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Abstract

The Fanno model that describes turbulent compressible fluid flow in a long channel and a model
for turbulent and laminar fluid-driven fracturing in rock in which the fluid is incompressible are
considered. Lie point symmetries are derived and used to reduce the partial differential equa-
tions to ordinary differential equations. Analytical solutions are derived for both problems.The
Lie point symmetry associated with the elementary conserved vector is used to derive the invari-
ant solution of the nonlinear diffusion equation for the mean velocity of the fluid in the channel.
Numerical results are obtained for the hydraulic fracture by modifying the shooting method.
The ordering of graphs of the half-width and of the length of the fracture under different work-
ing conditions at the fracture entry did not change when the fluid flow changed from laminar to
turbulent. Conservation laws are derived using the direct method, the characteristic method and
the partial Lagrangian method. A review and comparison of the three methods is made. It was
found that the partial Lagrangian method was straightforward and less computationally labori-
ous. Unlike the other two methods it did not assume a functional form for the conserved vector
but did for the gauge terms. It was also found that when the fluid flow in a fracture changed

from laminar to turbulent the number of conservation laws is reduced from two to one.
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Chapter 1

Introduction

1.1 Introduction

Turbulent flow presents itself in almost every instance of practical fluid flow [1] as it often
characterises fluid flow around bodies such as airplane wings and flat plates, or flow through
conduits such as pipes and fractures. As aresult, there has been much research done on turbulent
flow and its influence on heat transfer, species transport, drag, vorticity distribution, separation
and swirl flow [2]. The two problems considered in this dissertation describe turbulent com-
pressible flow in a long channel and turbulent incompressible flow in a thin fracture in a rock.

Both problems have practical applications in the mining industry.

1.2 Turbulent compressible flow in long channels.

The first problem of turbulent compressible flow in a long channel originates from a problem
presented to a Mathematics of Industry Study Group (MISG) in South Africa by members of
the mining industry concerning air blasts in underground chambers and tunnels in mines. Air
blasts are caused by collapsing rock that displaces a large amount of air, forcing it through a
void resulting in high pressure air flow that propagates along the tunnels of a mine. They are

a source of concern as they can cause death or injury to mine workers and serious damage to
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mining infrastructure [3]. Studying this phenomenon may provide insight into how to mitigate
the effects of an air blast. It was suggested that the Fanno model for turbulent compressible
flow be used to model the flow of an air blast in a mining tunnel [4]].

The essential assumption in the Fanno flow model is that the main effect of turbulence is
to exert a wall drag by way of a boundary layer at the wall. The wall drag dampens flow
over large times and distances but it has a small effect locally [S]. The Fanno flow model
will be applicable if the flow is turbulent and the tunnel is long enough for wall drag to be
important. In the mining situation the diameter of a tunnel may be 4 m and an aspect ratio
of 1072 would correspond to a tunnel network of about 4 km in length [3]]. In many mining
situations there are usually interconnections of an underground excavation by tunnels and shafts
to other underground excavations. The Fanno flow model may therefore be applicable.

Ockendon et al [6] considered the problem of turbulent gas flow in a tube when the pressure
at the end x = 0 is suddenly changed by an amount small compared with the background pres-
sure. The MISG recommended that this problem could model the sudden increase in pressure
at the tunnel entrance due to a collapsing rock during mining excavation and therefore may be
relevant to the air blast problem. The derivation of the three partial differential equations as
presented by Ockendon et al [6] is outlined in Chapter 3. These partial differential equations
describe the evolution of the mean velocity and pressure profile of the turbulent compressible
flow of gas in the long mining tunnel. In Chapter 3 we will investigate group invariant solutions
of these partial differential equations.

Furthermore, air blasts have been observed to travel large distances in tunnel networks and
this suggests that conservation laws and conserved quantities may be important in understanding
the dynamics of the turbulent air flow in the tunnel [7]. The conserved quantities may also aid in
obtaining analytical solutions to partial differential equations that have been reduced to ordinary
differential equations using Lie group methods[8]. We will therefore investigate conservation
laws as part of our analysis in Chapter 4 and Chapter 5.

An understanding of the mean velocity profile and pressure profile may aid in improving the

design of mining tunnels and ventilation systems. Mining engineers may be able to determine
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which areas are hazardous for workers during an air blast and implement safety measures and
procedures to ensure the protection of miners and other personnel during an air blast. It is also
important for the mining industry to adopt safer methods of rock extraction in order to reduce
the occurrence of air blasts during mining operations. Hydraulic fracturing is recommended
as method of rock excavation that can decrease the incidence of air blasts, however hydraulic
fracturing does have hazards of its own and therefore the timing of such a mining operation is

important [7]. This is the basis of our second problem.

1.3 Turbulent incompressible flow in thin fractures

Hydraulic fracturing involves the propagation of a fracture in brittle material, such as rock,
due to incompressible fluid being pumped into the fracture. The crack propagates in order
to accommodate the additional fluid [9]]. In mining operations, the generation of free surface
parallel hydraulic fractures are used as an alternative to explosive blasting [10]. Hydraulic
fracturing is considered less likely to cause air blasts as smaller pieces of rock are broken at a
time and in most cases are not enough to displace a large amount of air thereby reducing the
risk of an air blast occurring [[7].

In modelling turbulent incompressible flow in a thin fracture we need to consider the ge-
ometry of the fracture. The idealised geometry of the fracture is best described as a finger-like
projection. The fracture is one-sided and the fluid enters through one end. The rock is assumed
to be impermeable and therefore there is no leak-off of the fracturing fluid. Spence and Turcotte
obtained similarity solutions for the propagation of fluid filled fractures. They initially assumed
the flow in the fracture was laminar but later extended their results to turbulent flow [9] [I1L1].

In this dissertation we will use their model for laminar and turbulent fluid driven fracture in
which they derive a partial differential equation with two variables, the pressure of the fluid and
the half width of the fracture. To close the model they assumed that the relationship between
the pressure of the fluid and the half width is governed by the static pressure within the crack

given by the Cauchy principal value integral [11]. However in this dissertation, we will use
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the PKN model to close the model instead of the static pressure within the fracture. The PKN
model implies that the fluid pressure is proportional to the half-width of the fracture [[12] [13]].
The problem is formulated in more detail in Chapter 6.

The partial differential equation derived in Chapter 5 describes both turbulent and laminar
flow. We will investigate analytical group invariant solutions in Chapter 6 and in Chapter 7
numerical group invariant solutions. We will also study the effect of laminar flow, smooth wall
turbulent flow and rough wall turbulent flow on the nature of the solution and its effect on the
propagation of the crack. We will complete the analysis by investigating conserved quantities

in Chapter 8.

1.4 Aims and outline of the dissertation

The aim of this dissertation is to contribute to the fundamental understanding of turbulent com-
pressible flow in long channels and turbulent incompressible flow in a thin fracture. We will
do this by using group analysis methods for reducing partial differential equations to ordinary
differential equations and by investigating conserved quantities. Conservation laws used to
find conserved quantities will be derived using three different methods. The study may have
practical applications in the mining industry in the management and prevention of air blasts an
understanding of hydraulic fracturing by laminar and turbulent fluids.

A outline of the dissertation is as follows

e In Chapter 2, the basic operators, definitions and theory used in this dissertation will be

briefly explained.

e In Chapter 3 group invariant solutions of equations resulting from the Fanno model for

compressible turbulent flow in long channels will be investigated.

e In Chapter 4 we will use a conserved quantity to complete an analytical solution to a

partial differential equation that describes the mean velocity of the fluid in a channel.
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This chapter will motivate our study of the various approaches to deriving conserved

vectors in Chapter 5.

e In Chapter 5 three different methods will be used to derive conservation laws . These

methods will be reviewed and compared.

e In Chapter 6 we will investigate group invariant solutions to the partial differential equa-
tion that describes laminar and turbulent fluid-driven fractures. Analytical solutions will

be determined for two physical conditions that govern the propagation of the fracture.

e In Chapter 7 a numerical solution to the partial differential equation derived in Chapter
6 will be presented. The numerical solution involves the conversion of a boundary value

into two initial value problems and the implementation of the shooting method.

e In Chapter 8 we will investigate conserved quantities for laminar and turbulent fluid-

driven fracture.

o In Chapter 9 we will summarise our conclusions.



Chapter 2

Formulae and theory

2.1 Introduction

In this chapter we will present results from Lie group analysis that will be used to solve the
nonlinear partial differential equations that are described in Chapter 3 and Chapter 6. A concise
description of the three methods that will be used in the derivation of conservation laws in
Chapter 4 is given. Lastly we will briefly explain how to convert a boundary value problem into
two initial value problems because it will be useful in obtaining a numerical solution in Chapter

7.

2.2 Lie point symmetries

We consider the nonlinear second order partial differential equation of the form

F(t,l‘, h7 htahzvhtx7httahxz) = 07 (21)

where x and ¢ are two independent variables and h the dependent variable. The subscripts

denote partial differentiation. The Lie point symmetry generators

0 0 0
1 2
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of equation (2.1)) are derived by solving the determining equation

X[2]F(t,l'7h, htvh’m7htwahtt7hm$)’F=0 = 07 (23)

for £1(t,z, h), €2(t,z,h) and n(t,z, h), where X2, called the second prolongation of X, is

given by
X :XJFCla%JFCQaif%JFC”a%ﬁ+C120%m+<22ahim’ (2.4)
where
G = Di(n) — haDi(€Y), i=1,2, (2.5)
Gij = Dj(G) — hiDi(€"), 4,5 =1,2 (2.6)

with summation over the repeated index £ from 1 to 2. The total derivatives with respect to the

independent variables ¢ and x in (2.5) and (2.6)) are

0 0 0 0
D1 _Dt_ E_‘_ht%—’—htta_ht—i_hxta_hz—i_’ (27)
0 0 0 0
Dy=D,=—+4hy—+how=—+hopa + ... (2.8)

Ox oh Ohy Oh,

The partial differential equations that we need to solve are all second order and therefore
the second prolongation of X is needed. The unknown functions &(,z, h), £2(t,x, h) and
n(t,z, h) in the Lie point symmetry do not depend on the derivatives of h. Therefore the de-
termining equation (2.3)) can be separated according to derivatives of i and the coefficient of
each derivative set to zero which results in expressions for £ (¢, z, h), £2(¢, z, h) and n(¢, x, h).
By setting all the constants in the aforementioned expression to zero except one in turn, we can

obtain the Lie point symmetry generators X;, 7 = 1,2, ....n.
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2.3 Group invariant solutions

The symmetry generators obtained are of the form

0 0 0

forv =1, 2,...n, where n is the number of admitted Lie point symmetries. Any linear combina-
tion of the Lie point symmetries is also a Lie point symmetry of the partial differential equation.

Denote this linear combination by X, where help

XC = Cle + CQXQ + + Can (210)

and¢;, 1 =1,2,....n.

The group invariant solution, h = ®(t,x) of the nonlinear partial differential equation is

obtained by solving the equation

Xe(h —@(t,2))|h=o@e) = 0. (2.11)

By substituting the group invariant solution into the nonlinear partial differential equation one
can reduce the partial differential equation to an ordinary differential equation in a new variable.

This new variable is called the similarity variable.

2.4 Conservation laws

The concept of a conservation law for a partial differential equation is motivated by the con-
servation of quantities such as mass, angular momentum and energy in fluid mechanics. These
quantities are conserved in the sense that they are constant on each trajectory. Consider a kth

order differential equation:

F($, u, U(l), U(Q), ceeny u(k)) = 0, (2.12)
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where = denotes the n independent variables and u ;) denotes all the partial derivatives of order

1. For an arbitrary differential equation we write,

Di(T") = 0, (2.13)

where T are differential functions of finite order. We define (2.13)) as a conservation law for

the differential equation (2.12)) if it satisfies the following equation

D,‘ [TZ (I, Uy U(1)y U(2)s +e-) U(k))} =0. (214)

This can also be written as

DT |p—o = 0. (2.15)
The vector T' = (T, ....T™) is called a conserved vector.
A Lie point symmetry generator

4 0 0
X =¢&'(x, u); + n(x, u)% (2.16)

is said to be associated with the conserved vector 7% = (T, ..., T?) for the differential equation

(2.1)) if [14]

X(TH 4+ T'Di(T*) = T*Dp(¢) =0, i=1,2,...,n (2.17)

In (2.17), X is prolongated to as many derivatives as required. Kara and Mahomed [15]] pointed
out that may serve as a determining equation of knowing a conserved vector and finding
the Lie point symmetries associated with it. This idea is of practical importance and it will be
applied in Chapter 4.

Immediately we ask ourselves, how does one find a conservation law for a partial differential
equation? In this paper, we employ three different methods in order to find the conservation
laws for the partial differential equations presented in Chapter 3, namely the Direct method,

Partial Lagrangian method, and Multiplier method. We will now give a brief overview of each
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of the methods by presenting the required definitions and a concise description of the method

of derivation.

2.4.1 Direct method

The direct method was first used by Laplace [16] and gives all local conservation laws. Equation
(2.13) is a local conservation law. This method uses (2.15) as determining equations for the
conserved vector. The components 7!, T2, ....., T™ are obtained separating (2.15)) according to

powers and products of the derivatives of u.

2.4.2 Partial Lagrangian method

In this method, we use the partial Lagrangian of the differential equation and derive the conser-
vation laws by the partial Noether approach [17]. We first present useful notation, definitions
and theorems. Let z;, 7 = 1,2, .....,n, be n independent variables and u the dependent variable.
The derivative of u with respect to z* is u; = D;(u), where

0 0 0
4l U+ i =1,2, .m0 (2.18)
8uj

Di =
ox’ ou

is the total derivative operator with respect to z*. The Euler operator is defined by

) 0 0
— == —-1)°D;,...D;, — 2.19
o au+;< )" Dy Dy (2.19)
and the Lie-Backlund operator is
-0 0 0
X =& — — g 2.20
R R D (220
where (;, ;, are defined as
G = Di(n) —w;Di(&) (2.21)

and
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Giyoiy = D5 (Gir iy y) — Wiy, D, (5j), s> 1. (2.22)

The Lie-Backlund operator (2.20)) in characteristic form is

-0 0 0 0
X =¢— — + D; D;D; e 2.2
¢ orx’ * W@u * (W>au2 + ](W)E?uij * 2.23)
where
W =n—&u, (2.24)

is the Lie characteristic function. The Noether operators associated with a Lie-Backlund oper-

ator X are

, , ) 4]
N =¢+W D;,...D; , 1=1,..n, 2.2
EHWart ) DunDu(W)gm—, i= 1, (2.25)
s>1 s
where the Euler-Lagrange operator % is
) 0 0
= —-1)°Dy,...D;, , 1=1,2,...n. 2.26
s>1
Now suppose that a k& — th order differential can be written as
F=F'+F" (2.27)

The function L = L(x,u, w1y, (), .--uq)), | < kis called a partial Lagrangian (2.12) if (2.12)

can be expressed as
oL
Su

provided F'' # 0 for some function f. The Lie-Backlund operator X defined in (2.20) is a

fF! (2.28)

partial Noether symmetry generator associated with the partial Lagrangian L if there exists a

vector B = (B!, B, ..., B") such that
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X(L)+ LD;(&") = Dy(B") + (n — 5i“i>5g_§' i=1,2,..n, (2.29)

The conserved vector, T = (T, T?,..,T™), of the differential equation (2.12) associated with

the a partial Noether operator X corresponding to the partial Lagrangian L is determined from

oL oL
_ D. . 2.
S ; i (W) S (2.30)

where W is the characteristic of the conservation law and B® are the gauge terms. The compo-

T'=B —¢L-W

nents of B are called gauge functions.

2.4.3 Characteristic method

This approach involves the variational derivative

D;T" = AF. (2.31)

where A* are the characteristics. the characteristics are the multipliers which make the equation

exact. We sometimes refer to this as the Multiplier method in this dissertation.

2.5 Conversion of boundary value problems to initial value

problems.

An interesting and important class of transformations in the solution of boundary value prob-
lems is the conversion of a boundary value problem into an initial value problem. This technique
when applied simplifies the process of obtaining numerical solutions. We will now present the
necessary formulae and methods needed to transform a second order boundary value problems
into two initial value problems [18] [[19].

Consider the general second-order differential equation
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> Aprsy "y Y 3 =0, (2.32)

m,n,r,s

subject to the boundary conditions
y (0) = ay(0) +b, 4 (c0) = k. (2.33)

Here m, n, r, s are arbitrary indices, A,, . s are arbitrary constants and (e) is an arbitrary inte-

ger. We can now assume that y can be expressed in the form

y = AF(ux) (2.34)

where F'(x) also satisfies (2.32) for arbitrary constants A, x, but subject to the initial conditions

/

F(0) = F'(0) = 1. (2.35)

In order that both y and F'(z) satisfy (2.32) the differential equation must be invariant under the

two parameter group of homogenous linear transformations

mzw,m=§ (2.36)

The condition that this imposes on the indices m,n,r,s is obtained by substituting (2.34) into

(2.32) i.e, that is

> Aprs F ()" F(pz)” (pa) A = 0, (2.37)

mnrs

where

c=m+n+r, d=2m+n—s. (2.38)

Consequently, ¢ and d must be constant for all sets of indices m, n, r, s and then (2.32)) reduces

to
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D Ay "y Y =0, (2:39)

where 7 and s are given by (2.38). It follows that

y(0) =X, ¥ (0)=a\+b=\u (2.40)

and

k= Mt F© (00). (2.41)

We now solve the initial value problem for I’ and determine F'(®)(c0). One can determine \

and 1 from (2.41) and (2.40) and as a result obtain y(0) and y'(0). We can determine y from

y = AF(px). By assuming the uniqueness of F'(x) in (0, o) it follows that the existence and

uniqueness of y depends on the exzistence and uniqueness of i and A. Eliminating A in (2.40)

and (2.41)) gives

1=k (u—a). (2.42)

Depending on the relative values of e, k" and a, there can be zero, one, two or three solutions
for 1 and the same corresponding for y.
We will now look at cases of variations on the boundary conditions that may impact on the

nature of the solution.

Casel: Second boundary condition was given by y°(L) = k.
We would then have

Y (0) =aX+b=Au, k=MIF(uL). (2.43)
Case2:

The boundary conditions are y(0) = a,y'®)(c0) = k. We assume that y can be expressed in the

form y = F(ux) where F'(x) also satisfies (2.32) for arbitrary p. Therefore in (2.32)

2m +n — s = const. (2.44)
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Since y(0) = a it follows that F/(0) = a. By letting F'(0) = 1, then 3 (0) = p which is
determined from

k= —pcF©(c0) (2.45)

provided that e # 0.

Case3 : For a finite interval with boundary conditions 5 (L) = k instead of y(*)(c0) = k
we proceed as before.
We will apply the ideas if this section to solve numerically the boundary value problem of a

fluid-driven fracture in Chapter 7.

2.6 Concluding remarks

We have now completed the outline of the theory which will be applied in the subsequent

chapters. The concepts will become clearer as they are applied to solve problems.



Chapter 3

Fanno model for turbulent compressible

flow.

3.1 Introduction

Asymptotic reductions of the Fanno model for one-dimensional turbulent flow of a gas in a long
tunnel are derived and investigated. As discussed previously, the Fanno model may be relevant
to air blasts in a long tunnel and we will therefore consider turbulent flow in a tube when the
pressure at the mouth of the tube is suddenly changed by an amount small compared with the
background pressure. We will briefly outline the derivation of the three physical problems that
model this phenomenon as presented by Ockendon et al [6] and for each of them derive Lie
point symmetries of the governing partial differential equation using the standard procedure
described in Chapter 2. Using a linear combination of the Lie point symmetries we aim to
investigate the nature of the group invariant solutions that describe the pressure and velocity
profiles of turbulent fluid flow in a tunnel. A comparison will be made of our results with those

obtained by Ockendon et al [6]].

16
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3.2 Formulation of the problem

The mathematical formulation has been summarised by Anthonyrajah et al [8]. The gas is
initially at rest with pressure py and density py in a semi-infinite tunnel = > 0. The pressure at
the entrance is changed from p, by an amount that is small relative to py. Thus the new pressure
is po(1 + €) where ¢ > 0. Consider the time (7) , pressure (p) and density variables (p) as
introduced by Ockendon et al [6] that are defined by

t=cer p=-—-p p=1+¢€p. (3.1)

a |

The shock moves into the undisturbed region. The equation of the shock in the (x, 7) plane is

given by

z= (1 + i (1+ 7)) T. (3.2)

Ockendon et al [6] considered a sequence of time scales and found that the two most important
regimes are 7 = O(e') and 7 = O(e~2). We will consider the time scale 7 = O(e?) as
solutions are easier to analyse asymptotically for this time scale.

