Instructions:

Instrument 1: Pretest

Name:
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Date:

e Complete the problems given in the first column. Use lined paper to complete the problems. Be sure to show all working.
e As you are working, think about the strategies you are using to work on the problem. Complete the next three columns as you are

working.

What strategy/ies did you use?

How did you use the strategy?

Why did you use the strategy
and/or how do you know when
to use the strategy?

1. The table below contains the
mean, median, standard deviation
and range of the exam results of
Paper 1 and Paper 2 in Mathematics
for a group of students.

Exam | Mean | Med | SD | Range

P1 | 46.1 | 46 |15.2 91

P2 60.3 | 60 |11.6 70

1.1 The teacher added 4 marks to
each of the students’ marks for Paper
1. Write down the mean, the median,
standard deviation and the range for
Paper 1. Explain your reasoning.

1.2 There were 50 students in the
group and the marks of the top 10%
of the students were reduced by 3
marks.

Write down the mean, the median
and the range for
Paper 2.
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2. Lesedi is keen to extend her
rectangular patio.

She has been told that if the length
and breadth are each increased by
1 m, the area will be increased by
20 m2,

If the length and breadth are each
increased by 2 m, then the area will
be doubled.

Find the dimensions of the patio
(correct to one d.p.).

3. Study the sequence below and
answer the question that follows:
tan2° =tan 2°

tan 22° = tan 22°

tan 222° =tan 42°

tan 2222° = tan 62°

tan 22222° = tan 82°

tan 222222° = tan102° = —tan 78°
tan 2222222° = tan122° = —tan 58°

Determine the 100th term of the
sequence.
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4. A horizontal bridge is in the
shape of a parabolic arch. Given
the information shown in the figure,
what is the height h of the arch 2 m
from the shore?
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Instrument 1. Memorandum, possible strategy use, and strands of mathematical proficiency required

Problem

Suggested memorandum

Possible strategy used

Strands of mathematical
proficiency required to solve
problem

1. The table below contains the
mean, median, standard deviation
and range of the exam results of
Paper 1 and Paper 2 in Mathematics
for a group of students.

Exam | Mean | Med | SD | Range
P1 | 46.1 | 46 |15.2 91
P2 | 60.3 | 60 |11.6 70

1.1 The teacher added 4 marks to
each of the students’ marks for Paper
1. Write down the mean, the median,
standard deviation and the range for
Paper 1. (4)

1.2 There were 50 students in the
group and the marks of the top 10%
of the students were reduced by 3
marks.

Write down the mean, the median
and the range for
Paper 2.

(Buchanan, M., Luis, J. & Reichert, R. (n.d.)
Gr. 12 Mathematics: Papers and Answers.
Cape Town: The Answer Series. p.2.5.)

e Mean=50.1

e Median =50

o Standard deviation=15.2
e Range=91

_60,3x50-5%x3
50

e Mean 60

e Median =60
e Range =67

e Working backwards —
students know how to
calculate the mean, but will
have to work backwards to
original calculation to find the
new mean

e Conceptual understanding is
required for this entire
problem. There is only one
simple calculation required,
but learners need to
understand how the mean is
derived and how the median,
standard deviation and range
are affected by the increase
in scores both overall and at
the upper end of the data
values.

e Strategic competence is
needed to set up a
meaningful equation for Q.
1.2.
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2. Lesedi is keen to extend her (x +1)(y+1) =xy+20 ¢ Auxiliary elements e Strategic competence is

rectangular patio. »= Draw a figure needed to set up a

She has been told that if the length Xy +X+Yy+1=xy+20 = Auxiliary problem meaningful equation

and breadth are each increased by 1 | x+y=19 ...... Eq.1 (simultaneous e Conceptual understanding is

m, the area will be increased by 20 5 2) = 2 equation/quadratic required for the

m?2. (X + )(y + ) =Xy equation) understanding of area and

If the length and breadth are each Xy +2X+2y +4=2xy how the increase in one

increased by 2 m, then the area will _ dimension affects the two-

be doubled. Xy=2x=2y=4=0 ... Eq.2 dimensional area.

Find the dimensions of the patio Eq.l:y=19-x e Procedural fluency is

(correct to one d.p.). Eq.2 :x(l9 _ x) _ox— 2(19 _ x) _4-0 requ_ired for coyrectly and
efficiently working through

19-x*-2x—38+2x—-4=0 all the algebraic steps
x> —19x+42=0
1944192 —4x 42
2

(Source: Buchanan, M., Luis, J. & Reichert, R. | X =16,4462... or x=2,5537...

(n.d.) Gr. 12 Mathematics: Papers and

Answers. Cape Town: The Answer Series. ~16,4 or =26

p-1.7.) . Patio is presently 16,4mx 2,6 m
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3. Study the sequence below and
answer the question that follows:
tan2° =tan 2°

tan 22° = tan 22°

tan 222° =tan 42°

tan 2222° = tan 62°

tan 22222° = tan 82°

tan 222222° =tan102° = —tan 78°

tan 2222222° =tan122° = —tan 58°
Determine the 100th term of the

sequence.

(Source: Buchanan, M., Luis, J. & Reichert, R.
(n.d.) Gr. 12 Mathematics: Papers and
Answers. Cape Town: The Answer Series.
pp.2.10 — 2.11)

tan 2° =tan (0x 20+ 2)

tan 22° = tan (1x 20+ 2)

tan 222° =tan (2x 20+ 2)

tan 2222° = tan (3x 20 + 2)
~.tan(222...2) = tan (99x 20 + 2)
tan[100 2's] =tan (1980 +2)

=tan182°
=tan2°

Did you use all the data?
Learners will need to see the
pattern in the LHS and RHS
and the connection between
them.

Generalization Learners will
need to generalize the
pattern.

Adaptive reasoning is
needed to reflect on the
problem, see the pattern
and generalize up to the
100" term.

Strategic competence is
needed to efficiently set up
the RHS

Conceptual understanding is
needed of reduction
formulae for tan ratios

4. A horizontal bridge is in the shape
of a parabolic arch. Given the
information shown in the figure, what
is the height h of the arch 2 m from
the shore?

fe——20m——>]

(Source: Sullivan, M. (2008) (8™ ed).
Precalculus. New Jersey: Pearson Prentice
Hall. p. 160.)

One of several possible ways to solve
depending on how the quadratic
eqguation is set up:

y =a(x-10)(x+10)
~10=a(0-10)(0+10)

.10 = a(-100)
1
La=——
10
yz—i(xz—loo)
10
L
y= 10(8 100)
y=36m

Working backwards
Depending on how the
learners conceptualise the
arch, the learners have the x-
intercepts and need to work
back to the equation.
Auxiliary elements Redrawing
the picture on a Cartesian
plane would be very helpful

Strategic competence is
needed to set up a
meaningful equation
Procedural fluency is
required for correctly and
efficiently working through
all the algebraic steps
Conceptual understanding is
needed to translate the
picture into a graph on the
Cartesian plane using the
knowledge of the properties
of a parabola.

Vi



Instructions:

Instrument 2: Post-test
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e Complete the problems given in the first column. Use lined paper to complete the problems. Be sure to show all working.
e As you are working, think about the strategies you are using to work on the problem. Complete the next three columns as you are

working.

What strategy(ies) did you
use?

How did you use the
strategy?

Why did you use the strategy
or how do you know when to
use the strategy?

1. Consider the set of numbers:
3; x;y; 10; 12.
The mean of the set is 8 and the variance
is 10.
Determine the numbers x and y.

2. The dimensions of each of two identical
rectangular blocks are a, b, and 18 cm (for
height, width and length) as shown below:
The two blocks are joined in two different

Design 1 Design 2

The sum of the height, width and length of
Design 1 is 35 units, the sum of the
dimensions of Design 2 is 31 units.

Calculate the surface area for each design.

VIl
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3. The first term of an arithmetic sequence
is 3 while T3; Te and T1o form consecutive
terms of a geometric sequence.

Find the value of the tenth term of the
arithmetic sequence.

4. A suspension bridge with weight
uniformly distributed along its length has
twin towers that extend 75 meters above
the road surface and are 400 metres apart.
The cables are parabolic in shape and are
suspended from the tops of the towers.
The cables touch the road surface at the
centre of the bridge.

Find the height of the cables at a point 100
metres from the centre.

VI
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Instrument 2: Memorandum, possible strategy use, and strands of mathematical proficiency required

Problem

Suggested memorandum

Possible strategy used

Strands of mathematical
proficiency required to
solve problem

1. Consider the set of numbers:
3; x;y; 10; 12.

The mean of the set is 8 and the
variance is 10.

Determine the numbers x and y.

(Source: IEB National Senior Certificate
Examination . (2013). Mathematics: Paper II.
Question 8.)

3+X+y+12+10 _g
5
X+y=15..cceee. A
(=5)° +(x—8)" +(y—8) +2% +4°
5
(x—8)2+(y—8)2: ............ B

Substituting A into B:
(x-8)"+(15-x-8)" =5

X? —16X+64+x* -14x+49=5
2x* -30x+108=0

x? —15x+54=0
(x—6)(x-9)=0
X=6 or x=9
y=9 y=6

e Working backwards —
students will have to
work backwards from the
variance calculation to
the original data values

e Conceptual
understanding of how
variance is calculated.

e Strategic competence is
needed to set up a
meaningful equation
simultaneous equation.

e Procedural fluency is
needed to work efficiently
with the simultaneous
eguations.




Appendix B -2

2. The dimensions of each of two
identical rectangular blocks are a, b,
and 18 cm (for height, width and length)
as shown below:

The two blocks are joined in two

Daesign 1 Design 2
The sum of the height, width and length
of Design 1 is 35 units, the sum of the
dimensions of Design 2 is 31 units.

Calculate the surface area for each
design.

(Source: Buchanan, M., Luis, J. & Reichert, R. (n.d.) Gr. 12
Mathematics: Papers and Answers. Cape Town: The
Answer Series. p.1.8.)

a+2b+18=35

2a+b+18=31

a=17-2b

2a=13-b

2(17-2b)=13-b

34-4b=13-b

-3b=-21

~b=7

a=17-2x7

sa=3

Surfacearea:

Design1:

SA =2(2ab+ax18+2bx18)
= 2(2><3><7+3><18+ 2><7><18)
=696

Design 2:

SA =2(2ab+bx18+2ax18)
= 2(2><3x7+7><18+2><3><18)
=552

e Working backwards —

In order to find the
surface area,
dimensions need to
be found. Dimensions
can be found from a
simultaneous
equation relating a, b
and 18 to the sum of
the dimensions.
Auxiliary elements —
auxiliary problem
needs to be
introduced to find
dimensions before
finding surface area

e Strategic competence

is needed to set up a
meaningful equation

e Conceptual

understanding is
required for the
understanding of
surface area
Procedural fluency is
required for correctly
and efficiently working
through all the
algebraic steps




Appendix B -2

3. The first term of an arithmetic
sequence is 3 while Ts; Te and T1o form
consecutive terms of a geometric
sequence.

Find the value of the tenth term of the
arithmetic sequence.

(Source: Buchanan, M., Luis, J. & Reichert, R. (n.d.) Gr. 12
Mathematics: Papers and Answers. Cape Town: The
Answer Series. pp.1.1).

T,=3
LT

T3 T6
. 3+5d 3+9d
""3+2d 3+5d

(3+5d)° =(3+9d)(3+2d)
9+30d +25d* =9+33d +18d?
7d*-3d =0

d(7d-3)=0

d=0 or d=

N.V.

3
'.'TlO :3+9X?

_48
-

Did you use all the
data? This question
has very little
information and
learners need to
understand how
successive terms are
connected by the
common difference or
common ratio
Auxiliary element —
finding the common
difference by setting
up the ratio between
terms

e Strategic competence

IS needed to
efficiently set up an
equation relating the
information given
Conceptual
understanding is
needed of how the
terms of arithmetic
and geometric
sequences are
connected by their
respective differences
and ratios

Xl



4. A suspension bridge with weight
uniformly distributed along its length
has twin towers that extend 75 meters
above the road surface and are 400
metres apart. The cables are parabolic
in shape and are suspended from the
tops of the towers. The cables touch
the road surface at the centre of the
bridge.

Find the height of the cables at a point
100 metres from the centre.

(Source: Sullivan, M. (2008) (8™ ed). Precalculus.
New Jersey: Pearson Prentice Hall. p. 151.)

