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1. Introduction and Preliminaries

Mathematicians have achieved many intriguing results in linear dynamics related
to dynamical properties, such as transitivity, mixing, Li-Yorke, and many others, in the
last two decades. One important question in linear dynamics is finding relations between
expansivity, hyperbolicity, the shadowing property, and structural stability. Some classical
results on these relations can be found in [1-6].

It is rather well known that hyperbolic operators have the shadowing property. In the
setting of finite dimensional Banach spaces, having the shadowing property is equivalent
to being hyperbolic. In [7], Bernardes et al. constructed an operator with the shadowing
property that is not hyperbolic, settling an open question. In the process, they introduced a
class of operators that has come to be known as generalized hyperbolic operators. This class
of operators seems to be an important bridge between hyperbolicity and the shadowing
property. In [8], the authors show that for a large natural class of operators on LP-spaces, the
notion of generalized hyperbolicity and the shadowing property coincide. They achieved
this by giving sufficient and necessary conditions for a certain class of operators to have the
shadowing property. They also introduced computational tools that allow the construction
of operators with and without the shadowing property. Utilizing these tools, they show
how some natural probability distributions, such as the Laplace distribution and the Cauchy
distribution, lead to operators with and without the shadowing property on LP-spaces.

An Orlicz space L® is a natural generalization of L spaces and has been considered in
various areas, such as probability theory, partial differential equations, and mathematical
finance. In this paper, we extend the results provided in [8] on L? spaces to composition
operators on Orlicz spaces. We provide some equivalent conditions for composition
operators to have the shadowing property on the Orlicz space L® (). Additionally, we show
that for composition operators on Orlicz spaces, the notions of generalized hyperbolicity
and the shadowing property coincide.
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For the convenience of the reader, we recall some essential facts about Orlicz spaces
for later use. To obtain more information about Orlicz spaces, consult [9,10].

A function @ : R — [0, 0] is called a Young function if ® is convex, ®(—x) = P(x),
®(0) = 0, and limy 00 P(x) = +o0. With each Young function @, we can associate another
convex function ¥ : R — [0, o] with similar properties defined by

Y(y) =sup{x|y|-P(x):x >0}, yeR

The function ¥ is called the complementary function to ®. It follows from the defi-
nition that ¥(0) = 0, ¥(—y) = ¥(y), and ¥(.) is a convex increasing function satisfying
limy 0 ¥ (y) = +o0.

Let @ be a Young function. Then, we say & satisfies the Ay-condition or ® is Ap-regular
if ®(2x) < K®(x) for x > x for some constants K > 0 and xy > 0. P satisfies the A,-
condition globally if ®(2x) < K®(x) for x > 0 for some K > 0. ® is said to satisfy the A’
condition if there exists ¢ > 0 (b > 0) such that

P(xy) < c®(x)P(y), x,y > x9>0.

If xp = 0, then it is said to hold globally. If ® € A/, then ® € A,.

For a given complete o-finite measure space (X, F, i), let L°(F) be the linear space of
equivalence classes of F-measurable real-valued functions on X, where functions that are
equal p-almost everywhere on X are identified. The support S(f) of a measurable function
fisdefinedas S(f) :={x € X: f(x) # 0}.

For a Young function ®, let pg, : L? (1) — R™ be defined as po(f) = [, ®(f)dpu for
all f € L®(u). Then, the space

Lo() = {f € 1°(F) : 3 > 0, pa(kf) < o}

is called an Orlicz space. The functional

~ I

N@(f) = inf{k >0: pq;( ) < 1}

isanorm on L? (i) and is called the gauge norm (or Luxemburg norm). Also, (L® (1), No(.))
is a normed linear space. If functions that are equal almost everywhere are identified, then
(L®(u), Ng(.)) is a Banach space, and the basic measure space (X, F, ) is unrestricted.
Hence, every element of L®(y) is a class of measurable functions that are equal almost
everywhere. There is also another norm on L® (1) defined as follows:

Iflo =sup{ [ | fg|dn:g e By} =sup{| [ fodn g € By}, )

where By = {g € LY (i) : [} ¥(| g |)du < 1}. The norm ||.|¢ is called the Orlicz norm.
For any f € L®(u), where @ is a Young function, we have

