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Abstract

Research on learners’ mathematical identities has become increasingly prominent over the
last two decades. Despite this interest, various reviews of research on learners’ mathematical
identities argue that there is a need for the concept of identity to be more clearly defined and
conceptualised in theoretically coherent ways that contribute to the concept being empirically
accessible. | propose the use of critical realism as a theoretical framework, which has not
been used before in this field, to define and research learners’ mathematical identities as they
are constructed in classrooms, in a non-reductionist manner. Mathematical identity is defined
as a social phenomenon, existing in the real world, which emerges from relationships
between learner agency, personal identity and social identity, both offered and constructed,

but are not reduced to any of these three mechanisms.

Building on the theoretical framework, two explanatory frameworks are developed to support
the application of the theoretical framework to data. The first explanatory framework relates
teachers’ practices with learners’ mathematical identities, and the second explanatory
framework relates peer interactions with learners” mathematical identities. Most of this study
focuses on the first explanatory framework to further our understandings of how learners and
teachers contribute to the development of learners’ mathematical identities. A small part of
the study shows how the second explanatory framework can be used to understand how and

why learners construct certain identities in peer interactions.

The methodological approach of this study is a qualitative research approach. Data for this
study were collected over two years in a technical high school in Johannesburg over two
years in the third school term in both years (August - September), for two weeks in 2015
(Grade 9) and four weeks in 2016 (Grade 10). In total, nineteen learners participated in the
study over both years, eight in the first year, with an additional eleven in the second year,
along with their five mathematics teachers, two in the first year and three in the second year.
Data were collected in the form of videotaped lessons, field notes, photographed learner

notebooks and audiotaped interviews with participants.

Using the first explanatory framework, my analysis of the data points to several important
findings, which are: the teachers’ narratives and actual practices, which incorporate teachers’
pedagogical approaches and social relationships with learners are related, and jointly
influence the social identities offered to learners; the social identities offered by the teachers,

which were informed by how the teachers spoke about errors, the learners and learner



thinking, strongly informed, but did not determine the mathematical identities constructed by
learners as learners also played a role in the construction of their mathematical identities;
learners were more willing to construct social identities of affiliation with their classroom
communities when they felt that their teachers cared about them and others in the classroom;
and that learners’ mathematical identities changed, some negligibly and other substantially,
over the two-year period in response to changes in teachers. It is recommended that teachers
remain conscious of the kinds of opportunities they present to learners to learn mathematics,
the kinds of narratives they tell about learners and the types of pedagogical approaches they
utilise in the classroom, as these narratives and teacher practices inform the kind of

opportunities that teachers provide learners to learn mathematics.
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Chapter 1: Introduction

1.1. Background to this study

In South Africa, as in other parts of the world, many learners give up studying mathematics
when presented with the opportunity to do so, which is unfortunate for various reasons
(Andersson, Valero & Meaney, 2015; Darragh, 2013; Umugiraneza, Bansilal, & North,
2017). In our country, mathematics is an important subject to gain access to tertiary
education, especially in fields of engineering, accountancy, health sciences and other
mathematically orientated disciplines. So mathematics becomes necessary for access to
further education and employment opportunities. Dropping mathematics also has
epistemological consequences since being proficient in mathematics enables learners to
understand the usefulness of mathematics in their daily lives, by developing their reasoning

and critical thinking capacities (Brodie, 2010).

Treating the study of mathematics as a ‘gate-keeper’ to further education and offering
epistemological benefits to learners are somewhat instrumental, viewing the study of
mathematics in schools as a means to an end. Perceiving mathematics as instrumental denies
learners the opportunity to be “motivated by aspirations of understanding mathematics”
(Skovsmose, 2012, p. 5), which involves appreciating mathematics as a body of knowledge,
influenced by its own culture and history. In this sense, mathematics is associated with its
own ways of working and thinking and can be perceived as being intellectual, sensible and
reasonable (Brodie, 2010). The aesthetic appeal of mathematics can influence who we are as

learners and doers of mathematics, as well as thinkers more generally.

Our current Curriculum and Assessment Policy (CAPS) for Grades 7-9 reflects each of the
above-mentioned uses of mathematics. In terms of mathematics being a gate-keeper to
tertiary education, CAPS states that a specific aim of mathematics is to “prepare the learners
for future education and training as well as the world of work” (DBE, 2011, p. 8). In terms of
the epistemological benefit of learning mathematics, CAPS states that mathematics is
essential to “enhance logical and critical thinking skills, accuracy and problem solving, that
will contribute in decision making” (DBE, 2011, p.8). CAPS also highlights the aesthetic
appeal of learning mathematics by stating that an aim of teaching and learning mathematics is
to develop “an appreciation for the beauty and elegance of mathematics” and ““a spirit of

curiosity and a love for mathematics” (DBE, 2011, p.8).



Despite the many ways in which mathematics is important as stressed in our curriculum
policy, the results of our Grade 9 learners’ performance in the Annual National Assessments
(ANA) and the Trends in International Mathematics and Science Study (TIMMS) in
mathematics are disheartening. In 2014, the average national percentage for Grade 9 learners
who wrote the ANA mathematics assessment was 11% (DBE, 2014). The 2014 results for
Grade 9 were worse than those in 2012 and 2013, 13% and 14% respectively. Worse still, the
percentage of learners who achieved more than 50% in these assessments in 2014 was 3%
(DBE, 2014). An analysis of these results suggested that learners did not possess adequate
knowledge regarding the concepts and vocabulary of algebra and geometry (DBE, 2014). The

Annual National Assessments have been discontinued since 2015.

A more recent TIMMS study in 2019 has shown some improvement in the results of Grade 9
learners in comparison to previous years, yet South Africa is still one of the five poorest
performing countries in the world (DBE, 2019). The report states that 59% of all Grade 9
learners who participated in the study have not acquired basic mathematics knowledge (DBE,
2019). Aside from the difficulties experienced with learning mathematics in Grade 9, the
2021-2022 Annual Performance Plan report showed that the highest repetition rate with
learners repeating the same grade during the 2018 academic year involved Grade 10 learners
(approximately 22% of boys and 16,8% of girls in Grade 10) (DBE, 2021).

Research in South Africa illustrates that learners’ socio-economic conditions and a lack of
resources influence poor performance in schools (Bayaga et al., 2010; Sailors, Hoffman &
Matthee, 2007). However, Graven and Heyd-Metzuyanim (2014) argue that research does not
explain why South Africa performs worse in mathematics in international tests such as the
TIMSS in comparison to its neighbouring countries which are less wealthy. Success in
learning mathematics is not solely dependent on learners’ abilities and socio-economic
factors. Learners’ emotions, interest, agency, relationships with their teachers and peers, and
how they position themselves as members of their mathematics classroom communities also
contribute to how they learn mathematics. To understand learning in its complexity, Darragh
(2013) argues that it is necessary to focus on the “whole person and how they become a
learner of mathematics” (p.216). To obtain a comprehensive understanding of learning, it is

necessary to consider learners’ mathematical identities.



1.2. My journey

My journey into understanding learners’ mathematical identities began with my Honours
degree in 2014, where | investigated how a teacher dealt with errors in her mathematics
classroom (Gardee & Brodie, 2015). The theoretical framework informing my study was
constructivism, which enabled me to understand how individuals actively construct
knowledge, and thereby, construct misconceptions and make errors. When analysing my
findings, | realised that merely attributing the cause of learner errors to the individual
construction of knowledge was very narrow. The lack of complexity in my research made me
question how other mechanisms, such as learners’ social environments, pedagogical
experiences, agency and future projections influence how learners make sense of

mathematics.

For these reasons, I thought that the study of learners’ mathematical identities was most
suitable to enable a researcher to understand the learner as a ‘whole’ human being (Darragh,
2013). After all, complex problems, like understanding learning and identity, require complex
solutions (Goldacre, 2009). I then embarked upon researching learners’ mathematical
identities for my Masters in Education degree in 2015. Since most of the articles that | read
were based on situated theory, | decided that a sociological perspective was most suitable to
study identities. My Masters study was focused on understanding the identities and learning
trajectories of eight Grade 9 learners in two mathematics teachers’ classrooms. Data were
collected as videotaped lessons and audiotaped interviews with participants, and | found that
there were six dominant mechanisms which influenced learners’ learning and identities:
learners’ past and current mathematics teachers, their experiences of marks in mathematics,
agency, family support, the transition between primary and secondary school, and learners’
future projections. Among these six mechanisms, the most important mechanism for learners
was their current mathematics teachers, involving their pedagogical approaches and the kinds

of social relationships shared with learners.

When reflecting on the Masters study after the write up of my dissertation, | realised that I
was unsure of what ‘identity’ meant. In the Masters study, [ used Wenger’s (1998) and Sfard
and Prusak’s (2005) definitions of identity as participation and narrative, yet something
seemed to be missing in their definitions. Could identity be something so simple as our
participation in communities? Or our socially shaped narratives? Or both? It seemed too

simplistic to reduce identity to either and | struggled to find an alternative definition in the



literature which made sense to me. | also struggled to understand the gravity of my findings,
and | even questioned my theoretical framework. | was unsure how all the mechanisms that |
found worked together to produce identity. | struggled to understand learner agency, since my
current sociological theoretical framework limited my understanding of how learners could
exercise agency as motivated by individual forces, rather than social forces. | felt that | was
sitting with a huge jigsaw puzzle, staring at a bunch of pieces of the puzzle, but I could not
create the picture based on my current understanding of the literature on identity in
mathematics education. The process was frustrating! | made multiple attempts to represent
the relationships between mechanisms, all unsuccessfully. What was missing, | later realised,

was a clear and perhaps realistic (to me at least) philosophical paradigm.

During the interval between completing the write up of my Masters dissertation and
beginning my doctorate degree, I embarked on what my supervisor would call a ‘me”’ search,
rather than ‘research’. I asked myself: Am I merely a product of my social environment? Are
others able to influence me to learn or not learn so easily? Where is the ‘me’ in all the social
discourse? Where is my agency? What about my emotions? My feelings? My motivations?
Surely then, learners as individuals must have their own motivations, emotions and
aspirations, which would inform how they agentively participate and construct their

identities?

Despite all my reservations regarding my Masters research, | was pleased when | found out
that | passed my Masters dissertation and was provided with the option to upgrade the
Masters to a PhD, which | took. Once | began working on the PhD, all of my past concerns
regarding my work motivated me to answer all the questions that | had in mind. | decided that
the first step was to define identity.

1.3. The problem called “identity”

The last two decades have seen what Chronaki (2013) calls the “identity turn” in mathematics
educational research, with the construct of identity being increasingly researched and
recognized as being influential to understand learners’ learning of mathematics (p. 2). The
concept of identity offers valuable insights into how learners engage with mathematics in
different classroom contexts (Andersson, et al., 2015; Boaler & Greeno, 2000; Cobb, Gresalfi
& Hodge, 2009), their relationships with other significant people in relation to learning
mathematics (Heyd-Metzuyanim, 2013, 2015; Sfard & Prusak, 2005), the role of discourse in



relation to learners’ learning of mathematics (Bishop, 2012; Heyd-Metzuaynim, 2015; Heyd-
Metzuyanim & Sfard, 2012; Wood & Kalinec, 2012; Wood, 2013) and the role of certain
social categories, such as race, gender and class, in relation to learners’ learning of
mathematics (Nasir & Cobb, 2007; Gholson & Martin, 2019). Yet, the question of what
identity is and how the concept can be used in research remains a topic of concern (Darragh,
2016; Graven & Heyd-Metzuyanim, 2019; Radovic, Black, William & Salas, 2018).

Over the past few years, there have been several reviews of the concept of mathematical
identity aiming to develop suitable definitions of identity (Darragh, 2016; Graven & Heyd-
Metzuyanim, 2019; Radovic et al., 2018). Darragh (2016) analysed 188 articles on identity
within mathematics education with a focus on their theoretical underpinnings, research
methods and definitions of identity. She found that socio-cultural frames underpinned much
identity research, with most studies employing qualitative methods and that there were very
few theoretical articles on identity in mathematics education. She identified two distinct
frames informing identity research: psychological and sociological frames. For psychological
frames, identity is regarded as an acquisition, or something inherent to people. Psychological
frames consider the area of affect, involving beliefs, goals motivations and attitudes. Darragh
(2016) argues that even though the area of affect makes a valuable contribution to
knowledge, a strong research tradition concerning the affective domain already exists in
mathematics education. She argues that the affective “domain does not need to be re-branded
as identity. Doing so muddies waters already filled with a variety of definitions” (p. 10).
Instead, she argues that researchers should employ sociological frames, which consider
identity as an action, enabling the understanding of social context, positioning and people’s

experiences of mathematics teaching and learning.

Polarising the psychological and sociological frames from each other may provide an
incoherent definition of identity, as suggested by Radovic et al. (2018) in their review of 69
articles on learners’ mathematical identities. Radovic et al. (2018) identified three dimensions
for researchers to consider when defining identity, which are the social/subjective dimension,
the enacted/representational dimension and the change/stability dimension. For the first
dimension, they argue that researchers should consider both the social aspect of identity,
understood best using sociological frames, and the subjective/individual aspect of identity,
understood best using psychological frames. They argue that ignoring the subjective aspect,
by only focusing on the social aspect, is limiting, by ignoring the formation of the self and the

important role of individual agency in relation to identity. Conversely, focusing exclusively



on the subjective aspect, by only considering the role of the subjective/individual on the
construction of her/his identity, leads to decontextualized understandings of identity, without
accounting for the important role of social influences (Radovic et al., 2018). Instead, Radovic
et al. (2018) argue that researchers should consider both social and subjective aspects since

they both contribute to the emergence of learners’ mathematical identities.

For the enacted/ representational dimension, they argue that some researchers view identity
primarily as actions, while others view identity as primarily representational. They argue that
there is an “overemphasis” on the representational aspect, as research on identity
predominantly considers identity as narratives, and collects data in the form of narratives
(Radovic et al., 2018, p. 34). Ignoring the enacted aspect of identity is limiting, by neglecting
the mechanisms related to the emergence of identity in real contextual practices. However,
ignoring the representational aspect of identity is also limiting, by neglecting the role of
social discourses on the production of identity. Again, Radovic et al (2018) suggest that
researchers consider both enacted and representational aspects of identity to provide
operational definitions of identity. For the change/stability dimension, Radovic et al. (2018)
showed that most research suggests that identity is malleable, rather than fixed, which is
currently a widely accepted view of identity in mathematics educational research (see Bishop,
2012, Graven & Heyd-Metzuyanim, 2019).

Graven and Heyd-Metzuyanim (2019) conducted a more recent review of 47 articles on
identity in mathematics education. Like Darragh (2016), they found that there was a very
small number of theoretical articles on identity in mathematics education and that most
articles utilised qualitative methods and some form of socio-cultural framework. Like
Radovic et al. (2018), Graven and Heyd-Metzuyanim (2019) also found that “an
overwhelming majority” of studies consider identity as narrative (p. 368). Some of their other

important findings are summarised below:

e Only a small number of studies followed learners through their transition from one

phase of schooling to another.

e Researchers did not often differentiate between the identity they authored about a

participant and the identity authored by the participant him/herself.

e There seems to be a widening gap between studies which consider the area of affect
and studies on identity.



e Most importantly, a weakness in mathematics education lies in stating what precisely

identity is and how to empirically access and study identity.
1.4. Purpose of this study and research questions

Based on the reviews discussed, there is a need for the concept of identity to be clearly
defined, theorised and conceptualised in a way that contributes to the concept being
empirically accessible (Darragh, 2016; Graven & Heyd-Metzuyanim, 2019; Langer-Osuna &
Esmonde, 2017; Radovic et al., 2018). Further, we do not know much about South African
secondary school learners’ mathematical identities, and how these identities are related to
learners’ learning of mathematics in their mathematics classrooms (Brodie, 2017). The
purpose of this thesis is to define, theorise and empirically apply the concept of mathematical
identity to understand learners’ mathematical identities and trajectories in a secondary school

in South Africa. Therefore, the main research questions that guided the study are:

1. What is mathematical identity and how can the concept be used in researching

secondary school learners’ mathematical identities?

2. How do learners and their mathematics teachers, contribute to the development of

learners’ mathematical identities?

After much discussion with my supervisor, we agreed that | would complete my PhD that
includes publications. Like pieces of a puzzle, five interrelating papers were written to
answer the two main research questions, to form the big picture. Since this PhD is an upgrade
of my Masters study, I had already analysed eight Grade 9 learners’ mathematical identities
in a school in Johannesburg. My supervisor and | agreed that it would be in the best interest
of my study to return to the same school the following year to follow the trajectory of these
learners, and to analyse their mathematical identities in their Grade 10 year. In doing so, |
aimed to address the gap in empirical research identified by Graven and Heyd-Metzuyanim

(2019), by following learners as they transitioned from Grades 9 to 10.

For most secondary school learners, learning mathematics and developing mathematical
identities occur in the classroom (Anderson, 2007). Based on the most important finding in
the Masters study, i.e., learners’ mathematical identities were strongly informed by their
mathematics teachers’ practices, involving their pedagogical approaches and the kinds of

social relationships shared with learners, | decided to focus my research on how the



relationships between teachers and learners contribute to the development of learners’
mathematical identities. To do this, | wrote four papers that primarily focused on the

relationships between teachers, learners and learners’ mathematical identities.
1.4.1. The papers

The first paper is a theoretical paper and was written as an extension of a conference paper
presented at the International Congress on Mathematical Education (ICME) conference,

which focused on answering the first main research question.
Paper 1:
1. What is mathematical identity?
2. How can secondary school learners’ mathematical identities be researched?

The next three papers focused on applying the framework developed in the first paper to
empirical data, with a specific focus on answering the second main research question. These
papers focused on how learners and their teachers contributed to the development of learners’

mathematical identities (papers 2-4):
Paper 2:
a. How are teachers’ actual practices and their narratives of their practices related?

b. How do different teacher practices, both actual and narrated, influence how learners

construct their mathematical identities?
Paper 3:

a. What influences teachers who teach using similar traditional pedagogies to develop
social relationships equitably or inequitably with learners?

b. How do social relationships influence how learners construct their mathematical

identities?
Paper 4:

a. How do teachers speak about and interact with learner errors in their mathematics
classrooms?

b. What influences how teachers speak about and interact with learner errors?



c. How do teachers’ approaches to errors influence learners’ mathematical identities?

As I was analysing the data collected in 2016, I realised that learners’ interactions with their
peers were also important for the development of their mathematical identities, which led me
to revisit the data from the Masters study. Initially, I struggled to find an analytical
framework to analyse the data on learner interactions with their peers, and after publishing
the first three papers (Gardee, 2019, 2021; Gardee & Brodie, 2022), | came across the work
of Wood (2013). According to Wood (2013), learners’ mathematical identities can be
examined on a micro-scale as micro-identity, or a macro-scale as macro-identity. Micro-
identities refer to the moments when identity is constructed and captured during interactions
and these identities can shift as learners interact with others in a lesson (Wood, 2013). Macro-
identities are the identities that emerge over long periods and these identities are enduring, in
the sense that they are persistent, stable and long-term constructions of who a person is
(Wood, 2013). I realised that for all of my published papers, I analysed learners’
mathematical identities on a macro-scale, as macro-identity. So for the final paper, | modified
the existing framework developed in paper 1 to understand how learners’ mathematical

identities emerge during peer interactions.
Paper 5:

1. How do learners construct and offer micro- and macro-identities during peer
interactions in mathematics classrooms?
2. How do learners’ personal and social identities inform the micro- and macro-identities

that they construct and offer during peer interactions?

A conference paper presented at the International Group for the Psychology of Mathematics
Education conference (IGPME) was written as an overview of the study and is included in

the thesis to support the reading of the empirical papers.

The order of the papers presented above is not the order of publication. | worked on multiple
papers at the same time and some of them got published before others. For the full list of

publications, please see section 1.7, and for more about my experiences of publishing papers,
please see chapter 8. I will now describe the theoretical orientation of the thesis, followed by

a discussion of the research design and methodology.



1.5. An outline of the theoretical orientation of the thesis

Critical realism is the theoretical underpinning of this thesis and is used to define, theorise,
and conceptualise identity, without reducing identity to psychological frames, sociological
frames, representational or enacted aspects of identity. To date, critical realism has not been
used previously to define and conceptualise learners’ mathematical identities, meaning that
the use of this theory offers a novel contribution to conceptualising identity in mathematics

education.

Critical realism was initially developed by Roy Bhaskar (1978), and he describes critical
realism as a philosophy with an under-labouring agenda: the philosophy seeks to clear the
philosophical path for the clear expression of science. Bhaskar (1978) developed critical
realism as a response to two existing and popular theoretical paradigms: empiricism, which
postulates the existence of an external reality corresponding to observations of reality; and
interpretivism, which postulates that the world does not exist independently of thoughts,
subjective meanings and the language describing it. Researchers usually consider critical
realism to be the “middle way” between empiricism and interpretivism, as critical realism
maintains the advantages of empiricism, focusing on the existence of an external reality, and
the advantages of interpretivism, such as the theory-laden nature of observations, while
avoiding potential drawbacks such as relativism, and reducing individuals to discourse or
observation (Tikly, 2015, p. 243).

There are several phases to Bhaskar’s work, but his initial work, also called basic critical
realism, has been most influential in the social sciences (Elder-Vass, 2021). This thesis draws
on Bhaskar’s (1978) work on basic critical realism. There are three initial claims made by
critical realists: 1. there is a difference between the transitive world of knowing and the
intransitive world of being; 2. the social world is systematically open; and 3. that researchers
should be focusing on the ontological depth of social reality (Scott, 2010). | provide a brief
account of these three claims here, and a more detailed account in paper 1, which is presented
in chapter 2. For the first claim Bhaskar (1978) distinguishes between the intransitive
ontology dimension and transitive epistemology dimension. The intransitive dimension,
which refers to objects in the world, involving both natural and social structures and
mechanisms, is distinct from and cannot be conflated with the transitive dimension, which

refers to knowledge about the world, which is subject to change.

10



For the second claim, Bhaskar (1978) distinguishes between open and closed systems. He
claims that the world is an open system where “no constant conjunctions of events prevail”
(p. 2), while closed systems, like laboratories, are those “systems where a constant
conjunction of events occurs” (p. 3). In laboratories, scientists exclude certain mechanisms
that could interfere with the regularities they wish to investigate. In open systems, there are
multiple causal mechanisms that operate and give rise to events, while in closed systems, one
or two mechanisms are isolated to understand the effects of the isolated mechanisms (Tikly,
2015).

For the third claim, Bhaskar (1978) argues for depth realism, meaning that the purpose of
science is to discover the underlying structures and mechanisms that are responsible for
occurrences. Bhaskar (1978) defines generative mechanisms as “nothing other than a way of
acting of a thing” (p.42), which endures and is exercised under the appropriate circumstances.
In the real world, certain combinations of generative mechanisms give rise to a phenomenon,
which is known as the process of emergence (Tikly, 2015). The role of science is to identify

and describe these mechanisms, by means of the transitive dimension.

In the context of this thesis, identity is defined as a social phenomenon existing in the real
world, emerging from relationships between three generative mechanisms: personal identity,
social identity and agency. In paper 1, which is presented in chapter 2, | show how I used the
theory of critical realism to define and develop a framework to research learners’

mathematical identities.
1.6. Research design and methodology

While each paper briefly describes the research design and methodology used to collect and
analyse data, details of the research design, participants, collection methods, methods to
enhance rigour and ethical considerations, which are not discussed in the papers, are
explained here. The methods of data analysis are discussed separately in each paper, since

these methods differ based on the focus of each paper.
1.6.1. Research design

From a critical realist perspective, qualitative approaches, also called intensive approaches,
are important to provide explanations of why certain objects or events occur (Danermark,

Ekstrom & Karlsson, 2019). According to Bhaskar (2014), critical realism is primarily

11



interested in developing rich explanations of mechanisms that are responsible for the
emergence of objects and events. Qualitative/intensive approaches serve this purpose, by
providing deep causal explanations of why certain objects or events occur. In other words,
qualitative/intensive approaches involve discovering generative mechanisms and
investigating how these mechanisms manifest themselves and interact with other mechanisms
in contexts (Danermark et al., 2019). The process of discovering mechanisms responsible for
the emergence of learners’ mathematical identities and understanding the interactions
between these mechanisms assisted me in answering the first main research question, which
involved defining identity and understanding how the concept of identity can be used to

research secondary school learners’ mathematical identities.

Qualitative/ intensive approaches were also necessary to assist me in answering my second
research question, which involved understanding how learners and their mathematics teachers
contributed to the development of learners’ mathematical identities, by considering teachers’
and learners’ experiences and interpretations of the learners’ mathematical identities. The
importance of understanding how people experience and interpret events requires the
qualitative/intensive approach (Danermark et al., 2019). Further, qualitative/intensive
research may provide diverse perspectives and a clear understanding of the complexities
involved in a particular situation (Creswell, 2012). From a critical realist perspective, it is
important to seek a number of different sources of information to develop a context-specific
analysis of identity (Marks & O’mahoney, 2014).

1.6.2. Research site and participants
The school

This study took place in a selective, technical high school in Johannesburg over two years, in
the third school term in both years (August - September), for two weeks in 2015 (Grade 9)
and four weeks in 2016 (Grade 10). The school focuses on mathematics and physical science
and offers courses aimed at enabling learners to gain entrance into university. Being a
technical school, the school does not offer mathematical literacy. The school is selective, and
learners write an aptitude test to ensure that they have sufficient mathematical and physical
science background prior to accepting them. The learners in the school come from both
working and middle-class families. The end-of-year mathematics results in this school was
low. For example, at the end of the 2016 academic year, the Grade 10 grade average for
mathematics was 22,78%. So even though this school may not be representative of all schools
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in South Africa, in terms of this school being a technical school, having learners from both
working and middle-class families and being selective of the learners who accessed the
school, the school faced similar challenges as other schools in South Africa, in terms of

learners’ poor performances in mathematics (see Spaull, 2019).

There were two reasons for choosing to conduct my research in this school. The first reason
was that the school is accessible from the University of the Witwatersrand. The second
reason was that the school was part of a project run by my supervisor, Professor Brodie,
which involved the creation of a ‘mathematics club’, aimed at developing learners’
proficiency in mathematics, supporting learners’ mathematical agency and developing

learners’ mathematical identities (see Lampen & Brodie, 2020).
The teachers

Five mathematics teachers participated in the study: two in the first year, Mr Moyo and Mr
Molefe (Grade 9), and three in the second year, Mr Sithole, Mr Ndlovu and Mr Ncube (Grade
10) (all pseudonyms). All of the teachers were qualified to teach mathematics. Mr Moyo was
newly qualified and had joined the school at the end of the second term (May), Mr Molefe
had five years of experience teaching mathematics, Mr Sithole had thirty-two years, Mr
Ndlovu, eight years and Mr Ncube, five years. The teachers’ choice of pedagogy and style of
interacting with the learners were different, which made them suitable participants for this
study. Working with a range of teachers provided me with a stronger understanding of how
different pedagogies and teacher-learner social relationships contributed to learners’

mathematical identities.
The learners

| initially selected Grade 9 learners as research participants for this study because according
to the TIMMS and ANA results, Grade 9 learners performed extremely poorly, indicating
that Grade 9 learners face serious challenges in secondary school when learning mathematics.
In selecting the learner participants, a “purposeful sampling” method was used (McMillan &
Schumacher, 2010, p. 138), which requires the researcher to purposefully select individuals
who will provide information about the matter being researched (Creswell, 2012). Since |
was not familiar with any of the learners in the classroom, I requested each of the two Grade
9 teachers to choose two pairs of learners in their mathematics classroom. Asking the
teachers to select learners also gave me an indication of how the teachers positioned these
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learners in the classroom. The Grade 9 learners were selected using the following criteria: one
learner who is a relatively low achiever in mathematics and someone who sits next to her/him
and one learner who is a relatively high achiever in mathematics and someone who sits next
to her/him. Studying the identities of learners who displayed a range of achievements in
assessments provided me with possibilities to understand how different relationships between

generative mechanisms contributed to the development of learners’ mathematical identities.

In Grade 10, two of the initial Grade 9 participants transferred to another school and |
continued to observe the remaining six learners from Grade 9 to follow their trajectories. |
also selected an additional eleven learners, who were seated next to the initial participants. |
asked the Grade 10 teachers whether each learner was a low, average or high achieving
learner, which enabled me to understand how the teachers’ ideas about learner performance
influenced teacher and learner interactions. In Grade 10, learners sat in rows of twos, threes
or fours and all learners in the same row as an initial participant were invited to participate in
the study. Table 1 provides detail of the sample. There are three exceptions to the selection

method (symbolised with an * in the Table), and the rationale is explained after the Table.

Grade | Pseudonym Pseudonym of learner Mathematics
of teacher performance
9 Mr Moyo Senzo Low achiever
Lane (sat next to Senzo) Average achiever
Shane High achiever
Jack (sat next to Shane) High achiever
9 Mr Molefe Tess Low achiever
Sunny (sat next to Tess) Inconsistent
Sindiswa High achiever
Jennifer (sat next to Sindiswa) Low achiever
10 Mr Ncube Tess (participant from Grade 9) Low achiever
Thandi (sat on the right of Tess) High achiever
Amy (sat on the left of Tess) Average achiever
Thabo (sat on the left of Amy) Average achiever
Mike* (sat behind Tess) Low achiever
Jimmy (sat next to Mike) Low achiever
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10 Mr Sithole Senzo (participant from Grade 9) Low achiever
Lebo (sat between Senzo and Shane) High achiever
Shane (participant from Grade 9) High achiever
Lane (participant from Grade 9) Inconsistent
Tommy (sat next to Lane) Low achiever
Jack (participant from Grade 9) Inconsistent
Karabo (sat next to Jack) High achiever
Phillip* High achiever

10 Mr Ndlovu Sunny (participant from Grade 9) Low achiever
Fred™* (sat in front of Sunny) High achiever
Edward (sat next to Fred) High achiever

Table 1.1: Selected learners

Prior to data collection in 2016, Tess (in Grade 10) was unsure as to whether she would like
to continue participating in the study. When she initially agreed to participate, | asked the
learners who sat in the same row as her to participate, and they all agreed. She then decided
not to participate. Her teacher, Mr Ncube, suggested that | ask Mike and Jimmy instead, who
like Tess, were both low achievers, since the other learners who agreed were high and
average performers. Both learners agreed to participate. Tess changed her mind again and

decided to participate, so all six learners were included in the study.

Like Tess, Karabo, who sat next to Jack in Mr Sithole’s classroom, was initially hesitant to
participate. Mr Sithole suggested that I ask Phillip, who sometimes worked with Jack, to
participate in the study. Karabo then agreed to participate, so I included both him and Philip
in the study. In Mr Ndlovu’s classroom, the learner who sat next to Sunny did not agree to
participate in the study. Mr Ndlovu suggested that I ask Fred and Edward, who sat in front of
Sunny, since both learners were high achieving learners, which would enable me to study the

identities of learners with different achievements.
1.6.3. Methods of data collection

In both years, data were collected in the form of videotaped and audiotaped lessons,
audiotaped semi-structured interviews with learner and teacher participants, field notes and

photographed learner notebooks (in Grade 10).
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| videotaped approximately 8 hours of lessons for each teacher. The video recorder was
placed in the front of the classroom, which enabled me to focus it at times on the learners
who were of interest to my research, and at other times on the teacher and the board.
Videotapes are important to capture nonverbal forms of communication like facial
expressions and gestures. McMillian and Schumacher (2010) argue that researchers “can trust
participants’ responses more if their body language is congruent with their verbal
statements”, enhancing the validity of my findings (p. 363). Observing the interactions in the
classroom using the videotapes enabled me to “see things that might have been unconsciously
missed, to discover things that participants might not freely talk about in interview situations”
(Cohen, Manion, & Morrison, 2000, p. 305). In a previous research study, I noted the
difficulty of capturing learner interactions with a video recorder. To eliminate the issues of
poor sound that may pose a threat to capturing data using videotapes, | placed audiotapes on
the desks of the learner participants to ensure that all interactions were captured as clearly as

possible.

All teacher and learner participants were interviewed individually after the videotaped
lessons were collected, and these interviews were captured on an audiotape. According to
Silverman (1993), interviews are useful in research as they provide the justification, motives,
emotions and reflections of the interviewee. These interviews were semi-structured, which
allows for flexibility of discussion and for the interviewer to probe deeper and pose other
questions to understand the interviewee’s perspective (Freebody, 2003). It was necessary to
capture all this detail on an audiotape as it would have been very difficult to document all the

details in notes while participating in the discussion.

In both years of data collection, each teacher was interviewed once. In the first year of data
collection, learners were interviewed once, and in the second year, twice. The reason that the
learners were interviewed twice in the second year was because the interviews in the first
year took a lot of time, so | decided to split the interview into two parts, the first focusing on
their current experiences of learning mathematics in Grade 10 and the second on their past
experiences of learning mathematics in Grade 9. The second interview in the second year
provided additional validity to the data collected in the first year. See Appendix A and B for
the learner interviews and Appendix C for the teacher interviews.

| took field notes in both years to supplement the data from the videotapes, by noting down
my thoughts on the lessons, learner participation and important events that occurred in and
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even out of the classroom, which may have not been captured on the video camera. The notes
informed both the interviews and the data analysis. | also took photographs of the Grade 10
learners’ notebooks to supplement the data from the videotaped lessons. I did not take
photographs of the Grade 9 learners’ notebooks, as I did not have permission to take the

pictures, since they were supposed to write the ANAs immediately after data collection.
1.6.4. Rigour

Ensuring the accuracy of one’s findings is crucial for results from research to be useful and
meaningful. I piloted the study, which enabled me to improve the “reliability, validity and
practicality” of my coding system and research tools (Cohen et al., 2000, p.260), and is
discussed further below. Other strategies used to enhance the validity of the analysis, such as

peer debriefing and triangulation, are discussed in the articles.
Piloting the study

To enhance the reliability and validity of my study, I piloted the study over a one-week
period in 2015 with Grade 9 learners in a different school, which is similar demographically
and is located near the school in which | carried out my final study. The reason | piloted the
data collection instruments of my study was so that I could establish whether the instruments
provided me with data which were useful for my study, whether the questions were
ambiguous, how long it would take me to interview the teachers and learners and whether

observations would yield useful data (Cohen et al., 2000).

Piloting my study also provided me with the opportunity to test my coding system and to
refine it. | observed two lessons of two different Grade 9 mathematics teachers in the pilot
school. In conjunction with observing the lessons, | audiotaped two pairs of learner
interactions, one pair in each teacher’s class, who were selected by each of their teachers. |
practised coding the data using an open coding system and checked my interpretations with

my supervisor.

Prior to piloting my study, | had selected a mixed method research approach for this study. I
intended to use a sequential explanatory mixed method design which involved analysing
quantitative data first followed by analysing qualitative data (McMillan & Schumacher,
2010). Applying the quantitative approach first, I intended to collect data from many learners
through questionnaires to enable me to identify how the different mechanisms contributed to

the development of learners” mathematical identities. Thereafter, through observing
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classrooms and conducting semi-structured interviews, | would seek to obtain explanations
about some of the trends found. Unfortunately, the results from the questionnaires in the pilot
study were invalid because learners responded extremely positively to almost all of the
statements (such as they enjoy mathematics, the way their teacher teaches, perform well in
assessment and think they are good in assessment). The response bias could be a result of the
learners assuming that they were providing me with answers that | wanted. Graven, Hewana
& Stott (2013) encountered a similar problem in their study whereby learners answered
questions based on what they thought was the correct expected response. Therefore, |

changed my research design to qualitative/intensive research.

Interestingly, the data from the interviews did not reflect the same situation as the
questionnaire. It could have been that these learners who were interviewed were comfortable
with me because | spoke to them individually prior to collecting data. Piloting the interviews
gave me feedback as to whether the types of questions | used were valid. Based on the

findings from the pilot interviews, | modified the interviews.
1.6.5. Ethical considerations

| obtained ethical clearance from the University of Witwatersrand School of Education Ethics
Committee and my protocol numbers are 2015ECE023M and 2016ECEQ15D. Permission
was also obtained from the Gauteng Department of Education to do research in the school for
both years, and in the pilot school. Informed consent was requested from the principal, the
teachers, and the parents of the learners as well as the learners themselves. The teachers and
the learners were told that participation is voluntary, and they could withdraw their

participation at any time.
1.7.  Anoverview of the thesis

This thesis is divided into eight chapters. In this chapter (chapter one), | provided the
background to the study, my personal rationale for conducting the study, the problem
statement, purpose, research questions, theoretical orientation, research design and
methodology for the study. The next seven chapters consist of interrelated manuscripts that

form the central body of the thesis.

For the completion of the thesis, it is required that | publish a minimum of four papers in

reputable, peer-reviewed journals. Of the four papers required by the University, one of the
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manuscripts is required to be published, one in press, and two accepted for publication. | have

four published papers (chapters 2 and 4-6). In addition, | have included a conference paper

and a fifth paper that is under review. While these are not required for the completion of the

PhD, the inclusion of both papers are purposeful. The IGPME conference paper provides an

overview of all the participating learners’ mathematical identities, which can support the

reading of the remaining empirical papers. The fifth paper uses the framework developed in

the first paper and applies it to understanding learners’ mathematical identities in peer

interaction. Below is a list of the papers, their statuses, and references (Table 2).

interactions with
learner errors and
learners’

Chapter | Paper Name of paper Status Reference
2 Journal A framework for Published | Gardee, A., & Brodie, K. (2021). A
paper 1 learners’ framework for learners’ mathematical
mathematical identities: A critical realist perspective.
identities: A critical Didactica Mathematica, 43, 5-29.
realist perspective
3 Conference | The influence of Published | Gardee, A., & Brodie, K. (2019). The
paper teachers on influence of teachers on learners’
learners” mathematical identities. In M. Graven,
irg:mirigzucal H. Venkat, A. A. Essien, & P. Vale
(Eds.), Proceedings of the 43rd
Conference of the International Group
for the Psychology of Mathematics
Education, Vol 2 (pp. 248-255).
Pretoria, South Africa; PME.
4 Journal Relationships Published | Gardee, A. (2021). Relationships
paper 2 between teachers’ between teachers’ practices and
practices and learners’ mathematical identities.
learners’ | . .
. nternational Journal of Mathematical
mathematical .
identities Education in Science and Technology,
52(3), 1-27.
5 Journal Social Published | Gardee, A. (2019). Social relationships
paper 3 Relationships between teachers and learners,
between Teachers learners’ mathematical identities, and
and Learners, equity. African Journal of Research in
Learners’ Mathematics, Science and Technology
Mathematical Education, 23(2), 233-243.
Identities and
Equity
6 Journal Relationships Published | Gardee, A., & Brodie, K. (2022).
paper 4 between teachers’ Relationships Between Teachers’

Interactions with Learner Errors and
Learners’ Mathematical Identities.
International Journal of Science and
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mathematical Mathematics Education, 20(1), 193-

identities 214.
7 Journal A framework for Under Educational studies in Mathematics
paper 5 analysing learners' | review

mathematical
identities in peer
interactions:
accounting for
personal and social
identities

Table 1.2: Details of manuscripts that make up the chapters of this thesis.

In chapter eight, | summarise the main findings and reflect on the study and make
recommendations for further research. It is my hope that this study can contribute to the

research focused on learners’ mathematical identities in our country, and internationally.
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Chapter 2: A framework for learners’ mathematical identities: A

critical realist perspective

2.1. Introduction

This chapter serves to answer the first main research question: What is mathematical identity
and how can the concept be used in researching secondary school learners’ mathematical
identities? In this chapter, I draw on critical realism as a theoretical perspective to define
learners’ mathematical identities and show how identities can be empirically researched.
Using the work of key critical realists, | identified three higher-level mechanisms: personal
identity, social identity and agency; and developed a non-reductionist model to understand
how the relationships between the mechanisms are responsible for the emergence of learners’
mathematical identities. Using these ideas and the ideas of other theorists in the field of
mathematics education, | developed an explanatory framework for the relationships between
learners’ mathematical identities and the social identities offered by teachers in classrooms.
This explanatory framework relates two kinds of social identities offered: affiliation with, or
marginalisation from, classroom communities; with four kinds of mathematical identities
constructed: affiliation with, compliance with, resistance to or marginalisation from

classroom communities. The explanatory framework is unpacked in more detail in chapter 4.

This chapter also briefly addresses the second main research question: How do learners and
their mathematics teachers contribute to the development of learners’ mathematical
identities? Following the development of the explanatory framework in this chapter, | then
applied the framework to understand the mathematical identities constructed by four learners
as they interacted with their teachers in their mathematics classrooms. Each of the four
learners participated in different ways and constructed different mathematical identities from
each other, which assisted me in understanding how the combination of the three higher-level
mechanisms contributed to the emergence of different mathematical identities. | show that to
research learners’ mathematical identities, the relationships between all three mechanisms are

important and should be considered concurrently with each other in a non-reductionist way.
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6 AARIFATI GARDEE, KARIN BRODIE

Introduction

The last two decades have seen a significant increase in research on identity
in mathematics education, with the construct of identity being recognized as
being important to understand mathematics learning (Darragh, 2016; Radovic,
Williams, Black, Salas, 2018; Graven, Heyd-Metzuyanim, 2019). The concept
of identity has offered researchers opportunities to understand learner inter-
ests, persistence, and engagement with or disengagement from learning math-
ematics, without reducing explanations of learning to cognitive deficit dis-
courses (Cobb, Gresalfi, Hodge, 2009; Graven, Heyd-Metzuyanim, 2019; Gre-
salfi, Hand, 2019).

