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Abstract

Master of Science

The Eigenmodes of Complex Media
by Cade Ribeiro Peters

Structured light refers to the tailoring of light in all of its degrees of free-
dom. This includes amplitude, phase, wavelength and polarisation. Struc-
turing light allows us to create complex optical fields with many interesting
and useful properties. These fields have allowed us to ask deeper and more
fundamental questions about Physics and have revealed new avenues for in-
vestigating aspects of the world around us. They have allowed us to signif-
icantly increase the speed at which we communicate and make information
more accessible. Additionally, they allow for increased resolution and preci-
sion in imaging and measurements, both classical and quantum.

One of the primary limitations when using structured light are the effects
of perturbations. Many complex media, such as the atmosphere, underwater
or biological specimens have a non-uniform refractive index (varying dielec-
tric constant). This distorts most structured light beams, limiting its perfor-
mance and possible uses. This works seeks to investigate this problem and
offer a solution. Much attention has been given to finding which forms of
structured light perform best in certain systems or scenarios.

This work focuses on offering a potential solution to this problem. We
begin with a discussion on common forms of structured light and models
of light propagation. We then move onto methods for generating structured
light experimentally. We then propose the concept of an eigenmode: modes
that are perfectly invariant through such systems. They are structured light
tields that are specially tailored, using our knowledge and understanding of
the Physics of the system, to ensure that they propagate through the system
and exit unchanged. We achieve this by modelling our system as a linear op-
erator and then using this to find the eigenstates of this operator. We do this
for two highly topical aberrations, providing approaches that can be gener-
alised to almost any optical system. We end off this work with a discussion
on important considerations when using eigenmodes for real world applica-
tions.
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Chapter 1

Structured Light and Eigenmodes
of Free Space

1.1 Structured Waves

1.1.1 The Electromagnetic Wave Equation

This work is concerned with the behaviour of classical structured light fields.
To see where the structure of these fields come from, we will begin our dis-
cussion with Maxwell’s equations from which all of classical electromag-
netism can be derived. These are [1]:

V-D=p, (1.1)

V-B=0, (1.2)
0B

VxE_—E, (1.3)

VxH:]+aa—]t), (1.4)

where E is the electric field, B is the magnetic field, p is the free charge den-
sity, J is the free current density, D is the electric displacement and H is the
magnetising field which are defined as:

D =¢E+P, (1.5)
1

B=_—_—H-M, (1.6)
Ho

where P is the polarisation, M is the magnetisation and €y and j/( are the vac-
uum permittivity and permeability respectively. For classical light in free
space, we can assume that there are no charges and currents. Maxwell’s
equations then simplify to:

V-E=0, (1.7)

V-B=0, (1.8)
9B

VxE=3, (1.9)

o 9E

X B = yoeog . (1.10)



2 Chapter 1. Structured Light and Eigenmodes of Free Space

If we take the curl on both sides of Equation 1.9 and invoke the vector identity
V x(VxA) = V(V-A)— V2A, to obtain V x (VX E) = V(V-E) —
V2E. If we now substitute Equations 1.7 and 1.9 on the RHS of the above
expression we yield,

oB
V x — = V°E. 111
X o=V (1.11)
We may then substitute Equation 1.10 into the above and rewrite it as,
1 9°E

2
E-—5-5 =0, 1.12
v 2 ot? (112)

where ¢ = 1/,/€opig is the speed of light in a vacuum. Equation 1.12 is in
the form of the wave equation and so observe that the electric field can be
described as a propagating wave. A similar substitution procedure can be
performed to show that the magnetic field B may also be represented as
propagating wave. Such an equation describes the propagation of distur-
bances/waves through free space. Consequently, if one is able to find solu-
tions to this equation, one would have found functions (also called modes)
that are able to propagate without changing their functional form through
free space. Such modes are known as eigenmodes of free space, coined as
such because they would be eigenstates of the free space propagation opera-
tor. Unfortunately, Equation 1.12 is quite difficult to solve in its current form.
We will make several assumptions in the rest of this section to simplify the
wave equation and extract solutions that we can generate and study.

1.1.2 The Helmholtz Equation and Bessel-Gaussian Modes

To find our first set of solutions, we make the separation of variables ansatz
E (r,t) = U (r) T (t) where we assume our light field’s spatial behaviour U (r)
can be described separately from its temporal behaviour T(t). Applying this
to the wave equation derived above, we obtain the Helmholtz equation for
the spatial function:

VU (r) + KU (r) =0, (1.13)

where k is a constant which can be shown to be the modulus of the wavevec-
tor. The wavevector is related to the wavelength via k = 27t/ A.
The first exact solution we will look at are plane waves, which have the
form: .
U (r) = Ak, (1.14)

where A is a constant parameter indicating the amplitude of the electric field.
The factor k = ky% + kyJ + k.2 is the wave-vector indicating the direction
of propagation. Such waves are defined by infinitely long planes of con-
stant phase which are normal to the wave-vector k. These waves are not
physically realisable as they would require an infinite amount of energy to
construct. However, they are useful mathematical tools for modelling wave
propagation as any wave can be written as a superposition of plane waves.
This will be discussed in detail later in this section when we deal with the
propagation of light fields.
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Another set of exact solutions to Helmholtz equation (Equation 1.13) are
called Bessel modes and are described by Bessel functions of the first kind.
Bessel modes are non-diffracting, meaning they do not change in propaga-
tion and are thus true eigenmodes of free space. However, they are not phys-
ically realisable as the relevant Bessel functions are unbounded and would
require an infinite amount of energy to construct. Luckily, a Gaussian enve-
lope can be added to the function to make it physically realisable and non-
diffracting over specific finite regions by ensuring the mode has a finite en-
ergy. Such modes are known as Bessel-Gaussian (BG) modes, are defined in
cylindrical (7, ¢) coordinates and can be written as:

2

BG; = Jy (ker) e &% &1 (1.15)
N N
M B C D

A

Factor A represents the spatial profile as described by the Bessel function of
the first kind Jj;. The subscript |I| indicates the order of the Bessel function.
The term k; is the radial component of the wave-vector and r is the mag-
nitude of the radial coordinate. Factor B represents the Gaussian envelope
with a waist given by wy. Factor C represents the propagation phase which
is accumulated in propagation and depends on the component of the wave-
vector in the direction of propagation k; = /k? — k2. Factor D indicates the
azimuthal phase variation. The wavenumber k is related to wavelength A by
k = 27 /A. The modes are non-diffracting up to a distance zy,,x = kwo/k;.
The index variable | can take on positive and negative integer values and
corresponds to the topological charge of the mode. The topological charge
arises due to the phase singularity in the centre of the mode and is a result
of the a spiral phase profile for nonzero values of I. This in turn is related to
the orbital angular momentum (OAM) of the mode in which each photon in
the field will have an OAM of [hi. Figure 1.1 shows the intensity and phase
profiles of various BG beams.

1.1.3 Solutions to the Paraxial Helmholtz Equation

To find fully realisable solutions of the wave equation and thus physical
eigenmodes of free space that are truly propagation invariant, we make the
paraxial approximation. Here we assume that the wave propagates primarily
in one direction (which will be chosen as the z-direction for this work unless
otherwise specified). This means we can describe the spatial component of
our field as a complex envelope A (r) multiplied by some propagation phase
factor: .

U(r) = A(r)e*. (1.16)

We then assume that the complex envelope does not rapidly change in prop-
agation (i.e., it is approximately constant when propagating a distance on the
order of one wavelength). This results in the paraxial Helmholtz equation:

V2 Ae*® 4 2ikd,A =0, (1.17)
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FIGURE 1.1: Bessel-Gaussian Beams. The intensity (main images) and phase (in-

sets) profiles of various Bessel-Gaussian beams. All have a beam waist of wy = 2

mm. The rows show increasing topological charge | = 0,2, 6, and the columns show

an increase in the radial component of the wave vector k, = k/1000, k /1500, k /2000
where k is the total wavenumber.

where V2 is the transverse Laplacian (i.e., the Laplacian only in the x-y
plane) and 9, is the partial derivative in the z-direction.

The solutions to the paraxial Helmholtz equation are a class of light fields
known as paraxial modes which diffract slowly and propagate primarily in a
single direction. The most general solutions are known as vector modes and
have inhomogeneous polarisation structures meaning the electric field may
oscillate in different directions depending on the location in the transverse
plane. This dissertation will focus on the scalar mode solutions which have
an electric field that oscillates uniformly across the transverse plane, however
many of the techniques and concepts demonstrated here may be generalised
to vector modes.

Hermite-Gaussian Modes

In order to solve the paraxial Helmholtz equation, we will have to make
some assumptions to simplify our field U (x,y,z). If one assumes the field
U (x,y,z) has Cartesian symmetry, it is most convenient to make the follow-
ing separation of variables ansatz U (x,y,z) = X(x,z)Y(y, z), and so rewrite
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the paraxial Helmholtz equation as:

P 3
(a—x2+ay2+2k8 )u_o. (1.18)

The solutions to Equation 1.18 are known as Hermite-Gaussian (HG) modes
and are given by:

HGY = | 2, (ﬁx> Hu (fy) G gy g v

w?(z)in'tm! w(z) w(z) HC/_/VJ_\E/_/
X ) ¥

(1.19)
Factor A is a normalisation factor for the mode with the beam waist/spot
size goven by

2
w(z) = woy/1+ <i) , (1.20)
ZR
representing the beam waist as a function of propagation distance and wy =
w(0). The Rayleigh range zg = %kwg is the distance at which the beam area
has exactly doubled. The variables n and m represent the horizontal and
vertical indices respectively and uniquely specify each HG mode. They can
be any non-negative integer and can be interpreted visually as the number
of intensity fringes in the x and y directions respectively. The total mode
order is given as M = m + n + 1. Factor B represents the spatial profile
in the x and y directions define by Hermite polynomials H; of order j and
factor C describes the Gaussian envelope. Factor D describes how the radius

of curvature of the wavefront R(z) = z [1 + (‘%R)z} changes in propagation.

Factor E describes the effect of the Gouy phase shift factor (m +n+1)y(z) =
(m +n+ 1) arctan (z/zg) which additionally depends on the mode order M.
Figure 1.2 shows the intensity and phase profiles of various HG beams.

Laguerre-Gaussian Modes

If one assumes the solution to the paraxial Helmholtz equations instead have
cylindrical symmetry, one may also the use a different separation of variables
ansatz, U (r,¢,z) = R(r,z)®(¢, z). In this case, we may rewrite the equation

as:
10 0% 19 J
(;g‘Fﬁ‘F 28¢2+2ka ) =0, (1.21)

Solutions to Equation 1.21 are known as Laguerre-Gaussian (LG) modes and
are given by:

l
LGl - 2p! IV2\ (27 ok ek il ip I EG)
P wz(Z)T((P + |l|)' ZU(Z) p ZUZ(Z) H/—“H/—’\/_\/—/'
. N N e’ D E F G

-~

A B C
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FIGURE 1.2: Hermite-Gaussian Beams. The intensity (main images) and phase (in-

sets) profiles of various Hermite-Gaussian beams. All have a beam waist of wy = 0.5

mm. The rows show increasing vertical index m = 0, 1,2, and the columns show an
increase in the horizontal indexn = 0,1, 2.

Factor A represents the mode normalisation with all the variables repre-
senting the same as before. The variables p and | uniquely index each LG
mode. The radial order is controlled by the p index which can have any non-
negative integer value. For values of I = 0, the number of rings in the LG
mode is equal to p. For non-zero values of /, the number of rings in the mode
is equal to p 4+ 1. Factors B and C control the radial behaviour of the mode

along with the Gaussian envelope in Factor D. Here LLI 'is the associated La-

guerre polynomial, with its argument being 2r? /w?(z). Factor E represents
how the radius of curvature of the wavefront changes in propagation. Fac-
tor F the spiral phase of LG beams. The topological charge is controlled by
I which can take any integer value, positive or negative. As with the Bessel-
Gaussian beams, this topological charge results from the spiral phase front
of the mode and is related to the orbital angular momentum (OAM) of the
mode. Each photon in the field will have an OAM of [fi. Factor G describes
the effect of the Gouy phase (2p + |I| +1)p = (2p + || + 1) arctan (z/zR)
which additionally depends on the mode order M = (2p + |I| + 1). Figure
1.3 shows the intensity and phase profiles of various LG beam:s.
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FIGURE 1.3: Laguerre-Gaussian Beams. The intensity (main images) and phase

(insets) profiles of various Laguerre-Gaussian beams. All have a beam waist of wy =

0.5 mm. The rows show increasing radial index p = 0, 1,2, and the columns show
an increase in the topological charge | = 0,1,2.

1.2 Propagation of Light through Free Space

We have found shapes of light that satisfy the paraxial Helmholtz equation
and we believe these to be eigenmodes of free space propagation due to the
assumptions we have made. It remains for us to study the mathematical
descriptions of wave propagation in order to verify the invariance of these
modes and also see how we must adjust our approach when faced with more
complex media and channels. Such mathematics also has many other appli-
cations outside of optics, including in the fields of quantum mechanics and
quantum field theory where the study of wavefunctions and quantum fields
reveal similar mathematical structures.

There are several methods used to model the propagation of light fields.
We will examine two models which bare significant relevance in the follow-
ing chapters. The first model, which will be discussed in this section, is
Huygens-Fresnel diffraction which is a more fundamental approach to un-
derstanding the behaviour of waves in propagation. We begin by studying
the insights that can be gained from the Helmholtz equation through the
use of Green’s functions. This will provide a basic type of wave which we
can study and thus use to build up the more complicated theory of arbitrary
diffraction. We then proceed to apply this Green’s function approach to de-
scribe the propagation of arbitrary light fields and derive Huygens’ principle.
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We then end of with a discussion on the propagation of paraxial light fields,
which form the vast majority of fields discussed in this work.

1.2.1 Green’s Functions

As we have seen in the previous sections, the dynamics of optical fields are
described by various partial differential equations. A very useful technique
used in finding solutions for such equations involves the use of Green’s func-
tions. To see how this approach works, we may define the following ordinary
differential equation (ODE) with a differential operator L,

LA =g(t), L=Y a(t) . (123

We note here that any function may be describe as a weighted sum of Dirac
delta functions. For example,

/ g(u)o(t —u) (1.24)

Using this fact, we chose solutions of our ODE that have the form

£(t) = / G(u, )g(u)du, (1.25)
and rewrite our ODE as follows,

Lf(t) =

:>/ﬁG(u,t)g(u)du = /g S(t—u)d
O(t —u)

= LG(u,t) = (1.26)
The function G(u,t) is known as the Green’s function of the problem. If it
can be found then solution to the ODE, f(t) may then also be easily found
via Equation 1.25. Such a method is highly beneficial because it turns an in-
homogeneous differential equation into a homogeneous differential equation
if the domain for u and ¢ are appropriately chosen thus making the problem
significantly easier to solve.

1.2.2 Free Space Green’s Function
Green’s Functions and the Helmholtz Equation

We return to the Helmholtz equation (Equation 1.13), which was derived by
assuming that our field’s spatial behaviour can be described separately from
its temporal behaviour. We can add to it a driving term f(r), which turns the
Helmholtz equation into an inhomogeneous, partial differential equation:

V2U (r) + KU (r) = f(r). (1.27)
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We can make use of the Green’s function approach and look for solutions that
have the form:

U(r) = / Gle v ) (£ ), (128)

where G(r,1’) is the Green’s function and must satisfy:
(v2 + kz) G(r,t) =6(r—1). (1.29)

This may be immediately recognised as a point source equation, which will
later help validate the final form of the Green’s function we derive. Before we
may begin to solve for G(r,1’), we must first state a vital boundary conditions
for our problem. We know from experience that light field spread out as they
propagate and thus must be defined over all of space. We also wish to find
solutions that are physically realisable and so must be bounded. We must
therefore impose the condition that as ¥ — oo, G(r,t') — 0. This way the
entire integral in Equation1.28 will be bounded and physically realisable.

Our first step in solving for G(r,1’) is to take note of the symmetries
present in our problem. We know that the Laplacian operator V? is invariant
under translation as derivatives evaluate the change in quantities and not
their absolute values at a point. We also note that the Dirac delta function is
translation invariant as it depends on the difference between two pointr —r'.
Additionally, we see that our imposed boundary condition is also translation
invariant as it is concerned with the functions behaviour at infinity, which
should not change under any finite translation. Thus we may assert that the
Green’s, whatever its final form, should also be invariant under translation.
This implies that we may stop writing it as a function of two variables r and r’
and instead write it as function of the difference between the two coordinates
R =r—1'. Thus G(r,r') = G(r — ') and so Equation 1.29 becomes

(V2+#) G(R) = 6(R). (1.30)
This may then be solved by taking advantage of Fourier transforms. The

Fourier transforms of our Green’s function G(r) and the Dirac delta function
(r) allow us to express them both as,

GR) = o [ Glaatay, (1.3
S(R) = (22)3 / e IR33, . (1.32)

We can then rewrite Equation 1.30 as follows,

(V2—|—k2> (2711)3 /G(q)eiq'RdP’q = #/eiqkdsq. (1.33)
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Recalling that the Laplacian acts only in r we may perform the differentiation
on the right hand side and compare both sides to obtain,

@ -P)Ca@) = 1,
= Cla) = (134

If we are now able to invert the Fourier transform on G(q), we will have our
solution. We begin by substituting this result in to Equation 1.31,

1 1.
R) = ‘AR’ 1.
GR) = s | e (1.35)
Our Green’s function depends on R, which is a radius and thus it is beneficial
to compute the integral in spherical coordinates. If we chose the axes in real
space R to align with the axes in Fourier space q, we may perform the angular
parts of the integral quite easily.

-1 2m pmwm poo 1 ; '
G(R) = W/o /0 /0 qz_kzechosgdqquqsde(p

_ 00 2 T
= % / qzq 2 / e!1R 05 sin pdhdg
0 — Kk Jo

_ —12/°°251an 7> d
4> Jo Rqg g¢*—Kk?

_ L q

We have now reached a critical point as the above equation is infinite due
the poles at g = £k in the integrand. To circumvent this, we will expand the
scope of our integration from the real line onto the complex plane.

Complex Integrals and Feynman’s Trick

Our value for the Green’s function is, for the time being infinite. This seem-
ingly troubling result can be overcome by employing a limiting procedure
commonly known as "Feynman’s trick" which shifts the poles of the inte-
grand and changes the integral from a line integral over the real numbers to
a contour integral over the complex plane. Before we implement this, it is
beneficial to express our Green’s function in a complex form,

1 < q

1 < q
= IR /Oo stqmdq

B 1 ©  geliR 1 © ge~'R
- 8n2Ri/ooq2—k2dq_8n2Ri/qu—kqu' (1.37)

- .
-~ -~

A B
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(@) Im (b) Im (c) Im
f(x) =0

q —> ©

Re ¥ P> Re ¥ ¥ Re
f(x) #0

v

FIGURE 1.4: Complex Contour Integrals. (a) The direction of integral of A over

the real line. (b) The proposed contour integral for solving integral A. (c) If the

integrand is zero along the light blue portion of the contour integral then there will

be no additional contributions to the integral from this part of the contour and thus
is equivalent to the real line integral. For integral A this occurs as g — oo.

In the second line we have extended the limits of integration from {0, c0} to
{—00,00} and in the third line we have made use of the complex exponential
identity sin(8) = [e® — 7] /2i. We first look at integral A. In order for the
integral over the real line to be equal to a contour integral over the complex
plane, the value of the integrand must go to zero when the contour lies off
the real line. The behaviour of our integrand at infinity should be dominated
by the exponential factor and thus we must determine where on the complex
plane the exponential factor will go to zero. On the real line this is normally
straight forward, but for our purposes, g is in general complex. Thus we
separate g into its real and imaginary parts g = g, + iq;,

oRa — piR(ar+iqi) — equ*+i2REIi — oiRar—Rq; (1.38)

Thus we see that the integrand goes to zeros for R > 0 and thus we must
close the contour in the upper half of the complex plane. This concept is
shown visually in Figure 1.4. Since the integrand is zero as R — 0, there are
no additional contributions to the integral if we close the contour at infinity in
the upper half of the complex plane. It is therefore equivalent to the real line
integral. A similar argument holds for integral B which, with the negative in
the exponential, requires the contour to be closed in the bottom half of the
complex plane instead. Thus we may write,

1 qeiqR 1 qe—iqR
R) = - ) 1.
R = o Ao o ), ppd 09
D G —

Where P, indicates the contour in the upper half plane and P_ the contour
in the bottom half plane.

We have established that the real line integral can be replaced with an ap-
propriate contour integral. This is useful as it allows us to apply the Residue
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(@) Im

q=—k

FIGURE 1.5: Feynman’s Trick. (a) The poles present in the initial integral. (b) The

contour integral for solving integral A in the top half of the plane will pick up the

residue of pole at g = k + ie. (c) The contour integral for solving integral B in the
bottom half of the plane will pick up the residue of pole at ¢ = —k — ie.

Theorem from Complex Analysis. This theorem provides a relationship be-
tween the contour integral of a function over a closed path and the residues
of the poles located inside that contour. Motivated by this, we will shift the
poles of our integrands located at g = £k, off the real line and onto the com-
plex plane by a distance € so that the new poles are located at g = £(k + ie).
We can evaluate the contour integrals using the Residue Theorem along our
newly defined contour paths P.. To maintain the equivalence of this shifted
configuration to the original configuration, we will take the limit as € — oo.
The Green’s function may now be written as,

G(R) = —— 1 e Ly e
(R) = 872Ri oo §é+ g% — (k + ie)? 17 8m2Ri el—{?o&é g% — (k + ie)? 9

A

(1.40)

When we apply the Residue Theorem, as shown in Figure 1.5, integral A
will pick up the residue from the pole at 4 = k + i€ in the upper-half plane
and integral B will pick up the residue from the pole at § = —k — i€ in the
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lower-half plane. The computation is as follows:

G(R LI et ety
® = i e e

= Llim M quqR d
= 8mRieme | Jp, [g— (k+ie)][q+ (k+ie)] |

B qe—iqR 4
§é_ g — (k+ie)][qg + (k +ie)] ‘4

.\ i(k+ie)R 3 i\ a—i(—k—ie)R

=l g o ROy (SR ie)e :

87T2Ri e—oo (k+ie) + (k + ie) (—k —ie) + (—k — ie)

1 [eiktioR  ilktic)R

= R | T T
_ L T i(krie)R
= Ram [e }
N S5
= 47(Re . (1.41)

We have now determined that for the Helmholtz equation, the appropriate
Green’s function is a spherical wave with the form,

1 Tl
G(r — 1") = melHr r | . (142)

This Green’s function may then be used to find solutions to the inhomo-
geneous Helmholtz Equation 1.27 by substituting the above Green’s function
1.42 into Equation 1.28 as follows,

U(r) = /;eik“_r/'f(r’)d%’. (1.43)

4rt|r — /|

1.2.3 Scalar Diffraction Theory

The following section is adapted primarily from reference [2].