No(f) < [Iflle <2No(f)- (2)

1
o1 ( y(lp) ) .
Throughout this paper, (X, F, it) will be a measure space, ¢ : X — X will be a non-
singular measurable transformation, and F will be a sigma algebra on X. A non-singular
measurable transformation ¢ : X — X is defined as ¢~ !(F) € F for every F € F and

u(@~1(F)) = 0if u(F) = 0. If there exists a positive constant c satisfying

For every F € F with 0 < p(F) < oo, we have Ng (xr) =

u(pY(F)) < cu(F), foreveryF € F, 3)
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then the linear operator

Co:LP(w) = L®(1), Cy(f)=foo,

is well defined and continuous on the Orlicz space L®(u) and is called a composition
operator. For more details on the basic properties of composition operators on Orlicz spaces
and function spaces, refer to [5,11-16]. The reference [5] is pioneering in composition
operators on function spaces. The class of composition operators is wide and includes,
for instance, weighted shifts, which are a fundamental tool for the construction of examples
in linear dynamics. Additionally, it contains composition operators induced by odometers,
as shown in [17]. Recent advances in the dynamic properties of composition operators in
various contexts are collected in [18,19].

2. Hyperbolicity and Shadowing Property

In this section, we first rewrite the definitions of the shadowing property, hyperbolicity,
wandering set, dissipative system, and dissipative system of bounded distortion in Orlicz
spaces, which were defined for L spaces in [8].

Definition 1. Let T : X — X be an operator on a Banach space X. A sequence {x, },cz in X is
called a é-pseudotrajectory of T, where 6 > 0, if

|Txp — xp41|| <6, forall neZ.
Now, we can define the shadowing property.

Definition 2. Let T : X — X be an invertible operator on a Banach space X. Then, T is said to
have the shadowing property if for every € > 0, there exists & > 0 such that every 5-pseudotrajectory
{xn}nez of T is e-shadowed by a real trajectory of T, that is, there exists x € X such that

|IT"x — xu|| <€, forall ne€lZ.

We can define the notion of positive shadowing for an operator T by replacing the set
Z by N in the above definition. In such a “positive” case, T does not need to be invertible.
A fundamental notion in linear dynamics is that of hyperbolicity.

Definition 3. An invertible operator T is said to be hyperbolic if o(T) N T = @.
In the following, we recall the definition of a wandering set.

Definition 4. Let (X, F, ) be a measure space and ¢ : X — X be an invertible non-singular
transformation. A measurable set W C X is called a wandering set for ¢ if the sets {¢p " (W) } ez
are pairwise disjoint.

Definition 5. Let (X, F, i) be a measure space, @ :— [0, 0] a Young's function, and ¢ : X — X

be an invertible non-singular transformation. The quadruple (X, F, u, @) is called the following:

e A dissipative system generated by W, if X = Urcz¢"(W) for some W € F with
0 < u(W) < co (the symbol U denotes pairwise disjoint union);

o A dissipative system of bounded distortion in L®, generated by W, if there exists K > 0,
such that

N (Ch (1)) Na(xr) < Nao(Ch(xe)) N (i) < KNa(Chaw))Na(xr), - (4

forallk € Zand F € Fyy = {FNW : F € F}. Ifwe replace Ng by the norm of L, then we
will have the bounded distortion property in LP-spaces (Definition 2.6.4, [8]).
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Definition 6. A composition dynamical system (X, F, i, ¢, Cy) is called the following:

»  Adissipative composition dynamical system generated by W, if (X, F, u, ) is a dissipative
system generated by W;

e A dissipative composition dynamical system of bounded distortion in L® generated by W,
if (X, F,u, @) is a dissipative system of bounded distortion in L® generated by W.

In the following, we have a proposition in Orlicz spaces similar to Proposition 2.6.5
of [1].