One of several possible ways to solve
depending on how the quadratic
equation is set up:

75

-200 \ 200

or

75

200 400

y =ax’

- 75=a(200)"

+.72 = 40000a
-.a=0,00187

-y =0,00187x’

-,y =0,00187(100)’
-y =18,75m

e Working backwards

Depending on how
the learners
conceptualise the
bridge, the learners
have the turning point
and need to work
back to the equation.
Auxiliary elements
Redrawing the picture
on a Cartesian plane
would be very helpful

Strategic
competence is
needed to set up a
meaningful equation
Procedural fluency is
required for correctly
and efficiently working
through all the
algebraic steps
Conceptual
understanding is
needed to translate
the picture into a
graph on the
Cartesian plane using
the knowledge of the
properties of a
parabola.

X1
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Metacognitive Questioning: Comprehension Questions

HOW TO SOLVE IT: A METACOGNITIVE

APPROACH
UNDERSTANDING THE PROBLEM: COMPREHENSION
QUESTIONS

o WHAT IS THE UNKNOWN?
FIRST. o WHAT ARE THE DATA?

You have 10| ¢ WHAT IS THE CONDITION?
understand the

problem| > DRAW A FIGURE
»> INTRODUCE SUITABLE NOTATION

X1
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Metacognitive questioning: Connection Questions

CONNECTION QUESTIONS

SECOND. ¢ DO | KNOW A RELATED

Find the

connection PROBLE"?
between the data o pIp | USE ALL THE DATA?P

& the unknown.

You may need to| e WHAT IS THIS PROBLEM
make connections RE'. ATED TOP

to other areas of
mathematics or
previously solved
problems.

XV
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Metacognitive Questioning: Strategy Questions

STRATEGY QUESTIONS

o, ® WHAT STRATEGIES CAN YOU USE?
Think of > TOPIC-SPECIFIC STRATEGIES
appropriate| o HEURISTICS?
strategiesto| > INTRODUCE AUXILIARY ELEMENTS
tackle the| » INTRODUCE AUXILIARY PROBLEM
problem.. » DRAW A FIGURE
Youmay have to| > DECOMPOSE AND RECOMBINE
consideran 3  GENERALISATION
auxiliary problem. > SPECIALISATION
Obtainaplanof| 5 yORK BACKWARDS
the solution. 5.\ ARIATION OF THE PROBLEM

XV



2-D/3-D Trigonometry revision assignment

plane as R and S.

The angles of elevation of the top of the building P
from the points R and S are 67° and 51° respectively.

RPS = 42°.
Calculate:
a) PR
b) PS
) RS

AB is a quiver tree in the Kalahari.

The foot of the tree B and the two points C
and D are in the same horizontal plane.
Cand D are 40 m apart and C is 68 m from
the tree trunk.

BCD = 132°

The angle of elevation of the top of the tree
from D is 72°

A

c D
Calculate the height of the quiver tree.

. 166 Classroom Mathematics Grade 12

Appendix D -1

Answers should be calculated correct to one decimal place unless otherwise
specified.

1. PQ s a building 150 m high.
The foot of the building Q is in the same horizontal

(Pike et al. (2013). Classroom mathematics: Grade 12 learner’s book. Sandton, South Africa: Heinemann

Publishers.

pp. 166 — 167)
XVI



3. CD is a vertical tower 280 m high. &
E and F are two observation points equidistant from the
tower and in the same horizontal plane as D,
the foot of the tower. From both the observation
points, the angle of elevation of the top of the tower
is 65° and EDF = 115°
Calculate the distance between the observations
points E and E E F

-

4. LM is perpendicular the horizontal plane RMS.
The angle of elevation of L from R is ¢.
MRS = o and MSR = 4.
The height of the tower is h.

Prove that RS = M
sin 3 tan ¢ R M

5. In the diagram BAC = 60°:
AC = 4a and BE = 10a
BD = DE and ACB = BDE = 90°
EB_LAB and DF||AB. E

a) Determine:
(i) ABC
(ii) DBE
(iii) ADB. e
b) Calculate, without using a calculator, e
the length of each of the following in )
terms of a: AL B
@i BC
(ii) BD.

6. AP and QB are two identical vertical towers whose bases are situated in the
same horizontal plane through A and B. C is a point in this horizontal plane
such that CAB = 90°. The angle of elevation of P at C is o, and the angle of
elevation of Q at Cis §.

tan 8 o

a) Show that cos ACB = -~
b) If AB =42 m; o = 31,4° and c
B = 17,8°, determine Z g
(i) ACB
(ii) the height of the towers.

-

Chapter 6 Heights and distances in two and three dimensions 167

XVII




Appendix D -2

Memo: 2-D/3-D Trigonometry revision assignment
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Name:

Grade 11/12 Trigonometry Revision

Appendix E-1

Date:

On this paper, you will find Gr. 11 style questions alongside Gr. 12 style questions. Determine the required quantities for each question. Answer the
metacognitive question prompts as you are working on the GRADE 12 question. Do all working out on this page (attach other sheets if necessary).

Grade 11 Content

Grade 12 Content

Metacognitive Questions

1. “Definition” questions:

tan A.sin A
cosB

find the value of

If cos A:; and A+ B =90°, use a sketch to

If sinA:E . A is obtuse and anB =2 ,
13 3

B >90°, determine sin(A-B) without
calculating the values for the angles.

1) What’s in the question?

2) What are the differences between the problem you
are working on and the previous problem

3) What is the strategy/tactic/principle appropriate for
solving the problem?

2. “P” Questions:
If tan 28° = p, write down the following in

terms of p.
2.1 tanl152°

2.2 cos(—28°)

2.3 sin62°

If tan x = p and x is acute, write down the
following in terms of p.

2.1 cos2x
2.2 sin2x

cos(90°—2x)
cos(90°—x)

1) What’s in the question?

2) What are the differences between the problem you
are working on and the previous problem

3) What is the strategy/tactic/principle appropriate for
solving the problem?

XX
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3. Simplifying questions:
Simplify:
2c0s(—180°—x).sin(—x)

sin(x—180°).cos(x—360°)

Simplify and evaluate (no calculators!):
3.1 cos?15°—cos® 75°

€0s10°.c0s 340° —sin190°.sin 200°

sin10°.sin 70° +sin100°.sin 20°

1)

2)

3)

What’s in the question?

What are the differences between the problem you
are working on and the previous problem

What is the strategy/tactic/principle appropriate for
solving the problem?

4. Proofs
Prove the identity:

cos H(tan ¢9+i] = i
tan @ sin@

Prove the identity:

sinx+sin2x  1+2cos X
1+sinx—cos2x 1+2sinx

1)

2)

3)

What’s in the question?

What are the differences between the problem you
are working on and the previous problem

What is the strategy/tactic/principle appropriate for
solving the problem?

XXI
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5. Equations

Determine the general solution of:
-3

3cosf =2sin% 6

Determine the general solution of:
3sin 2x —3sin x = 4c0s* X —2¢0s X

1)

2)

3)

What’s in the question?

What are the differences between the problem you
are working on and the previous problem

What is the strategy/tactic/principle appropriate for
solving the problem?

6. Sine, Cosine and Area rules

Show that DC =

t.siny.cosz
sinx.sin(y—z)

R

Given SQP =0, PRQ = ¢ and RSQ = A
1. Show that the area of
ARQS = 200sin B.cos? &

2. Show that QR =20+/2 +2c0s 2

1)

2)

3)

What’s in the question?

What are the differences between the problem you
are working on and the previous problem

What is the strategy/tactic/principle appropriate for
solving the problem?

XX
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7. Functions 1) What’s in the question?
1 f
Y
180°1) 2) What are the differences between the problem you
/ ’ are working on and the previous problem
< ] OU T -}X
s \\ /
3) What is the strategy/tactic/principle appropriate for
solving the problem?
(270°-2)

The graphs of f(x)=asinx and
g(x)=coshx are given for x [0°360°].
1. Determine the values of a and b.

2. Hence, determine the amplitude of f and the
period of g.

3. Use the graphs to answer the following
questions. For which values of x is:

3.1 f(x)<0
3.2 f(x)—g(x)=3

3.3 f(x).9(x)=0

The diagram shows the graphs of
f(x) =sin§ and g (x)=cos(x—30°),
X €[-180°;180°].

1. Determine P, Q and R, the points where f
and g intersect.

2. Determine the value(s) of x if:

. X . )
smE > C0S X.C0S30° +sin X.sin 30°

3. Determine the y-intercept of h if

() =g(-L2

XXI1
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Grade 11/12 Trigonometry Revision Memo
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Grade 11/12 Euclidean Geometry Revision

Name:
On this paper, you will find Gr. 11 style questions alongside Gr. 12 style questions. Determine the required quantities for each question. Answer the
metacognitive question prompts as you are working on the GRADE 12 question. Use this page as a diagram sheet, but attach all working-out pages.

Appendix F-1

Date:

Grade 11 Content

Grade 12 Content

Metacognitive Questions

Circle AFGD with centre O is given. Diameter AG is

E

produced to C. EC is a tangent to the circle at D. DC =
BC. AFB is a straight line and Al =X.

. Prove that ADCB is a cyclic quad.

. Prove that AC bisects BAD.
. Prove that DG = FG.

1
2
3
4.
5
6
7

Determine, with reasons, the size of C, .

. Prove that G, =0,.

. Prove that FBCG is a cyclic quad.
. For what value of x will DC be a tangent to the circle

through F, B, C and G?

AB is a tangent to circle BCDE. DF|| BC.

1. Prove that:

1.1 ABCD ||| ABEF

1.2 AE is a tangent to circle FEB
1.3 AABE ||| AAEF

2. If 4FB = 3AB, show that AB? = 4AE2.

1) What’s in the question?

2) What are the differences between
the problem you are working on
and the previous problem

3) What is the strategy/tactic/principle
appropriate for solving the
problem?
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Memo: Grade 11/12 Euclidean Geometry Revision

Grade 11/12 Euclidean Geometry Revision

Name: M@n o

Appendix F - 2

YVe o

Parktown High School for Girls

Date:

On this paper, you will find Gr. 11 style questions alongside Gr. 12 style questions. Determine the required quantities for each question. Answer the
metacognitive question prompts as you are working on the GRADE 12 question. Use this page as a diagram sheet, but attach all working-out pages.

Grade 11 Content

Circle AFGD with centre O is given. Diameter AG is

E
produced to C. EC is a tangent to the circle at D. DC =
BC. AFB is a straight lineand A, =x.

Prove that ADCB is a cyclic quad.

Prove that AC bisects BAD.
Prove that DG = FG.

Determine, with reasons, the size of C, .

el

Prove that Gl :(31.
Prove that FBCG is a cyclic quad.

. For what value of x will DC be a tangent to the circle
hrough F, B, C and G?

~N N W

t

Grade 12 Content

Metacognitive Questions

D

B

AB is a tangent to circle BCDE. Dl-'”BC.

1. Prove that:

1.1 ABCD||ABEF
1.2 AE is a tangent to circle FEB
1.3 AABE || AAEF

2. If4FB = 3AB, show that AB® = 4AE?,

1) What’s in the question?

2) What are the differences between
the problem you are working on
and the previous problem

3) What is the strategy/tactic/principle
appropriate for solving the
problem?
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Grade 12 Paper 2 Challenge

Appendix G -1

PARKTOWN HIGH SCHOOL FOR GIRLS
TRIG EQUATIONS WORKSHEET

GRADE 12

Solve for x in each of the following:

L.

2

cosx=-0,651 for xe[-270°;90°] 9.
cos 2x = 0,772 23,

tan 2 = 1,421 for xe[0°; 180°] @ 2.

3sinx =—cosx

25
cos(3x — 5) = cos(x + 5) 2%
l:m(% + 45"J =tanx 27.
cos(2x — 54°) = sin(x + 4°) 28,
sin(3x — 15°) = sin(4x + 20°)

29.
cos dx —sin4x =0 for xe[- 60°; 120°)
sin(x + 30°) = sin 2x 30.
2cos? x +2sin xcosx = 0 3
2sin’ x+sinx—1=0 3%
2cos* x —cosx =0 33
sin5x = cos4x

34.
cos” x = —cosx +sin? x
sin 4x + sin 2v =0 35,
()lun.r:fl?- @i
2cos” x+3cosx+1=0 87
3cos x =2sin’ x -1 38

cos?(2x +10%) +3cos(2x 410°) 42 =0 39

———=7-9tanx
cos® x

APRIL 2015

J3cos x+sinx =0
—cos® x+4sinx+2=0

cns(.r | 6()°): sin2x for xe[-360°;0°]

sinx.c0s34° 4 cos x.sin 34° = sin 75°
sin? x -+ 2sin.x — 2cos x ~ cos x.sinx = 0

sin(2x + Bucd
sin(2 15°) "y

10sin x —6.cos x = 3cos® x - 5sin x.cos x

€08 2x
sindx

2sin’ x +4cos’ x—sinx-2=0
tan2x + 2sinx =0
sin2x = Scosx

sinx+tanx =3+—"
cosx

2cosx 4 2

Fm———t =
N sinx

2
tan® x +3=—5—
cos’ x

cos 2x+4sin’ x—Ssinx+1=0

2cosx =sin(x +30°)

c0s30°.sin x = sin30°.cos.x

cos.x.sin(3x +10°)+ cos(3x +10°)sinx = 0,5

4 2
2¢08x ~——+———=|
fanx  sinx

41
42,

44

45.

