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Glossary of Key Concepts

Bayesian Inference (BI) An approach to statistical learning where existing beliefs (priors)
are updated using observed data to produce a more informed belief (posterior). It’s
especially useful for modeling uncertainty.

Bayesian Neural Network (BNN) A neural network that models its weights as probability
distributions instead of fixed values. This allows the model to express uncertainty in
its predictions, making it particularly useful in critical applications.

Burn-in Period (in MCMC) The early phase of Markov Chain Monte Carlo sampling,
where initial values are discarded to allow the chain to stabilize and better represent
the target distribution.

Conditional Distribution The probability distribution of a variable given the known or
fixed values of one or more other variables.

Convergence Behaviour Describes how efficiently an inference algorithm settles into sta-
ble, accurate estimates of the target distribution over time.

DenseFlipout A probabilistic layer in TensorFlow Probability used in variational inference,
allowing efficient uncertainty estimation in neural networks.

Early Stopping A technique that stops training once model performance stops improving
on validation data, helping to avoid overfitting.

Evidence Lower Bound (ELBO) A metric used in variational inference that approximates
the likelihood of observed data. Maximizing the ELBO helps approximate the true
posterior.

Exploratory Data Analysis (EDA) The initial phase of data analysis where patterns, anoma-
lies, and trends are explored visually and statistically.

Gibbs Sampling (GS) An MCMC method where variables are updated one at a time, using
their conditional distributions, to generate samples from a joint posterior.

Joint Probability Distribution The combined probability of two or more random variables
occurring together—key to modeling dependencies in Bayesian networks.

Kullback-Leibler (KL) Divergence A measure of the difference between two probability
distributions. In VI, it quantifies how close the approximation is to the true posterior.

Markov Chain Monte Carlo (MCMC) A family of algorithms for sampling from complex
probability distributions, using Markov chains to approximate posteriors.
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Markov Property A principle stating that future states of a system depend only on the
current state, not past states—a foundation for Markov-based models.

Metropolis-Hastings (MH) A widely used MCMC algorithm that proposes new samples
and accepts or rejects them based on a probability ratio.

Outliers Data points that deviate significantly from the majority of a dataset. They can
affect model training and statistical analysis.

p-value A probability value that indicates how likely the observed data would occur under
the null hypothesis. Low p-values suggest statistical significance.

Posterior Distribution The updated belief about model parameters after observing new
data obtained using Bayes’ Theorem.

Random Walk Metropolis (RWM) A Metropolis algorithm where new states are proposed
based on small random steps from the current state.

Scalability The ability of an algorithm or model to maintain performance as the size of the
data or model complexity increases.

Stationary Distribution The long-run distribution that a Markov chain converges to under
certain conditions, regardless of its starting point.

Standardization A data preprocessing step that transforms variables to have a mean of
zero and a standard deviation of one.

T-value The test statistic used in T-tests to evaluate the difference between sample means
relative to variability within the samples.

TensorFlow (TF) An open-source machine learning library developed by Google for build-
ing and deploying deep learning models.

TensorFlow Probability (TFP) An extension of TensorFlow for probabilistic program-
ming, supporting Bayesian modeling and uncertainty estimation.

Uncertainty Quantification The process of evaluating and expressing the confidence level
in a model’s predictions.

Variational Inference (VI) A method that frames Bayesian inference as an optimization
problem, enabling faster and more scalable approximations of posterior distributions.
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Chapter 1

Introduction

This chapter provides the background to the study and a detailed literature review, including
an examination of Markov Chain Monte Carlo for Bayesian inference, Variational Inference
for Bayesian inference, and recent advancements in Bayesian Neural Networks. It then out-
lines the statement of the problem, highlights the research gap and motivation, and presents
the research questions. The chapter further sets out the aim and objectives of the study, dis-
cusses its limitations and assumptions, and describes the expected contributions of the study.
Finally, it gives an overview of the report structure.

1.1 Background of the Study

In recent years, scientific machine learning has emerged as a powerful approach for tackling
complex problems across various scientific disciplines, including engineering, chemistry,
and physics (Brunton and Kutz, 2022). Among the different methodologies, Bayesian In-
ference (BI) stands out due to its strength in quantifying uncertainty in predictive models.
A central component of the Bayesian framework is Markov Chain Monte Carlo (MCMC),
which facilitates the estimation of posterior distributions in Bayesian models (Brunton and
Kutz, 2022). MCMC is a collection of techniques for drawing samples from probability
distributions (Banerjee et al., 2014). Commonly used MCMC algorithms, such as Gibbs
Sampling (GS) (Brooks et al., 2011) and Metropolis-Hastings (MH) (Zhang et al., 2022), are
frequently employed to evaluate the joint posterior distribution in neural network models.

Although MCMC is the popular method that provides accurate results, it is criticized for
its computational inefficiency and slow convergence, making it the worst choice for large-
scale applications such as BNNs. To address the challenges with MCMC, researchers have
explored the VI, which is treated as an alternative. VI is a technique used in Statistics to
approximate complex probability distribution. While MCMC relies sorely on sampling, VI
deals with the inference problem as an optimization problem, approximating the posterior
with a parametrized distribution (Kingma and Welling, 2014). VI offers faster convergence
and scalability, which makes it more suitable for large datasets and complex models. It in-
troduces an approximation bias, meaning that the quality of the posterior density depends on
the choice of variational family and optimization strategy (Neal, 2012).

With the rise of BNNs, these inference techniques have obtained significant attention. Un-
like the standard neural networks, which use fixed point estimates, BNNs treat their weights
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as probability distributions, which allows them to capture uncertainty in predictions (Blun-
dell et al., 2015). This capability is valuable in high-stakes decision-making tasks, such as
medical diagnostics, autonomous systems, and financial forecasting (Gelman et al., 2013).
However, estimating the posterior distribution of network weights remains a computationally
challenging problem. A thorough examination of BNNs has been conducted in (Arbel et al.,
2023; Magris and Iosifidis, 2023). MCMC and VI offer different solutions to this challenge,
each with distinct advantages and limitations. The selection between the methods is influ-
enced by computational efficiency, scalability, and uncertainty quantification.

BNNs combine the predictive power of the neural networks with BI to offer strong uncer-
tainty estimation in model predictions (Gelman et al., 2013). They are useful where uncer-
tainty quantification is essential, such as in risk assessment and decision-making under un-
certainty, active learning, and strong predictions in safety-critical domains (Blundell et al.,
2015; Gelman et al., 2013). It is computationally difficult to estimate the posterior density in
BNNs. As a result, approximate inference methods are employed, MCMC methods and VI
approaches being the most prominent (Gelman et al., 2013).

MCMC produces samples from the posterior distribution by creating a Markov chain that
gradually converges to the target distribution (Neal, 2012). These methods are known for
their theoretical guarantee of asymptotically exact samples, which ensures high accuracy in
posterior estimation. Conversely, VI uses a more straightforward, parameterised distribution
to approximate the posterior distribution (Kingma and Welling, 2014). The main aim is to
reduce the true posterior’s and the approximation distribution’s Kullback-Leibler (KL) diver-
gence (Kingma and Welling, 2014). VI methods, including Mean-Field VI and Black-box
VI, offer significant computational advantages over MCMC by providing faster convergence
and improved scalability to high-dimensional parameter spaces and large data sets.

1.2 Literature Review

By incorporating prior distributions, BNNs reduce overfitting and improve model generaliza-
tion, making them particularly useful in data-limited applications (Bishop, 1997). They inte-
grate prior distributions by providing a justified approach to uncertainty estimation (Lampinen
and Vehtari, 2001). This feature allows BNNs to offer stronger predictions, particularly in
domains with limited data or high uncertainty (Fan et al., 2008). The Hebbian learning rule
and Bayesian combination function further enhance BNNs’ generalization capabilities, mak-
ing them competitive against other classification methods in various domains (Kononenko,
1989). However, the challenge in implementing BNNs lies in posterior inference, where the
distribution of the network’s weights is estimated from the observed data. This computation-
ally expensive task requires efficient inference techniques such as MCMC and VI. Recent
studies have investigated the convergence of MCMC and VI methods in Bayesian neural
networks. Although MCMC has struggled with scalability in larger models and big data,
emerging techniques such as Langevin proposal distributions show promise in addressing
these challenges (Chandra et al., 2023).
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1.2.1 Markov Chain Monte Carlo for Bayesian Inference

MCMC is an effective simulation-based method for estimating complex model statistics,
particularly in BI (Gilks, 2005). It plays a critical role in assessing posterior distributions
in Bayesian models (Skaanning, 2006). A notable extension of MCMC is the Reversible
Jump MCMC, which provides flexibility in model selection and inference (Fan and Sisson,
2010). In genetics, MCMC methods are extensively applied in pedigree and linkage analysis
to estimate posterior probabilities of specific genes (Skaanning, 2006).

Additionally, (Fan and Sisson, 2010) discussed the use of likelihood-free MCMC. This
method bypasses the need for explicit computation of likelihood functions, making it highly
suitable for complex models with stubborn likelihoods. The MH and GS algorithms are
the most popular MCMC techniques for generating samples from probability distributions
(Maruyama, 2014). These methods are essential in Bayesian computation, offering strong
solutions for posterior simulation across various applications (Müller, 2004). In financial
econometrics, MCMC methods are employed in asset pricing models to address parameter
uncertainty and incorporate varying degrees of belief (Verhofen, 2005).

Furthermore, MCMC techniques have proven to be costly in molecular evolution studies,
where they enable the analysis of complex probability distributions and effectively solve
high-dimensional integration problems (Larget, 2005). Despite its strengths, MCMC has
notable challenges when compared to VI. (Nummenmaa et al., 2007) highlighted the limita-
tions of using a single-peaked variational distribution as a proxy for the complex and often
multi-modal genuine posterior distribution in hierarchical Bayesian estimations. MCMC
methods provide more flexible approximations but at a higher computational cost. (Saadi
et al., 2011) explored the use of MCMC algorithms for parameter estimation in dynamic
systems, emphasizing their power in approximating complex integrals and simulating joint
distributions.

(Salimans et al., 2015; ?) highlighted the potential of combining these approaches for pos-
terior density estimation in BNNs, emphasizing the benefits of fast posterior approximation
and the ability to trade off computational efficiency for accuracy. The applications of MCMC
go beyond statistics, extending to areas like particle technology, where it is used to model
processes such as mixing and grinding (Li, 2024). Recent developments in MCMC include
using adaptive algorithms to improve efficiency and reliability (Craiu et al., 2022; Vihola,
2020). As research in BI and MCMC continues to evolve, these methods remain vital for
addressing complex probabilistic systems across various disciplines (Craiu et al., 2022).

1.2.2 Variational Inference for Bayesian Inference

VI has been explored as a faster and cost-efficient alternative to mitigate MCMC’s computa-
tional cost. VI approximates the posterior by optimizing a parametric distribution to be close
to the true posterior (Nummenmaa et al., 2007). While VI is computationally efficient, it
introduces approximation errors because it relies on a single-peaked variational distribution,
which may oversimplify the true posterior (Nummenmaa et al., 2007).
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VI has been widely adopted for its ability to efficiently approximate posterior distributions,
particularly in high-dimensional Bayesian models where MCMC is computationally infeasi-
ble. (Mukherjee and Sen, 2021) examined the application of VI in linear regression models
with high-dimensional feature spaces, deriving a variational formula for the posterior distri-
bution and establishing conditions under which the mean-field approximation achieves ac-
curate results. (Emerson and Copestake, 2017) applied VI to logical inference in text-based
semantic representations, demonstrating improved convergence during training. (Harik and
Shazeer, 2010) introduced a framework for variational program inference, which estimated
the Kullback-Leibler (KL) divergence between the true posterior and a guided posterior dis-
tribution.

Additionally, (Opper, 2019) explored the use of VI for stochastic differential equations,
approximating the distribution over unknown paths and the likelihood of drift processes.
Several VI techniques have been developed specifically for posterior density estimation in
BNNs. (Maceda et al., 2024) suggested a framework that used a neural network trained on
simulated data to estimate posterior distributions of model parameters efficiently. (Shridhar
et al., 2018) presented a method for uncertainty estimation in Bayesian convolutional neural
networks, capturing both model and data uncertainties.

(Jaakkola and Jordan, 2000) illustrated the application of variational methods for obtaining
closed-form approximations to posterior distributions in logistic regression and graphical
models. (Krishnan et al., 2019) provided a technique for defining informative weight priors
in Bayesian deep neural networks that enhanced scalable VI with reliable uncertainty quan-
tification and faster training convergence. A promising area of research is the hybridization
of MCMC and VI, with (Salimans et al., 2015) exploring the integration of these approaches
to leverage MCMC’s sampling accuracy and VI’s computational efficiency, thereby creating
more scalable BI frameworks.