Proposition 1. Let (X, F, u, @) be a dissipative system of bounded distortion in L® generated by
W. Then, the following hold:

1.  There exists H > 0 such that

1 No(Cy" (xw)) N@(Cfp+S(XP))< No (C4 (xw))
H No(Cy(xw)) = No(Cy(xr)) —  No(Cylxw))

forall F € Fy with u(F) > 0and all s, t € Z;
2. Letd e Ay If

. {N<1>(C§J_1(XW)) No(C5™ (xw)) ke Z}
No(Ch(xw)) " No(Ch(xw))

is finite and ¢ is bijective, then ¢ and ¢~ satisfy the (3) condition.

Proof. The proof of (1) follows, with slight changes, as in (1) of [5] (Proposition 2.6.5)
(2): Let
No(C5 1 (xw)) Na(CEH(xw))
No(Ch(xw)) " Na(Cl(xw))

For each B € F, we have B = U™ ¢f(W)NB. Let By = ¢"(W)NB. As By's are
disjoint and the measure mu is countably additive, we just prove Condition (3) for By.
If u(By) = 0, then No(xp,) = 0 and if we set F = ¢~ *(By), then C(;k()(q),k(Bk)) = xp, and

so by Condition (4) as:

M = sup{ ke Z}.

1 _ _ _
ENCD(Crpk(XW))N@(XF) < No(Cy* (xr))No(xw) < KNo(C,* (xw)) N (xr),
we obtain that Ng (X(P”‘(Bk)) = 0and s0 x, (g, = 0. Thus, 1(¢~*(By)) = 0 and, therefore,

#(¢~1(By)) = 0. For the case u(B;) > 0, we apply Condition (5) to F = @By, and we obtain
that
No(Co(x5,)) _ HN®(C;1+k(Xw))

< HM.
No(xs) ~  No(Ch(xw))
If we let c = HM, then
No(Cy(x8,)) < cNo(x5,)
and so 1 1
T Y<ed  (— ).
G = o)
Since ® € A, and @ is increasing, then there exists n > 0 such that
1 1 cK" 1
= o ! <P(cd H—F )N —_—
W(B0) Gy = G = 27 ke 1(B0)

Now, by taking d = K7, we have u(¢~1(By)) < du(B). So, Condition (3) holds for ¢.
Similarly, we obtain the thesis for ¢ 1. [



Mathematics 2024, 12, 2809

50f 15

—k
Let by = % denote the Radon-Nikodym derivative of y o ¢~ with respect to y,

where p 0 ¢ ¥(F) = u(¢~*(F)), for every F € F. The proof of the following result adapts

an argument used in [20] (Proposition 2.6.6).

Proposition 2. Let (X, F, u, @) be a dissipative system generated by W and ¢ is injective. We put
my = essinf,  yhie(x), and My = ess sup,. . hy(x). Without loss of generality, we can assume

that my < 1and My > 1. If the sequence {%}kez is bounded, then ¢ is of bounded distortion
on W.

Proof. Suppose that {%}kez is bounded, so there exists K > 0 such that %‘ < K. Let
F € F with u(F) > 0. Then, for every k € Z,

Co(XF) XF
/}(@(m)dyﬁ/xq’(m)hkdﬂ

< [ @GR Mudp

MNo (xF)
Xr
) du <1.
/x (Nd)(XF)) =
This implies that
No(Ch(xF)) < MNo (xr)-
Also,

Mg XF Mg XE hy
RO ™ < e ey e

mCly (XF)
/X q)(mkf\b(c’fp(?ﬁf)) M <1

This implies that
mNo (xw) = No (mixw) < No(C(xw))-

By the above observations, we have

1 No(Cylxw)) _ No(C(xr)) No(Ch(xw))
K No(xw) ~ No(xr) -~ No (xw)

So, we obtain the result. O

Definition 7. Let ¢, ¢! satisfy Condition (3) and (X, F, u, ) be a dissipative system generated
by W. We define the following conditions

- T IAS
limy e sup 1 ”((le W) <1 6)
wez \ 7 )
o) |
O () \
lim,, ,, inf — et w))” >1 ?)
A Ny ——
u(e* (W)

1 1
o (D—l( 1 ) n (D—l( 1 ) n
My e SUP (”("”k(w))) <1 and lim, ., inf | —— P ) g (g

ke—Np keNo q>—1(m)
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From now on, we assume that (X, F, i1, ¢) is a dissipative system generated by W
such that the associated composition operator C, is an invertible operator on Orlicz space
L®(u). Now, we rewrite some notations and terminologies for Orlicz spaces similar to
those one that were introduced for L? (u)-spaces in [8].

