hy is in semiblock form® where the
selection rule in (6.19), _]n —n'| £ 8 holds, Because Hy has systematic degeneracies
we use the guidelines giverrin §4.5.2. In Hp, each principle quantum number n is

- degenerate in the angular momentum quantum number I, Hp can thus be reduced
into subspaces characterised by n which we term as n-subspaces, This +.: seen from.

the spectrum in Fig. (6.3) where the eigenvalues for Hy are denoted by ube n-values
only. The line spectrum is then determined by the formulae given in (4.27) and
(4.29) which are the asymp{'.otxc appromma.tmns to the actual spectrum when A is
very large and when ) is very sma.ll Viz.

By o= ap+dun; A1 L (6:32)

B, = e+ Mg A<l - (6.33)

Here ¢ and wy, are the sigenvalues of Hy and Hj respectively and k = 1,2,..., M.

oy are the expectation values of Hp in the basis of dxagonal H, {for an explanation -

see §4.5.1) and &, are obtained by diagonalising H; in the different n-subspaces.
The diagonal Hy can be reduced izto a total of n,,, n-subspaces. The dimension

~ for each subspace is ngen by
-2-(n+1); ‘nodd
Mﬂ;"‘_" - . . ; n&“ﬁl,z,...,ﬂm“.
%;-- neven '

8This was tested and found to be correct numerically.

-pg T b S S SR T R 1y T i i g+ £ A B ] o i S M T e TRt AT "
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The FE-axis intercepts for Ef are thus grouped into Pnas aets; one set for each
subspace which is actually given by ¢ = ~1/n? (j = 1,2,...,M,). With each
intercept ¢; (in a partiodar subspace) we associate a slope §; whlch is an eigenvalue
of the block of H; where n =n'. E}is then one bunch of levels ongma.tmg on the
E-axis as depicted in Fig. (4.4).

The full line spectrum, near the origin, is obtained by takmg the direct sum of the
dlfferent subspaces where ¢, are ordered ascendingly and 6, are ordered as in (4.30).

? is deplct.edonthe left side ofF&g (44) with k=1,2,..., M where M is defined
in (5 30) and M = M + Mz +-+- + M,_,.. The total line spectrum for the system
is obtained by connecting the two asymptotic spectra Ej and E! given by (6.32)
and {6.33). The appropriat_e connection is obtained by noting the following: firstly,
the individual lines in each n—subspace, do not interspct one another, Secondly, the
order of the lines for increasing values of ) i# given hy the fact that the top most
line of the n-subspace crosses all the lines of the (n -+ 1)-subapa.ce except the top
- moet one; the second top line crosses all the lines of the (n + 1)-subspace except
* the second top and top most lines ... the first line of the n-subspace does not cross

any lines of the (n + 1)-subspace. If the E} and E; lines are numbered 1, 2, M
from bottom to top, the order of the Ey lines will be . :

1,2,8,5, 7, 10,13,17,..., (M - M,,_“ +1),

4,6,8,11,14,18...,(M — My, +2),
©9,12,15,19,23,...,(M - M, +3),

16,20,24,29,...,(M — M,_., +4),

M~-M,..M neven
M n odd.

The connection betwesn Ey and E is now obtained by a heunat:c algebrmc
equa.tmn (B for the line spectrum) of the following form

w3 (8.34)

By(0) = op + A6 — [log — Gie|3’2 + ¥ 2|5J: - laf 2]

The velue of the pUWer viz. 2/3 is found to fit empirically sufﬁciently well; a value

~up to 3/4 would do just as well. Equation (6.34) is a suitable choice because it

reduces to {6.32) and (6.33) when A = coand A — 0 respectwely, and it depends

cnly on quantities that can be dexived from Hy and H1 alone, in other words we
only use @, w, € and 8.

In order for (6.34) o give the appropriate line spectrum all the lmes should have
negative curvuture meaning that the following inequalities should hold '

@ > e > wp (6.35)

=
L
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However, beca.use oy and e are obtamed by rota.tmns of the same matrix .Dn, both

- obey the same trace rules and (6.35) cannot hold globally. We, however, fonnd from |
extensive numerical tests that the rule in (6.35) will always hold in tle vidinity of

n* as long as ng,, > 2n*. Flgure(ﬁﬁ) shows the line spectrum for the ssme window

" of the actual spectrum depicted in Fig.  (6.3). The similarity between the actual

and line spectrum is striking, Here n,.,. = 90 and #* = 40 which leads to a matrix
of order 2070 x 2070 to be diagonalised. This procedure is very efficient because
the diagonalisation has to be done only once to obtain the 4 qua.ntmea &, ¢, w and
é for a specific n*.

The line spectrum will now be used to obtazn the density of exceptional points.
This is possible because of the a.rguments given in Chapter 4 that the distribution
of crossing points in the line . .‘rum is statistically equivalent to the density of
exceptional points. The actual w JSEINgS of the lines are easily calctﬂa.ted where the
intersection of the k—th and I—’ch line is defermined by solving '

= (o — @)+ A6 — &) =~ [Jon — &[*® + A*2|6; — w7 ‘*'fé -
t+ [l — a4+ X006~ 1> k=120

for A using a standard Newton-R- ~hson mumerical procedure.

6.5.2 Density of Excepu.onal Points

Before a meaningful method to determine the density of crossing poin s is described,.
we note that the spectrum is a function of the scaled energy ¢ and prinuiple quantum
number n* anly where the following relations hold [WF 87}

E=-(»*? (6.36)

and the corresponding A-value is

A= (%) - = [-e(n")1" (6.37)

The lines of constant ¢ are invariant lines and are shown in Fig. (6.7).

A suitable representation of the distribution of crossing points is now obtained
by keeping n* fixed. The distribution is then calculated by choosing a “window”
between two scaled energies £; and &3 where the top and bottom energies are defined
by setting nj, == n* £ 2 in (6.36). The left and right \’s are obtained by setting
M= [—E (ﬂ*)z]"s and hy = [—Bg(ﬂ. )2]—3 Here we have A\; < As and &1 < &2. This
is schematically shown as one “window” (dashed box) in Fig. (6.7).

The number of crossing points in a “window” is then caléulated and the distri-
bution P obtained by dividing the distance ; ~ £; into a number of equal length
bins, The area under '+ histogram, so obtained, is normalissd to unity so that

¥
.
i
1 -
!
i
.
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of comparison the same ¥ and A values as that depicted in Fig. (6.3) are shown.

Figure 6.6 Line spectrum for the hydrogen atom in a magnetic field. For the sake

TR
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Figure 6.7: Schematical representation of the “windows” (dashed rectangles) used to
calculate the distribution of crossing points. The solid curves are those for constant i
g with values as indicated.. | _ ' " IR

P for different n*-values can be related, thus allowing different “windows” to be
compared. This eliminates the effect of the increase in the density of states when I R
€ is kept fixed and n* increased. Figure (6.8) depicts histograms of the density of el
crossings for n* = 25 and n* = 35 with £; = —2.0 and 3 = —0.8, The similar form PR
of the histograms for the different values of n* is evident. This holds for all values of oo
n* where we have chosen n,, == 90. The normalised density of crossings, P, is zero =~ . PR

: o

for € < —2.0 because the invariant lines lie before the n-mixing regime where there o
are no crossings. Onze inside the n-mixing regime however, P increases rapidly to o
a maximum value Py, and then decreases gradually showing that the number of S
crossings decreases with increasing . _ - A
To render a direct comparison between the quantal and classical results we took T
many overlapping “windows” (n* = 15,16,17,...,45) and calculated the distribu- : ARt
tion in each (see Fig, (6.7)). The total distribution of crossings is now a function P
of both &; — &; and n* i.e. P = P(n*&; —¢,). The total distribution of crossings is R |
represented by a three-dimensional graph as shown in Fig. (6.9) with g; = —0.5 and AR
‘gz = —0.2 . Here we have the scaled energy on the z-axis, the principle quanium B
nurnber denoted by n* on the y-axis and the z-axis denotes the normalised density B
of exceptional points P. Evident is the global declining nature of P with increasing R
G L scaled energy. The contourgraph? for Fig. (6.9) is shown in (68.10). The lines shown i e
§

o

1A graph oblained by looking at a three dimensional graph from the top (a geographical map).
The lines are contours, each depicting a different height or in this instance a different P value,

. . i
} ; . e T - T ™ 3 Sam s A La it Sl
o ™ [ . . - . : . L b . . R A
. “. N . ol 2 g . N " - "
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Flgure 6.8: Histograms depicting the density of crossmg points for ~2.0 < ¢ < ~0.8
and principle quantum numbers (a) n* = 25; and (b) n* = 35 using 40 bins for
each. Note the similarity in form of the two histograms.

are constant P-lines, each with a dlﬁ'erent value for P. :
From Figs. (6.9) and (6.10) two observations are evident [KH 92b] ﬁrstly, for
fixed n*, the normalised density of crossings, P, decreases with increasing ¢ and

'secandly, statistically, the normalised density of excepiional poinis does not depend

bridge the gap between the RMT results of the quantum system and the results

on n* (and thus the energy E) or A but only on the scaled energy c.

The first observation confirms the fact, evident from the spectrum in ¥Fig. (6.3),
that the density of states decrenses it n* is fixed and ¢ increased. From this evidence
we conclude there is a relation between the density of states and density of crossings
P. The precise theoretical relation is, however, not yet known. P does not relate the
fact that the density of states increases if & is kept fixed and n* is increased because
of the normalisation procedure used. P is actually only the density of crossings al

£1 relative to .ne density at £;. The actual density of crossings P'(n*), for & ﬁxed, .

is plotted in ¥ig. (6.11) for € = —0.2. This clearly shows that the larger n* the
higher the density of crossmg points. The solid line is a numerical least squares fit
which has the form

Pli(n*) = an® + b(n*)? + c(n*)° (6.38)

showing the leading term for the actual density of crossings to be cubic in n*. As
shown in Fig. (6.11), (6.38) holds for for all relevant values of €.

The second observation is consistent with results from a classical and quantum'

mechanical analysis which reveal that the quantum and classical systems only de-
pend on the scaled energy ¢ [FW 89]. In using the density of crossing points we have
thus confirmed the quantum statisticel and classical results. This substantiates the
conjecture made in Chapter 2 that the exceptional point formalism can be used to

from a classical anay,isis. Further evidence is given below.
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-

Figure 6.9: Three-dimensional graph depicting the density of crossing poiats P as &

function of £ and n*. Here we have the scaled energy ¢ on the z-axis, the principle
quantum number n* on the y-axis and P on the z-axis. We note that the density
of crossings declines with increasing &.
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4 Figure 6.10: A geographical map (contourgraph) of Fig. (6.9) showing that the
_ \\\‘ density of crossing points ouniy depends on the scaled energy. The lines are lines
R ‘of constant P with the higher values on the lefi side of the graph. Evident is the
declining nature of P which is constant in n*.
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Py | Poaa = —0s6387n + 0.04843(n")? + 0.00106(n*) N r

{ Pl = L62276n" — 0,08895(n*)? - 0.00232(n")"
150 4 Ploa = —0.58T14n" + 0.03823(n")* + 0.00065(r")*
] Pl o5 = —0.50864n" + 0.02749(n")* + 0.00089(n*)’
© X P = 008125 — 0,01368(n°)? 4+ 0.00187(n*)* -

120§ Pl = 0.89097n" — 0.04718(n*)? + 0.00502{n"}?

o] ‘
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'_’-3o-j _
o"..'..._l._..,,,,,l,,__l;.._ :‘

15 20 25 30 . 35 40 n* i3

Figure 6.11: Actual densmy of crossings P’ as a function of n* shown for ¢ = —1}.2.
The solid line is & least squares fit- gwen by P We listed P’ on the left side for a
few values of .

From the results described above we conclude that the density of exceptional
points is higher for £; = —~0.5 than for &z = —0.2. However, we know that the
system behaves more chaotically the larger . Chaos sefs in at £ & —0.35 and the
system is fully chaotic for £ = ~0.1. "Lhis seems to contradict the conjecture made
in Chapter 4 that the higher . density of exceptional points the more likely chaos
is to prevail. From §4.5.3 however, we know that there are two physical quantities

that preseribe the behaviour of 4 system: 'he density of states and the coupling

matrix elements. The density of crossings gives an indication of the density of
states and the coupling matrix elements determine the positions of the exceptional
points which in turn determine the fluctuation properties of the spectrum. Both
quantities thus have to be investigated to get a full description of the behaviour.
The coupling matrix elements are discussed in the next section.

6.6 The Coupling Matrix Eler’ﬁents

In this section we investigate the interplay between the coupling matrix elements
and the actual avoided crossings which ars related to the exceptional points (see
§4.4.5). Much insight is gained by firstly discussing the simple two dimensional
model where n = 1,2. The generalisation to lugher order will lead to 2 quantitatwe
measure to cha.ractense quantum chaos, =
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6 1 'I‘he 'I'wo Dxmensmnal Matrlx Problem

- For the two dimensional case the eigenvalues of Hy are dénoted by g and ep. Beca.use _
Hp is diagonel, it is reducible into two n-subspaces both of dimension one. IE)is

very smell we know from perturbation theory that the coupling between the different

n-subspaces can be neglected up €o a first order approximation.. H; is then in block

diagonal form and also reducible into two n-subspaces both with dimension one.

.' ~The eigenvalue of Hy in the first subspace is denoted by &, and that in the Second '
- suhspace by 8. From (6.29) it is ewdent that H; is-of the form '

.3'1__((} 83) . | (6.39)

where C denotes the coupling between the eigenvalues, of the different n-subspaces,

6, and 6;. For problems with dimensions lugher than tweo, a mors general form of

- Hj e.ists, namely

(rﬁf _ 0 " O ean ey G'\
- % 5
0 gl lo . - c |
F C - 07 18 0 7
1 &
Al . . 0] LO &% 1 )

‘where s and ¢ are adjacent sﬁbspaéea This matrix is equivalent to (6 39} =
‘v = 1, This specific form of H; will later be used to define an appropna.te mear .ne

for the coupling strength.
Returning to the two dimensional case, the matrix repmsenta.twn of H is

. &g+ Ah)  AC .

with elgenvalues £ given by

fi2= [(61 + &)+ A(6 + 52)] + \/ [(Ea ~ &)+ A(6; — 5B+ 4x:C3,

The except:onal point for this two dimensional matrix Hi is given at the A-value

where the discriminant vanishes (see §4.4.1 and §4.4.3) and

€2 —8 ' AaiZSO ’ ,
AT T REN0 A AE 140 (8.41)
4 TR ' -
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. whete A= ¢ ~ & and AS =6 — & If C < A8 we have from (6.41)

' Ae ' 2C
A =487, trop=
| RA. AP A, = 2802, AR = AE __
§4 4.3 we know that to evoke cha.os, the imaginary part of the except:onal
point has to be appreciable in size. Equation (6.42) shows that small coupling will

(.6 42)

- give a small $); and a small angle . The exceptional point thus lies close fo the
real axis and the avoided crossing is not a.ppredable. The two levels are too close to
one another and the avoided level crossing is nearly an exact crossing which can not -

lead to chaotic beha.wour (a situation a.lso enoountered in the exa.mple discussed in
§4.6.2).