46.

57.
58.

59.

G (2 Paper 2-
CHAtierocre

cos2x =05

cos(x+50°) = ~0,814 x€[-360%; 360°]
sin 2x = cos(x - 30°)

sinx+3cosx =0 x €[-90%; 180°]
sing =-0102

2sin’x +Scosx = 4

2
Ssinx+——-5cosx =2

tan x
tan’3x =3
sin2x = cos3x x €[-360°; 0°]

cos 5x.c0s 40° + sin 5x.sin 40° = sin(2x - 20°)
7sin’ x + 2sin2x = 3 x €[-270°; 360°)
2cos” x — cos x ~sin2x +sinx = 0

2c0s2x +cosx+2 =0

cos(2x~10°) = —sin(3x +50°)

S Atanx
_Atanx _ 4 xe[-270°90°

cos“x COSx

V3cosx —sinx =1

Ji+cosx =sinx

sin(x —20°) + cos(x - 20°) = -1

tan x 1
=———+2(tanx-1)
cos2x  cos2x

If tan(x+y) = /3 and tan(x - y) =1 and x and y are in the interval [0°; 180°), solve for x and ».
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Grade 12 Paper 2 Challenge: Memorandum

Gv. 1L Poper 2 Challeny «
Dax./ |

S hadesy
Cosx = =0,651 b xeL-220°, 90 ]

= d (30, G~ le 2607 e == A7 lee cos- Lo‘{’l« <}.ﬁe.a;/‘¢)
Z 50t ons | Wti’f!‘z)g.l e

><C E lloéa\ -2294° Etﬁ\ periodict b 2 s
=~ 132+ 159, =

S s'a'wom) in domaln(s)

Cos 2% = 0,7
4 37S° *# kil OGE

2x * =
L T ] 7° 4k, 1800 < Oiude Lol sida ‘07 2@
BN & 14,70 £k gV &— (he. peeiod
ez
ban 2% = 1,921 b xelo’, 50U ) O
2x = 59,86° 4l 107 &= dan o] Lo Sl
3 » \ €& fetion Yren vl Fv-
X 27,43 4k 90 @ \ b /’W
xet 2243 10,43°5 (D [Pl & ¥%
4, }S}AX; —Coy X / dide botl ¢ide, 57 Cos x (dL Lpz;@
Hanx : ,L <4 ne, 1% MV\) ANYD ottt have Same &
3 TS D kot lda, by 3

b A W,‘/“ ~“+le, | YO® e 2z

S cos{Zx B¢ cos (x+5°) et
L 3x §'= 1t (x+43) ko3¢0, © @D
% 9, LRSE £ NB f ws Az &s 8
2 _)’(—S“YS K.sCo"° Floisie A S ipj
Zxe LO°® + k. $¢0”
X2 &° 4kl ke <~ Solve sephedely &)
.
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Loy 11 Ger'd

6. +an C%*‘(T’) = danax ‘
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3
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/ i [Nyt bodl sicke, by
X = 25 ~00° + k.20 & a)ojaf\:cjuo‘ o x, e /?/M',J
=X —q9°> -+ lc, 3607

x: 9u0° tl 340°

2 Cos{ 2x - 54(°) = sin(x+9) (D Use funchsn- @ 15 Posier

e (2x -54°) 2 co, (5'63 = et
Sz st e 1 (6 4 o BO®
x-St BBt - X + L 3e0°
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x ? &L 7° + kl2o® <\@
.:JZ) £ -~ 9 2 —p1 e y oo, i p -
(..»,/ 2% - SH 5’6 4+ S L. 2¢0o /

Ma 23294 K. 3¢0"
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K aﬂ (BX'(S\’)T ﬁy‘f\ \4:—1)(4?/0»)
2 Bx - (T dxt 200 4 L.2(0°) ke

= 2R & e 300"

X
S T T35 4 k3o <\@®
Zx- 150 = we- (4xt20) (360 =4

Bx ~ (S§ % 607 = Gx +E.340°

7x = 177 =~k 3407
X= 25 4 k’s(,qo

9 oy YUx -~ Sih Yx e o for )(f«[-:—éu“, 12°)
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9. Sin(x~+ 20°)° Sin 2x

X¥t20® = 24 4 k3l0° @2 x+30°= Y~ 2+ K, 2407 @
" x= 30° +k. (3¢ o° = 3x = ISV° #{ 360°
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(25tnx = \Jslax +1) co (D fuckosise rinom ol

|
SiKX © 2 o o = - | Q\E}

9/\ < xe 307 k360" Xz =90 + 20" =T
or X = U7 307 + k. 240 or X Lt ~(~40°) + L, 3(0” €
.SD’ ‘f'fc, - 760 ) ) )(‘ e 27—Q _( t'}QJ"
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A AL A
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List of Content-specific Strategies for Trigonometry
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Exemplar: Learner Responses with codes (Before coding)

Appendix H-1

| Learner responses with codes

| Instrument: 1 | Question: 1.1 | Class: 3
LC | Worked solution Strategy CU | Codes | PF | Codes | SC | Codes | SU | Description
31 | P 4 None 0
| 4G b e 1 J al f
Yea |
4 4
Korq @ bl ‘ x4
34
3.2 What strategy/ies did you
(R . 4 use?
T aclaea 4 10
medl eacn V(i Juig -
How did you use the
D % strategy?
= bl } il ﬂ(j 4
515 L :
(o)
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Appendix H-1

Worked solution Strategy CU | Codes | PF | Codes | SC | Codes | SU | Description
None
Mean Mediog
@ o rX S - <
4046
'llvu '
14.¢
N S
coean (bl Xu = B 4y Med | 4ox4=\FU 2D v =t

+\Iu:\¥“w —tout
8 o L

b cnuld .|l~)l; ((_:\
v '@-L\)H' "o (j o v
1 !

r c.’?-"; C\ OO \

i”"\(“)()L o Lo it
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Appendix H-1

LC | Worked solution Strategy CU | Codes | PF | Codes | SC | Codes | SU | Description
3.5 LI neon < SO .| wed S22 S22 none
oy a9

3.6 | (absent) (absent)
3.7 _ . /1 <l

(Note: answered in “How did you use the Yy <

strategy?” column)

B

3.8 | None none
3.9 | lha Meen: 50 s G GWR by 0. ¢ Vaues) none

B| Meai o, : 60

¢ Sd

d fonge 1 4 Cronge temuuns Same o8 4 & adoed to ol euluees)
3.10| , MMed E bewqe | NONE

A |\ o 4 ] 1N
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Appendix H-1

LC | Worked solution Strategy CU | Codes | PF | Codes | SC | Codes | SU | Description
3.11 A meon none
| 461 vo4
- 1%44¢ t+ 4061 = Cu-88
| L6 X o-4
; 1Y -4 y 46 = 64-u
| 60
6T KoY
.08 + 151 = LN
B
g 2,0 9 = 11y,
3.12 | none none
3.13 | (absent) (absent)
3.14 i e Modian e
J\\//“. ‘f(\\\ ‘7[:1‘.“.] "1) i"g,‘ FAITARTETA NN \-C\\ €

(\o\ 4
addRd: Yo

A gn

Yo 1b
/ \

Ci r':‘f'lfv'é"b(

:
reasenta

(9]

(f'f
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LC

Worked solution

Strategy

Cu

Codes

PF

Codes

SC

Codes

SuU

Description

3.15

None (but working shows
learner thinking)
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Appendix H-1

| Learner responses with codes | Instrument: 1 | Question: 1.1 | Class: 1
LC | Worked solution Strategy CU | Codes | PF | Codes | SC | Codes | SU | Description
11 A= SO Mearr none

Lo ' + 04 = SO | % Meanr
46 + 4 = SC % Medan
5,08 Y 19, 2 VQ(/\\"K & S ‘{—(,n(“/(‘,r(” />( viatior
Qs dy = A P\C::lmjt
1.2 | None None
1.3 —— | — K
L&/\% Bl €o \,\nv 11
na\J — 1. The table below contalns the '
v mean, median; standard
dewanon and range of the exam ’
mo \( results of Paper 1 and Paper 2
' ( /U"/\ in Mathematics for a group of !
91 i (Ystudents.
AN v ?
1.4 | None none
1.5 | none none
1.6 ko none
Meq
Mectian
ik HA’,"".;Q
1.7 | None none
1.8 | none none

XLVI




Appendix H -1
LC | Worked solution Strategy CU | Codes Description
1.9 o none
Mga N 20. Panpcg
e X Pa pR{ 2
pedian = 5C
S tandad devioki op \%4 -7
1.10 | Men =) GD: 1AW Loy | none
). =l s 0,8 & 100
g0 = 912 \ZQ,\\SQ = QI xy 4100
-‘»?(\mj@_ =4 = Zbl . 45100
RN = Wb, 1 xly 4 10¢
= ML 1 4 100
Median = Wo x4 <100
S ST (N
1.11 | None none
1.12 | none none
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LC | Worked solution Strategy CU | Codes SU | Description
1.13 - St
L = Qy0h
e L ¢ B
mxim . bg! = O b
4 y
b,d6 + 0,04
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Instrument 1: Criteria for coding values per question (note: numbers in columns represent codes)

Appendix I -1

Q. CuU PF SC
1.1 " +1- : + +1- - A -
l.all3-4 1. 2 answers 1. 0- 1 answer 1. did correct 1. Continued 1. Incorrect N/A
answers correct correct calculations accuracy: did calculations
correct 2. added 4 to 2. Misused with correct correct calculations | with wrong This question did not require
2. used range and SD numbers given numbers with wrong numbers strategic competence
correct 3. Wrong use of numbers (i.e. (i.e. if the
formula from operation answer was values given
memory 4. Used wrong “correct” if values were put in
value (e.g. 6) put in calculator calculator,
5. Gave choice of gave same result) | calculator
answer would give
6. little or no same result)
progress
1.2 |1 al3 1. 2 answers 1.0 -1 answer 1. did correct 1. Continued 1. Incorrect
answers correct correct calculations accuracy: did calculations
correct 2. Correctly found 2. Misused with correct correct calculations | with wrong
10% of 50 numbers given numbers with wrong numbers
3. Multiplied 5 x 3 3. Wrong use of numbers (i.e. (i.e. if the
but used operation answer was values given
incorrectly 4. Found 10% of “correct” if values were put in
another number put in calculator calculator,
5. Did not multiply gave same result) | calculator
5by 3 would give

6. subtracted 3
from mean and/or
median

7. little or no
progress

8. subtracted 15
from all values

same result)