Definition 8. Let f € L®(u). Then, we define f = f + f—, where

0, if x € U ook (W)
f(x), otherwise,

£a) = {

and
_ [0 ifxeUR p7FW)
f-(x) = { f(x), otherwislé. '

Let L = {fy: f € L®(u)} and L® = {f_ : f € L®(n)}. It is clear that L®(y) = L? & L®
and Cp(LY) C L and C,* (L2) C L®.

Definition 9. Let K, t > 0 and let UT (K, t) and US (K, t) be the set of all f € L® (), which
satisfy the following conditions, respectively:

N@(szlf)

sup—————— < Kt", VneN 9)
keZ N@(C’;Jf?(f))

and
N¢(C’;71f)

(<2 Na(CE 1 (f))

Also, we let Z/{éI’H+ (K, t) and Uy, (K, t) be the set of all f in L? and L®, respectively, which
satisfy the following conditions:

M)

— % " <K', VneN (11)
ke—N, N@(Cl;a (f))

and .
O Ne(CL()) 4
kel No(CH ()~

From this point on, all the results are a reformulation of what has already been proven
in [8] for L? spaces. In particular, Theorems 1 and 2 are the Orlicz version of Theorems SS
and SN from [8], while Corollaries 1 and 2 correspond to Corollaries SC and GH from [8],
respectively.

Here, we recall a simple fact about the definition of upper and lower limits:

Proposition 3. Let {a, },en be a sequence of non-negative real numbers, and let t > 0. Then, the
following hold:

_ 1

1. Iflim,_ca;; < t, then there exists K > 0 such that a,, < Kt", for every n € N;
1

2. Iflim,_...a; > t, then there exists K > 0 such that a, > Kt", for every n € N.

Proposition 4. The following hold:

1. Condition (6) holds if and only if xw € UT (K, t) for some K > 0 and t < 1;
2. Condition (7) holds if and only if xy € U (K, t) for some K > O and t > 1;
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3. Condition (2) holds if and only if there exist K > 0 and t < 1 such that xw € UEy; (K, t)
and Cy(xw) € Uy, (K t).

cky (xw)
Proof. (1) Suppose that Condition (6) holds. Let a, = sup;y, C(’f%(xw)' Since
p 1AW
Nq,(C’(:7 S xw)) = ﬁ, then by definition of Condition (6) and Proposition 3,

p(gk (W)
we obtain that there exist K > 0 and t < 1 such that xiy € UZ (K, t).
For the converse, let K > 0 and ¢ < 1 such that y € Ug’ (K, 1), ie.,

O () No(CE ., (xw))
sup M = sup I(f+—;11 < Kt".
kez, P~ (W) keZ N@(C(P—1 (xw))

Hence,

1
-1 1 n k
N N (ﬂ((karn(W))) = N@(C(Pq (XW))
limy, 0 SUP —— T = lim;, o sup —
kez \ P kez \ No(C 1 (xw))

< Timy oKt

=t<1

So, Condition (6) holds.

(2) By using the definition of Condition (7) and Proposition 3, similar to the proof of
(1), we obtain the proof.

(3) Suppose that Condition (2) holds. We replace W by ¢~ !(W) in the first part of
Condition (2). Then, by Proposition 3, there exist K > 0 and 0 < ¢ < 1 such that

-1 1
s ( * Gt Ty ) < K"

1 1
ke—No \ @7 (o)

and

for every n € N. Hence,

k— -1 1
NCD(C ?(X(p*l(w))) _ N (V(q7k((/)’1(w))) "
sup . = sup — 7 < Kt",
ke—Ny N‘D(C(P—l (qul(w) ke—Np N (y((pk*”(qfl(W)))
and i ) .
ot N¢(C¢—l (xw)) _ inf o (]4(¢kl(w))) > Kl
(el Na (C7Cw)) b \ @1y | =07