To determine the effect of the coupling €' on the avoided cmssmg we determine
the minimum of the spacing between the two levels which is given by (see §4.4.5)

 Ab=f—b =B+ M +4NC%  at A= R
By eliminating Aé we obtain | |

At = .[é;—---—\/m.-(‘mco)zr | (6.43)

- Equation (6.43) shows that if Ae and C are both fixed, the spacing between the

levels A{ widens the larger RA.. Also, R), is fixed, the spacing can be enlarged by
enlarging C. From the. « findings and the form of (6 43) we now conclude that the
relevant parameter in dsiermining the minimum spacing A¢ (of the avoided level
crossing) is given by B such that -

BxA-C. (6.44)

If B is small we expect the avoided cro_ési‘ng to have a small gap (the levels nearly
cross actually) and, if this happens on a large scale, to be outside the chaotic regime;

in turn, for a larger value of B the gap size increases and the behaviour tends to be -

chinotic. These arguments are general and can also be applied to higher dimensions
discussed in the next subsection,

6.6.2 Generalisation to Higher Order

For higher dimensional systems we note the following behaviour from (6.44) by
* keeping & fixed and by increasing n {we move on the invariant line): firstly, let ¢

be such that we sre outside the chaotic regime (¢ = —0.8 for instance). When n is
small, A is large and the couphn,g has to be small to suppress the chaotic bebaviour,
This means that the imaginary part of ), is very small and the exceptional points
lie close to the real axis, The avoided level crossings are nearly actual crossings and

i | =gt =
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no chaotic behaviour cecurs. A decreases with increesing n which now suppresses

the chaotic behavionr. Under these circumstances the coupling C' may be larger
without any significant effect on the behaviour. Secondly, if we keep n fixed, we can
move from the nonchaotic to the chaotic regime by increasing £, This means that
we effectwely increase A. This has the effect that even when n and the coupling
in small, A is can be large enough to ensure chaotic behaviour. This qualitative
insight w;ll be used in §6.7 o deﬁne a quantxta.twe measu::e for the chamctemsa.tmn
of chaotic behaviour.

To obtain a snitable measure of the couplmg strength in the M -dJmenmona.l. o
model, we apply the same arguments of the previous subsectlon. We '!;ra.nsform H
to Hj ha.vmg the fo]lowmg form .

I

N ] <{;b’

st

| with r = ng., a:nd'M’

([61 IR 0
_'[o{i_’] 2] [c® e®@] s e
. . o [Og}] [5? 0 ] : [ (i} 0(3)] o
* [Pl 1o &) |[cf o |
0 - 0
0 0 & 0 ¢
\ B | | 0 8p 1 )

(6.45)
M,,,m denoting the dlmensmn of the last block, Each
block on the diagonal is a diagonal M, x M,, matrix with the eigenvalues for each
n subgpace &} on the diagonal (k = 1,2,...,M; denotes the different eigenvalues
for each block and [ = 1,2,...,n,,, denotes the different » subspaces). The blocks
on the second diagonal are denoted by C and the elements further out by asterisks.
The off-diagonal elements are nonzero but tend to smaller and smaller values the
further away from 'l'.he dJagona.l Here C' denotes the coupling between the different
&'s.

H} can be obtained through the fo‘li_owing transformation

H=U2 ..y

Tmax

1.8, - U1 Uy -+ + U (6.46)

where the different U matrices commute with one-‘anothér. Uy is an orthogonal
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matrix such that _ S o .
.('1- 0 - ~ e 0)
0. “a, 0 : | N . E
0 1 . ' e 0
_ ulioud .ol
' - 1 .2 ... - - -
k= i _u..z . %* o ' (6.47)
. qu u.%!fk ! u}!‘}:
o --- . 1 0
A0 - o .- 1) -

which is a unit matrix except for the matrix in place of the k-th block. The k-th-
block in (6.47) is the orthogonal matrix that diagonalises the k-th block in (6.29)

with no = zoupling and H, rctated to the basis of diagonal Hy. We stress the fact
here the A} can only be obtained if Hy is diagonal and degenerate.

A quantitative measure for the strength of the coupling can be obta.med if we

assume that the n-coupling between individual elements of different blocks are small.
H! are also in semiblock form and we only have to consider the coupling between

the diagonal blocks as a whole. As a reasonable measure of the coupling between .

nearest nelghbour diagonal blocks in (6. 45) we use the norm of the off-diagonal

: block matrices vm

00 =L 00 =12 - (649)

ST pm1i=1

with s the number of rows and r the number of columns in €. The coupling matrix
clements as given by (6.48) are depicted in Fig. (6.12). Here C is drawn 2s &
function of n where ng,, = 90 and n* = 40. Also plotted are the coupling due
to the second off-diagonal blocks. They are much smaller than € and can thus

- be neglected. It is evident that the smaller n the smaller the coupling. In using

the definition given in (6.48) we also calculated the coupling between next nearest
blocks on the diagonal. This coupling was found to be appreciably smaller than the
nearest neighbour coupling justifying the assumption to neglect it.

In Flg (6.12) C is fitted numencally by

C{(n) = -0.0624n — 0.4880n? + 0.2821n° (6.49)

and the leading term is cubic in n. The form of Fig. (6.12} and that of H{ in
(6.45) is now taken as evidence for the discussion given at the beginning of this
section. Equation (6.49) shows that when n is small, the coupling is g0 small that

i T e mE s sy i e g Segaras e S L i S T A e e e . g
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Figure 6.12: The coupling G as a funcidon of n. The circles are the coupling due
to the off-diagonal blocks and the diemonds due to the second off-diagonal blocks,
The lines are numerical fits given by C{ and C..

it can suppress the chaotic behamou: as characterised by B in (6.44). When n is

larger though, the couplmg is larger but now X is smaller which then suppresses the

chaotic behaviour.

- The aforementioned characterisation does not yet expla.m the phenomenon that
althpugh we have a high density of exceptional points (for ¢ = —0.8 and large n for
instance) we still do not get chaos. This is outlined in the next section.

6.7_ A Quantitative Measure for Quantum Chaos

In setting v . a meaningful measure for the spectral behaviour of a system we take
the results of the previous subsections into account. In (6.44) we found the be-
haviour of the two dimensional system o be proportional to A« C. This can be
generalised to the M dimensional case where we use ¢ defined in (6.48) instead
of C. We also know from §4.5.3 that the density of states plays a crucial role and
has to be incorporated into any measure of the bshaviour. For the system under
consideration we now propose the following quantity to be taken as a measure for
the chaotic behaviour

Bx)-C-d - (6.50)

where d denotes the density of states and € the coupling as defined in (6.48).
Equation (6,60) measures the average gap between levels that cross in the comples

g e
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.E‘-phme i.e., the a.mo'u.nt by which the levels repel one another.

For B to be defined as an appropriate measure of the chaotic beha.vmu: ofa

system, we have to analyse its properties. A desirable feature of any measure is
that it should be dimensionless, This is the case for B defined in (6.50) because A is
dirensionless, the unit of € is energy (Rydbergs) and that of d is number of states
per unit energy interval. We also want to deseribe the n-behaviour of B. This is
done by recalling from (6.37) that if ¢ is kept fixed, A ~ n~® and from (6.49) we

have C ~ n®. The n-behaviour of d is determined by considering its inverse, the -
“mean level spacing. Let’s consider an energy interval ranging from n to n+m and

let d be the mean d:sta.nce between the energy levels such that

J = ~ energy interval _
" number of levels in interval -
_ 2 f1r*=1/(n+m)] | e
= .m[ ey M  (6.51)

The leading term in (6 51) is 1/n® and hence the leading term for d is n®. From

this and (6.50) it turns out that B ~ constant in n. We can thus put _

"which is now taken as the appropriate measure for t}ie behaviour of the system. We

expect regular behaviour if B is small and chaotic behaviour if B has an appreciable
value.

We however prefer to use the density of crossings rather than the density of
states. From the results obtained in §6.5.2 we conclude that there is a relation
between the density of states and the density of exceptional points. The precize

theoretical relation is not known. We have, however, established the leading term

in the actual density of exceptional points P’ to be n® as shown by (6.38) and F:g

- (6.11). Now, by putting d = P’ in (6.52) we have

B=\-G-P=c?.n¢.0.P (6.53)

which is also constant in n if € is fixed. This is also reflected in the numerical analysis
and the corresponding graph drawn in Fig. (6.13) which is a plot of B versus n
where we used a logarithmic scale on the vertical axis. Each line is obtained for
a different value of ¢ and is approximately constant in n. The larger £ the more

chaotically the system behaves which is reflected in the higher B’-values. The scaling

has been chosen such, that B’ ~ 1.0 at £ & —0.35 which is the known scaled energy
value where cheos sets in. B’ is thus a useful qualitative measure for the behaviour

of this system which clearly shows that even though the density of exceptional

points is high for certain small velues of g, the system does not behave chaotically.
The reason is that the chaotic behaviour is suppressed by both small A ant s...all

- coupling,
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Figure 6.13; The behaviour denote’ by B’ as a function of n where we use a loge-

rithmic scale on the vertical axis. Each line corresponds to a different value of € as
indicated with the corresponc.ag B' values hsted on the right.

From the results stated above we now con_]ecture that a possxble charactensatmn
of quantum chaos hints at the following:
quanium chaos is o consequence of the inierrelution between the counimg strength,
the interaction sivengih and the density of ezceptwnal points,

6.8 Periodic 'O_r'bits and Exceptional Points

Chapters 2 and 3 of this thesis described two formalisms for investigating gquantal
systems having classical chaotic counterparts: semiclassical mechanics and Random
Matrix Theories. Hints at a possible link between the two methods were given in
Chapters 2 and 5. The exceptional point methods seems {0 provide the mechanisms
necessary for bridging the two formalisms. In this section we first mention results
from a semiclassical analysis and then give premature arguments for using the ex-.

_ ceptional point method in obtaining the semiclassical results. This is an interesting

topic for continuing investigation. o

Wintgen studied the periodic orbits using Guizwiller’s semiclassical periodic
orbit theory showing that the semiclassical results also only depend on the scaled
energy ¢ [Wi 87a]. He found near exact agreement between the classical scaled
actions and the positions of the peaks in the Fourier transform of the spectrum
[WF 87]. Eckhardt and Wintgen calculated the form of the orbits mauking use of a
symbolic coding scheme showing the chaotic features of this system to be directly
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related to the classical unstable orbits LW 90] Wintgen and Hénizg also found ihe
wave functions to scar around the unstable periodic orbits [‘WH 89] and Tanner ef

al showed how accurate quantum eigenvalues can be obtained in usmg Gutzwilier’s

 trace formula [TS 91]. o
' Holle et al studied the hydrogen atom in strong magnetic ﬁelds expenmta]ly '

[EM 88] and found the spectrurm so obtained in excellent agreement with the nu-

" ‘merical calculated spectrum tising (D.50) [WH 86]. They found the periodic orblta,

obtained from classical trajeciory caleulations, {o correlate with the resorances in

the corresponding Fourier transformed spectrum [MW 86]. This shows thai the -

origin of the chaotic features in the experimental spectrum is, therefore, directly
related to the classical orbits.

The fact that results from a classical, sr:rmciaastcal, quantum mechanical and
exceptmnal point analysis all only depend on the scaled energy cennot be a. co-

incidence since both the exceptional points and the periodic orbits relate to the
substructure found in the spectrum and eigenfunctions of the system. This leads

to the conjecture that we must be able to retrieve the periodic orbits and describe
the mechanism of scarring by st'adymg the exceptional points. On this point, let us
briefly outline results of ongoing research. -

Heiss and Chiang investigated a simple matrix model tha.t mimics the quadratic

Zeeman effect [HC 92]. They found that the systematic degeneracies {(symmetries)
in Hy have a very characteristic effect on the spectrum of the full problem H, +
AH;. The periodic structure of the spectrum at A = 0 can be retrieved over the
whole range of A-values where chaotic behaviour is disce.rned. By investigating the
eigenvectars they found definite localisation patterns in regions of the spectrum
where there seems to be no obvious structure. ‘This underlying structure of the
spectrum can be related to the density of exceptional points. In regions of the
spectrum where there are distinct groups of levels the density of exceptional points

is high with strong coupling whersas the distribution is much more diluted between

the groups and the coupling is less. This structure in the distribution of exceptional

points is found throughout the chaotic spectrum. It is from this underlying structure

that we believe that the periodic orbits can be retrieved.

There is even more structure in the spectrum of the hydrogen atom in a mag-
netic field in that there are scaling laws present. Structure was then also found in
the distribution of exceptional points. We found in §6.5.2 that the distribution of
crossing points is similar for different n-values if the distribution is caleulated be-

-tween two fixed scaled energies ¢; and &5. This just relates the underlying structure

found in the spectrum. We must therefore be able to relate : e structure found in
the distribution of exceptional points to the pariodic orbits. The precise theoretical
relation 5 not yet known but the evidence stated above clently indicates that such
a relation exists. If this relation is found we conjecture that we will be able fo

- understand the semiclassical results with the exceptional points formalism.

From Chapter 4 we know that the exceptional points determine the form of

g

ot i gt o




L ’. )

'Jr:\“"

CHAPTER 6. THE HYDROGEN ATOM IN 4 MAGNETIG FIELD 122

'\_ . e

. the spectrum and hence the ﬁuctuat;on propert:es The GOE ‘results obtasned o
- . from a statistical a.na.lyms is thus understood through the exceptional points. This
- and the last statemént in the previous paragraph is then taken as evidence that

the exceptional pomt approa.d1 forms a bndge between the aemcla.ssma} ‘and RMT

R formahsms

69 Summarv

_ From the results diac sed above we have confirmed through our appma.ch that the
- hydrogen atom in a.c;

rong uniform magnetic field shows all the features generaily
observed in quantal systems whose classical counterpart unda:goes & transition from

" regularity to chuos as = cex:tam parameter, # in this case, is changed. :
. 1t was also shown that the line spectrum, and hence the density of exceptional
- points, is easily obtainable from the eigenvalues and sigenvectors of Hy and H;
sloze..The density of exceptional)s.omts do not depend on A and the energy E, but
ﬂ;‘i y have a high density of exceptional points eveic
_in the region of the spectrum where chaos is not discerned. The coupling matrix
elements, however, play a crucial role in the behaviour of the system and has always

only on the scaled energy &. Wi

to be taken into account. This relates to the angles of the rotation satrix U, When
the density of exceptional points is small, the coupling matrix elemsnts have to be
large in order to obtain chaoiic behav:our whilst for a large density of exceptional
points, the coupling can be rather weal: and chaotic behaviour can still prevail.