While the concept of identity shows promise in furthering understandings of
mathematics learning in schools, there are some challenges associated with the
use of the concept in research. The main critique raised by researchers concerns
the operationalization of identity, with the concept being poorly defined and
at times, theoretically incoherent (Darragh, 2016; Graven, Heyd-Metzuyanim,
2019; Langer-Osuna, Esmonde, 2017). There is a need for researchers to clearly
communicate their theoretical frames and analytical methods, as different the-
oretical frameworks emphasize different aspects of identity (Darragh, Radovic,
2018; Langer-Osuna, Esmonde, 2017). For example, research drawing on socio-
cultural theories tends to focus on how narratives, positioning and partici-
pation, which are socially produced in classroom communities, contribute to
learner identity, while underplaying the importance of the individual, their
agency, emotions and interests, which also inform learners’ actions and identi-
ties.

Another important critique concerns the strong focus on social influences
on identity, with a limited focus on the role of subjective (or individual) influ-
ences on identity (Graven, Heyd-Metzuyanim, 2019; Lutovac, Kaasila, 2018).
Currently, much research on learners’ mathematical identitics in mathematics
classrooms shows how social influences, such as what is valued in local com-
munities and the interactions between learners, teachers and peers in their
classrooms, contribute to the development of learners’” mathematical identi-
ties (e.g., Boaler, Greeno, 2000; Bishop, 2012; Heyd-Metzuyanim, Sfard, 2012;
Wood, 2013). Lutovac and Kaasila (2018) argue that while social contexts
shape people’s identities, underplaying the important role of the individual
undermines the core concept of identity and limits understandings of how the
notion of self and agency are produced and related to learning (Radovic et al.,
2018).

To address these concerns, the aim of this paper is to develop a framework
to define and research learners’ mathematical identity in classroom contexts,
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A FRAMEWORK FOR LEARNERS’ MATHEMATICAL IDENTITIES 7

underpinned by a coherent theoretical framework, with a focus on both the
subjective and social aspects of identity. Our research is guided by the following
research questions:

1. What is mathematical identity?

2. How can secondary school learners’ mathematical identities be researched?

To answer the research questions, we present critical realism as a novel
theoretical perspective to define and research learners’ mathematical identities
in classroom contexts. Critical realism focuses on both the subjective and social
aspects of identity, as personal and social identity, without reducing identity to
either personal or social influences. Most current research looking at identities
in mathematics education does not take a critical realist stance, and within
the field of critical realism, there is little work on mathematical identities.
We propose a framework to understand learners’ mathematical identities at a
micro-level, as they are constructed in classrooms through interactions with
teachers'. To illustrate the explanatory power of the framework, we provide an
analysis of how four secondary school learners constructed their mathematical
identities through interactions with their mathematics teachers, by focusing on
both subjective and social aspects of learners’ mathematical identities.

Critical Realism

Critical realism originated with the work of Roy Bhaskar (1978), whose phi-
losophy of science is grounded in three claims: the world as it exists, i.e.,
intransitive ontology dimension, is different from knowledge of the world, i.e.,
transitive epistemology dimension; the world is an open system; and science
should be committed to uncovering the ontological depth of reality (see Scott,
2010). For the first claim, Bhaskar (1978) argues that ontology is non-reducible
to epistemology, as theoretical knowledge about the world in the transitive di-
mensions is not reducible to the world as it exists in the intransitive dimension.
So the transitive world of knowing is different from the intransitive world of
being (Scott, 2010). Any inquiry in the social sciences involves studying social
objects, such as learners’ mathematical identities, which exist in the real world.

'We acknowledge that learning emerges from relationships among all the other levels
of reality, i.e., the five subsystems: individual; microsystem; mesosystem, ecosystem; and
tem. (Bhaskar, 2010; Tikly, 2015), but there is not enough space in one paper to
do justice to all, so we focus in-depth on one, the classroom microsystem because for most
learners, much of learning mathematics happens in the classroom.
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These social objects can change to such an extent that the object may barely
be recognisable (Scott, 2010).

The distinction between ontology and epistemology is key to avoiding re-
ductionism, by reducing the world to interpretations or observations, as knowl-
edge of social objects can be fallible (Bhaskar, 1978). Changes in knowledge,
i.e., epistemology, do not presuppose a change in the world, i.e., ontology,
as theories are subject to change in light of new knowledge about the world
(Tikly, 2015). Despite the fallibility of knowledge, the goal of critical realism is
to better understand the world, by utilising and constructing theories to create
knowledge that approximates reality in better ways.

For the second claim, Bhaskar (1978) argues that the social world is an
open system. Open systems are distinguished from closed systems, such as
experiments done in laboratory settings, which are controlled so that regular
sequences of events occur (Bhaskar, 1978). In closed systems, it is possible to
isolate what Bhaskar (1978, p. 38) calls a generative mechanism, which is “noth-
ing other than a way of acting of a thing”, which generates certain patterns of
events. In contrast to closed systems, the real world is an open system, which is
complex, so isolating a single generative mechanism to predict its effects is rare
or impossible (Bhaskar, 1978; Tikly, 2015). In open systems, multiple genera-
tive mechanisms operate to give rise to phenomena. The purpose of any inquiry
into learners’ mathematical identities in the transitive dimension needs to ac-
knowledge the openness of the world, so that we can identify and explain how
the different mechanisms that exist in the intransitive dimension interact with
cach other to give rise to learners’ mathematical identities. The process where
interactions between mechanisms give rise to a phenomenon is called emer-
gence. Identifying the mechanisms that are responsible for the emergence of
the social object is called retroduction and explaining the interactions between
these mechanisms using available theories is called retrodiction (Danermark,
Ekstrom, Karlsson, 2019).

Building on the second claim, the third claim involves a commitment to the
ontological depth of social reality (Scott, 2010). Critical realism offers math-
ematics education researchers an alternative way to think about identity, by
moving beyond questions of what mathematical identities emerge to why and
how mathematical identities emerge, by describing the deep nature of social
reality in terms of interactions between generative mechanisms. Collier (1994)
distinguishes between higher-level and basic mechanisms. Higher-level mecha-
nisms emerge from basic mechanisms, yet higher-level mechanisms need to be
discovered first, so they can be explained using basic mechanisms, but are not
reduced to them (Collier, 1994). The purpose of science is to describe these
mechanisms to better understand the depth of social reality. There can be
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many different interpretations of reality, as critical realism accepts epistemo-
logical relativism, yet these interpretations are subject to judgmental ratio-
nality, which is a process that draws on reasoning to judge the credibility of
theory and observations (Bhaskar, 1978; Scott, 2010).

Critical Realism and Identities

From a critical realist perspective, a learner’s mathematical identity is defined
as a social phenomenon, which exists in the real world and emerges from var-
ious combinations of generative mechanisms. Archer (2002) and Marks and
O’mahoney (2014) describe three important higher-level generative mecha-
nisms, whose interactions are responsible for the emergence of identity, i.e.,
personal identity, social identity and agency. Using their ideas, we developed
a model to explain the relationship between mechanisms (Fig. 1).

Learners’” mathematical identities

|Personal identity consl.rucl.edl \

Social
< | identities
offered

|Socia] identity construcl'ed| /

Figure 1. Mechanisms responsible for the emergence of learners’ mathematical
identities.

These higher-level mechanisms in combination are responsible for the emer-
gence of learners” mathematical identities and it is important that we do not
reduce identity to any one of the mechanisms, or we will be left with an incom-
plete, and perhaps incorrect understanding of learners’ mathematical identities.
Each of these higher-level generative mechanisms emerges from combinations
of other basic mechanisms, which are explained as follows.

Personal identity is the subjective dimension of identity (Hartwig, 2007,
Radovic et al., 2018). Archer (2002, p. 11, 15) defines personal identity as
“a matter of what we care about in the world”, since “who we are is a mat-
ter of what we care about most”. Personal identity is defined as an under-
standing of self, which emerges from the embodied, reflexive self and is con-
structed through an individual’s emotions and interests? (Archer, 2002; Marks,

2Qther basic mechanisms that can contribute towards the emergence of personal iden-
tity are memories, imagination, conscious thought, reflection and personal preferences (see
Marks, O’'mahoney, 2014). Danermark ct al. (2019) argue that explanations can never in-
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O’mahoney, 2014). In terms of emotions, Archer (2002) shows how negative and
positive emotions are related to participation and practice. She suggests that
positive emotions can foster a continuation of practice, whereas negative emo-
tions can lead to a cessation of practice, so success and failure can vindicate
or damage self-worth (Archer, 2002). Bhaskar (1993) argues that people can
act in accordance with their interests, and these interests are related to what
people care about in the world (Archer, 2002). Emotions and interests inform
human action and identity, however, it is important that we do not reduce hu-
man action and identity to interests and emotions, as the interactions between
all three mechanisms are important for the emergence of identity.

Social identity is the social dimension of identity (Hartwig, 2007; Radovic
et al., 2018), which emerges through social relations, and is a “navigated po-
sition between personal identities and the way in which people believe they
should be perceived in a social setting” (Marks, O’'mahoney, 2014, p. 72). So-
cial identity involves learners choosing to take up certain roles and responsibil-
ities generated by social structures, such as mathematics classrooms (Archer,
2002; Marks, O’'mahoney, 2014). Learners construct their own social identities
and these social identities are informed by what they “care about in social
roles” (Archer, 2002, p. 17). Social identities are also offered to people, as so-
cial structures make available certain social identities for people to take up
(Marks, O'mahoney, 2014). In classrooms, learners are offered social identities
by others, as teachers and peers provide learners with opportunities to become
certain kinds of members of the classroom community. So, it is important to
distinguish between the social identities constructed or taken up by learners
and the social identities offered to learners by others®.

Personal and social identity can inform certain kinds of action, yet action is
not reducible to either personal or social identity. Action is related to agency,
as actions are the outcomes of exercising agency (Hartwig, 2007). According to
Bhaskar (1978, p. 37), agency is a praxis and “saying, making and doing” are
“characteristic modalities of human agency”. Agency involves learners making
active choices to participate in certain ways, as influenced by social contexts
(Eteldpelto, Vihdsantanen, Hokkd, Paloniemi, 2013). Further, human beings
can exercise agency by transforming or reproducing social contexts or struc-

clude all mechanisms and rescarchers should strive to take the most significant mechanisms
into account. In our study, interests and emotions were the key mechanisms that emerged
from our data analysis, so we discuss these.

3The social identitics offered and constructed can also be informed by what Langer-Osuna,
Esmonde (2017) call membership identities, which are learners’ social memberships related
to race, gender, ethnicity and language. Some classroom communities can make it difficult
for learners to identify with mathematics because of these social categories and memberships
(see Darragh and Radovic, 2018).
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tures, so human beings can influence social contexts, rather than merely react
to them (Bhaskar, 1998; Mercer, 2011). Human agency and social structures
exist “in a relationship of ongoing reciprocal causality in which the emphasis is
on the complex dynamic interaction between the two elements” (Mercer, 2011,
p. 428). Put simply, there is no human agency without social structures, as
these structures are necessary for the possibility of agency, and there are no
social structures without human agency, as social structures require human
agency to reproduce or transform the structures (Norrie, 2010).

Reasons are central to human agency and according to Bhaskar (1993;
1998), intentional human behaviour is caused by reasons, irrespective of whether
agents are aware of the reasons for their intentional behaviours. It is important
to understand people’s reasons for actions, as reasons can be causes for action.
Yet, it is also important for researchers to observe and research the causes of
actions, as sometimes, people’s accounts of their agency are limited by unac-
knowledged conditions and unconscious motivations (Norrie, 2010). How learn-
ers exercise agency is influenced by the social identities offered to them and
their personal and social identities. Concomitantly, as learners exercise agency,
they develop their personal and social identities.

Since social objects can change, learners’ mathematical identities can change
as they interact with their teachers in the classroom over time. Learners can
reproduce the same mathematical identities as previously constructed, or trans-
form their identities over time, as influenced by the social identities offered to
them by different mathematics teachers, highlighting the contingent nature
of identities. Further, as learners enact their identities in classrooms, teachers
can continue offering learners the same social identities as previously offered or
they can offer learners different social identities from those previously offered.

Learners’ Mathematical Identities

In their review of sixty-nine empirical papers on learners’ mathematical identi-
ties, Radovic et al. (2018) identified three dimensions for researchers to consider
when defining identity. These dimensions are the social/subjective dimension,
enacted /representational dimension and change/stability dimension. For the
first dimension, they argue that it is important to consider both, the social
and subjective aspects of identity, to understand the individual, her agency
and her notion of self in social contexts. For the second dimension, they argue
that it is also important to consider both, the enacted and representational
aspects of identity, to understand how participation and semiotically medi-
ated meanings inform learner identity. For the last category, they contend that
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identity is malleable, rather than static.

Building on this work, Darragh and Radovic (2018, p. 582-583) define
learner identity as “a socially produced way ol being, as enacted and rec-
ognized in relation to learning mathematics”, which is malleable, “fluid and
a constantly changing process”. Learner identity involves “stories, discourses,
and actions, decisions and affiliations that people draw upon to construct who
they are in relation to mathematics”, so both the enacted and representational
dimension is accounted for in their definition (Darragh, Radovic, 2018, p. 582).
They continue by explaining that their definition incorporates how people in-
teract with and position others, how local practices are defined, the kinds of
social discourses used to understand mathematics and people’s understandings
of themselves.

Darragh and Radovic (2018) further explain that their definition consid-
ers the importance of the individual’s sense of being, which includes self-
understandings in relation to mathematics and embodied feelings of who one
is, giving the individual a sense of continuity and belonging, which is expressed
and recognized in social contexts. The individual’s sense of being is in constant
negotiation with the social context, so both the social and subjective dimen-
sion is accounted for in their definition (Darragh, Radovic, 2018). Further, they
argue that there are diverse theories used to operationalize identity, which fo-
cus on specific parts of identity, so identity research would require multiple
methodologies, data and data analysis methods.

Darragh and Radovic’s (2018) definition is compatible with a critical realist
perspective because their definition accounts for the importance of both the
individual and the social context, and that identity can change. Using critical
realism, mathematical identity is defined as a social phenomenon, existing in
an open system, and learners’ mathematical identities can change over time.
A critical realist would build on their definition by explaining that there is a
distinction between learners’ mathematical identities, which exist in the real
world, and our knowledge of identities, which can be fallible. To avoid reduc-
tionism, it is important that we do not reduce identities as they exist in reality
to knowledge of identities, as theories can change in light of new knowledge.
Critical realism can also contribute to their definition by showing how the
different components of identity that they discuss are basic mechanisms, that
contribute to the development of the higher-level mechanisms, i.e., agency,
personal and social identity, whose interactions are responsible for the emer-
gence of learners’ mathematical identities. Further, eritical realism embraces
epistemological relativism, by acknowledging the importance of using different
theories and ideas to understand identity as Darragh and Radovic (2018) do,
but cautions researchers against ontological relativism, by encouraging the use
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of judgmental rationality to judge which theories can explain identity better
than others.

We have drawn our understanding of critical realism, Darragh and Radovic’s
(2018) definition and other key research to develop the following explanatory
framework to understand learners’ mathematical identities in relation to the
social identities offered by teachers in classroom contexts (Table 1) (also see
Gardee, 2021).

Social identities offered | Mathematical identities constructed

Affiliation with the Affiliation with, compliance with or resistance to the
classroom community classroom community

Marginalisation from the | Marginalisation from, compliance with or resistance
classroom community to the classroom community

Table 1. Identities offered to and constructed by learners in classrooms.

Research in mathematics education shows how teachers can include learn-
ers in their classrooms, by providing learners with full access to the tools and
resources of the classroom community (e.g., Boaler, Staples, 2010; Cobb, et
al., 2009; Turner, Dominguez, Maldonado, Empson, 2013). In doing so, teach-
ers offer learners a social identity of affiliation, by providing them with op-
portunities to become full flourishing members of their classroom community.
Research also shows how teachers can marginalise learners, by constraining
learner access to the tools and resources of the classroom community (e.g.,
Bartholomew, 2000; Black, 2004; Martin, 2006). In these classrooms, teachers
offer learners social identities of marginalisation, by alienating them from the
classroom community.

Rescarch in mathematics education has also shown how learners can relate
to their teachers and tasks, by afliliating with, by complying with, or by resist-
ing teachers and tasks (Boaler, Greeno, 2000; Cobb et al., 2009). Affiliating,
complying or resisting teachers and tasks can be understood using Wenger's
(1998) distinction between three kinds of participation: full participation, pe-
ripherality and marginality. Peripherality is distinct from full participation
because learners engage peripherally, rather than fully, with the tools and re-
sources of the community, while marginality is a “form of non-participation
[that] prevents full participation” and engagement with the tools and resources
of the community (Wenger, 1998, p. 166). Tull participation can lead to full
membership, peripheral participation can lead to peripheral membership, and
in some situations, to full membership over a period of time; and marginal par-
ticipation can lead to non-membership or marginal positions in communities
(Wenger, 1998).
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While teachers offer social identities, learners exercise agency and can de-
velop their identities in different ways, as influenced by the social identities
offered and their own personal and social identities. When learners are of-
fered social identities of affiliation, they can construct their identities in affilia-
tion, by being invested in becoming full members of the classroom community
and by participating fully. Similarly, when learners are offered social identi-
ties of marginalisation, they can construct their identities in marginalisation,
by marginalising themselves from the classroom community and participating
marginally.

Sometimes, learners may choose to develop their identities differently from
what is offered, by constructing identities in compliance with or resistance to
the social identities offered. Compliance can be seen as a [orm of passive resis-
tance, with learners becoming peripheral members by participating peripher-
ally, when offered a social identity of affiliation or marginalisation. Resistance is
a more active form of non-compliance, with learners marginalising themselves
from the community by participating marginally when offered social identi-
ties of affiliation or attempting to become a full member by participating [ully
when offered social identities of marginalisation.

From a critical realist perspective, it is important to observe the teachers’
interactions with learners and understand the teachers’ reasons for offering
certain identities and learners’ reasons for constructing certain identities in
relation to the mechanisms, as reasons can be causes for actions. Such an
analysis would also require an understanding of learner actions and narratives,
embracing both the enacted and representational aspects of identity.

Methods

Data for this paper come from a larger study that began in 2015 (see Gardee
2019, 2021; Gardee, Brodie, 2022). Inspired by the work of Boaler, Greeno,
(2000), Cobb et al., (2009), Wenger (1998) and other research on learners’
mathematical identities, the focus of the larger study was to investigate the
mathematical identities and trajectories of secondary school learners. As we
began our quest to research learners” mathematical identities, the difficulty of
finding a suitable non-reductionist definition, underpinned by a coherent the-
oretical framework to research identity became a challenge. Our search to find
a suitable definition and method for empirically researching learners’ mathe-
matical identities informed the purpose of this paper.
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Participants

This study was conducted in a secondary school in Johannesburg, South Africa.
In total, nineteen learners participated in the study over both years, eight
in the first vear, with an additional eleven in the second year, along with
their five mathematics teachers, two in the first year and three in the second
vear. In 2015, four learners were selected by each of the two Grade 9 mathe-
matics teachers, using the following criteria: one high-performing learner, one
low-performing learner and the person sitting next to each of them. In 2016,
we observed the same learner participants in Grade 10 and selected an ad-
ditional eleven learners who were seated next to the initial participants. The
Grade 10 mathematics teachers were asked to specify which learners were high-
performing, average-performing or low-performing. The purpose of understand-
ing how the teachers identified the learners was so that we could observe how
teachers offered social identities to learners who displayed different levels of
achievement and how these learners constructed their mathematical identities
in relation to the offered social identities.

In this paper, we discuss the mathematical identities constructed by four
Grade 10 learners, two in Mr Sithole’s (all names are pseudonyms) classroom
and two in Mr Ncube’s classroom, in relation to the social identities offered
by their teachers. Both teachers were qualified to teach mathematics; Mr Sit-
hole had thirty-two years of experience teaching mathematics, while Mr Ncube
had five years. In Mr Sithole’s classroom, the two learners were Lane, whose
marks were inconsistent, and Tommy, who was identified as low-achieving. In
Mr Neube’s Grade 10 classroom, the two learners were Thandi, identified as
high-achieving, and Thabo, identified as average-achieving. We selected these
learners in these teachers’ classrooms for discussion for two reasons. First, the
teachers interacted with learners and offered learners social identities differ-
ently from each other. Second, each of these four learners participated in dif-
ferent ways and constructed different mathematical identities from each other.
Our intention is to show how the combination of the mechanisms contributed
to the emergence of different mathematical identities.

Data collection

Data for the study were collected in the 2015 and 2016 academic years during
the third school term (August-September), for two weeks in 2015 (Grade 9)
and four weeks in 2016 (Grade 10). Data were collected as videotaped lessons,
semi-structured interviews with learner and teacher participants, field notes
and photographed learner notebooks. We placed the video camera in front of
the classrooms to focus on learners to capture their whole-class participation
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and how their teachers taught and interacted with them. We collected approx-
imately 8 hours of lessons for each teacher. Audio recorders were placed on
learners’ desks to capture their conversations with each other and their teach-
ers, as these conversations were sometimes difficult to hear on the video camera.
Tield notes and photographs of learner notebooks were taken to provide con-
text and to note important events that were not captured in the recordings.
These different methods of collecting data are important for triangulation and
for understanding the complexity of phenomena.

We conducted semi-structured interviews with the teachers, which were
aimed at understanding the kinds of social identities that the teachers offered
to the different learners and their reasons for offering certain social identities.
Some of the questions asked during the teacher interviews were: how do you
see [name of a learner participant] as a learner in your classroom?; how does
[name of a learner participant| participate in the classroom?; and do you think
that [name of a learner participant] is good at doing mathematics? We also
conducted multiple semi-structured interviews with each learner, aimed at un-
derstanding how and why learners constructed certain mathematical identities.
Some of the questions asked to the learner participants were: how do you see
yourself as a mathematics learner?; how do you experience learning mathemat-
ics this year?; can you please describe to me what your mathematics lessons are
like; how does your mathematics teacher make you feel when you are sitting
in your mathematics classroom?; how do you participate in your mathematics
classroom?; and is mathematics necessary for your future career or sense of be-
ing? All of these questions were followed by further probing questions, aimed
at supporting the participants to give detailed explanations.

Data analysis

All data were analysed qualitatively. From a critical realist perspective, quali-
tative research, which is also known as intensive research, is needed to provide
explanations of why certain objects or events occur (Danermark et al., 2019).
Intensive approaches are necessary to apply the processes of retroduction and

retrodiction, by identifying mechanisms, and then describing how they interact
with other mechanisms in contexts, which is not possible when using extensive
quantitative methods.

All videotaped lessons and interviews were transcribed, coded and anal-
ysed thematically. When analysing the social identities offered to learners by
teachers from the videotaped lessons, we focused on how the teachers inter-
acted with learner participants, in terms of whether the learners were provided
with assistance and support in learning mathematics, and whether they were
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treated with respect by their mathematics teachers. We coded the social iden-
tities offered as affiliation or marginalisation based on whether learners were
included in or excluded from the classroom community by their teachers, by
being provided with full or marginal access to the tools and resources of the
classroom community.

We also focused on how the learners participated in the classroom and who
they participated with to learn mathematics in the classroom to understand
how they exercised agency. For example, we noted whether learners asked their
teachers questions, answered their teachers’ questions, discussed their solutions
with their peers, demonstrated their answers on the board when provided with
the opportunity to do so, assisted other learners in the classroom and com-
pleted their tasks. Learners’ participation enabled us to understand how the
mechanism of agency contributed to the development of their mathematical
identities.

The teacher interviews were coded for social identities offered to learners by
focusing on how the teachers described each learner participant and their rea-
sons for interacting with learners in certain ways. The learner interviews were
coded for personal identities, in terms of their interests or emotions relating
to learning mathematics. We coded learners’ social identities, in terms of how
the learners positioned themselves in their classroom communities and whether
they were comfortable to participate as a member of the community. We also
coded the learners’ experiences of the social identities offered to them by their
teachers, in terms of how they felt when participating (or not) in their class-
rooms. For agency, we coded how learners described their participation to us,

in terms of how and with whom they participated with to learn mathematics
in their classroom.

We then compared the data analysed from all three sources, i.c., our obser-
vations, the teacher interviews and the learner interviews, to understand how
and why certain identities were offered and constructed. For the social identi-
ties offered to learners, the data from the videotaped lessons provided under-
standings of how the teachers offered social identities, while the data from the
teacher interviews provided understandings of the teachers’ interpretations of
and reasons for offering certain social identities. The learner interviews pro-
vided further understandings of how the social identities offered by the teachers
were experienced by the learners. Using our framework, we then coded whether
learners were offered social identities of affiliation (A) or marginalisation (M)
by their teachers.

TFurther, our framework assisted us in relating the social identities offered
to the kinds of mathematical identities that the learners constructed. Learners’
personal and social identities were accessed from their interviews, as it was not
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always possible to gauge these two mechanisms from observations. For learn-
ers’ agency, the data from the videotaped lessons provided understandings of
how learners participated in the community, while the data from the learner
interviews provided understandings of the learners’ interpretations of and rea-
sons for participating in certain ways. Using our framework, we then coded
whether learners constructed their identities as affiliation (A), compliance (C),
resistance (R) or marginalisation (M) in relation to the social identities offered
by the teachers.

By analysing the data using our framework, we assessed the applicability
of our framework to abide by the principle of judgmental rationality, by iden-
tifying whether our framework can cxplain learners’ mathematical identities
comprehensively. To enhance the credibility of our flindings, we used a process
called peer debriefing, where the first author discussed her preliminary analysis
with the second author (McMillian, Schumacher, 2010). Peer debriefing is an
iterative process, so after each discussion, the first author re-examined the data
and revised the claims made in the paper until both authors were convinced
by the analytical claims made.

Findings

From our observations of Mr Sithole’s and Mr Ncube’s lessons, we noted that
Mr Sithole usually assisted the higher achievers, but not the lower achievers,
for example, by telling them “I don’t have time for you”. In some lessons,
he was seen insulting lower achievers and while some learners seemed to find
his insults amusing, others seemed upset. In contrast, Mr Ncube invited all
learners to participate in his classroom and was willing to assist all learners.
He shared a professional relationship with learners and treated all learners and
their contributions with respect.

When asking the teachers about how and why they interacted with learners
in certain ways, the main reason that the teachers offered was based on their
narratives of who could do mathematics. Mr Sithole stated that only certain
learners could learn mathematics.

Mr Sithole: T always think that first of all, there should be a gift into it and
then hard work.

He explained that the “gift” to do mathematics was from “God” and this
gift informed whether some learners had the “aptitude” to learn mathematics,
while others did not. He explained that he did “nothing” to help the weaker
learners because some learners do not understand and “we have to accept that
there are people like that”.
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Unlike Mr Sithole, Mr Ncube said that he was willing to assist all learners
and that he encouraged learners to participate in his lessons. He explained that
all learners could do mathematics and that hard work, effort and practice were
responsible for learners’ success.

Mr Ncube: Mathematics is like any other subject meant for everyone to do,
but it requires for some to go an extra mile than some.

He explained that some learners needed additional practice and assistance,
so he offered all learners extra lessons after school hours for free. He also said
that some weaker learners came to him during his free time in school and that
he assisted them.

The criteria for learner success in mathematics described by the teachers
translated into practice as the social identities offered to learners. Mr Ncube
offered all learners identities of affiliation with his classroom community, while
Mr Sithole offered learners different social identities depending on whom he
thought was able to learn mathematics. Table 2 provides detail of the social
identities offered (SIO) by cach teacher and how the learners experienced the
social identities offered by their teacher.

In Mr Sithole’s classroom, Lane and Tommy experienced the social identity
of marginalisation offered to them negatively. Both learners were aware that
Mr Sithole was not willing to assist them and both learners expressed that
he did not care about them. In Mr Ncube’s classroom, Thandi and Thabo
experienced the social identity of alliliation offered to them positively. When
describing Mr Ncube, hoth learners spoke about how he treated learners equally
in the classroom and was concerned about all of them. He was described as
being motivating and inspiring and both learners enjoyed his lessons.

A key advantage of considering critical realism as a theoretical framework
is that critical realist perspectives do not conflate learners’ mathematical iden-
tities with the social identities offered by teachers. Even though these learners
may have experienced their teachers negatively or positively, not all learners
identified with the social identity offered. Table 3 provides detail of the mathe-
matical identities constructed (MID) by the learners, in terms of their personal
identities, social identities and agency in relation to the social identities offered
(S10).
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Tea-
cher

Lear-
ners

S10

Teachers’ reasons for the
SIO (from interviews)

Learners’ experiences of
the SIO (from interviews)

Mr
Sit-
hole

Lane
(marks
incon-
sistent)

M

Lane did not “grasp... fast
enough” and needed more
time to understand mathe-
matics. Sometimes, he did
well in  assessments and
other times, he performed
“dismally”. Mr Sithole did
not know what Lane did
when he did not understand
the concepts.

Mr Sithole “just doesn’t care
Mam. .. whether you under-
stand it or not... cos Mam,
I've asked him many times
to help me. He said no”. Mr
Sithole “chase(d)” him away
when he asked him for help.

Tommy
(low
achie-
ver)

M

With Tommy, “there is noth-
ing there”. Ile performed
“dismally” in tests and Mr
Sithole did not think he
could ever do well in assess-
ments. “Tf education is a gift,
T think he is gifted some-
where else”.

Mr Sithole “doesn’t care”
when he did not understand.
When he went to ask him for
help, Mr Sithole would get
“angry” and “frustrated” with
him and would tell him to sit
down or chase him out of the
class.

Mr
Ncube

Thandi
(high
achie-
ver)

Thandi was “a good learner
in maths and she is a hard
worker”. She had an “in-
terest” in mathematics and
was “quick to understand
the concept(s)”. She could
work on her own and her so-
lutions were correct.

Mr Ncube “cares a lot” about
learners and assisted them in
the classroom when they did
not understand. He gave all of
them attention “equally” and
“he focuses on everyone as a
class. Makes sure that every-
one understands in the class”.
She enjoyed his lessons and
said that he was encouraging,.

Thabo
(aver-
age
achie-
ver)

Thabo was a “hard worker”
but was an “average” per-
former. Ile participated of-
ten and “benefits a lot from
participating in class”. lle
was willing to learn from his
mistakes.

He liked Mr Ncube and en-
joyed his lessons. He said Mr
Ncube made him feel “good
about being a maths learner”
by “inspiring” the learners
“day by day” that mathemat-
ics was not difficult. Mr Ncube
would not move on until “ev-
eryone in the class says they
understand”.

Table 2. The social identities offered to learners.
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Tea-
cher

Lear-
ners

SIO

MID

Personal identity
(from interviews)

Social identity
(from inter-
views)

Agency
(from obser-
vations and
interviews)

Mr
Sit-
hole

Lane
(marks
incon-
sistent)

M

C

Mathematics  was
a “little difficult”.
Ile was interested
in pursuing mathe-
matics in the future
and said that he
was trying hard to
pass mathematics.

Ile did not feel
comfortable in
the  classroom
with his teacher.
He said, in “Mr
Sithole’s  class,
you are not com-
fortable. You are
always scared”
as Mr Sithole
insulted the lear-
ners. He was fai-
ling mathemat-
ics.

Ie did not par-
ticipate often
with the tea-
cher in the cla-
ssroom, but he
completed his
work and ask-
ed other lear-
ners for help
when he did not
understand.

Tommy
(low
achie-
ver)

M

M

Ile “love(d)” a cer-
tain part of mathe-
matics but gene-
rally found math-
ematics  “challeng-
ing”. He says “T
don’t see myself
getting anywhere”
with mathematics
because of the tea-
cher. He was inter-
ested in pursuing
mathematics in the
future.

Ile did not feel
he could partic-
ipate “freely” i
his classroom.

He said that
the teacher was
“demotivating”

and  insulting.
He was failing
mathematics.

Tommy did not
participate of-
ten with the
teacher or oth-
ers. He did not
always comp-
lete his tasks,
and sometim-
es, he did not
even attempt
the task.

Mr
Ncu-
be

Thandi
(high
achie-
ver)

Mathematics ~ was
her favourite sub-
ject and she liked
how “everything lin-
ks together” in ma-
thematics. She was
interested in pursu-
ing mathematics in
the future.

She felt like she
was “part” of her
classroom  and
felt“good” in her
classroom. She
was one of the
best learners of
mathematics in
her classroom.

She participa-
ted with her
teacher when
she needed as-
sistance  and
she assisted ot-
hers. She usu-
ally completed
her tasks on

her own.
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Thabo | A Thabo enjoyed lear- | He identified hi- |He participated
(ave- ning mathematics, | mself as a “slow [in the class-
rage but he found math- | learner” in com- |room with the
achie- ematics challenging | parison to oth- |teacher and ot-
ver) by “holding him |ers. He said that | hers. He usu-

down” because of
the time required to
understand math-
ematics. However,
he was interested
in learning mathe-
matics because he
wanted to pursue
mathematics in the
future and he wan-

his marks were
improving, but
that his math-
ematics marks
were currently
“below average”.
He was not com-
fortable asking
Mr Ncube for
help because Mr

ally completed
his tasks.

ted to pass mathe- | Ncube made the
matics. solutions  scem
casy, while he
found the prob-
lem challenging,
making him feel
“stupid”.

Table 3. Identities constructed by learners.

While Tommy and Thandi constructed their mathematical identities by
identifying with the social identities offered by the teachers, Lane and Thabo
did not adopt the social identities offered, but rather constructed their identi-
ties in compliance with what was offered (Table 3). It is important to consider
learners’ personal identities, social identities and agency to understand the
mathematical identities constructed by learners.

In terms of learners’ personal identities, all of the learners were interested
to pursue mathematics in the future. The learners generally described their
personal identities positively, by being interested in learning mathematics for
various reasons, even though some of them found mathematics challenging. For
Thandi, mathematics itself was enjoyable, while Thabo enjoyed learning math-
ematics currently, but like Lane and Tommy, he found learning mathematics
challenging. For Thabo and Lane, passing mathematics to pursue their future
careers was most important for them, while even though Tommy wanted to
pursue a career in mathematics, he said that he did not see himself getting
anywhere with mathematics because of his teacher.

Considering personal identity alone to understand learners’ mathematical
identities is insufficient. For example, Tommy enjoyed learning certain aspects
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of mathematics, even though he found mathematics challenging, and he was
interested in pursuing mathematics in the future, yet he marginalised himself
from the classroom community because of his negative experiences of interact-
ing with the teacher (Table 3). From a critical realist perspective, mathematical
identity cannot be reduced to personal influences - learners’ personal identities
are only one of the generative mechanisms responsible for the emergence of
their mathematical identities. If we are to reduce learners’ mathematical iden-
tities to personal identity, we will develop a decontextualized understanding of
identity (Radovic et al., 2018).

In terms of the learners’ social identities, Thandi positioned herself as part
of her classroom, who felt “good” in her teacher’s classroom, and as a learner
who was performing well. While Thabo liked Mr Ncube, he was not entirely
comfortable asking Mr Ncube for help since Mr Ncube tended to attenuate the
difficulty of mathematical problems that he found challenging, which made
him feel “stupid”. Lane and Tommy were also not comfortable to participate
with their teacher in the classroom because of how Mr Sithole treated them,
by insulting them and making them feel scared.

From a critical realist perspective, mathematical identity cannot be reduced
to social influences alone, as learners’ personal identities play an important role
regarding whether or not they choose to become members of their classroom
communities. For example, Lane experienced Mr Sithole negatively and was not
comfortable to participate with him. However, he still maintained a peripheral
membership by exercising his agency and doing his work and asking others

to help him so that he could pass mathematics, as passing mathematics was
important for his personal identity. Reducing learners’ mathematical identities
to social identity neglects the important role of the individual and their agency
in the construction of her/his identity (Radovic et al., 2018).

From this analysis, personal identity and social identity is shown to influ-
ence learners’ agency, in terms of learner participation in their classroom com-
munities, yet agency is not reduced to either personal or social identity. For
example, Thabo exercised agency by completing his work and participating in
his lessons with his teacher and others. He said that he asked his teacher ques-
tions and answered his teacher’s questions. Yet, accessing learner participation
alone is not enough to understand how learners construct their identities. While
Thabo participated actively with his teacher during the lessons, he developed
his identity in compliance and became a peripheral member of the community,
because while he currently enjoyed mathematics, he felt that mathematics was
“holding him down” and challenging. He was primarily interested in participat-
ing so that he could pass mathematics to pursue mathematics in the future.
Further, he said that he was not entirely comfortable asking his teacher for
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assistance, so he was not comfortable to participate fully in the classroom.

Unlike Thabo, Thandi did not participate as actively with the teacher in
the classroom, yet she developed her mathematical identity as a full member of
the classroom community. She enjoyed learning mathematics, was comfortable
to exercise agency by participating with the teacher if she needed assistance
and she assisted others and tried to make sense of mathematics on her own.
She said that she wanted to give other learners an opportunity to participate
and answer questions, so she only asked her teacher for assistance when she did
not understand. It is important to consider the relationships between all mech-
anisms to understand learners’ mathematical identities in a non-reductionist
way. Without analyzing learners’ personal, social identities and agency, we may
not understand why Thandi and Thabo who were offered social identities of
affiliation constructed different mathematical identities, one in affiliation and
the other in marginalisation.

Similarly, without an analysis of all three mechanisms, we may not under-
stand why Lane and Tommy, who were offered social identities of marginalisa-
tion constructed different mathematical identities, one in compliance and the
other in marginalisation. Lane developed his identity in compliance with the
social identity of marginalisation offered because he was interested in passing
mathematics, even though he was marginalised by his teacher. He exercised
agency by participating peripherally and was usually seen working on his own
or asking others for help. While Tommy was interested in pursuing mathemat-
ics in the future and even stated that he enjoyed certain parts of mathemat-
ics, his experiences of being marginalised by his teacher informed the identity
of marginalisation that he constructed. He exercised agency by participating
marginally, as he seldomly interacted with his mathematical tasks, his teacher
or others. These findings highlight the importance of considering the interre-
lated relationship between personal identities, social identities, agency and the
social identities offered by teachers, which are all responsible for the emergence
of learners” mathematical identities.

Discussion and Conclusion

The purpose of this paper has been to develop a framework to define and
research learners’ mathematical identities in classroom contexts, underpinned
by critical realism, with a focus on both the personal and social aspects of
identity. Although researchers have been researching learners’ mathematical
identities for some time now, the concept is still not sufficiently understood
(Darragh, 2016; Graven, Heyd-Metzuyanim, 2019; Langer-Osuna, Esmonde,
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2017). To our knowledge, critical realism has not been used as yet to theorise
learners’ mathematical identities, and our study points to a number of benefits
of using critical realism to sufficiently understand, define and research learners’
mathematical identities in a detailed, non-reductionist way.

To answer the first research question, which required a definition of math-
ematical identity, we showed how we used critical realism to define identity as
a social phenomenon existing in the real world, emerging from relationships
between generative mechanisms. We drew on research to develop a concep-
tual framework to describe three higher-level generative mechanisms, which
are responsible for the emergence of identity: personal identity, social iden-
tity - offered and constructed - and agency. We also accounted for change,
by explaining how the identities offered and constructed can be reproduced
or transformed over time. Drawing from our understanding of critical realism,
Darragh and Radovic’s (2018) definition of identity and the works of other
key researchers like Boaler, Staples (2010), Cobb, et al. (2009) and Wenger
(1998), we then developed a framework for learners’ mathematical identity
in classroom contexts. Our framework illustrated how learners construct their
mathematical identities, in affiliation with, compliance with, resistance to or
marginalisation from classroom communities when offered social identities of
alliliation with or marginalisation {rom classroom communities by teachers.

To answer the second research question, which involved showing how sec-
ondary school learners’ mathematical identities can be rescarched, we explored
the power of the framework and examined how four secondary school learn-
ers constructed their mathematical identities through interacting with their
mathematics teachers. Two of the learners, Lane and Tommy, were offered so-
cial identities of marginalisation and the other two, Thandi and Thabo, were
offered social identities of affiliation. We showed how the teachers’ reasons for
identifying and interacting with learners informed the social identities offered.
From these four learners, Tommy and Thandi identified with the social identi-
ties offered, while Lane and Thabo complied with the social identities offered.
Each learner constructed their identities differently from the other, Lane in
compliance with the social identity of marginalisation, Tommy as marginalisa-
tion with the social identity of marginalisation, Thandi as affiliation with the
social identity of affiliation and Thabo in compliance with the social identity
of affiliation. None of the learners resisted the social identities offered in this
sample, and across the wider sample, and we have argued elsewhere, that these
learners’ mathematical identities were informed by their teachers’ practices (see
Gardee, 2019, 2021; Gardee, Brodie, 2022 for more findings).

While the interactions between all three generative mechanisms contribute
to the emergence of learners’ mathematical identities, it is important to note
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that in each case, some mechanisms seem to contribute more than others. For
Tommy, the social identity offered by the teacher contributed largely to the
mathematical identity that he constructed. Even though he was interested in
pursuing mathematics in the future, and claimed to enjoy certain parts of
mathematics, he exercised agency by giving up and not engaging in the class-
room. For Lane, his personal identity contributed largely to his compliance,
as even though he was marginalised and uncomfortable to participate in his
classroom, he exercised agency by trying to learn mathematics by asking others
for help and doing his work. For Thabo, his teacher offered him opportunities
to affiliate and he exercised agency by engaging with his teacher and others in
the classroom, but his personal and social identity largely contributed to his
compliance, as he said that mathematics was holding him down, and he was
not entirely comfortable to ask his teacher for assistance. While for Thandi,
all the mechanisms contributed positively to her identity, supporting her affil-
iation. From a critical realist perspective, this finding is explained by Collier
(1996, p. 42), who argues that “the proportion in which different mechanisms
contribute to the course of events will vary from case to case”, however, il is still
important to explain all higher-level mechanisms as they operate relationally.