Green’s Theorem

The fundamental mathematical principle underlying scalar diffraction is that
of Green’s Theorem. This theorem states:

Let U and G be complex functions that depend on position in 3D space. Let
S be a closed surface enclosing a volume V. If U and G and their 1st and 2nd
partial derivatives are single valued and continuous on S then,

(UV?G — GV2U)dV = u26 _goU ds, (1.44)
///V ﬁg ( on E)n>

where 9/0dn is the derivative in the direction normal to the surface S.
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FIGURE 1.6: Surfaces for Green’s Theorem. The construction of the surfaces S’, S
and S, for the evaluation of Green’s Theorem in optical diffraction.

We will take U to be the complex spatial profile of our optical field in 3D.
The function G is an auxiliary Green’s function. As we showed in the previ-
ous section, the natural choice for Green’s function in free space propagation
is that of a spherical wave. We will define the source point of this spherical
wave to be ry and so our wave will have the form,

eiklr—ro| kR

- It — 1o "R

G(r—ro) = G(R). (1.45)
We will define the surface S to surround the point rp. The conditions for
the use of Green’s theorem imply we cannot have a singularity inside of our
volume V. Thus we must isolate the singularity at r = rq. To achieve this, we
will construct a spherical shell S, of radius € centred on the point ry. We will
then be able to apply Green’s Theorem on the surface S’ = S + S, and the
volume V' it encloses without having to worry about the singularity. This
construction is shown in Figure 1.6.

Helmholtz-Kirchhoff Integral Theorem

We know that both our Green'’s function G and the optical field U must sat-
isfy the Helmholtz equation on S’ and in V’,

(V2+iHU =0 = ViU = -k, (1.46)
(V2+K)G =0 = V?G = —-kG. (1.47)

The delta function is zero as rg lies outside of S’. We can substitute this result
into the left hand side of Equation 1.44 to obtain,

///V,(UVZG —GVA)dV = ///V (—UIRG + GRU)AV = 0. (148)
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This means we can break up the surface integral over S’ into a sum of two
integrals, one over S¢ and the other over S as follows,

= Jl (s - o5 = JL (5 o5 ) s (55 -
B P

The surface S can be any arbitrary surface and so would be difficult to per-
form a surface integral over. The integral over S, is defined as a sphere and
is included to explicitly exclude the point rq. If we take the limitas e — 0, we
can easily compute the surface integral and not worry about any issues that
may arise from constructing a strict surface and excluding points that may
be necessary.

The derivative of the Green’s function with respect to n is in general given

by:
ikR
IG(R) _ ¢ cos(n, 1) <ik— l) , (1.50)

on R R

where cos(n, r) is the cosine of the angle between the vectors n and r. The
normal vector of the surface S will always point opposite to the vector r and

so for the surface cos(n,r) = —1. Thus we have,
ike
WGR)| _ e (1 - ik) . (1.51)
on g € \€

The surface element of a sphere is given by dS = dpp?d(), where dp is the
radial measure and d() is the solid angle measure. Thus, the surface integral
is evaluated as follows,

E—%// (uﬁ_Gan)dS

1ke ike
= lim 47e? LI— (1 _ ik) _eau
e—0 € € on
. ) )
= lim4mUe™*e — lim 4rrele*€ik — lim 47T€elk€—u
e—0 e—0 e—0 on
= 47U(xo) . (1.52)

Substituting Equation 1.52 into 1.49 and rearranging gives us our first expres-

sion for our optical field,
//< ——U )dS. (1.53)

This final equation is known as the Helmholtz-Kirchhoff Integral Theorem.
While this is a good first step, we will need to make some further assumption
and observations in order to obtain a calculable field.

o) ds,

(1.49)
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FIGURE 1.7: Diffraction through an Aperture. The construction of the surfaces
S = 51 + S, for the evaluation of diffraction through an aperture.

Sommerfield Radiation Condition

We will now have to be more specific in the type of system we which to exam-
ine. It is informative to study the diffraction of a field through an aperture.
To apply the Helmholtz-Kirchhoff Integral Theorem, we must make a choice
of surface S. We will choose S to be the sum of a spherical cap facing in the
opposite direction of the aperture and finite plane co-planar with the barrier
and aperture. The construction is shown Figure 1.7. We therefore have,

U(ry) — //( L )dS
L)
//52 (u- _ Gau) ds. (1.54)

We will first evaluate the integral over S,. The derivative of the Green’s func-
tion can be obtained from Equation 1.50 and knowing that Ry and n point
in the same direction,

dG(R) _ ¢'fRo 1
=T (Fw) (159

Since most optical wavelengths are very small in scale, the wavenumber k is
very large. Thus for larger values of Rpp, we may approximate ik >> 1/Rpp

and have, ‘ '
aG(R) elkROZ ( 1 ) elkROZ ) )
= ik — 7 ik = ikG. 1.56

on Ro2 Ro2 Ro2 (1.56)
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Using this and noting that the surface element on S, is given by dS = R2,dQ),
we may approximate our surface integral over S, as,

//( aG)dS ~ / (Ga—u—Usz) 2,d0)
5, on on

= / GRpp <E;—u—iku) RpdQ), (1.57)
Q, n

where (); is the solid angle subtended by S and the point rp The term GRp, =
e'*Ro2 and thus is bounded and will vanish as Rgp — 0. The entire surface
integral will then only vanish if the following holds,

Rpp—00 n

This is known as the Sommerfield Radiation Condition and is useful to im-
pose as it means we need not worry about evaluating the integral over S; and
it will not contribute to the overall integral. We may then focus solely on the
integral over S; which focuses on the lights interaction with the barrier and
aperture. The physical interpretation of the Sommerfield Radiation Condi-
tion is that our field falls off at least as fast as outgoing spherical waves and
ensures the field is not dominated by incoming waves, which would blow
up at infinity.

Huygens-Fresnel Diffraction

By imposing the Sommerfield Radiation Condition, we may simply evaluate
our surface integral over Sy,

Uro) = £ //Sl< ——uaG> ds. (1.59)

Such an integral is still challenging to evaluate and can be simplified further.
We may adjust our choice of Green’s function so that it is zero along all of S;.
In this way, we may get rid of the first term in the integrand. Since we do not
want to re-check all of our already established assumptions and conditions,
we can chose our new Green’s function to be a superposition of two spherical
waves. We know all of conditions hold for a single spherical wave, and be-
cause all of the equations and conditions we have dealt with so far are linear,
they should be equally valid when applied to a sum of spherical waves. For
this sum to be zero along S1, the source of the second spherical wave should
be at a point that mirrors rg across the barrier/aperture. This point shall be
labelled ry’. The geometry of this configuration is shown in Figure 1.8 This
wave should also be 180° out of phase with the initial spherical wave so that
they both destructively interfere at S; leading to a null field along the surface
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FIGURE 1.8: Geometry of the New Green’s Function. The geometry of the points
of interest for defining the new Green’s function.

of integration. The form of this new Green’s function Gy (r1) is then,

eiklr—to|  pik|r—ro|

Grew(T) (1.60)

x| B Ir —ro/|

Because Gyew(r1) = 0, this choice allows to simplify Equation 1.59 to,

1 ou  aG -1 oG
U(rg) = yp //S1 (Gg - ug) ds = — //51 U~ —ds. (1.61)

To make our plane of integration more physical, We shall now apply what
are known as the Kirchhoff Boundary Conditions:

* Along the aperture (a subsurface X of the surface S;), the field behaves
as if the barrier is not present at all. While this is not completely true,
it is a reasonable assumption for apertures that are several orders of
magnitude larger than the wavelength.

* Along the region of S; that coincide with the barrier, we have U = 0.
This is imposed because we know the light cannot propagate through
the barrier.

We may then change the surface if integration to be,

-1 oG
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Recalling that the derivative of a single spherical wave is given by Equation
1.50, we can easily find the derivative of our new Green’s function,

OGpew  €FRu1 | e/Ror ) 1
= Ro, cos(n,Roq) | i Ro, R cos(n,Ro1') | i RI

(1 63)

For any point along S1, we know Ry = R61 and cos(n,Rg1) = — cos (n, Ro1’ )

due to the mirrored symmetry of the system. Thus we may simplify the
expression for the derivative to,

9Gew 2¢kRon 1
= R ,R ik — ——
3n Rot o1cos(n, Roy) | 1 Ro
. eikR()l
~ 2ik cos(n,Ro1), (1.64)

01

by also assuming that the distance propagated to the aperture is much larger
than the wavelength, i.e,, Ry; >> A. Substituting this into Equation 1.62
gives,

lkR()l

U(rg) = —// U(r1) 21k Ror cos(n, Ro1)dS
_ 1kR01

— ZZk// (r1) cos(n Ro1)dS

ZkRm
= ﬁ// U(rl) Ro, cos(n, Ro1)dS. (1.65)

This result is known as the Huygens-Fresnel diffraction integral. Physically,
it states that the optical field at some point rq is a weighted sum of spherical
waves all originating at points along a surface . some distance away from
the point. These weightings are directly related to the field at this surface
U(r1). The amplitude of these spherical waves is inversely proportional to
the wavelength of the field and these waves are 90° out of phase with the
tield at the surface X.

1.2.4 Paraxial Light Propagation

This work will focus primarily on the propagation of paraxial structured light
tields. We will use the conventions that all modes will be propagating in the
+z direction. The z-component of these fields is also assumed to be very
small and thus negligible. For an arbitrary field and the geometry as shown
in Figure 1.9, the Huygens-Fresnel diffraction integral can be written as,

1k|r r'| ) /
z)\// cos@d (1.66)
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FIGURE 1.9: Geometry for the Diffraction of Paraxial Waves. The construction of
the surfaces S’, S and S for the evaluation of Green’s Theorem in optical diffraction.

where t’ are the spatial coordinates in the initial plane, r are the spatial
coordinates in the final plane and cos = z/|r — r/| where z is the distance
between the final and initial plane. If we assume that we are propagating
distances significantly larger than the typical length scale of our fields, we
can then assume that z ~ |r — r'| and cos = z/|r — t| ~ 1. This simplifies
the integral to,

ik|lr—r/
U(r) = %//U(r’)e | |(1)d2r’ = %//U(r’)eik“_r/'dzr’, (1.67)

zZ

This approximation cannot be applied to the argument of the exponential
factor as the presence of the wavenumber k implies that even a small dif-
ference between z and |r — 1| that of the same order of magnitude as the
wavelength A, which can be very small, will result in non-negligible changes
in the exponential factor. To deal with this, we will implement the Fresnel
approximation.

Fresnel Approximation

The Fresnel approximation requires the use of the binomial approximation
which, for some value x < 1, we have that,

(1+x)*~1+ax. (1.68)

If we analyse the length factor in the argument of the exponential and assume
that again we have propagation distances that are larger than the length scale
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of our field z > |r — /| = 1> |r — 1| /z, we have,

v = xR+ (-2
= [Pra-xrro-yy
() (2]
pea (5) 2 ()]
= 24 [@=xP+ -y

r—1'|
2z

N

Q

= z+4 (1.69)
This approximation replaces the spherical surfaces of the spherical waves
with parabolic surfaces which are approximately equal at large propagation
distances. Our integral becomes,

, \rfr’|
uw = // )= = g2
eikz

= = // U(r)ex"la2 . (1.70)

The result of these approximations allow us to accurately describe the parax-
ial propagation of light after any distance z. An important term in this ex-
pression that will become prominent later on in this work is known as the
paraxial free space Green’s function,

¢(r,v;z) = i/\ZeéZ -l (1.71)

It is named as such because it plays a similar role in the paraxial diffraction
integral as spherical waves do in the Huygens-Fresnel diffraction integral.
The spherical Green’s function implies that a wave at any point in the output
plane can be described as a weighted sum of spherical waves weighted by
the spatial profile of the wave at the input plane. In the paraxial case, we no
longer describe the output wave as a superposition of spherical waves, but
instead as a superposition of plane waves.

Fraunhofer Approximation

The final approximation will allows us to easily obtain the distribution of
the optical field in the far-field (i.e., when the final plane is a large distance
away from the initial plane.). We will make what is known as the Fraun-
hofer approximation which will help further simplify the exponential factor.
This approximation is physically realised by observing that in general, when
optical fields propagate, they tend to increase in size. Thus over very large



22 Chapter 1. Structured Light and Eigenmodes of Free Space

propagation distances the length scale of the initial field will be much small
than the length scale of the final field in the far-field. We can thus assume that
lt| > |r'| = |r|?> >> || This allows us to approximate the factor |r — 1’|
as,

t—t| = —2r-¢ + |/~ |t —2r-r. (1.72)

Thus, the diffraction integral can be written as follows,

u —~ lkz r| —2r-r d2 /
(r) ~ = )
ik
_ .l ZeZZ I'| // 1‘1' d2 / (1.73)
iz

We may then write the Fraunhofer diffraction integral as,

1kz i
U(r) = — (*+4%) // FHx ) g2y (1.74)

An interesting property of this equation reveals itself when noticing that the
integral is a Fourier transform,

U(u,v) = // X,y )e Z ) gy dy’, (1.75)

where u = kx'/z and v = ky’/z. Thus the far-field distribution of an optical

tield is simply the Fourier transform of the initial field multiplied by some

phase factors. The far-field intensity is then simply the Fourier transform of
the initial field. .
1KZ

U(r) = e FUE,Y)). (1.76)

1.2.5 Angular Spectrum Propagation

Fourier transforms have numerous applications in numerous fields. Their
widespread use and versatility has resulted in numerous algorithms opti-
mising the numerical calculation of Fourier transforms through the discrete
Fourier transform. This makes them an efficient and versatile computational
tool and provide a much faster route for simulating various phenomena.
The field of optics can take advantage of these improved and streamlined
methods for simulating the propagation of complex, spatially varying opti-
cal fields. To do this, we will need to make two assumptions:

1. The optical field is travelling along a propagation axis which we will
label z.

2. The spatial profile of the field is known in some plane z = 0. We shall
call the field in this plane U(x,y,z = 0).

To begin, assume we have some arbitrary, spatially varying optical field
U(x,y,z). We may take the 2-dimensional Fourier transform of this field as
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follows: -
A(u,v;z) = / U(x,y,z)e2" oY) dxdy | (1.77)

This may then be inverted to recover U(x, y,z) as follows,

(x,y,2) // (u,v;2) e~ 2 toy) qudy | (1.78)

We see that in the argument of the exponential we have both spatial coor-
dinates and frequency/Fourier coordinates. This structure is very similar to
that of a plane wave. The spatial profile of a plane wave can be written as,

uplane(x/ y’Z) e elkl‘ — el(kxx+ky3/+kzz) =e TH(MH-ﬁy""YZ)) (1.79)

with |k| = 271/A where A is the wavelength and a? + 2 + 9> = 1. We may
isolate the z-component as follows,

o wxtBy+12) i (ax+py) i ZEY (1.80)

Comparing this to the exponential in Equations 1.77 and 1.78, we can see
that « = uA and B = vA. Clearly then, by taking the Fourier transform of
our field, we are decomposing the field into a weighted infinite sum of plane
waves of varying spatial frequencies. The weighting coefficients for each of
these plane waves are given by the function A(u, v;z) and is therefore called
the angular spectrum of the field U(x,y, z).

If one knows the profile of U(x, y,0), then it is simple to calculate A (ky, k;0)
via Equation 1.77 which gives us the angular spectrum (plane wave decom-
position) of the field. This is useful as the propagation dynamics of plane
waves are much easier to study than those of an arbitrary field. Thus, if we
are able to relate A(u,v;0) to A(u,v;z), we may use Equation 1.78 to calcu-
late U(x,y, z). To to do this, we must go back to the Helmholtz Equation 1.13.
The field U(x,y,z) must describe a propagating wave and thus must satisfy
Equation 1.13. This implies that A(ky, k;; z) should also satisfy Equation 1.13
as follows,

V2A(u,v;z) + K A(u,v;z) = 0. (1.81)

It follows from this that A (k, ky; z) must also satisfy the 1-dimensional Helmholtz
equation in each of the 3 Cartesian directions. Since our field is propagating

in the z-direction, we are particularly interested in how it changes in the z-
direction and sp will focus on the z-component,

@A(u,v;z) +kiA(u,v;z) = e ~——5A(w,v;z) + 7(1 —a”— B°)A(u,v;z) =0.
(1.82)
This is just the 1-dimensional Helmholtz equation, its solution is a 1-dimensional

plane wave given by,

A(u,v;z) = A(u, U;O)eizTnZV 1-a2—p2 _ Alu, v;O)eizTﬂZV 1-u2A2 022 ,  (1.83)
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This tells us that in propagation, plane waves simply gain a phase factor
proportional to the distance of propagation z and the spatial frequencies. We
may then substitute Equation 1.83 into 1.78 to obtain an profile of our field in
the new plane U(x, y, z),

(x,y,2) // (u,v;0)é’ T2V —02A% —i(uxtoy) qudy . (1.84)

Thus, given an initial field in a particular plane z = 0, U(x,y,0), we may
succinctly relate it to the field at some later plane z as follows:

U(x,y,z) = F HF[U(x,y,0)]e T 2V1I-2A2 w22y (1.85)

where F(-) represents the Fourier transform operator. Since this method is
significantly more computationally efficient than others, it is used through
the remainder of this work to simulate the propagation of light fields. Nu-
merical simulations of several structured light beams using the angular spec-
trum propagation method are given in Figure 1.10. Here we see that as the
beams propagate, they maintain the same shape and simply expand /diverge.
This is in accordance with their analytical forms. This demonstrates numer-
ically that they are indeed eigenmodes of free space vacuum propagation.
The divergence of the beams is important to note in situations where one
is propagating large distances. A detector/receiver must be appropriately
sized to detect the entire spatial profile as the beam will have expanded after
propagation. If this is not done, this will lead to a loss of light. The phase
profiles of these beams do change its profile, but this is in accordance with
their analytical definitions in Equation 1.19 for the HG modes and Equation
1.22. Thus, the spiral phases of the LG beams and the chequerboard phase
patterns of the HG beams remain unchanged in propagation, only with some
added curvature.
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FIGURE 1.10: Angular Spectrum Propagation. Simulations showing the use of
the angular spectrum method to model the propagation of various structured light
modes (a) LG3, (b) LG% and (c) H G% over a distance of 10 metres. The initial beam

waist for all these modes is wyg = 1 mm.
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Chapter 2

Experimental Techniques

Throughout the rest of this work, several experimental techniques are imple-
mented to generate structured light fields and impart spatially varying aber-
rations to directly simulate complex channels. This section will give a brief
overview of several techniques employed in creating experimental setups ca-
pable of producing structured modes and replicating complex channels. We
will give an overview of the devices used for beam shaping, known as SLMs
and DMDs, which are versatile digital devices controlling and tailoring the
amplitude and phase of incident light fields.

2.1 Liquid Crystal in Silicon Structured Light Mod-
ulators

2.1.1 Liquid crystals and Refractive Index

Liquid crystals have long been studied for their optical properties, offering
precise control over various aspect of optical waves and exhibiting useful
birefingent properties. For the purpose of spatially structured light, they
have been employed in devices known as liquid crystal on silicon spatial
light modulators (LCoSSLMs or simply SLMs). Such devices consist of a
screen divided up into numerous, microscopic square pixels (in this work
the typical pixel size in about 8 yum x 8 ym). Each pixel contains asymmetric,
oval shaped liquid crystals sandwiched between transparent silicon wafers.
The phase of an electromagnetic wave changes according to [1]

d¢ = 2Tﬂ(ndz +zdn), (2.1)

where d¢ represents an infinitesimal change in the phase at a particular point
in space, A is the wavelength, 7 is the refractive index of the material and z
is the propagation distance. Thus, the transverse phase of a beam can be
changed by making the refractive index a spatially varying function. While
this can be done by also changing the thickness of the medium at different
points (i.e. making textdz a spatially varying function), this is not the work-
ing principle of the SLMs used in this work and so will not be discussed here.
Liquid crystals are birefringent and have differing refractive indices depend-
ing on the direction through which light propagates through the crystal. This
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difference is quantified by assigning two axes: the ordinary axis with refrac-
tive index n, and an extraordinary axis with refractive index n,. The liquid
crystal’s birefringence is quantified by the difference in the two quantities
An = n, — n,. The birefringence itself manifests due to asymmetries in the
crystal’s lattice structure which result in differing interactions depending on
the light’s incident polarisation.

The pixels of an SLM each contain electrodes. By applying a voltage
across the pixel, one is able to independently rotate the liquid crystals con-
tained in each pixel. This change in orientation alters the refractive index of
the crystals” extraordinary axis according to [3]

1 cos?f sin?6
e Moo i

where 0 is the angle of rotation and #, is the refractive index of the extraor-
dinary axis at an angle 8 = 0°. The changing voltage thus changes the refrac-
tive index experienced by the incident light field and modulates it according
to Equations 2.1 and 2.2. The desired voltage is communicated to the SLM
through the use of an 8-bit grey-scale image, where the grey-level is directly
related to the applied voltage. While several SLMs are able to advance the
phase to high multiples of 77 radians. The SLMs used in this work are only
able to advance the phase in the interval [0,27r]. A diagram showing the
structure of the pixels in the SLM screen is given in Figure 2.1. SLMs used
in this work have 8-bit depth meaning there are 256 grey levels. There exist
SLMs with higher and lower bit depths where a higher bit depth allows one
to more finely control the phase retardation applied to the beam at each pixel.
However, in all of these cases one is able to impart a spatially varying trans-
verse phase profile ¢(x,y) onto an incident beam by making the refractive
index vary in space n = n(x,y) through the use of independently controlled
liquid crystals on the SLM screen.

2.1.2 Complex amplitude modulation with a Phase-Only Holo-
gram

Several methods for SLM hologram generation are given in Ref [4] and the
primary method used in this work will be outlined in this section. In this
work we wish to shape paraxial light beams in the transverse plane and so
our hologram will be treated a single phase elements with a uniform (and
very thin) thickness and a phase profile that varies only in the transverse
plane. We also make two assumptions about the incident field. The first is
that it is composed of monochromatic light. This is a reasonable assumption
given that in this work, the fields being shaped are generated by a laser of
wavelength 63 nm and a spectral width of between 1-2 nm. The second is that
the incident field is uniformly polarised and aligned with the birefringent
axes of the liquid crystals. Thus, the birefringence of the crystals is used
only as a means to vary the phase spatially in the transverse plane and the
effects on other polarisations can be ignored. In order to shape light into a
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FIGURE 2.1: Liquid Crystal Phase Modulation. The pixels of the SLM each contain

birefringent liquid crystals. When a voltage is applied to the pixel, the liquid crystals

are rotated. This change in orientation combined with the birefringence allows us to

control the phase imparted onto an incident beam allowing for the spatial structur-
ing of light.

desired field U(x,y), one must apply a transmission function T(x,y) onto
some incident field V (x, y).