Consider first the flow near the shock. Introduce the time and length scales, 7 and e,

defined by

Ty = €27, Ty = €1, (3.3)

which implies that x = O(e¢~?), and the velocity u,, pressure p, and density p, defined by

U = €Uy D = €p2 p = €pa. (3.4)

Then the second order conservation of mass equation and momentum and energy balance equa-

tions in x5 and 7 are

8p2 (9u2 .
o "

0, (3.5)
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Ouy Ops 2
AT 3.6
oT 2 + 8952 2 ( )
8p2 3u2
—+—=0. 3.7
07’2 + 81'2 ( )
The pressure can be eliminated from and (3.7) to give a nonlinear wave equation for wuy:
82’&2 82U2 8U2
Tt 9,2 3.8
ot} 0x3 o, (38)

The boundary conditions on w5 are

To = Ty . Ug = z, (39)
T2
3

T 0wy~ o2 (3.10)
T

2

Also at second order, the pressure p, — oo as x5 — 0. By considering how py grows as o — 0,

Ockendon et al [6] introduced the variables x5 and 5 defined by

1_ _2_
Ty = €379, Uy = € 3, (3.11)

which implies that z = O (¢7*/3) and u = O (¢'/3), and they transformed from p, and p» back
to p and p defined by (3.4). Equations (3.5) to (3.7) transform to

dp  Ous
—F+ — = 3.12
0y 0y 0 ( )
ap L
— = 1
ai2 u27 (3 3)
op  Ous
IS 3.14
87’2 61’2 0 ( )

The velocity u, can now be eliminated from (3.13) and (3.14) to give a nonlinear diffusion

equation for p:

o 1
o~ 3 a0 G

subject to the following boundary conditions
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T=0:  p=1, (3.16)
3 2

Ty o0: P2 (3.17)
b

Alternatively. the pressure p can be eliminated from (3.13) and (3.14) to give a nonlinear

diffusion equation for w5:

%y Dty
— = 2Uy—— 3.18
0:2 ~ “"on’ G-18)
The velocity s satisfies the boundary conditions
o
Z=0: 22 _y, (3.19)
8.1'2
3
Ty oyoo:  dig~ o2, (3.20)
T3

The structure of the solution of the partial differential equations is as follows. In the region
close to the shock, the nonlinear wave equation for velocity (3.8)) and boundary conditions (3.9)
and (3.10) apply. In the region further from the shock and nearer the entrance the nonlinear
diffusion equations for pressure and velocity and their corresponding boundary
conditions apply. We will now investigate Lie point symmetries and group invariant solutions
for all three partial differential equations and boundary conditions. The derivation of the Lie
point symmetries of the nonlinear diffusion equation for pressure is presented in detail
in Appendix A. We will state results for the Lie point symmetries of the remaining partial

differential equations for velocity.

3.3 Small amplitude waves: nonlinear wave equation

To simplify the notation we will write (3.8) to (3.10) as:
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Pu  *u ou
o i 3.21
o oz ot G20
subject to the boundary conditions:
0 2
—u:() on =0, u=- on z=t*t. (3.22)
Ox t
The Lie point symmetries of equation (3.21) are given by
0
X1 == 3.23
0
Xo=— 3.24
0 0 0
X3y =t— — —U—. 3.25
ST ot * Tor ~ "ou (3-25)

In order to derive a group invariant solution we consider a linear combination of the Lie

point symmetries:

X = C1X1 + CQXQ + C3X3, (326)

where ¢1,¢9,¢3,¢4 and ¢ are constants. Now, u = (¢, x)is a group invariant solution of equation

(3.21)) provided

X (1= B(t, 7)) lu—apa)= 0. (3.27)

Using the Lie point symmetries given by (3.23)) to (3.27)) and by using (3.26), equation (3.27)

becomes

0 0 0
(c1 + Cgt)a + (c2 + C?’x)(?_x ~ Caug- (u—@(t,2)) lu=at)= 0, (3.28)
and therefore ®(¢, 2) must satisfy the first order linear partial differential equation
0P 0P
(Cl + Cgt)a + (C2 + ng)% = —ng). (329)
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The differential equations of the characteristic curves are

dt d dd
- (3.30)
(C1 + Cgt) (02 + Cg:B) Cg,q>
Two independent solutions of (3.30) are
Co + Cc3x
= — 3.31
“ c1 +cst ( )
and
9 = (Cl + Cgt)(I), (332)
where a; and a, are constants. The general solution of equation (3.28)) is
F(a1) = as, (3.33)

where F is an arbitrary function. Thus, since u = ®(t, ), a group invariant solution of (3.21)) is

1
— 3.34
c1 + cst (&), ( )
where
_ et et (3.35)
c1 + Cgt

Substitute (3.34) and (3.35) into partial differential equation (3.21) to obtain

d2F(€) dF(§) _
e 26(2c3 — F(@)T +2F(&)(e3 — F(§)) = 0. (3.36)

Since ¢, does not appear in equation (3.36) we can choose ¢, = 0 and by considering the

c3(€® —1)

boundary condition u = % when x = ¢, we choose ¢; = 0. In order to remove c3 from (3.36))

we make the transformation

F(§) = c3H(E). (3.37)
Equation becomes
9 d*H dH B
(€ = 1) gy + 22— H) g +2H(1 = H) =0 (3.38)
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subject to the boundary conditions
dH
H(1)=2 and e 0 when ¢ =0. (3.39)
x
The velocity u(t, x) is given by

u(t,z) = @ where & = % (3.40)

We are not able to solve analytically the differential equation (3.38)) subject to the boundary
conditions (3.39). We recommend using numerical methods to investigate the solution of the

problem further.

3.4 Nonlinear diffusion equation for pressure.

To simplify notation we write (3.15) to (3.17) as

op 1 0*p
i 341
ot 2(_%)% 0x2’ (4D
subject to the boundary conditions
3t?
p=1 on z=0, ~— as T —00. (3.42)
x
The Lie point symmetries which are derived in Appendix A are:
0
X == 3.43
0
Xo=— 3.44
0
Xo = — 3.45
3 8p7 ( )
0 0
Xy =3t—=+22—, (3.46)

ot ox
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0 0
X5 =t— +2p—. 4
s =ty + 2y, (3.47)

In order to derive a group invariant solution of (3.41)) we consider a linear combination of Lie

point symmetries. There are two cases, ¢; # 0 and ¢5 = 0. Consider first the case c; # 0. Let

X = C1X1 + CQXQ + C3X3 + C4X4 + C5X1, (348)

where ¢;,¢9,¢3,¢4 and ¢ are constants. Now, p = ®(¢, z)is a group invariant solution of equation

(3.41) provided

X<p - (I)(tv ZL’)) |p:<I>(t,x): 0. (349)

Using the Lie point symmetries given by (3.43)) to and by using equation (3.48)), equation
(3.49) becomes

0 0 0
— 2 — 2 — —d _ = 0. .
(e1 + Best o est) g + (ea + 2esw) o+ (e -+ 2e50) | (0= B(0.)) [agein= 0. (B0

Thus ®(¢, ) must satisfy the first order linear partial differential equation

0P 0o
(61 + 3C4t + 0575)5 + (02 + 204$)a—x =c3+ 205(13. (351)

The differential equations of the characteristic curves of (3.51) are

dt B dx A (3.52)
(c1+ 3cat +cs5t)  (ca +2c41) 3+ 205D '
Two independent solutions of (3.52) are
2
A R —— (3.53)
(c1 + (3cy + c5)t)3eates
and
2c5®
TS = (3.54)

(c1 + (Bcq 4 c5)t)3eates
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where a; and ay are constants. The general solution of (3.51]) is

as = f(ar), (3.55)

where F' is an arbitrary function. Since p = ®(¢,x), a group invariant solution of equation

@B.41) is

1 2c
plt,x) = — (01 + (3es + c5)t) Favms F(€) — —, (3.56)
205 205
where
2
¢ = Cot 204t . (3.57)

2¢cy
(Cl + (364 + C5)t) 3eqtes
We can now reduce the partial differential equation to an ordinary differential equation.

By substituting equations (3.56)) and (3.57)) into equation (3.41)) we find that

1
2F(€) i dF(E)\?dF(E) s
S —(=)2F(&)=0. 3.58
dé‘? + (C4C5) g dé— dé- (02)2 (f) ( )
We now consider the boundary conditions given by (3.42)). The boundary condition p(t,0) =
1 becomes
]_ 2c

— (e1 + (3ea + ¢5)t)Fates F < I ) " (3.59)

265 (1 + (3ea + es)t)Fates ) 26

We can set ¢ = 0 to give F'(0) which is time independent, but the boundary condition (3.42))
cannot be satisfied for c5 ## 0. The case ¢5 # 0 therefore does not give a solution to the problem.

Consider next the case cs = 0. Then
X = 01X1 + CQXQ + Cng + C4X4. (360)

Using equations (3.60) and (3.43) to (3.47)), equation (3.49) becomes

0 0 0
(1 + 3C4t)§ + (c2 + 204:15)% + cga—p)(p — ®(t, 7)) |p=o@)= 0, (3.61)

Thus @ satisfies the first order linear partial differential equation
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0P 0P
(Cl + 3C4t)§ + (CQ + 2C4$)% = C3. (362)
The differential equations of the characteristic curves are
dt d dd
- = - (3.63)
(Cl + 3C4t) (CQ + 20413) C3
Two independent solutions of equation (3.63)) are
2
a, = LCMQ (3.64)
(01 + 3C4t)§
and
C3
az = P — —1In(c; + 3e4t). (3.65)
304
Thus the general solution of equation (3.63)) is
g — F(al) (366)
where F' is an arbitrary function. Since p = ®(¢, x), a group invariant solution is given by
c
p=F(&)+ —In(c; + 3cat), (3.67)
364
where
2
= L&lxg. (3.68)
(Cl + 3C4t)§
It can be verified that
0 2c dF c
T 1 RIS (3.69)
ot c1 + 3C4t df c1 + 3C4t
0 2 dF
2t (3.70)
0t~ (c1 1 3eat)} e
02 4¢3 d*F
b ™ (3.71)

ox? (c1 + 3C4t)% dg§?’
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We substitute equations (3.69) to (3.71)) into equation (3.41) to obtain

1 1

d*F 2 dF dF\ 2 dF\?
et () () =0 a7

Ve Vack
The boundary condition p = 1 when z = 0 becomes

1=F <(C—2> + 2 In(er + 3eat). (3.73)

c1+ 3C4t)§ 3cq

In order to satisfy the boundary condition we choose c; = 0 and ¢3 = 0. The second

boundary condition in (3.42) becomes

F 20—237 ~3—t2 as T — oo
(c1 + 3eat)’ a3 '

(3.74)

In order to satisfy this boundary condition we choose ¢; = 0 and ¢, = 2. Thus (3.67) and

(3.68]) become

and equation (3.72]) becomes

PFE) | 4 dF(E) (_dF<f>>5

— =0
e T35 dé !
subject the boundary conditions
F(0) = F 3
(0)=1 and (f)rvg—3 as & — o0

Equation can be solved analytically by letting

dF

="

(3.75)

(3.76)

(3.77)

(3.78)

and substituting G in (3.76)). The resulting equation is a separable first order differential equa-

tion

(3.79)
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which can be solved to give

dF 9

= 3.80

@ ar G50
where a is a constant. By letting & = a tan# in (3.80) and imposing the boundary condition

F(0) = 1, we obtain

9 a N ES
F&)=1—— | =—>—=+1 = 3.81
©=1- 5 (G (). 381
Now
1 1 1
tan*lx:g—z+ﬁ+0(;)+.... as @ — o0 (3.82)
and therefore
9 3 1
F¢)=1- a2 + 5 + O(£—5) as x — oo. (3.83)
From the boundary condition (3.77)),
97 3
= [ == 3.84
() (3.84)
and hence from (3.75)
3 C 1

where ) )
4\3 4\3 x
— (= = (=] =. 3.86
<97T) <97T) t5 (3.86)
The solution for p(¢,x) agrees with the solutions derived by Ockendon et al [6]. Since
c1 =0,c0=0,c3 =0and c; = 0, it is generated by X, given by (3.46). It cannot generated by

a linear combination of Lie point symmetries containing X5.
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3.5 Nonlinear diffusion equation for velocity

The solution (3.85)) may be used to calculate the fluid velocity u by using

dp 5
e u”. (3.87)

Alternatively © may be derived without prior knowledge of p by solving the nonlinear diffusion

equation for the mean velocity (3.18)) subject to boundary conditions given by (3.19) and (3.20).

To simplify notation we will write the nonlinear diffusion equations for the mean velocity as

0%u ou
= Qu— .
Ox? ot (3.88)
subject to the boundary conditions
t
W) on w=0, and u~>t a5 r— oo (3.89)
ox x?
The Lie point symmetries of equation (3.88) are
0
X =— 3.90
0
Xo=— 3.91
0 0
X3 =2t— — 3.92
0 0

We derive a group invariant solution by considering the linear combination of the Lie point

symmetries

X = 01X1 + CQXQ + 03X3 + C4X4, (394)

where ¢;,¢9,c3 and ¢y are constants. Now, u = ®(¢, x)is a group invariant solution of equation

(3.88) provided
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X (u— B(t, ) [u—pa)= 0. (3.95)

By using the Lie point symmetries given by equations (3.90) to (3.93) and equation (3.94),
equation (3.95)) becomes

0 0 0
(1 + 203t)§ + (co + (3 + c4)m)% — 204u% (u—P(t,2)) lu=ate)=0 (3.96)

and therefore ® must satisfy the first order quasi-linear partial differential equation

0P od
(c1 + 2c3t)§ + (2 + (3 + 04)@% = —2¢c49. (3.97)

Two independent solutions of are

Co + (03 -+ C4)33

a = s (3.98)
(c1 + 20325)%(“%)
ay = (c1 + 2c5t) 3 D (3.99)
where a; and a, are constants. The general solution of is
as = F(ay), (3.100)

where F' is an arbitrary function. Thus, since u(t,z) = ®(¢, z), a group invariant solution of

equation (3.88) is

u(t, ) = (1 + 2e3t)” 5 F(E), (3.101)

where

5 _ Co + (Cg + 64) X ‘ (3102)

(1 + 203t)%(1+%)
Substituting (3.101)) and (3.102) into (3.88) we obtain an ordinary differential equation for F'(§):

2

d*F dF
(c3+ 04)2d—§2 + 2(c5 + c4)§Fd—§ +4c4F? = 0. (3.103)
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We can choose ;=0 so that £ = 0 when x = 0 and ¢; = 0 to satisfy the second boundary

condition in ([3.89). The two boundary conditions in (3.89) become

(cs + c)(2est) i34 O (3.104)
dg
3 (03 + C4>2 1
where
f — M (3106)

(20315)%(”%)
The ratio ¢ cannot be obtained from because the right hand side of vanishes. It
also cannot be obtained from (3.105]). The constants in equation (3.105) cannot be determined
from the boundary conditions.

In deriving similarity solutions using scaling transformations, all parameters in the solu-
tion cannot be determined from boundary conditions when the boundary conditions are ho-
mogeneous and a further condition is required [20]. The boundary conditions may be
expressed as

ou

5 (£0)=0 and u(t,c0) =0 (3.107)

and are therefore homogeneous. A conserved quantity derived from a conservation law can
provide the extra condition required to complete the solution. This will be investigated in the

next chapter.

3.6 Conclusions

Lie point symmetries were derived and used to reduce partial differential equations that describe
turbulent compressible fluid flow in a long tunnel to ordinary differential equations. We were

then able to give an alternative derivation of the analytical solution derived by Ockendon et al
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[6] of the nonlinear diffusion equation for pressure using Lie group methods. The nonlinear
wave equation was reduced to a second order ordinary differential equation. We were not able
to proceed further analytically with this differential equation. It may be best treated numerically.
Finally, the need for a conserved quantity was highlighted when an extra condition was required
to determine the scaling constants when reducing the nonlinear diffusion equation for the mean
fluid velocity to an ordinary differential equation. We will return to this problem in the next
chapter. It also motivates the study in Chapter 5 of conservation laws for turbulent compressible

flow in a long tunnel.



Chapter 4

Application of conservation laws

4.1 Introduction

We will derive a conserved quantity using the elementary conserved vector of the nonlinear
diffusion equation for the mean velocity. This conserved quantity will then be used to complete
the analytical solution of the differential equation (3.88)). In addition, we will illustrate how one
can derive the solution for u(z, t) using a linear combination of the Lie point symmetries asso-
ciated with the elementary conserved vector. This new method of deriving invariant solutions
of problems with conserved quantities was proposed by Kara and Mahomed [15] and is more
direct than the standard procedure followed in Chapter 3 of using a linear combination of all the

Lie point symmetries of the partial differential equation.

4.2 Conserved quantity for mean velocity

We consider again the problem investigated in Section 3.5 which was to solve the nonlinear
diffusion equation
0%u ou

subject to the boundary conditions

32
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0 3t
0 on z= 0, and wu(t,z)~— as x — oo. 4.2)
ox x?

The components, 7', and T2, of a conserved vector for the partial differential equation (4. 1)

satisfy the conservation law

D, T* + D, T? = 0. 4.3)

If 7' and T are regarded as functions of the independent variables ¢ and = then (4.3) can be

written equivalently
oT? n or:
ot or

Now the nonlinear diffusion equation for the mean velocity (4.1]) can be written as

0. 4.4)

(u?) + —x(—um) = 0. (4.5)

Thus

R (4.6)

is a conserved vector for the partial differential equation (4.1). It is referred to as the elementary
conserved vector.
We now derive a conserved quantity from the conservation law (4.5)). By integrating (4.5)

with respect to = along the tunnel from = = 0 to x = oo we obtain
>0 >0
/0 (1, 0)) s = /0 (a1, 2))d @7)
But since the limits of integration are fixed [21]]
—(u*(t,z))dr = —/ u?(t, r)dx. (4.8)
/0 ot dt J,

Thus from (4.7) and we have



4.3. GROUP INVARIANT SOLUTION FOR MEAN VELOCITY 34

dt Jy
From the boundary conditions (4.2) we have u,(t,0) = 0 and u,(¢,00) = 0 and therefore

u(t, r)2dr = uy(t,00) — ugy(t, 0). 4.9)

d 0. 0]
pr i u?(t, z)dxr = 0. (4.10)

Hence
/ u?(t, r)dr =k (4.11)
0

where k is a constant independent of ¢. The left hand side of (4.11)) is a conserved quantity for
the problem described by the partial differential equation (4.1I)) and boundary conditions (4.2).

To obtain k& we note that from (3.13)).

2_ _Op

u? = —2F (4.12)
and from and that p(t, =) satisfies the boundary conditions
p(t,0) =1, p(t,00) = 0. (4.13)
Substituting (4.12)) into (4.11) and integrating gives k = 1. Hence
/Oo w?(t, v)dr = 1. (4.14)
0
4.3 Group invariant solution for mean velocity
We showed in Section 3.5 that the group invariant solution of is of the form
u(t,x) = (2c5t) "% F(€), (4.15)
where
§= et )y (4.16)

(QCgt) %(H_%)
and that F'(&) satisfies the ordinary differential equation
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d*F dF
(63 -+ C4>2d_€2 -+ 2(03 + C4>£Fd_£ —+ 4C4F2 = O, (417)
subject to the boundary conditions
3(cs+cy) 1

dF(0) 3 1
d—f =0, F(f) ~ 2—03 52 as €—> 0. (418)

We now complete the solution of the problem using conserved quantity (4.14). We substitute
for u in the conserved quantity (4.14) and use (4.16)) to make the change of variable from x to £
at fixed time ¢. Equation (4.14) becomes

1 3c oo
(3 + 1) (est)? 2 / F2(&)de = 1. (4.19)
0
For the right hand side of (4.19) to be constant, the exponent of ¢ must vanish. Hence
1
- (4.20)
C3 3
The group invariant solution becomes
u(t,z) = 2(cst) 3 F(€), 4.21)
where
£_4(03)§ x 4.22)
S 3\4/) 4 '
and F'(&) satisfies the ordinary differential equation
¢FE) | 3 dF(g)
—F()——===0 4.23
subject to the boundary conditions
dF(O) 8 Cs3

and the conserved quantity
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/ N F?(¢)d¢ = %. (4.25)
0

The problem contains one remaining parameter cs. Since we have taken ¢c; = 0 and ¢ = 0,

the Lie point symmetry which generates the group invariant solution is from (3.92) and (3.93)

1, 0 o ¢y 0O o)
C—3X_2tat+xax+c3<:c —2u ) (4.26)

Only the ratio i—‘; is significant because a constant multiple of a Lie point symmetry is also
a Lie point symmetry. Hence c3 can be chosen conveniently. It can be verified by direct calcu-
lations, keeping c3 unspecified, that the solution for u(¢, x) does not depend on c¢3. In order to

simplify & we choose

27
= —. 4.27
C3 16 ( )
The group invariant solution (4.21) to (4.26) becomes:
2F(¢) x
tx) =t = 4.28
where F'(§) satisfies the ordinary differential equation
d’°F 4d
Z_(EFH =0 4.29
subject to the boundary conditions
dF(0) 9
& = 0, F(&) ~ 562 as & — oo (4.30)
and to the conserved quantity
FA(§)ds = . (4.31)
0 4

By integrating (4.29) with respect to ¢ and by imposing the first boundary condition in (4.30)

we obtain
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dF 4
— = —_¢F% 4.32
By using the method of separation of variables we find that integrating (4.32)
9
F()= —— 4.33

where a is a constant. The value of a is determined from the conserved quantity (4.31)). This is

done by substituting (4.33)) into (4.31) and using

< dw T
—_— = — 4.34
which gives
9 1
— ()3, 4.35
0= ()} @35)
Finally, using (4.28) we have
3t
u(t,x) = (4.36)

22 + ()5t
It follows from li with % = % that the solution is generated by the Lie point symmetry
0 0 0

We have shown how the conserved quantity is used to determine the ratio of scaling con-
stants in the reduction of a partial differential equation to an ordinary differential equation. We
will now use an alternative method of deriving an invariant solution to the nonlinear diffusion
equation for the mean velocity by using a linear combination of Lie point symmetries associated

with the conserved vector.

4.4 Conserved vector and associated symmetries

From Section (2.4) the determining equation for the Lie point symmetries X associated with

the conserved vector T' = (T, T?),
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X(TY) 4 T'Dy(€%) — T* Dy, (€") = 0.