* From the results obtained by studying the exceptional points and coupling ma~
trix elements a measure F that characterises the behaviour was defined. The be-

haviour thus depends on the interplay between the coupling strength, the interaction

stvength and the density of exceptional points. This measure is easily calculated and

1is constant in n if £ is kept fixed which is consistent with the classical, semiclassical

and quantum statistical results. From this we conjecture that the mechanism that
produces scarring of the eigenfunctions and the underlying structure giving rise to
the periodic orbits found from the specirum cen also be explained by the excep-

. tional points. The last conjecture should generically appiy to all chaotm systems

which have classical chaotic counterparts.
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Chapter 7

A One Dlmensmnal Model for
Quantum Chaos

- In the previous cha.];;ters, various systems showing features ascribed fo ‘Quantum
~ Chaos’ have been investigated. From a statisticel analysis we concluded that the

systems show 2 universal spectral behaviour. From an analysis of the guartic oscil-
lator (Cha.pter 5} we found that the higher the density of exccptional points, the
more likely it is that the system behaves chaotically. The hydrogen atomin a strong
magnetic field showed the role of the coupling matrix elements in the actual posi-
tions of the exceptional points. In all the investigations the quantal systems had
muitidimensional classical chaotic counterparts. The following question now comes

to mind: what if & syste 1 is purely quantal or one dJmenalona.l {or both) and still
. shows chaotic behaviour?

7.1 Imtroduction

Bj definition, all classical one dimensional systems are integrable and thus non-
chaotic. Traditional quantum chaology investigations, on the other hand, require

~quantal systems that show chaotic behaviour in the semiclassical limit (£ — 0),

This can then be rephrased by stating that all one dimensional quantal systems
should not display chaotic behaviour. Quantum chaos is, however, so vaguely de-
fined that it is compelling to ask the following question: can guantal systems, that

-are one dimensional, posses properties which are usually asscciated with quantised
~ classical multidimensional nonintegrable systems? If so, atiother question arises: is

guantum chaos a purely quantum mec anical phenomenon?

To elucidate these questions and attempt to answer them we propose a model
of a single particle problem whose origin lies in a mathematically similar (though
simpler) model [HK 88b]. It is a comparatively simple mathematical bound state
mode] which combines a number of pertinent aspects relating to quantum chaos,

‘The spectrum of this system shows a transition from a correlated to chaotic and |
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"back toa oorrela.ted spectram, All:hough the spectrum is structured at both ends

the structures are very different in nature.

In the first part we introduce the system and then show that the spectra. at both -

ends can be calculated algebraically, To investigate the intermediate specirum the
matrix Hamiltonian is calculated and diagonalised mumerically. To elucidate the
chaotic behaviour of this system, a proper statistical analysis is carried out on

- the eigenvalues and the eigenfunctions are also mvest:ga.ted The second last part

describes the behaviour of the expectation value of z? which also manifests the
chaotic behaviour, The last part states some general comments on one dimensional
cha.otlc systems :

e The Model

We start with an infinite square well of unit extension i.one dimension and put

into it infinitely many §- function barriers on a Cantor set with uniform streng‘hh

A [HS 89], To construct the specxﬁc Cantor set C' used here, we define the open

intervel I.= (31} 2 3t—1)
st — 3¢ .': 3=
and put .
G,=Uy L, and G = UR,G,.

Here s is the order and ¢ = 1,2,...,3*"". The set C = [0,1] \ G is called the
ternary Cantor set. It has cardinality ¢, is perfect, nowhere dense and has Lebesgue
measure zero. The Hausdorff dimension and the capacity of C' assume the sarne
value of (In2/1u3).

The system is bounded from below and the pc-..antzal for which the bound states
are mvestlga.ted is defined by

§(zy ifzeC -
V() = { 0 ifze(0,)\C o (7.1)
oo otherwise, :

It appears that a Cantor set is an obvious mathematical device which allows in-
finitely many §-functions within a finite interval while preserving finite lengih of
intervals between the §-functions. As we see below, these two conci’ . 1s are crucial
to obtain physically interesting patterns. We mention that the Cantor set yiulds a
fractal structure in the parhtmmng of the unit interval. The model (shifted to the
left by 1/2), with order s = 3, is drawn in Fig (7.1).

The Hamiltonian of the system is then in the form we used throughout this
thesis (see §4.2) i,

HExHa+ M, (12

o i L R L T . ‘ - N
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i

. V(:r:j

z 1
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P

- 1]

Figure 7.1: The square well with §-function barriers on a Cantor set, of order s = 3
with umform I&ngth A The symmetry around the origin is wovious.

with . - | . -
© Hg = —Ed—x-i and Hy = V(:B) (7.3)

and X is the streugth (height) of the delta function barriers. Hy = Hiy is termed
the interaction Hamiltonian and X the interaction strength.
7.2.1 - The Classical Sysiem

The classical limit of thir model is completely integrable. The potential barriers aze
infinitely high and the particle cannot penetrate them. The particle is classically

bound between two §-function bar.ders (depending on the initial e 1d1t10ns) and

the motion is fully penod:r' and mdependent of A, except at A =0.

7.2.2 The Quantum Mechanical System
If A < co the quantal particle will be able to penetrate the barrier potentials and

it is scattered. Although there is no classical analogue of this system that behaves

chaotically, we find for the quantised version a behaviour which is typical for quan-
tum systems which have a classical counterpart wzth chaotic behaviour,

7.3 The Spectrum

Of interest here is the spectmm of H as a function of )‘ Since our interest is

concerned with avoided level crossings, we have to reduce the problem to existing
internal symmetries to obtain eventually an irreducible spectrum. The only sym-
metry in question is parity, and we focus our aitention on even-parity sclutions,
where the wave function is symmetric with respect {o the point at z = 0,
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7.3 1 Asymptatlc Behavmur ‘ .
" The model has the important featurs that it gives rise to a. transxtlon fmm ow:d&z'

to order at the two limiting cases where A = 0 and A = co. Obviously; the two
cases are very different but the spectm of these two sﬂ;ua.tlons can be calculated

: a.nalytacally

a) Case one: A = U_-__ o

For A = 0 the system reduces to a motlon in the square-well potentlal a.nd the
spectrum is given by -
_-k" (2n;i.—'1'), | n=012...
Here k, = /E,, whm-: E,. denotes the energ} gpectrum — the spectrum is tota.lly
rigid and ha.rmomc '

b) Case two )\ - 00

For A ~+ 0o we encounter vn infinite superpomt:on of ha.rmomc spectra, each being

sssociated with square wells of extension 1/3’ 8=123,.... Fora square-well
between [--1/2 1/2] weﬁnd -
B _ . 1 14
- = 3(2n+1) from the _mterval [—%s 8]
AL _
2 = 9n+1) from[-L,—&]and [, &

(sequence is 2-fold degenerate),

547 54

o S 27(n+1) : ﬁ.om[ 5“ 23 23
' (sequence is 4—fold degenerate)',

= 3'(ﬁ +1) from [ 238 ) %—.'sg;"]& 3‘;'4’ %5_'5%

- {sequence is 2°~1-fold degenerate),

where n = 8,%,2,.... Thereis a 2*~1.fold degeneracy (3 =2,3,. ) relating to the
251 intervals of lenglzh 1/3°. The spectrum is thus ordered but non-Po:ssomc which
will be shown through the Ag-statistic obtained in §7.4.

A,
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' 7.3.2 The Intermediate Spectrum

The p_rev'-ious subsestion showed thaf the speﬁtﬁm at A = 0 is harmonic and when

- A -+ oo it is highly ordered. The transition from the one order to the other is of

particular interest.

There are two methods a.t our disposal {o ca.lculate the spectrum in this reg:me
The first one is to solve the Schridinger equation directly and the second one is
based on a mafrix representation of H and its diagonalisation. Both methods are
described in Appendix E. The first method was used as a test whilst the latter
method was used to obtain the spectrum for further investigations:

The matrix representation of the interaction Hamiltonian is given Ly (see §E.2)

(mafin) = LIm 2 R[Z(m+n)+Z(m-n), (74
n,m = 1,38,5,... '

where o o
Zim $2avrl i img -
Z(g) exp []_-_[ (1+ . q) z II (1+exp-—r—q)e3qp,—i] (7.5)
=2 v=0 r=2 . 3 3

~ For a numerical accuracy of 10~ the maximum order of & that can be used is given
by (E.10)

' =44 +1Ing.

The full Hamiltonien matrix to be diagonalised is therefore -
By = m*5%6 o + pp{m|Hipeln), m=1,3,5,.... (7.6)

with u the effective interaction strength where A = #2~° so that A = 0 when s — o0
(see Apperdix E). The spectrum is obtained as a function of 4 by diagonalising
Hppm in 77.6). The matrix is essentially sparse, yet the off-diagonal elements never
tend to zero wven when far away from the diagonal. The first 300 levels obtained
from a 1486 x 1486 matrix were found to be numerically stable and are not affected
by a truncation error. In Fig, {7.2) the lower part of the positive parity spectrum

 is illustrated. For a betier visuausation we actually use the scaled eigenvalues k,/#

with k, = +/E,. For better demonstration we only show the first 80 levels. The
emergence of the limit u — oo is clearly discetnible in the lower right part of F:g

{7.2).

The spectrum, as a, whole, is characterised by many avoided level crossings. We

stress that nowhere in the diagram do levels actually cross although they appear to

do so due to the limited resolution. For demonstration we display in Fig. (7.3) a

blown up version of the little box in Fig. (7.2). Because of the numerous avoided

level crossings in the spectrum of this model, we conjecture that this model will

behave chaotically. To get further insight into the behaviour of the system, the -
spectrum is analysed statistically.
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I*ngre 7.2: The first 80 energy levels versus the couplmg constant 7 ra.ugmg from |

0 to 4000. We actually have &, /7 on the vertical az.je.
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Figure 7.3: A blown-up version of the section in the little box in Fig. (7.2) showing -

the avoided level crossings. :

7.4 ,Statistica] Ana]ysis

‘To analyse the spectrum we calculated Ag(L) and P(5), the nearest neighbour spa-
cing distribution. Both quantities are obtained from the spectrum after unfolding.
Since we do not have a phase space integral at our disposal, we have performead the

_ unfolding by a best fit procedure. In Fig. (7.4) we display Ay(L) and the corre-

sponding . nearest neighbour spacing distribution for a few parameter values. For
intermediate values of ¢ the general trend seems to follow the GOE results mani-
festing the chaotic behaviour. The fact that the A results lie above tiwe GOE curve
for large values of L is indicative of the order that is emerging as g — ». -

At the two asymptotic values of 4 we have a spectrum that is highly correlated.

For p = 0 the spectrum is rigid and harmonic with Ag = 1/12. For u ~+ 0o, Az can -

be evaluated analytically using (’3.22). Simple expressions for Az are obtained if the
L-interval ranges from 3™ to 3™, m and m' being integers, For large L of this kind
the leading term in Ay(L) is given by L?*/450 , o & In2/In 3. It turns out that A,
oscillates between two envelopes where the lower envelope is given by the expression
above while the upper one lies at values which are 10/3 times larger than those of
the lower one. The line L/15 relating to a Poisson spectrum lies slightly above the
upper emclope for L < 4406 and between the two envelopes for I < 437413, When

‘mverages over initial L-intervals are taken, Az(L) comes close to the Poisson line
for not too large values of I.. Note, however, that Az grows stronger than linearly -

which reflects the non-Poissonic nature of the spectruw. far g — co.
1t is seen that at the two asymptotic values of u, the spectrum shows strong corre-

- lations whilst the intermediate spectrum shows intermediate correlations. Through

these statistical results we see that there is a clearly discernible region, between
the two ordered regions, where the system behaves-chaotically. This is shown in
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Figure 7.4: (1) Ag(L) (small cireles) and (ii) nearest neighbour spacing distribution
P(8) for (a) 4+ = 1000 (b) p = 4000 and (c) p = 10000. The solid curves relate to

the Poisson and C JE results.
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E:ne:r:gy

Strength

Flgure 7.5: Schematic illustration of the regu.lar a.nd chaotic regmns of the spectmm

as & fu.nctlon f the mteract:on strength _ S

Fig. (7.5). From the results We now say tha.t this one dimensfonal system d:splays
features ascribed to quantum chaotic systems with a classical chaotic counterpa-ﬁ‘-

Evidence of another one dimensional quantum chaotic system was given by Wi, -
Valliérs and Feng [WV 90}, They studied a pacticle in & one dimensioral potential

so that the eystem is classically strictly integrable. By solving the Schmdmger
equation they then seerched for a potential whose spectrum will give rise to GOE

statistics. Such a potential was shown fo exist.

7.5 The Wave Functions
To get ms:ght into the nature of the eigenfunctions, we expand a narrowly Incalised

wave packet in terms of the eigenfunctions of the model Hmltoman We. define
the wave packet to be

H(z) = { v2D cos D‘:r(x ~ @) i?;e-‘” € [wo— 1/ 2D, o + 1/ ZD] (_7-7)

- with w:dth 1/D, and expand it as follows

$(z) = E:(cnw<+>cm)+dnw<-’cmn (1)

Here ¥{+* and ®{) are the positive and negative parity wave functions respec-
tively. We calculate the expansion coefficients for a particle in the center interval

[-1/8,1/6]. In Appendix E.4 we show that this can be done for any mterva.l and

list the results for the intexval [5/18,7/18].

For the following discussions we have z € [—1/6,1/6] and lzt the wave functions

be
¥ = N, cosk,mz | - (7.9)
lIf,(,_] = M;sin Emm_- L
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‘where N, and M, are the normalisation constants {amplitudes) obtained from the
eigenvectors, and %, and &; are the wave numbers obtained from the eigenvalues.
In order to get a description of the wave functions we expa.nd them in terms of the o

_ ordmary square‘well bases (gwen in (E4) and (E.5))

Y = /2 cosn¥z, n odd, (pos parity) (?-10) o

: 1B = V2 sinkwrx, k even, (neg parity) - (T1)
toobtﬂiﬁ
| WP = Faim) o (1.12)
=1 ‘
o) = zﬁ;‘p-)t-l D "(7.13)_-'
F=t o :_

whm of and ﬁ,, are the n-th and k-th posztwe and nega.twe panty elgenvectors TE-
sy rely In order to get expressions for the normalisation constants, we calculate
the derivatives of (7.12) and (7.13) and let z = 0 so that

N, = v’“z;a,,_ " - (7.14)
o 23 . . _
M, = _E?Jﬁk'—"\/iﬁ- (7.15)

In Figs. (7.6) and (7.7) the amplitudes X, and corresponding power spectra
are drawn for a few intermediate values of y. The normalisation is so chosen that
X, =1if p=0and X, = /3 if p — oo for those values of n where the eigenfunction
makes a contribution within the center interval. Note the emergence of the large
interaction limit at low values of n with values of X, essentially at 0 and /3, The
power spectra (see §3.6.2) are indicative for intermediate correlations in that they
are continuous functions of the frequency, but not constants as it would be for a
random set of amplitudes. The power spectrum is zero for g = 0 and noisy when
p — co. We take this finding as further evidence that the one dimensional model
considered here does behaves chantically.