XLIX
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CuU PF SC
+ +/- - + +/- - + +/- -
1. A=1{xb 1. (| +l)(b +1) =20 | 1. same variable | 1.0 1.1-2 1. procedural | 1. Assigned 1. One side | 1.same
2. for both procedural procedural errors > 3 separate correct for x | variable for
(| +1)(b +1) = 2. dimensions errors (ca) errors only 2. Proc errors | variables for + 1 equation, | both
. (| + 2)(b + 2) =40 2. Doubling 2. correctly 2. Attempt at at low level original length/ | but not other | dimensions
originalarea+20| 5 . .ot formulas | dimensions solve own simul. equations | (e.g. Gr. 8) breadth side. 2. not able to
but with a2 instead instead of area | equations (but incorrect maths 2. 2. One side | setup any
3. ofa 3. guess/assign | (possibly one | method) 3. product of (x+1)(y+1) — | correct for x | equations
(| + 2)(b+ 2) - 4. correct product of vglue fo_r error only) 3. Sets up area does not + 2 equation, | 3. introduce
o dimensions = dimension (ca) quadratic compute xy +20 but not other | more than 3
2xoriginalarea | jinension + 20/40 | 4. confusing 3. Use quad. | equation but 4. Brackets (i.e. set up side. variables
4. Retained only | 5, dimensions formula does not/cannot | not used equation 3. Introduce | 4. Has two
positive solution (| n 2)(b+ 2) — b+ 4( 5. equate the correctly use quadratic 5.lengthy, correctly in 3 variables equations
of quadratic areas of the two | 4. Efficient formula inefficient terms of own 4. Use units | but does not
equation and/or (1+1)(b+1) = |breR0patios calculations | 4. Attempt at calculations | variables) in set up
5. (ca) 6. incorrect (necessary simul. equation, 3. equation(s) simultaneous
Substituted x to 6. product = and but cannot (x+1)(y+l) = | 5 equations
find dimension incorrect area sufficient) finish recognises 5. No
7. (In)correctly | 5. (ca) 5. 2 accurate 2xy need for variable
solves for x but | substituted x | (ca) equations 4. Correctly set | simultaneous | assigned
substitutes back | to find but cannot up equations 6. Only has
into same dimension continue to simultaneous but cannot one equation
equation solve equations solve for two
8. perimeter = simultaneously (possibly one | 6. sets up unknowns
area 6. (In)correctly error or ca) simultaneous

solves for x but
substitutes back
into same
equation

5. correctly
solves for one
variable in
terms of
another (ca)

equation but
makes 1
error

7. area of 2"
eqg. = 2x area
of first
equation




Appendix 1 -1

CuU PF SC
+ +/- - + +/- - + +/- -

1. correctly 1. find first 1. confusing tan 1. substituted | 1. correctly 1. substitutes | 1. applies 1. attempting | 1. found 1
reducing tan 1982° | difference but of number with correct substitutes wrong linear to find differences
to tan 2° apply nonlinear number itself numbers into | into wrong numbers in progression constant of tan’s of
2. correctly formula (e.g.tan 1982 = | formula formula formula formula to difference of | RHS
recognising linear 2. T100 = 1982 (°’s 1982) 2. simplified | 2. correctly 2. Incorrect degrees on degrees on 2. continued
pattern of degrees not necessarily 2. Confuses 2 x n | correctly simplifies simplification | RHS RHS, but not | pattern as is
of RHS (e.g. by specified, but tan andalistofn2’s | 3. Uses wrong 3. tan 20(100) | 2. successful 3. took 1%
using first is not mentioned) 3. Combined correct AP formula = tan 2000 Relates differences
differences) 3. attempt to sequences formula (i.e. incorrect | number of 2's of degrees of
3. Tigo =tan 1982° | explore first 4. finds non-linear multiplication) | to n LHS
4. Used correct differences (even if | pattern 4. tan 2000 — | 3. Investigates 4. Used 1%
linear formula (e.g. incorrect) 5. uses d=tan 20° tan 18 =tan first differences differences
Tn=a+(n-1)d) 6. tan 20(100) = (2000-18) of degrees of reduced

tan 2000 (i.e. degrees on

7. tan 2000 — tan combining RHS

18 =tan (2000- unlike terms)

18) 5.No progress

8. no conceptual 6. Uses

sense incorrect

formula

LI




Instrument 2: Criteria for coding values per question (note: numbers in columns represent codes)

Appendix | -2

Q. CuU PF SC
1.1 + +/- - + +/- - + +/- -
1. Saw 1. recognised | 1. Saw list of 1. ableto solve | 1.used mean | 1. significant 1. set up mean 1. setup 1. Tried to
numbers as | need for mean | data values as linear mean formula but procedural equation correctly | mean set up
data set formula, but pattern eqguation (ca) with error(s) error(s) 2. set up variance | equation but sequence
2. used used 2. tried to find 2. able to solve | 2. used 2. incorrect equation correctly | with errors equation
mean incorrectly differences quadratic variance substitutions 3. setup 2.setup
formula 2. recognised | between “terms” | (variance) formula but simultaneous variance
correctly need for of “sequence” equation (ca) with error(s) equation correctly | equation but
3. used variance 3. little or no 3. able to 3. used 4. Successfully with errors
variance formula, but progress correctly simultaneous used trial-and- (e.g. ignored
formula used 4. used substitute into | equation but improvement sigma)
correctly incorrectly quadratic simultaneous with error(s) method
pattern 2a =.... | equation 4. Able to
for “2nd 4. able to simplify
difference” correctly solve | quadratic
5. Assumed simultaneous equation to

linear pattern
and found x and
y in terms of 1st

eguation
5. Successfully
used trial-and-

standard form
but not solve
5. Factorising

differences improvement error

6. ignored the method to find | 6. tried to
“sum of” aspect | xandy solve

of variance 6.0-1 quadratic in
equation procedural form

7. equating errors (ca) ax? +bx=cor
unequal ax’=bx+c
quantities

LI
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CuU PF SC
+ +/- - + +/- - + +/- -
1. Understood 1. Attempted to 1. Did not 1. Wrote down | 1. Wrote down 1. Did not use | 1. Created two | 1. Created 1. Did not
the need to find find an attempt to find SA formula SA formula any SA eqguations to one equation | attempt an
values of aand b | expression for an expression (possibly from | (possibly from formula find value of to find value | equation to
in order to eitheraorb for either a or b | notes) notes) but with 2. Incorrectly | one variable in | of one findaorb
calculate SA 2. correctly 2. did not correctly error(s) solves for terms of the variable in 2. Introduced
2. Correctly expressed the correctly identify | 2. correctly 2. correctly solves | one other variable | terms of different
expressed the separate areas of | separate areas | solves for a fora or b interms | variable/or correctly other variables for
separate areas the faces of one for either figure | and b interms | of the other does not variable guestion
of the faces of figure 3. confused the | of other variable (ca) solve for (e.g.h, I, w)
the both figures dimensions of variable(ca) 3. correctly variable 3. Creates 1
the two figures | 3. correctly substituted a or b | 3. incorrectly or 2 incorrect
when substituted a to find SA (ca) substituted a equations for
calculating SA | and b to find 4. Simplifies SA and/or b to relationship
4. introduced SA (ca) with an error find SA (ca) between
third dimension | 4. correctly 5. attempt at 4. substitutes variables
when simplified SA simultaneous 18 and/or a 4. Setup
calculating SA (ca) equation, but and b into SA equations
(therefore, 5. Design 1 SA | cannot continue formula but did not
calculating =4ab + 36a or mistake 5. substitutes solve for one
volume, not SA) | +72b any variable in
5. confused sum | 6. Design 2 = combination terms of the
of dimensions 4ab + 72a + of given other
with a single 36b numbers into 5. Set up
dimension SA formula equation(s)
6. added 6. multiplied foraandbin
dimensions surfaces terms of
instead of instead of original (not
multiplying adding stacked)
7. Very little 7. “double prism
progress distribute” 2
8. used outside of
numbers given bracket to

as dimensions

L




9. Saw incorrect
relationship
between
variables a, b
and 18

10. confused SA
of unstacked
with SA of
stacked prisms
11. confused
(i.e. equated)
sum of
dimensions with
TSA

12. Equating
unequal
guantities

inside
bracket

8. serious
procedural
errors

9. circular
reasoning —
solving
equation with
beginning
equation

LIV
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CuU PF SC
+ +/- - + +/- - + +/- -
1. Expresses all 3 1. Expresses 1 -2 | 1. Incomplete/ 1. Writes 1. Writes 1. Writes 1. Expresses 1. Expresses | 1. Expresses
relevant terms i.t.o termsi.t.o. 3 and incorrect down AP down GP down AP all AP terms 1-2terms AP terms
3 and multiples of d | multiples of d expression of AP | formula formula series i.t.o. 3and i.t.o. 3 and incorrectly
2. Understands 2. Expresses termsito3and | 2. Correct 2. Correct formula multiples of d multiples of d | i.t.0. 3 and
ratio relationship terms in GP form multiples of d substitution of | substitution | 2. Incorrect/ 2. 2. Correctly | multiples of d
between T3, T, T10 | 3. recognises ratio | (e.g. does not values into of values incomplete Correctly sets | sets up ratio | or not at all
3. Expresses 3 relationship, but have value for n) | AP formula into AP substitution up ratio equation but | 2. Sets up
terms correctly i.t.0. | not with specific 2. Little or no for 3needed | formulafor 1 | of values into | equation using | does not use | common
common ratio terms progress termsi.t.o. 3 - 2 needed AP formula expressions for | expressions | difference
4. Saw error and 4. Found d = 0 for | 3. Found wrong and multiples | terms forl-2 AP terms i.t.o. | for AP terms | equation
tried a new direction | first term (i.e. Ty = | answer for d of d (formula needed terms | 3 and multiples | i.t.o. 3 and 3. Equates
3) through misuse may not be 3. Severalto | ofd multiples of d | T10 (and/or
of general term. explicitly many T6) as AP to
stated, but procedural T10 (and/or
used) errors T6) as GP
3. Correct set 4. Incorrect 4. Found
up of ratio substitution wrong
equation into GP answer for d
4. Solves ratio formula through
eguation with 5. Cannot misuse of
no errors solve ratio general term
equation and used
correctly answer to
6. Found find value for
wrong T10.
answer for d
through
procedural
errors
working with
general term

LV




Instrument 1: Question 1

Appendix J -1

Learner examples to determine codes (Exemplar)

Instrument: 1 Question: 1.1

Strand: Conceptual understanding Rating: +

Code Description Learner example

1 all 3 -4 answers correct Ty ik e ikl
b Med, o, - 50
¢ Sb

2 used correct formula from memory E

Instrument: 1 Question: 1.1

Strand: Conceptual understanding Rating: +/-

Code Description Learner example
1 2 answers correct YRS
mM&in ' 46
W edicl
N
14 )
Pange  “1it4
2 added 4 to range and SD .
19, >
Bange
Instrument: 1 Question: 1.1

Strand: Conceptual understanding Rating: -

Code Description Learner example

1 0 - 1 answer correct o
2 Misused numbers given b

LVI



AppendixJ -1

3 Wrong use of operation
Bresi%, 2
Kamq € ) ?}“‘r 4
, e
4 Used wrong value (e.g. 6) \ = 1e 21 5
e pA = I el £
(i.e. added 6)
5 Gave choice of answer =
6 little or no progress W .
f“\’ : %‘// ?‘\_ //ﬁt'/:‘\»‘l"{'//\\L 80O
Instrument: 1 Question: 1.1
Strand: Procedural fluency Rating: +
Code Description Learner example
1 did correct calculations with correct =
numbers D Aoy &
I €l Ct 10
Instrument: 1 Question: 2
Strand: Procedural fluency Rating: +/-

Code Description

Learner example

1 Continued accuracy: did correct cal

values put in calculator gave same

with wrong numbers (i.e. answer was “correct” if

culations

result)

Instrument: 1

Question: 1.1

Strand: Procedural fluency

Rating: -

Code Description

Learner example

1

Incorrect calculations with wrong numbers
(i.e. if the values given were put in calculator,
calculator would not give same result)

(None)
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Instrument: 1 Question: 1.2
Strand: Conceptual understanding Rating: +
Code Description Learner example
1 all 3 answers correct (none)
Instrument: 1 Question: 1.2
Strand: Conceptual understanding Rating: +/-
Code Description Learner example
1 2 answers correct y
Mean: &7 3
Median: €0
Range : %6 ©7
2 Correctly found 10% of 50 o . S0 =5
loc ‘ >
3 Multiplied 5 x 3 but used incorrectly o~ s A s T
MedianN /'./r b E £ &
Kam 7C (2x9) 59
Instrument: 1 Question: 1.2

Strand: Conceptual understanding Rating: -
Code Description Learner example
1 0 - 1 answer correct 19, - -
9
2 Misused numbers given ,
0 4 Dy & - teduged BT movEs
{00 ¥
| (299 nod rorge -10 - 03
60 - 0-3 €11
= %7
3 Wrong use of operation 0 4 qpg S - reduced by B mowts’
{00 5
A nrod rorge -10 - 03
60 - 0-3 €1
= 597
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Found 10% of another number

Did not multiply 5 by 3

subtracted 3 from mean

Mean : &1 3
little or no progress 5O etvdents
subtracted 15 from all values Meas s B RSy = | L
Medvq N (’f (2 xS ) £
\‘luu“, 7( ( /\)5 .\,'

LIX



Exemplar: Learner Responses with codes (After coding)

