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the semiclassical limit of the BPZ equation for a five-point correlator with one degenerate
field insertion in the Liouville theory on the Riemann sphere. The crossing symmetry of
conformal block in the Liouville theory eventually gives rise to a set of connection formulas
among the solutions of Heun’s equation evaluated at different regular singularities. We use
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Green’s function. We show a recipe to obtain the exact retarded Green’s function for a
thermal CFT dual to AdS blackbrane from a high-temperature limit accompanied by a
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function for the boundary CFT of Rindler AdS spacetime admits a free integer parameter.
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1 Introduction

A key achievement of the AdS/CFT correspondence [1] is its ability to compute physical
observables such as thermal correlation function for a strongly coupled thermal field the-
ory by applying holographic techniques in a weakly coupled dual gravity theories. The
prescription for computing thermal correlator by using the AdS/CFT correspondence was
originally given in Euclidean signature [2-4]. Further, the geodesic approximation method
was conjectured to determine the thermal correlator of operators with large conformal
dimensions by computing the geodesic action in the dual bulk theory [5-8].

Various attempts have been made to extend Euclidean thermal correlators to the
Lorentzian signature to explore real-time dynamics of strongly coupled thermal field the-
ory [9-11]. However, there are subtleties in executing such analytical continuation for
thermal correlators. In particular, Lorentzian continuation can be successfully addressed
once the exact form of the Euclidean correlator is available for all Matsubara frequencies
whereas, on the contrary, the holographic computation of thermal correlator in dual AdS
blackhole spacetime is achievable only under certain approximations, e.g., the low and high-
temperature limits [12]. Subtleties of analytical continuation were avoided by introducing
a direct approach to compute the thermal correlator in Lorentzian signature by gener-
alizing the holographic prescription in Euclidean AdS/CFT to the one in Minkowskian
AdS/CFT [13]. According to the Miskowskian prescription, the wave equation of a scalar



field in an AdS blackhole background admits a mode expansion that satisfies an incoming
boundary condition near the horizon. The boundary limit of such a solution is given by a
linear combination of normalizable and non-normalizable modes interpreted as a response
function and a source term respectively. Now, the retarded Green’s function becomes a
ratio of the response function to the source term. Finally, we identify the momentum-space
Matsubara correlator which is essentially the Fourier-transformed version of the boundary
thermal correlator, to the retarded Green’s function. The real-time thermal correlators are
very crucial to study the near-equilibrium behavior [14], transport properties [15] and the
chaotic behaviour [16, 17] of the strongly coupled thermal field theory.

Although some exact results for the thermal correlator in the finite temperature field
theory dual to the thermal AdS spacetime have been achieved within the holographic
framework [18], such analysis in the thermal field theory of general dimension dual to AdS
blackhole has been out of reach until recently. In [19] the authors have presented an exact
result in four-dimensional thermal CFT dual to AdSs Schwarzschild blackhole by using
some appropriate techniques originally developed in super-symmetric gauge theory [20-24].
To find the thermal correlator the wave equations are solved on the black hole background
via Nekrasov-Shatashvili functions [25]. However these wave equations can be identified as
the BPZ equation in Liouville theory on the Riemann sphere as well [26-28].

More specifically, the BPZ equation for the five-point correlator with an insertion of
the degenerate operator in Liouville theory allows series solutions in terms of conformal
blocks [29-32]. The crossing symmetry of the conformal blocks evaluated in various OPE
channels, e.g., s, t and u channels establishes crossing relations among the corresponding
solutions to the BPZ equation. In the large central charge limit (semi-classical limit), the
BPZ equation takes the form of Heun’s equation [33], a second-order linear differential
equation with four regular singularities [34, 35]. In the context of Liouville CFT, those
singular points correspond to primary operator insertions in the theory. The crossing rela-
tion among the solutions of the semi-classical BPZ equation induces a connection formula
among the solutions of Heun’s equation. Such connection formula essentially tells that a
solution of the Heun’s equation also known as the Heun function near one singular point is
expandable in terms of the solutions around other singularities [33]. A detailed description
of the connection formula is given in [36].

Such connection formula plays a crucial role in understanding Alday-Gaiotto-
Tachikawa (AGT) correspondence according to which the BPS sector of four-dimensional
N =2, SU(2) gauge theory in Q background turns out to be dual to the Liouville CFT
on Riemann sphere [23, 37]. As a consequence of the duality, the four-point function of
the Liouville CFT maps to the Nekrasov partition function in N' = 2, SU(2) gauge the-
ory [38]. Further, the semi-classical limit on the parameters of Liouville CFT identifies
with the Nekrasov-Shatashvili limit on the parameters of the Q background in the SU(2)
gauge theory [24]. This connection has sparked renewed interest in the study of Heun’s
equation and its applications in diverse fields [39-41]. A leading non-perturbative correc-
tion to a two-sided thermal correlator is discussed using the connection formula [42]. The
bulk computation of the HHLL correlator heavily relies on similar techniques [43]. The
connection formula plays a crucial role in understanding the linear perturbation theory of
blackhole spacetime and its associated quasinormal modes [44] and the references therein.



