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1. Introduction and Preliminaries

Mathematicians have achieved many intriguing results in linear dynamics related
to dynamical properties, such as transitivity, mixing, Li–Yorke, and many others, in the
last two decades. One important question in linear dynamics is finding relations between
expansivity, hyperbolicity, the shadowing property, and structural stability. Some classical
results on these relations can be found in [1–6].

It is rather well known that hyperbolic operators have the shadowing property. In the
setting of finite dimensional Banach spaces, having the shadowing property is equivalent
to being hyperbolic. In [7], Bernardes et al. constructed an operator with the shadowing
property that is not hyperbolic, settling an open question. In the process, they introduced a
class of operators that has come to be known as generalized hyperbolic operators. This class
of operators seems to be an important bridge between hyperbolicity and the shadowing
property. In [8], the authors show that for a large natural class of operators on Lp-spaces, the
notion of generalized hyperbolicity and the shadowing property coincide. They achieved
this by giving sufficient and necessary conditions for a certain class of operators to have the
shadowing property. They also introduced computational tools that allow the construction
of operators with and without the shadowing property. Utilizing these tools, they show
how some natural probability distributions, such as the Laplace distribution and the Cauchy
distribution, lead to operators with and without the shadowing property on Lp-spaces.

An Orlicz space LΦ is a natural generalization of Lp spaces and has been considered in
various areas, such as probability theory, partial differential equations, and mathematical
finance. In this paper, we extend the results provided in [8] on Lp spaces to composition
operators on Orlicz spaces. We provide some equivalent conditions for composition
operators to have the shadowing property on the Orlicz space LΦ(µ). Additionally, we show
that for composition operators on Orlicz spaces, the notions of generalized hyperbolicity
and the shadowing property coincide.
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For the convenience of the reader, we recall some essential facts about Orlicz spaces
for later use. To obtain more information about Orlicz spaces, consult [9,10].

A function Φ : R → [0, ∞] is called a Young function if Φ is convex, Φ(−x) = Φ(x),
Φ(0) = 0, and limx→∞ Φ(x) = +∞. With each Young function Φ, we can associate another
convex function Ψ : R → [0, ∞] with similar properties defined by

Ψ(y) = sup{x | y | −Φ(x) : x ≥ 0}, y ∈ R.

The function Ψ is called the complementary function to Φ. It follows from the defi-
nition that Ψ(0) = 0, Ψ(−y) = Ψ(y), and Ψ(.) is a convex increasing function satisfying
limy→∞ Ψ(y) = +∞.

Let Φ be a Young function. Then, we say Φ satisfies the ∆2-condition or Φ is ∆2-regular
if Φ(2x) ≤ KΦ(x) for x ≥ x0 for some constants K > 0 and x0 > 0. Φ satisfies the ∆2-
condition globally if Φ(2x) ≤ KΦ(x) for x ≥ 0 for some K > 0. Φ is said to satisfy the ∆′

condition if there exists c > 0 (b > 0) such that

Φ(xy) ≤ cΦ(x)Φ(y), x, y ≥ x0 ≥ 0.

If x0 = 0, then it is said to hold globally. If Φ ∈ ∆′, then Φ ∈ ∆2.
For a given complete σ-finite measure space (X,F , µ), let L0(F ) be the linear space of

equivalence classes of F -measurable real-valued functions on X, where functions that are
equal µ-almost everywhere on X are identified. The support S( f ) of a measurable function
f is defined as S( f ) := {x ∈ X : f (x) ̸= 0}.

For a Young function Φ, let ρΦ : LΦ(µ) → R+ be defined as ρΦ( f ) =
∫

X Φ( f )dµ for
all f ∈ LΦ(µ). Then, the space

LΦ(µ) =
{

f ∈ L0(F ) : ∃k > 0, ρΦ(k f ) < ∞
}

is called an Orlicz space. The functional

NΦ( f ) = inf{k > 0 : ρΦ(
f
k
) ≤ 1}

is a norm on LΦ(µ) and is called the gauge norm (or Luxemburg norm). Also, (LΦ(µ), NΦ(.))
is a normed linear space. If functions that are equal almost everywhere are identified, then
(LΦ(µ), NΦ(.)) is a Banach space, and the basic measure space (X,F , µ) is unrestricted.
Hence, every element of LΦ(µ) is a class of measurable functions that are equal almost
everywhere. There is also another norm on LΦ(µ) defined as follows:

∥ f ∥Φ = sup{
∫

X
| f g | dµ : g ∈ BΨ} = sup{|

∫
X

f gdµ |: g ∈ BΨ}, (1)

where BΨ = {g ∈ LΨ(µ) :
∫

X Ψ(| g |)dµ ≤ 1}. The norm ∥.∥Φ is called the Orlicz norm.
For any f ∈ LΦ(µ), where Φ is a Young function, we have

NΦ( f ) ≤ ∥ f ∥Φ ≤ 2NΦ( f ). (2)

For every F ∈ F with 0 < µ(F) < ∞, we have NΦ(χF) =
1

Φ−1( 1
µ(F) )

.