Equation (4.38) consists of two components

X(TY) + T 'Dyg? — T?Dyé* = 0,

X(T?*) +T*Dy&' — T' D&% = 0.

Substituting the elementary conserved vector (4.6) into (4.39) and (4.40) gives

2 2 1 1
2un + UQai + uQUIai + ugcai +u? o€ =

Ox ou ox “ou 0

and

n on o¢? o¢t 2852 o¢t 2852 2 o¢? .

- = Uy t Uy T+ U—— + U — U= — U
u

Separating (.41)) by derivatives of u we find

¢!
2 _— =
u;, M 0,
R SR
i g T =0
2
remainder : 2un + UQai = 0.
ox
Separating (#.42)) by derivatives of u we find
&>
2. os” _
u P 0,
. on o0& o0&t
Yt gy T s o 0
¢!t
U - % == O,
2
remainder : @ + u2ai = 0.

oz or Yo T "o ot u

0.

(4.38)

(4.39)
(4.40)

(4.41)

(4.42)

(4.43)
(4.44)

(4.45)

(4.46)
(4.47)
(4.48)

(4.49)
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From (4.43)) and (4.48)
&=¢ 1) (4.50)
and from (4.46))
& =8t x). 4.51)

Differentiating |l with respect to x and substituting for % in 1i yields an equation that

is separable by powers of u:

&2
2. — =0 4.52
u BT (4.52)
d2§2
v = 4.53)
From (4.52) and (.53)) we find that
&(r) = a1z + as, (4.54)

where a; and a, are arbitrary constants. Substituting (4.54) for £2 into (4.45]) we have

n(t,u) = —alg. (4.55)

Substituting (4.54) and (4.55)) for £2 and 7 into (4.47) yields

ght) = galt + as (4.56)

where ag is an arbitrary constant. The Lie point symmetries are given by

0

Xi=on (4.57)
0

Xy = %, (4.58)
3 0 0 u 0

Xs =St T " 300 (4.59)
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We let the generator X be a linear combination of the three Lie point symmetries (4.57)) to

@39). Thus

0 0 0
X =(c+ 30375)& + (eo + 203m)% — Cauz s, (4.60)

where ¢y, ¢ and c¢3 are constants. We say that u = ®(¢, x) is an invariant solution generated by

the symmetries associated with conserved vector (4.47) provided

X(u— ®(t,2))]u—s = 0 (4.61)
that is, provided
0P 0P
(Cl + 30375)5 + (CQ + 203$)8—x = —ng). (462)

The two independent solutions of (4.62) are

ay = (4.63)
! (01 + 303t)%
and
ay = (c1 + 3cst)5 0. (4.64)
The general solution of (4.62)) is therefore
as = F(ay), (4.65)
where F is an arbitrary function. Since u = ®(¢, ) the invariant solution is
u = (1 + 3c3t) 3 F(€), (4.66)
where
2
g 2ot (4.67)

(Cl + 36325)% ‘
Using (4.66) and we find that
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82u _5 d2F
o 4c3(cy + 3est) 73 o (4.68)
and
ou s [ dF }
— == _|F(&)+26—]|. (4.69)
ot (Cl + 3C3t)% ( ) dg
Using (4.68)) and (@.69) we can reduce the partial differential equation
Ugpy = 2Uly (4.70)
to the ordinary differential equation
d*F 1 d
—— +—— (EF%) =0. 4.71
dez toe ae (EFF) “4-71)

The boundary conditions are given by (4.2)) and the conserved quantity by (4.14). We choose

co = 0sothat ¢ = 0 when x = 0 and we choose ¢; = 0 to satisfy the second boundary condition

in (4.2)). The invariant solution derived so far is :

u(t,z) = (3est) SE(€),

where
C3\5 T
~(3)'s
¢ 9/ 3
and F'(§) satisfies the ordinary differential equation
d*F 1 d
—— 4+ ——(£F*) =0
subject to the boundary conditions
dF(0 4
%:o, PO~ as oo

and to the conserved quantity

4.72)

(4.73)

(4.74)

(4.75)
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/ h F?(&)d€ = 2c3. fubble (4.76)

0

When (4.72) was substituted into the conserved quantity (4.14) there was no dependence on t.
In comparison, when (4.15]) was substituted into there was dependence on ¢ and the ratio
z—‘; was chosen to remove this dependence. Since ¢; = 0 = c¢», the invariant solution is generated
by X = c3X3. Since a constant multiple of a Lie point symmetry is Lie point symmetry the
solution will not depend on c3 which can therefore be chosen conveniently. We again choose c3

to make the constant factor in £ equal to unity:

o — 2 4.77)
The invariant solution becomes
2F
PF  4d o
G T g =0 (4.79)
dF(0) B i
T 0, F(& 2 as & — oo, (4.80)
/ FA(€)dg = 7, (4.81)
0

which is exactly the same as the group invariant solution given by to (4.31)). The solution
is therefore again (4.36)):
u(t,z) = Lﬂ (4.82)
z? + (&)sts
The solution is generated by the Lie point symmetry X5 given by (4.59). It is the same
as the Lie point symmetry which generated the group invariant solution i the standard

procedure.
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4.5 Conclusions

We have seen that in problems with a conserved quantity the derivation of the group invariant
solution using the Lie point symmetries associated with the conserved vector is more direct than
the standard method of using a linear combination of all the Lie point symmetries of the partial
differential equation as done in Chapter 3. In addition, in the standard approach, the conserved
quantity depends on time unless a ratio of the expansion constants has a certain value, which
determines that ratio. Using only the symmetries associated with the conserved vector, the
conserved quantity is independent of time as expected.

This chapter has highlighted the importance of conserved quantities in determining invariant
solutions and will motivate the search for further conservation laws and the study of various

methods for deriving conservation laws in the next chapter.



Chapter 5

Derivation of conservation laws for the

Fanno model

5.1 Introduction

In this chapter we will derive conservation laws for the three partial differential equations that
describe turbulent fluid flow in a long tunnels as derived in Chapter 3. The equations to be
considered are:

nonlinear diffusion equation for pressure

0 1 0?
3_1: T o(_op\d 8_];’ (5.1)
2 ( — 5 ) 2 0T
nonlinear diffusion equation for velocity
0%u ou
— =2u— 5.2
Ox? ot (5:2)
and nonlinear wave equation for velocity
02 02 0
e e (5.3)

o o2 o

44
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Conservation laws for (5.1)) to (5.3) are derived using the direct, partial Lagrangian and char-

acteristic methods. The most elementary method is the direct method introduced by Laplace

[[16]. The second method of using a partial Lagrangian to construct conservation laws by means

of Noether’s theorem is straight forward to apply as the conserved vectors are determined by

using a formula [22]. The third method is a systematic way of deriving conservation laws with

the help of characteristics [17]. A review and comparison of the three methods is presented in

Section 5.5.

5.2 Nonlinear diffusion equation for pressure

5.2.1 Direct method

A conservation law for (5.2)) satisfies

DlTl -+ DQTQ‘ = O

From (2.7) and 2.8)
D, = 24_ 24_ i_|_ i-i—
t = ot Dt 8]9 Dt 8]% Dzt 8]9;5 )
D.. = £+ £+ i_lr_ i_|_

‘We look for conserved vectors of the form
Tl<taxapapt)7 TQ(ta*rap?px)-

Substitute (5.1)) into (5.4) and replace p,, using

1
Pax = 2(_px)2pt-
This gives

oT*

oT! oT! oTt o712 0T? 1
+ 2(—pa)2pe 3

- - + = 4D
ot Pap TPa, T ar T P,

xT

=0.

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)
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We can separate (5.9) by powers of py :

oTt
Pt - a— = 0, (510)
Pt
_ oTt ort  or? oT? 1 OT?
remainder : pr + o + pe + Pa o —{—2(—1096)5]3,5a - = 0. (5.11)

From (5.10), T = T (¢, x, p) and we can therefore separate (5.11]) according to powers of p; to

obtain:
oT! L OT?
D — 4+ 2(—ps)2 =0, (5.12)
' op T2 g,
T! T2 T2
remainder : a@t + a&z: + Dq a@p = 0. (5.13)
From (5.12),
9 1 0T
T (twrvpapx) = (_px)za_p(t7$ap) —i—A(t,x,p). (514)

Substitute (5.14)) into (5.13) and separate according to powers of p,:

(—pa)? : %2—5 =0, (5.15)
Dz % =0, (5.16)
(—pa)? - gig; =0, (5.17)
remainder : 08—7: + % =0. (5.18)

From (5.16), A = A(t, z) and from (5.15) and (5.17) we find that

T'(t,x,p) = pB(t) + C(t, ). (5.19)

We then substitute (5.19) into (5.18)) which gives
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dB(t) N oC(t,x) N 0A(t, z)

p— . .2
L ot or U (5:20)
Separating (5.20) by powers of p gives B(t) = By and
oC(t,xz)  OA(t,x)
= 0. 5.21
ot + ox 0 (5:21)
Hence from (5.19) and (5.12)),
T'(t,z,p) = Bop + C(t, ), (5.22)
T*(t,x,p.) = Bo(—ps)? + Alt, ), (5.23)

where C'(t,x) and A(t, ) satisfy (5.21). The conserved vector

T ' =C(t,x), T?=A(t,x), (5.24)

where C'(t,x) and A(t, z) satisfy (5.21)) is a trivial conserved vector because

oC (t,x) N 0A(t, z)
ot Ox

without imposing the condition that (5.1) is satisfied. Therefore the only conserved vector of

DT' + D, T? = 0 (5.25)

the form (5.7)) is the elementary conserved vector that can be found by writing (5.1)) in the form

Di(p) + Da((—p.)?)|gm = 0- (5.26)

The elementary conserved vector is therefore

(ST

5.2.2 Partial Lagrangian method.

A partial Lagrangian for equation (5.1)) is



5.2. NONLINEAR DIFFUSION EQUATION FOR PRESSURE 48

9 f
L=—= —px)%.

3( (5.28)

Using equation(5.1) it can be shown that

0L

o P (5.29)

We will now show how the Noether point symmetries for the partial Lagrangian (5.28)) can be
constructed. As explained in Chapter 2, for first order derivatives the first order prolongation of

X is given by

0 0 0 0
_ 1 - 2 I -~ v
X_f (t,l',p) +€ (t7x7p)8x +77(t7$7p)ap +(t(t7x7p7ptapz>ap

0
+ <:p(t, x7p7pt7pw)a_7 (530)
where
G = Dyn — ptthl - prt§27 (5.31)
C:c - Dccn - ptngl - p$D$§2- (532)

The partial Noether symmetry determining equation is , by (2.29)

5L
XWL + L(D&' + D,£%) = D,B* + D,B* + (n — £'p, — 52]?1)% (5.33)

where B! = B'(t,x,p) and B> = B?(t,z,p) are the guage terms. Equation (5.33) for L =

—3(—p.)? gives
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We split equation (5.34) with respect to the derivatives of p and after simplification we obtain

Lo O
3 817 1852 2851 .
(=p2)? o 3or 3o
. et
(_px> Dt (9_95 =0,
3 og!
—P=z)? : = 07
( p ) DPe ap
5 0&?
—Pz)? a_ = 07
(=) o
P} ¢'=0,
ptpx . 52 =Y,
. + a_Bl — 0
pt . 77 ap - 9
0B?
z — =0,
p ap
. OB 0B?
remainder : T + B 0.

Equations (5.42) and (5.43)) give the following expressions for B and B? respectively,

Bl = _n<t)p+A1(tvx)7 B2 :Ag(t,l’)

By substituting into (5.44)) we obtain

dn 0A; 0A,
at’ o or
Differentiating (5.47)) with respect to p we see that

dn _

=0
dt ’

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)
(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)
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which implies
n(t) = ki, (5.49)
where k; is a constant.
A summary of the results is follows:
¢ =0,
& =0,
n= kla
Bt = —kp+ Ai(t, x),
B2 = A2 (t, I),
0A, 04
— + ——=0. 5.50
ot * Ox (5.50)
The first order Noether conserved vector is 7' = (T, T?), where, by (2.30).
oL
T'=B' =L —(n—=&pe = Epa) (5.51)
Opt
oL
T =B =CL—(n=&p— )y (5.52)
Pz
which, by using results (5.50), give
Tl = —kilp + Al (t, ZE)7 (553)
T? = Ay(t,2) — ka(—p2)?, (5.54)
subject to the following condition
0A, 0A,
—+ —=0. 5.55
ot * Ox (5.33)

We can choose A;(t,x) = As(t, x) = 0 since they satisfy the conservation law identically. The

elementary conserved vector (5.27) is again obtained.
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5.2.3 Characteristic method

We assume that A = A(t,z,p) and T* = T(t,z,p, ps,p;). This is more general than the

conserved vector (5.7) considered in the direct method. By expanding
D,T* + D, T? = AF
where

1

_1
F=p — 5(—%) 2 Pag

we obtain

ort o1t oT? ort  or? oT?

+ + + P .
ot "oy TPy, TPeg -t o T,
oT? oT? 1 1
T s —A Alxx\ " Pz _§A =0.
+p o, +pt@pt pt+2p (—p2)

By separating (5.58) by powers of the second derivatives of p we have

or* 1
Tz - —(—DPz) A= 07
p oo 5(—pe) 2
oT!
: — =0
Dt £ )
. oT? n o1 _0
ptl‘ . 8pt 8px - 9
remainder : or + or' + or” + or'! Ap, =0
From (5.39) and (5.60) we find that

T =Tt z,p,ps)

and

T2 = A(t, z,p)(—ps)? + A(t, z,p, py),

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)

(5.63)

(5.64)
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where A(t, x, p, p;) is an arbitrary function. By substituting (5.64) into (5.61) and differentiating

with respect to p; we obtain

0%A
S 5.65
o} (09
which can be solved to give
A= ptB(tv flf,p) + O(tu fL’,p), (566)

where functions B(t, x, p) and C(t, x, p) are arbitrary.
By re-substituting (5.66) into (5.61)) we obtain

T? = A(t,2,p)(—pa)? + pB(t, 2, p) + C(t,z,p), (5.67)

and

T! = —B(t,z,p)p. + D(t,z,p), (5.68)

It now remains to substitute the results (5.67) and (5.68]) into and separate by powers

of derivatives which yields

(—px)? %%} =0, (5.69)
(—p2)? %;% =0, (5.70)
Pa —%—f + % =0, (5.71)

De %—?Jrg—f—/&:o, (5.72)
remainder : 8({9_1; + g—g = 0. (5.73)

From (5.69) and (5.70)) we find that A is only a function of ¢, that is

A= A(). (5.74)
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Differentiating (5.71]) with respect to z, (5.72) with respect to ¢ and finally (5.73]) with respect

to p yields

B 0’B N o°C
otor — Opdxr

0

D B dA

otop " owor  dt

0?D N o°C
otdp ~ Oxdp
By adding equations (5.75]) and (5.76)) we obtain

0

0*C N o’D  dA
opdx ~ Otdp  dt
which when using (5.77) reduces to

dA(t)
dt 0,

and therefore

A:Cl,

where c¢; is an arbitrary constant.

(5.75)

(5.76)

(5.77)

(5.78)

(5.79)

(5.80)

We can find an expression for C'(¢, z, p) by integrating (5.71) with respect to p to find

0Q(t,x,p)

C(t,z,p) = oy

+ F(t,x),

where

Qt,z,p) = /pB(t,x,p)dp

Similarly we solve for D(¢, x, p) by integrating (5.72)) with respect to p to obtain

0Q(t, z,p)

o +G(t,z),.

D(t,x,p) = c1p —

(5.81)

(5.82)

(5.83)
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Substituting (5.82)) and (5.83)) into (5.73)) gives

OF N oG
o oxr
The components (5.67) and (5.68) can now be written as

0. (5.84)

T ' =cp+T7 (5.85)
T = cy(—py)? + 17 (5.86)
where
1 0Q
2 oQ
T = B(t,z,p)p: + E(t,x,p) + G(t,x) (5.88)

It can be verified using definition (5.82)) for Q(t,x,p) and (5.84) that

DT} + D, T? =0 (5.89)

and therefore T} and T? are the components of a trivial conserved vector. Thus (5.85) and
reduce to the elementary conserved vector

D=

T' =, T = (—p,) (5.90)

We have shown that the only conserved vector with components of the form 7% = T'i(t, z, p, pt, p.)
and with multipliers of the form A = A(t, z, p) is the elementary conserved vector. This result
is a little stronger than that derived by the direct method with components 7" and 72 which

depend on all four variables ¢, z, p, p; and p, were considered.
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5.3 Nonlinear diffusion equation for velocity

5.3.1 Direct method

A conservation law for (5.2) satisfies

DiT' + DyT?| gz = 0. (5.91)
We can write equation (5.2) in the form
Di(u?) + Do(—u,)|E3) (5.92)

The conserved vector

T = (u?, —uy) (5.93)

is the elementary conserved vector for (5.2)).

Consider conserved vectors for (5.2)) of the form

T =Ttz u,wy), T2t x,u,uy). (5.94)

Substitute (5.94)) into (5.91) and replace u,, with

Ugy = 2Uly. (5.95)
‘We obtain
oT*! oT*! ort  orT? oT? oT?
— +2 = (. 5.96
ot e ou + U Ouy * ox tu ou +ute Oou, ( )

Since T and T2 are independent of u;; we can separate by uy:

oT!
U - - = O, (597)
aut
T! T! T? T? T
remainder : 88_25 + u %u + %x + Uy, %u + 2uuy gux =0. (5.98)

From equation (5.97), 7' = T (¢, x,u) and since T" and 7% do not depend on w;, (5.98) can be

separated by u, to give
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oTt oT?
: — 42 =0 5.99
u 5 T Y o (5.99)
ort  or* oT*
remainder : BT + o + Uy u 0. (5.100)
By differentiating (5.99) with respect to u, we obtain
82T2
= 5.101
which implies
T2 (t,z,u, uy) = ug A(t, z,u) + B(t, x,u), (5.102)

where A(t, x,u) and B(t,z,u) are arbitrary functions. Substituting (5.101) into (5.99) we ob-

tain

Tl
%—u + 2uA(t,z,u) = 0.

(5.103)

It remains to find A(t,z,u) and B(t,z,u). Substitute (5.102) into (5.100) and separate the

resulting equation by powers of u, to obtain

P
T au -
v or  Ou
remainder : or + 0B _
' ot O0r
From (5.104), A = A(¢, x) and therefore from (5.105))
A
B(t,z,u) = —ua a(t,a:) + C(t,x)
x

and from (5.103)

(5.104)
(5.105)

(5.106)

(5.107)
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T'(t,z,u) = —u*A(t,x) + D(t, z), (5.108)

where C(t,x) and D(t,z) are arbitrary functions. By substituting (5.107) and (5.108) into
(5.106) and separating by powers of u we obtain

0A(t, )
2. = 1
u o 0, (5.109)
O?A(t, x)
, OD(t,z) 0C(t,x)
: =0. A11
remainder T + B 0 5 )
It it follows from(5.109) and (5.110)
Ax) = Ajx + As, (5.112)

where A; and A, are constants and hence from (5.107))

B(t,z,u) = —Aju+ C(t, ). (5.113)

Let A; = —coand Ay = —c¢;. Using (5.112)) and (5.113)), equations (5.102)) and (5.108)) become

T'(t,z,u) = cju® + cozu® + D(t, x), (5.114)

T? = ¢1(—uy) + co(u — wu,) + O(t, z). (5.115)

where D(t,z) and C(t, x) satisfy (5.111).
We can choose C(t,z) = D(t,z) = 0 since they satisfy the conservation equation identically.

There are therefore two conserved vectors of the form (5.94) for the partial differential equation

(5.2):

T = u?, T? (5.116)

Il
S
g
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T = zu?, T? = u = zu,. (5.117)

The conserved vector (5.116) is the elementary conserved vector. This compares with the

differential equation for pressure (5.1)) for which the only conserved vector of the form (5.7).

5.3.2 Partial Lagrangian

The nonlinear diffusion equation for velocity (5.2)) admits the partial Lagrangian

1
I = 5%26 (5.118)
and therefore we have
oL
— = —2uuy. (5.119)
ou

The partial Noether symmetry determining equation is by (2.29)

XWL + L(D¢* + D,£%) = DyB' + D,B* + (n — 'uy — € ux)ii (5.120)

where the gauge terms are of the form B! = B!(¢,x,u) and B? = B?*(t, x,u). The expansion

of (5.120) is

on 200,08 087 o¢!

Bplls T Wiy T gy T U gy~ Ustig —
3

ot 1 ,o¢

2_ J—

e gy T3 o
1, 06 1,08 1

Tttty T oty T
9B'  9B' 9B OB

ot T ou  Ox T ou =0 G121

ai 4 2uuen — 2uuZet — 2uau,£2

By separating (5.121]) by powers of derivatives of u we obtain
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o 2
A S (5.122)
ou
on 10&% 10¢t
2., — 4+ —— = 12
e ou 20r 2otV (5.123)
o 1
u . 2 (5.124)
ou
) 1
Uglly : 2ué? + % _ 0, (5.125)
ox
u? 2uet =0, (5.126)
Bl
Uy —2un + 0_ =0, (5.127)
ou
oB?  0On
oB!  0B?
inder : — 4+ —=0. 5.12
remainder 5 g 0 ( 9)
Equations (5.125)) and (5.126]) imply that
£ =0, (5.130)
and that,
&h=0. (5.131)

From (5.123)) we see that 7 = 7(¢, x) and by substituting this result into (5.127)) and integrating

with respect to u we find that

B' = u*n(t,z) + A(t, ) (5.132)

where is A(t, x) is an arbitrary function. Similarly, integrating (5.128)) with respect to u gives

B* = u% + C(t, ). (5.133)

where C(t, x) is an arbitrary function.