In [19], the authors derive a connection formula between the Heun functions associated
with the incoming mode expansion of a scalar field near the horizon and the other near the
boundary of the AdSs Schwarzschild blackhole. Further, they show that the same connec-
tion formula determines the response function and source term, and therefore it is possible
to obtain an exact retarded Green’s function for a thermal CFT living in R! x S3. Some
of the authors in the present manuscript computed the exact form of the retarded Green’s
function for thermal C' FTy with chemical potential and angular momenta on R! x S3 [45].

Generalizing the analysis presented in [19, 45], in this paper, we compute an exact form
of retarded Green’s function for a thermal CFT living in R! x H3. In particular, we study
massive scalar mode in the dual AdSs hyperbolic background and derive the normal form
of Heun’s equation. Finally, we achieve an exact form of thermal retarded Green’s function
from the connection formula associated with the respective Heun function. Also, we gen-
eralize our result for a charged AdS5 hyperbolic background dual to a thermal CFT with
chemical potential living in R' x H3. In [19], the authors have shown how to obtain the con-
nection formula for AdSs blackbrane from a high-temperature limit on AdSs Schwarzschild
blackhole. We show that the appropriate connection formula for AdS5 blackbrane can be
reproduced by taking a high-temperature limit accompanied by a complex mapping in
AdS5 hyperbolic background. Finally, we show that the exact form of retarded Green’s
function in Rindler AdSs background curiously depends on a free integer parameter.

The plan of the paper is the following: in section 2, we discuss the computation of the
exact form of retarded Green’s function for the CFT in R! x H3. In section 3, we generalize
our analysis for a CFT with chemical potential in R' x H? followed by the computation of
the same for a thermal CFT in R' x R? in section 4. Exact thermal correlators for Rindler
AdS5 have been analyzed in section 5. Finally, we conclude in section 6.

2 Holographic computation of exact retarded Green’s function for ther-
mal CFT in R! x H3

Unlike the flat spacetime (A = 0) and the de Sitter (dS) spacetime (A > 0), the Anti-
de Sitter (AdS) spacetime ( A < 0) admits solutions of Einstein’s equation described as
the hyperbolic AdS blackhole [46-49]. AdS hyperbolic Reissner-Nordstrom black holes
and AdS hyperbolic blackhole in gauged supergravities are also available in the litera-
ture [50-54]. Consequently, by the virtue of generalized AdS5/CFT, correspondence, one
can holographically associate the thermal states of CFT living on the 3 + 1 dimensional
hyperbolic boundary (R x H?) of the blackhole geometry [55, 56]. In this section, by fol-
lowing [19], we derive the exact form of retarded Green’s function for the boundary CFT
living in R' x H3. Later, we generalize our result for the hyperbolic CFTy in the presence
of a chemical potential.
The Einstein-Hilbert action with a negative cosmological constant in five dimensions

is given by
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where G5 is the five-dimensional Newton’s constant and L is the radius of curvature of AdS
spacetime. The equation of motion derived from the above action admits a solution of the
form of 4 4+ 1 dimensional hyperbolic black hole

dr?
dstaas, = —f(r)dt* + ol r?dH3. (2.2)
The blackening factor f(r) is
M 7P
J)=-1- 75+ 4, (2.3)

where M is related to the ADM mass of the blackhole. It is evident from eqn (2.3) that the
extrinsic curvature of the blackhole horizon is —1 and therefore the corresponding topology
is hyperbolic (R x H?). We consider the boundary topology also as R' x H? where the
explicit form of the corresponding spatial section of the boundary metric takes the form

ng = dx? + sinh? y <d¢92 + sin? 9d¢52) . (2.4)

For computational convenience, the blackening factor f(r) is re-expressed as follows

f(r)z( —T’%> (—1+72+7%> (2.5)
r2 L2 L?2)’ '

where the radial position of the horizon becomes

¢ VIT T 4ML2 + L?
>

(2.6)

TR =

The Hawking temperature of the black hole is given by [48]
1 Th 1
T=—-|——-— 2.7
T (L2 2rh> 27)
and it is holographically identified to the temperature of the thermal state of the boundary
CFT.

In order to facilitate our analysis, we consider a scalar field theory in the hyperbolic
black hole background such that the mass of the scalar field ¢ is holographically related
to the conformal dimension A of the primary operator O in the boundary CFT living in
R' x H3

mL = \/A(A —4). (2.8)

The Klein-Gordon equation satisfied by the scalar field ¢ takes the form,

e 19
f(r)yotz2  r3or

where Oy, is the Laplacian of the 3-dimensional hyperbolic space.