As part of our commitment to avoid reductionism, we also showed that re-
ducing mathematical identity to any of the generative mechanisms provides an
incomplete, and sometimes incorrect understanding of learners’ mathematical
identities. Some researchers tend to reduce learners’ mathematical identities
to the opportunities provided by classroom communities to become compe-
tent and effective learners in that community (Cobb et al., 2009), while other
researchers tend to reduce identity to personal or social influences (Radovic
et al., 2018). Our framework highlights the importance of all three generative
mechanisms, i.e., personal identity, social identity (both offered to and con-
structed by learners), and agency, which need to be considered concurrently
with each other in a non-reductionist way. Reducing mathematical identity to
any of the mechanisms responsible for its emergence provides an inaccurate
understanding of identity.
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Ramy teoretyczne dla matematycznych tozsamosei uczniow:
perspektywa krytycznego realizmu

Streszczenie

W ostatnich latach wielu badaczy siegneto do koncepcji tozsamosci, aby le-
piej rozumie¢ uczenie si¢ w kontekstach spotecznych. Pomimo rozwoju badan
nad pojeciem tozsamodci, istnieje potrzeba dokladniejszego jej zdefiniowania,
w oparciu o istniejace opracowania teoretyczne. W artykule tym, jako teorety-
czne ramy do zdefiniowania i badania tozsamosci matematycznych uczniow,
konstruowanych w klasach, zaproponowano wykorzystanic krytycznego rea-
lizmu. Stosujac realizm krytyczny, tozsamos$¢ definiowana jest jako zjawisko
spoleczne, ktore istnieje w realnym $wiecie i wylania si¢ z kombinacji réznych
mechanizmow  generatywnych. Rozrézniono trzy mechanizmy generatywne:
tozsamosé osobista, tozsamos¢ spoleczna i sprawczosc oraz zilustrowano, w jaki
sposob te trzy mechanizmy generatywne obejmuja subicktywne i spoleczne
wplywy, ktére sa odpowiedzialne za pojawienie sie tozsamosci matematycznych
uczniow.

W niniejszym artykule zaproponowano pewnga teori¢ oraz zastosowano ja, aby
zrozumie¢, w jaki sposob czterech uczniéow szkoty sredniej skonstruowato swoja
matematyczna tozsamosé poprzez interakcje z nauczycielami matematyki.
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Chapter 3: The influence of teachers on learners’ mathematical

identities
3.1. Introduction

In this chapter, | present a conference paper presented at the International Group for the
Psychology of Mathematics Education conference in 2019. This chapter shows how the
explanatory framework developed in chapter 2 is in line with Radovic et al.’s (2018) three
dimensions discussed in chapters 1 and 2. These dimensions are social/subjective dimension,
enacted/representational dimension and change/stability dimension. This chapter also focuses
on applying the explanatory framework developed in chapter 2 to all of the teacher and
learner participants, by analysing the social identity offered to each learner by their
mathematics teacher in relation to the mathematical identity constructed by the learner.

There is a sense of trajectory in this chapter, as I show how the initial six learner participants’
mathematical identities changed substantially or negligibly over the two years, as informed
by their interactions with different mathematics teachers. | show that the social identities
offered to learners were informed by whether the teachers thought that ability or effort were
important to learn mathematics. This chapter also points to other important findings, that are
further discussed in chapters 4, 5 and 6. These findings are: the teachers’ narratives of who
could do mathematics influenced how they interacted with learners and the kinds of social
identities offered to learners; learners identified teacher practices as the most important factor
that influenced their learning of and identification with mathematics; and that none of the
learners resisted the offered social identities. This chapter provides some answers to the two
main research questions, by showing, although briefly, how the concept of identity can be
used in researching secondary school learners’ mathematical identities and how learners and

their mathematics teachers contribute to the development of learners’ mathematical identities.
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THE INFLUENCE OF TEACHERS ON LEARNERS’
MATHEMATICAL IDENTITIES

Aarifah Gardee, Karin Brodie
University of the Witwatersrand

In this paper, we develop a framework to define and research learners’ mathematical
identities, as both constructed by learners and influenced by their teachers. We show
how five teachers offered learners different social identities through the kinds of access
they provided to learning mathematics. Two teachers offered all learners opportunities
to become full members of their classroom communities, and three teachers
marginalised those whom they thought could not do mathematics. The offered social
identities strongly influenced how learners constructed their mathematical identities
and how they learned mathematics.

INTRODUCTION

Over the last two decades, the concept of identity has received significant attention in
the field of mathematics education and is useful in theorizing learning (Radovic, Black,
Williams & Salas, 2018; Sfard & Prusak, 2005). In recent years, researchers are
developing operationalized definitions of identity and Radovic et al. (2018) describe
three ways in which identity is defined in research: social or subjective; enacted or
representational; and transformative or stable. In some research, identity is
conceptualised as a social becoming, being constructed in social contexts, while in
other research, identity is conceptualised as subjective, emphasising the individual self
and personal experiences. Some researchers define identity as enacted and related to
action, while others define identity as representational, mediated and constructed
through discourse. Most researchers emphasise the malleable and transformative
nature of identity, while few view identity as static. In this paper, we begin by
presenting a framework to define identity, which moves between the social, subjective,
enacted, representational and transformative features of mathematical identity. We use
our definition to understand how five secondary school mathematics teachers
influenced learners’ mathematical identities.

THEORETICAL FRAMEWORK

Drawing on the work of Marks and O’Mahoney (2014), we define learners’
mathematical identities as being constituted by relationships between learners’
personal identities, social identities and agency. Personal identities are the subjective
dimension of identity, involving learners’ understandings of self, as informed by their
interests, aspirations, experiences and motivations. Social identities are the social
dimension of identity, involving the ways learners position themselves and would like
to be perceived by others in their classroom communities. Agency refers to learners’
choices in participating in mathematics and developing their identities. Learners’

2-248
2019. In M. Graven, H. Venkat, A. Essien & P. Vale (Eds.). Proceedings of the 43rd Conference of the International
Group for the Psychology of Mathematics Education (Vol. 2, pp. 248-255). Pretoria, South Africa: PME.
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mathematical identities are influenced by the social identities offered to them by their
parents, teachers and peers, which influence the opportunities provided to learners to
participate, learn and become members of the classroom community (Fig 1).

Social identities Learners mathemat%cal 1§ent1t1es
offered Agency Personal identity
> |
Affiliation Lesitsrechioies: Learners’ understandings of self
Marginalisation Affiliation . -
. ial identi

Compliance = Bosmlidentity

Resist: i

Me;r]sigfi(;ation How learners position themselves and

g would like to be perceived by others

Figure 1: Identities offered and constructed

Teachers can offer learners identities of affiliation, by supporting them to learn
mathematics and become full members of their classroom community. Some teachers
offer learners identities of partial affiliation, by inviting participation and supporting
learners to some extent. Teachers can offer learners identities of marginalisation by
limiting learner opportunities to learn mathematics and become full members of the
classroom community.

While teachers offer learners certain social identities, learners exercise agency and
construct their identities in different ways, influenced by their own personal and social
identities. Learners can construct identities of affiliation when offered opportunities to
affiliate, or identities of marginalisation when marginalised by teachers. Learners can
also exercise agency by developing their identities differently from what is offered, in
compliance with or resistance to the offered social identity. Compliant learners often
aim to achieve peripheral membership in the classroom by participating peripherally
rather than fully when offered identities of affiliation, or may participate with others
and not with their teachers when offered identities of marginalisation. Resistant
learners may not want to be identified as members of the classroom community when
offered identities of affiliation, or may want to achieve full membership when offered
identities of marginalisation.

Experiences of exercising agency concomitantly influence learners’ personal identities,
as they learn more about themselves in terms of their interests, aspirations and
motivations, and their social identities, as they evaluate their membership in the
community. This means that learners’ identities are constantly being developed as they
learn and participate (or not) in their classroom communities. As learners enact their
identities through interacting with teachers, teachers can continue offering them the
same social identities as previously offered or may offer learners different social
identities from those offered in the past. Different teachers may also offer different
identities to the same learners. Learners may enact and reproduce the same identities
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constructed previously or may adopt different identities, as influenced by their
experiences with new teachers in different classrooms, highlighting the malleable
nature of identity.

Different mathematical identities can be enacted as learners participate with others in
the classroom (Radovic et al., 2018). As Wenger (1998) argues, identity is related to
learning because as learners participate, they are able to further affiliate themselves
with their classroom community. Identity is also representational and constructed
through learner narratives (Radovic et al., 2018). Narratives, according to Sfard and
Prusak (2005), are a collection of socially shaped stories, which influence action when
being reifying, endorsable and significant. Reifying narratives contain verbs and
adverbs that stress the repetition of actions. Narratives are endorsable when the
storyteller declares the authenticity of narrative, and narratives are significant when a
change in story is likely to lead to a change in feelings about an identified person.
Observing classroom interactions and accessing narratives enable understandings of
the identities offered to and constructed by learners. We now show how our framework
is useful to research learners’ mathematical identities.

METHODS

This study took place in a well-resourced, technical school in Johannesburg over a
period of two years in the third school term (August - September): two weeks in 2015
(Grade 9) and four weeks in 2016 (Grade 10). Five mathematics teachers participated
in the study, two in the first year: Mr Moyo and Mr Molefe (Gr 9), and three in the
second year: Mr Sithole, Mr Ndlovu and Mr Ncube (Gr 10) (all names in this paper are
pseudonyms). Nineteen learners participated in the study, eight in the first year, with
an additional eleven in the second year. From the initial eight participants in the first
year, six continued to participate in the second year, while two transferred to another
school.

All of the teachers who participated in the study had academic degrees to teach
mathematics. Mr Moyo was newly qualified and had joined the school at the end of the
second term (May), Mr Molefe had five years of experience teaching mathematics, Mr
Sithole had thirty-two years, Mr Ndlovu, seven years and Mr Ncube, five years. The
eight learners who initially participated in the study were selected by their grade 9
teachers using the following criteria: one high performing learner, one low performing
learner and the person sitting next to them, which enabled us to observe teacher and
learner interactions with learners displaying different levels of achievement. In grade
10, we continued to observe the six learners from Grade 9 and selected an additional
eleven learners, who were seated next to the initial participants. We asked the Grade
10 teachers whether each learner was a low, average or high achieving learner, which
enabled us to understand how teacher ideas about learner performance influenced
teacher and learner interactions.

Data were collected in the form of videotaped lessons, field notes, photographed
learner notebooks and multiple audiotaped semi-structured interviews with learner and
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teacher participants. A total of 480 minutes of lessons were analysed for each teacher.
All video and audio recordings were transcribed, and data were analysed qualitatively.
From the videotaped lessons, we coded the kinds of social identities offered: affiliation
(A), partial affiliation (PA) or marginalisation (M), by considering the interactions
between teachers and learners. Observing classroom interactions also enabled us to
understand how learners exercised agency and enacted their identities as affiliation (A),
compliance (C), resistance (R) or marginalisation (M). We analysed the semi-
structured interviews by identifying narrative excerpts to understand the
representational component of identity, using Sfard and Prusak’s (2005) criteria of
narratives needing to be reifying, endorsable and significant.

FINDINGS
An overview of our findings

Our analysis showed that two teachers offered all learners identities of affiliation with
their classroom communities, while the other three offered learners differential
identities depending on learners’ achievement in assessments. We found that learners
developed their identities in affiliation with, compliance with or marginalisation from
the social identities offered. None of the learners resisted the offered social identities,
highlighting that learners” mathematical identities are strongly influenced by the social
identities offered by teachers. Table 1 shows the social identities offered to learners by
the teachers and the identities constructed by learners.

Two teachers, Mr Moyo (Gr 9) and Mr Ncube (Gr 10), offered all learners social
identities of affiliation. They engaged with and assisted all learners, including
struggling learners, and treated learners and their contributions respectfully. All four
learners in Mr Moyo’s Grade 9 classroom developed their identities in affiliation with
the social identity offered. In Mr Ncube’s classroom, three learners developed their
identities in affiliation and three developed their identities in compliance with the social
identity of affiliation offered.

The other three teachers, Mr Molefe (Gr 9), Mr Sithole (Gr10) and Mr Ndlovu (Gr10)
offered learners differential social identities based on learners’ achievement. High
achieving learners were offered social identities of affiliation - the teachers engaged
with them, treated them respectfully and were willing to help them. All the high
achieving learners besides Fred, developed their identities in affiliation with the offered
identity of affiliation. Low achieving learners were offered social identities of
marginalisation - the teachers often ignored them, provided them with limited
assistance and in some situations, treated them disrespectfully. Some of the
marginalised learners developed their identities in compliance with the offered social
identity by participating peripherally, while others developed their identities in
marginalisation from the classroom community.

Two learners, Sunny and Jack in Mr Molefe and Mr Sithole’s classrooms, whose marks
were inconsistent, were offered social identities of partial affiliation - the teachers were
willing to assist them to a certain extent and ignored them at other times. Sunny was
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identified by Mr Molefe as a “naughty” learner, who was at times the highest achiever
in the classroom, and at other times, did not perform as well. Jack was identified as a
learner who had “mathematical intelligence”, and whose marks were sometimes
average and at other times lower. Both learners enacted identities of compliance. Lane,
who was identified as a quiet and “slow” learner, whose marks were sometimes average
and at other times very low, was marginalised by Mr Sithole and responded with
compliance.

Grade  Teachers Learners’ Learners Identity  Identity
achievement offered constructed
9 Mr Moyo High achievers Shane & Jack A A
Average achiever Lane A A
Low achiever Senzo A A
10 Mr Ncube High achiever Thandi A A
Average achiever Amy A A
Average achiever Thabo A C
Low achiever Mike A A
Low achievers Jimmy & Tess A C
9 Mr Molefe High achiever Sindiswa A A
Inconsistent Sunny PA C
Low achievers Jennifer & Tess @
10 Mr Sithole ~ High achievers Phillip, Shane, A A
Lebo & Karabo
Inconsistent Jack PA C
Inconsistent Lane M ¢
Low achievers  Tommy & Senzo M M
10 Mr Ndlovu High achiever Edward A A
High achiever Fred A @
Low achiever Sunny M M

Table 1: Identities offered and constructed

Over the two-year period, learners’ mathematical identities changed, some
significantly, others negligibly. Jack, Lane, Senzo and Sunny enacted different
identities and provided different narratives of their identities in grade 9 and 10, with
their teachers usually being the main reason why they no longer enjoyed mathematics
in grade 10. Shane and Tess enacted similar identities in both grade 9 and 10 and both
learners’ stories of themselves and ways of participating changed negligibly.
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The social identities offered

The teachers’ narratives of who could do mathematics influenced how they interacted
with learners and the kinds of social identities offered to learners. For Mr Moyo and
Mr Ncube, all learners could learn mathematics. Mr Moyo said that he envisioned a
classroom where all learners participated. He believed that struggling learners could
learn mathematics and said that he tried to motivate them. Mr Ncube also thought that
all learners could learn mathematics. He said, “mathematics is like any other subject
meant for everyone to do, but it requires for some to go an extra mile than some”,
meaning that some learners had to work harder than others to understand concepts. He
said he encouraged learners to participate and that he was willing to help struggling
learners.

While providing all learners access to learning mathematics, both teachers still saw
ability as a characteristic, which enabled some learners to do better than others. For Mr
Moyo, some learners achieved well because they were “fast thinkers” because they
practised mathematics and had “high 1Qs”. He said that slower learners could also
succeed when given more time and that “someone who is just intelligent but who does
not practise, that person does not become good in maths”. For Mr Ncube, high
achieving learners were “gifted” and understood concepts by doing few examples,
whereas others may have to practise more to achieve the same level of understanding.
Even though both teachers discussed ability, they both stressed the importance of effort
in enabling all learners to learn mathematics.

For Mr Molefe, Mr Sithole and Mr Ndlovu, ability was key to learning mathematics.
These teachers did not think that all learners could learn mathematics, did not assist all
learners and offered learners differential identities. For Mr Molefe, learners who did
not understand mathematics had “deeper psychological problems”. He said, “yes there
are incompetencies in maths but those incompetencies are a result or consequence of
these psychological factors”. He said he was not “competent” to treat psychological
problems and he usually referred these learners to the school counsellor. For Mr
Sithole, competence in mathematics was a “gift” from “God” and there was “nothing”
he could do for struggling learners so he concentrated on high achieving learners. Mr
Ndlovu also attributed mathematical competence to how “God” created people.

Maths was not made for everybody...because when God probably created people, we
know in science there are right people and there are left people. There are people that
are good in numbers. There are people who are not good in numbers.

He said that he did not help struggling learners and would advise them to get help from
another teacher or drop mathematics as a subject in school.

Learners’ mathematical identities

Learners identified teacher practices as the most important factor that influenced their
learning of and identification with mathematics. Learners who affiliated when offered
social identities of affiliation said they enjoyed learning mathematics and identified
themselves as successful or growing learners of mathematics, who participated as full
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members of the classroom community. For example, Senzo explained why he affiliated
with the social identity offered by Mr Moyo in grade 9.

I am starting to enjoy maths because of Mr Moyo and I realised that it is important for me
and my life, like my future. And because at home I revise everything every day, every after
school and morning before I come to school.

However, in grade 10, Senzo’s identity changed substantively. Senzo, like other
learners who developed their identities in marginalisation, said that he did not enjoy
learning mathematics and participated in limited ways, because of Mr Sithole.

I am demotivated because Mr Sithole is demotivating... He gives you a sum, you try it then
he comes and checks and tells you that is rubbish. You know that is demotivating. You
know, he doesn’t really care.

Learners who complied with the social identities offered participated peripherally.
Fred, like other compliant learners, was not entirely comfortable to participate. He said
that he did not always participate even though he enjoyed learning mathematics. He
explained “well, maybe I am scared that I will get such a comment which will...
sometimes teachers talk a lot of things that hurt you inside”. He said that Mr Ndlovu
did not give learners many opportunities to practice mathematics and that Mr Ndlovu
was “full of anger”. Even though Mr Ndlovu provided opportunities for Fred to
affiliate, Fred chose to become a peripheral member because of his discomfort,
indicating that learners’ experiences of their teachers’ practices shaped how they
developed their identities.

DISCUSSION AND CONCLUSION

In this paper, we proposed a framework to define and research learners’ mathematical
identities. Drawing on Rodovic et all’s. (2018) model of the three ways in which
identity is defined in research, our framework shows how identity construction is
social, as learners’ social identities informed how they positioned themselves and were
positioned by others in the classroom; and subjective, as learners’ personal identities
informed how they identified themselves as learners of mathematics.

We showed how teachers’ narratives of who could learn mathematics influenced the
social identities offered to learners. Two teachers, who thought that all learners could
learn mathematics, offered all learners social identities of affiliation, by emphasising
effort. While these two teachers stressed the importance of learner effort, they also
attributed success to ability. Research points to the dangers of attributing learner
success to ability, with some researchers showing how such teacher views result in
inequitable teacher practices and exclusion of learners (e.g. Hodgen & Marks, 2009).
The dangers of attributing success to ability is highlighted further in our findings, as
three teachers offered learners differential social identities based on their ability to
perform well in assessments. Sfard (2009) cautions against the use of marks as labels
for competence, as these labels may become an obstacle for learners to construct their
identities positively.
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We showed how learners’ personal and social identities were enacted, as learners
agentively participated in the classroom. We also showed how identities were
representational and constructed through learner narratives, in terms of how learners
viewed themselves personally as learners, and socially, as members of their classroom
community (Rodovic et al., 2018). We showed that all learners either identified or
complied with the social identities offered, with the teacher being the most important
reason for learners’ identification with mathematics. Learners who affiliated with the
offered identities of affiliation were comfortable to participate in the classroom because
of their teachers’ practices. Their teachers treated them respectfully and provided them
with opportunities to affiliate. Learners who complied with or developed their identities
in marginalisation from the offered social identities were not comfortable to participate
in and become full members of their classroom community, as influenced by their
experiences of their teachers’ practices. None of the learners resisted any of the social
identities offered. Based on these findings, we conclude that learners’ mathematical
identities are strongly influenced by their experiences of the social identities offered to
them by their teachers.
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Chapter 4: Relationships between teachers’ practices and

learners’ mathematical identities

4.1. Introduction

This chapter builds on the explanatory framework developed in chapter 2, which is briefly
expanded on in relation to Radovic et al.’s (2018) three dimensions discussed in chapter 3.
This paper describes in detail what each of the social identities offered by teachers entail, and
how the three higher-level mechanisms work together for the emergence of learners’
mathematical identities as affiliation, compliance, resistance or marginalisation. In this
chapter, I discuss two teachers whose pedagogical practices and social relationships with
learners were different from each other. This chapter provides answers to the first main
research question, in terms of what mathematical identity is and by showing how the concept
of identity defined in chapter 2 can be used in researching secondary school learners’

mathematical identities.

This chapter further explores the key findings discussed in chapters 2 and 3, relating to the
importance of teacher practices in a more detailed manner, thereby providing some answers
to the second main research question: how learners and their mathematics teachers contribute
to the development of learners’ mathematical identities. First, | explain that there are two
important dimensions of teacher practice found in mathematics education research, which are
distinct from each other and are usually discussed independently from each other. The first is
between teachers’ actual practices and narrated practices, and the second is between teachers’
pedagogical practices and social relationships with learners. This chapter considers both
dimensions, the actual and narrated teacher practices and their pedagogical approaches and

social relationships with learners.

Second, I relate these dimensions of teacher practice with the explanatory framework to
analyse the data. I show how teachers’ actual and narrated practices, involving both their
pedagogies and social relationships are related to each other. | argue that teachers, through
their narrated pedagogical approaches, specify what is needed from learners to become
affiliating members of their classroom communities, while through their narratives of their
social relationships with learners, teachers specify who can learn mathematics and become

full members of their classroom community. These narratives in turn shape teachers’ actual
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practices, involving both their actual pedagogies and social relationships with learners, and

their actual practices further justifies the teachers’ narratives of their practices.

| also show how these teacher practices inform the social identities offered to learners and
thereby inform learners” mathematical identities. | provide a detailed analysis of the
mathematical identities of seven learners and show that the social identities offered by the
teachers informed but did not determine the mathematical identities constructed by learners.
Some of the other findings in this paper are: the ways in which the teachers dealt with learner
errors influenced learner participation; the teachers predominantly asked type 1 gathering
information questions and rhetorical questions; and the learners in this sample did not resist
any the social identities offered, possibly because learners are strongly influenced by teacher
pedagogies and social relationships. One of the key recommendations made in this chapter is
that more research is needed on teacher-learner social relationships, as | have shown that
these relationships have important implications for learners to access mathematical

knowledge.

61



O :.!.y\lnr & frzunrxs

International Journal of Mathematical Education in

Ha‘them;-t‘ éi A
Education Science and Technology

Scerce and Technology

ISSN: 0020-739X (Print) 1464-5211 (Online) Journal homepage: https://www.tandfonline.com/loi/tmes20

Relationships between teachers’ practices and
learners’ mathematical identities

Aarifah Gardee

To cite this article: Aarifah Gardee (2019): Relationships between teachers' practices and
learners’ mathematical identities, International Journal of Mathematical Education in Science and
Technology, DOI: 10.1080/0020739X.2019.1688403

To link to this article: https://doi.org/10.1080/0020739X.2019.1688403

@ Published online: 13 Nov 2019.

"J
E;’ Submit your article to this journal &'

A
& View related articles

@ View Crossmark data (7'

Croashhark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=tmes20

62



INTERNATIONAL JOURNAL OF MATHEMATICAL EDUCATION IN SCIENCE AND TECHNOLOGY Taylor & Francis
https://doi.org/10.1080/0020739X.2019.1688403 TeylorsencisGroup

'.) Check for updates

Relationships between teachers’ practices and learners’
mathematical identities

Aarifah Gardee ©©'*

Faculty of Education, University of the Witwatersrand, Johannesburg, South Africa

ABSTRACT ARTICLE HISTORY

The field of mathematics education has seen an increase in research Received 4 April 2019
focused on the concept of identity, with many researchers focus-
ing on the role of teacher pedagogies in shaping learners’ identities
and their participation in and engagement with mathematics. In this
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paper, the actual and narrated practices of two teachers, which incor- learners’ mathematical
porate teachers’ pedagogical approaches and social relationships identities; pedagogical
with learners, are analysed in relation to how they provided oppor-  approaches; social

tunities for the construction of learner identities. The paper draws relationships
on data that were collected over two years in the form of video-

taped lessons, field notes and audiotaped semi-structured interviews

with teachers and learners. Data were analysed using qualitative data

analysis techniques. The analysis suggests a relationship between

the teachers’ actual and narrated practices, with the teachers’ prac-

tices influencing the kinds of identities constructed by learners in

their classrooms, in terms of learners’ enjoyment of learning math-

ematics and their willingness to participate in and become fully

fledged members of their classroom community.

1. Introduction

Many learners experience learning mathematics in schools negatively, consequently giv-
ing up on mathematics when presented with opportunities to do so (Andersson, Valero, &
Meaney, 2015; Bartholomew, Darragh, Ell, & Saunders, 2011; Black, Mendick, & Solomon,
2009; Darragh, 2013). While research has provided many explanations for limited engage-
ment with mathematics, learning mathematics is still a challenge for many learners,
internationally and in South Africa (Adler, 2017; Black et al., 2009; Grootenboer & Zeven-
bergen, 2008). In recent years, researchers in mathematics education have turned to the
concept of ‘identity’ to better understand engagement in mathematics classrooms, per-
haps as a consequence of what Lerman (2000) calls the ‘social turn’ in educational research
(Bartholomew et al.,, 2011; Cobb, Gresalfi, & Hodge, 2009; Darragh, 2016). The popularity
of the concept of ‘identity’ stems from its capacity to encompass cognitive aspects such
as mathematical reasoning, affective dimensions such as attitudes and dispositions and
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social processes such as social relationships in the classroom (Grootenboer & Zevenbergen,
2008).

While researching identity in mathematics education has become widespread, there
are some important difficulties associated with the use of the concept in research. First,
the absence of clear definitions of identity is an important concern for many researchers
(Darragh, 2016; Graven & Heyd-Metzuyanim, 2019). Without clear definitions, the notion
of identity cannot be appropriately applied in research, nor enable researchers to engage
in productive conversations to further our understandings of learning (Darragh, 2016).
Second, when the term identity is used by researchers, they do not often refer to how
learners describe themselves (Cobb et al., 2009), but rather, the identities that learners
would need to construct to become members of their classroom communities. Third, most
researchers focus on one aspect of teacher practice in relation to learners’ mathemati-
cal identities, either teachers’ pedagogical practices, or teachers’ social relationships with
learners. There is not much research that relates both actual and narrated teacher prac-
tices, involving both their pedagogical approaches and social relationships with learners,
to learners’ mathematical identities.

To address these difficulties, this paper develops a framework to understand learners’
mathematical identities as they interact with their teachers in classrooms, and a model
which explicates the relationships between teachers’ actual practices, their narratives of
practices and learners’ mathematical identities. I focus on two mathematics teachers, one in
grade 9 and one in grade 10 with seven learners across their two classrooms and [ examine
the relationships between teachers’ actual practices, their narratives of their practices' and
learners’ mathematical identities.

I address the following research questions:

(1) How are teachers’ actual practices and their narratives of their practices related?
(2) How do different teacher practices, both actual and narrated, influence how learners
construct their mathematical identities?

2. Theorizing identities

There are many perspectives on identity in research in mathematics education (Darragh,
2016; Radovic, Black, Williams, & Salas, 2018). For this paper, I draw on the works of
Wenger (1998) and Sfard and Prusak (2005) because research shows that their definitions
of identity are most commonly used to contribute to the discussion and development of
definitions of identity2 (Darragh, 2016). Wenger (1998) and Sfard and Prusak (2005) define
identity differently from each other, but both contend that identity is a negotiated process
between individuals and communities. For Wenger (1998), identity is enacted and related
to practice, whereas for Sfard and Prusak (2005), identity is representational, and defined as
narrative. Both the enacted and the representational dimensions of identity are important
as Radovic et al. (2018) argue that a focus on only one of the two dimensions of identity is
limiting, so I consider both of their works in this paper.

For Wenger (1998), identity construction is social and related to learning. As a person
learns, s'he becomes a different person and is able to identify her/himself more or less
with the community of practice in which s/he is learning (Wenger, 1998). The process of
identity construction is negotiated between persons and their community and is reified

64



INTERNATIONAL JOURNAL OF MATHEMATICAL EDUCATION IN SCIENCE AND TECHNOLOGY @ 3

/ ] . . ge —_— -
A learner’s mathematical identity Social identities

Personal identity constructed Agency offered
Learners” understandings of self N LG choice:
in relation to mathematics. affliation:with N

How learners
are positioned

compliance with,

Social identity constructed / resistance to, or by others in the
How learners position marginalisation from mathematics
themsclves in their mathematics mathematics classroom classroom.
classroom. communities.

Figure 1. Constituents of a learner's mathematical identity in their classroom community.

through practice. As a person engages in practice, they define themselves through the ways
in which they experience themselves through participation. The person is also defined by
others, which influences the kinds of opportunities presented to the person to learn and
become a fully fledged member of the community (Wenger, 1998).

Sfard and Prusak (2005) define identity as a collection of socially shaped stories or narra-
tives about a person, which are reifying, endorsable and significant. Reifying stories involve
people narrating who they are, rather than what they can do. Stories are endorsable when
narrators declare the authenticity of narratives, while the significance of stories can be
determined when changes in stories involve changes in feelings by the storyteller about
the person who the story is told about. Narratives can be told about oneself to others and
can also be told by significant others, such as stories told by teachers, parents or peers about
learners. Significant narratives, which are stories told by significant others, can influence
learners’ actions and identities (Sfard & Prusak, 2005). While stories may be individu-
ally told, they are collectively shaped, meaning that both the individual and the social
community shape narratives (Sfard & Prusak, 2005).

For Wenger (1998) and Sfard and Prusak (2005), people position themselves and are
positioned by others in communities through engagement with practice (Wenger, 1998)
and discourse (Sfard & Prusak, 2005). However, both perspectives overlook the importance
ofindividual agency, which is key to the construction of learners’ identities. Drawing on the
work of Marks and O’'mahoney (2014), I define mathematical identity as being constituted
by relationships between personal identity, social identity and agency (Figure 1) in relation
to mathematics.

According to Archer (2002), personal identity ‘is a matter of what we care about in
the world’ (p. 15). Personal identity emerges from the embodied and reflexive self, which
is forged by individual interests and personal preferences (Marks & O'mahoney, 2014). I
extend Archer (2002) and Marks and O'mahoney’s (2014) definitions and define personal
identity as an understanding of self in relation to mathematics, emerging as individu-
als engage in mathematical practice and discourse. Learners’ beliefs about the nature of
mathematics (see Tossavainen, Rensaa, & Johanssona, 2019), their interests, emotions,
motivations and future projections of learning mathematics inform their personal iden-
tities. Concomitantly, learners’ personal identities inform how they learn mathematics, as
Archer (2002) argues that personal identities inform what people prioritize and care about
most.
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Learners also construct social identities, which gives rise to social selves, as they position
themselves in their mathematics classroom communities. Marks and O'mahoney (2014)
define social identity as being concerned with the embodiment of roles that are made avail-
able to people by social structures. Social identity emerges from social relations, involving
the kinds of relationships that learners share with others in their mathematics classrooms
through practice and discourse. Social identity involves how learners position themselves
or would like to be perceived within their mathematics classroom communities, as influ-
enced by their personal identity and by the ways in which they are positioned by others in
the classroom community.

In mathematics classrooms, learners are offered certain social identities by their teach-
ers, which may be different from the social identities constructed by learners. Teachers
can offer learners social identities of affiliation, by providing them with access to the
tools and resources of mathematics to become full members of the classroom commu-
nity. Teachers can also offer some learners social identities of marginalization, by limiting
learner access to the tools and resources of mathematics to become marginal members
of their classroom community. Classrooms where all learners are offered opportunities
for affiliation with their mathematics classroom communities are those where teachers
respect learners, have high regard for learners and believe that all learners can succeed
at learning mathematics (Gresalfi & Cobb, 2006). In these classrooms, teachers empha-
size that effort, rather than ability, is needed to be successful at learning mathematics
(Boaler & Staples, 2008). Classrooms where some learners are marginalized by their teach-
ers are those where teachers attribute success to ability, creating the illusion that not all
learners can be successful learners of mathematics (Hodgen & Marks, 2009). Success in
these classroom communities are attributed to requiring some form of ability, ‘specialness’
or ‘gift’, rather than hard work (Hodgen & Marks, 2009; Mendick, Moreau, & Epstein,
2009).

While learners may be offered certain social identities and opportunities to participate
in different ways, learners always have the choice of participating, influenced by their per-
sonal and social identities. The notion of agency illuminates how individuals can construct
their identities differently from the opportunities offered to them in communities. Exer-
cising agency involves choosing between different forms of intentional action or practice,
with social structures enabling or constraining opportunities for people to exercise agency
(Etelapelto, Vihasantanen, Hokkd, & Paloniemi, 2013; Gresalfi, Martin, Hand, & Greeno,
2009; Norén, 2015). Agency is always exercised and may differ depending on social con-
texts (Gresalfi et al., 2009). Agency is socially shaped, since how learners participate in
their classroom communities, who they participate with and how they learn mathematics,
depends on learners’ personal and social circumstances.

Experiences of exercising agency concomitantly influence learners’ personal identities,
as they learn more about themselves, their beliefs, interests, aspirations and motivations;
and their social identities, as they evaluate their membership in the community (Figure 1).
This means that learners’ identities are constantly being developed as they learn and par-
ticipate in their classroom communities. As learners enact their identities by interacting
with teachers, teachers can continue offering them the same social identities as previ-
ously offered or may offer learners different social identities from those offered in the past.
In what follows, I discuss how I use the concepts of personal identity, social identity —
both offered and constructed - and agency, in order to understand the different kinds of
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mathematical identities that learners can construct as they interact with their teachers in
their mathematics classrooms.

2.1. A framework for mathematical identities

Wenger (1998) describes identity as a nexus of multimembership. As learners engage with
mathematics in different contexts, either on their own or with teachers, peers or significant
others, they develop different kinds of membership in the different communities, which
can be reconciled into a single identity. In other words, learners’ engagements in different
communities of practice may vary, since the repertoires, regimes of accountability, tools
and resources of one community may differ from other communities of practice. Together,
all the different forms of participation and membership in different communities can be
reconciled into one nexus (Wenger, 1998). For this paper, I use the term mathematical
identity to refer to a specific kind of identity that learners construct as they interact with
their mathematics teachers when learning mathematics in their mathematics classroom
communities.

In the field of mathematics education, research has identified three ways in which
learners can identify with teachers and activities: by affiliating with teachers and activ-
ities; by complying and merely cooperating with teachers; or by resisting teachers and
activities (Boaler & Greeno, 2000; Cobb et al., 2009). How learners identify with teach-
ers and activities can be associated with the ways in which learners participate in their
classroom communities. There are different kinds of participation in communities - full
participation, peripheral participation and marginality — with the different kinds of partic-
ipation being related to the different identities produced (Wenger, 1998). Full participation
is distinguished from peripheral and marginal participation, since the latter two forms
of participation involve different degrees of non-participation (Wenger, 1998). Peripheral
participation involves a degree of non-participation, ‘to enable a kind of participation that
is less than full’, which can potentially lead to the development of peripheral identities, and
in some situations, full membership over time (Wenger, 1998, p. 165). Marginality ‘prevents
full participation’, which may potentially lead to the development of non-membership or
marginal identities (Wenger, 1998, p. 166).

To build a framework for mathematical identities, I have drawn on Wenger’s (1998)
work on participation, Boaler and Greeno’s (2000) and Cobb et al.’s (2009) work on how
learners identify with teachers and activities, and Marks and O’mahoney’s (2014) work on
personal identity, social identity and agency. I show how different mathematical identities
can be constructed by learners, as influenced by the different social identities offered to
them by teachers. The different kinds of mathematical identities constructed by learners
are also influenced by learners’ relationships with mathematics, in terms of how learners
view mathematics as a body of knowledge and how they engage with mathematics in com-
munities (Tossavainen et al., 2019). In this paper, learners’ relationships with mathematics
are discussed in relation to agency, i.e. how learners participate with the tools and resources
of mathematics which are made available to them by their teachers in their mathematics
classroom communities.

Table 1 illustrates the framework developed to understand learners’ identities, by illus-
trating the different kinds of mathematical identities which can be constructed by learners
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Table 1. Offered and constructed identities.

Social identities offered Learners’ mathematical identities

Affiliation with the classroom community Affiliation with the classroom community
Compliance with the classroom community
Resistance to the classroom community

Marginalization from the classroom community Marginalization from the classroom community
Compliance with the classroom community
Resistance to the classroom community

when they are offered social identities of affiliation with or marginalization from their
classroom communities by their teachers.

When learners are offered social identities of affiliation with their classroom commu-
nity, they may construct their mathematical identities in affiliation with, compliance with
or resistance to the social identity offered to them by their teachers (Table 1). When learners
meaningfully engage with the tools and resources of the mathematics classroom commu-
nity, they are constructing their mathematical identities in affiliation with their classroom
community. Affiliating learners tend to be emotionally invested and interested in learning
mathematics, for their personal identities, and these learners develop their social identities
as full members of their classroom community.

When learners engage peripherally with the tools and resources of the mathematics
classroom community, by cooperating with teachers without any meaningful engagement,
they are constructing their mathematical identities in compliance with their classroom
community. Compliant learners are not invested in developing their social identities as full
members of their classroom community and may not be personally interested in learning
mathematics. When learners choose not to engage with the tools and resources of the math-
ematics classroom community, or choose an alternative way of participating which is not in
compliance with the culture of the mathematics classroom community, they are construct-
ing their mathematical identities in resistance to their classroom community. Resistant
learners may not see the use of mathematics for their lives and futures, and these learners
do not develop their social identities as members of their classroom community.

When learners are offered social identities of marginalization from their classroom
community, they can construct their mathematical identities in marginalization from,
compliance with or resistance to the social identity offered to them by their teachers
(Table 1). Learners can construct their mathematical identities in marginalization from
their classroom community by choosing not to participate with the tools and resources of
mathematics in their classroom as a full participant. These learners may no longer see any
personal use in learning mathematics and may not wish to develop their social identities
as members of their classroom community.

Sometimes, learners who are offered social identities of marginalization by their teachers
may still want to develop their social identities as members of the community. Such learners
can construct their mathematical identities in compliance with or resistance to the social
identity of marginalization offered. Constructing mathematical identities in compliance
with the classroom community when offered a social identity of marginalization can hap-
pen by learners choosing not to participate much with the teacher, but these learners may
try to access assistance from other sources. Compliant learners develop their social iden-
tities as peripheral members of their classroom community, perhaps because they wish
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to pass mathematics or pursue mathematics in the future, for their personal identities.
Learners can also construct their mathematical identities in resistance to the classroom
community when offered a social identity of marginalization, by attempting to use the
tools and resources of mathematics to develop their social identities as full members of
the community. These learners may be emotionally invested and interested in learning
mathematics, for their personal identities, and may feel the need to be a member of their
classroom community.

Resisting offered social identities of affiliation with classroom communities does not
mean that learners are marginalized by others. Concomitantly, resisting offered social iden-
tities of marginalization from classroom communities does not mean that learners are
affiliating with an offered social identity of marginalization. Learners who resist an offered
social identity of affiliation marginalize themselves from the classroom community but are
not marginalized by the community if their teachers provide them with access and support
to learn mathematics. Likewise, learners who resist an offered identity of marginaliza-
tion cannot become full participants and affiliating members of the classroom community,
unless they are offered a social identity of affiliation with the classroom community.

3. The influence of teacher practices on learners’ mathematical identities
3.1. Teachers’ actual practices and learners’ mathematical identities

What learners learn and how they develop their mathematical identities are closely linked
to learners’ experiences in the mathematics classroom (Boaler & Greeno, 2000; Boaler &
Staples, 2008; Cobb et al., 2009). Different teacher pedagogies have been shown to pro-
vide learners with access to learning mathematics in different ways. Boaler and Greeno’s
(2000) ground-breaking analysis illustrates that different kinds of mathematical identi-
ties were developed by advanced placement (AP) calculus students as a consequence of
their experiences of reform and traditional pedagogies. Reform pedagogies are character-
ized by learners engaging collaboratively with others through open-ended problem-solving
activities and have been shown to provide learners with better opportunities to partic-
ipate, develop their reasoning, engage in meaning-making and envision mathematically
orientated future projections, thereby offering learners opportunities to construct their
mathematical identities in affiliation with mathematical communities of practice (Boaler
& Greeno, 2000; Boaler & Staples, 2008; Cobb et al., 2009; Norén, 2015).

While reform pedagogies are the aim of many educational reform projects, traditional
pedagogies still dominate classroom instruction, both in South Africa and internationally
(Brodie, Jina, & Modau, 2009; Heyd-Metzuyanim, Tabach, & Nachlieli, 2015; Lloyd, 2018;
Norén, 2015; Umugiraneza, Bansilal, & North, 2017). Traditional pedagogies are charac-
terized by textbook-based learning with teacher-dominated practices, which are argued to
limit the development of learner thinking and meaning-making, with learners often feeling
like passive recipients, marginalized, anxious, bored and frustrated, since knowledge is pre-
sented in decontextualized ways (Andersson et al., 2015; Boaler & Greeno, 2000; Solomon,
2007).