U(x,y) =T(x,y)V(x,y). (2.3)

For simplicity we assume the incident field to be a plane wave V = ef(kT-«t),

This is reasonably achievable using common expansion and collimation tech-
niques. This allows us to focus solely on the profile of the output field U(x, y).
We want our complex amplitude modulation scheme to return a field with a
chosen amplitude and phase profile

U(x,y) = A(x,y)e @) (2.4)

However, this is not trivial as the SLM is a refractive optical element and
may only impart a phase factor onto the incident field. This phase must be
function of the the desired amplitude and phase profile of our output field
and so the transmission function must be of the form

T(x,y) = 49, (2.5)
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where H is our hologram phase. We may expand T(x, y) as a Fourier series

T(xy)= Y cne™, (2.6)
m—=—o0
with
1T iH(A) p—ime 4 — 1 [ H(A,¢)—im¢ q 2.7
cm—ﬁ _ne e QD—E/_ne ¢. (2.7)

We are able to control the order in which our desired field occurs by fixing
one of the coefficients. We choose this to be the first order by setting ¢; =
v A for some real, positive number 7. Expanding equation 2.7 using Euler’s
formula thus gives:

7T : 7T
=A== o / cos(H(A, ¢) — ng)de + — / sin(H(A, ) — ng)dg.
271 - 2r -7
(2.8)
Since we insist that v must be a real, positive number, the following two
conditions must be met:

/n cos(H(A,¢) —¢)dp =2n1vA, (2.9)
/ " Sin(H(A,¢) — ¢)dg = 0. (2.10)

One such function that satisfies all the above conditions has the form:

H(A,¢) = f(A)sin(¢), (2.11)

for some unknown function f(A). This can be substituted back into equation
2.5 to obtain the following;:

T(x,y) = f(A)sin(9) (2.12)

We now have a more detailed expression but still do not know the exact form
of the function f(A). To find the form of this function, we may expand the
transmission function again, but this time using the Jacobi-Anger identity.
This identity allows us to express our transmission function as an infinite
sum of Bessel functions of the first kind,

Ty) = Y Jn(f(A))E™ @.13)

m=—oo

This expression can be related back to the Fourier series expansion in equa-
tion 2.6 to show that the expansion coefficients are equal to the Bessel func-
tions

cm = Jm(f(A)), (2.14)
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and since we want our field to appear in the first order, we have:

c1 J1(f(A)),
=A = Ji(f(A4)),
= f(A) = J'(v4), (2.15)

where [ ! is the reciprocal of the first order Bessel function. Since 7 can
be any positive, real number, we will set it equal to 1 for convinience. The
transmission function for the SLM is then:

H(A,¢) = J{ (A(x,y)) sin(p(x,y)) . (2.16)

An unfortunate practical limitation is that SLMs are not perfectly efficient
and significant amount of light will not be modulated by the liquid crystals.
Thus, the output beam will still not have the desired amplitude profile. This
can be overcome by adding in a grating term to the hologram. This results in
the modulated light also being diffracted into the first order, leaving most of
the unmodulated light in the zeroth order. This concept is illustrated in Fig-
ure 2.2. Mathematically, this is expressed by assigning spatial frequencies Gy
and Gy, to the grating in the horizontal and vertical directions, respectively.
The final hologram function will then have the form:

H(A,¢) = J; ' (nA(x,y)) sin[p(x,y) +27(Gxx + Gyy)] - (2.17)

The effect of the grating is shown through simulated images in Figure 2.2.
Here, the hologram is illuminated not with a plane wave, but with a Gaussian
beam with a beam waist twice the size of beam in the encoded hologram.
This is done to more easily see the effects of the unmodulated light. The
intensity profile of various experimentally generated HG beams and their
holograms are shown in Figure 2.3, and experimentally generated LG beams
and their holograms are shown in Figure 2.4.

2.2 Digital Micro-Mirror Devices

An alternative device to a liquid crystal SLM is a digital micro-mirror de-
vice (DMD). Such devices consist of an array of mirrors (typically on the
scale of 3-4 ym) which may face in either an "on" or "off" or "parked" state.
The "parked state occurs when no hologram is programmed on the DMD.
The "on" and "off" states occur when a hologram is programmed and reflect
light towards or away from the desired direction. Such a device is thus a
diffractive optical element and requires a binary hologram, in contrast to the
SLM'’s refractive properties and multi-levelled phase holograms. A diagram
showing the structure and behaviour of the DMD’s micro-mirrors is given in
Figure 2.6. The angle of £12° are fixed as part of the manufacturing of the
DMD and have been chosen by the manufacturer to balance image contrast
and quality with the thin films principles that allow for multiple bends on
the hinge without significant wear and tear [5].
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FIGURE 2.2: Addition of a Phase Grating on the SLM Hologram. The encoded

SLM holograms (top row) and simulated intensity profiles (bottom row) of an LGg

mode generated a)-b) with and c)-d) without the addition of a grating on the SLM

hologram with a Gaussian beam incident on the SLM screen. The absence of a grat-

ing causes the unmodulated light to be mixed with the desired field, thus creating an

undesirable beam profile. The addition of a grating separates out this unmodulated
light leaving only the desired field.
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FIGURE 2.3: Experimental Hermite-Gaussian Beams with an SLM. The encoded

SLM phase holograms (top row) and experimentally generated (bottom row) inten-

sity profiles of various HG! modes. The modes shown are a)-b) HG3, ¢)-d) HG} and
e)-f) HG3.

DMDs have an efficiency of around 6% once a hologram is displayed,
making them far more lossy than SLMs. However, they are significantly
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FIGURE 2.4: Experimental Laguerre-Gaussian Beams with an SLM. The encoded
SLM phase holograms (top row) and experimentally generated (bottom row) inten-
sity profiles of various LG; modes. The modes shown are a)-b) LG%, c)-d) LG% and

e)-f) LG;’.

On stated Incident rays Off stated
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FIGURE 2.5: DMD Micromirrors. The mirrors of a DMD can be in three states: "on",

"off" or parked. When not in use, the mirrors are in the parked state. When in the

"on" or "off" state, the mirrors will deflect the incident beam by an angle of+12°

relative to the incident rays. The value of 12° is fixed and cannot be altered by the

user of the device. It is standard in the manufacturing of the model of the DMD
used.
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cheaper and do not rely on birefringence to shape light, making them insen-
sitive to polarisation and well suited for manipulating vectorial light fields.

221 Complex Amplitude with a Binary Hologram

As with the SLM, we shall assume an incident plane wave and aim to create
a field with the chosen amplitude and phase profile,

U(x,y) = A(x,y)e) (2.18)

For simplicity, we will express the transmission function of the DMD in 1-
dimension as follows:

T(x) = i rect (m) (2.19)

wxo

n=—oo

Here, the mirrors position, width and period are set by the parameters p, w
and x( respectively and rect(x) is that rectangle function defined as

rect(x) = L, forfx| <3 : (2.20)
0, otherwise

As before, we expand the above as a Fourier series to obtain

T(x)= Y ™™, (2.21)
n=-—oo
with -
Cn = / rect (x — px()) e 0 dy . (2.22)
X wxo

The limits of the integration are determined by the extent of the rectangle,
where n = 0, and are thus given by

1

Xg = pXo — zwxo, (2.23)
1

Xp = pxo + wao- (2.24)

The expansion coefficients then become

Xp i, X 1 i
cn(p,w) = / e Py — %EZZHHP sin(tnw) . (2.25)
Xa

We will choose our functions going forward so that our desired field U(x,y)
appears in the first order, thus demanding

€1 = %6’2"” sin(rrw) = Ae'? . (2.26)
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FIGURE 2.6: Experimental LG and HG Beams with a DMD. The encoded binary
DMD amplitude holograms (top row) and experimentally generated intensity pro-
files (bottom row) of various spatial modes. The modes shown are a)-b) LGY, ¢)-d)
HG! and e)-f) HG3. The beam profile might appear more pronounced in the encoded
hologram as compared to the captured experimental intensities. This can be easily
explained by observing that the hologram function does not depend on the square
of the field while the intensity does, thus exaggerating certain features of the beam
profile.

From this expression we can clearly distinguish the amplitude and phase
terms to be

1 1
w(x,y) = Earcsin[A(x.y)]p(x,y) = ;[(p(x,y). (2.27)

Where we have extended our expressions into 2-dimensions. Substituting
these expressions back into equation 2.19 returns:

1 1
5t Esign(cos(np(x,y)) — cos(mmw(x,y)) . (2.28)
As with the SLM we will also add in a diffraction grating in order to separate

out the first order. The final expression for the DMD hologram is then

% + %sign(cos(Zn(Gxx + Gyy)mtp(x,y)) — cos(mw(x,y)) . (2.29)
It is important to note that DMDs have two diffraction processes occurring
simultaneously due to the presence of two set of gratings. One is due to
the programmed grating in the hologram and the other is due to the space
between the micro-mirrors themselves, as they do not perfectly fill the space
that they occupy. Images of experimentally generated HG and LG beams
produced using a DMD, as well as the holograms used to generate them are
given in Figure 2.6.
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Chapter 3

Eigenmodes of the Tilted Lens

This chapter is based on the paper:

Wagner Tavares Buono, Cade Ribeiro Peters, Jacqueline Tau, Isaac Nape and
Andrew Forbes, "Eigenmodes of aberrated systems: the tilted lens," (2022)
Journal of Optics, Vol.24, 125602.

C. Peters derived the expressions for locating the conversion plane, performed several of the
experiments, assisted with the data analysis and contributed to writing the manuscript.

We have now established the existence of transverse spatial modes of light
which are solutions to the paraxial Helmholtz wave equation. They are able
to propagate unchanged through a perfectly uniform medium with a con-
stant refractive index and so are known as eigenmodes of free space. Besides
this unique property of propagation invariance, the Laguerre Gaussian (LG)
and Hermite Gaussian (HG) modes each form a complete set of linear and
orthogonal spatial modes. This endows them with the same properties as
a vector space if given the appropriate representation[6]. Similar represen-
tations in optics are given by polarisation such as the Poincaré sphere and
Jones matrix formalism. However, the spatial mode representation can exist
in even higher dimensions[7]. Such a property makes the modal description
of optical field a versatile and advantageous tool for simplifying the descrip-
tion of many optical phenomena such a light propagation [8], forming con-
venient bases for measurements [9], manipulating laser beam size [10, 11]
and tailoring spatial intensity profiles in propagation [12]. Because the HG
and LG modes both form complete bases, it is possible to decompose an HG
mode into the LG basis and vice versa. This allows for a convenient way to
describe the phenomenon of mode conversion, which can be seen by either
looking at the relationship between the respective polynomials that describe
these modes [13] or by adopting a matrix formalism [14].

Structured light has proved to be an invaluable tool in both the classi-
cal[15] and quantum [16] regimes. However, one of the primary limitations
in both regimes is the sensitivity of structured light beams to aberrations and
distortions in the medium or system. Such a problem has led to the search for
invariant modes of light in specific systems, the so-called eigenmodes of the
system. Much progress has been made to this end with several cases showing
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the ability to perform imaging with eigenmodes [17-19] and achieve super-
resolution [20], while others have shown useful implementation in micro-
cavities [21]. Despite these tremendously significant advancements, very lit-
tle attention has been given to the implementation of popular mode families
such the HG and LG modes [22].

This chapter will focus on an approach that takes advantage of the linear
nature of optical systems to construct a matrix in the transverse spatial mode
basis up to an arbitrary order. Once such a matrix is found, the eigenstates
of this matrix can easily be determined using a number of well-known tech-
niques. They can then be applied to the spatial mode basis to determine the
invariant modes (eigenmodes) of the system. To demonstrate the effective-
ness of this approach, we make use of a simple optical system: a tilted lens.
Such a system was chosen due to its topical nature having found applica-
tions in mode sorting and its ability to detect the orbital angular momentum
of light [23]. We see immediately from the operator obtained in this example
that the invariant modes are the HG modes. We expand this set by using
an often overlooked property of eigenvectors and eigenstates and then test
these findings experimentally, showing the robustness of the HG modes and
their superpositions. It is important to note that, even though we use a tilted
lens as an example, the approach can be applied to any type of optical system
provided sufficient knowledge of the aberration or perturbations is obtained.

3.1 Theory

3.1.1 The Tilted Lens

Purposefully astigmatic systems such as the tilted lens have seen a lot of re-
search effort due them being a simple and effective OAM detector[24]. This is
achieved through the mode conversion of LG modes into HG modes. The use
of the tilted lens as a more compact version of earlier approaches which used
a combination of cylindrical lenses to achieve the same mode-conversion ef-
fect [13, 25]. In general, these systems are called astigmatic mode converters
and they provide and intriguing interface between both ray and wave op-
tics [26, 27]. In the remainder of this section we will interchangeably refer to
the tilted lens as an astigmatic mode converter. Works that have studied the
propagation of LG modes through astigmatic systems include [28-31]. Ref
[31] in particular noted that the vortices present in LG beams split to create
intensity profiles similar to those of Ince Gaussian beams. Several properties
of the mode conversion phenomenon between HG and LG modes have been
observed and studied. These include the conservation of OAM [23] and the
effects of geometric phase. This has led to further work using this technique
for applications as an OAM and radial mode detector [32-35], and in vec-
torial light transformations respectively[36, 37]. The mode conversion can
also be induced holographically [38] and has been combined with machine
learning models [39] to further help identify the various superpositions of
complex structured light fields.
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In the literature, it is common to describe astigmatic mode converters in
the HG basis [14, 24, 39], and so this basis will also be used in our investi-
gation. We will denote a vector in our space as |¥), which is an arbitrary
superposition of Hermite Gaussian modes between the zero and an arbitrary
maximum mode order Nj,,y, and is mathematically described by,

Nmax ]

[¥) =3 ) .

j=0 n=0

Hc;ﬂ_n> ) (3.1)

this can be projected into the position basis as follows,

(x,y|HGy,) = HGy,(x,y)
i . ik(x2+y2) (32)
= Hm(f)Hn(y)elkze“/’m'”e RE - G(%,7),

where ¥ = x/w(z), 7 = y/w(z), the Gouy phaseis ¢y, , = (m+n+1)arctan(z/zg),
w(z) = wo\/1+ (z/zg)* is the beam diameter for a beam waist wy, zg =
nw? /A is the Rayleigh length, G(%,7) is the Gaussian envelope, Hy,(x) is a
Hermite polynomial of order m, and R(z) = z [1 + (zr/ z)z] is the radius

of curvature of the wavefront. The properties of the HG modes allow us to
construct a basis which forms a complete vector space and thus it may used
to describe the structure of any complex light field in the transverse plane.
The modal decomposition given in Equation 3.1 gives the particular super-
position of HG modes required, with the relevant normalised coefficients c;‘
to construct any arbitrary light field |¥). Knowledge of these coefficients
allows for one to describe the propagation dynamics of the optical field us-
ing the modal propagation approach [8], which in turn allows us to easily
describe the effect of the tilted lens on the incident beam.

Since we are using a matrix formalism to describe the action in our modal
basis, and because the action of the astigmatic mode converter is linear, we
may model the action of the tilted lens as a matrix operator M which will act
on any vector in our modal space |¥) as follows,

¥ = M[¥) . (3.3)

If wehave |[¥') = A |'¥) where A is some complex number, then |¥') is known
as an eigenstate or eigenvector of the operator M. Due to the many similar-
ities between the field of optics and the study of quantum mechanics, Dirac
notation is commonly used [7], and will be used in this section to more com-
pactly represent the operator approach we wish to implement. The benefits
of using this operator notation is that it allows us to represent the action
of multiple effects such as phase perturbations in the medium or system,
diffraction caused by free space propagation, and scattering and absorption
effects as a single mathematical operator. Typically, these would require their
own transmission functions or integral transforms to be modelled accurately,
but with the use of the modal basis and the operator approach, we can sim-
plify all these effects into a single operator.
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Using Ref [12], we may write the operator of the tilted lens in the HG
modal basis as

Nuax 0 i(o—2n)m

Mi=) ) e & [|HG_,)(HG;_,|. (34)
0o n=0

The full action of this operator is as follows: a beam is propagated a distance
f (where f is the focal length of the lens when it is not tilted), the application
of the astigmatic phase by the tilted lens (which rotated by some small angle
about the z axis), and then the subsequent propagation of the beam to the
conversion plane denoted by a distance d. More details on the exact location
and properties of the conversion plane are given in later sections. Another
benefit of describing the operator M; in the HG basis is that it makes it imme-
diately clear that the HG modes themselves are eigenmodes of this operator.
An interesting observation is that even though there are an infinite number of
possible HG modes, the eigenvalues of these eigenstates are given by a com-
plex exponential function. Since the indices of the HG modes are all discrete,
positive integers, this results in only a finite number of possible eigenvalues
for any given HG mode. This begs the question: can we glean some under-
lying structure or intuition about these eigenmodes by grouping the modes
according to their eigenvalue? We must then make use of a seemingly un-
derutilised property of eigenvectors: eigenvectors of the same operator with
the same eigenvalue may be added together to form another eigenvector.

Our main takeaways so far are summarised in Figure 3.1. The tilted lens
acts as an astigmatic mode converter and thus causes an LG beam to un-
dergo mode conversion into an HG beam rotated by 45 degrees (top row).
HG beams orientated along the tilted axis are eigenmodes of the tilted lens
and thus will pass though unchanged (top centre row). A random superposi-
tion of HG modes, each with different eigenvalues under the operator M, is
not an eigenmode of the tilted lens, and will change at the output of the sys-
tem (bottom centre row). A superposition of HG modes, each with the same
eigenvalue is an eigenmode of the tilted lens and thus will exit the system
with the same intensity profile as when it entered.

3.1.2 Conversion Plane
Location of the Conversion Plane

The location of the conversion plane must be determined to accurately cap-
ture the action of the operator in an experimental setting. In order to de-
termine the exact plane in propagation where the conversion happens, we
tirst need to define the criteria for conversion and how we are modelling the
tilted lens as an optical element. We begin our analysis by closely follow-
ing reference [13]. In the reference, the Gouy phase difference is the driv-
ing mechanism behind the conversion. The authors argue that an astigmatic
beam can be separated in its x(y) modal components, having different Gouy
phases. The conversion would happen when the Gouy phase difference due
to propagation is equal to 77/2.
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FIGURE 3.1: Astigmatic Mode Conversion. When a Laguerre-Gaussian passes
through a tilted lens, it gets converted to an HG mode at a distance d from the lens
(tirst row). This HG mode is aligned along the diagonal direction. When an HG
modes passes through a tilted lens, it remains unchanged (second row). An arbi-
trary superposition of HG modes will in general not remain invariant when passing
through the astigmatic system (third row). However, if we use several HG modes
with the same eigenvalue to create a superposition of HG modes, this superposition
will remain invariant (fourth row). This figure was adapted from reference [40] with
consent from the authors.

We start then by the Gouy phase separation of the type

Pun@) = (40 + 09 = (w3 ) e+ (3 ) wla), 69)

27 Z0x(y)

Z ) and zp,(,) is the distance between the lens

where ¥,(,) = arctan< o)

and the waist plane of the beam in the x(y) direction. Due to the astigmatic
nature of the lens system, these values are not necessarily the equal nor are
they necessarily equal to waist plane when the lens is untitled zp as the dis-
tortion of the lens moves the location of the waist plane differently in both the
x and y directions. For a distance zg,(,) from the waist plane to the position
where the lens is placed, we get a phase difference Ay, (,) as in

D— _
Ay (D) = arctan <ﬂ) — arctan (M) , (3.6)
ZRx(y) ZRx(y)
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where D is some distance away from the lens. We then make use of the
relation

arctan(a) & arctan(b) = arctan ( fifb) , (3.7)
and get
DZRx ~ ZRx(y)%0x
Al[)x(y)(D) = arctan <22 D2 _(Iy))z iy) () — > . (38)
Rx(y) 0 0x(y) ZOZRx(y) ZOx(y)

While Equation 3.8 is the accumulated phase due to propagation for each
Cartesian coordinate x/y, they can accumulate different phases by having
different zp, (). This can be caused by a cylindrical lens, a rotated lens or a
general astigmatism. Therefore, by accumulating different phases, the phase
difference at any given plane is given by:

0 = Ay — Ay . (3.9)

We may subtract these two terms as is as we are finding the resulting relative
intramodal phase in the beam due to two separate effects in two orthogonal
directions. One effects it’s the distortion in the y direction and the other is
the distortion in the x direction. This has been clarified in the text.

Notably, this relative phase does not depend on the mode order. By com-
bining Equations 3.8 and 3.9 and making use of relation Equation 3.7 we then
see that

Dzry — gD
6 = arctan (qy “R qu ZR}/) , (3.10)
Axqy + D*ZRrxZRy
where
_ 2 2
Ix(y) = ZRx(y) - Dsz(y) + ZOx(y) ’ (3.11)
fi(y)(zo — fxy)
Z0x(y) = + fr@y) - (3.12)
0x(y) (ZO — fx(y))z i Z% x(y)
ZRfJ%
ZRx(y) = v (3.13)

(ZO - fx(y))2 + Z%{

Since we are looking for solutions of the type 6 = 71/2, we want the argument
of arctan to tend to infinity. This would be simply achieved by solving for the
denominator to be zero in Equation 3.10. By defining the quantities f, and f,
as the focal length of the astigmatic lens in the x and y directions respectively,
we can then solve this equation.

Transmission function

We model the tilted lens as a regular transmission function of a thin lens
—in(%#—%) . .