5.3. NONLINEAR DIFFUSION EQUATION FOR VELOCITY 60

It now remains to substitute (5.132)) and (5.133)) into (5.129) and separate by powers of u. This

gives

on
2 . on _
uti Sl=0, (5.134)
0%n
remainder:  2AWG®) | 9CHT) (5.136)
ot ox

By solving equations (5.134) and (5.133) we find that

N =cC1T+ co (5.137)

and therefore the following results for B' and B? are obtained:

B' = u*(c1z + ) + A(t, z), (5.138)

B?* = ciu+ C(t,x). (5.139)

Note that A(t,z) and C(¢, x) are subject to condition (5.136). As a result we can choose
A(t,x) = C(t,x) = 0 since the conservation law is identically satisfied by T = A(t,z) and
T? = C(t,x). Therefore from (2.30) the partial Noether conserved vector T = (T, T?) is

given by
L
T'=B'—¢'L — (n— &'y — 52%)8—, (5.140)
3ut
oL
T? = B> — €L — (n — 'y — 52%)(% . (5.141)
Thus

T' = u?*(c1 + ¢3), (5.142)



5.3. NONLINEAR DIFFUSION EQUATION FOR VELOCITY 61

and

T? = ciu — (wc; + c)uy. (5.143)

which agrees with (5.117) obtained using the direct method.

5.3.3 Characteristic approach

The conservation law is written in characteristic form as

D, T + D, T? = AF (5.144)

where

Fu, ug, Upy) = Ugy — 2uty. (5.145)

We consider with A = A(¢, z, u) and T" having at most first order derivatives:

T =Tt 2w, up, uy), T =Tt x,u,uy, ug). (5.146)

This is more general than the form (5.94) considered in the direct method.
Expanding (5.144) we obtain

A2 4 T N T N T N T N oT? N oT?
— Uy UL — U + Upyp—=—— + Uty Uy
¢ ot Y ou “ou,  "ou, Ox ou
T2 T2
a2 9T (5.147)
8Uz 8Ut

Separation of by the second derivatives of u yields



5.3. NONLINEAR DIFFUSION EQUATION FOR VELOCITY

62

Ugy -

Ut -

Uty -

remainder :

oT?

—A=0
O, ’
oT!
e
aut
or* or' _
ou,  Oup

6T1+uaT1+aT2+u a—T2+2uuA—0
ot " ou ox T ou e

Equations (5.149) and (5.148) lead to the following results for 7", T respectively;

and

T =Tt 2, u, uy)

T? = u A(t, o, u) + A(t, z,u, uy),

(5.148)
(5.149)
(5.150)

(5.151)

(5.152)

(5.153)

where A(t,x,u,u;) is an arbitrary function. By substituting (5.152) and (5.153)) into (5.150)

and differentiating with respect to u, we obtain an expression for A:

A=wB(t,x,u)+ C(t,z,u)

which when substituted back into (5.150) gives

Where B(t,z,u), C(t,z,u) and D(t,z,u) are arbitrary. Also from (5.153)) and (5.154)

T' = —u,B(t,z,u) + D(t,z,u)

T? = u A(t, v, u) +uB(t, z,u) + C(t, 2, u).

(5.154)

(5.155)

(5.156)

It now remains to substitute and (5.156)) to (5.151) and separate by powers of the

first derivatives of wu:
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OA
u? — =0, (5.157)
ou
oB 0N 0C
: ——t—+=—= A
e ot Tor Tou Y (-138)
D B
Uy (9_ + 8— + 2ul\ =0, (5.159)
ou  Ox
oD oC
inder : — + —=0. 5.160
remainder 9 o ( )
From (5.157)
A =A(t, ). (5.161)

Differentiating (5.158) with respect to =, (5.I159) with respect to ¢ and finally (5.160) with

respect to u yields

B 9*A  0*C

 Otox + Ox? + oudr 0,
02D N 0*B 49 A(t, x) _0
otou  oxot ot

9°D N 0°C _0
otou  Ordu

By adding equations (5.162)) and (5.163]) we obtain

0%\ N 02C N 0?D N A(t, )
0x?  Oudx  Otdu ot
which when using (5.164) reduces to

PN 9N, )
oz T T

Separating (5.166) by u gives A = A(z) and

d?A
PRt

(5.162)

(5.163)

(5.164)

(5.165)

(5.166)

(5.167)
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which when integrated gives

Az) = 12 + s, (5.168)

where ¢y, ¢y are arbitrary constants.

We solve for C'(¢, z, u) by integrating (5.158)) with respect to u to find

oQ(t
C(t,z,u) = —cru+ W + F(t,x), (5.169)
where
Qt,z,u) = / B(t,x,u)du (5.170)
and F'(t,x) is an arbitrary function.
Similarly we solve for D(t, x,u) by integrating (5.159)
o0Q(t
D(t,z,u) = —u*(c17 + ¢3) — M + G(t,x), (5.171)
x

where G(t, x) is an arbitrary function. Finally by substituting (5.169) and(5.171) into (5.160)

we find that F'(¢, z) and G(¢, x) must satisfy the following condition

OF(t,x) N 0G(t, x)

= 0. 5.172
ot ox ( )
Thus (5.153)) and (5.156]) become
T' = —(c1z + co)u® + T (5.173)
T? = —cu+ (1@ + co)ug + T2 (5.174)
where
oQ

*

T! = —B(t,x,u)u, — 8—(15,:;:, u) + F(t, z) (5.175)
T
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T? = B(t, z,u)u; + %—Cf(t, z,u) + G(t,x) (5.176)

The components (5.175]) and have the same form as (5.87) and (5.88)) and therefore
satisfy (5.89) identically. Thus 7! and T? are the components of a trivial conserved vector and

(5.173)) and (5.174) again give two the conserved vectors (5.116) and (5.117).

We have shown that there are only two conserved vectors for the nonlinear diffusion equations

(5.2) given by (5.116)) and (5.117) with components of the form T° = T*(t, z, u, u;, u, ) and with

multiplier A(¢,x, ). This result is more general than the result derived by the direct method

where the conserved vectors of the form (5.94)) were considered.

5.4 Nonlinear wave equation

5.4.1 Direct Method

We know that conserved vectors for (5.3) satisfy

DT + D*T?|@35) = 0. (5.177)

We look for conserved vectors of the form
T =Tt z,u,u,), T? =Tt z,u,u,). (5.178)

By substituting (5.178) into (5.177) and replacing wu,, by

M = sy -+ 20ty (5.179)
we find
or'  ar' 9T or* T 9T a2
P —0. 5.180
ot Tl Tl Ty Tleg, Tlug, TG - (5.180)
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We can separate (5.180) by the derivative u; because T and T do not depend on u,; and thus

obtain

ort  o1?
: —_— = 181
Hu Oou;,  Ouy 0 (5.181)
i o1 ort  o1? oT? oT?
remainder : 5 + uy 7 + o + Uy 9 + 2uuy o 0. (5.182)

Differentiating (5.181]) with respect to w, and by integrating the resulting equation twice with

respect to u; gives

Tt z,u,uy) = wA(t, x,u) + B(t, z,u); (5.183)

where A(t, x,u) and B(t,z,u) are arbitrary functions. We find an expression for 7% by substi-

tuting (5.183) into (5.181)),

T2(t, v, u,uy) = —u At 2,u) + C(t, z,u) (5.184)

where C'(t, x, u) is an arbitrary function.

It remains to obtain A(t, z,u), B(t,x,u), and C(t, z,u) by substituting (5.183)) and (5.184)
into (5.182)) and separating by powers of u; and u,:

0A
A
ui : (9_ =0, (5.186)
ou
0A OB
0A 0C
: —_—— = 1
Uy 5 D 0, (5.188)
0B oC
inder : — 4+ —=0. 5.189
remainder 5 + B ( )
From (5.185)) and (5.186)), A = A(t, z) and solving (5.187) for B(t, x,u) we obtain
Alt
B(t,z,u) = v A(t,x) — uM + D(t, z), (5.190)

ox
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where D(t, z,u) is an arbitrary function.

To obtain C'(t, z, u) we integrate (5.188)) with respect to u:

0A(t,x)
T

where E(t,z,u) is an arbitrary function. We then substitute (5.190) and (5.191)) into (5.189)

and separate by powers of u to obtain:

Ct,z,u) =u + E(t,z), (5.191)

0A(t, )
2, ) _
u o, (5.192)
PA(t,x)  O*A(t,x)
S~ g =0 (5.193)
From (5.192) and (5.193) we can deduce that
A(z) = c1 + e, (5.194)

where ¢; and ¢, are constants and thus from (5.190) and (5.191))

B(t,r,u) = (c; + cox)u® + D(t, 1) (5.195)
and
C(t,z,u) = cou+ E(t,x). (5.196)
Equations (5.183) and (5.184) become
T' = ¢ (u® + ug) + co(zu® + 2uy) + D(t, 1), (5.197)
T? = ¢1(~uy) + ca(u — zu,) + E(t, z), (5.198)

where D(t,z) and E(t, z) satisfy (5.189).

0D(t,x) N OE(t,x)

BT e 0. (5.199)

The conserved vector
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T' = D(t,r), T*=E(t,x),

(5.200)

is a trivial conserved vector because the conservation law (5.177) is identically satisfied.The

conserved vector is therefore a linear combination of two conserved vectors

T ' =u? 4w, T°=—u,,

T' = z(u® +w), T?=u— zu,.

The conserved vector (5.201]) is the elementary conserved vector.

5.4.2 Partial Lagrangian method

Consider the partial Lagrangian

1 1
so that (5.3]) becomes
oL
— = —2uy.
(,).u UU

The partial Noether symmetry determining equation is, by (2.29)

XL+ L(Dg" + D,€%) = DiB' + D, B + (1 — €'uy — €%u,)

Substituting (5.203)) in (5.203)) gives

0L

ou’

(5.201)

(5.202)

(5.203)

(5.204)

(5.205)
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Lo @_3_52 og 208 508 | On
"9\ du Ty xa "ot
a77 851 2 3 5 852 652 aél
N 1u2 ¢! L1 1 8{2 1 8_{2 _1 8{’1 1 8{1 1 852
2%y, Ty T 2% gy 2t8t 2t(‘) 2t8x
1, €2 OB! OB!

- §utuma + 2uum — 2uut§ —2uutum§ a0 ut%
0B? 0B?

~ o Y =Y

(5.206)

where B! = BY(t,z,u) and B*> = B?(t,z, u) are the gauge terms. Separating equation (5.206))

with respect to deirvatives of u, we obtain

2
ui: aaiuz(),
&t
i 5y =0
po L ey
v ou ox 8t ’
2 15_52_13_51 M | oot _
Y 5, 20t+0u+2u£ =0
ot 0¢?
Uty —a—i (§t 2{'—0
1
utui g%zo,
2
uu, 88%—0,
on _0B?
s or  Ou ’
0 OB!
Ut © —a—?—m—i‘Qu’O:O,
. OB 0B?
remainder : T + e =0.

From (5.207) and (5.213))

(5.207)
(5.208)

(5.209)

(5.210)
(5.211)
(5.212)
(5.213)
(5.214)
(5.215)

(5.216)

(5.217)
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and from (5.208) and (5.212)) we find that

¢ =¢\(t, ). (5.218)

Consider (5.2T1)) which can be separated by powers of u to yield

u: =0 (5.219)
S
u: =0, (5.220)

Therefore ! = ¢1(¢), using this and £? = 0 and subtracting (5.210) from (5.209) we obtain

at
= = 2ut’. (5.221)

Separating (5.221) by w it follows that &' = 0 and using this result and £2 = 0 in (5.209), we
find that .

n=n(t z). (5.222)

Now consider (5.214) and result (5.222)) which give

on
2 _
B _uﬁx

where A(t, x) is an arbitrary function. Equations (5.215)) and (5.222) give

AL T), (5.223)

B' = u*n — u% + C(t, ), (5.224)

where C'(t, x) is an arbitrary function. Substituting (5.223)) and (5.224) into (5.216) and sepa-

rating by powers of u gives
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on
2, — =0 5.225
u 5 ; ( )
0?n  0%n
. o _ o _ 22
u 2 o 0, (5.226)
oC  0A
inder : — 4+ —=0. 5.227
remainder 5 + B ( )
Equations (5.225]) and (5.226)) give
N = 1T + Co. (5.228)
From (5.223)), (5.224)) and (5.228))
BY(x,u) = (c1x + co)u® + C(t,x), B*(u) = cyu+ A(t, z) (5.229)

We choose A(t,z) = C(t,z) = 0 as they contribute to the trivial part of the conserved vector.

The first order Noether conserved vector is 7' = (T, T?), where, by (2.30),

oL

T'=B'— 'L — (n— &y — E2uy) —, (5.230)
3ut
oL
T?° =B* — &L — (n— &'uy — 52%)8 , (5.231)
ul’
which when substituting results for £, €2, 7 and L yield
T' = (17 + e)u® + (e17 + )y, (5.232)
and
T? = cyu — (c12 + co)u, (5.233)

which agrees with (5.201)) and (5.202) obtained using the direct method.
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5.4.3 Characteristic Approach

We look for conserved vectors of the form 7% = T*(t, x, u, u,.u;) and multiplier A = A(¢, z, u).

This is more general than in the direct method where we looked for conserved vectors of the

form (5.178)).
Expanding

(U — Uz + 2uwy)A(t, z,u) = D,T! (t, z,u, Uy, uy) + DxTQ(t, Ty Uy Uy, Uy (5.234)

results in the following determining equation:

At A—2 A+3T1+ 8T1+ 8T1+ 8T1+8T2+ o1

—u U\ — 2un — U F Uy + Uy Uy

& ! ot " ou & Oouy ! Ouy ox ou
oT? oT?

pu— . .2
Du. + Uty o 0 (5.235)

+ Ugy

We can now separate (5.235)) by the second derivatives of u which gives

Tl
Ut - a_ —A=0 3 (5236)
3ut
T2
Ugy 0 +A=0, (5.237)
ou,,
or? o7t
o —_— =0, 5.238
. aut + 8um ( )
. oT? ort oT1? oT?
remainder : BT + uy P + o +u$_8u — 2uu A =0 . (5.239)

By integrating with respect to u; and (5.237)) with respect to u,

Tt o, u, ug ) = weA(t, @, u) + A(t, o, 0, uy) (5.240)
T2(t, 2, u, upuy) = —u At z,u) + B(t, v, u,u,), (5.241)

where A and B are arbitrary functions.

Substitute (5.240) and (5.241)) into (5.238)) and differentiate both sides with respect to u, and

solve for A:
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A=u,C(t,z,u) + D(t, z,u), (5.242)

where C'(t, z,u) and D(t, z,u) are arbitrary functions.

By substituting (5.242)) back into (5.238) we find an expression for B:

B = —u,C(t,z,u) + E(t, z,u), (5.243)

where E(t,x,u) is an arbitrary function.

We now substitute results (5.240) to (5.243)) into (5.239) and separate by powers of the first

derivatives of u:

A
u? g—u =0, (5.244)
u? or _ 0, (5.245)
ou
ON 0D oC
oC 0N OF
remainder : 8@_1; + g—E =0, (5.248)
T

From (5.244])) and (5.245) we find that A = A(¢, ). By differentiating (5.246) with respect to ¢,
(5.247) with respect to x and (5.248)) with respect to u we have the following:

O*A  9°D  9*°C OA

_ o 9A 24
oz T ovor owor ar 0 (5.249)
2C PN O°E
~ _ 2
otdxr  Ox? * oudx 0, (5.250)
2D OF
R T (5-25D)

By adding (5.249) and (5.250) we find
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0*A  9°D 5 ON  O*\  O’F

o _y— == =0 5.252
o " ouwor "ot 022 Gudx (5.252)
which using (5.25T) can be further reduced to
0%\ ON O’
— —2u— — —5 = 0. 5.253
o~ ot 0a? (5253
Since A is independent of u, separating (5.253) by powers of u leads to
A= Alx) (5.254)
and
d*A
— =0. 5.255
122 ( )
Therefore from (5.253))
A =ci1x + e, (5.256)
where c¢; and ¢, are constants. We can now write from (5.240) and (5.241))
T, 2, u, upuy) = (11 + co)ug + C(t, 1, u)u, + D(t, z,u) (5.257)
and
T2(t, z,u, up uy) = — (17 + o)ty — u, C(t, 2, u) + E(t, 7, u) (5.258)

We substitute for A in (5.246) and (5.247)) and solve for D and E respectively. By integrating
(5.246) and (5.247)) with respect to u we obtain

D(t,z,u) = (c17 + co)u® + W + F(t,x), (5.259)
and
0Q
E(t,z,u) =ucy — —(t,z,u) + G(t, x), (5.260)

ot

where



5.4. NONLINEAR WAVE EQUATION 75

Qt,z,u) = /u C(t,z,u)du,. (5.261)

Lastly we see by substituting (5.259) into (5.260) (5.248)) that /" and G must satisfy the condi-

tion

oF 0G
— 4+ —=0. 5.262
ot * ox ( )
The conserved vectors (5.257)) and (5.258))
T' = (12 + co)ug + (e + co)u® + T, (5.263)
T? = —(c17 + co)uy + cru + T2, (5.264)
and
| 9Q
T, =C(t,x,p)u, + a—(t, x,u) + F(t,x) (5.265)
x
2 oQ
T: = —C(t,x,u)u, + %(t, z,u) + G(t,x) (5.266)

and Q(t,z,u) is defined in terms of C(¢,z,u) by (5.261). The components (5.265)) and
(5.266) have the same form as (5.175) and (5.176) with B(t, z, u) replaced by —C/(¢, z,u).

The conservation equation

DT} + D, T?> =0 (5.267)

is identically satisfied and T"! and T2 are the components of a trivial conserved vector. The
conserved vectors and derived by the direct method are again obtained.
We have shown that there are only two conserved vectors for the nonlinear wave equation (5.2))
of the form T* = T'(t,x,u, us, u,) with multiplier A(¢,z,u) given by and (5.233).
The conserved vectors considered in the multiplier approach were a little more general than the

conserved vectors (5.94)) investigated in the direct method.
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5.5 Concluding Remarks

The three methods considered, the direct method, the characteristic method and the partial La-
grangian method, all gave the same results for conservation laws for turbulent compressible
flow in a long tunnel. The direct method and the characteristic method were done in an almost
algorithmic fashion. Once a partial Lagrangian had been found, the partial Lagrangian method
was straightforward and by using differential operators the conserved vector could be calculated
in a systematic way.

For the nonlinear diffusion equation and non linear waver equation for the fluid velocity,
two conservation laws were derived, one of which was the elementary conservation law. For
the nonlinear diffusion equation for the pressure only the elementary conservation law was
obtained. It is not clear why there was only one conservation law for the pressure under the
same assumptions on the conserved vector, multiplier and gauge terms. It would be of interest
to investigate further conservation laws for the nonlinear diffusion equation for the pressure.

In the direct method and the characteristic method conserved vectors which depended on
at most first order partial derivatives were considered. The characteristic method was used to
investigate conserved vectors which depended on first order partial derivatives with respect to
both t and x, but the direct method could also have been used although it may have been longer
computationally. In the characteristic method and the partial Lagrangian method the multiplier
and the gauge terms did not depend on partial derivatives. Higher order conservation laws
could be investigated by considering conserved vectors which depend on higher order spatial
derivatives and multipliers and gauge terms which depend on partial derivatives. The analysis

will be computationally laborious and may best be done with the aid of computer programs.



Chapter 6

Group invariant solutions for laminar and

turbulent fluid fracture

6.1 Introduction

In this chapter we will briefly outline the derivation of the partial differential equation which
models turbulent and laminar fluid driven fracturing in a rock in which the flow is incompress-
ible. Lie point symmetries are derived and used to reduce the partial differential equation to an
ordinary differential equation for which analytical solutions exist for two physical conditions
governing the propagation of the fracture. The first solution results from assuming the total
volume of the fluid in the fracture is constant and the second solution results from assuming
that the speed at which the fracture propagates is constant. For general physical conditions at

the fracture entrance the ordinary differential equation is solved numerically.

6.2 Mathematical formulation

We consider the two-dimensional model of turbulent fluid fracture as presented by Spence and
Turcotte [9]]. It is assumed that the crack is sufficiently thin so that the lubrication approximation

applies,

77
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ROCK

V (0,y,0)

ROCK

Figure 6.1: Fluid-driven fracture in impermeable rock
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H H\?
T << 1, Re (f) << 1, (6.1)

where H is the characteristic length in the across the fracture and L is the characteristic length
along the fracture. We therefore neglect the inertia terms.

The fracture is illustrated in Figure 6.1. The rock is impermeable and therefore there is no
leak-off of fluid into the surrounding rock. The x-axis is along the length of the fracture and
the y-axis is in the direction of the width of the fracture. The fracture is symmetrical about the
x-axis. The fluid-rock interface is y = £h(t, ).

To model laminar and turbulent flows Spence and Turcotte (??) utilized the bulk flow model

and the result

2phu\"™
lTO— :n< & u) ) (62)

§PU2 n

where

e 71y=wall shear stress

e u(z) = mean flow velocity averaged over the width of fracture
e p = density of the incompressible fluid

e 1) = coefficient of dynamic viscosity

e h(t,x)=half-width

® n,Mm = constants.

1

Empirical evidence indicates that for laminar flow m = —1,n = 3.