Throughout this paper, (X,F , µ) will be a measure space, φ : X → X will be a non-
singular measurable transformation, and F will be a sigma algebra on X. A non-singular
measurable transformation φ : X → X is defined as φ−1(F) ∈ F for every F ∈ F and
µ(φ−1(F)) = 0 if µ(F) = 0. If there exists a positive constant c satisfying

µ(φ−1(F)) ≤ cµ(F), for everyF ∈ F , (3)
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then the linear operator

Cφ : LΦ(µ) → LΦ(µ), Cφ( f ) = f ◦ φ,

is well defined and continuous on the Orlicz space LΦ(µ) and is called a composition
operator. For more details on the basic properties of composition operators on Orlicz spaces
and function spaces, refer to [5,11–16]. The reference [5] is pioneering in composition
operators on function spaces. The class of composition operators is wide and includes,
for instance, weighted shifts, which are a fundamental tool for the construction of examples
in linear dynamics. Additionally, it contains composition operators induced by odometers,
as shown in [17]. Recent advances in the dynamic properties of composition operators in
various contexts are collected in [18,19].

2. Hyperbolicity and Shadowing Property

In this section, we first rewrite the definitions of the shadowing property, hyperbolicity,
wandering set, dissipative system, and dissipative system of bounded distortion in Orlicz
spaces, which were defined for Lp spaces in [8].

Definition 1. Let T : X → X be an operator on a Banach space X. A sequence {xn}n∈Z in X is
called a δ-pseudotrajectory of T, where δ > 0, if

∥Txn − xn+1∥ ≤ δ, for all n ∈ Z.

Now, we can define the shadowing property.

Definition 2. Let T : X → X be an invertible operator on a Banach space X. Then, T is said to
have the shadowing property if for every ϵ > 0, there exists δ > 0 such that every δ-pseudotrajectory
{xn}n∈Z of T is ϵ-shadowed by a real trajectory of T, that is, there exists x ∈ X such that

∥Tnx − xn∥ < ϵ, for all n ∈ Z.

We can define the notion of positive shadowing for an operator T by replacing the set
Z by N in the above definition. In such a “positive” case, T does not need to be invertible.
A fundamental notion in linear dynamics is that of hyperbolicity.

Definition 3. An invertible operator T is said to be hyperbolic if σ(T) ∩T = ∅.

In the following, we recall the definition of a wandering set.

Definition 4. Let (X,F , µ) be a measure space and φ : X → X be an invertible non-singular
transformation. A measurable set W ⊆ X is called a wandering set for φ if the sets {φ−n(W)}n∈Z
are pairwise disjoint.

Definition 5. Let (X,F , µ) be a measure space, Φ :→ [0, ∞] a Young’s function, and φ : X → X
be an invertible non-singular transformation. The quadruple (X,F , µ, φ) is called the following:

• A dissipative system generated by W, if X = ∪̇k∈Zφk(W) for some W ∈ F with
0 < µ(W) < ∞ (the symbol ∪̇ denotes pairwise disjoint union);

• A dissipative system of bounded distortion in LΦ, generated by W, if there exists K > 0,
such that

1
K

NΦ(Ck
φ(χW))NΦ(χF) ≤ NΦ(Ck

φ(χF))NΦ(χW) ≤ KNΦ(Ck
φ(χW))NΦ(χF), (4)

for all k ∈ Z and F ∈ FW = {F ∩ W : F ∈ F}. If we replace NΦ by the norm of Lp, then we
will have the bounded distortion property in Lp-spaces (Definition 2.6.4, [8]).
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Definition 6. A composition dynamical system (X,F , µ, φ, Cφ) is called the following:

• A dissipative composition dynamical system generated by W, if (X,F , µ, φ) is a dissipative
system generated by W;

• A dissipative composition dynamical system of bounded distortion in LΦ generated by W,
if (X,F , µ, φ) is a dissipative system of bounded distortion in LΦ generated by W.

In the following, we have a proposition in Orlicz spaces similar to Proposition 2.6.5
of [1].

Proposition 1. Let (X,F , µ, φ) be a dissipative system of bounded distortion in LΦ generated by
W. Then, the following hold:

1. There exists H > 0 such that

1
H

NΦ(Ct+s
φ (χW))

NΦ(Cs
φ(χW))

≤
NΦ(Ct+s

φ (χF))

NΦ(Cs
φ(χF))

≤ H
NΦ(Ct+s

φ (χW))

NΦ(Cs
φ(χW))

, (5)

for all F ∈ FW with µ(F) > 0 and all s, t ∈ Z;
2. Let Φ ∈ ∆2. If

sup

{
NΦ(Ck−1

φ (χW))

NΦ(Ck
φ(χW))

,
NΦ(Ck+1

φ (χW))

NΦ(Ck
φ(χW))

: k ∈ Z
}

is finite and φ is bijective, then φ and φ−1 satisfy the (3) condition.

Proof. The proof of (1) follows, with slight changes, as in (1) of [5] (Proposition 2.6.5)
(2): Let

M = sup{
NΦ(Ck−1

φ (χW))

NΦ(Ck
φ(χW))

,
NΦ(Ck+1

φ (χW))

NΦ(Ck
φ(χW))

: k ∈ Z}.