T=e * "/, which has a different focal length for x and y. They take

the form of f, = f and f, = f cos? B, where B is the angle of rotation of the
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lens around the z-axis. The relative phase becomes:

(D, p) = tan~ ! <9 6—)1?9 ) , (3.14)
b c

0, = D*fzgsin*(B), (3.15)

0, = D <D (—fzo + 23 +z%<> —f (z% +z%<)) , (3.16)

0 = fos?(B) (D +20)(D(f —20) + fz0) + Zh(f = D)) . (3.17)

We can then calculate the conversion distances d by setting 6(d, §) = 71/2. An
arctan(x) function, tends to 7t/2 when its argument goes to infinity. Since the
numerator is a simple well behaved function, we look for solutions where
0y + 6. — 0. Solving this system, with the help of Mathematica, gives the
solution for the conversion plane

d= d“dicdb ) (3.18a)
where
d, = f2? (Cosz(ﬁ) (z% 2 fzo> + z%) , (3.18b)
dy = = (f2cos' (B) ((f —20)2+7k) —2fz0c05(B) (f2 —2fz0 +2})
+22 ((f =202 +7k)) (3180)
dc =22} (f cos?(B)(f — 20) — fz0+7}) - (3.18d)

We define z( being the distance between the waist plane of the beam and the

lens, z2 = z% + z% and

)= J f?2} (cos*(B) (2r(zr — 2f) +2j) (2r(2f + 2r) +25) — 2z cos?(B) +2})

((f —20)% +23) (f2 cos*(B) — 2fz0 cos?(B) + 27)°
(3.19)
While 4 has square roots in its formulation, given by 7, the terms inside it can
lead to negative values resulting in imaginary quantities. We interpret this
as the conversion not happening in any plane for that given combination of
tilting angle, beam waist and zp. Therefore, by restraining 7 to real values we
obtain a condition for the conversion to happen, being:

/22 1 2
|B| > arccos ( TR ) : (3.20)

\/2sz+2%+2%

This expression was again obtained with the help of Mathematica. Before
it was used though, two step were taken to simplify the computation. First,
because we wish to restrict # to real values, we restrict the argument of the
square root in Equation 3.19 to be positive. This then also has the convenient
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FIGURE 3.2: Location of the Conversion Plane.Conversion plane distance from

tilted lens as a functions of various beams parameters. Unless specified, the pa-

rameters used were zop = 97 cm, f = 25 cm and wp = 0.5 mm. The units of the
vertical axis are centimetres (cm) for all thee plots.

result of restricting the numerator only to be positive. This was the inputted
into Mathematica to obtain Equation 3.20. In Figure 3.2 we show how the
conversion plane changes for various parameters. The change with beam
waist seems to be the most dramatic, having a big influence not only on the
minimum angle but on how fast the conversion plane deviates from the focal
length as the lens is tilted. For example, the minimum tilting angle changes
on the order of degrees while the beam waist has only change on the order
of a millimetres. The same effect on the tilting angle by changing the focal
length or zp requires changing either on the order of centimetres. The fo-
cal length can have a squeezing/stretching effect on the distance. The beam
waist also has a similar effect where the curvature of plot changes drastically
as the beam waist itself changes. The focal length also has a big influence
on the distance associated with the minimum conversion angle, where it ap-
pears to be always close to the focal length of the lens. In other words, the
slope of the plot changes significantly with small changes in focal length.

The initial distance zg appears to have a linear relation with the minimum
tilting angle. This linear relation however, is due to the small variation of
this parameter relative to the Rayleigh length. In Figure 3.3 we show the
minimum angle from Equation ?? as a function of beam waist and distance
zo. In this case, the same f = 25 cm value was used but zy was set from 0
to about the Rayleigh length z, = 1.2 m. From this graphic we see that, for
zo = 0, the minimum angle only decreases with the waist parameter. With
our general model we were able to see that this is not true as zg increases. For
small beam waists however, we see relatively rapid change in the minimum
tilting angle as we vary zg. The function is asymmetric due to the asymme-
try of the arctan function over the positive real line. The Guoy phase in the
x and y directions evolve differently as discussed previously in this chapter.
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FIGURE 3.3: Minimum Conversion Angle.Minimum conversion angle as a function
of wy and zg for f = 25 cm.

Because the arctan function grows rapidly close to the origin and then trails
off asymptotically to 7r, the build up to a phase difference of 77/2 for mode
conversion is very fast over the propagation distance but the return to phase
difference of zero only occurs again in the far field.

Experimental Comparison

To confirm the validity of our approach, we compared the theory predictions
with experimental observations. The predicted and measured distances can
be seen on the left in Figure 3.4. Blue dashed lines mark the two conversion
distances for each angle and experimentally measured points are marked by
black squares. The error bars were calculated by subtracting the maximum
and minimum distances where the conversion happens (Az) and dividing by
two, whereas the central points are marked by the best mode quality. The
dashed black line marks the minimum angle for conversion, calculated to be
26.55°. The distance for this minimum angle was calculated to be 24.34 cm.

The input mode used was a Laguerre-Gaussian beam with p = 2 and
| = —2, being converted into a Hermite-Gaussian oriented at —45° having
n = 2 and m = 4. On the right-hand side of Figure 3.4, we show an example
of how the errorbars were obtained. The average of the obtained distances
was used as the length of the errorbar.
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FIGURE 3.4: Conversion Points. Dashed blue lines represent theoretical predictions
while squares with errorbars represent experimental points. The parameters used

were wy = 0.5 mm, zp =91 cm and f = 25 cm.
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The experimental data obtained agrees well with the theoretical predic-
tions. We observe that the best conversion obtained was always close to the
minimum conversion angle. When the tilting angle is increased, a stretching
effect can be observed in both conversion planes, but in different directions.
An example of this is the bottom row of Figure 3.4. A Hermite-Gaussian pat-
tern can clearly be seen, but as the angle increases it gets stretched in the y
direction. This is due to the difference of diameter in each Cartesian compo-
nent of the field. The tolerance for finding the conversion plane decreases as
the angle increases, as we see a bigger variation of the mode with propaga-
tion distance.

3.1.3 Sorting Modes by their Eigenvalues

From Equation 3.4, we see that the eigenvalue for any given HG mode can

be determined from its indices. Both indices for the HG function must be

non-negative integers and since they are plugged into an exponential func-

tion whose argument is always divided by a factor 4, resulting in 8 possible

eigenvalues. To make this sorting easier, we define m —n = j € {0,7} such
gy

that the j — th eigenvalue is givenby A; = e’ .

j=6

FIGURE 3.5: Eigenvalue Mapping. Eigenvalues with indices outside the range

j €10,1,2,3,4,5,6,7] can be mapped to ones inside this range using the periodic

nature of the exponential function. This figure was adapted from reference [40] with
consent from the authors.

Since n and m need not be ordered, it is possible for j to take on positive
or negative value. It is also possible for the value of j to lie outside the range
of j € {0,7}. Both of these issues are taken care of by the periodic nature
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of a complex exponential function with an integer index variable. We may
use simple modular arithmetic to map any eigenvalues outside of this range
back to one inside this range. We may use the modulo 8 convention which
gives j = 8a + j', where j' is the eigenvalue outside of our defined range and
« is some integer. For example, the value for j/ = —2 would return the same
value as j = 6 and if j = 14, we could map this to same eigenvalue for j = 6.
We may use this to then define equivalence classes for our eigenmodes based
on their eigenvalue:

jl={vYmneW]|(m—n)=j(mod8)} (3.21)

with the equivalence modulo 8 being denoted by 2 = b(mod 8) [41] and
W is the set of non-negative integers including zero (also called whole num-
bers [42]). When analysing the grouping created by this equivalent class, we
make some interesting observations:

* The indices of the HG modes in each of the classes are not symmetric
(i.e. n # m) except for [0].

e For most classes, if one switches the indices of an HG mode, the new
mode is in a different equivalence class. The only time the new mode is
in the same equivalence class is for the modes in [0] and [4].

e If one looks at the classes [j] and [—j], one would see the same intensity
patterns except rotated by 90° on the about the z axis. This creates a
direct relationship between the class [3] and the class [5] for example.

Equivalence Classes in Mode Indices Space

12
11+ (0] (1]
10 - \ —o— [2] —e— [3]
91 —o— [4] —e— [5]
8 [6] —e— [7]
7_

S 6-

5_

4 -

3_

2_

1_

0 . . .

0 1 2 3 4 5 6 7 8 9 10 11 12

n

FIGURE 3.6: Equivalence Classes. We use different coloured diagonal lines to show

the grouping of HG modes with their indices according to their equivalence class [j]

from equation 3.21. Black antidiagonal lines enclose regions with maximum mode

order Ny.x = 3,6,9,12. This figure was adapted from reference [40] with consent
from the authors.

To visually show the relationship between the eigenvalues, we use Figure
3.6. The HG mode indices n and m are used as the x and y axes respectively,
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such that each point on the grid represents a particular HG mode. The max-
imum mode order Ny is then set and shown as a black antidiagonal line.
All the modes we wish to consider are shown in the grey shaded region un-
derneath this black line. Each colour then represents an equivalence class [f],
and the use of coloured lines are included to connected HG modes with the
same eigenvalue.

3.1.4 Generalisation of Eigenvectors

As discussed previously, we can superimpose two or more eigenvectors with
the same eigenvalue to form another eigenvector. These will be referred to as
auxiliary eigenvectors and we can write them as,

Lngx_jJ LNmang]'*2nJ
|1P>j = ) ). CRatjitn
n=0 a=0

\_Nm%x+jj LNmyxﬁL]'*z”

8 . ,
i Z Z Ciochnf] ’Hthx+n7]>
n=0 a=1

Here |¥) j represents the auxiliary eigenvector formed by a linear combina-
tion of regular eigenvectors of the same eigenvalue A;. The maximum mode
order is given by N. The notation | o] indicates the floor function ensuring
that the indices of the summation are always integers. The summation can
in theory be infinite, but we stop at some maximum mode order as prop-
erties such as beam size are limited by the aperture of a real-world optical
system. It also allows us to have an idea of the beam size and the behaviour
of the mode in propagation [10, 11]. This is most easily seen by looking at the
mode with the highest and lowest mode orders in the superposition. Since
the Gouy phase depends on the mode order ¢y, ,(z) = (n+m + 1)(z), the
mode with the highest mode order will control how rapidly the intensity
distribution varies with z. Conversely, the mode with the lowest mode or-
der will take the longest to reach the asymptotic limit of the Gouy phase and
thus control how quickly the intensity distribution converges to its far-field
pattern.

Given a single equivalence class [j], if more than one mode is included,
there is an infinite number of possible superpositions to be considered, since
all c}}, coefficients are continuous complex variables. Of course, the more HG
modes are included in this summation, the more the intensity patterns will
differ from each other. For simplicity, we will set all coefficients c};, = 1 since
the resilient character of the modes is independent of an initial phase and
relative non-zero weights. Since the auxiliary eigenvectors are composed of
orthogonal modes and each mode can only be associated with a single aux-
iliary eigenvector, they are also orthogonal among themselves, regardless of
the choice of relative weights and/or phases. The Table 3.1 explicitly sum-
marises the superpositions used in this work, with corresponding equiva-
lence classes and eigenvalues up until Ny, = 6. The normalisation factor

HGgoc+j+n>
(3.22)
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’ 1 ‘ Eigenvalue ‘ Mode Superposition ‘

[0] 1 |HG§> n \HG§> n HG%> T |HG8>
1] ¥ 1 |HG§> n HG§> n ]HG§’>
2] i [HG§) + [HG}) + [HG} ) + [HGS )
31| (-1¥* | [HG}) + |HG}) + [HGY)
[4] 1 [HG?) + [HGE) + [HGY) + [HGS )
51| V=1 |[HG})+|HGS) + [HG))
(6] i HG}) + [HGY) + [HG] ) + [HGY)
71| —(-1)** | |HG}) + |HG} ) + |HGY)

TABLE 3.1: Equivalence Class Superpositions. Table showing the equivalence class,

its respective eigenvalue and relevant HG mode superposition. The weighting coef-

ficients in the superposition are all set to 1 and the maximum mode order considered
iS Nmax - 6.

was omitted.

From the above discussion, it is clear that there are an infinite number of
HG modes in each equivalence class [j]. Additionally, since the weighting co-
efficients cj;, in Equation 3.22 are both continuous and complex, there are also
an infinite number of possible superpositions for a given finite set of modes
within the same equivalence class. Such cases will all result in differing inten-
sity distributions both in the waist plane and in propagation. To simplify our
investigation of these modes, we will choose to set each of the coefficients in
any superposition to cj;, = 1. The specific superpositions we will analyse in
this section are given in Table 3.1 with the appropriate equivalence class and
eigenvalue. We will consider superpositions up to maximum mode order of
Nijax = 6.

3.2 Experimental Setup

To test the generation of the eigenmodes, a 633 nm HeNe laser was expanded
using a 10x times objective lens and then passed through a second lens (f =
250 mm) for collimation. This expanded beam was then impinged onto a
digital micromirror-device (DMD). The modes were generated by encoding
binary holograms onto the DMD [43, 44]. The encoded beam waist for all the
superpositions was wy = 0.75 mm. Before we can test the robustness of the
modes, we need to ensure that the binary holograms are indeed generating
the correct HG superpositions. This was done by constructing a 4f imaging
system using a single lens. This is shown schematically in Figure 3.7 A and
involves placing a lens of focal length f a distance 2f away from the the DMD
and then placing the CCD camera a distance 2f from the lens. This should
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LASER

\ d

FIGURE 3.7: Experimental Setup. The experiment consists of a mode generation
step and an optical imaging step. For mode generation, a laser beam is expanded
and collimated so that it impinges on and overfills the screen of a DMD. The imaging
step changes depending on what is being measured. In situation A, a 4f imaging
system is constructed with a single lens to exactly image the prepared mode onto
the camera. In situation B, the lens is placed one focal length away from the DMD.
This figure was adapted from reference [40] with consent from the authors.

perfectly image the generated modes from the hologram onto the plane of
the sensor. The exact focal length of the lens used was f = 300 mm.

Since the action of the operator we have described previously is only valid
in a single plane after the tilted lens, the setup must then be adjusted to test
the robustness of the eigenmodes. To this end the distance between the DMD
and the f = 300 mm lens was adjusted so that it was just a single focal length
away of from the DMD. This is shown schematically in 3.7 B. This setup is
constitutes a 2f imaging systems which allows one to see the far field dis-
tribution of the encoded field. To confirm that the setup was working as
intended, a binary hologram for a Laguerre Gaussian (LG) beam was en-
coded onto the DMD and the camera was place one focal length away from
the lens. An LG beam was chosen as its near field and far field intensity
distributions are nearly identical allowing for an easy confirmation of the
correct plane. Once this was this was done, the camera was moved to a pre-
calculated distance d = 279 mm, the distance at which the conversion plane
for the tilted lens was determined to be in the previous sections. The lens
was then tilted by an angle of approximately  ~ 24°. The the tilting of the
lens also slightly deflects the propagation direction of the beam and so this
had be compensated for in the positioning of the camera. We then encoded
binary holograms of the superpositions given in Table 3.1.

3.2.1 Propagation

Before we look at the robustness, it is worth considering the propagation dy-
namics of a superposition of HG modes and how these relate to the operator
describing the effect of the tilted lens system. The operator for the tilted lens
as used above describes three different actions as seen in Figure 3.1,
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Free-Space Propagation
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FIGURE 3.8: Eigenmodes in Propagation. The propagation of various auxiliary

eigenmodes through free space. The modes considered here had a maximum mode

order of Ny, = 6. This figure was adapted from reference [40] with consent from
the authors.
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1. Propagation from the initial plane to the tilted lens,
2. Application of the astigmatic phase from the tilted lens,
3. Propagation from the tilted lens to the conversion plane.

The operator itself cannot only consider the astigmatic phase of the lens but
must also take into account propagation before and after the lens. To see
why, we must examine the propagation dynamics of a single HG mode. It
is an eigenmode of free space and changes in two ways during propagation,
both of which are predicted by its functional form. Firstly, the transverse area
of the beam will increase due to the divergence of the laser beam. This is typ-
ical for all HG and LG modes and the divergence occurs at the same rate for
all HG beams of the same beam waist wy. This does not have a significant
effect on the phenomenon we wish to study. Secondly, the beam will pick
up phase according to the Gouy phase factor. Since this is simply a uniform
phase across the entire transverse plane of the beam, it does not affect the
intensity distribution of a single mode. However, the situation becomes lit-
tle more complex when one considers a superposition of modes. The Gouy
phase factor is proportional to the mode order and so two HG beams with
different mode orders will gain Gouy phase at different rates. If superim-
posed, this change in relative phase means that the interference pattern be-
tween the two modes will also change in propagation. If we wish to send a
single HG mode or a superposition of HG modes with the same mode order,
the propagation before and after the lens is irrelevant. However, if we wish
to send a superposition of modes of differing mode order (as is the case with
the auxiliary eigenvectors), the propagation before and after the lens may sig-
nificantly alter the spatial profile of the beam and thus must be considered
when modelling the tilted lens system. There are two additional interesting
consequences of the accumulation of the Gouy phase by HG superpositions
of varying mode order. The first is a consequence of the fact that the accumu-
lation of Gouy phase is simply the build up of an intra-modal phase between
the component HG modes. Thus, as an auxiliary eigenmode propagates, it
constitutes a new superposition in each and every subsequent plane. These
new superpositions are all also auxiliary eigenmodes, each with a new com-
bination of relative phases in the superposition. The second is that in the
far-tield, the Gouy phase accumulated by each mode of every mode order
tends to the same value of 77/2. Thus, in the far field, the spatial profile of
the auxiliary eigenvector is that of itself flipped or mirrored across the y axis.
This can be seen experimentally in Figure 3.8.

In order to account for the effects of propagation on the auxiliary eigen-
vectors, we employed two different methods. The first method made use of
the angular spectrum and digital propagation techniques demonstrated in
Ref [45]. Here, a lens function is applied to the hologram of the mode in or-
der to move the Fourier plane. The second approach takes advantage of the
paraxial nature of the HG modes. Because the modes are paraxial, we may
choose an appropriate beam waist wy such that the divergence of the beam
is negligible over the length scale used in the experiment. As such, the only



54 Chapter 3. Eigenmodes of the Tilted Lens

significant effect is that of propagation which can be replicated by appropri-
ately adjusted the hologram on the DMD such that the field produced by the
DMD will in turn produce our desired field after its has propagated through
the tilted lens system. Both approaches showed identical results when ob-
serving their effects in the conversion plane.

To further substantiate this, we may turn to Ref [24], where it is shown
that the astigmatic phase of the system is applied to the mode only when it
reaches the tilted lens. A single HG mode will not change significantly in
propagation and so will be almost identical at the initial plane and at the
plane where it reaches the tilted lens. This is in contrast to superpositions of
HG modes with varying mode order, where the field changes substantially
when propagating at the same length scales.

The two techniques employed to compensate for the propagation are thus
equally valid. However, it is important to note some limitations. The first
method discussed is able to faithfully produce the spatial profile in the both
the near field and at the conversion plane but has much stricter limitations
placed on the distance it can compensate for. The method employs the an-
gular spectrum method and so the applied phase in the frequency domain
can only vary as much as the pixel size of the SLM allows and as slowly as
the size of the SLM screen allows, therefore placing bounds on the propaga-
tion distance it can propagate for. The second method cannot produce both
planes as the near-field spatial profile differs from the conversion plane spa-
tial profile. It is however, relative to the first method, unlimited in the range
of propagation distances it can compensate for.

To further investigate this observation, we can alter the experimental setup
so that we use a digital hologram to apply the astigmatic phase. We do this
by moving the lens to an untilted position (8 = 0°) and subsequently apply-
ing the Zernike polynomial associated with vertical/horizontal astigmatism,
commonly denoted by Z3. This allows us to examine the evolution of the
mode solely under the influence of the astigmatism. The lens is one focal
length f away from the screen of the DMD and, if we place the camera one
focal length f after the lens, we are able to observe the far-field of the en-
coded field on the DMD. This configuration replicates a system in which the
input field does not propagate before reaching the tilted lens but simply gains
the astigmatic phase and then propagates to the far-field.

3.3 Results

We first wish to test the robustness of the auxiliary eigenmodes through the
tilted lens system. The results of this are shown in Figure 3.9. The first col-
umn shows simulated intensity profiles of the various auxiliary eigenmodes.
The second column shows the generated modes at the focal point of the lens
with the lens untilted corresponding to configuration A of Figure 3.7. The
final column shows the modes at the conversion plane of the lens when it is
tilted corresponding to configuration B of Figure 3.7. From these images we
see that the intensity of the calculated auxiliary eigenmodes remain almost
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(]  Simulation Untilted Tilted

FIGURE 3.9: Robust Eigenmodes of the Tilted Lens. Experimental images showing

the auxiliary eigenmodes at the focal point of an untilted lens (Untilted) and at the

conversion plane of a tilted lens (Tilted). The modes are grouped by the equivalence

classes[j] and have a maximum mode order N,y = 6. First column shows theoret-

ical simulations of the intensity profile (Simulation). This figure was adapted from
reference [40] with consent from the authors.
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unchanged at the conversion plane of the tilted lens. In these results, the
maximum mode order was N,,,;x = 6.

Despite the Cartesian symmetry of HG modes’ intensity profiles, we see a
surprising lack of these highly symmetric features in our calculated auxiliary
eigenmodes. All modes where [j] # [0], [4] exhibit no reflection symmetry.
This can be explained by examining the phase of each of the component HG
modes for these equivalence classes. While the intensity profiles of these
exhibit Cartesian symmetry, the phase profiles do not and the component
modes for each of the auxiliary eigenmodes will have different symmetries.
These differing symmetries end up braking each other and result in the lack
of Cartesian symmetry in the auxiliary eigenmodes. In the case of [j| = [0],
we see that every HG mode in this equivalence class has matching indices,
i.e., m = n for HG},. All these modes have phase and intensity profiles that
are symmetric across the diagonal and antidiagonal axes, which result in an
auxiliary eigenmode which is also symmetric across these axes. For [j] = [4],
if the equivalence class contains the mode H an/,, it must also contain the
mode H GZZ/, ie. H GTT,/ €4 < H GZ;, € 4. H G;’f/ is the reflection of H Gi’;,/
across either of the diagonal axes. The presence of both these modes in the
equivalence class means they will both be in the superposition to form the
auxiliary eigenmode and so the auxiliary eigenmode has the same reflection
symmetry.

Another noticeable feature of the auxiliary eigenmodes is that their inten-
sity profiles are aligned along the diagonal (45°) axis. This again is a result of
the symmetries of the HG modes discussed the previous paragraph and not
related to the resilience of the HG modes to astigmatism. It is well known
that while an HG mode rotated by 45° might appear to be aligned to the x-
y axes, it is not resilient to the astigmatism induced by the tilted lens and in
fact undergoes mode conversion to and LG mode in the conversion plane[14].
Thus, there is an important subtlety to take note of. An HG mode in general
is not resilient to some arbitrary astigmatic phase. An HG mode define in
x-y is only resilient to astigmatism if that astigmatism is aligned over the x
axis or y axis. If an HG mode is aligned along any other axis (such as 45°
from the x axis), the HG mode will not be resilient to the astigmatic phase
and will undergo mode conversion. This explains why the HG mode in the
top row of Figure 3.10 remains unchanged under the applied astigmatism:
the HG mode is aligned with x-y axis. In contrast to this, the LG mode in the
second row is able to undergo mode conversion into an HG mode rotated by
45°. This HG mode is not aligned to the x-y axes and so is not resilient to the
applied astigmatism.