There is a tendency in research to define traditional pedagogy as a single approach,
which negatively influences learning and identity. However, there are different kinds
of traditional pedagogies, some of which may encourage learner understanding,
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meaning-making and thinking to different extents. Boaler and Brodie (2004) developed
a framework for analysing teacher questions, which can be used to determine the extent to
which traditional pedagogies encourage learner thinking in whole-class interactions. The
framework is composed of nine questioning categories, derived from an analysis of practice
from seven teachers in three schools, who taught either using traditional or reform ped-
agogies. These nine categories are: gathering information and leading students through
a method; inserting terminology; exploring mathematical meanings and/or relationships;
probing and getting students to explain their thinking; generating discussion; linking and
applying; extending thinking; orienting and focusing; and establishing context. Gathering
information and leading students through a method involves less learner thinking than the
other eight categories, which can require deeper thinking from learners.

In recent years, research considering the importance of supportive social relationships as
part of teacher’s actual practices in classrooms has grown, with many studies illustrating the
importance of supportive social relationships for learning (Bibby, 2009; Cornelius-White,
2007; Gardee, 2019; Hodgen & Marks, 2009; Rytivaara & Frelin, 2017). Listening to learn-
ers, placing value on their contributions and creating environments of belonging are shown
to enable learners to participate in and construct their mathematical identities in affilia-
tion with their classroom community (Bibby, 2009; Darragh, 2013). For example, Bibby
(2009) showed how some learners felt valued by their mathematics teacher, who provided
them with opportunities to affiliate with his classroom community, in comparison to a
student on teaching practice who marginalized learners and did not value their contribu-
tions. Developing supportive classroom environments through strong social relationships
between teachers and learners can provide learners with opportunities to construct their
mathematical identities positively. These kinds of relationships can occur in classrooms
where learners experience traditional or reform pedagogies.

3.2. Teachers’ narrated practices and learners’ mathematical identities

With the exception of Heyd-Metzuyanim’s (2013) study, research on teacher narratives
predominantly focuses on teachers identities, rather than accounting for how teach-
ers’ narrated practices influence learners’ mathematical identities. In her study, Heyd-
Metzuyanim (2013) showed how her narrative of labelling a struggling learner as ‘clueless’
shaped the kinds of opportunities that the learner, called Dana, experienced to learn
mathematics and develop her identity as a member of the classroom community. Heyd-
Metzuyanim’s (2013) narrative relating to Dana contributed to her actual pedagogical
practices, as she employed a traditional pedagogical approach only for Dana, which was
different from the discussion-based pedagogy that she employed for the rest of the class and
which contributed to the development of what the author called Dana’s “identity of failure’.
While Heyd-Metzuyanim’s (2013) narrative of Dana shaped her interactions with her, her
pedagogical practices further contributed to Dana’s difficulty to learn mathematics, since
she limited Dana’s opportunities to engage as a full participant in her classroom.

In Heyd-Metzuyanim’s (2013) study, Dana was marginalized from the rest of the class-
room, as influenced by her teacher’s pedagogical practices, but it is important to note that
Dana did not identify herself as a marginalized learner. In her narrative, Dana did not iden-
tify herself as a successful learner of mathematics, but she said that she could understand
mathematics when provided with assistance from others. She exercised agency and resisted
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the identification offered by the teacher during interactions, by participating actively, even
though her answers were incorrect, and by pretending to understand the teacher’s expla-
nations, even though she might have not understood them. For Dana, it seemed that
belonging to and participating in the classroom community as a full participant was impor-
tant for her identity (Heyd-Metzuyanim, 2013), even though she was offered an identity of
marginalization. It is therefore important to consider the role of agency for the develop-
ment of learners’ mathematical identities, as Dana might have not identified herself in the
same way as her teacher did.

The research discussed in sections 3.1 and 3.2 show how teachers actual and narrated
practices can provide learners with opportunities to construct their mathematical identi-
ties in affiliation with or marginalization from their classroom communities. Most of the
research discussed focuses on teachers’ actual practices or their narratives of their prac-
tices in relation to the social identities offered to learners. There is not much research
that relates both actual and narrated teacher practices, involving both their pedagog-
ical approaches and social relationships with learners, to the mathematical identities
constructed by learners.

4. Methods
4.1. Participants

Data for this paper are taken from a study that focuses on understanding learners’ math-
ematical identities as they transitioned from grade 9-10 in a well-resourced secondary
school in South Africa. The school population is reflective of the demography of the coun-
try and is diverse. In total, 19 learners participated in the study with their five mathematics
teachers. This small group of learners was selected to gain in-depth understandings of how
they constructed their mathematical identities in their classrooms.

For this paper, Mr Moyo (all names are pseudonyms) who taught grade 9 with four
learners in his classroom and Mr Ndlovu who taught grade 10 with three learners in his
classroom, are discussed. Both teachers displayed different teacher practices from each
other and provided different reasons through their narratives to account for why they
thought that their practices were most suitable for promoting learning in their classrooms.
A total of 480 min of lessons were analysed for each teacher. Both teachers had academic
degrees to teach mathematics. Mr Moyo was recently qualified at the time of data collection,
and Mr Ndlovu had eight years of experience teaching mathematics.

Learners in the study were initially selected by their grade 9 teachers using the following
criteria: one high-performing learner, one low-performing learner and the person seated
next to them. The purpose of selecting learners according to these criteria was so that I
could observe teacher and learner interactions with learners displaying different levels of

Table 2. Selected learners.

Teachers’ pseudonyms Mr Moyo (grade 9) Mr Ndlovu (grade 10)
High-performing learner Shane Edward

The person sitting next to the high performing learner  Jack (high-performing) Fred (high-performing)
Low-performing learner Senzo Sunny

The person sitting next to the low-performing learner Lane (average-performing) No partner
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achievement. The same learners were observed when they were in grade 10 and additional
learners, such as learners who were seated next to the initial participants, were selected to
observe teacher and learner interactions. Table 2 provides the pseudonyms of learners in
each teacher’s classroom and their mathematical achievement, according to their teachers.’

4.2. Data collection

Data were collected in the third school term (August-September) in 2015 and 2016 -
for two weeks in 2015 (grade 9) and four weeks in 2016 (grade 10). For the purpose of
understanding teachers’ practices as actualized in the classroom, learner participation and
the kinds of social identities offered to learners, data were collected in the form of video-
taped lessons and field notes. During the lessons, the video camera was placed in the front
of the classroom and focused primarily on learners to capture their participation and how
the teachers interacted with learners. Audio recorders were placed on learners’ desks to cap-
ture their interactions, which was often difficult to hear on the video camera. Field notes
were taken to supplement the recordings by giving context and noting important incidents
that were not captured by the recordings, and the audio from the video cameras enabled
understandings of how the teachers structured the lessons and the kinds of questions that
they asked.

To understand the teachers’ reasons for their practices and the social identities offered to
learners from their perspectives, I conducted audiotaped semi-structured interviews with
teacher participants. I asked the following types of questions during the teacher interviews:
how would you describe your pedagogical approach?; how do you see [name of a learner
participant] as a learner in your classroom?; how does [name of a learner participant]| par-
ticipate in the classroom?; and do you think that [name of a learner participant] is good at
doing mathematics?

To understand learners’ mathematical identities in relation to the social identities
offered by their teachers, I conducted audiotaped semi-structured interviews with learn-
ers. I asked the following types of questions during the learner interviews: how do you
see yourself as a mathematics learner?; how do you experience learning mathematics this
year?; can you please describe to me what your mathematics lessons are like; how does
your mathematics teacher make you feel when you are sitting in your mathematics class-
room?; how do you participate in your mathematics classroom?; is mathematics necessary
for your future career or sense of being?; and how does your teacher see you as a learner of
mathematics? All questions asked during the interviews were followed by further probing
questions, aimed at supporting interviewees to give more detailed explanations.

4.3. Data analysis

Qualitative approaches were used to analyse data. Data from lessons and interviews were
transcribed, coded and analysed thematically using open coding (McMillan & Schu-
macher, 2010). Data from lessons were coded according to the extent to which the teachers’
pedagogical and social relationships in the classroom provided learners with access to
learning mathematics. For teachers’ actual pedagogical relationships, I coded how the
teachers structured their lessons, in terms of the time allocated to classroom tasks and
the teachers’ questions, utterances and prompts in whole-class situations. To categorize the
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Table 3. Number and type of questions asked by teachers.

Number of Number of
questions asked by  questions asked by

Question type Mr Moyo Mr Ndlovu Examples

1. Gathering information 227 334 Mr Ndlovu: Look at the mean. The mean is?Mr
and leading students Ndlovu: What is the average?Mr Ndlovu:
through a method What is our maximum?

2. Exploring mathematical 4 0 Mr Moyo: Now this is how we calculated
meanings and/or intercepts using the table. How do we write
relationships it in co-ordinate form?

3. Probing, getting 24 19 Mr Moyo: Why are we saying three times zero
students to explain their plus six? Why?
thinking

4. Generating discussion 7 42 Mr Ndlovu: Information and data. Somebody

else? What is statistics? What do you
understand when you talk about statistics?

5. Establishing context 0 3 When explaining to learners the link between
statistics in mathematics and planning for
an Olympics.Mr Ndlovu: Where were the
Olympics? They still on neh?Mr Ndlovu:
Where are they?Mr Ndlovu: In Rio. Where is
Rio?

6. Rhetorical question 56 144 Mr Ndlovu: Today is Wednesday. Listen can you
say that what am | given? The condition is
today is Wednesday.Mr Ndlovu: Probability
that tomorrow is Thursday? It's definite. It's
certain.

Total 318 542

extent to which teacher questions encouraged learner thinking, I transcribed teacher ques-
tions, including utterances and prompts that served the purpose of questions, using Boaler
and Brodie’s (2004) framework (see Table 3). After coding each question, I counted each
question type and created tables to compare the frequency across teacher lessons. For the
teachers’ actual social relationships, I coded the interactions between teacher and learner
participants. I focused on whether learners were provided opportunities to participate and
how each teacher interacted with each of the learner participants, in terms of whether the
teacher ignored the learner, treated the learner with respect and assisted the learner when
the learner required help, enabling me to identify whether learners were offered identities
of affiliation with or marginalization from their classroom communities.

Observing learner participation in the classrooms also enabled me to understand how
learners constructed their mathematical identities, in relation to the social identities offered
to them by their teachers. I coded learner participation by noting whether learners partic-
ipated with their mathematics teacher and other learners by asking questions, answering
questions, discussing their solutions with others, demonstrating their answers on the board
when provided with the opportunity to do so, assisting other learners in the classroom and
completing their tasks.

The data from the semi-structured interviews were used to further explain the findings
from the lesson observations, in terms of why the teachers chose to offer learners cer-
tain identities and why learners constructed their mathematical identities in certain ways.
Data from the semi-structured interviews with teachers were used to understand teach-
ers narrated practices. For teachers’ narrated pedagogical approaches, I coded how the
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teachers described their pedagogical approaches and why they thought that their pedago-
gies promoted learning in their classrooms. For the teachers’ narrated social relationships
with learners, I coded how the teachers identified each learner participant and the reasons
provided by the teachers for interacting with different learners in certain ways.

Interviews with learners were used to understand their personal identities, social identi-
ties, their experiences of the social identity offered to them and how they exercised agency.
For learners’ personal identities, I coded how learners identified themselves as mathemat-
ics learners, how they discussed their emotions relating to their learning of mathematics
and the use (or not) of mathematics for their lives and futures. For the social identities
constructed by learners, I coded how learners positioned themselves in their classrooms,
in terms of their achievements in assessments. For learners’ experiences of the social iden-
tities offered to them by their teachers, I coded how they experienced their teachers’ actual
practices. I coded their narrated experiences of participation in terms of how and with
whom they participated in the classroom to learn mathematics. I then used the framework
discussed earlier in the paper to understand how learners constructed their mathematical
identities in relation to the social identities offered to them by their teachers.

To provide credibility in my findings, I continuously compared data from lesson obser-
vations, teacher interviews and learner interviews. I also re-watched the videotaped lessons
multiple times and created tables to match each claim made in the findings section with
excerpts from the interviews and videotaped lessons.

5. Findings

In this section, I begin by showing the number and types of questions asked by Mr Moyo
and Mr Ndlovu to provide the reader with an understanding of the kind of thinking
required from learners through teacher questions in the classroom. I then describe Mr
Moyo and Mr Ndlovu’s actual practices and narrated practices and I show that there is a
relationship between the teachers actual practices and narrated practices, with the teach-
ers’ actual practices influencing the kinds of identities constructed by learners in their
classrooms.

5.1. Teacher questions

From Boaler and Brodie’s (2004) nine categories used to classify teacher questions, I found
that five of the nine categories were evident in the data. These five categories were: gather-
ing information and leading students through a method; exploring mathematical meanings
and/or relationships; probing and getting students to explain their thinking; generating
discussion; and establishing context. Even though the latter four question types in the
framework can require somewhat deeper thinking from learners, I found that the teachers
in my study used these question types in ways that did not require much learner thinking,
a finding representative of the larger sample. A new code, which I called rhetorical ques-
tions emerged from the data, and I define rhetorical questions as non-interactive questions,
where teachers answer the questions they ask, rather than allowing learners to respond to
the questions. The reason why I coded rhetorical questions as a question, rather than as a
teacher explanation was because these non-interactive questions were in the form of inter-
active questions and had the potential to elicit contributions from learners had the teacher
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not answered the questions. Table 3 illustrates the number and types of questions asked in
a whole-class situation by each teacher, with examples from the data.

The total number of questions asked by each teacher can be attributed to the amount
of time each teacher spent interacting with learners in relation to the time provided to
learners to complete tasks on their own or in pairs. Mr Ndlovu did not usually allocate
much time to classroom tasks, which is why he asked so many whole-class questions. Mr
Moyo allocated a lot of time in his lessons for classroom tasks, which is why he asked fewer
whole-class questions than Mr Ndlovu. Table 3 further illustrates that the main types of
questions asked by both teachers are of type 1 and 6, constraining learner opportunities
to develop their thinking, a finding representative of the larger sample. The other types of
questions illustrated in Table 3 were used by the two teachers sparingly and did not often
require deeper thinking from learners, a finding which is also representative of the larger
sample.

5.2. MrMoyo’s actual and narrated teacher practices

Mr Moyo’s pedagogical approach was characterized by explanations involving sequences
of interactions, typically characterized by type 1 and 6 questions. Thereafter, learners were
provided with time to complete classroom tasks from their textbooks, either individually or
with the person sitting next to them, a choice Mr Moyo gave to learners. Mr Moyo invited
participation in the classroom from all learners, encouraged learners to ask questions if
they did not understand, was accommodating of learner errors and was willing to help
them at any time during the lesson. At the end of each lesson, Mr Moyo provided learn-
ers with the correct answers to the classroom tasks and he often offered different learners
opportunities to demonstrate their solutions on the board.

In his narrative, Mr Moyo described his pedagogical approach as one where he provided
learners with many opportunities to practice mathematics using classroom tasks.

Mr Moyo: For their learning, I think it is very important because maths is a practical sub-
ject and with a practical subject, the more you are involved the more the logic,
the concepts get into them. So let’s have them practice more.

He said that he noticed that the more learners practiced, the better they understood the
work. Classroom tasks assisted him to identify the challenges learners experienced so
that he could help them. He said that he encouraged learners to think and solve prob-
lems for themselves because when learners face obstacles and challenges, their minds
expand.

Mr Moyo: What I think is it is very crucial to give learners an opportunity to work out
the problems themselves. To find out what is problematic and to try and find
solutions. By that, I introduce a concept and I give them examples to work out.
Even today when I gave them questions, some of them were saying no Sir I
think you must explain to us first before work because it’s difficult. But then I
was saying for me what is important is for you to see the challenge and your
mind expands if you face an obstacle.
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Assessment was also important to him to measure the success of his pedagogical approach,
as he said ‘we teach to assess’.

Mr Moyo provided learners with some opportunities to think for themselves, rather than
being dependent on him for answers. However, opportunities to develop thinking through
classroom interactions were limited, since Mr Moyo mainly asked type 1 and 6 questions,
as illustrated in Table 3.

As for social relationships with learners in the classroom, Mr Moyo helped all learners
in the classroom and often encouraged learners to complete their tasks. For Mr Moyo, all
learners could succeed in learning mathematics if they practiced and were motivated. Mr
Moyo explained:

Mr Moyo: I think generally grade 8 and 9, they just need so much motivation that maths
is not difficult and it’s a subject that is interesting that opens doors in life.

When discussing why he thought it was important to motivate struggling learners, he
said:

Mr Moyo: I think those learners ... what I think is they are not really incompetent but
they may just not have motivation, not have really caught up with the sub-
ject, what it is about. The fact that to a point where they get that interest, you
may actually find out that they are not incompetent but they never got really
properly orientated with the subject.

In some lessons, during the time allocated to classroom tasks, Mr Moyo walked to every
learner’s desk to see if they needed help and would go to learners’ desks if they called him.
Mr Moyo said that if he noticed that some learners were still not succeeding, he encouraged
them to come for help during breaks, after school or to the extra classes that he offered
them. Through Mr Moyo’s teaching practices, he provided all learners with the opportunity
to participate in the classroom and construct their mathematical identities in affiliation
with his classroom community.

All four learners chose to construct their mathematical identities in affiliation with the
social identity offered by Mr Moyo by participating and developing their social identities
as full members of the classroom since learning mathematics was enjoyable and mean-
ingful to them. Shane, a high-achieving learner participated in the classroom by asking
questions, answering questions, discussing his solutions, demonstrating his answers on the
board, assisting other learners in the classroom and completing his tasks. He described his
personal identity by explaining that he viewed himself as a good learner of mathematics,
with mathematics being his favourite subject. He was motivated to pursue mathematics in
the future and he viewed mathematics as a ‘hobby’.

Shane: My favourite subject is maths definitely ... doing maths ... ahlet’s see, doing
maths ... I am doing something enjoyable.

When describing his social identity, Shane said that he was performing well in assessments
and that he wanted to be the best mathematics learner in his classroom. Shane experi-
enced learning mathematics in Mr Moyo’s classroom positively, as he said that Mr Moyo
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allowed learners to approach problems using different strategies and was always willing to
help them understand mathematics. When narrating his experiences of the social identity
offered to him, Shane described Mr Moyo as a caring teacher who saw potential in him and
who would make sure that learners understood what was taught before moving on with the
syllabus.

Shane: It makes me feel nice because it makes me feel good because I see this teacher,
yeah he just wants to get his children to pass. He cares about us.

Like Shane, Jack, a high-achieving learner also enjoyed learning mathematics, said he
‘love(d)’ mathematics and was willing to pursue mathematics in the future, as indicative
of his personal identity. He participated actively with Mr Moyo and other learners in the
classroom by asking questions, answering questions, discussing his solutions, demonstrat-
ing his answers on the board, assisting other learners in the classroom and completing his
tasks. He described his social identity by saying that he was one of the most successful
learners of mathematics in the grade and was competitive. He found some mathemat-
ical topics challenging to learn, but he felt that Mr Moyo was helpful in enabling him
to understand because he provided learners with time to grasp concepts, used differ-
ent teaching strategies and allowed learners to demonstrate their work on the board.
When narrating his experiences of the social identity offered to him, Jack described Mr
Moyo as a teacher who was a ‘soft persorn’, who made him feel ‘welcome and comfort-
able’ in the classroom, who cared about them and who would explain for all learners to
understand.

Jack: Coslike if you say you never understood or asked a question, he will like explain
more in detail for everyone to understand.

Lane, an average-achieving learner described his personal identity by saying that he ‘loves’
mathematics, was excited to learn mathematics and was willing to pursue mathematics in
the future.

Lane: Iam excited, Mam. When1 ... at first when it was like maths period, the chil-
dren would say yoh, that maths teacher, she’s boring. But now they excited
about going to the maths period and things. You know that Mr Moyo cares
about them if like you want to . .. if you want help, he helps Mam.

He described his social identity by identifying himself as ‘more than an average learner’,
who was achieving good marks in his classroom. He participated in his classroom com-
munity by doing his classroom tasks, working with other learners in the classroom and
would sometimes shout out answers, chorus answers and volunteer to answer questions.
When narrating his experiences of the social identity offered to him, Lane described
Mr Moyo as the ‘best teacher’ that he ever had for mathematics and as an approachable
teacher who explained well, helped them understand and allowed them to make mis-
takes. Mr Moyo was seen as a teacher who saw potential in him, was motivating and
polite and who worked through the syllabus slowly to ensure that they understood the
work.
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Senzo, alow-achieving learner, described himself as a learner who was ‘focused and seri-
ous’ about learning mathematics in his classroom, and as a learner who saw the relevance
of mathematics for his life, as indicative of his personal identity.

Senzo: Now maths is for me, like I think of it as a subject that I have to do. You can’t
escape from maths in your life.

He said that he was beginning to enjoy learning mathematics and was motivated to pursue
mathematics in the future.

Senzo: I am starting to enjoy maths because of Mr Moyo and [ realised that it is
important for me and my life, like my future.

When describing his social identity, Senzo said that he was not good at learning mathe-
matics, but his marks were beginning to improve because he participated in the classroom
and was revising mathematics every day at home. He participated in the classroom com-
munity by asking questions, answering questions, discussing his solutions, demonstrating
his answers on the board, assisting other learners and completing tasks. His enjoyment
of learning mathematics was linked to the social identity offered by Mr Moyo, who he
described as the ‘best teacher’ he had. He experienced Mr Moyo as a helpful teacher,
who was caring, motivating, concerned about him, approachable and who treated learners

equally.

Senzo: He (Mr Moyo) makes me feel like I am great. I can achieve more, like I can do
better.

He said that he enjoyed ‘everything’ about the way Mr Moyo taught them in the classroom.

5.3. MrNdlovu’s actual and narrated teacher practices

Mr Ndlovu’s pedagogical approach involved sequences of interactions with learners,
through type 1 questions, followed by lengthy explanations involving no interactions
with learners. Mr Ndlovu did not usually provide learners with opportunities to engage
with classroom tasks. When starting new topics, he usually invited participation in the
classroom by asking learners questions about what they knew about the topic through
type 4 questions, without engaging with their ideas. When explaining concepts, he lec-
tured learners, using type 6 questions and by giving multiple examples without inviting
much learner interaction. Thereafter, he spent the rest of the lesson doing examples on
the board, through the use of type 1 questions. For Mr Ndlovu, answers were either
right or wrong and he did not encourage learners to use other methods but the ones he
taught. He was not accommodating of learner errors and would sometimes get angry
when learners made errors, since he said that he thought that errors cost lives in the
workplace.

In his narrative, Mr Ndlovu described himself as a teacher who did not assume that his
learners ‘understand anything’. He described his pedagogical approach as follows:
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Mr Ndlovu: We enforce things to learners to say you have to master this. So you make sure
the basics everyone understand, number one. You move on, you make sure
they have written formulas. Number two, you make sure that learners recite,
that they can recite to a friend. Look at your friend, recite what you have
done, recite, recite, recite. That is a method of them sort of memorising and
mastering it, they are mastering it. So we do that, I take my time, I don’t rush
them because I know it’s a very important concept. So I might take the whole
lesson cultivating on the formula, on where to use the formula and where to
use the formula, the difference of the formula so that they have mastered it.
Then I can move to the next lesson.

Mastering formulas was central to Mr Ndlovu’s pedagogical approach. He further
explained why he thought that mastery was important to learning mathematics:

Mr Ndlovu: Maths is all about mastering concepts. Maths is like law, if you don’t know
concept of laws, in the kind of the law you are doing, definitely you under-
stand certain things. If it is maths principles, you just need to know them
because maths principles are the ones that govern you. There is nothing
new and everything has been discovered. We use what has been discovered
to work our maths like laws of exponents, like Pythagoras theorems, like
Euclidean theorems. A learner had to know and master a concept first before
he manipulates and applies the concept.

Teaching to the test so that learners were equipped with knowledge to answer questions and
mastering formulae were central themes defining how Mr Ndlovu taught. He said that he
exposed his learners to different question papers and his high-achieving learners often did
very well in their tests. Mr Ndlovu did not encourage much learner thinking in his class-
room and believed that the purpose of learning mathematics was to master the concepts
and formulae of mathematics, which have already been discovered.

As for Mr Ndlovu’s social relationships with learners, Mr Ndlovu treated high-achieving
learners like Edward and Fred differently from low-achieving learners like Sunny. He said
that ‘maths was not made for everybody’. When asked to elaborate, he said:

Mr Ndlovu: Because when God probably created people, we know in science there are
right people and there are left people. There are people that are good in num-
bers. There are people who are not good in numbers. There are people who
are good in figures. There are people who are not good in figures. That is the
way it is.

He said that he did not help struggling learners.

Mr Ndlovu: You can see consecutively that this learner is not improving so you just leave
a learner like that.

He said that he advised struggling learners to ask other teachers for help or to drop
mathematics as a subject in school.
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In his class, high-achieving learners like Edward and Fred were provided opportuni-
ties to construct their mathematical identities in affiliation with the classroom community,
whereas low-achievinglearners like Sunny, were offered social identities of marginalization
from the classroom community. Edward developed his mathematical identity in affilia-
tion with his classroom community and was willing to participate in the classroom. He
participated in the classroom with Mr Ndlovu by asking questions, answering questions,
demonstrating his answers on the board and completing his tasks. He described himselfasa
‘good’ learner who enjoyed learning mathematics, since mathematics was his favourite sub-
jectand he wished to pursue a mathematically orientated degree in university, as indicative
of his personal identity.

Edward: I enjoy maths, like in the class. Even though many people don’t enjoy maths
like it’s a challenge that they have to solve so it’s interesting and also T don’t
have to put a lot of effort since I listen in class and yeah, unlike other people
that have to put a lot of effort. Like sometimes I don’t go for class, like extra
class and yeah. It’s quite easy in a way.

He stated that he did not have to put as much ‘effort’ into learning mathematics in com-
parison to other learners because he had a ‘good memory’. He described his social identity
by saying that he was competitive, was performing very well in assessments in his class-
room, and felt ‘good’ about participating in the classroom. Edward said that he enjoyed
Mr Ndlovu’s lessons because Mr Ndlovu ‘maintained discipline’ and interacted with him
in the classroom, which enabled him to get good marks. The only concern he had with
Mr Ndlovu’s choice of pedagogy was that Mr Ndlovu did not allow the use of different
methods and would penalize them in tests if they tried to approach a problem differently.
When narrating his experiences of the social identity offered to him, Edward explained that
he enjoyed the kind of social relationship he shared with Mr Ndlovu because Mr Ndlovu
corrected him when he made mistakes.

Like Edward, Fred was also identified by Mr Ndlovu as a high-achieving learner and
was provided with opportunities to participate in the classroom. However, Fred completed
his tasks but only participated with Mr Ndlovu when called by name. In his narrative,
Fred described his personal identity by saying that he saw himself as a successful learner of
mathematics because he understood mathematics. He was motivated to learn mathematics
and pursue mathematics in the future and said that he was trying to be the ‘best’ that he
could be at learning mathematics. When narrating his experiences of the social identity
offered to him, Fred explained that Mr Ndlovu displayed much interest in him and his
performance in assessments. However, Fred did not develop his social identity as a full
member of his classroom as he had less favourable experiences of learning mathematics
as a consequence of how Mr Ndlovu taught and treated learners in the classroom when
they did not understand. Fred said that Mr Ndlovu did not explain as well as his grade 9
teacher or provide them with much time to engage with classroom tasks. When comparing
his grade 9 teacher to Mr Ndlovu, he said:

Fred: Mr Ndlovu can’t explain like how Mr [name of grade 9 teacher] used to. Well
[name of grade 9 teacher], Mam, he used to emphasise more on practising and
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doing it most of the time and if you didn’t understand you could come to him
and tell him I don’t understand this and he would try to help you.

He further described Mr Ndlovu as a teacher who would get angry with learners if they did
not understand:

Fred: He’s getting angry when you don’t understand ... it makes me feel as if he
doesn’t understand that sometimes, things take time to sink in.

As a consequence, Fred said that he asked his parents, who were both good at mathe-
matics to help him. Even though Fred was provided with the opportunity to construct
his mathematical identity in affiliation with his classroom community, Fred chose to
construct his mathematical identity in compliance with his classroom community by
participating only when called by name, thereby developing peripheral membership in
the classroom community. Fred constructed his mathematical identity differently from
Edward since understanding mathematics was more important to him than memorizing
formulas. He said that he participated with mathematics out of school by practising at home
to understand mathematics.

Unlike Edward and Fred, Sunny was identified as a low-achieving learner by Mr Ndlovu
and was offered a social identity of marginalization from the classroom community. Sunny
identified himself as a learner who did not see himself as a mathematics learner and who
wanted to become a mechanic in the future, as indicative of his personal identity.

Sunny: Idon’t see myself as a mathematics learner at all.

He did not complete his tasks and sometimes doodled instead of listening to Mr Ndlovu’s
explanations. He also did not attend some of his mathematics lessons, even though he was
present in school. In his narrative, Sunny said that he did not participate in the classroom
because he did not ‘feel like participating in class’, even though I observed him participat-
ing, by answering few questions in some lessons. He described his social identity by saying
that he was performing “poorly’ in his classroom since he was getting ‘very low marks for
maths’. He experienced Mr Ndlovu as a teacher who did not use many strategies to teach
mathematics or allow them the opportunity to approach problems using different formu-
lae. When narrating his experiences of the social identity offered to him, he described Mr
Ndlovu as an ‘impatient’ and ‘aggressive’ teacher, who did not assist him when he did not
understand what was taught. He said that Mr Ndlovu saw him as a ‘pathetic’ learner. When
discussing how Mr Ndlovu treated him, Sunny said:

Sunny: He treats me in a way that ... he told me stuff like some people like me don’t
belong in his class and stufflike that because he only teaches excellent learners.

He also said that he cannot learn in his classroom environment, which he described as a
‘negative environment’. As a consequence, Sunny constructed his mathematical identity
in marginalization from his classroom community and said that he did not enjoy learning
mathematics or want to be a member of his classroom community.
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Figure 2. Teachers’ actual and narrated practices and learners’ mathematical identities.

6. Discussion

The purpose of this paper has been to identify the relationships between teachers’ actual
practices, their narratives of their practices and learners’ mathematical identities. Teachers,
through their actual practices, offer learners opportunities to construct their mathematical
identities in affiliation with or marginalization from their classroom communities. I have
shown how Mr Moyo and Mr Ndlovu offered learners social identities, through their actual
pedagogies and social relationships with learners, with the teachers’ actual practices being
related to their narratives about their pedagogies and social relationships with learners,
as explained further below. I have also shown how the social identities offered to learners
influenced how learners constructed their own mathematical identities, as informed by
their (learners’) agency, their personal identities — their understandings of self, and their
social identities — how they positioned themselves in the classroom (Figure 1).

My analysis of the findings discussed in this paper, which are representative of the larger
sample, has led me to develop a model of the relations between the social identities offered
to learners through their teachers’ practices — both actual and narrated - and learners’
mathematical identities, as follows (Figure 2).

There are three sets of important relationships illustrated in Figure 2. The first set
characterizes the relationship between teachers’ narratives about their pedagogy and their
actual pedagogical approaches in classrooms. The teachers’ narratives of their pedagogy,
in terms of how they thought mathematics was best learned, informed how they taught
mathematics. Mr Moyo narrated that mathematics was best learned through practice,
thereby providing learners with many opportunities to work on classroom tasks, whereas
Mr Ndlovu narrated that mathematics was best learned through mastering concepts and
formulae, thereby providing learners with opportunities to become proficient in mastering
concepts and formulae. Both narrations provide indications of how learners are expected
to participate to develop their identities as full members of their classroom communities.
For Mr Moyo, learners were primarily required to participate by practising mathematics,
whereas for Mr Ndlovu, learners were primarily required to participate by memorizing,
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reciting and mastering concepts and formulae. Both narrations of how mathematics was
best learned were based on the teachers’ experiences of the effectiveness of their peda-
gogy, as measured through assessments rather than the quality of learner thinking and
understanding in the classroom, a finding representative of the larger sample. Their learn-
ers achievements in assessment, as influenced by their pedagogical approaches, reinforced
their narratives, as to why they thought that their pedagogies were effective.

In terms of the kinds of questions asked in the classroom as part of the teachers’ peda-
gogical approaches, both teachers predominantly asked type 1 questions, which seems to be
one of the most common types of questions asked by mathematics teachers, in my sample,
as well as more broadly in South Africa and internationally (Boaler & Brodie, 2004; Boaler
& Staples, 2008; Brodie et al., 2009). Given that both teachers asked similar questions, 1
did not find any relationship between learners’ mathematical identities and the kinds of
questions asked by the teachers. Rather, the difference in learner identities is explainable
in relation to the teachers’ broader pedagogical approach, which includes the ways the
teachers taught, responded to learner errors and provided time for classroom tasks.

Mr Moyo allocated time in his lessons to classroom tasks, thereby asking fewer questions
in comparison to Mr Ndlovu, who asked many questions but did not allocate much time to
classroom tasks. So both pedagogies are traditional, but of different kinds, with each kind of
traditional pedagogy having different implications for the development of learners’ math-
ematical identities. Mr Moyo primarily focused on providing learners with opportunities
to practice mathematics through classroom tasks. He was accommodating of errors and he
encouraged learner participation. His pedagogical approach was experienced favourably by
his learners, who attributed their enjoyment of and interest in learning mathematics to his
teaching approach. Conversely, Mr Ndlovu’s pedagogical approach was focused on memo-
rizing rules and formulae. He was not accommodating of learner errors and did not provide
learners with many opportunities to practice mathematics or participate with others in the
classroom. His pedagogy was only experienced favourably by Edward, who enjoyed learn-
ing mathematics because he said that he had a good memory and was corrected by Mr
Ndlovu when he made errors. Fred and Sunny did not enjoy learning mathematics in Mr
Ndlovu’s classroom, since Mr Ndlovu did not encourage practice or the use of different
formulae.

The second set of relationships in Figure 2 is between teachers’ social relationships with
learners and the teachers narratives of their social relationships, influenced by the teach-
ers’ narratives as to who could learn mathematics. Mr Moyo provided all learners with
opportunities to participate in the classroom because he said that all learners could suc-
ceed at learning mathematics. When teachers believe that all learners can succeed in their
classrooms, they are more likely to offer all learners opportunities to construct their math-
ematical identities in affiliation with the classroom community. Learners in Mr Moyo’s
classroom participated, were willing to ask him for assistance and were performing well in
assessments, influencing his narrative about his social and pedagogical relationships with
learners.

In contrast to Mr Moyo, Mr Ndlovu treated learners differentially by providing different
opportunities for learners to participate in his classroom because he said that ability was
needed to achieve good marks in mathematics. When success in mathematics is reduced
to requiring a special ability, rather than effort, some learners who are apparently ‘born
with the ability’ to succeed at mathematics will be offered opportunities to affiliate with
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the classroom community, while others will be marginalized (Mendick et al., 2009). In line
with Mendick et al.’s (2009) argument, Edward and Fred were able to achieve better in
assessments in comparison to Sunny, whose marks were reducing steadily, reinforcing Mr
Ndlovu’s view that only top achievers can succeed at learning mathematics and become
members of his classroom community. When marks are used as labels for competence, not
all learners can construct their identities positively (Sfard, 2009).

The third set of relationships is between the social identities offered to learners by their
teachers — through teachers’ actual and narrated pedagogical practices and social relation-
ships with learners - and learners’ mathematical identities — involving learner agency and
their personal and social identities (Figure 2). Teachers’ narrations of their pedagogies and
social relationships with learners inform the social identities that they offer to learners, by
demarcating what is needed from learners to become affiliating members of their class-
room communities and who they think can learn mathematics and become members of
their classroom community. Teachers’ narratives of their practices are not always accessi-
ble to learners, unless learners are provided with explanations as to why they are taught
using a particular approach and why they are treated by their teachers in particular ways.
In this study, I found that teacher narratives were related to learners’ mathematical identi-
ties indirectly, through their actual practices, since the learners were exposed to teachers’
actual practices, rather than their narratives.

Through teachers’ actual pedagogies and social relationships with learners, teachers
offer learners social identities through the different opportunities they offer to learners
to participate in the classroom and become members of their classroom communities.
Even though teachers, through their actual practices, provide opportunities for learners
to construct their mathematical identities in affiliation with or marginalization from their
classroom communities, learners construct their mathematical identities, which may be
different from the offered identities, as influenced by: their personal and social identities,
and how they exercise agency through participating in the classroom.

In Mr Moyo’s classroom, all four learners constructed their mathematical identities in
affiliation with their classroom community because they enjoyed Mr Moyo’s pedagog-
ical approach and they felt comfortable and valued by Mr Moyo in his classroom. All
four learners enjoyed learning mathematics, were hopeful to pursue mathematics in the
future, indicative of their personal identities, saw themselves as successful learners in their
classroom community, indicative of their social identities, and agentively participated as
full members in the classroom, thereby developing their mathematical identities as full
members of their classroom community.

In Mr Ndlovu’s classroom, Edward constructed his mathematical identity in afliliation
with his classroom community. He was offered a social identity of affiliation by Mr Ndlovu
and he enjoyed Mr Ndlovu’s pedagogical approach and shared a positive social relationship
with him. He enjoyed learning mathematics and was motivated to pursue mathematics
in the future, indicative of his personal identity. Edward agentively participated as a full
participant and positioned himself as a successful learner in his classroom community,
indicative of his social identity, thereby developing his identity as a full member of his
classroom community. Sunny constructed his mathematical identity in marginalization
from the classroom community and did not construct his social identity as a learner of
mathematics in his classroom. Sunny did not personally enjoy learning mathematics and
was not motivated to learn mathematics, since he did not enjoy how Mr Ndlovu taught and
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treated him in the classroom. He chose not to develop his identity as a full member of the
classroom and did not fully participate in the classroom.

Among the learners discussed in this paper, Fred was the only learner who constructed
his mathematical identity differently from the identity offered to him by his teacher.* Fred
was provided with the opportunity to construct his mathematical identity in affiliation with
his classroom community, but he chose to participate peripherally to develop his social
identity as a peripheral member of the classroom, thereby constructing a mathematical
identity of compliance. He did not enjoy the way in which Mr Ndlovu taught and treated
learners in the classroom. However, he was still able to succeed because he enjoyed learn-
ing mathematics and was motivated to pursue mathematics in the future, indicative of his
personal identity. Fred also had family support and assistance, unlike many other learners
who participated in this study. Furthermore, he thought that understanding and practis-
ing mathematics was important as the rewards of learning and understanding mathematics
were necessary for him so that he could become a better learner of mathematics.

7. Conclusion, recommendations and further research

In this paper, I provided a framework to understand learners” mathematical identities as
they interacted with their teachers in classrooms, by distinguishing between two kinds
of social identities offered by teachers - identities of affiliation with and marginalization
from classroom communities - and between different kinds of mathematical identities
constructed by learners — identities of affiliation with, compliance with, resistance to
and marginalization from classroom communities - as influenced by the social identities
offered by teachers, agency and learners’ personal and social identities. I showed how two
teachers’ actual practices and their narratives of their practices had the capacity to influence
learners’ mathematical identities.

Teacher practices, as I have argued, involve both teachers’ pedagogical approaches
and social relationships with learners. Teachers, through their narrated pedagogical
approaches, specify the criteria for affiliation in their classrooms, based on how learners
are expected to participate to become full members of the classroom community. Through
their narratives of their social relationships with learners, teachers specify who can learn
mathematics and become full members of their classroom community. The ways teachers
think and speak about their practices shape how they teach and relate to learners in the
classroom. Conversely, how they teach and relate to learners further reifies and justifies
why they think that their practices are suitable for teaching mathematics.

Teachers’ actual practices informed learners’ mathematical identities in important ways,
through the kinds of social identities offered by teachers to learners to become full mem-
bers of their classroom communities. Most of the learners in the sample developed their
identities in affiliation with, compliance with or marginalization from the social identities
offered to them by their teachers. As each of the learner participants enacted their iden-
tities by interacting with teachers, their teachers continued offering them the same social
identities as previously offered. A limitation of my analysis is that I did not find the same
teacher changing the social identities that they offered to any of the learner participants.®
Further research is needed to show how often teachers change the social identities offered
to learners, the circumstances that would cause such changes, and the relationship between
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the different kinds of social identities that can be offered by the same teacher to a learner,
in relation to a learner’s mathematical identity.

Another limitation of my analysis is that T did not find any learners resisting the social
identities offered in the wider sample. Research shows that some learners who come from
marginalized communities tend to resist the offered identities of marginalization, with
African-American learners persevering and becoming competent learners of mathematics
(see Nasir & Shah, 2011). A possible reason for learners not resisting the identities offered
can be that learners are strongly influenced by teacher pedagogies and social relationships,
and hence the identities offered to them by their teachers® (Grootenboer & Zevenbergen,
2008). However, more data are needed to establish why some learners choose not to resist
the identities offered to them by their teachers, given that many of these learners belong to
marginalized communities in South Africa.

While there is much research drawing upon the seminal work of Shulman (1986) which
is focused on improving teachers’ mathematical content knowledge and pedagogical con-
tent knowledge (see Silverman & Thompson, 2008; Stylianides & Ball, 2008; Thames &
Ball, 2010), less attention has been given to the kind of teacher knowledge needed to
build and sustain positive social relationships with learners. Further research is needed
to show how the importance of building and maintaining positive social relationships can
be built into a model of teacher knowledge, as social relationships have important implica-
tions for learners to access knowledge. Teacher education programmes can also focus on
empowering teachers with the necessary knowledge and skills needed to build and sustain
positive social relationships with learners (Cornelius-White, 2007; Gardee, 2019; Rytivaara
& Frelin, 2017).