The coefficients in (7.8) are given by

4 X, o cosfar '
G = = \/5 o8 knﬂwom | _ (7. 16)
.47, - cos fax

According to these equations there is a smooth dependence on the para.meters of the |

wave packet and we make the following observation; the dependence on the initial
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Figure 7.6; The amphtudes of the posxtwe parity elgenftmcuons in the center in-
terval versus n in the order of increasing eigenenergies. The cases for (a) u = 1000,
(b} g = 4000 and (c) p = 10000 are shown,
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- Figure 7.8: The autocorrelation coefficients of the amplitudes in Fig. (7. 6) for (a)
- u=4000 a.nd (b} £ = 10000, The coefficients deca.y exponentlally

‘conditions of the wave pa.cket is smooth. The dependence of the coefficients ¢, and

dn on n, however, looks rather erratic owing to the factors X, and ¥,. The term
‘erratic’ is used because of the form of autocorrelation coefficients which decays
quite rapidly. The coefficients for a few values of p are shown in Fig, (7.8).

- 'The time evolution of the wave packet showe that it disintegrates faster than
it would under the regime of a nonchaotic Hamiltonian [HK 90a]. This is brought
about by what appears to be a general pattern in quantum chaos which is a ten-
dency of the eigenfunctions to be localised in coordinate representation [CIS 88],
[HT 83], [Fi 92]. The eigenfunctions of this system are essentially localised and the
sigensystem seems to fullow a pattern in that ¢,(z) contributes essentially only in
a part of the domain and ¢,41(z) in another. In this way the overlap (¥]4,), using

‘& localised wave packet ¥, becomes an irregular function of n. This behaviour is

reminiscent of scarring of elgenfunct.wns in two dimensional chaotic systems [He 84]
but this is a formal analogy since no association can be mede to periodic orbits.

7.6 Expectation Value of z°

In order to get 2 better understanding of the concept of ‘Quantum Chuos’ every
quantity that manifests the behaviour of a system is important. We conjecture
that the_ behaviour of a system, must also manifests itself in the expectation value

‘of &? i.e., through the spreading of the particle inside the wells, The results from

such an mvestxga.tmn are actually more trustworthy because expecta.t:on values are
independent of the reference state.

Using the wave functions in (7.9) and the amplitudes in (7.14) we can now
calculate the expectation values of 2% in the center interval (see Appendix E.5 for
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the full desivaion). We obtained {nfz?n) in closed form to be

23 ol {(a+beia ,,)s[' “‘“%('56%)]} afd

k=1l=1

(nla?ln) =

Z"‘n% ——'é;g _ o | ._'a==b

Bl

the similarity with the form of the amplitudes plotted in ¥ig. (7.6). The power

-spectra and autocorrelation coefficients are therefore globally similar in nature to -

that plotted in Pigs. (7.7) and (7.8). This clearly shows iu..rmediate correlations

for intermediate values of g and strong correlations for # = 0 and z — oo [HK 90b}.”

7.7 General Comment

"The potential of this one dimensijonal model is very complicated and the behaviour
of the system might be ascribed to the ‘freaky’ potential. In more general terms
though we know that any matrix representation of a Hamilton operator can be
transformed into a tridiagonal mutrix by successive orthogonal transformations; in

‘turn, the eigenvalue equation of a tridiagonal mutrix can be viewed as the discretised
version of a second order differential equation which can be transformed into a

discretised version of a one dimensional Schrédinger equation. From this general
statement, the results obtained above for this one dimensional system and results
from studies on multidimensional systems [He 88] the following conjecture is made:
there must be an isomorphism between any muliidimensional quanium model and a
one dimensional sysiern.

- This transformation gives rise to a one dimensional variable which is not a usual
space coordinate and the potential would also not be a usual well but will have
a complicated structure like that of the model described in this chapter. This

~will then in turn give rise to complicated behaviour which is similar to GOBE (or

chaotic) behaviour as described in this ¢hapter. This conjecture has actually been
implemented for some models describing finite Fermi systems which can und* o

phase transitions [HK 88b], [Sa 91). Soft chaotic behaviour was detected in the

transitional region.

Quantum chaotic behaviour has also been detected in a.nother one dlmenmonm
system which does not have a classical counterpart. Jona-Lasinio and Presilla inves-
tigated a many-body system comsisting of electrons undergoing multiple resonant
{unneling [JP 92]. By using a mean field approximation they found the origin of

the chaotic behaviour residing in the nonlinearity of the Hartree equation. Wu et al

L | (7.18)
~ where @ = x(2k — 1) and b= w(2! — ...nd ol is the n-th eigenvector of the matrix
* Hamiltonian in (7.6). The expecta.tmn values of 22 are plotted in Fig. (7.9). Note
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studied the quantum analogne of a classical integrable system and found that GOE

level statistics can occur in such a system [WV 90]. This. is a step closer in ob-
taining the link between the classical and quantum regimes which could be sought
in the exceptional points of the system as put forward in the previous chapteis.
We conjecture that the periodic orbits of Wat’ classical system can be retrieved by
~ using the exceptional point method and we believe that it can also shaw how t}:us -
system, while class.u:a]ly mtegrable is quantally chaotic. o

7.8 Summary |

From the statistical analysis of this system we conclude that the spectrum shows in-
termediate correlations for intermediate interaction strengths whilst the two asymp-
totics show strong correlations. The spectrum shows numerous avoided level ¢ros-
sings i.e., exceptional points in the complex puplane

~The ’oehamour of the coefficients ¢, and d, i.e. X, and Y, and ti.at of the
expectation valu: of z%, shows the following character of the eigenfunctions:

¢ thereisa de'cay of correlation amongst the individual state vector components,
e the eigenstates have a high sensitivity under perturbation and

» observations similar to scarring of the eigenfunctions are seen (no formal anal-
ogy to scarring can be made because this system does not have a classical
counterpart}. '

This is in sharp contrast to the behaviour of the expansion coefficients relating to
a regular Hamiltonian.

This chapter answered the first question asked in the introduction: from the
behaviour of the eigenstates and the statistical analysis of the spectrum, we conclude
that this one dimensioneal quantal system’s behuviour is similar to systems showing
GOE behaviour. Evidence of other one dimensional quantum chaotic systems that
give GOE fluctuations was also given. '

The second question asked in the introduction is more fundamental and needs
more investigation. Although remote at this stage, one can argue that a detailed
semiclassical investigation of one dimensional quantum chaotic systems, with classi-
cal counterparts, might shed light onto the origin of the quantum chaotic behaviour
(like the system proposed by W et al [WV 80]). A periodic orbit analysis might
- supply satisfactory answers which can then be substantiated with a thorough ex-
ceptional point analysis. A semiclassical analysis of quantum chaotic systems has,
at this stage, not been adequate enough to give a satisfactory explanation of the
behavior of these quantum systems -— a satisfactory connection between classical
and quantum chaotic behaviour still evades us [Bo 92], [Gu 90]. The Gutzwiller

trace formula is, for the time being, the only viable method for establishing such
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a connection (see _
analogue so that the tra~% formula is rendered useless. This gives more impetus
to the conjecture that thzorigin of the chaotic behaviour should be sought in the
distribution of the exceptional points which might serve to answer the second ques-

§2.4.4). The current system, however, does not have a classical

S N — . O a1y =t
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ChaptPr 8

Summdry and Conclusmn

In this thesis we address the following two questions: what are the common proper-
ties of the guantum mechanical operators that give rise to spectral properties that

" are ascribed to quanitum chaos, and if a matrix representatmn of & Hamiltonian
that originates from a classically chaotic analogy is given, what is the mathematical -

mechanism thet yields the special features of the spectrum within the particular
range where classical chaos is discerned?

From the fascinating study of quantum chaos, which remains at best vaguely
defined, it is apparent that, quantum mechanical systems with classical analogues

which dmpla.y chaotic beha.wour, show in corresponding regions universal patterns

of speciral fluctuations. These Ructuations are statistically described with Random
Matrix Theories where there is no physical input e priori. This raises a perplexing
question: why do systems with no intrinsic statistical element such as those ap-
propriately treated by semiclassical methods share universal fluctuation properties
with matrices taken from a random Gaussian Orthogonal Ensemble? We conjec-
ture that, the common denominator to answer these questions, ixrespective of the
physical origin of any system, lies within the exceptional points of the Hamiltonian.
This, however, only addresses one aspect of the broader conjecture that the criteria
for a definition of quantum chaos should be sought in the properties of the quantum
mechanisal operators.

Traditionally there are two methods to study quantum mechanical systems which
have clasgsical chaotic counterparts: the statistical approach using Iandom Matrix
Theories and the semiclassical approach using the trace formula of Guitzwiller which
relies on the remnants of the periodic orbits still detectable in the quantum system.
In this thesis we introduce a third approach, the so-called exceptional point method.
Indeed, in this work we probe the underlying mathematical structure of the quartic

. oscillator and the hydrogen atom in a strong uniform magnetic field (HASUMF)

and investigate the fluctuation properties of a one dimensional quantum system
which does not have a classical connterpart. The first two systems are known to be

chaotic classically, semiclassically and quentum mechanically while the third shows
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a statistical behaviour similar to re'si:lts from a GOE. This stands in contrast to the -
known fact that all one dimensional classical systems are integrable and therzfore -

nonchaotic. Although no classical or semiclassical analysis was done on the sysiems
under investigation, the known results are listed for comparison. The classical

~ behaviour is manifested through the Poincaré surface of sectivn and the Lyaponov

exponent, the semiclassical behaviour through the scarring of the eigenfunctions
and the unstable periodic orbits and the qua,ntum mechanical behaviour through

the Aj-statistic, the nearest neighbour spa.mng distribution and the delocalisation -

lengths of the eigenvectors.
- Of course the definition of except:ona.l points rests upon the existence of a pa-
rameter that can be varied and thus classes of Hamiltonians of the form H(A) =

" Hy + AH; constitute an appropriate testing ground for our investigations. This

seems & reasonable representative choice as most problems in quantum mechanics
can be formulated by this Hamiltonian and in general it is 2 common starting point
for studies in all branches of physics. The eigenvalues of E,(A) of the Hamiltonian
are the roots of the characteristic equation det{Zl — H())] = 0 and the exceptional
points are defined as the complex values of A for whick two different eigenvalues
coincide [HK 91]. For complex A-values the operator is not selfadjoint thus exclu-

ding the genuine degeneracies of the selfadjoint problem as the mgenvalues do not .

coincide for any real A-value.
If the two operators Hy and H; do not commute, then the parameter A may serve

~ to effect a transition from 2 nonchaotic to chaotic reghme. In contrast to the classical

case, the quantum mechanical transition from order o chaos is smooth, although
it can be dramatic. Quantum chaos is associated with avoided level crossings (or
tunneling) such that if they occur on a large scale then quantum chaos is likely to
occur. This phenomenon is seen in all three systems that are discussed. On the
other hand, exceptional points have a physical significance due to their relation with
level repulsion. The connection is realised since the spectrum E.(A),n =1,2,..,,N
has branch point singularities at the exceptional points where two of the N levels
are joined via a square root branch point, If this occurs close to the real A-axis, a
level repulsion occurs for the two levels at real A-values.

Strong correlations exists between the N(N — 1)/2 complex conjugate pairs of
exceptional points and as a consequence, for sufficiently large N, the spectrum is af-
fected by any perturbation of Hy and H, [Sa 91], The high sensitivity under generic

perturbation of a chaotic spectrum and the corresponding state vectors is proposed

asg & signature of quantum chaos, Mathematical examples are used to highlight the
relationship between the sensitivity to perturbation and the energy level density in
the spectrum: the sensitivity depends on the ratio of the averuge coupling matrix
elements and the mean level spacing. In an example where all the unperturbed

levels cross at one particular value of X, the mean level spacing is zero and hence

the sensitivity fo perturbation infinite (see §4.6.1). This is bourne out by the very
small angles required for the exceptional points to emerge from this point. Ac-

ey - f




CHAPTER 8. SUMMARY AND CONCLUSION _ | 142

cordingly the sigenvectors show marked delocalisation, and the distribution of the
localisation lengths the form associated with hard chaos, under this very slight per-
turbation. On the other hand, an unperturbed problem that has an extended region
of level crossings where the average level spacing is finite and coastant, requires a
comparatively larger perturbation to obtain GOE-statistics (see §4.6.2). The eigen-
vectors are delocalised less strongly, but the delocalisation persists over the entire
region and the digtribution of delocalisation lengths has the form associated with

. soft chaos. The difference between the two examples can be understood in terms
of the accumulation of exceptional points. In the first example the singularities are

concentrated in a narrow window of the A-range and due to the mutual influence of
closely lying singularities, there is an enhanced global sensitivity to perturbation.
In contrast, the exceptional points distribution is diluted in the the second exam-
ple hence there is less mutual influence. Although local sensitivity to perturbation
is retained, the overall global sensitivity is reduced and a larger set of angles is
required to produce statistics obeying the Wigner surmise. This is substantiated
through the density of crossing points and the delocalisation of the eigenvectors.
We have mentioned that it is impractical to determine the: exact positions of the

 exceptiondl points but we have proposed s, method by which the unperturbed lines of

a spectrum may be determined by using knowledge from Hy and H; alene. From the
line spectrum the density of crossings (of the mdividual Enes) can be obtained which
is statistically equivalent to ths density of exceptional points. From the analysis in
this thesis we found that the statistical behaviour of & spectrum is highly correlated
to the density of exceptional ponts. By analysing the quartic oscillator we found
that the density of crossings follows the classical, semiclassical and quantum results.
There is an accumulation of crossing points for the range of A-values where the
classical surface of section is nearly filled with points and only tiny regular islands
prevail and where, semiclagsically, scarring of the eigenfunctions around the unstable
periodic orbits occur. The same holds in the region of the spectrum where quantum
chaos is discerned and where the eigenvectors are delocalised. Maximal chaos oceurs
at the maximum density of cross‘mgs We therefore propose that it is the distribution
of exceptional points that gwe rise to the occurrence or absence of statistics ascribed
to quantum chaos,

‘We further note that there are two physical quantities thaf prescribe the be-
haviour of & system: the density of states and the coupling matrix elements [GW 90).
The density of states is related to the density of exceptional points in that the higher
the one, the higher the other (the precise theoretical relation is not yet known) and
the size of the coupling is given by the angles ¢ introduced in §4.4.3 and §4.4.4.
The effect of the coupling was seen in the quartic oscillator where chaos could be
evoked in the system (in the nonchaotic regime where the density of crossings is
low) by enlarging the angles . GOE statistics are obtained by making the coupling
on average twice the size than that presctibed by the original problem.