Now that we know that the modes are robust through the astigmatic sys-
tem, we can now examine how the modes evolve as we gradually increase
the strength of the astigmatic phase. These results are shown in Figure 3.10.
We first test an HG mode with indices m,n = 4,4. This is an elementary
eigenmode of the system since it is a pure HG mode. Its evolution under
increasing astigmatism is shown in the first row and it remains unchanged
as expected save for the divergence present in all common paraxial beams.
We next send through an LG mode with indices [,p = 5,4. Its evolution
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FIGURE 3.10: Structured Beams under Varying Astigmatism. Experimentally cap-
tured images of an HG beam, LG beam and auxiliary eigenmodes as increasing lev-
els of astigmatism are introduced using Zernike polynomials. The top row shows
that the HG mode remains invariant regardless of the degree of astigmatism added
to the beam. The second row shows the modal conversion of a high order LG beam
into a high order HG beam as the degree of astigmatism increases. The final row
shows how an auxiliary eigenvector is affected by varying degrees of astigmatism.
This figure was adapted from reference [40] with consent from the authors.

under gradually increasing astigmatism is shown in the second row and it
converts to an HG oriented at 45° as expected. We may also visually deduce
the indices of the the converted HG to confirm the [ and p indices of the inci-
dent LG beam according to Ref [13]. We finally send an auxiliary eigenmode
through the system. The component HGs of the auxiliary eigenmode have a
maximum mode order of Ny, = 6 and all belong the to equivalence class
[j] = [3]- Here we see that the intensity profile of the beam does change as
the level of astigmatism increases. However, the original profile is recovered
when the level of astigmatism is equal to that which would result in a full
conversion of an incident LG beam. This reinforces the idea that while the
auxiliary eigenmode is robust through the astigmatic channel, the definition
of the channel is of vital importance. The operator we used to find the aux-
iliary eigenmode considers the mode at the initial plane as the input vector
and the mode at the conversion plane as the output vector. While it might be
possible that an eigenmode remains unchanged throughout the whole chan-
nel, that is not always the case and we can only in general be certain that the
input mode will be recovered at the conversion plane. In all three cases, we
see some scaling/axial divergence of the input mode as the level of astigma-
tism is increased. While this is one property of the beam that does change,
it is not dissimilar to how HG and LG beams diverge in propagation but are
still referred to as eigenmodes of free space. Our auxiliary eigenmodes are
thus still valid eigenmodes of the system.



58 Chapter 3. Eigenmodes of the Tilted Lens

3.4 Discussion and Conclusion

While the task of finding structured light that is resilient to astigmatic sys-
tems is not new [30, 46], proposed studies have primarily focused on light
with optical vortices. We see in particular that Ref [46] shows results that
agree well with those seen in Figure 3.10. In contrast, the work in this section
focuses on light that does not contain optical vortices and provides a solution
to the challenge that uses well known beam shaping techniques and the well
known HG modes.

Here, we leveraged the natural modal description of light present in the
behaviour of the astigmatic system to define an operator that accurately de-
scribes the channel and allows us to find its eigenmodes. We started by first
describing the channel using a novel mathematical model for the tilted lens
as an optical element. We provided an accurate description of the channel
and, for the first time in the literature, an analytical relationship between
the level of astigmatism in the system and the plane of conversion. We
then used the modal description to define an operator of this highly aber-
rated and astigmatic system to find the eigenvectors of this operator and
their corresponding eigenvalues. We investigated a new class of these eigen-
vectors which we called the auxiliary eigenvectors/eigenmodes which were
obtained using superpositions of HG modes, which are themselves eigen-
vectors of the operator. To simplify our investigation, we set the weighting
coefficients in these superpositions all to 1. However this is not necessary
for modes to remain robust through the system. We can choose the size and
propagation dynamics of these auxiliary eigenvectors by selecting a maxi-
mum mod order. The modes in general do not remain unchanged when
propagating through system, but do maintain the same profile at both the
initial input plane and at the conversion plane of the lens, as was define by
our operator. All of the auxiliary eigenvectors exhibit the same far field be-
haviour, which results in the intensity profile of the mode being reflected
about the y axis when compared to the mode in the initial plane. A particu-
larly interesting result is that the propagation of these auxiliary eigenmodes
results in the build up of an intra-modal phase between the component HG
modes in the superposition. This is a result of the mode order dependence
of the Gouy phase. This intra-modal phase means that the intensity pro-
file of the mode will change, but the mode as described in each subsequent
plane of propagation is still an eigenmode of the system. However, it is also
important to note that the strength of the astigmatism affects our ability to
faithfully recover the eigenmode as shown in Figure 3.10. This work also
has relevant practical implications, demonstrating that the eigenmodes of an
aberration can also be adjusted to compensate for propagation after under-
going the relevant perturbations and still have a valid eigenmode at a user
defined plane after the aberration. Such a method has potential applications
is fields such as laser machining and for techniques such as robust quantum
key distribution and quantum state tomography through aberrated media.

We have developed a procedure for finding the eigenmodes of an astig-
matic system and we believe that this approach can be extended to other
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unitary, aberrated optical systems. By taking advantage of the modal de-
scription of light and using it to probe the system, we can find not only the
eigenmodes but also find useful structures and features (such as the period-
icity of the eigenvalues). We can then extend the use of these eigenvalues
to create informed superpositions, which are also eigenmodes and may have
properties beyond the initial eigenmodes we obtain.

While we defined a specific equivalence classes in this investigation, dif-
ferent optical systems will lend themselves to other definitions for their equiv-
alence class. These changes will be dictated by the behaviour and properties
of that system and could vary greatly in size and type. However, the use of
equivalence classes can be very flexible, with certain applications using the
the Gouy phase and its effects to create these classes [39, 47].
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Chapter 4

Modelling Atmospheric
Turbulence

4.1 Kolmogorov Theory of Turbulence

93

—y

Laminar Flow

0

FIGURE 4.1: Turbulent Energy Cascade. The Kolmogorov model of turbulence
models the cascade of energy through different length scales.We start at lengths large
than the outer scale, at which all flow appears laminar due to the relative size of the
flcutautions being too small to distinguish. Energy is then injected from this scale
into the turbulent flow and the outer length scale Ly. The energy then Cascades
through smaller and smaller eddies. Eventually the energy reaches the smallest ed-
dies where the scale is small enough for the viscosity of the medium to dominate
and energy is lost to heat and friction.

The atmosphere is a highly turbulent medium and thus very difficult to
describe using typical fluid mechanics approaches such as the Navier-Stokes
equations. In 1941, Andrey Kolmogorov proposed a statistical treatment of
fluids with high Reynolds numbers. The Reynolds number is used to quan-
tify and characterise how turbulent a particular medium is and is given by
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[48]:
_ poL

H

where p is the density of the liquid, v is the speed of the fluid flow, L is
the characteristic linear dimension and y is the viscosity. Media with low
Reynolds numbers are considered close to smooth/ laminar flows and media
with high Reynolds numbers are considered turbulent flow.

In Kolmogorov’s theory of turbulence, proposed by Andrey Kolomogorov
in the 1940s [49], we study the flow of energy through the system. We begin
at outer length scale Ly, at which energy is being injected into the system, driv-
ing the turbulent flow. The exact value of Ly corresponds to the length at
which two points in the system are still correlated. At any scale larger than
Ly, the system will appear to have laminar flow. The injected energy cascades
down to smaller length scales in the form of turbulent eddies. Here, the par-
ticles that make up the medium lose energy due to inelastic collisions with
other particles, leading to the the formation of smaller and smaller eddies
and the downward energy cascade. This energy loss will be captured by the
energy dissipation rate €. This process continues until the inner length scale I
is reached. At this scale the kinetic energy of the particles has become small
enough that the viscosity y of the medium becomes significant. The viscosity
quantifies the effects of the friction created by the attractive forces between
molecules in the medium. Thus, in this regime, the potential energy between
the molecules becomes comparable to their kinetic energies. Since we are
dealing with a fluid medium, we will use the kinematic viscosity 7 = u/p,
which normalises out the volume and mass considerations to capture only
the effect of the attractive and repulsive forces. The range of length scales
between Ly and [ is known as the inertial sub-range.

We can quantify the inner length scale 1y, also known as the Kolmogorov
micro-scale, through the use of dimensional analysis. At this scale, the flow is
dictated by two parameters: the energy dissipation rate €, quantifying the be-
haviour due to the kinetic energy, and the kinematic viscosity 7, quantifying
the behaviour due to the potential energy. The units of both are [e] = m?.s~3
and [] = m%.s~1. Combining both of these allows us to find a characteristic
length scale Iy and a characteristic time-scale ty, given by,

o= (0 0
fy = (ﬁ)%. (4.3)

The Kolmogorov model is powerful as it allows us to quantify the fluctu-
ation in the medium within the inertial sub-range. We know that the energy
changes as we move from larger eddies to smaller eddies. Thus, we can relate
the velocity fluctuations Jv to the length scale of the eddies we are interested
in /. From these two quantities, we can determine a time scale at which these

Re (4.1)
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fluctuations occur,

1
=5
The turbulent kinetic energy E, the kinetic energy per unit mass in the medium
must by definition be given by

T (4.4)

1
E= 5((50)2. (4.5)
As the same kinds of particles are colliding at all length scale, we may as-
sume that the loss in kinetic energy due the inelastic collisions is the same at
all length scales and thus the energy dissipation rate is constant within our

inertial sub-range. By combining Equations 4.4 and 4.5, we then have,

E
€ = —
T
. 1 25'0
= 30T
B 1(50)3
201
=60 = Gyli, Cp = (2€)3, (4.6)

where C, is known as the velocity structure constant. We may also examine
the behaviour of the fluctuations outside the inertial sub-range. For scales
above the outer-scale Ly, we see laminar flow and so dv = 0 for [ > L.
For scales below the inner-scale/micro-scale Iy, we will consider an arbitrary
length scale I; such that [y > ;. The larger [ is compared to /1, the more time
it takes for energy to cascade down from [y to /1. Consequently there is lower
energy and smaller velocity fluctuations. Thus we see an inverse relationship
between [y and Jv in this regime. We may then adapt this into equation 4.6
as follows,

_2
50 = Gyl °1, 4.7)

where the extra factor of I3 is brought in to keep everything dimensionally
consistent. We therefore have,

C,l3, forLg>1>1
50:{ v or o o 4.8)

_2
Coly 1, forly>1
We are also able to find relationships between the length scales and the
energy. We must first define a spatial frequency or wavenumber such that

x = [71. We then define an energy spectrum g¢(x) such that the turbulent
kinetic energy in the range from « to x + dx is given by,

E = g(x)dk. 4.9)
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Combining this with Equations 4.5 and 4.8 gives us the following,

g(k)dx = Cyx 3
5
3

= g(x) = Cox (4.10)
From the above, we are able to easily calculate the energy at any particular
length scale.

4.2 Statistics for Random Processes

In the previous section, we saw how we were able to relate the velocity fluc-
tuations in our medium to the particular length scale and energy dissipation
rate when working in the inertial sub-range. The only quantity that was not
well defined was the velocity fluctuations. In this section we will find a clear
and physical way of quantifying these fluctuations. Ideally, one would cal-
culate these using principles from fluid dynamics such as the Navier-Stokes
equations. However, Kolmogorov’s model allows us to treat the flow as a
random process. In this section we will then go through the various statisti-
cal concepts we will need in order to properly quantify the behaviour of our
turbulent medium.

Let us assume we want to study a random process x(t). As part of this
investigation, we will measure/sample the variable x, n number of times at
times tq, ..., t,. If this process depends on the difference between the times
T = tp — t1, then it is known as a stationary random process. For such pro-
cesses, the moments exhibit time translation symmetry.

We may define the expectation value of a random process x(t)(also some-
times called the ensemble average) as follows,

(x(t)) =m(t) = /oo xpx(x, t)dx, (4.11)

where py(x, t) the probability of measuring a value x at a position x at time
t. The variance of the process is given by,

1) = (1) —m(r) = | Z(x(t) —m()palx,dx.  (412)

Here we have indicated a variance for any random process, but if our process
is stationary, then it will be constant over time.
The correlation function for a stationary random process is given by,

Re(H1,£2) = Ro(1) = (x(t1)x(s)) = /_oo /_oo x12ap (1, %23 7)dxyds
(4.13)
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The covariance function is given by,

Bx(t1,t2) = ((x(t1) — (x(t1)))(x(t2) — {x(t2))))
= (x(t1)x(t2)) — m(ty)m(tp) (4.14)

From the covariance function we may calculate a quantity known as the
power spectral density. Such a quantity allows us to study the random pro-
cesses or events in frequency space. It is given by,

D () = / By (£)e2mitd (4.15)

In certain models, both values should be real and so we may simplify the
above to,

D, () = / By (t) cos(2wt)dt (4.16)

Turbulence is usually modelled as a small fluctuation from a mean value.
We may model such a random process as,

x(t) =m(t) + x1(t), (4.17)

where x(t) is the variable of interest, m(t) is the mean of that variable and
x1(t) is how far that variable deviates from the mean at a time t. We define a
special function for this process known as a structure function which is given

by,

Dx(t,t2) = ((x(t) — x(t2)))
= (m(t1) —m(t2))* — ((x1(tr) — x1(t2))) (4.18)

We assume that for our process, the mean does not significantly change over
time and so we have m(t) ~ m(tp) for small enough time period and so the
structure function simplifies to,

Dy(t1, 1) =~ ([x1(t1) — x2(t2)]) (4.19)

The structure function is related to the power spectral density via,

Dyt ta) = 2 / D(w)(1 — cos(27mwt))dw (4.20)

4.3 Quantifying Atmospheric Turbulence

4.3.1 Refractive Index Fluctuations

We see that we can statistically quantify the fluctuations in a specific variable
using the structure function as shown in Equation 4.19. We also saw that we
can describe the velocity fluctuations in a turbulent medium using Equation
4.8. We may then combine these two observations as follows to obtain the
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velocity structure function,

2
C2r3, for Lo >r >y

Dy(r) = 14 (4.21)
C2l, %r?, forly>r

We see a natural extension of this theory for the velocity fluctuations to the

temperature fluctuations, as both relate to the motion of the particles in our

medium. We then get a temperature structure function as follows,

C%r%, for Lo >r > Iy

Dr(r) = 4 4.22

. {c%zo‘srz, forlo > “22)
Any change in the temperature of the medium will alter the optical path
length of any light propagating through it and thus will change the refrac-
tive index. This effect is what results in the phenomenon of atmospheric
turbulence. Fluctuations in the refractive index over time and over space
cause structured light fields to experience a different refractive index across
the transverse plane, accumulating random phases as it propagates and ulti-
mately leading to a distorted spatial profile at the output of a channel. Since
these fluctuations also change with time, this distorted spatial profile will
additionally change over time. We will then apply the various tools we have
developed to understand and simulate the behaviour of the refractive index
in a turbulent channel. To begin, we must work with a statistically homoge-
neous and isotropic variable. The refractive index n does not fit this criteria
and so we will instead split it up into two components,

n(r) =1+ oén(r) (4.23)

The first term corresponds the mean value of the refractive index, which for
air is 1,5y = 1. The second term dn represents the fluctuations in the refractive
index. This variable has a mean value of (dn) = 0 and is homogeneous and
isotropic. The statistics of this variable are what will be interested in for the
remainder of this chapter.

Refractive index fluctuations are related to the changes in the medium’s
temperature T and pressure P via [50, 51],

on(r) = 77.6 x 107°(1 +7.52 x 10731 72)

(4.24)

which, for optical and near-infrared wavelengths frequently used in optical
communication, simplifies to,

on(r) ~ 79 x 10—6%, (4.25)

This is a good time to note that while atmospheric turbulence is a major con-
tributor to the distortion of optical field through free space, there are several
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other phenomenon that also affect beam propagation including but not lim-
ited to Mie scattering, Rayleigh scattering, molecular absorption and mag-
netic permeability changes in the ionosphere (in the case of ground to satel-
lite links). These are all important phenomena to understand and overcome
for use of optical light fields in atmospheric propagation and communication.
However, we will restrict our investigation solely to the refractive index fluc-
tuations caused by turbulent flow in the atmosphere. Pressure fluctuations
are negligible when compared to temperature fluctuations. We therefore ex-
pect the behaviour of the refractive index fluctuations to follow the behaviour
of the temperature fluctuations. We may then easily infer the refractive index
structure function to be [51],

Dy(r) =

C2r3, for Lo >r > 1
{ " 0 ° (4.26)

4
C2l, %%, forly >r

The proportionality constant C2 is called the refractive index structure con-
stant and is typically the quoted value when quantifying the strength of
atmospheric turbulence. It typically changes over time and in space. The
larger this value, the greater the fluctuations in the refractive index, and the
stronger we consider the atmospheric turbulence. However, it is not the most
ideal as there are additional factors that it does not take into account. More
holistic ways of quantifying the effects of atmospheric turbulence will be dis-
cussed later. The value for C2 is challenging to directly measure. Its value,
and thus the strength of the turbulence is experimentally determined by mea-
suring the temperature fluctuations in a medium and then relating the tem-
perature structure constant to the refractive index structure constant via,

P
Cp =79 x 10 6ﬁCT. (4.27)

We are also able to obtain the power spectral density of the refractive index

to be,

1 1
(k) = 0.033C2k 3, — > k> —. (4.28)
Iy Lo

4.3.2 Turbulence Parameters

As mentioned previously, the refractive index structure constant C2 is not
the most ideal measure for characterising a turbulent channel. Firstly, it has
dimensions of length!/? and lacks an intuitive physical interpretation. This
problem is overcome by the introduction of the Fried parameter ry. For a
channel with uniform C2 throughout the path length, it is given by [51],

3
5

3
L B _
ro = <0.423k2 / c,%(z)dz> = (0.423c,%k2L> , (4.29)
0
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where L is the length of the channel and k is the wavenumber. The assump-
tion that the refractive index structure constant remain unchanged over the
propagation path, i.e,, C2(z) = C2, is valid as long as the speed at which
light propagates is much faster than the time taken for distortions along the
path to change. The Fried parameter has dimensions of length and corre-
sponds to the average distance between two points at which the refractive
indices are correlated. For this reason, it is also sometimes called the atmo-
spheric coherence length. A larger value for ry corresponds to longer correlation
lengths and thus less severe turbulence and weaker distortions. Smaller val-
ues of ry correspond to points only being correlated over short distances and
thus more severe turbulence and stronger induced distortions. While this
quantity is more intuitive, it is important to consider it relative to the optical
system we wish to characterise. Let us assume our system has an aperture
of radius D, on the scale of the size of the optical beam we wish to send
through the channel. If the Fried parameter is larger than the aperture of our
system, ro > D, we would not expect there to be a lot of induced distortions
from the refractive index fluctuations as they will be minimal at this scale. If
the we have D > rp, we would see that the fluctuations are no longer cor-
related within our aperture and thus we will observe significant distortions
in our spatial profile. Thus not only is the correlation length of importance
when characterising the optical system, but so is the size of the optical field
or beam we wish to send through the system. To deal with these scale con-
siderations and to allow for greater ease of comparison between systems, it
is typical to not only quote the Fried parameter, but also the dimensionless
quantity D /rg, which takes these scale issue into considerations.

Now that we have a more intuitive way to characterise the refractive in-
dex fluctuations in our channel, we should now turn to the effects of propa-
gation distance on the distortion. Let us consider an optical channel with a
fixed value for 7y and D. Since the distortions are induced by the accumula-
tion of a random phase, we see that as the beam propagates further through
channel, the spatial profile becomes increasingly aberrated. Thus, the perfor-
mance and efficiency of the optical channel depends not only on the severity
of the refractive index fluctuations, but also on the distance through which
the beam must propagate. This prompts the introduction of new metric - the
Rytov variance 02, which is given by,

L
0% = 2.25k /0 C2(z)(L — z)6dz = 1.23C2kSL s . (4.30)

In the calculation of this parameter, we see that both the refractive index
structure constant and the propagation path are included in the integrand.
Consequently, both the refractive index fluctuations and the accumulated
phase distortions from propagation are all taken into account when charac-

terising the channel. A Rytov variance of 03 < 1 is generally considered

weak turbulence while 03 > 1 would be considered to be in the strong
regime. Values of 03 &~ 1 would be considered to be of a medium strength.

It is important to note that the Rytov variance does not take the aperture
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size into account while the Fried parameter does. Thus, one should carefully
consider the parameter of choice when simulating a turbulent channel. This
ensures an accurate representation of the results are presented and allows for
a fair comparison to other systems and methods.

The above metrics are all very valuable and allow for fair and robust char-
acterisation of a simulated channel. However, these parameters are not easy
to obtain experimentally. Additional metrics have been developed which al-
low for rapid, real world quantification of the turbulence strength. The first
one of these we will look at is the Strehl ratio SR. This is defined as the ratio of
the average on-axis intensity of the beam through a turbulent channel to the
on-axis intensity in the absence of turbulence. If we assume the intensity of
our beam is some spatially and temporally varying function I(x,y, z, t) with
turbulence and Iy(x, y, z) in the absence of turbulence. Then we may express
the Strehl ratio as,

SR — (I(0,0,L,t)) ’
Ip(0,0,L)

where L is the length of the channel and (-) represents the time average. We
may relate the value of the Strehl ratio to the Fried parameter through the
following approximation,

(4.31)

1
SR ~ (4.32)

6

[1 + (D/ro)%} ’

Such a parameter is significantly easier to obtain as it can be calculated di-
rectly from intensity measurements taken through the channel. In cases where
the intensity in the absence of turbulence Iy is unknown, such as when mea-
suring the turbulence through a real-world free space link or in general non-
laboratory environments, we can make use of a parameter known as the scin-
tillation index ¢’?. This parameters characterises the turbulence strength from
the intensity spread at the receiver and is given by,

o7 = i ok SO U Y (4.33)

(1)? (1)?

In the regime of weak turbulence, the scintillation index can be taken to be
approximately the same as the Rytov variance.