Finally, I encourage teachers to be conscious of the kinds of social identities that they
offer learners. I have shown that learners’ mathematical identities are influenced by the
kinds of social identities offered to them by their teachers, shaping learner participation in
and access to learning mathematics. Offering all learners opportunities to construct their
mathematical identities in affiliation with classroom communities can be the goal of every
teacher so that all learners are provided with opportunities to become successful learners of
mathematics. Offering learners the opportunity to construct their mathematical identities
in affiliation with their classrooms and developing their thinking and understanding in
classroom discussion will be worthwhile for teachers and possibly life-changing for their
learners.

Notes

1. By narratives of teacher practice, I mean stories of teacher practices. Narratives of practice
should not be confused with narratives of identity, which are two separate concepts. Narratives
of identity are defined later in the paper.

2. According to Darragh (2016), the greatest theoretical influence in the field of identity in math-
ematics education research is Wenger (41%), which is followed by the work of Sfard and Prusak
(21%).

3. Most of the learners who participated in the study were male learners. In the larger study, only
six female learners participated, as there were few female learners in each of the classrooms.

4. Within the larger sample, there were other learners who did not adopt the social identities
offered to them by their teachers.

5. Theinfluence of different social identities being offered by different teachers to the same learner
will be explored in another paper.
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6. It is also possible that since the learners were selected by their teachers, the teachers may have
ensured that the learners selected were not resistant. However, it was not possible for me to select
the learners using any other method since the teachers knew the learners, whereas I did not.
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Chapter 5: Social Relationships between Teachers and Learners,

Learners’ Mathematical Identities and Equity

5.1. Introduction

This chapter builds on the important concept of social relationships in relation to learners’
mathematical identities, as discussed in chapter 4, taking a slightly different approach. In
chapter 4, | discussed two teachers whose pedagogical practices and social relationships with
learners were different from each other. In this chapter, | focus on two teachers who taught
similarly but shared different social relationships with learners, highlighting that while both
pedagogical practices and social relationships are key aspects of teacher practices, it is
important that we do not conflate these two aspects of teacher practice. Another key
difference from the previous chapter is that | discuss the importance of equity, as | noted that
research tends to relate pedagogical practices with learners’ mathematical identities and
equity, and that less attention is given to the relationship between teacher-learner social

relationships, learners’ mathematical identities and equity.

This chapter looks closely at the identities and trajectories of four learner participants over
the two-year period and is focused on answering the second part of the first main research
question: how the concept of identity can be used in researching secondary school learners’
mathematical identities; and the second main research question: how learners and their
mathematics teachers contribute to the development of learners’ mathematical identities. This
chapter, like the previous two, stresses the importance of teacher narratives of their social
relationships with learners, which informed how they offered social identities, either
equitably or inequitably, in their classroom communities. Yet this chapter differs from the
previous two, by showing that the core characteristic of social relationships that contributed
to the kinds of identities constructed by these learners was the notion of care. Care was
discussed by these learners, not only in relation to themselves, but also in relation to whether
other learners in the classroom were cared for by their mathematics teachers, highlighting the
importance of equitable social relationships for the construction of learners’ mathematical
identities. This chapter concludes by stressing the importance of researching teachers’ social
relationships with learners, and not only their pedagogical practices, when researching
learners’ mathematical identities, as I showed that even though these learners experienced

similar pedagogical practices over the two years, their identities changed substantially and
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were related to the differences in social relationships experienced in their Grades 9 and 10

teachers’ classrooms.
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In recent years, the notion of equity has become increasingly prominent in mathematics education, in
relation to pedagogy and the opportunities provided for learners to identify themselves as successful
mathematics learners. Different pedagogies have been shown to promote equity and access to
mathematics in different ways. However, teacher practices are not characterised only by pedagogy, but
also by social relationships between teachers and learners, which can be key in supporting all learners
to identify with mathematics. Data are drawn from a study involving two teachers who taught using
similar traditional pedagogies but had different social relationships with learners in a South African
school. Data were collected over two years, in the form of videotaped lessons, field notes and
audiotaped interviews with participants, and were analysed qualitatively. The relationship between
different teacher—learner social relationships and learners’ mathematical identities suggests that
different social relationships have implications for equity, shaping access to knowledge and learner
identities in important ways.

Keywords: Pedagogy; social relationships; mathematical identity; equity

Introduction

Over the last two decades, there has been a growing interest in the construct of identity to understand
learning within social contexts (Graven & Heyd-Metzuyanim, 2019; Radovic, Black, Williams, & Salas,
2018). The popularity of the concept stems from its capacity to capture learner engagement and dis-
engagement (Graven & Heyd-Metzuyanim, 2019), by considering cognitive, affective and social
dimensions of learning mathematics.

Recently, research in mathematics education has also focused on the role of pedagogy in providing
learners with equitable opportunities to develop their identities as successful learners of mathematics
(Boaler & Greeno, 2000; Boaler & Staples, 2008). Equity is concerned with a fair distribution of oppor-
tunities for learners to engage with mathematics in their classrooms, influencing their willingness to
learn mathematics (Cobb & Hodge, 2011). It has been argued that inquiry-based pedagogies
enable all learners to develop deeper conceptual knowledge and positive mathematical identities in
an equitable manner, in contrast to traditional pedagogies, which are argued to develop largely pro-
cedural knowledge, limiting opportunities for all learners to equitably access and become successful
learners of mathematics (Boaler & Staples, 2008; Umugiraneza, Bansilal, & North, 2017). Traditional
pedagogies are used widely in South Africa, and are characterised by textbook-based learning and
teacher-dominated practices, with teachers holding most of the authority for the knowledge produced
(Cobb, Gresalfi, & Hodge, 2009).

While significant attention has been given to the role of pedagogy in relation to identity and equity,
less attention has been given to the role of social relationships between teachers and learners, which
are also important in providing learners with equitable access to mathematics. Social relationships and
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teacher pedagogy are distinct from each other, with the former focusing on interpersonal relationships
(Rytivaara & Frelin, 2017), which involve respecting and valuing learners, and the latter on content
matter, lesson structure and classroom management. While there may be some overlap between
pedagogy and social relationships, the distinction is important in understanding how teachers who
teach using similar pedagogies can have different social relationships with learners, with different impli-
cations for equity. Rytivaara and Frelin (2017) argue that social relationships between teachers and
learners require more attention throughout the education system, since these relationships are impor-
tant for the well-being of learners and teachers.
This research was guided by the following research questions:

(1) What influences teachers who teach using similar traditional pedagogies to develop social
relationships equitably or inequitably with learners?
(2) How do social relationships influence how learners construct their mathematical identities?

This paper explores the changes in four learners’ mathematical identities as they transitioned from
Grade 9 to 10 to show how social relationships with teachers influenced how learners constructed their
mathematical identities. The practices of two teachers, who taught using similar traditional pedagogies
but shared different social relationships, one being equitable and the other inequitable, with the four
learners are explored.

Theorising Mathematical Identity

Wenger (1998) and Sfard and Prusak (2005) contend that identity construction involves negotiation
between people and their social communities. For Wenger (1998), identity is related to learning
because learning involves becoming a different person and a better participant within a community
of practice, as identified and negotiated by the person and other members of the community. Sfard
and Prusak (2005) define identity as a collection of socially shaped narratives, which are reifying,
endorsable and significant. Reifying narratives are concerned with ‘being’ certain people, stressing
the repetition of events to reinforce identities. Endorsable narratives require the identity-builder to
claim the authenticity of the narrative, while significant narratives involve emotional responses from
storytellers at the change of story. Narratives told about oneself to others, such as stories told by lear-
ners to others, and narratives told by significant narrators, such as stories told by teachers about lear-
ners, can influence learners’ actions and identities (Sfard & Prusak, 2005).

Wenger's (1998) perspective on identity is related to what Radovic et al. (2018) call the enacted
dimension of identity, i.e. identity as a way of participating, which is not necessarily mediated by dis-
course. Sfard and Prusak’s (2005) perspective on identity is related to what Radovic et al. (2018)
call the representational dimension of identity, i.e. identity as narrative, which is mediated by discourse.
Both Wenger (1998) and Sfard and Prusak (2005) argue that people position themselves and are posi-
tioned by others as members of communities in certain ways as they engage in practice and discourse.
Both definitions tend to place a stronger emphasis on the social construction of identity, and a weaker
emphasis on the subjective construction of identity. According to Radovic et al. (2018), a strong focus
on the social construction of identity tends to limit understandings of the notion of self and individual
agency.

To bring together the social and subjective, and enacted and representational aspects of identity
(Radovic et al., 2018), Marks and O’mahoney’s (2014) work is drawn on. Mathematical identity is
defined as being constructed through a relationship between personal identity, social identity and
agency (Marks & O’'mahoney, 2014), in relation to learning mathematics. Personal identity is the sub-
jective component of identity, which is defined as an understanding of self and is developed as individ-
uals participate in practice and discourse. Personal identity emerges from learners’ emotions, their
experiences of learning mathematics, their motivations, interests and future projections. The influence
of the social world in shaping personal identity creates social identity, distinct yet interacting with per-
sonal identity. Social identity is the social component of identity, which emerges from social relations
with others through practice and discourse and involves the ways one positions oneself within a social
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setting (Marks & O’mahoney, 2014). Belonging to specific communities, such as mathematics class-
rooms, affiliating to the norms and standards of the community, engaging with others by pursuing
common goals, utilising the language, tools and culture of the mathematics community are constituents
of social identity (Wenger, 1998).

Social identities are also offered to learners, as others position individuals as members through the
opportunities presented by communities for individuals to participate (Marks & O’mahoney, 2014). The
social identities offered to learners by their teachers are not reducible to the kinds of mathematical
identities constructed by learners. While learners may be offered certain social identities by their tea-
chers, learners can participate and construct their mathematical identities in different ways. This choice
to intentionally participate in certain ways is referred to as agency, which is always exercised and influ-
enced by social contexts (Etelépelto, Vahasantanen, Hokka, & Paloniemi, 2013). How agency is exer-
cised is key to understanding what it means to achieve success in learning mathematics, considering
that learner agency influences whether (or not) learners participate in the classroom and adopt the
social identity offered to them by their teachers, as influenced by their personal and social identities.

A Framework for Mathematical Identities

Wenger (1998) describes different kinds of participation, i.e. full participation, peripheral participation
and marginality, which have implications for the development of identity. Peripheral participation is dis-
tinguished from full participation, as peripheral participation requires a degree of non-participation to
‘enable a kind of participation that is less than full’ (Wenger, 1998, p. 165), whereas marginality
involves non-participation. Different kinds of participation in classroom communities can be associated
with how learners relate to their teachers and tasks. Boaler and Greeno (2000) and Cobb et al. (2009)
describe three ways in which learners can relate to their teachers and tasks: by affiliating with teachers
and tasks; by cooperating with teachers; or by resisting teachers and tasks. Building on Marks and
O’mahoney (2014), Wenger (1998), Boaler and Greeno (2000) and Cobb et al's. (2009) work, the fol-
lowing framework was developed to understand the identities offered to and constructed by learners
(Table 1) (see also Gardee, in press).

During social interactions between teachers and learners in classrooms, learners are offered certain
social identities by their teachers. Teachers can offer learners social identities of affiliation, by inviting
learner participation and providing learners with the tools and resources of mathematics. Some lear-
ners can be offered social identities of partial affiliation, where teachers invite participation to some
extent, by providing learners with some access to the tools and resources of mathematics. Teachers
can also offer learners social identities of marginalisation, by limiting learner participation and by con-
straining learner access to the tools and resources of mathematics. How and to whom teachers offer
social identities of affiliation, partial affiliation and marginalisation supports equitable or inequitable
access to mathematics for learners.

To determine the kinds of mathematical identities constructed by learners, learners’ personal iden-
tities, social identities and agency need to be considered concurrently with each other. When learners
are offered social identities of affiliation or partial affiliation with their classroom communities by their
teachers, they can construct their mathematical identities in affiliation with, compliance with or

Table 1. Identities offered and constructed

Social identities offered by teachers Mathematical identities constructed by learners

Affiliation or partial affiliation with the classroom community Affiliation with the classroom community
Compliance with the classroom community
Resistance to the classroom community

Marginalisation from the classroom community Marginalisation from the classroom community
Compliance with the classroom community
Resistance to the classroom community
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resistance to the classroom community. Affiliating with a community involves learners identifying with
the norms and standards of the community and utilising the language, tools and culture of the commu-
nity (Cobb et al., 2009; Wenger, 1998). Affiliating learners tend to be motivated and emotionally
invested in learning mathematics for their personal identities, and these learners develop their
social identities as full members of the community. Compliant learners engage peripherally with the
tools and resources of mathematics, by cooperating with their teachers and completing their tasks dili-
gently (Cobb et al., 2009), but they are not invested in becoming full members of their classroom com-
munity, for their social identities. These learners may not be emotionally invested, motivated or fully
interested in learning mathematics for their personal identities, and may not be comfortable to partici-
pate as full members of the community. Learners can also resist the offered social identities of affilia-
tion, by constructing a mathematical identity of resistance. Resistant learners engage with the tools
and resources of mathematics in limited ways or not at all because they may not want to develop
their social identities as members of their classroom community, as they may not see the use of learn-
ing mathematics for their personal identities.

When learners are offered social identities of marginalisation from their classroom communities by
their teachers, they can construct their mathematical identities in marginalisation from, compliance
with or resistance to the classroom community. Learners who develop identities of marginalisation
may participate in limited ways or not at all, perhaps because they are not personally motivated to
learn mathematics, or wish to become members of the classroom community, for their social identities.
Sometimes, learners who are offered social identities of marginalisation by their teachers may want to
develop their social identities as members of the community, by constructing their mathematical iden-
tities in compliance with or resistance to the classroom community. Compliant learners may not always
participate with their teachers in the classroom, but may attempt their classroom tasks, perhaps
because they are motivated to pass mathematics or pursue mathematics in the future, for their per-
sonal identities. Learners who are resistant to the offered identity of marginalisation may try to partici-
pate in the classroom, by trying to utilise the tools and resources of mathematics despite being
marginalised from the community. Resistant learners are invested in developing their social identities
as full members of their classroom community and are emotionally invested and interested in learning
mathematics for their personal identities.

The above framework supports analyses of identities as they are offered and constructed in class-
rooms. In what follows, an overview of the research that illustrates the implications of the different kinds
of teacher—learner social relationships on learners’ identities, equity and learning mathematics is
provided.

Literature Review

Research demonstrates that what learners learn and how they construct their identities are linked to
their experiences of classroom practice (Boaler & Greeno, 2000; Boaler & Staples, 2008; Cobb
et al., 2009). In his meta-analysis of research, Cornelius-White (2007) found that positive teacher—
learner relationships are associated with optimal learning. Supportive environments are key for the
achievement of optimal learning in classrooms because for learners to learn and become successful
learners of mathematics they need to feel a sense of belonging, being heard, seen and valued in their
classrooms (Bibby, 2009; Darragh, 2013). Bibby (2009) showed how some learners felt marginalised
from learning mathematics when taught by a student on teaching practice, who did not value their con-
tributions, in comparison with their mathematics teacher, who supported them by valuing their
participation.

Other studies show how teachers’ expectations of learner performances are related to learner
achievement (Jamil, Larsen, & Hamre, 2018; Turner, Rubie-Davie, & Webber, 2015) and to the
kinds of interactions and relationships between teachers and learners (Black, 2004; Hodgen &
Marks, 2009). Turner et al. (2015) report that learner achievement in assessments inform teacher
expectations of learners, as teachers tend to have higher expectations of higher-performing learners
and lower expectations of lower-performing learners. Different teacher expectations have implications
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for equity as research shows that teachers who had high expectations of learners treated them differ-
ently from others, by valuing their contributions and overlooking their violations of classroom norms,
enabling these learners to maintain their status as high-achieving learners (Black, 2004; Hodgen &
Marks, 2009). Conversely, teachers who had lower expectations of learners are shown to marginalise
such learners, by not interacting with their ideas or treating them in the same manner as the higher-
achieving learners, resulting in inequitable teacher practices. Differential treatment of learners tends
to create the illusion that natural ability, rather than effort, produces success and that not everyone
can do mathematics, having negative implications for learners’ mathematical identities (Mendick,
Moreau, & Epstein, 2009).

Methods

This study utilises data collected from a well-resourced secondary school in Johannesburg. Four lear-
ners, Senzo, Lane, Jack and Shane (all names are pseudonyms), and their Grade 9 and 10 mathemat-
ics teachers, Mr Moyo and Mr Sithole, are discussed. Both teachers displayed similar pedagogical
styles but shared different social relationships with different learners. At the time of data collection,
Mr Moyo was recently qualified with an academic degree to teach mathematics and Mr Sithole had
a teaching diploma with 32 years of experience teaching mathematics. The four learners were selected
by Mr Moyo, their Grade 9 teacher, using the following criteria: one high-performing learner, one low-
performing learner and the person sitting next to them. In Grade 9, Senzo was a low-performing
learner, sitting next to Lane, an average-achiever. Jack was a high-performing learner, sitting next
to Shane, another high-performing learner. All four learners identified themselves as successful lear-
ners in Mr Moyo’s Grade 9 classroom. However, in Mr Sithole’s Grade 10 classroom, their perceptions
of themselves as learners of mathematics changed substantially, with three of the learners no longer
seeing themselves as successful.

Data were collected in the third school term (August—September) in 2015 and 2016: for two weeks in
2015 (Grade 9) and four weeks in 2016 (Grade 10) in the form of videotaped lessons, field notes and
audiotaped semi-structured interviews with participants. A total of 480 min of lessons were analysed
for each teacher. Questions in the teacher interviews aimed at understanding the teachers’ social
relationships with learner participants, in terms of the kinds of social identities offered to learners.
Questions in the learner interviews aimed at understanding learners’ mathematical identities in
Grades 9 and 10.

Qualitative approaches were used to analyse the data, which were transcribed, coded and analysed
thematically. The social identities offered to learners were coded based on how the teachers interacted
with learners in the classroom, how they described the learner participants in their interviews and how
learners experienced the social identities offered, enabling understandings of whether the social iden-
tities offered were equitable or inequitable. Learners’ personal identities were coded based on how
learners described themselves, in terms of their emotions relating to their learning of mathematics
and the use of mathematics for their lives and futures. Learners’ social identities were coded based
on how they described their membership in their mathematics classrooms, in terms of their achieve-
ments in assessments and whether they felt comfortable participating in their mathematics classrooms.
Agency was coded based on how learners participated in the mathematics classroom, as observed in
the lessons and narrated by learners in their interviews. To enhance the credibility of the findings, data
from lesson observations, field notes and interviews were compared.

Findings

Mr Moyo and Mr Sithole usually began their lessons by explaining concepts and asking learners ques-
tions that required lower-order thinking skills. The rest of the lesson was dedicated to classroom tasks,
where learners worked through problems in their textbooks, either individually or with the learner
seated next to them.
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Mr Moyo

Mr Moyo invited participation from all learners in his classroom to answer questions, demonstrate
answers on the board and ask him questions when they needed to during his lessons. During the
time allocated to classroom tasks, Mr Moyo approached learners who called him for help, and even
learners who did not call him, to see if they needed help. He explained:

In a classroom situation when | am moving around and checking, when | have given homework and | see this
is the mistakes that they are having, | can correct them because some homework that | give and we will revise
them as a class and there are some homework that | give and | say if you have any problems, then you can
raise your hand or if | move around, then | can explain it individually. Some don't really get me when | am
speaking on the board there. They need a lot of individual attention so as | move around, | can explain it.

Mr Moyo said that he encouraged learners to ask him questions if they did not understand and that he
walked around the classroom to see if learners required any individual attention. He was willing to help
lower-achieving learners and thought that all learners could succeed in learning mathematics if they
practised and were motivated.

| think generally Grade 8 and 9, they just need so much motivation that maths is not difficult and it's a
subject that is interesting that opens doors in life.

In some lessons, he was seen encouraging all learners to try and complete their tasks. For example, he
would tell learners ‘you must not be afraid to participate, go and try’. He explained why he thought it was
important to motivate struggling learners:

| think those learners ... what | think is they are not really incompetent but they may just not have motiv-
ation, not have really caught up with the subject, what it is about. The fact that to a point where they get
that interest, you may actually find out that they are notincompetent but they never got really properly orien-
tated with the subject.

If Mr Moyo could not help all learners during the lesson, he said that he encouraged them to come
during break time, after school or to the extra classes he offered.

Mr Moyo treated all learners equitably and provided them with opportunities to construct their identities
in affiliation with his classroom community through his social relationships with them. All four learners took
up the opportunities provided by Mr Moyo and constructed their mathematical identities in affiliation with
their classroom community. When describing their personal identities, Shane, Jack, Lane and Senzo said
that they enjoyed learning mathematics, and were motivated to pursue mathematics in the future.

Shane: My favourite subject is maths definitely ... doing maths ... ah let's see, doing maths ... | am doing
something enjoyable.

Jack: Mam in maths like, | do love maths Mam.

Lane: | do love maths.

Senzo: | am starting to enjoy maths because of Mr Moyo and | realised that it is important for me and my

life, like my future.

All four learners were willing to work with Mr Moyo and with their peers, by assisting others and working
together to complete their tasks. When narrating their experiences of the social identity offered, the
learners described Mr Moyo as a ‘kind, friendly’ teacher and ‘the best teacher’ who saw potential in
all learners. All four learners experienced Mr Moyo as a caring teacher who cared about all learners,
treated all learners equally and was there for all learners in the classroom, indicating the employment of
equitable practices in the classroom.

Shane: | see this teacher, yeah he just wants to get his children to pass. He cares about us.
Jack: Cos like if you say you never understood or asked a question, he (Mr Moyo) will like explain more
in detail for everyone to understand.
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Lane: Mam, he cares for us, not like the other teachers. He cares, he talks slow until you understand the
... ah the question like factorisation, exponents, everything, algebra, fractions.
Senzo: | think he does care about me ... one thing I've seen from Mr Moyo is that at least when we pass

his papers, he gets happy that we understand him.

Mr Moyo was seen to be concerned about learners and willing to help them, even when they
approached him during his free periods. When describing their social identities, all four learners saw
themselves as successful learners of mathematics, who were comfortable to participate in the class-
room and whose marks were improving. Mr Moyo was seen to make them feel ‘welcome and comfor-
table’ in his classroom, was approachable, motivating and had no favourites. As a consequence of the
all learners being treated equitably through the positive social relationships shared in the classroom, all
four learners saw themselves as learners who enjoyed learning mathematics and who were willing to
participate in and improve their learning of mathematics as full members of their classroom community.

Mr Sithole

Mr Sithole taught using a similar kind of pedagogical approach as Mr Moyo, but was experienced nega-
tively by some learners because of his social relationships with learners. Mr Sithole categorised lear-
ners according to their marks and usually assisted high-achieving learners, but was not always willing
to help struggling learners. He said that he divided the classroom into two parts according to ‘noise’. He
explained that the disruptive learners were lower-achieving learners sitting on the one side and the
quiet learners were the higher-achieving learners on the other:

Noise ones, | put them this side and try and give some working space to these who are quiet. So anyway,
these are the people who get the lowest marks in the class cos the highest marks are this side.

Mr Sithole believed that not all learners had the ‘aptitude’ for mathematics, which was a ‘gift from God'.
In some lessons, Mr Sithole ignored struggling learners and refused to help them, thereby offering
those learners identities of marginalisation from his classroom community, indicating the employment
of inequitable practices in the classroom. In one lesson, he told a learner who called him for help ‘| don’t
have time for you'. In another lesson, he told a learner who attempted a problem ‘it needs a master-
mind, not you’. Mr Sithole explained that there was ‘nothing’ he could do for struggling learners so
he would rather focus on achieving learners. When discussing struggling learners, he said:

He can't just understand. You explain to him an equation using x. Maybe you think he understands. Now
take out x, put y in place of x, exactly the same things. It is a new and strange thing. | think we have to
accept that there are people like that.

From the four learners who participated, Mr Sithole identified Shane as a high-achieving learner and
the other three as weaker learners, with Senzo being the weakest. Shane was described by Mr
Sithole as being born with a talent to do mathematics.

He has a talent. Can a talent be influenced by anything? It is something you are born with.

Mr Sithole was willing to assist and build a positive social relationship with Shane, but was not always
willing to assist or build positive social relationships with the other three learners, thereby treating lear-
ners inequitably. Shane was offered a social identity of affiliation with the classroom community by Mr
Sithole. Shane constructed his mathematical identity in affiliation with the classroom community, by
participating often with Mr Sithole and other learners, by asking and answering questions and
working together with others on classroom tasks. When describing his personal identity, Shane said
that learning mathematics was ‘good’ and that he was hoping to pursue a mathematically oriented
degree in the future. He identified himself as a successful learner; however, he felt that he was not per-
forming as well as he would have liked to in assessments because of laziness. When describing his
experiences of the social identity offered to him, Shane felt that Mr Sithole’s approach to him
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changed a little when his marks dropped, by no longer showing the same kind of interest in him as
when he was achieving high marks. However, he said that Mr Sithole’s approach to him did not influ-
ence his learning of mathematics. He was comfortable to participate and he described himself as one
of the ‘smart guys’ in his classroom, indicative of his social identity.

This year, | am very comfortable, yes. | am in the smart guys.

Jack, Lane and Senzo said that they did not participate much in the classroom. When describing their
personal identities, they said that they no longer enjoyed learning mathematics because of Mr Sithole.
When narrating their experiences of the social identities offered to them, the three learners described
Mr Sithole as a teacher who treated learners inequitably, since he had favourites, ignored learners, was
not willing to help or explain to all of them when they asked him for help and was uncaring.

Jack: Mam but like you can't have like all of his jokes because sometimes you will see that okay he has
made a joke that will hurt someone ... let's say Mam, you tried doing your work and then like you
get something wrong. That is when he will tell you like what does he say again? Hm ... oh he tells
you sometimes, he tells you what you wrote here is the same thing as writing rubbish.

Lane: He just doesn’t care Mam ... whether you understand it or not ... cos Mam, I've asked him many
times to help me. He said no.
Senzo: He gives you a sum, youtry itthen he comes and checks and tells you that that is rubbish. You know

that is demotivating. You know he doesn't really care. Mr Sithole ... he favours a lot of learners.

Among the three learners, Jack was offered the opportunity to construct his identity in partial affiliation
with the classroom community. Mr Sithole saw him as a learner who had ‘mathematical intelligence’ but
did not put any effort into learning mathematics and was likely to fail. Mr Sithole later explained that
learners need to be gifted before hard work can produce success.

| always think that first of all, there should be a gift into it first, and then hard work.

During the lessons, Mr Sithole sometimes acknowledged Jack’s contributions and ignored him at other
times. Jack constructed his identity in compliance with the social identity offered, as he participated in
some lessons by answering some questions and attempting his classwork, and would sometimes ask
other learners for help. When describing his social identity, Jack said that he was not comfortable to
ask Mr Sithole questions and that he was failing mathematics. He felt that he was expected to pass
mathematics, however, he no longer enjoyed mathematics as he did in Grade 9 or wished to
pursue the subject in the future, for his personal identity.

Senzo and Lane were offered social identities of marginalisation by Mr Sithole, who did not engage
much with them in the classroom. When describing his social identity, Lane identified himself as a
learner who was failing mathematics and who was not comfortable in Mr Sithole’'s classroom,
saying ‘Mr Sithole’s class, you are not comfortable’. He did not participate much with Mr Sithole in
the classroom, but he completed his work, asked other learners for help when he did not understand
and he sometimes chorused answers to Mr Sithole’s questions. He constructed his mathematical iden-
tity in compliance, even though he was marginalised by Mr Sithole, because he was motivated to pass
mathematics and pursue mathematics in the future, for his personal identity.

Senzo constructed his identity in marginalisation from the classroom community and rarely partici-
pated in the classroom. He identified himself as a learner who was failing mathematics because he
was demotivated to learn mathematics owing to his poor relationship with Mr Sithole, as indicative
of his social identity. He said that Mr Sithole ‘ignored (his) presence’ in the classroom and that he
was afraid to ask Mr Sithole for help.

| feel bad but knowing that | have to ask him (for) correction(s) you know so | wouldn’t go anywhere. | would
just leave that mistake even though | don’t know how to correct that mistake cos of being afraid of asking him.
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When describing his personal identity, he said that he was no longer motivated to learn mathematics or
willing to pursue a mathematically orientated degree in the future.

Discussion and Conclusion

The purpose of this paper has been to identify the relationships between teacher—learner social
relationships, learners’ mathematical identities and equity. To answer the first research question,
the social identities offered by teachers were influenced by the teachers’ narratives of who could do
mathematics, and concomitantly, teachers’ expectations of learners, which influenced their willingness
to support learners. Mr Sithole narrated that ability produced success and used learners’ marks as
benchmarks to delineate who could become successful learners of mathematics. In concert with
current research (Black, 2004; Hodgen & Marks, 2009; Turner et al., 2015), Mr Sithole had high expec-
tations of high-achieving learners and low expectations of low-achieving learners, thereby offering lear-
ners social identities inequitably. Mr Moyo narrated that all learners could succeed if they were
motivated and made the effort to learn by practising mathematics. Mr Moyo had high expectations
of all learners and treated them equitably, by valuing their contributions and offering all learners
social identities of affiliation with his classroom community. High regard for learners accompanied
by the belief that all learners can succeed are characteristics of equitable teacher practices responsible
for learners’ increased inclination to learn mathematics (Gresalfi & Cobb, 2006). Concomitantly, the
kinds of social identities offered to learners shaped their learning and achievement in assessments,
as learners in Mr Moyo’s classroom were performing well, whereas in Mr Sithole’s classroom, the
high-ac1hieving learners were performing well, while the low-achieving learners were performing
poorly.

To answer the second research question, learners in Mr Moyo’s classroom constructed their identi-
ties in affiliation with the classroom community, through their experiences of positive social relation-
ships, by being treated equitably by Mr Moyo. In Mr Sithole’s classroom, the same four learners
constructed different identities from each other, since Mr Sithole offered social identities inequitably.
Moreover, three of the four learners’ mathematical identities changed substantively from Grade 9 to
10, as influenced by their experiences of being treated equitably by Mr Moyo and inequitably by Mr
Sithole. This finding resonates with current research (e.g. Bibby, 2009; Darragh, 2013), where learners’
mathematical identities are related to their experiences of their teachers as being approachable, being
willing to assist them, seeing potential in them, making them feel comfortable and treating them kindly
and equitably. Most notably, ‘care’ was discussed by learners as being salient in characterising the
kinds of teacher—learner social relationships. Care, as discussed by learners, was not only in relation
to themselves, but also in relation to others, highlighting the importance of equitable relationships in
promoting access to, identification with and the learning of mathematics.

The findings also go beyond prior work (Boaler & Staples, 2008; Cobb et al., 2009), by showing that,
while both teachers taught using similar traditional pedagogies, it was their social relationships with
learners that influenced who got access to learning mathematics and who could develop their identities
positively. It is therefore insufficient to only consider the role of pedagogy in providing learners with
equitable access to learning mathematics, as social relationships are also important, in providing equi-
table opportunities for all learners to learn and become successful learners of mathematics. Under-
standings of what it means to be successful in mathematics tend to filter down from teacher to
learners, thereby having the capacity to shape learners’ mathematical identities. Teacher education
programmes can support teachers to become conscious about their expectations of different learners
to ensure that all learners are given equitable opportunities to learn and become successful learners of
mathematics.
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Note

1. Some may argue that differences in teacher age could result in differences in social relationships with learners.
While age may have some influence more broadly on who does and does not treat learners equitably (after all,
this is only a small sample so conclusions cannot be drawn about age), the main argument s still valid: that even
though both teachers taught using similar pedagogies, learners experienced different social identities offered
because of the different social relationships in both classrooms.
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Chapter 6: Relationships between teachers’ interactions with

learner errors and learners’ mathematical identities

6.1. Introduction

This chapter picks up on the importance of the teachers’ interactions with learner errors as
part of their pedagogical approaches in relation to learners’ mathematical identities, which
was briefly discussed in chapter 4. This chapter focuses on the perspectives on and
approaches to learner errors of two teachers, and how these perspectives and approaches
informed learners’ mathematical identities. Like in the previous chapters, there is a clear link
between the teachers’ narratives and their practices, which in the context of this chapter
concerns the relations between their narratives of learner errors and their approaches to
learner errors. In this chapter, | show that there were two basic mechanisms that informed
how the teachers spoke about and interacted with learner errors: 1. the teachers’ views on the
role of learner reasoning in mathematics and 2. their narratives about learners. | show that
learners” mathematical identities were informed by their teachers’ approaches to errors, yet as
| have argued in chapters 2, 3 and 4, teacher practices do solely not determine the
mathematical identities constructed by learners. The learners also played a role in the
construction of their mathematical identities, which was informed by how they exercised

agency, and their personal and social identities.

All of the learners in this sample wanted to develop their identities as members of the
classroom community, so even though they may have not described errors in the same ways
that their teachers did, they altered their participation to maintain their membership in the
community. In this chapter, | also provide another possible reason why the learners in the
study did not resist the social identities offered by their teachers, stemming from an
understanding of their personal and social identities. Resisting teacher practices could have a
negative impact on learners, as all the learners in this sample, and most of the learners in the
wider sample, aspired to pursue mathematics in the future and aimed at achieving some sense
of belonging to the classroom community. Resisting teacher practices could possibly lead to
the marginalisation of learners who were not previously marginalised, or further alienation of

learners who were marginalised from the classroom community by teachers.

Like chapters 3 and 5, this chapter is focused on answering the second part of the first main

research question, and the second main research question: how the concept of identity can be
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used in researching secondary school learners” mathematical identities, and how learners and

their mathematics teachers contribute to the development of learners’ mathematical identities.
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Abstract

Engaging with learner errors in mathematics classrooms is an important aspect of
teacher pedagogy which can support learner identification with mathematics. This
study examined the opportunities that teachers provided for the construction of learner
identities based on how the teachers spoke about and interacted with learner errors in
two secondary school mathematics classrooms. Data were collected over two years in
the form of videotaped lessons, field notes, photographed learner notebooks and
audiotaped interviews with participants, and were analyzed qualitatively. Two ways
in which teachers spoke about errors are discussed: errors are contagious and errors are
lessons. How the teachers spoke about and interacted with errors were informed by
their views of learners and their reasoning in mathematics, which shaped the identities
they offered learners. We show that while learners’ experiences of their teachers’
approaches to errors informed their identification with mathematics to some extent,
the learners also played a role in the construction of their mathematical identities.

Keywords Learners’ mathematical identities - Learner errors - Teachers’ interactions

Introduction

Making errors is a normal and essential part of learning mathematics (Borasi, 1987;
Ingram, Baldry & Pitt, 2013). Even experienced mathematicians make errors and may
consequently create new knowledge (Borasi, 1987). Errors are systematic, pervasive
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and persistent mistakes occurring across contexts, indicative of deeper conceptual
misunderstandings called misconceptions (Hansen, 2011; Nesher, 1987). Errors are
distinguished from slips, which are sporadic mistakes, not indicative of conceptual
misunderstandings and easily corrected (Olivier, 1989). Errors are seldom taught, and
all learners make them (Brodie, 2014).

Learner participation, learning of and identification with mathematics, can be
informed by how teachers interact with learner errors. Unlike other teaching artefacts,
for example, teacher explanations, how teachers interact with learner errors specifies
the criteria for success in classrooms (Brodie, 2014). In some classrooms, becoming a
successful mathematics learner involves not making errors, as errors are associated with
labelling leamers as intelligent or not (Heyd-Metzuyanim, Tabach & Nachlieli, 2015).
In these classrooms, feelings of pride are associated with being correct, while feelings
of shame, anxiety and self-doubt may be associated with making errors, so learners
may dislike and disengage with mathematics since errors are considered failures and
reasons to be embarrassed (Heyd-Metzuyanim et al., 2015). In other classrooms,
success in mathematics involves learming from errors. In these classes, teachers draw
on learners’ incorrect thinking as resources to motivate learners to learn from their
errors, develop their conceptual knowledge and appreciate the nature of mathematics
(Borasi, 1987). So how teachers deal with errors can support the development of
learners’ mathematical identities, as they learn what mathematics is about and what
being a mathematics learner entails.

Over the last two decades, the construct of identity has been increasingly researched
in mathematics education (Darragh, 2016; Hall, Towers & Martin, 2018). A focus on
identity in mathematics education is useful in foregrounding learners’ experiences
regarding what ‘doing mathematics’ means and who can do mathematics (Gresalfi &
Hand, 2019). Researching learners” mathematical identities also enables understandings
of leamer engagement with and disengagement from learning mathematics (Graven &
Heyd-Metzuyanim, 2019). However, research illustrating the relationship between
teachers’ approaches to learner errors and learners’ mathematical identities is limited,
even though this relationship can shape learner identification with mathematics.

In this paper, we explore how two secondary school teachers, who taught using
traditional pedagogies,' spoke about and interacted with leamer errors in their class-
rooms and how their approaches informed learner identities. We address the following
research questions:

1. How do teachers speak about and interact with leamer errors in their mathematics
classrooms?

2. What informs how teachers speak about and interact with learner errors?

3. How do teachers” approaches to errors inform learners’ mathematical identities?

! Traditional pedagogies dominate classroom instruction, both in South Africa and internationally, and are
characterized by textbook-based, teacher-dominated practices (Boaler & Greeno, 2000; Umugiraneza,
Bansilal, & North, 2017). Traditional pedagogies are often compared with inquiry-based reform pedagogies,
which are characterized by learners engaging collaboratively on open-ended problem-solving activities
(Boaler, 2002). Inquiry-based pedagogies are argued to promote deep mathematical reasoning, with compe-
tence being evaluated on learner reasoning rather than obtaining the correct answers.
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Theoretical Framework
Theorizing Mathematical Errors

Constructivist and situated theories of learning are commonly used in researching
learner errors in mathematics education. Constructivist perspectives provide under-
standings of how leamer thinking develops and how leamer errors emerge through
engagement with mathematics tasks, while situated theories provide understandings of
how learners learn, make errors and develop their identities through participating in
social contexts.

Constructivist theories argue that knowledge is actively built on foundations of prior
knowledge. Restructuring of schemata and developing conceptual knowledge occur
through processes of assimilation and accommodation (Woolfolk, 2010). The amal-
gamation of existing knowledge into schemata is characteristic of assimilation, whereas
reorganization of schemata as consequences of conflicts between new knowledge and
existing schemata is characteristic of accommodation (Woolfolk, 2010).

Assimilation, when existing schemata expand to make sense of new knowledge is
not as challenging for the leamer as accommodation, where existing schemata must
change to make sense of new knowledge. When leamers assimilate new knowledge
instead of accommodating for it, overgeneralisations based on prior correct knowledge
can occur in new domains, where they are no longer correct (Hatano, 1996; Smith,
DiSessa & Roschelle, 1993). This implies that correct knowledge from one domain is
applied incorrectly in another domain (Smith et al., 1993). For example, the following
error made by a grade 9 learner: 3 + 2 = 12, can be explained as an overgeneralisation
of prior correct knowledge of addition of whole numbers incorrectly in a new domain:
fractions. Therefore, from constructivist perspectives, errors are reasonable and make
sense to the learner, illuminating both valid and invalid learner reasoning.

While errors may be reasonable and sensible from constructivist perspectives, the
importance of the social context in informing teachers’ and leamers’ views of errors is
better understood using situated perspectives. Situated theory forms the backbone of
much research on identity, where learning and developing an identity involves becom-
ing a better participant in a practice, using tools and working within the culture of a
particular community in which disciplinary knowledge is developed (Boaler & Greeno,
2000; Wenger, 1998).

From situated perspectives, learner errors are indicative of learners not using the
appropriate tools afforded to them within their learning communities or are conse-
quences of non-engagement within communities (Brodie, 2014). Errors may also be
consequences of newcomers (learners) in the practice using different criteria of what
counts as correct mathematical knowledge from the criteria used by oldtimers
(teachers) (Brodie, 2014). Using the same example as above, situated theorists would
explain that the error emerged as the newcomer engaged with a new task while
continuing to use previous tools and experiences, since s/he spent many years doing
so correctly, and most likely received praise for doing so. So the newcomer will not
develop her/his identity as a full member of her/his current mathematics classroom
community, until s’he develops the necessary tools to participate appropriately in the
community. Discussions are important for both newcomers and oldtimers to negotiate
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and create joint criteria to develop shared understandings of what it means to be a
successful leamer of mathematics in the community (Brodie, 2014; Sfard, 2007).

Both situated and constructivist theories contend that errors are reasonable, normal
and a necessary component of learning mathematics, with classroom conversations
needed to take account of current errors to develop new knowledge (Brodie, 2014). We
take the position that errors arise from conceptual structures, which is explained by
constructivism. These errors emerge as leamers engage with mathematics and develop
mathematical identities in their classroom communities, which is explained by situated
theory. In what follows, we define identity and show how the concept can be applied to
understanding learners’ mathematical identities.

Theorizing Identity

The relationships between learning and identity are discussed by Wenger (1998) and
Sfard and Prusak (2005). For Wenger (1998), identity and learning are intertwined
since learning transforms identity, by changing who we are and how we participate in
communities of practice, and learning is seen as an experience of identity since learning
involves becoming a member (or not) of a community of practice.

For Sfard and Prusak (2005), identity is a collection of stories or narratives about a
person, which constitute a person’s identity and shape action. While these stories may
be individually told, by the identity-builder or others, they are collectively shaped,
meaning that narratives are co-constructed between people and social communities
(Sfard & Prusak, 2005). Teachers and other significant individuals tell stories about
learners, which inform the opportunities offered to leamers to leam mathematics (Sfard
& Prusak, 2005).