For each B ∈ F , we have B = ∪+∞
k=−∞ φk(W) ∩ B. Let Bk = φk(W) ∩ B. As Bk’s are

disjoint and the measure mu is countably additive, we just prove Condition (3) for Bk.
If µ(Bk) = 0, then NΦ(χBk ) = 0 and if we set F = φ−k(Bk), then C−k

φ (χφ−k(Bk)
) = χBk and

so by Condition (4) as:

1
K

NΦ(C−k
φ (χW))NΦ(χF) ≤ NΦ(C−k

φ (χF))NΦ(χW) ≤ KNΦ(C−k
φ (χW))NΦ(χF),

we obtain that NΦ(χφ−k(Bk)
) = 0 and so χφ−k(Bk)

= 0. Thus, µ(φ−k(Bk)) = 0 and, therefore,
µ(φ−1(Bk)) = 0. For the case µ(Bk) > 0, we apply Condition (5) to F = φBk, and we obtain
that

NΦ(Cφ(χBk ))

NΦ(χBk )
≤ H

NΦ(C−1+k
φ (χW))

NΦ(Ck
φ(χW))

≤ HM.

If we let c = HM, then
NΦ(Cφ(χBk )) ≤ cNΦ(χBk )

and so
Φ−1(

1
µ(Bk)

) ≤ cΦ−1(
1

µ(φ−1(Bk))
).

Since Φ ∈ ∆2 and Φ is increasing, then there exists n > 0 such that

1
µ(Bk)

= ΦΦ−1(
1

µ(Bk)
) ≤ Φ(cΦ−1(

1
µ(φ−1(Bk))

)) ≤ cKn

2n
1

µ(φ−1(Bk))
.

Now, by taking d = cKn

2n , we have µ(φ−1(Bk)) ≤ dµ(Bk). So, Condition (3) holds for φ.
Similarly, we obtain the thesis for φ−1.
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Let hk =
d(µ◦φ−k)

dµ denote the Radon–Nikodym derivative of µ ◦ φ−k with respect to µ,

where µ ◦ φ−k(F) = µ(φ−k(F)), for every F ∈ F . The proof of the following result adapts
an argument used in [20] (Proposition 2.6.6).

Proposition 2. Let (X,F , µ, φ) be a dissipative system generated by W and φ is injective. We put
mk = ess in f x∈W hk(x), and Mk = ess supx∈W hk(x). Without loss of generality, we can assume
that mk ≤ 1 and Mk ≥ 1. If the sequence {Mk

mk
}k∈Z is bounded, then φ is of bounded distortion

on W.

Proof. Suppose that {Mk
mk

}k∈Z is bounded, so there exists K > 0 such that Mk
mk

≤ K. Let
F ∈ F with µ(F) > 0. Then, for every k ∈ Z,

∫
X

Φ(
Ck

φ(χF)

Mk NΦ(χF)
)dµ ≤

∫
X

Φ(
χF

Mk NΦ(χF)
)hkdµ

≤
∫

X
Φ(

χF
Mk NΦ(χF)

)Mkdµ∫
X

Φ(
χF

NΦ(χF)
)dµ ≤ 1.

This implies that
NΦ(Ck

φ(χF)) ≤ Mk NΦ(χF).

Also, ∫
X

Φ(
mkχF

NΦ(Ck
φ(χF))

)dµ ≤
∫

X
Φ(

mkχF

NΦ(Ck
φ(χF))

)
hk
mk

dµ

∫
X

Φ(
mkCk

φ(χF)

mk NΦ(Ck
φ(χF))

)dµ ≤ 1.

This implies that
mk NΦ(χW) = NΦ(mkχW) ≤ NΦ(Ck

φ(χW)).

By the above observations, we have

1
K

NΦ(Ck
φ(χW))

NΦ(χW)
≤

NΦ(Ck
φ(χF))

NΦ(χF)
≤ K

NΦ(Ck
φ(χW))

NΦ(χW)
.

So, we obtain the result.

Definition 7. Let φ, φ−1 satisfy Condition (3) and (X,F , µ, φ) be a dissipative system generated
by W. We define the following conditions

limn→∞ sup
k∈Z

Φ−1( 1
µ(φk+n(W))

)

Φ−1( 1
µ(φk(W))

)

 1
n

< 1 (6)

limn→∞ inf
k∈Z

Φ−1( 1
µ(φk+n(W))

)

Φ−1( 1
µ(φk(W))

)

 1
n

> 1 (7)

limn→∞ sup
k∈−N0

 Φ−1( 1
µ(φk(W))

)

Φ−1( 1
µ(φk−n(W))

)

 1
n

< 1 and limn→∞ inf
k∈N0

 Φ−1( 1
µ(φk(W))

)

Φ−1( 1
µ(φk+n(W))

)

 1
n

> 1 (8)
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From now on, we assume that (X,F , µ, φ) is a dissipative system generated by W
such that the associated composition operator Cφ is an invertible operator on Orlicz space
LΦ(µ). Now, we rewrite some notations and terminologies for Orlicz spaces similar to
those one that were introduced for Lp(µ)-spaces in [8].

Definition 8. Let f ∈ LΦ(µ). Then, we define f = f+ + f−, where

f+(x) =
{

0, if x ∈ ∪∞
k=0 φk(W)

f (x), otherwise,

and

f−(x) =
{

0, if x ∈ ∪∞
k=1 φ−k(W)

f (x), otherwise.

Let LΦ
+ = { f+ : f ∈ LΦ(µ)} and LΦ

− = { f− : f ∈ LΦ(µ)}. It is clear that LΦ(µ) = LΦ
+ ⊕ LΦ

−
and Cφ(LΦ

+) ⊆ LΦ
+ and C−1

φ (LΦ
−) ⊆ LΦ

−.