1.2.3 Advancements in Bayesian Neural Networks

BNNs have become a powerful extension of conventional neural networks, integrating un-
certainty estimation and probabilistic modeling (Chang, 2021; Mullachery et al., 2018).
BNNs combined the strengths of neural networks’ function approximation capabilities with
stochastic models’ ability to generate posterior distributions and provide probabilistic guar-
antees on predictions (Mullachery et al., 2018). Recent advancements in BNNs include
improved Bayesian classifiers and ML algorithms for model structuring and integration with
various tools such as management decision networks and geographic information systems
(Marcot and Penman, 2019). BNNs use probabilistic layers that capture uncertainty over-
weights and activations, trained using BI (Chang, 2021).

Research has focused on improving the accuracy and efficiency of posterior estimation in
BNNs. (Wrede et al., 2021) proposed a strong, cohesive approach that used BNNs to learn
summary statistics and directly estimate the posterior density. This approach was more ef-
ficient and strong in large prior spaces. (Ghalebikesabi et al., 2022) extended this work by
introducing a Bayesian nonparametric model with an auto-regressive likelihood decomposi-
tion and Gaussian process prior, which improved the modeling capacity of existing recursive
Bayesian density estimators. (Jantre et al., 2020) further enhanced the Bayesian approach by
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introducing a method for quantile regression using a BNN, which was consistent under an
incorrectly specified model. These studies collectively demonstrate the potential of BNNs in
improving the accuracy and efficiency of posterior density estimation.

1.3 Statement of the Problem

Despite the work done by other researchers regarding the theoretical foundations and practi-
cal applications of MCMC and VI, there is a lack of detailed comparative studies evaluating
their performance in BNNs. Several key aspects remain underexplored, such as posterior
estimation accuracy, computational efficiency, scalability to large datasets, quality of un-
certainty quantification, and ease of implementation. Addressing these gaps is essential for
guiding researchers and practitioners in selecting the most appropriate inference method for
their applications.

1.4 Research Gap and Motivation

While MCMC and VI have been widely applied in BNN-based classification tasks in (Blun-
dell et al., 2015; Mullachery et al., 2018; Shridhar et al., 2018), their effectiveness in regression-
based posterior density estimation remains underexplored. Existing works have primar-
ily evaluated uncertainty quantification in categorical decision-making but lack systematic
comparisons of computational efficiency, scalability, and uncertainty quantification across
different inference techniques in practical regression tasks. This study seeks to fill this gap
by systematically evaluating MCMC and VI in BNN regression, offering insights into their
comparison for real-world applications.

1.5 Research Questions

This study seeks to explore the following research questions:

• How do MCMC and VI compare in estimating the posterior distribution accuracy of
BNNs when the factors that influence their performance are taken into account?

• Which of MCMC or VI demonstrates greater computational efficiency in high-dimensional
neural network models, considering how efficiency varies with model complexity?

• How does the scalability of MCMC compare to that of VI across 50%, 75%, and 100%
of the original dataset while reflecting key performance comparisons?

• What are the fundamental differences in uncertainty quantification between MCMC-
based and VI-based BNNs in terms of their impact on model reliability?

• How do practical implementation challenges and ease of use of MCMC and VI, such
as parameter tuning, convergence diagnostics, and similar considerations, affect their
real-world applicability?
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1.6 Aim and Objectives

This study aims to compare MCMC and VI methods for estimating the posterior density of
BNN weights by evaluating these methods across multiple dimensions, including accuracy,
computational efficiency, scalability, and uncertainty quantification. It also seeks to provide
guidelines for selecting the most suitable BI technique in regression-based neural network
applications.

The objectives of this study are to:

• Compare the performance of MCMC and VI in estimating the posterior distribution of
BNN weights.

• Evaluate the accuracy of posterior estimations generated by MCMC and VI.

• Evaluate the computational efficiency and scalability of both methods.

• Analyse the quality of uncertainty quantification achieved by each method.

• Compare the two methods regarding practical implementation and ease of use.

1.7 Limitations and Assumptions

MCMC is not a foolproof solution for Bayesian inference. It has some challenges and limi-
tations that should be addressed. MCMC can be slow and inefficient, taking a long time and
many samples to reach convergence and obtain accurate estimates (Gelman et al., 2013). It
can also be tricky and deceptive, producing misleading results if the correct algorithm, pa-
rameters, or samples are not chosen. Furthermore, MCMC can be complex and confusing,
involving many technical details that are not familiar to practitioners (Brooks et al., 2011). A
drawback of VI is the computational challenge in obtaining the optimal approximation to the
actual posterior density (Xu, 2020). VI aims to minimize the gap between the actual and ap-
proximation posteriors within a given family, which can be non-convex and computationally
demanding (Posch et al., 2019). While recent approaches have aimed to improve accuracy,
they may require iterative gradient updates, making them computationally intensive (Kim
and Pavlovic, 2020).

1.8 Contributions of the Study

This study contributes to the field of BNNs by providing a comparative analysis of MCMC
and VI for posterior estimation. It evaluates their accuracy, computational efficiency, scala-
bility, and uncertainty quantification performance, highlighting the trade-offs between these
methods. The findings show that while MCMC delivers more precise posterior estimates,
it is computationally expensive, whereas VI offers faster and more scalable inference but
introduces approximation bias. Additionally, the study provides practical insights into both
methods’ implementation challenges and real-world applicability, guiding researchers and
practitioners in selecting appropriate inference techniques based on model complexity and
dataset size. It also identifies opportunities for hybrid approaches that combine MCMC’s
accuracy with VI’s efficiency, paving the way for future advancements in Bayesian deep
learning.
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1.9 Overview of the Report

This study is organized as follows. Chapter 2 provides key theoretical foundations. It high-
lights the strengths and limitations of each approach, setting the stage for the comparative
analysis conducted in this research. Chapter 3 details the research methodology, including
data preprocessing, model implementation, and inference techniques. This chapter system-
atically explains how MCMC and VI are applied to the problem and the evaluation metrics
used to assess their performance.

Chapter 4 presents the results, offering an in-depth analysis and interpretation. The discus-
sion emphasises the comparison between MCMC and VI regarding accuracy, computational
efficiency, scalability, and uncertainty quantification, providing insights into their practical
applications. It also discusses the findings concerning the literature. Chapter 5 summarizes
the key findings of this study and examines their implications. It also outlines potential di-
rections for future research, emphasizing areas where further exploration could enhance the
understanding and application of BI in Machine Learning (ML). Finally, Chapter 6 provides
the Python code used for the study.



Chapter 2

Theoretical Review

In this chapter, we present the theoretical foundation by exploring the origins of key concepts
and models. We discuss the core principles underlying each approach, their integration with
other methodologies, and their mathematical formulations.

2.1 Monte Carlo Sampling

Monte Carlo Sampling (MCS) is a computational technique that uses random sampling to
approximate numerical results. It is particularly effective for solving deterministic problems
but too complex for analytical solutions (Metropolis and Ulam, 1949). The method involves
generating random numbers, evaluating the fraction that satisfies a given property, and es-
timating numerical solutions to complex problems (Robert and Casella, 2004). The origins
of Monte Carlo methods trace back to the 1930s when physicist Enrico Fermi used early
versions of the technique to study neutron diffusion. However, it was formally developed by
Stanislaw Ulam and John von Neumann at Los Alamos National Laboratory during the Man-
hattan Project in the 1940s (Metropolis and Ulam, 1949). Ulam conceptualized the approach
while attempting to predict neutron behavior in nuclear reactions, leading to the structured
development of Monte Carlo techniques as a computational tool (Kalos and Whitlock, 2008).

2.1.1 Mathematical Formulation

MCS estimates the expected value of a function g(x) over a domain D, which is represented
by the integral:

I =

∫
D

g(x) dx, (2.1)

where I is the true value of the integral, g(x) is the function being integrated and D is the
domain over which the integration occurs.

To approximate this integral using Monte Carlo methods, the following steps are applied:

1. Random Sampling: Generate N random samples x1, x2, ..., xN uniformly distributed
over the domain D.

2. Function Evaluation: Compute the function values g(x1), g(x2), ..., g(xN).
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3. Averaging: Estimate the integral using the sample mean:

Î =
1

N

N∑
i=1

g(xi), (2.2)

where Î is the Monte Carlo estimate of the integral, N is the number of random samples and
xi are randomly drawn sample points from a uniform distribution over D.

According to the Law of Large Numbers, as N increases, Î converges to the true value of
the integral I , with an approximation error that scales as 1√

N
(Robert and Casella, 2004).

2.1.2 Applications of Monte Carlo Sampling

Monte Carlo methods are widely used across various fields because they can model uncer-
tainty and approximate solutions to complex probabilistic problems. They have widespread
applications across various domains.

In physics, these methods are employed in statistical mechanics and quantum field theory
to simulate particle interactions and diffusion processes (Landau and Binder, 2014). In fi-
nance, they are instrumental in option pricing, risk assessment and portfolio management
by modeling stochastic processes in financial markets (Glasserman, 2004). The field of
engineering benefits from Monte Carlo methods through structural reliability analysis and
optimization problems, enabling system performance assessment under uncertainty (Hur-
tado, 2004). These methods are used in mathematics for numerical integration, especially
in high-dimensional problems where traditional quadrature methods prove inefficient (Kalos
and Whitlock, 2008). Lastly, in computer graphics, Monte Carlo techniques are essential for
rendering realistic images through ray tracing and global illumination by accurately simulat-
ing light transport (Pharr et al., 2016).

MCS has become a fundamental computational tool in numerous scientific and engineer-
ing disciplines. Leveraging statistical randomness provides practical solutions for otherwise
difficult problems using deterministic methods. Since its formalization by Ulam and von
Neumann in the 1940s (Metropolis and Ulam, 1949), Monte Carlo methods have played a
critical role in advancements across physics, finance, engineering, and artificial intelligence
(Robert and Casella, 2004).

2.2 Markov Chain Methods

A Markov chain is a stochastic process that moves between states within a finite or countable
set of possibilities. Its key feature is the Markov property, which asserts that the probabil-
ity of transitioning to a future state depends only on the current state, not on the sequence
of past states (Markov, 1906). This lack of memory makes Markov chains particularly ef-
fective for modeling various random processes. Andrey Andreyevich Markov, a Russian
mathematician, introduced the concept of Markov chains in the early 20th century. In his
1906 paper, Markov extended the law of large numbers to sequences of dependent variables,
laying the foundation for what would later be known as Markov chains (Markov, 1906). He
applied the Markov chain theory to studying letter sequences in Alexander Pushkin’s poem
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"Eugene Onegin," demonstrating the practical applicability of his mathematical concepts
(Hayes, 2005).

2.2.1 Mathematical Formulation

A Markov chain is defined by a set of states S = {s1, s2, ..., sn} and a transition probability
matrix P , where each element Pij represents the probability of transitioning from state si to
state sj:

Pij = P (Xt+1 = j|Xt = i), (2.3)

where Pij is the probability of transitioning from state i to state j and Xt represents the sys-
tem’s state at time t.

The transition probabilities must satisfy the following conditions:

1. Pij ≥ 0 (probabilities must be positive).

2.
∑

j Pij = 1 (each row in P sums to 1).

The state vector π(t) at time t represents the probability distribution over states at that time.
The equation governs the evolution of the state vector:

π(t+1) = π(t)P. (2.4)

A stationary distribution π is a vector that remains unchanged under the transition matrix P :

π = πP. (2.5)

2.2.2 Classification of Markov Chains

A Markov chain is characterized by several important properties influencing its dynamics
and suitability for various applications. An irreducible Markov chain is one where every
state can be reached from any other state, indicating strong connectivity within the system.
If the chain is aperiodic, it lacks regular cycles, meaning it does not return to specific states
at fixed intervals. When a Markov chain exhibits irreducibility and aperiodicity, it is called
ergodic, implying that it will converge to a unique stationary distribution over time.