(ﬁf(ﬂi) + 0, — m2> 6=0 (2.9)

Assuming the time translation symmetry we choose an ansatz for the scalar field in
terms of its Fourier modes,

Bt r, x, Qo) = /dw/d/\Ze_M\I/w,\(r)Y,\ﬁ (x, Q2) (2.10)
s



where W,,5(r) is the radial mode function and Y); (x,22) is the hyperbolic spherical har-
monic satisfying the eigenvalue equation on H?® [57, 58],

Oy Vg (6 Q2) = = (A 4 1) Yaa (x, 2) (2.11)
Inserting (2.10) in to (2.9) and by using (2.11), the radial equation reads,

(5o (oo + o - T 80N im0 i

R L

In order to perform the computation of the retarded Green’s function we need to solve the
wave equation with appropriate boundary conditions. Here we impose ingoing boundary
conditions on the horizon and find

2 (27‘% >
—bh_q
in(r) = (r—mp) +... (2.13)
whereas the solution near the AdS boundary r — oo behaves as
) = Aw,A) (rA ) Bl ) (rt ) (2.14)

The ratio of the response B(w, A) to the source A(w, \) is regarded as the retarded Green’s
function [13],

B(w, \)
A(w, A)

In order to bring the equation (2.12) to a form of Heun’s equation, we introduce a set of

Grw,\) = (2.15)
transformations in the radial coordinate r and the radial mode function W (r),

T2

= T (2.16)
¥ = (750 E) " Kenteto) 217
We can invert the field redefinition (2.17) and express X, in terms of only z,
B() = aVB0)| e (2.18)
r=X_h__,
where da\ 1/2 202 22 21\ 1/2
ot = (Frn) = (222(7“ (T;ihiérf EQL) )> . (2.19)

In terms of the newly defined entities z and X,,\(z), the radial equation (2.12) is trans-
formed into Heun’s differential equation in normal form,

5% + %—a% _%—a%—a%—a%—kago—i-u i—af U i—a%
2 (z—1)2 2(z—1) (z—1)



It is straightforward to express the parameters of the Heun’s equation in terms of the
parameters of the hyperbolic blackhole spacetime,

Heun’s Parameter t ag at ai Ooo ( )
2.21
] 2 ) 2 _ 2 2_12
AdS hyperbolic black hole %{%LQ 0% 2:}2}: sz Az : % \2/7~%h—L2
with u as
N+ 1)L2+2(2r2 — L2 ZA(A —4 214 2
ye WAHDLT (rg 2)+rh ( )+ ;"h . ;" . (2.22)
4(7’h_L) (Th_L)4(2rh_L)

Note that the Heun’s equation (2.20) exhibits four regular singular points located at z =
0,%,1 and oo among which z = ¢ and z = 1 correspond to the horizon and the boundary
respectively. It is important to mention that due to the presence of a relative negative sign
in the denominator of the r.h.s. of (2.16), z remains a well-defined real positive quantity
only when the dual gravity is described as a large hyperbolic blackhole (7, > L).

Heun’s equation (2.20) near the black hole horizon z = ¢ becomes

<a§ + é - ;i) Xoo(2) =0, (2.23)

By imposing the in-going boundary condition, the leading behavior of the solution takes
the form as ,
XU ()= (t—z)z o 4 . (2.24)

Similarly, Heun’s equation (2.20) near the boundary (z = 1) becomes

<a§ + é:%i) Xoo(2) = 0. (2.25)

and the leading behaviour of a general solution takes the form,

X0 (2) o A@w, VXS + Blw, N xL (2.26)
where we consider,
1-a LI4ay
(1) l-z \* (1,+) l-z \*
X = —= o & X =|—= e 2.27
wA (T}QL—L2> + wA (r%_L2> + ( )

It is important to highlight that the appearance of the constant factor (r% — L?) in the
denominator of the leading behaviour of XS)’\_) and XSA’JF) can be better understood if we

take boundary limit in (2.18).

2.1 Relation to Liouville CFT

We find the Heun’s equations to appear in the study of conformal blocks in Liouville CFT.
In this theory, the representation of Virasoro algebra contains degenerate operators which



are essentially primary operators with null descendants. We introduce a parameter b such
that the central charge ¢ of the CFT can be written as

1 2
c= 1+6<b+b) (2.28)

Then the simplest example of a null descendant in the level two is

(L2—1 + bQL—z) |h1,2) (2.29)
whereas the holomorphic conformal dimension of the corresponding degenerate primary
operator ® is hy o = —% — %. In general, the degenerate primary operators are determined

by the holomorphic conformal dimensions which satisfy the Kac formula

2

hm_z(l r)+@(1 s)—|—§(1 TSs) (2.30)

Let us now consider the five-point function with one degenerate operator insertion
F(2) = (0|00 (00) 01 (1) Ou(t)2(2) 0o (0)0) (2.31)

where Oy, O1, O and Oy are the primary operators with the scaling dimensions
Ao, A1, Ay and Ag respectively. The five-point function satisfies the following BPZ equa-
tion

A A+ 0+ A+ 20 + Ao+ Ag — A
(z—1)2 z(z—1)