Definition 9. Let K, t > 0 and let UΦ
C (K, t) and UΦ

D (K, t) be the set of all f ∈ LΦ(µ), which
satisfy the following conditions, respectively:

sup
k∈Z

NΦ(Ck
φ−1 f )

NΦ(Ck+n
φ−1 ( f ))

≤ Ktn, ∀n ∈ N (9)

and

inf
k∈Z

NΦ(Ck
φ−1 f )

NΦ(Ck+n
φ−1 ( f ))

≥ Ktn, ∀n ∈ N. (10)

Also, we let UΦ
GH+(K, t) and UΦ

GH−(K, t) be the set of all f in LΦ
+ and LΦ

−, respectively, which
satisfy the following conditions:

sup
k∈−N0

NΦ(Ck−n
φ−1 ( f ))

NΦ(Ck
φ−1( f ))

≤ Ktn, ∀n ∈ N (11)

and

inf
k∈N0

NΦ(Ck
φ−1( f ))

NΦ(Ck+n
φ−1 ( f ))

≥ K
1
tn , ∀n ∈ N. (12)

From this point on, all the results are a reformulation of what has already been proven
in [8] for Lp spaces. In particular, Theorems 1 and 2 are the Orlicz version of Theorems SS
and SN from [8], while Corollaries 1 and 2 correspond to Corollaries SC and GH from [8],
respectively.

Here, we recall a simple fact about the definition of upper and lower limits:

Proposition 3. Let {an}n∈N be a sequence of non-negative real numbers, and let t > 0. Then, the
following hold:

1. If limn→∞a
1
n
n < t, then there exists K > 0 such that an ≤ Ktn, for every n ∈ N;

2. If limn→∞a
1
n
n > t, then there exists K > 0 such that an ≥ Ktn, for every n ∈ N.

Proposition 4. The following hold:

1. Condition (6) holds if and only if χW ∈ UΦ
C (K, t) for some K > 0 and t < 1;

2. Condition (7) holds if and only if χW ∈ UΦ
D (K, t) for some K > 0 and t > 1;
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3. Condition (2) holds if and only if there exist K > 0 and t < 1 such that χW ∈ UΦ
GH−(K, t)

and Cφ(χW) ∈ UΦ
GH+(K, t).

Proof. (1) Suppose that Condition (6) holds. Let an = supk∈Z
Ck

φ−1 (χW )

Ck+n
φ−1 (χW )

. Since

NΦ(Ck
φ−1(χW)) = 1

Φ−1( 1
µ(φk(W))

)
, then by definition of Condition (6) and Proposition 3,

we obtain that there exist K > 0 and t < 1 such that χW ∈ UΦ
C (K, t).

For the converse, let K > 0 and t < 1 such that χW ∈ UΦ
C (K, t), i.e.,

sup
k∈Z

Φ−1( 1
µ(φk+n(W))

)

Φ−1( 1
µ(φk(W))

)
= sup

k∈Z

NΦ(Ck
φ−1(χW))

NΦ(Ck+n
φ−1 (χW))

≤ Ktn.

Hence,

limn→∞ sup
k∈Z

Φ−1( 1
µ(φk+n(W))

)

Φ−1( 1
µ(φk(W))

)

 1
n

= limn→∞ sup
k∈Z

 NΦ(Ck
φ−1(χW))

NΦ(Ck+n
φ−1 (χW))

 1
n

≤ limn→∞K
1
n t

= t < 1.

So, Condition (6) holds.
(2) By using the definition of Condition (7) and Proposition 3, similar to the proof of

(1), we obtain the proof.
(3) Suppose that Condition (2) holds. We replace W by φ−1(W) in the first part of

Condition (2). Then, by Proposition 3, there exist K > 0 and 0 < t < 1 such that

sup
k∈−N0

 Φ−1( 1
µ(φk(φ−1(W)))

)

Φ−1( 1
µ(φk−n(φ−1(W)))

)

 ≤ Ktn

and

inf
k∈N0

 Φ−1( 1
µ(φk(W))

)

Φ−1( 1
µ(φk+n(W))

)

 ≥ K
1
tn ,

for every n ∈ N. Hence,

sup
k∈−N0

NΦ(Ck−n
φ−1 (χφ−1(W)))

NΦ(Ck
φ−1(χφ−1(W)))

= sup
k∈−N0

 Φ−1( 1
µ(φk(φ−1(W)))

)

Φ−1( 1
µ(φk−n(φ−1(W)))

)

 ≤ Ktn,

and

inf
k∈N0

NΦ(Ck
φ−1(χW))

NΦ(Ck+n
φ−1 (χW))

= inf
k∈N0

 Φ−1( 1
µ(φk(W))

)

Φ−1( 1
µ(φk+n(W))

)

 ≥ K
1
tn .

So, we obtain that χW ∈ UΦ
GH−(K, t) and Cφ(χW) ∈ UΦ

GH+(K, t).
For the converse, similar to the proof of (1), we can obtain the proof.

Proposition 5. The following statements are true.

• Let UΦ(K, t) ∈ {UΦ
C (K, t),UΦ

D (K, t)}. If f ∈ UΦ(K, t), then Cj
φ( f ) ∈ UΦ(K, t), for all

j ∈ Z;
• If f ∈ UΦ

GH+(K, t), then Cj
φ( f ) ∈ UΦ

GH+(K, t), for all j ≥ 0;

• If f ∈ UΦ
GH−(K, t), then Cj

φ( f ) ∈ UΦ
GH−(K, t), for all j ≤ 0.
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Proof. By a straightforward calculation, we can obtain all statements by definitions.