2.2.3 Applications of Markov Chain Methods

Markov chains have extensive applications across various fields. In queuing theory, they
are used to model customer service systems, allowing for the prediction of wait times and
optimization of service efficiency. Markov chains help analyze market trends and consumer
behavior in economics and finance, contributing to economic models and financial fore-
casts. In genetics, they are applied to study gene sequences and evolutionary processes. In
computer science, Markov chains are implemented in machine learning algorithms, natural
language processing, and the Page-Rank algorithm used by search engines. Additionally, in
physics and chemistry, Markov chains are employed to model particle systems and chemical
reactions, providing insights into dynamic behaviors at the molecular level.
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Markov chain methods provide a strong structure for modeling systems where the future state
depends only on the current state. Since their inception by Andrey Markov, these methods
have found widespread application in diverse fields, offering insights into complex stochastic
processes.

2.3 Markov Chain Monte Carlo Method

Markov Chain Monte Carlo (MCMC) methods are a family of algorithms designed to ap-
proximate probability distributions by generating a Markov chain with the desired target
distribution as its stationary distribution (Metropolis et al., 1953). These techniques are es-
pecially valuable for drawing samples from complex, high-dimensional distributions where
direct sampling is challenging or impractical. The MCMC method was first introduced by
Nicholas Metropolis and his colleagues in 1953 while working on statistical mechanics prob-
lems (Metropolis et al., 1953). Later, Hastings extended the technique in 1970 to create
the more general MH algorithm (Hastings, 1970). The GS algorithm, another widely used
MCMC method, was introduced by Geman and Geman in 1984 in image processing (Geman
and Geman, 1984).

2.3.1 Mathematical Formulation

The objective of MCMC is to generate samples X1, X2, . . . , XN from a probability distribu-
tion P (X) where direct sampling is complex. Instead of sampling independently, MCMC
constructs a Markov chain that converges to the target distribution.

2.3.2 Transition Probability and Stationary Distribution

A Markov chain is defined by its transition probability P (X ′|X), which determines the prob-
ability of moving from state X to X ′. The stationary distribution π(X) satisfies:

π(X ′) =
∑
X

π(X)P (X ′|X), (2.6)

where π(X) is the stationary distribution and P (X ′|X) is the transition probability from
state X to X ′.

For the Markov chain to converge to π(X), it must satisfy the detailed balance condition:

π(X)P (X ′|X) = π(X ′)P (X|X ′), (2.7)

which ensures that the probability of moving between states remains consistent over time.

2.3.3 Gibbs Sampling

GS is a special case of MCMC where each variable is sampled from its conditional distri-
bution while keeping other variables fixed (Geman and Geman, 1984). Given a multivariate
distribution P (X1, X2, ..., Xn), GS updates each variable iteratively:

X
(t+1)
i ∼ P (Xi|X(t)

1 , ..., X
(t)
i−1, X

(t)
i+1, ..., X

(t)
n ), (2.8)
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where X
(t+1)
i is the new value for the i-th variable and P (Xi|X−i) is the conditional proba-

bility of Xi, given all other variables X−i.

2.3.4 Applications of MCMC Methods

MCMC methods have extensive applications across various fields. In Bayesian inference,
MCMC is employed to approximate posterior distributions, facilitating the estimation of
complex models where direct sampling is challenging (Chib and Greenberg, 1995). Within
computational physics, MCMC is used in simulations for molecular dynamics and statistical
mechanics, enabling the exploration of system configurations and thermodynamic properties
(Berg, 2004). In financial modeling, MCMC methods estimate risk and optimize portfo-
lio management by modeling the uncertainty and dynamics of economic systems (Chib and
Greenberg, 1996). In genetics, MCMC is used in phylogenetics and gene sequence analy-
sis to reconstruct evolutionary histories and assess genetic variation (Yang, 2014). MCMC
methods provide a powerful approach to sampling from complex probability distributions.
By leveraging the properties of Markov chains, these methods enable efficient approximation
of distributions where direct sampling is infeasible.

2.3.5 Metropolis-Hastings Algorithm

In this study, we implement the Random Walk Metropolis (RWM) Algorithm, which is a
special case of the Metropolis–Hastings method. The RWM uses a symmetric proposal dis-
tribution, so the acceptance probability simplifies to the ratio of the target densities at the
proposed and current states. This variant is applied here to generate posterior samples for
the Bayesian Neural Network models.

The MH algorithm represents one of the most important and widely adopted approaches in
MCMC. Given a target distribution π(X), the algorithm generates samples using a proposal
distribution Q(X ′|X) and an acceptance probability α given by (Metropolis et al., 1953;
Metropolis and Ulam, 1949):

Algorithm 1 Metropolis-Hastings Algorithm
Require: Target distribution π(X), proposal distribution Q(X ′|X)

Ensure: Samples {Xt}Tt=1 approximately distributed according to π(X)

Initialize X0

for t = 1 to T do

Sample candidate state X ′ ∼ Q(X ′|Xt)

Compute acceptance probability:

α = min

(
1,

π(X ′)Q(X|X ′)

π(X)Q(X ′|X)

)
if Uniform(0,1) ≤ α then

Accept X ′ ▷ Move to the candidate state

Xt+1 ← X ′

else

Reject X ′ ▷ Stay in the current state

Xt+1 ← Xt

end if

end for
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2.4 Variational Inference Methods

VI is a method used in Bayesian statistics and ML to approximate complex probability dis-
tributions (Ganguly and Earp, 2021).

2.4.1 Mathematical Formulation

Given a dataset X and a set of latent variables Z, the goal of VI is to approximate the
posterior distribution:

p(Z|X) =
p(X,Z)

p(X)
, (2.9)

where p(Z|X) is the true posterior distribution, p(X,Z) is the joint distribution of the ob-
served data and latent variables and p(X) =

∫
p(X,Z)dZ is the marginal likelihood, which

is often intractable.

Since computing p(Z|X) directly is complex, VI introduces an approximate posterior q(Z;λ),
parameterized by λ and seeks to make it as close as possible to the true posterior.

2.4.2 Kullback-Leibler (KL) Divergence

The closeness between the approximate posterior q(Z;λ) and the true posterior p(Z|X) is
measured using the Kullback-Leibler (KL) divergence:

DKL(q(Z;λ)∥p(Z|X)) =

∫
q(Z;λ) log

q(Z;λ)

p(Z|X)
dZ, (2.10)

where DKL(q∥p) measures the divergence between distributions q & p, q(Z;λ) is the varia-
tional approximation of the true posterior and p(Z|X) is the true posterior distribution.

Since p(X) is unknown, direct minimization of DKL is not feasible. Instead, we maximize
the Evidence Lower Bound (ELBO), which provides a tractable alternative (Ni et al., 2024).

2.4.3 Evidence Lower Bound (ELBO)

The ELBO is derived as follows:

log p(X) = DKL(q(Z;λ)∥p(Z|X)) + L(λ), (2.11)

where the ELBO is given by:

L(λ) = Eq(Z;λ)[log p(X,Z)]− Eq(Z;λ)[log q(Z;λ)]. (2.12)

Since DKL is always positive, maximizing L(λ) minimizes the KL divergence, making
q(Z;λ) a better approximation of the true posterior (Ni et al., 2024).
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2.4.4 Applications of Variational Inference

VI is widely applied across various domains because it can efficiently approximate complex
posterior distributions. One notable application is latent variable models, which play a sig-
nificant role in probabilistic modeling. For example, LDA leverages VI to estimate topic
distributions within large text corpora, enabling efficient topic modeling in natural language
processing. Another critical application is Variational Autoencoders (VAEs), where VI en-
ables efficient training by approximating intractable posterior distributions of latent variables
(Kingma and Welling, 2013). Furthermore, BNNs benefit from VI as it provides a scalable
method for approximating posterior distributions over neural network weights, thereby en-
abling strong uncertainty quantification in deep learning models.

2.4.5 Advantages and Limitations

VI offers several advantages over traditional methods like MCMC. One key benefit is its
scalability, as VI often converges faster and is more suitable for handling large datasets. Ad-
ditionally, as an optimization-based approach, VI’s deterministic nature provides determin-
istic approximations, eliminating the randomness inherent in sampling methods. However,
VI also comes with certain limitations. The approximation quality heavily depends on the
choice of the variational family, which can sometimes restrict the ability to capture com-
plex posterior distributions. Moreover, the optimization process in VI may introduce bias,
potentially leading to underestimating uncertainty.

2.5 Bayesian Neural Networks

BNNs are a class of artificial neural networks that incorporate BI principles to model un-
certainty in predictions. BNNs incorporate BI into traditional neural networks, allowing for
the quantification of uncertainty in forecasts. This approach enhances model robustness and
interpretability, addressing challenges such as overfitting and overconfidence in predictions
(Arbel et al., 2023).

2.5.1 Mathematical Formulation

In a standard neural network, the goal is to find the optimal weights w that minimize a loss
function L(w). BNNs, however, treat the weights as random variables and seek to determine
their posterior distribution given the observed data D. According to Bayes’ theorem:

p(w|D) =
p(D|w) p(w)

p(D)
, (2.13)

where p(w|D) is the posterior distribution of the weights given the data, p(D|w) is the like-
lihood of the observed data given the weights, p(w) is the prior distribution over the weights
and p(D) is the marginal likelihood, serving as a normalization constant.

Direct computation of p(w|D) is often difficult due to the high dimensionality of w. Ap-
proximate inference techniques such as VI or MCMC estimate this posterior distribution
(Magris and Iosifidis, 2022).
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2.5.2 Applications of Bayesian Neural Networks

BNNs have found successful applications across various fields due to their ability to model
uncertainty effectively. In healthcare, BNNs are employed for predictive modeling in med-
ical diagnosis, where they quantify uncertainty in treatment outcomes, thereby enhancing
decision-making in clinical settings (Gawlikowski et al., 2021). In autonomous systems,
particularly self-driving cars, BNNs contribute to improved decision-making by providing
uncertainty estimates in object detection and navigation, which are critical for safety and
reliability. Additionally, in financial modeling, BNNs assess risks and enhance decision-
making processes by capturing uncertainty in financial predictions, making them valuable
tools in dynamic and volatile economic environments.

2.5.3 Advantages and Challenges

BNNs offer notable advantages in ML applications. One key benefit is their ability to quan-
tify uncertainty, enabling probabilistic predictions that allow for better evaluation of model
confidence. Additionally, BNNs incorporate prior distributions, which act as a form of reg-
ularization and help reduce the risk of overfitting, especially in complex models. However,
BNNs also face specific challenges. One major limitation is their computational complexity,
as approximate inference methods used in BNNs can be computationally intensive. Further-
more, scalability remains a challenge, as applying BNNs to large-scale problems is often
blocked by the complexity of performing accurate inference.

2.6 Evaluation Metrics

Evaluation metrics are important for measuring the effectiveness of predictive models. They
offer quantitative insights into how accurately a model captures the true underlying values. In
this section, we focus on two main categories of evaluation metrics: Predictive Performance
Metrics and Uncertainty Quantification.

2.6.1 Predictive Performance Metrics

Predictive performance metrics measure the accuracy of a model’s predictions compared to
actual values. Common metrics include the Mean Squared Error (MSE), Root Mean Squared
Error (RMSE), Mean Absolute Error (MAE), and R-Squared (R2). For all the metrics, M
is the total number of observations, i is the index representing each individual data point,
where i = 1, 2, . . . ,M , x̂i is the predicted value for the i-th observation and xi is the actual
(true) value for the i-th observation.

2.6.2 Mean Squared Error (MSE)

MSE measures the average squared difference between predicted and actual values, giving
higher weight to more significant errors (Pedregosa et al., 2011). A lower MSE indicates
that the model’s predictions are closer to actual values.

MSE =
1

M

M∑
i=1

(x̂i − xi)
2. (2.14)
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2.6.3 Root Mean Squared Error (RMSE)

RMSE is the square root of MSE, making it more interpretable as expressed in the same unit
as the target variable (Pedregosa et al., 2011). A lower RMSE indicates better predictions.

RMSE =

√√√√ 1

M

M∑
i=1

(x̂i − xi)2. (2.15)

2.6.4 Mean Absolute Error (MAE)

MAE measures the average absolute difference between predicted and actual values (Pe-
dregosa et al., 2011). A smaller MAE indicates better model accuracy.

MAE =
1

M

M∑
i=1

|x̂i − xi|. (2.16)

2.6.5 R-Squared (R2)

R2 measures how well the model explains the variance in the actual values (Pedregosa et al.,
2011). It ranges from 0 to 1, where a value closer to 1 indicates that the model explains most
of the variance, while a value near 0 suggests poor predictive ability. Negative values mean
the model performs worse than a simple mean prediction (Pedregosa et al., 2011).

R2 = 1−
1
M

∑M
i=1(x̂i − xi)

2

1
M

∑M
i=1(xi − x̄)2

. (2.17)

2.6.6 Uncertainty Quantification

Uncertainty quantification is essential in probabilistic modeling and Bayesian inference, as
it provides insights into the reliability of model predictions. One key metric for uncertainty
estimation is the Prediction Interval Coverage Probability (PICP).