Appendix K -1

| poos > 7) Need Yol 4 /1 (‘4 74 [
o /4/;“, Qan c € it {
e ' .
i o gt :
[ Learner responses with codes [ Instrument: 2 [ Question: 1 | Class: 3 ]
Yo odhe- , ol e QU3 e
odts W
LC | Worked solution Strategy Ccu Codes | SC | Codes | SU | Description
31 v vy ’ None - 2 0
Qg Yo < V0
4 Lo 4 /i1
32 - i peec! 1O JHRC ¢ < =54 PE - 7~
2 ¥ 6l | e ipeict X 2 p. S
” tNE el s
T reaniy cernit
ronn e rbypret 1€
7/!1 o clrol” noirs £C ok
3.3 | None none
3.4 | G By D o
- : e = D Cs
) :‘/‘ (A vsedd e - - “'L//‘ ? [ - . \
5 - ~ = Ex PV
¥ : baasecp® o - |7 GG v ou
7 3
\ - DIk ek TS v
2 e L/v ,»,. X
{ y ¢ ) eHETT
A § g a5 by Sienuitanoug
3 g cquali 0 NS
& 5 e AT
hawe 2 ankrm
i Ree
3k Lo verieo\es Lo <dw fo
1
2 j' > -4 A/
L . VL ) Page 1 of 12
} ‘/
; A
y | oy % ) IYAn go >
v

LX



Appendix K -1
LC | Worked solution Strategy CU | Codes | PF | Codes | SC | Codes | SU | Description
3.5 TR —~ =
i ) - 3 il ¢ d'f(»bwa)
b X Y10,y ‘
50 LgaL 10804
- 7 0 /Q :
(Note: written on lined paper)
3.6 none -+ { -+ { + | N.
3‘”‘\%% _‘;_M/ = 8| | 2 Y- & Y| %
g - +- Y A
9, | 2
AL e 1/ -~ 449 - G
Xby 15 v
‘ - e o ; e
Vorisa L 2623707 o Dovuule 4
! soc
o
sz (x_-%) L 16 | x
&
% gl 8\)(7(‘ 3») 10 A N
5
,J—/b;\ b el = S0 AL
XJ'/‘;]!&C"SU )
3% s bt v e A
Page 2 of 12
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LC | Worked solution Strategy CU | Codes | PF | Codes | SC | Codes | SU | Description
3.7 s _— . -
/) J LT L neon ¥ \0/ 1. Consider the sef of numbers: - l - ‘LJ E){. 0 ¢S PEé
1T s o om0 IR e 10 \(.’;\\ % 0; 12.
d « &:The meant;f-lheselisaandme E’ f H re
r“’d,&'\. | variance is 10. " d )
o° Determine the numbers x and y Ex ¢ 0 rg
N i a'\}eﬂ'\()m Yes fied) o i minaid f
i tn
“ )}‘ [ S 4 g @ 9 | H¥e  Comymon dﬁ%’?‘fj O#our~ (on~els (/
W\ ) Vv v but ent due Yoke
(_/ ISSin MG,
tried werk b oul
) Sl bacywardS yargy He varientt
/
2 /\V\O'{ e Cone wWhe ,((:JM '.’/;;‘mn st H= meon C;O""‘ulcl
does ha b ad—tt vhes a’?/ woeiked WWOIOIS
wriltes decia ‘\——‘" g Y
C Wy rech Aneoss W i "’R‘MZD‘\’\d chid not Enaw
Inwvest ressonivy (M4 Wt e fo dy,
A
3.8 | none none
A qus?
Page 3 of 12
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1C Worked solution Strategy CU | Codes | PF | Codes SC | Codes | SU | Description
39) | . - . g
\ ) Sl Lo MeowusS =1 |\ “ \ -t \ Ex O G+ &
) cr,ilug;d"‘w nE. =1 % + |2 47 g, Pes E
O -+ | 7 . &
: Touks e S - 13 t |3
! -+ |
e {
Setue o 3,&;&-«@.:\ - P
"""" - ol [ e g
Sulsh § g ¥ V g
\0
Y
Page 4 of 12
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LC | Worked solution Strategy CU | Codes | PF | Codes |SC | Codes | SU | Description
3.10 3, % 5 Y i, i none 2 | 4 (ﬁ - \ f\>
Al
Mean:= 2zl
lavianee = 1o [_{
:'\\ J 7\( § k,&\‘ &?,‘l \!,1‘
\ % I\ ;
a3 /LJ"D\ 10 ‘-j 4
Lo yex - {x 3 1oy {’vlf =) 2~ O -f
LA
1a ]
) e s s e Bem 7 B0 H Iu
(oret®  dre  SeA O aumyRis ahal  type o pronme - _l < D,
O/\{ i§ Ans B H I
e ! ¥ R} 1 AV
ST X LI U - sy e Ex C H ln
Jrang  CIOSH B 5
9 CoAvR e ¢
aek, T 44
“but kit ey
‘S"/f"t: Ire & .
wheh T ot Nt
whot to ce, T
TS TAU S ALUCTUE S S
4
Pipec  oF  proweme ity
w\@) ,ancl uhith iy Cinadiorpe mire
I disus?
~ 5 A A . L4 p
— €0]\)&{J&'\/\.:) uned «eal gvanni Y% / et
¢ )iro L
' Page 5 of 12
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.

LC | Worked solution Strategy CU [Codes | PF | Codes |SC | Codes | SU | Description
3.12 | none s 1
- ¥ Al D Cs |
PATERNS. Bk
3.13 B Ey N e none - | - s i N
x P i - ?.
.f % = L(
Fa - —7 g
8 e G
189 e - -
k_,-} %G5 10.5 12 Faure et (oppon diflerente. | = \ T | b | Ee V) CS ln
U — 5 =l % p fx V(5 =
Vatitin(e (Y = mmq‘;,‘ g . g b3 — &
‘u‘; S (g i Tz ‘I - 7«,‘ €. . €3 [
N R-T, =3 — \\\
BTy » y-x ﬁ /‘

Ta-Ta 0.y

To ey p,:).w(e oul 1F twn dy NG L
SanulfaneeGs equarions Yo
fgure eut % ndy

P 288 N\
\
20 Y ey 2 yox C‘
S LRIV (\
e . UE -
s b v X /
o =l s
. 7 ey P
A l/lww)'— (Kl inedlorin  are  dheq o arfcnte
-~ 7 ," A
N2t s /'7 e v
Page 6 of 12
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< Jey

LC | Worked solution Strategy CU | Codes |PF | Codes | SC | Codes |SU | Description
345 |/ L e & = = Y 4 B - A C
e mpm arny o I & B B 4 I M b /5 ) & D ¢ PE
Al : oI ¥ e | = ) _—
Veriencs = | 5 i < 2 E7ANA EPey rE
" o (SRS LN .
“5@@\61 Ve i3 B o eSecueldsh 7// 2- )
o Coneou BN
i ‘5—‘3& 2 Ay ) /
LY r A
Z—_(DC‘—%.L=\QX . SuiD ip .
5
(==+& }2 = 88 Vi
P (Ge-8Coc-8) = ©
ey 5 o S
s Feg e £ B O v L, « Ferae (R
\ ZE-rewe G = SO
o Al (A = =i (note: done alongside working
e T VR (‘é:}w out)
< ) Ve &S g %
, // 4 o il (A ? i\
A ) &= =(@==2T ;
(VL
i
Page 7 of 12
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Tally of Codes (whole group): Instrument 1

INST1 [Question 1.1 Frequencies

Strand CuU Strand PF

Rating +|+/-| - |Rating +/-

Codes |Description/Totals 2| 8 |26 |codes |Description/Totals 13
did correct calculations with correct

1. 3 —4 answers correct 1 1. T
Continued accuracy: did correct

2 used correct formula from memory 1 1. calculations with wrong numbers 13
Incorrect calculations with wrong

1. 2 answers correct 4 1 T,

2. added 4 to range and SD 4

1. 0 - 1 answer correct 10

2. Misused numbers given 4

3. Wrong use of operation 7

4, Used wrong value (e.g. 6) 2

5. Gave choice of answer 1

6. little or no progress 6

Question 1.2 Frequencies

Strand CU

Rating +|+/-| -

Codes |Description/Totals 0|12|27

1. all 3 answers correct 0

1. 2 answers correct 1

2. Correctly found 10% of 50 8

Multiplied 5 x 3 but used incorrectly 3

1. 0 - 1 answer correct 8

2. Misused numbers given 3

3. Wrong use of operation 4

4. Found 10% of another number 1

5. Did not multiply 5 by 3 1

6. subtracted 3 from mean and/or median 3

7. little or no progress 7

LXVII
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Appendix L -1

Instr. 1 |Question 2 Frequencies Frequencies Frequencies
Strand CuU Strand PF Strand SC
Rating + +/- - |Rating + +/- - |Rating + +-| -
Codes [Description/Totals 13 | 18 | 17 [codes|Description/Totals 15 | 10 | 10 [codes [Description/Totals 24 27 |15
1 Assigned separate variables for
A=10xb 6 1|0 procedural errors (ca) 7 1|original length/breadth 14
sets up (original length +I)(original
2|(original length +1)(original breadth correctly solve own equations breadth +1) = original area + 20
+1) = original area + 20 2 2|(possibly one error only) (ca) 2 2|equation correctly in terms of own 2
Set up (original length +Z){origmat
breadth +2) = 2 x original area
3 (original length +2)(original breadth equation correctly in terms of own
+2) = 2 x original area 2 3|Use quad. formula correctly (ca) 3 3|variables 2
4[Retained only positive solution of Efficient calculations (necessary and Correctly sets up simultaneous
quadratic equation 2 4|sufficient) 2 4|equations (possibly one error or ca) 3
5 correctly solves for one variable in
(ca) substituted x to find dimension 1 5|(ca) substituted x to find dimension 1 5|terms of another (ca) 3
(original length + 1)( original One side correct for x + 1 equation,
1|breadth +1) = 20 8 1|1-2 procedural errors 4 1[but not other side. 7
(original length + 2)( original Attempt simultaneous equations One side correct for x + 2 equation,
2|breadth +2) = 40 5 2|(but incorrect method) 2 2|but not other side. 6
correct formulas but with a? instead Sets up quadratic equation but does
3|ofa 1 3|not/cannot use quadratic formula 1 3|Introduce 3 variables 5
correct product of dimensions = Attempt simultaneous equations, but
4|one dimension + 20 2 4|cannot finish 1 4|Use units in equation(s) 3
confused “doubling area” with cannot continue to solve equations but solves by incorrect
5|“increasing area by doubling 20” 2 5|simultaneously 1 5|method 4
(In)correctly solves for x but sets up simultaneous equation but
1|same variable for both dimensions 3 6|substitutes back into same equation 1 6|makes 1 error 2
Doubling dimensions instead of
2|area 4 1|procedural errors > 3 3 1[same variable for both 3
) ) . Proc errors at low level (e.g. Gr. 8)
3 e ERE VRIS o SRS e 5 2|maths 2 2|not able to set up any equations 4
4|Confusing dimensions 1 3|product of area does not compute 2 3|introduce more than 3 variables 0
equate the areas of the two new Has two equations but does not set up
5|patios 1 4|Brackets not used 1 4|simultaneous equations 1
6|incorrect product = incorrect area 1 5|Lengthy, inefficient calculations 5|No variable(s) assigned 5
(In)correctly solves for x but
substitutes back into same Only has one equation for two
7|equation 1 6|unknowns 2
8|perimeter = area 1
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Instr. 1 |Question 3 Frequencies Frequencies Frequencies
Strand CuU Strand PF Strand SC
Rating + | +/-| - [Rating + | +/-| - [Rating + | +-] -
Codes |Description/Totals 18| 4 [ 16 |codes |Description/Totals 21 | O | 26 |codes|Description/Totals 15(0 | 4
substituted correct applies linear progression
correctly reducing tan 1982° totan 2°[ 0O 1{numbers into formula 5 1|{formula to degrees on RHS 11
correctly recognising linear pattern of
2|degrees of RHS (e.g. by using first
differences) 3 2|simplified correctly 4 2|Relates number of 2’s to n 0
Investigates first differences
e T100 = tan 1982° 4 3|Uses correct AP formula | 12 3|of degrees 4
4 Used correct linear formula (e.g. Tn
=a+(n—1)d) 11
attempting to find constant
find first difference but apply correctly substitutes into difference of degrees on RHS,
1{nonlinear formula 1 1|{wrong formula 0 1|but not successful 0
T100 = 1982 (“’s not necessarily correctly simplifies wrong
2|specified, but tan is not mentioned) 2 2|formula 0
attempt to explore first differences
3|(even if incorrect) 1
confusing tan of number with number substitutes wrong found 1% differences of tan’s
1|itself (e.g. tan 1982 = 1982) 2 1{numbers in formula 6 1[{of RHS 1
2|Confuses 2 x n and a list of n 2's 0 2|Incorrect simplification 7 2|continued pattern as is 1
tan 20(100) = tan 2000
(i.e. incorrect took 1% differences of degrees
3|Combined sequences 1 3|multiplication) 2 3|of LHS 1
tan 2000 — tan 18 =tan
(2000-18) (i.e. combining Used 1% differences of
4[finds non-linear pattern 2 4|unlike terms) 2 4|reduced degrees on RHS 1
5|uses d=tan 20° 4 5|No progress 7
6/tan 20(100) = tan 2000 2 6|Uses incorrect formula 2
7|tan 2000 — tan 18 =tan (2000-18) 2
8[no conceptual sense 3
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Tally of Codes (whole group): Instrument 2