So, we obtain that xw € Z/lg’H7 (K, t) and Cy(xw) € Z/{g’H+(K, t).
For the converse, similar to the proof of (1), we can obtain the proof. [

Proposition 5. The following statements are true.

o LetUP(K ) € {US(K 1), US(K, D)} If f € UP(K, 1), then Ch(f) € UP(K, 1), for all
JEZL; '

o Iff U, (K1), then Ch(f) € UL, (K1), forall j > 0;

o Iff €U, (K1), then Cp(f) € UL, _(K,t), forall j < 0.
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Proof. By a straightforward calculation, we can obtain all statements by definitions. [

Proposition 6. Let U® (K, t) € {UZ (K, t),US (K, t), Uy (K, t),UE,_(K,t)}. Then, the fol-
lowing are true.

1. IffeU®(Kt)anda € C\ {0}, thena.f € UP(K,t);
2. Iffi, fa € UP(K, t) with disjoint supports, then (fi + fo) € UP (K, t).

Proof. (1) It is clear by definition.
(2) Let U®(K,t) = US(K,t) and f1, f» € UL (K, t) be with disjoint supports. So, by
definition we have
Na(Ck ,(£))

sup———— < K", VneN,
et No(CL1(f)

fori =1,2. Hence,

No(Cy1(fi)) < K"No(CEH! (),

for every k € Z and i = 1,2. Since f; and f; have disjoint supports, then by definition
of Ng(.) itis clear that No(f1) + No(f2) < 2N (f1 + f2). Moreover, since f; and f, have
disjoint supports, then for each k € Z, f; o 9~ ¥ and f, o ¢~ have disjoint support too.
By these observations for every k € Z, we have

No(Cp1(fi +f2) = No((fi + f2) 0 9 F)

q>((f) )+ No((f2) o9
a(Cy (f1)) +No(Cl 1(f2))

t"(N. (Ck+n(f1)) +N<1>(C5,f?(f2)))

2Kf"Nc1>(Ck+"(f1 + f2))-

IN I
WZZ

IN

Therefore,
No(C k (it f2) ;
sup k+n <2Kt", VneN.
keZ Ncb(C L1+ 1f2)

This implies that f; + f, € UZ(K,t). For other cases, the proof is similar to the case
UK, t). O

Proposition 7. Let (X, F,u, @) be with bounded distortion and H be the bounded distortion

constant from Proposition 1. Then, for each j € Z, the following statements hold:

1. LetU®(Kt) € {UT (K, t),UB (K 1)} IfCy T(ew) € UR(K, 1), then C, J(xF) € UP(HK, 1),
forallF C W with u(F) > 0;

2. IfCy (xw) € UE,_(K,t), for j > 0, then C, T(xp) € UL, _(HK,t), forall F C W with
H(F) >0;

3. IfC, T(xw) € UEy. (K t), for j < 0, then Cy, ()(p) € Uy, (HK,t), forall F C W with
y(F) > 0.

Proof. (1) As in [20] (Proposition 4.1.8), let U® (K, t) = L{g)(K, ), C ()(W) € U®(K,t) and
F C W with u(F) > 0. We note that for each k € Z, C’; L= C . By the Proposition 1, there
exists 0 < H < cosuch that forall ¢,s € Z,

1 No(Cy" (xw)) N@(Cfp+S(XP))< No(Co" (xw))
H No(Cy(xw)) — No(Cy(xr)) —  No(Ci(xw))
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So, for a fixed n € N, we have

N@(C;(kﬂ)()cp)) -y N@(C;(kﬂ)()(w))

N¢(C;(k+j+n)()(p)) - N¢(C;(k+j+n)()(w))

7

Hence,
—(k+j) —(k+j)
sup No ((iq()k_l_ ‘+n()XF)) < Hsup No ((iq()k+ ‘+n()XW)) )
keZ N@(C(p I (xr)) kez N@(Crp J (xw))