A ¢ 1. Ag B
FE RS L Z2>J—"(z) =0

<b‘28§ + (2.32)

+

The conformal correlators enjoy the conformal block expansions. For example, the
five-point function can be written as

Fl2)=> > Z)‘AooAl(A,é)A?A,[)At(A/,Z/))‘(A’,E’)ALQAOW((z%g)(A/’g/)(Z> (2.33)
ACALU @
with
W((K%Z)(A’,é/) (z) = P(Z) GEQA),Z)(A’,E/) (Z) (2.34)

where Ax A, (a0 and Aarma, ,a, are the OPE coeflicients, A?A,E)At(A/,E/) is an indepen-

dent coefficient whereas a stands for conformal family and G&)’ o A,76,)(,2) is the five-point
conformal block. The constant coefficients depend on the dynamical contents of the the-
ory. The BPZ equation satisfied by the five-point conformal block is a second order ODE
with four regular singular points at z = 0,1,¢ and co. The solutions of the ODE around
different singular points correspond to the conformal blocks that appear in the expansions
of the five-point correlation function in different channels. The five-point conformal blocks
associated with different channels are related to each other by crossing relations.
In the semi-classical limit

b—0 and «a; —0 suchthat bo; = a; (finite) (2.35)



where

M= aQ-a) Q= (b+y) (2.36)

the BPZ equation reduces to the Heun’s equation in normal form. So, the semi-classical
conformal blocks associated with the different channels are the solutions of the Heun’s
equation near different singular points, namely z = 0,1,¢ and oco. The solutions corre-
sponding to the different singular points are related to each other via crossing relations
and these give rise to the various connection formulae as listed in [33].

For example, the connection formula between the solution y) near z = ¢ and the
solution YV near z = 1 reads

xP(z) = Z (Z M _g(ar, a; a0) M (—gpypr (a, a1; aoo) (2.37)
0=+ \O6==

« t@aegaaF) téfaofat(l . t)atfalefé(aaﬂrg’aal)FX(l),gl(Z),

with
I'(—20'a I'(1+ 20a
M@@’(a07a1;a2) = 1 ( ,1) 1 ( / 0) . (2'38)
F(§+9a0—0a1—|—a2)1“(§+9a0—9a1 —ag)
Here 6 = £ are the two fusion channels, a is defined by the Matone relation [59]
o, 2 1 o
u=—a’+ai - +ay+ tOLF, (2.39)

and F'(t) is the classical conformal block, related to the four-point conformal block as
G(D0, A1, Ar, Moo As zg) = 2~ R0eb *(FOFO0%) (2.40)

2.2 Retarded Green’s function for uncharged AdSs blackhole

In the previous section, we have discussed how to identify the semiclassical BPZ equation
in the two dimensional Liouville theory with the Heun’s equation. Such a fascinating
correlation enables us to write connection formula relating two separate solutions evaluated
at two distinct singularities of the Heun’s equation (2.20) in a seemingly different context.
In particular, we use the connection formula that relates the solution near black hole
horizon (z = t) to the solution close to the boundary (z = 1).
t), i -1 a
XX () = [(Ms (@ 0500) M (0, 013 a00) #2672
1 1
+ M (g, 030) My (0,013 a0) %20 e 20 Y (07 ()
1
+ (M*Jr (CLt,CL; (Zo) M__ (aval;aoo)tae_iaaF (241)
+ M__ (at, a; a0) M- (a, a1; aoo) t_aeéaaF)eéa”FXSA)’_(Z))}

1_ ., _ _1
« 3790 at(l_t)at ai, 28atF7



where M'’s are given by

. I'(—2a) T'(1—2a¢)
./\/l,+ (at,a,ao) F(%—at—a—i-ao) F(%—at—a—ao )
] T(—2a;) I'(1—2a)
M (a’ a1; o) I'(3—a—a1+as) T(3—a—a1—ax)’
. T'(2a) T'(1—2a¢)
M- (a1,:00) | FI=avotan) F(E—arra—an)’ 249
M+ (0,015 000) | 5T oot T H( e o
4 A% & Goo F(%—i—a—al—&—aoo) F(%—i—a—m—aoo)
X I'(2a1) I'(1—2a)
M- (a’al’aoo) F(%fa+a1+aoo) F(%faJralfaoo)’
, T'(2a1) T'(142a)
M- (a’ at; aoo) F(%—i—a—i—al—&-aw) F(%—i—a—i—al—am) ’

GRr(w, ) is the ratio of the coefficient of the normalizable mode to that of the non-
normalizable mode of the asymptotic field expansion near the boundary. We see that right
hand side of expression (2.41) is the asymptotic field expansion near the boundary having
X‘(Ul/z’Jr(z) and ng’f(z) as the normalizable and the non-normalizable modes respectively.

Therefore we get,

!
ta’aef%aaF

2a 0 F > ooi—t Mg (ag,a5a0) M(_g1y4 (@, a1; ano)
Yooet Mg (ar, a5a0) M(_p)— (a,a1; ac0) toae= 3% F
(2.43)
With the knowledge of F(t) and the information provided in (2.42) and (2.22) we achieve
the exact form of retarded Green’s function for AdSyy1 hyperbolic blackhole spacetime.