When m = —1, (6.2) becomes

To= =N— (6.3)
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The wall shear stress, 79, is linearly proportional to the mean velocity gradient ;- as for
laminar flow of a Newtonian fluid. The constant of proportionality depends on the velocity
1. For smooth wall turbulent flow experimental results indicate that m = —%‘, n = 1—15 The

Reynolds number of the fluid in the fracture is

Re = Lona (6.4)
n
and can be written as
-
— = nRe™) (6.5)
2P
When m = —;11, (6.5)) is the Blasius result for the wall shear stress in smooth pipe flow [24].

Emerman, Turcotte and Spence [25] argue that turbulent fow over a rough surface is described
by setting m = 0 in (6.2). In Chapter 6 and 7 we will derive the results for general values of m.
We will use m = —1 for laminar flow in the fracture, m = —i for turbulent flow in a smooth
wall fracture and m = 0 for turbulent flow in a rough wall fracture.

For turbulent flows m = ’Tl, = % but other values can be considered.

We now derive a partial differential equation for the half-width of the fracture h(¢, x). We
first average the momentum equation over the width of the fracture. The momentum balance

equation is given by

DUi
Dt

where D% denotes the material time derivative, 7;; is the Cauchy stress tensor and the comma

p = Thik, (6.6)

denotes partial differentiation. We assume that the fracture is sufficiently that the lubrication

approximation can be applied and as a result we can neglect the inertia term p%. Therefore

Consider the x-component of
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(97'm aTyx asz
+ 2

ox oy 0z

Since the flow is considered to be two-dimensional we have that % = 0, and by operating with

=0. (6.8)

hf(L t ) dy on equation in order to average over the width of the fracture, we obtain
h(t,z) o h(t,z) )
/ — Tedy + / —Tyedy = 0. (6.9)
h(t,x) 83: h(t,z) ay

We now consider the first term of equation (6.9) and use the theorem for differentiation under

the integral sign [21]]:

hta) g h(t,x)
/ — Tpedy = 0 Ty — T(, h)@ + 7(x,—h) (—%> =0. (6.10)

h(tz) OT o t.) ox ox
However 3" = O (%) and neglecting terms of order # we find that equation (6.10) becomes
htz) g o [htr)
— Teady = / Tezdy. (6.11)
/—h(t,x) Ox oz t,x)
However, )
H
Too = —p+0 (—) (6.12)
L
and therefore
htz) g o M)
/h(t,x) Ox Oz —h(t,x) (z.9)

If we let p(t¢, x) denote the average pressure across the width of the fracture, then

1 (t,x)
mmz—/ P, y. £)dy. (6.14)
2h J _ha)

By substituting equation (6.14)) into equation (6.13)) we obtain the following result

h(t,z)
[0 ey
—h(t.a) T . ”;I (6.15)
P
— —2 _—
%m*O(L)

Finally, consider now the second term in equation (6.9):



6.2. MATHEMATICAL FORMULATION 82

h(t,z) o
| iy = [l )y = 7l ) = 1)
~h(tz) 9Y (6.16)

= —T0 — (T()) = —27'0.

where from Figure 6.1

To = —Tya(x, h) = Tys(z, —h). (6.17)

We substitute 1' and 1i into equation and neglect terms of order % This gives

on
To = —h—b. (6.18)
Ox
Also assuming an incompressible fluid,
Ov,  Ovy
— =0. 6.19
ox * oy (©.19)

Averaging equation (6.19) over the thickness of the fracture by operating with [ _h}(:(:i) dy gives

h(t,z) O h(t,z) B
/ %@+/ % gy = 0. (6.20)
—h(t,x) Ox —h(t,z) dy
We consider the first term in equation (6.20) and find that it can be written as
h(t,z) ) ) h(t,z) H
/ dey = — vz (x,y)dy + O <—> (6.21)
—h(t,x) Oz Ox —h(t,x) L

Denote by v, (z, y) the average of v, (x, y) across the width of the fracture. Then

1 h(t,:l?) ( )
U =70V, = — vz (2, y)dy. (6.22)
2h J _ha)
From equations (16.21[) and (16.22[) we can see that, neglecting terms of order %,
h(t,z) o
—v(x,y)dy = — (2hu) . 6.23
[ et vy = g 2 (623)
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In addition, the second term of equation (6.20) gives

h(t,z) v (ZL‘ y)
Y ; d'y — [y h(t,z)
/—h(t,a:) dy | y]_h(t’m)
_ oD (6.24)
Dt
oh oh

and if we neglect the terms of O (£) equation (6.24) reduces to

ML) o, (x,y) Oh
— 2 dy = 2—. (6.25)
/—h(t,z) dy YT

Hence, substituting results from equations (6.23) and (6.23)) into (6.20) we find that

o, . 0h

To summarise, equations (6.2), (6.18) and (6.26) are three equations for the four quantities

0. (6.26)

To, h, @ and p. A fourth equation will be added later. In order to obtain the partial differential

equation fir h(t, z) we substitute equation (6.2)) into equation (6.18)) and solve for hu:

R
hii = D (—hS—p) (6.27)
Ox
where 1
1 ==
D = (21—m_,’7mp—(1+m)) (628)
n
We then substitute equation into equation (6.26)) to obtain
oh ) ap\ =
— =-D— | (-r*= . 6.29
ot Ox (( 81’) ) (6.29)

It remains to relate p(¢, x) to h(t, ). We will make the PKN approximation [13] [23] that

the fluid pressure is proportional to the half-width A(t, z), therefore,
p(t,x) = Ah(t, x), (6.30)

where A is a constant.
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We have already used A to denote the multiplier in the characteristic method for the deriva-
tion of conservation laws. There should be no confusion in the notation because A in (6.30) will
later be included in a rescaling of time. The PKN approximation is widely used in the oil and
gas industry. Adachi and Peirce [12], have investigated the validity of the PKN approximation.
They found that it applies in an outer region away from the fracture tips with a small correction
term that depends on the second derivative of the half-width h(¢,z). Equation (6.30) is the
fourth equation required to complete the system.

Substituting for p(¢, =) in equation (6.29) using (6.30)we finally obtain the non-linear diffu-

sion equation for the half-width h(t, z):

oh 9 ([ on\7"
ot D8$<(h8:v) )7 (031

where

D* = DAw+2. (6.32)
The boundary condition at the fracture tip, x = L(t), is
h(L(t),t) = 0. (6.33)

The model stipulates that the rock has a pre-existing fracture. A further condition that may be

specified is the initial fracture shape:

t=0: h(z,0) = ho(x). (6.34)

We will find later that an arbitrary initial fracture shape cannot be prescribed by similarity
solution. Consider now the balance law for the total volume of the fluid in the fracture. Let

V() denote the total volume of the fracture per unitl length in the z-dircetion:

L(t)
V(t) =2 / h(t,z)dz. (6.35)
0
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Since the fluid is incompressible and the rock is impermeable, the time rate of increase of the
total volume of the fracture per unit length in the z-direction is equal to the rate of flow of fluid
into the fracture per unit length in the z-direction at x = 0:

av

o= 2h(0,1)u(0,1). (6.36)

Using equation (6.27) for /(0,¢)u(0,t) and by substituting p = Ah(t, z) into equation (6.27),
equation becomes

AV L OR(0,8)\ 7
— =D [ —h¥0,t)—=~ : .
- ( B0, 6) =~ ) (6.37)

Equation gives the time rate of fluid injection into the fracture per unit length in the y-
direction. The characteristic length has not yet been specified. We take as the characteristic

length the initial of the fracture : Thus

t=0:  L(0)=1, (6.38)
t=0:  V(0)="V, (6.39)

6.3 Lie point symmetries and group invariant solution

We will use a linear combination of the Lie point symmetries of the nonlinear diffusion equation

on .0 L Oh 77
=D ((—h ax) ) (6.40)

to construct a group invariant solution for h(t,z),L(t), p(t, ) and V (¢). The general proce-
dure for the derivation of the Lie point symmetries and group invariant solution of a partial
differential equation was described in Section 2.2. We will present here a brief summary of the
derivation of the Lie point symmetries of (6.40). The outline of the derivation of the Lie point

symmetries is presented in Appendix B.
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The initial step in deriving the Lie point symmetries is to simplify the form of equation
(6.40) by elminating D* using the transformation, t* = D*t. The resulting equation is in terms

of the independent variables x and t*, however, for simplicity we drop the * and write the

oh 9 50l
5w ((e5)7) o

The Lie point symmetries of (6.41)) are of the form

nonlinear diffusion equation as

X :£1(t,x,h)§t + & (t, v, h)— 8 +n(t,z, h)= 0 (6.42)

ox oh’
Since 1D depends on hy,h, and h,, the second prolongation X 2] has to be considered:

0 0 0 0 0
2] _ 2 .
X =t h)8 + & (t,x h)a (t,x,h)ah+ft(t,a:,h)aht—l—Cx(t x, h)ahx
+ sz(t?x7 h) 8h )
w (6.43)

where (;, (, and (,, are defined in Appendix B. The determining equation is

X le—0 =0 (6.44)
where
F(ho o by ) =20 38 (OB s
N () oz
1+m
k s [Oh\ mtz 92
o 0a? 6.45
+(7TL+2) v <8x) 2 (6.45)
andk—( )m+2

The Lie point symmetries are derived by separating the determining equation by powers and
products of the derivatives of h and solving the resulting equations for the unknown functions

€L, €2, and 7). However, in the case of the nonlinear diffusion equation (6.41) it is sightly more
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complex as for special values of m, the powers of certain derivatives are equal. An example
2m+5
of such a case occurs when comparing the derivative terms h,;"** and h,. The powers of these

two terms are the same for m = —3, therefore when separating the determining equation ac-
cording to powers of derivatives, the coefficients of the two terms are be grouped together for
m = —3 and treated separately otherwise. In Appendix B we will present the derivation of Lie
point symmetries for a general m, where m # —2,2, —1, —3. The results for the laminar case
(m = —1) have been derived by Fit et al [13]]. Values for m = 2, —3 do not have any physi-
cal significance. We will quote the results for Lie point symmetry derivation for these values

m=—-2,—-3.

The Lie point symmetries for special cases of m and the general case are presented in Table

©.1).
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Table 6.1: Derived Lie point symmetries.

Lie Point Symmetries

Case
General X, = gt
m # 2 Xy =t + (Z2)h g
m# —2 X; =zl — (2)p 2
m # —3 Xy = 5%
m =2 X, = %
Xo =5t0 + 4z
X3 = h2
X, =Z
m=—3 X gt

Xy =1z d éhadh
X; =12 + %(h5 —5t)zd + 2thd
Xy —xaax
( ) )_
where B(t, h) satisfies
6t 7+ o (%a_) =0
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We will now derive the group invariant solution for the general case where m # 2, —2, —3.

Now h(t,z) = ®(t, x) is a group invariant solution provided
X (h(t,x) — ®(t,x)) |h=e = 0, (6.46)

where X is defined by

(6.47)

X:(cl+cgt)%+(04+03x)%—<c (m+2) (m+3))ha

m—2) “m—2)) "o

Equation (6.46) becomes a first order linear partial differential equation for ®(¢, z):

e+ et 4 gz +e) 22 = (02 EZ ! 3; e EZZ - 2) 3. (6.48)

The differential equations of the characteristic curves of equation (6.48]) are

dt dx dd

i b, = o TR (6.49)
a+c ¢y + csw m m
1 2 4 3 ((;2 (m—2) —C3 (m—2)> [0))
It is rewritten equivalently as

dt d dt dd

oot +? ’ ot () i) g (6:30)

a+c ¢y + c3x a+c m m
1+ ¢ 4+ C3 1+ C2 (Cz s — 3(m_2)> )

On integrating each of the differential equations in (6.50), one arrives at the following indepen-

dent first integrals:

€4+ C3T o
L =———, I, = i i (6.51)
(c1 + cot) =2 (c1 + Cﬂ)((m—w* (m—2) E)

The constants /; and I, form a basis of invariants of (6.48) since they are independent. The
general form of the solution of (6.48) is

I, = F(L), (6.52)

where F' is an arbitrary function. Hence

(m+2) (m+3) ﬁ)

B(t,2) = F(E)(cr + ept) (5D~ ), 6.53)
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where
Cq + Cc3x

£ = — . (6.54)

(Cl + Cgt)g
Since ® = h(t, x), it follows that

(m+2) _ e3 (m+3)

h(t,z) = (c1 + cot) =D o2 tn-2) F(€), (6.55)

where F'(€) is an arbitrary function of . We have obtained the general form of the group in-
variant solution for the fracture half-width, i(t, z). We therefore substitute (6.55) into equation

(6.41)) to obtain a second order nonlinear ordinary differential equation for F'(&):

e d (g @Y d mt2 (e 5\
g d§<( PO ) ) P+ 22 ( ) F©) =0 ©56)

We observe that equation (6.56) does not depend on ¢,. As a result we can choose ¢4 = 0 in

equation (6.54) so that £ = 0 when z = 0.
Consider the next boundary condition (6.33),

h(L(t),t) = 0. (6.57)

From equation (6.55)), the boundary condition (6.56) becomes

F(A(t)) =0, (6.58)
where
A = —t) (6.59)
(61 + Cgt)a

In oder to determine A(t), differentiate (6.58)) with respect to t. This gives

dF | dA(t)
d—é(A)— = 0. (6.60)

Since in general
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dF
—(A)#0 6.61
T 7 661)
It follows that
dA(t)
——= =0. 6.62
7 (6.62)
and therefore
A(t) = Ag (6.63)
where A, is constant. Thus
L(t
allt) __ 4, (6.64)
(Cl + CQt) 3
and therefore
A 12
L(t) = C—O(c1 + oot) . (6.65)
3
Imposing the initial condition, L(0) = 1, leads to
;CS
A=c3¢7 . (6.66)
And therefore
<3
c2
Lt) = <1 + C—%) . 6.67)
C1
The boundary condition becomes
e
F(cse; ?) =0 (6.68)
and the similarity variable is
5z 6.69
§=c3¢ m (6.69)
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Consider next the balance law for fluid volume, by substituting (6.55)) into equation (6.35)) and
using (6.67) for L(t) we obtain

—c3
2

m+2 5 ¢3

2 mt2 5 c3 CSClC
V(t) = 2 (1 + oot) B 7205 / F(e)de. (6.70)
0

C3

Differentiating (6.70) with respect to ¢ gives

—c3
2

ﬂ—gg m—+ 2 5 c¢3
dt C3

—) (c1 + cpt)mrz m2es / F(€)de. 6.71)
0

m—2_m—2(:2

Next we consider equation (6.37), and apply let t* = D*¢ :

v On(0,t )) T 672)

R 13 *
" 2( B0, 1) = 2

For simplicity we will drop the superscript * in equation (6.72) and substitute (6.33]) into (6.72)

to find a second expression for %:

5 €3

av 45 g 1 dF(0)\ ™+
=2(c1 + cot)m2 m2ez oM (—F?’(O)L) . (6.73)

At
Equating (6.71) and (6.73) yields,

—<3

dF(0) = - m+2 (e 5 cacy”?
<—03 Fg(o)d—g) _m? (0_3 _ m_+2> /O F(e)de. (674

Equation (6.74)) is the balance equation for fluid volume in the fracture.
Lastly, from equation (6.70), the total volume V' (¢) of the fracture per unit length in the

y-direction can be expressed as

m—+2 5 c¢3

m—2  m—2 co
V)=V, (1 + 91&) : 6.75)
C1
where

ey

9 m+2_ 5 ez pese?
Vo = —c{’“2 m=2 e / F(&)d¢. (6.76)

C3 0

A summary of the mathematical formulation is as follows: m # —1, m # —2, m # 2:
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m—2\cs m—+2

2 (<_03F3<g>ﬂf)> m) O I (2= 2 YR =0 67

e
F <0301°2 ) =0, (6.78)

<_C3F 3(0)M)mi2 - (m_”) (C_2 _ L) /0 " e, 6.79)

d& m—2 c3 m+2
e
Q mi2__5 3 cae, 2
Vo= Zer? ™70 / F(&)dE, (6.80)
C3 0
2_0% (6.81)
C1 C3 C1
m+2 5 €3
62 m—2 —2 co
V) =V, (1 + —t> , (6.82)
(&1
<3
2
L{t) = (1 + 9t) , (6.83)
C1
(mt2) _c3 (m+3)
h(t,x) = (c1 + cot) =2 "2 n=2) (&), (6.84)
T L (6.85)
— 3 1 L(t) . .

We simplify equations (6.77) through to (6.85) by making a change of variables. We let

U= —— (6.86)
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where 0 < u < 1. Then
_ca
& =rc3c Pu (6.87)
and we introduce G(u) defined by,
_(m+2) LS(L-Fg)
F)=c3 "¢ "7 G(u). (6.88)

Equations (6.77) and (6.83) are transformed from (£, F'(§)) to (u, G(u)) as follows
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m# —3,m# —2,m#2:

(o)) o (25) (2w -

(6.89)

G(1) = 0, (6.90)

AGO)\ ™2  (m+2\ (e 5 !

At B 2 9

< Go)— ) <m - 2) (c3 — 2) /O G (u)du, (6.91)

c miz
Vo=2 (—1) / G(u)du, (6.92)

C3 0
2_%% 6.93)
C1 C3 017 .

m+2 5 c3
62 m—2 m—2 co
V(t) =V, (1 + C—t) , (6.94)
1
L(t) = (1 + Qt) -, (6.95)
C1
mt2 m+2 _c3 m43
C1 m—2 Co m—2 cg m—2
h(t,z) = (—) (1 + —t) G(u), (6.96)
C3 &
x

U= m (6.97)

Obtaining the solution to the problem can be found in an algorithmic manner. The first step

is to choose values for 2, V; and m. Next, solve @) subject to the boundary conditions
c3
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and (6.91). Using (6.92) one can calculate 2 and from (6.93) the value of . Lastly,

V(t), L(t), and h(t, z) follow from (6.94), (6.95) and (6.96)), respectively.

6.4 Special values for the ratios g—z

We will now investigate the effect of imposing various physical conditions on the fluid-driven
fracture, in particular the effect on the ratio z—z From empirical studies it has been shown that
for laminar flow m = —1, for smooth wall turbulent flow m = —;11 and for rough wall turbulent
flow m = 0. For certain physical conditions ¢* will depend on m and as a result will vary

according to the different flow conditions.

6.4.1 Length of the fracture

The length of the fracture is given by equation (6.83) and L(t) — 1 as 2 — 0. The rate at

which the length of the fracture grows is given by

dL a
dL _ ¢ (1 N C_2t> 2 (6.98)
dt C1 (6]
It
S (6.99)
C2

then the speed of propagation of the fracture is constant which is independent of m.

6.4.2 Total volume of the fracture

The total volume of the fracture per unit length in the z-direction, V'(¢), is given by (6.94)). The

total volume of the fracture remains constant if

9
G _m+2 (6.100)

Co 5

We have that
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4 5 ¢3

av com + 2 5 c¢3 Ccp \™ 2 m2e2
—=W{—= — — (14—t 6.101
dt 0<clm—2 m—ZCl)( +cl ( )
The rate of change of total volume of the fracture is constant if
4
& _ 2 (6.102)
Co 5
which is independent of m.
6.4.3 Pressure at the fracture entry
From the PKN model
p(t,z) = Ah(t, ). (6.103)
Thus using (6.84) and (6.103)) the pressure at the fracture entry, x = 0, is
7’2‘_@ (m+2) ez (m+3)
p(0,8) = AL (14 Zhoa s eon G(0). (6.104)
C3 C1
The pressure at the entry to the fracture therefore remains constant if
2
G _m=z (6.105)
Co m—+3

6.4.4 Rate of working of the pressure at the fracture entry

The rate of working of the pressure at the fracture entry per unit length in the y-direction, W (t),
is

W(t) = p(0, )2

Thus from (6.101)) and (6.104) we obtain

(6.106)

M LG_ C
W) = AVi (_> Km_”) & _ L_:a] (1 i %t) ’ L 6107)

C3 m—2
Thus the rate of working of the pressure at the entry per unit length in the z-direction is constant
if
C3 m+ 6

= —. 6.108
ca m+8 ( )
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Table 6.2: Physical significance of values of i—;

1S constant.

z—z for physical cases Laminar | Smooth wall | Rough wall | General
turbulent turbulent
m=—1 m = —% m =0
Total volume of fluid in fracture 0.2 0.35 0.4 o= mT*?’
is constant.

Pressure at fracture entry is constant. 0.5 0.636 0.66 2—; = 2—13
Rate of working of pressure 0.714 0.742 0.75 2_2 = 2—12
at fracture entry is constant.

Rate of change of total volume 0.8 0.8 0.8 ﬁ—z = %
of fracture is constant.
Speed of propagation of fracture 1 1 1 a=1
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The results derived in this section and corresponding values of z—z for laminar smooth, turbulent

smooth wall and rough wall turbulent flow are presented in the Table[6.2]

6.5 Solution to boundary value problem

In this section we will derive the solution to the boundary value problem presented by equations
through to (6.97) for two special cases of £2. The first case that will be considered when
the total volume of fluid in the fracture is constant. In the second case we will investigate the

solution when the speed at which the fracture propagates is constant.