2.6.7 Prediction Interval Coverage Probability (PICP)

PICP measures the proportion of actual values within the model’s predicted confidence in-
tervals. It evaluates how well the model’s uncertainty estimation captures the actual obser-
vations (Pedregosa et al., 2011).

PICP =
1

M

M∑
i=1

1{xi ∈ [xL
i − xU

i ]}. (2.18)

For PICP calculation, we used the Z-score for a 95% confidence interval:

z = Φ−1
(
0.5 +

α

2

)
, (2.19)

where Φ−1 is the inverse cumulative distribution function of the standard normal distribution.
The confidence interval was determined as follows:

xL
i = x̂i − z · σi, xU

i = x̂i + z · σi, (2.20)

where σi represents the standard deviation of the predictions.
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2.7 Statistical Analysis

Statistical analysis is important in identifying differences between groups, especially in
hypothesis-driven studies. The T-test is one of the most commonly used techniques for com-
paring the means of two groups. It assesses whether the observed differences are statistically
significant or simply the result of random variation (Bevans, 2023). There are three primary
types of T-tests: the One-Sample T-Test, the Independent T-Test, and the Paired T-Test, each
tailored to specific research contexts (Bevans, 2023).

2.7.1 One-Sample T-Test

The One-Sample T-test is used to check if the mean of a single sample significantly differs
from a known population mean. This T-test is calculated as follows:

t =
X̄ − µ

s/
√
n
, (2.21)

where X̄ is the sample mean, µ is the population mean, s is the sample standard deviation
and n is the sample size.

2.7.2 Independent T-Test

The Independent T-test compares the means of two independent groups to determine whether
their differences are statistically significant. This T-test is given by:

t =
X̄1 − X̄2√

s21
n1

+
s22
n2

, (2.22)

where X̄1, X̄2 is the sample means of both groups, s21, s
2
2 is the variances of both samples and

n1, n2 is the sample sizes of both groups.

2.7.3 Paired T-Test

The Paired T-test is applied when comparing two related groups, where measurements are
found from the same objects under distinct conditions. This T-test is calculated as:

t =
d̄

sd/
√
n
, (2.23)

where d̄ is the mean difference between paired observations, sd is the standard deviation of
differences and n is the number of paired observations.

2.7.4 Results of a T-Test

It is essential to include the T-value, p-value, and degrees of freedom when presenting T-test
results. These values provide insight into whether the difference between the two groups is
statistically significant (Bevans, 2023). The decision to reject or retain the null hypothesis
depends on the p-value, following these criteria:

• If p < 0.05: The group variation is considered statistically significant, and the null
hypothesis is rejected.
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• If p > 0.05: The variation is not statistically significant, indicating that the null hy-
pothesis cannot be rejected.

In summary, a p-value below 0.05 provides evidence to reject the null hypothesis and con-
clude that the group differences are statistically significant, whereas a p-value above 0.05
indicates insufficient evidence to reject the null hypothesis.



Chapter 3

Methodology

This chapter presents the research approach used in this study, outlining the steps taken to
process the data, implement the models, and evaluate their performance. We provide a struc-
tured approach to the experimental design and analysis for the two BI methods.

We describe the dataset in Section 3.1, detailing its attributes, sources, and relevance to the
study. Section 3.2 covers data preprocessing techniques, including missing data handling,
handling outliers, data transformation, and Exploratory Data Analysis (EDA). Implementing
the BNNs using both MCMC and VI is discussed in Section 3.3, where we outline the model
architecture, training procedures, model description, and posterior estimation techniques.
We use evaluation metrics in Section 3.4 to assess model performance, which includes both
predictive accuracy metrics and uncertainty quantification measures. Section 3.5 presents
the comparative analysis between the two models, focusing on scalability, computational
efficiency, memory usage, convergence behavior, and practical implementation. The scala-
bility experiments were conducted by varying dataset sizes (50%,75% and 100%) to observe
how each model adapts to increasing data. Finally, Section 3.6 details the use of Artifi-
cial Intelligence (AI) tools in this study, outlining their specific contributions and ensuring
transparency in their application.

3.1 Data Description

The California Housing Prices Dataset is popular in ML, and Statistics is mostly used for
regression tasks. It contains information about housing prices in California from the 1990
census. The dataset has eight types of metrics and 20,640 districts. The target variable, Med-
HouseVal (median house value), is predicted based on income, house age, average rooms,
population, and location coordinates. The dataset was provided by sklearn.datasets (Califor-
niaHousing, 2024).

The dataset was chosen for this study because of its relevance to real-world regression tasks
and usefulness for evaluating ML BI methods. This dataset presents several challenges rele-
vant to BI, including continuous-valued features with varying scales and potential non-linear
relationships. It is ideal for assessing the accuracy and uncertainty quantification capabilities
of both MCMC and VI methods. It provides a rich testing ground for posterior estimation
techniques. While more complex datasets such as CIFAR-10 could provide additional in-
sights, the structured numerical nature of the California Housing Prices Dataset allows for a
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clear and controlled comparison of MCMC and VI. Moreover, this dataset allows for scal-
ability experiments by varying the dataset size, directly evaluating how dataset complexity
affects each method’s computational efficiency and convergence.

The California Housing Prices dataset contains these variables:

Metric Description
Median Income The central income level for the block group.
House Age The median age of homes in the block group.
Average Rooms The typical number of rooms per household.
Average Bedrooms The average number of bedrooms in each

household.
Population The total number of individuals living in the

block group.
Average Occupants The average number of residents per household.
Latitude The latitude coordinate of the block group.
Longitude The longitude coordinate of the block group.
Median House Value The median house value for the households.

3.2 Data Preprocessing

This section outlines the data preprocessing steps to prepare the dataset for modeling. Data
preprocessing ensures stable posterior estimation by preventing numerical lack of stability
and optimizing model convergence. The process included checking for missing values, re-
moving outliers using the Z-score method (Shukla, 2024) and standardizing features using
Z-score transformation to ensure numerical stability (Scikit-Learn, 2024). Standardization
aids in maintaining balanced weight distributions, which is essential for both MCMC and
VI. Additionally, EDA was performed to examine feature distributions, detect skewness, and
analyze correlations between variables. A correlation matrix was also analyzed to identify
relationships between features and guide the selection of relevant predictors.

3.2.1 Data Overview and Data Transformation

This section provides an overview of the dataset and describes the preprocessing steps to
ensure data quality and consistency. We examine the dataset’s structure, check for missing
values, and identify potential outliers that may impact model performance.

3.2.1.1 Data Overview

The dataset indicates that all columns contain continuous numerical data of type float64, with
feature values varying wildly across observations. Since all columns are of type float64, the
dataset comprises continuous numerical features, making it compatible with most statistical
and ML models without requiring additional conversion or encoding.

3.2.1.2 Handling Missing Data

We checked the dataset for missing values using isnull function (Pandas, 2024), which re-
vealed that all nine columns are complete, with no missing data. This eliminated the need
for imputation or cleaning to handle missing values.
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3.2.1.3 Handling Outliers

After removing outliers, the dataset was successfully cleaned using the Z-score method
(Shukla, 2024). The final dataset contains 19,794 observations. The extreme outliers in
features have been reduced, while the dataset retains meaningful variations necessary for
modeling.

3.2.1.4 Data Transformation

We then normalized the numerical features using Z-score transformation from the Stan-
dardScaler function to standardize the dataset to zero mean and unit variance (Scikit-Learn,
2024). This step ensured features with larger magnitudes did not dominate the model while
improving numerical stability, convergence efficiency, and overall model performance.

Normalization was performed using the Z-score transformation, which is given by this for-
mula (Scikit-Learn, 2024):

Xscaled =
X − µ

σ
, (3.1)

where X is the original feature value, µ is the mean of the feature and σ is the standard
deviation of the feature.

3.2.2 Exploratory Data Analysis

This section analyzes the dataset to understand its structure, distribution, and relationships
between features.

3.2.2.1 Descriptive Statistics

We present the summary statistics for each feature in the dataset in Table 3.1. The summary
includes the mean, median, standard deviation, interquartile range, and minimum and maxi-
mum values.

The cleaned and standardized dataset now contains 19,794 observations, confirming that out-
liers have been removed. Each feature has a mean close to 0 and a standard deviation near
1, indicating that the dataset has been properly standardized for modeling. The minimum
and maximum values show that extreme values have been effectively handled, particularly
in variables such as Average Rooms (-3.58 to 5.87) and Average Bedrooms (-5.44 to 10.71),
ensuring that no unrealistic values mislead the analysis.

Despite standardization, the dataset retains its geographical diversity, with latitude ranging
from (-1.44 to 2.96) and longitude from (-2.38 to 2.51), preserving the spatial characteristics
of housing in California. Additionally, the interquartile range (25% to 75%) shows that
most observations are now concentrated within a controlled range, reducing unstableness
and improving model stability. The cleaned dataset is now balanced and ready for BNN
modeling, allowing for inference using MCMC and VI.
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Table 3.1: Overview of Key Variables in the Cleaned California Housing Dataset

MedInc HouseAge AveRooms AveBedrms Population AveOccup Latitude Longitude

Count 19794 19794 19794 19794 19794 19794 19794 19794

Mean -0.0037 0.0032 -0.0020 0.0040 -0.0016 0.0001 0.0060 -0.0051

Std Dev 0.9985 1.0014 0.9957 1.0023 0.9971 1.0357 1.0025 1.0011

Min -2.0154 -2.2469 -3.5860 -5.4433 -1.6493 -2.5537 -1.4463 -2.3867

25% -0.7430 -0.7989 -0.6753 -0.4664 -0.6802 -0.5908 -0.7943 -1.1127

50% -0.1484 0.0055 -0.0492 -0.1499 -0.2257 -0.1342 -0.6395 0.5360

75% 0.5743 0.6490 0.5908 0.2211 0.4302 0.4135 0.9835 0.7758

Max 3.6204 1.8557 5.8695 10.7088 4.2663 36.3208 2.9677 2.5095

3.2.2.2 Distribution of Target Variable

We found the distribution to be right-skewed, indicating that most houses have relatively
lower median values, with a steady decline in frequency as the price increases. The peak that
occurred around 1.5 to 2.5 (in $100,000s), suggested that most houses are in that price range.
Additionally, a significant spike at the upper limit of 5.0 suggested a possible capping effect,
meaning that house values above this threshold may have been limited within the dataset.
A density curve confirmed that the distribution does not follow a perfectly normal pattern,
emphasizing the importance of using Bayesian methods to account for the uncertainty and
non-linearity in housing price predictions.

Figure 3.1 shows the distribution, which displays several key characteristics of the data, as
detailed below:

Figure 3.1: Distribution of Median House Prices Across the Dataset
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3.2.2.3 Feature Distributions and Skewness

The feature distributions of the dataset revealed important characteristics of the data. Me-
dian Income (MedInc) and Average Rooms (AveRooms) showed right-skewed distributions,
which suggested that most households had lower income levels and room counts, while fewer
observations existed at the higher end of these features. House Age (HouseAge) displayed a
relatively uniform spread with multiple peaks, possibly reflecting construction booms during
certain time periods.

Average Bedrooms (AveBedrms) showed a strong peak near the lower values, indicating that
most houses had a small number of bedrooms. In contrast, Population showed a long right
tail, implying that some areas had larger populations. The Average Occupancy (AveOccup)
feature was highly skewed, with most values concentrated at lower ranges but with a few
extreme cases where the occupancy per household was abnormally high.

The Latitude and Longitude distributions highlighted distinct clusters, indicating geographi-
cal variations across different regions of California. These clusters likely represented urban,
suburban, and rural areas, influencing housing prices. These features’ observed skewness and
spread emphasized the need for scaling and potential feature transformations in predictive
modeling. Understanding these distributions was essential for handling outliers effectively.

Figure 3.2 illustrates the histograms of all key features, highlighting unique characteristics
that may influence the modeling efforts.

Figure 3.2: Feature Distributions for the California Housing Dataset
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3.2.2.4 Correlation Matrix

Figure 3.3 provides insights into the linear relationships between each feature and the tar-
get variable. This analysis informs feature selection and potential transformations in the
modeling process.