Although we presume that it is generically the case, GOE type fuctuations must
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not necessrrily ocour if a high_density of exceptional is found at a certain range of A-

values. Ir othier words, in the example of §(4.6.1) some specific nontrivial retational
matrices I/ could possibly be construed which would produce spectra with little or

no fuctuations for the spacings. However, the slightest generic perturbation of that

situation would bring back GOE type fluctuations. It appears that the matrix U
in the quartic chaotic oscillator is sufficiently generic to generate the GOE type
spectrum although there is no random element in it. What must be studied in this
context is finding the (probably small) set of constellations of exceptionsl poinis
which yields no fluctuations and determining the correspondmg rotation ma.rices
U that produce such a constellation. From our experience we conjecture that this

may be possible only for very specific spectra (like harmonic) of both operators, Hy |

and H;. We stress that it is not possible to prescribe a particular set of exceptional
poinis sinice there are strong correlations between them.

The HASUMF has been described as the chaotic system per ezcellence because
of its experimental tractability, This system was chosen to thow that the exceptional
point approach can be applied to real systems in naturs and not just to mathemati-
cal models. The spectrum of the HASUMEF is obtained by using Sturmian functions
and has regions where the density of exreptional points is high, but the behaviour

is nonchaotic. The line spectrum was obtained whose form is globally nearly ex-

actly the same as that of the real spectrum. From the line spectrum we calculated
the density of crossings that substantiated the fact that there are regions of a high

density of states without chaotic behaviour. This shows that the coupling matrix.

elements play a very important role in characterising the behaviour [KH 92b].
The classical and quantumn HASUMF cen both be scaled to depend on one
parameter, the scaled energy ¢, only where

e=E)"?

with B the energy measured in Rydbergs. Lines of constant & are invariant lines
whereon the chaotic behaviour is classically and quantum mechanically constant in

principle quantum number n, By investigating the simple two dimensional matrix -

problem, we propose a measure which characterises the behaviour
B=x:-C:-P=(en?)®.C.P

where P is the density of crossings and { the average coupling matrix elements
(see §6.6.2 for the precise definition of ). With £ constant, B is constant in n
corresponding to the classical and quantum behaviour. The results thus show that
the measure B follows the classical and quantum behaviour: B is small for the ranges
of € where the system is nonchaotic (tha.t is classically and quantum mechanically)
but it increases dramatically when ¢ is enlarged to take the system into the chaotic
regime (the larger B the closer Ag to GOE).

The semiclassical behaviour of the quartw oscillator and the HASUMF gives rise

to another fundamental issue touched upon in this thesis: the substruciure found
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in the spectrum and the elgenfunctlons rela.tmg to the (unsta.ble) panodm orbxts
of an associated classical system is believed to be 1glated to a particular pattern -

of the exceptlonal points. This must be the case sitfee the unstable periodic orbits
are retrieved from hidden periodicities in the spectrum. These periodicities roust
reside within the distribution of the exceptional points. Preliminary results show

tems where Hy has systematic degeneracies like the hydrogen atom. Scarring of

~ the eigenfunctions also seems to have its origin through the sensitivé dependence of

the system on the exceptional points [HC 92]. The distributicir of crossings of both
the quartic oscillator and the HASUMF agrees with the results from a quantum
mechanical and. classical analysis. From thie we conjecture that the exceptional
point method provides the information necessery to build the bridge between the

_ quantum and classical regimes. Jf the behaviour of the exceptionsl points is even-

tually understood in the limit of infinite dimensions, the exceptional point method
may yield additional insight to obtain a mathematical description even of the cor-
respondence principle. This statermnent needs a lot more attention and is the topic

~ of continuing research using the work presented in this thesis as a basis.

Finally Chapter 7 describes a one dimensional model that shows a stafistical

f_."?.havioﬁr similar to GOE. This is not the main theme of this thesis but is in-
cluded because it serves to illustrate an interesting feature of quantum systems:

while all one dimensional classical systems are integrable, one dimensional quan-
tum systems cen display chaotic behaviour. This behaviour was also seen in other
one dimensional models. 'We thus conjecture that by investigating the exceptional
points of seemingly simple one dimensional chaotic systems, which have classical

. counterparts that are integrable, can be instructive in understanding the behaviour

of more complicated quantum chaotic systems.

To summarise: the spec.tra of systems with classical chaotic analogues conta.m |

many avoided level crossings which are associated with the exceptional points. The
fluctuatiou properties of the spectra can be understood through the distribution
of exceptional points where the exceptional point method probes the underlying
mathematical structure of the spectrum. The unstable periodic orbits are due to
periodicities in the spectrum. These periodicities must therefore also be retrievable
from the distribution of the exceptional points. From the insight gained through
the analysis of the exceptional points, we conjecture that quantum cheos is the
more likely to ocour the higher the density of exceptional points. Because of this
and the fact that one dimensional systems can show chaotic behaviour, one might,
now, try to give a characterisation of quantum chaos: guenium cheos is guantum

- mechanics under special conditions where there is ¢ delicaie inlerplay between the

coupling malriz elements and the density of ezceptional points.

"
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_Appendlx A
Quartlc Osc1llator° Matrlx
Representatlon !
" In order to obt#in a matrix repreeent#tion of the Hamiltopian in (5;1) e.g.l-
Ho(p,q) = 5(s} +53) + Va(a) (&
with L . | |
Va(a) = = ~(af + o) + pBd @<l - (A

one has to change variables, scaie the Hamiltonian and mtroduce Bose creation and
annihilation operators. 1o a.vo1d any degeneracies in the spectrum, group theory is
used to obtain an irreducible representation of the Hemiltonian.

A 1 Change of Variables

The I-Iam:ltoma.n in {A.1) is an Hermitian operator a.nd can be transformed into a
more appropriate form through the following change of variables®

¢ = -‘}—5(&'1 +&); @= f(41 dz)

il

n
With (A.3) substituted into (A.1) we obtain

H (B B2y 1, ) = “‘(Px +53) 42 I Sl -7 28 (A.4)

1This isa unitary tronsformation so that all the commutation relations are preserve&.

1456

"\}—2-(1'51 +52); pp= f(m $2). (A3)
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The Hamiltonian in (A.4) can now be scaled® to facﬂ:tate various problems' '
[Sh 88}, [Si 70]. The underlying space is the infinite dlmenmonal Hilbert space

Lz(Rz) with elgenvalue equa.tlon (withi=m= 1)
' 4 P 1 : |

Now let (4 oz)/4 B and with

L~ API, . - P2 — Aﬁz
-2 G- ATd
and ) = f%, one obtains o
1,8 1oy A, |
[ "(a "E) + E[‘h + 92] - gﬁ?z ¢mma_ = _En'f_bmxm- : (A-G)

Equation (A .6) can be wntten_as

bij ”,)w;zmz = En'(ﬁ":um,'

where f :,;,-f'? ‘ - .
€& = {J 1o B, | _ ._ (A7)
d .
an 3ax
A= i— (AS)

With ' denoted from now on by H we have
H(Pths du, 42) Ho(?th: G, &) + AH1(91: Qz) ' (A.9)

where .
Hy, = 5[132' + 55+ “-6‘[&? +& - (A10)
| EAT : (A1)
An upper bound for the lowest eigenvalue can also be found
& = (oo, Hpw) = 3= 3

where ( , ) denotes the inner product and thm; m, is the two dimensional Harmonic
0|c1llator basis

Pmyms = [2™ ™2 my tmgta] /2 Bl Rl B iz (81} oo (G2)- (A.12)

Here Hm,(q;;) is the my-th Hermite polynomial s0 that $pym,(o0) = 0 where

n, my, my=9,1,2,..,, N -1 mthNthe order of the system.

The scaling was chosen so that the elgenvalues of B’ (ihe sealed Hamiltoman) and Hy in (A.1)
are equal when o= X =0.
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A 2 Bose Operator Representatmn

In order to obtain & matrix representa,twn for A in (A 9) we mtroduce Bose creation

~ and a:nmlulat::on operators deﬁned as follows

i = f(% - i)

- and alt other cOmmntators are zZero.

H, a.nd H, are now written in terms of these operators viz.

_ IZ;’(: = _[ + 83+ [ﬁl + i3] + —~[blb{ﬁ,1 + n15161 + bzbgﬁz + szg,gl

Lo+ -—-[(b‘{)‘ +5 0+ -+ 4 (A 16)
and i ' |
Him = 06088+ bubu o+ B8] - boby o BUBLESRE + bt boby + bubyBEh + bybbaba)

._12

- *[nl + ig + BBy + babuy + PeblBY + nlbzbz] ~ -[nlng (A.17)

3.
7"

o = b,,b;, are the number operators.

| (A.13)

SR Y P SV A U

b = \/—(Qk'l"zpk), | k=1, 2. . (A14) |
The follomng eommutatmn relation holds . | : N
Pobl=6a (A

. /’"- : . - . - -
[ L A.2.1 ' Matrix Representation of the full Hamiltonian
L The matrix mpresenta.tlon of H = H,+)\H, is obtained b)r using the two dlmenslona.l
- Ay oscillator basis (m number mpresentatmn) '
B ) =
IR G L] * - L3 - * . o
N in the infinite dimensional Hilbert space Zg(N). Here my,m2 = 0,1,2,...,N ~1
| IR where we choose the order of the mimber pairs (m;, ms) to be .
} - 0 (1,0, (0,1, (3,0), (1,13, (0,2, (3,00, 2,1, (1,2, (0,8), .., (O, ~ 1)
! N is the number of the last energy shell to be considered. The dimension of the
1 0 matrix is then given by
ai _ N(N-1)
M=———-=:




v

— T

3
' HI?I = (ml + ms) + "(ml + mﬂ)larnma r2m2 . _
| _.J(ml + 1)(m1 + 2) 5&.?"1-{-26!:.?!&2 + =2 \/(rn:I + 1)(‘"1'2 + ‘-‘)61‘1.1“; rofizt+2
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- -a.nd the orthogonahty mnd1t1on becomes

(raralmy, ma) = Ermibrama. (A.18)
' The followmg z‘ecumon relations hold o S _
i FTimy +Lma);  Wjma,ma)

bI[m'l! m2) = =
bllmla mz) = ‘\/_Iml -1, mﬂ}} _ bﬁlmli mz) = '\/—Imhm:l 1)
falma,mg) = malma,ma); . falmy,ma) = rnglmy, my). (A.19)

. With the relations in (A.19) and the orthogonality condmon in (A 18) we obtam

the following matrix representat:on for H where (with {rg,r1|Ho|ma, mg) =

'm -2
-'-—1'6—— m1(m1 - 1) 6,1,,,‘,..26 m:;(mg - 1

\/(mz + 1)(my + 2)(my + 3)(m1 + 4) aﬂ,m,+46n.m...

24\/("32 + 1)(m2 + 2)(m2 + 3)(m’2 + 4) 61‘1,7“1 f!aamz-l*‘i

++++.+.

'24 \/ml(ml - 1)(m1 2)(m1 - 3) 5r1,m1-46r:a.m:

+ \/m2(m2 - 1)(m2 —2)(me — 3) br1,mq Oz ma—a o (A.20)

and (with {rs, T'1I-H1|m1: ma) = Hi)

=
!

= S {I(@m + 1)(2ms + Db b

(2 + 1)/(my + 1)(ma + 2) 6ryymy 426ram,

(2my + 1)/ (ma + 1)(ma + 2) &gy Srgmata

(2my 4 1)y/my(my - 1) Se1 jaa~20ra s

(2”‘1 + 1)}y/ma(mg — 1) 5n.m:5r:.ma—2 :
\/tml + 1)(my + 2)(m3 + 1)(""2 + 2)brs ma+28r2 o2
v/ (ma + 1)(my + 2)(ma ~ 1)(m2 —2) 6y my428r2,mam2
yma(my — D)(m; + 1)(m, +2) bnmi-2besmata

+ + + + + + + +

wﬂ;hk!-~12 oM.

e e e

A/ §+I|m1,mg+1) o

\/mlmz(mi—l)(ﬂh 1) br1ims ~26ra -2} - (a2
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LAEAAG

- Table A.1: Character table for the Cy, symmetry group.

A.2.2 Reduced Matrlx Representatlon | ,
The matrix Hamiltonian H = H} + AH}, has multiple degenéra.cies. For the pur-

pose of our study it is essential to work with an irreducible representation of the
Hamiltonian matrix so that no degeneracies, and only avoided crossings, occur (ses
Chapter 4). This is achieved by using group theoretical methods.

We note that the Hamiltonian & in (A.9) is invariant under the follomng trans-

formations .
G~ §, @& - &
G — &, G — -&
G = G, G - -R
I . S (A.22)
g — -, ga —
G = @, G — -@
&~ G G — @
G — - @ = -a

and we say that H admits the symmetries listed in (A.22). These transformations
can be seen as rotations and reflections of a square as depicied in Fig, (A.1).
The symmetries listed in (A.22) are the same as those for the Cj, pom’c. group; &

_ therefore has Cy, symmetry. This group has 8 elements:

‘_E! Gz, C‘h Gd: Ty, 02, o.i‘.l 0-2‘

Here, F is the unit element, Cy, C; and €3 are rotations hy 90°, 180° and 270°
respectively. of and o} are reflections about the § and §, axes whilst oy and e, are
reflections about the same axes rotated by 45° (refer to Fig, (A.1)). This group can
be used to reduce the Hilbert space of A into 5 irreducible subspaces. There are four
one dimensional representations denoted by A, Aa, 51, Bz and one two dimensional
represer*a.tion B, [PE 81]°. The character table is given 1 Table (A.1).