Appendix L -2

Instr. 2 |Question 1 Frequencies Frequencies Frequencies
Strand CuU Strand PF Strand SC
Rating + |+/-]| - [Rating + | +/- Rating + | +/-]| -
Codes Description/Totals 15| 6 | 32 |codes [Description/Totals 14114 Codes |Description/Totals 8|7 1|4
1 10 able tg solve linear mean 5 set up mean equation 5
Saw numbers as data set 1|equation (ca) 1|correctly
5 4 able to solve quadratic 1 set up variance equation 1
used mean formula correctly 2|(variance) equation (ca) 2|correctly
able to correctly substitute in to set up simultaneous
¢ used variance formula correctly 1 3|simultaneous equation 1 3|equation correctly 1
Successfully used trial-
1{recognised need for mean 1 able to correctly solve 1 and-improvement 1
formula, but used incorrectly 4|simultaneous equation 4|method
Successfully used trial-and-
2|recognised need for variance 5 improvement method to find x 1 set up mean equation 2
formula, but used incorrectly 5|and/or y 1|but with errors
set up variance equation
6 5 but with errors (e.g. 5
1[{Saw list of data values as pattern 6|0 — 1 procedural errors (ca) 2|ignored sigma)
tried to find differences between used mean formula but with Tried to set up
2|“terms” of “sequence” & 1|error(s) 2 1|{sequence equation 4
used variance formula but with
3|little or no progress . 2|error(s) °
used quadratic pattern 2a = .... 2 used simultaneous equation but 3
4|for “2nd difference” 3|with error(s)
Assumed linear pattern and Able to simplify quadratic
found x and y in terms of 1st 1 equation to standard form but 2
5|differences 4|not solve
ignored the “sum of” aspect of
6|variance equation “ 5|Factorising error 1
_ » 7 tried to solve quadratic in form 1
7|equating unequal quantities 6lax2 +bx=corax2=bx+ c
1[significant procedural error(s)
2|incorrect substitutions
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Instr 2 |Question 2 Frequencies Frequencies Frequencies
Strand cuU Strand PF Strand SC
Rating + +/- - |Rating + +/- - |Rating + |+-]| -
Codes |Description/Totals 10 | 6 | 34 |codes |Description/Totals 29 | 3 | 14 |codes |Description/Totals 413 (14
Created two equations to
Understood the need to find Wrote down SA formula 16 find value of one variable in 4
values of a and b in order to (probably from notes) terms of the other variable
1|calculate SA 6 1[correctly 1|correctly
Correctly expressed the correctly solves for a Created one equation to
separate areas of the faces 4 and b in terms of other 8 find value of one variable in 3
2|of the both figures 2|variable(ca) 1|terms of other variable
Attempted to find an 3 correctly substituted a 1 Did not attempt an equation 9
1|expression for either a or b 3|and b to find SA (ca) 1|to find a or b
correctly expressed the Introduced different
separate areas of the faces 3 correctly simplified SA 4 variables for question (e.g. 1
2|of one figure 4|(ca) 2lh, I, w)
Creates 1 or 2 incorrect
Did not attempt to find an 10 Design 1 SA=4ab + 36a| 3 equations for relationship 2
1|expression for either a or b 5(+72b 3|between variables
did not correctly identify Set up equations but did not
separate areas for either 6 Design 2 = 4ab + 72a + 2 solve for one variable in 1
2|figure 6/36b 4|terms of the other
confused the dimensions of Wrote down SA formula Set up equation(s) for a
the two figures when 1 (possibly from notes) but 0 and b in terms of original 1
3|calculating SA 1|with error(s) 5|(not stacked) prism
introduced third dimension
\when calculating SA correctly solves for a or
(therefore, calculating 0 b in terms of the other 1
4|volume, not SA) 2|variable (ca)
confused sum of
dimensions with a single 1 correctly substituted a or 0
5|dimension 3|b to find SA (ca)
added dimensions instead of| Simplifies SA with an
6|multiplying v 4|error 1
attempt at simultaneous
5 equation, but cannot 1
7| Very little progress 5|continue or mistake
used numbers given as_ Did not use any SA
g|dimensions 1 1[formula =
Saw incorrect relationship Incorrectly solves for one
between variables a, b and 1 variable/or does not 0
9(18 2|solve for variable
confused SA of unstacked incorrectly substituted a
10|with SA of stacked prism £ 3|and/or b to find SA (ca) i
confused (i.e. equated) sum 2 substitutes 18 and/or a 5
11|of dimensions with TSA 4land b into SA formula
substitutes any
Did not attempt to work with 3 combination of given 1
12|areas 5|numbers into SA formula
multiplied surfaces
6|instead of adding 1
“double distribute” 2
outside of bracket to 1
7|inside bracket
serious procedural
glerrors i
circular reasoning —
solving equation with 1

©

beginning equation
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Instr 2|Question 3 Frequencies Frequencies Frequencies
Strand CuU Strand PF Strand SC
Rating + [+/-| - [Rating + | +/-| - |Rating + | +/-]| -
Codes |Description/Totals 1110 [ 24 |codes |Description/Totals 15| 5 [ 10 |codes [Description/Totals 3121
Expresses all 3 relevant 5 Writes down AP formula 3 Expresses all AP terms 4
1)terms i.t.0 3 and multiples of 1 1{i.t.0. 3 and multiples of d
Understands ratio Correct substitution of values Correctly sets up ratio
relationship between T5, T, into AP formula for 3 needed equation using
T 2 terms i.t.0. 3 and multiples of d | 4 expressions for AP terms | 2
i (formula may not be explicitly i.t.0. 3 and multiples of d
2 2|stated, but used) 2
Expresses 3 terms correctly 1 Correct set up of ratio equation 2 Expresses 1 —2 terms 2
3|i.t.0o. common ratio 3 1i.t.0. 3 and multiples of d
Solves ratio equation with no Correctly sets up ratio
3 errors 1 equation but does not use 1
Saw error and tried a new expressions for AP terms
4|direction 4 2|i.t.o. 3 and multiples of d
Writes down GP formula Expresses AP terms
Expresses 1 -2 terms i.t.0. 3 5 3 incorrectly i.t.o. 3 and 13
1{and multiples of d 1 1|multiples of d or not at all
Correct substitution of values Sets up common
2 into AP formula for 1 - 2 needed 2 difference equation 2
2|Expresses terms in GP form 2|terms 2
Writes down AP series formula Equates T10 (and/or T6)
Recognises ratio relationship, 1 3 as AP to T10 (and/or T6) 2
3|but not with specific terms 1 3las GP
Found d = 0 for first term (i.e. Incorrect/ incomplete Found wrong answer for d
T,=23) 5 substitution of values into AP 1 through misuse of general 4
formula for 1 - 2 needed terms term and used answer to
4 2 4{find value for T10.
Incomplete/ incorrect Several to many procedural
expression of AP terms i.t.o 3 3 errors 2
and multiples of d (e.g. does
1|not have value for n) 3
Little or no progress 17 Incorrect substitution into GP 1
2 4|formula
Found wrong answer for d Cannot solve ratio equation
through misuse of general 4 correctly 1
3|term. 5
Found wrong answer for d
through procedural errors 2
6|working with general term
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Appendix M -1
Tally of Mathematical Proficiency ratings (per learner): Instrument 1

Note: Grey blocks = nil response
Instrument 1 Question 1.1 Question 1.2 Question 2 Question 3
Number of codes in each Number of codes in each

category/rating category/rating Number of codes in each category/rating Number of codes in each category/rating
Strand CcuU PF CcuU PF CcuU PF SC CcuU PF SC
Rating ) A6 [0 [enlo o Jenlo Jo femnlo o lem 1o e Jenlo o lenlo @ lenlo @ lemlofe femlo
Learner
3.1 2 1 2 2 1 1 1] 1 5 2 1 11 3 2
3.2 2 1 1 2 2| 1 1 1 1
3.3 1 3 1 1 5 2 1 2] 1 1 2] 1
3.4 2 1 1 1 3 1 1 1 1 1
3.5 2 1 1 1 2 1 1 1 1 1y 2 3 1
3.7 2 1 1] 1 1] 1
3.8 2 1 2| 1 2
3.9 1 1 2 1 2 3 1 5 1
3.10 3 1 1 1 1 2 1 3 1 1 1 1 1 1
3.11 3 1 1 3 2 3 3
3.12 1 1 1 2| 3 1 1
3.14 1 1 1 1 1 2 2 1 1
3.15 2 1 2 1 1 1 1 3 3 3 3] 1 44 1
1.1 2 1 1 2 1 1 1 2 1 1 1 2] 1
1.2 1 1 1 1 1 1 1 2 3 1
1.3 1 2 1 1 1] 1
14 1 2] 1 3] 1 44 1
1.5 1 2 1 1 1 1 2] 1
1.6 1 1 2 1 1 4 1 1
1.7 1 1 1 2 2 1
1.8
1.9 2 1 1 2 1 1 1] 1
1.10 3 1 1 1 1 1 1 2 1
1.11 2 1 1] 1 1] 1 1 2 2] 1
1.12 2 2 1 1 2| 2 1
1.13 3 1 3
Totals 2 8| 26 5 13 0 o 12 27 13 18 171 15 10 10F 24 27 15§ 18 4 16| 21 0 26] 15 0 4
Strand CuU PF CuU PF CuU PF SC CuU PF SC
Rating @) A0 16 Jenln Io Jenlo Ie Jenle Jo Jem Jo 1o fealo fe lemlo 1o [emnle Jo leriole Jemle
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Tally of Mathematical Proficiency ratings (per learner): Instrument 2

Appendix M -2

Instrument 2

Question 1

Question 2

Question 3

Number of codes in each category/rating

Number of codes in each category/rating

Number of codes in each category/rating

Strand

Ccu

PF

SC

CuU

PF

SC

CuU

PF

SC

Rating

+) [+

(+) (/)

(+) [(+/)

(+) [(+/-])

(+) [(+/-]()

(+) [(+/-1)

(+) [(+/)

(+) [+A])

(+) [+

Learner

3.1

1l 1

1l 1] 1

1

1] 1 1

3.2

=

3.3

3.4

N

3.5

3.6

3.7

e |w

= I N =

-
N == w

3.8

3.9

3.10

-
[ T = =N IS

3.11

3.12

3.13

3.14

3.15

SES

e lw ]|

RIN|Rr[Rr]RrININ]D]R |-
=

[l e e sl e e

1.1

1.2

1.3

[

1.4

1.5

1.7

1.8

[ I T T T

[ I T T T

1.9

[y
Pl

1.10

1.11

1.12

1l 1

1.13

1 11 1

-
[ e e

w
[ T e

Totals

15] 6] 32

14| 14

8 7

10 6| 34

29| 3| 14

4] 3| 14

11 10{ 24

15| 5| 10

6/ 3] 21

Strand

CU

PF

SC

CU

PF

SC

CU

PF

SC

Rating

() [+-))

() [+-))

() [+-))

() [+/-I)

(+) (/1)

) [+-I)

() [+-))

() [+-)])

() [+-))
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Appendix N -1
Tally of Strategy Use ratings (per learner): Instrument 1