Proposition 6. Let UΦ(K, t) ∈ {UΦ
C (K, t),UΦ

D (K, t),UΦ
GH+(K, t),UΦ

GH−(K, t)}. Then, the fol-
lowing are true.

1. If f ∈ UΦ(K, t) and α ∈ C \ {0}, then α. f ∈ UΦ(K, t);
2. If f1, f2 ∈ UΦ(K, t) with disjoint supports, then ( f1 + f2) ∈ UΦ(K, t).

Proof. (1) It is clear by definition.
(2) Let UΦ(K, t) = UΦ

C (K, t) and f1, f2 ∈ UΦ
C (K, t) be with disjoint supports. So, by

definition we have

sup
k∈Z

NΦ(Ck
φ−1( fi))

NΦ(Ck+n
φ−1 ( fi))

≤ Ktn, ∀n ∈ N,

for i = 1, 2. Hence,
NΦ(Ck

φ−1( fi)) ≤ KtnNΦ(Ck+n
φ−1 ( fi)),

for every k ∈ Z and i = 1, 2. Since f1 and f2 have disjoint supports, then by definition
of NΦ(.) it is clear that NΦ( f1) + NΦ( f2) ≤ 2NΦ( f1 + f2). Moreover, since f1 and f2 have
disjoint supports, then for each k ∈ Z, f1 ◦ φ−k and f2 ◦ φ−k have disjoint support too.
By these observations for every k ∈ Z, we have

NΦ(Ck
φ−1( f1 + f2)) = NΦ(( f1 + f2) ◦ φ−k)

= NΦ(( f1) ◦ φ−k) + NΦ(( f2) ◦ φ−k)

≤ NΦ(Ck
φ−1( f1)) + NΦ(Ck

φ−1( f2))

≤ Ktn(NΦ(Ck+n
φ−1 ( f1)) + NΦ(Ck+n

φ−1 ( f2)))

≤ 2KtnNΦ(Ck+n
φ−1 ( f1 + f2)).

Therefore,

sup
k∈Z

NΦ(Ck
φ−1( f1 + f2))

NΦ(Ck+n
φ−1 ( f1 + f2))

≤ 2Ktn, ∀n ∈ N.

This implies that f1 + f2 ∈ UΦ
C (K, t). For other cases, the proof is similar to the case

UΦ
C (K, t).

Proposition 7. Let (X,F , µ, φ) be with bounded distortion and H be the bounded distortion
constant from Proposition 1. Then, for each j ∈ Z, the following statements hold:

1. Let UΦ(K, t) ∈ {UΦ
C (K, t),UΦ

D (K, t)}. If C−j
φ (χW) ∈ UΦ(K, t), then C−j

φ (χF) ∈ UΦ(HK, t),
for all F ⊆ W with µ(F) > 0;

2. If C−j
φ (χW) ∈ UΦ

GH−(K, t), for j ≥ 0, then C−j
φ (χF) ∈ UΦ

GH−(HK, t), for all F ⊆ W with
µ(F) > 0;

3. If C−j
φ (χW) ∈ UΦ

GH+(K, t), for j < 0, then C−j
φ (χF) ∈ UΦ

GH+(HK, t), for all F ⊆ W with
µ(F) > 0.

Proof. (1) As in [20] (Proposition 4.1.8), let UΦ(K, t) = UΦ
C (K, t), C−j

φ (χW) ∈ UΦ(K, t) and
F ⊆ W with µ(F) > 0. We note that for each k ∈ Z, Ck

φ−1 = C−k
φ . By the Proposition 1, there

exists 0 < H < ∞ such that for all t, s ∈ Z,

1
H

NΦ(Ct+s
φ (χW))

NΦ(Cs
φ(χW))

≤
NΦ(Ct+s

φ (χF))

NΦ(Cs
φ(χF))

≤ H
NΦ(Ct+s

φ (χW))

NΦ(Cs
φ(χW))

.
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So, for a fixed n ∈ N, we have

NΦ(C
−(k+j)
φ (χF))

NΦ(C
−(k+j+n)
φ (χF))

≤ H
NΦ(C

−(k+j)
φ (χW))

NΦ(C
−(k+j+n)
φ (χW))

,

Hence,

sup
k∈Z

 NΦ(C
−(k+j)
φ (χF))

NΦ(C
−(k+j+n)
φ (χF))

 ≤ H sup
k∈Z

 NΦ(C
−(k+j)
φ (χW))

NΦ(C
−(k+j+n)
φ (χW))

,

Moreover, since C−j
φ (χW) ∈ UΦ(K, t), then by definition we have

sup
k∈Z

 NΦ(C
k+j
φ−1(χW))

NΦ(C
k+j+n
φ−1 (χW))

 ≤ Ktn.

Therefore,

sup
k∈Z

 NΦ(Ck
φ−1(χφj(F)))

NΦ(Ck+n
φ−1 (χφj(F)))

 = sup
k∈Z

 NΦ(C
k+j
φ−1(χF))

NΦ(C
k+j+n
φ−1 (χF))

 ≤ HKtn,

which means that C−j
φ (χF) ∈ UΦ(HK, t). The proofs of other cases are similar.