Figure 3.3: Correlation Map of Dataset Features

The correlation matrix provided insights into the relationships between different features in
the dataset. Median Income (MedInc) showed a strong positive correlation (0.63) with Aver-
age Rooms (AveRooms), indicating that higher-income neighborhoods tended to have larger
homes. Average Rooms (AveRooms) and Average Bedrooms (AveBedrms) (0.32) also had
a moderate correlation, which suggested that homes with more rooms generally had more
bedrooms, though the relationship was not perfectly linear.

House Age (HouseAge) showed a weak negative correlation (-0.29) with Population, im-
plying that older housing areas tended to have smaller populations, possibly due to more
established neighborhoods with limited expansion. Latitude and Longitude showed a strong
negative correlation (-0.93), reflecting California’s geographical orientation, where higher
latitudes (northward) corresponded with decreasing longitude values. Other relationships,
such as the weak correlation between Population and Median Income (0.01), suggested that
population size alone did not strongly influence income levels, emphasizing that housing
prices and economic conditions varied across different regions independently of population
density.
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3.3 Model Setup and Implementation

This section outlines the implementation process for developing BNNs using MCMC and VI.
We first describe the data preparation and splitting strategy, ensuring that the dataset is struc-
tured for practical model training and evaluation. The architecture of both Bayesian models
is then introduced, highlighting how MCMC estimates posterior distributions through sam-
pling (Chib and Greenberg, 1995; Neal, 2012) while VI approximates them using optimiza-
tion techniques (Blei et al., 2017). Finally, we detail the posterior density estimation process,
demonstrating how each method captures uncertainty in predictions. This setup allows for a
detailed comparison of the two approaches regarding accuracy, efficiency, and scalability.

3.3.1 Data Splitting

With the data cleaned and preprocessed, the final dataset comprised 19,794 observations and
8 features, with the target variable median house value (MedHouseVal) represented as a one-
dimensional array of housing prices. The dataset was then split into training 80% and testing
20% sets, resulting in 15,835 training samples and 3,959 test samples. This ensured effective
validation of unseen data to assess generalization and mitigate overfitting. The datasets were
then converted into TensorFlow tensors, enabling the use of TensorFlow Probability (TFP)
for efficient GPU computations and probabilistic modeling (Abadi et al., 2015).

3.3.2 Model Description

We implemented two BNN models using MCMC and VI to estimate posterior distributions
and quantify uncertainty in predictions. The MCMC-based BNN inferred posterior distribu-
tions through Random Walk Metropolis (RWM) sampling (Metropolis et al., 1953; Neal,
2012), offering accurate but computationally expensive inference (Gelman et al., 2013).
Conversely, the VI-based BNN used DenseFlipout layers to approximate the posterior via
KL divergence minimization, providing a faster but less precise alternative (Blei et al., 2017).

The choice of RWM for MCMC sampling was driven by its conceptual simplicity and ease
of application, making it a suitable baseline for comparison with VI (Neal, 2012). Although
Hamiltonian Monte Carlo (HMC) is often more efficient in high-dimensional spaces due
to its gradient-based sampling, it also introduces significant computational complexity and
tuning requirements (Gelman et al., 2013). Given the scope of this study, RWM provided a
straightforward and strong method for posterior sampling, allowing for a precise analysis of
the computational comparison without the additional overhead associated with HMC.

For the VI implementation, DenseFlipout layers were selected due to their compatibility with
TFP and efficient parameterization approach (Dillon et al., 2017; Wen et al., 2018). Dense-
Flipout uses a local reparameterization trick that reduces the variance of gradients during
training, which is important for stable and efficient optimization (Wen et al., 2018). Com-
pared to other parameter-efficient alternatives, DenseFlipout layers offer a balance between
computational efficiency and uncertainty estimation, making them well-suited for BNNs
(Wen et al., 2018). Their ease of integration into existing neural network architectures and
the support provided by TF libraries further justified their selection (Dillon et al., 2017).
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We chose hyperparameters through empirical tuning, ensuring our BNN trained with VI per-
formed well without unnecessary computational overhead. The learning rate was manually
adjusted to keep updates stable and effective throughout training. We set the number of
epochs to 100, striking a balance between giving the model enough time to learn and avoid-
ing excessive training. We fixed the batch size at 32, which is a practical choice that ensures
a good comparison between model performance and efficiency.

3.3.3 Model Architecture

This section outlines the implementation of BNNs using MCMC sampling and VI. Each
approach defines a different strategy for estimating the posterior distribution of network pa-
rameters, allowing us to capture model uncertainty and improve predictive reliability.

3.3.3.1 Bayesian Neural Network Implementation Using MCMC Sampling

The architecture of our BNN consists of an input layer, a hidden layer with five neurons, a
ReLU activation function, and an output layer for regression. We treated these parameters as
random variables with Gaussian priors, starting with a mean of zero and a standard deviation
of one, compared to conventional neural networks that learn point values for weights and
biases. As a result, we were able to account for model parameter uncertainty.

To approximate the posterior distribution of the weights and biases, we employed MCMC
sampling, defining a joint log probability function to model the probabilistic relationships
between the network parameters and outputs. We implemented RWM as our transition ker-
nel (Metropolis et al., 1953; Neal, 2012), initializing the Markov chain with zero-valued
weights and biases. To ensure convergence, we allowed the chain to burn in for 200 steps,
after which we collected 500 posterior samples (Gelman et al., 2013).

Once the sampling process was complete, we computed the posterior mean of the sampled
weights and biases, which provided a Bayesian point estimate of the parameters (Gelman
et al., 2013). Using these inferred values, we made predictions on the test dataset. Our
Bayesian approach included a distribution of predictions, allowing us to quantify the uncer-
tainty associated with each estimate.

3.3.3.2 Bayesian Neural Network Implementation Using VI

We employed VI, which is an alternative to MCMC for posterior estimation. Instead of
sampling, VI optimized an approximate posterior distribution by minimizing the Evidence
Lower Bound (ELBO) (Blei et al., 2017; Kingma and Welling, 2013). Our network architec-
ture consisted of four layers, each utilizing DenseFlipout layers from TFP, which introduced
uncertainty-aware weight distributions (Dillon et al., 2017; Wen et al., 2018). The model
included 128, 64, and 32 neurons in successive hidden layers, all with ReLU activations,
followed by an output layer with a single neuron.

We compiled the model using the Adam optimizer with a reduced learning rate of 0.001,
allowing for finer gradient updates and we used Mean Squared Error (MSE) as the loss
function while tracking Mean Absolute Error (MAE) as a key performance metric. We



3.4 Model Evaluation 27

implemented an early stopping mechanism to prevent overfitting, monitor the validation loss,
and restore the best-performing model weights after ten epochs of no improvement.

3.3.4 Estimation of the Posterior Density

This section describes how we applied the two techniques to estimate the posterior distribu-
tion of BNNs.

3.3.4.1 Posterior Estimation using MCMC

We defined a joint probability distribution over the network parameters by modeling weights
and biases with Gaussian priors and used the RWM algorithm to sample from this posterior
(Metropolis et al., 1953; Neal, 2012). We ran the Markov Chain for 500 iterations, discarding
the first 200 samples as burn-in and collecting posterior samples for the weights and biases.
We then estimated the posterior density by calculating the mean of these samples, providing
a Bayesian point estimate of the parameters (Gelman et al., 2013).

3.3.4.2 Posterior Estimation using VI

We approximated the posterior density by using DenseFlipout layers, which introduced un-
certainty in the network parameters (Wen et al., 2018). We optimized this variational approx-
imation by minimizing the KL divergence between the variational distribution and the true
posterior, effectively learning the posterior through optimization (Blei et al., 2017; Kingma
and Welling, 2013). This allowed us to capture the posterior distribution indirectly by fitting
a parametric distribution to the observed data.

3.4 Model Evaluation

We applied evaluation metrics to assess the predictive performance and uncertainty quantifi-
cation of the MCMC-based BNN and the VI-based BNN. These metrics allowed us to quan-
tify how well each model approximated actual housing values and provided a basis for com-
paring their effectiveness. We evaluated predictive accuracy using MSE as defined in (2.6.2),
RMSE in (2.6.3), MAE in (2.6.4) and R-Squared (R2) in (2.6.5). We calculated MSE and
RMSE to measure the average squared error, with RMSE providing an interpretable scale.
We used MAE to capture the average absolute differences between predictions and actual
values, ensuring robustness against outliers. We also computed R2 to determine how much
variance in the target variable our models explained. Lower MSE, RMSE, and MAE values,
along with higher R2, indicated superior predictive performance.

We applied PICP as defined in (2.6.7) to the VI model to assess uncertainty quantification.
Since the VI model produces predictive distributions, we calculated PICP to measure the pro-
portion of actual values that fell within the model’s 95% confidence intervals. We computed
PICP using the standard deviation of the predictions and a z-score adjustment, ensuring a rig-
orous assessment of how well the model captured predictive uncertainty. Since the MCMC
model did not provide direct interval estimates, we were unable to compute PICP for it.
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The evaluation results were compiled into a comparison table to provide insights into the
strengths and comparison between both Bayesian models. This analysis allowed us to as-
sess the effectiveness of both methods in capturing predictive uncertainty and overall model
performance.

3.5 Comparative Analysis

We systematically compared the efficiency and behavior of the VI and MCMC approaches
and conducted a detailed analysis focusing on computational time, memory usage, conver-
gence behavior, and trace diagnostics.

3.5.1 Scalability

To assess the scalability of the VI-based BNN and the MCMC-based BNN, we conducted
experiments using 50%, 75% and 100% of the original dataset. This allowed us to systemat-
ically evaluate the impact of increasing data volume on computational time, memory usage
and convergence behavior.

3.5.1.1 Computational Time

We measured the training duration for the VI model and the sampling time for the MCMC
model across all dataset subsets to assess the impact of dataset size on scalability. The
execution time for each method was recorded using the time module, providing a quantitative
comparison of how computational cost scaled with data size. This analysis highlighted the
efficiency of VI’s gradient-based optimization compared to the iterative sampling nature of
MCMC, particularly in terms of handling larger datasets.

3.5.1.2 Memory Usage

We monitored peak memory consumption throughout the training and sampling processes to
analyze the resource demands of each approach as dataset size increased. Using the mem-
ory_usage() function, we recorded the memory footprint of both models at different scales,
capturing how resource requirements evolved with increasing data complexity. This com-
parison helped determine whether one method demonstrated superior scalability in terms of
memory efficiency, particularly when handling high-dimensional data.

3.5.1.3 Convergence Behavior

We analyzed the convergence behavior of both models by monitoring multiple indicators to
ensure the reliability of our parameter estimates.

3.5.1.3.1 Training and validation loss curves
For the VI model, using history.history[’loss’] and history.history[’val_loss’] to visualize
how the loss function evolved over epochs. A smoothly decreasing loss curve with mini-
mal validation fluctuations indicated effective learning and generalization, while large gaps
between training and validation loss suggested potential overfitting or poor posterior approx-
imation.
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3.5.1.3.2 Trace plots
For key parameters in the MCMC model, using tfp.mcmc.sample_chain() to assess chain
mixing and parameter stability over iterations. We evaluated whether the Markov chains
properly explored the posterior distribution, whether parameter samples oscillated around a
stable mean, and whether different chains explored similar regions of the parameter space.
Poor chain mixing or drift signaled the need for longer burn-in periods, better initializa-
tions, or improved proposal distributions. These assessments helped ensure that both models
achieved stable and reliable convergence.

3.5.1.4 Scalability for Large Models

We evaluated how each method adapted to increasing dataset size and neural network com-
plexity by comparing their efficiency in processing larger datasets. Our analysis included
measuring the increase in training time and sampling time as the dataset size grew and ana-
lyzing the effect of dataset size on memory consumption. We then assessed the stability of
convergence behavior across different data scales to determine the robustness of each method
under varying computational demands.

3.5.2 Computational Efficiency

We measured the computational efficiency through execution time, memory usage, and con-
vergence rate. All experiments were conducted on a Lenovo IdeaPad Slim 3 15IAH8 laptop,
equipped with a 12th Gen Intel Core i5-12450H processor (2.00 GHz) and 8GB of RAM
(7.70 GB usable). The system runs a 64-bit operating system on an x64-based processor.
No Graphics Processing Unit (GPU) acceleration was used, ensuring a fair comparison of
Central Processing Unit (CPU)-based performance between MCMC and VI methods.

3.5.2.1 Computational Time Analysis

We measured the total computational time for both methods to compare the efficiency of
VI and MCMC. Specifically, we recorded the training time for the VI-based BNN and the
sampling time for the MCMC-based BNN using the time module. The execution time was
logged at the start and end of each process to assess the computational demands of each
method.