Instrument 1 Note: grey blocks mean = nil response

Question 1.1 Question 1.2 Question 2 Question 3 Question 4
Awareness Explicit Implied |None Explicit Implied Nond Explicit Implied |Nong Explicit Implied [None Explicit Implied None
MC know Decl Proc |Cond Decl Proc|Cong Declarative [Proc |Cond Declarative [Proc |Cond Declarative [Proc [Cond
Strategy H |CS |O H |CS [O H |CS |O H CS |0 H cS |0 H |CS |O H |CS |O H CS [0 H cS |0 H CS |0
Learner
3.1 v v PE E PE IE
3.2 PE CS/PE v IE CS/IE [CS/IE IE CS/IE |CS/IE v
3.3 v v IE IE
3.4 IE |CS/IE |O/IE v |PE H/PE |H/PE v v
3.5 v v v |E O/E |O/E
3.7 IE v |IE CS/IE |H/IE* PE H/PE |H/PE IE H/IE
3.8 v v IE CS/IE [CS/IE |IE IE v
3.9 v v E v
3.10 v v PE v
3.11 v v IE v
3.12 v IE IE CS/PE IE
3.14 E O/E v PE CS/PE|CS/PE |PE v IE
3.15 PE PE RE PE
1.1 v v PE v v
1.2 v v PE CS/PE|CS/PE (PE PE CS/PE IE CS/IE|
13 IE PE O/PE v PE v
1.4 v v IE PE CS/PE v
1.5 v v v v v
1.6 v v E CS/PE|CS/PE |PE IE v
1.7 v v RE v v
1.8 v v v v v
19 v v v v v
1.10 v v IE v v
1.11 v v PE v v
1.12 v v v v v
1.13 v v v v v
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Tally of Strategy Use ratings (per learner): Instrument 2

Appendix N - 2

Instrument 2 Note: grey blocks mean = nil response
Question 1 Question 2 Question 3 Question 4
Awareness Explicit Implied [Nil Explicit Implied |Nil Explicit Implied [Nil Explicit Implied |Nil
MC know Decl Proc Cond Declarative Proc Cond Declarative Proc Cond Declarative Proc Cond
Strategy H |CS|O |H [CS[O |H |CS|O CS |0 H |CS |O CS O |H |CS|O [H |CS |O H |[CS |O CS |0 CS |0 CS |0 H |[CS [0 CS|O |H |CS|O [H |[CS [O
3.1 IE IE
3.2 v
33 IE IE IE
3.4 IE IE IE IE IE IE IE IE IE
3.5 IE v
3.6 v PE
3.7 PE PE PE IE IE IE IE IE IE IE PE PE
3.8 v E E PE |E PE E
3.9 E E PE PE PE PE v
3.10 v PE v v PE
3.11 13 IE IE PE PE PE v PE PE
3.12 IE v v IE
3.13 v PE PE v PE
3.14 IE IE IE PE v |E E
3.15 PE PE PE PE PE PE PE E E
1.1 PE PE PE v PE PE v
1.2 IE IE PE PE
13 v |IE IE v
1.4 IE IE IE IE IE IE IE IE IE IE IE IE
1.5 IE/IE v 13
1.7 v v |IE
1.8 v v PE
1.9 v v v
1.10 PE PE IE v |IE
1.11 v IE v v |IE
1.12 IE PE PE v PE
1.13 v v v v

LXXVI




Appendix O -1
Learner Strategy Use: Instrument 1

1. Question 1

1.1  Question 1.1

For Question 1.1, out of the 26 respondents for this instrument, only three learners attempted to
report their strategies. Of those, three of the learners wrote down what strategy they used; two wrote
down how they used that strategy and two attempted conditional knowledge. The table below gives
the scanned versions of their responses under the specific headings:

What strategy/ies did you How did you use the strategy? | Why did you use the strategy
use? or how do you know when to
use the strategy?

T ccldeg 4 1o BU Ock |
| ICICI T h(
eacn \(‘f'lk(@‘ \J ( / 4/

T ol T culhplied T hd oo
7 (ﬁ)u;_} Lf}h"f'— - cnul+ ) “KLT\ ¢

: — et SRS B - et
Tough:  <beout - e kjﬂ e J 2 Koo o=t S
o o clee to <O.

i LA o wntlontqaa 7
| Genewd  reasoniag
‘e, 1L Ly MoES "
\ \ \ \
oA Yo @M
\ T | \ €
Mea Yk AW =

1.2 Question 1.2: Instrument 1

Evidence of strategy use was very minimal with Question 1.2. A table with learner responses in the
strategy columns is given below (see figure 16). Only two learners wrote something in the “strategy
columns” and one of those responses may have simply been the start of procedural steps. One
learner did state “tried to find what 10% of 50 was, then multiplied that by 3” which was coded as
a declarative, content-specific strategy. However, because she could not complete the problem, it
was a partially effective strategy. She also wrote “used a calculator then” under the “how” column,
which was coded the same.
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What strategy/ies did you
use?

How did you use the strategy?

Why did you use the strategy
or how do you know when to

use the strategy?
— | Ny Ein LTI vEn
2
>
e Thiedh o lsed
B \ieC 2 WWECC o
J{ireA \«’“L P g oo
o of & CAN (N Gy
Lo’y . € hewn | SR P
‘)v\\,‘»l,:r.}l)\xt'k( L i-)f V’
; Xt Ly
= -
O
One learner reproduced her thinking process while working, as S
she did in Question 1.1 (see figure alongside). She writes down 3¢ eeille - D
the given original data values, then adds three to all values and N5 - Zes (o p
writes down the self-directed question: “How does this B
information help?” Like before, she draws an arrow to an i

interval of values one standard deviation around what she has
labelled as the mean, but what is actually the median in the
question. Although this indicates the learner is reflecting on her
solution process, she only wrote down the correct answer for
the range; this was coded as “other” and received a partially effective rating.

2. Question 2

In Question 3, 10 out of the 26 learners explicitly stated their strategy use in the strategy columns;
their responses are reproduced in the table below. A few common trends were apparent. Most
frequent was the association of the problem with arithmetic number patterns: in the “what strategy”
column, five of the 10 learners specifically mentioned the word “pattern” or “progression,” and one

€..99

learner mentioned “tried to find the ‘a’ or ‘d’ or ‘r’”. Two learners implied the recognition of
patterns; one learner wrote “it goes up in 20’s” and another used the arithmetic progression formula

in the strategy columns.
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Learner | What strategy/ies did you use? How did you use the|Why did you use the

no./ strategy? strategy or how do you

(score) know when to use the
strategy?
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Appendix O -1
3. Question 3

In Question 3, 10 out of the 26 learners explicitly stated their strategy use in the strategy columns;
their responses are reproduced in the table below. A few common trends were apparent. Most
frequent was the association of the problem with arithmetic number patterns: in the “what strategy”
column, five of the 10 learners specifically mentioned the word “pattern” or “progression,” and one
learner mentioned “tried to find the ‘a’ or ‘d’ or ‘r’”. Two learners implied the recognition of
patterns; one learner wrote “it goes up in 20°s” and another used the arithmetic progression formula

in the strategy columns.

Lea | What strategy/ies did you use? How did you use the | Why did you use

rner strategy? the strategy or how
no./ do you know when
(sco to use the strategy?
re)

3.1 I decided ro

3) UsSe Wi I
Ynoelo cgkout

Mmooty povecy S
- and
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4.

Question 4

Appendix O -1

Three of the learners tried to use the strategy of drawing a figure and one learner tried to annotate
the figure; their attempts are illustrated below. These would be categorised as implied strategies.

(——>
O
Learner 3.1 Learner 3.3 Learner 3.12 Learner 3.14
‘f’- x L\l\k “)”\\‘ '\""\;“‘\L 15
(A =T ~‘ oF ":;,;,rt U"C
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p - N EeU in O} 1
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Strategy Use: Instrument 2 (With commentaries)

Question 1
Reproduction of self-reported strategies with commentary
Lear | What strategy/ies did you | How did you use the Why did you use the
-ner | use? strategy? strategy or how do you
No. know when to use the
strategy?
3.4 T— PR p—
T used e i L T k
G 7% S o = \‘\0-\_?& 2 Lanle o
b~cWC‘L‘:\<~(:§~}(: °~'"'1L =3 i }UHAOJ it Vorian\es to =ell e "&‘\1\,/
- cqy vold O NS
OUmse - ookt e S

The learner is mathematically incorrect, but is self-aware of the content area she is using
for this problem and is thus employing metacognitive knowledge. Her strategy was to use
her “knowledge of number patterns” and the way she used it was through “simultanous
[sic] equations.” She knows she needs simultaneous equations because there are “2
unknown variables to solve for.” Her self-reported strategy use matches her mathematical
working and she (valiantly) tries to use simultaneous equations to relate the variables. She
demonstrates declarative, procedural and conditional knowledge even if conceptionally
incorrect for the problem.

3.7 : Jou B -
! a*}en\@m b‘ GPQ s H= vean G‘a’mulq i l”v‘;:ﬂ@o‘)"\B cid not Y’Y)cw
Hhe Comvmon chiffrence S B Bt + <

but  ent due Yoo e e warell Wt eise fo do.
MISSIiNnG  MUmpers , T

fried & work b ouf

bocxwardsd  uUsing the var]
arct mean), =

This learner wrote quite a bit regarding her strategy use, but her actual mathematical
working had scant detail. She found the correct values for x and y, but it is unclear from
her working how she arrived at those values. There is evidence on her working-out that
she did try to use differences between terms, as she stated. However, there is no evidence
of her using the mean formula and working backwards.

3.9 Simnmul b Neoe > Solve far U, biren
- ™
C?fflumi 10 NS Eikoe B o ki
o e t %
' e

This learner wrote a brief, but concise explanation of her strategy use. In answer to “what
strategy did you use?” she replies: “Simultaneous equations Tables.” She used that
strategy by solving for one variable then the other by substituting. Her working-out
matches her strategy use exactly, and she was the one learner who came closest to the
memorandum. She indicates declarative and procedural knowledge of the strategies she
employed.
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This learner was quite descriptive in her strategy use, but did not proceed past rewriting
the set of given data values. She shows she can reflect on the problem, but her reflection is
not aiding her ability to solve the problem. She also describes the heuristic “similar
problem” strategy.

3.12 —
PATIE Bng

This learner said she used “patterns” to solve this problem, but showed no further
working-out. She could be demonstrating declarative knowledge.

3.14
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This learner describes using the content-specific strategy of finding the common
difference and employs that strategy by using the second term minus the first term. She
also implies in the “why” column that she is using this strategy in order to set up
simultaneous equations to “figure out x and y”. Her working-out does match her strategy
use and she tries to use the constancy of the first differences to solve for x and y. She
demonstrates declarative, procedural and conditional knowledge, even if her mathematical
understanding is faulty.
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This learner did not use the three columns, but rather described her content-specific
strategies alongside her working-out. This may have been because | often modelled my
content-specific strategy use this way when working out problems on the board or on my
written memoranda. She did use the variance formula, albeit incorrectly, and her working-
out did match the strategy use. She seems to demonstrate declarative knowledge.

1.1
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This learner used a “trial and error” heuristic and articulately described how she used the
strategy and why. Her working-out matched her strategy use and she discovered the
correct answers for x and y. However, she did not check if the numbers worked as well in
the variance formula.

1.2
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This learner stated that “finding first difference” was her strategy, but this does not match
her working-out. She does show that the difference between 10 and 12 is two, then starts
with a geometric sequence, scratches that out and then (correctly) tries to find an
expression for x in terms of y from the mean formula.
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This learner writes responses in all three columns, which could be indicative of
declarative, procedural and conditional knowledge. However, what she has written does
not match her working-out: she only writes down Ty T2 Te T1o, with a 3 below T1 and a
“?” below the other three terms. In addition, her content-specific strategy use is faulty
because she may be confusing the idea of a difference and a ratio. Also, she states that
how she will use the strategy is to “work backwards” but in the “why” column, she states
that “it’s better to try to work from the end/back of the pattern” which is not necessarily
the same as the “work backwards” heuristic. While the learner appears to demonstrate
declarative, procedural and conditional knowledge by writing responses in the three
columns, 1 am not too sure if she really understands what she is writing about.
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1.5
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This learner clearly articulated what can be construed as declarative knowledge, but again
the working-out does not match the strategy-use. Her strategy discusses patterns but the
working-out involves an incorrect use of the variance formula.
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For this learner, the strategy-use clearly matched the working-out. She demonstrates
declarative and procedural knowledge and was able to use her strategy to correctly find an
expression for x in terms of y.

1.12 =

This learner states that her content-specific strategy is “figuring out the mean and
variance.” However, the mean and variance were given in the problem so her strategy
does not make sense as stated. However, she did attempt (although incorrectly) to form an
expression for x in terms of y from the mean formula.

2. Question 2

Lear | What strategy/ies did you | How did you use the Why did you use the
-ner | use? strategy? strategy or how do you
No. know when to use the
strategy?
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This learner described exactly what she did: she placed each number she saw into the
formula. Unfortunately, the numbers she used, 18, 35 and 31, had nothing to do with the
dimensions of the figures. While the learner articulates declarative, procedural and
conditional content-specific strategies, her methods were rated as ineffective.
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This learner redrew Design 1 in addition to her self-reported strategies and set out one
equation to find a and b. She was not able to solve for one variable in terms of another. She
also wrote down the surface area formula, but did not proceed further. Although she
mentions the idea of volume, she did not use it in her working out. She articulates
declarative, procedural and conditional content-specific strategies and was closer to moving
down a correct solution pathway than Learner 3.4, but was not able to proceed far at all.
Her strategies were rated as ineffective.
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This learner was the only one to solve the problem almost correctly and her strategies and
solution will be discussed separately.