Based on the work of Wenger (1998) and Sfard and Prusak (2005), we are of the
view that learners” mathematical identities inform their possibilities to learn and
become members of mathematics communities through practice and narratives. How-
ever, Wenger’s (1998) and Sfard and Prusak’s (2005) definitions of identity tend to
place a strong emphasis on the social construction of identity, and a weaker emphasis
on the role of the individual in the construction of her/his identity. A strong focus on the
social construction of identity limits understandings of the role of individual agency
and how the notion of self is produced and related to identity (Radovic, Black,
Williams & Salas, 2018). To understand how learners’ mathematical identities are
constructed, by considering both the individual and social aspects of identity, Marks
and O’mahoney’s (2014) work on personal identity, social identity and agency is
discussed in relation to mathematics (Fig. 1).

Marks and O’mahoney (2014) explain that personal identity “emerges from the
embodied, reflexive self, in part forged through interests and actions of the individual”
(p. 71). Personal identities involve an understanding of self, emerging from learners’
emotions, such as their enjoyment of learning mathematics, their motivations and their
future projections of learning mathematics and is informed by social contexts as people
learn about themselves through practice and discourse.

Social identities, according to Marks and O’mahoney (2014), are a “navigated
position between personal identities and the ways in which people believe they should
be perceived in a social setting” (p. 72). So personal identities inform how learners
develop their social identities, by informing how they position themselves and would
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A learner’s mathematical identity
Social identities

Personal identity constructed Agency offered

Learners’ understandings of self in

relation to mathematics. \ Learners’ choice: > How learners are
affiliation with, positioned by
compliance with, others in the

Social identity constructed resistance to, or mathematics
marginalisation from the classroom.

How learners position themselves / mathematics classroom

in the mathematics classroom. community.

Fig. 1 Constituents of a learner’s mathematical identity

like to be seen by others as members of their classroom communities. Personal and
social identities constructed by learners are intimately related to each other and both are
related to social contexts, but it is important to keep them analytically distinct (Marks &
O’mahoney, 2014).

Social identities are also offered to learners by others, for example teachers, who
position learners in classrooms through the stories they tell about learmers and the
opportunities they provide for leamers to participate in and become members of their
classroom community, which includes making errors. While teachers offer learners
social identities, learners have a choice to construct their identities differently from
what is offered. This choice is informed by agency, which involves learners choosing to
participate in certain ways, informed by their social contexts (Eteldpelto, Vihésantanen,
Hokkd & Paloniemi, 2013). Learner agency emerges from relationships between
individuals and their social contexts and is always exercised (Biesta, Priestley &
Robinson, 2017). Learner agency, in terms of how leamers participate in the classroom,
is informed by the social identities offered to them by their teachers and their personal
and social identities. As leamers exercise agency, they learn more about themselves,
supporting their personal identities, and they assess the importance of their membership
in their classroom communities, supporting their social identities.

During classroom interactions, teachers can continue offering leamers the same
social identity or may offer learners a different social identity from the one previously
offered or constructed. Learners can also construct the same mathematical identity as
previously, or reconstruct their mathematical identity and enact a different identity from
previously, as informed by the social identities offered to them and their personal and
social circumstances, highlighting the contingent nature of identities.

Theorizing Learners’ Mathematical Identities as Constructed in Classrooms

For this paper, we use the term ‘mathematical identity’ to refer to the identities that
learners construct as they interact with their mathematics teachers in classrooms.
Gardee (2019) has drawn on the work of Wenger (1998), Marks and O’mahoney
(2014) and other research in mathematics education to develop a framework for
learners’ mathematical identities that embraces both individual and social dimensions
of identity construction. The framework shows how learners can construct their
mathematical identities when offered social identities of affiliation, partial affiliation
or marginalization by teachers (Gardee, 2019).
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Social identities of affiliation are offered when teachers provide learners with full
access to the tools and resources of the community. Social identities of partial affiliation
are offered when teachers provide learners with partial access to the tools and resources
of the community. Social identities of marginalization are offered when teachers limit
learner access to the tools and resources of the mathematics classroom community.
Depending on how learners exercise agency and their personal and social identities,
learners can identify with, comply with or resist the offered social identities by
constructing their mathematical identities in affiliation with, marginalization from,
compliance with or resistance to their classroom communities (Table 1) (Gardee,
2019).

Leamers can identify with the social identities offered by teachers, by constructing
their mathematical identities in affiliation when offered opportunities to affiliate or
partially affiliate with the classroom community, or in marginalization when offered
social identities of marginalization by teachers. Affiliating learners exercise agency by
participating as full members of the community and by utilizing the tools and resources
of the mathematics classroom community to develop their social identities as full
participants. These learners tend to be emotionally invested in learning mathematics
for their lives and futures, as indicative of their personal identities. Concomitantly,
learners who develop their identities in marginalization when offered social identities of
marginalization by teachers may not be emotionally invested in or motivated to learn
mathematics for their lives and futures, as indicative of their personal identities. These
learners exercise agency by engaging with the tools and resources of the mathematics
classroom community in limited ways or not at all to develop their social identities as
marginal members.

Learners who comply with an offered social identity of affiliation, partial affiliation
or marginalization tend to exercise agency in similar ways to each other, by participat-
ing peripherally with the tools and resources of the mathematics classroom community.
Irrespective of the kinds of social identities offered, compliant learners tend to limit
their interactions with teachers and usually participate with other learners, so that they
may still learn mathematics. These leamers may or may not be emotionally invested in
learning mathematics. For example, some compliant learners are emotionally invested
in leaming mathematics, but are not comfortable to participate in and become full
members of the classroom community. Other compliant learners are not emotionally
invested in learning mathematics and may prefer to participate peripherally to maintain
peripheral membership.

Table 1 Identities offered to and constructed by learners

Social identities offered Mathematical identity constructed
Learners can identify with: Affiliation or partial affiliation Affiliation

Marginalization Marginalization
Learners can comply with: Affiliation or partial affiliation Compliance

Marginalization Compliance
Learners can resist: Affiliation or partial affiliation Resistance

Marginalization Resistance
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There may be learners who exercise agency by resisting or opposing the social
identities offered to them.> Learners who resist the social identities of affiliation or
partial affiliation offered by teachers may exercise agency by not participating as
members of the community even though they are provided with full access to the tools
and resources of the mathematics classroom community. These learners resist the
offered social identity by marginalizing themselves from the community, even though
they are not marginalized by the community. These leamers may not be emotionally
invested in learning mathematics or see the use of mathematics for their lives and may
not want to develop their social identities as members of their classroom communities.

Concomitantly, learners who resist the social identities of marginalization offered by
teachers exercise agency by attempting to participate as full members of the classroom
community and by utilizing the tools and resources of the classroom community,
despite being marginalized. While these learners resist the offered social identity of
marginalization, they cannot fully affiliate to the classroom community since they are
being marginalized.” These learners may be emotionally invested in and motivated to
learn mathematics, as indicative of their personal identities, and may want to develop
their social identities as full members of their classroom community.

In what follows, we provide an overview of some of the research on errors in
mathematics, which illustrates the implications of learner errors on leamers’ mathe-
matical identities and learning of mathematics.

Literature Review

How learner errors are dealt with in classrooms have implications for how learners
learn and understand what is needed to be a successful leamer of mathematics. Learner
errors usually have negative connotations because the use of marks in summative
assessments indicates that errors are punishable (Nesher, 1987). There seems to be a
tendency for teachers who teach using traditional pedagogical approaches to be un-
concerned with the origin of errors, since being correct is the focus of such classrooms,
and maintaining a positive identity involves not making errors (Heyd-
Metzuyanim et al., 2015). This may not be the situation in all traditional classrooms,
as Gardee and Brodie (2015) showed how a teacher who taught using traditional
pedagogy used errors in ways that provided her leamers with access to mathematics.
While this teacher predominantly corrected errors, she also probed errors to access
learner reasoning by asking learners for justifications for their errors and she embraced
errors, by using learner errors in discussion to develop learner reasoning. Her

2 While we did not find any learner in our larger study resisting any of the social identities offered to them, we
have included the category in our framework for completeness, as other studies have shown that learners can
resist the social identities offered to them (see for example, Nasir & Shah, 2011).

* In some situations, teachers may continue offering these leamers identities of marginalization, as resistance
to the offered social identity of marginalization can be seen as a form of resistance to the authority of the
teacher. In other situations, teachers may offer leamers a new social identity of affiliation when they see
learners resisting the offered social identity of marginalization. Only when learners are offered a new social
identity of affiliation, instead of marginalization, can they identify with the offered social identity to develop
their mathematical identities as affiliating members of the community.
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combination of correcting, probing and embracing did support learmers’ mathematical
reasoning (Brodie, 2014; Gardee & Brodie, 2015).

The most common way of teachers interacting with learner errors is by correcting
errors, thereby limiting potential opportunities for exploring learner errors in discus-
sion, understanding their conceptual roots and using such errors to promote deeper
engagement and reasoning in classrooms (Borasi, 1987; Brodie, 2014). Leamers are
shown to understand and learn better when errors are discussed in classrooms, rather
than being corrected or avoided (Bray, 2011; Gardee & Brodie, 2015; Swan, 2001).
Discussions about errors, guided by appropriate norms, can only occur when learners
feel safe to make errors (Schleppenbach, Flevares, Sims & Perry, 2007), that is, when
learners are offered social identities of affiliation with the classroom community.
Avoiding and ignoring errors can potentially offer learners identities of marginalization
from the classroom community, since they do not have access to understanding why
their errors are incorrect, devaluing their knowledge and further limiting their under-
standing of mathematics.

Teachers’ beliefs and knowledge can inform how teachers deal with leamer errors
(Bray, 2011; Sun, 2018). Some teachers may ignore or avoid learner errors because
they may fear that errors are signs of their own failure (Brodie, 2014), or that errors are
contagious and can spread to other learners (Swan, 2001). Teachers may not always be
explicit that errors are problematic, but by ignoring and avoiding errors, they imply that
errors are problematic and should be avoided (Ingram et al., 2013). Minimizing the
opportunities for leamers to make errors may inform learners’ mathematical identities
negatively, by implying that making errors is a reason for embarrassment and that
arriving at the correct answer suggests that a learner is ‘smart’ (Heyd-
Metzuyanim et al., 2015). When learners are provided opportunities to make and
explore their errors, they construct their identities in ways that enable them to under-
stand that making errors is a normal part of learning mathematics and that mathematical
reasoning is more important than obtaining the correct solution.

Learner errors are also learning opportunities for teachers (An & Wu, 2012). Brodie
(2013, 2014), Brodie and Shalem (2011), and Chauraya and Brodie (2017) showed
how teachers who participated in professional learning communities learned how
learner errors are sensible and reasonable from a leamer’s perspective. These teachers,
through their discussions of learner errors, revised their current teaching approaches
and developed their mathematical content knowledge. Therefore, engaging with learner
errors in the classroom can promote deep mathematical knowledge for both teachers
and learners.

Methods

The data for this article are taken from a larger research study that focused on
understanding learners’ mathematical identities as they transitioned from grade 9 to
10 in a well-resourced secondary school in South Africa. Nineteen leamers participated
in the study, 8 in the first year, with an additional 11 in the second year, along with their
5 mathematics teachers, 2 in the first year and 3 in the second year. Two teachers, Mr.
Molefe (grade 9) and Mr. Ncube (grade 10)—all names are pseudonyms—with four
learners in each classroom, are discussed in this paper. These teachers displayed
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different ways of interacting with errors and provided different accounts of how they
interacted with learner errors. Both teachers had academic degrees to teach mathematics
and each had 5 years of experience teaching mathematics.

Leamer participants were initially selected by their grade 9 mathematics teachers
using the following criteria: 1 high-performing leamer, 1 low-performing learner and
the person sitting next to them, which enabled us to observe teacher-learner interactions
with learners displaying different levels of achievement. The grade 9 learners were
observed again in grade 10, and additional leamers, sitting next to the initial partici-
pants, were selected.

The four leamers in Mr. Molefe’s grade 9 class, discussed in this paper, were
Sindiswa, selected as high-performing, and Jennifer sitting next to her, and Tess,
selected as low-performing, and Sunny sitting next to her. Jennifer was identified as
low-performing, while Sunny was identified as a leamer whose marks were inconsis-
tent. In grade 10, Sindiswa and Jennifer transferred to another school, while Sunny,
who continued to participate in the study, was allocated to another mathematics teacher
in the school. Tess was the only learner, from the initial grade 9 participants allocated to
Mr. Ncube’s grade 10 classroom. Tess sat in a row of four learners, with three other
learners, Amy, Thandi and Thabo, who were included in the study. Thandi was a high-
performer, Tess continued as a low-performer, while Amy and Thabo were average-
performers.

We chose a case study design, which provides a holistic and relational understanding
of themes (McMillan & Schumacher, 2010). A case study design was suitable for our
study, which focused on the relationships between three themes: teacher practices,
learner errors and leamers’ mathematical identities. The research design informed the
data collection methods and analysis, and the findings from the analysis are represen-
tative of the larger sample.

Data were collected over 2 years (2015-2016) in the third school term (August—
September) in the form of videotaped lessons, audiotaped semi-structured interviews
with teachers and leamers, field notes and photographed learner notebooks. We placed
the video camera in front of the classroom to focus on learners to capture their
participation and how their teachers interacted with them and their errors. Approxi-
mately 8 h of lessons were analyzed for each teacher. The interviews with the teachers
were aimed at understanding how they spoke about learner errors and why they offered
learners certain social identities. The interviews with the learners were aimed at
understanding how and why they constructed their identities in certain ways and how
they spoke about the importance (or not) of their errors.

We analyzed the data using qualitative approaches, by organizing our data into
categories, followed by identifying relationships and trends among the categories
(McMillan & Schumacher, 2010). We coded the videotaped data by coding the
interactions between teacher and leamer participants to identify the kinds of identities
offered to and constructed by learners. We documented the teachers’ pedagogical
approaches, in terms of how the teachers structured their lessons, the kinds of oppor-
tunities that they provided for leamers to participate and their approaches to learner
reasoning in the classroom. The videotaped lessons were also analyzed based on how
each learner participant participated in the classroom. We documented excerpts of
errors that occurred in each lesson, noted which learner made the error and how the
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teacher interacted with the error using Brodie’s (2014) framework of correcting,
probing and embracing errors.

We analyzed the interviews with a focus on teacher pedagogy, leamer errors and
learners’ mathematical identities. Data from the teacher interviews were used to
understand their pedagogical approaches, their understandings of learner errors, their
approaches to leamer errors and the social identities that they offered to leamers. Data
from the leamer interviews were used to understand their mathematical identities, their
understandings of errors and their experiences of their teachers’ approaches to errors.
We utilized the following criteria to code the identities offered to and constructed by
learners (Table 2).

We then coded how learners spoke about errors, in terms of whether errors were
important for learning, and we then compared how their understandings of errors were
related to their teachers’ approaches to errors. Thereafter, we looked for relationships
between learners’ mathematical identities and their teachers’ interactions with errors.

For credibility, we triangulated the findings from all the data collection techniques
(McMillan & Schumacher, 2010), that is, our observations of the lessons, the learner
interviews and the teacher interviews.

Results

We begin by discussing each teacher’s practices and approaches to learner errors. We
then describe and relate the social identities offered to learners by the teachers, the
mathematical identities constructed by learners, how learners spoke about errors and
learners’ experiences of their teachers’ approaches to errors.

Teacher Practices and Approaches to Learner Errors

Teachers, through their pedagogical approaches and interactions with learners, provide
messages about what mathematics is about and how it is best learned (Heyd-
Metzuyanim et al., 2015). Table 3 shows the differences between the teachers’ peda-
gogical approaches, approaches to learner reasoning, understandings of and approaches
to learner errors.

Both teachers’ pedagogical approaches were based on what they thought enabled
learners to learn mathematics best. For Mr. Molefe, lengthy explanations together with
multiple examples enhanced learning, and he discouraged learners from using other
methods besides the ones he taught. Whereas Mr. Ncube preferred group discussions
where learners devised their own solutions. Both pedagogical approaches were in-
formed by the teachers’ approaches to learmner reasoning, and ultimately, their under-
standing of mathematics as a discipline. For Mr. Molefe, mathematics was pre-discov-
ered, and the purpose of learning mathematics was to “make sense” of what was
already known. For Mr. Ncube, mathematics was about interrogating solutions and
coming to agreements.

These teachers’ beliefs and knowledge informed how they understood and dealt with
learner errors. For Mr. Molefe, errors had negative connotations, being able to “grow”
and “breed”. He organized his lessons by limiting learner opportunities to explore and
devise their own methods and solutions to problems to avoid the occurrence of errors,
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and usually corrected errors when they occurred using lengthy explanations. For Mr.
Ncube, errors were discussed positively as lessons, and he used errors as a means of
encouraging learners to leam from their mistakes. He structured his lessons to support
learner reasoning and he often probed learner errors to access their reasoning before
correcting errors. For example, he would ask learners to justify their thinking when they
made errors, followed by providing learners with the correct answers.

Identities Offered and Constructed: Learners in Mr. Molefe’s Classroom

Mr. Molefe offered learners social identities based on how he identified them as
learners in his classroom. Sindiswa was offered a social identity of affiliation since
she was identified as a high-performing learner. Sunny was offered a social identity of
partial affiliation and was identified by Mr. Molefe as a learner whose marks were
inconsistent and as a “naughty learner”, who could ask thought-provoking questions
followed by doing “something very silly”. We did not observe any instances of Sunny
displaying unruly behaviour.

Tess and Jennifer were identified as low-performing learners and were offered social
identities of marginalization from the classroom community. Mr. Molefe explained that he
was not always willing to assist low-achieving learners because he did not think that he had
sufficient training to help low performers. He did not interact much with Tess and Jennifer or
help them when he saw them struggling or making errors in their books, thereby denying
them the opportunity of understanding why their mathematical reasoning was incorrect.

Table 4 illustrates the social identities offered to learners and how learners con-
structed their identities and discussed the importance of making errors in their class-
room (Table 4).

From the four leamers in Mr. Molefe’s classroom, Sindiswa was the only learner to
develop a mathematical identity of affiliation, while the other learners developed
identities of compliance (Table 4). Sindiswa was motivated to learn mathematics,
indicative of her personal identity, and aspired to develop her social identity as one
of the best learners of mathematics in her classroom. Even though Sindiswa developed
an identity of affiliation, Mr. Molefe’s approach to errors informed her mathematical
identity, in terms of how she exercised agency to participate in the classroom. She felt
“bad” when making errors even though she thought that errors were important to learn
mathematics, so she was sometimes hesitant to participate. However, Sindiswa was
able to develop her identity in affiliation and leam from her errors since she was offered
a social identity of affiliation and was assisted by Mr. Molefe when she made errors.

Mr. Molefe’s approach to errors also informed Jennifer’s and Tess’s mathematical
identities. While Jennifer did not feel “bad”” about making errors in her workbook, she
did not interact much with Mr. Molefe because she was not comfortable to make her
errors public and because he was not always willing to assist her. Tess shared Mr.
Molefe’s view of errors as problematic and did not interact much with him in the
classroom. Even though both leamers exercised agency by not participating much with
Mr. Molefe, Jennifer and Tess developed their social identities as peripheral members,
by asking other learners to assist them because of their personal identities—they saw
the use of mathematics for their lives and futures.

Sunny was the only learner who experienced Mr. Molefe’s approach to errors
differently from the account narrated by Mr. Molefe. He explained that Mr. Molefe’s
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approach to his errors made him feel “good” and “confident” to engage with mathe-
matics, possibly explaining why he continued to participate in the classroom even
though he did not enjoy learning mathematics. However, for Sunny, developing his
social identity as a member of his peer community was more important to him than
becoming a full member of the mathematics classroom community. He explained that
he participated in the classroom community not because he wanted to “excel” in or
“fail” mathematics, but because he was a “friendly” person and was concerned with
how others would identify him. He was primarily interested in passing mathematics to
pursue his future career choice, thereby developing a peripheral membership in the
classroom community.

Identities Offered and Constructed: Learners in Mr. Ncube’s Classroom

Mr. Ncube provided all learners in his classroom the opportunity to participate and
construct their mathematical identities in affiliation with his classroom community. He
encouraged all learners to participate and believed that everyone could do mathematics
and that “effort” and “practice” were needed for leamers to be successful at learning
mathematics. Table 5 illustrates the social identities offered to learners and how learners
constructed their identities and discussed the importance of making errors in their
classroom (Table 5).

In Mr. Ncube’s classroom, Tess and Thabo developed mathematical identities of
compliance, while Thandi and Amy developed mathematical identities of affiliation
(Table 5). Tess was motivated to pursue mathematics in the future, indicative of her
personal identity; however, she did not interact much with Mr. Ncube in the classroom.
Rather, she exercised agency by asking others for help, thereby developing a peripheral
membership. She explained that she preferred to “listen” to Mr. Ncube teach, rather
than to participate with him in the classroom. While Mr. Ncube assisted Tess when she
made errors, Tess’s past experiences of errors in Mr. Molefe’s classroom seemed to
have still shaped her participation and perception of errors in Mr. Ncube’s classroom.
She continued to speak about errors negatively, even though Mr. Ncube made her feel
“good” after he corrected her errors.

While Tess experienced Mr. Ncube’s approach to errors positively, Thabo did not.
Like Tess, Thabo developed his identity in compliance, as he was not comfortable to
participate fully with Mr. Ncube. He explained that he was hesitant to ask Mr. Ncube
for assistance, because even though Mr. Ncube “smiles” and understood him when he
made errors, Mr. Ncube’s approach to errors, by making the answers seem easy when
he found the problems challenging, made him feel “stupid”. In addition, Thabo
explained that mathematics was “holding (him) down” due to the time required to
understand mathematics, even though he said that he enjoyed learning mathematics, as
part of his personal identity. Consequently, Thabo developed his social identity as a
peripheral member of the classroom community, by participating peripherally to pass
mathematics so that he could pursue his future aspiration.

Like Thabo, Thandi did not experience Mr. Ncube’s approach to errors positively.
Unlike Thabo, Thandi was comfortable to participate in her classroom community,
even though she explained that Mr. Ncube did not seem “happy” when she made
errors. Her experiences of Mr. Ncube’s approach to errors motivated her to exercise
agency by “work(ing) harder” to maintain her full membership in his classroom.
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Thandi developed her mathematical identity in affiliation with the classroom commu-
nity since mathematics was her favourite subject, indicative of her personal identity and
that she felt a sense of belonging in her classroom community, as indicative of her
social identity.

Like Thandi, Amy developed her mathematical identity as an affiliating member of
the community and was comfortable to participate in the classroom and ask Mr. Ncube
for assistance. Like Tess, she experienced Mr. Ncube’s approach to errors positively
and explained that Mr. Ncube would tell her to “think” about her errors before assisting
her. She said that she was “grateful” to Mr. Ncube for being accommodating of errors
by correcting her errors, which proved to her that he “care(d)” about her. She con-
structed her social identity as a full member of the community and explained that she
enjoyed learning mathematics and was motivated to pursue mathematics in the future,
as indicative of her personal identity.

Discussion

The purpose of this paper has been to identify the relationship between teachers’
interactions with leamer errors and learners’ mathematical identities. To answer our
first research question regarding how the teachers spoke about and interacted with
learner errors, Mr. Molefe said that errors are contagious, and Mr. Ncube said that
errors are lessons and learners can leam from them. These views of errors are common
in research as some teachers correct errors for learners to gain access to correct
knowledge (Brodie, 2014), whereas others may dislike the occurrence of errors,
because they think they are contagious (Swan, 2001).

Both teachers emphasized that errors were mistakes that needed to be corrected,
rather than being sensible and reasonable based on some correct mathematical knowl-
edge. Mr. Molefe corrected errors, while Mr. Ncube probed errors before correcting
them. Correcting errors is not sufficient in enabling learners to learn from them. From a
constructivist perspective, correcting errors does not address underlying misconcep-
tions or lead to the restructuring of knowledge (Borasi, 1987). From a situated
perspective, correcting errors may not provide leamers with an understanding of why
their criteria of what counts as mathematical knowledge were incorrect (Brodie, 2014).
Neither teacher embraced learner errors; they did not use errors to generate new
knowledge for all leamers in the classroom.

The second research question is concerned with what informed how the teachers spoke
about and interacted with learner errors. There were two main mechanisms that informed
how the teachers spoke and interacted with learner errors: the teachers’ views on the role
of learner reasoning in mathematics and their narratives about leamers. Mr. Molefe was
not accommodating of errors because he did not think that learner reasoning was important
to learn mathematics, while Mr. Ncube was accommodating of errors, by probing learner
errors and encouraging learners to think about their solutions. This finding resonates with
current research, which shows how teachers’ beliefs and knowledge inform how teachers
deal with learner errors (Bray, 2011; Sun, 2018).

How the teachers spoke about learners informed their willingness to help and
support learners, and, consequently, the mathematical identities which they offered to
learners. For example, Mr. Molefe corrected Sindiswa’s and Sunny’s errors since he

@ Springer

121



Relationships Between Teachers’ Interactions with Learner Errors...

“IOLId A
1091100 P[NOJ AYS MOY PaIsadans

puE IOLId 9y}  JNOQE YUIY),, 0] Joy

PIO} oH " Jrydjoy A10A SI,, aqnAN A

* QIS Wiy RN “19pIRY JIom
‘(033 owr sayew ] )1 198 nok [ N
surejdxa snl ay ‘uayy ng “Addey
KI9A YOO Jou $20p,, 2qNIN “IA!
*Ased
wods Fudud[eyd punoj ay jeyl
s1omsue ) Sunyew £q © pidms,,
[29) wny dpew s10u9 0} yoeoidde
S 2qNON TN “TOAIMOH -, uIed|
0] 2194 [[& 218 oM sAes A[jensn 9.,
*POOISIdPUN PUE _ SO[IWS,, 9GNIN I\

"POOISIAPUN JYS IdYE  POOT,, [9)
10y Sunjew 1oy padjoy aqnoN IN

‘20ue)sisse

SIY 10J uny 0) JnjaIeid,, pue

12y noqe  (p)a1ed,, Y jey [33) 13y

apewr yorym ‘s1o1d 0y yoeoxdde

S, 9QNON "IN JO 9SNBIdq WY}
WO pauIed] pue SIOLD dpeu AYS

19y PAISISSE 1AYOR3) 1Y
1eq) pauredxa pue SonEWAYEW
ur  SOYEISIW JO 1] B,, dpew AYS

*SIOLID SIY WOLj pauIed| ay pue
Sayeisiu ayew apdoad [re,, ‘wiy 104

“PES,, 199
19U 9pEW YOIYM © PEQ,, 210M SIOLF

“SIDUIRI|

1910 pue dqnoN] "I\l
s pajedionaed ayg

“SIQUIBI]
IYIO PASISSE AYS
"20UB)SISSE Papaou

AYS UAYM 2qNIN I
s pajedionied ayg

“SIOWIR[ 1910
v pajedronted
oy “djey 1oy iy

JSe 0] 9[qeHOoJu0d

JOU SeM Jnq dqNON
I Yim pajedionted o

1Y

djoy 0} puaLy e payse
ayg -oredronaed o3 1oy
uo Pa[[ed ay ssojun

qnoN TN YA

" Ssepd

Ay jo ued,,

sem oys 18y o)

pue diysiaquiaw
[N peutejurewr ayg

*Arunuwuwod

WIOOISSE[D

104 jo ed,,

sem oys oNI] 1[3)

pue diysiaquiow
[N pautejurewr ayg

“diyszoquiowt

[esoyduoad

e padojaaap

pue Joquiaw [|ny

e se edronred

0] 9]qBHIOJWO0d
jou sem d9H

“diyszoquiowt

Texoydurad

B paurejurewt ays

‘I94IR) A PIM

dedoned jou

dedronted jou pip 9yS  pIp 2Yys y3noy) usAg

-amny

Ay ur sonewayew ansind o)
pajeAnow sem ays 102[qns
JJLINOARJ 1O SEM SONBLIAIRIA

-amny

) wr sonewayew ansind oy
pajeAnow sem ays 102[qns
QJLINOARJ I3 SEAM SOIBWAIRIA]

“2amyny Ay

ur )1 ansind 0) pajeAnow sem
pue sonewayiew Furuies|
poKolua ay y3noyy uaAd
“umop (wiy) Surpjoy,, pue
SuwSud[[eyd sem SARWAYIRIA

"INy Y} Ul SONBWAYJEW
ansind 0} pajeAanow sem
AUS INOLJIP SeM SONBLIAYRIA

pringer

As

Awry

Tpueyy,

oqeqL

SSOL

SI01Id
0} yoroxdde s 1oyded) jo aouaLddxy

SIOLId JO SurpueisIOpun)

papnnsuod

Aouady Ajnjuapr [eroog

PAIINISU0d AJUAPI [BUOSId DA

OIS

SIQUIBd T

PAIONISUOD PUB PAIAJJO SINNUIP]  § d|qe)

122



A. Gardee, K. Brodie

did not see them as low-achieving learners, and they were offered social identities of
affiliation and partial affiliation. Tess and Jennifer were described as low-achieving
learners by Mr. Molefe, and he was not always willing to assist them and offered them
social identities of marginalization. Unlike Mr. Molefe, Mr. Ncube was willing to help
all learners and offered all leamers the opportunity to participate and construct their
mathematical identities in affiliation with the classroom community. All four learners in
his classroom explained that he was willing to assist them when they needed help.

The third research question is concerned with how the teachers’ approaches to errors
informed learners’ mathematical identities. In Mr. Molefe’s grade 9 classroom, becom-
ing a successful learner of mathematics involved not making errors, while in Mr.
Ncube’s grade 10 classroom, becoming a successful mathematics learner involved
learning from errors. The role of classroom environments in providing learners with
opportunities to become members of the community is well established in research
(Boaler & Greeno, 2000; Cobb, Gresalfi & Hodge, 2009). Different classroom cultures
are associated with providing learners with messages about what being a good learner
of mathematics means. So, the teachers’ approaches to errors, or perceived approaches,
had some bearing on how the learners participated in the classroom and constructed
their identities. Yet learners too play a role in the construction of their mathematical
identities, supported by their personal identities, social identities and agency.

In Mr. Molefe’s classroom, Sindiswa and Tess felt guilty for making errors, while
Jennifer did not make errors publicly. Sindiswa was hesitant to participate, while
Jennifer and Tess did not interact much with Mr. Molefe. Feelings of shame when
making errors is common in classrooms where the errors are associated with discourse
about people (Heyd-Metzuyanim et al., 2015). For the girls, maintaining a social
identity of membership in Mr. Molefe’s classroom, where one does not make errors,
was more important than learning from errors. Yet Sindiswa’s personal and social
identity supported her identification with the offered social identity of affiliation, as she
was still willing to participate with Mr. Molefe since she was provided with the
opportunity to do so and her errors were corrected. Tess and Jennifer, who were both
marginalized, were not comfortable to participate with Mr. Molefe, and both learners
developed their social identities as peripheral members since they were motivated to
pursue mathematics in the future, supporting their compliance.

Unlike the girls, Sunny experienced Mr. Molefe’s approach to errors positively,
making him feel confident to participate in the classroom. He constructed his identity in
compliance, even though he was offered a social identity of partial affiliation, as he was
interested in passing mathematics to fit in with his peers. Studies have shown how for
some leamers, friendship groups may be privileged above the classroom community
(Boaler, William & Zevenbergen, 2000). So for Sunny, being a member of his
friendship group was more important than becoming a successful learner of
mathematics.

In Mr. Ncube’s grade 10 classroom, Amy experienced positive emotions when Mr.
Ncube corrected her. Her personal and social identity supported her identification with
the offered social identity of affiliation and she participated as a full member of the
classroom community. Like Amy, Tess too experienced positive emotions when she
was corrected by Mr. Ncube, yet she still felt guilty when making errors and was
uncomfortable to participate in the classroom. It is likely that her experiences of
learning mathematics and making errors in Mr. Molefe’s classroom still shaped her
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understanding of what being a successful learner of mathematics meant in grade 10, so
she continued to enact an identity of compliance.

Thabo and Thandi experienced some level of shame when making errors, based on
how they experienced Mr. Ncube’s approach to errors. Yet both learners used their
experiences differently, with Thandi becoming motivated to work harder to become an
affiliating member of the community, which was supported by her personal and social
identity, while Thabo was not willing to ask Mr. Ncube for assistance. Like Jennifer
and Tess (in both years), Thabo maintained some level of membership in the commu-
nity so that he could pass mathematics, for his personal and social identity, supporting
his compliance.

Conclusions

Our investigation of the relationship between teachers’ interactions with leamer errors
and learners’ mathematical identities revealed that learners’ experiences of their
teachers’ approaches to errors informed learners’ mathematical identities to some
extent. The learners also played a role in the construction of their mathematical
identities, which was informed by how they exercised agency, and their personal and
social identities.

The teacher approaches to learner errors were shaped by their narratives regarding
the importance of learner reasoning in mathematics and by the kinds of social identities
that they offered learners to become members of their classroom communities. Inter-
estingly, the learners discussed in the paper developed their mathematical identities as
affiliating or compliant members of their classroom communities.* None of the learners
resisted the social identities offered to them, or challenged their teachers, even when
they did not share the same perspective on errors as their teachers. A possible
explanation why none of the learners resisted the offered social identities or challenged
their teachers when they did not share the same perspective on errors as their teachers,
is that teachers play an important role in shaping learners’ mathematical identities in the
classroom community (Grootenboer & Zevenbergen, 2008). It is also likely that for
some learners, past teachers can play a significant role in informing learners’ current
mathematical identities, like in the case of Tess who enacted the same mathematical
identity in both Mr. Molefe’s and Mr. Ncube’s classrooms. So while learners’ math-
ematical identities can change as contexts change (Radovic et al., 2018), it is possible
that some learners may continue enacting the same identity constructed previously in
another teachers’ classroom across learning contexts, perhaps because these past
experiences were significant to the learner.

Another possible explanation for why none of the learners resisted the offered social
identities could stem from understanding the power of learners’ personal and social
identities. Sfard and Prusak (2005) explain that future aspirations shape actions and
identities to a great extent, and Wenger (1998) suggests that these aspirations assist
people in understanding whether they belong or not to communities supporting their
personal and social identities. These learners were motivated to pursue mathematics in

* Within the wider sample, there were learners who developed their identities in marginalization from the
community. No learners in the wider study resisted any of the social identities offered. See Gardee (2019).
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the future and resisting their teachers’ practices could have had negative implications in
achieving their future goals and their feelings of belonging to the classroom commu-
nity. The need for feeling a sense of belonging to the classroom community was key for
all these learers, since all of them participated in ways to develop their social identities
as full or peripheral members of the classroom community, even though some of them
were offered social identities of marginalization. It is therefore important to consider the
relationships between personal identity, social identity—both constructed and
offered—and agency to understand how learners construct their mathematical
identities.

While there have been teacher education programs focused on the importance of
learner errors and on ways to create environments for learners to participate in, make
and learn from their errors in their mathematics classrooms (see Brodie, 2013,
2014; Chauraya & Brodie, 2017), there is a need for programs to educate teachers
about the necessity of offering all learners identities of affiliation. Teacher education
programs can assist teachers in becoming aware of the harmful effects of categorizing
learners according to their performances in assessments and behaviour, as a means of
helping teachers offer all learners equitable opportunities to participate and develop
identities of affiliation.
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Chapter 7: A framework for analysing learners' mathematical
identities in peer interactions: accounting for personal and social

identities
7.1. Introduction

This chapter is different from the previous four chapters, as this chapter focuses specifically
on the relationships between learners’ mathematical identities and their interaction with their
peers. | discuss how two pairs of secondary school learners, who were treated similarly by
their teachers and who performed similarly academically, constructed and offered
mathematical identities. The reason | chose learners who were treated similarly by their
teachers was that there are studies that show how teachers inform the ways learners interact
with others and construct identities. My purpose was different, as | wanted to develop a
framework to define and research learners’ mathematical identities constructed in peer

interaction, to show the importance of learners’ personal and social identities.

This chapter builds on the non-reductionist model developed in chapter 2 to develop an
explanatory framework for the relationships between learners’ mathematical identities and
the social identities offered by peers during peer interactions in classroom contexts. This
chapter provides another perspective to answering the first main research question, in terms
of what mathematical identity is and by showing how the concept of identity defined in
chapter 2 can be used in researching secondary school learners’ mathematical identities
constructed during peer interactions. Using the model developed in chapter 2, an explanatory
framework is developed to relate the kinds of social identities offered by peers, as higher
status, lower status or equal status, to the kinds of mathematical identities that can be
constructed during peer interactions, as affiliation with or resistance to the offered social
identities. An analytical framework is developed and applied to data to enable understandings
of how learners construct mathematical identities during peer interactions, and why learners

construct certain mathematical identities, by drawing on their personal and social identities.
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A framework for analysing the relationships between peer interactions and
learners’ mathematical identities

Abstract

Learner interactions have a powerful influence on learners’ mathematical identities and their learning
of mathematics. Yet the absence of definitions of identity, which consider both subjective/personal
and social aspects of identity, is an important concern in mathematics education research. The purpose
of this paper is to propose a framework to analyse learners’ mathematical identities, by considering
personal and social identities. To exemplify the framework, we discuss how two pairs of secondary
school learners, who were treated similarly by their teachers and who performed similarly
academically, constructed and offered micro-identities during moments of a lesson, and macro-
identities across lessons. The two pairs were selected so that we could analyse how they constructed
and offered identities differently from each other, independently from the influence of teacher
positioning or differences in capabilities, with a focus on their personal and social identities. We show
that while learners were offered identities by a peer as higher, lower or equal status, they constructed
their identities by affiliating with or resisting the identities offered by their peer. Their identity
construction was informed by their personal identities, in terms of their motivations for and enjoyment
of learning mathematics, and their social identities, in terms of their choices to occupy certain roles in
the classroom community.

Keywords: Learners’ mathematical identities, Peer interactions; Participation; Narrations

1. Introduction

In recent years, researchers in mathematics education have turned to the concept of
identity to understand how learner interactions influence their learning of mathematics
(Andersson & Wagner, 2019; Bishop, 2012; Wood, 2013). These researchers have shown
how learner interactions inform their mathematical identities, in terms of who they are, who
they might become, and how they see others, as learners of mathematics (Andersson &
Wagner, 2019; Bishop, 2012; Gresalfi & Hand, 2019). Concomitantly, learners’ identities
inform their learning, in terms of their engagement in and disengagement with mathematics
(Graven & Heyd-Metzuyanim, 2019; Wood, 2013).

Learners’ mathematical identities are usually examined on one of two scales: a micro-
scale as micro-identity, or a macro-scale as macro-identity (Wood, 2013). Wood (2013)
defines a micro-identity as “the position of a person in a moment of time” (p. 780), and these
identities can shift in different moments of a lesson as learners interact with others. For
example, Wood (2013) showed how in a lesson, a learner shifted his micro-identity from
being an explainer of mathematical concepts when positioned as an explainer by his teacher,
to being dependent on his peer for knowledge when positioned by his peer as being less

mathematically capable than herself, and then back to being an explainer of mathematical
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concepts after his teacher positioned him as capable again. So the learner’s micro-identity
shifted from being mathematically capable to less capable and then back to being capable in
different moments of the same lesson, influenced by the different social positions which were
offered to him by his teacher and peer (see also Holland & Leander, 2004). So micro-
identities are responsive to small changes in contexts, like engaging with different people,
mathematical concepts and tasks at different moments in the same lesson (Wood, 2013). Over
time, micro-identities can ‘thicken’, as learners come to identify themselves as certain people,
forming their macro-identities (Wood, 2013).

Macro-identities are also constructed through interactions, but unlike micro-identities,
these identities emerge over long periods (Wood, 2013). Macro-identities are more persistent,
stable and longer-term constructions of who a person is (Wood, 2013). Macro-identities can
be accessed through interviews and by observing learner interactions over time. For example,
research on macro-identities shows how learners described their identities constructed over a
course (e.g., Boaler & Greeno, 2000; Cobb, Gresalfi & Hodge, 2009), and how learners’
interactions with others contributed to them becoming identified as superior, inferior, smart
or bossy across time (Bishop, 2012; Langer-Osuna, 2011). These studies do not show how
learners’ identities shift from moment to moment, but rather, how learners’ identities
‘thickened’ over time.

Many studies show how learners’ interactions with their peers and teachers inform
learners’ learning of mathematics and their mathematical identities, either in moments during
a lesson as micro-identities, or over long periods as macro-identities. Some studies show how
learners who collaborated with others on activities learned mathematics and developed their
identities positively (DeJarnette & Gonzalez, 2015; Esmonde, 2009). DeJarnette & Gonzélez
(2015) showed that when learners shared ideas and challenged themselves and others, they
deepened their learning and reasoning skills. The learners shared the mathematical authority,
so none of the learners sustained a particular micro-identity throughout the interaction
sequence (DelJarnette & Gonzélez, 2015). Esmonde (2009) made a similar finding, as she
showed how a group of learners collaborated and did not position each other as being more or
less capable than the others, so all learners in the group could make their thinking visible and
engage with each other’s ideas.

Other studies show how one learner dominated peer discussions and did not consider
the ideas of others, especially when that learner was identified by others or identified
themself as more capable than others (Bishop, 2012; DelJarnette & Gonzéalez, 2015; Lerman,
2001; Esmonde, 2009). Heyd-Metzuyanim and Sfard (2012) showed how two successful
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learners, Dan and Ziv, were offered different micro-identities by other members of their
group based on their relationships with the other learners. Dan was well-liked by others and
was perceived as being understandable, even though his ideas were incorrect. Ziv was not
well-liked by others in the group, as he projected himself as being more capable than the
others. His mathematical ideas were correct, but he was excluded from the group and
positioned as not being understandable, even though his peers did not listen to or engage with
his ideas.