6.5.1 Special solution 1: Constant volume of the fracture

If the total volume of fluid in the fracture is constant,

2
G_mtz (6.109)
Co 5
From (6.109) we see that the differential equation (6.89) reduces to
d . dGw)\ 7 d
— — B S - — = A1
- (( () 1 T (ucu)) =0, (6.110)
subject to the following boundary conditions (6.90) and (6.91):
G(1) =0, 6.111)
1
dG(0)\ m+2
—G*(0)——= = 0. 6.112
(-e0 ) 6.112)
By integrating equation (6.110) with respect to u we obtain
dG (u)\ 72
(—G%u)%) —uG(u) = A, (6.113)

where A is an arbitrary constant. Imposing the boundary condition (6.112) at u = 0 gives

A = 0. Equation (6.113]) becomes the separable differential equation
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G "MdG = —u" M dw. (6.114)

We solve the resulting equation

1
d m2
(—03(u) G(“>> —uG(u) =0 (6.115)
du

Thus since m # 2 and m #= 3

=g (2T e (6.116)
m+3 '

where B is an arbitrary constant. Imposing the boundary (6.1TT)), we find that

9 _
p=-"" (6.117)
m + 3.
and therefore for m # 2 and m # 3,
2—m = 1
Glu) = —— 1— ™), 6.118
w=(25%)" 0w 6.118)
In order to investigate if boundary condition (refpup?) is satisfied we calculate using (6.118))
dG () 1 5 1
U m+2 —m 2—m 1
—GB3 () 2 == 1 — M3 2=m 6.119
< () du ) <3 + m) “ ( “ ) ( )

We see that boundary condition (6.112)) is satisfied provided —3 < m < 2. The remaining

quantities can now be calculated.

Substituting equation (6.118)) into (6.92) gives

2—m 1

s Vo \"? (m+3)7e

A 12

a1 (2[(m)> (2—m) ’ (6.120)
where

1
I(m) = / (1 — ™) 77 du (6.121)
0

and therefore from (6.93)

2—m 1

o 5 Vo \™*2 [(m+ 3\
— = — . 6.122
g m+2 (2I(m)) (2—m) ( )
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From equations ((6.94) to (6.96)

M) = S L

The results for this special case are summarized as follows: —3 < m < 2

G(u) = (

C3 _m+2
Cg_ 5
C2 5)
c1 C m+2
I(m)
V="

2 —

Vo

1

=) )

m—+ 3

(1 o um+3)ﬁ ,

_1
2—m

(6.123)

(6.124)

(6.125)

(6.126)

(6.127)

(6.128)

(6.129)

(6.130)

(6.131)

(6.132)
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where

U= —- 0<u<l1 (6.133)

6.5.2 Special solution 2: Constant speed of propagation of fracture

We look for a solution of (6.89) for G(u) of the form

G(u) = A(1 — u)", (6.134)

Where A and n are constants to be determinded. It can be verified by substituting (6.134)) into
that

4dn — 1
m—+ 2
m—+ 2

C2 5 m— 2 n
T2 (E_mm‘ (m+2) <1+”>) Al —w)" =0 (6.135)

Equating the powers of (1 — u) of the first two terms in (6.135)) and solving for n we obtain

4n—m—3

(nA4)#” (1—u) =z +nA(l-— u)"_1

1
n=-——. (6.136)
2—m

The constant A can be found by equating the first two terms of and substituting for n,

which gives

1

A=(2—m)== . (6.137)

provided m < 2. The remaining term we find that

C3
C2

=1, (6.138)

which is independent of m. Thus the solution can be expressed as

1 1

Glu)=2-m)zn (1 —u)z-m. (6.139)
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The boundary condition (6.91) was not used in the derivation of (6.139)) satisfies the bound-
ary condition (6.105)). The solution is completed as in Special Case I. The integral in (6.92) can
be evaluated for the Special Case 1.

The results are summarised as follows

m# -3, m+#-—2, m%#2 (6.140)
Gu) = (2 —m)7 (1 —u)=n (6.141)
c3 Co 3—m T m=3
G _ G _ A (2 —m)mez (6.142)
C1 C1 2
e _ (6.143)
Co
=
V(t) =V <1 + gt) , (6.144)
C1
L(t) =1+ Z—%, (6.145)
1
1 3—m 1 _1

h(t,l’) = 5 (m) %L(t) 2—m (]_ — U) 2=m (6146)

S 0<u<l (6.147)
u = L(t) <u<I. .

In the next chapter we will investigate the properties of the two special solutions by looking

at different values of m and their related physical significance.
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6.6 Concluding remarks

We were able to reduce the problem of a fluid-driven fracture to a boundary value problem for
a second order ordinary differential equation. Laminar and turbulent fluid flow in the fracture
could be treated simultaneously. We were able to find two exact analytical solutions. The
general case will have to be treated numerically and this will be considered in the next chapter.
The two exact analytical solutions will be a useful check on the numerical methods.

The results of this chapter for laminar in the fracture agree with those derived by Fitt et al

[L3].



Chapter 7

Numerical solution to the boundary value
problem of laminar and turbulent fluid

fracture

In this chapter we will present a numerical solution to the boundary value problem presented
by equations (6.89) through to (6.97). First we will transform the boundary value problem into
two initial value problems. It has been shown that the invariance of a boundary value problem
for an ordinary differential equation under a scaling transformation allows the boundary value
problem to be transformed to two initial value problems which makes the process of obtaining
a numerical solution easier [[18] [19]. The boundary value problem will be solved for values
of m that describe laminar flow, smooth wall turbulent and rough wall turbulent flow. Under
each of these flow conditions we will examine the profiles of the length of the fracture (L(t)),
and the half-width of the fracture (h(¢, z, )) for the cases of <2 that have physical significance.
The values of 2_2 under consideration are presented in Table (6.2). We will also compare the
numerical solution with the analytical solutions obtained for the cases when the total volume of
the the fluid in the fracture is constant and when the speed at which the fracture propagates is

constant.
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7.1 Conversion of boundary value problem into two initial

value problems.

The boundary value problem is to solve the ordinary differential equation

1

% ((—G?’(u)%iu)) +) - % (uG(u)) + 22 (9 - L) G(u) =0, (1.1)

m—2\cs m+2

subject to the boundary conditions;

G(1) =0, (7.2)
and
dGO)\™2 m+2 ez 5 '
~G*(0)——= =—|——— du. 7.
( &(0) du ) m—2<03 m—{—2)/0G<u)u 73)
Consider the scaling transformation
= A\, G = \G (7.4)

Then equation (/.1)) transforms to

— 1
iy d LdGNTE  d . m42(e 5 \ -
Amiz Tatb _G3 = - - = =0. 75
" da(( Gdﬂ) > da<UG)+m—2<03 m+2)G 0 09

Thus the differential equation (7.5)) is from invariant under the transformation provided (7.4))

b= —a (w> . (7.6)

m— 2

Therefore by replacing A by A we have

— m—+3

u=Au G(u) = A\ m2G(u) (7.7)

and substituting ((7.7)) into the ordinary differential equation (7.1)) transforms it to
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d LdGNTEY  d o m+2fes 5\ -
— | { -G"—= - — —_— - — = 7.
du (( Gda> ) dﬂ<UG)+m—2(cg m—|—2)G 0 (7.8)
subject to the boundary conditions
G(\) =0, (7.9)
o dGO)]TE mA2[e 5 A
—G*(0 =— | = - —— G(u)d. 7.10
[ (0) du } m—Q{cg m—i—Z]/O (@)du (7.10)
We choose
G(0) =1. (7.11)
Then (7.10]) becomes
dG(0)]™2 m+2[c, 5 /A—_ i
— =— |- — G(u)du. 7.12
{ du } m—Z{cg m+2] 0 (@)du (7.12)

Also, since G(0) = 1 it follows from (7.7) that

G(0) = A=m—2 (7.13)
and (7.3]) becomes
1
dG(0)] =2 —smen  (m+ 2\ e 5 /1
= = N2y | — = ) |2 - —— G(u)d 7.14
[ di } (m—2> |:C3 m+2]| J, (u)du, (7.14)

where A is obtained from (7.9).
We now state the two initial value problems:

Initial Value Problem 1:

o ((_G%)dif))@) ) + 2 (z_z . mLH) G(a) =0, (1.15)

G(0) =1, (7.16)
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dG(0)]7= m+2[c; 5 U
R = TG 7D

where ) is obtained from

G(\) = 0. (7.18)
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Initial Value Problem 2:
d . G\ 72\ d m+2 (e 5
— (= N S — 1
du (( () du ) ) du (uG(u)) m— 2 <C3 m+2) () =0, (7.19)
G(0) = -2, (7.20)
AGO)\™72 4 mss m+2 e 5 !
- 7 — (m—2)(m+2) S —
( T ) A F — (03 m+2>/0 G(u)du. (7.21)

In the next section we will give a brief outline of the derivation of the asymptotic solution
to boundary value problem (7.1)) to (7.3) as u — 1 because it will be needed to solve the initial

value problems numerically.

7.2 Asymptotic solution

We look for an asymptotic solution of the form

G(u) = A(1 —u)?, (7.22)

as u — 1 where A and p are constants to be determined. The boundary condition (7.2) is
satisfied by (7.22)) when u = 1.
Substituting (/.22)) into (/.1]) we obtain

B %pm}”flmigu _U)% —(p+ DA —u)?
B +2 (e )
Al_ p—1 m 2 Al— yZ— . 723
+ pA( u) +—m—2(c3 —m—|—2) ( u) 0 ( )

If we equate the exponents of (1 — ) in the first and third terms in (7.23|)we find that

dp—m — 3
_  =p-—1 7.24
— p—1, (7.24)
and therefore that
1
p=—: (7.25)
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If welet p = ﬁ in each term in 1} and ensure that all exponents (1 — ) are expressed in

terms of p we have

C@em) B AT A (1 gyt 4 alm D) (’2 - 1) (1—u)? =0,

(2—m) (m—2) \c3
(7.26)
which after multiplying through by (1 — )'~? can be written as
_m43 4 A (m+2) (¢
—(2— m+2 Am A — =111 —u). 7.27
( m) mt2 +2_|_2_m-|— (m—2) (03 )( u) ( )
If we let u — 1, then (7.27) becomes
- A
—2-m)E) Amm 4 = =, (7.28)
2—m
which leads to the result
A= (2—m)me. (7.29)
Thus
Gu) ~(2—m)== (1 —u)=n as u— 1. (7.30)

This asymptotic result is valid for all 2 because as v — 1 the term in || which depends on
o vanishes.

The asymptotic result (7.30) can be used to show that the average velocity of the fluid at the
fracture tip, x = L(t), equals the velocity of the fracture tip. From (6.27)

hii = D (—h?’@) " (731)
ox

and using the scaled time t* = D*¢ and suppressing the star it follows that

a(t,z) = hrmn <—@) " (7.32)

But from (6.96))
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m+42 +2 _ (m+3) c3

ma M1 (m-2) oy
h(t, o) = (C—l) <1 + 915) el (7.33)
C3 1
and it follows that
2 mt2 _(ms) e
m— m—1 m— c9
h(t, ) ~ (C—l) (1 + C—%) (2 —m)F=m (1 — )=, (7.34)
C3 C1
as u — 1. Using (7.32)) and (7.34)) it can be shown that in the limit as u — 1,
B
alt, L(t)) = & (1 + Qt) . (7.35)
C1 C1
Since from (6.93)),
c3
2
L{t) = (1 + C—%) (7.36)
C1
we see that
dL
u(t, L(t)) = —. 7.37
a(t, L) = (1.37

There is therefore no fluid lag in the fracture and the average velocity of the fluid in the fracture

at the fracture tip does not exceed the velocity of propagation of the fracture.

7.3 Numerical solution

The algorithm used to obtain the numerical results is as follows. We successively use the back-
ward and forward shooting method to successively solve initial value problem 1 (IVP1) and
initial value problem 2 (IVP2).
STEP 1

We solve IVP1 using the ordinary differential equation solver function ODE113 with MAT-
LAB. We use a star to refer to the variables of the backward shooting method. \* refers to the
approximation of ) at the end of STEP 1. In order to evaluate (G in STEP 2, we first need to
have an approximation of the slope of G at x = 0: y;(0) = % = G'(0). To do this, a recursive

algorithm is used to find \*, until the condition |G(0) — 1| < &; is met. In our case, e; = 1072,
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which gave us satisfying results.

Due to the singularity for & = A*, the integration of IVPI is done backwards over the
interval [\*,0]. The initial conditions are obtained from the asymptotic solution of G(#%) and
y1(u) = G'(u) in a e-neighborhood of \. By using the transformation (7.7) and the asymptotic
solution it can be shown that

Ga)~(2—m)z=mAzm(A—u)zm = A\(A—u)" as u— A, (7.38)
where
Ay = A(N) = (2= m)=m Ao - (7.39)
A= = — m) s n = m .

We now solve IVP1 backwards on the interval [\* — ¢, 0] with:

G\ —¢g) = A(\")e", (A —¢) = AN )ne" . (7.40)

In order to obtain a rapid convergence of (i a bisection algorithm was used on \*. Examination
of IVP1 shows that G(0) is an increasing function of \*. We set a and b as an interval of
confidence such that \* is in [a,b], for instance [0,2]. We then compute m = “T“’ by solving
IVP1 with the initial conditions derived previously over the interval [m — ¢, 0]; if G(0) > 1
we set b = m, otherwise we set a = m. Using k as the algorithm step, we are confident that
|Gr1(0) — 1] < |Gr(0) — 1|. In this method, we know that the interval in which \* lies is
divided by 2 at each step. From this first step we retain the slope of G at x = 0: y;(0) = G’(0).
We now have an approximation of G but the condition |3, — 33| < ¢ is not necessarily met,

where

Br = (=y1(0)) =+, (7.41)
5 (m+2\ 5 M

STEP 2
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In order to find G and ) such that |3; — 33| < &, we now use the forward shooting method,
that is, starting from @ = 0 with the initial conditions G/(0) = 1 and y;(0) = K, we make the
parameter K vary to obtain G.

A brief description of the bisection method is as follows:

e Set K, and Ky, as an interval of confidence such that the solution of IVP1 G verifies

K, < G/(O) < Ky, with G = Y1.

e Choose [y;(0) — &2, y7(0) + 2] where y7(0) is obtained in STEP 1 and £, = 1.

e Compute Ky, = %

e While |3; — 35| > &, we solve IPV1 over the interval [0, \] where G/(\) = 0 with the
initial conditions G(0) = 1 and y;(0) = Ki,,.

o If 6_1 — B_Q > ( then set K7, = Kj,, otherwise we choose K7, = Ki,,.
Indeed the bisection method also works here since K; — (3 is a positive increasing
function of K and K; — 3, is a decreasing function of K. As a result, K1 — (1 — (3,

is an increasing function of K.

With STEP 2 we have obtained G and \, where G(\) = 0 .

STEP 3
We now solve IVP2 in a similar fashion. Using the same asymptotic representation and
initial conditions, “shooting backwards”, we find A\* with the bisection method to find G(u)

m—+3

such that |G(0) — A*m—2| < ;. We then retain y;3(0) for STEP 4. We expect to find A* to be

close to 1.
STEP 4

We finish solving IVP2 using the bisection method described in step 2, but now over the
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interval [y5(0) — €2, y5(0) 4 £5]. The latter gives us G such that |5; — 5| < €3 where:

Br = (—1a(0)) 752, (7.43)
By = A" T BnD (Z—f;> (z—j . mLH) /01 G(u)du. (7.44)
From this last step, we now have G(u).
RESULTS ,
We then compute the ratio g—; = (UJZW) w2 with 1, = 1. Since 2 is given, the ratio

can be calculated.
The fracture length is L(¢) = (1 + i—ft)%

The variable u(t, z) = ﬁ, where 0 < u <1
m+2

e fracture half width is h(t,z) = (< 2y e ymes (W
The f half width is & a)™ (14 @ (

Cc3

7.4 Analysis of numerical results

A comparison of the numerical results and the analytical solutions obtained for the two special
cases is discussed. In addition, we present a discussion of graphs obtained from the numerical

solutions of the two initial value problems presented in Section 7.1.

7.4.1 Validity of numerical results

We will consider results for the special cases derived in Chapter 6 under the three different flow

conditions, rough wall turbulent, smooth wall turbulent and laminar flow.

Case 1: Total volume of fluid in fracture is constant.
The numerical and analytical results where computed for the case in which the total volume

of fluid in the fracture remains constant. The analytical solution is given by (6.127) to (6.132).

A comparison of the numerical and analytical results is presented in Figure The numeri-

cal values are consistent with the analytical results for laminar and turbulent flow. However we



7.4. ANALYSIS OF NUMERICAL RESULTS 115

observe the numerical values deviate slightly near = 0 in the case of rough wall turbulent flow.

Case 2: Speed of the propagation of the fracture is constant.
From Figure we see that, as with Case 1 the numerical results are consistent with the

analytical results. Slight deviations at x = 0 occur for when m = 0.

7.4.2 Analysis of results

We present in this section a discussion of the graphs obtained from the numerical solutions
of the two initial problems presented in Section 7.1. In all figures, curves labeled (a) to (e)

are associated with values of E—; which have physical significance as listed in Table @ To be

precise:
e Curve (a) is plotted for g—z = ’”T*Z when the total volume of fluid in the fracture is constant.
e Curve (b) is plotted for 2—2 = z—ig when the pressure at the entry is kept constant.
e Curve (c) is plotted for < = ™5 when the rate of working of the pressure at the fracture
c2 m+8

entry is constant.

e Curve (d) is plotted for 2—; = 0.8 when the rate of change of total volume of the fracture

1s constant.

e Curve (e) is plotted for the value of z—g = 1 when the speed of propagation fracture is

constant.

In Figure the length of the fracture L(t) is plotted against time ¢ for the five values of
i—; stated above. It can be seen from Figure that for the five flows considered, the length
of the fracture is greatest when the speed of propagation of the fracture is constant. Also, the
fracture length is the least when the total volume of fluid in the fracture is constant. When the
total volume of the fluid in the fracture is constant no fluid enters the fracture at x = 0 and the

pumping of fluid into the fracture has ceased. We see that as the fracture relaxes the length of
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Numerical method

1.25 Analytical method
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Figure 7.1: Case 1. Total volume of fluid in the fracture is constant. Analytical results and numerical
results for h(t, x) plotted against z : (1) rough wall turbulent flow; (2) smooth wall turbulent flow; (3)

laminar flow.
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Numerical method
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Figure 7.2: Case 2. Speed of propagation of the fracture is constant. Analytical results and numerical
results for h(t, x) plotted against z : (1) rough wall turbulent flow; (2) smooth wall turbulent flow; (3)

laminar flow.



7.4. ANALYSIS OF NUMERICAL RESULTS

118

ey

I I I I I |
" 12 13 14 15 16 17 18 19 20

2

0.5~

I I I I I |
" 12 13 14 15 16 17 18 19 20

3)

L L L L L L |
10 11 12 13 14 15 16 17 18 19 20
t

Figure 7.3: Graphs of fracture length L(¢) plotted against time ¢ for a selection of values of £ : (1)

rough wall turbulent flow; (2) smooth wall turbulent flow; (3) laminar flow. The physical significance of

curves (a) to (e) is explained in Section 7.4.2.
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the fracture continues to increase. In Figure the half-width of the fracture h(t, x) is plotted
against x at time ¢ = 10 for the same five values of E—i We see that the half-width is greatest
when the speed of propagation of the fracture is constant and is lowest when the total volume of
fluid in the fracture is constant. The curves for a turbulent fluid-driven fracture are more spaced
out than for a laminar fluid-driven fracture. This indicates that there is a bigger difference due
to different working conditions at the fracture entry in a turbulent fracture than in a laminar

fracture.
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)

2)

3)

Figure 7.4: Graphs of half-width h(¢, z) plotted against « for ¢ = 10 and a selection of values of & :
(1) rough wall turbulent flow; (2) smooth wall turbulent flow; (3) laminar flow. The physical significance

of curves (a) to (e) is explained on pagelTiS}
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Since the scaled time ¢* defined by

t* = D*t (7.45)
where

1
m+2

1
D* = DAwrz, D= |2l-mym,=(4m) (7.46)
n

is used, the time scales in Figures and for rough wall turbulent flow, smooth wall turbu-
lent flow and laminar flow are different. Comparison of the three types of flow cannot therefore
be made from Figures and We do see, however, that the order of the graphs in the

figures for the three types of flow is preserved.

7.5 Conclusions

Conversion of the the boundary value problem for the fracture to a set of two initial value
problems simplified the process of obtaining numerical solutions. Numerical solutions to the
initial value problems were found using the shooting method and asymptotic approximations
near the tip of the fracture. They were consistent with analytical results for certain values of 2—2
obtained in Chapter 6. We found that the order of the graphs in the figures are preserved as we
moved from rough wall turbulent to smooth wall turbulent flow to laminar flow. This means, for
instance, that the rate of growth of the length of the fracture is greater when the rate of change
of volume of the fracture is constant than when the pressure at the fracture entry is constant for
all three flows, rough wall turbulent, smooth wall turbulent and laminar.

It now remains to investigate the existence of conserved quantities for a fluid-driven fracture.



Chapter 8

Conservation laws for laminar and

turbulent fluid-driven fractures

In Chapter 5 we saw the important role conservation laws could play in determining similarity
solutions of partial differential equations. It was also shown that conserved quantities for flow in
a tunnel could be determined by utilizing conservation laws. In this chapter we will investigate if
conservation laws, aside from the elementary conservation law, do indeed exist for fluid-driven
fractures. We will investigate the existence of conservation laws under rough wall turbulent,
smooth wall turbulent and laminar flow conditions.

As in Chapter 4 we will compare the direct, characteristic and partial Lagrangian methods

approach for deriving conservation laws.