4.4 Modelling the Phase Distortions

Before we can begin simulating turbulence, we must understand how the
refractive index fluctuations affect the phase of each point in our optical field.
To do this, we will turn again to the Helmholtz Equation 1.13 which governs
the dynamics of a waves spatial profile in propagation. We will rewrite it to
include the refractive index as follows,

(v2 + k2n2> U(r) =0, (4.34)
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where previously the refractive index was set to n = 1 for vacuum prop-
agation. We are now working with a non-uniform refractive index given
by n(r) = 1+ dn. We will assume that the fluctuations are small such that
1 > én. We may then make the approximation n?(r) ~ 1+ 20n via the
binomial approximation. We may then rewrite Equation 4.34 as,

<v2 + k2> U(r) = —26n(0)k2U(r) . (4.35)

This has the same form as Equation 1.27 - an inhomoegeneous Helmholtz
equation where the driving term is given by f(r) = 26n()kU(r). We may
then use the results from Equation 1.43 and substitute in our driving term to
get,
ekir—r| N2 T (A3
ue) - | iR (4.36)

This is now an integral equation and is in general not initially very useful as it
requires knowledge of the field U(r'). We may overcome this by making use
of the Born Approximation [51]. This approximation assumes we may expand
our field U(r) as a sum of component fields,

U=uy+U +U+.. (4.37)
If we substitute this expansion into Equation 4.35, we obtain,

VZUy + V2U; 4+ VU, + ... + KUy + KUy + KUy + ...
= —26nk*Uy — 26nk*Uy — 26nk*Uy — ... (4.38)

We wish to look at the Oth, 1st and 2nd order expansions of our optical field.
With this in mind, we can easily compare and group terms with the same
order and thus are left with the following equations,

(v2+k2) Uy = 0, (4.39)
(v2+k2) U, = —26nk2Uy, (4.40)
<v2+k2) Uy = —26nk2U;. (4.41)

Looking at Equation 4.39, we see that the zeroth order expansion of the field
Uy satisfies the homogeneous Helmholtz equation. Thus, the zeroth order
terms of our field should correspond to the eigenmodes of free space derived
in Chapter 1 (Bessel-,Laguerre- and Hermite-Gaussian beams). Thus to see
how the refractive index fluctuations affect the field we must move to the
next order perturbations. Equation 4.36 implies that the 1st and 2nd order
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perturbations to the field (U; and U; respectively) are given by,

ik|r—1'|

U1(r) = /mﬂﬁl(r/)kzuo(r’)dz;r/. (442)
otklr—r|

Uy(r) — / il 2R () (4.43)

While these fields can be solved, they require a significant amount of com-
putation and one must solve several integral equations and obtain various
statistical quantities for the refractive index fluctuations.

An easier approach to understanding the effect of the refractive index
fluctuations is through the use of the Rytov approximation. In this approxi-
mation, we assume that the perturbed field may be written as follows,

U(r) = Up(r)eC™ . (4.44)

This separates the field into two factors: Uy is the unperturbed field and
thus satisfies the homogeneous Helmholtz equation 4.34 and the exponential
with G(r) which is a complex valued, spatially varying function that cap-
tures the deviations from the vacuum/unperturbed solutions caused by the
atmospheric turbulence. The exact form for the function G(r) can be ob-
tained when we stay in the weak turbulence regime with a Rytov variance
of 02 < 1. In such a regime, we assume that the effects of atmospheric tur-
bulence manifest solely as a phase perturbation in the field [51]. Thus we
have,

L
G(r) =iO(r, ), with O(r ) = k/ on(ry,z)dz, (4.45)
0

where r | is the position vector in the transverse x-y plane and L is the path-
length of the channel. Here, the spatially varying phase function @(r, ) rep-
resents the total phase distortions accumulated by the optical field as it prop-
agates through a turbulent channel of path-length L.

Equation 4.45 shows that the phase function is simply an integral (or sum)
over the refractive index fluctuations. Since most of the statistical properties
we have been interested are linear, this means all the relationships that apply
to on will also apply to ®. This phase function is therefore statistically ho-
mogeneous and isotropic. This has the convenient result of depending solely
on the absolute distance between two points |r; | = r and not the azimuthal
angle.

Now that we know the relationship between the accumulated phase and
the refractive index fluctuations, we can look at the the statistical properties
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of the phase. The covariance function is given by,
Bolr) = (0()0(]) = K [[ ton(r,)on(x,=")dz'dz"
= K //(5(2’ —Z")Au(r)dz'dZ”
= 4nLk® /0 ) q®(q)Jo(qr)q (4.46)

Due to the delta correlation between the refractive index fluctuations in the
direction of propagation in our turbulence model, we see that the function A,
is the power spectral density of the refractive index. We can use the earlier
definition of the power spectral density to find the covariance function as
follows,

Bo(r) = 27Tzk2/d>n(q)eiq'rd2q

= [ao@enia
K5
—.

3
o

= Pg(k) = 2mzk*®,(k) = 0.49 (4.47)

From the above we can also immediately obtain the structure function for the
phase as,

De(r) = Z/CD@(q) [1 — cos(iq-r)]dg = 6.88 (%) ’ : (4.48)

4,5 Turbulence Phase Screens

We now have a sufficient understanding of the statistics and Physics of atmo-
spheric turbulence to numerically and experimentally simulate a turbulent
channel. We begin by recalling that, in the weak regime, turbulence is con-
sidered only a phase perturbation and thus can be approximated by apply
a single phase screen element to our incident optical field and then propa-
gating it through the length of the channel. It is vital to note that this only
replicates a channel with weak turbulence (03 < 1), and methods to replicate
medium and strong turbulence will be discussed in a later section. This phase
element will consist of the aberrated phase ©, discussed in the previous sec-
tion. There are many ways to accurately replicate this aberrated phase, but
we will focus on the Fourier transform method which will be used in all the
numerical and experimental investigations throughout the remainder of this
work. We will first give an overview of how we may sample from a distribu-
tion of a Gaussian-random variable to construct our turbulence phase screen,
improve our sampling method to accurately match experimental observables
to ensure our phase screen matches the theoretical predictions of the model
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we used to construct them; and then give an overview of the calibration pro-
cedure required for an effective and accurate experimental implementation
of these screens.

4.5.1 Fourier Transform Method

The idea behind the the Fourier transform method is to generate the phase
aberrations, not in the spatial domain, but instead in the frequency domain.
Then perform an inverse Fourier transform to obtain the spatially varying
profile of the phase aberration. Since we may only numerically define the
spatial domain up to a certain minimum size (the size of a single pixel for
example), we shall define our aberrated phase as a function of the discrete
coordinates (xp,yq) where the indices run fromp =1,..,Nandg =1,... M
respectively. Let the sample spacing/pixel size be dx and éy in the horizon-
tal and vertical directions, respectively. In this way we have x, = péx and
y; = qoy. In other words, x, gives the value of p-th discrete coordinate
in the x-direction and y, gives the value of g-th discrete coordinate in the y-
direction. The total size of the field is then given by Ly = Néx and L, = Mdy.
The aberrated phase ® may be expanded as a 2-dimensional discrete Fourier
series as follows,

O(xp,yq) = Zchmezm[%Jr%] : (4.49)

n m

From this we can immediately infer the Fourier coefficient c;,, to be given by,
]_ -[n m
NM > 3

Since we have extensively studied the statistical properties of this phase per-
turbation, it is natural then to study the variance of these coefficients as we
know the variance of the phase perturbation. Using the relationships de-
rived earlier in this chapter, we may relate the variance of these coefficients
to power spectral density of perturbation by,

) _zm{W’T*P/)+’”(WT*W/)}
([enm|™) = 222 xp/yq p’/yq’)>e

pp' aq'

- NZMZZZB xlﬂ’yq)
pr’ qq'

o {”(P}\—]!”) +m(q]\zq’>}

1
= T Lycp(k”’ L) - (4.51)

Here k; and I, are the sampled, discrete horizontal and vertical frequencies
respectively. The result of Equation 4.51 allows us to sample the expansion
coefficients c;;; from a Gaussian distribution with mean of 0 and a variance
of ®(ky, l;y)0kdl. These may then be plugged into equation 4.49 to construct
our turbulent phase screen.
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FIGURE 4.2: Subharmonic Sampling. (a) We isolate a square of twice unit side-

length around the origin of our phase profile in the Fourier domain. (b) We divide

this small square into a 3x3 grid and use these new, small grid squares to sample

smaller frequencies. (c) We can repeat this process up to an arbitrary number of

subharmonics where the sizes of the grids are determined through the shown di-
mensions, where b is the subharmonics we are sampling.

Subharmonic Sampling

We have now developed a method of naively producing a turbulence phase
screen using Fourier transforms. However these screens also fall short when
we consider the form of our energy spectrum/power spectral density given
by Equation 4.28. Here, the wavenumber is raised to the power of —11/3. So,
very small frequencies will have a significant contribution to the overall field.
The smallest frequencies sample by our method are given by the reciprocal
of our field’s size in real space k = 1/L, and | = 1/Ly. To ensure frequencies
smaller than these are included in the spectrum, we will employ a technique
known as subharmonic sampling.

We begin by focusing on the region around the origin in the Fourier do-
main, dividing it into a three-by-three grid. The sides of the central grid
square are therefore located a distance of 1/3 of the units from the origin.
This is shown visually in Figure 4.2 (a) and (b). This new, smaller grid gives
us access to what is called the first subharmonic and allows us to sample
smaller frequencies and consequently more accurately construct the phase
screen using the method described in the previous section. We can repeat
this process, each time using the central square from the previous subhar-
monic to sample decreasingly smaller frequencies and obtain an ever more
accurate phase screen. It is important to note that since these subharmonic
grids consist of pixels that are smaller than the pixels used to sample the
higher frequencies (by a factor of 1/3 for each subharmonic), we must scale
the contributions of the subharmonic terms by a factor of (1/ 3)b , where b is
the number of the subharmonic. We can express this subharmonic sampling
as,

Osup (xp, yy) ZZchme {ﬁ 31’1‘14}. (4.52)

Here, the term with n = m = 0 is not summed over. The coefficient for the
subharmonic grid are sample from a Gaussian distribution with mean zero
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and variance of,

1\? ®(kn, L)
(37) Lo, (4.53)

Once these subharmonic terms have been calculated, they can be added to
the naively computed phase screen with only the high frequencies. Thus our
total phase screen is given by,

®(xp;]/q) = ®high(xpzyq)+®sub(xplyq)
Y Y e Y Y e 2 s
n o m b n m

One question then remains: what is a suitable number of subharmonics to
accurately recreate the effects of atmospheric turbulence? To investigate this,
we performed a Strehl ratio test. We simulate the propagation of a Gaus-
sian beam propagating through a weakly turbulent channel. This is done by
adding on the turbulent phase from the calculated phase screen and propa-
gating the beam to the far field. We compare the average on axis intensity
of these aberrated Gaussian beam profiles with that of a Gaussian beam that
has been propagated through a uniform, unaberrated channel and calculate
the Strehl ratio according to Equation 4.31. This can be compared to the the-
oretical behaviour of the Strehl ratio give in Equation 4.32. The results of this
investigation are shown in Figure 4.3. From this we can see that once the
screen is calculated to 5 subharmonics or more, we closely match the theo-
retical curve predicted for the Strehl ratio. Thus, going forward, unless oth-
erwise stated, any turbulence phase screen is calculated to 5 subharmonics.
The reason being that additional subharmonics will not provide any signif-
icant improvement but will greatly increase the computation time taken to
generate each screen.

4.5.2 Split Step Method

We now know how to calculate and simulate the phase aberrations induced
by optical atmospheric turbulence. As mentioned previously, the single phase
screen approximation only replicates turbulence in the weak regime (03 < 1).
In the most general case, we will want to simulate channels of varying turbu-
lence strengths, including medium and strong turbulence 0% > 1. To repli-
cate the effects of the higher regimes, we will employ a procedure known as
the split step method.

The split step method involved breaking up the total path-length into
smaller segments or steps. The length and aberration strength of each of
these segments is chosen such that the turbulent effects in that segment meet
the criteria for the weak regime (0%). Thus, for each segment, we may use the
single phase screen approximation. The final simulation will therefore in-
volve applying an initial phase screen, then propagating the field a distance
Az. The next phase screen is applied and the field is propagated a further
distance Az. This is repeated until the desired effects/strength is obtained.
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FIGURE 4.3: Strehl Ratio Test. Here we see the calculated Strehl ratio from the

simulated propagation of a Gaussian beam through a turbulent channel. This is

plotted against the turbulence strength D /7y programmed into the turbulence phase

screen constructed using the Fourier transform method to various subharmonics.

The dashed line show the theoretically predicated relationship between the Strehl
ratio and the turbulence strength D /7.

To determine how many screens we need to use and the strength of the
aberration on each screen, we must return to our definitions for the Fried pa-
rameters ry and Rytov variance ¢. Since our method is taking a continuous
volume of aberrations and breaking it up into a discrete number of phase
screens, we must change our integral in Equation 4.29 into a discrete sum,

3
N 5
ro = (o.423kzcﬁ ZAZ]') , (4.55)

j=1

where we have divided our channel into N segments and assume that our re-
fractive index structure constant is uniform throughout the channel. We will
assume each segment is of equal length and so Az; = Az = L/N, where L is
the total path-length. From this, we are able to find the Fried parameters for
each of the segments ry; (which will be needed for generating the individual

phase screen),
3
5

ros = (o.423k2c,%Az)" , (4.56)

and the Fried parameters for the entire channel ry (which is needed to quan-
tify the turbulence strength of the entire channel). These are related, via
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Equation 4.55 as follows,

3
N 5
rg = (0.42318(:52&)
j=1
_3
5

N
= (Z 0.423k2c,3Az>

it
|
wilw

= NigrO,S (4'57)

One of the implications of Equation 4.57 that the Fried parameter of the entire
channel is larger than the Fried parameters of each individual segment and
screen. To obtain a discretized form of the Rytov variance, we will perform
a similar procedure and change the integral in Equation 4.30 into a discrete
sum,

N
0% = 225k6C2Y (L —2z)iAz. (4.58)
j=1

If we position the screens in the centre of each of the segments and ensure
that each segment is of equal length, we obtain on expression for z;,

L L(j-—-1
Zj= o<+ (JN ) (4.59)
Thus we get the following expression for the discrete Rytov variance,
2 7 0.5 N 1 1 :
og =2.25ks CyLe Y {1 N (] — E)] Az, (4.60)

j=1

where z = L/N. Since we define the power spectral density of our phase
screens in terms of the Fried parameter, it is useful to also express our Ry-
tov variance in terms of the Fried parameters of each segments so that we
more easily see the link between the two. This relationship is obtained by
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combining Equations 4.56 and 4.60 to obtain,

5 5 5 5 N 1 1 3 N 5
og =532k 8 Lsr,? Z% [1 -3 (] - E)] = Z%UR,].. (4.61)
J= J=

There is a very interesting observation we can make when studying Equation
4.61: the Rytov variance decreases as we move through one segment to the
next. This implies that the closer the phase screen is to the source of the light
tield, the greater the effect it will have on the distortion of the beam at the re-
ceiver. This makes intuitive sense as the phase aberrations in earlier screens
along the path will have significantly more propagation distance to manifest
themselves as phase and amplitude perturbations compared to aberrations
introduced later in the propagation. This observation also makes it signifi-
cantly easier to ensure our model holds to the single phase screen approxi-
mation for atmospheric turbulence. We simply need to enforce the condition
that the Rytov variance of the first phase screen is in the weak regime, i.e.,

s 1 /1\]5
0% =532k s Lér, [1 - (E)] <1, (4.62)

to ensure that the effects of each segment in our split step propagation path
meet the requirements for the weak turbulence regime. However, by using
Equation 4.61, we may model a channel of any strength 0% (weak, medium
or strong) and any distance L simply by selecting an appropriate number of
segments N and the appropriate Fried parameter for the phase screen in each
segment r( ;.

4.5.3 Calibration of Experimental Phase Screens

We have now developed a way to experimentally simulate the effects of
weak turbulence using turbulence phase screens and simulate medium and
strong turbulence using a careful choice of multiple, evenly space turbulent
phase screens. Before we can use these screens to perform tests on real-world
beams, we must calibrate the screens relative to the size of the beam being
used. This is because the beam must interact with a sufficient area of the tur-
bulence phase screen to constitute the same experience of turbulence under
the programmed turbulence conditions. If the aperture size is chosen to be
too small, a large portion of the beam will not experience the distortions and
so we will not measure the perturbations that accurately correspond to the
programmed turbulence strength. Meaning, we must find a suitable value
for the aperture size D relative to the size of the beam waist wy that returns
the expected degree of distortion from the turbulence phase screens. We
would then adjust the turbulence by changing the correlation length/Fried
parameter 7.

Since we will be comparing programmed values to experimental mea-
surements, it is natural to again use the Strehl ratio as a metric since it links
an easily measured quantity to the aperture size D and Fried parameter
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FIGURE 4.4: Least Squares Fitting. Plot showing the least squares difference (LSD)

between the theoretically predicted Strehl ratio vs. the simulated Strehl ratio for

various choices of normalised aperture size D /wy. For this simulation we average

over 100 turbulence phase screens for each turbulence strength D /ry, measure 40

turbulence strengths for each choice of aperture size D and measure the aperture

size between D = 0.4wy to D = 3wy in increments of 0.1wy. The beam used is a
Gaussian beam of waist wy.

ro through an analytical expression. We may then iterate through various
values of D and measure the Strehl ratio for a various range of turbulence
strengths D /rg and see which value of D most closely matches the theoret-
ical Strehl ratio given by Equation 4.32. Since we will need to choose vari-
ous apertures sizes D and for each choice of D measure various turbulence
strengths D /rp and average over a large number of screens for each turbu-
lence strengths, we will first simulate the various parameters to see which
gives the best fit to the theoretical Strehl ratio. For this simulation, we use
100 turbulence phase screens for each turbulence strength, measure 40 tur-
bulence strengths for each choice of aperture size and measure the aperture
size between 0.4wy to 3wy in increments of 0.1wg. To quantify how well each
choice of D fits the theoretical Strehl ratio curve in Equation 4.32, the least
squares difference (LSD) between the simulated results and the theoretical
curve wave calculated. The results of this are shown in Figure 4.4. From
these results, we see that the optimal choice for the aperture size id D = 2wy.
The beam used in this simulation is a Gaussian beam with a beam waist of
wp. The minimum achieved by this fitting procedure may not be the global
minimum. However, the range of values tested in the simulation are the
range of value possible for implementation in the the experimental setups
that are available to simulate the turbulent channel. Thus, this optimal value
is the only choice in order to best replicate the desired turbulent channel.
We next experimentally confirm the choice of D = 2wy experimentally.
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FIGURE 4.5: Phase Screen Calibration. Plot showing the least squares difference

(LSD) between the theoretically predicted Strehl ratio vs. the simulated Strehl ratio

for various choices of normalised aperture size D /wy. For this simulation we aver-

age over 100 turbulence phase screens for each turbulence strength D /1y, measure

40 turbulence strengths for each choice of aperture size D and measure the aperture

size between D = 0.4wy to D = 3wy in increments of 0.1wy. The beam used is a
Gaussian beam of waist wy.

A Gaussian beam multiplied by the turbulence phase screen was encoded
onto the SLM via complex amplitude modulation (see Chapter 2). The on-
axis intensity, with and without turbulence, is measured using a CCD. The
results form this are shown in Figure 4.5, where we plot the measure Strehl
ratio vs. the programmed turbulence strength. This plot is compared to the
theoretical relationship predicted by Equation 4.32. From these results we see
almost perfect agreements between the measured values and the theoretical
prediction, thus confirming the accuracy of calibration procedure and our
choice of D = 2wy.
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Chapter 5

Eigenmodes of Atmospheric
Turbulence

This chapter is based on the paper:

Asher Klug, Cade Ribeiro Peters and Andrew Forbes, "Robust structured light in
atmospheric turbulence," (2023)
Advanced Photonics, Vol. 5, Issue 1, 016006

C. Peters performed several of the numerical simulations, assisted in designing and
building the experiment, performed the experiment, analysed the data and contributed to
writing the manuscript.

Structured light is routinely used in free space optical communication chan-
nels, both classical and quantum, where information is encoded in the spa-
tial structure of the mode for increased bandwidth. Both real-world and ex-
perimentally simulated turbulence conditions have revealed that free-space
structured light modes are perturbed in some manner by turbulence, result-
ing in both amplitude and phase distortions, and consequently, much atten-
tion has focused on whether one mode type is more robust than another,
but with seemingly inconclusive and contradictory results. Here, we present
complex forms of structured light which are invariant under propagation
through the atmosphere: the true eigenmodes of atmospheric turbulence. We
provide a theoretical procedure for obtaining these eigenmodes and confirm
their invariance both numerically and experimentally. Although we have
demonstrated the approach on atmospheric turbulence, its generality allows
it to be extended to other channels too, such as aberrated paths, underwater
and in optical fibre.

5.1 Introduction

Free-space transmission of electromagnetic waves is crucial in many diverse
applications, including sensing, detection and ranging, defence and commu-
nication, and extends over distances from the long (Earth monitoring) to the
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FIGURE 5.1: Propagation through Turbulence. Most common forms of struc-
tured light (such as Laguerre-Gaussian modes) become distorted when propagating
through free space due to the effects of atmospheric turbulence, whereas an eigen-
mode of atmospheric turbulence will remain unchanged when propagating through
the same channel, as shown in the left panels. In contrast, the eigenmodes of turbu-
lence will not be the eigenmodes of pristine free space, as shown on the right panels.

short (WiFi and LiFi). Lately there has been a resurgence of interest in free-
space optical links [52, 53], driven in part by the need for increased commu-
nication bandwidths [54, 55], with the potential to bridge the digital divide in
a manner that is license-free [56]. Here the spatial modes of light have come
to the fore, for so-called space division multiplexing [57] and mode division
multiplexing [58], where the spatial structure of light is used as an encoding
degree of freedom. This in turn has fuelled interest in structured light [59,
60], where light is tailored in all its degrees of freedom, including amplitude,
phase and polarisation, enabled by a modern structured light toolkit [61].

A commonly used form of structured light is that of beams carrying or-
bital angular momentum (OAM), where the phase spirals around the path
of propagation azimuthally [62]. These modes provide a (theoretically) infi-
nite and easily realised alphabet for encoding information [63, 64] and have
been used extensively in optical communication (see Refs. [65, 66] for good
reviews). Vectorial combinations of such beams create inhomogeneous polar-
isation structures [15, 67, 68] and too have found applications in free-space
links [69, 70]. Although these structured light fields hold tremendous poten-
tial for free-space optical communication, they are distorted by atmospheric
turbulence as a phase perturbation in the near-field and an amplitude, phase
and polarisation perturbation in the far-field [71]. This corrects the myth that
vectorial light is immune to atmospheric turbulence by virtue of its polari-
sation components - it is not. What is invariant is its vectorness, how inho-
mogeneous the polarisation structure is (but not how it looks), which can po-
tentially be exploited for error-free optical communication [72]. This modal
scattering induced cross-talk decreases the information capacity of classical
atmospheric transmission channels [73-82] while reducing the degree of en-
tanglement in quantum links [83-92]. Mitigating this remains an open chal-
lenge that is intensely studied.