Moreover, since C,, "(xw) € U®(K, t), then by definition we have

( No(C, 1 (xw) )
sup < Kt".
keZ )

e
N@(C(;{Jrn (xw)

Therefore,

ke \ No(Cy 1 (Xgir)) ) ke \ No(CEE " (i)

Sup<N¢)<C];1(X(Pj(F))>) :sup( N@(C];Jr{(XP)))) < HK#"

which means that C,, J (xr) € UP(HK, t). The proofs of other cases are similar. []

Proposition 8. If ® € Ay, then the following statements are true:
1. The set

n .
{Y aixg :a; € C,F C ¢/i(W),j; € Z,u(F) >0,FNF =@,i #i'}
i=0

is dense in L% (u);
2. The set

n .
{Zai)(pi :a;, € C,F C (p]i(W),ji < O,ﬂ(Fi) >0,FNF=Q,i# i/}
i=0

is dense in Lf;
3.  Theset

n .
{) aixr,:a; € C,F; C ¢i(W),j; <O0,u(F) >0,FNFy =@,i #i'}
iz

is dense in L2.

Proof. Since @ € A,, then the set of simple functions is dense in L®(u) and we easily
obtain the proof. O

Proposition 9. Suppose that ® € Ay and (X, F, i, ¢) has bounded distortion.

1. LetUP(Kt) € {US(K 1), US (K, t)}. If xw € UP (K, t), then U (HK, t) = L®(p);
2. Ifxw € ULy (K, t), thenU®,; (HK,t) = L;

3. IfCo(xw) € UZy, (K t), then UZ,,, (HK, t) = L?.

Proof. (1) This proof follows as in [5] (Proposition 4.1.10) and, for the convenience of the
reader, it is provided here with the proper modifications. LetU® (K, t) € {UZ (K, t),US (K, t)}.
As we have in Proposition 7 part (1), if x € U®P(K,t), then xr € UP(HK,t),forall F C W
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with u(F) > 0. Also, by Proposition 5, the first part, xr € U®P(HK, t), for all F C ¢ (W),
with p(F) > 0. Since by Proposition 6 Y®(HK, t) is a linear space, then we have

n .
{Zai)(pi :a; € C,F C gD]f(W),ji S Z,“I/I(Fl') >0,FENF =0,i # i/} - Z/[(D(HK, t).
i=0

1=

By the fact that simple functions are dense in Orlicz space L®(y), in the case ® € A,,
the assumption X = U]t‘” ¢ (W) and by Proposition 8, part (1), we obtain the result.

(2) By Proposition 7 part (2), if xw € Ug’Hf(K,t), then xr € Z/{g)Hf(HK,t), for all
F C W with u(F) > 0. Also, by Proposition 5, the first part, Xf € Z/Ig’Hf(HK, t), for all
F C ¢'(W), with u(F) > 0and i > 0. Similar to part (1), by the linearity of UZ}; (K, t)
(Proposition 6), we obtain that

n .
{Y aixr:a; € C,F C ¢fi(W),ji <O, u(F) >0,FENF =Q,i #i'} CUE,_(HK,t)
i—0

1=

Hence, by Proposition 8, part (3), we obtain the result.
(3) The proof is similar to the proof of part (2). O

Theorem 1. If (X, F, u, @) is a dissipative system of bounded distortion generated by W, then the
following hold:

1. If Condition (6) is satisfied, then C, is a proper contraction under an equivalent norm,
ie,r(Cp) <1,

2. If Condition (7) holds, then Cy, is a proper dilation under an equivalent norm, i.e., r(C " 1) <1;

3. If Condition (2) is satisfied, then C, is a generalized hyperbolic operator.

So, Cy has the shadowing property in all three cases.

Proof. (1) If Condition (6) holds, then by Proposition 4, we have x., € UL (K, t), for some
K >0and 0 < t < 1. On the other hand, by Proposition 8, L® (1) = U2 (HK, t). Hence, by
definition, for every f € L® (), and Vn € N

N@(C];flf )
sup

n
° 71\, (Ck+ﬂ( 3 < HKt".
€Z INo ¢! f

Especially for all n € N, we have sup, %@%{) < HK#". Hence,

No(Cgf) " 1
(Ncp(f)) < (HK)nt, VneN

and so 7(Cyp) = limy; 0 ||Cf;||% < t < 1. Therefore, we obtain the result. Similar to part (1),
we can prove (2).