Proposition 8. If Φ ∈ ∆2, then the following statements are true:

1. The set

{
n

∑
i=0

aiχFi : ai ∈ C, Fi ⊆ φji (W), ji ∈ Z, µ(Fi) > 0, Fi ∩ Fi′ = ∅, i ̸= i′}

is dense in LΦ(µ);
2. The set

{
n

∑
i=0

aiχFi : ai ∈ C, Fi ⊆ φji (W), ji < 0, µ(Fi) > 0, Fi ∩ Fi′ = ∅, i ̸= i′}

is dense in LΦ
+;

3. The set

{
n

∑
i=0

aiχFi : ai ∈ C, Fi ⊆ φji (W), ji < 0, µ(Fi) > 0, Fi ∩ Fi′ = ∅, i ̸= i′}

is dense in LΦ
−.

Proof. Since Φ ∈ ∆2, then the set of simple functions is dense in LΦ(µ) and we easily
obtain the proof.

Proposition 9. Suppose that Φ ∈ ∆2 and (X,F , µ, φ) has bounded distortion.

1. Let UΦ(K, t) ∈ {UΦ
C (K, t),UΦ

D (K, t)}. If χW ∈ UΦ(K, t), then UΦ(HK, t) = LΦ(µ);
2. If χW ∈ UΦ

GH−(K, t), then UΦ
GH−(HK, t) = LΦ

−;
3. If Cφ(χW) ∈ UΦ

GH+(K, t), then UΦ
GH+(HK, t) = LΦ

+.

Proof. (1) This proof follows as in [5] (Proposition 4.1.10) and, for the convenience of the
reader, it is provided here with the proper modifications. LetUΦ(K, t) ∈ {UΦ

C (K, t),UΦ
D (K, t)}.

As we have in Proposition 7 part (1), if χW ∈ UΦ(K, t), then χF ∈ UΦ(HK, t), for all F ⊆ W
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with µ(F) > 0. Also, by Proposition 5, the first part, χ f ∈ UΦ(HK, t), for all F ⊆ φi(W),
with µ(F) > 0. Since by Proposition 6 UΦ(HK, t) is a linear space, then we have

{
n

∑
i=0

aiχFi : ai ∈ C, Fi ⊆ φji (W), ji ∈ Z, µ(Fi) > 0, Fi ∩ Fi′ = ∅, i ̸= i′} ⊆ UΦ(HK, t).

By the fact that simple functions are dense in Orlicz space LΦ(µ), in the case Φ ∈ ∆2,
the assumption X = ∪+∞

j=−∞ φj(W) and by Proposition 8, part (1), we obtain the result.

(2) By Proposition 7 part (2), if χW ∈ UΦ
GH−(K, t), then χF ∈ UΦ

GH−(HK, t), for all
F ⊆ W with µ(F) > 0. Also, by Proposition 5, the first part, χ f ∈ UΦ

GH−(HK, t), for all
F ⊆ φi(W), with µ(F) > 0 and i ≥ 0. Similar to part (1), by the linearity of UΦ

GH−(K, t)
(Proposition 6), we obtain that

{
n

∑
i=0

aiχFi : ai ∈ C, Fi ⊆ φji (W), ji < 0, µ(Fi) > 0, Fi ∩ Fi′ = ∅, i ̸= i′} ⊆ UΦ
GH−(HK, t)

Hence, by Proposition 8, part (3), we obtain the result.
(3) The proof is similar to the proof of part (2).

Theorem 1. If (X,F , µ, φ) is a dissipative system of bounded distortion generated by W, then the
following hold:

1. If Condition (6) is satisfied, then Cφ is a proper contraction under an equivalent norm,
i.e., r(Cφ) < 1;

2. If Condition (7) holds, then Cφ is a proper dilation under an equivalent norm, i.e., r(C−1
φ ) < 1;

3. If Condition (2) is satisfied, then Cφ is a generalized hyperbolic operator.

So, Cφ has the shadowing property in all three cases.

Proof. (1) If Condition (6) holds, then by Proposition 4, we have χw ∈ UΦ
C (K, t), for some

K > 0 and 0 < t < 1. On the other hand, by Proposition 8, LΦ(µ) = UΦ
C (HK, t). Hence, by

definition, for every f ∈ LΦ(µ), and ∀n ∈ N

sup
k∈Z

NΦ(Ck
φ−1 f )

NΦ(Ck+n
φ−1 ( f ))

≤ HKtn.

Especially for all n ∈ N, we have supk∈Z
NΦ(Cn

φ f )
NΦ( f ) ≤ HKtn. Hence,

(
NΦ(Cn

φ f )
NΦ( f )

) 1
n

≤ (HK)
1
n t, ∀n ∈ N

and so r(Cφ) = limn→∞ ∥Cn
φ∥

1
n ≤ t < 1. Therefore, we obtain the result. Similar to part (1),

we can prove (2).
(3) If Condition (2) holds, then by Proposition 4, we have χw ∈ UΦ

GH−(K, t) and
Cφ(χw) ∈ UΦ

GH+(K, t), for some K > 0 and 0 < t < 1. On the other hand, by Proposition 8,
UΦ

GH+(HK, t) = LΦ
+ and UΦ

GH−(HK, t) = LΦ
−. So, by the definitions of UΦ

GH+(HK, t) and
UΦ

GH−(HK, t), we have for every f ∈ LΦ
+,

sup
k∈−N0

NΦ(Ck−n
φ−1 ( f ))

NΦ(Ck
φ−1( f ))

≤ HKtn, ∀n ∈ N
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and for every g ∈ LΦ
−

inf
k∈N0

NΦ(Ck
φ−1(g))

NΦ(Ck+n
φ−1 (g))

≥ HK
1
tn , ∀n ∈ N.