8.1 Elementary conservation law

As shown in Chapter 6, the nonlinear diffusion equation describing a fluid-driven fracture can

be written in the form of a conservation law
oh 9 Oh\ =2
m—+2
— 4+ — | [ -r= =0 8.1
ot oz (( 8x> ) : 81

122
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where
T =h (8.2)
and
ANGE
T2 = (—h3%) . (8.3)

Equation (8.1) is referred to as the elementary conservation law and (8.2) and (8.3) are the

components of the elementary conserved vector.

8.2 Direct method

Consider (8.1)) which can be written as

m+3
+2

oh 3k 1w (OR\ T ko s [0\ "E 92h

where k = (—1)#H. We will look for conserved vectors of the form 7% = T'(t, z, h, h,) which

satisfy the condition

D,T" + D, T?| gz = 0, (8.5)

The total derivatives D, and D,, are:

o o o 0

D= g+ higp + b + hargp + (8.6)
B B B 0

Dy = — + hy— + g + hyg—— + ... (8.7)

ox oh Ohy Ohy
Using and (8.7) and replacing h; using the partial differential equation (8.4)), becomes

oT! 3k 1om  mt3 OT1 k 3 —1-m oT!
— hmvz b2 — " (R)mt2 (h,) ™2 Ry, ——
a  (m+2) o mg 2 W e T ey
T! T2 T2 T2
Oy ey S by (8.8)

Ooh Ohy
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which can be separated by second order derivatives of i to give

k s —lm Tt QT2
Pgs - hmt2 b+ —— =0, 8.9
mt2 oh ' Oh, (8.9)
oT!

B - -0, 8.10
t oh. 0 (8.10)

oTt 3k 1m 3 9T QT2 oT?
inder : — hm2hy ™ — 4 — + hy—— = 0. 8.11
remainder o m+2) + o + E + B 8.11)

From (8.10) we see that

T' =Tt z,h) (8.12)

and therefore we can integrate with respect to h, to obtain

v OT!
T2 = k (h)m# (h,) ™% S T Al h) (8.13)
where A is an arbitrary function.
Substituting (8.12) and(8.13) into (8.11) yields
oT! 3 L 9*TY DA 3 mys 02T 0A(t,x,h)

+k (h)72 (hy)me +k (R)m+2 (hy)m+2 = 0. (8.14)

ot ohoz | oz onz M gn
It now remains to separate by powers of h,, however one must first identify values of
m for which certain powers of h, might be equal. Upon examination of h;}”ﬁ and h, it can be
determined that the powers of 5, are equal for m = —1 and thus their coefficients should be
grouped together. We will therefore look for conserved vectors under two different cases, the
first of which is when the flow in the fracture is laminar (m = —1), the second is for general
m, m # —1, —2. The general case includes smooth wall turbulent flow (m = —1/4) and rough

wall turbulent flow (m = 0).

8.2.1 Casem = —1

We separate (8.14) as follows:
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82T1

h2 = 8.15
Y =0 (8.15)

0A 5 0P
hy : - h e 0, (8.16)

A T!
remainder : g_x + 8(9_15 = 0. (8.17)
Integrating (8.15) twice with respect to h gives

T' = hB(t,x) + CO(t, z). (8.18)

When (8.18)) is substituted into (8.16), (8.16) can also be integrated with respect to h to obtain
an expression for A:
h*oB

where D is an arbitrary function. It now remains to substitute results (8.18)) and (8.19) into

(8.17) and separate by powers of i which yields

0’B
4, _
W S50, (8.20)
0B
h: rTe 0, (8.21)
. oD oC
remainder : e + rri 0. (8.22)

From (8.21)) we find that B is a function of x only and by integrating (8.20) we have

B(x) = zcy + ¢, (8.23)

where ¢;, ¢ are constants. We can chose D(t,x) = C(t,z) = 0 as condition (8.22)) implies
that they are the components of a trivial conserved vector for which the conservation law is

identically satisfied. Thus

L= (12 + o), (8.24)
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h4
T2 = —h?’hx(clx + 02) -+ ch. (825)

The following conserved vectors for laminar flow in a fracture have therefore been derived:

T! = h, T? = —h3h,, (8.26)

4

h
T2 = xh T? = —xhh, + T (8.27)

The conserved vector (8.26)) is the elementary conserved vector.

8.2.2 General case: m # —1, —2

We can separate equation (8.14]) by powers of h, as follows

h;”ﬁ : g;g; =0, (8.28)
Bt a;z;l —0, (8.29)
hy % =0, (8.30)
remainder : % + aa—j;l =0. (8.31)
Integrating (8.28)) with respect to z yields
a—Tl = B(t, h), (8.32)
oh

which when substituted into (8.29) implies that the arbitrary function B is a function of ¢ only.

By integrating (8.32)with respect to h we find that,

T' = hB(t) + C(t, ), (8.33)

where C'is an arbitrary function. From (8.30)
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A= A(t,z), (8.34)
which when substituted with (8.33)) in (8.31]) yields
0A(t, x) dB  0C(t,x)
h— =0. 8.35
or T o (8:39)
We can separate (8.35)) by powers of h to find
B(t) = ¢ (8.36)
and
dC(t,x) 0A(t,x)
=0 8.37
Oz * oz ’ 8.37)
where ¢, an arbitrary constant.
From (8.33)) and (8.25)) the conserved vector is
T' = hey + C(t, ), (8.38)
T2 = (—h*h,) ™2 ¢ + A(t, z). (8.39)

We can set C'(t,x) = 0 = A(t,z) because from (8.37) they are components of a trivial

conserved vector. Thus for the general case there is only one conserved vector of the form

T =Tt,z,h, h,), namely

which is the elementary conserved vector.

8.3 Characteristic method

(8.40)

We will look for conserved vectors of the form 7% = T(t, x, h, h,, h;) which is more general

than in Section 8.2 because the components can depend on h; and a multiplier of the from
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A = A(t, z, h) that satisfy

D,T' + D, T? = AF. (8.41)

We expand (8.41) using (8.6) and to find

8T1+h8T1+h8T1+h 8T1+8T2+h8T2
ot ©on “on, " ""oh, Ox v

L 0T OTE Ohy Bk s
T ohy COh, Ot (m+2)

k

hrz (hy) 7% hyoA =0 . (8.42)

By separating (8.42)) by powers of second order derivatives of /1 we have

ort  o1?
h z - = 07 4
t h, Ol (843
8T2 k 3 —1-m
By —A hm+2 (hy) ™2 =0, .
Oh, m + 2 7 (he) 7 0 (8.44)
oTt
hyg - — =0 4
tt 8ht ) (8 5)
. oT! ort  or* oT*
remainder : s + Ry o + o + hy, o Ahy
3k 1-m m+3
— hm+2 (hy)m+2 A =0 . 8.46
From (§43)
T ' =TY(t, 2, h, hy) (8.47)
and by integrating (8.44) with respect to h, we find that
T2 = kA (h)77% (hy) ™52 + A(t,z, h, hy). (8.48)

where A(t, z, h, h;) is an arbitrary function. Substituting (8.47)) and (8.48)) into (8.43) and dif-

ferentiating the resulting equation with respect to h; we have the following
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0?A
— =0. 8.49
on? (849
Integrating (8.49) twice with respect to h, leads to
A= nB(t,z,h)+ C(t,x, h), (8.50)

where B and C' are arbitrary functions. Equation(8.48)) becomes

T% =k (h)™2 (hy)@2 A+ hyB(t,x,h) + C(t, , h), (8.51)

By substituting (8.51)) into (8.43) and integrating with respect to h, we obtain

T' = —h,B(t,z,h) + D(t,x, h) (8.52)

where D is an arbitrary function. It now remains to substitute our results for 7" and 7" into

@.40):

oB 0D oD 1 OA aB oC
ey T o +ht%+k(h)’"+ (he) 2 5 H g+ 50
3 m+3 8A 80
BT () RS S — Ay =0, (8.53)

As in the case of the direct method, separation by powers of h, in (8.53) could result in a
different set of equations for certain values of m. Once again in the case for laminar flow where
m = —1, the equations resulting from separating by powers h, will be different to that of the

general case where m # —1, —2. We will consider each case and find its conserved vectors.

8.3.1 Case m=-1

1
For m = —1 the coefficients of h;'™ and h, can be grouped together and separated according

to the first derivatives of h to yield
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OAN(t,z, h)
2 . ] —
W 2=, (8.54)
' 0B(t,x,h) OC(t,z,h) 30N
L ] (8.55)
' OD(t,z,h) 0B(t,x,h) B
h - S S At h) = 0, (8.56)
D
remainder : oD, . h) + oC(t,z, h) =0. (8.57)
ot ox
From (8.54) we have
A= Alt,2). (8.58)

Differentiating (8.55]) with respect to x, (8.56) with respect to ¢ and summing the two resulting

equations gives

0*D(t,z,h) . 0*C(t,x, h) B h3(92A 0N
Otoh 0x0h or2 Ot
Finally we differentiate (8.57) with respect to & and substitute the resulting equation into (8.59)

0. (8.59)

which yields an equation that can be separated by powers of h to give:

O?A(t, x)
P =0 8.60
axQ 9 ( )
A
remainder : m =0. (8.61)
ot
From (8.60) and (8.61)),
AN =ciz + e, (8.62)

where c¢; and ¢y are constants.
Re-substituting A into (8.55) and solving for C'(¢,x,h) by integrating with respect to h

yields
h* 0Q(t,z, h)

C(t,x, h) =—0C +

7 o tF(t2), (8.63)
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where F'(t, z) is an arbitrary function and Q(¢, z, h) is defined by

h
Q(ua;h)_-j/ B(t, z, h)dh. (8.64)
We solve for D(t, z, h) in a similar way by integrating (8.56) with respect to h:

0Q(t,x, h)
ot

where G(t, x) is an arbitrary function. Finally, substituting (8.63) and (8.65) into (8.57) gives
0G(t, x) N OF(t,x)

D(t,x,h) = (c1x + co)h — + G(t,x), (8.65)

= 0. 8.66
ot ox (8.66)
Hence from (8.51]) with m = —1 and (8.52))
T" = (a1 + c)h + T, (8.67)
W:—@w+mmm+%#+ﬁ, (8.68)
where
t.h
T! = —h,B(t,z,h) — % + G(t,z), (8.69)
x
t,h
T? = hB(t,z,h) + Q(w,—,) + F(t, ). (8.70)

ot
However, by using the definition (8.64) for Q(t, z, h) and (8.66) it can be shown that

DT} + D, T? =0 (8.71)

and therefore 7'} and T?? are the components of a trivial conserved vector. Thus (8.67) and (8.68)

reduce to (8.26) and (8.27). We have therefore shown that for laminar flow the only conserved

vectors with components of the form T° = T*(t, z, h, hy, h,) and with multipliers of the form

A = A(t,z, h) are

T =h, T? = —h3h,, (8.72)
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4
T' = zh, T? = —xh3h, + —. (8.73)

8.3.2 General case: m # —1,—2

We separate (8.53) as follows:

0B(t,x,h) 0C(t,z,h)

hoi  — s =0, (8.74)

1 OA(t,z,h)
(he)™+ o O (8.75)

m+3 OA(t,z,h)
(he)m+2 - o =0 (8.76)

_ OD(t,z,h) 0B(t,z,h) B
(hy) : 55 + e A(t,x,h) =0, (8.77)
remainder : OD(t, , h) + oC(t,z,h) =0. (8.78)
ot ox
From (8.75)) and (8.76)

A =AQ). (8.79)

We proceed to differentiate with respect to z, with respect to ¢ and finally

with respect to h to obtain

9’B  9°C
drot  Ozoh’ (8.30)
9?2B  dA  0°D
otdr  dt  Otoh (8.81)
and
92D 9°C
oton  dvoh (8.32)

Subtracting (8.80) from (8.81) using (8.82) gives
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dA

— =0. 8.83

i (8.83)
Therefore

A=¢ (8.84)

where ¢; is a constant. In order to find an expression for C(t,x, h) and D(t, x, h) we integrate

(8.74) and (8.77) with respect to h and find

o= LR | by (8.85)
ot
and
D= cih— W Gt ), (8.86)

where F'(t,z) and G(t, z) are arbitrary functions and (¢, z, h) is defined by

h
Q= / B(t,x,h)dh. (8.87)
Substituting (8.85) and (8.86)) into (8.78) gives again (8.66). From (8.51)) and (8.52)

T' = ch+ T}, (8.88)

T2 = ¢ (—h*hy) e + T2, (8.89)

where T! and T? are given by (8.69) and (8.70). Since 7! and T?? are components of a trivial

conserved vector it follows that the elementary conserved vector (8.40) is again obtained. When
m # —1,—2 only one conserved vector of the form T*(¢,z, h, hs, h,) with multiplier A is

obtained.
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8.4 Partial Lagrangian method

Consider the partial Lagrangian

I = (Z_:[?) hn2 (—hy)mt? = (Z—i?’)) 2 (R )2 (8.90)

where k = (—1)#+2,

then

6L k; 1— m+3
= =3 — (h)m+2 (hg)m+2 — hy. (8.91)

The partial Noether symmetry given by (5.205)) is

3

3

oL
oh
We consider gauge functions of the form B' = B'(t,z,h) and B> = B*(t,z,h). When
expanded for partial Lagrangian (8.90), (8.91)) becomes

— K (el 2

ox Oh
3 m+3 851 3 m+3 852 m + 2 3 m+3 agl
k h m hl’ m h — k h m h:l‘ m —_ k— h m hx m
()T () TR S ()5 () TR — kS ) 82 S

2 m ¢! 2 m+3 OE>
2 gy () B, O k2 e ) 8

XWL + L(Di' + D,£%) = D,B* + D,B* + (n — £'hy — €2hy) (8.92)

3 Z 1 1
()53 () 55 4 k()53 () 5
T

m+3 Oh +3 ox
K2 ) B9 S — () () g
- (G2 0 ) RE S a1 g
OB 08 OB 0y, (8.93)
We first separate by the derivatives h?. This gives
¢(t,z,h) =0. (8.94)

Setting ¢! = 0 in (8.93)) and then separating by h,/h; gives

& (t,x,h) = 0. (8.95)



8.4. PARTIAL LAGRANGIAN METHOD 135

These results apply for all values of m. We then set £! = 0 = £% in (8.93)) and separate the
equation by first derivatives of h. The case m = —1 has to be treated separately. We do not

consider m = —2.

8.4.1 Case m=-1

When m = —1, k = —1. We can separate (8.93) as follows

h? % =0, (8.96)
hy : th—Z — %—T =0, (8.97)
hy — %—il =0, (8.98)
remainder : aaBtl + (98_sz =0. (8.99)

From (8.96) n = (¢, z) and we can integrate (8.97) and (8.98) with respect to h to obtain

expressions for B! and B2. This gives

B' = hn + A(t, x), (8.100)
and
h* on
B:=_—1 t 101
T3, HC), (8.101)

where A and C' are arbitrary functions.

Substituting (8.100) and (8.101) into (8.99)) yields,

on 0A  h'9@m 0C
"or T ot T i o T on T

It now remains to separate (8.102)) by powers of h which results in equations that can be easily

0. (8.102)

solved to give

1= 1T + Ca, (8.103)

B' = (c1x + co)h + A(t, x), (8.104)
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4

h
B? = Ta+ C(t,x). (8.105)
The remainder in (8.102) gives
0A(t,z) 0C(t,x)
= 0. 8.106
ot oz (8.106)
Now
L
T"'=B'"-¢'L—(n—&h — gzhx)a—, (8.107)
Ohy
2 2 42 1 2, \ OL
T* =B = €L~ (n—&h —&h) o (8.108)
therefore
T' = (a1 + co)h + A(t, x), (8.109)
and
T? = — (12 + )h*hy + %h%*(t, z). (8.110)

We can choose A(t,z) = C(t,z) = 0 since by (8.106)) they satisfy the conservation law
identically. The two conserved vectors for laminar flow, (8.109) and (8.110), derived in this

section are equivalent to the conserved vectors (8.72)) and (8.73)) obtained using the direct and

characteristic methods.

84.2 Casem # —1,—2

Equation(8.93)) can be separated according to derivatives of i to give
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h;”% : % =0, (8.111)
h;%g : % =0, (8.112)

hy - aa—il =0, (8.113)

hy 88_122 =0. (8.114)
remainder : aa—Btl + 86—5;2 = 0. (8.115)

From (8.111) and (8.112) we have that n = 7(¢) and we can therefore integrate (8.113)) with

respect to h which gives

B = hn(t) + D(t,z) (8.116)

where D is an arbitrary function. From (8.114)

B* = E(t,7) (8.117)

where F is an arbitrary function. Substituting (8.116)) and (8.117) into (8.115)) yields an equa-

tion that can separated by h:

h % — 0, (8.118)
remainder : aDéf’ b aE;tx’ 2 . (8.119)

From (8.118))
n=c (8.120)

where ¢; is a constant. We can choose D(t,z) = E(t,x) = 0 because by (8.119) they satisfy
the conservation law identically. Using the formula (8.107) and (8.108) the conserved vector

for the general case for m is
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1

T = ¢1h, T? = ci(—h*h,)m+z. (8.121)

which is the elementary conserved vector. This is in agreement with the results obatined using
the direct and characteristic methods. We have seen that for the general case (m # —1, —2) that
describes turbulent flow in a fracture whenm = —1 and m = —i we obtain only the elementary
conserved vector unlike in the case for laminar flow when m = —1 where the elementary
conserved vector and a second conserved are obtained. Tis is a significant difference between
laminar and turbulent flow in a fracture. A conservation law is “lost” due to turbulence.

We will now use the conservation laws to investigate conserved quantities and balance laws

for laminar and turbulent hydraulic fracturing.

8.5 Conserved quantities for fluid flow in a fracture

The conservation laws are derived from the partial differential equation and they do not depend
on boundary conditions. They apply to any problem described by the partial differential equa-
tion. Conserved quantities and balance laws are derived from conservation laws and boundary
conditions and as shown in Chapter 4 they may be useful in determining invariant solutions.
Also in Chapter 4, we saw that the boundary conditions for a problem determine which conser-
vation law applies for that problem. When the components, 7" and 12, are regarded as functions
of t,x,h,h;,h,,... as independent variables, the conservation law is written in terms of the total

derivatives D; and D, as

D, T'+ D, T?* = 0. (8.122)

If we regard 7" and T2 as functions of ¢ and z as independent variables then it can be verified

that the conservation law can be written equivalently as

oT'  OT?

e + e 0. (8.123)
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We now investigate conserved quantities and balance laws for hydraulic fracturing. We first
consider the elementary conservation law which is valid for both laminar and turbulent flow and

then the second conservation law which applies only for laminar flow.

8.5.1 Elementary conservation law for laminar and turbulent fluid frac-

ture

The elementary conserved vector is

T =h,  T%=(—h®h,)me. (8.124)

Therefore we have the conservation law

oh o
ot  Ox
We integrate (8.125) with respect to = from 0 to L(t) keeping t fixed during the integration

[(=n*h,)7 | =0, (8.125)

which yields

ot ox

Using the theorem for differentiation under the integral sign [21] it follows that

L(t) L(t) 1
/ ah(x,t)dx +/ ﬁ [(_h%x)m} dr = 0. (8.126)
0 0

d [0 LW on(t, z)) dL(t)
— h(t,x)dx = ———"~dx + h(t, L(t))——= — 0. 8.127
[ meae = [ S e n) 8,127
Since the width of the fracture vanishes at the fracture tip,
h(t,L(t)) = 0. (8.128)
Hence (8.12)) becomes
d

L(t) L(t) B X e
—/O h(t,x)dm—i—/o - [(—h hm)mw} dz = 0. (8.129)
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Integrating the second term of (8.129) with respect to x yields
d L(t) 1 1
- h(t, x)dx + (—hPhg) 72 |, p@) — (—hPhy) 72 | ,—g = 0. (8.130)
0
But from expressed in terms of the scaled time D*t,
ANGE
ht,z)u(t,z) = [ —h®— . 8.131
outta) = (-5 @.131)
Therefore
LOR ¥ i
)" Jasiy = Bl L) (1) =0 (8.132)
by (8128) and
Oh\ 772
(—h3—> lo=0 = h(t,0)u(t,0). (8.133)
Ox
Thus (8.130) becomes
d L(t)
— h(t,z)dx = h(t,0)u(t,0), (8.134)
dt J,
but the total volume of the fracture at time ¢ is
L(t)
V(t) = / h(t, z)da (8.135)
0
Thus (8.131]) becomes
av
o= 2h(t,0)u(t,0), (8.136)

which states that the rate of change of the volume of the fracture with respect to time equals

the rate of inflow of fluid at the fracture entrance. If there is no inflow of fluid at the fracture

entrance then the volume of the fracture is conserved. The volume of the fracture V is the

conserved quantity.

The elementary conservation law with boundary condition (8.128)) therefore corresponds to

the balance law for fluid volume.
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8.5.2 Second conservation law for laminar fluid-driven fracture

We have seen that laminar fluid flow in a thin fracture has two conserved vectors. It now re-
mains to find the second conserved quantity or balance law associated with the non-elementary

conservation law which is given by

h4
T'==xzh,  T?=—ah’h, + T (8.137)
We have
2(:ch) + g(—th”h + h—4) =0 (8.138)
ot Ox S ’
which when integrated with respect to = from 0 to L(t) keeping ¢ fixed becomes
L(t) ) L(t) ) h4
/0 a(m’h(t, z))dx + /0 Ep <—h(t, x)*h(t, x)x + Z) dr = 0. (8.139)

Using once again the theorem for differentiation under the integral sign [21]] and the boundary

condition (.128]) we find

T e = [ L entt, o)) 14
i ), xh(z,t) x—/o a(:c (t,x))dx. (8.140)

Also using (8.131]) for A and the boundary condition (8.128)) we obtain
h4

"o h3h, + dr = 1h4
— | = — = —h*(t.0). 141
/0 ox [ S 4} v 4 (t,0) @® )

Substituting (8.140) and (8.141)) into (8.139) gives

d [0 1
- zh(t,v)dr = Zh‘*(t, 0). (8.142)
0

Equation (8.142) is the balance law associated with the second conserved vector (8.137).
The right hand side depends on h(t,0) which shows the important part played by the working
conditions at the fracture entrance on the evolution of the fracture. The physical interpretation
of the balance law (8.142) is not clear. It may be useful as a check on the accuracy of numerical

solutions.