Gr(w,\) = (r,% - L2)

2.3 Analytic map between spherically symmetric and hyperbolic AdS black
holes

It is interesting to note that a set of complex mappings defined over the coordinates of AdS
hyperbolic blackhole reproduces the metric of AdS Schwarzschild blackhole. In particular,
if we make use of the following complex mappings,

X — —ip, r—if and t — 1t (2.44)

then the metric of AdS hyperbolic blackhole takes the form as,

M i di?
ds® = — (1 -+ ) A + ————~ + P23 (2.45)

We identify (2.45) as the metric of an AdS Schwarzschild blackhole with the horizon located
at

¢ VI T AMI2 — 12
5

Tp = (2.46)
As a consequence of this complex mapping we observe,
1 /7y 1 1 /7y 1 > A
7 <L2 27“h) " <L2 Tom) T (247)



where T and 7' are the Hawking temperatures of the AdS hyperbolic blackhole and the
AdS Schwarzschild blackhole respectively.

It is interesting to notice that in addition to x — —it,t — it and r — i, if we impose
a specific set of changes of the parameters of AdS hyperbolic spacetime,

w—id, N4+1——1(1+2), (2.48)
we can reproduce the parameters of Heun’s equation for AdS Schwarzschild blackhole [19].

2 2
Th Th

t= — =t
2r3 — L2 " 274+ L2 7
ap=0—0= &0,
w ThL2 N 1w thQ R
U= ——oo ey~ —§
T2 o2 T 2242 Y (2.49)
A-2 A-2
ay = — =ai,
2 2
wL2 /T2 — L? GL2 /P2 + L?
oo = 2 7 ) 3 = Qoo
2 2L 2 22+ 1L
and
" (VL2 42 (2r - LP) + 1 A(A - 4) N r3 L4 w?
4(rj = L?) (ry — L?) 4 (2 — L?)
2 ~2 2 A2 442 ~2 (250)
—>ﬁ——l<l+2)L + 2275 + L?) + 7 A(A — 4) L7 w
A(72 + L?) L2 + 72 4(27% + L2)’

Equations (2.49) and (2.50) provide a precise recipe for reproducing the retarded Green’s
function in AdS Schwarzschild blackhole spacetime from AdS hyperbolic blackhole space-
time and vice versa.

3 Holographic computation of exact retarded Green’s function for ther-
mal CFT with chemical potential in R' x H3

In this section, we explicitly compute the exact form of retarded Green’s function for a
four-dimensional thermal CFT with chemical potential having a well-defined gravity dual
known as charged AdS5 hyperbolic black hole. The five-dimensional Einstein-Maxwell
theory with a negative cosmological constant is described by the following action

1 . 12 1
- V=0 el Y A 1
S 167rG5/dx g<R~I—L2 7 1 ) (3.1)

Solutions to the equation of motion deduced from the above action yield the metric for
charged hyperbolic AdS441 black hole,

dr?
dstaqss = —f(r)dt* +

2
o +r2dH3;, A=up ( — :5) dt (3.2)

~10 -



Here gauge field A, is chosen in such a way that it is zero at the horizon r4. The related
blackening factor f(r) and the chemical potential p [52] are given as,

2 2
f(r)=—1—%+r—+%; and M_\/qucg (33)

= 2
47"+

Here, ry is the outer horizon and the black hole parameters M and @ are related to the
black hole ADM mass and blackhole charge in the following way [54],

3M23 \/gZSQ
and Q.=
167G5 47TgsG5

Mapy = (3.4)

where Y3 is the volume of the 3-dimensional unit hyperboloid. For convenience, we re-
express the blackening factor f(r) as follows

(2 =12)(* = r2)(r? = 13)

f(r) = 72,4 (3.5)
where r_ and rg are given in terms of r , L and @ as
, L2 r2o | a2 r2)?
i I P = 1—-—= 3.6
=T ERR\F=y2 2] | (3.6)
, L7 r2 | a2 r2)?
n= U\t ) | (3.7
and they satisfy the following constraint,
re+ri+rt =12 (3.8)

One can interpret r_ as the inner horizon, however, ry has no physics interpretation since
it is a complex-valued quantity. The Hawking temperature at the outer horizon of the
hyperbolic AdS blackhole can be evaluated as [53, 54],

1/ry Q2 1 >
T¢=—|—%——+— 3.9

T <L2 2r?. + 2ry (3:9)
The Klein-Gordon equation, satisfied by a charged scalar field ¢¢ of mass m in the charged
hyperbolic AdS blackhole is

\/LQDM (vV=99""D,) ¢ — m?¢° = 0, (3.10)

where D,, =V, —ieA, is the covariant derivative.
Decomposing the scalar field ¢¢(¢, 7, x, Q2) by using the Fourier modes, we find