So, for every n ∈ N and k ∈ −N0

NΦ(Ck−n
φ−1 ( f ))

NΦ(Ck
φ−1( f ))

≤ HKtn

and for all k ∈ N0

NΦ(Ck
φ−1(g))

NΦ(Ck+n
φ−1 (g))

≥ HK
1
tn ⇒ sup

k∈N0

NΦ(Ck+n
φ−1 (g))

NΦ(Ck
φ−1(g))

≤ 1
HK

tn

Hence, by taking k = 0 in both cases, we obtain that for all n ∈ N,

NΦ(Cn
φ( f ))

NΦ( f )
≤ HKtn and

NΦ(Cn
φ−1(g))

NΦ(g)
≤ 1

HK
tn.

By these observations, we obtain that r(Cφ|LΦ
+
) ≤ t < 1 and r(Cφ−1 |LΦ

−
) ≤ t < 1. This

completes the proof.

Here, we recall the definitions of a factor map [8].

Definition 10. Let (X, S) and (Y, T) be two linear dynamical systems. We say that T is a factor
of S if there exists a linear, continuous, and surjective map Π : X → Y such that Π ◦ S = T ◦ Π.
The map Π is called the factor map. Moreover, we say Π admits a bounded selector if there exists
L > 0 such that

∀y ∈ Y, ∃x ∈ Π−1({y}), with ∥x∥ ≤ L∥y∥.

Lemma 1. Suppose that (X,F , µ, φ) has bounded distortion, Φ ∈ ∆′ and hk =
dµ◦φ−k

dµ , the Radon–

Nikodym derivative of dµ ◦ φ−k with respect to µ. Let Bw be the backward shift on Orlicz sequence
space lΦ(Z) with weights

wk =
NΦ(Ck−1

φ−1 (χW))

NΦ(Ck
φ−1(χW))

.

Then, Bw is a factor of the map Cφ by a factor map Π admitting a bounded selector.

Proof. By the invertibility of Cφ, we have 0 < infn∈Z |wn| ≤ supn∈Z |wn| < ∞, and
consequently, we obtain that Bw is invertible. Now, we define the map

Π : LΦ(µ) → lΦ(Z), Π( f ) = x = {xk}k∈Z,

for all f ∈ LΦ(µ), where xk =
NΦ(Ck

φ−1 (χW ))

NΦ(χW )

∫
W Ck

φ( f )dµ. It is obvious that Π is linear and
Bw ◦ Π = Π ◦ Cφ. By our assumptions, we have

∥hk|W∥∞ ≤ sup
B⊆W,µ(B) ̸=0

µ(φ−k(B))
µ(B)

.
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So, there exists B ⊆ W with µ(B) ̸= 0 such that µ(φ−k(B))
µ(B) ≥ ∥hk|W∥∞. Since Φ ∈ ∆′, then

we can find N > 0 such that

∥hk|W∥∞ ≤ N
Φ−1( 1

µ(B) )

Φ−1( 1
µ(φ−k(B)) )

≤ N sup
B⊆W,µ(B) ̸=0

Φ−1( 1
µ(B) )

Φ−1( 1
µ(φ−k(B)) )

, ∀k ∈ Z,

and therefore,

∥hk|W∥∞ ≤ N sup
B⊆W,µ(B) ̸=0

Φ−1( 1
µ(B) )

Φ−1( 1
µ(φ−k(B)) )

= N sup
B⊆W,µ(B) ̸=0

NΦ(Ck
φ(χB))

NΦ(χB)
, ∀k ∈ Z.

Moreover, we recall the Jensen’s inequality that is Φ(
∫

X gdµ) ≤
∫

X Φ(g)dµ, for every
measurable and integrable function g on X. Now, let f ∈ LΦ(µ). Then,

∑
k∈Z

Φ

 NΦ(Ck
φ−1(χW))

NH.NΦ( f ).NΦ(χW)

∫
W

Ck
φ( f )dµ

 = ∑
k∈Z

Φ

∫
W

NΦ(Ck
φ−1(χW))

NH.NΦ( f ).NΦ(χW)
Ck

φ( f )dµ


≤ ∑

k∈Z

∫
W

Φ

 NΦ(Ck
φ−1(χW))

NH.NΦ( f ).NΦ(χW)
f ◦ φk

dµ

= ∑
k∈Z

∫
φk(W)

Φ

 NΦ(Ck
φ−1(χW))

NH.NΦ( f ).NΦ(χW)
f

hkdµ

≤ ∑
k∈Z

∫
φk(W)

NΦ(Ck
φ−1(χW))

NH.NΦ(χW)
Φ
(

f
NΦ( f )

)
∥hk|φk(W)∥∞dµ

Since

∥hk|W∥∞ ≤ N sup
φk(B),B⊆W

NΦ(χB)

NΦ(Ck
φ−1(χB)

)
,

then by using Proposition 1, we have

∑
k∈Z

Φ

 NΦ(Ck
φ−1(χW))

NH.NΦ( f ).NΦ(χW)

∫
W

Ck
φ( f )dµ

 ≤ ∑
k∈Z

∫
φk(W)

NΦ(Ck
φ−1(χW))

H.NΦ(χW)

HNΦ(χW)

NΦ(Ck
φ−1(χW )

)
Φ
(

f
NΦ( f )

)
dµ

= ∑
k∈Z

∫
φk(W)

Φ
(

f
NΦ( f )

)
dµ

=
∫

X
Φ
(

f
NΦ( f )

)
dµ ≤ 1.