3.5.2.1.1 VI Training Time
The time taken to optimize the variational posterior was recorded by measuring the duration
of the training phase. The computational time for VI was calculated as:

TimeVI = End TimeVI − Start TimeVI (3.2)

Since VI relies on gradient-based optimization, this measurement reflects the efficiency of
parameter updates and convergence speed within the training framework.
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3.5.2.1.2 MCMC Sampling Time
The time required to generate posterior samples using the RWM algorithm was recorded.
The computational time for MCMC sampling was determined as:

TimeMCMC = End TimeMCMC − Start TimeMCMC (3.3)

This measurement captured the total time spent in Markov Chain transitions, burn-in steps,
and posterior sampling iterations.

3.5.2.2 Convergence Behavior for VI

To analyze the convergence of the VI-based BNN, we plotted the training and validation
loss curves over epochs. This visualization helped us determine whether the variational
optimization was stable and whether overfitting occurred. The loss function trends provided
insight into the quality of the variational approximation.

3.5.2.3 Convergence Behavior for MCMC

To assess the convergence of the MCMC-based BNN, we generated trace plots for selected
network parameters. Trace plots provide a visual representation of the sampled values over
iterations, allowing us to diagnose the behavior of the Markov Chain. Specifically, we plotted
the sampled values for key parameters, including the weights in the first hidden layer (θw1),
the bias in the first hidden layer (θb1), the weights in the output layer (θw2) and the bias in
the output layer (θb2). These plots illustrated how parameter values evolved over iterations,
helping to identify potential issues such as poor mixing, convergence problems, or high
autocorrelation within the chain.

3.5.2.4 Memory Usage Analysis

We compared the memory consumption of the MCMC-based BNN and the VI-based BNN
by tracking peak memory usage during model training and sampling.

3.5.2.4.1 VI Model Training
We recorded the peak memory consumption while optimizing the variational posterior to
evaluate the memory footprint during training. This was achieved using the memory_usage()
function, which continuously tracked memory utilization at 0.1-second intervals. By moni-
toring memory allocation in real-time, we assessed VI’s efficiency in terms of resource usage
and computational demands.

3.5.2.4.2 MCMC Sampling
For the MCMC model, we measured memory usage throughout the posterior sampling pro-
cess using the RWM algorithm. We tracked the memory usage during the execution of
tfp.mcmc.sample_chain(), enabling a detailed analysis of the computational overhead intro-
duced by MCMC sampling. This monitoring helped quantify the resource-intensive nature
of MCMC compared to VI, particularly in terms of memory allocation and processing re-
quirements.
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3.5.3 Practical Implementation and Ease of Use

We compared the MCMC-based BNN and VI-based BNN in terms of implementation com-
plexity, library support, and ease of use.

3.5.3.1 Code Complexity

The VI model used the DenseFlipout layers, offering a high-level and user-friendly abstrac-
tion for constructing BNNs. This built-in functionality simplified the implementation pro-
cess, reducing the need for extensive manual coding and making it more accessible for users
familiar with standard deep learning frameworks. The MCMC model required a more de-
tailed setup, requiring the explicit definition of prior distributions and likelihood functions
using JointDistributionCoroutineAutoBatched. This additional complexity increased the ef-
fort required for implementation, as it involved careful formulation of the probabilistic model
and proper handling of dependencies between variables.

3.5.3.2 Library Support

We used TFP for the implementation of both VI and MCMC. VI benefited significantly
from the built-in support provided by the tfp.layers.DenseFlipout module, which simplifies
the process of defining Bayesian layers within a neural network. This built-in functionality
allowed for automatic uncertainty estimation with minimal manual configuration, making it
highly convenient for large-scale applications. MCMC required a more hands-on approach,
relying on tfp.mcmc.sample_chain() to perform posterior sampling. This method required
careful tuning of hyperparameters such as step size, number of burn-in steps, and transition
kernel selection to ensure efficient sampling and convergence.

3.5.3.3 Training and Tuning

The VI model was trained using gradient-based optimization, specifically employing the
Adam optimizer. This made the training process more straightforward, as it closely followed
standard deep learning optimization techniques. VI required fewer manual adjustments, al-
lowing for more efficient training with minimal intervention. The MCMC model demanded
additional hyperparameter tuning to achieve optimal performance. Key parameters, includ-
ing the number of burn-in steps, step sizes, and transition kernel configurations, needed
careful selection to ensure convergence and efficient sampling. This additional complexity
made the optimization process more computationally demanding and labor-intensive com-
pared to VI. Moreover, verifying the correctness of the MCMC model required analyzing
convergence diagnostics, further increasing the effort needed for fine-tuning.

3.5.3.4 User-Friendliness

VI approach closely resembled standard deep learning pipelines, allowing for seamless inte-
gration into existing machine learning workflows. Since it leverages TensorFlow Probabil-
ity’s built-in layers, it requires minimal modifications to standard neural network architec-
tures, making it more accessible for practitioners familiar with deep learning frameworks.
The MCMC approach required a deeper understanding of BI concepts and additional ex-
pertise in probabilistic modeling. Unlike VI, which provides direct uncertainty estimation,
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MCMC requires careful convergence diagnostics to ensure reliable posterior sampling. This
involved analyzing trace plots.

3.5.3.5 Interpretability and Debugging

The MCMC model provided direct access into posterior distributions through trace plots, al-
lowing for a clear and explicit representation of uncertainty. This made it possible to analyze
the full distribution of model parameters rather than relying on point estimates. However,
diagnosing issues such as poor chain mixing was more complex, requiring in-depth analysis
of trace behavior and convergence diagnostics. The VI model provided a more easy-to-
understand debugging process, as loss curves served as a direct indicator of convergence.

3.6 Declaration of AI Usage

In this study, AI tools were used to enhance efficiency and accuracy in specific aspects of the
study. To support the literature review, AI-assisted tools were utilized to identify additional
studies. During the methodology and experiment design phase, AI contributed to model
tuning and adjustments to the experimental framework. For data analysis, AI-supported
coding and statistical methods were employed to interpret results effectively. Additionally,
AI-assisted debugging and optimization were applied to Python scripts used in Bayesian in-
ference models to enhance efficiency and accuracy. In the writing and editing process, AI
tools were used to improve grammar, structure sections, and enhance overall readability.

All AI-generated contributions were thoroughly reviewed, modified, and validated to main-
tain academic integrity and accuracy. For full transparency, a signed AI declaration form
will be submitted alongside this work.
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Results and Discussion

This chapter presents a comparative analysis of MCMC and VI across key evaluation metrics.
The results include posterior estimation accuracy, computational efficiency, scalability, and
uncertainty quantification, providing insights into the comparison between these approaches.

Section 4.1 provides a detailed summary of the experimental results for BNNs trained with
VI and MCMC across different dataset sizes 50%, 75%, and 100%. It covers the data prepa-
ration and outlier handling, the BNN implementations with VI and MCMC, the three experi-
ments comparing their predictive accuracy (MSE, RMSE, MAE), training time, and memory
usage, their convergence behaviour for both methods, and the statistical analysis of perfor-
mance differences. Section 4.2 interprets the experimental findings, comparing the strengths
and weaknesses of VI and MCMC. The discussion focuses on model convergence, gener-
alization ability, and predictive performance across different dataset sizes. The section also
investigates the experimental findings of this study within the existing literature on BNNs
and inference methodologies. Section 4.3 outlines how the study advances understanding
of the trade-offs between inference accuracy and computational efficiency, offering valuable
insights for real-world applications and future methodological improvements, including the
potential for hybrid inference techniques. Section 4.4 provides a critical reflection on the
study’s constraints, particularly those related to computational costs, dataset generalizabil-
ity, and evaluation scope, while also suggesting directions for future research to address these
challenges and build on the study’s findings.

4.1 Results

This section presents the study’s key findings based on the experiments conducted to com-
pare MCMC and VI methods for posterior density estimation in BNNs.

4.1.1 Summary of Findings

This study compared MCMC and VI methods for posterior density estimation in BNNs using
the California Housing Prices dataset. The dataset initially contained 20,640 samples, which
were reduced to 19,794 after outlier removal. For the first experiment using 100% of the
dataset, the training set included 15,835 samples, while the test set had 3,959 samples. In
the second experiment with 75% of the dataset, the sample size was reduced from 15,480 to
14,835 after removing outliers, resulting in 11,868 training samples and 2,967 test samples.
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The third experiment used 50% of the dataset, starting with 10,320 samples and reducing to
9,895 after outlier removal, with 7,916 samples allocated for training and 1,979 for testing.

4.1.1.1 Bayesian Neural Network Using VI

This study investigated the performance of a BNN on three datasets of varying sizes, focus-
ing on its ability to estimate housing prices while addressing outliers and optimizing learning
rates. The experiments followed a structured approach, using DenseFlipout layers to capture
model uncertainty and ensure strong posterior estimation.

In Experiment 1, the model achieved the lowest final validation MAE of 1.53 after 100
epochs, indicating stable convergence and accurate predictions. Experiment 2, resulted in a
slightly higher MAE of 1.93, with greater variance in predictions and some signs of over-
fitting in later epochs. Experiment 3, showed the highest MAE of 3.02, reflecting greater
uncertainty and less stable convergence. The findings highlighted that larger datasets con-
tributed to better stability and accuracy for both MCMC and VI methods, while smaller
datasets increased uncertainty and reduced generalization.

Overall, Experiment 1 outperformed the other two, confirming that larger datasets con-
tributed to greater stability and accuracy in BNNs. The performance decline in Experiments
2 and 3 highlighted the role of dataset size in reducing uncertainty and improving general-
ization.

4.1.1.2 Bayesian Neural Network Using MCMC

This study explored the application of MCMC sampling in a BNN for housing price predic-
tion. The experiments were conducted on datasets of different sizes, with model parame-
ters estimated using probabilistic inference. Each experiment followed the same procedure,
which involved removing outliers from the dataset, splitting the data into training and test
sets, initializing MCMC sampling with a burn-in phase, and generating predictions.

For all experiments, MCMC sampling was performed using 200 burn-in steps and 500 sam-
pling iterations. The model’s chain state was initialized with zero values for weights and
biases. After the sampling process, the mean weights and biases were calculated. The first
layer contained weight parameters of shape (8, 5) and a bias term of shape (5,). The second
layer contained weights of shape (5, 1) and a bias of shape (1,). Predictions were then gen-
erated on the test data.

In the first experiment, the predictions generated on the test set had a final shape of (3959,).
The second experiment produced predictions with a final shape of (2967,). Lastly, the third
experiment resulted in predictions with a final shape of (1979,). The results showed that
the MCMC sampling process successfully estimated posterior distributions for the neural
network parameters across different dataset sizes. The mean weights and biases remained
consistent across experiments, indicating stable sampling results.
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4.1.2 Evaluation of MCMC and VI Models

This section presents the evaluation results of the MCMC and VI models based on multiple
performance metrics. The models were assessed using MSE, RMSE, MAE, R2, and the
PICP.

4.1.2.1 Experiment 1

Table 4.1 shows that the MCMC model outperformed the VI model in most error-based
metrics.

Table 4.1: Performance Metrics for MCMC and VI Models Using Full Dataset

Model MSE RMSE MAE R2 Score PICP

MCMC 1.2875 1.1347 0.8598 -0.0668 N/A

VI 3.9636 1.9909 1.0173 -2.2843 0.4706

4.1.2.2 Experiment 2

Table 4.2 shows that both models performed relatively similarly, but the MCMC model main-
tained a slight advantage.

Table 4.2: Performance Metrics for MCMC and VI Models Using 75% of the Dataset

Model MSE RMSE MAE R2 Score PICP

MCMC 1.2492 1.1177 0.8267 -0.0672 N/A

VI 1.3530 1.1632 0.8814 -0.1559 0.7300

4.1.2.3 Experiment 3

Table 4.3 shows that the MCMC model again showed slightly better performance than the
VI model.

Table 4.3: Performance Metrics for MCMC and VI Models Using 50% of the Dataset

Model MSE RMSE MAE R2 Score PICP

MCMC 1.4155 1.1898 0.8880 -0.1520 N/A

VI 1.6412 1.2811 0.9430 -0.3357 0.9752

The MCMC model consistently achieved lower error values compared to the VI model across
all experiments. The differences in MSE, RMSE, and MAE indicate that MCMC provided
better predictive accuracy and stability. The R2 values were negative in all cases, suggesting
that neither model fully captured the variance in the dataset. However, the VI model showed
better PICP, particularly in Experiment 3, where it reached 0.9752.