(3) If Condition (2) holds, then by Proposition 4, we have x, € Ug’H_(K, f) and
Co(xw) € Z/lg’HJr(K, t), for some K > 0 and 0 < t < 1. On the other hand, by Proposition 8,
UEy, (HK,t) = LT and UE,_(HK,t) = L®. So, by the definitions of U}, (HK, t) and
Z/{g’H_ (HK,t), we have for every f € Lf,

No(CH1 ()
sup ——————~+ < HKt", vVneN
ke—Np N¢(C¢,1 (f))
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and for every g € L®

] N@(CI;A(g)) 1
(o No(CEFI(g)) ~

So, for everyn € Nand k € —Nj

No(CEZ1(f))
z < HK#"
No(CEL ()
and for all k € Ny
No(Ck (g 1 No(CE(g) 1
7 > HK— = sup ——————— < —{"
No(ChH (g B keny No(Cyoa(g)) — HK

Hence, by taking k = 0 in both cases, we obtain that for all n € N,

No(CI! No(Cy-1(8))
M < HK#" and P el < L "
No(f) No(8) HK
By these observations, we obtain that 7(C,| L$) <t<landr(Cyale) <t <1 This
completes the proof. O

Here, we recall the definitions of a factor map [8].

Definition 10. Let (X, S) and (Y, T) be two linear dynamical systems. We say that T is a factor
of S if there exists a linear, continuous, and surjective map I1: X — Y such that I1o S = T oI
The map I1is called the factor map. Moreover, we say 11 admits a bounded selector if there exists
L > 0 such that

WY, Ixe I ({y}), with |x| <Lyl.

Lemma 1. Suppose that (X, F, u, ¢) has bounded distortion, ® € A" and hy, = d 425% , the Radon—

Nikodym derivative of dy o ¢ with respect to p. Let By, be the backward shift on Orlicz sequence
space 1®(Z) with weights
N@(C];jll (xw))

N<I>(C];fl (xw))

Then, By, is a factor of the map Cyp by a factor map 11 admitting a bounded selector.

Wy =

Proof. By the invertibility of Cy, we have 0 < inf,cz |w,| < sup, ., |w,| < oo, and
consequently, we obtain that By, is invertible. Now, we define the map

I1: L®(u) = 1%(Z), TI(f) = x = {x¢ }kez

o Nq,(Ck71 (xw)) k . . ..
forall f € L®(u), where x; = W Jw Cy(f)dp. Itis obvious that ITis linear and

By o IT = ITo Cy. By our assumptions, we have

—k
Vidwloo < sup  EE(B))
scwu(B)zo  H(B)
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So, there exists B C W with u(B) # 0 such that u(q)( () > ||| wleo- Since @ € A/, then
we can find N > 0 such that

O 1) o1(-L)
Hhk|w||oo§N_1—y(lB) <N sup —”(13), Vk € Z,
*Grmy)  bewaerzo O (o)
and therefore,
& (ogy) N (CK
[hklwlle <N sup l—”(lB) =N sup M, Vk € Z.
Bewu(8)20 P k) w0 Neo(xs)

Moreover, we recall the Jensen’s inequality that is @ [’ X gdu) < [y ®(g)du, for every
measurable and integrable function g on X. Now, let f € L® (). Then,

&° (Nng)vf i o W) -Le (/w s <f>.§§£fw> Co (f)dﬂ)
= kg/ (NH No(f). mﬁwﬁo ¢k) dp
-k /<Pk( w " (leqlif(: (%)1.%qtv(izw)f ) iy

<L oo WE Nq)gz;)@(%ﬂf)) Il s

keZ

Since

N.
Ihelwlleo <N sup N(g(xw)’
9K(B),BEW TP p1 ()

then by using Proposition 1, we have
No(Cpi (xw)) (W) HNg (xw) f
kgq)<NH-Nq>(f) NCD(XW)/ ) kg/ HNq> (xw) N@(Cél(Xw))qb(N@(f))dy
_ f
N ,?;Z /<ok<w> ¢<Nq>(f)>d”

JEEAE

This means that Ng (IT(f)) < NHNg(f) and so ITis a bounded linear map. Here, we prove
that IT admits a bounded selector. For x = {x; }rcz € [®(Z), we show that Ng(f) < Ne(x),

in which %
f=Y —F——C . (xw).
kg N<1>(C’;71(Xw)) ?