This means that NΦ(Π( f )) ≤ NHNΦ( f ) and so Π is a bounded linear map. Here, we prove
that Π admits a bounded selector. For x = {xk}k∈Z ∈ lΦ(Z), we show that NΦ( f ) ≤ NΦ(x),
in which

f = ∑
k∈Z

xk

NΦ(Ck
φ−1(χW))

Ck
φ−1(χW).

Since Φ ∈ ∆′, then we have
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∫
X

Φ(
f

NΦ(x)
)dµ = ∑

k∈Z

∫
φk(W)

Φ(
xkCk

φ−1(χW)

NΦ(x).NΦ(Ck
φ−1(χW))

)dµ

≤ ∑
k∈Z

∫
φk(W)

Φ(
xk

NΦ(x)
)Φ(

Ck
φ−1(χW)

NΦ(Ck
φ−1(χW))

)dµ

= ∑
k∈Z

Φ(
xk

NΦ(x)
)
∫

φk(W)
Φ(

Ck
φ−1(χW)

NΦ(Ck
φ−1(χW))

)dµ

≤ ∑
k∈Z

Φ(
xk

NΦ(x)
) ≤ 1.

This implies that NΦ( f ) ≤ NΦ(x). It is easy to see that for every k ∈ Z, (Π( f ))k = xk.
Therefore, we obtain that Π( f ) = x. This completes the proof.

As is known, Orlicz spaces LΦ(µ) are an interpolation of the spaces L1(µ) and L∞(µ).
Hence, the concepts that are well defined and valid on L1(µ) and L∞(µ), are well defined
on Orlicz spaces too.

Theorem 2. Let (X,F , µ, φ) be a dissipative system of bounded distortion generated by W and
Φ ∈ ∆′. If the composition operator Cφ has the shadowing property, then either Condition (2) or (6)
and (7) holds.

Proof. By our assumptions and by Lemma 1, we have that Bw : lΦ(Z) → lΦ(Z) is a factor
of Cφ, in which

wk =
NΦ(Ck−1

φ−1 (χW))

NΦ(Ck
φ−1(χW))

.

Also, as we saw in Lemma 1, the factor map Π admits a bounded selector. Since Cφ has the
shadowing property, then by Lemma 4.2.2 of [8], Bw has the shadowing property too. It is
easy to see that Theorem 18 of [20] holds for Orlicz sequence spaces lΦ(Z). So, we have
that at least one of the conditions A, B, C of Theorem 18 of [20] holds. Since

wkwk+1...wk+n = wk

NΦ(Ck
φ−1(χW))

NΦ(Ck+n
φ−1 (χW))

and also 0 < inf |wk| ≤ sup |wk| < ∞ (it comes from invertibility of Cφ and 0 < µ(W) < ∞),
then we easily obtain that the conditions A, B, C of Theorem 18 of [20] imply Conditions
(2), (6) and (7), respectively.

By Theorems 1 and 2, we have the following characterization:

Corollary 1. Let (X,F , µ, φ) be a dissipative system of bounded distortion generated by W. Then,
the following are equivalent:

1. The composition operator Cφ has the shadowing property;
2. One of Conditions (2) or (6) and (7) holds.

As is known, every generalized hyperbolic operator has the shadowing property.
Then, by applying Theorems 1 and 2, we have the following characterization:

Corollary 2. Let (X,F , µ, φ) be a dissipative system of bounded distortion. Then, the following
are equivalent:

1. The composition operator Cφ is generalized hyperbolic;
2. The composition operator Cφ has the shadowing property.
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Finally, we provide an equivalent condition for the composition operator Cφ to have
the shadowing property based on Radon–Nikodym derivatives.

Theorem 3. Let (X,F , µ, φ) be a dissipative system generated by W, hk = dµ◦φ−1

dµ , mk =

ess in f x∈W hk(x), and Mk = ess supx∈W hk(x). If the sequence {Mk
mk

}k∈Z is bounded, then the
following are equivalent:

1. The composition operator Cφ has the shadowing property;
2. One of the following properties holds:

limn→∞ sup
k∈Z

(
Mk

mk+n

) 1
n
< 1 (13)

limn→∞ inf
k∈Z

(
Mk

mk+n

) 1
n
> 1 (14)

limn→∞ sup
k∈−N0

(
Mk−n

mk

) 1
n
< 1 and limn→∞ inf

k∈N0

(
Mk

mk+n

) 1
n
> 1. (15)

Furthermore, Conditions (13) and (14) imply that, under an equivalent norm, Cφ is a proper con-
traction or a proper dilation, respectively. Condition (15) implies that Cφ is generalized hyperbolic.

Proof. This proof follows Theorem RN from reference [20].
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