Wortham (2004) showed how a learner was initially identified by her teachers as a
good student, and later as disruptive. Over time, the learner’s interactions with her teachers
and peers changed, which resulted in a ‘thickening’ of her identity to form her macro-
identity, as she became consistently identified as an ‘outcast’ (Wortham, 2004). Langer-
Osuna (2016) found that teacher interactions with learners reinforced authoritative
positioning and shaped how learners authoritatively interacted with others. Several other
studies have also shown how teachers’ interactions with learners informed how learners
participated in the classroom and identified themselves and/or others as learners of
mathematics (Boaler & Staples, 2008; Hodgen & Marks, 2009; Author, 2019 a, b; Authors,
2021; Author, in preparation; Lerman, 2001; Wood, 2013).

So, the influence of others, such as peers and teachers, on learners’ interactions and
identities is well explored in research, i.e., most research focuses on the social aspects of
identity, rather than the subjective/personal aspects. While there have been attempts to define
identity in mathematics education research, the absence of clear definitions of identity with a
focus on both, the subjective and social aspects of identity, is an important concern for
researchers (Graven & Heyd-Metzuyanim, 2019). The subjective aspect of learners’
mathematical identities requires more attention in research, so that the role of the individual
in the construction of her/his identity is not neglected (Graven & Heyd-Metzuyanim, 2019;
Radovic, Black, Williams & Salas, 2018).

To address these difficulties, the purpose of this paper is to develop a framework to
define and research learners’ mathematical identities constructed in peer interaction, with a
focus on the subjective and social aspects of identity, as personal and social identity. To
exemplify the framework, we focus on how two pairs of secondary school learners, who were
treated similarly by their teachers and who performed similarly academically, constructed and
offered mathematical identities, as micro-identities in moments of a lesson, and macro-
identities over time. We selected these two pairs to analyse differences in mathematical

identities, as informed by learners’ personal and social identities, rather than teacher
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positioning or differences in learner capabilities, which is already well-researched (e.g.,
Bishop, 2012; Hodgen & Marks, 2009; Wood, 2013). Using our framework, we answer the
following research questions:
1. How do learners construct and offer micro- and macro-identities during peer
interactions in mathematics classrooms?
2. How do learners’ personal and social identities inform the micro- and macro-identities
that they construct and offer during peer interactions?
Our first research question explores how learners construct and offer micro- and macro-
identities, while the second research question explores why learners construct and offer

certain identities, with a focus on their personal and social identities.

2. Conceptual and analytic framework

In mathematics education research, the definitions of identity proposed by Wenger
(1998) and Sfard and Prusak (2005) are commonly used to understand learners’ mathematical
identities. For Wenger (1998), identity is enacted, as a negotiated process related to learning,
because learning involves becoming a member of a community of practice. As a person
learns through participating in the community, s/he defines her/himself and is defined by
others as a member of the community. For Sfard and Prusak (2005), identity is discursive, as
a collection of socially constructed narratives by and about a person, which shapes their
actions. Narratives can be told by people about themselves, or by significant others, such as
stories told by teachers or peers about a learner, which can contribute to the learner’s actions
and identity (Sfard & Prusak, 2005). Both Wenger (1998), and Sfard and Prusak (2005),
emphasise the social nature of identity and underplay the subjective, personal aspect of
identity, involving the notion of self and agency (Radovic et al., 2018).

There is a need for theory accounting for the social, subjective, enacted and discursive
aspects of identity (Radovic et al., 2018). Combining the work of Marks and O’mahoney
(2014) and Archer (2002), with Wenger (1998) and Sfard and Prusak (2005) can serve this
purpose. Using their ideas, we define learners’ mathematical identities as being constituted by
relationships between personal identities, social identities and agency, which emerge as
learners use discourse to define themselves and participate in communities of practice.

Personal identity focuses on internal processes and emerges from the embodied and
reflexive self, involving a person’s interests, motivations, emotions and practices (Archer,
2002; Marks & O’mahoney, 2014). Personal identity involves an understanding of self and is

“a matter of what we care about in the world”, which informs what people prioritise (Archer,
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2002, p. 15). Archer (2002) explains that engaging with people and tasks inform personal
identity in terms of self-worth, since success and failure are reflected emotionally, thereby
regulating behaviour. While personal identity is often discussed in relation to personal
preferences, the role of the social world is intimately related to personal identity (Archer,
2002; Marks & O’mahoney, 2014). However, neglecting the importance of personal identity
in research undermines the importance of the person in constructing her/his identity.

Social identity focuses on what people “care about in social roles” (Archer, 2002, p.
17). Marks and O’mahoney (2014) explain that social identity is a “navigated position
between personal identity and the way in which people believe they should be perceived in a
social setting” (p. 72). So social identity is distinct from yet related to personal identity,
shaping how learners position themselves in communities by choosing to embody roles they
care about, which are generated by classroom communities. Society makes social identities
available to people, through the roles generated by social structures (Marks & O’mahoney,
2014). We refer to these social identities as the social identities offered to learners. In
mathematics classrooms, teachers and peers offer learners social identities through the
opportunities they provide for learners to participate in and become members of the
classroom community.

While learners may be offered certain social identities, they exercise agency, by
appropriating, or not appropriating, the social identities offered to them. Agency involves
learners making active choices, which are influenced by social contexts (Etelédpelto,
Vihésantanen, Hokka & Paloniemi, 2013). These choices can be exercised through
compliance or resistance (Gresalfi, Martin, Hand & Greeno, 2008). How learners exercise
agency, by participating in classrooms and learning mathematics, is influenced by the social
identities offered to them by their peers and teachers, and their personal and social identities.
Concomitantly, through exercising agency, learners learn more about themselves, supporting
their personal identities, and they can evaluate their membership in the community,
supporting their social identities.

Drawing from the ideas of Marks and O’mahoney (2014), Esmonde (2009) and
Gresalfi et al. (2008), we developed the following diagram to illustrate the relationship
between the social identities offered to learners by their peers and learners” mathematical
identities, which can be accessed in moments of a lesson as micro-identities, or across lessons

as macro-identities (Fig. 1).
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Social identities Learners’ mathematical identities
offered

Agency Personal identity constructed
How learners are L > / Learners’ understandings of self in
positioned by others in +“—> ea_rne.rs relation tn mathematirs
the mathematics chgl_ce._
classroom: affiliation R, | Social identity constructed
Higher status resistance How learners position themselves
L ower status in the mathematics classroom.

Fig 1 Constituents of mathematical identity

Mathematical identity is a social phenomenon and emerges from relationships
between learners’ personal identities, social identities and agency. Learners’ mathematical
identities are shaped by the social identities offered to them by the people they interact with,
like their peers and teachers . The social identities offered to learners by others can be
examined on a micro-scale, as the offered micro-identities at a moment, or a macro-scale, as
the offered macro-identities over long periods. The micro-identity offered to a learner can
shift in moments, as the learner may be offered different positions by her/his peer in different
moments. These offered micro-identities can thicken to form the macro-identities offered, as
the peer comes to identify and interact with the learner in certain ways across lessons.

In peer interactions, learners can offer their peers micro- and macro-identities of
higher, lower or equal status. Micro- and macro-identities of higher status are offered when
learners position their peer as being more mathematically capable than themselves (Esmonde,
2009). Micro- and macro-identities of lower status are offered when learners position their
peer as being less mathematically capable than themselves (Esmonde, 2009). Micro- and
macro- identities of equal status are offered when learners position their peer as equally
knowledgeable.

Depending on learners’ personal and social identities and how they exercise agency,
they can construct their micro- and macro-identities by affiliating with or resisting the offered
micro- or macro-identities. Learners affiliating with an offered micro- or macro-identity of
higher status may participate in ways that demonstrate that they are more capable than their
peer. These learners may be personally invested in developing their social identities as

knowledgeable, thereby constructing their identity as higher status. Learners affiliating with

1 Elsewhere, we show how learners’ mathematical identities are informed by their interactions with teachers
(see Author, 2019 a,b; Authors, 2021).
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an offered micro- or macro-identity of lower status may take on a more passive role during
their interactions with their peer. These learners may be personally invested in developing
their social identities as less knowledgeable, thereby constructing their identities as lower
status. Learners affiliating with an offered micro- or macro-identity of equal status engages
with their peer’s ideas, because they are personally interested in learning mathematics with
others and developing their social identities as cooperative members.

Depending on learners’ personal and social identities, learners resisting an offered
micro- or macro-identity of higher status may construct their identities as lower status, by
taking on a more passive role during peer interactions, or as equal status, by working
cooperatively with their peer. Learners resisting an offered micro- or macro-identity of lower
status may construct their identities as higher status, by taking on an authoritative role during
peer interactions, or as equal status, by considering the ideas of their peer. Learners resisting
an offered micro- or macro-identity of equal status may construct their identities as higher or
lower status, by either exerting their authority, or depending on their peer for knowledge.

Guided by our conceptual framework and existing research, we developed an
analytical framework to analyse learners’ micro- and macro-identities constructed during peer
interactions. We follow Davis and Harre’s (1990) and Harré & Van Langenhove’s (1999)
theorization of positioning, as the way participants use discourse to position themselves and
others in conversation, thereby constructing and offering micro- and macro-identities. We
identified five positioning utterances from research that learners use to construct and offer
micro- and macro-identities during interactions. These positioning utterances are
authoritative, diffident, disputational, cumulative and exploratory utterances.

Bishop’s (2012) study describes authoritative utterances as characterised by one
learner dominating peer interactions, by using an authoritative voice, not considering the
ideas of others and identifying themselves as more mathematically capable than others. We
propose a second positioning utterance, which we call a diffident utterance. Diffident
utterances are characterised by learners deferring to other learners, by asking others for help,
declaring their errors, and identifying themselves as less mathematically capable than others.

Wegerif and Mercer’s (1997) framework for analysing peer interactions is used to
identify three other positioning utterances: disputational, cumulative and exploratory
utterances. Disputational utterances are characterised by disagreements, with learners making
decisions on their own and seldom attempting to pool resources, offer constructive criticism
or make suggestions (Wegerif & Mercer, 1997). Learners who make use of disputational

utterances are likely to identify themselves as more mathematically capable than others.
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Cumulative utterances involve learners building positively on what others have said
uncritically to create common knowledge (Wegerif & Mercer, 1997). Learners who make
cumulative utterances are likely to identify themselves and their peer as equal status.
Exploratory utterances involve learners building knowledge by engaging critically
and constructively with each other’s ideas, by considering different opinions, accompanied
by justifications, with all learners participating in discussion (Wegerif & Mercer, 1997).
Learners who frequently make explorative utterances are likely to identify themselves and
their peer as equal status. The key difference between cumulative and exploratory utterances
is that learners who use exploratory utterances are likely to create more opportunities for
mathematical reasoning, than those who predominantly use cumulative utterances.
Positioning is reciprocal because with every utterance, a person simultaneously
positions themselves and others in the interaction (Harre & Van Langenhove, 1999). In doing
so, Learner A constructs her/his micro-identity at the moment while offering Learner B a
micro-identity in relation to Learner A’s micro-identity at that moment (Wood, 2013). In
each scenario, Learner B can either resist the offered micro-identity and construct another
micro-identity, or affiliate with the offered micro-identity by constructing the same micro-

identity as the one offered. Table 1 shows the possibilities, with some examples given below.

Learner A’s | ldentity Identity | Learner B’s | ldentity Learner Identity
utterance constructed | offered | response constructed | B’s offered
by Learner | to by Learner | agency to
A Learner B learner
B A
Authoritative | Higher Lower Authoritative | Higher Resistance | Lower
status status status to the status
: i : identity of
Disputational | Higher lower Lower
status status status
Cumulative | Equal status offered Equal
status
Exploratory | Equal status Equal
status
Diffident Lower Affiliation | Higher
status with the status
identity of
lower

136



status

offered
Disputational | Higher Lower Authoritative | Higher Resistance | Lower
status status status to the status
: i : identity of
Disputational | Higher lower Lower
status status status
Cumulative | Equal status offered Equal
status
Exploratory | Equal status Equal
status
Diffident Lower Affiliation | Higher
status with the status
identity of
lower
status
offered
Diffident Lower Higher | Diffident Lower Resistance | Higher
status status status to the status
: identity of
Cumulative | Equal status higher Equal
status status
offered
Exploratory | Equal status Equal
status
Authoritative | Higher Affiliation | Lower
status with the status
: i : identity of
Disputational | Higher higher Lower
status status status
offered
Cumulative | Equal status | Equal Authoritative | Higher Resistance | Lower
status status to the status
identity of
Disputational | Higher equal Lower
status status
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Diffident Lower status Higher
status offered status
Cumulative | Equal status | Affiliation | Equal
with the status
identity of
Exploratory | Equal status equal Equal
status status
offered
Exploratory | Equal status | Equal Authoritative | Higher Resistance | Lower
status status to the status
: i : identity of
Disputational | Higher equal Lower
status status status
— offered .
Diffident Lower Higher
status status
Cumulative | Equal status | Affiliation | Equal
with the status
identity of
Exploratory | Equal status equal Equal
status status
offered

Table 1 Relationship between positioning utterances and learners’ micro-identities

Table 1 shows the relationships between Learner A’s utterance, the micro-identity
constructed by Learner A and the micro-identity offered to Learner B (Columns 1-3). Table 1
also shows Learner B’s possible responses to Learner A’s utterance, the micro-identities
constructed by Learner B, and the micro-identities offered to Learner A by Learner B
(Columns 4-7). For example, if Learner A makes an authoritative utterance at a particular
moment by telling Learner B “you should have added the two numbers together”, Learner A
constructs a micro-identity of higher status and offers Learner B a micro-identity of lower
status (Row 1, Table 1). S/he projects her/himself as being more knowledgeable than Learner
B, while positioning Learner B as the one who needs assistance.

Learner B can resist the micro-identity of lower status offered, by not constructing
her/his micro-identity as lower status, when responding to Learner A with an authoritative,
disputational, cumulative or exploratory utterance (Row 1-4, Table 1). If Learner B responds

to Learner A by making an authoritative utterance, for example, by saying “do your own
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work”, Learner B constructs a micro-identity of higher status by telling Learner A what to do,
and s/he offers Learner A a micro-identity of lower status. If Learner B responds to Learner
A by making a disputational utterance, for example, by saying “you are wrong”, s/he
constructs a micro-identity of higher status, by projecting her/himself as knowing better than
Learner A, so s/he offers Learner A a micro-identity of lower status.

If Learner B responds to Learner A by making a cumulative utterance, for example,
by saying “Yes. That is how we do it”, Learner B contributes to the discussion by building
positively on what Learner A said. S/he displays her/his solidarity with Learner A and offers
Learner A a micro-identity of equal status. Learner B can also contribute to the discussion as
an equal by responding to Learner A with an exploratory utterance, for example, by asking
Learner A “why did you add the two numbers?”. S/he is interested in Learner A’s thinking by
requesting a justification and offers Learner A a micro-identity of equal status.

Learner B can affiliate with the micro-identity of lower status offered, by constructing
her/his micro-identity as lower status, when s/he responds to Learner A with a different
response (Row 5, Table 1). For example, if Learner B responds to Learner A by saying “what
do you do then?”, s/he positions Learner A as knowledgeable, so s/he offers Learner A a
micro-identity of higher status.

In lessons, learners interact with each other by using different combinations of
positional utterances, thereby constructing and offering different micro-identities at different
moments. Over time, these micro-identities constructed and offered thicken through the
frequent use of particular positioning utterances, to form the macro-identities constructed and
offered. Using the same example, if Learner A predominantly makes authoritative utterances
across many lessons, s/he constructs a macro-identity as higher status and offers Learner B a
macro-identity of lower status. Learner B can resist the offered macro-identity if s/he
predominantly responds to Learner A by making authoritative, disputational, cumulative or
exploratory utterances across many lessons. If Learner B predominantly makes authoritative
or disputational utterances, s/he constructs a macro-identity as higher status and offers
Learner A a macro-identity of lower status. If Learner B predominantly responds to Learner
A by making cumulative or exploratory utterances, s/he constructs and offers Learner A a
macro-identity of equal status. Learner B can affiliate with the offered macro-identity when
s/he predominantly responds to Learner A by making diffident utterances, and s/he offers
Learner A a macro-identity of higher status.

Sometimes, learners may not engage with only one kind of utterance and may shift

their micro-identities, thereby constructing and offering different micro-identities at different
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moments. For example, in some moments during a lesson, a pair of learners may make
authoritative utterances to show their authority over their peer, while at other moments, the
same pair can make diffident, cumulative or exploratory utterances. In these situations, both
learners do not sustain a particular type of identification across time, as their micro-identities
shift during different moments of a lesson and authority is spread evenly between the pair.
These learners take up positions as higher, lower and equal status in different moments, to
construct macro-identities as equal status.

So the analytical framework illuminates how learners exercise agency, by interacting
with others to construct and offer micro and macro-identities. Relating learner agency to their
personal and social identities in order to understand learners’ mathematical identities as
proposed in our conceptual framework, requires an analysis of learners’ narrated macro-
identities to understand why learners exercise agency to construct and offer certain micro-

and macro-identities during interactions.

3. Methods

This paper comes from a larger study that was conducted over two years (2015-2016)
during the third school term (August - September) in a well-resourced secondary school in
South Africa. The study involved nineteen learner participants, eight in the first year (Grade
9), with an additional eleven in the second year (Grade 10), along with their five mathematics
teachers, two in the first year and three in the second year. In these classrooms, learners
usually interacted with the person who sat next to them. Four learner participants were
selected by each of the Grade 9 teachers using the following criteria: one high-performing
learner, one low-performing learner and the person sitting next to each of them. The purpose
of selecting learners according to the achievement criteria was so that we could observe how
learners displaying different levels of achievement constructed identities when interacting
with their teachers and peers. Since research shows that peers are significant to learners and
their mathematical identities, we invited each learner selected by their teacher and the person
who sat next to them to participate in the study.

In Grade 10, two of the initial participants transferred to another school. The
remaining six learners from Grade 9, who were distributed across the three mathematics
teachers’ Grade 10 classrooms, continued to participate in the study. We also selected an
additional eleven learner participants, who sat next to the initial participants, to analyse their

identities and interactions with the initial participants. In the Grade 10 classrooms, learners
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sat in rows of twos, threes or fours, so all learners who sat with an initial participant were
invited to participate. To preserve the natural setting of the classroom, learners’ seating
arrangements were not changed.

In this paper, we focus on two pairs, one in Mr Moyo’s Grade 9 classroom, and
another in Mr Ncube’s Grade 10 classroom. Mr Moyo was a newly qualified teacher and Mr
Ncube had five years of experience teaching mathematics. The selection of a pair of learners
in each of these teachers’ mathematics classrooms was purposeful. From the five teachers
who participated in the study, only these two teachers offered all learners “identities of
affiliation” with the classroom community, meaning that they supported all learners to learn
mathematics and become full members of their classroom community (see Author 2019 a, b;
Authors, 2021 for a detailed analysis). In Mr Moyo’s classroom, the two learners were Shane
and Jack, who were good friends and were identified by Mr Moyo as high-performing
learners. In Mr Ncube’s classroom, the two learners were Amy and Thabo, who were good
friends and were identified by Mr Ncube as average-performing learners. We selected these
two pairs for two reasons. First, these two pairs interacted with each other more frequently
than any of the other pairs in the wider sample, giving us more data to make convincing
analytical claims. Second, we were interested in analysing peer identities and interactions,
which were not informed by negative peer relationships or differences in teacher positioning
or learners’ academic achievements.

Data were collected during the third school term (August-September) in each year as
videotaped lessons, audiotaped, semi-structured interviews with all participants, field notes
and photographed learner notebooks (only Grade 10) 2. The video camera was placed in front
of the classrooms to focus on learners to capture their whole-class participation and audio
recorders were placed on learners’ desks to capture their conversations with each other.
Approximately 8 hours of lessons were collected for each teacher, and we coded all peer
interactions that occurred between participating learners during that time. In both classrooms,
the teachers taught using traditional, textbook-based pedagogies, but provided learners with
opportunities to engage with others to complete classroom tasks in almost every lesson (see
Author 2019 a, b; Authors, 2021).

When analysing the data, all video- and audio-recordings of the lessons were

transcribed. The interactions of the learner participants in each lesson were analysed as

2 Fields notes and photographs of learners’ notebooks were taken to provide context and supplement the
recordings.
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follows. We began by dividing the transcripts into excerpts based on the mathematics task
under discussion, with each task counted as a single excerpt. All tasks were routine, textbook-
based tasks. We coded each turn in each excerpt by identifying learners’ positioning
utterances and their micro-identities constructed and offered in each moment. We paid
particular attention to how the learners’ interactions unfolded, in terms of whether they
predominantly used a single positioning utterance, or whether their interactions shifted over
time, by using different positioning utterances. A single turn could contain more than one
positioning utterance, so learners can construct and offer more than one micro-identity
through an utterance (see excerpt 3). We calculated the frequency of each kind of positioning
utterance, to understand how the micro-identities constructed at different moments during
lessons formed learners’ macro identities.

Positioning utterances can take on different meanings in different contexts (Herbel-
Eisenmann, Wagner, Johnson, Suh & Figueras, 2015). For example, saying “what did you
do?” could be considered an authoritative utterance when reprimanding a peer, a diffident
utterance when asking for more information or an exploratory utterance when pressing
another learner for justifications. When coding learner utterances, we considered the learners’
tones of voice and their larger dataset of interactions. Table 2 summarises the criteria used to

code learner utterances and their micro-identities.

Code Criteria Example from Micro-identity | Micro-
transcripts constructed identity
by learner offered to
peer
Authoritative Learner exerts Shane: Yeah, look. Higher status Lower status
(A) authority over others. | What’s there?
Diffident (DIF) | Learner defers to Thabo: It doesn’t Lower status Higher status
others. work?
Disputational Learner disagrees Jack: You are Higher status Lower status
(DISP) with others. wrong!
Cumulative Learner builds Amy: Uh hm. Equal status Equal status
© positively and
uncritically on what Thabo'. Seve'nteen
others said. plus nine. Nine over
twenty-six plus
seventeen.
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Amy: Yeah.

Exploratory Learner engages Shane: How? Equal status Equal status
(E) critically with other
learners’ ideas.

Table 2 Codes and criteria for learner utterances

Over the eight hours of lessons collected for each teacher, we coded 57 excerpts with
330 utterances for Shane and Jack, and 44 excerpts with 320 utterances for Amy and Thabo.
For this paper, we selected three excerpts for discussion, two excerpts for Shane and Jack,
which were approximately one minute each, and one excerpt for Amy and Thabo, which was
approximately one and a half minutes. All the excerpts were usually short, since interactions
around a single task counted as a single excerpt, and it did not take learners long to work on
each task. We used our calculations of the frequency of each positioning utterance to make
sure the excerpts are representative of each pair’s interactions. Since the purpose of this study
is concerned with the relationship between peer interactions and learners’ mathematical
identities while doing mathematics, we did not code off-task utterances, utterances directed to
the teacher, other non-participating learners or to the learner her/himself, and utterances that
were unclear.

While the data from the videotaped lessons enabled understandings of how learners
constructed and offered micro- and macro-identities in the classroom, data from the semi-
structured interviews provided an understanding of learners’ narrated macro-identities, in
terms of why learners constructed and offered certain identities. Each learner was interviewed
individually after we observed and videotaped the lessons, and the data from the semi-
structured interviews were transcribed. Some questions asked to all learner participants were:
how do you see yourself as a mathematics learner?; who do you participate with in the
classroom; and how and why do you participate with them? All questions were followed by
further probing questions, aimed at supporting participants to give detailed explanations.
From the learner interviews, we coded learners’ macro-identities by considering their
personal identities, in terms of how learners described themselves as learners of mathematics,
their emotions and motivations for learning mathematics, and their social identities, in terms
of how they identified themselves as members of their mathematics classrooms in relation to
their peers. For credibility, we engaged in a process of peer debriefing, where the second

author discussed the first author’s preliminary analysis (McMillian & Schumacher, 2010).

143



The first author revisited the data and made revisions until both authors were convinced by

the analytical claims made.

4. Findings

In this section, we begin by showing the frequency of positioning utterances for each
pair, to understand learners’ macro-identities constructed across lessons. We then provide
excerpts to illustrate how learners’ micro-identities constructed during moments of a lesson
thickened, to form their macro-identities. We conclude by showing how learners’ narrations
of their personal and social identities account for the micro- and macro-identities constructed

and offered during interactions.
4.1. Shane and Jack: Both high status

Shane and Jack’s discussions were largely characterised by authoritative and
disputational utterances. Shane made more utterances than Jack, because sometimes, Jack got
angry and ignored Shane when he used to insist that Jack’s solutions were incorrect. Table 3

illustrates the type and frequency of utterances for the pair.

Learners Number of A DIF DISP C E
coded utterances

Shane 174 73 11 72 18 1
Jack 156 85 17 42 12 6
Total 3308 158 28 114 30 7

Table 3 Shane and Jack’s utterances

Shane and Jack constructed macro-identities of higher status through their frequent
use of authoritative utterances (Shane: 73 utterances and Jack: 85 utterances). Neither learner
aligned with the offered identity of lower status through their frequent use of disputational
utterances (Shane: 72 utterances and Jack: 42 utterances), which illustrates how these two
learners exerted their agency by resisting the identities offered to them by the other. There

were a few instances when they constructed micro-identities of lower status, by asking each

3 As a reminder to the reader, the total number of utterances coded is not the total number of positioning
utterances made, as a single utterance can contain more than one positioning utterance.
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other for help (28 diffident utterances in total). There were also a few instances when they

constructed micro-identities of equal status, by agreeing with each other or engaging

critically with each other’s ideas (30 cumulative utterances and 7 exploratory utterances in

total). Excerpt 1 illustrates how Shane often disagreed with Jack.

Task: Calculate the surface area of a cylinder with a diameter of 25cm and a height of 23cm.

Jack incorrectly wrote the formula to calculate the volume of a cylinder, instead of

surface area and he asked Shane for help.

Excerpt 1: Shane disagreed with Jack

Turn | Speaker | Utterance Code Micro- Micro-
identity identity
constructed | offered

3 Jack (Shows Shane his book) What signdo | DIF Lower Higher

you put? Multiplication sign? status status

4 Shane No. You are wrong. DISP Higher Lower
status status

5 Jack Okay | am right. DISP Higher Lower
status status

6 Shane You wrong. What did you use to DISP & E | Higher Lower

calculate? status and status and
equal status | equal
status

7 Jack That’s the pi. A Higher Lower
status status

8 Shane (Later) It’s not. You wrong. You are | DISP Higher Lower

forgetting your crime. status status

Jack began the interaction by constructing a micro-identity of lower status, as he was

uncertain about the formula, so he asked Shane for help. Instead of helping him, Shane

exercised his authority, by demonstrating his higher status and repeatedly asserting that Jack

was wrong (turns 4, 6 and 8). Jack resisted the offered micro-identity of lower status, by

making disputational utterances (turn 5), which shows his annoyance with Shane who did not

assist him. At one point, Jack authoritatively tried to justify his solution (turn 7), by showing
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Shane that he did know some aspect of the formula, after Shane inquired what he used to

calculate the surface area (turn 6). Shane jokingly claimed that Jack’s suggestion of using the

multiplication sign in the formula was a crime, so he constructed his micro-identity as being

of a higher status than Jack. Excerpt 2 documents how Jack disagreed with Shane.

Task: Calculate the gradient of a straight line with points (-4;-6) and (3;-2).

Jack was arguing with Shane because Shane had substituted the numerical values for

the x and y coordinates interchangeably.

Excerpt 2: Jack disagreed with Shane

Turn | Speaker | Utterance Code Micro- Micro-
identity identity
constructed | offered

1 Shane Minus six over (mumbles something | Not coded

to himself).

2 Jack You are wrong! DISP Higher Lower
status status

3 Shane Look negative six... DISP Higher Lower
status status

4 Jack (Interrupts louder) You are wrong! DISP Higher Lower
status status

5 Shane How? E Equal status | Equal

status

6 Jack Wena* six. DISP Higher Lower
status status

7 Shane Yeah, look. What’s there? A Higher Lower
status status

8 Jack Variable. It’s x. x is not minus six. DISP Higher Lower

y is minus six. status status

9 Shane It is. Look at the formula. y two. DISP Higher Lower

status status

4 Wena means “you” in IsiZulu.
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10 Where? E Equal status | Equal
status

11 Shane There. A Higher Lower
status status

Jack’s insistence that Shane’s answer was wrong, through his tone, indicated Jack’s

determination to be correct, so he constructed his micro-identity as higher status. He

exercised his authority and disputed Shane’s solution to show his superiority (turns 2, 4, 6

and 8). Shane resisted the offered micro-identity of lower status, by making disputational

utterances and explaining why his answer was correct (turns 3, 7, 9 and 11). Shane

challenged Jack, by asking him ‘how’ (turn 5), when Jack insisted that he was wrong, and

Jack challenged Shane, by asking him ‘where’ (turn 10), when Shane directed his attention to

the formula, which shows that the boys were interested in each other’s thinking at that

moment. These challenging moves required learners to justify their claims and were counted

as exploratory utterances. These exploratory moves provided the boys with an opportunity to

construct their macro-identities as equal status, if they explained their thinking. However, the

pair often lost opportunities to develop their understanding and reasoning by engaging with

each other’s ideas, because that might suggest that the other learner’s answer was correct.

The boys both constructed their macro-identities as higher status, and resisted the offered

macro-identities of lower status. These identities constructed during interactions can be better

understood by considering learners’ narratives of their macro-identities (Table 4).

Learner Personal identity Social identity

Shane Mathematics was his “favourite” He positioned himself as being one of
subject. He wanted to pursue the best learners of mathematics in his
mathematics in the future. He enjoyed classroom. He explained that “it is a
competing with others and said that competition between me and Jack”. He
competition motivated him to enjoy wanted to become recognised as one of
learning mathematics: “I got the best learners of mathematics in his
competition in the class so I enjoy it”. classroom: “I want them to think yes,

this one is the best in the class”.

Jack He “love(d)” mathematics and wanted to | He positioned himself as being one of
pursue it in the future. He was motivated | the best learners of mathematics in his
to learn by being competitive. He said classroom. He explained that he
that competition “ma(kes) me enjoy competed with Shane: “We compete

together to see who is going to get the
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maths because | kn(ow) that everyone best marks”. Performing better than
want(s) to compete against each other”. | Shane made him feel like “the king for
that day like you won the maths
challenge and you beat everyone else”.

Table 4 Shane and Jack’s narrated macro-identities

Shane and Jack were motivated to learn mathematics for various reasons. When
describing their personal identities, both learners enjoyed mathematics, saw the use of
mathematics for their lives and futures and were motivated to learn mathematics because of
the competition between them®. Mr Moyo discouraged them from competing and in one
lesson, he explained to them that they should rather work on convincing each other instead of
always competing. The learners explained to him that they were still friends and they “just
want to know who is right”, and so the boys continued to compete. For their social identities,
both learners identified themselves as being among the best mathematics learners in their

classroom, and they aspired to perform better than others.

4.2. Amy and Thabo: Equal status

Amy and Thabo made a similar number of authoritative, diffident, disputational and

cumulative utterances. Table 5 illustrates the type and frequency of utterances for the pair.

Learners Number of A DIF DISP C E
coded utterances

Amy 161 59 37 20 52 8
Thabo 159 59 33 31 41 4
Total 320 118 70 o1 93 12

Table 5 Amy and Thabo’s utterances

Amy and Thabo constructed and offered macro-identities of equal status. In some
moments, they constructed micro-identities as higher status by exercising their authority over
each other by making authoritative utterances (59 utterances each) and disputing each other’s

ideas by making disputational utterances (Amy: 20 utterances and Thabo: 31 utterances). In
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other moments, they constructed micro-identities of lower status by asking each other for

help by making diffident utterances (Amy: 37 utterances and Thabo: 33 utterances). They

also constructed micro-identities of equal status by agreeing with each other (Amy: 52

cumulative utterances and Thabo: 41 cumulative utterances) and probing each other’s

thinking (12 exploratory utterances in total). Authority was spread evenly between the pair

since both learners made a similar number of each of the positioning utterances. Excerpt 3

documents how Amy and Thabo worked together.

Task: Calculate the probability of obtaining a letter from the word trapezium from the

alphabet.

Excerpt 3: Thabo and Amy’s interactions

Turn | Speaker | Utterance Code Micro- Micro-
identity identity
constructed | offered

1 Amy Trapezium. How you going to get a DIF Lower Higher

letter in the word trapezium? status status

2 Thabo Amy, You not thinking. You not A Higher Lower

thinking. status status

3 Amy It’s the first two periods on Monday. DIF Lower Higher
status status

4 Thabo Nine minus twenty-six is how much? A Higher Lower
status status

5 Amy Nine minus twenty-six or twenty-six A Higher Lower

minus nine? status status

6 Thabo It’s fifteen. No seventeen. A Higher Lower
status status

7 Amy Uh hm. C Equal status | Equal

status

8 Thabo Seventeen plus nine. Nine over twenty- | C Equal status | Equal

six plus seventeen. status

9 Amy Yeah. C Equal status | Equal

status

10 Amy (After a while) No. DISP Higher Lower
status status
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11 Thabo It doesn’t work? DIF Lower Higher
status status

12 Amy No. Your answer is wrong. DISP Higher Lower
status status

13 Thabo You are stupid (laughs). That was just | A Higher Lower
stupid. status status

Amy initially constructed a micro-identity of lower status, by positioning herself as

less capable than Thabo by asking him for help as she was unsure about the task (turn 1). She

later constructed a micro-identity of higher status by correcting his mistake and declaring that

his answer was incorrect (turns 5, 10 and 12). Thabo constructed a micro-identity of higher

status by showing his superiority, and telling her that she was not thinking, asking her the

difference between nine and twenty-six and giving her the answer to his questions (turns 2, 4

and 6). He later constructed a micro-identity of lower status, by being unsure of his solutions

through making diffident utterances and asking her if his strategy did not work and then

joked that she was stupid, which was followed by berating himself for calling her stupid, by

saying that what he said was stupid (turns 11 and 13). There was also a point in their

discussion where both learners constructed micro-identities of equal status, by agreeing with

each other cumulatively (turns 7-9). These learners constructed macro-identities of equal

status, which can be better understood by considering their narratives of their macro-

identities (Table 6).

Learner | Personal identity Social identity

Amy Mathematics was her “favourite” subject | She said that she was “part of the class” as
and she was motivated to pursue her teacher treated the learners equally.
mathematics in the future. She identified | She identified her role in the classroom as
herself as a “growing learner”, who was | one who assisted others, so that they could
“not great” in mathematics, but “good” | “help one another in the class”. She was
at mathematics. She was motivated to also open to the “advise other learners”
work with others in the classroom. gave her in the classroom.

Thabo Mathematics was challenging, but he He explained that he was “a bit below
enjoyed learning mathematics and was average”, as he was not performing as
motivated to pursue mathematics in the | well as others in his classroom, but his
future. He said that he “prefer(ed) to marks were improving “slowly but
work with others” and that he learned surely”. He worked with Amy and others
better when he worked with others.
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in the classroom by sharing his ideas and
listening to their ideas.

Table 6 Amy and Thabo’s narrated macro-identities

Amy and Thabo enjoyed learning mathematics in their classroom. When describing
their personal identities, both learners spoke about the importance of mathematics for their
futures and the importance of working with others to learn mathematics. For their social
identities, both learners positioned themselves as learners who assisted others, shared ideas,

and listened to others when interacting in the classroom.

5. Discussion

Research shows how learners’ mathematical identities are informed by the social
identities offered by teachers and peers, yet the role of the individual, such as her/his
motivations to learn mathematics, is often unaccounted for in identity research (Graven &
Heyd-Metzuyanim, 2019; Lutovac & Kaasila, 2018). While there have been attempts to
define identity in mathematics education research, there is a need for researchers to develop
clear definitions of identity with a focus on both, the subjective and social aspects of identity
(Graven & Heyd-Metzuyanim, 2019; Radovic et al., 2018). Our work contributes to research
on learners’ mathematical identities, as the purpose of this paper was to propose a framework
to define and research learners’ mathematical identities constructed in peer interaction, by
accounting for the importance of both personal and social identity. We organise our
discussion by drawing on our framework and the analysis of each pair’s interactions and
identities to answer our research questions. First, we discuss how we applied the analytical
framework to analyse how learners constructed and offered micro- and macro-identities
during interactions. Second, we discuss how our conceptual framework can relate the micro-
and macro-identities constructed and offered during peer interactions with each pair’s
personal and social identities, to understand why learners constructed certain identities.

Using our analytical framework, we found that Shane and Jack predominantly
interacted by making authoritative or disputational utterances, constructing micro-identities
of higher status and offering micro-identities of lower status in many moments during the
lessons. These micro-identities thickened to form the macro-identities of higher status
constructed and lower status offered by each boy to the other. There were few moments

during some lessons when they shifted their micro-identities, illustrating a change in
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positioning when asking each other for help, agreeing with each other or exploring each
other’s ideas. Unlike the learner in Wood’s (2013) study, the shifts in these learners’ micro-
identities were not significant or sustained during their interactions, as both learners usually
reverted to using authoritative and disputational utterances. For example, when Jack asked
Shane for help, Shane immediately told him he was wrong without assisting him (excerpt 1).
Jack responded to Shane by telling him that he (Jack) was right.

Understanding why peers do not always contribute positively to each other’s learning
and identities is not sufficiently understood in research (Heyd-Metzuyanim & Sfard, 2012).
Using our conceptual framework, we can establish why this pair did not contribute positively
to each other’s identities, by drawing on their narratives of their personal and social identities.
When describing their personal identities, Shane and Jack said that they enjoyed learning
mathematics and saw the value of learning mathematics for their futures. Yet, competition
was also important for them, and they discussed how competition motivated them to work
harder and brought them joy. For their social identities, both learners positioned themselves
as being among the best learners of mathematics in their classroom. These learners’
narratives illuminated what they thought was important when learning mathematics, i.e.,
being competitive and being the best learner in their classroom, which informed their
interactions and supported their resistance to the micro- and macro-identities of lower status
offered.

Wood (2013) argues that learners who have negative macro-identities may have
moments of positive micro-identities, which when encouraged, can lead to positive macro-
identities. Based on our findings, we think that encouraging such shifts may not always be so
easy, as Mr Moyo unsuccessfully tried to shift Shane and Jack’s micro-identities. Guided by
our conceptual framework, we argue that positive shifts in these learners’ micro-identities,
and eventually, their macro-identities, may require a shift in both learners’ interactions and
their narratives. To shift these learners’ narrated macro-identities, the learners may need to be
convinced that working collaboratively with others on tasks is important for their learning,
compared to competing with others. A shift in context can lead to a shift in narrative, so
creating more opportunities for learners to engage meaningfully with mathematical content
and others in classrooms, where teachers’ expectations of what counts as productive forms of
peer interactions are clear, can be a starting point to facilitate such change (Boaler & Greeno,
2000; Boaler & Staples, 2008, Cobb et al., 2009; Andersson, Valero & Meaney, 2015).

Amy and Thabo interacted with each other by using authoritative, cumulative,

diffident and disputational utterances. Their interactions shifted in different moments so they
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constructed micro-identities of higher, lower and equal status. For example, both learners
asked each other questions, exerted their authority on each other and agreed with each other
(excerpt 3). Neither learner consistently constructed micro-identities of higher or lower
status, so authority was distributed evenly between them and both learners constructed and
offered macro-identities of equal status. Some learners in DeJarnette and Gonzalez’s (2015)
study also shifted their interactions in different moments, yet they argue that more research is
needed to understand why those learners interacted as they did.

Using our conceptual framework, we can establish why this pair worked together and
constructed macro-identities as equals. When describing their personal identities, this pair
said that they enjoyed learning mathematics and were motivated to pursue mathematics in the
future. They prioritised listening to each other and assisting one another, as they were
motivated to work with others. They did not construct their social identities as being more or
less knowledgeable than the other. For them, learning mathematics involved working with
others, so both learners affiliated with the micro- and macro-identities offered by the other.
So, by using our framework, we can understand how learners construct and offer micro- and
macro-identities by analysing their interactions with their peers, and why they construct and
offer those identities by analysing their narratives of their personal and social identities.

Learners’ mathematical identities are constructed relationally, so our findings cannot
be generalised to the interactions and identities of other pairs of learners, or even to the
interactions and identities constructed by one of these participating learners when s/he
interacts with another learner. The learners reported here were good friends, were treated
similarly by their teachers and performed similarly academically. Learners who are not good
friends, who are treated differently by their teachers and perform differently academically
may interact differently from the learners in our sample, so we encourage researchers to
assess the applicability of our framework to other pairs. We did not consider the roles of
different mechanisms, such as the cognitive demand of tasks, race, socio-economic status and
gender on learner identities and interactions. We need further research to understand the
complex relationships between different mechanisms, peer interactions and learners’

mathematical identities.
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Chapter 8: Conclusion

8.1. Introduction

The purpose of this thesis was to define, theorise and empirically apply the concept of

mathematical identity to understand learners’ mathematical identities in a secondary school.

This chapter serves to conclude my research. | present a synthesis of the preceding chapters

to show how all the chapters are interrelated and provide original contributions to existing

knowledge in the field. I then answer the overarching research questions that guided the

research, discuss the implications of the findings, reflect on the study, and conclude the

research.