$°(tr02) = [ do [ dNSD e UG (1)Yag (, 22) (311)
i
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where Yy; (x,€2) is the hyperbolic spherical harmonic previously introduced in (2.11).
Inserting (3.11) into (3.10), the radial equation takes the form as,

e 2 2 —
(:Sar (rf”f(r)&») + f(lr) (w + @f) _@ TJ{ b _ A(ALQ 4)) oa(r) =0 (3.12)

Imposing the ingoing boundary condition at the horizon, we find

| Hetward
¢ in (7") — ('r _ Th) Q(Ti_Ta)(ri—rg)

‘A +... (3.13)

_ V3rQ

where w, = 57

In order to compute Heun’s equation for the charged AdS hyperbolic blackhole, we

employ the following transformations,

7,,2 _ 7,2
= - 14
i r2— L2473 +r} (3.14)
C dS 71/2 c
= (FH05) X (3.15)

In terms of the transformed versions of the radial coordinate and the radial mode, we
obtain Heun’s differential equation in normal form

<a2 LA (@) 5= (a6)’ — (o)’ — (o) + (a5)” + v

(s—1)2 s(s—1) (3.16)

1 2
e h )
- >Xfuz(5)=0-

where the horizon and the boundary are located at s = ¢t and at s = 1 respectively. The
parameters of Heun’s equation can be written in terms of the black hole parameters as

follows
2 2
Ty — 12
‘= 274_2’_ + 1"2 _ LQ’ (317)
o = iL2r_(r2we + riw) (3.18)
0 2(r2 —r2)(r2 +2r2 — L2)’ '
12 3
. iL7r3 (w4 we)
_ , 3.19
at 2(r2 —r2)(2rt +r2 — L?) ( )
A—2
aj = 5 (3.20)
o L%/r%r +1r2 — L2 (w(r? +r2 — L?) — wrl) (3.21)
oo 2(2r2 +r2 — L2)(r2 +2r2 — L?) ’ '
and
. W24+ 1)L2 + 72 A(A —4) +2(2r2 + 72 — L?)
u® = —
4(r2 +2r2 — L2
(s ) (3.22)

L2 (w + we) (r? (w — we) — 12 (3w + we))
(7“_2|r — T%)Q(Q’Fi +7r2 — Lz)(Ti +2r2 — L2)’
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Finally, the retarded Green’s function can be computed as,

2“56—8a§F

GhlwA) = (2 =202 - 1?) (3.23)
i Mo (af, a% a§) M(_pny (0%, a5 aS,) (1) “ e~ T 0l
Y oms Mo (af, a% af) M(_p)_ (af, a§; ag,) ()7 e 20 F

)

4 Exact form of retarded Green’s function for AdSs black brane

In this section, we highlight some important aspects of the retarded Green’s function for
a thermal CFT in R' x R? dual to the AdSs black brane both from intrinsic and limiting
perspectives. Here we use the radial coordinate r and also the inverse radial coordinate
z= L72 and show a curious relation between the parameters of Heun’s equation expressed
in both coordinate systems.

4.1 Intrinsic analysis

AdS5 black brane metric in the Schwarzschild coordinates is given by

9 o AP
ds® = —f(r)dt” + G + ﬁda:;), (4.1)
where the blackening tactor f(7) and spacial part of boundary metric is
h he blackening f: 7) and spacial p f boundary ic i
. M 2 72 lirs
f(T):—ﬁ‘FLz:LQ(l—M ) (4.2)
where r, = L'/2M1/4 is the location of the horizon and T? = % is the Hawking temper-

ature.
Like the previous cases, here we consider scalar field ¢? of mass m, satisfying the
Klein-Gordon equation
1
v—g

where g,,,, is given by (4.1) and (4.2). The Fourier decomposition of the scalar field is

O (V=99""0y) 8" —m?¢" = 0, (4.3)

¢t 7, T) = / dé / &k e e RTY () (4.4)

Inserting (4.4) in to (4.3), the radial equation reads

P2 =L AN -
(7}3@ (P10)0:) + 55 = A2 - (L24)> () =0 (4.5)

Under the following coordinate transformation
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and with the redefined field transformation,

V(") = (f?’f (f)dA) X (4.7)

we find the radial equation (4.5) reduces into the normal form of Heun'’s differential equation

given by
l_abZ l—abQ—abQ_ab2 ab2 ub
<6§+ 4(y_(11))2 3 —(ag)” = ( 1)y(y_(1t)) + (ab)” + .
(1 2 ub 1 (gh)?
+?y —(tb))2 oy o) " ' y(2 - ) X? w(y) =0

Moreover, we can express the parameters of Heun’s equation in terms of the parameters
of the AdS5 blackbrane,