4.1.3 Computational Time

This section provides a summary and interpretation of the experimental results comparing VI
and MCMC in BNN training for housing price prediction. The experiments were conducted
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on datasets of varying sizes to assess the performance differences in terms of training time
and predictive accuracy.

4.1.3.1 Training Time Comparison

One of the most notable differences observed between the two methods was training time.
Across all experiments, VI required significantly less time to train the BNN compared to
MCMC. The training time results are summarized as follows:

Table 4.4: Training Time Required for VI and MCMC Across Experiments

Experiment VI Training Time (s) MCMC Sampling Time (s)

Experiment 1 322.13 689.43

Experiment 2 169.39 419.80

Experiment 3 142.19 232.29

The uneven training time can be attributed to MCMC’s iterative nature, which involves gen-
erating many samples to approximate the posterior distribution. In contrast, VI approximates
the posterior more efficiently using optimization techniques.

4.1.4 Convergence Behavior

This section analyzes the convergence behavior of VI and MCMC methods across different
dataset sizes. For VI, training and validation loss trends over 100 epochs were examined.
For MCMC, trace plots of BNN parameters were evaluated to assess chain mixing and con-
vergence.

4.1.4.1 Convergence Behavior for VI

The experiments were conducted using 100%, 75%, and 50% of the dataset, respectively.
Each plot shows the evolution of training loss and validation loss over 100 epochs.

In the first experiment, as shown in Figure 4.1, the training and validation loss shows sig-
nificant fluctuations but generally stabilizes as the epochs progress. The decreasing trend
suggests that the model is learning effectively, although the variability in loss values indi-
cates sensitivity to the dataset’s complexity.

In the second experiment, as shown in Figure 4.2, the loss curves appear smoother than the
full dataset experiment. This suggests that reducing the dataset size helps in stabilizing train-
ing, possibly by reducing overfitting. However, the final loss values remain comparable to
those in the first experiment, indicating that the model still captures essential patterns from
the data.

In the third experiment, as shown in Figure 4.3, the loss curves demonstrate more instability,
with more significant spikes in validation loss. This behavior suggests that reducing the
dataset size further leads to higher variance in training, making the model more susceptible
to fluctuations in the data. The increased oscillations indicate that the model struggles with
generalization, potentially due to insufficient data for intense learning.
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Figure 4.1: Model Training and Validation Loss Using Full Dataset

4.1.4.2 Convergence Behavior for MCMC

The trace plots presented the evolution of BNN parameters across different dataset sizes us-
ing MCMC sampling. Each plot represents the variation of parameter values over the course
of sampling iterations, offering insights into the stability and convergence of the Markov
chains.

The trace plots show relatively smooth transitions and stable fluctuations in Figure 4.4,
where the entire dataset 100% was used. The parameter values exhibit a well-mixed Markov
chain, suggesting effective convergence. The chain explores the parameter space efficiently
without getting stuck in a particular region, indicating reliable parameter estimation.

In Figure 4.5, where only 75% of the dataset was used, the trace plots maintain a similar
pattern but with slightly increased fluctuations. Some parameters show more noticeable drift
over iterations, which may be attributed to the reduced number of data points. This increased
variance suggests that the model is more sensitive to more minor variations in the data, al-
though the chains still appear to be mixing sufficiently.
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Figure 4.2: Model Training and Validation Loss Using 75% of the Dataset

In Figure 4.6, with only 50% of the dataset used, the trace plots reveal greater volatility in
parameter estimates. The fluctuations are more pronounced, indicating increased uncertainty
in parameter estimation. Some traces show slower mixing behavior, suggesting that the
model struggles to converge as effectively as in the larger dataset scenarios. This behavior
is expected, as smaller datasets provide less information for Bayesian updating, leading to
wider posterior distributions and less precise estimates.

4.1.5 Memory Usage Comparison: VI vs. MCMC

The memory consumption of VI model training and MCMC sampling was analyzed across
three dataset sizes: 100%, 75%, and 50% of the original dataset. The results indicate that
MCMC consistently requires more memory than VI training, making it a less efficient choice
regarding computational resources. As the dataset size decreases, the memory requirements
for both methods also decrease, confirming that memory consumption scales directly pro-
portionally with dataset size, as shown in Table 4.5. The trend suggests that MCMC’s
high memory consumption can be a limiting factor, especially when dealing with large-scale
datasets where computational efficiency is essential.

Table 4.5: Comparison of Peak Memory Usage for VI Training and MCMC Sampling

Dataset Size Peak Memory Usage (VI) [MB] Peak Memory Usage (MCMC) [MB]

100% 904.71 2841.76

75% 890.85 1992.49

50% 848.96 1376.95

Given these findings, VI appears to be a more memory-efficient approach, making it more
suitable for large datasets and real-world applications where computational resources are
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Figure 4.3: Model Training and Validation Loss Using 50% of the Dataset

constrained. However, this efficiency trade-off must be considered alongside inference ac-
curacy, as MCMC provides a more exact posterior estimation at the cost of computational
complexity.

4.1.6 Statistical Analysis

We compared MCMC and VI in BNNs to assess differences in predictive accuracy and uncer-
tainty estimation. We used the paired T-test and the one-sample T-test to determine whether
the performance variations between the two methods were statistically significant.

Metric T-statistic p-value

MSE -1.195750 0.354338

RMSE -1.258878 0.335106

MAE -2.603012 0.121309

R2 1.195386 0.354453

PICP (VI Only) -1.542601 0.262885

Table 4.6: Statistical Significance of Model Differences Based on T-Test Results

The results of the paired T-Tests (2.7.3) show no statistically significant difference between
the performance of MCMC and VI across the evaluated metrics. The p-values for MSE
(0.3543), RMSE (0.3351), and MAE (0.1213) are all greater than the common significance
threshold of 0.05, suggesting that we fail to reject the null hypothesis. Meaning that the
differences observed in these error metrics between the two methods could have occurred
by chance rather than indicating a true difference in model performance. The R² scores for
MCMC and VI also show no significant difference, with a T-statistic of 1.1954 and a p-value
of 0.3545. Both methods explain variance in the data at comparable levels.
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Figure 4.4: Parameter Trace Plots from MCMC Sampling using Full Dataset

Since PICP is only for VI, we conducted the one-sample T-Test (2.7.1) and compared it to an
expected theoretical value of 0.95, which resulted in a p-value of 0.2629. The PICP values
for VI do not significantly deviate from the expected coverage level. The results indicate that
MCMC and VI perform similarly across all tested metrics, with no statistically significant
advantage observed for either approach.

4.2 Discussion of Results

This section offers a detailed interpretation of the results, their implications, and limitations,
highlighting their significance.

4.2.1 Interpretation of Results

The comparative analysis of BNNs using VI and MCMC revealed unique performance trends
across different dataset sizes. The VI-based model generally showed efficient training,
achieving lower computational costs and reduced memory usage while maintaining compet-
itive accuracy. However, its predictive performance declined as the dataset size decreased,
with increased uncertainty in parameter estimation, as reflected in the widening prediction
intervals and the increased MAE.

Conversely, MCMC provided more stable and reliable posterior estimates, particularly in the
100% dataset experiment, where its Markov chains showed smooth convergence and bet-
ter mixing. MCMC had significantly higher computational demands, requiring nearly three
times the memory and extended training time than VI. The evaluation metrics indicated that
MCMC consistently outperformed VI in error-based measures, but VI showed higher PICP,
especially when trained on reduced dataset sizes.
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Figure 4.5: Parameter Trace Plots from MCMC Sampling using 75% of the Dataset

This suggests that VI’s approximations become less reliable as the dataset decreases, whereas
MCMC, though computationally expensive, maintains strong inference capabilities. The
convergence behavior further underscored these findings, as MCMC’s trace plots showed
stable parameter exploration with increasing dataset size. At the same time, VI’s loss curves
suggested a lack of stability in smaller datasets. Ultimately, the results highlight the com-
parison between computational efficiency and model accuracy. VI is advantageous for large-
scale applications where speed and memory constraints are essential, whereas MCMC is
preferable for cases that demand precise posterior estimations despite its demanding nature.

4.2.2 Discussion of Findings in Relation to Literature

This section examines the experimental findings of this study within the existing literature
on BNNs and inference methodologies.

The results presented in this study demonstrate that MCMC methods, despite their com-
putational expense, offer highly accurate posterior estimates in high-dimensional Bayesian
models. This aligns with (Gilks, 2005), who highlighted MCMC’s effectiveness in com-
plex model statistics, and (Neal, 2012), who emphasized its robustness in high-dimensional
parameter spaces. The accuracy seen in this study echoes (Fan and Sisson, 2010), who un-
derscored MCMC’s suitability for models with intractable likelihoods. The computational
burden, including extensive memory usage and longer sampling times, is consistent with
challenges noted by (Nummenmaa et al., 2007).

Conversely, VI showcased higher computational efficiency and scalability, particularly when
applied to large datasets, a finding supported by (Kingma and Welling, 2014). VI’s inte-
gration with TFP streamlined its implementation, as also discussed by (Mukherjee and Sen,
2021), who highlighted VI’s strength in high-dimensional regression models. This study
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Figure 4.6: Parameter Trace Plots from MCMC Sampling using 50% of the Dataset

found that VI’s approximation bias, especially with smaller datasets, often led to unaccept-
able posterior estimates, a limitation mirrored in prior work by (Opper, 2019) and (Num-
menmaa et al., 2007).

The comparative analysis in this study aligns with (Emerson and Copestake, 2017), who
showed VI’s rapid convergence in text-based inference but highlighted its sensitivity to vari-
ational family choice. Similarly, our results showed that while VI achieved faster conver-
gence with lower memory usage, it struggled to maintain accuracy across varying dataset
sizes, particularly clear in our 50% dataset experiment, where the final MAE remained high
at 3.02. MCMC’s high-tuning requirements, including burn-in steps and trace plot analysis,
are consistent with challenges highlighted by (Chib and Greenberg, 1995).

Our study’s trace plots confirmed the robustness of MCMC’s posterior estimates for larger
datasets, a finding also noted by (Müller, 2004) in financial econometrics applications. The
dataset-specific nature of both methods seen in this study, using the California Housing
Prices dataset, is consistent with the literature’s caution against over-generalizing findings
from specific datasets, as emphasized by (Ghalebikesabi et al., 2022). Future studies could
explore hybrid approaches, as suggested by (Salimans et al., 2015), integrating MCMC’s
accuracy with VI’s efficiency.

While many of our findings align with previous research, some are new contributions or
challenges to existing assumptions. One of the biggest differences we observed was in the
computational performance of MCMC and VI. As expected, MCMC is significantly more
computationally expensive than VI, but what’s less commonly discussed is how this plays
out in real-world BNN applications. Our results show that VI consistently trains faster and
uses less memory, contradicting some claims that MCMC can be optimized to be more effi-
cient in large-scale models.
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Another surprising difference was in convergence behavior. While it’s widely accepted that
MCMC provides the most accurate posterior estimates, our findings highlight a significant
limitation: the slow convergence for large datasets. VI converges much faster but introduces
approximation errors, which become more noticeable as the dataset size decreases. Most
studies don’t explore how dataset size affects these trade-offs in practice, making this an
important insight. Uncertainty quantification is another area where our results offer a dif-
ferent perspective. MCMC is generally considered superior, but when working with smaller
datasets, the gap between MCMC and VI is much narrower than expected. The computa-
tional cost of MCMC may not always be justified by its advantages.

We provide a more practical, application-driven comparison by evaluating these methods us-
ing RMSE, MAE, and training time. Many existing studies focus on theoretical performance,
but our findings highlight real-world usability, which will help researchers and practitioners
make more informed choices based on dataset size and computational constraints. This study
strengthens the comparison highlighted in the existing literature: MCMC provides precision
but at a computational cost, while VI offers speed and scalability at the risk of approxima-
tion bias. The results contribute to the ongoing conversations by emphasizing the practical
considerations of selecting inference methods for BNNs, especially in ML applications in-
volving large datasets and real-time processing.

The research objectives outlined in this study focused on comparing MCMC and VI in terms
of posterior estimation accuracy, computational efficiency, scalability, uncertainty quantifi-
cation, and ease of implementation. The experimental results provide clear insights into
these aspects: MSE, RMSE, and MAE were computed for both methods, allowing a di-
rect comparison of their predictive performance. The results showed that MCMC generally
provided lower error values, aligning to assess accuracy differences. Training time measure-
ments showed that VI is faster than MCMC, emphasizing the study’s objective of evaluating
computational cost. The high sampling overhead in MCMC confirmed its inefficiency for
large-scale applications.