8.2. Contributions of each chapter

Each of the seven preceding chapters was aimed at answering one or both main research

questions. As a reminder to the reader, some of the chapters responded to question 1

completely, which was concerned with what mathematical identity is and how the concept

can be used in researching secondary school learners’ mathematical identities, while other

chapters only answered the second part of question one, which was how the concept can be

used in researching secondary school learners’ mathematical identities. Some of the chapters

addressed question 2, which was concerned with how learners and their mathematics teachers

contribute to the development of learners’ mathematical identities, while others did not

address this question. Table 1 presents the aim of each chapter, which includes the main

research questions that were answered, and key contributions of each chapter.

Chapter

Aim of chapter

Main contributions to research

2. A framework for
learners’
mathematical
identities: A
critical realist
perspective

This chapter
explored the use of
critical realism in
defining and
researching
learners’
mathematical
identities.

The main research
question addressed
in this chapter is
research question

Critical realism is presented as a novel theoretical
perspective used to define and analyse learners’
mathematical identities.

A conceptual framework is presented, and three
key higher-level generative mechanisms are
discussed: personal identity, social identity and
agency. All three mechanisms are important to
analyse learners’ mathematical identities.

Two kinds of offered social identities are
described: affiliation with and marginalisation
from communities. For each offered social
identity, three kinds of mathematical identities can
be constructed, as learners can identify with,
comply with or resist the offered social identity.
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1, and very briefly,
question 2.

The relationships between all three higher-level
mechanisms need to be considered in order to
understand how learners construct their
mathematical identities through interactions with
their mathematics teachers.

The influence of
teachers on
learners’
mathematical
identities

This chapter
provided an
overview of the
whole sample, in
terms of the social
identities offered
by teachers and the
mathematical
identities
constructed by
learners.

The main research
questions addressed
in this chapter are
the second part of
research question
1, and very briefly,
research question
2.

A social identity of partial affiliation, where
teachers support learners to some extent, is
introduced.

Teachers’ narratives of who could learn
mathematics influenced the social identities
offered to learners.

Two teachers, who thought that all learners could
learn mathematics, offered all learners social
identities of affiliation, by emphasising effort.
The other three teachers thought that not all
learners can learn mathematics and emphasised
ability, so they did not assist all learners and
offered learners differential identities.

None of the learners resisted any of the social
identities offered. So, the learners’ mathematical
identities were strongly influenced by their
experiences of the social identities offered to them
by their teachers.

There is evidence of learners’ trajectories, as the
initial six learner participants’ mathematical
identities are shown to have changed substantially
or negligibly over the two years as informed by
their experiences of interacting with different
teachers.

Relationships
between
teachers’
practices and
learners’
mathematical
identities

This chapter
focused on
describing the
kinds of social
identities that can
be offered by
teachers through
their actual and
narrated practices,
involving their
pedagogical
approaches and
social relationships
with learners.
These offered
social identities are
analysed in relation
to learners’
mathematical
identities.

The main research
questions addressed
in this chapter are

There is a deeper explanation of the explanatory
framework, in terms of the social identities offered
and learners’ mathematical identities constructed.
Teachers’ narratives of their pedagogical
approaches provide detail as to what is needed
from learners to become affiliating members of
their classroom communities.

Teachers’ narratives of their social relationships
with learners provide detail as to who can learn
mathematics.

Teachers’ narratives and actual practices, which

incorporate teachers’ pedagogical approaches and
social relationships with learners are related, and
jointly influence the social identities offered to
learners.

The social identities offered by teachers did not
determine, but informed learners’ mathematical
identities.
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research questions
land 2.

Social
Relationships
between
Teachers and
Learners,
Learners’
Mathematical
Identities and

Equity

This chapter
focused on the
different social
relationships
between teachers
and learners, and
how these
relationships
inform learners’
mathematical
identities.

The main research
questions addressed
in this chapter are
the second part of
research question
1, and research
question 2.

The teachers taught using a similar kind of
pedagogy, yet their social relationships with
learners informed the identities offered to and
constructed by learners.

The teachers’ narratives of their social
relationships with learners informed how they
offered social identities, either equitably or
inequitably, in their classroom communities.
Learners were more willing to construct social
identities of affiliation when they felt that their
teachers cared about them and others in the
classroom.

There is evidence of learners’ trajectories, as the
four learner participants’ mathematical identities
are shown to have changed over the two years, as
informed by their social relationships with their
Grades 9 and 10 mathematics teachers.

Relationships
between
teachers’
interactions with
learner errors
and learners’
mathematical
identities

This chapter
examined the
relationship
between teachers’
narratives and
interactions with
learner errors and
learners’
mathematical
identities.

The main research
questions addressed
in this chapter are
the second part of
research question
1, and research
question 2.

The ways in which the teachers spoke about errors,
the learners and learner thinking, informed how
they addressed learner errors in the classroom.

All learners wanted to develop their identities as
members of the community, so even though they
may have not described errors as their teachers did,
they altered their participation to maintain their
membership in the community.

A framework for
analysing the
relationships
between peer
interactions and
learners’
mathematical
identities:
accounting for
personal and
social identities

This chapter
focused on
presenting a
framework to
analyse and
describe the kinds
of identities that
can be offered and
constructed by
learners during peer
interactions.

The main research
guestion addressed

An explanatory framework to understand the
relationships between learners’ mathematical
identities and peer interaction is developed.

For the framework, three kinds of offered social
identities are described: higher status, lower status
and equal status. For each offered social identity,
two kinds of mathematical identities can be
constructed, as learners can affiliate with or resist
the offered social identity.

The framework accounts for learners’ micro-
identities, which are constructed during moments
of a lesson, and their macro-identities, constructed
over longer periods of time.
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in this chapter is 4. Using the explanatory framework, an analytical

research question framework is developed to relate learners’
1. positioning utterances to their micro- and macro-
identities.

5. The explanatory and analytical frameworks are
used to understand how and why learners construct
certain mathematical identities, by drawing on
their personal and social identities.

Table 8.1: Summary and contributions of chapters

I now describe in detail how chapters 2-7 came together like pieces of a puzzle, contributing
to answering the research question in a holistic way, and presenting an original contribution

to the existing knowledge in the field.
8.3. Answering the research questions

What is mathematical identity and how can the concept be used in researching secondary

school learners’ mathematical identities?

Given that one of the biggest challenges faced by mathematics education researchers involves
describing what identity is and how the concept of identity can be empirically accessed and
researched in a theoretically coherent way (Darragh, 2016; Graven & Heyd-Metzuyanim,
2019; Langer-Osuna & Esmonde, 2017; Radovic et al., 2018), the main purpose of chapter 2
was to show how critical realism can be used to define and research learners’ mathematical
identity in classroom contexts. Critical realism has not been used previously to define and
conceptualise learners” mathematical identities, SO chapter 2 offers a novel contribution to
research, by conceptualising learners’ mathematical identities from a critical realist
perspective, while the remaining chapters show how this concept can be used in mathematics
education research. Chapter 2 also contributes to the theoretical papers on mathematical
identities, which are currently few in number (Darragh, 2016; Graven & Heyd-Metzuyanim,
2019).

In chapter 2, mathematical identity is defined as a social phenomenon. There are three central
tenets of critical realism, which were discussed in chapters 1 and 2, and were used to enhance
this basic definition of identity. These tenets are: 1. The intransitive dimension is different
from the transitive dimension, 2. The openness of the social world; and 3. The importance of
the ontological depth of social reality (Scott, 2010). For the first tenet, a learner’s
mathematical identity, being a social phenomenon, exists in the intransitive dimension and is

the focus of inquiry. Objects in the intransitive dimension, like learners’ mathematical
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identities, exist independently of our knowledge of the phenomenon, as our knowledge of
phenomena exists in the transitive dimension. Further, a social phenomenon existing within
the intransitive dimension can change (Scott, 2010). By applying the first tenet, learners’
mathematical identities can be defined as a social phenomenon, which exists in the real world

and can change.

Building on the first tenet, chapter 2 explores in detail the second and third tenets, by
describing that the real world as an open system, where multiple mechanisms operate to give
rise to events. Uncovering the underlying mechanisms that are responsible for the emergence
of a phenomenon is needed to achieve an understanding of the ontological depth of social
reality (Bhaskar, 1978). Further, these underlying mechanisms need to be understood in a
non-reductionist way, firstly, by not reducing the mechanism to our interpretations of it, and
secondly, by not reducing a phenomenon to one or two of the mechanisms responsible for the

emergence of the phenomenon.

In chapter 2, a non-reductionist model of identity, forming the conceptual framework of this
study, is discussed. Three higher-level mechanisms that are responsible for the emergence of
learners’ mathematical identities are identified from Archer (2002) and Marks and
O’mahoney’s (2014) work, i.e., agency, personal identity and social identity, and the
interactions between all three mechanisms are described in chapters 2 to 7. Figure 8.1
provides the model used in these chapters to explain the interactions between mechanisms.

Please see chapter 2 for a detailed explanation of the model.

Social identities Learners’ mathematical identities
offered
Agency Personal identity constructed
How learners are . / Learners’ understandings of self in
Learners’ choice

positioned by others, relation to mathematics.

like their mathematics to pa_rt|C|pate In
teacher or peer, in the certain ways. R, | Social identity constructed

How learners position themselves
in the mathematics classroom.

mathematics
classroom.

Figure 8.1 Constituents of mathematical identity

The conceptual framework developed in chapter 2 considers the importance of all three
mechanisms independently from each other and then in relation to each other to show how

together, all three mechanisms are responsible for the emergence of learners” mathematical
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identities, without reducing identity to any of the three mechanisms. By applying all three

tenets of critical realism to the basic definition, mathematical identity is defined as:

a social phenomenon, existing in the real world, which emerges from relationships between
learner agency, personal identity and social identity, both offered and constructed, and that
these identities can change over time.

In chapter 2, I’ve argued that from a critical realist perspective, the contribution of each of the
three higher-level mechanisms to learners’ mathematical identities differs from case to case,
however, it is still important to explain all higher-level mechanisms as they operate
relationally (Collier, 1996). Further, I argued that reducing mathematical identity to any of
the generative mechanisms provides an incomplete, and sometimes incorrect understanding

of learners’ mathematical identities.

To apply the concept of identity defined in chapter 2 to empirical research, there was a need
to create explanatory frameworks for identity. Chapter 2 provides an explanatory framework
to relate the kinds of social identities offered by teachers: affiliation with or marginalisation
from classroom communities, with four kinds of mathematical identities constructed:
affiliation with, compliance with, resistance to or marginalisation from classroom
communities. Chapter 3 introduces a third kind of social identity that can be offered to
learners called partial affiliation, where teachers invite participation and support learners to
some extent. Chapter 4 elaborates on the explanatory framework in chapter 2, by providing
detailed explanations of the social identities offered and the mathematical identities
constructed by learners, while chapters 5 and 6 elaborate on the social identity of partial
affiliation introduced in chapter 3. Like chapter 2, chapter 6 also offers an explanatory
framework, but differs from chapter 2 by relating the kinds of social identities offered by
peers, i.e., higher status, lower status or equal status, to the kinds of mathematical identities
that can be constructed during peer interactions, i.e., affiliation with or resistance to the
offered social identities. So, all of these chapters contribute to understandings of what
mathematical identity is, how learners can construct identities and why learners would

construct certain identities and not others.

By using the explanatory frameworks, chapters 2 to 7 contribute to answering the second part
of this main research question, which involved showing how the concept of identity can be
used in researching secondary school learners’ mathematical identities. To do this, chapters 2

to 7 show how the concept of identity is: 1. social and subjective by considering personal and
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social identity: 2. representational and enacted by accounting for both narratives and enacted

practices; 3. transformative rather than stable by accounting for change (see Radovic et al.,

2018). The conceptual and explanatory frameworks contribute to research in important ways,

by addressing the following concerns raised by researchers, as discussed previously in

chapter 1:

Radovic et al. (2018) encouraged researchers to develop suitable definitions of
identity, which account for both social and subjective aspects of identity. My
conceptual and explanatory frameworks show how identity is both social and
subjective/individual, by focusing on the importance of both personal and social
identity, without reducing identity to either personal or social aspects.

Radovic et al. (2018) and Graven and Heyd-Metzuyanim (2019) were concerned that
“an overwhelming majority” of studies consider identity as narrative and that
overlooking the importance of the enacted dimension of identity neglects the
important role of the contextual practices (p. 368). Chapters 2 to 7 each show how
both enacted practices and narratives can contribute to our understanding of learners’
mathematical identities.

Graven and Heyd-Metzuyanim (2019) showed that researchers did not often
differentiate between the identity they authored about a participant and the identity
authored by the participant him/herself. Critical realism demands that a researcher
differentiates between these different sources of data. In chapters 2to 7, |
differentiate between teachers’ narratives of the learners, learners’ narratives about
their identities and my observations of learners’ identities.

Graven and Heyd-Metzuyanim (2019) argued that only a small number of studies
followed learners through their transition from one phase of schooling to another.
Instead of following learners across phases of schooling, | followed learners through
their transition from one grade to another, illustrating the malleable and
transformative nature of learners’ mathematical identities. Evidence of change in
identities is discussed briefly in Chapter 3, where | show the trajectory of six Grade 9
learners’ mathematical identities, as they progressed to Grade 10. Chapter 5 describes
in detail the change in identity of four of the six Grade 9 learners as they progressed
to Grade 10, while chapters 4 and 6 need to be read together to understand, in detail,
the identity trajectories of the remaining two Grade 9 learners as they progressed to
Grade 10.
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e Graven and Heyd-Metzuyanim (2019) were concerned about the widening gap
between research on affect and research on mathematical identities. My conceptual
and explanatory frameworks include the importance of personal identity, which
includes the area of affect in relation to learners’ emotions and interests, as one of the

emergent mechanisms responsible for learners’ mathematical identities.

The application of the conceptual and explanatory frameworks is discussed in relation to the

second main research question in the next section.

How do learners and their mathematics teachers, contribute to the development of

learners’ mathematical identities?

Chapters 2 to 6 focused on the important relationships between teachers and learners in
relation to the social identities offered to learners by teachers and the kinds of mathematical
identities constructed by learners. Taken together, these chapters highlight the importance of
teachers’ narratives and practices about their pedagogies and social relationships, which
inform the social identities that are offered to learners. Narratives about the teachers’ choices
of pedagogy, the learners in their classrooms, the importance of learners’ reasoning and
errors were shown to specify what is needed from learners to become affiliating members of
their classroom communities and who could learn mathematics and become an affiliating
member of the community. Chapters 2 to 6 also show the relationships between teachers’
narratives and their actual practices, as teachers’ narratives were shown to inform their
practices, while their experiences of their social relationships with learners and the success of
their pedagogies reinforced their narratives. Table 8.2 provides a summary of the kinds of
social identities offered by the five teachers, which include both their actual practices and

narratives of practices.

Teachers | Chapters | Social What is needed to learn Who can learn
identities mathematics: Pedagogy mathematics: Social
offered relationships

Mr Moyo | Chapters 3, | Affiliation to Working on tasks was Mr Moyo was seen

(Grade9) |4and5 all learners. important for Mr Moyo as | assisting and interacting

he described mathematics with all learners in the
as a “practical” subject. classroom. He believed
Errors were seen as all learners could do
opportunities for learning mathematics through
and he was accommodating | practice, hard work and
of errors. motivation.
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and
marginalisation
to low
achievers.

opportunities to engage
with classroom tasks. He
usually gave lengthy
explanations, accompanied
by asking learners type 1
recall question. He
described errors as costing
lives in the work
environment. He was not
accommodating of learner
errors and would sometimes
get angry when learners
made errors.

Mr Ncube | Chapters 2, | Affiliation to Having learners work on Mr Ncube was seen
(Grade 10) | 3and 6 all learners. tasks with other learners inviting participation and
was important for Mr assisting all learners. He
Ncube. Errors were believed all learners
described as lessons and he | could do mathematics,
was accommodating of through effort and hard
errors. work.
Mr Molefe | Chapters 3 | Affiliation to Peer work was not He was usually seen
(Grade9) |and6 high achievers | encouraged in his assisting and interacting
and classroom. Mr Molefe spent | with higher achievers
marginalisation | much of his lessons giving | and ignoring the lower
to low lengthy explanations. He achievers. He explained
achievers. described errors as being that low achievers did
contagious, so he was not not have the aptitude or
keen to have learners personality for
explore mathematical ideas. | mathematics.
Mr Sithole | Chapters 2, | Affiliation to Mr Sithole provided He usually assisted
(Grade 10) | 3and 5 high achievers | learners with opportunities | higher achievers and was
and to work individually, or seen refusing to assist
marginalisation | with others on classroom lower achievers. He
to low tasks. He described errors believed that only
achievers. as opportunities for learners with “aptitude”,
learning, yet he responded | “talent” and a “Gift from
to errors differently God” could do
depending on who made the | mathematics. He said
error. that there was “nothing”
he could do for the lower
achievers.
Mr Ndlovu | Chapters 3 | Affiliation to Mr Ndlovu did not usually | “Maths was not made for
(Grade 10) | and 4 high achievers | provide learners with everybody” since “God”

created people
differently. He did not
assist struggling learners
and he advised them to
ask other teachers for
help or to drop
mathematics as a subject
in school.

Table 8.2: The social identities offered to learners by the teachers

Mr Moyo and Mr Ncube described the importance of learner effort when learning

mathematics over ability (Table 8.2). Both teachers were concerned with including all

learners and accommodated learner thinking in their lessons to some extent. For Mr Molefe,

Mr Sithole and Mr Ncube, ability was important to learn mathematics and all three teachers
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were not accommodating of all learners, their thinking and errors (Table 8.2). These practices
inform how learners are offered social identities, either equitably or inequitably, in their

classroom communities.

The model developed at the end of chapter 4 can be applied to understanding the
relationships between these teachers’ narratives and their actual practices, which support and
justify each other and lead to the continuation of these social identities being offered by the
teachers in the classroom to learners. Building on Radovic et al.’s (2018) work, I show that it
is important to understand the relationships between the representational and enacted social
identities offered by teachers to understand the teachers’ reasons for offering social identities
and why these social identities that are offered to certain learners are reproduced and offered

continuously across lessons.

While these social identities offered are important for the emergence of learners’
mathematical identities, chapters 2 to 6 show that the social identities offered by teachers
inform, but do not determine, the kinds of mathematical identities constructed by learners.
This is an important point, as some researchers use the term identity to explain what learners
are required to affiliate with to become competent mathematics learners in the classroom

community, rather than how learners view or describe themselves (Cobb et al., 2009).

Learners’ mathematical identities emerge through relationships between the three higher-
level mechanisms, i.e., personal identity, social identity and agency. Table 8.3 provides a
summary of the kinds of mathematical identities constructed by learners as affiliation (A),
compliance (C), resistance (R) or marginalisation (M), in relation to the social identities

offered by teachers as affiliation (A), partial affiliation (PA) or marginalisation (M).

Grade | Teachers Learners Identity offered | Identity constructed
9 Mr Moyo Shane, Jack, Lane & Senzo A A
10 Mr Ncube Thandi, Amy & Mike A A
Thabo, Jimmy & Tess A C
9 Mr Molefe Sindiswa A A
Sunny PA C
Jenifer & Tess M C
10 Mr Sithole | Phillip, Shane, Lebo & Karabo A A
Jack PA C
Lane M C
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Tommy & Senzo M M

10 Mr Ndlovu Edward A A
Fred A C

Sunny M M

Table 8.3: The mathematical identities constructed by learners

Across chapters 2 to 6, | showed that when all three higher-level mechanisms contributed
positively to the emergence of learners’ mathematical identities, learners constructed their
mathematical identities in affiliation with the social identities of affiliation offered. For
example, in chapters 4 and 5, | showed how four learners in Mr Moyo’s classroom became
full affiliating members of their classroom community and they were offered social identities
of affiliation. These learners enjoyed learning mathematics in his classroom and were
appreciative of the way Mr Moyo taught his lessons, approached their errors and interacted
with them by showing care. All four learners participated in the lessons to become full
members of the classroom community. Yet, three of these four learners’ mathematical
identities changed substantively in Mr Sithole’s Grade 10 classroom. These learners
described Mr Sithole as an uncaring teacher, providing evidence of how different teachers

can contribute to changes in learners’ mathematical identities.

When two or three higher-level mechanisms, especially learner agency, contributed
negatively towards the emergence of learners’ mathematical identities, learners constructed
their mathematical identities as marginalised learners. For example, in chapter 2, Tommy
experienced the social identity of marginalisation offered to him by Mr Sithole negatively, as
Mr Sithole shared a poor social relationship with him and was not accommodating of learner
errors. Even though Tommy was interested in pursuing mathematics in the future, and said
that he enjoyed certain parts of mathematics, he was not comfortable to be a member of his
classroom community and he exercised agency by not engaging in the classroom, developing

his mathematical identity as a marginalised learner.

When learners wanted to maintain some form of peripheral membership to the community,
for their social identities and/or personal identities, they constructed their mathematical
identities in compliance with their classroom community. For example, in chapters 2 and 6, |
showed how Mr Ncube offered Thabo opportunities to affiliate. Thabo exercised agency by
engaging with his teacher and others in the classroom, but his personal and social identity

largely contributed to his compliance, as he said that mathematics was holding him down,
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and he was not entirely comfortable to ask his teacher for assistance. In chapters 2 and 5, |
showed another form of compliance, where Lane was offered a social identity of
marginalisation by Mr Sithole. Instead of adopting the social identity offered to him, Lane
exercised agency by participating peripherally and was usually seen working on his own or

asking others for help because he was interested in passing mathematics.

While 1 did not find any learners resisting the social identities offered by the teachers, |
included the category in my explanatory framework for completeness. | provided some
possible reasons for not finding resistance in chapters 4 and 6. The first reason discussed in
chapter 4 was that these learners may have been strongly influenced by their teachers’
practices, and the second reason discussed in chapter 6 was that resisting teacher practices
could have a negative impact on learners, which could result in their alienation from the

classroom community.
8.4. Implications

Most of the chapters in this thesis present the implications of the findings for research and
practice based on the chapter’s topic of discussion. Instead of repeating those implications, |

am going to present some implications that emerged when looking at the thesis as a whole.
8.4.1. Implications for research

As I was analysing my data, I wondered if researching the teachers’ identities could have
provided me with a deeper understanding of why they offered learners certain social
identities. An empirical review of research on mathematics-related teacher identities showed
that the concept of teacher identity in research faces similar challenges to research on
learners’ mathematical identities (see Lutovac & Kaasila, 2018). Research on mathematics-
related teacher identity is usually informed by socio-cultural orientations, with a strong focus
on narrative-driven methodologies and frameworks (Lutovac & Kaasila, 2018). Further,
social practices and structures are foregrounded in these papers, while the importance of the
individual in the construction of her/his identity is underplayed (Lutovac & Kaasila, 2018). It
may be possible to use my conceptual framework to better understand mathematics-related
teacher identity, which can perhaps further our understandings of the social identities offered

to learners.
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| am also interested in understanding whether the mechanisms that | identified in this study
can be applied to understanding learner identity in different school subjects beyond
mathematics and in different schools. It may be possible for other researchers to apply the
framework to understand learners’ learning of other subjects to understand learning
holistically in terms of learner identities, rather than reducing learning to cognition or social

influences.

When compiling my response to research question 1 in the previous section, | realized that
there is a need to create a unifying framework of learners’ mathematical identities that take
into account the different kinds of social identities offered by various significant narrators.

One of my initial ideas for modelling the relationships is presented below.

Social identity Learners’ mathematical identities

offered by teacher . .
y \ Agency Personal identity constructed

A ) .
/ Learners’ understandings of self in

Learners’ choice . )
relation to mathematics.

to participate in

v certain ways. Social identity constructed
Social identity !—|ow learners position themselves

in the mathematics classroom.
offered by peer

Figure 8.2: Possible model of mathematical identity

In chapter 7, | showed that there is much research that relates teacher positioning with the
way learners’ position and offer identities to each other in classrooms. Yet, this relationship
between the social identities offered by significant others may not manifest itself for every
learner. For example, Shane and Jack were not convinced by their teacher, who encouraged
them to work collaboratively rather than competitively. So even though both learners were
identified as high achievers and were provided opportunities to affiliate with the classroom
community, their own personal and social identities motivated them to compete to become
better than the other. Hence, | have included a dotted line between the social identity offered
by the teacher and peer. More research may be needed to assess the applicability of figure 8.2

to data.

After attending and participating in the 2021 International Association for Critical Realism
conference, which was focused on the importance of social transformation and emancipation,

| became aware of some of the limitations of my PhD work, which could act as a springboard
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for further research. First, my PhD work focused closely on the relationships between
learners’ mathematical identities and the mathematics teaching and learning that happened in
classrooms. So other mechanisms, such as experiences of race and gender were not explored,

leading to a limited understanding of the concept of identity.

Second, my research was underpinned by a descriptive and explanatory agenda, as one of the
main purposes was to define identity and use this definition to understand how the
mechanisms responsible for the emergence of identity operate in classrooms, rather than a
transformative agenda, by seeking ways to transform inequitable practices that may constrain
certain learners from accessing mathematics and becoming successful mathematics knowers
and doers. So, there is a need for broader research on learners’ mathematical identities, with
both explanatory and transformative agendas, to understand how social and economic
inequalities also inform learner identities and learning of mathematics in school, and how
social and economic inequalities can be transformed for all learners to become successful

mathematics learners, doers and thinkers.
8.4.2. Implications for practice

Teachers have an ethical responsibility to care for and about their learners, both in a
pedagogical sense and in developing social relationships with learners. According to Van
Niekerk (2010), caring for others in education requires one to “reflect deeply on living with
others who are different, but nevertheless with a specific common humanness expressed in
care and responsibility for others” (p. 87). Caring for others is not just what is required to be
a teacher, but it is in essence an ethical requirement, which is the hallmark of what
characterises us as humans. Care involves both a “way of doing and being” (Peterson &
Osman, 2010).

Displaying care through pedagogy involves ensuring that learners are provided with
opportunities to learn mathematics well in a safe space. Teaching mathematics learners using
the traditional approach has been critiqued extensively through research (Boaler, 1998;
Boaler & Greeno, 2000). | found that the teachers predominantly asked lower-order questions
which usually required recall and learners were not given many opportunities to explore and
use the tools of mathematics to make sense of it. In her inaugural lecture, Brodie (2015)
argued that “learners who must accept the rules and concepts of the discipline as

unquestionable become unquestioning”. Being uncritical has many negative implications for
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learners, not only for learning mathematics, but also for becoming a productive citizen in

society (Graven, 2015).

Most of the learners described care as being central to the kinds of social relationships shared
with the teachers. They spoke of care in relation to teachers being concerned about them and
others (or not) in the classroom. For example, in chapter 5, care was spoken about in relation
to whether the teacher was concerned about learners, in terms of whether they understood the
work and their performances in assessments. Further a caring teacher was described as one
who would explain for all learners to understand and who would be happy with their good
performance in assessments. | suggest that teachers reflect on their practices and see how
they can display care through both pedagogy and the social relationships they share with

learners.

Further, I was surprised to find that the narratives that teachers told me about their practices
and learners actually reflected the kind of opportunities and the ways in which the teachers
taught and interacted with particular learners. According to Bishop (2012), words are very
powerful. I only understood the profound effect of words when I noticed how the teachers’
narratives of their pedagogies and learners influenced learners’ learning and opportunities in
the classroom. | suggest that teachers regularly reflect on their reasons for using certain

pedagogical practices, and on their perceptions of learners in their classrooms.
8.4. Reflections

8.4.1. Reflections relating to my study

From a critical realist perspective, researchers are part of their research context and therefore
should be be transformed by their research process (Price, 2015). | can see a marked
difference between the person, writer and researcher | was at the beginning of the PhD
process and the person, writer and researcher that I am now. | was always a person who loved
writing a lot of pages, with long and often verbose sentences and paragraphs. From my
journey as an undergraduate student to becoming a postgraduate student, | could never meet
word or page limits. When my supervisor first introduced me to the idea of doing a PhD by
publication, | was very worried. How could | possibly say everything that | would like to say
in a journal article which has word limits? At first, | struggled and would often look for
journals that did not have low word or page limits. With the expert guidance of my

supervisor, | learned how to articulate myself in clear, accessible ways and meet word or
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page limits. One of my supervisor’s lines, which plays in my head when | proofread my work

is to place myself in the shoes of my reader.

The publication process was a lot more difficult than | expected. One of the greatest struggles
| faced at the initial stages of the PhD when trying to get my papers published was rejection. |
remember my heart sinking the day I received my first rejection, and | was devastated for
days thereafter. Over time, I have learned to change my way of thinking when dealing with
rejection. When a paper is rejected, | look forward to reading the reasons for rejection from
the reviewers so that | can change the paper in such a way that the paper will be less likely to
be rejected again. | have learned to change my mindset about the outcome of the peer review
process, from being a scary, potentially heart-breaking outcome, to be a way of helping me to
create a paper that I can be proud of. | am deeply grateful to every editor and reviewer for
their critical comments and suggestions, as | can see a marked difference between the paper
that was initially submitted to the journal and the paper that was finally published.

Given that my PhD study took me very long to complete, there were times during the PhD
process when | felt demotivated and depressed. Aside from talking to my supervisor, family
and friends, one of the greatest support structures was the research weekend hosted by the
University four times a year. | loved listening to the celebratory speakers, who usually
offered motivation and helpful suggestions on how to cope with the stress of completing the
PhD and reconnecting with the work. I also enjoyed presenting my work at the research
weekends and at conferences, where | was able to show my research, discuss my thinking
with others, receive helpful suggestions on how I could improve the work, watch other

people’s presentations and learn from their work.
8.4.2. Limitations

If | were to repeat this study, | would make changes to the data collection and analysis
methods. For collection, I only investigated and reported on findings of data collected in one
school for a short period of time. If | were to repeat this study, | would like to spend more
time with learners to understand learners’ micro-identities in the classrooms, in terms of how
they interact with their teachers and peers across different topics in mathematics. Further, |
think more insights can be obtained by following learners as they progress from primary to
secondary school as well as to find out what career path they have chosen once they finish
school to gain a more valid understanding of how different mechanisms contribute to the

identities the learners construct over a longer period of time.
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In addition, my research is primarily guided by data collected in classrooms, which can be
critiqued as I did not engage with mechanisms which were beyond the mathematics
classroom because they were not apparent in the data. Indeed, “the most significant potential
to influence students’ identities exist in the mathematics classroom” (Anderson, 2007, p. 12),
even though learners’ mathematical identities and trajectories are socially, historically,
politically and institutionally mediated. Stenthoft and Valero (2009) argue that ignoring the
other mechanisms besides those directly linked with mathematics and education may lead to
the fallacy that other mechanisms external to the mathematics classroom are not important.
While I acknowledge the importance of the external mechanisms in chapter 2, an explicit

focus on these mechanisms is beyond the scope of this study and requires further research.
8.5. Final conclusion

Developing learners’ mathematical identities in positive ways cannot be done by the teacher
or the learner alone. It is a joint effort as identities emerge through relationships between a
person and her/his social context. In order for learners to develop positive mathematical
identities, learning interactions need to be fundamentally about mathematics and teachers
need to care about learners as part of their professional and ethical duty. In return, learners
need to exercise their agency in ways that enhance their learning of mathematics to become
successful learners of mathematics, with teachers supporting learners and providing them
with opportunities to think for themselves and understand mathematics with the aid of higher-
order questions and tasks. Teachers need to be conscious of the kinds of opportunities they
present to learners to learn through their interactions with learners, the kinds of narratives
they tell about learners and the type of pedagogical approach they utilise in the classroom.
Yes, there are mechanisms that are beyond the capacity of the teacher to change, such as
learners’ past experiences of learning mathematics, learners’ socio-economic conditions and
the kinds of family support they receive. However, the social identities offered by teachers
are a key mechanism responsible for the emergence of learners’ mathematical identities, and
by changing and reflecting on our practices, we can strive to create active, independent,

caring, critical learners, citizens and future parents.
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Appendix A

Questions for a semi-structured interview with learners:

Some general questions so that learners feel comfortable talking to me:

What is your favourite subject in school?

What makes your favourite subject so special to you?

Current experiences:

How do you experience learning mathematics in grade 9?

Possible probing questions

What is mathematics about?

Is mathematics important to you? Why?

Do you enjoy learning mathematics? Why?

What aspects of mathematics do you enjoy most? How do you know? Why?
What aspects of mathematics do you enjoy least? How do you know? Why?
What do you think about making mistakes in your mathematics classroom?
Do you make mistakes in your mathematics classroom?

How do you feel when you make a mistake? Why do you feel that way?

How are you taught mathematics? (Pedagogy)

Can you please describe to me what your mathematics lessons are like?

Please share with me what you think about the way your mathematics teacher teaches?
Do you enjoy the way he teaches?

What do you enjoy most about the way he teaches mathematics?

What do you enjoy least about the way he teaches mathematics?

Is he helpful or not helpful in enabling you to learn mathematics? How do you know?
What makes him helpful or unhelpful?

How does he react when learners make mistakes in the classroom?

How do you feel about the way he reacts when learners make mistakes?
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What are the social relations like in your classroom with your teacher?

e How do you feel when you are sitting in your mathematics classroom? Why?

e How does your teacher make you feel? Why?

How do you participate in your mathematics classroom?

e Do you participate in your mathematics classroom?

e Do you feel comfortable participating in the classroom? Why?

e How do you participate in your mathematics classroom?

e Why do you participate in the classroom?

e Do you prefer to work on your own or with others in your classroom? Why?

e Who do you participate in the classroom with?

e How do you participate in the classroom with them?

e Do you do your classwork and homework? Why?

e Do you think doing your classwork and homework helps you understand mathematics?
How does it help or not help?

What does it mean to be good at mathematics?

e Who in your class is good at doing mathematics? How do you know? What makes them
good?

e Who in your class is not good at doing mathematics? How do you know? What makes
them not good enough?

e Are you good at doing mathematics? How do you know? What makes you good or not

good enough?
Perceptions of self by significant narrators

e How do your parents see you as a learner of mathematics? How do you know? Why?
e How does the way your parents see you as a learner of mathematics make you feel?

e How does your teacher see you as a learner of mathematics? How do you know? Why
e How does the way your teacher see you as a learner of mathematics make you feel?

e How do your friends see you as a learner of mathematics? How do you know? Why?
e How does the way your friends see you as a mathematics learner make you feel?

e How do you perform in mathematical assessments? Why?
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Primary school

How did you experience learning mathematics in primary school?

Possible probing questions

e Could you please describe to me what your lessons were like in primary school?

e Did you enjoy learning mathematics in primary school? Why?

e Did you make mistakes in primary school?

e How did you feel when you made mistakes and why did you feel that way?

e How is learning mathematics now different or similar to how you learnt mathematics in
high school?

e Do you think the mathematics you learned in primary schools helps you learn

mathematics in high school? How?

How were you taught mathematics? (Pedagogy)

e Please share with me what you think about the way your primary mathematics teacher
taught you?

e Did you enjoy the way s/he taught?

e What did you enjoy most about the way s/he taught mathematics?

e What did you enjoy least about the way s/he taught mathematics?

e Was s/he helpful or not helpful in enabling you to learn mathematics? How do you know?
What made her/him helpful or unhelpful?

e How did s/he react when learners made mistakes in the classroom?

e How did you feel about the way s/he reacted when learners made mistakes?

What were the social relations like in your classroom with your primary school
mathematics teacher?

e How did you feel when you were sitting in your primary mathematics classroom? Why?
e How did your teacher make you feel? Why?

How did you participate in your mathematics classroom?

e Did you participate in your primary mathematics classroom?
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e Did you feel comfortable participating? What made you feel comfortable or
uncomfortable?

e How did you participate in your primary school mathematics classroom?

e Why did you participate in the classroom?

e Did you prefer to work on your own or with others in your classroom? Why?

e Who did you participate in the classroom with?

e How did you participate in the classroom with them?

e Did you do your classwork and homework? Why?

Future projections

Is mathematics necessary for your future career or sense of being?

Possible probing questions

e Would you like to be better at mathematics in the future? Why or why not?
e  Who would you like to see yourself becoming in the future (maybe in ten years’ time)?

e How do you think mathematics can be helpful to you in the future? Why or why not?
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Appendix B

Interview 1

Questions for a semi-structured interview with learners:

Some general questions so that learners feel comfortable talking to me:

What is your favourite subject in school?

What makes your favourite subject so special to you?

Current experiences:

How do you experience learning mathematics in grade 10°?

Possible probing questions

What is mathematics about?

Is mathematics important to you? Why?

Do you enjoy learning mathematics? Why?

What aspects of mathematics do you enjoy most? How do you know? Why?
What aspects of mathematics do you enjoy least? How do you know? Why?
What do you think about making mistakes in your mathematics classroom?
Do you make mistakes in your mathematics classroom?

How do you feel when you make a mistake? Why do you feel that way?

How are you taught mathematics? (Pedagogy)

Can you please describe to me what your mathematics lessons are like?

Please share with me what you think about the way your mathematics teacher
teaches?

Do you enjoy the way he/she teaches?

What do you enjoy most about the way he/she teaches mathematics?

What do you enjoy least about the way he/she teaches mathematics?

Is he/she helpful or not helpful in enabling you to learn mathematics? How do you

know? What makes him/her helpful or unhelpful?

6 Grade 10 in 2016 and grade 11 in 2017
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How does he react when learners make mistakes in the classroom?

How do you feel about the way he/she reacts when learners make mistakes?

What are the social relations like in your classroom with your teacher?

How do you feel when you are sitting in your mathematics classroom? Why?

How does your teacher make you feel? Why?

How do you participate in your mathematics classroom?

Do you participate in your mathematics classroom?

Do you feel comfortable participating in the classroom? Why?

How do you participate in your mathematics classroom?

Why do you participate in the classroom?

Do you prefer to work on your own or with others in your classroom? Why?
Who do you participate in the classroom with?

How do you participate in the classroom with them?

Do you do your classwork and homework? Why?

Do you think doing your classwork and homework helps you understand

mathematics? How does it help or not help?

What does it mean to be good at mathematics?

Who in your class is good at doing mathematics? How do you know? What makes
them good?

Who in your class is not good at doing mathematics? How do you know? What makes
them not good enough?

Are you good at doing mathematics? How do you know? What makes you good or
not good enough?

Perceptions of self by significant narrators

How do your parents see you as a learner of mathematics? How do you know? Why?
How does the way your parents see you as a learner of mathematics make you feel?
How does your teacher see you as a learner of mathematics? How do you know? Why
How does the way your teacher see you as a learner of mathematics make you feel?

How do your friends see you as a learner of mathematics? How do you know? Why?
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How does the way your friends see you as a mathematics learner make you feel?

How do you perform in mathematical assessments? Why?

Interview 2

Past experiences

How did you experience learning mathematics in grade 972

Possible probing questions

Could you please describe to me what your lessons were like last year?

Did you enjoy learning mathematics last year? Why?

Did you make mistakes last year?

How did you feel when you made mistakes and why did you feel that way?

How is learning mathematics now different or similar to how you learnt mathematics
last year?

Do you think the mathematics you learned last year helps you learn mathematics this

year? How?

How were you taught mathematics? (Pedagogy)

Please share with me what you think about the way your last year’s teacher taught
you?

Did you enjoy the way s/he taught?

What did you enjoy most about the way s/he taught mathematics?

What did you enjoy least about the way s/he taught mathematics?

Was s/he helpful or not helpful in enabling you to learn mathematics? How do you

know? What made her/him helpful or unhelpful?
How did s/he react when learners made mistakes in the classroom?

How did you feel about the way s/he reacted when learners made mistakes?

What were the social relations like in your classroom with your last year’s mathematics

teacher?

How did you feel when you were sitting in your mathematics classroom? Why?

7 Grade 9 for 2015 and 10 for 2016
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How did your teacher make you feel? Why?

How did you participate in your last year’s mathematics classroom?

Did you participate in your mathematics classroom?

Did you feel comfortable participating? What made you feel comfortable or
uncomfortable?

How did you participate in your mathematics classroom?

Why did you participate in the classroom?

Did you prefer to work on your own or with others in your classroom? Why?
Who did you participate in the classroom with?

How did you participate in the classroom with them?

Did you do your classwork and homework? Why?

Future projections

Is mathematics necessary for your future career or sense of being?

Possible probing questions

Would you like to be better at mathematics in the future? Why or why not?
Who would you like to see yourself becoming in the future (maybe in ten years’
time)?

How do you think mathematics can be helpful to you in the future? Why or why not?
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Appendix C

Semi-structured interview with the teacher:

Each teacher will be asked the same questions for each of the learners who are being

researched in their classroom.
Questions for a semi-structured interview with the teacher:

What characterises a successful mathematics learner in you class?

Possible probing questions

e In what ways do you think that the way you teach promotes competence?
e How do you recognise competence?

e How do you recognise incompetence?

How does Learner A participate in the classroom with you, each-other, their peers and

their work?

Possible probing questions

e Does s/he engage with you in the classroom? If so, how?

e Does s/he ask or answer questions?

e Are his /her responses to questions in the classroom usually correct or incorrect?
e Does s/he complete their work and homework timeously and correctly?

e How does s/he perform in mathematical assessments?

What do you know about Learner A’s past experiences of mathematics?

Possible probing questions

e What do you know about the way s/he was taught?

e Do you think s/he learnt mathematics well last year?

e What do you think influenced him/her to learn/not to learn mathematics well last
year?
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Do you think that Learner A is good at doing mathematics? Why or why not.

Possible probing questions

e What aspects of mathematics is s/he good at?
e What aspects of mathematics is s/he not good at?
e How do you know what s/he is good or not good at in mathematics?

Do vou think Learner A will pursue mathematics in his/her future?

Possible probing questions

e Do you know what career choice s/he wishes to pursue?

e Do you think s/he will pursue an academic degree? Why or why not?

e Do you think that s/he could pursue an academic degree which is mathematically
orientated?
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