Heun’s parameter tlaf|a?| ab |ab, (4.9)
1 i | A=2| & )
AdS black brane parameter|5| 0 | 12557 | 1=
and u® is given by
2 712
b @ — 2k 1 2
=——-(A-2 4.10
Here we have introduced a set of dimensionless parameters |k| = lTib‘ and w = %
AdS5 black brane metric in terms of the inverse radial coordinate 2 = L72 is given as
L? 2 dz?
ds? = = | <1—23> dt2+7%+dx%+dx%+dx§ (4.11)
1)
z
Similar to (4.5), the radial mode satisfies,
1 o2 o A(A—4)
23 A 2 b 2\
(z 0 (ﬁf(z)(?g) + i~ - 22> T (2)=0 (4.12)
By the virtue of following transformations
52 ~\ —1/2
.2 b e (1,7 b
Y= mv v w];(z) = (ggf(z)dé;> X w;;(y)a (4.13)

the radial equation (4.12) reduces into the normal form of Heun’s differential equation that
takes exactly the same form as (4.8) except y is now replaced by . Note that in terms of
y coordinate, the horizon and boundary of the AdS black brane is mapped to y = % and
y = 1 respectively while in § coordinate, those are located as § = % and ¢ = 0 respectively.

Most importantly, the Heun’s parameters are related to the AdS black brane parameters as,

Heun’s parameter ] ab |ab|ab|ad
P 0 |%¢]%1] %0 (4.14)
AdS black brane parameter % % =0 %
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and u? is given by
2 AP
~ — 2|k| 1
b Y Z(A —92)2 4.15
On comparing Heun’s parameters in (4.9) and (4.14), we notice that the parameters ag and
a; are interchanged. Besides this, the parameter w in (4.10) and (4.15) admits a relative
minus sign. Such changes can easily be regarded as necessary by performing the appropriate

coordinate transformation y = 1 — ¢ in (4.8) to re-express it in terms of § coordinate.

4.2 Limiting perspective

In [19], the authors have demonstrated how to derive the Heun’s parameters of an AdSs
blackbrane by taking the high-temperature limit of those of the AdSs Schwarzschild black-
hole. Let’s recall Heun’s parameters of the AdSs Schwarzschild blackhole as listed below,

Heun’s parameter t |dy ay ar Qoo

52 . N A2 2
. P2 i L2 | A—2|oL2 VFit+L
AdSs5 Schwarzschild black hole 247 015 7| 7 | 3 D

(4.16)

Note that the high-temperature limit of the AdS5 Schwarzschild blackhole can be realized
by a large M limit. Consequently, once we implement M — oo in equation (2.46) we
obtain,

Py =y = LY2 M (4.17)

Moreover, the same limit leads us to recover the temperature of the AdS5 blackbrane,

A

. A b Th
z\}lglooT =T =1"= T2 (4.18)
Further, with & — oo and [ — oo and by keeping the ratios T@ =& and LT£ = |k| finite,
one can recover the Heun’s parameters for the AdSs blackbrane [19],
Heun’s parameter [t°|al|al| a® |a?
. 1 - zcj A—12 jo (4.19)
AdSs black brane | 5|0 | 2|57 1=
along with
-2
v 2
— 2|k 1
I et L BN (4.20)

82 4

Similarly, here we show that the same result that we have obtained for AdSs blackbrane

can be recovered by taking a high-temperature limit on the AdS5 hyperbolic blackhole

followed by a set of complex mappings. Like the AdSs; Schwarzschild case, here the high-

temperature limit is implemented also as the large M limit. By comparing (2.6) with 7 for

large values of M, we conclude 1, = 7, = LY/2MY/*. Moreover, we recover the temperature
of AdSs5 blackbrane as,

lim T =Th =T0 = —2

— 4.21
M—o0 L27T ( )
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If we evoke w — oo and A\ — oo by keeping the ratios ﬁ and ﬁ
parameter of the AdSs hyperbolic blackhole take the following form,

finite, the Heun’s

Tw A—2 wL? W22 —2X% 1 9

= , ] = ———, Qoo = , U= ———— — (A —2)
4T 2 4T 8m2T2 L? 4
(4.22)

Now, once we impose a set of complex mappings on the limiting value of the Heun’s

t—l =0
==, ap= a
27 0 ’ t

parameters listed in (4.22),
w—=iw, Toe = 1Ts, X—il (4.23)

we recover the Heun’s parameters for AdS5 blackbrane. Note that A — il is a remnant of
the transformation A2 + 1 — —I(l + 2) when X and [ are very large.