3.9
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This learner’s response was somewhat unique. She writes about using the area equation in
the “what strategy” column. This is matched by her working which correctly determines the
surface area in terms of multiples of 18, a and b. She also demonstrates sound conceptual
knowledge in her description of how the surface area formula works by writing “substitute
values into area equation — x 2 for each surface as there are 2 surfaces that are equal in
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area.” Even though she wrote down the surface area as given in the notes, from her
explanation of how she worked and her accurate working-out, she may have demonstrated
more conceptual understanding than other learners because she seemed knew to start with
the separate areas of the prisms.
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This learner seems to present variations on the “did you use all the data” and “similar
problem” heuristics. Her solution process is somewhat complicated and warrants a separate
discussion.

3.13

This learner may be trying to employ two content-specific strategies, “double (a) in design
2” and doubling may be seen as a “variant of known rules.” She may also have been
utilizing the heuristic strategy of “similar problems.” However, her statement of how she
worked, “double (b) in design 1, and (a) in design 2 may rather indicate a content-specific
strategy. In her working, she made serious procedural errors (replaced the summing of areas
with the multiplication of areas). Although ended with the correct multiples of 18, aand b
for Design 1, the operations between them was incorrect. Her strategy use matched her
working and this response was rated as partially-effective.

3.14 |,
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This learner’s terse response, “keep variables,” resulted in her finding the correct
relationship in multiples of 18, a and b, amongst the areas of the two designs, but
procedurally she made the error of “double distributing” the outside factor of 2 to what she
saw as two terms in the bracket. This resulted in her doubling the surface area, and also she
was not able to simplify her final answer. Because she was able to identify the separate
areas in both figures, her response was rated partially effective and her strategy use
matched her working.
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columns)

This is another response that requires a separate discussion.

1.2

This learner self-reported the heuristic “auxiliary elements - draw a figure”. She only drew
the unstacked prism and made the conceptual error of equating the given sum of the
dimensions to the total surface area for one, unstacked prism. She then makes other
procedural errors (discussed in MP section) and ends with an unsolvable quadratic
equation. Her strategy use was rated as ineffective, but her strategy use matched her
working.

1.3
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This learner’s strategy is somewhat unclear, except that it seems to involve self-
questioning. In her drawing, she also indicates self-questioning. She does not seem able to
make sense of the diagram relative and her strategy was rated ineffective. However, she did
make use of the surface area formula and tried to substitute the values of 18 and 9 into the
formula. As her strategy involved inquiring about the dimensions of the figure and her
working out used the surface area formula, her strategy was judged to match the working.
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This learner states a heuristic comparable to draw a figure, adds that she uses colour coding
and also she states the order of her working. This is all in the “what strategy” column. In
answer to “how do you use the strategy?” she states, “use the surface area formula.” This
does not seem to follow from the “what strategy?” question; or she be answering the
question, “how will you solve this problem.” The response in the third column seems to
follow her response in the first column because she is explaining why she redraws figures.
Thus, the learner seems to indicate declarative and conditional knowledge, but not
necessarily procedural. In her working out, she only managed to redraw the figures and
write the surface area formula so the heuristic was rated as ineffective, although her
strategy partially matched her working.

1.10

& BT . 8 [ AP
"Loredvew B figue

This learner states that she redrew the figure and it was coded as a heuristic strategy.
However, in her actual working she did not redraw the figure and only wrote down the
surface area formula and its meaning. Her strategy was coded as declarative and rated
ineffective, and her strategy did not match her working.

1.12

This learner indicates using the “SA theory for rec prisms” as her strategy, which caused it
to be coded as a content-specific strategy. As she can state what she is using, her statement
indicates declarative knowledge. She was able to simplify the surface areas of the two
designs correctly in terms of multiples of 18, a and b, and was thus coded as partially
effective and her strategy matched her working.

3. Question 3

Lear | What strategy/ies did you | How did you use the Why did you use the

-ner | use? strategy? strategy or how do you

No. know when to use the
strategy?

3.3

This learner may be using a variant of “Did you use all the data?” because she writes, “I
know that this is an arithmetic sequence” and her arrow is pointing to the arithmetic
sequence formula. This was coded as a declarative, heuristic strategy and rated ineffective
as she incorrectly found an answer for d. However, her strategy use did match her
working.
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This learner’s strategy was coded as content-specific and rated as ineffective, as she was
not able to proceed very far with her working. Her strategy use matched her working out,
though, and her response is discussed below in the light of her mathematical working.
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In brief: she has three declarative strategies, two of which were coded as heuristic and one
as content-specific. These were rated as partially effective and effective, respectively. Her
procedural knowledge was coded as content-specific and rated as partially effective. The
conditional knowledge was coded as “other” and rated as effective. Her working matched
her strategy use.

3.9
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This learner describes her content-specific strategies quite tersely, but are an accurate
reflection of her working out. Her mathematical working was discussed in the
Mathematical Proficiency section. Her strategies were rated as partially effective.
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As mentioned in Question 2, this learner describes the strategies she employs as she is
working instead of in the columns. She seems to know in theory what to do, but is unable
to put much in practice. Her declarative and procedural strategy was coded as given a
partially effective rating.
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This learner’s mathematical working was discussed in the Mathematical Proficiency
section. She did exactly as she said and her content-specific strategies were partially
effective.
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In this case, the learner’s strategies did not match her working: she said she rewrote the
pattern and instead wrote down T1 with a “3” below it, then T2, T6 and T10 with “?”
below them. She also stated she used the geometric sequence formula, but no formula was
displayed in her working-out. Her strategies were coded as “other” and content-specific
and rated as ineffective.

1.5

Like Learner 1.4, this learner also wrote down T1, T2, T3, ...T10 and did not use the
geometric formula at all. Her strategies were coded as “other” and content-specific and
rated as ineffective.

1.7

This learner’s response was a self-reported heuristic strategy but it was difficult to
determine if she did “work backwards” or not because she used T1 to incorrectly
determine a value for d. Her solution was discussed in the Mathematical Proficiency
section. Her strategy use was rated ineffective.
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Ineffective Drawings
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This learner demonstrates declarative and conditional knowledge that is conceptually
unsound. She appears to be taking key words out of context. For some reason, she does
not focus on the idea of a parabolic shape, but rather the word “height” catches her
proceeds to draw a 3-d triangular space.
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This |

earner may not understand what a suspension bridge is or how a parabolic shape
would be applicable. She has the idea of the height and width, though.

1.4
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(in “why” column)

This learner roughly has the idea of parabolic-shaped cables and the height of the tower

and the fact that the centre is important, but she is too vague in her drawing to use it
effectively.
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3.1 None
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This learner has created a cusp at the turning point instead of a smooth curve; or she has

created two upside-down parabolas that meet. She has not interpreted the dimensions
correctly.

3.3
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This learner has made the parabola with a sharp v-shape, but has interpreted the height

of the towers and the distance between them correctly. She indicates declarative
knowledge of her heuristic strategy.

Partially Effective Drawings
Reported strategy use

Ton forient pDrMation

LC | Learner drawing

3.11 | |metres apart. The cables are parabolic.
in shape and are suspended from the

tops of the towers. The cables touch {"u"\(,‘: of prokd® 1S
the road surface at the centre of the ;
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Learner 3.11 seems to be employing a self-questioning strategy in order to make sense of
the problem. She also underlines key words in the question and attempts to create a drawing
that incorporates that information. Her drawing is parabolic shape and she seems to know
it is related to the parent parabolic function because she draws that to the left of her other

parabola. She somewhat gets the sense of the height of the towers, but does not draw them,
and may be confused about the distance between them.
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1.8

None

This learner, after two attempts at upside-down parabolas, settles on the correct orientation.
She correctly interprets the height of the towers and the distance between them and seems
to indicate by a dot that the turning point may be important. She crosses out “(200; y)” at
the turning point, indicating she does know about the symmetry of the parabola, but has not
interpreted the phrase from the question that the height at that point is zero.

3.6
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This learner has a better sense of the shape of the cables and correctly interprets the width

3.7
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between the towers, the height of the towers and the importance of the centre.
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“somewhere,” but does not seem to know how.

This learner also correctly interpreted the shape of the cables, width between towers and
height of the towers. She adds the additional information that the centre is 200 metres from
the first tower. In her self-reported strategy, she states the strategy of drawing out “what
the question was asking.” She also thinks that the “parabola theorem” needs to be applied

1.2
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This learner demonstrates declarative knowledge of her strategy of drawing a figure. The
parabolic shape is evident, as well as the height of the towers and the distance between
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them. She does seem confused, though, about what the height at 100 m from the centre
means. However, she does bring the idea into her drawing.

1.12 none

This learner shows understanding of the parabolic shape, the height and distance between
towers which she models more abstractly than some of the others. She also seems to realise
that the origin may be used. She is the only learner to attempt a quadratic equation for the
function.

3.13 B none

This learner demonstrates the parabolic shape, and the height and distance between the
two towers. She tries to interpret the idea of 100 m from the centre, but seems to think 100
m up.

3.10 4C0m none

— |
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X / Y

L

In addition to interpreting the parabolic shape, tower height and distance between towers
correctly, this is one of the few learners who correctly interpreted the height of the cables
100 m from the centre. She also made the turning point of her parabola sit at a height of
zero metres.
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Effective Drawings
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This learner showed declarative, procedural and conditional knowledge of the strategy
she employed. She states that she “tried to bend the equation to how I want it” by
basing the turning point at (0, 0) because she thought “it would work out nicely.” This
was a well-applied strategy and would have been helpful if she had the conceptual
understanding to apply a quadratic equation, which she did start with, but made the
mistake of employing the linear slope formula. However, she shows an accurate
understanding about the height of the towers and the distance between them. She also
shows understanding of how the horizontal distance of 100 m from the centre relates to
the height value asked for in the question. She also has a sense of directed numbers,
which only one other learner demonstrated. She was one of two learners to place the
parabola on the Cartesian plane and her strategy was rated as effective.
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This learner, whose work has been discussed previously, has her “bullet point” list that
seems to be a variant of “what are the data, what is the unknown, what is the
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condition?” substrategy. As well, she writes down her thinking process: “Find y-value
to x value at 100 But values a, b and ¢ unknown What can I do to find those values?”
By asking that question of herself, she indicates that she realises she is working with a
parabola which in general form would be ax2 +bx +c. She also orients her parabola on
the Cartesian plane with the turning point marked at (200,0) and marks the y-value of x
=100 as “?”. She knows what she is looking for, but not how. However, she
demonstrates understanding of the particulars of the question and her strategy was rated
effective.
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[A. Straight Line
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16.

Outliers: data values less than
data values greater than

[ Q:-1,5x IQR]
[ Qs+ 1,5 x IQR]

B. Grouped data
17.| X2 sum of
n:  total number of scores
x: each score in sample
x1: midpoint of interval
fi frequency of score
18. Mean: X = —z—fi‘-
n
_=2
19. Variance: M
n
20. Standard deviation: vvariance
Examgle.l
Data’ o/t cum. f X1 i
10<x <20 2 2 15 30
20 < %< 30 5 7 25 125
30<x <40 18 25 35, 630
40 < x < 50 20 45 45 900
505 x%= 60 15 60 55 825
2510
Mean: X = Lfx _ 2510 = 41,83
n 60
Example 2
-x =32 "
Data(x) i (x-¥) —‘1. mean: X = 25 o 11
8 -3 9 S 5
10 -1 1 -
12 1 1 2. Variance: Z(xn %) = 359 =
14 3 9
« s H =2
E 5 0 3. Standard dev. (6 ): 4
55 20

MAKE SURE THAT YOU CAN DETERMINE THE
STANDARD DEVIATION SD (o0 ), BY USING YOUR CALCULATOR.

A high standard deviation indicates that the data values are spread out and have

a large range.

PYETTe .

Surface area =
= 6(s xs)
= 652

Volume = area of base x height

= (sXs)Xs
=53

For cube only

the sum of the areas of all the faces

Rectangular prism

13

Surface area = the sum of the areas of all the faces

= 2(¢b + bh + ¢h)

Volume = area of base x height

I

(¢xb)xh
Lbh

2(£xb) + 2(bx h) + 2(4 x h)
24b 4 2bh + 2¢h
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