3Pullen ~nd Edmonds studied the system wzth H= @+ + ¢ +¢3)/2 + agle? which aleo

admits the Gy, symmetry group.
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Figure A.1: The Hamiltonian H is invariant under rotations and reflections of the
square. §; and § are the § and g, axes rotated by /4. _

The bases for the second quantised Hamiltonian & are obtained in the irreducible

subspaces. They are calcalated to be linear combinations of the eigenfunctions of
the two dimensional unpertu.rbed harmonic oscillator

s ) = 24+ (2 2me) 4 P 2ma)  C (A23)

Az~ |my,mg) = [2 = 26amy—g2my-1]*(|2m1 ~ 1,272 — 1} — [2mg — 1, 2my - 1}]

By~ jmy,mg) = [2— 26, ma] (121, 2ms) — |2mg, 2my)) -

By = [my,mp) = (24 285msm2,0mp-a (120 — 1,2mp — 1) + |25 — 1,2m; — 1))

Ey = [my,my) = [2 4 28y g O3y m1,2mp-1] (|21, 2mg — 1) + [2mg — 1,2my)).
We chose the subspace of positive parity* to do our calculations in i.e., the Ay

subspace with the basis given by (A.23). We note that, by using this bas:s, the

number pairs (r, 3) and (s,r) will lead to the same state. To avoid this, the order
of the number pairs are taken to be

(mla m2) (0 0)1 (1 0): (2 0): (1 1): (3 0): (2 1)? (4 0)1 (3 1)1 (2 2)’ (5 0)

Using the same notation as before we calcula.te the matrix representations of By

and H, in the 4, subspace viz.

HY = —-[(1+6m.m,>(1 ok

X {[24(m1 + mz) + 36(m1 "I" ma) + 18][6ry imy v s + 5r1.mz rn.rn1]+

#The states are symmetric under permutations of §; snd §3.

iy plmim e = ¢
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8m1¢(2m1 + 1) (2m1 + 2) [6"'1 ;m1+18"2!m + sﬂ.lmﬂ ﬂsml"'l]

+

R . 4 8may/(ome + 1M +2) B raimats + brumarbrnma]

SR 4 8(my- 1)\/2m1(2m1 = 1) Bryma-16rmaitt symernm-i]
L | Ca 8(m2—1)1/2m2( 1) [6rs 30 ma -1 + b ,m,,a,,,,,n]

4y 1)@+ 2)(2m 4 3)(2ma + 4) [ mysabraims + Bragma bmits]

+ /(2ma +1)(2ma +2)(2m; + 3)(2ms + 4) [Braimsbramata + Braymatabraim]
A+ m(Emy — (@~ 2)(2m; = 3) [ms-abama + Snmabumnal

+ \/2”1,2(21::;2 = 1)ams -2)(27-.4»,2 ) [5,1,,,,, a2 +5,,,m_25,,,m; j}A 25)

i

By = T+ )1 82 |
S ‘[[4(’“1 +mg) + 16mymg + 1]{4, r:.,mz raima + Erymy Orgyms ]

| 1+ 4""'2)\/_(27"1 +1)(2m1 +2) [‘smmx-l-laf:,m_z + 6mm.f "i':,in;-l-l]

(1 + 4my)y/ (2 + 1) (23 +2) Brsms Sagmats + Brgatrbams]

+ 4mig)/2m(2my — 1) [6r, me-16rg 2+ Bry g Brg ma1)

.(1. _+ 4m1)V 2m2(2"‘2 - 1) [591,1“1‘5&.*&2-1&‘1'. 5?1_.m—i5fa.m:]"

V(@my+ 1)(@ma + 2)(2mz + 1)(2mz + 2) {6 ma+36ramats + Gryyma 416y +1)
\/(2’“1 +1)(2mq + 2)2mg(2m2 - 1) { (YT SO Uy g Sp——y o
fml(zm 1)(2'“2 + 1)(2'”2 + 2) [6r1,m:-16fe.m+1 + 8ry g +15mm:-11

+ 4+ + + o+ 4+

. + 2‘g/mlm2(2m1 - 1)(2”1'2 -1) [61': smy~10r3 ma—l + su,m—lﬁrzma—.'n]} . (A.Zﬁ)
7 fﬁ-‘-‘-\, . Here Hy is a strictly banded matrix.
0 o
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Appendlx B

Posrtlon Operator Matrix
: Represe.__ntatlon

Let | -
- H(p, q) = Ho(p,q) + A1(q). .
The matrix representa.t:on of Hj can be obtained, in the basis of dlagonal Hy, with-

‘out explicit knowledge of this basis. This Appendix describes an easy to implement

numerical procedure to calculate the matrix representation of the position operator,

if only the eigenvalues of the underlying Hamiltonian are known [KH 92a) mlnch can

then be used to calculate H1

B. 1 Matrix Representatlon of Position Qperator

Let the discrete, nondegenera.te spectrum of the Hamilton operator Ho be known,
Le. '

. (m|Holn) = Bpbpn; n,m =0, 1,2,...,N. - {B.1)

If Ho contains kinetic energy terms and a local potential V' viz.

. 1R .

Hy=—; Z}_ 6 Z -+ V(g'h g2, .- 191’)

f:
with P the dimension of the system. The following commutator holds _
| [Gsy Hol =iy k=1,2,...,P. (B.2)
Now let | . . .

Eobpm = Do : : _ (B 3)

where D, is the diagonal matrix with the eigenvalues of Hj on the diagonal. We '

exploit the commuta.tor [q,.,p,] = $§,, and the completeness relation.
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We aim at calculating (mliln}) without explicitly using the state vectors |n}
in (B.1). This is a.coomplxahed by makmg use of the matrix repmser-tat:on of the

co:nmuta.tor

(ml[é.-,ﬁ.-]ln) Z[(mlﬁflk}(klp.ln) (B R RI3 ] = Gt (BA)

.F:om (B.2) and ueing (B.1) one obta.ms

{mip,Jn) = —i Zkl((mlqalk)Dkn — Dini (Kl dalm)) (B.5)
and then substituting (B.5) back into (B.4) leads to
Smndrs = 2‘[2(mlq“rlk)Dw(k'|§aln) ~ (mld k) (k|4 k) Dirn

- mk*(k’lqa[k)(qurln)] | o (B.6)
K we put (mlqun) i=: QU) we have S |
Qg,’,n,,,,, ~ Do Q00 +2QU D Q) = 6rnbie (B.7)

where we sum over double indices.

As it stands the relation in (B 7) holds in an infinite dimensional space, We also
recall that the operators § and p are unbounded. The matrices @ and D will thus
also be infinite dimensional mairices representing unbounded operators. To be able
to handle them numerically, @ and D have to be truncated. Then, however, (B.7)
can not hold because for finite dimensions the trace of a commutator vanishes as
does the trace of the left hand side of (B.7); ..owever, the trace (over labels n and
m) of the right hand side is equal to N where N is the dimension of the truncated
matrices @ and D (N is conveniently chosen event). To get as close as possible to
(B.7) we replace by, by a modified matrix C' where

/100 v« 0 %
0190 -0 o
001 ...0 *
C=l. .. . . : * (B.8)
0 0 0« 1
La e s ok -1 )
With tr(C) = 0, the fo]lowmg modified equa.tmn is considered for V' finite
- Qflng?:Dk'n - D@0 + 2Q5) D Q) = (B.9)

In (B.8) the asterisks are elements that might be nonzero, but their values are of
no importance for our procedure. Equation (B.9) i a set of 6 noplinear equations
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(in the superscripls k and n for three dimensions) and can be solved for Qum.
Further on we only consider the one dimensional case and drop the superscripts.
The matrix C has also been chosen in this particular way to get as close as possible
to the actual infinite dimensional problen in the top left corner of the truncated
problem. For the one dimensional harmonic oscillator we have tested this problem

~ and the known entries of the infinite dimensional matrix coincide exactly with the

top left corner entries of the truncated problem.

: We demonstrate the explicit procedure for the simpler case of good parity as |
this cuts down the number of equations by a factor two. In this case, the symmetric
‘matrix Q. has zeros on the diagonal and consists of two disjoint matrices Q

(even pamty) and €, (odd parity) so that

Qrm = Qi -
- This reduces the problem so that only the even panty part, which has the following
form,
0 « 0 = 0 .-
T 0 % O %
Qm=|0 % 0 * 0

ﬁeed be considered. The asterisks denote the nonzero elements of the matrix. Q=

has N2/4 independent variables o that (B.9) will lea.cl toa syst.em of N*/4 nonlinesr

equations in N3/4 unknowns.
In implementing (B.8) (for even parity) the fo]lowmg system of equations is
obtained

;QiQOJ'(zem — &~ e:) = by
Y Q@260 — €1 ~ €1) = 8y (B.10)

“where (both equations have to be considered simultaneously)

= 1,3,5,..,,N—1

LE+2N(E+4),...,(N-1)

2,4,...,N

2,4,6,...,N —2

ia(k+2)a(k+4)1 "‘l(N ""'2)-

= 1,8,5,....,N-1

and ¢; is the i-th eigenvalue of Hy. The quadratic equation in (B. 9) can be solved by
solving the set of nonlinear equations in (B.10) and using for instance the Newton-
Raphson method. The Jacobian can be obtained straightforwardly. If a guess-value

is needed a good choice might be Qpm for the harmonic oscillator which is explicitly
known [KH 92a).
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B 2 Representatlon of Quartlc Oscﬂlator

To obta,ln Qnm from the spectrum, of H, alone is of interest for its own sake. In
' addition, we have tested and in fact successfully taken advaniage of the method by

calculating the spectrum for & Hamilton operator H where (with H; local)
| H(p,q) = Hi(p,q) + AH1(q) S (B
For our study we cons:de.red [HK 91] |

.

Ho=§[P1+P [‘11+§]

R 1.9
H =.""§91‘12-

For the specific type of our investigation we required a representation in which A, is
diagonal — the corresponding spectrun is obtained by standard procedure. To get
the representation of H, in that basis our procedure turned out to be very reliable

- and stable for dimensions up to 10{ in comparison with the method used in the
references, The limit of 100 is imp¢.ed because of the computing power at hand.

It can‘be increased if more computirg power is available [KH 92a],
Beca.use of the wide variety of Hamiltonians that can be decomposed in a similar

‘way as K in (B.11), this method is rather general and can help o determine the
eigenvalues and eigenvectors of the full Hamiltonian, With supercomputers, the

limit on the number of equations that can be solved simultaneously can be rather
large, in which case this method proves its full potential.
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- Appendlx C
| Unfoldmg Semlclassmal Method

In general, the Hamiltonians we  stady have the form

Epe=yi+ve (@

. l-'l.

* with f the number of degrees of freedom of the system and g o= lq‘u 925-+.445). For.

H in (A.9) f = 2. To unfold the spectrum of such a Hamiltonian we nced to calculate
Neo(E) (see §3.4), Asymptotically, N,.,(E) can be obtained by a semiclassical it of
the staircase functmn to obtain Weyl’s rule [Oz 88]

V(E)

NooB) % (s

| V(E) is the volume of the classical phase space of dimension N and is calculated

through the following integral

vey=[, [ #rdl _e:_:_[E”— HE D

with © the unit step function. ' _
For the guartic oscillator we make the following ansadz

= E%p’_; q= E‘-‘»‘q" . {C.2)
with n the rank of V. We consequently obtain |

H(P; Q) = _EH(p': Q')
dfp -dfq = EQ'E'..EII d‘-fp’ dfq'

so that

V() =B | [oln- AW #. (03)
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The integrél is constant for B _ob and - _ - IR - ' | _ o .

| . NJE)sVE)=CEFR. . (C4) o

For the quartic oscillator €' = 1, f=2and n=4so0 that ST o
. | . NJ(B)~BL  (CH) |

cq : 15
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.Appendii D

The Hydrogen Atom in a
Magnetic Field |

D.1 _The Hamiltonian

The magnetic force on an electric charge ¢ has its origin in the theory of relativity.
It arises only when the charge is moving and its strength is proportlonal to the ratio

- of its velocity to the velocity of light.

The Hydrogen atom is a two pa.rhcle system, one proton and one electron.
However, after a reduction to a reduced mass system, it can be considered as a one

particle system where a particle of mass m and negative charge ¢ is moving in a

magnetic field B. The Hamiltonian is given by
= Lo tay D1
H= 2m(p+ cA) + ed (D.1)

with p = —4%V, ¢ the velocity of light, A the vector potential of B; and ¢ a scalar
potential denoting the Coulomb interaction between the proton and electron. The
vector potential satisfies VX A=Band V-B=0.

Now, let B have a uniform strength directed along the z-axis i.e. B = . B3, Then

A—“-—er,

called the symmetry ga.uge, which satisfies V- A = 0. Denoting the classical orbital
angular momentum of a charged particle as I = r X p, the Hamiltonian can be
written, in Cartesian coordinates,

2 |
Bl, + = Py 2(m +vy') (D.2)

with [, the z-component of the angular momentum. The right-hand side contains
the kinetic energy, the Coulomb potentm.l the (paramagnetic) Zeeman energy and
the (dmma.gnetlc) gquadratic term.
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Let the a.ngular frequency w (of the cia.ssncal part:cie), 'be half the cycloi:ron
frequency where B
[

.-w=.-

S0 tha.t, at a ﬁeld strengl'.h of

i
2%

m’e ¢

B=By=
the oscxllator energy fiw equals the Rydberg ensrLy where
=~ 13.6 &V

m“”ﬁ~

whlchm&omnowmtheumt of measure of the energy.
In terms of a dimensionless field strength parameter

B hw

YEE - . D4

By R . :
and using from now on atomic units (§ = ¢ = i = e = 1) and spherical coordinates
the Hamlltoman in (D .2) can be written

H-%——+7t+7’2 | .- - (DB)

In this representation relstivistic corrections to the simple model are negligible for
fields with v < 10%. In (D.5) the effects of spm-orbzt coupling has been neglected
which is permissible for strong fields where yn® > 10~* with n the principle quantum
number [Ga 77].

In spherical coordinates the eigenfunctions for the unperturbed Hydrogen atom

: lna lg m) = Rn,ll"l,m o ) h {D.G)

Rﬂ'f(!‘) = l (ﬂ(;i_l)!l)] (21‘ e=tin Lil_-!-]._ 21:) (D.?)