5 Exact thermal correlators for Rindler AdSjs

In the realm of AdS space, an observer moving with an acceleration beyond a critical
value experiences a Rindler horizon. In particular, a finite sub-region in the global AdS5
spacetime bounded with a finite interval of global AdS5 time can be foliated in terms of
Rindler-AdSs coordinates of two casually disconnected wedges separated by the Rindler
horizon. The boundary of the individual wedge is described as R x H? spacetime. The
dual C'FTy living in the boundary of one of the Rindler AdS5 wedges is thermal in nature
where the corresponding temperature is holographically dual to the Hawking temperature
at Rindler AdSs horizon. Rindler AdS metric in 5-dimension is given by [60, 61]

dshags, = —f(r)dt* + ar” + r’dH; (5.1)
f(r)
where the blackening factor f(r) is
2
f(r) = 721 (5.2)
and
dH3 = dx* + sinh? y d3 (5.3)

Note that —co <t < 0o, x > 0 and the horizon is located at r = L.
A massive scalar field satisfying the Klein-Gordon equation in Rindler AdS5 back-
ground allows the following mode expansion,

Bt 7 2) = [ doo [ AT e (1) Vo (0. 22) (5.4)
I
where Y\ (x,{22) is the hyperbolic spherical harmonic satisfying
O Vg (06 Q2) = = (A 4 1) Yaa (x, 2) (5.5)
Inserting (2.10) in to (2.9), with (2.11), the radial equation reads
1 3 w2 (A24+1) AA-4) B
<T3a (r*1(r)o,) + T T ) b =0 (5.6)
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Redefining the radial coordinate and the radial mode of the field expansion we get,

T'2

2\ —1/2
i ey Sk Yur(r) = (7“3f(r)d > Xwr(2) (5.7)

dr
where n is some positive integer.
The radial equation (5.6) reduces into the normal form of Heun’s differential equation

given by
o2 - g-a-af-altaltu  j—af u 1 —a} 0
=t (z—1)2 z(z—1) (z —t)? * z2(z —t) * 22 Xat(2) = 0.

(5.8)

Now the locations of the horizon and the boundary of RAdS5 are mapped to z =t =

n%rl and z = 1 respectively. Moreover, Heun’s parameters are related to the Rinlder AdS5
parameters in the following way,

Heun’s parameter| t |ag| a; | a1 |Goo 59)
Rindler AdSs |7 |% %5252 & '
and u is given by
A — A+ N+ L2w? A — DA+ 22— L2?
u:_n(( JA + X+ L2w? 4 5) + ( YA + w +3. (5.10)

4n

The exact formula for the retarded two-point function can be obtained by using rela-
tion (2.15) and the result is
“ e*aalFZU’:i M_gt (at, a3 a0) M1y (a, a1; ac0) 17”7 %"
Za:i M_; (at, a; ao) ./\/l(_g)_ (a, at; aoo) time_%aaF
(5.11)

Grlw,A) = (nL?)

6 Conclusion

In this work, we have holographically computed the exact form of retarded Green’s function
for thermal CFT in R' x H3. We generalized our analysis for a thermal CFT in the presence
of chemical potential in R' x H3. For both cases, our computation is done holographically
in the respective dual gravity backgrounds described by AdSs hyperbolic blackhole and
its charged cousin. It is important to mention that our results are well-defined within the
large blackhole approximation. Further, we have computed the retarded Green’s function
for AdSs blackbrane both in an intrinsic way and from a high-temperature limit on the
AdSs hyperbolic blackhole. In the limiting analysis, the high-temperature limit is achieved
from M — oo followed by a set of complex transformations. Finally, we have also presented
an exact form of retarded Green’s function for thermal CFT, dual to the Rindler AdSs
background. Here we find that the final form of Green’s function depends on the free integer
parameter. We have checked that no such free parameter appears in the results obtained in
the AdS5 hyperbolic blackhole and in its charged version. The holographic interpretation
of the free parameter present in the result for Rindler AdS5 requires further investigation.
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It is important to note that in our analysis Zamolodchikov’s classical block in the
Liouville theory is dubbed as the F' function that appears in the exact form of retarded
Green’s function. However, by virtue of AGT correspondence one can relate this classical
block to the conventional F' function in SU(2) gauge theory. It is very intriguing to notice
that the classical block F'is completely fixed by the global part, i.e. SL(2,R) subalgebra of
the Virasoro algebra and hence the form of F' function is kinematic in nature and does not
depend on the details of the theory. The appearance of 2d Louville CFT in the study of
higher dimensional thermal CFTs is surprising and needs a deeper analysis to understand
the underlying relations among them.

One obvious extension would be to compute retarded Green’s function for boosted
black brane. Boost in the AdS black brane does not change the singular behaviour of the
blackening factor of the solution and hence that of the scalar field equation. We expect
that the scalar field equation on the boosted black brane background can be mapped to
the Heun equation and it is interesting to see how the parameters of the resulting Heun
equation depend upon the boost parameter.

In the literature, there are closed-form expressions for thermal correlators in the 4-
dimensional thermal CFTs using various approximations, such as the geodesic approxima-
tion. It is worth checking if we can reproduce those known results by taking the appropriate
limit of the exact form of the retarded Green’s function presented here.

One can find the retarded Green’s function for currents (J,.J,) and (T}, 7)) of thermal
CFTs in R' x H? by considering the vector and tensor field equations on the dual black
hole background respectively. From (T,,7,,) one can study the pole skipping, hence chaos
in such theories.

It will be exciting if these techniques can be generalized for higher dimensional thermal
CFTs of both the types R! x H4! and R' x S%1.
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