8.6. CONCLUSION 142

8.6 Conclusion

The conserved vectors were derived using three different methods which all yielded the same
result and, as in Chapter 5, it was found that the partial Lagrangian method was an effective
method and computationally less laborious compared to the direct and characteristic methods.
We were able to derive another conservation law besides the elementary conservation law for
laminar flow in a thin fracture (m = —1). We were only able to find the elementary conserved
vector for other values of m. It may indicate that as fluid flow changes from laminar to turbulent
there is a loss of conserved vectors. This may have been the case in the Fanno model nonlinear
diffusion equation for pressure in which the flow was turbulent and the nonlinear diffusion
equation for pressure equation yielded only the elementary conservation law. Perhaps, had the
flow been laminar, one could have been able to find a non-elementary conserved vector. In the

next and final chapter we will present a summary of our findings.



Chapter 9

Conclusions

In this dissertation Lie group analysis proved to be a powerful tool in the study of partial dif-
ferential equations. We were able to derive group invariant solutions for turbulent compressible
flow in a long channel as well as for turbulent incompressible flow in a thin fracture. Lie point
symmetries were derived for both problems and used to reduce the partial differential equations
to ordinary differential equations.

For turbulent fluid-driven fractures, Lie point symmetries were used to reduce the partial
differential equation to a boundary value problem for an ordinary differential equation. An-
alytical solutions for the boundary value problem were obtained for special cases of physical
significance that govern the propagation of fracture. The first special solution is derived for
the total volume of fluid in the fracture being constant and the second special solution for the
speed of propagation of the fracture being constant. The boundary value problem was solved
by converting it into two initial value problems that in turn was solved using a variation on
the shooting method. The ordering of graphs of the half-width and of the length of the frac-
ture under different working conditions at the fracture entry did not change when the fluid flow
changed from laminar to turbulent

An analytical solution for the mean pressure and mean velocity of the fluid in a long channel
was obtained. Ockendon et al [6] first solved for the mean pressure and then obtain the mean

velocity using the relation between the two. We were able to give an alternative derivation to
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the mean velocity that does not require any prior knowledge of the mean pressure.The investi-
gation of conserved vectors allowed for a more flexible approach to the method of solution of
certain differential equations. It was shown that an invariant solution to the nonlinear diffusion
equation for the mean velocity could be found using the Lie point symmetry associated with the
elementary conserved vector. Conserved vectors proved to be useful in the solution of partial
differential equation and we undertook to review three methods to derive them.

The direct method, characteristic method and partial Lagrangian method were used to derive
conserved vectors. The direct method and the characteristic method were done in an almost al-
gorithmic manner. The partial Lagrangian method was straightforward and by using differential
operators, a conserved vector could be calculated in a systematic way. The partial Lagrangian
method also did not make any assumptions on the functional form of the conserved vector but
did on the gauge terms. For the nonlinear diffusion equation and the nonlinear wave equation
for fluid velocity, two conservation laws were were derived, one of which was the elementary
conservation law. However, for the nonlinear diffusion equation for the pressure, only the ele-
mentary conservation law was obtained. The existence of additional conserved vectors may be
investigated by considering conserved vectors that depend on higher order derivatives.

Using the same methods, conserved quantities for fluid-driven fractures were derived. As
for the nonlinear diffusion equation for the pressure of the fluid in a long channel, we were only
able to find the elementary conserved vector when the fluid flow was turbulent. However, when
the flow was laminar, we were able to derive another conserved vector besides the elementary
conserved vector. It would seem that as the fluid becomes turbulent, conserved vectors are not
preserved.

Further investigation into the reduction in the number of conserved vectors as the fluid
changes from laminar to turbulent flow should include the study of conserved vectors with
higher order derivatives. It is also of interest to understand why in laminar fluid flow there are

more conserved vectors than if when the fluid flow is turbulent.



Appendix A

Lie point symmetries for the nonlinear

diffusion equation or pressure.

The derivation of the Lie point symmetries of the nonlinear diffusion equation for pressure,

ap 1 0%

_ it Al
ot 2(_%)% Ox?’ A1)
will be outlined.
Equation (A.T) can be written as
F<papt7px7pxx) = 07 (AZ)
where
op 1 0%
F=——-———-—. A3
ot 2(_3_5)% Ox? A.3)
The Lie point symmetry generator is of the form
0 0 0
X =& — + &t — +(t —. A4
£(,x,p)8t+€(,x,p)aer'f?(,x,p)ap (A4)
The determining equation is
XPF | pog=0, (A.5)

where X2 is the second prolongation of X given by
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8 (9 0
Ops s
and (; and (;; are defined by
i = Di(n) — prDi(€"), (A7)
Gij = Di(n:) — pinD;(€"), (A-8)
where
0 0 0 0
Dy = — — A.
t 8t+pt5’p+ptt8p +pm3px (A9)
0 0 0 0
D, =— — — — A.l
The determining equation(A.5]) becomes
G+ ( Paa )+c ( ! ) 0 (A.11)
t T 3 zx | — . 1 == U, .
A(kpy)? 2(kpy)?
where k = —1.
Expansions for (;, (, and (,, are required:
on on 8§ ! , Ot 0€? 0€?
= — — — e — PaPt—— A.12
G at+(8p o ) P pta ~ Py T PPy (A.12)
on on 0> o0&t ol 5 02
= — e — - — A.l
@ 9 ( Gp  on ) Pr TPy TPy P p (A.13)

B (9277 8277 3252 8251 an 852 851
Coz = @4— <28p8m - axQ)paH— <_8 2>Pt+ (a_p _28_x)pm+ (_28_1:)17:107&

6277 8262 ) 251 8252
+(%—2apa$>m+( 8>pxpt+( a2 )

2

( 6251
ap? )ptpm

8
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The determining equation (A.I4), using expansions (A.12)),(A.13)) and (A.14) becomes

o (on o€ gc , o oe
= T A, t — A, ap DDt

xPlp = = — .
o o ap Pt P
Dux (077+((977 3§2> ¢! o¢! 23§2>

Tt \az T\ ap o ) PP s TP, gy,

01 0? 0? 0%¢? 02! 0 g2

_aQ(kpx)% Ox? opdx  Ox? 0x? op ox

851 (9277 8252 , 8251 8252 5 8251 )
2% U 9 _9 oy — _

852 851 agl

To impose the condition F' = 0, replace p; in equation (A.T3) using

1
2(kp.)

(A.16)

Pt =

N[

Thus equation (A.15]) becomes

MO g 0 g O 02O
ot = Op2kp,):  Op 2kp,): Op4kp,  Ot""  Op T 2kp,):
L A T S S

XUF =

ox 4(k‘pz)% + dp + appzzl(]gpl,)% ox px4(k’px)% Oz 8(kps)?
L0 pee 08 5 pee P 1 P

op p“’g(kpx)% dp px4(/€pm)% 072 2(kp,)z  Opdx (kp,)2
A P pee O pee | 08 pu | 08 pu

022 o(kp,)z 0 4(kps)  Op2(kp,)z O (kp,)z 0% (kp,)2

P 0 pn | O pe  OPC O pup;
p*2(kp,)z  Opdx (/fpx)% Oxdp 2k~ Op? Q(kpx)% op? 4(kp)
2 1,2 1
8i 3pwpm: ai Pzo ai Dzt = 0. (A17)

Op 2(kpy)z  Op 4kpe) 0P (kp,):
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Equate the coefficients of separate powers of the derivatives of p to zero.

remainder

D=

Pz

E:O
Lon _10¢
40p 2 0Ot
2

¢ _ |

ot

30¢ _
4 0r

0

(A.18)

(A.19)

(A.20)
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Pro(—ps) %—izO, (A21)
Paa(—p2)? %—fzo, (A.22)
Pea(—p2) "2 %zo, (A.23)
Pro(—pa) " %—i:o, (A.24)
Pre(=ps)" aa—i:(), (A.25)

(—po)77 %:0, (A.26)

(—pa)? afgp %%25 —0, (A27)
Par(—D2) ™" a;f;:o, (A.28)
Pur(—ps) 2 %—izo, (A.29)

(—ps)? —%gipz 3?)%21;: , (A.30)
pe(—pa) 2 g;g;z (A31)

(—pa)? %2522— , (A.32)

Paa(—Pz) a;pf; =0

[NIES

Pat(—Dz)? _a_pzo' (A.33)
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Consider equations (A.21)),(A.24),(A.23),(A.29),(A.30),(A.33)) and (A.34), It follows that

a 1
%
dp
and
o0&t
o
therefore
¢h=¢\(t)
From equations (A.20),(A.22)) and (A.33) it follows that
&2
S
ot ’
and
D€2
9 _
dp
and thus
£ =& (x).

From equations (A.T8),(A.23) and (A.26)) we obtain the following result

n = n(p)
since
on
ST
ot
and
In
o,
Ox
By substituting equation (A.39) into equation (A.28) we see that
d2
&y
dp?

and therefore

(A.34)

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

(A41)

(A.42)

(A.43)

(A.44)
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By substituting equation (A.40|into equation (A.31]) we see that it simplifies to

d2§2
dx? 0,

and therefore by solving equation (A.45) we find that

2(x) = c3x + 4.

Substitute (A.44) and (A.46) into equation (A.19). This gives

and hence

) = %(c1 + 3ca)t + 5.

The Lie point symmetry generator is

0 9, 0
X = e g
1 0 0 g 3 0 0
= §C1t§ + C1p8—p + 028_}9 + 56375'& + CaT o
0 0
+C5§+C4%.

and therefore the resulting Lie point symmetries are

(A.45)

(A.46)

(A.47)

(A.48)

(A.49)

(A.50)
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X5

(A.51)

(A.52)

(A.53)

(A.54)

(A.55)



Appendix B

Lie point symmetries for the nonlinear
diffusion equation for turbulent fluid

driven fracture in rock

The nonlinear diffusion equation for a fluid driven fracture is given by
oh 0 Oh\ 72
— =D || -h=— B.1
ot Oz [( 8$) ] ’ ®-1)

D = DAwes. (B.2)

where

Let t* = Dt* and as a result we can reduce equation (B.1) to

1
Oh 0 3Oh\ m+2
I N e ) B.3
ot* Oz [( 83:) ] ®-3)
For simplicity we suppress the star, let ¢ = t*. The partial differential equation becomes
on 0 Oh\ 72
— = || =R = : B.4
ot Ox [( ax) ] B4

Equation (B.4) can be written as
F(h7 ht7h’r7hx:r) - OJ (BS)
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where

F=h+
m
and k = (—1)7#2.

The Lie point symmetry generator is of the form

0 0 9,
_ el O 9 o
X =¢ (t,x,h)at+§ (t,x,h)ax—l—n(t,x,h)ah.

The determining equation is

XPF | p_g=0,

where X2 is the second prolongation of X given by

0

0

0 0 0
X[2]|FF:O = §I(t7$, h)a +§2<t,$, h)_ +77(t,l’,h)— +€t_ +<ﬂ?_ +Ca::v

and ¢; and (;; are defined by

G = Di(n) — hyDy(€),

Gij = D;j (&) — ha D (€5),

where
9, 0 9, 0
Di=Z 4 hZ fhy Lt h 2
©= ot "an T " an, T an,
0 0 0 0
Dy =~ + hy + hygmo + gy
oz "on T "o, T " an,
The determining equation becomes
1 — ]{7 —1—2m m k 1—m —

(m + 2)? (m + 22

Oh,

—3—2m

9
ahxw

(h) =72 (hy) wiz b+ ¢

iy (M(mw(hw)mag Ak s ) h)

(m+ 2)2
k 3 —1-m
(m+2)

(m +2)?

+Caa

(B.6)

(B.7)

(B.8)

, (B.9)

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)
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Expansions for (;, ¢, and (,, are required:

1 1 2 2
<t—@+<@—ai)h h25)§ h@5 hhtai (B.15)

ot oh Ot * Oh ot “oh
_On  (on 0€ 3 og' .08
=T <6h Y A ML Ta T (B.16)

B 8277 8277 aZgQ aZgl 877 652 851

Cow = 8x2+(23h8x_ ax2)h”+( Oz 2)}“ (%‘%)h” ( 23_) P
8277 8252 ) 6251 8252 5 8251 )
* (W - 28h8.r) et (_Zﬁxc?h) fiahts + <_ o’ > et <_ on’ > il

65'2 8251 861
+( ah)hher( 8h>hth”+< ah)hhg’t (B.17)
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The determining equation (B.14])), using expansions (B.13),(B.16) and (B.17) becomes

3(1 - m)k —1-2m m+3 3k —1-m
X[?] . — N T 2 £n+2 _ hwmi2 “m+2 -
|P=0 (m+2)2h 2 h [n]+<m+2)h+h Bz [1]
In on ¢ o¢? 2 [08F o¢?
*a*h[% o0 | e o T | T e B
m s [O0] |, B0+ 30k st [0y 082
(m + 2)? or (m + 2)2 Oh  Ox
lem 1 1 54+2m 2
—3(m+3)khmh§”“ht ﬁi B 3(m+3)kh7h"h2 8i
(m+2)? Ox (m+2)2 oh
B+ Dk, mer [06) (DR, s s [0y
(m+ 1)k =m—1 on 0 (m + 1)k =3=2m &t
SN hy™ " hyy | = — = AT b, hyghy |
(m +2)2 “|oh  Ox (m + 2) P O
(m+Dk, s tp 0 [0€]  (m+ 1)k gy [0€
k =L [9%) k [ 9% 8252
+(m + 2)h ha {81‘2} * (m + 2)h hi { Ohdx 02
k 3 =lem 02¢2 k 3 =lom on &2
m+2 xm 2 — m+2 xm 2 o | = — 22
+(m+2)h h ht{ ox? +(m—i—2)h h h oh ox
koo s ziem ¢! koo s om0 9%€
m+2 xm 2 - 2— m+2 %n+2 _— 2
Ty hf[ 8m1+(m+2)h h [am Ohoz
k? m+2 3251 ]{7 27;an5 6262
gt ht[_aah ML
k . gig 8251 _3_. =i E*
ket _o¢! kst ¢!
Since X is evaluated at F' = 0, we replace h, with
_ Bk g msm ks S5
hy = (m+2)h +2hy <m+2)h F2he" Ry (B.19)

Thus equation(B.18)) becomes
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) () P ]+ 0 ) s
5 (mg—li gy (17 (o) 52 [% - 88_5251]
) L |5 | | 5]
- (ﬂ;i’“;(h)%??(hz)m Bﬂ - (T;ik;)g(h)m(hm)wizhm {%—ﬂ
e ) ? | G|+ R [
- s () 8 i [ 92 = T g5 [ 22 B
O )y )7 | S| - Syt 1 |
e L B e
Sy ) F e | S| + )5 [ ]
v (m’jQ)(h)niz(hx)m e || + 2D 0y {?}
e e
%(hwwwh | - Dy E | 5]
%(b%(hﬂﬁ [‘fh |+ 2D i e | 5
) () F [—%;] b ) P e | 5T - 28
+(mi2)(h)wiz(hx)7il£”hm {—zg—i] + (miQ)(h)niz(hx)ﬂf th 25522}
- Ry -] - ) e, [
b | O8] - B |2
- [2 05 4 ) e [0
- R -] - e B, [ O]
(mi 2)(h)wiz(hx)ml+z Bt [—2%—5}3] =0. (B.20)

1—m

3k

|
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Now, equate the coefficients of each power and product of derivatives of h to zero. We start by

considering the powers and products of derivatives that contain /.

o ko s [ _0&]
Wiy, pavz | 22> | =, B.21
s (2D
—1-m k 3 [ 851
m+32 . m —)— et
L =2 =0 (B.22)
From equation(B.21)
o¢!t
I B.23
and from equation(B.22))
1
9 . (B.24)
Ox

By solving equations(B.23)) and (B.24)) we obtain the result

¢ =) (B.25)

Substitute equation(B.23) into equationB.20|and separate by powers and products of deivatives

to obtain the following equations:

g ShUom) e L Bk Gaee 00 08
S (m +2)? b (m +2) o oh ot
3(m +3)k on  0& k s [9%n e
i (m+2)? et [3/1 oz | T (m + 2)h o 287583: =(B.26)
—1-m 3k 1-m k 3 817 851
m+2 9 s . _3_ on  0¢
S 2)2h b mi2)"" [8h ot }
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2m—+5
h m—+2
X

—3—2m

2
h/.’E i h‘IEIE

1
;)
hfmm hf:cx

—1-m
m—+2
xX

1
hm+2
X

ha

The remainder is :

2 2
By [060] _ hm+) s 062
(m+2) oh (m +2)2 oh
k’ e B 8252
HCED A am] -0 (B.28)
—Am) o (9]
(m +2) h O =9, (B.29)
k(1 +m) 3 g2 k 3 _ g2
my2pe [8h Ty | on
T G
Ty {_3%1 . (B.30)
k s [0
(m+2) {@} ’ (B.31)
3(m+3)k lm an k 3 0%n 0%¢? B
(m +2)2 h [&n] - mr2) " [ oeoh oz | = O B32)
oe
a0 (B.33)
on
pr 0. (B.34)

Special considerations have to be made for different values of m, as they can result in a

different set of equations after separating equation(B.18)) by powers and products of derivatives.

In order to find at which values of m this occurs, we compare the powers of derivatives and try

to find values of m for which they are equal.We start our analysis by considering powers and

products of derivatives of the form A} h,,.
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Table B.1: Derivatives of the form i/,

—I=m T —3=7m
Derivatives | ho™ "2 hyy ha 2 hee ha™ 2 hys
—1—m
hzm+2 ha:w - m = —2 m = _2
-
h;n“'zh/xl, m:—2 _ m:_2
—3—2m
hxm+2 hxx m= -2 m = —2 .
From Table B.1 the only value for m at which powers of derivatives are equal is m = —2.

However, from the form of equation(B.4) we see that m # —2, therefore equations (B.27),
(B.29) and (B.30) hold for all possible vaues of m. Consider equation(B.29)), which simplifies

to
on

7 =0 (B.35)

and leads to the result

n=n(t,h). (B.36)

By also considering equation(B.29) simplifies to

€2
— = B.37
and leads to the result
& =& (1) (B.38)

Using equations and we find that equations (B.28) and (B.31)) are identically

satisfied.
We now consider derivatives of the form %}, and find special cases of m for which their powers

are equal.

We will now derive the Lie point symmetries for the general case (m # —2, —1, —3).
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Table B.2: Derivatives of the form i,

m+3 _1
Derivatives | h2 " ho+? h h®
m+E3
hgt? - m=—2 - m = —3
—T—
hyt? m=—2 - m=—1 -
hy e i
hg m=—3 - - -

B.0.1 Lie point symmetries for the general case (m # —2, —1,

From equation we further deduce that

£ =& ().
Equation reduces to
8252
072
and thus

52 =T + .
By differentiating equation (B.27) with respect to ¢ we obtain

82f1
=0
ot? ’

which has the solution

51 = Cgt —f- Cq.

—-3)

(B.39)

(B.40)

(B.41)

(B.42)

(B.43)
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‘We substitute the results

&Y = st + e, (B.44)
& = azr+o, (B.45)
n = n(h). (B.46)

into equation (B.27)), which simplifies to

3 @__(m%—?)) (m + 2)
1 (m+1)03'

hI+m) ! " dh = (m+1) (B.47)

Equation (B.47) is a first order ordinary differential equation that can be solved using an inte-
grating factor.
The integrating factor is

IF = ¢ Jwmmdh

— T, (B.48)
which can be used as m # 1. The integrating factor we obtained is only valid for all m # —1,
we would therefore have to consider the case for when m = —1 separately.
Casem #2,—1,—2, 3.

We multiply the integrating factor given by equation(B.48]), through equation (B.47)) which in

turn gives us the expression

dp_ s 9 [(m+2)  (m+3) ],
%[h ndh}_{(mﬂ) +1)cl}h dh. (B.49)

The solution to equation (B.47)) is given by

5 3 ;
EZ i 2; oy — EZ i 2; cl} b+t cshiim, (B.50)

o = |
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Now substitute the results for £, £2, and 7 into the following equation

an oe! o2 1 L%
- AL - = - - 2)h"— = 0. (B.51
(1 m)n+ahh+(m+2)at (m+3)8$h+3(m+ )h BT 0. (B.51)

Equation was obtained by simplifying equation (B.26). We now find that ¢; = 0. It

follows that,

(m+2)  (m+3)

= — . B.52
The Lie point symmetry is of the form
X = 01X1 + CQXQ + 02X3 + C4X4, (B53)
where
0 (m+2), 0
= t— — B.54
XYoo=yt o e (B-54)
0 (m+3), 0
Xy = v— — — B.
2 er (m — 2)h8h’ (B.55)
0
= — B.56
X3 g (B.56)
Xy = 2 (B.57)
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