Arguments have been put forward for one mode family being more ro-
bust than another, with studies covering Bessel-Gaussian [93-104], Hermite-
Gaussian [105-108], Laguerre-Gaussian [109-113] and Ince-Gaussian [114]
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beams, with mixed and contradictory results. In the context of OAM, since
the atmosphere itself can be thought of giving or taking OAM from the beam,
it has been shown theoretically and experimentally that atmospheric tur-
bulence distortions are independent of the original OAM mode [115], all
susceptible to the deleterious effects of atmospheric turbulence, and indeed
OAM has been suggested as not the ideal modal carrier through turbulence
[116]. Vectorial structured light has been suggested to improve resilience
because of the invariance of the polarisation degree of freedom, but numer-
ous studies in turbulence [117-124] have been inconclusive, with some re-
porting that the vectorial structure is stable [118, 119, 124], and others not
[120-123, 125]. Careful inspection of the studies that report vectorial robust-
ness in noisy channels reveal that the distances propagated were short and
the strength of perturbation low, mimicking a phase-only near-field effect
where indeed little change is expected, and hence these are not true tests
for robustness or invariance. Studies that claim enhanced resilience of vec-
tor modes over distances comparable to the Rayleigh length [118, 124] have
used the variance in the field’s intensity as a measure, a quantity that one
would expect to be robust due to the fact that each polarisation component
behaves independently and so will have a low covariance. This failing of
structured light in turbulence has led to numerous correction techniques, in-
cluding novel encoding/decoding methods [126], modal diversity as an ef-
fective error-reduction scheme [127], traditional adaptive optics for pre- and
post-correction [128-130] as well as vectorial adaptive tools [131], iterative
routines [132] and deep learning models [133].

Here we present a class of structured light whose entire structure in am-
plitude and phase remains invariant as they propagate through a turbulent
free-space channel. We deploy an operator approach to find the eigenmodes
of atmospheric turbulence, a significant departure from prior phenomeno-
logical approaches. Unlike other spatial modes, these exotically structured
eigenmodes need no corrective procedures and are naturally devoid of dele-
terious effects such as modal crosstalk. Moreover, they are valid over long
paths and strong aberrations, a regime that is no longer phase-only and thus
traditional adaptive solutions for correction fail. We demonstrate this invari-
ance numerically and confirm it experimentally with a laboratory simulated
long path comprising weak, medium and strong turbulence, implemented
using multiple turbulent phase screens along the propagation path. Our ap-
proach offers a new pathway for exploiting structured light in turbulence,
and can be easily extended to arbitrary noisy channels.

5.2 The Eigenmodes of Turbulence

5.2.1 Instantaneous eigenmodes

The concept we tackle here is illustrated in left panels of Fig. 5.1. Some optical
tield passes through an arbitrary distance of atmospheric turbulence, treated
as a continuous medium of potentially strong turbulence, and which we will
refer to as our channel. The conventional forms of structured light such as
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FIGURE 5.2: The Unit Cell. The first turbulent screen is placed at the beginning
of the channel, at z = 0, with subsequent screens placed a distance Az = L/N
away from the prior, where N is the number of turbulent phase screens used. Each
phase screen and distance form a unit cell, the first highlighted in blue, forming
N unit cells over the complete path length of z = L. The operator for each unit
cell, 7, is identical, so we need only consider the first unit cell. The initial plane is
discretised into pixels with side length ¢ and turbulence is simulated with a strength
characterised by the ratio D /rg, where D is the aperture of the inscribed circle and r
is the Fried parameter. The operator describes the action of an imprinted turbulent
phase on the beam, followed by vacuum propagation over a distance Az.

Laguerre-Gaussian beams are typically distorted after propagation through
such a channel, but are invariant to unperturbed free-space. In contrast, the
eigenmodes of the medium are complex forms of structured light that are in-
variant to the channel, emerging distortion free, but then are not eigenmodes
of unperturbed free-space.

In our approach to the problem, we treat the channel as an operator, I/,
that acts on the input field to return an output field, namely

Z/Aluin = Uout - (5.1)

This is illustrated in right panels of Fig. 5.1, with the operator and in-
put/output fields shown schematically (note that in the absence of turbu-
lence the operator just describes free-space). The operator is unitary if the
transmitting and receiving apertures are sufficiently large to accommodate
the number of eigenmodes utilised, which can be approximated by its free
space limit of Npmax ~ A;A,/(A?*L?) where A; and A, are the transmitter
and receiver aperture areas separated by a distance L for light of wavelength
A. Equation 5.1 can be recast as an eigenvector problem by insisting that

Uin = Uout = |y) so that X
U=y silv (vl (5.2)
i

The challenge is to find these eigenvectors, |;), by decomposition of the
channel operator as a transmission matrix with elements U;; that maps the
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FIGURE 5.3: Eigenmodes of Turbulence. The numerically calculated eigenmodes
of turbulence, showing the first five modes (columns) as a function of turbulence
strength (rows). The insets show the phase profile. All eigenmodes were calculated
for a total propagation path of 100 m through weak, medium and strong turbulence
as defined by the Rytov variance (¢3) and Fried parameter (ro). The first two rows
show eigenmodes of weak turbulence with ¢ = 0.5 and o = 1.8 mm. The next two
rows show eigenmodes of medium turbulence with 03 = 1 and o = 1.2 mm. The
last row shows eigenmodes of strong turbulence with 03 = 1.5 and ry = 0.91 mm.

input to the output, i.e., u; = }; U;;u;. This is a variant of singular value de-
composition (SVD), which solves the eigenvector equation at two planes for
two different sets of modes [134]. This ensures orthogonality at the receiver
by allowing the optical fields to evolve in transmission, say from modes |¢;)
at the transmitter to |¢;) at the receiver, but at the expense of invariance. We
wish to find the modes that are invariant (robust) to the channel, the true
eigenmodes of the channel, so that transmitter and receiver share a common
mode set. Because of the unitarity of the problem, the eigenvector equa-
tion is numerically stable and can be solved by a variety of standard numer-
ical tools, so the task is to decompose the channel operator as matrix ele-
ments. There are a variety of approaches to do this, with successful theoreti-
cal demonstrations including using SVD in turbulence with OAM and pixel
modes at the transmitter and receiver [135, 136], and experimental demon-
strations using point sources for eigenmodes of scattering media [137, 138].
In the language of quantum mechanics, the nature of the problem lends itself
to a process tomography of the channel [139], which by the isomorphism of
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channel and state means that a quantum state tomography [140] will com-
pletely retrieve the channel matrix, as shown in quantum channels of com-
plex optical fibre [141] as well as in classical-quantum channels through tur-
bulence [142, 143]. We believe that this is a promising avenue to explore as
it may offer benefits over the classical approach, which typically probes the
channel one mode at a time. Nevertheless, the point is that standards tools
exist to tackle the problem both experimentally and computationally.

In our work we will use the pixel basis to express the eigenmodes, in-
spired by the form of the paraxial free-space Green’s function. The channel
tomography however can be done in any complete and orthogonal basis for
sending and receiving modes, to reconstruct a channel matrix A = PUQT,
where P and Q are the unitary matrices that perform the basis transforma-
tions, which following the earlier example might be Q =}, |¢p) (vp| and

P =Y, |) (4| from which U can be again deduced.

5.2.2 Time Averaged Eigenmodes

The analysis in the previous section assumed that the channel matrix was
fixed at some instant in time, or equivalently, that the light transit time is
much shorter than the coherence time of the turbulence. It is instructive to
consider what might happen if one instead considers a time averaged result.
Turbulence is a stochastic process in which the refractive index of the Earth’s
atmosphere varies according to well-known statistics, having zero mean and
some non-zero variance. To see the impact of averaging over many different
instances of turbulence on the robustness of modes, we use the the Helmholtz
equation in the non-paxarial form through a thick and varying medium de-
fined by the function dn(r)

<V2 + k2> V = —2k26nV, (5.3)
which has the solution

V(r') = 2k? / d®r G(r,r)V(r)on(r), (5.4)

with G(r, t') = exp(ik||r — t'||) /47t||r — t'|| being the free-space Green's func-
tion and r = (x,z). Taking the ensemble average and using the result that
(onV) = A (V) [144], we find

(V(r)) = 224 / Sr G(r,v) (V(r)), (55)

where the constant A is related to the covariance of the refractive index fluc-
tuations. We recognize that Eq. 5.5 is identical to the usual, zero-turbulence
Fresnel integral, up to a constant. Therefore, the averaged eigenmodes should
be solutions to the free-space, no turbulence, case. In other words, if the chan-
nel involves some form of averaging, say at the detector, then the best mode
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set in this case is identically the traditional free-space modes in various ge-
ometries, e..g, the Hermite-Gaussian and Laguerre-Gaussian modes.

5.3 Numerical Simulation: Multiple Phase Screen
Example

Conceptually one can imagine that the real path through turbulence is subdi-
vided into many units, each containing a single phase-only turbulent screen
and a zero turbulence propagation path of length Az. We realise that in the
language of operators, the action of each unit on some field is given by the
product of the operators for turbulence and free-space propagation, which
we denote by 7. This picture serves to confirm that the complete channel
operator can be treated as unitary since it can be written as a product of uni-
tary operators. We will now use this approach by way of example to build up
a turbulence operator for the long/thick medium because (in the absence of
a real-world channel) it lends itself directly to numerical testing and experi-
mental verification of the concept in the laboratory.

To begin, we note that the effects of turbulence are mathematically cap-
tured in the stochastic refractive index n = 1 4+ dn, where dn is the random
variation in the refractive index of the Earth’s atmosphere. It is assumed
that on has a zero mean value, i.e., (dn) = 0, and that the variation is small,
so |6n| < 1. The introduction of this varying term produces the stochastic
paraxial Helmholtz equation for a field V(x, y, z)

(v? + 20k, + 2k2<5n> V=0, (5.6)

where V7 is the transverse Laplacian and k = 27t/ is the wavenumber for
wavelength A.

Equation 5.6 can be solved numerically according to the split-step method [145],
illustrated in Fig. 5.2. Multiple random phase screens are placed at various
distances along the beam’s propagation path. Importantly, each screen is in
the weak turbulence limit and contributes a random phase ©;, where j labels
the jth screen, so that a single screen approximation is valid, but the sum of
many such screens can lead to medium or even strong turbulence. In gen-
eral the screens at each distance are different, but for pedagogical reasons we
start with a simplistic example (to illustrate the concept) where we imagine
that the path is subdivided into identical units, each containing such a single
screen and a zero turbulence propagation path of length Az. The action of T
on a field V is given by the Huygen-Fresnel integral with a turbulent phase
factor

TV = /dzx g(x,X'; Az) exp(i®@)V(x,z = 0), (5.7)

where

1 i7T
(%, X;Az) = ———exp (m Ix— X'Hz) (5-8)
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is the paraxial free space Green’s function and x, x” are the two-dimensional
coordinates of the initial and final planes, respectively. We then discretize x
and x into grids of N x N points. The coordinates are labelled x = (x4, y4)
and x' = (x, 1), so that T is given by

1 i 2
7;“/0‘.3 = iAAz exp </\_AZ (xP’ - x“) )

i ) ' (5.9)
X exp (m (yv — yp) ) exp (iO(xq, yp)) -
An eigenmode E is then a solution to the tensor eigenvalue equation
By = TuvapEaps (5.10)

where 7, is the eigenvalue of the nth eigenmode. Repeated indices are im-
plicitly summed over and E,, = E(x;, y,). To convert the above tensor equa-
tion into the usual matrix-vector form, we specify a mapping p that acts on
the indices («, ) and (y,v) and “counts” them, first by columns and then
by rows, such that p(1,1) = 1, .., p(N,1) = N, p(1,2) = N+ 1 up to
p(N,N) = N2. This mapping lets us rewrite Eq. 5.10 as

1Bl = TiE;, (5.11)

since p(«, ) = jand p(u,v) = i. This equation can be routinely solved using
numerical methods to find the eigenmodes of the unit cell operator. The
action of the full channel is then described by the product 7,,... 77 of repeated
unit cells, and as per the definition of eigenmodes, they remain invariant
regardless of the number of operators applied. To simulate more realistic
conditions that change from cell to cell, the individual operators can be set
appropriately so that in general 7, # 7,1, but the product of operators still
holds true.

5.3.1 Numerical Results

We follow the split-step approach shown in Fig. 5.2 to calculate the eigen-
modes and numerically propagate them through atmospheric turbulence.
For clarity and brevity we show only the low order eigenmodes and use the
OAM modes as our point of comparison. We describe the turbulence con-

ditions by Fried’s parameter ry = (0.423k*C3L) %5 and the Rytov variance
0% = 1.23C2k7/6111/6 using the plane-wave approximations [51] over a path
of length L. These parameters are given in the captions of all results.
Examples of the intensity and phase of the eigenmodes are shown in
Fig. 5.3 for various examples of turbulence. Here the first five eigenmode
solutions are shown in the left column, increasing from left to right, with the
rows corresponding to the turbulence strength, increasing from top to bot-
tom. Although these are complex forms of structured light, as eigenmodes of
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Eigenmodes of
Turbulence

LG Modes

Increasing Turbulence Strength

FIGURE 5.4: Invariance of Eigenmodes under Numerical Propagation through
Turbulence. The eigenmodes (left) and LG modes (right) after numerical propa-
gation through weak, medium and strong turbulence through a channel equivalent
to propagating over a distance of 100 m. The insets shows the modes before experi-
encing turbulence. The numerical simulations used the split step method with three
unit cells each consisting of a turbulence screen with a given ry followed by 33.33 m
of propagation. Three unit cells were chosen to most closely match the experimental
conditions implemented later in this chapter. Weak turbulence was characterised by
01% = 0.5 and rp = 1.8 mm, medium turbulence by 01% = land ryp = 1.2 mm and
strong turbulence by ¢ = 1.5 and ry = 0.91 mm

turbulence they should be invariant after propagation through a turbulent at-
mosphere. To test this, we propagate OAM carrying Laguerre-Gaussian (LG)
modes and the eigenmodes through various scenarios of turbulence over a
100 m path length, with the results shown in Fig. 5.4. OAM modes were se-
lected as they are very popular forms of structured light used in free-space
studies. Their popularity, however, is not commensurate with their robust-
ness in turbulence, as their phase profiles are sensitive to atmospheric dis-
tortions. We see that while the OAM modes are distorted (as expected), the
eigenmodes are robust. This can be quantified by performing a modal anal-
ysis [9] at the end of the turbulent channel, as would be the case in optical
communication at the receiver. In Fig. 5.5 we see that while the crosstalk is
substantial for OAM modes when propagated through turbulence, evident
from the many off-diagonal terms, the eigenmode crosstalk matrix remains
diagonal after the same channel, for minimal crosstalk.

It is useful to study the behaviour of the eigenmodes of turbulence as they
propagate through a channel with no turbulence and that is absent of any
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FIGURE 5.5: Crosstalk-Free Transmission. Simulated crosstalk matrices for OAM

modes ¢ € [0,4] (top) and eigenmodes (bottom) with insets showing the intensity

of the beams. The eigenmodes are unchanged and remain orthogonal, whereas the

OAM modes scatter into each other. Turbulence results shown for D/ry = 2 with

a total path length of 100 m and a beam waist parameter for the OAM beams of
wo = 6.67 mm.

other perturbations. Laguerre-Gaussian and Hermite-Gaussian are eigen-
modes of such a channel and thus will propagate through it unperturbed.
This can be seen in the first row of Figure 5.6 where several LG modes of
increasing OAM are numerically propagate through a 100 m free space chan-
nel and show no aberrations. The eigenmodes of weak, medium and strong
turbulence (in the second, third and fourth rows respectively) are also prop-
agated through this channel. They show very noticeable changes in their in-
tensity distributions thus demonstrating that they are not eigenmodes of free
space. However, the change they undergo in free space is not so significant as
to make them unrecognizable and they retain many of their original features
such as a general pattern and number of lobes. When comparing this to Fig-
ure 5.4, it appears that the changes undergone by eigenmodes of turbulence
in free space are less severe than changes undergone by the eigenmodes of
free space in turbulence.

Real-world turbulent channels have differing unit cells, and to illustrate
such an example we simulate a slant path from high altitude to the Earth’s
surface. In this case, the turbulence strength changes as a function of altitude,
and likewise the phase screen in each cell. The starting altitude of the channel
was 500 m and the zenith angle was 170° (the zenith angle is greater than 90°
as we are propagating downward from a point of high altitude to the surface
of the Earth). This corresponds to a path length of 508 m and an angle of 80°
below the horizontal. To calculate the turbulence strength at each altitude,
the Tartarski model [146] was used to calculate the values for the refractive

index structure constant
Cr(h) = Choh™", (5.12)
2

where C2, = 4.16 x 10713 m?/3 and b = 4/3 are constants selected to most
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FIGURE 5.6: Eigenmodes of Turbulence through an Unperturbed, Uniform
Medium. The Laguerre-Gaussian modes (top row) propagate through free space
unaberrated as they are solutions to the free space paraxial Helmholtz equation.
The eigenmodes of weak, medium and strong turbulence (second, third and fourth
row respectively), while still recognizable, show noticeable changes in when passing
through a channel with no turbulence. The insets show the modes before propaga-
tion and the larger images show the modes after propagation through a 100 m free
space channel with no turbulence. Weak turbulence was characterised by 03 = 0.5
and rp = 1.8 mm, medium turbulence by 01% = 1and rp = 1.2 mm and strong turbu-
lence by 02 = 1.5 and rp = 0.91 mm

closely fit experimental data and h is the altitude. The slant path length
through the atmospheric layer is given by Al? = Ah? 4+ Az? where Ah? is
the height of the atmospheric layer and Az? is the horizontal component of
the beam’s path through the layer and the channel was broken up into 14
unit cells. The phase screens were then distributed evenly along the path
and the values for C2 where calculated for each phase screen at position of
each phase screen. The calculated eigenmodes for this example are shown in
Figure 5.7, where we see some striking similarity to low-order superpositions
of the free space modes. More importantly, we note that the before and after
intensity structures are in good agreement, indicative of an eigenmode.

5.4 Experimental Results

The experiment, shown in Fig. 5.8, is conceptually divided into three parts.
In the generation stage, a He-Ne laser beam (wavelength A = 633 nm) was
expanded using a 10 x objective lens L; and then collimated by L, (f, = 150
mm) before being directed onto a reflective PLUTO-VIS HoloEye spatial light
modulator (SLM). The initial field was generated by using the Arrizén type 3
technique [147] to shape the incident beam into the desired mode by complex
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FIGURE 5.7: Eigenmodes of a Slant Path. The initial eigenmodes (top) and those

after propagation (bottom) through a slant path towards the ground. The invariance

is clear with the before and after intensity structures remarkably similar. We also

note the strong similarity to free-space modes because the turbulence conditions
were moderate.

amplitude modulation (amplitude and phase control). This field then entered
the turbulent section of the setup where it passed through three unit cells,
each comprising the same random phase screen and a propagation distance
of one metre. The same phase screen was repeated for ease of calculation.
In a real-world channel, the phase screens would not be correlated, however,
the method would still remain unchanged as demonstrated in the previous
section. The phase screens were generated using the sub-harmonic random
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FIGURE 5.8: Experimental Setup. Lenses L; and L, expand and collimate a laser
beam onto an SLM on which a phase-only hologram of the initial beam is displayed,
but implementing amplitude and phase control by complex amplitude modulation.
The ideal, turbulence-free beam is generated at this plane and subsequently propa-
gates through three turbulent screens which are also displayed on SLMs, each fol-
lowed by 1 m of free-space propagation. The final aberrated field is captured on a
CCD to image its intensity. The panels on the right show examples of the desired
eigenmodes (Calculated Eigenmodes), the holograms to create them, and the mea-
sured eigenmodes without any turbulence or propagation (Generated Eigenmodes).

matrix transform method [145] and displayed on the (phase-only) SLMs. The
intensity of the perturbed field was then detected and measured on a camera
(CCD). The panels on the left of the experimental setup in Fig. 5.8 show four
examples of the desired (calculated) eigenmodes, the holograms to create
them by complex amplitude modulation, and the experimental validation
that without any turbulence or propagation, that they are created (generated
eigenmodes) with high fidelity (bottom panel).

Our setup differs from conventional laboratory simulations of turbulence
in that we are able to mimic a thick path, from weak to strong turbulence,
whereas often only a single phase screen is used, allowing only weak turbu-
lence to be tested. Using our setup, we studied an effective real-world chan-
nel of L = 100 m, at our wavlength of A = 633 nm and with Rytov variances
of 03 = 1.5, 1 and 0.5, corresponding (respectively) to strong, medium and
weak turbulence, with Fried parameters (ry) of 0.47 mm, 0.62 mm and 0.93 mm,
respectively. We required three screens for each turbulence strength, sepa-
rated by a distance of 33.3 m, each with effective Fried parameters ros =
0.9 mm, 1.2 mm and 1.8 mm while maintaining a Rytov variance in each slab
(segment of the channel) to be smaller than 0.9, 0.6 and 0.3, respectively. This
channel was simulated on the setup shown in Fig. 5.8 using the Fresnel scal-
ing procedure [148], allowing a long path to be generated within laboratory
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FIGURE 5.9: Experimental Eigenmodes. In the left column we see the measured
intensities of the eigenmodes of turbulence after propagating through the experi-
mental setup. The results show eigenmodes of weak, medium and strong turbu-
lence. In the right column we see the measured intensities of OAM modes after
propagating through the same experimental setup with the same turbulence phase
screens for comparison. The insets show the initial input mode. Weak turbulence
was characterised by ¢ = 0.5 and 7y = 1.8 mm, medium turbulence by 03 = 1 and
ro = 1.2 mm and strong turbulence by ¢3 = 1.5 and rg = 0.91 mm

distances. The scaling factors were chosen to be: ay = ay = +/0.03 ~ 0.173
and a, = 0.03. This corresponded to a total path length of L’ = 3 m and seg-
ment Fried parameters of rp; = 0.081 mm, 0.11 mm and 0.16 mm (see Ap-
pendix for details).