Since ® € A/, then we have
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. f - . ka’;,l (XW)
./XqD(N@(X) = k%lz '/fP"(W) CD(Nq’(X)‘Nq)(CI(;’l (xw)) .

< ® X @ C];o—l (XW) q
 kez /<Pk(W) (N¢(x)) (Ndi'(cl;—l(XW))) :
Cl;—l (xw)

_ Xk '
- k;ch( Ncb(x)) -/fp"(W) @ N@(C’;q (xw)) K

Xk
< k;ZCD(Ncb(x)) <1

This implies that No(f) < Ng(x). It is easy to see that for every k € Z, (II(f))x = xx.
Therefore, we obtain that I1( f) = x. This completes the proof. [

As is known, Orlicz spaces L (y) are an interpolation of the spaces L' () and L ().
Hence, the concepts that are well defined and valid on L!(x) and L*®(u), are well defined
on Orlicz spaces too.

Theorem 2. Let (X, F, i, ¢) be a dissipative system of bounded distortion generated by W and
® € A'. If the composition operator C, has the shadowing property, then either Condition (2) or (6)
and (7) holds.

Proof. By our assumptions and by Lemma 1, we have that B, : [®(Z) — I®(Z) is a factor
of Cy, in which

Also, as we saw in Lemma 1, the factor map IT admits a bounded selector. Since Cy, has the
shadowing property, then by Lemma 4.2.2 of [8], B;, has the shadowing property too. It is
easy to see that Theorem 18 of [20] holds for Orlicz sequence spaces I®(Z). So, we have
that at least one of the conditions A, B, C of Theorem 18 of [20] holds. Since

WgWi41++- Wt = Wk

and also 0 < inf |wy| < sup |wy| < oo (it comes from invertibility of Cy, and 0 < (W) < c0),
then we easily obtain that the conditions A, B, C of Theorem 18 of [20] imply Conditions
(2), (6) and (7), respectively. O

By Theorems 1 and 2, we have the following characterization:

Corollary 1. Let (X, F, u, @) be a dissipative system of bounded distortion generated by W. Then,
the following are equivalent:

1. The composition operator Cy has the shadowing property;
2. One of Conditions (2) or (6) and (7) holds.

As is known, every generalized hyperbolic operator has the shadowing property.
Then, by applying Theorems 1 and 2, we have the following characterization:

Corollary 2. Let (X, F, u, @) be a dissipative system of bounded distortion. Then, the following
are equivalent:

1. The composition operator C, is generalized hyperbolic;
2. The composition operator C, has the shadowing property.
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Finally, we provide an equivalent condition for the composition operator C, to have
the shadowing property based on Radon-Nikodym derivatives.

Theorem 3. Let (X, F,u, @) be a dissipative system generated by W, hy = d”;;’zil, my =

essinf yhi(x), and My = esssup,.hi(x). If the sequence {%’:}kez is bounded, then the
following are equivalent:

1. The composition operator Cy has the shadowing property;

2. Omne of the following properties holds:

1

_ M n
limy -0 sup< k ) <1 (13)
kez \Mik+n
M 1
lim, ., inf( —— ] >1 14
a—— llgz(karn) (9
M 1 M 1
lim,, oo Sup ( "") <1 and lim, . inf( k ) > 1. (15)
ke-No \ Mk keNo \ Mj4n

Furthermore, Conditions (13) and (14) imply that, under an equivalent norm, Cy, is a proper con-
traction or a proper dilation, respectively. Condition (15) implies that C, is generalized hyperbolic.

Proof. This proof follows Theorem RN from reference [20]. O
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