By conducting experiments with 50%, 75%, and 100% of the dataset, the study assessed
how well each method adapts to increasing data sizes. The findings indicate that VI scales
more efficiently than MCMC, which suffers from memory and time constraints as dataset
size grows. The study computed the PICP for the VI model, while trace plots for MCMC
provided insights into uncertainty representation. This comparison supports analyzing the
quality of uncertainty estimates in both methods. The evaluation of training complexity,
hyperparameter tuning, and debugging difficulty provided insights into the usability of each
technique. VI emerged as more user-friendly due to its compatibility with standard deep-
learning pipelines.

4.2.3 Implications

The findings of this study offer important implications for the application of BNNs and the
selection of appropriate inference methodologies in practice. By examining the trade-offs
between MCMC and VI, this research provides valuable guidance for practitioners and re-
searchers seeking to implement uncertainty-aware deep learning models.
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Firstly, the superior posterior accuracy achieved by MCMC reaffirms its value in scenar-
ios where model fidelity and uncertainty estimation are paramount. This includes scientific
modeling, medical diagnostics, and safety-critical systems, where even minor deviations in
posterior estimation could lead to significant consequences. However, the computational bur-
den and prolonged convergence times associated with MCMC make deploying in real-time
or large-scale environments impractical. These limitations underscore the need for careful
consideration of computational resources and inference latency when opting for MCMC-
based BNNs.

On the other hand, VI’s efficiency and scalability make it an appealing choice for mod-
ern ML applications that involve large datasets, high-dimensional models, or time-sensitive
predictions. Its ability to integrate easily into deep learning pipelines—particularly within
frameworks such as TFP enhances its appeal for industry applications, including finance,
recommender systems, and autonomous technologies. However, the inherent approximation
bias in VI highlights the importance of choosing an expressive variational family and invest-
ing in techniques that mitigate underfitting in posterior distributions.

From an implementation standpoint, MCMC requires a more diligent setup, including burn-
in phase tuning, convergence diagnostics, and sampling strategy refinement. While these
requirements enhance the reliability of results, they also demand a higher level of statistical
and computational expertise. In contrast, VI offers a more user-friendly implementation,
often requiring fewer iterations and less manual intervention. However, it may benefit from
future advancements in adaptive variational inference techniques to improve posterior accu-
racy.

The practical implications of this study emphasize that MCMC remains a powerful tool for
applications where accuracy in posterior estimation is non-negotiable and that VI is better
suited for large-scale, resource-constrained, or time-critical environments where approxi-
mate inference is acceptable, given its operational advantages. These insights contribute to
the broader discourse on Bayesian deep learning, supporting more informed decision-making
when selecting inference methods based on application-specific constraints. The study thus
equips practitioners with a deeper understanding of when and how to apply each inference
technique in real-world scenarios.

4.3 Contributions of the Study

This study significantly contributes to BNNs by conducting a comparative analysis of MCMC
and VI for posterior density estimation. It empirically evaluates their accuracy, computa-
tional efficiency, scalability, and uncertainty quantification performance. The results demon-
strate that while MCMC produces more precise posterior estimates, it is computationally
expensive and slow, making it less practical for large-scale applications. In contrast, VI of-
fers greater efficiency and scalability but introduces approximation bias, which may affect
posterior estimation accuracy, particularly in complex models and smaller datasets. This
nuanced evaluation provides essential insights for researchers and practitioners choosing in-
ference techniques based on computational constraints and data size considerations.
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Beyond theoretical comparisons, the study examines the practical implications of MCMC
and VI in real-world ML applications. It highlights the computational trade-offs between
these two methods, showing that MCMC requires extensive memory and tuning while VI
integrates more seamlessly into deep learning frameworks. Using the California Housing
Prices dataset, the study also reveals that dataset size influences inference performance, with
VI excelling in large-scale scenarios and MCMC maintaining stable uncertainty estimates
in smaller datasets. These findings are particularly relevant for domains requiring real-time
decision-making, such as financial risk modeling, medical diagnostics, and autonomous sys-
tems.

Additionally, this research paves the way for hybrid inference techniques that leverage the
strengths of both MCMC and VI. The findings suggest that initializing VI with MCMC-
generated samples could enhance posterior accuracy while preserving computational effi-
ciency. This opens new research directions, encouraging the development of adaptive infer-
ence strategies that balance the precision of MCMC with the speed and scalability of VI.
Ultimately, this study provides practical guidelines for selecting Bayesian inference meth-
ods, making a valuable contribution to the advancement of probabilistic deep learning and
uncertainty quantification in complex machine learning models.

4.4 Limitations

Despite the valuable insights obtained from this study, several limitations must be acknowl-
edged. These limitations primarily stem from computational constraints, methodological
approximations, and dataset-specific generalizability, each of which impacts the broader ap-
plicability of the findings.

One key limitation is the computational cost associated with MCMC. While MCMC pro-
vides highly accurate posterior estimates, its high memory usage and slow convergence
present challenges when scaling to large BNNs. The RWM algorithm used in this study
required significant computational time and resources, making it impractical for real-time
or large-scale applications. This constraint is particularly relevant when working with com-
plex models or large datasets, where alternative inference techniques may be more viable.
Conversely, VI provides improved scalability but at the expense of approximation bias. The
quality of VI’s posterior estimates heavily depends on the chosen variational family, which,
if overly restrictive, may fail to capture the true posterior distribution. This trade-off between
computational efficiency and posterior accuracy remains a fundamental challenge when se-
lecting an appropriate inference method for Bayesian modeling.

Another limitation relates to the dataset dependency of the performance comparisons. The
experiments in this study were conducted using the California Housing Prices dataset, which,
while widely used in regression tasks, may not fully represent the complexities found in other
domains such as financial forecasting or medical diagnostics. The findings regarding compu-
tational efficiency, scalability, and uncertainty quantification may, therefore, not generalize
to datasets with different statistical properties. Future research could extend this analysis to
datasets with varying noise levels, feature distributions, and problem complexities to validate
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the robustness of the results.

Additionally, this study’s evaluation of uncertainty quantification was limited to Prediction
Interval Coverage Probability (PICP) for VI and trace plots for MCMC convergence diag-
nostics. While these methods provide valuable insights, other uncertainty estimation metrics,
such as Expected Calibration Error (ECE), Bayesian Credible Intervals, or Marginal Likeli-
hood Estimates, could offer a more comprehensive assessment of uncertainty quantification
in BNNs. A more diverse evaluation framework would allow for a deeper understanding of
the practical implications of these inference techniques in real-world applications.

Finally, the study’s comparative analysis of MCMC and VI was conducted within the TFP
framework, focusing on direct implementations available in this environment. While TFP
provides robust tools for probabilistic modeling, differences in implementation across other
libraries (such as PyMC3, Stan, or JAX-based frameworks) may lead to variations in per-
formance and accuracy. Future work could explore cross-framework evaluations to ensure
that conclusions are not specific to a particular software ecosystem. Despite these limita-
tions, this study provides valuable empirical insights into the trade-offs between MCMC and
VI for posterior estimation in BNNs. These findings contribute to the broader discussion
on balancing accuracy, efficiency, and scalability in Bayesian deep learning, serving as a
foundation for future advancements in the field.



Chapter 5

Conclusion and Future Work

This chapter provides a concise synthesis of the study’s key findings and outlines promis-
ing avenues for future research. It first summarises the main outcomes of the compara-
tive analysis of MCMC and VI in Bayesian Neural Networks, highlighting their relative
strengths, limitations, and trade-offs. It then proposes directions for further investigation,
including methodological improvements and new application areas where uncertainty-aware
deep learning can be advanced.

Section 5.1 provides a comparative analysis of MCMC and VI in BNNs, highlighting their
strengths, limitations, and comparison in terms of accuracy, computational efficiency, scal-
ability, and uncertainty quantification. Section 5.2 discusses potential research avenues,
including hybrid inference techniques combining MCMC and VI’s advantages for improved
efficiency and accuracy.

5.1 Conclusion

This study compared MCMC and VI for posterior estimation in BNNs, focusing on pre-
dictive accuracy, computational efficiency, scalability, and uncertainty quantification. The
results highlight the inherent trade-offs between these two inference methods. MCMC de-
livers superior posterior estimates but at a high computational cost, while VI offers a more
scalable and efficient alternative at the expense of approximation bias.

From an accuracy perspective, MCMC consistently outperformed VI, as evidenced by lower
MSE, RMSE, and MAE across all dataset sizes. This accuracy advantage is attributed to
MCMC’s ability to generate asymptotically exact posterior samples, ensuring a more precise
representation of uncertainty in BNN predictions. However, this precision comes at the cost
of slow convergence, high memory consumption, and extensive computational requirements,
making MCMC less feasible for large-scale deep-learning applications.

In contrast, VI demonstrated superior computational efficiency and scalability, completing
posterior estimation in significantly less time and with lower memory usage. VI’s ability
to integrate seamlessly into deep-learning frameworks, particularly through TFP, further en-
hances its practicality for real-world applications requiring rapid inference. However, the
approximation bias introduced by VI, particularly when the chosen variational family is too
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restrictive, poses challenges in achieving highly accurate posterior estimates. This limitation
is especially relevant in cases where precise uncertainty quantification is critical, such as in
high-stakes decision-making tasks.

From an implementation perspective, MCMC required extensive tuning and diagnostics, in-
cluding burn-in steps, trace plot analysis, and parameter adjustments, to ensure convergence.
While these steps enhance the reliability of posterior estimation, they also add complexity to
the modeling process. VI offered a more user-friendly alternative. It required fewer hyper-
parameter adjustments and incorporated smoothly into deep learning pipelines, making it a
preferred choice for practitioners seeking a balance between efficiency and ease of use.

Ultimately, the choice between MCMC and VI depends on the application’s specific require-
ments. MCMC remains the preferred approach for high-precision BI, particularly in scenar-
ios where posterior accuracy and uncertainty quantification are paramount. Conversely, VI is
better suited for large-scale machine learning applications, where computational efficiency
and scalability lead to exact posterior estimation. By systematically evaluating MCMC and
VI across multiple dimensions, this study provides valuable empirical insights into their
strengths, limitations, and applicability in Bayesian deep learning. These findings serve as
a foundation for future research on efficient and scalable BI methods, ensuring that BNNs
continue to be a powerful tool for uncertainty-aware machine learning.

5.2 Future Work

While this study has provided a comparative analysis of MCMC and VI for BNNs, several
open questions and promising research directions remain. These areas of future work could
further enhance the understanding, applicability, and efficiency of BI methods in deep learn-
ing.

One promising direction is the development of hybrid inference techniques that integrate the
strengths of MCMC and VI. This study demonstrates that MCMC produces more precise
posterior estimates, but its computational cost limits its feasibility for large-scale applica-
tions. Conversely, VI is more scalable and computationally efficient, yet it introduces ap-
proximation bias that affects posterior accuracy. A hybrid approach could leverage MCMC’s
accuracy and VI’s efficiency, potentially using MCMC-generated samples to refine VI ap-
proximations. Such adaptive techniques could balance computational feasibility and accu-
racy, making BI more practical for real-world applications.

Additionally, while the California Housing Prices Dataset effectively benchmarked the per-
formance of MCMC and VI in Bayesian regression tasks, it does not fully capture the com-
plexities of real-world applications. Future studies should explore these inference techniques
in diverse and high-stakes domains, such as healthcare, financial modeling, autonomous sys-
tems, and climate science. For instance, BI could enhance risk assessment in credit scoring,
disease prediction in medical diagnostics, or decision-making in autonomous vehicles, where
uncertainty quantification is critical.
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Furthermore, uncertainty quantification metrics could be expanded beyond Prediction Inter-
val Coverage Probability (PICP) and trace plots to include Expected Calibration Error (ECE),
Bayesian credible intervals, and marginal likelihood estimation. This would provide a more
comprehensive understanding of uncertainty estimation and enable a more robust evaluation
of model reliability in Bayesian deep learning.

Lastly, cross-framework evaluations of MCMC and VI could be explored. This study imple-
mented both methods using TFP; however, BI frameworks such as PyMC3, Stan, JAX-based
methods, or hybrid deep learning architectures could offer different trade-offs in terms of
accuracy, efficiency, and ease of use. A comparative study across these frameworks could
provide a broader perspective on the implementation challenges and practical choices for
Bayesian deep learning. By addressing these directions, future research can contribute to the
development of more efficient, scalable, and accurate Bayesian inference methods, ensuring
that BNNs continue to be a powerful tool for probabilistic machine learning and uncertainty-
aware decision-making.
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