6 gy | DA
with ¥, known as the spherical harmonics. Here n is the principle, ! the angular
momentum and m the magnetic quantum numbers such that _
' | n = 1,2,3,.
l = O 1 2, ,n 1
m = —L—l+1,...,1—1,L

L#H} (2 [n) is the generalised Laguerre polynomisls and P™ (cos 6) the generalised

Legendre polynomials.

with

E3 !""ﬂ TR e e v

~235x105T o (D3)

- :._..,._,._.5......___,_._5 —ed e Py e e g i .4., R )
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D.2 Schrodmger’s Radlal Integral R "SR

| D-Z.l First Method _
We want to calculate integrals of the form

where the associated Laguerre 'polyno:ﬁials' I, ore defined ouch that

.' “( 1) d:c" p+kg Wlth orderp ' .' : o - . . ‘

Flrst, lta=f=1in (D 9) so that : o | o _ | L '_
ae)= [ BN S b0 P
where n, ¢, p, q’ and p' are all integers. Use is ma.de of the genera.tmg ﬁanctmns | . ;- _' '
S L = (-trten () o [
k=0 R

o . ' —p'1 8z ' . - T
':.go Lg:_P.Fz)sﬁ = (1~—3) exp( — 1) (D.11) | b

B
S A L SV R O )

4

and we can say - L
;

] __,_ it t . ¥
St = (- -0 T e ([T 4 7 5]s). 0

Now, multiply both sides with e“"’:c“ and integrate over the positive real axis

Y B Tt [Teen o e | s

e ; kyk! ' R
—g 1 {* . t I e
A EPRy R (FEEP S D S

! | :
| ' make use of the integral

R bz nl
jnze dx"‘__w.i

to obtain

[l
0 t—1 s~1

. a:) dm = n!(l _ t)rﬁ-l(l - s)ﬂ+1(1 - 8t)—1‘5—1
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. 80 tha.t

t" v j zhe™?, ,..,(z)L" " .(:c)d:c -r!(l -t)“”"’(i—-s)”’"' (1- .91.‘)""1 (D 13)

Q is ﬁna]ly obtained by expanding the nght-hand—sxde of (D 13) in powers of i

andsandbyseekmgte:msoftheformt"s so that
&£ 9P

Q—"-n}-!f'( o _H'.H( " )( a'n p’P’ f)( .gnjl)) .'.(.15.14') ..

QP‘T

=0

where {n —p) > 0 and (n p‘) 2 0. The binomial coefficients are defined such that

nl _
Gemm =20

| O 1)!k! <0 .
_ undeﬁned ' k<0 -

To calculate the general integral in (D.9) let

2Ly . (Dae)

Equation (D. 16) can now be seen a8 the sum of the following two equa.tmns

az = (147 .

Bz = (I=v)y ' (D.17)
a~f

at+B

With'T =

With a change of coordina,tes to y

J= (a -?- ﬁ) f VPG“"L:-k((l + ‘7)?1)%:-»((1 - vy)g)dy ' (D.IS)
and by using the known relation [AS 65] ' .
L’(#m) = Z ( ’ f " ) BN = ) T (2),
A=0
one obtains

J = (ai ﬂ)mg%’(-)* ( ) ( ; ) TA+"t1+7)k“"-A(1 ~ q)¥nien

A=t u=0 H |
* { j'; ype-yLk—n—-.\(ﬂ)Lk!—pf-p(y)dﬁ}» - ' (D.iQ)

(D.15)
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| -‘_W1th the use of (D.14)

J= ] (a%ﬂ )E}%p‘gkff(;)h( )( )7’”’“(1+7)’°-n_au 'T)"'-a’—u hE
(e-

A=0 p=)

(H__",_” . : " : : _P_ . o
E (“1) (k —-n- A-—-r) k’ ‘ 'r)( T )D20)
withC =k+ ¥ — A e Equa.tmn (D20) i8 known as'Sc.:hrodmgers'radml.

integral. K o = B the integral is much easier to handle ‘because v = 0 a.nd the
: Megrdlsthenoﬂy defired f A= p = 0 and

onm () {fé'(W(s::)(f:n'flf)(“’."f)}-

(D41

D.2.2 Sécond Method

Schrédinger a.ttempted integrals -‘. ‘the form [Sc 26]

J(z) = f :c’e‘(""‘"s)’f L +k(m:)1'5,‘,+,,,(ﬁz)dm (D.22)

with L"_,_k the associated Laguerre polynomials defined viz.

dm,‘llp, “with order & — p.

The same method as the prev:lous paragraph can be employed where

k=0

I I o S T M
Li(z) = ()(,,, m)l[z B (n— :)l(n Tﬁ k)t . :,]

a:nd after the tra.naformatlon in (D.17)

Lw(”) = g OB
Bu(pe) = §<—>“7;4{5&:i£(y) *

a—p
a+t+ g’

y =

T

e
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(Lt_ | This leads te ' . : I T
Hz) = [—— ~=r Y A
(=) (a+ ﬁ) EE Al | | E
. : { j‘o y”"""‘“‘e"'L""'ﬁ(y) L::ii‘,(y}dy} . _ (]123') _
, B The integral in (D..23) is evaluaed using the generating function {
- ]),, ' : oo U (_)n : 4 - : . l
- : n o x| 1. o
o : . gﬂLn-{-k(x) (ﬂ- 4 k)l (1 t)ﬂ-l-l exp ( t— lx) | : | R . '},
to obtain - - o | | R |
Q@) = [are L,';+,,(x)L§,i+,,,(m)dm -
| ' ' - —-p 1
= pln+ k)!(n + y)tz( ~1)¢ ( ) ( v ) ( )Ij 24)
With (D.24) | 3
_ y Jz) = | —m n+ B (n' + k) + x4+ ) .
\) | ” (Q-HSJ ERED gg M l (P & | R
< k=2 . e
/ Sty p G
: +p—=n +A—-n —p—=A—p—-1 _
S e (3 (R ) £t s R
. P
where 0 = n+ n’ + k 4+ k' 4 r. For other methods of solution of integrals over :
generalised Laguerre polynomials see Gordcm [Go 30], Erdefy'l [Er 36] and Mayr L
[Ma 35]. _ Gy
N D.3 Sturmian Functions Lo
H : ! . . L 5 |
o Although the eigenfunctions of the Schrédinger equation form a complete set, the - ' '
fact that the continunm forms part of that set often reduces the completeness pro- IR
perty to formal importance only. The continuwn terms are then wvsually ignored SR :
because the ensuing equations are impossible to deal with. This is the case with the s
discrete Coulomb basis given in (D.6). This basis is incomplete in the sense that the %
positive energy of the afom (the continuum part) has been ignored [Ed 73], It also
O leads to a matrix squation that is impractical to impleinent as can be seen with the FER I
: radial integral in (6.18). To overcome these drawbacks a basis of Sturmian functions - S T A
is introduced which: can reprraarf the Coulomb functions efficiently at small r. i)
- i
' k]

. F/’: bl cn.; - - ‘!:""_‘E" 2 ._H}J_ A i e _.‘:? v - - . - _m-r:n_.._.,.r__,_nw-:."_:—m-jﬁ
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‘such that
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To define a comi:lete basis, the radial ﬁlﬁctiohs are represented in terms of a
suitable set of orthonormal polynomials defined in the interval (0, 00). -Such func-

tions have in general no direct physical significance but they heve several practicel
advantages. The Sturmian functions are then defined as the nontmnal normalised

G m- m.IV(r)} Sur)=0 - (D20)

“angular momentum {, the coupling constimts ay are to be found such that (D.2

_ (1t is assumed that V(r) is attractive) and the kinetic energy must theretore also -

is satisfied. In physical terms the potential energy is being increased as oy increasés

increase to keep E, constant. Therefore the number of oscillations of the Sturmian

- function incresszs, which permits the possibility of orthogonality which reads

J B Sulr)V (r)Sunlr) = —bus V() negative. | (D.28)

The moest widely used Sturmian functions are those: generated by the Coulomb '

potentxal They satzsfy

3(1+1) 2ou) o e
dr3 B =] Su(r)=0 . (D29)

with units of length and energy the Bohr radius and the Rydberg respectlvely The .

. orthogona.hty property is such that

j drS,,;(r) Z8a(r) = bum . (D.30)
By companng (D.29) with that for the Coulomb function |
' z(z+1)

[" &

+ X A= @a
with Ry giveb. in (D.7), it is seen that |

('n—ll—l)
- 2(n+ 1)

(Cr)l+1 e-f:r;z L"ﬂ'ﬁ. . (cr)l | (1).32)

with ey = (n.

| - SM(U) =0 Suls0) 0. (@2
Here n = 1,2,... and { = 0,1,...,n ~ 1. Equation (D.26) con: be considered ad -
a kind of Schrodmger equatlon, where for a fixed totil negative energy E, a.r.'\’? e

J Wt
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Figure D 1 ‘The ! = 0 Sturmian functions for n = 1,2,3 and 4. Unlike hydrogen
- functions, the first node continues t> move closer to the origin with increasing n

(from [Ro 70}).

| e Because almost all bound-state hydrogenic wave functions are close to zero
S :  energy, they suffer from the peculiarity that the innermost zeros of the functions are
P ipsensitive to the principle quantum number n. This means that as n becomes very
' - large, the first zero approaches a value of 1.88 Bohr radii and the region between
the origin and the first zero is never tra.ver_sed‘ This is due to the incompleteness of
the Coulomb set and the continuum part is peeded to analise this region. Because
of (D.27), the Sturmian basis set does traverse this region. The first few btu.rmlan
~ functions are shown in Fig. (D.1).

The matrix elements for arbitrary powers of + can now be obfainad in closed an-
alytic form. The parameter ¢ may assume any positive real value without affecting
completeness or orthogonality properties. Variation in ¢ can be used as a check on

Co convergence. When ¢ = 2/n the functions S, coincides, up to normalisation, with
L ' the hydrogenic radial wave functions for the zero-field degenera.te manifold of states
’ with fixed principle quantum number n {CT 82],
The full eigenfunctions used can now be written as

" imd, m} Se¥im | (D.33) m‘ﬂ

A

A L g

b . which leads to a generahsed eigenvalue problem for H in (D.5) which can be solved o
EE without complications. Te examine a particular region of the spectrum_Jne should s
choose ¢ to correspond to a value of n appropriate to the given energy in the absence
of & field. If [CT 82) 5 ' :

P | = =12, ..,n _ (D.34)

yer!

: the eigenvalues_ will be accurate in the vicinity of n*. Edmonds used a value of i
L O n = 50 and n* = 1 so that { = 2 which resulted in the correct first few energr e
o levels for the ordinary Hydrogen afom [Ed 73]. The Sturmian functions give highly f
accurate energy values in the chosen speciral range.
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D.4 Matrix Elements Using Sturmian Functions

Because the Sturmian ﬁﬁcﬁons in (D .32) lead to & generalised eigenvalue problem
for the Hydrogen atom in a magnetic field, Wunner et al proposed the following

orthonormal and co:nplete set of Sturmian functions! [WKR 86]

(ﬂ- - 5}— 1)!
RETT D)

This besis leads to an ordinary eigenvalue prc;\ “.m, In this basis the radial matrix

. elements can be celeulated analytically. Note however that the ordma.ry Hydmgen

atom, Hy, is not diagonal in this basis.

‘D41 The Radial Matrix Elements
The radial matrix elements are now, with the help of ® "1), calculated to be in .

closed analy+*cal form. Let G =|n,I) and then

e ewy [ =Dl (W P 1)
(ranquln:l) - C+J+ZJ(",+I+1)! (n'+f’+1)!

o ([ e o)
o b=l

g (n-m:_l)! (n*wp”'l)l et ¢ i} ~
- \]("+‘+1)!(n'+1'+1)1 “"‘"”"P”)!{ 2 ( 1)

=1+ N[ g+l=1 Y ~(@+1+0+8) )}
ne—=l—1l=r7 nl—l—1—r o

*

(D.36)

with C = n+n' =1 -3 r. For the Hydrogen atom in a strong magnetic field
g = 2. The binomial coeflicients can be used to obtuin the selection rule for n. We
show this by letting 4 = 2. Now if { = /' the hinomial coefficients are

2 2
n—l-1-r W—le-ler |

The binomial coefficients are only defined if

n=-1-3< r Ssn-I-1
=8 r S/=-1-1

1 Whn.ner et al nsed the redial quantum number n while. here, n is the principle quantum numbéi.

e-—&{zc._cr)fL"fiI(Cr) - (D35}
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or (I is a constent)
n—-3< r £n—~1
n-3< v En'-1
g0 that |
n—-3 £ n'—1
n-38 <

el

and |[n ~n'| £2.
As an example in using (D.36) let’s calculate the matrix element whea V' = [+ 2
and n'=n-1: _

- 21 g |[a=1=-Dl{(n-1-3)1
(=2l l) = ¢ ¢(n+1+1)[(n+1 1)1

(21 + 4)!

A (i ) (aeiten ) (PO

80 '”*.a.tn—I_'—'3$fsn—l—lmdn—_J—ES'r5n-l—-3whichleadstothe
conclusion that ¥ = n — { — 3 only. The sum over 7 is now finite and can be done
analytically?, All the radial matrix elements with ¢ = 2 can be calculated in the
same manner and are given by (H, = (1" n'|r¥ln, 1)) .

When I' = ! we have - _

n'=n-2: H,.=§"2\/(n—1—~2)(n-—1—1)(n+.l)(n.+l.+1)
W=n-1_: H,.=--4nC“2X/(n—l—1)(n+l+1)'
Conf=a o H,=2"8n(n+1)~1(1+2)] (D.37)
w=n+1 : H, =-4(n+1)("\/(n ~Bn+1+2) |
W=n+2 i C"’\/(n—1+1)(n—l)(n+l+2)(n.+l+3)
and for I = [ + 2 we have
W=n-2: H=C*n-l-1)n—1—2)(n—I-38)(n~1-4)
W=nelt Ho=-d?fn—1-1)(n—I-2)(n—1—38)(n+I1+2)
n=n o H=60"/n-1-1)n—1-2)n+1+2(n+1+3) (D.38)
t'=nl H,—-—4«;"3\/(:1.—I—l)(n+l+2)(n+!+3)(n+t+4)
n=n+2 : ,.m(‘“z\/(n+f+2)(n+l+3)(n+l-+4)(n+!+‘)

"'Itmighthappén that 7= o ~ 2n=1!~1n-1n~1+1. Here the summation ja still finite
(with 3 terms) and cen also ba done analytically,
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aud for I = | — 2 we have

wene2 s Ho=(Wn+-2)n+I-Dn+Dn+i+1)
Almn—1 1 H=-4/(n+1=1)n+Dn+1+1)n-1)
n'=n : H= 6¢-2/(n+ D(n + 1+ L)n — O(n— 1 +1) (D.39)
W=ntl 1 He= —4.(""\/(n+l+1)(n J)(-;-—I+1)(n—l+2)
n*'= n.+*2 G He= c*=\/(n ~(n—1+ 1)(n—z+2)(n ~1+3).