The results of OAM and the eigenmodes for weak, medium and strong
turbulence are shown in Fig. 5.9. The collage shows the final measured eigen-
modes after the channel, with the insets showing the initial mode as prepared
prior to the channel. The robustness of the eigenmodes is clearly evident, in
contrast to the highly distorted OAM modes. While there are slight intensity
changes for the eigenmodes of turbulence, these are extremely small in com-
parison to the intensity fluctuations experienced by the OAM modes. The
level of distortion in the eigenmodes does seem more profound for the weak
turbulence case. However, each turbulence strength constitutes a different
realisation of turbulence and so this cannot be taken as a general trend un-
til a large number of eigenmodes for various realisations of turbulence have
been generated an analysed.
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5.4.1 Fresnel Scaling

Some channel parameters, such as path length, are highly restricted in the
laboratory setting. This presents an apparent difficulty to experimentally
verifying the eigenmodes. However, a scaling procedure exists [148] which
allows us to verify real-world channels in the laboratory. This procedure is
presented below.

The Fresnel integral for the full (real-world) channel of length L is

Ug(r, L) = %/d2 "Ui(r) exp (%Hr— r'Hz) : (5.13)

We then apply the following scaling parameters: rj,, = a,r, 1|, = a1’ and
L' = a,L, where 1y, and 1}, are the coordinates used in the experiment. The
diffraction integral becomes

Tab exp (ikL'/a;) 2 1 b
Ys ( zxar L) Cia2AL drip Ui | 57 )
(5.14)
i7Te,
X exp ( T > )

To keep the diffraction equivalent with these scaled coordinates we require
the Fresnel number

I'lab rlab
Oyt

7TDin
4AL

to be the same in both the full and scaled-down cases, where D; and Dy are
the aperture diameters in the initial and final planes, respectively. This sets
ayn = iy and the diffraction integral becomes

(5.15)
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Setting «, = «,» means that the final and initial planes have the same size in
the laboratory setting and f, ,» — co. Ignoring constant phase factors which
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arise due to scaling, the final Fresnel integral becomes

Tab arexp(ikL’) [ 'Lb
Uf (zx_a,,) =V L d r{ab Ui 0:,

7T /
X exp <EHrlab - rlabH) :

(5.19)

5.5 Discussion

We have outlined how to find the eigenmodes of a turbulent path, and demon-
strated it with a laboratory-based split-step example both numerically and
experimentally. These modes are eigenmodes in their truest sense, i.e,. they
are fixed under the action of the channel. Importantly, our approach works
even when the medium is long and the aberration strong, a regime where
traditional adaptive optics often fails (beyond a Rytov variance of order 1)
[149, 150].

A natural feature of the eigenmodes is that they are channel specific. To
be useful in a real-world setting, the transmission should be faster than the
coherence time of the turbulence. For typical turbulence conditions this is
always true, with the atmosphere changing on millisecond time scales (typ-
ically 1 — 10 ms), whereas the transport of light across km length scales is
on the order of nanoseconds. The turbulence thus appears frozen, and nu-
merical simulations on singular value modes have shown that they outper-
form adaptive solutions even in dynamic turbulence [151]. The time frames
of acquiring the information to deduce the eigenmodes can be very fast. A
tomography of the channel can be done by modal decomposition in any ba-
sis [9] with projective holograms, which with digital micro-mirror devices
(DMDs) and photodiodes can certainly be done on millisecond time scales.
This can be improved down to microseconds (limited by the response of fast
photodiodes) if the projective holograms are hardcoded, such as on a diffrac-
tive optical element or metasurface, possible because the channel does not
have to be probed in the basis of eigenmodes. Further, one can surmise that
machine learning would be ideally suited to the task of anticipating the new
eigenmodes in a dynamical system given the prior set, certainly appealing
if the conditions are slowly changing. We take some confidence from the
fact that such channel analysis is needed in MIMO as well as in singular
value decomposition approaches, both of which have been applied to non-
turbulence studies already with success. Nevertheless, it is a challenge that
should not be downplayed, and is certainly deserving of a full experimental
study. We point out that turbulence was used here only as an extreme exam-
ple, whereas the formulation of the idea is such that it will work for any long
path in a complex media, for instance, turbid, underwater, optical fibre or
thermally aberrated paths, all of which may change more slowly or not at all.
Our analysis only considered scalar modes, whereas it is clear that vectorial
superpositions would also be eigenmodes of this channel. In this way the
invariance of the inhomogeneity of vectorial light in complex channels [71]
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could be generalised to the invariance of all properties of the field, an appeal-
ing notion for energy transport and imaging through complex systems.

5.6 Conclusion

The search for robust states of structured light in noisy channels is a pressing
challenge, promising enhanced channel capacity and reach. Here, using free-
space and atmospheric turbulence as our example, we have outlined a theo-
retical approach to finding the complex forms of structured light which are
invariant under propagation through the atmosphere, the true eigenmodes
of turbulence, and confirmed its validity both numerically and experimen-
tally. These exotically structured eigenmodes need no corrective procedures,
are naturally devoid of deleterious effects and are valid over any path length
in the medium. Our approach offers a new pathway for exploiting structured
light in turbulence, and can be easily extended to other noisy channels, such
as underwater and optical fibre.
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Chapter 6

Numerical Orthogonality
Considerations

It has now been demonstrated that by obtaining a sufficient understanding
of the Physics governing the behaviour of a complex, aberrated medium, it
is possible to tailor structured light fields so that they propagate unchanged
through that medium. In this work we have demonstrated this using a tilted
spherical lens and atmospheric turbulence as examples of such channels. In
both cases, the approach was to define an operator that sufficiently describes
the action of the channel on the input state as to allow us to correctly calculate
the output state. Once the operator is obtained, it is then a matter of finding
the eigenstates or eigenmodes of that operator. A key but subtle point that
was not discussed in depth is that the states with which we are dealing and
the operator which describes the action of the channel must be specified us-
ing a basis. We are able to choose from a large variety of bases: the Hermite
Gaussian beams were used as a basis for the tilted lens, while position/pixels
were used for atmospheric turbulence. In both cases, these bases were chosen
as we were able to most easily express the perturbations (and by extension
the action) of the channel in the respective bases. This allowed us to easily
determine the eigenmodes of those channels.

While choosing a basis that results from our initial definition and under-
standing of the channel is useful for determining the eigenmodes, it can make
the application and use of these eigenmodes more challenging. The key prop-
erty of structured light fields that allows for their use in techniques such as
mode division multiplexing, modal decomposition and modal imaging (to
name a few) is that each mode family forms a complete, orthonormal basis.
This means that if one is given any arbitrary light field |¥), one can describe
this arbitrary field as a linear superposition of these modes,

¥) = chHrS |HGum) = ZCILPG ‘LGZP> = Zcij |xi,y]~> . (6.1)
n,m Lp i

Within this linear superposition, every mode in the basis is orthogonal to ev-
ery other mode and thus can be separated out and its contribution c,I;Inf / CleG / Cij
to the overall field can be uniquely and exactly determined.

There are a theoretically infinite number of basis modes in each of the
mode families mentioned, and so there is generally no issue with switching
between different bases when performing our calculations. However, when
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FIGURE 6.1: Orthogonality of Pixel Basis Eigenmodes. Here we the crosstalk ma-
trices of several different mode-sets. (a) The ideal crosstalk matrix between a set of
orthogonal modes that remain invariant through a medium. (b) Crosstalk matrices
between eigenmodes calculated for a weak turbulent channel ((712{ < 1). (c) Crosstalk
matrices between eigenmodes calculated for a medium turbulent channel (63 ~ 1).

(b) Crosstalk matrices between eigenmodes calculated for a strong turbulent chan-
nel (62 > 1).

implementing these eigenmodes, we are limited to only a finite number of
basis elements. This restriction results from practical considerations (such as
the number of pixels on the SLM screen on which we wish to programme our
turbulence phase screen), or the time taken to compute the operator limiting
us to only a set number of calculations (such as when needing to calculate
the weighting coefficient of HG modes). In certain cases, the choice of basis
may affect the orthogonality of the numerically calculated eigenmodes as we
are not able to access the entire basis and not faithfully reproduce the desired
eigenmode with the finite number of basis elements available. The choice of
basis can also make understanding the behaviour and any underlying struc-
ture present in the set of eigenmodes easier, as the dynamics and properties
of certain basis modes are more or less understood depending on the context.

A prime example of this are the eigenmodes of turbulence calculated in
the pixel-basis. We may check the orthogonality of the eigenmodes, such as
those obtained in the previous chapter, using a crosstalk matrix. In such a
computation, we compute the overlap integral between each and every basis
mode. For example, we set |¥) = |HG,y,y) and determine the overlap coef-
ficient with every |HGy,,). If the modes are orthogonal, the overlap integral
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should only be non-zero if the mode is being overlapped with itself,
HG _ —
Com = <HG”W‘HGn’m’> - 5n,n’(sm,m’ s (6-2)

where §(+) is the Dirac delta function. A similar relation holds for the LG, po-
sition and pixel bases. From this, we expect that the crosstalk matrix would
be a perfect identity matrix with the only non-zero elements along the diag-
onal as shown in Figure 6.1 (a). In Figure 6.1, we see that the eigenmodes of
(b) weak, (c) medium and (d) strong turbulence all exhibit non-zero elements
along the diagonal, but also many non-zero elements off the diagonal. This
is evidence of non-orthogonal behaviour and, since these imperfections will
only be amplified due to experimental error, this will make the eigenmodes
very difficult to implement in real-world applications.

The pixel basis is used because it is how we describe the statistics and the
phase aberration imparted on the beam. The downsides are that we may only
use a finite number of pixels which can only cover a set region of space lead-
ing to the truncation of the eigenmodes, breaking the orthogonality. The pix-
els themselves also have a non-zero size, and thus we only know the modes
to an accuracy given by the size of each pixel, which will additionally break
the orthogonality. We will therefore try to move from the pixel basis to an-
other, which will hopefully allow us to determine eigenmodes that exhibit
much stronger orthogonality even with the numerical restrictions we typi-
cally encounter. For inspiration in finding this new basis, we turn to work
that has been done which gives evidence for the atmosphere giving and tak-
ing orbital angular momentum (OAM) from a structured light beam [115].
OAM forms part of the LG basis and so we will transform our pixel basis
operators to the OAM basis and then recalculate the eigenmodes in the new
basis. Because the OAM basis consists of completely continuous functions
that are analytically defined over all of space, we expect the use of this new
basis to overcome many of the issues encountered when using the pixel basis.

6.1 Phase Aberrations in the OAM Basis

In the position basis, we describe the phase perturbations induced by the
refractive index fluctuations as simply an aberrated phase ¢/©*¥) multiplied
onto the incident field. It assigns, to every point in space, a phase value that
represents how accelerated or delayed the phase of the incident beam will be
when it interacts with the turbulent medium. Its action therefore takes in an
input state |x]-> (position or pixel) and outputs the same state multiplied by
i0(x;)

a phase given by e . We can represent this as an operator as follows,

A= / 1x) (x| @M g2x 63)



102 Chapter 6. Numerical Orthogonality Considerations

Such that for a given input state |y),
Aly) = [1x) (x1€°|y) &

= [ ) (xly) O
= /|x>(5(x—y)ei®(x)d2x

= W y) (6.4)

In order to perform a change of basis, we will make use of the fact that the
OAM basis is complete, meaning that,

;W (/=1 (6.5)

where I is the identity matrix. Since multiplication by the identity matrix
does not change a matrix, we can multiply our phase aberration operator A
by the identity matrix as follows,

A = / %) (x| @M g2

_ / Ilx) (x| 1@ d2x

-/ (Zul m) (Dlz lz\)

= [ZE ) (abe) (o) 1] O ©9

I I

Since the inner products (I1|x;) and (x;|l) are the projections of the OAM
states into the position basis, they may be expressed as their respective LG
functions,

(hlx) = LGj(x) (6.7)
<X“2> = LGZZ(X) (68)

Using these relations, Equation 6.6 becomes,

A=Y | LG} (0)LGL(x)e®Xdx ) (lo| = Y Y} [h) (I . (6.9)

Lh I h I

Where we define the coefficient,

a) = / LG} (x)LGy, (x)e©d?x (6.10)
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We interpret this operator as taking in an input OAM eigenstate /basis state
|l,), aberrating it with the phase aberration given by ¢/®X) and then checking
its overlap with the basis states at the output |/1). The coefficient ag gives the
degree to which an input basis mode is aberrated at the output. This opera-
tor can be easily calculated and was calculated with 200 basis modes which
is shown in Figures 6.2 for (a) weak and (d) strong turbulence, where we
have plotted AA*. We see only non-zero elements along the diagonal which
closely matches the behaviour of a unitary operator. This is a good indica-
tion of the accuracy of the operator as we know the action of turbulence as
a whole is unitary. We also see the absolute value squared ((b) and (e)) and
phase ((c) and (f)) of the weighting coefficients that would be used to calcu-
late the eigenmodes of this operator from superpositions of the basis modes.
The mode order is determined by the eigenvalue for each eigenmode, go-
ing from largest to smallest absolute value. We see from the absolute value
squared of the coefficients that in general, high order eigenmodes are super-
positions of basis modes with larger OAM values |/|. Upon comparison be-
tween the weak and strong aberrations, we see that there is a greater spread
in the contributions from the basis modes for the eigenmodes in the strong
case. This is to be expected as stronger turbulence would impart, on average,
a larger spread of OAM onto an incident beam. The first few eigenmodes of
this operator, for weak and strong phase aberrations are shown in Figure 6.3.
Interestingly, we see that the profile of these eigenmodes have a very simi-
lar intensity profile of two interfering beams, with regularly spaced intensity
fringes.

6.2 Propagation in the OAM Basis

The propagation operator can by inferred from the paraxial Huygens-Fresnel
diffraction integral. We express the operator mathematically as,

G(z) = //g(x, x';z) [X') (x| d*xd*x’, (6.11)

where ¢(x,x’;z) is the paraxial free space Green’s function given by,
8 P P g Y

Ly = L x|
g(x,x’;z) = 2" . (6.12)
The action of the operator is to take an input state, which is a point in the in-
put plane x, and maps its plane wave contributions to all of the output states
which are all points in the output plane x’. An output state is therefore a
sum over all the plane wave contributions from each input state. To perform
the change of basis, we take advantage of the same completeness relation as
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(b) afi aff* (c) arg(a;?)

OAM basis mode

Mode order Mode order
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0  Normalised overlap 1 0 Normalised weighting 1 0 2n
; - Phase
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(d) Ak (e) aff aff* () arg(alz)
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-200

100 2011 100 201
Mode order Mode order

FIGURE 6.2: Phase Aberration Operator. The phase aberration operator in the OAM
basis multiplied by its conjugate is shown for (a) weak and (d) strong turbulence.
This shows us that the phase aberration operator is unitary. The drop off in intensity
from the centre indicates that the coefficients are getting smaller as the modes they
are acting on get larger. This can be explained by noting that we first defined the
phase aberration operator in the pixel basis, which has a limited numerical aperture
that will truncate modes of very high order. The (c) and (e) show absolute value
squared and the (b) and (f) phase of the coefficients calculated to form eigenmodes
of the weak and strong phase aberration operator from superpositions of the basis
modes.

before, given by Equation 6.5. The procedure is as follows,
G(z) = // g(x,x;2) |x') (x| d2xd?y’

— //g(x, x';2)1[x') (x| Id*xd?x’

_ /g(x,x';z) Yo [h) () X ¢ Zyzz (] | d2xd?x’
h

= / Zzg x,x';2) |Ily) (I |X') (x|I2) lz|d2 d2x’. (6.13)
1 2
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FIGURE 6.3: Eigenmodes of the Phase Aberration Operator. Here we see the in-
tensity (left) and phase (right) profiles of the eigenmodes of the phase aberration
operator.

We see here again the same terms as in Equations 6.7 and 6.8, allowing us to
write,

Cz) =[] L gtxi) 1) LG, (X)LG () Jn) dPxd’’

)

= YY) (b // 3(x,x;2)LGy, (x\)d* LG} (x)d% . (6.14)

I I

For ease of visibility and to break down the action of the new operator more
clearly, we may define the following coefficients,

b, (X) = / ¢(xx;2) LGy, (x)d2x’ (6.15)
= / by, (X)LGy, (X )1, (6.16)
so that the final operator looks like,

Y oY e |k (ol - 6.17)

I I

The first coefficient by, (x’), given by Equation 6.15, describes the spatial pro-
file of a basis mode once it has been propagated to the output plane. The
second coefficient cﬁ, given by Equation 6.16, quantifies the overlap between
the propagated basis mode and the basis modes of the output plane. The
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FIGURE 6.4: Propagation Operator. (a) The propagation operator in the OAM basis
multiplied by its conjugate. This shows us that the propagation operator is unitary.
The drop of in intensity from the centre indicates that the coefficients are getting
smaller as the modes they are acting get larger. This can be explained by noting
that we first defined the propagation operator in the pixel basis, which as a limited
numerical aperture that will truncate modes of very high order. The (b) absolute
value squared and the (c) phase of the coefficients calculated to form eigenmodes of
the propagation operator from superpositions of the basis modes

operator is represented visually in Figure 6.4. Figure 6.4 (a) shows the oper-
ator multiplied by its conjugate which returns a matrix with nonzero entries
only along the diagonal. This indicates that the operator is close to unitary,
with the fall off in values along the diagonal possibly being attributed to the
fact that the position basis operator is limited in size, and so as we increase
the OAM and move to a larger basis mode, we cannot capture all of their
intensity. This is not necessarily bad but does place numerical limits on the
accuracy of our operator. We see that its intensity distribution is broader than
that of the phase aberration operators. This can be understood by observing
that the for the finite numerical aperture used in our simulations, the mode
mixing/crosstalk induced by the phase aberration is significantly higher that
that induced by propagation in the measured in the same basis. Figure 6.4 (b)
and (c) show the coefficients for the eigenmodes of the propagation. There
is a clear symmetry across the central line, indicating that the modes are su-
perpositions of basis OAM modes with conjugate OAM. This is clearly seen
when we plot the propagation eigenmodes’ intensity and phase profiles as
shown in Figure 6.5. The eigenmodes in Figure 6.5 are typical superpositions
of antisymmetric Laguerre Gaussian (LG) modes. This is a mode made up of
two LG modes with equal but opposite OAM. Since we know from Chapter 1
that LG modes are eigenmodes of free space, and from Chapter 3 that modes
of the same order gain equal propagation and Gouy-phase, these superpo-
sitions will remain unchanged in propagation and thus we can be confident
that our OAM basis operator is accurate in modelling propagation as it re-
turns modes that are indeed invariant to the action of the operator. It is also



6.3. Eigenmodes of Turbulence in the OAM Basis 107

Intensity Phase

0 . . ) 1 0 2n
Normalised intensity Phase

FIGURE 6.5: Eigenmodes of Propagation. Here we see the intensity (left) and phase
(right) profiles of the eigenmodes of the propagation.

worth noting that these modes have the same intensity as the linearly po-
larised (LP) modes which are the eigenmodes of propagation through some
forms of optical fibre.

6.3 Eigenmodes of Turbulence in the OAM Basis

Now that we have obtained an operator for the phase aberration A and an
operator for free space propagation G, we can obtain the operator for a tur-
bulent channel by simply combining the two operators,

T=CGA. (6.18)

We can then use the same procedure as before to determine the eigenmodes
of turbulence, but now they are calculated in the OAM basis and not the
pixel basis. The operator is represented visually in Figure 6.6 for a strong
turbulent channel. Figure 6.6 (a) again shows the operator multiplied by its
conjugate. It is a diagonal matrix as expected, as both G and A also returned
a diagonal matrix under this representation. This shows that our turbulence
operator exhibits close to unitary behaviour, with higher order eigenmodes
only losing contributions due to the spatial limitations of the pixel basis from
which these operators were derived. However, we see that the values of the
elements near the centre of the matrix are all approximately equal. If we
only used the lower order eigenmodes, we should see the channel behave
in a unitary manner. This is good as atmospheric turbulence is known to be
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FIGURE 6.6: Turbulence Operator. (a) The turbulence operator in the OAM basis
multiplied by its conjugate. This shows us that the turbulence operator is unitary.
The drop off in intensity from the centre indicates that the coefficients are getting
smaller as the modes they are acting on get larger. This is a result of effects seen in
the phase aberration and propagation operators and one of the downsides of being
limited to the pixel basis to define the initial aberration and propagation operators.
The (b) absolute value squared and the (c) phase of the coefficients calculated to form
eigenmodes of the turbulence operator from superpositions of the basis modes

a unitary channel. This is already a significant improvement over the pixel
basis calculations. Figure 6.6 (b) and (c) show the absolute value and phase
of the weighting coefficient of the eigenmodes. Similarly to the propagation
operator, we see a symmetry across the I = 0 OAM basis mode. This is to
be expected as it is most likely inherited from the propagation operator.
The intensity and phase profiles of the eigenmodes for this turbulent channel
are shown in Figure 6.7. Similarly to the eigenmodes found in the previous
chapter, these modes look like heavily aberrated eigenmodes of propagation.
However, these modes are in fact robust through the turbulent channel as
shown in Chapter 5.

The orthogonality of these modes can be compared to the orthogonality
of the pixel basis eigenmodes both calculated for an identical channel with
identical phase aberrations. The crosstalk matrices for both approaches are
shown in Figure 6.8. Itis clear that the eigenmodes calculated in the OAM ba-
sis, though not perfect, show much stronger orthogonality when compared
to the eigenmodes calculated in the pixel basis.

6.4 Conclusion

The results from this chapter clearly show that the properties of the eigen-
modes calculated in the pixel basis make them non-optimal for the many
applications for optical eigenmodes. They must be calculated from an op-
erator that is not unitary and thus not accurately capturing the Physics of
the medium through which they propagate. They are not orthogonal and
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FIGURE 6.7: Turbulence Eigenmodes. Here we see the intensity (left) and phase
(right) profiles of the eigenmodes of the strong turbulent channel.
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FIGURE 6.8: Crosstalk of the OAM basis operator. (a) The crosstalk matrix between

the calculated eigenmodes in the OAM basis for a strong turbulent channel. (b) The

crosstalk matrix between the calculated eigenmodes if the pixel basis for an identical

strong turbulent channel. We see significantly less crosstalk for the modes in the

OAM basis. We only show 20 modes in this Figure but this same trend holds for all
200 basis modes calculated earlier in the chapter.
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thus will be very challenging to implement for their many proposed appli-
cations. However, both of these issues are overcome if we simply perform
a change of basis to the OAM basis. The eigenmodes calculated in this ba-
sis are derived from an operator that is unitary, and so we can be confident
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that it is more closely modelling the Physics of the medium. These eigen-
modes also exhibit significantly stronger orthogonality, meaning they will be
vastly more effective when being implemented in optical communications,
imaging, measurement and sensing.
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