D.4.2 The Ordmary Hydrogen Ai:o:m

o= - L) .
. : _ r
with o _
| vy £ 24 10+

ar3 rdr ri

To calculate the matrix elements of the operator Hy we need 2 differential equa.tmn
satislying G,,; (r) defined in (D.35). It is known that

. o, (Da1)

[r&% (2143~ rr)-ﬁ; +(n—1~ 1)] IM2 (¢r) =0 (D_Az)
andtﬁat P | | B |
| ro=lg(Cr) = BLg(Cr) — (B+a)Lfa(¢r).  (D4R)
Now, by differentiating G (r) twice with respect to r and by using (D.42)

- (_gi 'l—d—) G) = Aetrt [- M + "; _Yelol) == )
z 1, 2d

dr® + rdr
- L-Cae b2

with A the normalisation constant of G m(r) By reordmng the terms and by using

(D43)

m-—..m-_—-.—-n—-

_fd@ 2d W+l 2 fn on—1-1) .0
0= {dr3+rdr 72 ity TS _-G“'(r)

_.;1-2.\/(11 ~1=1)(n+1+ 1)‘Gf.¥,1_,('r). . | | ' tD.44)'_

(D.40) :

e
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With (D.41) V? can be identified in (D.44) so that
. Tn=I=1 ¢(n [ ' G
5GY = [——-—2—— s & } & - o ﬂ/(n TS G B
- | Y B
With |n,1,m) = G/ (r)}’}m(ﬂ ¢), the motrix elements of Hy are given by R
". o . | . _ .(mf? Fs?_':"lHO'lﬂ: hm) — }*{_,g_anfﬂ + (cn ‘_2)(13 n'l;ln., I) - . o -. 4 -
ot (-1 'I—Iﬂ-, ) | .
- Jn—T=D)m+ i+, '|-—|n 1, 1)} a,,,.,,(n R
Integrals of the form (', n’]l/r!l[n., ) (q =1,2) are caleulated using Schrodmger e
_ ra.d:al formula in (D 21) viz, | | S ,,
i c cﬂ. fn—1- 1)l (n‘. (1)1 S%E5 (a1 4 1) Lo
: ot 5 o i N S LY
:_ {m!, 1 ﬂIHoln,Z m) = 5nn 5 (n+l+1)!\j T TT g p
| + [(n == Dn—1=r)n' = 1=7) + (= 2/¢)(2 +1+7) E
- (n + 1+ 1)(n -1-1- 'r)(n’ -1- 1')] bt _(D.47) : ﬁ' .
From (D.47) it is clear that Ho is diagonal with respect to [ with blocks (with indices '
n and n') on the d.lagonal. Us:ng this basis, Jy is reducible in I-subspaces .Ho is
not banded and n,n'\.= 1,2,. .
D5 Solving the Schrédinger Equation |
This section describes the method used by Wintgen and Friedrich to obtain the o
R : spectrum for the Hydrogen atom in a magnetic field. This method presetves the
(’\ classical phase space dynamics where they showed that the quantum system also e
. ' depends on the scaled energy £ only. P
b o | They used "\he Hamiltonian in (6.2) which is given in cyhndncal coordinates -
: : - P.o Pz 1 F 1.. ' R
o H= 272 \/p’-i-z’ 2p% Tty ET
E k : It is of practical advantage to introduce the semiparabolic coordinates (u,v) given . .
ny ' in (6.7) so that H can be transformed and the Serddinger equations reads (I, = 0) ;.
Bt A BGE+0) ~ pR0 ) Al =0, (D) 5

T
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A, and A, ere the Laplacians for the rﬁ.diai.pa.rts B and v, e.g
18D

STt T

For fixed values of D < 0 the first two terms of (D.48) represent two deooupled
two-dimensional harmonic oscillators, the third term is a sixth ordér pertur’nat:on

‘and the last term is simply a numerical constant.
o The Schridinger equation (D.48) is solved by ta.kmg matrix elements in a basis
of (parity-projected) harmonie oscillator states characterised by a g:ven oscillator

width b. Equa.t:on (D.48) thus becomes

)
where P, Vyo and T/}, are all sparse banded. matrices of the apera.tors A, — A,,

ut 4 2 ‘and #4972 4 p?0* respectively, The elements of these matrices are pure'

dimensionless numhers independent of E, band . -
~ Equation (D 49) is best ‘solved by taking b = 7"1"'3 so that

(B Yo — V5 + &) = T, (D)

For fixed values of By~%® = ¢, (D.50) represents a generalised eigenvalue problem
for the field strengths 42/2, Tlus method generates spectra, not for fixed magnetic
fields «, but along the hyperbolic lines of the constant scaled energy & V3" 87}
As described in §6.2.2, the structure of the classical phase space is constant along
these lines so0 that a dJrect comparison between the class:cal and quantal behaviour
is possible.

By keeping & constant, but by changing B and «, we are able to explore different

regions of the quantal spectrum without cha.n,gmg the classical dyna.mlcs At small
values of |E| and « the quantum spectrum is very dense, whereas it is very sparse
for large |E| and 4. The region close to £ = 0 and v = 0 corresponds to &

small Planck’s constant, %, in comparison to classical typical actions, whereas %

becomes larger in comparison with typical classical actions as we move along lines
of constant scaled energy towards larger field strengths. This can be expressed by
the commutation relations of the scaled quantal operators associated with the scaled
classical variables (6.3), e.g. [Fr 88}

[52, 8] = 7]z, p.] = ir"/%h.

This ena.bles one to study the semi-clessical limit by keeping ¢ fixed and by decreas-
ing the magnetic field strength.

""d:g;\";ﬁ.{:‘;-‘__-l-..».--., EEEFERE Ay T T L

[---T + Bt Vo — --y’b“v;. + 4] = 0 - (D 49)
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Appendix E

Spectrum for a One Dlmensmnal
Chaotic System '

In this Appendix we describe two methods for caleulating the spectrim of the model
proposed in Chapter 7. The first method involves solving the Schrédinger equation
directly and the second is based on a matzix representation of the Hamiltonian and
ite subsequent diagonalisation. The last section focuses on the problem of numemca.l
accuracy that has to be adhered to.

E.1 Schr&dinger. Method

By taking the general solution of the I-th interval as
Yy = Ajcoskz + Bysinkx (E]_)

we find, for z € [}, 1], the values 4) =1 and B, = 0. The coefficients 4; and B
in the adjacent intervals are found from the requirement that the wave function be
continuous and its derivative has a jump of Af(z;) at the barrier potentials. This
establishes a linear rela.tlonship between the coeflicients in adjacent intervals. For
the interval next to [, s] we obtain

A Y (- asin 2kz2) —a(l — cos ky) 1
A\ B J 7\ a(l4cos2kes) (1 + ocoskas) 10
and for the fth interval we have |
Ay o [ Q—asn?bn) ~a(l- coskss) 1Y)
: B ] ‘=.2 o1+ cos2kz;) (14 acoskz;) 0
where @ = A/2k. Here the matrix product runs over the strictly ordered Cantor

set in one direcuon, since the individuul matrices do no commute. For symmetry
reasons we can choose z; > 0, i.e. the product runs from 22 = 1/6 to z,, = 1/2.

(E2)
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The Spectrum is obtained by mak:ngl_me_of the bounda.ry condltmn |
T
_ " Ay cos(z )+B°°sm(—~) 0o (V‘ 3 IR
. i i .
. which ensures tha.t. the wave function vanishes at the boundary of the squm‘e weil _ R
ie. 24 = 1/2. The spectrum is calculated numerically by finding the values & SRR PR
whete (E.3) vanishes for 0 < A £ 4000 and by putting k., = \/E; [HS 89] I s
E.2 Matrlx Dxagonallsatlon T 4
To obtain ma.tnx rapresentatmn of the underlymg Hamiltonian we chooes as a- o 2
basis in Hilbert space L*{~1,1], th “omplete set of the symmetric wave functions | S
of the unperturbed (A = () probw « & the ordinary square we]l wave ﬁmt:t:ons L ‘
e given by | ) 3
Narand _ . |,_-,,)(+)_ = V2cosnwz, n odd (pos parity) - (E4)
' ]k)f-) = 2sinkwz, keven (neg parity). - (E.5)
'I‘he interaction matrix elements (positive parity) are then given by "'3'1_‘ -
_ (ml_.H.,.,gln) 2" ""‘cosmrz, cosmaz; _ (EG) _ “ _
Ty ' ‘where the sums run over all the pe... the Cantor set. ' ' _ LR
\) ' The sums which run over 2* terms for the s-ih generation of the partitioning i
of the interval can be rewritten essentially as a product of s factors by using the P
expression _ -
. 24 e‘ S
£ matiee) = an () {{lfprew (0] Lo
{0 =2 S
soFaceed 2img in ' . oo
+ > I [1 + exp ( 5 )] exp ( 3,_‘{,_)} (E.7) e
. s _ . y=0 r=32 . ?‘.", ) © j
7 ”N where the sum is extended over the positive points of the Cantor set andg =n4m
b or ¢ =n—m {HS 89, [HK 90a}. The sums in (E.6) and (E.7) diverge if s — 0. T
o This reflects the fact that the strength ) must go to zero when infinitely many N
K d-functions are used. To get finite values for the sums we define a new effective o
interaction strength parameter ;1 where A = u27%, This reflects the condition that SRS
A —+ 0 when s — oo, PR
Denoting the right hand side of (E.7) by Z,(g), we obtain the matrix represen- I
tation of thy, interaction Hamiltonian as N ;
1 © - | (m|H, }:ﬂn) = lim 27" Re[Z,(m + n) + Zy(m —-.n)],. (E.8) i L ]
| mm = 1,3,5,... | - "

e e e et
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- The full Hamiltosian, matrix to be dmgonahsed is therefore
Heum —m':r’é'm,,-l-p(miﬂmtln),m 1,3,5,.... ~  (E8)

B e

.The spectrum is obtamed as a function of u by d1a.gona11mng Hm,n The matrix 1s._ '_ [
| essentidgily sparse, yet the off-diagonal e}ements never i.end to zero the fu.rthu away B SR
from the diagonal . _ L

B3 Numer:cal Accuracy S . L o

The sums and products in (B.7) might be very la.rge resultmg in an overflow pmblem ' o
if computer aceuracy is not taken into account. The number of terms in the products [~
and sums can be reduced cons1derab1y by noting that the exponential factors tend to S
unity very quickly when s is increased. For an average double precision ca.lcula.tmn_ S
the accﬂrﬂ-cy 18 roughly 10-%0, We then have : A
R  (tew 2””‘T) ~1+ 3];_23':@ +.. | B

withr=2,3,...,8. This leads to
21“1 £l s— o0 _ lf!
\-) ' - where, numerjcally, ive_wa.nt Q to be as s small 2 possible so that : i ” S
-t ' 2:q Rﬂl[}_m 8 —3 00, : | ‘ e o
Taking the logarithm on both sides leads to the maximum s that can be chosen for | e o
* this particular accuracy e.g. _ _ _ o
o - Sruae = 44 +1ng. . (B10) e

E.4 Expansion Coefficients: Off-Center Interval

1ol In §7.5 the expansion coefficients for the center interval were calculated. We quote.
R § here the expressions for an off-center interval. Let = € [5/18,1/18] and the wave
functions are given by

WY = T ocos k,,ﬂ'z + U, sin kn'fr:c (E.11)
\II("'] = Visinkyrz -+ Wi cos bz (E.12)

where Loy Un and Vi, W, are the normalisation constants (amphtudes) and kn an.d BT 3
k: are the wave numbers ]

TR s e e Ui
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~ We again expand these wave functions in terms of the basu -given in (B.4) and R
-(E 5) and go through the same procedune as described in §7. 5_1:0 obtain - B A

(Z Ot 8(2h — L)z u‘f’s ((%:k 1;?;;};}]) - (®13) .

" 'Wr_ EAE
. i 2imae /DN Y om0
_ d“. = ':1"\/_ (E [51112311' T (2i/DF ) o - (B14) . | v ,

The same conclusmns asin §7.a can also be dra.wnfrom this mterval —the behawour
of the system will be the same throughout all of the mtervais

s

E.5 Expectatlon Value of x?

In this section we give the full derivation of the formula for the sprea.dmg of &
‘particle inside the center interval which was listed in (7.18). _
(ule|ths) is the expectation value of the position z. Let z be in the (.eni:er
interval where we can have z = 0 50 that from (7 14) we have }
with N, the amphtudes of the wave fu.nctzocns used in §7 5. Here o is the n-th Lo
' e1genvector of the matnx hamiltonian in (7. 6) Let the wave functmns be '

= Nacoskyrz; @ € [1/6,1/6] - | e o
and the basis is : L : : : : - _
| 1 =42cos(2l — 1)wzy z €[-1/2,1/2}. = (E.15) R A
o _ ~ Now, expand vy, acecording to the basis in (E.15) such that - o a L
N e m‘zl:ai.qsz('z), sel121 (816
with | .

= (¢:(w)|¢ncz)> = f «»,.(x)qs,(z)dm - (e

i _- To slmphfy our nota.tmn we work in the number representation so that

[al=)) = In)

TRE G e

,i

where

|0} = +/2 6 cqs(2l = 1)x = ().
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_.Th'e state whére.'ln) |0} is thus the state where g = 0 (the ordinary empty
. potential well} and the total wave functions gb“(:c) are the same as the basxs wave
functions ¢i(z) and we have _
Za' = 8-

" The overlap of the basis wave ﬁmctmns with the totel wave functxons mmde the
~ center :nterv'al is t]mn (O]} aud we have from (E.17)

| o = {0jn)
5o that -
Ny =2 3°(0n).

. . 4 . i
The dis‘tribution of the pa;rticle inside the well s

T R = B,

k=1

2220:,,& f &[cos(i.‘k 1)m]z=(p)[oos(2z-1)m]dz
 Let |

G-t =0 -
@-1)r = b o (R1)

and beca.use of the evenness of the mtegrand we have _
(nla:2|n) D) abald (B19)
with : .
i
| A= fo ¢os az(z? cos bx)dz. : (E£.20)
Indefnite integration of (E.20) leads to

' B B A = %ﬁ[cosazcosbz(qsq@-}q/:q:)
2 2,.2
_ +c§samsinbm (——qs( e T—:—) +73 (1 - 1;-))

st o) (1 52)

fsinawsin&(—ﬂ"*raﬁ + 7n2) ). a# b . (B2
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where';v —a+band.q-a—b Becauseofthemnglﬂantym(Em) (whena-b) |
we use the rule by L'Hospital' 80 that _

g Ann) = Aot = s —Dangseomas e b
| +3az(1 — 2sin® az) + 24> ] (E 22) Lo

A ' . Substxtutxon of the boundary cond:ltmns astz=0and z= 1/2 mtu (E. 21) 1ends-_ .
b A . to the dxstn‘outlon of the paxtlcle mmde the center mterval

1 1 _ Lol
?-E"‘s'“f'{l"s'_s_af} . - e= L
Rt ' The orver]n.p of z* and the wave func ions is in the form of a parabola s.round
o the origin. The amplitudes of the wave finctions, on the other hand, tend to zero = .
o at the boundary. A comparison of the amplitudes of the wave functions N, with T
oo the overlap shows that if N, is wunall, (n|z®|n} is large and if N is laxge, (n]z?|n)
1ssma.]lbut1fz—n =0 we have

Ro=lote. B

Ifn-la.ndm—-{]weha.ve (n]m’ln)<N

f‘Tzlus lmutmg case can also be calculated with Agwy = _fa:zcos%zdz = 1[::3 cos2ax dz + L .
i' zéde . . K :
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